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Aquaponic agriculture is a sustainable system that uses interdependent processes.
While it has been growing in popularity, relatively little mathematical and other
academic research has been conducted in the practice of aquaponic agriculture. In
this thesis, two systems of ordinary differential equations (ODEs) are developed and
compared to mathematically model the population and concentration dynamics of
the environment. Both models have an asymptotically stable non-trivial equilibrium,
representing the inherent symbiotic relationship of the variables. Values of the parameters in the system are estimated from the literature so that simulated results
can be presented to illustrate the nature of the solutions to the system. As well, a
sensitivity analysis is performed in order to identify redundant parameters and highlight those which may need more reliable estimates. In an attempt to recover more
reliable estimates, the inverse problem was solved for the simpler model with both
manufactured and noisy real-world data.
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Chapter 1
Introduction

This work presents two models which aim to demonstrate the behaviour present
in an aquaponic system. Specifically, the purpose of this research is to capture the
symbiotic nature of fish and plants in an aquaponic ecosystem so that the robustness
of this equilibrium can be quantified and studied in greater detail.
To begin, Chapter 2 presents a literature review of aquaponics so that the realworld interpretation of the model is contextualized. A brief history of the science
behind aquaponics is presented, as well as an analysis of the importance of aquaponics
in modern society.
Chapter 3 lists the critical mathematical theorems and definitions used to analyse
the models. Specifically, a relevant collection of theorems related to ordinary differential equations (ODEs) is presented, all of which have an implication on how the
model is analysed in subsequent chapters. A review of sensitivity analysis methodology implemented in Chapters 4 and 5 is included. Theorems related to the inverse
problem, both in a general and an ODE context follow the sensitivity anaylsis. Chapter 3 also includes a brief discussion of the time-series methodology which was used
to interpolate data within the solution of the inverse problem.
Chapter 4 presents the first aquaponic model for consideration. It lists the model
assumptions and discusses the real-world interpretation of the model. Stability of
equilibria is analysed, and positive invariance is established. Parameters from the
literature review are used to simulate model solutions. These same parameters are
then included in a sensitivity analysis of the model.
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Chapter 5 presents a slightly more complicated model, and for comparison, the
same analyses that were performed in Chapter 4. Very similar results are found,
many of which give indication that the simpler model is sufficient in this situation.
Finally, a summary of the comparisons of the two models is included.
Chapter 6 solves an inverse problem in a variety of cases. Both the parameter
estimates generated from the inverse problem and the graphical output which compares the model curve with the solution curve are included. A brief data analysis
using data collected from an aquaponic environment at John Hopkins University is
presented, as well as a discussion of the limitations of using these data to solve the
inverse problem with this particular model.
Chapter 7 contains future research directions as well as a collection of concluding
thoughts.
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Chapter 2
Background

2.1

A Brief History of Aquaculture

Fish have been a vital food source for humans for thousands of years, and there
is significant evidence that suggests that fish production is becoming increasingly
important in modern society [45]. In fact, in 2011 the The Food and Agricultural
Organization of the United Nations (FAO) estimated the total world production of
live fish to equal 156,004,443 tonnes of fish. This is one of many statistics that suggests
that fish production is a critical element of human food production. In 2001, it was
estimated that 1 billion people rely on fish as their primary source of animal protein
[12]. The FAO estimated in 2003 that 3 billion people relied on fish for at least 15% of
their animal protein intake [13]. The demand for fish is markedly high in developing
countries, particularly in Africa and Asia. Notably, these countries have the highest
rate of population growth as well as increasing concerns over the malnutrition of their
people [45].
Up until this point, the rate of human population growth has been approximately
equivalent to that of the harvested seafood supply [45]. However, most of the seafood
production is still being caught in the wild, a practice aptly called over-fishing [45].
There is little debate over whether or not wild-caught seafood is sustainable; it is
universally understood to be a rapidly depleting resource. In a report based on data
from 2008 the FAO stated that 85% of marine fisheries are incapable of supporting
increased fishing yields, but yet the demand for fish is expected to double in the next
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twenty years [15]. The FAO also addressed that inland fisheries around the globe have
been declining as a direct result of not only overfishing, but habitat degradation [13].
As a result, researchers have been rapidly turning towards aquaculture; the practice
of rearing fish in a designated body of water [45].
The concept of fish farming is by no means novel. Researchers estimate that the
first instances of aquaculture occurred in China and date back to somewhere between
3500 and 4000 BPE (before present era). The first known book on aquaculture was
penned by Fan Li in 475 BPE. Throughout history there is a wealth of evidence
suggesting that fish farming occurred; there is hieroglyphic evidence that the ancient
Egyptians farmed fish (as well as a depiction of fish growing in a pond on a bas relief
found in the tomb of Thebane). It can also be traced through Roman times, the
Middle Ages, and even native Hawaiians were observed trapping fish in ponds after
the tide was high to then use for farming [41].
However, it was not until the end of the 19th century that overfishing became a
major concern. This led to the development of hatcheries throughout Europe and
North America. Hatcheries rely on catching wild fry or fingerlings and attempting
to raise them into adulthood. It was met with relatively little success until the midtwentieth century when aquaculture became a more developed, truly interdisciplinary
science which has grown to accommodate over 200 different species of fish [41].
While aquaculture may be more sustainable, it is by no means a perfect solution.
Although it avoids the ecological impact caused by over-fishing, it tends to be incredibly water intensive. Moreover, aquaculture is known for having environmentally
damaging toxic water run-off due to the high ammonia levels present in fish waste
[30]. There is increasing need for a large-scale environmentally friendly, sustainable
aquaculture solution in order to meet the global demand for seafood [7, 28].

2.2

An Even Briefer History of Hydroponics

Hydroponics is the process of growing plants in soilless environments. A basic
hydroponic system is shown in Figure 2.1. Like aquaculture, hydroponics usage can
be traced throughout history, as far back as the legendary hanging gardens of Babylon
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Figure 2.1: A basic hydroponic structure. Picture from [43].
or the floating gardens of the Aztecs in Mexico. However, in the 1600s, hydroponics
became a major tool in horticulture research. In 1699, John Woodward conducted
a hydroponic experiment and concluded that plants are made up of elements from
water derived from soil, and not just water alone. After these findings, the practice
of hydroponics developed alongside experimentation in chemistry [16].
Experiments using hydroponics systems became integral in the understanding of
the kinds of nutrients that plants need to thrive. Sachs and Knop were able to
grow plants in a water solution consisting of nitrogen, phosphorus, sulfur, potassium,
calcium, and magnesium. Sachs also concluded that this solution of water was able to
support the entire lifecycle of plants. By the 1950s, researchers had used hydroponics
to fully document all the nutrients known to be critical in plant growth [16].
While hydroponics continue to be a useful experimental tool, it also has some
profound agricultural uses in modern civilization. It is a common solution in order
to combat polluted soil which is unfit to grow crops, but also to serve as a method
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for growing crops in cities with limited (and even decreasing) farmland [33]. In 2012,
a viral Kickstarter video proposed using hydroponics environments in refurbished
shipping containers to grow local produce year-round [32]. Hydroponics continues to
be a promising solution to meet the need for urban farming.
Similar to aquaculture, hydroponics is not a flawless agricultural solution. While
one study found that hydroponics uses between 10.3 and 15.7 times less water than
traditional agriculture methods [4], nutrient build up in the water means that hydroponic systems need to be periodically flushed - which poses a major envivronmental
concern [7].

2.3

Basic Aquaponics

Aquaponics is a new subset of aquaculture that was proposed in order to fill
the need for sustainable seafood agriculture [37]. Aquaponics utilizes the symbiotic relationship between various species of aquatic organisms and macrophytes in a
closed-loop agricultural system in order to achieve a higher degree of sustainability.
Aquaponics is essentially the combination of aquaculture and hydroponics [28]. The
system circulates water through both an aquaculture environment and a hydroponic
structure to create an environment that dramatically increases the conservation of
both water and various essential nutrients. The crucial idea driving aquaponics is using waste produced by fish and other aquatic organisms in the systems as a nutrient
rich fertilizer for plants. Not only does this method provide a more natural fertilizer
for plants, but in the hydroponic part of the process the plants remove the nitrogen
build up in the water as a food source which inherently cleans the water in the system
so it can safely be recirculated back to the fish [26].
Aquaponic agriculture systems, while in their infancy, have been growing in popularity due to their robust economic and ecological benefits. As mentioned previously,
both hydroponics and aquaculture have proven to have a detrimental effect on the
environment. To recapitulate, hydroponics necessitates extensive water and fertilizer use, while aquaculture requires water to be periodically flushed, causing a toxic
run-off into the surrounding area [30]. Even in traditional farming methods, it is
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estimated that approximately 10% of water is absorbed by plants, with the other
90% being wasted. However, the closed loop circuit of aquaponics requires water to
be recycled throughout the environment so less water is actively lost into the surrounding area. In fact, in a balanced aquaponics system, the only water that needs
to be routinely replaced is that which is lost to evaporation. Thus many of the deleterious environmental effects of hydroponics and aquaculture are nullified [7]. Some
studies have also proposed that aquaponics has a 75% smaller carbon footprint when
compared to traditional farming approaches [35] while securing the ability to satisfy
human demand long-term [7].
Importantly, aquaponics possesses these environmental benefits while maintaining
economic feasibility for farmers. In particular, considerable expenditure is reduced
on water treatment and fertilizer, which serves as an attractive motivator for many
agriculturalists. Any risk of soil pathogens in the system is completely annihilated as
there is no soil present in the system. Furthermore, no weed removal is necessary, and
since pesticides are not currently approved for use in aquatic environments, savings
can be achieved in pest prevention and control [35]. Moreover, aquaponics farmers
have increased control over the quality of feed for both fish and plants in the environment, and previous studies have indicated that this leads to a drastic reduction in
the risk of parasites [7].
Perhaps most convincingly, the system is designed to give a double output of fish
and plants from a single input of fish feed [30]. Thus, normal infrastructure expenses
for both of these environments are condensed as many components are communal
between them [7]. As well, many reports have found that plants grow as much as twice
as quickly when compared to other environments, so farmers benefit from increased
efficiency. Another important consideration is that any indoor systems are viable yearround [35]. The decreased cost of resources and lower spatial requirements has led
to proposals that aquaponic systems may be a practical solution to the ever-present
issue of feeding dense populations in developing urban regions such as Pakistan and
India [7].
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2.4

An Overview of Aquaponic Environments

Figure 2.2 provides a simple illustration of an aquaponic environment. The basic
aquaponic system consists of two main components: one for fish and one for plants.
The system relies heavily on food input as many studies have demonstrated that
factors like protein content of food and feeding frequency have the largest effect on

Figure 2.2: A simplified aquaponic system illustration retrieved from [3].

Figure 2.3: A deep water culture, or floating raft method of aquaponics retrieved from [18].

9

10
the efficiency of the system. These factors highly contribute to fish growth and are
also directly related to the amount of fish waste in the environment [30].
There are many variations of viable aquaponics systems that are used in practice.
The simplest design is the media bed system in which plant beds are filled with a
rock medium (usually clay) and water from the fish tank is pumped over the beds
[35]. Other more complex systems include Nutrient Film Technique (NFT) and Deep
Water Culture (floating raft method). Deep water culture is the most popular system
design choice both in commercial farms and for experimental purposes. It uses a
raft to float plants on top of the water, with their roots suspended in the liquid
[35]. Figure 2.3 shows a diagram of the deep water culture aquaponics environment.
Tilapia are the most commonly used fish in aquaponic environments due to their high
availability and adaptability. Catfish, perch, koi, rainbow trout, and large-mouth bass
are also used. In terms of macrophytes, lettuces are most frequently used, particularly
spinach. Many studies using basil, peppers, cucumbers, and tomatoes have also been
conducted [30].

2.5

The Nitrogen Cycle

One of the most important processes in aquaponics is the nitrogen cycle [19].
Ammonia naturally occurs in aquaponics systems through fish waste, and is directly
proportional to the density of the fish and the protein content of the feed [36]. Organic
nitrogen in fish waste naturally converts to ammonia through biological degradation
[11]. Ammonia is highly toxic to fish, and is an inefficient nutrient source for plants
[30]. In order for ammonia to be used as fertilizer for the plants, it must go through
a natural microbial process called the nitrogen cycle. A basic diagram to summarize
the nitrogen cycle is shown Figure 2.4. Naturally occurring nitrosomonas bacteria
metabolize ammonia and in the process convert it to nitrite [46]. Nitrite is also
deleterious for fish, however nitrobacter (a type of bacteria) complete the nitrogen
cycle by converting nitrite to nitrate, which is a nutrient rich food source for plants
[11]. Studies have shown that plants’ uptake efficiency of nitrates ranges from 86%–
98%. Whatever concentration of nitrate is left in the water is not harmful to the fish,
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so the water can be recirculated for fish use [30]. As such, many studies in aquaponics
have emphasized measuring and optimizing for total ammonia nitrogen (TAN) [11].

Figure 2.4: An overview of the aquatic nitrogen cycle. Image from [44].
The efficiency of the nitrogen cycle is dependent on many factors. The temperature and pH of the water can cause major fluctuations in the efficiency of the cycle.
However, most species of fish are extremely sensitive to both of these factors, so it is
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reasonable to assume the environment is controlled so temperature and pH are more
or less constant. It is also vital for proper water quality that the nitrogen generated
from the fish waste is balanced with the uptake by plants [36].

2.6

Aquaponics in Academic Research

Much of the previous research into aquaponic agricultural systems has focused
on optimizing fish/plant growth rates and water quality by varying factors such as
feeding frequency, photo period, the fish to plant ratio, etc. [6, 11, 26, 30]. Another
popular topic in aquaponics research is examining the economic viability of aquaponics systems [7, 28]. However, less research has been done to investigate the long-term
population dynamics present in the system. While there are some aquaponics environments being examined in academic institutions, more longitudinal research needs
to be conducted in large-scale systems [37]. At present, there is limited research regarding a mathematical or statistical model to simulate results in order to study the
population dynamics of an aquaponics ecosystem. The purpose of this thesis is to
address this need using a system of ordinary differential equations with the specific
goal of analyzing the harmonious nature of the relationship between fish (or other
aquatic creatures) and macrophytes in an ideal aquaponic structure.

13

Chapter 3
Some Mathematical Preliminaries

Mathematical modelling has long been an important tool in developing a deeper
understanding of complex ecosystems. Good models, and by extension, good simulations give scientists an increased ability to describe natural environments, and also
serve as a device to test theories about environment response and behaviour [17]. The
goal of this particular analysis is to quantify the relationship between the fish and
plants in the system, and assess it for long-term stability. As population modelling
is one of the most common applications of ODEs [9], this is the most critical mathematical tool presented in this work. However, there are a variety of other useful
theorems, analyses, and algorithms that complement this work and provide clearer
understanding of the model dynamics. A brief overview of those tools are presented
in this chapter.

