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At high temperatures, the blocks of an AB-diblock copolymer melt mix on a molecular level, to form the homogeneous disordered phase (DIS). As the melt is cooled,
the blocks microphase segregate, forming ordered structures, such as BCC-ordered
micelles (BCC). We study the order-disorder transition (ODT) in AB-diblock copolymer melts as described by the Landau-Brazovskii model. We start with the simple,
direct DIS to BCC transition via nucleation in the mean-field limit, and then modify
our approach to include disordered micelles (DM) and physically realistic random
compositional fluctuations (noise) with an amplitude that depends on the invariant
polymerization index, N̄ , and varies as N̄ −1/4 . In the direct DIS to BCC transition
via nucleation in the mean-field limit we find spherical nuclei, the behavior of which
are consistent with classical nucleation theory close to coexistence but become diffuse
at deeper undercoolings and we observe the crossover to spinodal decomposition. We
also examine the dynamics of the ODT and derive an expression for the motion of
planar interfaces between two phases. Our result can be thought of as a generalization

of the result by Goveas and Milner (1997). When noise is included the ODT is suppressed and disordered micelles appear as stable structures between DIS and BCC. We
systematically examine the structural and dynamic properties of disordered micelles
by directly analyzing monomer densities and by calculating the scattering function,
to mimic experimental techniques. Our results are consistent between analysis methods and show a general agreement with experiments on DM, suggesting that the DM
that we have found in the Landau-Brazovskii model are physically realistic and that
our analysis methods are valid. On cooling, there is a continuous crossover from DIS
to DM for polymers of experimentally relevant values of N̄ . Once micelles have been
established they diffuse through the melt by hopping between energetic minima. For
large noise amplitudes the melt appears to explore configuration space during our
simulations, however, for low noise amplitudes the melt evolves more slowly and can
become trapped in a configuration that is liquid-ordered but has a relaxation time
that is long on the scale of our simulations.
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Chapter 1
Introduction
As an asymmetric block copolymer melt is cooled from high temperature it microphase segregates, forming disordered micelles, which then order onto a lattice.
Disordered micelles are often ignored in theoretical considerations of block copolymer
phase behavior because they are not periodic structures and are therefore not easily
described by the usual procedure of representing in Fourier space using an ansatz
which is based on symmetries. Theoretical analyses of disordered micelles, though
present, are less common than of the ordered phases. We wish to add to this set
of theoretical analyses using phase-field simulations of disordered micelles, with the
novel addition of realistic compositional fluctuations, which reflect the physical properties of the polymers considered, particularly the invariant polymerization index. On
beginning this work, it was unclear if we would be able to form stable or metastable
disordered micelles in a phase-field model. On simulating stable or metastable disordered micelles, the question of their physical realism remained open. The main
focus of this work is the production and characterization of disordered micelles which
are formed in simulations. For contrast, we also examine the order-disorder transition without including disordered micelles. In addition to the novelty imparted
by their relative rarity in phase-field models, disordered micelles are also an exam-

1

ple of soft objects with non-conserved number. This may enhance their ability to
explore configuration space through disappearance, reappearance and deformation:
behavior not seen in colloidal or atomic systems. We wish to closely examine their
structural properties, such as the number, size and shape, as they vary with temperature and polymer length; as well as dynamical properties, such as the individual
and average motion of micelles and the effects of changing temperature and volume
fraction thereon. Micelles may, for example, become trapped in place, leading to a
glass transition at low temperatures, or their novel behaviors may allow the system
to rearrange. We also consider the order-disorder transition and look for suppression
thereof by compositional fluctuations and the presence of disordered micelles.

1.1

Introduction to Block Copolymers

Block copolymers consist of chemically distinct groups separated into regions, or
blocks, along the polymer chain. There is an effective repulsion between unlike blocks
leading to microphase separation. A competition between the tendency to mix (due
to entropy) and to demix (due to enthalpy) lead to the formation of ordered microstructures. In melts, blends and solutions at high temperatures, the repulsion
between blocks is insufficient to overcome mixing entropy and the blocks mix forming
a uniform disordered phase. As the temperature is lowered the enthalpic interaction becomes more significant and blocks demix, leading to micophase separation and
hence ordered structures.
As temperature and polymer asymmetry are varied, a plethora of ordered structures forms, revealing a rich and complicated phase behavior. These structures include, but are not limited to, spheres in body-centered cubic (BCC) or close packed
arrangements, hexagonally packed cylinders (HEX), lamellar microdomains (LAM)
and 3D networks with gyroid (GYR) or F ddd symmetry. Depictions of a diblock

2

4/23

DM
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LAM

(a)
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Figure 1.1: Illustration of (a) an AB diblock copolymer and (b) monomer density
fields representing examples of structures. The structures shown are disordered micelles (DM), BCC spheres (BCC), hexagonally packed cylinders (HEX) and lamellae
(LAM). In each image the minority block, A, is represented in red and the majorty
block, B, in blue. Block B is made translucent in (b) to ease visualization of the
structure.
copolymer and examples of these ordered structures are illustrated in Fig. 1.1. These
self-assembled microstructures have many potential applications. The long range order and size make them useful for nanolithographic templates [1] and other nanopatterning. [2] The fabrication of photonic crystals is another potential application, since
the period is tunable by controlling the polymerization index, and dielectric constants
are controlled by choice of chemical groups used in the blocks. [3] There are also potential applications in nanofiltration, by chemically removing the minority block in
thin films of the cylinder phase, yielding nanopores. [4]

1.2

Phase Behavior

In order to utilize or study particular structures, it is first necessary to understand the
conditions under which they form. An AB-diblock copolymer is often characterized

