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Recently, interest has been directed toward identifying and characterizing materials
with 3D Dirac-like energy dispersions. Using a 3D version of the 2D Dirac-Weyl
Hamiltonian, which has been used to describe the low energy physics of the 2D Dirac
fermions found in graphene, we present our theoretical results for the electron selfenergy of the 3D Dirac cone with the inclusion of an electron-phonon interaction
(EPI). Employing a Holstein model for the EPI and allowing for varying chemical
potential, bandwidth, and electron-phonon mass renormalization, we show how the
self-energy modifies the electronic density of states and in turn the optical conductivity. The results for 3D are contrasted with the 2D case, as previously explored for
graphene.
Our results identify signatures of the EPI which can be used as a tool to understand experimental results probing the optical response and electronic properties of
3D analogues to the 2D Dirac fermions in graphene.

ACKNOWLEDGEMENTS
Thanks goes to an incredible number of caring, motivating, and dedicated people.
The University of Guelph deserves a lot of praise for helping me grow into the person
I am today. It has been 7 years of learning, working, growing and developing at this
school, in this city, and with this community. I thank my major for grabbing hold
of my curiosity and never letting go. I thank Martin Williams and the late, great
Linda Allen for being so ready and excited to let me switch into Physics and pursue
my passions, correcting the terrible mistakes I made in choosing my major leaving
high-school. Their support and confidence in my switch helped me to excel.
Special praise goes to the various groups I had done work and research with in
the past including the Strong and Walker groups at the University of Toronto who
developed my research capabilities, and of course the Guelph Quantum Materials
Group. To John, Calvin and Emy, who were constantly willing to educate me and
participate in discussions: your wealth of knowledge and experience is something I
have always respected and cherished. A tremendous amount of thanks and respect is
reserved for Elisabeth J. Nicol, without whom this work would not have been possible.
She is like a second mother to the members of this group, and her aim is to always
be there in the exact capacity that you as a scientist need to achieve great things.
Her dedication to her students is inspiring, and her knowledge and experience reach
great depths. You have taught me lessons I will never forget.
To my friends across all walks of life, Physics or Biology, from high-school to
graduate school, from sport teams or from past jobs, you were my crutch through the
good times and the bad. Finally to my family: never did you doubt me and never
did your confidence falter. With a group of fans as devoted as you there is no limit
to what can be achieved.

iii

Contents
1 Introduction
1.1

1.2

1.3

1

History of Graphene
1.1.1

From Theory to Discovery . . . . . . . . . . . . . . . . . . . .

1

1.1.2

Hamiltonian . . . . . . . . . . . . . . . . . . . . . . . . . . . .

5

1.1.3

Low Energy Expansion . . . . . . . . . . . . . . . . . . . . . .

7

Graphene: Experiment and Theory
1.2.1

Dispersion . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

10

1.2.2

Electronic Density of States . . . . . . . . . . . . . . . . . . .

11

1.2.3

Optical Conductivity . . . . . . . . . . . . . . . . . . . . . . .

14

Recent History
1.3.1

New Materials . . . . . . . . . . . . . . . . . . . . . . . . . . .

26

1.3.2

3D Linear Dispersions: Experimental Examples . . . . . . . .

27

2 Background: Phonons
2.1

29

A More Accurate Description
2.1.1

Electronic Self-Energy due to Electron-Phonon Interactions . .

30

2.1.2

EPI in Graphene . . . . . . . . . . . . . . . . . . . . . . . . .

34

2.1.3

EPI Effects on Optical Conductivity . . . . . . . . . . . . . .

39

3 The 3D Dirac Cone
3.1

43

Electronic Characterization
3.1.1

Dispersion . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

43

3.1.2

Density of States . . . . . . . . . . . . . . . . . . . . . . . . .

44

3.1.3

Optical Response . . . . . . . . . . . . . . . . . . . . . . . . .

45

iv

3.2

Imprints of the EPI
3.2.1

The Self-Energy and a Self-Consistent DOS . . . . . . . . . .

50

3.2.2

Imprints on the Optical Response . . . . . . . . . . . . . . . .

53

3.2.3

Reasonable Parameters . . . . . . . . . . . . . . . . . . . . . .

58

4 Iterations and Considering Dimensionality
4.1

4.2

60

Iterations
4.1.1

Graphene with Iterated Self-Energy . . . . . . . . . . . . . . .

61

4.1.2

3D Dirac Cone with Iterated Self-Energy . . . . . . . . . . . .

64

Comparisons
4.2.1

µ0 < ωE Behaviour . . . . . . . . . . . . . . . . . . . . . . . .

68

4.2.2

Coupling Strength . . . . . . . . . . . . . . . . . . . . . . . .

70

4.2.3

Spectral Weight Distribution . . . . . . . . . . . . . . . . . . .

72

5 Conclusion

76

Bibliography

78

v

List of Figures
1.1

Graphene: a periodic lattice . . . . . . . . . . . . . . . . . . . . . . .

2

1.2

Graphene: FBZ dispersion . . . . . . . . . . . . . . . . . . . . . . . .

7

1.3

Graphene: low energy dispersion . . . . . . . . . . . . . . . . . . . . .

9

1.4

Graphene experimental evidence: ARPES over FBZ . . . . . . . . . .

10

1.5

Graphene experimental evidence: ARPES low energy dispersion . . .

11

1.6

Graphene: density of states . . . . . . . . . . . . . . . . . . . . . . .

13

1.7

Graphene experimental evidence: STM and STS . . . . . . . . . . . .

14

1.8

Feynman diagram: absorption of a photon . . . . . . . . . . . . . . .

15

1.9

Optical absorption in a Dirac cone . . . . . . . . . . . . . . . . . . .

16

1.10 Graphene: undoped non-interacting optical conductivity . . . . . . .

22

1.11 Graphene: doped non-interacting optical conductivity . . . . . . . . .

23

1.12 Graphene: decomposed interband and intraband contributions . . . .

24

1.13 Graphene experimental evidence: optical conductivity . . . . . . . . .

25

1.14 Graphene experimental evidence: interband absorption . . . . . . . .

26

2.1

Graphene experimental evidence: ARPES showing renormalized dispersion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

30

2.2

Feynman diagram: irreducible self-energy . . . . . . . . . . . . . . . .

31

2.3

Feynman diagram: interacting Green’s function in the presence of EPI

31

2.4

Graphene: Re Σ and Im Σ and renormalized DOS . . . . . . . . . . .

36

2.5

Graphene: renormalized low energy dispersion including EPI . . . . .

38

2.6

Graphene: interacting optical conductivity, µ0 > ωE . . . . . . . . . .

40

2.7

Graphene: interacting optical conductivity, interband and intraband
regimes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

vi

41

2.8

Graphene: interacting optical conductivity, µ0 < ωE . . . . . . . . . .

42

3.1

3D Dirac cone: Bare DOS . . . . . . . . . . . . . . . . . . . . . . . .

45

3.2

3D Dirac cone: undoped bare optical conductivity . . . . . . . . . . .

49

3.3

3D Dirac cone: doped bare optical conductivity . . . . . . . . . . . .

49

3.4

3D Dirac cone: Re Σ and Im Σ and renormalized DOS . . . . . . . .

52

3.5

3D Dirac cone: Re Σ and Im Σ and renormalized DOS, varying λ . .

53

3.6

3D Dirac cone: Re Σ and Im Σ and renormalized DOS, varying WC .

54

3.7

3D Dirac cone: doped interacting optical conductivity . . . . . . . . .

55

3.8

3D Dirac cone: doped interacting optical conductivity, µ0 < ωE

56

3.9

3D Dirac cone: interacting optical conductivity, interband and intra-

. . .

band regimes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

57

3.10 3D Dirac cone: optical conductivity varying bandwidth, WC . . . . .

58

3.11 3D Dirac cone: optical response varying spectral mass renormalization, λ 59
4.1

Graphene: Re Σ and Im Σ and renormalized DOS iterated to convergence 62

4.2

Graphene: iterated interacting optical conductivity, µ0 > ωE . . . . .

4.3

Graphene: iterated interacting optical conductivity, interband and intraband regimes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

4.4

63
64

3D Dirac cone: Re Σ and Im Σ and renormalized DOS iterated to
convergence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

65

4.5

3D Dirac cone: interacting optical conductivity, µ0 > ωE . . . . . . .

66

4.6

3D Dirac cone: interacting optical conductivity, interband and intraband regimes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

67

4.7

3D Dirac cone: iterated interacting optical conductivity, µ0 < ωE

. .

68

4.8

Graphene: iterated interacting optical conductivity, µ0 < ωE . . . . .

69

4.9

Graphene: iterated interacting optical conductivity, interband and intraband regimes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

70

4.10 Dependence of mass renormalization parameter on chemical potential

71

4.11 Renormalization of Fermi velocity due to chemical potential dependence of spectral mass parameter . . . . . . . . . . . . . . . . . . . .
vii

71

4.12 3D Dirac cone: Optical conductivity and DOS with iterated Σ, µ0 < ωE
over full response range . . . . . . . . . . . . . . . . . . . . . . . . . .

74

4.13 2D Dirac cone: Optical conductivity and DOS with iterated Σ, µ0 < ωE
over full response range . . . . . . . . . . . . . . . . . . . . . . . . . .

viii

75

Chapter 1
Introduction
1.1

History of Graphene

Just over ten years ago, the discovery of graphene, a remarkable material, set in
motion a pursuit to identify and characterize 2-dimensional (2D) crystal lattices. As
a result, there has been identification of further examples of exotic materials with
similar electronic properties. In response, the question was asked whether a system
exhibiting a 3-dimensional (3D) linear energy band dispersion, like that of the low
energy 2D Dirac cone of graphene, could be found in a 3D material. In this work,
we will theoretically characterize such a material. Before we go on to do that, we
introduce graphene and explain its impact on condensed matter physics.

1.1.1

From Theory to Discovery

In 1947, Wallace produced his now heavily cited work looking at the properties of
graphite. Graphite is made of 2D sheets of carbon atoms. These are layered on top
of each other and held together by weak van der Waals forces. Wallace thought to
characterize the electronic properties of the material starting from a single layer of
the crystal [1], now termed graphene. The carbon atoms in this 2D sheet create a
honeycomb lattice as shown in figure 1.1 [1]. Crystals are defined by their periodicity.
The choice of periodic cell we have used is indicated by the red parallelogram in fig-
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Figure 1.1: A sample of the periodic graphene lattice. Here we have indicated a
primitive cell with the red parallelogram. The coloured dots refer to differing the
sublattices which define the crystal lattice. Additionally, the distance from an A site
to an A site (or B to B), a, and the C-C distance acc are also indicated.
ure 1.1. It has sides of length a, where a =

√

3acc and acc is the carbon-carbon (C-C)

distance. As it contains two atoms, this region is a primitive cell with a basis of two
atoms [2]. These atoms, while chemically identical, are distinguishable due to their
differing local atomic surroundings. This implies they are distinct sublattice sites.
We have represented this in the figure with the A sublattice sites shaded blue and
the B sublattice sites shaded green. These differing sublattices are both triangular.
By superimposing the two sublattices we produce the hexagonal crystal we see in the
figure. This is referred to as a Bravais lattice with a basis of two atoms. Tiling this
parallelogram from site to site we can cover the entire sheet with cells that contain
the same atoms in the same positions.
Since carbon has four valence electrons, it must make four bonds to stabilize its
configuration. Three of these valence electrons are occupied in covalent bonding with
the nearest atomic neighbours in sp2 hybrid orbitals producing σ bonds. These 3

2

bonds orient themselves in trigonal planar geometry along the crystal plane, with
120° separating adjacent bonds. σ bonds are structural in nature and very rigid, providing stability to the graphene sheet. The remaining electron acts as a conduction
electron, and is described with a π orbital. These π orbitals orient themselves above
and below the sheet. When the π orbital of one carbon overlaps with the π orbital
of the neighbouring carbon, it forms a π and π ∗ bond. Each carbon contributes one
electron to the π orbitals. These bonds are weaker than the σ bonds due to the small
overlap the orbitals experience when bonding. The π and π ∗ bonds are referred to as
the bonding and antibonding pair respectively, with particles collecting in the ground
state bonding band. The π electrons are de-localized and members of the crystal as
a whole, much like the electrons in a metal. We will use an approximate low energy
Hamiltonian which considers only the π electrons from this point onwards. Since the
π bonds are far removed in energy from the structural σ bonds, this approximation
allows for accurate characterization of graphene’s remarkable electronic properties.
In addition, the small energy difference between the bonding and antibonding bands
means electrons in the π orbital ground state can access the π ∗ bond [3].
In 2004, interest in this material became a global scientific focus when the claim
of the structural instability of the 2D crystal [4] was refuted. The isolation of monolayer graphene was achieved using a novel, yet highly successful technique known as
the “Scotch Tape Method.” The method of exfoliation from a bulk sample was developed by 2010 Nobel Prize winners Novoselov and Geim. Starting from a 3D sample
of graphite, a thin multi-layer section was removed with a piece of adhesive tape,
making use of the weakly-bound layered structure. Adhering two pieces of tape to
each other, it was possible to divide the multi-layer sample into two thinner sections.
Further joining and separating with fresh pieces of tape reduced the multi-layer sample down to a single layer. After dissolving the tape and allowing sedimentation on
a silicon wafer, the crystal structure was confirmed using optical and Raman spectroscopy [5, 6].
Currently, multiple methods of isolating the material exist including evaporating
Si atoms from silicon carbide crystals in high heat and vacuum, or chemical vapour
3

deposition [7]. The isolation and discovery of the material prompted testing of the
predicted properties of graphene. Through numerous ground breaking experiments
displaying graphene’s potential, the field of 2D Dirac electron systems came to constitute one of the most active topics in condensed matter physics.
So why all of this interest? What can graphene actually do? This material, being
a 2D sheet, has remarkable flexibility and is very lightweight. The carbon-carbon
σ bonds in the material provide remarkable strength and stability, touted as being
the strongest material ever measured as of 2008 [8]. All the while graphene remains
elastic, retaining size and shape after strain [9]. Further, carbon is the fourth most
abundant element in the universe [10], and it comes in a variety of arrangements.
For instance, the 3D graphite crystal structure is such that the weak van der Waals
interactions holding the graphene planes together can be easily broken [9], while the
same cannot be said about the incredibly strong and durable 3D crystal, diamond.
Electronically, graphene is even more fascinating. Contrary to many materials
described with a non-relativistic Schrödinger equation, the low energy fermions in
graphene are modelled by a relativistic Dirac Hamiltonian [11] with a vanishing rest
mass [12, 13]. In addition, the electrons move at a very high velocity with the ability
to travel long distances without scattering (termed ballistic transport) [14]. Additionally, the material has the ability to absorb a significant 2.3% of white light while
remaining mostly transparent [15]. Without a band gap, the material can also absorb
light in a large range of the EM spectrum. Numerous other electronic properties,
for example the materials unique quantum hall effect, are summarized in various reviews [16].
These properties make graphene a remarkable candidate for many applications.
Currently, areas in which graphene may have potential impact include: development
of field effect devices, such as transistors [11], flexible displays and solar cells [17, 18],
salt water filtration and distillation for biofuels [19], and even as a component of
batteries [20]. This is just the beginning of progress and understanding of an incredible material that has the potential to revolutionize many modern electronics and
everyday objects.
4

