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Part I: Relativistic hydrodynamic turbulence has both direct applications, such as in
astrophysical jets or accretion, and indirect ones, such as in the fluid-gravity correspondence.
We clarify and extend some recently derived [1] scaling relations in relativistic hydrodynamics
to 2 + 1 dimensions. We also perform simulations in an effort to measure the relations we
have derived. Due to statistical difficulties, the numerical results are inconclusive.
Part II: Electromagnetic counterparts to gravitational wave signals provide an opportunity to probe physics under extreme conditions, but a phenomenological understanding is
currently lacking. We simulate a rotating neutron star with the magnetic field of two offset
dipoles, similar to dipolar binary merger scenarios, in order to measure the Ω-dependence
of the luminosity. We find Ω3.82±0.10 and Ω4.20±0.27 for the aligned and anti-aligned cases, respectively. These values are commensurate with dimensional estimates, but incommensurate
with the values reported in [2].
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Part I
Scaling relations in 2+1 dimensional
relativistic turbulence

1

Chapter 1
Introduction
Turbulence is a ubiquitous phenomenon displayed in fluid flows in particular regimes which
play a key role in many physical scenarios. At a broad level, the characteristics of turbulence
take place when non-linear interactions dominate over dissipative effects (the so-called high
Reynolds number regime). A deeper understanding of this phenomenon would impact a
broad range of areas like weather dynamics, astrophysical processes, aerodynamics, etc.
Despite a long history of research on this problem, a full understanding of turbulence remains
elusive.
Making this enterprise difficult are turbulence’s chaotic nature, the flow of energy towards smaller or larger wavelengths, and its complex underlying non-linear nature. Some
seminal works and textbooks on the subject can be found in [6–11]. These issues make it
difficult to formulate a deterministic approach to describe it. Consequently, the analytical
study of fluid turbulence has traditionally been performed through dimensional and statistical arguments, often assuming as many statistical symmetries as could exist. These
include rotational, parity, and translational invariance, as well as stationarity. Additionally,
numerical and physical experiments provide important clues as to the extent to which such
analytical results are robust with respect to departures from these simplifying assumptions.
To date, the majority of our understanding of fluid turbulence is furthermore restricted to
the non-relativistic, incompressible case described by the Navier-Stokes equation. Extending such understanding to the relativistic regime is delicate as it is not possible to define
rigid structures in relativity; the relativistic regime is necessarily also a compressible regime.
Nevertheless, many applications of interest naturally require considering relativistic hydrodynamics. Examples include astrophysical fluid flows [12], as well as applications of the
fluid/gravity correspondence [13, 14]. This correspondence indicates that the behaviour of
large black holes in asymptotically Anti-deSitter spacetimes disturbed by long wavelength
perturbations can be studied by considering relativistic hydrodynamics.
In the present work, we add to a handful of steps already made in this exciting direction
[1, 14–18]. In part, we build upon previous work by Fouxon and Oz [1], who derived some
scaling relations for relativistic hydrodynamic turbulence. We do this first by presenting
an alternative derivation of the same scaling behaviour - with weaker assumptions - for the
specific case of a special-relativistic conformal perfect fluid, and present some useful remarks
regarding the non-trivial case of when the spatial dimension d = 2. Secondly, we perform
numerical simulations of forced turbulence of this fluid on a toroidal spatial domain, with the
2

Figure 1.1: Humphrey Bogart smoking a cigarette. Note the transition of the smoke from
ordered to chaotic, turbulent flow.
full spacetime topology being given by T 2 × R. We successfully measure the aforementioned
scalings in a mildly relativistic regime where the traditional quantities exhibit departures
from the non-relativistic, incompressible expectations.
In this work, {a, b, c...} will be spacetime indices, while {i, j, k...} will be purely spatial.
We use the metric signature (−, +, +, +), and we will either denote spatial vectors with a
bold symbol r or with index notation ri , where appropriate. Repeated indices will denote
sums over those indices, and in the discussion of non-relativistic results all indices will be
lowered since there are no ambiguities in that case. Furthermore, square brackets [.] will
be used in Sec. (2.5) to refer to a quantity’s units. Angle brackets h.i will denote ensemble
averages except in Sec. (2.2). Finally, we use units in which the speed of light c = 1.
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Notation Key
Symbol

Description

a, b, c, ... (indices)
i, j, k, ... (indices)
u, ui , vi
d
ua
ν, α, β
ψ
ρ, p
ω, ω
f, f
fa , Fa
E, P
E(k)
Ω
h.i
ν , η ν
Lf , Lα , Lν
k
, η
δvk , δv⊥
Sn
ηab , gab
g
Tab , Fab
δba
c, cs
γ
r, ri
D, Si ,
tLC , Lbox
T, L (indices)
U/U, U/D
L
E, B
Φ
P2
R, M , P
G
e, me
Ja , j
µ
σ
BLC , RLC
Φ2

Spacetime indices 0 . . . d
Spatial indices 1 . . . d
Fluid 3-velocity
Number of spatial dimensions
Fluid 4-velocity
Kinematic viscosity, friction coefficient, forcing strength, respectively
Stream function
Fluid density, pressure, respectively
Vorticity in 2D, 3D, respectively
External force 3-vector
External force 4-vector, friction 4-vector, respectively
Average specific energy, palinstrophy, respectively
Isotropic spectral density of specific energy
Average specific enstrophy (Ch. (2)), rotation frequency (Part II)
Spatial average or ensemble average (context is explicit)
Average specific energy/enstrophy dissipated by viscosity, respectively
Forcing, friction, and viscous length scales, respectively
Magnitude of wavevector
Isotropic specific spectral energy/enstrophy flux, respectively
Velocity difference in directions parallel and perpendicular to r
Velocity structure function of order n
Minkowski metric, general spacetime metric, respectively
Determinant of general spacetime metric
Energy-momentum tensor and Maxwell tensor, respectively
Kronecker delta
Speed of light and speed of sound, respectively
Lorentz gamma factor
Separation 3-vector
Conservative variables
Light-crossing time and linear box size, respectively
transverse, longitudinal directions, respectively
‘Up/Up’ and ‘Up/Down’ magnetic field configurations, respectively
Electromagnetic luminosity
Electric and magnetic fields, respectively
Electrostatic potential
Legendre polynomial of 2nd degree
Star’s radius, mass, rotational period, respectively
Newton’s gravitational constant
Electron charge and mass, respectively
Electromagnetic 4-current and 3-current, respectively
Magnetic dipole moment
Resistivity of medium
Magnetic field strength and radius of the light-cylinder
Newman-Penrose complex radiative scalar

Table 1.1: A summary of the notation used in this dissertation.
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Chapter 2
Incompressible fluid turbulence
In this chapter, we review some pertinent material regarding turbulence in the incompressible
Navier-Stokes case.

2.1

Equations of motion

The majority of the study of fluid turbulence is in the context of non-relativistic, incompressible fluids at small but non-vanishing viscosity. The equation of motion of interest is
called the Navier-Stokes equation which encapsulates the local conservation of momentum.
It reads as follows:
∂t u + (u · ∇) u = − (1/ρ) ∇p + ν∇2 u + f ,

(2.1)

where ρ is the constant, uniform mass density, ν is the kinematic viscosity, and f is an
external driving force. In 2D, a linear friction term −αu, with α ≥ 0, also appears on
right right-hand side of Eq. (2.1). Such a term is motivated physically by envisioning the
2D flow as being embedded in a 3D world, thereby possibly experiencing a frictional force
opposing the flow (one imagines a thin layer of fluid flowing on the surface of a table). The
friction term in 2D can be regarded as coming from the viscous term in 3D. To elaborate,
consider a flow in the x−direction with free and fixed planar boundaries located at z = h and
z = 0, respectively. With u = ux̂, the boundary conditions we impose are u(z = 0) = 0 and
u(z = h) = umax . It has been experimentally observed (see, for example, [19]) that thin fluids
flowing on a fixed surface behave closely to Poiseuilles flow, meaning that the z−dependence
of the flow velocity has the quadratic form given by u(z) = umax z(2h − z)/h2 . Thus, by
applying the z−derivatives in the 3D viscous term we obtain ν(∂x2 + ∂y2 )u − (2νumax /h2 )u.
Here we identify α ≡ 2νumax /h2 , thereby obtaining 2D viscous and friction terms from the
3D viscous term. Notice that as the free surface located at z = h moves closer to the fixed
surface at z = 0, the friction increases, agreeing with intuition.
The local conservation of mass, expressed through the continuity equation, reduces to a
simple constraint for incompressible fluids. The equation reads
∂t ρ + ∇ · (ρu) = 0,

5

(2.2)

which for ρ = constant reduces to
∇·u=0

(2.3)

Thus, for ease of notation we will henceforth work in units where ρ = 1.
In 2D, a divergence-free vector field can be written as a certain kind of derivative of a
scalar field. This scalar field is known as the stream function ψ(x, t). In terms of this field, the
fluid velocity is given as u = (∂y ψ, −∂x ψ). One can see by inspection that the commutivity of
partial derivatives ensures that this quantity is divergence-free. The evolution of the system
under incompressible conditions therefore reduces to the evolution of a single scalar field.
This allows for a reduction of Eq. (2.1) (with friction) to a single equation by taking its curl.
Denoting the vorticity as ω = ∇ × u = −∇2 ψ (a scalar in 2D), this procedure gives
∂t ω + (u · ∇) ω = ν∇2 ω − αω + f ,

(2.4)

where f = ∇ × f .

2.2

Inviscid global invariants

In this section, we seek to derive the equations governing the time-evolution of the mean
energy and mean enstrophy of a fluid, denoted E and Ω, respectively. The derivations given
here largely follow [11].
Since the role of the mass density ρ is unimportant for the incompressible conditions
being considered, both of these quantities shall be understood to be per unit mass. Thus,
these quantities are defined as
v 2 /2 ,
ω 2 /2 .

E ≡
Ω ≡

(2.5)
(2.6)

For mathematical convenience we impose square periodic boundary conditions with a periodicity length L. The (physically realistic) non-periodic cases can be recovered by taking
L → ∞. We shall denote spatial averages over the periodicity box with angular brackets, so
that for an arbitrary L-periodic function f , we have
Z
1
f (x)d2 x.
(2.7)
hf i = 2
L box
Lastly, repeated indices denote sums.
We now prove some useful results for functions in our L-periodic space. Periodicity allows
use to conclude that
Z L
1
h∂i f i =
[f (xi = L, xj ) − f (xi = 0, xj )] dxj
L2 0
= 0.
(2.8)
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This fact, combined with integration by parts, allows us to conclude the following:
h(∂i f )gi = − hf ∂i gi
h(∂i ∂i f )gi = − h(∂i f )(∂i g)i .

(2.9)
(2.10)

hui ∂j ∂j vi i = h∂j (ui ∂j vi ) − (∂j ui )(∂j vi )i
= − h(∂j ui )(∂j vi )i ,

(2.11)

Furthermore,

where we used Eq. (2.8) in the last line. Note that
(∇ × u) · (∇ × v) = (ij ∂i uj )(mn ∂m vn )
= (δim δjn − δin δjm )(∂i uj )(∂m vn )
= (∂i uj )(∂i vj ) − (∂i uj )(∂j vi ).
If the vector field v satisfies ∂i vi = 0, then upon averaging this relation becomes
h(∇ × u) · (∇ × v)i = h(∂i uj )(∂i vj )i − h∂i (uj ∂j vi )i
= h(∂i uj )(∂i vj )i ,
where we used Eq. (2.8) in the last line. Substituting this into Eq. (2.11) gives our intended
result,
hui ∂j ∂j vi i = − h(∂i uj )(∂i vj )i

(2.12)

for ∂i vi = 0. In the following derivations, we shall make use of Eqs. (2.8)–(2.10) and (2.12).
We begin with the unforced, frictionless, incompressible Navier-Stokes equation written
in index notation,
∂t ui + uj ∂j ui = −∂i p + ν∂j ∂j ui ,

(2.13)

with ∂i ui = 0. Multiplying by ui gives




1
1
∂t
ui ui + ∂j
ui ui uj = −ui ∂i p − νui ∂j ∂j ui .
2
2
We used incompressibility to obtain the 2nd term on the left-hand side. By taking the
average h.i of this equation, the 2nd term vanishes due to Eq. (2.8), while the 3rd term
vanishes due to both Eq. (2.9) and incompressibility. The 4th term, by Eq. (2.12), becomes
ν hui ∂j ∂j ui i = − h(∇ × u) (∇ × u)i
= − ω2 .
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(2.14)

Thus, we obtain
dE
= −ν ω 2
dt
= −2νΩ ≡ −ν (t),

(2.15)

which is our first result. Here, ν denotes the energy dissipated by viscosity.
For the evolution of Ω, we begin instead with the unforced, frictionless vorticity equation
written in index notation,
∂t ω + ui ∂i ω = ν∂i ∂i ω.