3.1

A Review of Essential ODE Definitions and Theorems

The ODEs theorems, definitions, and mathematical processes presented in this
section are included for the sole purpose of elucidating the motivation behind various
analysis techniques which are presented in Chapters 4 and 5 of this work. With
few exceptions, proofs are not included here but can be found in most introductory
differential equations courses and textbooks.
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3.1.1

Definition of a System of ODEs

We start with the definition of a generic system of linear differential equations as
seen in [8]:
Definition 3.1.1. Assume a system of ODEs that can be defined in standard form
as
x̃˙ = A(t)x̃ + f˜(x̃, t),

x̃ ∈ Rn , t ∈ R,

(3.1)

where A is an n×n matrix of smooth functions, x̃ ∈ Rn with entries xj for j = 1, ..., n,
and f˜ ∈ Rn is a smooth vector of functions whose entries satisfy
fi (0, t) = (fi )xj (0, t) ≡ 0,

∀i, j.

Associated with (3.1) are homogenous linear systems, which are obtained by linearizing (3.1) along the zero solution (more on this later) [8].
Definition 3.1.2. A homogeneous linear system is denoted
x̃˙ = A(t)x̃,

x̃ ∈ Rn ,

(3.2)

where t 7→ A(t) is a smooth function from some interval J ⊆ R to the space of n × n
matrices [8].
Imposing the initial condition x̃(t0 ) = x̃0 along with either (3.1) or (3.2) defines an
initial value problem.

3.1.2

Existence and Uniqueness of Solutions to Systems of
ODEs

One of the most important theorems related to ODEs is the existence and uniqueness of solutions [31].
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Theorem 3.1.1. If the entries of the n × n matrix A(t) are continuous on an open
interval I containing the initial time t0 , then the initial value problem
x̃˙ = A(t)x̃,

x̃(t0 ) = x̃0 ,

x̃ ∈ Rn ,

has only one solution x̃(t) on the interval I.

The proof for this theorem is omitted, but can be found in most differential equations
textbooks. An example proof can be found in [40].
This theorem naturally extends to the inhomogenous case [31]:

Theorem 3.1.2. In the system
x̃˙ = A(t)x̃ + F (t),

x̃(t0 ) = x̃0 ,

x̃ ∈ Rn ,

if A(t) and F (t) are continuous on an interval I, then ∃ a unique solution to the
above initial value problem on the interval I.

Once the existence and uniqueness of solutions is established, there are a variety
of theorems that govern the form of general and particular solutions. One of these is
included below.

Theorem 3.1.3. If x1 , ..., xn is a linearly independent set of solutions to the ndimensional system
x̃˙ = A(t)x̃
then the general solution to the system is
x̃ = c1 x̃1 + ... + cn x̃n
where c1 , ..., cn are constants [31]

(3.3)
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3.1.3

Structural and Asymptotic Stability of Systems of ODEs

In many cases, systems of ODEs are analysed not only for their solutions, but
for their asymptotic behaviour. Specifically, behaviour is studied around critical (or
equilibrium) points of a system. A critical point is defined below [31].

Definition 3.1.3. Suppose we have a two dimensional system of differential equations
denoted

ẋ = f (x, y)

(3.4a)

ẏ = g(x, y)

(3.4b)

A critical point is defined as the ordered pair (x∗ , y ∗ ) that satisfies

f (x∗ , y ∗ ) = 0

(3.5a)

g(x∗ , y ∗ ) = 0

(3.5b)

Often, the term structural stability is used to describe the system’s behaviour
around these points. If small changes in the system parameters does not change the
behaviour around the points, the system is structurally stable [31].
The following theorem and corollary from [8] provide the backbone of the work in
Chapters 4 and 5.
Theorem 3.1.4. Suppose A is a n × n real matrix in a linear system. If every eigenvalue of A has negative real part, then the trivial solution of x̃˙ = Ax̃ is asymptotically
stable.

See [8] for a full proof.
Figure 3.1 shows the more common cases of phase portraits in two dimensions
around critical points [2]. The first row demonstrates common stable behaviours,
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where solutions approach the critical point (with the exception of the stable centre
shown in (a)). The bottom row demonstrates common unstable behaviours, where
solutions move away from the critical point. The figure features (a) a stable centre,
(b) an asymptotically stable spiral (sink), (c) an asymptotically stable node, (d)
an unstable saddle point, (e) an unstable spiral (source), and (f) an unstable node.
The centre, spiral sink, and spiral source featured in (a), (b), and (e) respectively
all arise from having complex eigenvalues (where the centre has no real part). The
asymptotically stable node, saddle point, and unstable node featured in (c), (d), and
(f) have purely real eigenvalues, where the saddle arises from having one positive and
one negative eigenvalue [31].

Figure 3.1: Common two dimensional phase portraits, (a) a stable centre, (b) an
asymptotically stable spiral (sink), (c) an asymptotically stable node, (d) an unstable
saddle point, (e) an unstable spiral (source), (f) an unstable node. Picture from [2].

3.1.4

Linearizing Non-Linear Systems of ODEs

Non-linear systems of ODEs must be linearized in order to draw conclusions regarding their asymptotic stability. The standard for linearizing a system is using the
Jacobian matrix [31]. The mathematical motivation which leads to using the Jaco-
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bian to linearize non-linear differntial equations is an elegant little bit of calculus and
can be found in [31].

Definition 3.1.4. Return to the definition of a two dimensional system in (3.4), and
the definition of a critical point in (3.5). In order to linearize the system, f (x, y) and
g(x, y) are approximated near a critical point (x∗ , y ∗ ). The system is linearized by
taking the Jacobian:
"
Jacobian = Df =

∂f
∂x
∂g
∂x

∂f
∂y
∂g
∂y

#
(3.6)

and evaluating at the critical points (x∗ , y ∗ ). This extends naturally for higher dimensional systems.

This leads to the final stability theorem presented in this work.
Theorem 3.1.5. If f˜ : Rn → Rn is smooth, f˜(ξ) = 0, and eigenvalues of the Jacobian
evaluated at ξ have negative real parts, then the differential equation x̃˙ = f˜(x̃) has an
asymptotically stable equilibrium at ξ.
See [8] for full proof.
The following definition and theorem can be useful when analysing eigenvalues of
a Jacobian.
Definition 3.1.5. Suppose A is a matrix in Rn× . A is called triangular if all of the
entries either above or below the main diagonal are zero. An upper triangular matrix
has exlusively zero entries below the main diagonal and a lower triangular matrix has
exclusively zero entries above the main diagonal.
Theorem 3.1.6. Suppose A is a triangular matrix. Then the eigenvalues of A are
equal to the diagonal entries of A.
See [1] for proof.
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3.1.5

Invariant Orthant Theorems

Whenever mathematical models are used to explain real-world phenomena, it is
imperative that the model be constrained to regions where it remains interpretable in
a real-world context. In population modelling, this means that the solutions need to
be non-negative for all time. Another way to word this is that the solution trajectories
need to remain in the non-negative orthant if they start there. The two theorems
presented in this subsection are used to ensure that the results from the models
presented in later chapters satisfy this property. Proofs are included as they can be
difficult to find in the literature. The definition of Lipschitz continuity is also listed
as it is essential to these theorems.

Definition 3.1.6. From [22]. A function f from S ⊂ Rn into RM is Lipschitz
continuous at x ∈ S if there is a constant c > 0 such that
kf (ỹ) − f (x̃)k ≤ ckỹ − x̃k

(3.7)

∀ y ∈ S sufficiently near x. Here, k·k denotes the appropriate Euclidean norm.
Theorem 3.1.7. From [22]. Suppose the following hypotheses are true:
H(1): f˜(t, x̃) : R × Rn → R is continuous in t and Lipschitz continuous in x̃
for t ≥ 0 and all x̃
H(2): f˜(t, x̃) satisfies fi (t, x̃) ≥ 0 if xi = 0, xj ≥ 0, j 6= i for t > 0
Then any solution to x̃˙ = f˜(t, x̃), x̃(0) = x̃0 , with x̃0 in the non-negative orthant
remains in the non-negative orthant.
An important note on this theorem is that H(2) is not sufficient to prove the invariance
of the positive orthant. If in H(2) fi (t, x̃) > 0, then the vector field would definitively
point inwards on the boundary of the non-negative orthant and it could be concluded
that the solution remains in the orthant. However, by allowing fi (t, x̃) = 0, it is
possible that the function could cross tangent to the boundary and exit the orthant.
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In fact, this point is essential to the proof of the theorem shown below, which perturbs
f˜ to prove the result.
Proof. From [22]. Suppose not. Let the solution to
x̃˙ = f˜(t, x̃),

x̃(0) = x̃0

be denoted by ψ(t). Let
O+ := {x̃ : xi ≥ 0 ∀i}
be the non-negative orthant. Then ∃ an x̃ ∈ O+ and τ > 0 such that ψ(τ ) ∈
/ O+ . Let
ψε (t) be the solution to the perturbed system:
x̃˙ = f˜(t, x̃) + ε1̃,

x̃(0) = x̃0 + ε1̃

where 1̃ = (1, ..., 1) ∈ Rn and ε > 0. By continuous dependence for ε sufficiently
small, ψε (t) exists on [0, τ ] and
|ψε (t) − ψ(t)| → 0 as ε → 0
That is, given δ > 0 then |ψε (t) − ψ(t)| < δ ∀t ∈ [0, τ ] for ε sufficiently small.
Choose δ < dist(ψε (τ ), O+ ), where dist is used to represent the distance. Then
ψε (τ ) ∈
/ O+ for ε sufficiently small. Fix one such ε. Since ψε (0) ∈ interior(O+ ) and
ψε (τ ) ∈
/ O+ , there is a first time τ1 , 0 < τ1 < τ , with ψε (τ1 ) ∈ δO+ .
That is, ∃ i such that (ψε )i (τ1 ) = 0 and (ψε )j (t) > 0 for 0 ≤ t ≤ τ1 ∀j. Hence
(ψ̇ε )i (τ1 ) ≤ 0. But,
(ψ̇ε )i (t) = fi (t, (ψ̃ε (t)) + ε
⇒ (ψ̇ε )i (t) = fi (τ1 , (ψ̃ε (τ1 )) + ε
≥0
a contradiction!

The second theorem shown here is a stronger result that follows from Theorem 3.1.7.
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Theorem 3.1.8. From [22]. Suppose x̃(t) is a solution to
x̃˙ = f (t, x̃), x̃(0) = x̃0 ≥ 0.
If
H(1): f˜(t, x̃) is analytic in x̃ and t
H(2): f˜(t, x̃) satisfies fi (t, x̃) ≥ 0 if xi = 0, xj ≥ 0, j 6= i for t > 0
Then ∀i either
a) xi (t) ≡ 0, t ≥ 0
or
b) xi (t) > 0, t > 0

Proof. From [22]. If for some i we have xi (t0 ) > 0 then we can prove that xi (t) >
0 ∀t > t0 when fi (t, x̃) is locally Lipschitz in xi ∀t ≥ 0 and x̃ and satisfies H(2) of
Theorem 3.1.7 and Theorem 3.1.8. To prove this, set t1 > t0 . Then for t0 < t < t1
|fi (t, x̃) − fi (t, x1 , ..., xi−1 , 0, xi+1 , ..., xn )| ≤ L|xi (t)|
⇒ fi (t, x̃) − fi (t, x1 , ..., xi−1 , 0, xi+1 , ..., xn ) ≥ −L|xi (t)|
⇒ fi (t, x̃) ≥ −L|xi (t)|
since fi (t, x1 , ..., xi−1 , 0, xi+1 , ..., xn ) ≥ 0. Note, here L is the Lipschitz constant
on (t0 , t1 ).

First claim that xi (t) > 0 on [t0 , t1 ].

Suppose not.

[t0 , t1 ] such that xi (τ ) = 0 and xi (t) > 0 on t0 ≤ t < τ . Well,
ẋi (t) = fi (t, x̃) ≥ −Lxi (t) on t0 < t ≤ τ
⇒ ẋi (t) + Lxi (t) ≥ 0 t ∈ [t0 , τ ]
⇒

d
(xi eLt ) ≥ 0 t ∈ [t0 , τ ]
dt
⇒ (xi eLt ) ≥ (xi eLt )|t=t0 t ∈ [t0 , τ ]
⇒ xt (t) ≥ xi (t0 )e−L(t−t0 )

t ∈ [t0 , τ ]

Then ∃ τ ∈
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But this means 0 = xi (τ ) ≥ xi (t0 )e−L(t−t0 ) > 0, a contradiction! Hence xi (t) > 0 on
[t0 , t1 ], or, better yet, xi (t) > 0 for t ≥ t0 provided a solution exists ∀t ≥ t0 .
So if xi (0) > 0 for any i, then xi (t) > 0 ∀ t > 0. It must be proven that
if xi (t) = 0 for some i then either (a) or (b) from Theorem 3.1.8 holds. By the
conclusion of Theorem 3.1.7:
xj (0) ≥ 0 ∀ j ⇒ xj (t) ≥ 0 ∀ j, t ≥ 0
Consider the two cases:
i. All the derivatives of xi (t) at t = 0 are zero. By the analyticity of xi (t) (which
follows from the analyticity of f˜), this means xi (t) ≡ 0 ∀ t ≥ 0.
ii. Some time derivative of xi (t) at t = 0 is the first one to be non-zero. Then the
derivative at t = 0 must be positive, since if it were negative we would have
xi (t) < 0 initially, violating Theorem 3.1.7. Thus xi (t) is initially positive. This
means that given any t2 > 0, ∃ t1 > 0, t2 > t1 > 0 such that xi (t1 ) > 0 for 0 <
t ≤ t1 . By the initial result,
xi (t) > 0 ∀t ≥ t1 ⇒ xi (t) > 0 ∀t > 0
Note that if the “zeroth” derivative is non-zero, then
xi (0) > 0 ⇒ xi (t) > 0 ∀ t ≥ 0

3.2

Sensitivity Analysis

This section includes a summary of the motivation behind sensitivity analysis as it
pertains to mathematical modelling, a brief summary of different sensititvity analysis
techniques and best practices, as well as an overview of the Matlab toolbox called
SensSB which was used to carry out the sensitivty analysis in Chapters 4 and 5.
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3.2.1

The Role of Sensitivity Analysis

Parameter estimation is of critical importance when developing models of realworld phenomena. Parameters are initially defined using prior knowledge or based
on experimental results in the scientific literature. However, this can often introduce
errors into the model due to overgeneralization. A sensitivity analysis examines how
these possible errors affect the model output and how variation of the model output
can be attributed to the model inputs [38]. Common goals of sensitivity analysis
include [38]:
1. Guiding the direction of future data collection;
2. Emphasizing which model assumptions have critical importance;
3. Suggesting where accuracy in parameter estimation is especially necessary;
4. Identifying parameters which could use adjustments in their numerical value;
and
5. Showing any redundant parameters in the model structure.

Several methods of sensitivity analysis are used in practice. They can be roughly
designated as local sensitivity measures and global sensitivity measures.