3

450

in terms of the fraction of the polymer composed of one of the blocks, fA ; the FloryHuggins interaction parameter, χ, which is a function of the temperature and the
types of monomers; and the polymerization index, N . Over the past few decades a
rich equilibrium phase diagram, in terms of these parameters, has been constructed
and refined in an extensive body of experimental and theoretical work.
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While this experimental work was happening, there was also a large body of theoretical work, trying to understand and make predictions regarding the equilibrium
phase behavior. In 1980, Leibler published a theory on the mean-field equilibrium
phase behavior of AB diblock copolymer melts in the weak segregation regime. [12] He
found regions of stability for the LAM, HEX and BCC phases that are in qualitative
agreement with experiment. Leibler’s theory and its relevance to our work are discussed in section 2.1, where we discuss its relationship with the Landau-Brazovskii
model. The Landau-Brazovskii model and similar models, such as the Ohta-Kawasaki
model [13,14] have been used to study equilibrium and non-equilibrium behavior of diblock copolymer melts and contain, as local minima, all observed ordered phases.
They also find a small region of stability for the F ddd phase, [15–17] which was only
recently seen experimentally. [18]
Self-consistent field theory (SCFT) [19] has also been employed as a powerful tool
to study equilibrium phase behavior of diblock copolymer melts, as well as many
other polymeric systems. It represents polymer properties and interactions as fields,
which are solved for self-consistently, to find the most probable configuration. Representing the state by a single, most probable, configuration is equivalent to utilizing a
saddle-point approximation to the partition function and is equivalent to a mean-field
approach. SCFT calculations in Fourier space precisely find the structure and free energy of periodic phases of diblock copolymer melts and are therefore quite well-suited
to studying equilibrium phase behavior. [11,20–23] An example of a phase diagram found
using SCFT is shown in Fig. 1.2b. The phase diagram has also been studied using
various types of simulations, including molecular dynamics and dissipative particle
dynamics, [24–26] lattice Monte Carlo, [27,28] and time-dependent Ginzburg-Landau [29,30]
simulations. In each case they find a phase diagram that is at least qualitatively the
same as those presented in Fig. 1.2.
The two phase diagrams in Fig. 1.2 are quite similar qualitatively, but there are
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some noticeable differences. The equilibrium phase diagrams calculated by SCFT
and the Landau-Brazovskii and Ohta-Kawasaki models find regions of stable BCC
and HEX phases for close to symmetric polymers. These regions only disappear when
fA = 0.5. Experimental work, mentioned earlier, find the BCC and HEX phases to
be stable only for quite asymmetric copolymers. The order-disorder transition also
appears to be shifted to higher χN .
The theoretical calculations mentioned earlier are all conducted in the mean-field
limit, that is, using the saddle-point approximation and ignore fluctuations around
the most likely configuration. This approach can be modified to include deviations
from the saddle point in a number of ways. As an example, Brazovskii modified his
weak-crystallization model, the Landau-Brazovskii model, to include fluctuations. [31]
Starting from the mean-field solution, he added a deviation in the order parameter
and integrated over the contributions of this deviation to the partition function in
the Hartree approximation. This approach was also used by Fredrickson and Helfand
to study fluctuation corrections when studying diblock copolymer melts. [32] They
found that fluctuation effects depend on the degree of interpenetration of polymers,
described by the invariant polymerization index, N̄ , and that as N̄ → ∞ their results reduce to those of Leibler. As polymers become longer and overlap more, the
interactions that they feel become better approximated by a mean field and therefore mean-field theory becomes a better approximation. Another way of thinking
about this result is in terms of the Hamiltonian of the melt. The Hamiltonian increases with increasing N̄ and as N̄ → ∞ the contribution to the partition function
by the minimum in the Hamiltonian becomes infinitely more significant than other
contributions. The invariant polymerization index and its relationship to the polymerization index, N , will be discussed in more detail in chapter 2. Fredrickson and
Helfand also find that ordered phases are destabilized by fluctuations and the ODT
is shifted to higher χN with decreasing N̄ . As well as being shifted, the ODT at
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critical point. Lines appear in the phase diagram directly between equilibrium DIS
and LAM, and between DIS and HEX. This is illustrated in Fig. 1.3. A shift in the
ODT to higher χN and fluctuation-induced first order transition for symmetric polymers have also been seen in lattice Monte Carlo simulations [27,33] and time-dependent
Ginzburg-Landau simulations. [34,35] These simulations found a greater shift than that
calculated by Fredrickson and Helfand, however, Fredrickson and Helfand reported
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that their corrections to mean-field calculations are only rigorously accurate for N̄
of O(1010 ) or larger, but may be applicable to polymers as short as N̄ ∼ 104 . The
polymers used in Ref. [33] were between N = 10 and N = 40, which corresponds to
a range of invariant polymerization indices of N̄ = 50 to N̄ = 200. This may be too
short to expect a reasonable quantitative comparison.
Deviations from the saddle point (mean-field) solution have also been considered
in the Gaussian approximation, which is equivalent to expanding the Hamiltonian
to quadratic order around its minimum, and hence adds one correction term to the
saddle-point approximation. The correction term is a Gaussian integral, hence the
name ‘Gaussian approximation.’ Examples of this approach applied to polymer blends
are given in Refs. [36–38].