(2.16)

Multiplying this by ω and taking the average gives


1 2
∂t
ω + hω∂i (ui ω)i = −ν (∂i ω)2 ,
2
where we used Eq. (2.10) on the last term. Note that, by Eq. (2.9), the 2nd term is equal to
− h(∂i ωui )ωi and therefore must vanish. Thus, defining the mean palistrophy P = h(∂i ω)2 /2i
gives
dΩ
= −2νP ≡ −ην (t),
dt

(2.17)

which is the last result of this section. ην denotes the enstrophy dissipated by viscosity.

2.3

Dissipation anomalies

Eqs. (2.15) and (2.17) tell us that the mean energy and enstrophy are conserved if ν = 0,
i.e. if the fluid is perfect (also called ideal ). However, the conservation of these quantities in
the limit of small ν does not necessarily follow. When such a quantity is conserved for ν = 0
but not conserved for arbitrarily small ν, this fact is referred to as a dissipation anomaly.
We explore this in the current section.
For viscous 2D fluids, if the mean palinstrophy does not vanish, then by Eq. (2.17) and
the fact that ν, P > 0, the mean enstrophy Ω will decrease with time. This means that Ω will
be bounded from above for all t > t0 if it is initially finite at t0 . Thus, a vanishing ν cannot
be compensated for by a commensurately growing Ω on the right-hand side of Eq. (2.15),
and so the mean energy is indeed conserved in 2D in the limit of small ν. On the other
hand, there is no a priori reason why vorticity gradients should be bounded from above for
arbitrarily small ν. In fact, as we will see in the next section, there is a dynamical reason to
believe that there exists an enstrophy dissipation anomaly in 2D.
In 3D, there is an additional term (ω · ∇) u on the right-hand side of the vorticity
equation, giving
∂t ω + (u · ∇) ω = (ω · ∇) u + ν∇2 ω − αω + ∇ × f .
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(2.18)

This term is known as the vortex stretching term, since on average it acts to elongate vortices
along the direction parallel to the vorticity vector [20]. It is absent in 2D since the vorticity
is always normal to the surface, a direction in which no derivatives can be taken (or, if in
an approximately 2D scenario, the derivatives of the velocity in that direction are negligible). Since the fluid elements are incompressible, this elongation must be compensated by a
compression in the other directions, thus increasing the enstrophy (imagine a tornado being
stretched towards the ground, becoming increasingly pointed).
In 3D, the vortex stretching term gives rise to a source on the right-hand side of Eq. (2.17),
meaning that Ω can no longer be argued to be bounded from above. As a result, the limit
of vanishing ν in Eq. (2.15) does not guarantee a vanishing energy dissipation. In fact,
there is considerable experimental and numerical evidence to suggest that there is finite
energy dissipation in the limit of vanishing ν (see [11] and references therein). This is called
the energy dissipation anomaly in 3D. We will see in the next section that there are also
dynamical reasons to believe that the energy dissipation anomaly exists in 3D, but does not
exist in 2D.

2.4

Energy and enstrophy cascades

In this section we show that in 2D, subject to certain assumptions, energy transfers upscale
to longer wavelengths while enstrophy transfers downscale.
Suppose our 2D fluid is in a statistically steady-state maintained by an external force
acting on a scale Lf , while friction and viscosity act on scales Lα and Lν , respectively.
Associated with each of these are energy and enstrophy rates, either injection or dissipation,
denoted by f , α , and ν for the energy rates and ηf , ηα , and ην for the enstrophy rates. A
steady-state requires that these rates are balanced. In symbols, f = α +ν and ηf = ηα +ην .
Here we understand that the quantities on the right-hand side are dissipation rates, whereas
the quantities on the left are injection rates; thus, the signs in these expressions are correct.
Noting that the units of  and η are length2 /time3 and 1/time3 , respectively, dimensionally
the associated length scale is L2 = /η. We will assume that the three length scales are
ordered as Lν < Lf < Lα .
By using the relation L2 = /η, we can rewrite the enstrophy balance as
f
ν
α
= 2 + 2.
2
Lf
Lα Lν
Eliminating f through the use of the energy balance and then isolating for ν /α , we obtain
!
ν
L2ν
L2ν
1
=
− 2
.
(2.19)
2
α
Lf
Lα 1 − (Lν /Lf )2
If we assume that Lν  Lf , then by the ordering of scales we also have that Lν  Lα , and
the right-hand side becomes small. This means that ν  α , i.e. comparatively little energy
is being dissipated by viscosity. Hence, since Lν < Lα , this means energy is flowing upscale,
away from the viscous scale.
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Alternatively, by rewriting the energy balance using the relation L2 = /η, we obtain
L2f ηf = L2α ηα + L2ν ην .
Eliminating ηf through the use of the enstrophy balance and then isolating for ηα /ην , we
obtain
ηα
1 − (Lν /Lf )2
=
ην
(Lα /Lf )2 − 1

(2.20)

Using the earlier condition Lν  Lf as well as the further condition Lα  Lf , the right-hand
side again becomes small, meaning that comparatively little enstrophy is being dissipated
by friction. We infer that enstrophy is flowing downscale, towards the viscous scale.
The ranges of scales L such that Lν  L  Lf and Lf  L  Lα are called the directand inverse-cascade ranges, respectively. Both are also referred to as inertial ranges, since
only the inertial terms in Eq. (2.1) are important there (these are all but the viscous, friction,
and forcing terms).
We can understand the absence of an energy dissipation anomaly in 2D and the presence
of an enstrophy dissipation anomaly as being intimately related to the cascading behaviour
of these quantities. Namely, the fact that energy cascades away from the viscous scale
means that it becomes exceedingly difficult for it to be dissipated by viscosity, especially for
arbitrarily small ν. Enstrophy, on the other hand, will cascade ever closer to the viscous
scale, inevitably reaching it and being dissipated, no matter how small (but non-zero) ν is.
As far as the author knows, whether one views the cascading behaviour as causing dissipation
anomalies or vice versa is a matter of interpretation.
We also mentioned that there is an energy dissipation anomaly in 3D. If this physical
story is accurate, it must mean that energy cascades in the opposite direction than in the
2D case, i.e. towards the viscous scale. This is in fact true. The argumentation given
above fails subtly for 3D: the enstrophy balance ηf = ηα + ην is incomplete since it does
include a contribution from vortex stretching. To see why energy cascades directly rather
than inversely in 3D, a rough argument by Batchelor [21] is appropriate. We will only give
a sketch of the physical reasoning here, since reproducing the details is not in the scope of
this dissertation.
Batchelor [21] performs an analysis of the influence of the inertial and pressure forces
in Eq. (2.1) on the kinetic energy. It is found that these forces act only to transfer energy
among Fourier modes, with no effect on the energy total. In particular, it is observed that
pressure forces tend to spread out energy among modes of different directions with the same
wavenumber, while the inertial forces act to spread out energy among different wavenumbers
with the same direction. Thus, in an averaged sense, such processes will preferentially
transfer energy towards regions of Fourier space with lower energy density. Since viscous
dissipation of energy occurs fastest at small scales, energy will therefore preferentially be
transferred to small scales in order to try to replenish the supply there. In 2D, this reasoning
fails because of the constraint of enstrophy conservation. To see this, suppose we are far
away from the viscous scale so that we need not worry about the anomalous dissipation of
enstrophy for a short time. Suppose further that we begin at time t with some energy E2
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and enstrophy k22 E2 in mode k2 , and there are neighbouring equidistant empty modes k1 and
k2 such that k1 = k2 − ∆ and k3 = k2 + ∆ for some small ∆ > 0. Then at some shortly later
time t0 , when energy has transferred into the neighbouring modes, the energy and enstrophy
balance equations will read
E1 (t0 ) + E2 (t0 ) + E3 (t0 ) = E2 (t)
k12 E1 (t0 ) + k22 E2 (t0 ) + k32 E3 (t0 ) = k22 E2 (t),

(2.21)
(2.22)

respectively. Since k1 < k3 , we see that Eq. (2.22) requires that energy be transferred
preferentially to the lower mode k1 . This is the inverse cascade of energy, once again. The
enstrophy, on the other hand, should be spread out in a manner similar to the energy in 3D
without any constraints like this, thus preferentially moving to small scales where it is being
dissipated most quickly.

2.5

Energy scaling

As mentioned, in 2D turbulence there are two inertial ranges. One is associated with a
constant rate of kinetic energy flow from small to large scales. Because this is the opposite
behaviour with respect to the d > 2 case, this is referred to as the inverse-cascade range.
Another quantity called enstrophy, given analogously to kinetic energy by (1/2)ω 2 (where
ω = ∇ × v is the vorticity, a scalar quantity in d = 2), is associated with the direct-cascade
range. In this range, the rate of enstrophy is not a function of scale, and it moves from
large to small scales, i.e. in the opposite direction as compared with energy. In these ranges,
power-law scaling of the energy spectrum E(k) can be derived by dimensional analysis [3]
as reviewed below.
Consider the total kinetic energy per unit mass, or specific kinetic energy,
Z
E(k)dk,
(2.23)
E=
all k

where the integral is performed over all available wavenumbers (and we assume the result
exists and is finite). Noting that [E] = energy/mass = length2 /time2 and [dk] = 1/length,
we conclude that
[E(k)] =

length3
.
time2

(2.24)

Let us now make the ansatz that E(k) ∝ p k q for some p and q, where  is the rate of kinetic
energy flow per unit mass through the length scale k. In particular, we take (k) = constant
to ensure the calculation is done within the inverse-cascade range. This ansatz gives us an
alternative expression for the units of E(k), namely

p 
q
(length2 /time2 )
1
length2p−q
[E(k)] =
=
.
(2.25)
time
length
time3p
Equating (2.24) and (2.25) gives p = 2/3, q = −5/3. We therefore obtain the Kolmogorov
11

scaling [3],
E(k) ∝ 2/3 k −5/3 ,

(2.26)

in the energy inertial range. This scaling is readily observed in nature in both 3D turbulence,
such as in a jet of air under laboratory conditions [22], and effectively-2D turbulence, such
as in planetary atmospheres [23], which include terrestrial hurricanes and Jupiter’s red spot,
or electromagnetic-layer experiments where a thin layer of electrolyte is externally forced
by magnetic fields [24]. It is also observed in numerical simulations of forced 2-dimensional
incompressible Navier-Stokes turbulence [25].
In the direct-cascade range, we have instead that the rate of enstrophy flow η is not
a function of scale. Note that the units of the enstrophy ω 2 are 1/time2 , and so [η] =
[ω 2 ] /time = 1/time3 . Using an analogous ansatz in this range, E(k) ∝ η p k q , gives
p 
q

1
length−q
(1/time2 )
=
,
(2.27)
[E(k)] =
time
length
time3p
which, upon equating with Eq. (2.24), implies p = 2/3 and q = −3, i.e.
E(k) ∝ η 2/3 k −3 ,

(2.28)

modulo a subtle logarithmic correction (see [3]). This scaling has been observed, simultaneously with the 5/3-scaling in, for instance, 2D turbulence in a soap film experiment [26] and in
numerical simulations of forced 2-dimensional incompressible Navier-Stokes turbulence [27].

2.6

Velocity structure functions

Another classic result in the theory of turbulence is the scaling of velocity structure functions
in the inertial ranges. These quantities characterize the statistics of the flow. A velocity
structure function of order n is a Galilean invariant, defined as
* n
+
Y
(v(r) − v(0)) · êi ,
(2.29)
i=1

where each êi is a unit vector oriented in some fixed direction with respect to the spatial
separation r, and the angle brackets, h.i, stand for ensemble averaging. Ordinarily one speaks
only of longitudinal and transverse directions, which are parallel and perpendicular to the
vector r, respectively (see [28]). Notice that the ambiguity in what is referred to as the the
transverse direction is avoided through the assumption of isotropy- and parity-invariance.
Thus, for instance, the purely longitudinal 2nd-order velocity structure function is given by
[(v(r) − v(0)) · r̂]2 ,

(2.30)

whereas the purely transverse one is,
[(v(r) − v(0)) · r̂ ⊥ ]2 ,
12

(2.31)

where r̂ ⊥ · r = 0. As another example, a mixed longitudinal-transverse-transverse 3rd-order
velocity structure function would be
[(v(r) − v(0)) · r̂] [(v(r) − v(0)) · r̂ ⊥ ]2 .