3.2.2

Local Sensitivity Measures

Local sensitivity coefficients are found by taking the partial derivatives of the
model variables with respect to the model parameters, and evaluating at the point
where parameters have their nominal value. Suppose there is a system with Nx ODEs
and Np parameters p that do not vary with time. We denote this system:
x̃˙ = f (x̃, t, p),

x̃(0) = x̃0

The sensitivity coefficients are then defined as:

(3.8)

24


Sij =

∂ x̃i
∂pj


(3.9)
x̃=x̃(t,p̂), p=p̂

where p̂ are estimated values of the parameters. These functions calculate errors due
to parameter variation, and are able to assess the times at which parameters have the
greatest or least effect. However, absolute sensitivity functions are not particularly
adept at comparing the effects between different parameters in the model. To do this,
normalized relative sensitivity functions are needed leading to:
% change in Parameters
=
S̄ij =
% change in Variables

∂ x̃i
x̃i
∂pj
pj

pj
=
x̃i



∂ x̃i
∂pj


(3.10)

Dimensionless and normalized, these sensitivity measures are useful for comparison [38]. Two methods of local sensitivity methodology are commonly used in practice: finite difference approximation and iterative approximation with directional
derivatives.
Finite Difference Approximation
Finite difference approximation, also referred to as the brute force or indirect
method, is the simplest method of calculating local sensitivity measures. The concept
of the method boils down to changing one parameter at a time and rerunning the
model. Hence it can be quite computationally expensive. However, it does not
require extensive coding or any modifications to the original model. In a forward
finite difference approximation, the matrix of local sensitivities is approximated by:
∂ x̃i (t)
x̃i (t, pj + ∆pj ) − x̃i (t, pj )
≈
∂pj
∆pj

j = 1, ..., Np

(3.11)

This method of calculation is sensitive to the size of the parameter perturbations.
In non-linear models, larger parameter perturbations disturb the local linearity assumption. If perturbations are too small, significant rounding error is introduced.
Rodriguez-Fernandez and Banga found that choosing a perturbations of about 1% is
an appropriate trade off to avoid these caveats [38].
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Iterative Approximation with Directional Derivatives
Iterative approximation with directional derivatives attempts to minimize the cost
of calculating local sensitivities for systems of differential equations by reusing the
Jacobian which is generated while solving the system [38]. It starts with a general
parameter-dependent system defined as:
˙ p̃) = 0
F̃ (t, x̃, x̃,

(3.12)

The system that results when (3.12) is differentiated with respect to p̃ can be solved
simultaneously with the orginal model [38]. The sensitivity system approximation is
accomplished through a directional derivative finite difference approximation where
a small parameter increment δj for pj is used with the definition
Sj =

dx̃
dpj

(3.13)

in order to set up
˙ p̃)
F̃ (t, x̃ + δj Sj , x̃˙ + δj Ṡj , p̃ + δj ej ) − F̃ (t, x̃, x̃,
=0
δj

j = 1, ..., Np

(3.14)

where ej is the jth unit vector. This system is then solved by substituting x̃˙ and Ṡj
by their numerical differentiation formulae, and then solving the resulting non-linear
algebraic system (which conveniently has the same Jacobian as the original system)
in order to find Sj .
Parameter Ranking
Establishing a ranking of parameters is useful as it allows the identification of
important parameters based on those most likely to affect the model predictions. It
also identifies those parameters which have little effect on the model output, and
hence can be more or less ignored while time is spent refining those parameters which
are more critical. Visually analysing plots of relative sensitivity is a useful exercise
in determining a parameter ranking, however full quantitative analysis is ideal [38].
The following equations are useful when determining a parameter ranking:
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δjmsqr

v
u
Nx X
N
u 1 1 X
=t
S̄ 2 (tk )
Nx N i=1 k=1 ij

(3.15a)

δjmabs

Nx X
N
1 1 X
|S̄ij (tk )|
=
Nx N i=1 k=1

(3.15b)

δjmean

Nx X
N
1 1 X
=
S̄ij (tk )
Nx N i=1 k=1

(3.15c)

δjmax = max S̄ij (tk )

(3.15d)

δjmin = min S̄ij (tk )

(3.15e)

i,k

i,k

where S̄ij is defined in (3.10), Nx is the number of variables in the system and N is
the total number of measurements taken over all of the experiments.
Equations (3.15d) and (3.15e) establish the range of barSj . The averaged effect
a change in model parameters has on model output is given by (3.15c). As well,
comparing (3.15b) and (3.15c) establishes if all of the elements in Sj have the same
sign [38].
However, the standard way to establish a parameter ranking is by using (3.15a),
which is called the “overall sensitivity” and is calculated based on least squares estimators of the parameter subsets. An overall ranking is established by ordering the
parameters such that (3.15a) appears in decreasing order [38].

3.2.3

Global Sensitivity Measures

Global sensitivity measures are superior to local sensitivity measures in that they
do not depend on the nominal value of the parameter. Global sensitivity measures
achieve this independence by evaluating the effect of a parameter on the model output
while simultaneously varying the other parameters. This allows the interaction of
parameters to be analysed without the dependence of the parameter estimate. Two
of the state of the art methods for global sensitivity measures are discussed in this
subsection, as well as one new method which could have interesting implications.
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Morris Method
The Morris method of estimating global sensitivity measures is known as a screening method, and tends to perform well in models with a high number of variables. It
consists of individually randomized “one-factor-at-a-time” experiments. The model
inputs are scaled between [0, 1], and this range of the inputs is divided into k discrete
levels. The range of experimentation Ω is a Np -dimension k-level grid [38].
The sensitivity measures are based on an “elementary effect” denoted:
EEj (p̃∗ ) =

f (p∗1 , ..., p∗j−1 , p∗j + ∆, p∗j+1 , ..., p∗Np ) − f (p̃∗ )
∆

where ∆ is a predetermined multiple of

1
k−1

(3.16)

and p̃∗ ∈ Ω is chosen so that p̃∗ + ∆ ∈ Ω.

The distribution of elementary effects Fj is found by randomly sampling points in
Ω [38]. Then two sensitivity measures are calculated for each factor: the mean µj
and the standard deviation σk of the distribution Fj . A high value of µj implies that
the parameter has critical influence over the model output while a high value of σj
implies either that the parameter interacts heavily with the other parameters or that
its influence on the model output is non-linear [38].
Sobol’ Sensitive Indices
Sobol’ methods are considered one of the most powerful methods of estimating
global sensitivity measures, despite being computationally expensive [38]. Let f (p)
be a square, integrable function on the hyper cube H Np . Then we can decompose f
as follows:

f (p) = f0 +

X
j

fj (pj ) +

X

fjk (pj , pk ) + ... + f1,...,Np (p1 , ..., pNp )

(3.17)

j<k

where f0 is a constant and fj (pj ) represents a term in f (p) which depends only on
pj , fjk (pj , pk ) represents a term which depends on both pj and pk , etc. According to
[38], achieving unique solutions to (3.17) is done by enforcing:
Z 1
fj1 ,...,js dpjl = 0 f or 1 ≤ l ≤ s, 1 ≤ j1 < ... < js ≤ Np .
0

(3.18)
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Then from (3.17) and (3.18) it follows that
Z 1
f (p)dp
f0 =

(3.19)

0

We define:
Z

1

fj21 ,...,js (pj1 , ..., pjs ) dpn1 , ..., pjs

Dj1 ,...,js =

(3.20)

0

and these variances can be added to determine the total variance of the function:
D=

np
Np
X
X

Dj1 ,...,js

(3.21)

s=1 j1 <...<js

Then global sensitivity indices are defined as the ratios:
SIj1 ,...,js =

Dj1 ,...,js
D

(3.22)

where SIj1 ,...,js are non-negative and sum to 1. There are 2N p calculations in this
summation, so the calculation is often impractical. Hence, sensitivity indices for
subsets of variables and total sensitivity indices have been proposed to reduce this
calculation [38]. Consider the complimentary subset pa and pb and set p = (pa , pb ).
Let:
pa = (pj1 , ..., pjm ) ,

1 ≤ j1 < ... < jm ≤ Np ,

k = (j1 , ..., jm )

(3.23)

then the variance is defined as:
Dp2a

=

m
X

X

Dj21 <...<js

(3.24)

x=1 (j1 <...<js )∈k

Dp2a contains all the partial variances such that the subset of their indices (j1 < ... < js ) ∈
k. Total variance is then defined as:

DpTa = D2 − Dp2b

(3.25)

The corresponding global sensitivities are:
Dp2a
D2 
DpTa
=
D2
= 1 − SIpa

SIpa =

(3.26)

SIpTa

(3.27)

SIpTa

(3.28)
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where (3.28) accounts for all the interactions between pa and pb . SIpa and SIpTa are
calculated directly from the model by:
Z
f (pa , pb )f (pa , p˙b ) dpa dpb dp˙b − f02 (p)
Np
R
SIpa = H
f 2 (p)dp − f02 (p)
H Np
Z
(f (pa , pb )f (pa , p˙b )2 dpa dpb dp˙b
1
H Np R
SIpTa =
2
f 2 (p)dp − f02 (p)
H Np

(3.29)

(3.30)

A parameter ranking is established by ordering SIpa and SIpTa [38].
Derivative Based Global Sensitivity Measures
The recently proposed method of derivative based global sensitivity measures
(DBGSM) averages local derivatives using Quasi Monte Carlo sampling methods.
This method has been shown to be more accurate than Morris Methods, and its results are linked to those of Sobol’ Sensitivity Indices. Because it is based on local
methods, it is necessary to overcome the nominal dependency of the parameter estimates. This is accomplished by averaging Sij p∗ over the parameter space H Np . This
gives:
Z
Sij dp

M̄ij =

(3.31)

H Np

and the variance of M̄ij
sZ
Sij − M̄ij

Σij =

2

dp

(3.32)

H Np

To avoid errors from adding positive and negative values of Sij , absolute measures
are introduced. These are the global sensitivity measures, and are defined as:
Z
∗
M̄ij =
|Sij | dp
(3.33)
H Np
sZ
2
|Sij | − M̄ij dp
(3.34)
Σ∗ij =
H Np
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In order to compare DBGSM to Sobol’ Sensitivity Indies, M̄ij is normalized such
that:
∗
M̄norm,ij

=

M̄ij∗
Np
X

(3.35)

M̄ij∗

i=1
∗
serves as the ranking parameter[38].
where M̄norm,ij

Numerical Approximations of Global Sensitivity Measures
Typically, grid methods can be used in order to approximate the integrals used in
both Sobol’ Sensitivity Indices and DBGSM. However, due to what is known as the
“Curse of Dimensionality”, grid methods quickly become inefficient as the integral
evaluations have exponential growth [38]. In contrast, Monte Carlo methods do not
have this dependence on dimensionality, and can be an effective solution. However,
they rely on a random number generator which has been known to cause clustering of
the sampling method. Instead of random number generator, a uniformly-distributed
low-discrepancy sequence can be used. This method is called Quasi Monte Carlo, and
has been found to have higher rates of convergence than Markov Chain Monte Carlo
(MCMC) methods. This is because the low-discrepancy sequence places sampling
points as uniformly as possible over the region, so we have quasi-random numbers
[38]. If a generic integral is denoted:
Z
f (p) dp

I[f ] =

(3.36)

H Np

then approximation of this evaluation is achieved by:
N
1 X
IN =
f (qi )
N i=1

(3.37)

where qi is the low discrepancy sequence points uniformly distributed on the hyper
cube H NP such that q1 = (qi1 , ..., qin ).
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The numerical computation of Sobol’ Sensitivity Indices becomes:
P
P
1
f (pa , pb )f (pa , p˙b ) − ( N1
f (p))2
N
SIpa =
P
1
( f (p))2
N
P
1 ( f (pa , pb )f (pa , p˙b ))2
T
SIpa =
P
1
2
( f (p))2
N

(3.38)
(3.39)

while the numerical computation of DBGSM is:
N

1 X
|Sij |dp
N i=1
v
u
N
u1 X
2
∗
t
|Sij | − M̄ij∗ dp
Σij =
N i=1

M̄ij∗ =

3.2.4

(3.40)

(3.41)

Correlational Matrices with Sensitivity Analyses

One method of identifying redundant parameters in a model is to examine how
correlated they are. Two highly correlated parameters may indicate that a reduction
in model parameters is possible. A change in the model output caused by parameter pi
may be approximately compensated by parameter pj if pi and pj are highly correlated
and an appropriate change to the value of pj is made.
Correlation can be measured in many ways. In this work, the Fisher Information
Matrix is used to approximate the inverse of the parameter estimation covariance
matrix of the best linear unbiased estimator. Then,

C = F IM

−1

=

" NE NV NM j 
X Xi Xi ∂yijk T
i=1 j=1 k=1

∂p


wijk

∂yijk
∂p

#−1

where yijk is the k th predicted value of variable j in experiment i,

(3.42)

∂y
∂p

are the out-

put sensitivity functions, N E is the number of experiments, N Vi is the number of
measured variables, N Mij is the number of measures of j during experiment i, and
wijk =

1
2 .
σijk

Then the correlational matrix which gives the approximate correlation between
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the ith and j th parameter is calculated as

C

 p ij , i 6= j
Cii Cjj
Rij =

1,
i=j

3.2.5

(3.43)

SensSB

The sensitivity analysis carried out in Chapters 4 and 5 in this thesis was done
with the Matlab Software Toolbox, SensSB. SensSB was developed specifically to
carry out sensitivity analysis on biological models (as well as robust parameter estimation and optimal experimental design) through a user-friendly graphical interface.
It is particularly useful for identifying unessential parameters, leading to model simplification, as well a guiding future data collection efforts. The SensSB toolbox uses
all of the sensitivity measure methods discussed in this section, but integrates particularly well with derivative based global sensitivity measures as many of the authors
who proposed DBGSM created the toolbox. SensSB analyzes deterministic non-linear
dynamical models described either by ODEs or differential algebraic equations [39].
It is freely available for academic use. For full details on how it works see [38].

3.3

The Inverse Problem

Sensitivity analysis is a useful tool for identifying parameters whose values have
a large effect on the model output. However, once these parameters are identified,
there is still the problem of trying to refine their estimates in order to minimize model
error. If there are not accepted values for the parameter in the literature, this can be
a diffcult task. The general inverse problem in applications uses observational data in
order to estimate parameter values in the model. In some cases, it can even be used
to refine the functional form of the governing model of the measured phenomenon
[23].
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3.3.1

Preliminary Inverse Problem Definitions and Theorems

Before the collage coding technique for solving the inverse problem can be discussed, some definitions and theorems are necessary.

Definition 3.3.1. A function f : X → X is a contraction if ∃ c ∈ [0, 1) with
d(f (x), f (x)) ≤ cd(x, y) ∀ x, y ∈ X, where d denotes the distance or metric on X.
The smallest such constant c is the contraction factor for the contraction f .

Banach’s fixed point theorem, also known as the contraction mapping theorem, gives
the result that every contraction map on a complete metric space has a unique fixed
point.

Theorem 3.3.1. Let (X, d) be a complete metric space and let f : X → X be a
contraction with contraction factor c ∈ [0, 1), then ∃ a unique x̄ ∈ X such that
f (x̄) = x̄. Furthermore, for any x0 , the sequence defined by xn+1 = f (xn ) converges
to x̄ with the estimate
d(xn , x̄) ≤ cn d(x0 , x̄)

(3.44)

See [23] for the full proof.
With these tools, the Collage Theorem, a corollary of Banach’s fixed point theorem,
can be stated. The Collage Theorem serves as the foundation of the inverse problem.