1.1.2

Hamiltonian

To arrive at the Hamiltonian characterizing graphene’s π electrons we begin with the
lattice geometry, consisting of a honeycomb of carbon atoms. From here we consider
an electron centred on a specific sublattice site and imagine it can hop from one atomic
site to another based on a hopping parameter, t, describing the energy it takes to move
from site to site [1, 13]. This method, when considering only hopping to the nearest
neighbour, is called the nearest-neighbour tight-binding (NN-TB) approximation. By
considering all possible nearest-neighbour site to site hops the electrons can make, we
produce a Hamiltonian describing graphene. As mentioned prior, the graphene lattice
is made of two distinct sublattices. We model hopping between nearest-neighbour
sites with the fermionic annihilation and creation operators. As each atom makes
three C-C bonds, there are three neighbours to consider. We indicate the 3 nearestneighbours of each carbon with the vector set δ. Using second quantization notation
the Hamiltonian describing this is:
H = −t

X 



an,σ b†n+δ,σ + a†n+δ,σ bn,σ ,

(1.1)

n,δ,σ

where an (b†n+δ ) represent the annihilation(creation) operators which eliminate(create)
electrons at the A(B) site at n(n+δ). The vector n describes the location of the nth
of N total atomic sites in the lattice. To derive the energy dispersion we must express
the operators as their Fourier transformations. This will produce an off-diagonal 2by-2 Hamiltonian to describe the properties of graphene’s electrons [1, 16]. With
some work, the following Hamiltonian results:


H = −t

X
k

[a†k





0
f (k) ak 
b†k ] 

 
f ∗ (k)
0
bk

(1.2)

where k = {kx , ky } are momentum vectors, and ak (a†k ) and bk (b†k ) represent the
fermionic annihilation(creation) operators in momentum space. In this case we have
suppressed the spin label. We employ the substitution, f (k) =

5

P

δ

e−ik·δ . The energy

dispersion is given by the eigenvalues of:




0
f (k)
Ĥ = −t 
,

f ∗ (k)
0

(1.3)

computed in the usual way
ˆ =0=
det(Ĥ − Iλ)

−λ

−tf (k)

−tf ∗ (k)

−λ

.

(1.4)

Two electrons per primitive cell yield two bands [1]:
(k) =
Here a is, as before,

√
!
!
a 3
kx a
ky cos
.
x ) + 4 cos
2
2

v
u
u
±tt3 + 2 cos(ak

√

(1.5)

3acc where acc is the C-C distance, indicated in figure 1.1, and

the hopping parameter t is determined through fitting to experimental data, or to first
principle results stemming back to work done on graphene nanotubules in the 90’s, to
be 2.8 eV [21]. Work by Reich et al. in 2002 estimated the second nearest neighbour
hopping parameter [22], which was further corrected in 2007, to be t0 ≈ 0.1 eV [23].
With t0 being 1/30th the value of t, we can comfortably represent the system in a
NN-TB regime. Additionally, the origin for our k vector is the centre of the FBZ.
The results of this dispersion are plotted in figure 1.2 where the contour plot of
equation (1.5) is shown over the first Brillouin zone (FBZ). The reciprocal space lattice produces a hexagonal FBZ, rotated by 30° relative to the Wigner Seitz cell. The
contours on the base of the plot give cross-sectional cuts with energy corresponding
to the gradient key on the right. The thick red hexagon in the contour plane at the
base marks the boundaries of the FBZ. At each of the 6 hexagonal corners we see
the bands touch. The top band is referred to as the conduction band, and in the
regime of charge neutrality is empty when T= 0 K. The bottom band is filled in
this regime and called the valence band [24]. These gapless regions are referred to
as the Dirac or K points, where much of the interesting electronic phenomena can
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Figure 1.2: Dispersion of graphene over FBZ using NN-TB model. The dispersion is
plotted over the FBZ, with the boundary indicated by the red hexagon bounding the
region. Note the appearance of Dirac points at each hexagonal corner.
be described by Dirac physics. In the FBZ there are two distinct K-points referred
to as K and K 0 = −K [16]. The band structure around the K-points are referred
to as valleys due to their shape. Although these valleys exhibit differing properties
in some calculations, when we consider optical transitions where the photons transfer no momentum, the K and K 0 valley give the same result. We account for this
by introducing a valley degeneracy, gv = 2, and only calculating for the one K-point.

1.1.3

Low Energy Expansion

While this Hamiltonian can be evaluated over the FBZ, it is important to note that
in this description we have omitted the σ bands [25], and hopping to second nearest
and further sites in our TB approximation [26]. The accuracy of this model despite
the simplifications that have been employed is due to the large, eV order, energy gap
between the σ and π bands [25], and the small contribution of hopping to second
and third nearest neighbours [26]. At charge neutrality, the electrons solely occupy
the bottom band [24], meaning the electrons near the Dirac point will be the ones
7

participating in low energy excitation processes. To focus on the Dirac nature of the
fermions at the energy regime of interest, we do a Taylor expansion about the K-point,
shown in figure 1.3. Low energy effects are of interest due to the fact that charge
doping, accomplished by choice of substrate or charge gating [27], leaves the Fermi
level, or chemical potential, within this low energy region. Expanding equation (1.3)
about the K-point results in the following Hamiltonian,


√
kx − iky 
3  0
at
Ĥ =
.
2
kx + iky
0

(1.6)

This describes the local behaviour around one of the two K-points in the FBZ. Specifically, we have expanded about the K-point at (4π/3a,0) such that (kx , ky ) is measured now from the K-point. Expanding about the K 0 -point would give the result
∗
ĤK 0 = −ĤK
. Examining this result, it maps to the relativistic Weyl Hamiltonian, a

2-by-2 subset of the 4-by-4 relativistic Dirac Hamiltonian which describes relativistic
particles of zero mass [12, 13],
H 0 = ~ vF σ · k.

(1.7)

In this equation σ = {σx , σy }, the 2D set of Pauli matrices. They appear as,








0 1
0 −i
σx = 
.
 , σy = 
1 0
i 0

(1.8)

Ordinarily these matrices refer to electron spin, but here they represent pseudospin,
referring to a two-component spinor whose elements are associated with the two
distinct A and B sublattices [11]. Comparing equations (1.6) and (1.7) identifies,
√

3at
.
2~

vF =

(1.9)

We quantify this relation using a = 0.246 nm representing the distance between
neighbouring carbons of the same sublattice [23] and t = 2.8 eV [16], resulting in
8

√
3at
2~

≈ 106 ms−1 . A recent experimental value of electron velocity at the Fermi energy

for graphene was found to be 1.093 × 106 ms−1 [23], or approximately 0.3 % the speed
of light. Though at this speed the electrons are not relativistic, they are nonetheless
described by a relativistic expression, obtained by diagonalizing equation (1.6) to find
k = ±~ vF |k|.

(1.10)

Figure 1.3 shows how well the low energy approximation of equation (1.10) and the
FBZ dispersion of equation (1.5) coincide at low energies. In this figure we have
expanded about the K point at (4π/3a, 0) in the FBZ and shown the results along
kx .

Figure 1.3: Dispersion of graphene over FBZ at Dirac point (blue) with low energy
approximation (red).
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1.2

Graphene: Experiment and Theory

In this section, we provide further details to characterize the properties of graphene.
We show the theoretical results of electronic properties over the FBZ as well as the
low energy expansion to demonstrate the validity of our approximation at describing
the low energy regime of graphene. These results are further validated by comparing
theory with experiment.

1.2.1

Dispersion

Evidence for the dispersions discussed in the previous section is seen in the angleresolved photoemission spectroscopy (ARPES) data of Botswick et al. [28]. ARPES
is a technique which measures the electronic band structure. In figure 1.4 we see
evidence from Botswick et al. for the FBZ shape, the energy dispersion throughout
the FBZ, and location of the Dirac points. A black curve plotted over the experimental
results in panel (a) shows how well the TB-NN model fits experimental results.

Figure 1.4: Graphene: ARPES over FBZ, taken from [28].
In figure 1.4 (a), we can see the FBZ dispersion that goes from Γ at the centre of
the FBZ, along to M which is the midpoint between the two hexagon vertices, to a
vertex or K-point, and back to Γ, as shown in (b) of the figure. The experimental
FBZ dispersion is remarkably well described by theory, with evidence of the Dirac
point linearity clearly visible. Parts (b,c,d) show the FBZ’s hexagonal shape with the
6 portions of the Dirac K-points in the FBZ cut at varying values of ~ω. This data
provides further evidence that the σ bonded electrons are too far removed in energy
to greatly distort the nearest-neighbour hopping picture too much. This is attributed
10

to the large energy gap between the σ and σ ∗ bands respectively below and above the
π bands [25].

Figure 1.5: ARPES data around Dirac point of graphene taken from [28].
They also provided a zoomed in view of the low energy dispersion, reproduced here
in figure 1.5 [28]. Figure 1.5 shows that at low energies graphene has a remarkably
linear dispersion. At 0 energy we have the Fermi energy F , and the spacing between
this and the Dirac point indicates the chemical potential, µ, which here represents
the electron doping above the Dirac point. Using this data, a measurement of the
slope of the dispersion at F = 0 can provide an experimental determination of vF .

1.2.2

Electronic Density of States

The density of states (DOS) gives the number of states an electron can occupy in the
energy interval  to  + d. To calculate DOS for an energy, , we add all possible
states at that energy within the FBZ [2] written as,
N () =

XX
σ

δ( − k ).

(1.11)

k

In this case σ refers to electron spin. We evaluate the DOS by representing the sum
in the continuum limit. We remind the reader that the volume of an allowed k-state,
k, is ∆k = (2π)D /LD , where D is the dimensionality of the system in question (2
for graphene), and V = L3 is the volume (A = L2 is the area in 2D) of the material
probed. Because of the fact we are theoretically probing a large sheet of graphene,
∆k = (2π)D /V is essentially infinitesimal. This allows us to change the sum over
11

states to an integral over the area of the FBZ as in [2]:
1 Z
1 X
=
dD k.
LD k
(2π)D F BZ

(1.12)

In this case, the sum over spins can be replaced with a factor of two as the states
are spin degenerate. Putting this all together we end up with the per volume DOS
expression

N ()
2 Z
=
d2 k δ( − k ),
2
A
(2π) F BZ

(1.13)

where we have taken D = 2 for graphene. From here on forward, we absorb the V
or A into the DOS and will refer to N () as the DOS per unit V or A. For the
FBZ picture of the DOS, we must integrate over the area of the FBZ. This is done
numerically by subbing in the energy eigenvalues determined through the NN-TB
model, equation (1.5). To numerically evaluate a delta function, we express it in
Lorentzian form such that:
η
1
,
η→0 π [x − xo ]2 + [η]2

δ(x − xo ) = lim

(1.14)

with η providing broadening which allows for numerical processing. The result of the
numerical integration over the hexagonal FBZ of graphene is shown by the blue curve
in figure 1.6. The edges of the DOS that we see correspond to the maximal values
of the dispersion. These are found at the centre of the FBZ, referred to the Γ-point
in figure 1.4. The Dirac point occurs where the two bands meet at 0 energy. The
peaks near k /t= 1 correspond to flat, dispersionless regions of the band structure
that contain many allowed states. These dispersionless regions are found at the M
point in the FBZ (refer to figure 1.4), and the peaks they produce are called Van
Hove singularities [29].
For the low energy approximation, we can analytically evaluate the DOS in equation (1.13) with the small change that we include an additional factor of two as we
have expanded about only one of the two K-points in the FBZ. Since k = ±~ vF |k| we
can exploit spherical symmetry to evaluate the integrals. Further, we can substitute
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k and dk with a variable transformation to k , arriving at:
N () =

k dk
4 Z WC Z 2π
δ(
−

)
dθ ,
k
(2π)2 0
~ vF ~ vF
0

(1.15)

where WC is the bandwidth cutoff on the linear dispersion. This evaluates to,

N () =






for  < WC

2
,
π(~ vF )2



0,

(1.16)

.

for  > WC

These results are symmetric for  < 0.
Figure 1.6 illustrates the agreement at low energies between the FBZ DOS
(blue), and the DOS corresponding to the low energy approximation (red). In the
NN-TB picture, the bandwidth of the DOS is due to the minimum and maximum
energies of the dispersion. In the low energy approximation we choose WC for the
DOS such that integrating the DOS from −WC to WC yields the same total number
of states as per primitive cell in the case of the DOS from the NN-TB approximation.
q √
This gives WC = π 3t.
To experimentally determine the DOS, conductance measurements are done. With

NN-TB
Low energy

2

tN(εk)

1.6
1.2
0.8
0.4
0
-4

-2

0

εk/t

2

4

Figure 1.6: Density of states from the low energy approximation equation (1.10) (red)
compared with that over the FBZ from equation (1.5) (blue).
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scanning tunnelling spectroscopy (STS), conductance (dI/dV ) is determined by changing the potential of a charged tip near the material surface. A change in current due
to change in potential versus sample bias provides an image of the DOS [30]. The
linear nature seen by Andrei et al. in figure 1.7(e) further reflects the validity of the
low energy approximation which theoretically characterizes graphene. Figure 1.7(d)
shows the scanning tunnelling microscopy (STM) work done on graphene to determine the atomic structure of the lattice. STM is done by carrying the probe tip
over the material with a constant voltage to gauge locations of charged particles, as
opposed to STS where the tip remains in one position and the probe tip potential is
varied [30].