(2.32)

For brevity, let us define δvk (r) = (v(r) − v(0)) · r̂ and δv⊥ (r) = (v(r) − v(0)) · r̂ ⊥ , where we
are now assuming isotropy not only in the use of the notion of transverse but also in regarding
these quantities as depending only on the distance r = |r|, and not on the direction.
One can derive scaling relations for velocity structure functions in non-relativistic turbulence by assuming incompressibility and introducing a statistically homogeneous, isotropic,
random external forcing function. The forcing will have an energy injection rate associated
with it, I . In 2D, one finds in the inverse-cascade range r  Lf orcing that
D
3 E
3
δvk (r)
= 3 δvk (r) [δv⊥ (r)]2 = I r.
2

(2.33)

If we suppose that this relation implies a scaling of the individual velocity differences as
δv ∝ r1/3 , then this immediately implies a scaling for all orders of structure functions Sn (r),
with any mixing between longitudinal and transverse components, given by
Sn (r) ∝ rn/3 ,

(2.34)

where the constant of proportionality might be zero (see Appendix (A.2) for when this can
occur). This general scaling has been found to hold in numerical simulations, for example
in forced 2-dimensional Navier-Stokes turbulence [25], and various experiments for example
in [24, 29, 30]. This is by no means an extensive list. See [3] and the references therein for a
survey of previous work.
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Chapter 3
Relativistic turbulence & conformal
fluids
In what follows we concentrate on special cases within relativistic hydrodynamics. In particular, in the current section we focus on the exactly-inviscid case (perfect fluid) with
conformal invariance. Sections (3.1) and (3.2) focus on perfect fluids understood as smallviscosity limits of viscous scenarios (so that all of the dissipation anomalies are present),
with no conformal invariance assumption.
Consider the energy-momentum tensor of a perfect fluid
Tab = (ρ + p)ua ub + pηab ,

(3.1)

governed by its Lorentz-invariant conservation equation
∂ a Tab = 0,

(3.2)

where a, b, c . . . are spacetime indices ranging from 0 . . . d, with d the spatial dimension.
Recall [31] that conformal invariance of Eq. (3.2) is achieved if and only if Taa = 0
and T ab transforms as T ab → T 0ab = Ω−d−2 T ab under a local conformal transformation of
0
the metric given by gab → gab
= Ω2 (x)gab , where d is the spacetime dimension. The fact
that the conformal factor Ω2 can vary in spacetime is what renders this a local conformal
transformation, rather than a global one. The tracelessness condition with a perfect fluid
gives a simple equation of state,
0 = Taa = (ρ + p)ua ua + pδaa ,
= −ρ − p + (d + 1)p,
ρ
,
=⇒ p =
d

(3.3)

p
a
where
we
have
used
the
convention
u
u
=
−1.
The
sound
speed
is
therefore
c
=
∂p/∂ρ =
a
s
√
1/ d (note c = 1).
We now illustrate how this energy-momentum tensor can have a conformal
weight of
p
−d − 2. To see this, first note that ρ, being a density, goes like 1/ |g| in its metric
dependence. The determinant of the metric in d spacetime dimensions picks up a factor Ω2d
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under a conformal transformation gab → Ω2 gab . Applying the square root to Ω2d shows that
ρ transforms as Ω−d . To see how the velocity must transform, note that conformal invariance
0
0
= Ω2 gab , so we must have that u0a = Ω−1 ua .
u0a u0b = −1. But gab
requires that gab ua ub = gab
Thus, we see by inspection that imposing conformal invariance on the magnitude of the fluid
4-velocity makes T ab transforms as T ab → Ω−d−2 T ab as required.
In this work we concentrate on the d = 2 case by clarifying and extending to d = 2 a
recent derivation of relativistic scaling relations [1], and perform numerical experiments in
an effort to test them. Recall that in the case of Navier-Stokes two inertial regimes could be
identified, corresponding to indirect and direct cascades. This was contrasted to the d > 2
case exhibiting only one (the direct cascade). We saw that the difference is a consequence
of enstrophy being conserved in the exactly-inviscid case. As shown in [32], the special
relativistic analog of the additional conserved quantity is

Z 
1 b
ab
(3.4)
Z=
ω ωab + a ab γdΣ,
2
where ωab = ∂[a ub] is the vorticity 2-form, ab = ua ∇a ub the fluid acceleration , and γ the
Lorentz factor. Numerical experiments presented in [16, 32] confirmed the existence of the
inverse cascading behaviour in the inviscid and viscous cases respectively.
Some relativistic scaling relations, which we will argue hold only for d > 2, have been
presented in [1] involving components of the energy-momentum tensor of the fluid. These
scaling relations are analogous to those already known for velocity structure functions in
non-relativistic turbulence. They are neither Galilean- nor Lorentz-invariant, but they are
at least expressed in terms of natural quantities which are also more directly relevant from
the perspective of the fluid/gravity correspondence. For instance, they do not assume incompressibility and are expressed with respect to quantities directly extractable from the
correspondence [13, 14]. In the following section (3.1), we reproduce the derivation of relativistic scaling relations from [1], specialized to an exact perfect fluid. In section (3.2), we
clarify the role of the energy dissipation anomaly in the derivation, and present a different
derivation specialized to d = 2 which in the Newtonian limit recovers the well-known velocity
scaling behaviour in both the inverse and direct cascades.

3.1

Relativistic scaling relations I: Fouxon and Oz derivation

For the sake of our presentation, we shall now reproduce the derivation of the scaling relations
presented by Fouxon and Oz (2009) for the particular case of relativistic hydrodynamics
described by Eq. (3.5). Our notation, however, will differ: quantities evaluated at the point
r 2 will have a prime, while quantities evaluated at the point r 1 will not have one.
By including a random, homogeneous, and isotropic external forcing term in the equation
of motion, the inertial regime can be explored and the steady-state behaviour of the system
can be revealed. We thus begin with
∂ a Tab = fb .
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(3.5)

and assume a steady-state condition,
∂ 0 hT0i (t)T0i0 (t)i = 0,

(3.6)

with no sum on i. It is worth noting that this condition is stronger than that with a
sum on i, since in the single-point limit it enforces the stationarity of average energy in
separate directions individually, whereas when summing it would enforce the stationarity of
the average total energy. Applying the derivative gives
0 =

∂ 0 T0i (t)T0i0 (t) + T0i (t)∂ 0 T0i0 (t) .

(3.7)

Note that, for Tab = (ρ + p)ua ub + pηab , we write u = γ(−1, vi ), where vi is the spatial
velocity and ua ua = −1 is the timelike sign. Since interchanging the points 1 and 2 amounts
to inverting the spatial coordinate axes, each factor of the spatial velocity vi picks up a
negative sign, thereby leaving the product T0i T0i0 invariant. We can therefore switch points
1 and 2 in the 2nd term of Eq. (3.7) without consequence, giving
0 =
=

T0i (t)∂ 0 T0i0 (t) ,
T0i (t)[−∂ 0j Tij0 (t) + fi0 (t)] ,

(3.8)

where we have used Eq. (3.5) to re-express the time derivative. It is important to stress that
the spatial derivative here is with respect to the coordinates of point 2 (we have denoted
this with a prime, ∂ 0 ). This means that it views functions of r 1 as constant. Thus,
∂20j T0i (t)Tij0 (t) = hT0i (t)fi0 (t)i .
Homogeneity means that these averaged quantities are functions of the separation r ≡ r 2 −r 1
only, so ∂ 0 = −∂ ≡ ∂, where we have simplified the notation with the redefinition of ∂. This
gives,
∂ j T0i (t)Tij0 (t) = hT0i (t)fi0 (t)i ,

(3.9)

where a sum on j is understood. Assuming that r  Lf ≡ the correlation length of the
forcing allows the approximation hT0i (t)fi0 (t)i ≈ hT0i (t)fi (t)i ≡ i , which is now constant
with respect to r. Using the fact that the left-hand side is a gradient and T0i (t)Tij0 (t) is
isotropic (not a function of θ), Eq. (3.9) can be integrated over a disc using Gauss’ theorem.
This yields
T0i (t)Tij0 (t) =

i rj
.
d

(3.10)

This completes the derivation. Assuming instead that r  Lf does not allow one to integrate
Eq. (3.9) without more information, as the result would depend on the details of the forcing
at all scales up to r.
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3.2

Relativistic scaling relations II: the non-trivial case
d=2

In this section we derive the analogous scaling results for d = 2 in both the inverse- and
direct-cascade ranges, and show that linear scaling in the former is robust with respect to
a modest weakening of the steady-state requirement. It will become clear that a weakened
steady-state requirement is relevant, for instance, if the spatial topology of the background
provides an upper length bound.
The consistency of the combination of Eqs. (3.5) and (3.6) in the turbulent regime depends
on the spatial dimension since there is no explicit mechanism for removal of energy from the
system in Eq. (3.5). If we regard the perfect fluid in this case as the zero-viscosity limit
of an imperfect fluid, then one expects an energy dissipation anomaly for d > 2 and thus
Eqs. (3.5) and (3.6) are consistent. This can be understood to follow from the directly
cascading behaviour of the energy; a finite non-zero viscosity, no matter how small, will
produce strong energy dissipation at the viscous scale, and the direct cascade of energy
guarantees that this scale will eventually be encountered. For d > 2, on the other hand, the
inversely cascading energy renders a steady state condition such as Eq. (3.6) inconsistent
in the absence of any mechanism to remove energy at large scales. (It is worth mentioning
that in the high-Mach number regime, it may be possible for large-scale energy to transfer
quickly to small-scales via the formation of a shock, where it would be dissipated. This might
allow the steady-state condition (3.6) to be compatible with Eq. (3.5) in d = 2, though an
energy balance achieved in this way while preserving spatial symmetries might prove to be
contrived).
In addition, if the spatial domain has an upper length bound (e.g. when considering fluid
dynamics on a sphere, torus, or a finite disc such as in an astrophysical accretion scenario),
then energy cannot cascade to arbitrarily large scales and will instead build-up in the longest
modes, leading to a late-time violation of homogeneity and isotropy. The d = 2 case therefore
requires a special treatment, which we give here. We largely follow the strategy presented
in [33].
We begin with Eq. (3.8), but omit the steady-state condition (3.6), and take the singlepoint limit r 2 → r 1 , which due to the above discussion is to be formally understood as
followed by the zero-viscosity limit (see [33]):
∂ 0 T0i2 (t) = 2 hT0i (t)fi (t)i − 2 lim ∂ 0j T0i (t)Tij0 (t) ,
r 2 →r 1

(3.11)

where we have suppressed the explicit dependence on position in the first two terms, since
homogeneity implies that hf (r A )i = hf (r B )i for any pair of points A and B. By regarding
our fluid as an approximation to the case of small but non-zero viscosity, we can motivate
the assumption that T0i (t)Tij0 (t) is smooth at r = 0. This implies that its spatial derivative
vanishes in the r → 0 limit. Thus, defining 0i ≡ hT0i (t)fi (t)i, Eq. (3.11) becomes

∂

0



T0i2 (t)
2
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= 0i .

(3.12)

Consider a form of stationarity, weaker than Eq. (3.6), and consistent in principle with
the lack of removal of energy, which in the Newtonian limit reduces to the stationarity of a
second-order velocity structure function,
D
E
2
0 = ∂ 0 (T0i0 − T0i )2 = ∂ 0 T0i0 + T0i 2 − 2T0i T0i0 .
(3.13)
Homogeneity implies hT0i02 i = hT0i2 i, and we already computed the third term on the righthand side of this equation in Eq. (3.8). This gives
0 = 2∂ 0 T0i 2 − 4 hT0i fi0 i + 4∂ j T0i Tij0 .
Defining hT0i fi0 i ≡ i (r) and using Eq. (3.12) one obtains,
0 = 0i − i (r) + ∂ j T0i Tij0
=⇒ ∂ j T0i Tij0

= i (r) − 0i .