1.3

Disordered Micelles

So far we have considered the equilibrium phase behavior with low temperature (high
χN ) ordered phases and a high temperature (low χN ) disordered phase consisting of
uniformly mixed polymers. This is not the whole picture. At high enough temperature
blocks do indeed mix, however, closer to the ODT experiments reveal segregation of
blocks and the formation of globular microstructures which are not arranged on a
lattice. [39–46] That they are not arranged on a lattice distinguishes these globular
structures from the ordered sphere phases that were discussed earlier.
These globular structures, called micelles, consist of a core composed of the minority block, surrounded by a corona, composed of the majority block. An illustration of a
micelle is shown in Fig. 1.4. The presence of another disordered structure complicates
matters and leads to questions regarding the structural and dynamical properties of
disordered micelles and how their presence affects the order-disorder transition.
Is this micellar disorder a distinct phase from the uniform disordered phase? If
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Figure 1.4: Depiction of a micelle. The core, labeled red, consists of the minority
block and is surrounded by the corona, labeled blue, which consists of the majority
block. For clarity, the core is primarily represented as a single object, however, a
small segment is included where the core is shown to consist of chains.
this is the case then we would expect to find a phase transition between these behaviors. Schwab and Stühn used scattering experiments to study a diblock copolymer
melt and found that the crossover from uniform to micellar disorder appeared to occur
gradually over a range of temperatures. [40,41] This implies that the crossover is continuous and there is no true phase transition between uniform disorder and disordered
micelles. Analytical calculations have also found a continuous crossover into uniform
disorder, consistent with experiments described above. [47,48] The picture supported
by both experiment and analytical calculations is that as temperature increases micelle volume fraction decreases until it becomes essentially 0. The uniform disordered
phase is therefore the high temperature limit of micellar disorder. Will we see this in
simulations? There is still some disagreement regarding how this crossover occurs. In
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their experiments Schwab and Stühn found that the volume fraction decreased upon
heating, primarily, due to a decrease in the size of micelles, while the number did not
vary much. Wang and Lodge, [46] however, found the change in volume fraction to
be primarily due to a change in the number of micelles, while their size varied little.
Simulations allow us to examine the properties of micelles during this crossover for
a broader range of temperatures and polymerization indexes and let us directly examine micelles. Wang et al. [47] found that the region over which disordered micelles
are stable increases with decreasing polymerization index. Simulations allow us to
consider this claim, varying the polymerization index by orders of magnitude.
Why do disordered micelles form when the uniform disordered phase is cooled?
At high temperature the mixing entropy dominates over the effective repulsion between blocks (enthalpic contribution). As the melt is cooled, enthalpy becomes more
significant, relative to the entropy, and blocks demix. Early in the process, when
blocks are first starting to demix, the entropic influence is still significant and favors
a disordered configuration. Micelles therefore form but remain disordered until their
translational entropy becomes less significant, allowing them to freeze onto a lattice.
Why freeze on to a lattice at all? This may be due to the increase in volume
fraction, on cooling, favoring a configuration which packs more efficiently and hence
allows more microphase separation. That is, it may be an example of ordering of hard
spheres due to increasing volume fraction, known as a Kirkwood-Alder transition. [49]
If this is the case, and micelles behave like hard spheres, then we would expect
ordering at a volume fraction around 0.49. [50] When hard spheres increase in number
their translational freedom decreases as each sphere is confined to a small region,
imprisoned by the surrounding spheres. Crystallization can increase translational
entropy by increasing the size of their cage, thereby allowing more room to translate.
This counterintuitive result, that freezing can increase entropy, was predicted by
Kirkwood [51] and was confirmed in simulations by Alder and Wainwright [52] and Wood
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and Jacobson, [53] and is described in the Review, Ref. [54]. Ordering may also be
influenced by micelle interactions which favor ordering. Both Schwab and Stühn [40,41]
and Wang and Lodge [46] found ordering to occur at a volume fraction of approximately
0.47, close to that expected for ordering of hard spheres.
Semenov presented a theory describing ordered micellar phases in diblock copolymer melts, starting from the standpoint of an interacting micellar gas. [55] He found
free energies and hence the relative stability of different ordered phases. He reported
that the interaction energy between micelles may be either positive or negative but at
the absolute free energy minimum, the interaction energy is negative. In contrast to
the discussion so far, Semenov did not find disordered micelles to be stable. Dormidontova and Lodge used an approach similar to that of Semenov but included the
translational entropy of micelles. [48] They found that disordered micelles become stable and invade the ordered phases. The translational entropy appears to be important
in the formation of disordered micelles. The suppression of order by the presence of
disordered micelles is as expected: Near the ODT, the melt has a lower free energy
with disordered micelles than without, as evident from the presence of micelles. If the
ODT calculated without considering disordered micelles is identified with thermodynamic coexistence of ordered micelles and uniform disorder then at this coexistence
disordered micelles will have a lower free energy than uniform disorder and hence
ordered spheres. This argument is illustrated in Fig. 1.5.
In addition to their place in the phase diagram, disordered micelles themselves
are intrinsically interesting, both as a component of block copolymer behavior and
as an example of deformable objects with non-conserved number. In order to obtain
information about structural properties of micelles, scattering experiments are often
performed. Structural information is extracted directly from the scattering function
and through fitting to models and it is common to treat the disordered micelle structure as a system of hard spheres. [42,46,56–58] A systematic example of such an approach
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Figure 1.5: Free energies of DIS, DM and BCC to illustrate the suppression of the
ODT by disordered micelles. Free energy curves are not quantitative and do not
represent actual free energy calculations. The curves are shown to illustrate the
argument: If 1. free energies of DIS and BCC decrease on cooling, 2. the free energy
of DM is less than that of DIS near the ODT, 3. The free energy of BCC is less than
DM in some region below the ODT, then DIS-BCC coexistence (ODT if there were
no DM) will be at a higher temperature than DM-BCC coexistence (ODT with DM).
is that by Wang et al. [46] They were able to identify the ODT through a characteristic change in the primary peak in the scattering function: upon ordering the peak
narrows, becomes taller and shifts position. Discontinuities in these values mark the
ODT. Through fitting to the hard sphere model they were able to extract information about the size of micelles as well as the micellar volume fraction. They find that
disordered micelles persist up to 100◦ C above the ODT, and during this temperature
variation they found that the micelle size remained roughly constant but the volume
fraction decreased, indicating a decrease in number of micelles. This is in contrast to
Schwab and Stühn, who find that the change in micellar volume fraction is primarily
due to a change in micelle size.
12