Figure 1.7: Left: STM view of graphene. Right: STS determined conductance showing linear DOS, as presented in [30].

1.2.3

Optical Conductivity

In this section, we calculate the optical conductivity of graphene. The real part of the
finite frequency conductivity, is a measure of the absorptive properties of a material.
This process describes the response to incoming photons incident on the material.
The excitation of an electron is limited to an approximately zero momentum transfer
processes, as shown in figure 1.8.
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Figure 1.8: This Feynman diagram illustrates the optical absorption process which
is the basis for the conductivity formula. In this case a q ∼ 0 momentum transfer
process excites an electron by raising its energy by ~ Ω.
Figure 1.8 shows a photon (dashed line) coming in from the left with an energy
~ Ω. Interacting with an electron (solid line) and transferring its energy, the electron
is promoted to an unoccupied state to create a hole excitation below the Fermi level.
At the right hand side of the diagram a photon is emitted with the original photon’s
energy, returning the system to its original state. Each particle (solid) line describes
the fermionic Green’s function at the indicated energy. The incoming photons are
said to have momentum q ∼ 0 to transfer due to the fact that the momentum of
a photon at low energy (for instance, visible light of the order of ≈ 100 nm wavelength corresponds to a wavenumber ≈ 107 m−1 ) is negligible on the order of the
graphene FBZ (wavenumber ≈ 1012 m−1 ) [31], due to the Å order spacing of the carbon atoms [2]. The general formula for the real part of the conductivity, Re σαβ (Ω)
is calculated through Green’s function methods using the Kubo Formula as outlined
by Mahan [32]:
Re σα,β (Ω) =

Im Πα,β (Ω + i0+ )
Ω

(1.17)

where Πα,β (Ω + i0+ ) is the current-current correlation function. (α,β) = (x, y, z)
represent the components of a conductivity tensor. An evaluation of equation (1.17)
provides the form for the longitudinal conductivity [33]:
Nf e2 π Z ∞
[f (ω − µ) − f (ω + Ω − µ)] ~ dω
Re σxx (Ω) =
Ω
−∞
Z
dD k
×
Tr[v̂x Â(k, ω + Ω)v̂x Â(k, ω)],
(2π)D

(1.18)

where e is the electronic charge, Nf is the valley and spin degeneracy, v̂x is the
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Figure 1.9: When considering a two band linear dispersion, an incoming photon can
excite an electron about its own energy in an intraband transition (b), or excite an
electron to a neighbouring band in an interband transition (a). Interband transitions
at T = 0 K can only happen with Ω > 2µ due to Pauli blocking.
velocity operator for the x-direction, Â is the spectral function, and µ is the chemical
potential. The function, f (ω − µ), is the Fermi function, which describes occupation
of electrons about the chemical potential, µ. It is
f (ω − µ) =

1
eβ(ω−µ) + 1

(1.19)

where β = (kB T )−1 . At T = 0 K this becomes a step function with a value of 1
below the Fermi energy and 0 above.
In the case of (1.18), we have limited our expression to describe the longitudinal
conductivity, indicated by the subscript xx. A famous example of transverse response
is the Hall Conductivity (Re σxy ) [2], although this electronic property will not be
examined for the materials in this work.
If we consider the low energy approximation of graphene, figure 1.9 shows how
the q ∼ 0 photons allow only vertical transitions which conserve momentum. Taking
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this into consideration, electrons remaining in their own band can only be excited
near the Fermi level due to the tiny scattering parameter we include (process (b)
in figure 1.9). This is termed an intraband process. Further, intraband processes
can only occur if the chemical potential µ is finite. This is described in the figure
by the arrow between the Dirac point ( = 0) energy, and the Fermi energy (at
µ). Alternatively, when electrons move from one band to another, it is an interband
transition (process (a) in figure 1.9). As figure 1.9 shows, cone to cone excitations can
only occur from an occupied to unoccupied state. This is due to Pauli blocking. Thus
absorption of a photon will only occur in the interband regime for incident photons
of energy Ω > 2µ.
We now return to define Â the spectral function. To do so we employ the spectral
representation of the Green’s function, defined as:
Ĝij (z) =

Z ∞
−∞

dω

Âij (ω)
.
z−ω

(1.20)

To solve for the matrix elements of Â, we must first evaluate Ĝ, the Green’s function.
The Green’s function matrix is derived through the relation:
Ĝ−1 (z) = z Iˆ − Ĥ.

(1.21)

For simplicity, we turn to the low energy approximation of the Hamiltonian which
describes graphene (equation (1.6)) to proceed through the calculation. We restate
this Hamiltonian now, introducing a polar co-ordinate representation as:




ke−iθ 
 0
Ĥ =~ vF 
,
keiθ
0

(1.22)

where θ represents the angular component. From here onward vF ~keiθ will be written
as s. [Note, while the same ideas can be applied to the NN-TB Hamiltonian of
graphene, the result must stay as a sum over the FBZ and be numerically determined].
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The Ĝ matrix resulting from evaluation of equation (1.21) is:


Ĝ(z) =

∗



1
z s 
.

(z − |s|)(z + |s|) s z

(1.23)

Now that we have defined the Green’s function matrix elements, we introduce the
matrix Â as:




Â11 Â12 
Â = 

.
Â21 Â22

(1.24)

With this we can use the definition (1.20) to find all of the Âij matrix elements:
1
[δ(ω − |s|) + δ(ω + |s|)] ,
2
s∗
Â12 (k, ω) = Â∗21 (k, ω) =
[δ(ω − |s|) − δ(ω + |s|)] .
2|s|
Â11 (k, ω) = Â22 (k, ω) =

(1.25)
(1.26)

The v̂x velocity operator in the Kubo formula is related to current as:
ĵx = −

e ∂ Ĥ
,
~ ∂kx

ĵx = −ev̂x

(1.27)

Evaluating equation (1.27) for the low energy approximation of graphene we arrive at




 0 1 

v̂x = vF 

1 0

(1.28)

.

We evaluate the trace: Trace = Tr[vˆx Â(k, ω + Ω)vˆx Â(k, ω)], where Â(k, ω) = Â and
Â(k, ω + Ω) = Â0 ,
h

i

Trace = vF2 Â21 Â021 + Â22 Â011 + Â11 Â022 + Â12 Â012 .

(1.29)

Here, the exponents in the terms Â21 Â021 and Â12 Â012 become π periodic of the form
e±i2θ . Integrating over the angular dimension, ie
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R 2π
0

dθ, will give zero for these terms

leaving us with the expression:
Re σxx (Ω) =

Z ∞
k dk 2
Nf e2 π Z µ
~dω
vF [2Â11 Â011 ].
Ω
2π
µ−Ω
0

(1.30)

We have assumed a T = 0 K regime; thus, the Fermi function occupations are 1 for
particles with energy below µ, and 0 for states above µ. When we evaluate the effect
of the Fermi function on the integral over ω, we find that the integral is only non-zero
in the range µ − Ω to µ.
From here, Nf = 4 for spin and valley since we have only considered Ĥ for one
of two K-points in the FBZ. Note that e2 /4~ ≡ σo will be a common scaling factor
throughout the work ahead. To evaluate the integral over k, we recognize that |s| = k
and make the substitution of k =

k
~vF

is made for k and dk, arriving at:

Z ∞
4Zµ
Re σxx (Ω)
k dk [δ(ω − k )δ(ω + Ω − k ) + δ(ω + k )δ(ω + Ω + k )
dω
=
σo
Ω µ−Ω
0

+ δ(ω − k )δ(ω + Ω + k ) + δ(ω + k )δ(ω + Ω − k )].

(1.31)

To proceed, we will recognize pairs of delta functions which describe specific transitions. By integrating over ω we probe whether an electron of energy ~ω in the top or
bottom (±k respectively) cone can be excited by a photon of energy ~Ω to a region
of energy ~(ω + Ω). To analytically solve this equation we will consider the interband
(between cone) and intraband (within the same cone) transitions separately.
The intraband terms appear in the expression as follows:
Z ∞
4Zµ
Intraband =
dω
k dk [δ(ω − k )δ(ω + Ω − k ) + δ(ω + k )δ(ω + Ω + k )]
Ω µ−Ω
0
(1.32)

Delta functions are understood to click when the argument is equal to 0, such that
δ(ω + Ω ± k ) =⇒ ω ± k = −Ω. Applying these substitutions to the δ(ω ± k ) delta
functions results in a common factor δ(−Ω). Exploiting symmetry, δ(−Ω) = δ(Ω),
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gives:
Intraband =

Z ∞
4 δ(Ω) Z µ
dω
k dk [δ(ω + Ω − k ) + δ(ω + Ω + k )].
Ω
µ−Ω
0

(1.33)

The delta function outside the integral implies that Ω is 0, which, due to the 1/Ω
factor, could blow up the expression. Thus, we proceed by taking the limit of Ω → 0
for the prefactors of δ(Ω), ie,
Z ∞
4Zµ
dω
k dk [δ(ω − k ) + δ(ω + k )].
Ω→0 Ω µ−Ω
0

Intraband = δ(Ω) lim

(1.34)

Now the k integral can be evaluated but, is only non zero in regions indicated by
Heaviside step functions. A Heaviside step function is such that if x in Θ(x) is greater
than 0, Θ(x) = 1 and 0 otherwise. The result of this step is:
4Zµ
Intraband = δ(Ω) lim
|ω| dω [Θ(ω) + Θ(−ω)].
Ω→0 Ω µ−Ω

(1.35)

At this point we can recognize that the Heaviside step functions in the square brackets
sum to 1 for any value of ω. Evaluating the integral over ω at the limits of integration
leaves us with:
4 |µ|2 (|µ| − Ω)2
4 2|µ|Ω Ω2
Intraband = δ(Ω) lim
−
= δ(Ω) lim
−
.
Ω→0 Ω
Ω→0 Ω
2
2
2
2
"

#

"

#

(1.36)

Evaluating the limit gives us the intraband component:
Intraband = 4 δ(Ω) |µ|.

(1.37)

We now proceed to the interband portion of the expression:
Z ∞
4Zµ
Interband =
dω
k dk [δ(ω − k )δ(ω + Ω + k ) + δ(ω + k )δ(ω + Ω − k )].
Ω µ−Ω
0
(1.38)
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Again we begin by evaluating the arguments of the delta functions such that:
Interband =

Z ∞
4Zµ
δ(2ω + Ω) dω
k dk [δ(ω − k ) + δ(ω + k )],
Ω µ−Ω
0

(1.39)

which allows us to complete the integral over k ,
Interband =

4Zµ
4Zµ
δ(2ω + Ω) |ω| dω [Θ(ω) + Θ(−ω)] =
δ(2ω + Ω) |ω| dω,
Ω µ−Ω
Ω µ−Ω
(1.40)

where once again we have exploited the fact that the Heaviside step functions sum
to one for all ω. Next we employ the identity δ(ax) = δ(x)/|a|, to write δ(2ω + Ω) =
δ(ω+Ω/2)/2. As long as the frequency being probed by the delta function is contained
between the integration limits, the integral is nonzero. Hence we find:
Interband =

4 Ω
[Θ(Ω − 2|µ|)Θ(Ω + 2|µ|)] = Θ(Ω − 2|µ|).
2Ω 2

(1.41)

Finally, combining the inter and intraband components we arrive at the final expression [34]:
Re σxx (Ω)
= 4|µ|δ(Ω) + Θ(Ω − 2|µ|) .
σo
"

#

(1.42)

This equation indicates that the absorption edge corresponding to interband optical
transitions onsets at Ω = 2µ, above which there is a constant absorption.
For the NN-TB picture of the optical conductivity, equation (1.30) is numerically
determined from the point of plugging in the spectral function matrix elements into
the evaluated trace. In the numerical integration, delta functions are once again replaced with their Lorentzian representation (equation (1.14)), with a small scattering
parameter of η/t = 7.5×10−3 . The integrals are evaluated using a computational Riemann Sum over the area of the FBZ, and ω, where we have used a hopping parameter
of t = 3.0 eV, η = 2.5 meV. The term η provides reasonable broadening to the delta
function to aid in the numerical evaluation of our result. In addition, η simulates the
effect of a very small impurity scattering rate, 1/τimp = 2η [33]. We begin with figure
21