(3.14)

It is worth remarking that if one imposed the steady-state condition Eq. (3.6), it would
imply 0 = 0, which in d = 2 means that there cannot be any injection of energy. If we
augmented Eq. (3.5) with a friction term Fb ,
∂ a Tab = fb + Fb ,

(3.15)

then imposing Eq. (3.6) would instead imply 0 + hT0i Fi i = 0, which is simply the statement
that the energy injected by the forcing is balanced by the energy removed by friction. But
we are not imposing Eq. (3.6) here.
In order to proceed, we must be able to say something about i (r). Classic work by
Novikov [34] showed that, for a divergence-free homogeneous Gaussian random force with
zero mean and correlation function given by
hfi0 (t0 )fj (t)i = Fij (r)δ(t0 − t),

(3.16)

the spatial part of the correlation is given as
Fij = 2 fi vj0

(3.17)

for the incompressible Navier-Stokes equation. The analysis was generalized to the compressible case by S. S. Moiseev et al. [35]. In their analysis, fi is permitted to have a non-zero
divergence. The analysis carries over to the relativistic equation of motion (3.5). Thus, by
assuming Eq. (3.16) for our random external force, we conclude that hT0i0 fj i and hfi0 fj i have
the same spatial statistics.
In particular, we impose that Fij decreases quickly beyond the forcing length Lf , which
is a natural consequence of fi being a random homogeneous isotropic field having power in
a band of wavenumbers centred around kf . Therefore, i (r) also vanishes quickly beyond
Lf , i.e. in the inverse-cascade range where r  Lf . We also impose that fi is divergencefree, implying that Fij = ∂ k Θkij for some appropriate Θkij . This can be seen by first
noting that fi , if divergence-free, can be written in terms of a stream function ψ as fi =
18

ij ∂ j ψ. Thus, fi fj0 = (ik ∂k ψ)(j n ∂n0 ψ 0 ) = ∂k (ik ψ)(j n ∂n0 ψ 0 ) . To relate this to Fij one
simply Rintegrates Eq. (3.16) with respect to time to eliminate the δ-function, then defines
Θkij = dτ (ik ψ)(j n ∂n0 ψ 0 ) , thereby showing Fij = ∂ k Θkij by construction. Furthermore,
isotropy means that Fij is a function of r only, while parity-invariance implies that Fij
has no odd terms in its Taylor expansion in r, so that at short distances one has Fij ≈
Fij |r=0 + (1/2)∂r2 Fij |r=0 r2 with r2 = rk rk . In particular, Fii ≈ 20i + ∂ k ∂k i (r)|r=0 r2 /2 and so
Θjii ≈ 0i rj + ∂ k ∂k i (r)|r=0 rj r2 /8. We will make use of these Taylor approximations in what
follows.
With these chosen properties of our forcing in mind, Eq. (3.14) thus becomes
1
∂ j T0i Tij0 = ∂ j Θjii − 0i ,
2

(3.18)

which integrates under isotropic conditions to
T0i Tij0 =


1
Θjii − 0i rj .
2

(3.19)

This result holds everywhere. In particular, Θjii vanishes in the regime r  Lf , giving
T0i Tij0 ≈ −

0i rj
2

(3.20)

in the inverse-cascade regime. This result has the opposite sign with respect to the d > 2
case, which is a well-known fact reflecting the inversely cascading energy. As a word of
caution, note that the longitudinal velocity structure function is usually written as h(δvL )3 i =
h(vL0 − vL )3 i = hvL vL vL0 i = − hvL0 vL0 vL i. Thus, when comparing Eqs. (3.10) and (3.20) with
the literature, one should be careful to notice which components are evaluated at the point
r and which at the point 0.
Let us now consider the other regime, r  Lf , i.e. the direct-cascade regime. In this
regime, Θjii is well-approximated by its Taylor series. This means that the leading order
term for Θjii − 0i is O(r2 ). In particular,
T0i Tij0

≈

∂ k ∂k i (r)|r=0 2
rj r .
8

(3.21)

Defining εi ≡ ∂ k ∂k i (r)|r=0 gives a slightly cleaner expression,
T0i Tij0 ≈

εi 2
r rj , ,
8

(3.22)

but it remains to identify εi . This result generalizes the well-known cubic scaling in the
direct cascade in 2-dimensional turbulence to the relativistic regime (see [3] for a discussion
of the
Pcubic scaling for Navier-Stokes turbulence in d = 2). Similar to [33], we can identify
ε ≡ i εi with the injection rate of a relativistic quantity whose Newtonian limit is the mean
enstrophy as follows.
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Consider the spatial component of Eq. (3.5),
∂ 0 T0i + ∂ j Tij = fi ,
and apply the 2-dimensional curl to obtain



∂ 0 ik ∂k T0i + ∂ j ik ∂k Tij = ik ∂k fi .

(3.23)

(3.24)

The incompressible Newtonian limit of this equation is simply the vorticity equation. The
right-hand side we identify as the curl of the external force which we will denote as F . For
brevity, let us also define the first two quantities in brackets as ω = ik ∂k T0 i and ω̄j = ik ∂k Tij ,
which gives the suggestive expression
∂ 0 ω + ∂ j ω̄j = F .

(3.25)

We may now proceed to multiply this expression by ω 0 and taking the ensemble average,
giving
 0
ωω
0
∂
+ ∂ j hω̄j ω 0 i = hF ω 0 i .
(3.26)
2
This equation indicates that hF ωi is the pumping rate of the quantity hω 2 /2i, which in the
Newtonian limit is identified as the mean enstrophy. We can relate hF ω 0 i to hf i T0i i in the
following way:

0
hF ω 0 i =
ij ∂j fi (mn ∂n0 T0m
)
ij mn
0
0
=   ∂j ∂n hfi T0m i
0
= −ij mn ∂j ∂n hfi T0m
i

im jn
in jm
0
= − δ δ −δ δ
∂j ∂n hfi T0m
i
n
m 0
m
n 0
= −∂ ∂n hf T0m i + ∂ ∂n hf T0m i
0
= −∂ n ∂n hf m T0m
i,
(3.27)
where a term vanished P
in the last line due to the divergence-free nature of fn . Thus, we
have found that ε = − i ∂ n ∂n i (r)|r=0 , thereby relating the proportionality constant εi in
Eq. (3.22) to the pumping rate of a relativistic quantity hω 2 /2i whose Newtonian limit is
the mean enstrophy, although a more straightforward identification requires summing over
the index i in Eq. (3.22). It is interesting to note that Eq. (3.25) does not describe what is
normally regarded as the relativistic vorticity, even though it has the right Newtonian limit.
Finally, if we used the slightly weaker assumption that ∂ 0 h(T0i0 − T0i )2 i = constant not
necessarily zero, we would clearly still obtain linear scaling in the inverse-cascade range.
Since a forcing with white noise statistics in time produces an injection of energy that is
constant in time [3], these weaker assumptions might hold on a periodic 2D spatial domain,
such as a torus, in the absence of any removal of energy. However, since energy would cascade
towards the longest available length scale, anisotropy would grow as energy condensates into
the lowest mode (see Appendix (A.3) for a numerical simulation of this scenario). Thus, the
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linear scaling obtained here would be expected to hold in the intermediate stage when the
flow is isotropic.
Summarizing, we find that T0i Tij0 scales cubically in the direct-cascade range, linearly
in the inverse-cascade range with the opposite sign relative to the d > 2 case, and its linear
scaling in the inverse-cascade range ought to be fairly robust with respect to the background
topology.

21

Chapter 4
Implementation details
4.1

Flux-conservative formulation

For convenience in the numerical implementation we express the equations of motion in
flux-conservative form. This form, in the absence of driving-sources, helps to ensure energymomentum conservation at the discrete level. As discussed in [36, 37], the combination of
discrete operators satisfying summation by parts together with a Runge-Kutta integrator of
third order in time guarantees an energy conserving scheme. To achieve such form, notice
that Eq. (3.5) gives two expressions,
∂ 0 T00 + ∂ i Ti0 = 0,
∂ 0 T0i + ∂ j Tij = fi ,

(4.1)
(4.2)

where i and j are spatial indices. The idea is to evolve {T00 , T0i } directly by introducing
a new set of conservative variables. Using Eqs. (3.1)) and (3.3), the equations of motion
become




3 2
3 2 1
i
0
ργ − ρ + ∂
ργ vi = 0
∂
2
2
2




3 2
3 2
1
0
j
∂
ργ vi + ∂
ργ vi vj + ρδij = fi ,
2
2
2
where we have used ~u = γ(−1, ~v ). Factoring out an overall 1/2, we define our conservative
variables as D ≡ ρ(3γ 2 − 1), Si ≡ 3ργ 2 vi and our primitive variables as simply (ρ, vi ) for
i = 1, 2. Note that the second equation provides the time-evolution of Si , which can then
provide the “source” in the first equation for the time-evolution of D. The forcing function
fi , which is completely spatial, is described in Appendix (A.1).
The transformation from conservative variables (D, Si ) to primitive variables (ρ, vi ) is
given by
ρ=

D
γ 2 Si
, vi =
,
3γ − 1
3ρ
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(4.3)

Notice the potential problem in the latter when ρ = 0. In general applications this technical
issue is circumvented by artificially maintaining a non-zero floor or atmosphere for ρ, small
enough so as not to affect the dynamics appreciably. However, in our cases the density never
reaches zero since the Mach numbers are well below such a regime, so this mechanism is
never invoked.

4.2

Spatio-temporal reduction of the ensemble average

It is impractical to calculate h.i using the raw definition of an ensemble average; it would require running a simulation for each term in the average, each with different initial conditions.
However, very useful reductions of h.i to spatial and temporal averages can be accomplished
with the aid of statistical symmetries. When an ensemble average of a random field is equivalent to, say, an average over time, the random field is said to be ergodic. Random fields
can be ergodic in a spatial sense as well, where ensemble averages are equivalent to spatial
averages. Instead of rigorously proving ergodicity in our study, we impose various statistical
symmetries and replace ensemble averages with the corresponding spatio-temporal averages
as an approximation. For example, if the flow is statistically stationary, then we approximate
h.i by an average over time. If the flow is statistically homogeneous, then we approximate h.i
by an average over pairs of points with a vector separation ~r . If the flow is both statistically
homogeneous and isotropic, then we approximate h.i by an average over pairs of points with
a scalar separation r = |~r |. We utilize all three symmetries in order to approximate the ensemble average by an average over time and pairs of points with a scalar separation. In the
next section, we discuss some methods we use to improve the quality of this approximation.
Further details on the mathematical subtleties involved in doing these reductions rigorously
are given in [11], and will not be discussed here.
Taking Eq. (2.29) as a prototypical example, we see what the homogeneous and isotropic
averaging process means. Namely, all quantities in the product are projected onto directions
defined relative to the separation vector r. Thus, in the spatial average, although r itself
may vary in direction from term to term, the relative directions between r and the projection
directions must remain the same.
With this in mind, we understand the spatial indices in Eq. (3.10) as meaning projections
onto those directions. This has a consequence which is puzzling at first glance. Namely,
suppose we picked ~r and î to be perpendicular. This means that ri = ~r · î = 0, which
implies that the correlation in Eq. (3.10) vanishes. This is in fact true, and is a consequence
of isotropy. We explore this in Appendix (A.2).