Theorem 3.3.2. Let (X, d) be a complete metric space and let f : X → X be contractive with contractivity factor c ∈ [0, 1) and x̄ be the unique fixed point. Then for
any y ∈ X we have
d(y, x̄) ≤
See [23] for the full proof.

d(y, f (y))
1−c

(3.45)
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This result is referred to as the Collage Theorem because of its use in fractal image
compression. The distance between the point y ∈ X and the fixed point x̄ ∈ X is
bounded above by a the factor 1/(1 − c) times the “collage distance,” d(y, f (y)).
Consider the following inverse problem,

Given a point y ∈ Y and ε > 0, find a contraction f with fixed point x̄ such
that d(x̄, y) < ε is satisfied.

In the context of an ODE, f represents the vector field or right-hand side that
involves the parameters of the model and x̄ represents the solution corresponding to a
given choice of parameter values. It should be noted that one typically cannot write an
expression for all solutions as a function of the parameters. The solution of the inverse
problem, as stated, thus requires repeated solving of the differential equation with
different parameter values plugged in with the goal of finding a solution x̄ satisfying
the desired inequalities. Instead, one can appeal to the Collage Theorem to minimize
the collage distance with the hope of controlling the true approximation error. The
minimization should be done while ensuring that the contraction factor c is away from
1, but in practice one simply minimizes the collage distance.
In the next section, the application of “collage coding” to the inverse problem for
ODEs is discussed.

3.3.2

An Inverse Problem for ODEs

This concept can be cast into the ODE setting with the following definition. Note,
proofs on existence and uniqueness have been omitted, but can be found in [24].
Given a target solution curve xtarget (t) with t ∈ I, where I is some interval centered
at x0 , and ε > 0, find a vector field f (x, t) such that the unique solution x̄(t) to the
initial value problem
ẋ = f (x, t),

x(t0 ) = x0

(3.46)
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satisfies
kxtarget − x̄k < ε.

(3.47)

Note that xtarget (t) can be the interpolation of data points and f (x, t) is subject to
the appropriate conditions.
To satisfy the hypothesis of the Banach Theorem, the Picard operator is necessary.
This is defined as follows:

Definition 3.3.2. The Picard operator T associated with
dx
= f (x, t),
dt

x(t0 ) = x0

is defined as
Z

(3.48)

t

v(t) = (T u)(t) = x0 +

f (u(s), s)ds

(3.49)

t0

Let I = [t0 − a, t0 + a] for a > 0 and C(I) be the Banach space of continuous
functions x(t) on I with norm kxk∞ = maxt∈I |x(t)|. Then T : C(I) → C(I), satisfying
one of the criteria needed to invoke Banach’s Fixed Point Theorem, hence all that is
needed is a complete metric space. Let x(t) be a solution to 3.48, such that x(t) is a
fixed point of T .
Let x0 = t0 = 0 ⇒ I = [−a, a]. Define
Ω = {(x, t) | |x| ≤ b, |t| ≤ a}
¯ = {u ∈ C(I) | kuk∞ ≤ b}
C(I)

(3.50)
(3.51)

and assume the following conditions:
1. max(x,t)∈Ω |f (x, t)| <

b
a

2. f (x, t) satisfies the following Lipschitz condition on Ω:
|f (x1 , t) − f (x2 , t)| ≤ K|x1 − x2 | ∀(xi , t) ∈ Ω
where c = Ka < 1.

(3.52)
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¯
Define a metric on C(I)
d∞ (u, v) = ku − vk∞ = supt∈I |u(t) − v(t)|

¯
∀u, v ∈ C(I).

(3.53)

¯
¯
Then (C(I),
d∞ ) is a complete metric space. By construction, T maps C(I)
to itself
and
d∞ (Tu , Tv ) ≤ c × d∞ (u, v)

¯
∀u, v ∈ C(I).

(3.54)

¯
The existence of a unique element x̄ ∈ C(I)
such that x̄ = T x̄ is implied by the
contractivity of T . Let S = [−δ, δ] for 0 < δ << 1 and redefine
Ω = {(x, t) | |x| ≤ b + δ, |t| ≤ a}.

(3.55)

Let F (Ω) denote the set of all functions f (x, t) on Ω that satisfy the properties 1.
and 2. Also define
kf1 − f2 kF (Ω) = max(x,t)∈Ω |f1 (x, t) − f2 (x, t)|.

(3.56)

Let Π(I) denote the set of all Picard operators T : C(I) → C(I) where x0 ∈ S and
f ∈ F (Ω). This leads to the following theorem:

Theorem 3.3.3. Suppose xtarget (t) is a solution to the initial value problem defined
in (3.46), for t ∈ I = [−a, a] and f ∈ F (Ω). Then, given an ε > 0, ∃ an interval
¯ such that kxtarget − Tε xtarget k∞ < ε, where the
I¯ ⊆ I and a Picard operator Tε ∈ Π(I)
¯
norm is computed over I.
See [24] for proof.
This theorem allows the distance between between xtarget and Tε xtarget to be made
as small as desired rather than trying to solve for kxtarget − x̄k < ε where x̄ is typically
unknown. As an illustrative example, let xtarget (t) be the target solution to 3.48.
Suppose an autonomous vector field f , polynomial in x, is to be determined. That
is,
f (x) =

N
X
n=0

λn xn ,

N >0

(3.57)
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where λn are the unknown parameters to be found. x0 could also be considered a
parameter. The Picard operator for this scenario is given by:
!
Z t X
N
T x(t) = x0 +
λk (x(s))k ds
0

(3.58)

k=0

and the squared L2 collage distance is:
Z
2
∆ = (xtarget (t) − (T xtarget )(t))2 dt

(3.59a)

I

Z
xtarget (t) − xtarget0 −

=
I

Z
where gk (t) =

N
X

!2
λk gk (t)

dt

(3.59b)

k=0
t

(xtarget (s))k ds,

k = 0, 1, 2, ...

(3.59c)

0

Depending on the complexity of T , a variety of minimization techniques can be employed to find the minimal collage distance parameters. These concepts extend to
systems of ODEs [24].

3.3.3

Inverse Problems for ODEs with Partial Data

While the inverse problem is an extremely useful tool in theory, as presented in
the previous section, it relies on the completeness of observational data in order to
recover parameter values. However, data are rarely perfect and in many cases may not
be available for every quantity of interest in the system of ODEs. Hence, a method
of solving the inverse problem for ODEs with partial data is presented.
Suppose a model using a system ODEs is developed, where data are available
for some subset of the equations in the system of ODEs. Suppose further that the
“unobservable” equations (i.e., those for which the variable of interest does not have
data) have right-hand sides in the system wherein the parameters are already known
or well-approximated, while the parameters in the “observable” equations’ right-hand
sides are unknown. If the system couples observable and unobservable equations, one
can use the partial data and the known parameter values to manufacture data values
for the unobservable equations on the same time grid as the partial data. One might
simply use Euler’s method. At the end of the process, a full set of observational
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data (some manufactured) are available for input to the collage method. As long
as the ODEs which do not have data are dependent on some of the ODEs where
data are available, it is possible to manufacture the missing data if the form of the
associated ODE is assumed to be true. Data are manufactured using the assumed
functional form for the ODEs and is dependent on the initial values. Once the data
are manufactured, polynomials serve as an easy basis to fit to the data, the collage
distance can be constructed, and then minimized to recover parameter values from
the ODEs associated with the observational data [25].

3.4

Time Series Data Interpolation

A time series is a collection of variables that are measured sequentially over a
fixed time interval. This kind of data occurs naturally in many applications, ecology
being no exception. A common objective with such data is to fit an appropriate
mathematical or statistical model [10].
Often, observational data contains missing data points. Notably, the observations in a time series are serially dependent, and correlated in time, which means
accounting for missing data points needs to be done with great care [10]. There are
many methods of accounting for missing data, from simple methods such as taking
the mean or median of the previous and subsequent time values or using polynomial
approximations. However, depending on the data, these values may lead to odd approximations which are inappropriate for analysis. The method of data interpolation
discussed below is a “well-behaved” interpolation which can avoid errors from odd
approximations [42]. This method is used in Chapter 6 when a real data set is used
to solve an inverse problem with the collage method.

3.4.1

Stineman Interpolation

Many of the methods briefly touched on already struggle to interpolate curves
whenever there is an abrupt change in slope. This can create an interpolated curve
with drastically more inflection points than the original function required. The Stine-
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man interpolation method passes through the tabulated points and exactly matches
their slope in order to avoid creating extra inflection points [42].
The procedure is as follows. Suppose
xj , yj , yj0 ,

j = 1, 2, ..., n

(3.60)

are given, where xj , yj are coordinates in rectangular form that represent the j th
position on a curve and yj0 is the slope at this point. If this slope isn’t given, the
following procedure can be utilized.
Suppose I, J, K are any three consecutive points on the curve. Then yj0 is set
equal to the slope at point J of a circle through points I, J, K. Hence


(yj − yi ) (xk − xj )2 + (yk − yj )2 + (yk − yj ) (xj − xi )2 + (yj − yi )2
0

 , (3.61)
yj =
(xj − xi ) (xk − xj )2 + (yk − yj )2 + (xk − xj ) (xj − xi )2 + (yj − yi )2
which is effective for all interior points on the curve. The end points are special cases!
Let M and m designate either point I or K, whichever happens to be the end
point. Let s be the slope of the line segment that connects J and M . Then,


s + (s − yj0 ),
for s > 0 and s > yj0 or s < 0 and s < yj0
0
ym =
|s|(s − yj0 )

s +
, otherwise
|s| + |s − yj0 |
Given an x such that xj ≤ x ≤ xj+1 , the procedure for finding the corresponding
interpolated value y is as follows:
1. Find the slope of the line segment between x and y using
sj =

yj+1 − yj
xj+1 − xj .
−

2. Find the ordinate corresponding to x on the line segment
y0 = yj + sj (x − xj )
3. Find the vertical distance from (x, y0 ) to a line through (xj , yj ) with a slope
equal to yj0 and denoted as Dyj
∆yj = yj + yj0 (x − xj ) − y0
.
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4. Similarly,
0
(x − xj+1 ) − y0 .
∆yj+1 = yj+1 + yj+1

5. Test the product of ∆yj ∆yj+1 and break into cases



y0
if ∆yj ∆yj+1 = 0




∆yj ∆yj+1
if ∆yj ∆yj+1 > 0
y = y0 + ∆y + ∆y
j
j+1



∆yj ∆yj+1 (x − xj + x − xj+1 )


y0 +
, if ∆yj ∆yj+1 < 0.
(∆yj − ∆yj+1 )(xj+1 − xj )
The resulting interpolating curve matches the slope at all of the observed points
and then changes monotonically between points [42].
With these tools in mind, a model of ordinary differential equations to represent
an aquaponic ecosystem is developed and analysed in the remaining chapters of this
work.
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Chapter 4
Aquaponic Model and Initial Analysis

This chapter will propose an initial model for an aquaponic environment, perform some preliminary analysis on this model, and show the results of computational
simulation.

4.1

Initial Model Statement

The overarching goal of the model is to capture the harmonious relationship between the fish and the macrophytes. However, as evidenced by background research
on aquaponic agriculture, the aerobic microbial process that converts ammonia to
nitrate needs to be considered. Since most of this process occurs naturally and cannot be controlled by the farmer, it may not be necessary to represent all five stages
of the Nitrogen cycle. Here, just the relationship between ammonia and nitrate is
considered, with the assumption that this will capture any underlying relationship
stemming from the rest of the cycle. The assumptions made are as follows:
i. The aquaponic ecosystem is a closed environment.
Births
), hindered
ii. The fish population increases at some natural survival rate ( Deaths

by a carrying capacity due to the limited tank space.
iii. There is additional fish decay due to increased ammonia presence in the water
until it reaches a critical ammonia level where no fish survive. This can be
Ammonia Present
reasonably modelled using the ratio ( Toxic
).
Ammonia Level
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iv. Ammonia is present in the system exclusively due to fish waste and hence grows
at a rate proportional to the fish population. It decays due to its conversion to
nitrate.
v. Nitrate grows at a rate proportional to the level of ammonia, and decays due
to plant uptake.
vi. Plants grow at a constant rate hindered by a carrying capacity indicative of the
limited surface area of the system.
vii. Modelling the concentrations of ammonia and nitrate in the system will capture
any other relationships between other variables in the nitrogen cycle.
viii. The system is well mixed so the nitrogen cycle occurs naturally and plants have
equal access to nitrate.
ix. The system is established in a such a way that water pH and temperature are
within a healthy range for the fish.
The proposed model is below, with variables F, A, N, and P representing the
population of fish, ammonia (in mg), nitrate (in mg) and population of plants respectively:


Ḟ = a1

F
1−
KF


F−

A
F
KA

(4.1)

Ȧ = a2 F − a3 A

(4.2)

Ṅ = a4 A − a5 N P


P
Ṗ = a6 1 −
PN
KP

(4.3)
(4.4)

where ai ≥ 0 ∀i are growth and decay rates, and KF , KP > 0 are the carrying capacities of fish and plants respectively and KA is the toxicity constant which represents
the point where ammonia concentration is so high that fish can no longer survive in
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the environment.
Equation (4.1) models the evolution of the fish population, using assumptions
ii and iii. Equation (4.2) models the evolution of the ammonia concentration in
the system using assumption iv. Equation (4.3) captures the growth rate of nitrate
concentration as it relates to the conversion from ammonia and the decay rate due to
plant uptake using assumption v. The final equation (4.4) captures the growth rate
of the plants using assumption vi.
Perhaps of interest is the predator-prey relationship between the plants and the
nitrate in the system. The equations used to model the relationship here were inspired
by traditional Lotka-Volterra equations. With the exception of nitrates dependence
on ammonia, this relationship is a coupled sub-system. Future iterations of research
could further explore this underlying relationship.