Figure 1.10: The optical conductivity of undoped graphene. FBZ conductivity in red,
numerical low energy conductivity in blue, and analytical low energy conductivity in
dashed black.
1.10 which shows the undoped optical conductivity of the graphene lattice. In this
case, we show, as the red curve, the numerical result of summing over the FBZ to
obtain the optical conductivity. Our analytical low energy result (equation (1.42)) is
shown by the black dashed curve, while the numerically evaluated low energy linear
dispersion approximation from equation (1.31) is shown as the blue curve. This is
numerically evaluated in much the same way as the NN-TB picture. We note the
agreement between the FBZ result and the theory at low energies. The low energy
approximation calculated numerically shows a slight dip down as Ω approaches zero,
and is related to impurity scattering effects. When considering the low energy results,
we can see the background stays at a constant value of σ0 , which is the interband
background constant which scales our plot. The red FBZ curve deviates from the
others with a large peak at Ω = 2t. This peak is referred to as a Van Hove singularity
and results from the corresponding Van Hove singularities in the DOS [29].
Figure 1.11 shows what happens when we charge dope the material. In this case
we have doped the material by including a chemical potential, µ/t = 0.3. As before,
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the numerical FBZ optical conductivity is shown in red. The Van Hove singularity is
again present, and remains in the same spot as changes in the chemical potential do
not affect the dispersion or DOS. In this case, transitions are Pauli blocked until we
reach a value of Ω = 2µ. We can see very clearly that the absorption edge rises to a
value of σ0 , and that there is agreement between our low energy approximations and
the FBZ picture. The peak at low Ω is called the Drude peak and accounts for intraband contributions where electrons are excited about the chemical potential. The
distribution of spectral weight is conserved in the case of changing chemical potential.
If we integrate the optical conductivity as [33, 35]
I=

Z ΩC
0+

σ(Ω)
dΩ,
σ0

(1.43)

we will find it is conserved in all three curves shown here: numerical FBZ and low
energy approximation, and the low energy analytical result. Here ΩC is the energy
cutoff of the region in which we wish to sum the optical weight. We must pay specific

Figure 1.11: The optical conductivity of doped graphene. FBZ conductivity in red,
numerical low energy conductivity in blue, and analytical low energy conductivity in
dashed black. Here µ/t = 0.3.
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attention to a key difference between the numerical and the analytical result. The
analytical result does not reflect that a convolution of two Lorentzian curves must be
done to express the same Drude peak broadening as for the numerical case. Thus,
when plotting the analytical results, we use a factor of 2η to broaden the intraband
Drude δ-function in equation (1.42) into a Lorentzian form. Another subtle point
concerning this δ-function is that to properly account for the spectral weight of the
intraband Drude component we must ensure we only consider spectral weight for
Ω > 0. This corresponds to taking half the weight of the Drude δ-functions. The
case of the broadened Lorentzian representation naturally provides half its spectral
weight for Ω > 0. For differing chemical potentials, we note that the intraband Drude
peak is scaled by a factor of µ which accounts for a change in spectral weight due
to the chemical potential dependent absorption edge. In other words, for finite µ,
previous interband absorption in the region Ω < 2µ seen in the undoped case is now
transferred to the intraband Drude peak.

Figure 1.12: The optical conductivity of doped graphene. Intraband shown in red,
interband contribution in blue, sum of both shown in dashed black curve. Here µ/t
= 0.3.
We can also decompose the optical conductivity into the contributions from the
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interband and intraband regime for the case of µ/t = 0.3, as shown in figure 1.12. In
this figure we can see that the black curve representing the sum of the two regimes
is completely due to intraband transitions (red) at low Ω, and switches to mostly
interband (blue) at Ω > 2µ, as the Drude peak nears 0 conductivity.
The optical conductivity is another property that has been experimentally probed.
As was theoretically expected, the optical conductivity was indeed found to be constant in the interband regime for this 2D material [27, 36]. Figure 1.13 shows these
experimental results, with the background rising to a value of roughly σ0 . The curling
up of the Drude peak at low energies and a clear absorption edge, after a region with
little conductivity, is also seen.

Figure 1.13: Experimental optical conductivity of monolayer graphene with varied
gate voltage to emulate changes in chemical potential. As presented in [27].
The later work in figure 1.14 shows a more indepth analysis of the interband
regime rising to a normalized value of one as is predicted by theory. The theoretical
curves shown are, as in this work, for non-interacting fermions although modelled
with larger scattering rates and high temperatures. This can account for much of the
difference between the theory we have presented and the theory shown in figure 1.14.
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Figure 1.14: Experimental optical conductivity of monolayer samples with some theoretical fits (solid red lines) compared with experimental results. As presented in
[36].

1.3
1.3.1

Recent History
New Materials

With the many applications that can be explored with graphene, the field of condensed matter erupted with interest in other Dirac-like materials. From a theoretical
standpoint, identifying new materials means starting with either a lattice geometry,
or a model Hamiltonian. In this work we adopt a Hamiltonian based on the low energy Hamiltonian of graphene and modify it for increased dimensionality. The result
is a model that emulates graphene’s linear Dirac cone dispersion in 3D. Applying the
formalism above we can begin to develop theory surrounding the electronic properties
of the 3D Dirac cone. Much like the early theory work on graphene, which motivated
years of research and exploration, identifying signatures to pinpoint possible 3D Dirac
material characteristics is pivotal in understanding experimental results. This work
aims to explore how the optical properties of 2D and 3D Dirac dispersions differ.
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1.3.2

3D Linear Dispersions: Experimental Examples

A great deal of progress has been made in identifying 3D Dirac and Dirac-like materials. Candidate 3D Dirac materials have been experimentally probed with various
techniques to confirm the presence of Dirac cones. One heavily studied candidate
3D Dirac semi-metal is Cd3 As2 , with high mobility electrons and a stable structure [37, 38, 39, 40, 41]. Other groups include the family of A3 Bi lattices where
A={Na,K,Rb} [42]. Of particular interest in this group is the Dirac semi-metal
Na3 Bi [43]. Review articles summarize the past couple years of progress in characterizing these materials [44]. In many cases, these materials do not exhibit the same
structure as graphene, which was made simple due to particle-hole symmetry and the
fact that the π bands we explore are so far separated from the σ bands that the σ
bands can be ignored.
Despite the increased experimental evidence for 3D Dirac materials, there has not
been careful study of the optical absorption processes that experimentally describe
conductivity. For this, we must turn to alternate materials that are Dirac-like in electronic structure. One of these is the material Hg1−x Cdx Te, or MCT. This material can
be described accurately at low energies using a model of Kane Fermions. This model
results in a 3-band dispersion which, for critical mixing concentration (x = xc ), meets
as Dirac cones would, but have a flat band between them. Despite these differences in
electronic structure, the MCT material exhibits a linear interband conductivity [45].
Alternatively, a linear frequency-dependent optical conductivity has been observed in
a set of quasicrystals, crystals which are ordered but not periodic. These quasicrystals are shown to display Dirac-like qualities [46] and lend support to the possible
existence of the systems we study here.
In addition to characterizing 3D Dirac dispersions, we seek to apply further corrections to the 3D and 2D model to explore the effects of an electron-phonon interaction.
This work was conducted on graphene in 2010 [47] and was motivated by the observation of extra, unexplained absorption and structure below frequencies of Ω < 2µ
seen in the experimental results (see figure 1.13). The properties and theory behind
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the electron-phonon interaction will be elaborated on in the next chapter. With the
identification of 3D Dirac and Dirac-like materials this work serves to aid experimentalists in identifying possible signatures of electron-phonon interactions in their
experimental results. Before we proceed to describe and characterize our 3D analogue
to graphene in more detail, we define and outline the electron-phonon interaction and
subsequent calculations carried out on graphene in 2010.
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Chapter 2
Background: Phonons
2.1

A More Accurate Description

The previous chapter illustrates that the low energy approximation of graphene fits
experimental results with great agreement. Despite this, examination of the conductivity curves from Li et al. [27] shows there are departures from the theory described
by equation (1.42). For instance, the region of transitions that is Pauli-blocked in the
zero temperature theory (Ω < 2µ) is lifted from zero response. The differences we see
in the experimental optical conductivity curves cannot be completely accounted for
by considering effects due to temperature smearing and large scattering parameters.
It is possible that these deviations can be accounted for by considering interactions.
Further evidence pointing to the importance of interactions can be seen in the ARPES
data [28] shown in figures 1.5 and 2.1. Figure 2.1 shows how the seemingly linear low
energy dispersion is kinked at approximately 200 meV from the Fermi energy. Such
behaviour has been attributed to phonons [28].
Effects that have been explored to correct the non-interacting theory of graphene
include electron-electron interactions [48], electron-phonon interactions [47], spin orbit coupling [49], looking at second nearest or third nearest neighbour hopping [22],
and impurities [16]. The 2010 work by Carbotte et al. found that a large portion
of the extra spectral weight below the interband absorption edge in the optical response could be understood by considering an electron-phonon interaction (EPI) [47].
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Figure 2.1: Evidence of interactions at the Dirac point in ARPES data as presented
by [28]. Of interest here is the phonon structure at ωph ≈ 0.2 eV. This structure is
not moved as doping progressively increases (indicated by yellow numbers along the
bottom).
Further, the EPI accounted for features such as the kinking of the dispersion near
the Fermi energy. The same procedure was also followed for the optical response of
gapped graphene [50], graphene’s DOS [47, 51], graphene’s optical response and DOS
in the presence of a magnetic field [52, 53], and to combine EPI with electron-electron
interactions [48].
This chapter will outline the techniques used by these groups to develop their
model of the electron-phonon self-energy. We stick to the low energy approximation
of graphene as has been previously done [47]. We will also proceed to reproduce results for the EPI’s influence on graphene’s optical response. Later on we will repeat
these calculations to further refine the theory for the 3D Dirac cone.

2.1.1

Electronic Self-Energy due to Electron-Phonon Interactions

The EPI describes the interaction between electrons and the collective excitations
of the lattice of ions, called phonons. This interaction can renormalize electronic
properties through the electron self-energy [2]. In ordinary metals, where the DOS is
flat about F , the DOS will not be affected on the scale of phonon energies and will
retain its bare value [47, 54]. In graphene, the linear DOS is heavily renormalized as
it varies greatly on an energy scale comparable to phonon energies. Figure 2.2, shows
the Feynman diagram which illustrates the electron self-energy due to interacting with
phonons. As had been done by Carbotte et al., we choose to neglect vertex corrections
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Figure 2.2: This Feynman diagram shows the irreducible self-energy Σ, and the pictorial representation that will be used in figure 2.3. Here our straight line corresponds
to a bare electron Green’s function, while the wavy line above represents the phonon.
due to Migdal’s theorem. This approximation states that when the phonon energy
scale is sufficiently smaller than the material bandwidth, it is acceptable to ignore
diagrams which renormalize the vertex between phonon and electron lines [54, 55].
This has been seen to be appropriate for 2D and 3D conical dispersions [56]. The
current common practice is to take well defined information characterizing the EPI
from experiment [54], as has been done for graphene.

Figure 2.3: This diagrammatic view shows the series sum that will be used to define
the fully interacting Green’s function through the Dyson equation.
To develop the full interacting Green’s function diagram, we need to include all
possible, allowed variations of the irreducible self-energy in figure 2.2. By considering
multi-phonon interactions, we can create an infinite series of reducible diagrams. We
model this diagrammatically with the irreducible self-energy sandwiched between bare
electron Green’s function propagators as shown in figure 2.3. We again represent an
electron propogator with a bare Green’s function. As the lower frame of figure 2.3
shows, we can make a self consistent series sum. Mathematically, we represent each
bare Green’s function with a G0 , and each shaded circle is the irreducible self-energy
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resulting in the following infinite sum:
G = G0 + G0 ΣG0 + G0 ΣG0 ΣG0 + G0 ΣG0 ΣG0 ΣG0 + ...,

(2.1)

where the self consistent equation G = G0 + G0 ΣG can be substituted to produce a
self consistent sum. When rearranged, we arrive at the important result:
G0 (k, ω)
1 − G0 (k, ω)Σ(k, ω)
1
,
G(k, ω) = 0
−1
G (k, ω) − Σ(k, ω)
G(k, ω) =

(2.2)

where k and ω describe, respectively, the momentum and frequency of the electron.
Equation (2.2) is known as the Dyson equation. It describes the interacting Green’s
function in terms of the bare Green’s function and the electron self energy. For our
case here, we neglect the k-dependence of Σ(k, ω), ie Σ(k, ω) ∼ Σ(ω).
As the spectral function, A(k, ω), is related to the Green’s function (equation (1.20)),
the spectral function will also pick up details about the EPI. To see how this modifies
A(k, ω), we employ the property that [54],
1
A(k, ω) = − Im G(k, ω + iδ).
π

(2.3)

Solving this yields the carrier spectral density in terms of the self-energy Σ(ω) as
A(k , ω) =

1
−Im Σ(ω)
,
π [ω − Re Σ(ω) + µ0 + ReΣ(ω = 0) − k ]2 + [Im Σ(ω)]2

(2.4)

where we have substituted k for k. Compared to the Lorentzian representation of the
delta function, we can see that the broadening parameter, η, has been replaced with
the imaginary part of the self-energy. -Im Σ(ω) plays the role of a frequency dependent
scattering rate. Re Σ(ω)(Re Σ(ω = 0)) acts to shift the dispersion(chemical potential,
centered at ω = 0) to their renormalized values.
The dispersion has been shifted such that the following self-consistent equation
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arises for ω = Ek :
Ek = ˜k + Re Σ(Ek ),

(2.5)

where ˜k = k − µ. Now that we understand how the self-energy manifests itself in
our mathematical toolkit, we can take a look at the equation governing the electronphonon self-energy [47, 57, 53, 52, 54],
Σ(ω + iδ) =

Z ∞
0

N (ω 0 )
dν α F (ν)
dω
N0
−∞
2

Z ∞

0

Θ(−ω 0 )
Θ(ω 0 )
+
.
ω + iδ − ν − ω 0 ω + iδ + ν − ω 0
(2.6)
!