4.3

Approximating the ensemble average

In order for a spatial or temporal average to converge to an ensemble average, sufficiently
many configurations must be represented. While the variety of configurations available at
a single time slice is limited in part by the grid resolution, statistical stationarity in time
allows for averaging also over multiple times. In practice, one wishes to consider as diverse
a sample of flow configurations as possible with the same statistical flow characteristics,
thereby limiting the weight of any particular flow configuration in the average.
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Typically the temporal spacing is chosen to be on the order of a large eddy turnover time
T ≡ L/U , where U is a typical large-scale speed and L is the size of the largest eddies. This
contributes to the (temporal) diversity in the flow configurations considered.
Regarding the spatial averaging: An important factor affecting the quality of the statistics is the range of wavenumbers excited by the forcing function. As the range of excited
wavenumbers increases, the spatial detail in the flow also increases. Thus, the diversity of
terms in the spatial average will necessarily improve. This makes clear what the role of grid
resolution is with regard to approximating the ensemble average; with a larger grid resolution N , there are more wavenumbers available to be represented on the grid (up to the
Nyquist wavenumber kmax = N/2). Thus, if one simultaneously widens the range of forced
wavenumbers as the grid resolution is increased, an improvement in the statistics can be
achieved.
We have demonstrated this by numerically measuring various averaged quantities and
monitoring to what degree the analytically expected consequences of isotropy are met. In
particular, we compute compute 2nd-, 3rd-, and 4th-order correlations of the homogeneous
and isotropic forcing function vector field, defined respectively as,
hfi1 fi2 i , hfi1 fi2 fi3 i , hfi1 fi2 fi3 fi4 i ,
where the indices im denote either the longitudinal or transverse components. We check
whether the overall amplitude of correlations with an odd number of transverse components is small in comparison with those with an even number. The former vanish under
isotropic conditions, whereas the latter need not (see Appendix (A.2)). Figure (4.1) displays
this comparison for varying grid resolution N and correspondingly varying range of forced
wavenumbers k ∈ (20, N/2). As expected, the difference in overall magnitude between the
vanishing and non-vanishing correlations becomes larger when the grid resolution and range
of forced wavenumbers are increased in unison.
We also notice that ensemble averages of odd order are more difficult to resolve statistically than those of even order, even if the odd order under consideration is less than the
even order. This fact is due to the strong cancellations between positive and negative terms
in the average which are far less prevalent (if not completely absent) in the cases with even
order [25]. In practice, it will prove unnecessary to increase the quality of the statistics to
the point of rendering the appropriate 3−point correlations small, as the expected behaviour
of the non-vanishing ones will emerge beforehand. In each case displayed in Fig. 4.1, as least
one factor of f is evaluated at one spatial point, and one factor of f is evaluated at another,
thereby making the correlation a function of the scalar separation r.
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Figure 4.1: Correlations of the forcing function for varying grid resolution N , where the
range of forced wavenumbers is (20, N/2). In each case, the average has taken place over the
entire spatial domain at a single time. Left: 2nd-order correlations, middle: 3rd-order correlations, right: 4th-order correlations. Theoretically, isotropy implies that the non-dashed
plots should vanish by virtue of having an odd number of transverse components, whereas
the dashed plots should not. Notice that the even-order correlations show considerable improvement with an increase in resolution and range of forcing wavenumbers. The odd-order
shows much less of an improvement, indicating slow statistical convergence.
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Chapter 5
Numerical results
Some form of large-scale extraction of energy is required to avoid a late-time violation of
isotropy caused by a build-up of energy in the longest mode. Such a build-up is the result
of the inverse energy cascade occurring on a bounded domain. We mimic the customary
approach [3] by augmenting Eq. (4.2) with a linear ‘friction’ term −αT0i on the right-hand
side, giving
∂ 0 T0i + ∂ j Tij = fi − αT0i .

(5.1)

The friction term causes the system to evolve towards an approximately constant total energy.
For sufficiently small α > 0, this final state exhibits inertial range scaling in the spectral
energy E(k) and thereby exhibits fully developed turbulent behaviour. By dimensional
analysis, α can be related to the energy injection rate  and the friction length-scale Lα
through

α∼


L2α

1/3
.

(5.2)

For a given , we choose α such that the friction length scale Lα is a few times less than the
spatial extent of the domain. In this section we present our results from evolving Eq. (5.1)
with the conformal equation of state p = ρ/2.
The initial conditions are ρ = 1, vi = 0, and the spatial resolution is N 2 = 10242 which
admits the Nyquist wavenumber kmax = 512, and periodic boundary conditions are imposed.
All times will be given in multiples of the light-crossing time tLC = Lbox /c, with Lbox ≡
the size of the box, which we set numerically to 10. The strength of the random force
(described in Appendix (A.1)) is controlled by scaling it to a fixed extremal value β at every
time step. For the range of forced wavenumbers kf ∈ [80, 200] and β = 0.6 ≡ β0 , we find an
appropriate value of the friction strength to be α = .0024 ≡ α0 , which gives an energy cut-off
at approximately kα = 7. With these parameters and the fact that  ∼ β 2 (see Eq. (3.17)),
we are able to systematically increase the total energy of the steady-state without changing
the friction cut-off by using Eq. (5.2) to scale up the forcing and friction strengths in the
appropriate proportion; i.e. α ∼ β 2/3 .
With β0 and α0 given above, we use β = 30β0 and α = 302/3 α0 . The total Newtonian
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Figure 5.1: Total Newtonian kinetic energy and total Newtonian enstrophy displayed as
functions of time. The curves are both flattened out after t = 14tLC , suggesting a statistically
steady-state.
energy budget of this run is shown as a function of time in Fig. 5.1. The Newtonian energy
plateaus after t = 14tLC , indicating a statistically steady-state. We begin to compute correlations at this time. The temporal spacing between samples is chosen to be the large-eddy
turnover time, determined through T = U/L, where U is a typical large-scale speed and L is
the large length scale. We estimate U by running the velocity field at a representative time
t = 110tLC through a low-pass Fourier filter with a high-wavenumber cut-off given by the
friction scale kα , then picking the speed at which the velocity distribution peaks. The large
length scale L is then just the friction scale Lα . This procedure gives U ≈ 0.073c, which for
Lα = L/kα = 10/7 gives T ≈ 2tLC as our temporal spacing.
The isotropic Newtonian spectral energy E(k) and all correlations are averaged over 87
times, and the latter over all of space as well (as described in Sec. (4.2)). The spectral energy
is plotted Fig. 5.2 in compensated form, k 1.55 E(k), where 1.55 is the best-fit power law to
the inverse-cascade range at k ∈ [7, 80]. Notice the elevated feature at k ∈ [80, 200], which
is the range of wavenumbers at which the external forcing acts. For the range k ∈ [7, 80]
we observe power-law scaling within ∼ 0.1 of the non-relativistic −5/3 expectation for the
inverse cascade. The last point to note about Fig. 5.2 is the influence of friction at k . 7,
showing up as a quenching of energy in that range.
Fig. 5.3 displays the velocity and density distributions for a representative time t =
110tLC . This is intended to convey the degree to which this flow differs from the nonrelativistic, incompressible case. In particular, notice that the peak in the velocity distribution at v ∼ 0.15c corresponds to a Lorentz gamma factor γ ∼ 1.01, while the largest
√ velocity is
v ∼ .73c, corresponding to γ = 1.46, which is just above the sound speed cs = c/ 2 ∼ 0.71c.
The density distribution shows a full-width at half-maximum of roughly 28% of the peak
value. Notice that the distribution peaks at 0.93 < 1, which means that a bias is formed in
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Figure 5.2: Isotropic Newtonian spectral energy E(k) averaged over 87 times separated by
one large-eddy turnover time T = 2tLC . The curve is compensated by the best-fit power law
k 1.55 so as to produce a flat curve in the inverse-cascade range. Note that this power law
differs from 5/3 by ∼ 0.12.
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Figure 5.3: Velocity (left) and density (right) distributions. The velocity peaks at v = 0.15c
and the highest velocity is = 0.73c, just above the sound speed cs = 0.71c. The density
peaks at ρ = 0.93, and has a FWHM of 28% of that value.
favour of under-density with respect to the initially uniform value of 1.
In Fig. 5.4 (left) we plot the two correlations from Eq. (3.20) which are not expected to
0
0
vanish under isotropic conditions, i.e. hT0L
TLL i and hT0T
TLT i (note where the primes are 28

the expectation from Eq. (3.20) is positive linear scaling in the inverse-cascade range). For
comparison, we also plot their non-relativistic, incompressible counterparts (9/4) hvL0 vL vL i
and (9/4) hvT0 vL vT i.
In Fig. 5.4 (right) we plot velocity structure functions of orders 1 through 4, taking the
modulus of the velocity difference in the case of odd orders (this has been argued [4] to
preserve the scaling properties, though it obscures the overall magnitude of the correlation)
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Figure 5.4: Correlations given in arbitrary units as a function of separation r/L, with L ≡ the
0
0
TLT i which are not
TLL i and hT0T
size of the box. Left: The two relativistic correlations hT0L
expected to vanish under isotropic conditions, along with their incompressible Newtonian
limits (9/4) hvL0 vL vL i and (9/4) hvT0 vL vT i. The factors of 9/4 are left over after the limit
is taken. Right: Velocity structure functions of orders n = 1 − 4, compensated by the
Newtonian, incompressible scaling expectation of rn (1.55−1)/2 relative to the best-fit scaling
of k −1.55 for E(k) in the inertial range (see [3] for details about this expectation). The odd
orders have an absolute value operation performed on δvL , which significantly improves [4]
the convergence rate of the average and preserves the scaling with r at the expense of
obscuring the overall magnitude of the correlation.

5.1

Discussion

There is no clear suggestion of a positive linear scaling for the relativistic correlations, al0
though the Newtonian, incompressible limit of hT0L
TLL i is beginning to show signs of this
(though it is poorly revealed in a log-log plot). Something noteworthy about Fig. 5.4 (left)
0
0
is the great disparity in how well hT0L
TLL i and hT0L
TLL i match with their Newtonian limits.
The former is indistinguishable from its limit in the plot, though zooming in reveals that
there are small differences. The latter, on the other hand, bears little resemblance to its
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Newtonian limit, except in the coincident behaviour of some local extrema. To gain insight
about this, consider the expansion of the two correlations for a conformal perfect fluid:
 


3 0 02 0
9 0 02 2 0
0
(5.3)
ρ ργ γ vL vL vL +
ρ ργ vL ,
hT0L TLL i =
4
4


9 0 02 2 0
0
(5.4)
hT0T TLT i =
ρ ργ γ vT vL vT .
4
The slow-motion limit is also the limit of small Mach number. Thus, not only γ but ρ too will
tend to 1 in this limit. The 2nd term on the right-hand side of Eq. (5.3) will therefore become
∝ hvL0 i which is zero by statistical symmetries. However, this observation does not tell us
how robust the vanishing of this term is with respect to fluctuations in ρ and γ. To implicate
this term in the disagreement between Eq. (5.3) and its Newtonian limit, we subtract it from
Eq. (5.3) and display the effect in Fig. 5.5. The agreement improves considerably. We also
compute hvL0 i to be sure that it is small, and we find it to be < 10−5 . Thus, this ‘spoiler
term’ proves to be highly sensitive with respect to violations of the assumption of uniform
density.
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Figure 5.5: The purely longitudinal relativistic correlation plotted without its spoiler term
hvL0 i, as compared with its Newtonian limit. The agreement is considerably improved, thus
implicating the spoiler term as being sensitive to the assumption of uniform density.
The plot in Fig. 5.4 (right) also offers some useful information. Namely, it is a fact of
statistics that moments of the velocity field become increasingly difficult to resolve as the
order increases. This is clearly seen in the increasing non-flatness of the plots as the order
of the structure function increases. It is not merely a matter of the convergence of the
average to something, but a matter of grid resolution too. The plots in Fig. 5.4 (right) are
in fact very stable, having almost indistinguishable form even if averaged over a single time.
Nonetheless, they do not behave as they should, thus giving a sense of what is the best that
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²i ×105

we can expect for the correlations in Fig. 5.4 (left) as the number of time samples increases.
Namely, the third-order velocity structure function is flat for a short time, quickly dipping
as r increases. This is signalling the beginning of poor statistical convergence, which could
be remedied by utilizing the discussion in Sec. (A.1).
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Figure 5.6: Plots of the correlations i (r) = hT0i0 fi i for longitudinal and transverse cases.
Note that the forcing range of length scales ends at r/L = 0.0125. These quantities may not
be sufficiently suppressed beyond 0.0125 to have the result in Eq. (3.20) behave as planned.
Another possible source of difficulty is the assumption in the derivation of Sec. (3.2) that
i (r) vanishes quickly beyond the forcing length scale Lf . These quantities are displayed in
Fig. 5.6. This could also be remedied with the help of Sec. (A.1), i.e. by expanding the range
of forced wavenumbers farther into the UV. By doing so, these small correlations beyond
0.0125 should become more strongly quenched.
Furthermore, as evident in the velocity distribution in Fig. 5.3 (left), pushing the simulation farther towards the relativistic regime entails coping with extremely high velocities.
Note, in particular, that with the peak of the distribution at v = 0.15c, one already has
some supersonic fluid elements. Ideally, as a first step, one would push the peak of the
velocity distribution up to the sound speed. Such a flow is likely to have what ought to be
a negligibly small number of fluid elements travelling at ultra-relativistic speeds. But those
few fluid elements demand suitably high spatial and temporal resolution to resolve.
Before such a venture into more relativistic territory, the statistical convergence of the
correlations studied here must be improved in the current regime. Resolving the correlations
of interest would constitute a proof-of-principle and provide a sense of what will be required
in a more relativistic setting.