4.2

Invariant Orthant Results

Whenever models of biological systems are used, it is important to analyse the
qualitative behaviour of solutions, including non-negativity. If the solutions of the
model are to be interpretable in a real world context, solutions starting in the nonnegative orthant should exist. The Invariant Orthant Theorem 3.1.7 and a stronger
result of the Invariant Orthant Theorem 3.1.8 and their subsequent proofs were presented in Chapter 3 and can be applied to this model to demonstrate that the model
output remains in the non-negative orthant.
Theorem 4.2.1. Denote the right hand side of the system f˜(t, x̃) defined in (4.1)(4.4) as
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x˙1 = a1

x1
1−
KF


x1 −

x2
x1
KA

x˙2 = a2 x1 − a3 x2
x˙3 = a4 x2 − a5 x3 x4


x4
x˙4 = a6 1 −
x4 x3 .
KP
Any solution to f˜(t, x̃) with x̃0 starting in the non-negative quadrant, stays in the
non-negative quadrant.
Proof. Leveraging the Invariant Orthant Theorem (Theorem 3.1.7) from Chapter 3,
the following hypotheses are needed:
H(1): f˜(t, x̃) : R × Rn → R is continuous in t and Lipschitz continuous in x̃
for t ≥ 0 and all x̃
H(2): f˜(t, x̃) satisfies fi (t, x̃) ≥ 0 if xi = 0, xj ≥ 0, j 6= i for t > 0
Then any solution to x̃˙ = f˜(t, x̃), x̃(0) = x̃0 , with x̃0 in the non-negative orthant
remains in the non-negative orthant. H(1) is satisfied as the system consists exclusively of polynomial equations. Hypothesis 2 is achieved as follows:
Equation (4.1):


x2
x1
x1 −
x1
f1 (t, x̃) = ẋ1 = a1 1 −
KF
KA
x1 = 0
x2 ≥ 0
⇒ f1 (t, x̃) = 0
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Equation (4.2):
f2 (t, x̃) = x˙2 = a2 x1 − a3 x2
x2 = 0
x1 ≥ 0
⇒ f2 (t, x̃) = a2 x1 ≥ 0
Equation (4.3):
f3 (t, x̃) = x˙3 = a4 x2 − a5 x3 x4
x3 = 0
x2 , x 3 ≥ 0
⇒ f3 (t, x̃) = a4 x2 ≥ 0
Equation (4.4):


x4
f4 (t, x̃) = x˙4 = a6 1 −
x4 x3
KP
x4 = 0
x3 ≥ 0
⇒ f4 (t, x̃) = 0
Thus both Hypothesis (1) and Hypothesis (2) are achieved by the system and the
invariant orthant result applies.
A stronger results based on Theorem 3.1.8, can also be applied.
Theorem 4.2.2. Define f˜(t, x̃) as in Theorem 4.2.1. Then ∀i either
a) xi (t) ≡ 0, t ≥ 0
or
b) xi (t) > 0, t > 0
Proof. Leveraging Theorem 3.1.8, the following hypotheses are needed:
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H(1): f˜(t, x̃) is analytic in x̃ and t
H(2): f˜(t, x̃) satisfies fi (t, x̃) ≥ 0 if xi = 0, xj ≥ 0, j 6= i for t > 0.
Since every fi (t, x̃) is a polynomial, it is also analytic. H(1) is proved. Noting
that H(2) is the same as in Theorem (3.1.7), it is also achieved in this circumstance.
Thus the stronger result of theorem 2 holds.
The importance of this analysis can best be illustrated with an example.
Example 4.2.1. Recall the model defined in (4.1)-(4.4). Suppose that at t = 0 the
system is started with some fish and some plant seedlings, and ammonia and nitrate
levels are at zero. Then,
F (0) > 0

(4.5)

A(0) = 0

(4.6)

N (0) = 0

(4.7)

P (0) > 0

(4.8)

A Taylor series expansion can be used to analyse each equation in the model. For this
model, a two term Maclaurin series expansion of (4.1) is shown below. Note, that
Theorem 3.1.7 gives that the solution remains in the non-negative orthant, so we
need only to expand to the first positive Maclaurin term. Using the initial conditions
(4.5) and (4.6) it can be shown that fish population is not identically zero, and thus
is positive for all t > 0.
F (t) = F (0) + Ḟ (0)t + · · ·
F (0) > 0
A(0) = 0
P (0) > 0


A(0)
F (0)
F (0) −
F (0) > 0
Ḟ (0) = a1 1 −
KF
KA
⇒ F (t) > 0 ∀t
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A similar process can be applied to (4.2). The same two initial conditions (4.5),(4.6)
are utilized, but in particular the condition (4.5) is essential for demonstrating the
desired result. Thus, due to the presence of fish in the system, ammonia will always
be present as well.

A(t) = A(0) + Ȧ(0)t + · · ·
F (0) > 0
A(0) = 0
Ȧ(0) = a2 F (0) − a3 A(0) = a2 F (0) > 0
⇒ A(t) > 0 ∀t
Applying this process to Equation (4.3) requires slightly more work. Below a three
term Maclaurin series for nitrate is shown. Using the previous result that Ȧ > 0 ,
the second derivative of the nitrate equation is also greater than zero. Hence when
substituting this into the Maclaurin series, it can be concluded that N (t) > 0.

N (t) = N (0) + Ṅ (0)t +

N̈ (0)t2
+ ···
2

A(0) = 0
N (0) = 0
P (0) > 0
Ṅ (0) = a4 A(0) − a5 N (0)P (0) = 0
N̈ (0) = a4 Ȧ(0) − a5 Ṅ (0)P (0) − a5 N (0)Ṗ (0) = a4 Ȧ(0) = a4 a2 F (0) > 0
⇒ N (t) > 0
Lastly, applying this process to Equation (4.4) also shows the desired result, as seen
below. However, since plants initially start with some seedlings at time zero (4.8),
the Maclaurin analysis provides evidence that P (t) > 0, as expected based on the
result of Theorem (3.1.8).
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P (t) = P (0) + Ṗ (0)t + · · ·
P (0) > 0
N (0) = 0


P (0)
P (0)N (0) = 0
Ṗ (0) = a6 1 −
KP
⇒ P (t) > 0
Hence the math demonstrates that plants exist in the positive quadrant for all time.
Thus using Theorem 3.1.8 in conjunction with real-world intuition for physical
resemblance of initial conditions led to solutions which are positive for all positive
time.

4.3

Analysing the Equilibria

The aquaponic environment model (4.1)-(4.4) consists of four equations with nine
unknown parameters. The Jacobian matrix of this model is as follows:




a F
− K1 +a1 1− KF − KA − KF
F

Df (F, A, N, P ) = 

F

a2
0
0

A

A
−a3
a4

0

0



0

0
0
−a
 5P 
 −a5 N

a6 N P
a6 P 1− KP
a6 N 1− KP − K
P

P



(4.9)

P

Three equilibria are found for the system (4.1)-(4.4):

{F = 0, A = 0, N = 0, P = P }

(4.10)

{F = 0, A = 0, N = N, P = 0}

a1 a3 K F K A
a1 a2 K F K A
F =
,A=
,
a1 a3 K A + a2 K F
a1 a3 K A + a2 K F

a1 a2 a4 K F K A
N=
, P = KP
a5 KP (a1 a3 KA + a2 KF )

(4.11)

(4.12)

of which the third, in equation (4.12), is of particular interest since it represents all
variables surviving in the environment.
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Equilibrium (4.10): Only Plants Survive

a1 P
0
0

 a2 −a3
0

A1 = 
 0
a4
−a5 P



0
0 a6 P 1 − KPP


0

0


0

0

(4.13)

The eigenvalues are λ11 = a1 , λ12 = −a3 , λ13 = −a5 P , and λ14 = 0. Recall from
Section (4.1) that ai ≥ 0, ∀i. Since λ11 > 0 this is an unstable equilibrium point.
Equilibrium (4.11): Only Nitrate Survives


0

0

0

0





a a 0

0
 2 3

A2 = 

 0 a4 0 −a5 N 


0

0

0

(4.14)

a6 N

The eigenvalues are λ21 = −a3 , λ22 = a6 N , λ23 = 0, and λ24 = 0. As λ22 > 0, so this
is an unstable equilibrium point.
Equilibrium (4.12): Coexistence


a1 − 2a1 a3 γKA −a2 γKF
0
0



a2
−a3
0
0 


A3 = 



0
a
−a
K
−φγ
4
5
P


φγ
0
0
0
− a5

(4.15)

where
γ=

a1
,
a1 a3 K A + a2 K F

φ=

a2 a4 K A K F
KP

(4.16)

Notably, this matrix is much more complicated than the previous two. However, this
matrix can be organized into 2 × 2 blocks. Then we are interested in the following

50
two blocks in order to calculate the eigenvalues of A3 :

"
A3a =

a1 − 2a1 a3 γKA −a2 γKF

#

−a3

a2



−a5 KP
−φγ
A3b = 
a6 φγ 
0
−
a5

(4.17)

(4.18)

Here, (4.18) is an upper triangular matrix. Hence, the eigenvalues are equal to the
entries along the main diagonal and λ33 = −a5 KP and λ34 = − a6aφγ
. The eigenvalues
5
from (4.17) require more analysis. Maple calculates them as follows:
1
λ31 = −a1 a3 γKA + a1 −
2
1
λ32 = −a1 a3 γKA + a1 −
2

1
a3 +
2
1
a3 −
2

1√
η
2
1√
η
2

(4.19)
(4.20)

where η = 4(KA a3 γ − 21 )2 a21 + (−4KA a23 γ + 2a3 )a1 − 4a22 γKF + a23 .
If the non-trivial equilibrium is stable, the real part all eigenvalues must be less
than zero. Hence, to analyse λ31 and λ32 , we need to break into two cases.
Case i: η < 0
If η < 0 , then λ31 and λ32 are complex, and hence only the real part needs to be
analysed.
1
1
λ31 , λ32 = −a1 a3 γKA + a1 − a3 < 0
2
2
1
1
⇒ a1 < a3 + a1 a3 γKA
2
2

(4.21)
(4.22)

This inequality seems logical. Since a1 represents the growth/death rate of fish
per day, it can be assumed that a1 is small as fish daily reproduction rate is low. On
the other hand, a3 , which is the rate at which ammonia converts to nitrate tends to
be much higher on a daily basis. Hence, 12 a1 < 12 a3 seems a reasonable assumption,
and since all the other parameters in a1 a3 γKA are positive, this inequality will hold
regardless of the parameter values.
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Case ii: η = 0
If η = 0 the eigenvalues reduce to
1
λ31 , λ32 = −a1 a3 γKA + a1 < 0
2
1
1
⇒ a1 < a3 + a1 a3 γKA
2
2

(4.23)
(4.24)

and hence the argument in Case i holds.
Case iii: η > 0
The eigenvalues in this case are a little trickier and do not reduce as easily.
1
1√
1
η<0
λ31 = a1 a3 γKA + a1 − a3 +
2
2
2
1
1
√
(a1 + η) < a3 + a1 a3 γKA
2
2
1
1√
1
η<0
λ32 = a1 a3 γKA + a1 − a3 −
2
2
2
1
1
1√
a1 < a3 + a1 a3 γKA +
η
2
2
2

(4.25)
(4.26)
(4.27)
(4.28)

The same argument used in Cases i and ii apply to λ32 in this case. However,
λ31 cannot be simplified further, and there are no simple inequalities which can be
used for stability criteria here. However, the literature can be utilized to provide
suggestions for the nine unknown parameters of the model to examine equilibrium
stability.

4.4

Parameter Estimation for Model Simulation

It is possible to give rough estimates of the parameters based on the existing
aquaponic research. Some of these estimations, such as carrying capacities and toxicity constant, have distinct ranges which have been repeated among various publications on aquaponic systems. Others, such as a term that captures the rate at which
fish produce ammonia, are highly debated amongst experts and depend on a variety
of factors. Estimating them for computation requires an extreme loss of generality.
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However, in order to draw conclusions regarding the stability of the environment,
parameters were chosen as follows.
Wilson Lennard has created a ratio calculator that is often utilized by new aquaponic
farmers to properly establish their environment [26]. This calculator operates on three
major assumptions which highly contribute to the ratios used to calculate required
water flow rate, suggested fish tank volume, etc. These assumptions are as follows:
i. fish growth rate is optimal when fish density is approximately 1 fish per 25 L
of water;
ii. plant growth rate is optimal when plants do not exceed 30 lettuce per m2 ; and
iii. all other values are directly proportional to the amount of food in the system.
These three assumptions can be used to determine realistic ranges for many of the
missing parameters [26].
To begin, further assumptions regarding the variety of aquaponic system to be
explored are made to allow Lennard’s assumption to be combined with experimental
results found in studies of aquaponic agriculture. It is assumed that the fish in this
simulation are tilapia, the macrophytes variety is spinach, a floating raft aquaponic
system is used with feeding frequency of 4 times/day and 24 hour/day photo period.
In a study done by Bhujel, Little, and Hossain, in a period of 119 days, 15 tilapia
spawned 21 fingerlings, with a 95% survival rate of the parents [6]. Thus an average
spawn rate of fish per day, taking into account survival rate, is calculated as:
a1 =

21
15×0.95

119

= 0.0124

(4.29)

The carrying capacity for fish was much simpler to calculate. Using Lennard’s assumption that optimal fish density lies around 1 fish for every 25 L [27], one can calculate
fish density if the tank size is known. For computational simplicity, the tank size was
arbitrarily set to 6250 L. Thus, in this particular simulation, KF =

6250
25

= 250.

The system’s toxicity constant for ammonia (due to a critical level causing fish
deaths) was calculated using the assumption that all fish will die when ammonia rates
reach 2mg/L, which is the known toxic level in the literature [5]. Thus, the toxic
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level would be calculated as 2mg/L×Volume (or 2×6250 using the previous volume
assumption). Hence, the ammonia toxicity constant is estimated as KA = 12500.
Calculating the growth rate of ammonia is much more complex. This rate is
seen as highly variable, dependent on many factors, and widely inconsistent. In this
simulation, it was estimated to be approximately 0.1 mg per fish per day. This choice
was made on a trial and error basis to mirror expected growth rates of fish and plants
in the environment. Hence a2 = 0.1 is a starting estimate. In a real-world sense, this
number seems realistic. Ammonia occurs in the system due to the protein content in
the feed. It is recommended that fish are fed 1% of their body weight per day, with
most conventional feeds being 32% crude protein. Most of this protein is utilized by
the fish, with only a small amount being converted to ammonia through fish waste.
Assuming most tilapia weigh between 100g and 500g [26], this gives a total daily
protein input in the system of 100 × 0.01 × 0.32 = 0.32 g and 500 × 0.01 × 0.32 = 1.6
g per fish. If most of this protein is being utilized by the fish, it makes sense that a
very small growth rate of ammonia would occur.
The rate at which ammonia converts per day was estimated to be approximately
94% in an established aquaponic system [11]. Hence, a3 was set to 0.94. Again, this
estimate is highly variable and representative of a specific environment as a specific
moment in time, and should not be considered as anything more than a very rough
starting point. The conversion rate of ammonia to nitrate can be inferred based on
their molar mass. Since ammonia and nitrate compounds both have one nitrogen
atom, their molar masses can be used to infer the conversion ratios. Since 1 ppm of
ammonia equates to 3.6 ppm of nitrate, a4 =3.6*0.94=3.384.
As mentioned earlier, the nitrate uptake rate of plants has been estimated to be
between 86% and 98% of available nitrate in aquaponic environments [7]. Thus a5
was estimated to be the average of these values, 0.92.
The growth rate for plants was calculated using results from Liang and Chiens [30]
study on the effect of photo period and feeding frequency of aquaponic environments.
This particular study found that plants grew 167% in 30 days, averaged to 5.56% per
day [30]. Thus a6 was estimated to be approximately 0.056.
As with the fish carrying capacity, with at least some certainty, the plant carrying
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capacity can be determined using Lennard’s assumptions [26]. If approximately 30
lettuces can grow per m2 , then plant carrying capacity is approximately KP = 30 ×
SurfaceArea. The surface area was arbitrarily set to 10 m2 , to give a carrying capacity
of KP = 300.