In equation (2.6), α2 F (ν) represents the electron-phonon spectral function which not
only characterizes our phonons, but appropriately scales the self-energy. If possible,
these factors are chosen based on experimental information describing phonons in
the material. N (ω) is the DOS, and N0 is the collection of constants that scale the
energy dependence of the DOS. The DOS can be self-consistently calculated using
the interacting spectral function as
N (ω) =

Z ∞
−∞

dk Nbare (k ) A(k , ω),

(2.7)

where Nbare is the bare, non-interacting DOS. In this case we integrate over the
range ±WC to account for both the top and bottom band. We can now recognize
that the set of equations (2.4), (2.6), and (2.7) can be iterated. By updating the
DOS to include interactions, the self-energy (equation (2.6)) can be also be iterated.
Repeated iterations will converge for a final result. This will be discussed in more
detail in chapter 4.
To model the EPI in graphene, we use a single Einstein phonon spectrum. Work
done by Carbotte et al. [47] as well as Doğan et al. [54] have also tested a Lorentzian
phonon spectrum, and found that the main effect was a smoothing of singularities
that arose due to the single Einstein phonon spectrum.
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2.1.2

EPI in Graphene

To determine the effects of the EPI on the properties of graphene, we first define its
bare, non-interacting DOS as:



|ω

+ µ0 |, for − WC − µ0 < ω < WC − µ0
Nbare (ω)
=
,

N0

0,
otherwise

(2.8)

where N0 = 2/π(~ vF )2 . This is the standard linear DOS of graphene, shifted so that
the Fermi energy will be defined as ω = 0. The value of WC is the bandwidth in
q √
question. For graphene we retain the value π 3t = 7.0 eV where we use t = 3.0 eV.
This bandwidth was discussed in the previous chapter. By combining equations (2.4)
and (2.7) the renormalized DOS is:
N (ω) Z WC |k | dk
−ImΣ(ω)
,
=
N0
π [ω − ReΣ(ω) + µ0 + ReΣ(ω = 0) − k ]2 + [ImΣ(ω)]2
−WC

(2.9)

where the bandwidth limits become the integration limits, and we have inserted the
bare DOS, equation (2.8). As determined by Carbotte et. al, the renormalized DOS
is:
ω̃
ω̃ − WC
ω̃ + WC
ω̃
N (ω) = − arctan
+ arctan
− 2 arctan
π
Γ
Γ
Γ
!
2
2
2
2
Γ
[(ω̃ − WC ) + Γ ][(ω̃ + WC ) + Γ ]
+
ln
,
2π
(ω̃ + Γ2 )2














(2.10)

where the substitutions Γ = −Im Σ(ω) and ω̃ = ω − Re Σ(ω) + µ are used.
In the case of graphene, we have replaced α2 F (ν), the electron-phonon spectral
function, with B δ(ν − ωE ). In this case, B is the coupling constant, 0.0357, and ωE is
the Einstein phonon frequency [47]. Based on density functional theory (DFT) calculations of graphene by Park et al. in 2007, we can approximate the electrons as being
coupled to a single phonon of frequency ωE = 200 meV, which they found sufficiently
described the EPI [58]. We can now evaluate the integral over ν in equation (2.6) to
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arrive at:
N (ω 0 )
Σ(ω) = B
dω
N0
−∞
Z ∞

0

Θ(−ω 0 )
Θ(ω 0 )
+
.
ω − ωE − ω 0 + iδ ω + ωE − ω 0 + iδ
!

(2.11)

To evaluate the self-energy, we separate the real and imaginary components. The
result for the real part is:
(WC + ωE − ω − µ0 )(µ0 + ω + ωE )2
(2.12)
(ω 2 − ωE2 )(WC + ω + ωE + µ0 )
)
(WC + ωE − ω − µ0 )(ω + WC + ωE + µ0 )(ω + ωE )
− (µ0 + ω) ln
,
(ω − ωE )(ω + µ0 + ωE )2
(

Re Σ(ω) =B ωE ln

which shifts the dispersion via equation (2.5). For the imaginary part, our spectral
function’s new scattering rate is represented as:

−Im Σ(ω) =






πB |ω





πB |ω







0,

− ωE + µ0 |, ωE < ω < WC − µ0 + ωE
+ ωE + µ0 |, −WC − µ0 − ωE < ω < −ωE .

(2.13)

otherwise

To plot these results we use accepted values for graphene. As was previously
mentioned, we consider the bandwidth WC = 7.0 eV, an Einstein phonon, ωE = 0.20 eV
and allow for a varied chemical potential. Here we present a view of the EPI for two
regimes, µ0 < ωE and µ0 > ωE .
In figure 2.4 (a) we see the results for µ0 > ωE . In the top frame, we can see
that the Re Σ(ω) is going to alter the dispersion at ±ωE due to the logarithmic
kinks that appear there. These can be traced to singularities in the logarithms of
equation (2.12). At ω = 0 the value of Re Σ(ω) is non-zero, and corresponds to the
renormalization of the chemical potential, as will be discussed further on.
In the middle panels we display the scattering rate Im Σ(ω). We can see that
scattering is not affected in the region of −ωE < ω < ωE , as quasi-particle decay
by boson emission cannot occur until we reach the phonon frequency. At a value
of −(µ0 + ωE ) we see another point where the scattering rate goes to 0, which can
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Figure 2.4: Self energy and DOS of graphene with side (a) showing µ0 = 0.3 eV and
side (b) showing µ0 = 0.1 eV. We note that the units of Σ are eV.
be traced to the 0’s of equation (2.13). Structure that appears in the DOS will also
appear in then scattering rate, Im Σ(ω), as it reflects the DOS, shifted outside the
region of −ωE < ω < ωE [47]. This is contrary to ordinary metals, where Im Σ(ω) is
constant above ±ωE [47].
Moving down to the renormalized DOS in the bottom panel, we can see how
the distribution of states has been altered by the EPI. Here we see that the blue,
renormalized curve is showing higher density of states at small ω compared to the
bare case. We can also see kinks indicating renormalization due to phonons at ±ωE ,
again traced to 0’s in Im Σ and logarithmic singularities in Re Σ. The DOS at F
(ω=0) is unchanged when interactions are considered. This can be traced to the fact
the imaginary portion of Σ is 0 at F . For µ0 = 0.3 eV we see that the Dirac point
has been lifted from 0 occupation to a finite value, and has been shown to change
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the Dirac point to quadratic form [47]. Finally, the Dirac point is shifted to slightly
lower energies, further demonstrating renormalization of the chemical potential.
Next, we can focus on the other case where µ0 < ωE shown in figure 2.4 (b).
Immediately we can see the dependence of all three properties on the choice µ0 . In
this case, the smaller µ0 leads to heavily suppressed structure compared to the same
parameters with a larger µ0 . This is reflected in the DOS as a less extreme set of
singularities at ±ωE . In this regime, we can also see that the Dirac point is no longer
lifted from 0 occupation.
We can quantify the strength of the EPI with the electron-phonon renormalization
parameter λ. We determine this value by evaluation of:
λ=−

∂ Re Σ(ω)
∂ω

.

(2.14)

ω=0

Based on the parameters used above, λ ≈ 0.20. This lies in the middle of the range
of λ values determined through DFT work to be between 0.04-0.08 [58] and 0.30 [28].
This factor will change based on the values of µ0 and ωE .
The real part of the self-energy shifts the dispersion as shown in equation (2.5).
We now renormalize the dispersion to examine the presence of EPI. This is shown in
figure 2.5. The Fermi energy has been set to a value of 0. This puts the Dirac point at
a value of −µ0 for the non-interacting case. When analysing the blue, renormalized
curve, the first thing we notice is the appearance of logarithmic kinks at the value of
ωE below the Fermi energy. This indicates the presence of phonons in the dispersion.
Had we used a broader distribution, such as a Lorentzian phonon spectrum as opposed
to an Einstein spectrum, this kink would not be a singularity, but rather a smoothed
bump [47] as seen in experiment [28]. We also see that the Dirac point has been
renormalized and shifted to be closer to the Fermi energy. This is due to the fact the
chemical potential has been renormalized as:
µ = µ0 + Re Σ(ω = 0).
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(2.15)

When we consider vertical transitions which conserve momentum, we can see that
the required energy for an interband transition to take place has been reduced. This
is seen as a smaller energy between the occupied region shown, and the unoccupied
states above F (i.e. ω=0). In this case, the spectral mass enhancement parameter
can be used to approximate the renormalization as [47]:
µ=

µ0
.
1+λ

(2.16)

While the renormalization of the dispersion and DOS will be clearly visible in experiment, the chemical potential renormalization we see in this work is a correction to
the theory, and will not be observed in experiments since there is no way of knowing
a non-interacting µ0 in the real system.
Another feature important to Dirac fermions affected by the EPI is the Fermi
velocity, vF . The Fermi velocity is
vF =

1 ∂Ek
~ ∂k

.

(2.17)

kF

Figure 2.5: The dispersion of graphene is shifted by Re Σ(ω). In this case µ0 = 0.3 eV,
and F is at 0 eV.
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Once again it is found that the renormalization of this feature can be approximated
by the relation
vF∗ =

vF
.
1+λ

(2.18)

With a λ of 0.20, this corresponds to a 16.8% decrease in vF .

2.1.3

EPI Effects on Optical Conductivity

Due to the changes from a bare to interacting spectral function, the optical conductivity will also be affected. As a reminder, we repeat the form of graphene’s low
energy optical conductivity from equation (1.30)
Z WC
16 Z µ
Re σxx (Ω)
k dk [Â11 (k, ω)Â11 (k, ω + Ω)].
=
dω
σo
Ω µ−Ω
0

(2.19)

We input the Â11 matrix elements to arrive at:
Z WC
Re σxx (Ω)
4Zµ
k dk [A(k , ω)+A(−k , ω)][A(k , ω+Ω)+A(−k , ω+Ω)].
dω
=
σo
Ω µ−Ω
0
(2.20)

In this step, we have replaced the Â11 matrix element from (1.25) with the form
where each spectral function represents a different energy band. In the previous section we used the non-interacting δ function representation of the spectral function,
while in this case we use the interacting spectral function, equation (2.4). This expression carries all the necessary information about the interactions. This calculation
is completed numerically using the analytical expressions of Σ (ω), equations (2.12)
and (2.13).
We begin by showing the doped response for µ0 > ωE in figure 2.6, where the
interacting optical conductivity is shown in blue and contrasted with the numerical,
non-interacting low energy conductivity in dashed black. We can see the Drude peak,
when including interactions, has been suppressed. The order of this suppression is
such that the spectral weight is reduced by a factor of (1 + λ), as was found for the
chemical potential and the Fermi velocity. This is contrary to the DC, frequency
independent case where the conductivity is not affected by EPI. We also see a shift
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of the absorption edge to lower Ω. Whereas in the non-interacting case the interband edge rises as 2µ0 , in this case the absorption edge rises at a value of 2µ due to
renormalization. We see additional structure at Ω = ωE known as a phonon-assisted
Holstein sideband. The opening of this side-band indicates the phonons have introduced a new channel for scattering. At the value of ωE we have scattering due to
phonons [47]. Additionally we see that the interband component no longer rises to
the non-interacting background level of σ0 .

Figure 2.6: Optical conductivity of graphene with EPI for µ0 > ωE (blue curve). Bare
result shown as dashed black curve. In this case µ0 = 0.3 eV.
By examining the decomposed optical conductivity, we can determine the origins
of the Holstein sideband. This is shown in figure 2.7. Here the summed response
is shown in black, with the interacting intraband component shown in red and the
interacting interband component shown in blue. The black curve here is the same
one seen in figure 2.6, where a non-interacting regime would see an absorption edge
rising at a value of Ω = 0.6 eV. Here we can see that interband transitions (normally
strongly suppressed due to Pauli blocking) contribute a portion of the spectral weight
to the Holstein sideband. Carbotte et al. traced this to smearing of the occupation
function about F , even at T=0 K [47]. The intraband component also shows that
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a new channel for scattering has opened within the same band, provided the photon
energy is greater than that of the phonons [47].
0.4
Total Sum
Intraband
Interband

Re σxx (Ω) /σ0

0.3

0.2

0.1

0
0

0.1

0.2

0.3

Ω (eV)

0.4

0.5

Figure 2.7: Optical conductivity of graphene with EPI with interband (blue curve)
and intraband (red) contributions separately displayed as well as their sum (black).
In the regime of µ0 < ωE , shown in figure 2.8, we see similar effects. The Drude
peak and background have been suppressed, and additional optical spectral weight
is seen as the absorption edge moves to smaller Ω. What is not clearly visible is the
Holstein sideband. While we can still see additional structure arising as a kink at
ωE , it is not clear that this is a Holstein sideband. By decomposing the curve it can
be seen that contributions to this structure arise again from intraband and interband
Holstein processes. This will be elaborated on in chapter 4 where we will include
iterations and compare results to that of the 3D Dirac cone.
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Figure 2.8: Optical conductivity of graphene with EPI for µ0 < ωE . Bare result
shown as dashed curve. In this case µ0 = 0.1 eV.
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Chapter 3
The 3D Dirac Cone
3.1

Electronic Characterization

Using the tools presented in the previous chapters we now turn to the model which
describes Dirac fermions and linear dispersions in 3D. We begin by outlining the DOS
and optical conductivity of the 3D Dirac cone before considering the effects of an EPI.

3.1.1

Dispersion

We start with the Dirac Hamiltonian, which describes our desired linear dispersion.
This is the same form as equation (1.7) for graphene,
H 0 = ~vF σ · k,

(3.1)

although in this case we use the 3D wave vector, k = {kx , ky , kz }, as well as the set of
3D S=1/2 Pauli matrices, σ = {σx , σy , σz }. As before these Pauli matrices represent
pseudospin. They appear as,




0 1





0 −i

σx = 
 , σy = 
1 0
i
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0

,



1



0

σz = 
.
0 −1

(3.2)

This produces the Hamiltonian:




kz
kx − iky 
Ĥ = ~vF 
.

kx + iky
−kz

(3.3)

Evaluating the eigenvalues of this matrix in the usual way, we arrive at the expected
conical dispersion:
k = ±~vF |k|.