The structural properties of disordered micelles are not the only sources of interest. There is also potential for interesting dynamical behavior. From a practical
standpoint, understanding how micelles behave dynamically may aid in processing
of materials, where specific final structures are desired. From a more fundamental perspective, being potentially deformable, as described above, may lead to novel
behavior.
As with the structural properties of micelles, dynamical properties are typically
investigated using scattering experiments. These give information about the structure
in Fourier space, hence looking at density-density correlations directly from scattering
experiments gives information about correlations on length scales of the inverse of
the wave vector considered, that is, collections of particles on these length scales.
The diffusion constant directly extracted from these scattering experiments is the
collective diffusion constant, D(q). For further elaboration on collective diffusion and
the methods of extracting collective diffusion constants, see section 2.4.3.2.
Information about collective diffusion in a micellar system of block copolymers
in a homopolymer matrix was gathered using forced Rayleigh scattering [59–61] and
surfactant micelles in solution, using inelastic neutron scattering. [62] In each case
more than one (either two or three) diffusion constant was found, corresponding to
multiple diffusive modes. The slowest mode was interpreted as corresponding to the
diffusion of micelles themselves. The other modes were interpreted as corresponding
to relaxation of either micelle coronas or individual polymer chains.
Experiments have been able to extract information about structural and collectivediffusive properties of disordered micelles through X-ray and neutron scattering but
do not usually have direct access to micelles. How well do the results found from experiments compare with the actual microscopic properties? How does rearrangement
occur at the ODT, at the phase boundary between disordered and ordered micelles?
Analytical approaches have been applied to equilibrium behavior near the ODT and
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CMT to produce results that are consistent with experiments, but what about dynamical behavior and the intermediate regime? In this work we utilize simulations to
try to address these questions.

1.4

Transitions Between Phases

The order-disorder transition for asymmetric diblock copolymer melts is an example of crystallization, where continuous translational symmetry gives way to discrete
translational symmetry. In the simple case, directly from uniform disorder, micelles
emerge directly onto the BCC lattice. As we saw in the previous section, the disordered phase may also contain liquid-ordered micelles. In this case, crystallization
consists of ordering these micelles onto a lattice. In this thesis we explore both of
these pathways. Illustrations of the direct DIS to BCC transition and the DM to
BCC transition are shown in Figs. 3.3 and 4.2 respectively.
In either case, crystallization has two limiting behaviors by which it proceeds:
nucleation and spinodal decomposition. Nucleation occurs when the initial phase is
metastable and there is a large barrier to the transition. A seed nucleus of the more
stable phase forms, either from a fluctuation, in the case of homogeneous nucleation,
or from a contaminant, in the case of heterogeneous nucleation. The nucleus then
grows into the metastable phase. When the barrier to nucleation disappears, at the
spinodal, large regions of the system can transform simultaneously through the growth
of small-amplitude, long-wavelength fluctuations. The spinodal can be located by
conducting a linear stability analysis to determine when the system becomes unstable
to small perturbations. In the case of periodic systems such as block copolymers this
takes the form of constructing a Hessian matrix of second derivatives of the free energy
with respect to amplitudes of applicable oscillatory modes and determining when one
of the eigenvalues of this matrix becomes negative. An informative description of
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locating the spinodals is given in Ref. [63].
The classical theory of homogeneous nucleation (CNT), described in more detail
in section 3.2.1.1 and Ref. [64], considers a large droplet of the equilibrium phase
separated from the bulk, metastable, phase by an interface that is narrow on the
scale of the droplet. CNT separates the bulk and surface terms in the free energy,
and is therefore only valid when a clear separation exists. CNT uses the free energy
of a droplet to determine how large a droplet has to be in order to grow, the critical
size of the droplet; and the free energy of this critical droplet, the free energy barrier.
The critical size and free energy barrier both diverge at thermodynamic coexistence
and decrease in size further from coexistence.
A more sophisticated technique was employed by Cahn and Hilliard, to study nucleation and the crossover to spinodal decomposition. [65–67] They first found the free
energy of an isotropic system of nonuniform composition and considered phase separation in a supersaturated mixture. They found the structure of the critical nucleus
by finding saddle points of the free energy. For low supersaturations the properties
of the critical nucleus approached those predicted by CNT, however, at larger supersaturations, in contrast to CNT, the droplet began to adopt a large radius, diverging
at the spinodal; the width of the interface widened at greater supersaturations, also
diverging at the spinodal; the central concentration of the droplet became smaller,
reaching the initial, mixed concentration at the spinodal; and the free energy barrier
to nucleation vanished at the spinodal. At the spinodal there is no barrier to forming
an infinitely diffuse interface and the free energy change associated with growing this
small perturbation is negative. The system therefore becomes unstable to infinitesimal, long-wavelength perturbations, resulting in spinodal decomposition.
Similar approaches have been used to study crystallization. Harrowell and Oxtoby
used a Helmholtz free energy, similar to that used by Cahn and Hilliard, to study
crystallization of a supercooled liquid. [68] They found large central amplitudes and
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finite free energy barriers even at deep undercoolings. They suggested that this
may be because they were still far from the freezing spinodal. Later work by Shen
and Oxtoby employed a density functional approach to examine the freezing and
melting of a Lennard-Jones fluid. [69] They found a divergence in droplet extent and
interfacial width when considering melting, however, when considering the freeing
transition, droplets continued to decrease in size, qualitatively consistent with the
CNT description.
Experiments suggest that the order-disorder transition in block copolymers occurs via the nucleation mechanism. Utilizing small angle X-ray scattering (SAXS)
and transmission electron microscopy (TEM), coexistence has been observed between
the disordered phase and ordered phases, such as LAM for symmetric polymers [70,71]
and cylinders and spheres for asymmetric polymers, [72] as well as a delay to ordering,
indicative of a free energy barrier and nucleation. [73] More detailed analyses using
time-resolved SAXS to [72] study the ordering mechanism have observed that shallow
quenches into the region of HEX stability lead to the transition from disorder to ordered spheres which then transition to the HEX phase, whereas at deeper quenches
the transition occurs directly from disorder to HEX phase. [74] Experiments utilizing
polarized optical microscopy (POM) have been used to study the shape and internal structure of nuclei of ordered phases, such as HEX and LAM, nucleating from
disorder. [75–77] In some cases they find complicated droplet shapes, such as spherulites.
Wickham et al. [78] employed the Landau-Brazovskii model to study nucleation at
the HEX-LAM transition. They analytically calculated the free energy of a HEXLAM interface at coexistence and used this in a CNT framework to find the shape,
size and free energy of critical droplets. This is similar to a method described in
section 3.2.1.2 that is applied to the study of the uniform disorder to BCC transition. The results of Wickham et al. were tested by Spencer and Wickham [79] using
dynamic simulations similar to those presented herein. They found the shape of grow-
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ing droplets and were able to bracket critical nuclei by inserting nuclei of various sizes
and determining which droplets grow and which shrank. Both the shape of growing
nuclei and the size of critical nuclei were consistent with those found from the calculations of Ref. [78]. The phase-field modeling approach has been applied to nucleation
in diblock copolymer melts in a number of other cases. These include, but are not
limited to, Refs. [80–84].
There are two main stages associated with the nucleation mechanism: the formation of a nucleus and the subsequent growth of this nucleus. The rate of formation
of nuclei decreases with increasing free energy barrier and hence studying nucleation
rates requires consideration of the critical nuclei. Once formed, the growth rate of
the nucleus becomes important.
Once a supercritical nucleus has formed, it grows. If the nucleus is large, as it
would be at late times or close to coexistence, then the interface can be considered
locally flat and the growth of the droplet can be modeled as the motion of a planar
interface. Goveas and Milner considered the motion of a planar interface between
the LAM and HEX phases and found that the interfacial velocity is proportional to
difference in free energies between the phases and hence, close to coexistence, proportional to the distance from coexistence in terms of χN . [85] Experimental work by
Refs. [76,77,86], studying the motion of interfaces, finds agreement with calculations
by Goveas and Milner, down to a proportionality constant. Simulations by Ref. [79],
studying nucleation at the LAM-HEX transition also find that the interfacial velocity
is proportional to the distance from coexistence. In this work we present a more
general derivation for the velocity of a planar interface.
Spinodal decomposition is easier to model analytically as it can be modeled as a
uniform transition. It is also less computationally intensive to simulate. Since it can
be modeled as a uniform transition, it only requires a small region to be simulated.
The ability to utilize small system sizes allows for the application of computationally
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intensive methods, such as molecular dynamics and dissipative particle dynamics, to
study spinodal decomposition. [26,87–90] For periodic systems, spinodal decomposition
can be studied as a uniform transition in Fourier space. Periodic systems are often
easily represented in Fourier space. A block copolymer melt, for example, can be
represented as a sum of Fourier modes with amplitudes which vary in space. Spinodal decomposition can be modeled as uniform changes in these amplitudes, which
allows this mechanism to be modeled far easier, using these amplitude models, than
nucleation. [7,91] The picture of spinodal decomposition as a uniform transition is often
used, including in this work, but is incomplete as spinodal decomposition can take
the form of an instability with respect to infinitesimal anisotropic fluctuations, not
simply isotropic fluctuations. This is discussed further in Ref. [92].
Phase transitions between periodic phases with epitaxial relationships [82,93–97] can
often be represented such that the intermediate structure can be given by a sum of
the reciprocal lattice vectors that are used to represent each of the pure phases. An
interface between the two phases can be modeled by spatially varying amplitudes of
the oscillatory modes. In the case of BCC ordering from uniform disorder this is
simply a growth of the BCC amplitude. Neither the creation of disordered micelles
from uniform disorder nor their ordering onto a lattice can be modeled this way,
complicating the study of the ODT when disordered micelles are present. This is
one of the reasons that simulations are of such utility when investigating disordered
micelles.