5.2

Summary

In this work, we have clarified the role of dimension on steady-state hypotheses used in the
derivation of statistical scaling results in fully developed turbulence. This is not a novel
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clarification; rather, we have simply brought it from the field of turbulence into this line of
research, which is still in its infancy. The role of dimensionality is intimately tied with the
presence or absence of energy and enstrophy dissipation anomalies. The existence of these
anomalies is thus far established only experimentally, but their absence in certain cases has
been shown theoretically for certain dimensions in the context of Navier-Stokes turbulence.
For instance, it has been shown that energy dissipation anomalies are absent in 2D due
to the presence of an additional inviscidly conserved quantity, the enstrophy. Enstrophy
dissipation anomalies are also absent in 3D for the simple reason that enstrophy is not
even inviscidly conserved in that case, so there is nothing anomalous about finite enstrophy
dissipation in the limit of small viscosity. By assuming that these anomalies persist in the
relativistic setting, we were able to extend the scaling results of [1] to the case of d = 2,
where we obtained results distinct from that work which reduce to the correct behaviour
for that dimension in the Newtonian, incompressible limit. Future work on this matter will
hopefully show explicitly that the coefficient ∂r2 i |r=0 is non-zero and related to the pumping
rate of some relativistic analog of enstrophy.
We also performed a numerical study in an effort to measure the derived scaling relations.
Due to intertwined numerical and statistical difficulties, this endeavour has not yet yielded
any conclusive test of the predictions derived in this work.
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Part II
Electromagnetic emission from
magnetized two-dipole neutron stars
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Chapter 6
Introduction
Pulsars, short for ‘pulsating stars’, are rotating highly magnetized neutron stars with spin
frequencies spanning roughly 10−1 − 102 Hz. The fastest known has a spin frequency of
≈ 716 Hz. The pulsar population is divided into two fairly distinct classes called ‘normal’
and ‘millisecond’ pulsars. The former have rotational periods clustered around 0.5 s, whereas
the latter lie between ≈ 1.4 − 30 ms. The canonical picture of a pulsar is a neutron star with
a strong dipolar magnetic field whose axis is misaligned with the rotational axis of the star.
Charged particles are then thought to be accelerated away from the star preferentially along
the magnetic poles, causing a ‘lighthouse’ effect. This is the reason for the pulsing emission.
Although the first pulsars to be observed had pulses composed of radio frequency radiation,
many have since been discovered with more variation in frequency, including optical, X-ray,
and even γ-ray. In fact, of the roughly 1800 pulsars currently known, about 100 of them are
γ-ray pulsars.
Pulsars also occur in binary systems. Mergers of such binaries are promising sources
for gravitational waves. There is a great desire to observe electromagnetic counterpart signals to the gravitational waves from these systems, a prospect sometimes referred to as
multi-messenger astronomy. Such joint observations could, for instance, provide an early
warning for the merger event, depending on how separated in time the electromagnetic and
gravitational channels are. Identifying and understanding the nature of electromagnetic
counterparts is crucial to making joint observations a reality.
Numerical studies are indispensable in this regard, as probing the relevant physics in such
highly dynamical regimes is impractical using analytical tools. Binaries are being studied in
this way, but the computational costs are high. Accurate parameterizations of the possible
electromagnetic signals would be very valuable for this reason. Thus, for the development
of models there is a need for a greater phenomenological understanding of these systems.
In this work we follow this line of thinking by studying a simplified situation that mimics a
more complex one. The complex system in mind is a merging binary of dipolar neutron stars
with magnetic axes collinear with the orbital axis, but either aligned or anti-aligned with
each other. Such systems were studied numerically in [2], and we seek to gain insight into
the dependence of the luminosity on orbital frequency reported in that study. The strategy
is to simulate a single rotating neutron star in full general relativity with the magnetic
field structure of two offset dipoles. Such a field structure is designed to mimic that of
the whole binary system during both inspiral and merger. Furthermore, such a magnetic
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field configuration might be realized astrophysically through a sufficiently rapid merger with
minimal tidal disruption of the stars. That is, it might be possible that two dipolar neutron
stars, post-merger, maintain the general characteristics of the magnetic field structure they
had prior to merger.
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Chapter 7
Background
7.1

Existence of the magnetosphere

Goldreich and Julian [38] gave an argument in 1969 for the existence of a plasma around
magnetized neutron stars, called a magnetosphere. The argument is a sort of proof by
contradiction: a vacuum is assumed to be exterior to an idealized model of a magnetized
neutron star, from which follows that this is not a dynamically stable state since charges
would be ejected from the star, thus filling the vacuum with plasma. The conclusion is
reached through a comparison of the electric and gravitational forces acting on charges on
the surface of the star; the former is found to exceed the latter by at least 10 orders of
magnitude if properties typical of neutron stars are assumed. We reproduce this argument
here, using some details from [39].
Consider a spherical, uncharged, conducting neutron star which, if non-rotating, has a
dipolar external magnetic field aligned with the z−axis and sourced by magnetization within
the star. Suppose that the star rotates rigidly about the magnetic axis with velocity field
given by v = Ω × r, where Ω = Ωφ̂ with Ω ≡ the rotational frequency of the star. As in [39],
we suppose it to be the case that the conduction electrons distribute themselves in such a
way as to generate an electrostatic field which balances the magnetic forces inside the star.
In other words, the Lorentz force vanishes inside the star:
E = −v × B.

(7.1)

We will assume that the contribution to the magnetic field from the rotation of the induced
surface charge density is negligible, i.e. the magnetic field of the rotating star is dominated
by its non-rotating configuration. Since the region exterior to the star is assumed to be a
vacuum, solving for the electrostatic potential Φout outside of the star amounts to solving
Laplace’s equation ∇2 Φout = 0 with an inner Dirichlet boundary condition given implicitly
by Eq. (7.1). Obtaining the boundary condition requires solving
∇Φin = (Ω × r) × B in

(7.2)

for Φin with some prescribed B in . The precise form of B in turns out not to matter, which
is a strength of this argument. Any magnetization inside the star that produces an external
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dipole field will suffice. For example, one could choose to have a point dipole at the centre
of the star, or a uniformly magnetized star. For simplicity, let us choose the latter, i.e.
B in = B ẑ.

(7.3)

Integrating Eq. (7.2) then gives
1
Φin = BΩr2 sin2 θ + C,
2

(7.4)

with r and θ being two of the usual spherical coordinates, and C being an undetermined
constant of integration. With the condition that Φout = Φin on the surface of the star, one
can solve the Laplace equation outside of the star to obtain


1 ΩBR5
R 1
2
ΩBR + C −
P2 (cos θ),
(7.5)
Φout =
r 3
3 r3
where P2 (cos θ) = (1/2)(3 cos2 θ − 1) is the Legendre polynomial of 2nd degree. Matching
the potentials at the boundary leaves the constant C undetermined, though the fact that it
provides a monopole contribution to the electrostatic potential outside the star gives a hint
as to what fixes its value. Namely, a specification of the net charge of the star fixes C. We
have stipulated that the star has no net charge, and we can use Gauss’ theorem to enforce
this:
Z
E out · da = 0.
surface

One finds that C = −ΩBR2 /3, thereby eliminating the monopole contribution in Eq. (7.5),
giving
Φout = −

1 ΩBR5
P2 (cos θ)
3 r3

(7.6)

We are now ready to make a comparison between the electric and gravitational forces on
charges on the surface of the star. Goldreich and Julian [38] compare these forces along the
direction of the magnetic field. In particular, notice that (7.1) implies that E · B = 0 inside
the star, whereas an electric field given by Eq. (7.6) and a dipolar magnetic field
B out

R3 1
= B 3 (3 cos θr̂ − ẑ)
r 2

(7.7)

give
E out · B out

 7
R
= − (ΩR)
B 2 cos3 θ
r

(7.8)

outside the star. The surface charge layer in reality has a finite width within which E · B
must change continuously from zero inside to its external value outside. Thus, near to the
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outer edge of the charge layer, a charge q will experience an electric force which, when dotted
into the magnetic field, is given by qE out · B out evaluated at r = R. On the other hand,
the gravitational force on the same charge, with mass m, dotted into the magnetic field at
r = R is
F g · B out = −

GmM B
cos θ.
R2

(7.9)

where M is the mass of the star. Taking the ratio of their magnitudes gives
|qE out · B out |
q 2π R3 B cos2 θ
=
|F g · B out |
mG
PM

(7.10)

where P = 2π/Ω is the period of rotation of the star. By using M = 3M , R = 20 km,
P = 10 ms, B = 108 T, and the charge-to-mass ratios of electrons and protons, one finds this
ratio takes values ∼ 1014 cos2 θ and ∼ 1011 cos2 θ, respectively. The angular profile of cos3 θ
for E · B ensures that the electric force will oppose the magnetic field at both poles, thereby
implying ejection of charged particles at one of the poles. The vastly different magnitudes
of the forces we have compared here provide confidence that any inaccuracies in the model
or lax treatments we have made are unlikely to spoil the conclusion made in [38]: typical
rotating magnetized neutron stars cannot be surrounded by a vacuum.

7.2

Applicability of force-free electrodynamics

Having argued that magnetized neutron stars should have a magnetosphere, we now turn to a
justification for the use of the approximation of force-free electrodynamics in its description.
Force-free electrodynamics in a plasma embodies neglecting the influence of the fluid
on the electromagnetic fields. In particular, the approximation comes about through a
comparison of the electromagnetic field energy density and the plasma mass energy density.
In [38], it is argued that the charge density in the plasma around a magnetized neutron star
is on the order of ΩB. Thus, we have
B2
magnetic field energy density
∼
plasma mass energy density
(me /e)ΩB
(eB/me )
=
Ω
ωcyclotron
=
.
Ω

(7.11)

Since ωcyclotron ≈ (B/1 T) × 1011 Hz and Ω ≈ 101 − 102 Hz, the ratio (7.11) is extremely
large for even moderate magnetic field strengths.
The basic mathematics of the force-free approximation is as follows. Suppose we have a
total energy-momentum tensor given by
fluid
EM
Tab = Tab
+ Tab
,
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(7.12)

fluid
with fluid and electromagnetic contributions, respectively. If the components of Tab
are
EM
negligible compared to the components of Tab in any frame that we care to work in, then
one can approximate the total energy-momentum tensor as dominantly the electromagnetic
EM
. Then, applying the covariant conservation of energy-momentum
part. That is, Tab ≈ Tab
gives
fluid
0 = ∇a Tab ≈ ∇a Tab
⇒ Fab J a = 0,

where Fab is the Maxwell tensor and J a is the 4-current. Thus, negligible plasma inertia
combined with the covariant conservation of energy-momentum implies the vanishing of the
Lorentz force locally. This means that the behaviour of the fluid is implicitly determined by
the electromagnetic fields; the fields evolve autonomously via nonlinear equations.
If this is true, we must be able to explicitly write the current in terms of the fields. To
see this, let us revert to Maxwell’s equations in the following form:
∇·E
∇·B
∇×E
∇×B

=
=
=
=

ρ
0
−∂t B
j + ∂t E.

(7.13)
(7.14)
(7.15)
(7.16)

In addition, the force-free condition is written as
ρE + j × B = 0.

(7.17)

First, notice that Eq. (7.17) immediately implies E · B = E · j = 0. We can find the
component of the current parallel to B, denoted jk , by taking the time derivative of E ·B = 0
and using Eqs.(7.15) and (7.16) to re-express the time derivatives of the fields. This yields
jk =

B · (∇ × B) − E · (∇ × E)
B.
B2

(7.18)

Next, by computing the cross product between B and Eq. (7.17) and using Eq. (7.13), one
obtains for the component of the current j⊥ perpendicular to B,
j⊥ =

∇·E
E × B.
B2

(7.19)

Notice that this specification of j is only meaningful when B 2 6= 0. Even worse, when E > B
the magnitude of the so-called plasma drift velocity, E × B/B 2 , becomes E/B > 1. Since
c = 1 in our units, this means the drift velocity becomes superluminal, causing the evolution
of the force-free equations to be ill-posed. This is obviously unphysical, and simply signals a
breakdown of the force-free approximation. In numerical codes, disaster is averted through
the use of various dissipation prescriptions which turn on when the condition E < B becomes
violated. Nonetheless, not having to evolve the fluid in force-free regions is a significant
numerical advantage in terms of computational costs.
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7.3

Dimensional estimate of the luminosity

One can obtain an estimate of the luminosity of the dipole case through a dimensional
argument. The magnetic field energy density is given by B 2 . The energy flux density will
therefore be cB 2 . By multiplying this by an area, one obtains a quantity with dimensions
of luminosity. For the magnetized neutron star case, we use the area corresponding to the
2
light-cylinder radial distance, i.e. RLC
. For a dipole, the magnetic field strength falls off as
3
3
1/r3 , and so BLC RLC
= Bs Rs3 gives BLC = Bs Rs3 /RLC
, where the subscript s denotes the
surface of the star. Plugging this all in gives
2
2
RLC
L ∼ cBLC

2
Bs Rs3
2
RLC
= c
3
RLC
B 2 R6
= c s4 s .
RLC

Using the relation RLC = c/Ω gives
L∼

1 2 6 4
B R Ω,
c3 s s

(7.20)

which gives the expected Ω-dependence. Note that one could similarly obtain estimates for
rotating multipolar magnetic field configurations for any order by simply using the radial
dependence associated with that order instead of the 1/r3 -dependence of the dipole.