(3.4)

This result can be visualized as the red curve in figure 1.3.

3.1.2

Density of States

To determine the DOS we follow the same formalism as in chapter 1. Here, we need
to integrate over all three dimensions in k-space. Exploiting symmetry, this is done
in spherical coordinates. We begin with equation (1.13) and where D=3,
N () =

2 Z
d3 k δ( − k ).
(2π)3 F BZ

(3.5)

Once again, we have included a factor of two for spin. As k depends only on k, the
angular integral will integrate to a factor of 4π. Doing a change of variable for k and
evaluating the angular integrals:
Z WC
1
N () = 2
2k dk δ( − k ).
π (~vF )3 0

(3.6)

Solving for the final DOS expression for low energies is:



2 ,

N ()
=

N0

0,

for  < WC
for  > WC

,

N0 =

1
π 2 (~v

3
F)

.

(3.7)

Figure 3.1 shows the quadratic nature of the DOS. Important here is the fact that,
in graphene, our low energy DOS and dispersion were both linear. Integrating over
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Figure 3.1: Quadratic DOS of the 3D Dirac cone.
an additional dimension is what causes the change in the DOS from that of a 2D
Dirac cone. The quadratic structure means that the distribution of states is heavily
weighted toward energies away from the Dirac point, as compared with the 2D case.

3.1.3

Optical Response

For the optical conductivity, we again begin with the Kubo formula, equation (1.18).
As before, we are interested in the longitudinal response. We define the x component
of velocity, which appears the same as before:




0 1 
v̂x = vF 

.
1 0

(3.8)

We exploit equation (1.21) to arrive at:


Ĝ(z) =



vF ~(kx − iky )
1
 z + vF ~kz

,
(z − k )(z + k ) vF ~(kx + iky )
z − vF ~kz
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(3.9)

where k = |k |, or the absolute value of equation (3.4). With this, we can use
equation (1.20) to find all of the Âij ’s:
1
[δ(ω − k )(|k| + kz ) + δ(ω + k )(|k| − kz )]
2|k|
1
[δ(ω − k )(|k| − kz ) + δ(ω + k )(|k| + kz )]
Â22 (k, ω) =
2|k|
(kx − iky )
Â12 (k, ω) =
[δ(ω − k ) − δ(ω + k )]
2|k|
(kx + iky )
Â21 (k, ω) =
[δ(ω − k ) − δ(ω + k )] .
2|k|
Â11 (k, ω) =

(3.10)
(3.11)
(3.12)
(3.13)

We evaluate the trace: Tr[vˆx Â(k, ω + Ω)vˆx Â(k, ω)], where Â(k, ω) = Â and
Â(k, ω + Ω) = Â0 , and arrive at the same trace from the graphene case:
h

i

Trace = vF2 Â21 Â021 + Â22 Â011 + Â11 Â022 + Â12 Â012 ,

(3.14)

The intraband terms are:
Intraband =

vF2
[δ(ω − k )δ(ω + Ω − k ) + δ(ω + k )δ(ω + Ω + k )]
4|k|2
×[(kx + iky )2 + (kx − iky )2 + 2(|k| − kz )(|k| + kz )].

(3.15)

Expanding and simplifying, and noting that |k|2 = kx2 + ky2 + kz2 , we arrive at the
intraband term
Intraband =

vF2 kx2
[δ(ω − k )δ(ω + Ω − k ) + δ(ω + k )δ(ω + Ω + k )].
|k|

(3.16)

Doing the same with the interband terms, the trace expands as:
Interband =

1
[δ(ω − k )δ(ω + Ω + k ) + δ(ω + k )δ(ω + Ω − k )]
4|k|2

(3.17)

×[−(kx + iky )2 − (kx − iky )2 + 2(|k| − kz )(|k| − kz ) + 2(|k| + kz )(|k| + kz )].
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Once again we expand and simplify to arrive at
Interband =

vF2 (ky2 + kz2 )
[δ(ω − k )δ(ω + Ω + k ) + δ(ω + k )δ(ω + Ω − k )]. (3.18)
|k|

We evaluate this in spherical coordinates so,
kx = k sin θ cos φ
ky = k sin θ sin φ

(3.19)

kz = k cos θ,
which leaves us with a full integrable result of:
Z ∞ Z π Z 2π
Re σxx (Ω)
(vF ~)2 Z µ
k 2 dk sin θdθ dφ
dω
=
σo
π 2 Ω µ−Ω
0
0
0
"

h

(3.20)
i

× δ(ω + Ω − k )δ(ω + k ) + δ(ω + Ω + k )δ(ω − k ) cos2 φ sin2 θ
#

+ [δ(ω + Ω − k )δ(ω − k ) + δ(ω + Ω + k )δ(ω + k )] (sin2 φ sin2 θ + cos2 θ) .
Note that we have taken Nf = 2 for spin, and we only express the results about one
valley point. Results can be scaled to include multiple valleys by multiplying by gv ,
the valley degeneracy. Again we recognize that e2 /4~ = σ0 . From this point, we do
integration over the angles, and substitute k /vF ~ for k to arrive at:
Z ∞
Re σxx (Ω)
2k dk
(vF ~)2 Z µ
=
dω
×
σo
π 2 Ω µ−Ω
(vF ~)2 vF ~
0
"
8π
×
[δ(ω + Ω − k )δ(ω + k ) + δ(ω + Ω + k )δ(ω − k )] +
3
#
4π
+
[δ(ω + Ω − k )δ(ω − k ) + δ(ω + Ω + k )δ(ω + k )] . (3.21)
3
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Collecting terms, this simplifies to
Z ∞
Z µ
4
Re σxx (Ω)
2k dk ×
dω
=
σo
3vF ~πΩ µ−Ω
0
"

× 2 [δ(ω + Ω − k )δ(ω + k ) + δ(ω + Ω + k )δ(ω − k )] +
#

+ [δ(ω + Ω − k )δ(ω − k ) + δ(ω + Ω + k )δ(ω + k )] . (3.22)
Finally, we evaluate the integrals over k and ω. We utilize the same techniques as for
the analytical case of graphene in section 1.2.3 to arrive at the final expression [46]:
Re σxx (Ω)
1
=
4µ2 δ(Ω) + ΩΘ(Ω − 2|µ|) .
σo
3vF ~π
"

#

(3.23)

We recall that the incident photons transfer no momentum, and we have not considered interactions. Like the 2D Dirac cone, the absorption edge in 3D also occurs at
a value of 2µ. Due to Pauli blocking, interband transitions are once again forbidden
for Ω < 2µ. Similar to graphene we have a Drude peak weighted by a coefficient of 4,
but it is now scaled by a factor of µ2 , which can be traced back to the dimensionality
of the problem. Another characteristic of this system’s dimensionality is that the interband component is linear in Ω. Finally, due to the dimensionality of the problem,
we have an additional set of scaling coefficients.
The undoped system in figure 3.2 is shown to exhibit no intraband component due
to the fact that there are no states at the Dirac point. Here we have displayed two
curves: one of the analytical conductivity (black dashed curve) and another of the
numerical conductivity (red curve). The numerical result is plotted using a scattering parameter of η = 2.5 meV. This plot showcases the linear trend of the interband
optical conductivity, markedly different than graphene for which the undoped result
always rests at the background value of σ0 . Also, in the case of graphene, we saw
that the numerical low energy optical response of an undoped system produced a dip
down at Ω → 0, due to the broadening of the δ-functions. This is not seen in the 3D
Dirac cone optical conductivity as the response is 0 at Ω = 0, rather than finite.
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Figure 3.2: The optical conductivity of a single, undoped, 3D Dirac cone. Numerical
low energy results in red with analytical results as the dashed curve.

Figure 3.3: The optical conductivity of a µ=0.3 eV doped 3D Dirac cone. Numerical
low energy results in red with analytical results as the dashed curve
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In figure 3.3, we see the effects of doping, with the appearance of a Drude peak at
Ω = 0 and an absorption edge at a value of 2µ. Once again, the solid curve represents
the numerical result, while the dashed curve represents the analytical result. As was
seen in the 2D case, spectral weight is conserved across different doping values, with
the Drude peak increasing in spectral weight as the absorption edge moves to higher
Ω with increasing µ.
Now that we have characterized and analyzed the results of DOS, dispersion, and
optical conductivity for our 3D Dirac cone, we can begin to define the effect of an
EPI on these properties.

3.2
3.2.1

Imprints of the EPI
The Self-Energy and a Self-Consistent DOS

To examine the effects an EPI can have on a 3D system with a Dirac-like dispersion,
we begin with equation (2.6). To proceed, we must define our bare DOS for the 3D
case. We take the result from equation (3.7), shifting the DOS so that once again the
value of F , the Fermi energy is centered at ω=0:



(ω

Nbare (ω)
=

N0



+ µ0 )2 , for − WC − µ0 < ω < WC − µ0

0,

.

otherwise

Here we have redefined the collection of constants for the 3D system as N0 =

(3.24)

1
.
π 2 (vF ~)3

As before we separate the real and imaginary parts of the self-energy. Evaluating
the equations leads us to the real part of the self-energy:
(

ω − ωE
ω + µ0 − WC − ωE

Re Σ(ω) = C − 2µ0 (WC + ωE ) − 2ωWC + (µ0 + ω − ωE )2 ln
µ0 + ω + WC + ωE
+ (µ0 + ω + ωE ) ln
ω + ωE
2
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)

.

(3.25)

As previously mentioned, this renormalizes the dispersion to a new value. The results
of this shift are very comparable to graphene in figure 2.5. For the new scattering
rate we solve the imaginary part of the self-energy and arrive at





Cπ(ω





− ωE + µ0 )2 , for ωE < ω < WC − µ0 + ωE

−Im Σ(ω) = Cπ(ω + ωE + µ0 )2 , for − WC − µ0 − ωE < ω < −ωE .






0,

(3.26)

otherwise

An important distinction between the 3D and 2D work is the appearance of many
squared terms in the 3D results. This can be traced back to the DOS being quadratic
rather than linear. Additionally, the real part of the self-energy is far more susceptible
to choice of parameters such as WC and µ0 due to the appearance of terms which are
linear in these quantities.
As we did in the 2D case, we can examine the influence of the EPI on the DOS
by evaluating equation (2.7). In this case, the equation is altered for the 3D regime
by including the quadratic DOS. We produce the following result:
(ω̃ − WC )2 + Γ2
1
2ΓWC + Γω̃ln
+
N (ω) =
π
(ω̃ + WC )2 + Γ2
"


 #)

ω̃ − WC
ω̃ + WC
2
2
+ (Γ − ω̃ ) arctan
− arctan
, (3.27)
Γ
Γ
(

where we once again substitute Γ = −Im Σ(ω) and ω̃ = ω − Re Σ(ω) + µ. Considering
the quadratic nature of the DOS and the quadratic imprint the bare DOS has left on
the real and imaginary parts of the self-energy, it is not strange to be seeing squared
terms in the interacting DOS, which retains the original quadratic structure.
The self-energy and corrected DOS are displayed in figure 3.4, where the 3 left
panels of (a) correspond to µ0 > ωE , and the 3 right panels of (b) correspond to
µ0 < ωE . To explore these results, we again use an Einstein phonon spectrum where
ωE = 0.2 eV. We impose a bandwidth of 2 eV, and a mass renormalization parameter
of λ = 0.35. Much like the case of graphene, we have structure appearing in Re Σ
and Im Σ which leaves imprints of the EPI in the DOS at ±ωE . The case of µ0 >
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Figure 3.4: Self-energy and DOS of 3D Dirac cone with side (a) showing µ0 = 0.3 eV
and side (b) showing µ0 = 0.1 eV.
ωE exhibits a stronger degree of renormalization, and as was seen in the graphene
case, the Dirac point is lifted. When examining the DOS, we see a higher degree of
renormalization from the bare case than was seen for graphene.
Without a direct link to an experimental system, we will now show the effects of
varying two parameters which define our EPI. First we test the mass renormalization
parameter λ. To do so we adjust the electron-phonon spectral function, α2 F (ν) to
change the slope of Re Σ(ω = 0). This rescales λ as in equation (2.14). We look at
µ0 > ωE , for which the curves are shown in figure 3.5. Phonon structures are found at
the same values across all curves. As is expected, the increasing mass renormalization
parameter lends to a higher degree of dispersion renormalization, a larger scattering
rate, and a more heavily renormalized DOS.
We can also check the effects of altering bandwidth, WC . This is explored in
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Figure 3.5: Self-energy and DOS of 3D Dirac cone with varied λ, the spectral mass
renormalization parameter for a µ0 of 0.3 eV.
figure 3.6, where the left panel shows the effects of doubling the value of WC used on
the right. For Re Σ, the singularities at ±ωE as well as curvature about these points
is far stronger for smaller bandwidth. Im Σ, the scattering rate, doubles in intensity
in the regions of |ω| > ωE . The DOS is greatly exaggerated for small WC due to the
proximity of the bandwidth to the phonon energy. As we will show in chapter 4, the
DOS at the bandwidth limits is heavily renormalized.