1.5

Simulating Block Copolymers

Simulations are useful in studying systems that are difficult to treat analytically or
examine experimentally. Unlike experiments it is often trivial to access information
that would be experimentally unfeasible, such as the positions of every atom in a
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system; or a clear and direct connection with analytical theory. When simulating a
block copolymer melt, there are multiple levels of coarse-graining that are possible
and one must choose the level that is appropriate to the problem of interest. We
choose a time-dependent Ginzburg-Landau model. This section gives an overview of
various approaches and will motivate our choice.

1.5.1

Molecular Dynamics and Dissipative Particle Dynamics

Molecular dynamics (MD) simulations represent every atom in a system and use predetermined interactions between atoms to drive the evolution of the system through
Newtonian mechanics. This approach can be modified to represent sets of atoms,
such as monomers in a polymer, as a single particle, where internal degrees of freedom are integrated out, replaced with single pairwise interactions. This is the basis
of dissipative particle dynamics (DPD).
This approach has been applied to study phase behavior in diblock copolymers.
Studying the ODT, Zhang and Manke found that the disordered phase orders into the
BCC phase, followed by cylinders then lamellae. [24] This is consistent with the phase
diagrams presented in Fig. 1.2. Schultz et al. studied phase behavior, including the
location of the ODT. [25] They found value for the ODT consistent with Fredrickson
and Helfand. [32] They also found that the perforated layer (PL) phase forms preferentially to the gyroid phase in some regions. This is at odds with mean-field calculations
but consistent with other similar simulations, such as Ref. [26]. Transitions between
ordered phases (OOTs) have also been studied, looking at structural rearrangements
which occur during OOTs. [89,90,98]
The main disadvantage to this type of simulation is the high computational demand associated with representing and evolving a large number particles. The simulations mentioned above are typically only large enough to represent a 2-3 lamellar
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spacings. They are also only run for a long enough time to see fast transitions via
spinodal decomposition. They are unsuitable to study, for example, nucleation or
diffusion of micelles, which require large ranges and long times.

1.5.2

Langevin Dynamics of the Rouse Model

At a higher level of coarse-graining, a polymer is often represented by the bead-spring
(Rouse) model. The Rouse model has been simulated using Langevin dynamics to
study the unwinding of DNA [99] and, more recently, the diffusion of diblock and
triblock copolymers. [100] As with MD and DPD, this type of simulation is computationally intensive and is therefore restricted to small volumes and short times.