4.5

Results from Computational Simulation

Using the above reasoning, the following parameter estimations were simulated:
a1 = 0.0124
a2 = 0.1
a3 = 0.94
a4 = 3.384
a5 = 0.92
a6 = 0.056
KA = 12500
KF = 250
KP = 300
Using these values in the Jacobian for the coexistence case (4.15) gives:


−0.0105 −0.01707
0
0


 0.1

−0.94
0
0


A3∗ = 


0
3.384
−276 −0.256 


0
0
0
−0.0156

(4.30)

Substituting these parameter values into the non-trivial equilibrium and subsequent
solution given in the previous section provides the following equilibrium points:
{F = 213.39, A = 22.7, N = 0.278, P = 300}

(4.31)

The real-world context of these equilibrium points is exciting; it suggests that fish
grow to a point well bounded by their carrying capacity. Nitrate and ammonia levels
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remain quite low, which seems to parallel results from the literature. This is likely
due to the superior nutritional uptake of the plants, as well as the efficiency of the
nitrogen cycle. The plants themselves reach equilibrium at their carrying capacity, as
anticipated based on the model structure.
The eigenvalues of A3∗ in this particular simulation are:
λ31∗ = −0.0124

(4.32)

λ32∗ = −0.0156

(4.33)

λ33∗ = −0.938

(4.34)

λ34∗ = −276

(4.35)

Notably, all of the eigenvalues are negative real-values, hence in this particular simulation asymptotic stability is achieved.
Some experimentation was done within ranges of realistic values for the estimated
parameters. In every case, all eigenvalues have negative real parts suggesting with
some generality that the equilibrium case where all four variables are present in the
system is asymptotically stable.
Figure 4.1 shows two plots of the modelled variables over time given the parameter assumptions. The blue line represents the fish population, green line the
plant population, red line the ammonia concentration and the purple line the nitrate
concentration. As evidenced here, all the variables are approaching their equilibrium
values. Of particular importance are the functions for fish and plants, which distinctly
follow a logistic trend indicative of their carrying capacity. Ammonia also seems to
be following this trend, which is due to its growth dependence on fish. Nitrate also
shows an interesting trend; as the system is being established, nitrate experiences a
brief spike. However, once the plant growth reaches a level which requires significant
nitrate sustenance, this spike reverses and the nitrate concentration levels off. These
curves appear to loosely represent expected trends based on the aquaponics literature,
suggesting the model is accurately capturing aquaponic behaviour.
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(a)

(b)

Figure 4.1: The population and concentration dynamics of the model over time (a)
Blue represents the fish population and green represents the plant population (b) Red
represents the ammonia population and purple represents the nitrate population.

4.6

Sensitivity Analysis

A sensitivity analysis for the parameters of this model was performed with the
goals of identifying any unexpected behaviour, guiding any data collection efforts, and
most importantly, to give an indication of the importance of accurately estimating
the parameter values.
A software toolbox in Matlab was used to perform sensitivity analysis of biological
models. SensSB is freely available for academic purposes, and combines a variety of
local and global sensitivity methods, both using relative and absolute measures to
achieve many of these goals [38].
While locally analysing the sensitivity of parameters is a useful exercise, it has
an inherent reliance on the initial numerical estimation of the parameter. Global
methods, which test the effect of a parameter while other parameters are varied
simultaneously, help avoid this stipulation [39]. Since the initial estimation of the
variables from the literature are considered weak points of the model, global sensitivity
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Parameter

Absolute M ∗

Absolute Σ∗

Relative M ∗

Relative Σ∗

a1

0.073

0.024

0.075

0.289

a2

0.071

0.012

0.170

0.125

a3

0.401

0.189

0.156

0.145

a4

0.002

0.001

0.089

0.007

a5

0.437

0.755

0.089

0.008

a6

0.014

0.018

0.002

0.077

KF

4.67e−4

1.60e−4

0.214

0.200

KA

8.90e−6

3.09e−6

0.027

0.125

KP

6.18e−4

3.08e−4

0.177

0.023

Table 4.1: The results from the sensitivity analysis on the initial model.
measures were analysed.
SensSB analyses global sensitivity through 3 main methods, all of which are discussed in the software documentation (see [39]). In this work, Derivative Based Global
Sensitivity Measures (DBGSM), which were introduced in 2009 [21], were selected to
optimize accuracy with minimal loss of computational efficiency [39]. DBGSM uses
Monte Carlo sampling methods to average local derivatives to a measure M̄ij which
averages sensitivity measures Sij over the parameter space. See (3.2.3) for more
details.
% change in Parameters
% change in Variables
Z
M̄ij =
Sij dp
Sij =

(4.36)
(4.37)

Hnp

As seen in Figure 4.2, parameter 3 (a3 ) (the conversion rate of ammonia to nitrate)
has high global sensitivity in comparison to the other parameters in the model. In fact,
according to the output from SensSB, a3 accounts for 40.1% of the absolute global
sensitivity in the model. Parameter 5 (a5 ) (decay of Nitrate due to plant uptake) has
high global sensitivity as well, accounting for 43.7% of the absolute global sensitivity
in the model. These variables represent the decay of ammonia as it converts to nitrate,

58

Figure 4.2: shows the global absolute sensitivity of each of the estimated parameters.

Figure 4.3: shows the global relative sensitivity by variable. Note parameters 1-6 are
a1 through a6 , parameter 7 is the carrying capacity KF , parameter 8 is the toxicity
constant KA , and parameter 9 is the carrying capacity KP .
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and the decay of nitrate as it is consumed by plants. High sensitivity of a3 is not
ideal; its value was borrowed from one specific study and this could perhaps represent
a weak point in the model. High sensitivity of a5 is far less problematic, as its values
are more consistent throughout aquaponic literature.
Figure 4.3 shows the relative global sensitivity broken down by variable. Notably,
the relative sensitivity by variable, which shows how sensitive each variable is to the
parameters in the model, exhibits that KF has the highest relative global sensitivity,
with a2 , a3 , and KP appearing to have higher relative sensitivity as well. However,
these levels are only moderate, and should not be a major concern. The relative
sensitivity of parameter a2 (the growth rate of ammonia from fish waste) is worth
flagging as a potential issue. There is very little guidance available regarding what
realistic ranges of this value should be. The carrying capacities and toxicity constant
are reasonably well established in the literature and should not pose a problem.
In both the cases of a2 and a3 some more experimentation to develop reasonable
ranges for these values should be considered. Using values from the previous simulation, both a2 and a3 were varied (individually and consecutively) between values of 0
and 100 without loss of stability in the coexistence equilibrium. However, exploring
data from an established environment may help clear potential biases associated with
this parameter estimation.
SensSB also determines which parameters in the model are highly correlated using
a method discussed in Section 3.2.4. These results can be leveraged to draw conclusions about potential parameter reduction in the model. Variability in model output
which is attributed to changes in one parameter can be approximately compensated
for by another highly correlated parameter given appropriate changes to the parameter value are made. Figures 4.4 and 4.5 show the correlational matrices generated
by SensSB. Figure 4.4 highlights the highly correlated variables. Notably, carrying
capacity of fish (KF ) and the toxicity constant for ammonia (KA ) are highly correlated, indicating some potential redundancy in the model. Similarly, a1 a2 and a3
(the natural survival rate of fish, the growth and decay rate of ammonia) as well as a4
and a5 (the growth and decay rate of nitrate) are highly correlated, indicating again
that these values could be combined to one rate and reduce the number of parameters
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Figure 4.4: shows the correlational matrix for parameters in the model.

Figure 4.5: shows the variation of the correlation of the nine parameters over time.
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present in the model. Figure 4.5 shows how the variance of these correlations changes
over time. It indicates in all the above cases that these correlations vary little over
time. In all cases, these correlations are hardly surprising - it is expected that the
growth and decay rates of each quantity of interest in the model would be linked.
As well, since the toxicity constant for ammonia and the carrying capacity of the
fish population are both dependent on the tank size, it is perfectly logical that these
values would be highly correlated. However, to reduce the model to exclude some
of these parameters would reduce the interpretability of the model and require more
research into accurate parameter estimates.
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Chapter 5
Extended Aquaponic Model and Initial Analysis

This chapter will propose an extended model for an aquaponic environment, and
similar to Chapter 4 perform some preliminary analysis on this model, show the
results of computational simulation and explore a sensitivity analysis.

5.1

Statement of the Expanded Model

Since the Nitrogen Cycle is such a critical component in the model [19], it may
be worthwhile to explore a model with additional complexity which expands on other
critical concentrations in the nitrogen cycle. Hence, an extra dimension was added
to the system by including nitrite as an important concentration between ammonia
and nitrate. The assumptions can be updated as follows:
i. The aquaponic ecosystem is a closed environment.
Births
), hindered
ii. The fish population increases at some natural survival rate ( Deaths

by a carrying capacity due to the limited tank space.
iii. There is additional fish decay due to increased ammonia presence in the water
until it reaches a critical ammonia level where no fish survive. This can be
Ammonia Present
reasonably modelled using the ratio ( Toxic
).
Ammonia Level

iv. Ammonia is present in the system exclusively due to fish waste and hence grows
at a rate proportional to the fish population. It decays due to its conversion to
nitrite at a rate proportional to its concentration
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v. Nitrite is present in the system as it arises through the nitrogen cycle. It grows
at a rate proportional to the ammonia in the system, and decays at a rate
proportional to its own concentration.
vi. Nitrate grows at a rate proportional to the level of Nitrite, and decays due to
plant uptake at a rate which interacts with the total nitrate and the total plant
population.
vii. Plants grow at a constant rate hindered by a carrying capacity indicative of the
limited surface area of the system.
viii. Modelling the concentrations of ammonia, nitrite, and nitrate in the system
will capture any other relationships due to the bacteria present in the nitrogen
cycle.
ix. The system is well mixed so the nitrogen cycle occurs naturally and plants have
even access to nitrate.
x. The systems is established in a such a way that water pH and temperature are
within a healthy range for the fish.
The proposed model is below, with variables F, A, Z, N, and P representing the
population of fish, ammonia (in mg), nitrite (in mg), nitrate (in mg) and population
of plants respectively:


Ḟ = a1

F
1−
KF


F−

A
F
KA

(5.1)

Ȧ = a2 F − b1 A

(5.2)

Ż = b2 A − b3 Z

(5.3)

Ṅ = b4 Z − a5 N P


P
Ṗ = a6 1 −
PN
KP

(5.4)
(5.5)
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where ai ≥ 0 ∀i = 1, ..., 6 are growth and decay rates from the original model, bi ≥ 0∀i
are the growth and decay rates for the parameters which have changed in the model
space, and KF , KP > 0 are the carrying capacities of fish and plants respectively, and
KA is the toxicity constant for ammonia.
Equation (5.1) models the evolution of the fish population, using assumptions ii
and iii. Equation (5.2) models the evolution of the ammonia concentration in the
system using assumption iv. Equation (5.3) models the Nitrite in the population,
using assumption v. (5.4) captures the growth rate of nitrate concentration as it
relates to the conversion from ammonia and the decay rate due to plant uptake using
assumption vi. The final equation (5.5) captures the growth rate of the plants using
assumption vii.

5.2

Invariant Orthant Results

Similar to the original model in Chapter 4, the invariant orthant theorem can be
invoked to prove that the model gives results that can be interpreted in the real-world
setting. Both the Invariant Orthant (Theorem 3.1.7), and the Stronger Results of the
Invariant Orthant (Theorem 3.1.8) can be invoked as shown below. See Chapter 3
for the proofs of these theorems.
Theorem 5.2.1. Denote the right hand side of the system f˜(t, x̃) defined in (5.1)(5.5) as

x˙1 = a1

x1
1−
KF


x1 −

x2
x1
KA

(5.6)

x˙2 = a2 x1 − b1 x2

(5.7)

x˙3 = b2 x2 − b3 x3

(5.8)

x˙4 = b4 x3 (t) − a5 x4 x5


x5
x˙5 = a6 1 −
x4 x5
KP

(5.9)
(5.10)

Any solution to f˜(t, x̃) with x̃0 starting in the non-negative quadrant, stays in the
non-negative quadrant.
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Proof. Leveraging the Invariant Orthant Theorem (Theorem 3.1.7) from Chapter 3,
the following hypotheses are needed:
H(1): f˜(t, x̃) : R×Rn → R is continuous in t and Lipschitz continuous in x̃ for t ≥ 0 and all x̃
H(2): f˜(t, x̃) satisfies fi (t, x̃) ≥ 0 if xi = 0, xj ≥ 0, j 6= i for t > 0.
H(1) is satisfied as the system consists exclusively of polynomial equations. Hypothesis 2 is achieved as follows:
Equation (5.6):


x2
x1
x1 −
x1
f1 (t, x̃) = ẋ1 = a1 1 −
KF
KA
x1 = 0
x2 ≥ 0
⇒ f1 (t, x̃) = 0
Equation (5.7):
f2 (t, x̃) = x˙2 = a2 x1 − b2 x2
x2 = 0
x1 ≥ 0
⇒ f2 (t, x̃) = a2 x1 ≥ 0
Equation (5.8):
f3 (t, x̃) = ẋ3 = b2 x2 − b3 x3
x3 = 0
x2 ≥ 0
⇒ f3 (t, x̃) = b2 x2 ≥ 0
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Equation (5.9):
f4 (t, x̃) = x˙4 = b4 x3 − a5 x4 x5
x4 = 0
x3 , x 5 ≥ 0
⇒ f4 (t, x̃) = b4 x3 ≥ 0
Equation (5.10):

f5 (t, x̃) = x˙5 = a6

x5
1−
KP


x4 x5

x5 = 0
x4 ≥ 0
⇒ f5 (t, x̃) = 0
Thus both Hypothesis (1) and Hypothesis (2) are achieved by the system and the
invariant orthant result applies. It can be concluded the fish and plant populations,
as well as the concentration of nitrite, nitrate, and ammonia all remain in the nonnegative quadrant and are interprettable in a real-world setting.
A stronger results based on Theorem 3.1.8, can also be applied.
Theorem 5.2.2. Define f˜(t, x̃) as in Theorem 5.2.1. Then ∀i either
a) xi (t) ≡ 0, t ≥ 0
or
b) xi (t) > 0, t > 0
Proof. Leveraging Theorem 3.1.8, the following hypotheses are needed:
H(1): f˜(t, x̃) is analytic in x̃ and t
H(2): f˜(t, x̃) satisfies fi (t, x̃) ≥ 0 if xi = 0, xj ≥ 0, j 6= i for t > 0.
Since every fi (t, x̃) is a polynomial, it is also analytic. H(1) is proved. Noting
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that H(2) is the same as in Theorem (3.1.7), it is also achieved in this circumstance.
Thus the stronger result of theorem 2 holds.