3.2.2

Imprints on the Optical Response

Now that we have characterized the EPI on the 3D Dirac cone, we can correct the
optical conductivity to also include these interactions. We start with the form of the
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Figure 3.6: Self-energy and DOS of 3D Dirac cone with varied WC (bandwidth)
as indicated above the columns. Bare DOS shown as black dashed curve, where
µ0 = 0.3 eV.
optical conductivity where we have already evaluated the angular integrals, and we
replace the delta functions with the spectral function describing the same band with
interactions:
Z µ
Z WC
4
Re σxx
=
dω
2k dk
σo
3vF ~πΩ µ−Ω
0
"

× 2 [A(k , ω + Ω)A(−k , ω) + A(−k , ω + Ω)A(k , ω)] +
#

+ [A(k , ω + Ω)A(k , ω) + A(−k , ω + Ω)A(−k , ω)] . (3.28)
As in section 3.2.1, we will determine the effects of varying parameters on the
optical conductivity. To proceed we continue with the Einstein phonon frequency of
ωE = 0.2 eV. We begin with a view of the response altered by inclusion of an EPI
for values of µ0 > ωE . In figure 3.7 we have a µ0 of 0.3 eV, a bandwidth of WC =
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Figure 3.7: The optical conductivity of a 3D Dirac cone, with µ0 =0.3 eV, including
an EPI with an Einstein phonon of ωE = 0.2 eV.
2.0 eV, and our EPI represents a mass renormalization parameter of λ = 0.35. We
see a similar response when compared to graphene. At a value of Ω = ωE we have
the appearance of the Holstein side band, indicating a new channel for scattering via
the phonon. We further notice a slight reduction in the spectral weight of the Drude
peak. This peak, which describes the intraband transitions, is suppressed to appropriately shift spectral weight to the Holstein sideband and the absorption edge, which
moves to smaller Ω. The absorption edge indicates renormalization of the chemical
potential, as in equation (2.15), shifting by Re Σ(ω = 0). We also see that there is a
large shift of spectral weight to the interband regime.
The same effects are seen in the µ0 < ωE plot, figure 3.8. As was seen for 2D, the
Holstein side band is no longer distinguishable. Due to the chemical potential being
less than the phonon frequency, the absorption edge rises before ωE , overlapping the
region we would expect to see the Holstein sideband. Despite this, a shift of spectral
weight in the interband regime, suppression of the Drude peak, and movement of the
absorption edge to lower Ω are clear indications of the included EPI.
As in the graphene case, we can also decompose the total conductivity to the
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Figure 3.8: The optical conductivity of a doped 3D Dirac cone, with µ0 =0.1 eV,
including interaction with an Einstein phonon of ωE = 0.2 eV.
interband and intraband contributions so that we can visualize them separately. We
do this with the µ0 > ωE regime to clearly distinguish the Holstein sideband. In
figure 3.9 we see that part of the Holstein side band comes from both types of transitions. The red curve represents the intraband transitions, and the blue curve the
interband transitions. The intraband curve shows that once photons reach the phonon
energy, Ω = ωE , additional scattering due to the phonon occurs. The interband curve’s
contribution to the Holstein side-band shows a linear trend as it approaches the absorption edge, reflecting the linearity seen for Ω > 2µ. Their sum, the total optical
conductivity, is also shown as the black curve. The value µ0 = 0.3 eV corresponds to
an absorption edge at Ω = 0.6 eV in the bare case.
We now look at the effects that varied parameters of WC and λ have on the optical conductivity when including interactions. The first parameter we test is the
bandwidth, WC in figure 3.10. The red curve corresponds to a WC of 2.0 eV, and
the blue to 1.0 eV. Renormalization of µ0 due to Re Σ(ω = 0) is heavily dependent
on bandwidth, as the value of Re Σ(ω = 0) grows increasingly negative with larger
bandwidth. This translates to an absorption edge that shifts to smaller Ω for larger
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Figure 3.9: The interband and intraband optical conductivity of a µ0 =0.3 eV doped
3D Dirac cone including interaction with an Einstein phonon of ωE = 0.2 eV. Intraband
(red) and interband (blue) are summed to produce the black curve.
bandwidth. We can trace this to the term −2Cµ0 (WC +ωE ) in equation (3.25), which
corresponds to a negative shift dependent on the parameters used. This is contrary
to the effect that WC has on the phonon structure in figure 3.6, where decreasing WC
increased the effect of the EPI. Meanwhile, the Holstein sideband in figure 3.10 is
seen to increase in spectral weight as WC decreases.
Finally we vary λ, the mass renormalization parameter. We recall that the proposed λ for graphene range between 0.08 and 0.3, and that the value used by Carbotte
et al. was λ = 0.20 [47]. For the 3D Dirac cone we test values between λ = 0.20 and
0.50. This is shown in figure 3.11. The general trend of this plot is that spectral
weight is increasingly renormalized with increasing λ. In the intraband regime, this
is demonstrated by greater suppression of the Drude peak. The interband regime
demonstrates dependence on λ as the renormalization to µ0 grows as λ increases.
The Holstein sideband also increases in spectral weight in response to greater λ.
In terms of approximations to renormalization, we recognize that µ0 is no longer
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Figure 3.10: Optical conductivity of a 3D Dirac cone with EPI. Varied bandwidth
represented with WC = 2.0 eV for the red curve and WC = 1.0 eV for the blue curve,
as compared to the bare optical conductivity indicated by the dashed black curve.
renormalized by (1 + λ). Despite this, we can still express the change to the vF as:
vF∗ =

vF
.
1+λ

(3.29)

This tells us that while behaviour about the Fermi energy is similar to graphene, this
is not the case at other energies.

3.2.3

Reasonable Parameters

In the case of graphene, there is a wealth of experimental evidence and theory to
drive parameter choices. Low energy approximation bandwidth limits are chosen to
match the number of states in the FBZ. Phonon frequencies were chosen based on
selecting the most representative phonon frequency, determined through DFT [27].
Finally, coupling constants were chosen based on constants that fit experimental data
describing graphene best [47].
In extending this work to the 3D regime, we have used an Einstein phonon frequency of ωE = 0.2 eV (same as graphene), but with a reduced bandwidth. Mass
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Figure 3.11: Optical conductivity of 3D Dirac cone with EPI. Curves for varying mass
renormalization parameter, λ, are shown. Here µ0 = 0.3 eV.
renormalization parameters were chosen to mimic the 2D case and appropriately
scale our EPI. These parameters are chosen for two reasons: to exaggerate the results
of the 3D case for clear visualization, and for direct comparison to the 2D case, discussed in chapter 4. The ratio of ωE /WC used in our 3D work is far larger than that
of graphene, where a reasonable ratio of 1/35 was used [47]. Nonetheless, for the 3D
Dirac cone, a ratio of ωE /WC = 1/10 is still within reasonable limits for the Migdal
approximation to hold [54].
Though we lack experimental optical conductivities to compare to, we can outline reasonable choices for parameters based on current existing models. Recent DFT
work on the NaBi lattice has revealed the material’s potential to be a nontrivial topological metal with 2D surface state Dirac cones. While this is not an example of a
material with a 3D Dirac cone, we use this work as a rough guide to understand the
approximate range of parameters which govern 3D materials. For this system they
found the average phonon frequency to be ωavg ≈ 5.0 meV, and an electron phonon
coupling strength on the order of λ = 0.7 → 0.8 [59]. These values correspond well
to experimental findings [60].
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Chapter 4
Iterations and Considering
Dimensionality
4.1

Iterations

We will now repeat equation (2.6) used in chapter 2 for the self-energy:
Σ(ω + iδ) =

Z ∞
0

N (ω 0 )
dω
dν α F (ν)
N0
−∞
2

Z ∞

0

Θ(−ω 0 )
Θ(ω 0 )
+
.
ω − ν − ω 0 + iδ ω + ν − ω 0 + iδ
(4.1)
!

Our focus is the DOS term in this equation. By including the initial analytical DOS
derived in chapter 2 for graphene (equation (2.10)) and chapter 3 for the 3D Dirac
cone (equation (3.27)), the self-energy can be iterated. Using the iterated results of
Σ(ω), A(k , ω) can be updated in the DOS equation:
N (ω) Z WC Nbare (k ) dk
−ImΣ(ω)
=
.
N0
π
[ω − ReΣ(ω) + µ − k ]2 + [ImΣ(ω)]2
−WC

(4.2)

This gives a new DOS which is applied to equation 4.1 for further iteration. In the case
of ordinary metals, the DOS is constant near F , which we have defined as ω = 0. This
means that it drops out of equation (4.1), and will leave the DOS unaffected [47, 54].
For a non-constant DOS, this is not the case. Here, iterations are repeated until the
DOS and self-energy converge to solve for the self-consistent effect of the EPI on the
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DOS. We accomplish this through numerical integration [47, 54]. Without including
iterations, the analytical forms of the interacting DOS (equations (2.10) and (3.27))
will have structure around the bandwidth limits that disappear in later iterations.
Our focus has been on identifying low energy effects, as the approximations we employ do not apply at high energy. Despite this, renormalization of the DOS at low
energies will be shown to be influenced by state shifts from near the bandwidth to
lower energies. Once the converged Im Σ and Re Σ are found, the optical conductivity
in the presence of an iterated self-energy can be determined by simply updating the
self-energy in the spectral functions of the conductivity formula.

4.1.1

Graphene with Iterated Self-Energy

The iterated results of graphene’s self-energy are displayed in figure 4.1. We arrive
at convergence within 8 iterations, though this can depend on the initial parameters used. We once again return to using accepted values to quantify the effects on
graphene of ωE = 0.2 eV, WC =7.0 eV, and λ = 0.2 eV. In this case the black dashed
curve shows the bare DOS, the blue curve represents the non-iterated analytical results from figure 2.4, and the red curve represents the self-energy and DOS iterated
to convergence. As we saw for both graphene (figure 2.4) and the 3D Dirac cone
(figure 3.4), phonon structure in the DOS and Σ is suppressed in the µ0 < ωE case,
so we will focus on µ0 > ωE . A striking feature is the appearance of further logarithmic kinks at multiples of the phonon frequency, ωE = 0.2 eV, as indicated by the
colour coded arrows on the plots. Structure that appears in the DOS will also appear
in Im Σ(ω) as it reflects the DOS [47]. A returning characteristic feature of this µ0
regime is the fact that the Dirac point has been lifted as we saw in chapter 2. In
the region −ωE < ω < ωE , renormalization should be zero, however, to perform numerical iterations, we must broaden the scattering rate, Im Σ(ω) by a small residual
scattering, η = 0.25 meV. This removes the zero points of Im Σ(ω), in turn producing
slight renormalization between −ωE < ω < ωE .
Our focus can now shift to analysing the effect of iterations on the optical conduc61

Figure 4.1: Self-energy (SE) and DOS of graphene for µ0 = 0.3 eV. Bare DOS shown
in black dashed curve, with non-iterated values in blue and converged values in red.
Arrows are colour coded to show structure due to phonons appearing at multiples of
the phonon energy ωE .
tivity, shown in figure 4.2. We see that, when we include an iterated self-energy, the
Drude peak at low energies is the same value, suppressed in spectral weight from the
bare case by (1+λ). The Holstein sideband still rises at the phonon value ωE = 0.2 eV,
but dips down very slightly at 2ωE = 0.4 eV (indicated by arrows on the plot) before
rising at the absorption edge. This secondary kink is a result of iterations. The absorption edge of the iterated case is also seen to advance to slightly smaller Ω than the
non-iterated case. This indicates further renormalization of the chemical potential.
We can look at the interband and intraband contributions of the conductivity
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Figure 4.2: Optical conductivity of graphene with iterated Σ (red) for µ0 > ωE . Bare
conductivity shown as dashed curve, and the interacting response with an analytical
self-energy is shown in blue.
separately to see how the iterated Σ influences these excitation regimes. We do so in
figure 4.3. Optical conductivities including iterated Σ(ω) are shown as solid curves
and the non-iterated analytical formula for Σ(ω) (equations (2.12) and (2.13)) as
dashed curves. In this case the intraband (red) curves, add with the interband (blue)
curves to produce the total conductivity (black). At ω = 2ωE , we see additional
kinking in the interband regime that changes our total structure. This is not seen
at the same spot in the intraband regime. The intraband component remains mostly
similar, although the Drude peak is seen to grow almost indistinguishably in strength
due to iterations, while the bulk of the intraband Holstein sideband has been slightly
suppressed when compared to the non-iterated, analytical result.
These diagrams show us that at low energies, while there are slight changes, we
have good agreement between our iterated and non-iterated results for Σ(ω) and σ(Ω).
Since our models are only accurate at low energies, the agreement we observe points
to the validity of using the non-iterated, analytical Σ represented by equations (2.12)
and (2.13).
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Figure 4.3: Optical conductivity of graphene with iterated (solid) Σ, and non-iterated
(dashed) Σ. The interband regime (blue curve) and intraband regime (red) are separately displayed as well as their sum (black). For this case µ0 =0.3 eV.

4.1.2

3D Dirac Cone with Iterated Self-Energy

We will now consider the 3D results. In the 3D regime, it takes approximately 16
iterations to reach convergence depending on the initial parameters used. Again we
use a bandwidth, WC = 2 eV, an Einstein phonon frequency of ωE = 0.2 eV, and a
mass renormalization parameter, λ = 0.35 to display our results. We show the results
of µ0 > ωE in figure 4.4. In this case, the analytical results are represented in blue
(equations (3.25) and (3.26)), and the iterated, converged results are shown in red.
We have indicated the bare DOS in the third frame as a dashed black curve. As
before, we see structure appearing at multiples of ωE due to the inclusion of an iterated Σ. We see lifting of the Dirac point in the DOS at ω = −µ that persists across
iterations. λ, indicated by the slope at Re Σ(ω = 0) is seen to increase slightly. As λ
should remain unchanged, this can be attributed to the numerical evaluation including the additional broadening parameter, 0.25 meV, which, as for calculations with
graphene, shifts Im Σ(ω) to avoid singularities that may otherwise be encountered.
The iterated scattering rate, Im Σ(ω), is seen to increase greatly for |ω| > ωE . In
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Figure 4.4: Self-energy and DOS of 3D Dirac cone for µ0 = 0.3 eV. Bare DOS shown
in black dashed curve, with non-iterated values in blue and converged values in red.
Phonon structures at multiples of the phonon frequency ωE are indicated by colour
coded arrows.
the DOS we once again see structure appearing at multiples of the phonon frequency.
While the logarithmic singularities encountered due to the EPI are similar in strength
to the graphene case, we notice that the degree of renormalization to the DOS for
the iterated case is greater than for graphene.
Next we can determine changes to the optical conductivity when we include iterations. In figure 4.5, we show the bare result for µ0 = 0.3 eV as a dashed black curve,
with the solid blue curve representing the response with an analytical Σ, and the red
curve representing the response with a self-energy iterated to convergence. As in the
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graphene case, we do not see considerable changes in the Drude peak representing the
intraband transitions, expected due to the fact the scattering rate, Im Σ(ω) is zero
near F (at ω = 0), where intraband transition processes occur. We see that the shift
of the absorption edge to smaller Ω is the most heavily altered feature. This is tied to
the fact that Re Σ(ω = 0) increases as it approaches convergence. Additional kinking
in the Holstein sideband once again appears at 2ωE = 0.4 eV. The interband region
otherwise does not show much change.