7.4

Aligned and oblique rotators

In this section we briefly review some recent results in understanding the electromagnetic
luminosity of pulsars. This is intended to provide context for this work.
Spitkovsky [40] measured the luminosity of rotating magnetized neutron stars with external dipolar magnetic fields with and without inclination with respect to the rotation axis.
The dimensional estimate of the last section is found to do remarkably well for the aligned
case. Namely, in [40] it is found that L ≈ (1 ± 0.05)µ2 Ω4 /c3 , with µ the magnetic dipole
moment of the star (∼ Bs Rs3 ).
The oblique case, where there is an inclination α ∈ [0, π/2] between the magnetic and
rotation axes, involved simulating the same pulsar with values of α ∈ {nπ/12 : n ∈ {0 . . . 6}}
and then making an educated guess as to the functional dependence of the luminosity on α.
The case of a vacuum has L = (2/3)(µ2 Ω4 /c3 ) sin2 θ, giving no emission for α = 0, while for
the aligned pulsar one has L ≈ µ2 Ω4 /c3 . Thus, the guessed form for the oblique pulsar case
was L = k1 (µ2 Ω4 /c3 )(1 + k2 sin2 θ) for some constants k1 , k2 . It was found that the values
k1 = 1 ± 0.05 and k2 = 1 ± 0.1 provided an adequate fit to the numerical data.
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Chapter 8
Two-dipole rotator
In essence, this chapter is devoted to motivating the study of pulsars with magnetic field
structures more complicated than dipolar, and presenting the results of our efforts thus
far. In particular, we focus on the case of pulsars with the magnetic field of two dipoles,
both co-linear with the rotation axis, oriented either parallel or anti-parallel with respect to
each other, offset by some fraction of the star’s radius which is comparable with the radius
(∼ 0.5Rs , say), and equidistant from the centre of the star. Such configurations will be
referred to herein as two-dipole configurations. The notions of parallel, anti-parallel, and
distance require significant qualifications in the context of general relativity. We do not
attempt to provide the necessary qualifications here. Rather, these and similar notions will
be used as aids for intuition in the development of the end results, which will be the numerical
measurement of general coordinate scalars and quantities derived therefrom, which are not
subject to ambiguity.

8.1

Motivation

The main motivation for this work is twofold. Firstly, we seek to gain insight into the electromagnetic luminosities reported in [2] for binary neutron star mergers with total magnetic
field structure resembling that of two-dipole configurations, though differing insofar as each
star has only an aligned or anti-aligned dipole (with respect to the orbital angular momentum). Through a comparison with the electromagnetic luminosity from a single two-dipole
neutron star, we hope to shed light on the importance or unimportance of some of the properties of the systems considered in [2]. A specific feature of the luminosities reported in [2]
which we seek to understand is the Ω-dependence of the luminosities, where Ω denotes the
orbital frequency of the binary (as opposed to the spin frequency of a single star - though
the comparison we will attempt to make will conflate the two).
Secondly, the two-dipole neutron stars being considered here may be of direct relevance
to some post-merger neutron stars. That is, suppose that two neutron stars, each harbouring a single dipole, can merge in such a way as to result in a two-dipole configuration in
the post-merger star. In this case, it would be useful to understand the luminosity from
such a configuration. This situation might occur as a result of a sufficiently hard merger,
characterized by a rapid plunge, which might preserve enough of the initial currents and
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magnetizations so as to deform and pack them into the single post-merger star. This is to
be contrasted with a soft merger, characterized by much stronger tidal disruptions of each
star during merger, which is likely to erase much of that structure. Whether a hard or soft
merger occurs is partly a function of the compactness of each star, which in turn is related
to their masses and internal structure.
Our specific aim in this work is to numerically measure the Ω-dependence of the electromagnetic luminosity of a single neutron star with two-dipole magnetic field structure, one
aligned and one anti-aligned, which we will denote as the U/U and U/D cases, respectively
(standing for ‘up/up’ and ‘up/down’). The strategy will consist in simulating each case
with various spin frequencies, and trying to extract the Ω-dependence of the luminosities by
assuming a functional relationship L ∼ Ωp for some power p.

8.2

Numerical implementation

Our simulations are performed using a resistive magnetohydrodynamic (rMHD) code in full
general relativity which is implemented using the computational infrastructure HAD (see [41]
for a detailed description of this rMHD implementation, as well as some tests of the code
on well-known scenarios such as the aligned rotator). The strategy consists of choosing a
physically motivated phenomenological spatial current, which provides the coupling between
the electromagnetic fields and the fluid, such that the force-free limit is recovered in regions
of low fluid density (outside the star) and the ideal MHD limit is recovered in regions of
high fluid density (inside the star). The ideal MHD limit is simply the limit of infinite
conductivity but finite current. Considering the usual Ohm’s law,
j = σE,

(8.1)

where σ is the resistivity, we see that if j is to remain finite for σ → ∞, then we must have
E → 0. Note that E is an observer-dependent quantity, and in a relativistic setting this
requirement must hold with respect to observers comoving with the fluid, i.e. uafluid Fab = 0.
We do not seek to elucidate the rMHD implementation further since there is a considerable
amount of detail, and covering it would entail a significant digression with little benefit with
regard to our specific aims in this work. We thus refer the interested reader to [41].

8.2.1

Two-dipole initial data

The initial data for the stable, rotating neutron star is obtained with the Lorene package,
as usual in studies of this kind. However, the two-dipole magnetic field configuration is not
consistently solved for. Rather, it is simply superposed on the initial data. The justification
for this is that the contribution of the magnetic field to the total energy-momentum is
dwarfed by that of the star itself by many orders of magnitude.
A rough but safe estimate is readily obtained by assuming a typical magnetic field
strength, i.e. B ∼ 108 T. An estimate of the total magnetic field energy is obtained by
multiplying the magnetic field energy density by the volume of a sphere with the radius
equal to the light cylinder RLC = c/Ω, for Ω = 102 Hz. This amounts to assuming a uniform
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magnetic field in that volume. This vastly overestimates the magnetic energy since 108 T
is the magnetic field strength near the surface of the star, and this would fall off as 1/r3
for a dipole. This increases the pessimism of our estimate. Forming the ratio with M c2
gives ∼ 10−7 . Thus, the disparity in the contributions to the total energy is so large, even
in this extreme example, that the magnetic field need not be included in the initial data
(at least as regards the evolution of the spacetime - we will see that we still get some junk
EM luminosity at the outset). Our pessimism and the disparity of scales means that a more
careful treatment of the comparison is unlikely to spoil the conclusion.
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Chapter 9
Results
Due to the predictable position of the star, we use fixed mesh refinement in these simulations.
The entire computational domain covers [−355.2, 355.2] km, with two successive refinements
(by a factor of 2) at [−167.6, 167.6] km and [−111.7, 111.7] km. The distance between two
grid points in each case is 5.86 km, 2.94 km, and 1.48 km respectively. The star itself has
∼ 32 grid points across its equatorial diameter.
The set of spin frequencies simulated is Ω ∈ {200, 250, 300, 350, 396} Hz. The characteristics of the neutron star in each case are given respectively as follows:
Mbaryon =
Requatorial =
Rpolar ∈
Bmax, equatorial, U/D ∈
Bmax, polar, U/D ∈
Bmax, equatorial, U/U ∈
Bmax, polar, U/U ∈

1.6 M in all cases
23.68 km in all cases
{22.20, 20.72, 19.24, 17.76, 17.02} km
{1.15, 1.14, 1.35, 1.26, 3.09} × 1010 G
{2.44, 2.48, 3.19, 3.74, 5.53} × 1010 G
{2.65, 2.70, 2.80, 2.62, 2.51} × 1010 G
{5.64, 6.57, 7.32, 8.97, 10.2} × 1010 G

The initial magnetic field structure given to the stars is unchanged from star to star within
each case of U/U and U/D. It must be warned, however, that assigning a maximum value of
B on the equator or near the polar regions involves a considerable amount of arbitrariness.
This is likely due in part to both insufficient resolution and the fact that the initial magnetic
field is not consistently solved for, so that while its contribution to the energy-momentum
may not affect the evolution of the spacetime geometry appreciably, significant noise and
decay in time can occur in the maximal values of B itself on the surface of the star. This
arbitrariness is particularly evident in the maximum equatorial values of B, where neither
a monotonic trend nor invariance with spin frequency is convincingly present, contrary to
what one might expect. The maximum polar values of B seem more convincing in their
upward trend with the decreasing polar radius of the star. However, one should not put an
undue amount of confidence in their values either, as an equal amount of arbitrariness is
involved in assigning them.
The radii deserve some comment as well. The polar radii behave in a manner consistent
with expectation, namely decreasing with increasing spin frequency. In conjunction with
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Figure 9.1: Initial field line configuration for the U/D case, as viewed on the xz-plane. The
spatial coordinates are given in multiples of 1.48 km. Note the three distinct sets of closed
loops.
the equatorial radii, this implies increasing oblateness of the star, also consistent with expectation. Although these quantities are subject to considerably less arbitrariness than the
maximal surface values of B, a lack of a sharp cut-off in the density inherently introduced
uncertainty. The transition to the very low-density outer region takes place over roughly
2 − 3 grid points, corresponding to 2.96 − 4.44 km, thus giving an estimate of the uncertainty
in the radii.
A representative snapshot of the magnetic field line structure on a plane coincident with
the dipoles is displayed in Figs. 9.1 and 9.2 for the U/D and U/U cases, respectively. The
spatial coordinates are given in multiples of 1.48 km. The centre of the star is at the origin.
In both cases, the dipoles are positioned 4.44 km in either direction along the x−axis, thereby
being a total of 8.88 km apart. The facts to note here are the different possible closed loops
in each case: the U/D case has closed loops between the dipoles, as well as on either side,
whereas the U/U case only has the latter. This is simply the result of the field lines being
able to come out of the top of one dipole and into the bottom of the other in the U/D case.
The luminosity is extracted on a sphere whose radius is located beyond the light cylinder
in every case, at 222 km. Additional extraction surfaces both closer and farther by 74 km give
luminosities which agree excellently, up to a shift in time. This tells us that we are extracting
in the wave zone. To perform the extraction we use the Newman-Penrose complex radiative
ˆ ∝ (θ̂ − iφ̂) belong to a null
scalar Φ2 , defined as Φ2 = Fab na m̄b , where n̂ ∝ (t̂ − r̂) and m̄
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Figure 9.2: Initial field line configuration for the U/U case, as viewed on the xz-plane. The
spatial coordinates are given in multiples of 1.48 km. Note that there are only two distinct
sets of closed loops.
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Figure 9.3: Luminosities. Left: U/D case. Right: U/U case. The initial junk radiation from
t < 2 ms is not shown.
tetrad. This gives
Z
L = lim

r→∞

r2 |Φ2 |2 dΩ.

(9.1)

The luminosities are displayed in Fig. 9.3. Some initial transient junk radiation resulting
from the use of inconsistent initial data for the magnetic field is excluded from the plots,
having taken place during t < 2 ms. Notice that the U/D case has strong modulations
roughly commensurate with the rotational period, whereas the U/U case does not. This
introduces considerable uncertainty in the assignment of a particular power p in the relation
L ∼ Ωp for the U/D case, and therefore requires aggressive smoothing to converge on a value.
In Fig. 9.4 we display all of the luminosities after having undergone a Gaussian smoothing
with a width of 4.94 ms and nearest-value extrapolation through the edges of the data.
The procedure we use to extract the Ω-dependence is as follows. By assuming L ∝ Ωp ,
we can form an equation by taking ratios between different cases and assuming that all other
proportionality factors are invariant with respect to Ω and therefore divide out. This gives


(Li /Lj )
p = log
,
(9.2)
(Ωi /Ωj )
where i, j index the different spin frequencies. This procedure takes place at a single time.
By repeating it for all combinations of i, j with i 6= j, one obtains a set of measurements of
p at that particular time. We will take the average of this set to be the measurement of p
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Figure 9.4: Luminosities smoothed with a Gaussian window function of width 4.94 ms and
a nearest-value extrapolation through the edges of the data. Left: U/D case. Right: U/U
case.
at that time, and the standard deviation as a rough estimate of the error.
Since the U/D luminosities display a strong modulation roughly commensurate with the
rotational period, in computing p we compare across the different spin cases at equal Ωt,
as opposed to at equal t. In other words, we compare at equal numbers of revolutions.
In Fig. 9.5 we display the results for varying smoothing window widths as a function of
n = Ωt. In the limit of strong smoothing, the U/D and U/U cases give p ≈ 4.20 ± 0.27 and
p ≈ 3.82 ± 0.10, respectively. As expected, the U/D case gives a considerably larger error in
the final result.