5.3

Analysing the Equilibria

The Jacobian matrix of (5.1)-(5.5) is as follows:




a F
− K1 +a1 1− KF − KA − KF
F

F

A

a2
0
0
0


Df (F, A, Z, N, P ) = 

A
−b1
a2

0
0

0

0



0

0
0
0
−a3
0
0
b4
−a
 5P 
 −a5 N

a6 N P
0 a6 P 1− KP
a6 N 1− KP − K
P

P




P

(5.11)
The system (5.1)-(5.5) has three equilibria:

{F = 0, A = 0, N = 0, P = P }

(5.12)

{F = 0, A = 0, N = N, P = 0}

a1 a2 K F K A
a1 b 1 K F K A
,A=
,
F =
a1 b 1 K A + a2 K F
a1 b 1 K A + a2 K F

a1 a2 b 2 K A K F
a1 a2 b 1 b 4 K F K A
, P = KP
Z=
, N=
a1 b 1 K A + a2 K F
a5 b3 KP (a1 b1 KA + a2 KF )

(5.13)

(5.14)

of which the third, in equation (5.14), is the of particular interest since it represents
all variables surviving in the environment.
Equilibrium (5.12): Only Plants Survive


a1 P
0
0

a
 2 −b1 0

A4 = 
b2 −b3
 0

 0
0
b4

0
0
0


0
0

0
0


0
0


−a5 P
0
 

0
a6 P 1 − KPP

(5.15)

The eigenvalues are λ11 = a1 , λ12 = −b1 , λ13 = −b3 , λ14 = −a5 P , and λ15 = 0. Recall
from Section (4.1) that ai ≥ 0, ∀i. Since λ11 > 0 this is an unstable equilibrium point.
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Equilibrium (5.13): Only Nitrate Survives


a1

0

0

0


a −b
0
 2
1

A5 = 
 0 b2 −b3

0
0
b4

0
0
0

0







0
0 


0 −a5 N 

0 a6 N
0

0

(5.16)

The eigenvalues are λ21 = a1 , λ22 = −b1 , λ23 = −b3 , λ24 = 0, λ25 = a6 N . As λ21 > 0
and λ25 > 0. This is an unstable equilibrium point.
Equilibrium (5.14): Coexistence


a1 − 2a1 b1 γKA −a2 γKF
0
0
0




a
−b
0
0
0


2
1




0
b
−b
0
0
2
3
A6 = 




0
0
b4 −a5 KP
−φγ 



a6 φγ 
0
0
0
0
−
a5

(5.17)

where
γ=

a1
,
a1 b 1 K A + a2 K F

φ=

a2 b 2 b 4 K A K F
b3 K P

(5.18)

Like with the previous model, this matrix is far more complicated than the previous
two. However, this matrix can be organized into one 2 × 2 block and one 3 × 3 block.
Then we are interested in the following two blocks in order to calculate the eigenvalues
of A6 :
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"
A6a =

a1 − 2a1 a3 γKA −a2 γKF
a2

#

−a3



−b3
070


 b4 −a K

−φγ
5 P
A6b = 


a6 φγ 
0
0
−
a5

(5.19)

(5.20)

Here, the eigenvalues of (5.20) are easy to find, and are λ63 = −b3 , λ64 = −a5 KP ,
a6 φγ
. The matrix (5.19) is the same as (4.17) in Chapter 4, and hence
and λ65 = −
a5
the analysis there applies here as well. Parameter estimation is necessary to draw
any conclusions about the stability of this equilibrium point.
Parameter estimation points were borrowed from the previous chapter for the parameters a1 , a2 , a5 , a6 and KA , KF , KP . However, the literature needs to be examined
in order to estimate values for b1 , b2 , b3 , b4 .

5.4

Parameter Estimation for Extended Model Simulation

When estimating parameter values from the extended model, some parameters
were able to be recycled from the original model. Hence, since b1 represents the
decay of ammonia due to its role in the nitrogen cycle, much like a3 in the previous
model, it is estimated to have the same value as a3 . Hence, b1 =0.94mg.
Like in Chapter 4, the molar mass of ammonia and nitrite can be used to estimate
the conversion rate b2 . Since 1 ppm of ammonia converts to 2.7 ppm of nitrite, b2
was set equal to 2.7mg.
The decay rate of nitrite is debatable as well. However, the consensus in the
literature indicates that nitrite levels are often miniscule in many environments where
the nitrogen cycle is present. In fact, the levels are so small that nitrite is often ignored
as a major concentration [20]. Hence the decay rate of nitrogen was set arbitrarily
high, at b2 =5. This clearly represents as weaker parameter estimate in the model.
The final additional parameter to estimate is b4 , the growth rate of nitrate as it
converts from nitrite. We can reasonably recycle the value of a5 from the previous
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model. Hence, b4 was estimated to be equal to 3.6mg.

5.5

Results from Computational Simulation

Using the above reasoning, the following parameter estimations were simulated:
a1 = 0.0124
a2 = 0.1
b1 = 0.94
b2 = 2.7
b3 = 5
b4 = 3.384
a6 = 0.056
KA = 12500
KF = 250
KP = 300
When substituted in (5.17) gives:

−0.011 −0.017
0
0

 0.1
−0.94
0
0


A6∗ = 
2.538
−5
0
 0

 0
0
3.384 −276

0

0

0

0

0







0 


−0.13 

−0.008
0

(5.21)

Substituting these values into the non-trivial equilibrium and subsequent solution
given in the previous section provides the following equilibrium points:
{F = 213.386, A = 22.7, Z = 11.523, N = 0.141, P = 300}

(5.22)

The equilibrium points from the co-existence case in the previous simulation were:
{F = 213.39, A = 22.7, N = 0.296, P = 300}

(5.23)
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So we can see that there was little change the equilibrium points from the previous
equation. This could provide evidence that the addition of the equation for nitrite is
unnecessary, however much of this is likely due to the fact that many of the parameter
estimates were borrowed from the previous simulation. Different data driven parameter estimates could very well disrupt this observation. Also of note is the relatively
high equilibrium level of nitrite, which is unexpected based on previous literature
findings. It is possible that the decay rate of nitrite should be set higher in order to
better meet this real-world observation.
The eigenvalues of A6∗ in this particular simulation are:
λ61∗ = −0.008

(5.24)

λ62∗ = −0.0124

(5.25)

λ63∗ = −0.938

(5.26)

λ64∗ = −5

(5.27)

λ65∗ = −276

(5.28)

Notably, all of the eigenvalues are negative real-values, hence in this particular simulation asymptotic stability is achieved.
Some experimentation was done within ranges of realistic values for the estimated
parameters. In every case, all eigenvalues have negative real parts suggesting with
some generality that the equilibrium case where all four variables are present in the
system is asymptotically stable.
Figure 5.1 shows two plots of the modelled variables over time given the parameter
assumptions. As evidenced here, all the variables are approaching their equilibrium
values. The fish, ammonia, and plant curves follow a curve indicative of KF and
KA . Nitrite also follows this trend, likely due to its dependence on ammonia. Nitrate
levels have the most notable change from what was seen in the previous model. They
stay quite low, never experiencing the brief spike that was previously observed.
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(a)

(b)

Figure 5.1: The population and concentration dynamics of the model over time (a)
Blue represents the fish population and green represents the plant population (b) Red
represents the ammonia population, orange (mostly pictured behind red) represents
the nitrite population, and purple represents the nitrate population.

5.6

Sensitivity Analysis for the Extended Model

As in the original model, a sensitivity analysis for the parameters of this model
was performed with the goals of identifying any unexpected behaviour, guiding any
data collection efforts, and most importantly, to give an indication of the importance
of accurately estimating the parameter values.
Figure 5.2 shows the absolute global sensitivity of the parameters. Parameter b3 ,
or the decay rate of nitrite, and parameter 7 a5 , or the decay rate of nitrate both
have high absolute global sensitivity. In fact, according to the output from SensSB,
b3 and a5 account for 39.2% and 32% respectively of the absolute global sensitivity in
the model. Just like in the previous model, the high sensitivity of a5 should not be an
issue as that value is well established in the literature. However, the high sensitivity
of b3 could pose a major problem, as it already has been flagged as a potential source
error. These results are tabulated in Table 5.1.

73

Figure 5.2: The global absolute sensitivity of each of the estimated parameters.

Figure 5.3: The global relative sensitivity by variable.
Figure 5.3 shows the relative global sensitivity broken down by variable. Notably,
this analysis flagged a2 and KF as having the highest relative global sensitivity, which
agrees with the sensitivity analysis done on the original model. Moderately high
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Parameter

Absolute M ∗

Absolute Σ∗

Relative M ∗

Relative Σ∗

a1

0.024

0.006

0.060

0.186

a2

0.040

0.012

0.156

0.123

b1

0.213

0.102

0.144

0.128

b2

0.007

0.002

0.110

0.056

b3

0.392

0.404

0.108

0.058

b4

0.001

4.4e−4

0.5055

0.050

a5

0.320

0.472

0.055

0.050

a6

0.003

0.002

0.001

0.049

KF

1.7e−4

4.6e−5

0.179

0.150

KA

2.9e−6

1.0e−6

0.022

0.089

KP

1.8e−4

1.1e−4

0.100

0.060

Table 5.1: The results from the sensitivity analysis on the expanded model.
relative sensitivity was also found for the b1 , b2 , and b3 parameters.
Notably, the relative sensitivity by variable, which shows how sensitive each variable is to the parameters in the model, shows that KF has the highest relative global
sensitivity, with a2 , a3 , and KP appearing to have higher relative sensitivity as well.
However, these levels are only moderate, and should not be a major concern. The
relative sensitivity of parameter a2 is worth flagging as a potential issue. Most of
the sensitivity in the model was attributed to nitrite and nitrate, which may be an
indication that they both should be considered in the final model.
In both the cases of a2 and b3 more experimentation to develop reasonable ranges
for these values should be considered. Holding the other parameter values constant,
both a2 and b3 were varied (individually and consecutively) between values of 0 and
100 without loss of stability in the coexistence equilibrium. However, exploring data
from an established environment may help clear potential biases associated with this
parameter estimation.
SensSB also determines which parameters in the model are highly correlated in
order to make suggestions about model simplification. Figures 5.4 and 5.5 show the
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Figure 5.4: The correlation matrix for parameters in the model.

Figure 5.5: The variation of the correlation of the nine parameters over time.
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correlation matrices generated by SensSB. Figure 5.4 highlights the highly correlated
variables. Notably, just like in the previous model, the carrying capacity of fish (KF )
and the toxicity constant for ammonia (KA ) are highly correlated. Similar to the
previous model as well, the growth and decay rate of variables are highly correlated.
Relatively high correlation is also demonstrated between the ammonia and nitrite
parameters, as well as the nitrite and nitrate parameters. Based on the literature
review, this is not surprising and does lend more evidence that the nitrite equation
is not critical in the final model.

5.7

Model Comparison

Overall, there is not compelling evidence for using the more complicated model.
The literature indicated that nitrite is often ignored in the nitrogen cycle without major consequences, and including it in the model did not appear to drastically change
any of the equilibrium points or much of the other variables behaviour. Moreover,
the correlation matrix from the sensitivity analysis indicated that parameters which
capture ammonia growth and decay and nitrate growth and decay are highly correlated with the nitrite parameters, and hence can likely capture much of the effect this
variable has on the model output.
As noted previously, since so many of the parameter estimates didn’t change
between the two models, it would be beneficial to compare them using data driven
parameter values. It is possible that there could be some differences that are being
hidden by parameter misspecification in the current analysis.
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Chapter 6
Solving the Inverse Problem for an Aquaponic
Model

This chapter presents results from solving the inverse problem in various contexts.
While searching for data, an inverse problem with manufactured data (called the toy
inverse problem) was solved in order to test the implementation of the inverse problem algorithm and demonstrate the recovery capabilities in an ideal setting. When it
became clear that full data may not be available, an inverse problem was developed
that would use fish and plant data, which are commonly tracked, in order to manufacture the ammonia and nitrate data and recover the parameters related to fish
and plant growth. Some data was obtained from John Hopkins Center for a Livable
Future, where Dave Love lead a team who were studying an aquaponic system in an
academic setting. See [29] for more information on their data collection process. The
data are briefly analysed, and then an inverse problem with partial data is solved
using real-world data.

6.1

A Toy Inverse Problem

An inverse problem was solved with the original aquaponic model in order to check
the implementation of the inverse algorithm discussed in Section 3.3.3. This process
involved used the initial values and parameter estimates given in Chapter 4, using
them to manufacture data, and then recovering the values from these manufactured
data using the collage distance from Theorem 3.3.2. One thousand data points were
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used to fit piecewise polynomial functions arbitrarily set to degree 5. This algorithm
is tested both in a case with no noise, where almost perfect recovery is achieved, as
well as the case with 1% relative noise added. The program was coded in Maple and
recycled much of the model set up used in the previous simulations.
Parameter

Original Value

Recovered Value

a1

0.0124

0.0124

a2

0.1

0.099

a3

0.94

0.939

a4

3.6

3.384

a5

0.92

0.919

a6

0.056

0.056

KF

250

250

KA

12500

12499.999

KP

300

299.999

Table 6.1: The results from the toy inverse problem with full data and no relative
noise.
Table 6.1 shows the parameter recovery from solving the inverse problem with
manufactured data and no additional noise. As demonstrated here, almost perfect
recovery is achieved and the implementation of the inverse problem algorithm for
ODEs appears to be working as theorized. Figure 6.1 shows the graphical results from
this inverse problem solution where (a) is the fish recovery curve, (b) is the ammonia
recovery curve, (c) is the nitrate recovery curve, and (d) is the plant recovery curve.
In this output, there is no visible difference between the recovery curve (which is blue)
and the original equation curve (which is red).
Table 6.2 shows the parameter recovery from the inverse problem with manufactured data and some noise added. Notably, the parameters that were recovered
here are further away from the initial estimates, particularly the toxicity constant
for ammonia KA . There is some evidence that the algorithm is chasing too much
noise in the data when recovering these estimates. However, analysing the graphical
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(a)

(c)

(b)

(d)

Figure 6.1: The recovery of target curves from the inverse problem with no noise.
(a) is the fish recovery curve, (b) is the ammonia recovery curve, (c) is the nitrate
recovery curve and (d) is the plant recovery curve.
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Parameter

Original Value

Recovered Value

a1

0.0124

0.0123

a2

0.1

0.109

a3

0.94

1.031

a4

3.6

0.082

a5

0.92

0.022

a6

0.056

0.056

KF

250

493.520

KA

12500

3218.794

KP

300

300.020

Table 6.2: The results from the inverse problem with added relative noise.
output shows reasonable curve recovery. Figure 6.2 shows the graphical results from
this inverse problem solution where (a) is the fish recovery curve, (b) is the ammonia recovery curve, (c) is the nitrate recovery curve, and (d) is the plant recovery
curve. As theorized, the solution curve appears to be chasing some of the noise in
the manufactured data. The errors in these parameter estimates come from adding
the differences between these two curves over time.
Equation

L2 without noise

L2 with noise

F

1.329e−6

20.144

A

1.623e−3

9.868

N

9.327e−3

9.238

P

−4

2.417e

30.156

Table 6.3: A comparison of the L2 collage distance for two inverse problems.
Table 6.3 compares the collage distance between the inverse problem without
noise, and the inverse problem with 1% relative noise. While most of the recovered
parameters were quite close to the original estimates in the inverse problem with
noise, the collage distance is much larger for this solution than it is in the case with-
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(a)

(c)

(b)

(d)

Figure 6.2: The recovery of target curves from the inverse problem with noise. (a) is
the fish recovery curve, (b) is the ammonia recovery curve, (c) is the nitrate recovery
curve and (d) is the plant recovery curve.
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Parameter

Original Value

Recovered Value

a1

0.0124

0.0123

a6

0.056

0.055

KF

250

250.055

KA

12500

12483.824

KP

300

300.000

Table 6.4: The results from the inverse problem with partial data.
out additional noise. From this exercise, it can be concluded that parameter recovery
from reasonably clean data should be possible, and may reduce some parameter estimation bias in the model. It is worth noting that these estimates should be used
in conjunction with estimates from the literature, which would help avoid drastically
overestimating KA . As demonstrated in the toy problem, noisy data may be an issue
in the parameter recovery, and any real-world data set is likely to be noisy.