1.5.3

Lattice Monte Carlo

In lattice Monte Carlo simulations polymers are represented by self-avoiding walks
on a lattice and an interaction energy between monomers is defined. The positions of
monomers are then randomly changed and this ‘move’ is accepted with a probability
that is a function of the change in energy of the system associated with the move.
Refs. [101,102] used lattice Monte Carlo simulations to study the high temperature behavior of block copolymers in a compressible melt. As T → ∞ (athermal
conditions) they found Gaussian behavior, corresponding to the dominant wave vector found by Leibler. As temperature was lowered and phase separation began to
occur, they found a decrease in the the dominant wave vector, corresponding to chain
stretching.
Vassiliev et al. [33] employed a similar Monte Carlo technique to an incompressible
block copolymer melt to study the ODT. They also conducted mean-field calculations based on the same lattice model, in order to analyze deviations from mean-field
predictions. Their mean-field calculations produced a continuous ODT for symmetric polymers, whereas the Monte Carlo simulations produced a first order transition
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which was shifted to higher χN , consistent with other corrections to mean-field behavior previously discussed. The shift in the ODT was larger than that found by
Fredrickson and Helfand. Fredrickson and Helfand reported that their corrections to
mean-field calculations are only rigorously accurate for N̄ of O(1010 ) or larger, but
may be applicable to polymers as short as N̄ ∼ 104 . The polymers used in Ref. [33]
were between N = 10 and N = 40. Based on the simulation parameters in Ref. [33],
we estimate that corresponds to a range of invariant polymerization indices of N̄ = 50
to N̄ = 200. This may be too short to expect a reasonable quantitative comparison.
Matsen et al. [27,28] used lattice Monte Carlo to investigate equilibrium phase behavior in block copolymer melts and found several ordered phases: LAM, HEX, PL
and the gyroid phase. They also found a shift in the ODT as compared with meanfield calculations.
The descriptions above only pertain to a particular type of lattice Monte Carlo.
In general, Monte Carlo is a broadly applicable technique and can be applied to any
of the models presented in this section. As long as there is a variable configuration
and a degree of relative favorability (such as a free energy) associated with each
configuration, the behavior of the system can be investigated through varying the
configuration and selectively accepting variations.

1.5.4

Time-Dependent Ginzburg-Landau Model

In the time-dependent Ginzburg-Landau (TDGL) approach to polymer dynamics
a field is employed to represent the local monomer density and the free energy is
written as a power series in terms of the monomer density. An example of this, the
Landau-Brazovskii model, is described in detail in section 2.1. The time-dependence
of the local monomer density is driven by gradients in the chemical potential, which is
calculated from the free energy. This is described, as applied to the Landau-Brazovskii
model, in section 2.2. The main advantage to simulating this type of model is that it is
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less computationally intensive than previously described models, hence can be used
to simulate large systems for long times, and is still able to distinguish interfaces
between blocks and hence gives information about the microstructure. Below we
discuss some examples of the use of TDGL simulations.
Komura et al. investigated the ODT for a melt of symmetric diblock copolymers. [34] They measured the propagation velocity of the lamellar phase into the disordered phase with and without compositional fluctuations. They found that without
√
fluctuations the velocity, v, varied as v ∼ Tc − T , where Tc is the lamellar-disorder
coexistence temperature; whereas with fluctuations it varied as v ∼ Tc − T . They
interpreted this as indicating a change from a continuous to discontinuous phase transition upon the addition of fluctuations. The ODT for symmetric copolymers with
fluctuations was also simulated by Gross et al. , who also found a fluctuation-induced
first order transition. [35]
Qi and Wang used TDGL simulations to study order-order and order-disorder
transitions with compositional fluctuations with a tunable amplitude. [29,30] They considered the disorder, LAM, HEX and BCC phases and constructed a phase diagram
describing the stability of each phase as well as the mechanisms of transitions between
these phases, by observing the long time behavior of each initial phase at various temperatures. In some cases the transition proceeded via intermediate structures, which
were the other phases considered or the perforated layer phase. Their simulations
were too small to investigate the nucleation mechanism. They also did not consider
disordered micelles.
The HEX-LAM transition has been studied using TDGL in two [103] and three [79,104]
dimensions. Ref. [79] studied large systems and systematically investigated the shape
and size of critical nuclei of LAM nucleating from HEX. They used a similar technique
to that used to simulate critical nuclei of BCC nucleating from disorder presented
herein.
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TDGL simulations have been implemented, as well as modified, in a number of
ways. Yamada et al. modified TDGL simulations to act as a dynamical “amplitude
model.” [105] That is, they represented ordered phases as sums of oscillating modes
and evolved the amplitudes of these modes. Using a two-mode approximation, they
simulated transitions between ordered phases as well as the ordering transition. In
addition to directly implementing the time evolution equation, cell dynamics (CD)
simulations have been used to conduct TDGL simulations. [106–108] In CD simulations,
the density at a given lattice site (cell) is modified based on the chemical potential
and the surrounding cells are modified to conserve density. CD simulations have
been employed to study transitions between ordered phases, including BCC, LAM,
HEX and the gyroid phase. [109] Pinna et al. employed cell dynamics simulations and
modified the dynamical equation to include shear flow, to study the effect of shear
flow on ordered phases in diblock copolymer melts. [110–112] They were able to induce
transitions to the HEX phase from the gyroid phase as well as ordered and disordered
spheres.
In each of the simulations above where random fluctuations were included, the
amplitude of the fluctuations was left as a tunable parameter and the fluctuations
were used to test the difference between the presence or absence of noise or used as
an artificial mechanism to induce phase transitions. For either purpose the specific
amplitude is of little importance. By contrast, in our work we relate the fluctuation amplitude to physical parameters in the model, most importantly, the invariant
polymerization index.