Figure 4.5: Optical conductivity of 3D Dirac cone with iterated Σ (red) for µ0 > ωE .
Bare conductivity shown as dashed curve, and analytical non-iterated Σ shown in
blue, where µ0 = 0.3 eV.
We decompose the transitions in the optical conductivity once again. This is
shown in figure 4.6. Relative to the 2D case, iterations on the 3D Dirac cone have
a greater effect on the separate contributions. Again solid curves indicate iterations
and dashed curves indicate the bare, non-iterated result. The black curve represents
the sum of the intraband (red) and the interband (blue). As mentioned earlier, the
intraband component is mostly unaffected; although spectral weight increases relative
to the non-iterated case above a value of 2ωE = 0.4 eV. In the range of ωE < Ω < 2ωE ,
the intraband iterated Holstein sideband is suppressed as it was for graphene, and for
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Ω > 2ωE , it is slightly enhanced. The interband contribution experiences considerable
renormalization at the absorption edge, where the additional kink seen for graphene
at 2ωE is compressed in the 3D case due to the amount Re Σ(ω = 0) renormalizes
the chemical potential. Instead of a kink at 2ωE , the Holstein side band ends and the
absorption edge rises. The Holstein sideband is shown to no longer reflect the linear
interband trend seen in the non-iterated results.

Figure 4.6: The interband and intraband optical conductivity of a µ=0.3 eV doped 3D
Dirac cone including interaction with an Einstein phonon of ωE = 0.2 eV. Intraband
(red) and interband (blue) are summed to make the dashed black curve.

4.2

Comparisons

In this section we will directly compare the effects of the EPI between 2D and 3D
Dirac cones. In this case we use the exact same parameters so that the differences we
see can be entirely attributed to additional dimensionality.
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4.2.1

µ0 < ωE Behaviour

A clear indicator of the difference dimensionality plays on the strength of the EPI
is the case of µ0 < ωE . For our 3D Dirac cone, we show in figure 4.7 the optical
conductivity with a non-iterated, analytical self-energy, shown in blue, while the
iterated response is in red. The bare case is shown as a dashed black curve. Aside from
clear deviation from the non-interacting conductivity, there are no distinguishable
features of the EPI (such as the Holstein sideband) visible.

Figure 4.7: Optical conductivity of 3D Dirac cone with iterated Σ (red) and noniterated Σ (blue) for µ0 < ωE . Bare conductivity shown as dashed curve. In this case
WC = 2.0 eV, µ0 = 0.1 eV and λ = 0.35.
We contrast this with the 2D Dirac cone in figure 4.8. Once again, the black dashed
curve is the bare case with the iterated response in red and the analytical, non-iterated
response in blue. We see prominent structure showing up in the optical conductivity
as a kink at ωE , the phonon frequency. This structure has been completely wiped out
in the 3D case. Iterations are also seen to have a larger effect in the 3D case. This is
seen as a greater degree of change between the non-iterated and iterated results for
the absorption edge and the changes to the spectral weight of the interband above
2µ.
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Figure 4.8: Optical conductivity of graphene with iterated Σ for µ0 < ωE . Bare
conductivity shown as dashed curve. In this case WC = 2.0 eV, µ0 = 0.1 eV and λ =
0.35. Kinks due to the EPI are indicated at ωE .
To explain the origins of this additional structure in the 2D optical response with
an EPI, we proceed to decompose the interband and intraband contributions. As we
have before, we could also decompose the optical conductivity of our 3D Dirac cone
for µ0 < ωE . This will not be shown in this work as the 3D case plot truly shows no
signs of the Holstein sideband of any kind at ωE .
Comparing this to the 2D Dirac cone in figure 4.9, we see obvious imprints of
the Holstein sideband in both the intraband (red) and interband (blue) curves at
ωE = 0.2 eV. This again raises an important point in characterizing the EPI in 3D
systems, which is the EPI will not always have a clearly distinguishable influence
on the optical conductivity. Despite the fact we have chosen parameters for the 3D
case which overstate the phonon frequency, ωE , integrating over the third dimension
severely reduces visibility of additional structure such as kinks, which indicate an
EPI.
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Figure 4.9: Optical conductivity of 2D Dirac cone with iterated Σ for µ0 < ωE . Bare
conductivity shown as black curve made of sum of intraband (red) and interband
(blue). In this case WC = 2.0 eV, µ0 = 0.1 eV and λ = 0.35. Kinks due to the EPI
are indicated at ωE .

4.2.2

Coupling Strength

When modelling a phonon interaction based on experimental data, the mass renormalization parameter, λ, is determined based on the slope of Re Σ(ω) at ω = 0 as in
equation (2.14). Without experimental determination of coupling constants to scale
the strength of the self-energy for the 3D case, we declare a λ and determine the
constants which scale the self-energy. In this section we test the dependence of λ(µ0 ).
To do so, we set a common undoped value of λ(µ0 = 0) = 0.35 for both the 2D and
3D Dirac cones.
Figure 4.10 compares λ(µ0 ) for 2D and 3D Dirac cones. In the 2D case λ grows
linearly for increasing µ0 , while in the 3D case we see that the rate of change of λ
increases. Another point of interest is the effects that renormalization can have on
vF , the Fermi velocity. We recall that vF is determined as:
vF =

1 ∂Ek
~ ∂k
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,
kF

(4.3)

and that for the 2D and 3D Dirac cone it can be approximated as:
vF
.
1+λ

vF∗ =

(4.4)
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Figure 4.10: Dependence of mass renormalization parameter λ on µ0 for the 2D Dirac
cone (red) and 3D Dirac cone (blue).
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Figure 4.11: Renormalization of vF due to dependence of λ on µ0 for the 2D Dirac
cone (red) and 3D Dirac cone (blue).
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In figure 4.11 we compare the 3D Fermi velocity renormalization to that of the
2D system. While vF for graphene decreases linearly for increasing µ0 , the 3D Dirac
cone is seen to increase in slope once more. The behaviour shown reflects the imprint
the energy dependence of the DOS leaves on the self energy. With the number of
states available increasing as you move away from the Dirac point, it is expected that
a greater chemical potential would lead to a greater effect on the system due to the
EPI.

4.2.3

Spectral Weight Distribution

In equation (1.43), we define a tool which allows us to verify spectral weight has
been redistributed properly as compared to the bare case. In the case of graphene,
it was deemed that the spectral weight was conserved through redistribution [47].
In fact, for systems which include interactions, we do not expect full conservation
of optical weight between the non-interacting and interacting optical conductivity
regimes. The total optical sum is found to be a constant, independent of factors such
as interactions, impurities, or temperature. However, when looking at a subset of the
full band structure including a finite dispersion and/or bandwidth, this will no longer
be conserved [61, 62]. This is contrary to the case where integration over the DOS
yields the same number, be it with the iterated Σ, the analytical Σ or in the bare
case. To look at the optical spectral sum we begin by repeating its form [35]:
I=

Z ∞
0+

σxx (Ω)
dΩ,
σ0

(4.5)

where σxx is the longitudinal optical conductivity and σ0 is graphene’s interband
background constant. Despite the fact spectral sum values are not conserved when
including interactions, the sum can be a useful tool to determine if there are any large
issues with the previous calculations. We expect the values between the iterated and
non-iterated results should be fairly close, as the interacting optical conductivity has
been renormalized from the original case. We use this tool to make sure there are no
significant departures in the proposed theory.
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In graphene, suppression of the Drude peak and background interband conductivity are said to account for the shift of the absorption edge to smaller Ω and the
appearance of the Holstein side band [47]. However, in the 3D interacting optical
conductivity, the interband contribution always exhibits a response above the bare
case. Thus, it is not clear how we account for this additional spectral weight. In the
following paragraphs we will repeat the optical spectral weight distribution analysis
for the full bandwidth for both the 2D and 3D systems to ensure that the behaviour
in the interband regime for the 3D case is correct.
In figure 4.13, we see the iterated (red) and non-iterated analytical results (blue)
for the optical conductivity and DOS of the 2D Dirac cone. This is expressed over
a reduced bandwidth compared to graphene to match the parameters used to characterize our 3D Dirac cone. The bare case DOS and optical response are shown in
dashed black. The DOS shows that states near the bandwidth are smeared outside
the originally proposed limits, indicated by a green arrow. In our optical conductivity,
this translates to response past the limit of 2WC = 4.0 eV. The optical conductivity
with a non-iterated Σ (blue) has odd behaviour before it dips down to 0 which can
be attributed to large blocks at the renormalized bandwidth, shaded in cyan. These
features in the DOS disappear as we reach convergence. Increased smearing about
the bandwidth due to iteration translates into an optical conductivity which tends to
higher energies. Integration of the 3 curves shown here (equation (4.5)) yields optical
sums within 0.5% of each other.
When we look at the 3D system in figure 4.12, we see much a higher degree of
spectral weight shifts. In this case, the linear interband regime is heavily suppressed
towards the bandwidth limits, indicated by an orange arrow. This means that the
states shifted towards the middle of the DOS will greatly increase the rate of interband transitions at intermediate Ω, up to the point the DOS falls beneath the bare
curve. As before, blocky structure at high energies in the DOS for the non-iterated
analytical self-energy results (blue) creates structure in the optical conductivity which
is smoothed out through iterations, covered in a shaded cyan box.

In the optical

conductivity, the displaced spectral weight shifts to: Ω > 2WC , the Holstein side73

band, the absorption edge which has moved to smaller Ω, and to the low frequency
interband regime. Integration of these curves shows that spectral sum is maintained
within reasonable limits, with final integration values within 2% of each other.

Figure 4.12: Optical conductivity (a) and DOS (b) of 3D Dirac cone with iterated
Σ for µ0 < ωE over full bandwidth range. are conductivity shown as black dashed
curve, with iterated Σ in red and non-iterated analytical Σ in blue.
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Figure 4.13: Optical conductivity (a) and DOS (b) of the 2D Dirac cone with iterated
Σ for µ0 < ωE over full bandwidth range. Bare conductivity shown as black dashed
curve, with iterated Σ in red and non-iterated analytical Σ in blue.
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Chapter 5
Conclusion
In this work, we have calculated the effect of the EPI for graphene and a 3D analogue
of the 2D Dirac cone, sharing a linear dispersion. When considering ordinary metals
√
in which the DOS scales as , the DOS is found to be nearly constant in the range
of the phonon energy. In this case the EPI does not influence the DOS. When we
consider graphene and the nature of the Dirac cone, we see that the DOS is linear in
the range of the phonon energy. As a result, the interacting DOS reflects structure
due to the EPI. This is also found in the case of a 3D Dirac cone, where a quadratic
DOS once again varies a great deal in the range of the phonon energy.
By assuming a Holstein EPI with varied chemical potential, we have shown how
the DOS, optical response, and dispersion are modified by the EPI. Further we iterated the electron self-energy due to the EPI to determine the converged results.
Established results that had previously been explored in graphene [47] were contrasted with the 3D Dirac cone. In this work we focussed on looking at a singular
Einstein phonon spectrum.
As was seen in the graphene case, the DOS for the 3D case picked up additional
structure at ±ωE , the phonon frequency, but unlike graphene, the quadratic DOS
lead to a quadratic Im Σ and renormalized DOS. This is expected as Im Σ(ω) reflects
the structure of the DOS. For the optical response in both cases, we saw the appearance of a Holstein sideband opening at the phonon frequency. In the non-iterated
curves for the 3D optical conductivity where µ0 > ωE , the Holstein sideband exhibits
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a linear trend much like the interband transition regime does. Additionally, we saw
suppression of the Drude peak and the shift of the absoprtion edge to smaller Ω, due
to renormalization of chemical potential, µ0 by Re Σ(ω). For completeness we also
studied the iterated results including a fully converged DOS. While heavy renormalization occurred in our iterated results at high energies, the low energy response is
represented very well with the non-iterated result, although deviations are greater in
the 3D case. Since we have used approximate low energy models of these materials,
this is evidence that the iterated effects can be ignored, as the models strictly apply
to low energy.
When compared with identical parameters, the 2D and 3D systems were found
to be similar in degree of renormalization. The most stark difference was the lack of
visibility of the Holstein side band in the 3D case for µ0 < ωE . Even using parameters
which heavily exaggerated the EPI, features in the optical response did not appear
with the same strength they did in the case of graphene. In fact, while renormalization to vF is approximated well by vF∗ = vF /(1+λ) for both systems, approximate
renormalization of µ and the spectral weight of the Drude peak can no longer be
corrected with the same approximation.
Steady progress is being made in identifying and characterizing 3D Dirac and Weyl
semimetals, and we hope their optical responses are experimentally probed soon. This
study may prove useful at that time, providing fingerprints of the EPI for 3D Dirac
cones.
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