6.2

A Toy Inverse Problem with Partial Data

Obtaining data without fully designing and running an experiment can be tricky.
It requires borrowing data that has been collected from other sources, often with very
different intentions. Early into the search for aquaponic data, it was determined that
finding an accurate data set that collected information about all four variables in the
original system was unlikely. It was theorized that most aquaponic systems would
track their fish and plants on a regular basis. Hence an inverse toy problem was
coded that assumed that fish and plant data was observed, and then uses these data
to generate ammonia and nitrate data while assuming the equations for ammonia and
nitrate are known. The fish and plant data was manufactured from the model much
like the previous problem, and then used in conjunction with the given initial values
to recursively generate data for ammonia and nitrate.
Table 6.4 shows the parameters that were recovered from the fish and plant equations in the model. Relatively good recovery was found, although the model did
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struggle with estimating some of the carrying capacities and the toxicity constant.
Figure 6.3 shows a subset of the data that was generated for ammonia (a) and nitrate
(b). Here, the black points are the same as the data that was generated directly from
the model like in Section 6.1. The green data are the data that was generated based
on the (also manufactured) plant and fish data. Relatively good data generation is
achieved, however the differences may account for some of the differences noted in
the parameter recovery shown in Table 6.1.
Figure 6.4 shows the recovery curves from the solution of the inverse problem with
partial data. Here, the red lines represent the curves from the model and the blue line
is the piecewise polynomial solution curve. As in the full inverse problem, remarkably
good curve recovery is found. As demonstrated here, since the data used to generate
the solution curve deviate marginally from the original model, it makes sense that
some of the parameter values differed.
It is worth examining how the addition of noise affects the solution of the inverse
problem. The results from an inverse problem with added noise are shown in Table
6.5. Similar to the results from the inverse problem with full data in Section 6.1, the

(a)

(b)

Figure 6.3: The true data (black) shown against the generated data (green) for ammonia (a) and nitrate (b).
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(a)

(c)

(b)

(d)

Figure 6.4: The recovery of curves from the inverse problem with partial data and
no noise. (a) is the fish recovery curve, (b) is the ammonia recovery curve, (c) is the
nitrate recovery curve and (d) is the plant recovery curve.
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parameter estimates for the carrying capacities and the toxicity constant in the case
where noise is added are quite bad, with KA being estimated to a value far lower than
the one used to generate the data. However, the growth and decay parameters in the
model are reasonably recovered. It is possible to fix the carrying capacity and toxicity
constant values before carrying out the inverse problem. This may be something to
consider for this model since KF , KA , and KP are well established in the literature.
Parameter

Original Value

Recovered Value

a1

0.0124

0.0123

a6

0.056

0.055

KF

250

300.216

KA

12500

1078.056

KP

300

300.216

Table 6.5: The results from the inverse problem with partial data and 1% relative
noise.

L2 for full

L2 for full

L2 for partial

L2 for partial

data without noise

data with noise

data without noise

data with noise

F

1.329e−6

20.114

3.122e−4

20.160

A

1.623e−3

9.868

-

-

N

9.327e−3

9.238

-

-

P

2.417e−4

30.156

1.059e−3

30.665

Table 6.6: A comparison of the L2 collage distance for four inverse problems.
The graphical output from the solution of the inverse problem with partial data
and noise is shown in Figure 6.5. Similar to the previous section, the piecewise
polynomial solution curves do a reasonable job of recovering the model curves. This
could potentially cause some issues when implementing the inverse problem with
real data. Table 6.6 compares the L2 collage distances for the four inverse problems
thus far. The L2 collage distance is very similar in both cases where noise is added.
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(a)

(c)

(b)

(d)

Figure 6.5: The recovery of curves from the inverse problem with partial data and
some noise. (a) is the fish recovery curve, (b) is the ammonia recovery curve, (c) is
the nitrate recovery curve and (d) is the plant recovery curve.
Notably, the parameter estimates for a1 , a6 , and KP were very similar in both of these
cases, but the parameter estimates for the carrying capacities and toxicity constant
were far worse in the case with partial data. However, the collage distance in both of
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the cases with noise would indicate that care should be taken with generalizing the
parameter recovery results.

6.3

Data Collection and Initial Analysis

As previously mentioned, data was obtained from John Hopkins Center for a
Livable Future. They had an aquaponic system that was monitored for approximately
two years. A count of the total fish in the system was collected on a daily basis, with
five missing days. These days were accounted for by taking the mean of the previous
day and the following day. Various aspects of water quality were tracked, including
ammonia and nitrate. However, the data for ammonia and nitrate is too sparse to
construct a reasonable time series from.
While the mass of sixteen different categories of plant that were harvested at
discrete time points were recorded, total plant population and plant biomass were
not tracked. A time series was constructed using these time points. Plants were
harvested in a staggered way; each plant was harvested as it reached maturity. Here,
the term harvesting refers to the biological process of removing some fish and/or
plants, creating a discontinuity in the solution. Hence, the plant data was highly
irregular. The researchers who collected the data claimed that whenever a specific
plant was harvested they would only harvest

1
4

to

1
3

of the plant bed. Hence, in order

to estimate the total plant biomass at the harvesting points, a random value between
1
4

and

1
3

was sampled, and the total biomass at this point was calculated using the

following formula:
Estimated total plant mass =

Harvested plant mass
Randomly sampled value

(6.1)

The plant mass at time t = harvest day + 1 was calculated as:
Estimated total plant mass − Harvested plant mass

(6.2)

The next challenge was interpolating the time series so it was on a daily basis
to match the fish data. The leaps in the data around each of the harvest points
made interpolation complicated. Most classical methods, including splines, predicted
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additional leaps in the data which is not necessary in this case. This led to using Stine
Interpolation, which is discussed in 3.4.1. This interpolation method does not add
extra inflection points in the data, and hence produces more reasonable curves. This
method of interpolation can be implemented with the na.interpolation function from
the imputeTS package in R. The nature of the harvesting data was such that in order
to estimate the total biomass at any specific point, a curve for each of the plant groups
was necessary. If this was not done, days where only a few leaves of a singular plant
that was harvested would shift the total plant estimate down considerably while in
actuality many other plants were present, but not harvested at that particular time.
All sixteen of these curves are shown in Figures 6.6 - 6.14. The points shown in these
graphs are the actual data points that were given, while the curve is the interpolated
time series.

Figure 6.6: The interpolated curve for alium.
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Figure 6.7: Interpolated curves for Asian greens and basil
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Figure 6.8: Interpolated curves for celery and chard.
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Figure 6.9: Interpolated curves for cucumber and kale.
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Figure 6.10: Interpolated curves for lettuce and lettuce mix.
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Figure 6.11: Interpolated curves for miscellaneous greens and other plants.
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Figure 6.12: Interpolated curves for other greens and other herbs.
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Figure 6.13: Interpolated curves for peppers and sorrel.
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Figure 6.14: The interpolated curve for spicy mix greens.

Figure 6.15: The estimated time series for total plant mass in the system.
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Once a time series had be generated for each plant, the masses could be added to
create a single time series for the total plant. this is shown in Figure 6.15. Notably,
this data still appears to be quite noisy, with many fluctuations which would be
unexpected if the data was measured. The data could be smoothed in order to do
this, but since so many liberties had already been taken with the data, it was decided
to leave it as in this form. Also worth noting, the model is designed to measure the
plant population, not plant biomass. This should not be a critical issue, as long as
the scale of the results from the inverse problem is taken into account.
This data set has a variety of challenges for implementation of the inverse problem
with this particular model. Perhaps most critically, both the fish and plant populations were harvested, thus creating discrete jumps in the data. The model does not
currently allow such discretizations, hence an extreme mismatch between the model
and the data is likely. The time series of the fish data is shown in Figure 6.16. The

Figure 6.16: The observed fish data
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fish in this particular system were only males and hence could not sustain their own
population, explaining the overall decreasing trend in the data. The decreases in the
population are due to natural deaths, harvesting and some culling. At t = 851, fiftyseven fish were added to the system. However, since the fish could not reproduce, the
survival rate of the fish cannot be recovered from this data.

6.4

The Inverse Problem with Real Data

Given the drastically different research directive with which this data was collected, it is clearly not going to well-represent the behaviours the model is attempting
to describe. Hence, any parameters that are recovered from the data should likely
not be considered for the final model. However, applying the real data to an inverse
problem is a useful exercise. If data are collected with similar research objectives of
analysing the fish and plant relationship, the developed code could be successfully
implemented in future research. Results using the current data are presented for
interest sake only and to demonstrate the design of the algorithm.
Parameter

Original Value

Recovered Value

a1

0.0124

-0.00247

a6

0.056

5.634×10−1160

KF

250

0.76569

KA

12500

33.1346

KP

300

22.59425

Table 6.7: The results of an inverse problem with observational data.
As shown in Table 6.7, the fact that the fish population exclusively decays for
most of the observational data caused some major issues. Parameters which should
be exclusively positive have been assigned negative values. The carrying capacities
and toxicity constant clearly deviate into unrealistic values. Even more concerning is
the growth rate of plants was estimated to essentially be zero. Clearly these results
are completely nonsensical.
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(a)

(c)

(b)

(d)

Figure 6.17: The recovery of curves from the inverse problem with observed data.
(a) is the fish recovery curve, (b) is the ammonia recovery curve, (c) is the nitrate
recovery curve and (d) is the plant recovery curve
Figure 6.17 shows the graphical recovery results from this analysis. Again, it is
clearly demonstrating nonsensical results. The green data points do not follow any of
the estimated curves, which is intuitive since the data does not properly encompass
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L2 for manufactured

L2 for manufactured

L2 for observational

data without noise

data with noise

data

F

0.000003358

0.1254

202.5102

P

0.017084398

0.0942

1015

Equation

Table 6.8: A comparison of the L2 collage distance for the inverse problems with
partial data sets.
the goals of the model. The solution curves for plants and ammonia occasionally
drops below zero, which is due to the wrong sign being placed on the fish growth
parameter. If all of the ai are not greater than or equal to zero, then the invariant
orthant result no longer applies. This has drastic repercussions on the data generated
for ammonia and nitrate. While the generated data for ammonia remains near the
predicted steady state, the ammonia solution curve drops into negative values near
t = 800 which violates both the model definition and physical interpretability of
ammonia. The generated data for nitrate approaches infinity around t=300, which has
drastic implication on the solution curve. The plant curve is interesting; the carrying
capacity of plants may be overestimated, but its clear from the data that a steady state
for the plant biomass has not been reached. This is probably due to a combination of
factors. Part of the issue could be the inaccuracy that is inherent in the way the plant
time series was interpolated. Much of this could also be due to the fish population
not being able to sustain itself, and the fact that plants were frequently harvested
would cause many potential issues. Table 6.8 compares the collage distances for all of
the inverse problems solved with partial data sets. Unsurprisingly, the solution using
the observational data has absurdly high collage distances. One interpretation of the
results is that the model and the data are incompatible. The model could be refined
to ameliorate this issue.
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6.5

Inverse Problem Concluding Remarks

Overall little can be concluded from solving the inverse problem in this setting.
The algorithm was implemented, and recovers parameters extremely well with manufactured data without added noise. However, once noise is added in the data, the
parameters are drastically different from the model functions, although the recovered
graphical output appears reasonable. The data that was collected was too noisy and
did not reflect the required dynamics of the model. It was possible to solve the inverse problem with the partial data set, but there was even lower confidence in the
recovered parameters than those which were estimated from the literature. Obtaining
data that better aims to model fish and plants populations or biomass would solve
many of the problems discussed in this section. Ideal data would also regularly measure ammonia and nitrate levels to better account for the parameters that are highly
sensitive in the model. Multiple data sets to establish a range of realistic parameter
values over many different species of fish and system set ups would also be interesting
to explore inversely in subsequent work.
The current model was developed when attempting to capture phenomenological
aspects of the process. The data came from a research lab that adds additional
processes to the mix: harvesting of plants and fish, injections of new fish, etc. None
of these processes were considered in developing the preliminary models. There is
more modelling work to be done.
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Chapter 7
Concluding Remarks

7.1

Future Research

Future models of aquaponic systems could incorporate additional complexity. In
particular, removing the assumption that the environment is closed to allow additional
harvesting cycle terms for fish and plants would add realism and require additional
analysis. As well, the inclusion of certain control parameters such as water pH,
temperature, photo period, protein content of feed, etc. may provide interesting
analysis, particularly for aquaponic agriculturists looking to optimize their system.
Building from the sensitivity analysis and solutions to the inverse problems, more
representative real-world data sets could be utilized to solve the parameter estimation
inverse problem to see how well the models presented in this work represent real systems. A range of parameter values constructed from a variety of data sets with many
different species of fish/plants would perhaps shed more light onto stronger parameter values. Improvements in the model may also bring the experimentally estimated
parameter values and the mathematically recovered parameter values. For instance,
models that build in variation, noise, and stochasticity would be an interesting avenue
to explore closer together.
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7.2

Conclusion

Both the developed four equation model and the five equation model appear to
reasonably simulate expected biological behaviour based on the aquaponic literature
review. Simulated solutions lead to a few conclusions that may or may not hold in the
general case. The most important of these is that both models admit an asymptotically stable equilibrium where fish, ammonia, nitrite (in the five-dimensional case),
nitrate, and plants interdependently coexist in the environment when parameters are
varied between realistic values. An exploration of parameter space suggests that the
stability of such an equilibrium point is robust to changes in the parameters.
The sensitivity analyses indicate that more investigation into the parameters that
aim to represent the Nitrogen Cycle could be done. The correlational analysis indicated that the function that estimates nitrite is highly correlated with the functions
that estimate ammonia and nitrate levels, hence it can likely be excluded without
heavily impacting model behaviour.
The inverse problem can be implemented with this model, and demonstrates almost perfect recovery in the case with manufactured data and no noise. The cases
with noise, and with real data, had less reliable parameter estimates, but demonstrated reasonable curve recovery. The inverse problem may be a far more useful tool
in the case with data that better represents the desired model behaviour.
Aquaponics shows considerable promise as an ecological agriculture solution. It
is the hope that this research can be used to further test the ability of aquaponic
solutions as viable practices in both developed and undeveloped countries, and to aid
in concerns over the sustainability of current food practices.
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