1.5.5

Dynamic Density Functional Theory

Dynamic density functional theory (DDFT) is like TDGL in that the evolution of the
local density of a chemical species is driven by gradients in the chemical potential,
which is calculated from a free energy functional. The difference lies in that it is not
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specific about the particular density functional used. DDFT is sometimes considered a
modified version of TDGL, and TDGL might be considered a special case of DDFT in
which a Landau expansion is used for the free energy. When DDFT uses a free energy
as calculated in SCFT it is sometimes referred to as dynamical SCFT. A simulation
package called Mesodyn has been developed to simulate mesoscopic dynamics and
gives the option of using DDFT. [113,114]
Unlike TDGL, DDFT can be used to study particular polymers. Zvelindovsky
et al. simulated the particular triblock copolymer (EO)13 (P O)30 (EO)13 , retaining
the full polymer path integral in the free energy functional. [115] They were able to
simulate the ordering of disorder into cylinders and reproduce results seen in simulations. DDFT has also been employed to study polymer adsorption dynamics in
solution [116] and viscosity effects in sheared melts. [117] In the form of time-dependent
SCFT, DDFT can be significantly more computationally intensive than TDGL, since
SCFT iterations need to be done at each time step. It also provides more specificity than we require. In this work we wish to study the behavior of a melt in the
χN − fA − N̄ parameter space, as opposed to examining the behavior of a specific
polymer.

1.6

Thesis Overview

This thesis presents results obtained from analytical and numerical calculations regarding AB diblock copolymer melts at and close to the order-disorder transition
(ODT), conducted in the context of the Landau-Brazovskii model, described in chapter 2. We start with a simple picture of the ODT: a direct transition from DIS to
BCC, ignoring DM, in the mean field limit. This adds to the understanding of nucleation at the ODT in the Landau-Brazovskii model, but also provides a point of
comparison for our investigation of the ODT with random fluctuations and including
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disordered micelles. Disordered micelles have been seen in phase-field models [110,118]
but have not been studied systematically, nor have their stability and physical realism
been studied. Disordered micelles have been observed in experiments and there has
been analytical work on DM, however, on beginning this work it was not clear that
we would obtain stable DM in the Landau-Brazovskii model. The main thrust of this
work is to show that DM are present as a stable structure in the Landau-Brazovskii
model and to investigate the properties of these micelles. We examine micelle properties using two methods and examine the consistency between the results of these
methods as well as consistency with experimental results. Once our simulated micelles appear to be physically realistic, we wish to answer questions that are more
difficult to attain in experiments and analytical theory, such as: When we calculate
the scattering function and fit it to extract micelle parameters, as done in experiments, will these results be consistent with direct examination of the micelles? That
is, how robust is this method of fitting? How are the size and number of micelles affected by temperature and invariant polymerization index? On cooling, is the change
in volume fraction with temperature due to changes in micelle size, as in Refs. [41,58]
or micelle number, as in Ref. [46]? How do individual micelles move? How long do
they live? Do micelles behave glassy at any point? How are each of these behaviors
affected by temperature and invariant polymerization index?
An amplitude model, described in section 2.5, is employed to study the equilibrium
behavior of the BCC phase and the properties of the critical nucleus in the direct
homogeneous disorder to BCC transition. This leads into a study of the dynamics of
the ODT. The motion of a planar two-phase interface is considered and the velocity
thereof is calculated in section 3.3.1. These analytical results are tested using dynamic
simulations, described in section 2.3 and the results are reported in chapter 3.
The simulations are modified to include physically realistic random compositional
fluctuations and hence study the effect of these fluctuations on the ODT and the
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nature of the disordered micelles near the ODT. The details of the dynamical model
and the random fluctuations are given in section 2.2 and our results regarding fluctuations and disordered micelles are given in chapter 4. We first investigate the nature
of disordered micelles in the mean-field limit, in section 4.1, and then the formation of micelles with low-amplitude fluctuations present in the dynamics. In section
4.3, we study the structural properties of disordered micelles, measuring the number,
volume and volume fraction of disordered micelles. We compare two methods of obtaining these values, one of which is akin to methods used in experiment. We then
attempt to calculate the location of the ODT with fluctuations. Finally, in section
4.4, we investigate micelle dynamics to extract systematic information about self- and
collective-diffusion.
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Chapter 2
Theory
This chapter describes the theoretical framework in which our work is conducted and
how we conduct simulations. There are a number of ways to approach this problem
and we choose phase-field modeling, particularly the Landau-Brazovskii model, because it allows us to resolve length scales that are small enough to characterize the
interface between A and B blocks, while being coarse-grained enough to allow fast
simulations and study long-time behavior. There are other types of models that we
could use. We could track the location of each atom or small set of atoms individually
as in molecular dynamics or dissipative particle dynamics [24–26,89,90,98] or lattice Monte
Carlo [27,28,33,101,102] simulations. These particle-based simulations would, in principle,
also give access to the structural and dynamical properties in which we are interested,
however, in practice, implementing these types of simulations on large enough spatial
and temporal scales to be useful would be infeasible. Particle-based simulations have
typically been confined to smaller systems on shorter time scales.
Field-theoretic models are formed by integrating over the degrees of freedom of
individual particles to obtain a field which represents coarse-grained properties of
the system, such as density and chemical potential, as a function of space. [119] A
noteworthy example is the Edwards model. [19] We are not interested in the behavior
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of specific particles, however we do wish to examine behavior on the length scale of
the microphase separation of blocks, typically nm scale, and bulk behavior on the
scale of 10 or more wavelengths of the microstructure. The order-parameter used
in the Landau-Brazovskii model represents monomer densities on the length scale of
the microstructure but is coarse-grained enough that it not prohibitively taxing to
computationally represent many wavelengths of the microstructure.