9.1

Discussion

To assess whether the measured results of p are accurate, we can refer back to the dimensional
estimate of L in Sec. (7.3). The U/U case closely resembles a single dipole. Therefore,
Sec. (7.3) would suggest that we ought to expect a power close to p = 4. This value lies
outside of the range 3.82±0.10. Which value to trust would have to be settled by convergence
tests. The U/D case does not resemble a dipole, and therefore must have non-negligible
higher-order multipole moments in addition to a dipole moment. If we suppose both that the
dipole moment is still strong and the quadrupole dominates over the higher-order moments,
then the most we can say (using (7.3)) is that we expect p to be somewhere in the range
4 < p < 6, but most likely in the lower end of that range. That is, since a pure dipole
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Figure 9.5: Average powers p from L ∼ Ωp and their standard deviations plotted as a
function of the sampling time n = Ωt, for increasingly smoothed luminosities. Left: U/D
case. Right: U/U case. Using the standard deviation as the error, in the limit of strong
smoothing the U/D case gives p ≈ 4.20 ± 0.27 and the U/U case gives p ≈ 3.82 ± 0.10.
radiates with p = 4 and a pure quadrupole at p = 6, if moments higher than quadrupolar are
unimportant and if the dipole contribution is dominant but comparible to the quadrupolar
one, then one would expect p & 4. The result we have obtained, p = 4.20±0.27, is consistent
with this vague expectation.
We have performed a convergence test on the luminosity in both the U/D and U/U
cases for Ω = 300 Hz, the results of which are shown in Fig. 9.6. The number of base
grid points was increased by a factor of 1.5, keeping the physical extent of the domain
and the grid refinement properties the same. Due to computational cost, we terminated
this run at 4.94 ms. We note minimal change in the U/U case, whereas the U/D case
displays significantly modified modulation structure. This indicates that more resolution is
required to extract a trustworthy value of p. The modulation might completely disappear
with sufficiently high resolution.
There is an additional complication which we have not accounted for. Namely, our assumption that the relation L ∝ Ωp completely accounts for the Ω−dependence is not entirely
correct in the context of rotating stars. As Ω increases, the poles of the star are drawn inward
towards r = 0. Consequently, both Rs and Bs in Eq. (7.20) are subject to change. This
should be accounted for when comparing the luminosities across the different spin frequencies. However, how to do this is unclear since there is an ambiguity in the interpretation
of these quantities when the star is oblate. Furthermore, making this correction would introduce the significant uncertainty associated with the maximal values of B on the surface
of the star. This particular source of uncertainty may be quenched by using self-consistent
initial data for the magnetic field. We leave this and other improvements of our results for
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Figure 9.6: Convergence test for Ω = 300 Hz case. Left: U/D case. Right: U/U case. One
run has 1.5× higher resolution than the other. Note that both axes have a linear scale. U/U
displays good agreement, while U/D displays a significantly modified modulation structure,
indicating that our results for that case are not yet in the convergent regime.
future work.
Finally, the values of p we have obtained are not commensurate with any of the values
p = 3/2 or p = 12 observed in [2] for magnetized binary neutron star mergers. This suggests
that the cause of the Ω−dependence observed in that work cannot be accounted for merely by
the transient rotation of a magnetic field structure resembling the two-dipole configurations
studied here.

9.2

Summary

We have performed resistive magnetohydrodynamic simulations of a rotating neutron star
with a two-dipole magnetic field structure in full general relativity. Two-dipole magnetic field
configurations may arise as the result of a sufficiently hard merger of two dipolar neutron
stars. One of our specific aims was to gain insight into the Ω−dependence of the luminosities
reported in [2] for magnetized binary neutron star mergers, namely Ω3/2 and Ω12 during
inspiral and merger, respectively. The hypothesis was that the Ω−dependencies observed
in that work were dominantly caused by the transient rotation of a two-dipole magnetic
field configuration during some segment of the merger. Our results of p = 4.20 ± 0.27 and
p = 3.82 ± 0.10 for the U/D and U/U cases, respectively, do not support this hypothesis,
although more resolution is desired in the U/D case.
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Appendix A
Scaling relations in 2+1 dimensional
relativistic turbulence
A.1

The forcing function

We wish to construct a random forcing function which is statistically homogeneous and
isotropic, and restricted to some specified set of length scales. To this end, it is important to
understand every facet of a Fourier coefficient C ∈ C, including the basis element to which
it is associated. In our 2-dimensional case, there will be a fourier coefficient C for every
point in Fourier space, (k1 , k2 ). We can write a particular basis element’s contribution to a
function as
Ceir·k = ReiΩ eik1 x eik2 y .
(A.1)
p
The wavelength of this term is k = k12 + k22 , which means that the length scale L = 2π/k is
being excited. The direction this wave is transverse to in position space is k. The coefficient
C contains more information: R is the amplitude of the excitation, while Ω is the phase of
the wave.
Knowing the connection between these quantities and the corresponding wave in position
space, constructing a random, homogeneous, and isotropic field becomes clear. One can
achieve the excitation of a particular set of length scales (klow , khigh ) by exciting only the
coefficients C(k1 , k2 ) for which k = |k| ∈ (klow , khigh ). One can further achieve isotropy by
being unbiased with respect to the angle of the vector k. Together with isotropy, being
unbiased with respect to the phase Ω produces homogeneity. In practice, we will also be
randomizing the amplitude R. Thus, in summary, we construct a homogeneous and isotropic
random field f whose power is restricted to a range of length scales (klow , khigh ) by filling an
annulus in Fourier space, centred on (k1 , k2 ) = (0, 0) and with inner and outer radii klow , khigh
respectively, with Gaussian-distributed unit-variance random complex numbers. To make
the field take real values in position space, we enforce the condition f ∗ (k) = f (−k). This
procedure is done separately for the x- and y-components of the spatial forcing function fi ,
with i = 1, 2 representing x and y respectively, and repeated anew at each time step. The
temporal statistics resulting from repeating this independently at each time step is referred
to as white noise in time.
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Figure A.1: Two grayscale images of random, homogeneous, isotropic fields f : R2 → R. Left:
(klow , khigh ) = (40, 41), right: (klow , khigh ) = (40, 100), where k is related to the dimensionful
wavenumber kactual through kactual = 2πk/L, L being the size of the box.

A.2

The consequences of isotropy

In their seminal paper, Karman and Howarth [28] argue as follows (we reproduce their
argument for d = 2). Let the two points under consideration lie on the x-axis. We say that
the x-direction is the longitudinal direction, pointing directly between the two points, while
we say that all other perpendicular directions are transverse directions. The triple velocity
correlation functions can be listed as
hvx (0)vx (~r )vx (~r )i , hvy (0)vx (~r )vx (~r )i , hvx (0)vx (~r )vy (~r )i
hvy (0)vx (~r )vy (~r )i , hvx (0)vy (~r )vy (~r )i , hvy (0)vy (~r )vy (~r )i .
Now, both directions ŷ and −ŷ are transverse, and by isotropy (or parity-invariance in
d = 2) every correlation will be invariant under a switch between them. However, any
correlation with an odd number of y-components will undergo a change of sign when the
y-axis is inverted. Those correlations therefore vanish. This fact is reflected in Eq. (3.10),
and is no longer puzzling. This also reveals that the direction along ~r is special in some
restricted sense, since if it were not then by inverting the x-axis we would conclude that
all the correlations are zero, which is at least experimentally false. The remaining possibly
non-zero correlations are
hvx (0)vx (~r )vx (~r )i , hvy (0)vx (~r )vy (~r )i , hvx (0)vy (~r )vy (~r )i .
(A.2)
P
The incompressibility condition i ∂i vi = 0 further implies that only one of these remaining
three correlations is independent (see [28]). In the relativistic case, there does not necessarily
exist an analogous condition, so all three correlations might be independent.
The same arguments about sign-flipping apply in the case of homogeneous, isotropic
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turbulence in a special relativistic perfect fluid. The correlation reads
hT0j (0, t)Tij (~r , t)i =

ri
,
d

(A.3)

where i and j are spatial indices, and there is no sum on j. The perfect fluid energymomentum tensor reads
Tab = (ρ + p)ua ub + pηab ,

(A.4)

~ = γ(1, ~v ). Thus, for i 6= j, we notice that Tij = (ρ + p)γ 2 vi vj will undergo a
where u
change in sign when one of the i- or j-axes is inverted. On the other hand, if i = j, then
Tii = (ρ+p)γ 2 vi vi +pδii does not change sign when the i-axis is inverted, and there is no sum
on i. Furthermore, T0i = (ρ + p)γ 2 vi changes sign when the i-axis is inverted. Thus all the
facts are in place to run the same arguments presented in [28]. This allows us to conclude
that the only non-vanishing correlations for longitudinal x̂ and transverse ŷ in our case are
hT0x (0, t)Txx (~r , t)i , hT0y (0, t)Txy (~r , t)i , hT0x (0, t)Tyy (~r , t)i .

A.3

(A.5)

Energy condensate

In the absence of large-scale removal of energy in 2D, energy will build up in the gravest
mode. Such a state is called an energy condensate. In this section we present numerical
results concerning such a fluid configuration.
On a periodic doman with grid resolution N 2 = 4002 and a homogeneous, isotropic,
random external force acting at kf = 50 with real-space amplitude β = 0.6, we obtain an
energy condensate by integrating for long times. Fig. A.2 displays the progression of the
vorticity for this run, with all times quoted in multiples of the light-crossing time tLC . The
colour scale has been omitted. Notice the late-time appearance of two dominant vortices of
opposing sign.
Energy condensates have been analyzed with the use of wavelets by [5]. We perform a
similar analysis here as far as decomposing the velocity field into coherent and incoherent
parts and computing the spectral energy of each. Fig. A.4 shows these results. The decomposition is performed using Coiflet-12 wavelets, which are a complete set of functions which
are localized in both real and Fourier space. Their first two moments vanish (as well as
their third and fourth moments), which means that they couple weakly to Gaussian features
(which are determined entirely by their first two moments) [42]. In other words, a relatively
large number of basis elements with relatively low weights are required to represent Gaussian
features of the data, whereas non-Gaussian features are represented by fewer basis elements
with higher weights. Assuming the incoherent part of the velocity field is closer to Gaussian
than the coherent part, one can therefore extract the incoherent part by imposing a threshold
on the field in wavelet space, setting to zero all wavelet weights above a certain value, and
then transforming back to real space. The remainder is the coherent part.
To get a sense of what this procedure does, Fig. A.3 displays such a decomposition of the
vorticity at t = 960tLC using a threshold value of 3. Notice the increased blurriness of the
coherent part of the vorticity (a common feature of compressed images, which is the result of
53

t=40

t=160

t=200

t=280

t=360

t=640

Figure A.2: Progression of the vorticity during the emergence of an energy condensate. The
colour scale is omitted since this figure is only meant to qualitatively illustrate the anisotropic
features of the energy condensate. All times are quoted in multiples of the light-crossing time
tLC .
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Figure A.3: Wavelet decomposition of the vorticity field at t = 960tLC with a threshold value
of 3. Left: the full vorticity field. Middle: the incoherent part. Right: the coherent part.
being represented by a small number of basis elements), and the dominant overall amplitude
of the coherent part with respect to the incoherent part. The energy scaling displayed in
Fig. A.4 are approximately consistent with [5]. Note that there is a significant amount of
arbitrariness in the choice of threshold value and wavelet type which we do not attempt to
address here.
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Figure A.4: Wavelet decomposition of the spectral energy of the condensate at t = 960tLC
using Coiflet-12 wavelets and a threshold of 1. Left: E(k) for the full velocity field. Middle:
E(k) for the incoherent part of the velocity field. Right: E(k) for the coherent part of the
velocity field. The scaling behaviour of approximately k −3 , k −1 , and k −3 , respectively, is
consistent with [5].
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