2.1

Landau-Brazovskii Model

We consider an incompressible AB-diblock copolymer melt of n polymers in a volume
V0 . The polymers have degree of polymerization N , monomer density ρ0 = nN/V0
and segment length b. The fraction of the monomers which are A monomers is
fA = NA /N and the local density of A monomers is ρA . We work in the canonical
ensemble, with fixed T , V0 and n. We are interested in the structure of the melt over
length scales up to many times the radius of gyration,
r
Rg =

N b2
,
6

(2.1)

of a polymer and behavior which, experimentally, occurs on time scales typically
on the order of minutes or hours. This melt has a, generally, position- and timedependent density of monomer A, ρA (r, t), which we normalize to find φA (r, t) ≡
ρA (r, t)/ρ0 . The order-parameter in our model is the position- and time-dependent
order-parameter
φ(r, t) ≡ φA (r, t) − hφA i,

(2.2)

giving the deviation of the normalized local monomer concentration from its average.
There are two chemical species, A and B, however, given that we assume incompressibility, we can describe the local composition by the local density of a single

28

species and hence he need only specify φ(r, t). When this order parameter is used
to describe microphase segregated block copolymers, consider two limiting behaviors:
weak and strong segregation. When the tendency to microphase segregate is weak,
the deviation of φ(r, t) from 0 is small and the interface between A- and B-rich regions
is wide. The length scale of the A-B interface is comparable with the length scale
of periodic modulation. This leads to a smooth φ(r, t) which can be described by
a small number of periodic modes. When the tendency to microphase segregate is
strong, the deviation of φ(r, t) from 0 is large, the A-rich regions are more A-rich, the
B-rich regions are more B-rich and therefore the A-B interface is narrow. For weakly
segregated polymers, φ(r, t) resembles a sine wave, with a wave vector q0 , whereas
for strongly segregated polymers φ(r, t) more closely resembles a step function and
a larger number of modes is required, particularly in the large-wavenumber regime.
We are interested in behavior close to the spinodal where we expect the tendency for
blocks to microphase separate is small and hence the blocks are weakly segregated.
This means that we require a theory which is accurate for q ≈ q0 but are not as
concerned with behavior for q far from q0 .
There are a number of available field theories which could be applied to this problem and we choose the Landau-Brazovskii model. [31,120,121] As we will see, this model
accurately reflects the behavior of polymers for q ≈ q0 . This model has been successfully employed to study structural and dynamical properties of AB-diblock copolymer melts. [17,63,78,79,83,122] The Ohta-Kawasaki (OK) model [13,14] is another candidate,
which can also be derived from self-consistent field theory (SCFT) but is formulated
to treat strongly segregated block copolymers.
The Landau-Brazovskii (LB) model can be derived from SCFT in the weaksegregation limit and hence can be thought of as a weak segregation approximation to
SCFT. Its relation to the Leibler model, and hence relationships between parameters
in the LB and SCFT models, will be discussed shortly. In another sense, the LB
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model can also be thought of as a phenomenological model which describes all of the
phase behavior of AB diblock copolymer melts. The parameters in the LB model
are not directly relatable to experimental parameters a priori but can be related to
experimental parameters by comparison with experiments.
The Landau-Brazovskii free energy functional of a melt with order-parameter
φ = φ(r, t), defined in Eq. (2.2), is
ρ0
F0 [φ]
=
kB T
N

Z

3

d r0




ξ02
τ0 2 γ0 3 λ0 4
2
2
2
[(∇ + q0 )φ] + φ − φ + φ .
8q02
2
3!
4!

(2.3)

The Landau-Brazovskii model is a Landau expansion in terms of a spatially varying order parameter and is therefore valid when this order parameter is small. In
block copolymers this is when the blocks are weakly segregated. From the LandauBrazovskii model, we can obtain the chemical potential, as a function of space, which
drives the evolution of the melt. We use this to conduct dynamical simulations.
Thinking of the LB model as a phenomenological model, we can examine Eq. (2.3)
to see how it gives rise to the structures in which we are interested. The first term
is minimized (to 0) when φ(r, t) is a plane wave (or sum of plane waves) with wave
vector of magnitude q0 , causing the free energy to favor periodic ordered structures.
The parameter ξ0 gives the strength of the preference for the dominant wave vector,
q0 . The second quadratic term, with coefficient τ0 , affects the amplitude of the segregation. When τ0 > 0 this term increases when the system deviates from uniform
φ(r, t) = 0 and hence favors uniform composition. When τ0 < 0 this term decreases
as |φ(r, t)| increases and hence favors segregation. This is suggestive of a relationship
with segregation strength and therefore, as we will see, temperature. The third term
is a symmetry-breaking term and reflects the asymmetry in polymer composition.
When there are equal amounts of A and B blocks (symmetric copolymers) γ = 0.
For γ > 0, this term is negative and hence favors increases in φ3 . Since the melt is
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incompressible, φ (and therefore φ3 ) cannot increase in one region without decreasing
in another. The cubic term is also the only term which will contribute negatively
to the free energy when τ0 > 0. We therefore anticipate that microphase segregated
structures at τ0 ≥ 0 can only be favorable for γ 6= 0. The fourth term (and hence
the parameter λ0 ) can be thought of as a stabilizer to the density. This term always
increases the free energy as φ(r, t) density increases, making large amplitudes less
favorable. Being the highest power of φ(r, t), this term grows most quickly as φ(r, t)
increases and constrains the amplitude of periodic modulations.
So far we have discussed general features of the model and the overall behavior
that it produces. We also said that this model can be derived from SCFT in the
weak segregation limit. To show this, we compare with the Leibler model, which is
a weak-segregation approximation to SCFT. [12] Leibler started by writing a partition
function for an incompressible AB diblock copolymer melt in a volume V0 in terms of
the monomer density. From this partition function he found the free energy

F

[Leib]

=

[Leib]
F0

+ kB T

∞
X
n=2

V0−n

1 X
Γn (q1 , ..., qn )φ(q1 , t)...φ(qn , t).
n! q ,...,q
1

(2.4)

n

The variable φ(q, t) is the Fourier transform of the variable φ(r, t), described earlier.
The coefficients, Γn (q1 , ..., qn ), are related to the n-point density correlation functions
and hence to nth order derivatives of the partition function with respect to the variable conjugate to φ(q). Leibler calculates these coefficients using the random phase
approximation (RPA). [123]
The coefficient of the quadratic term in Eq. (2.4) is

Γn (q1 , q2 )V −1 δ(q1 + q2 ) = S −1 (q1 ),
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(2.5)

where S(q) is the RPA scattering function, which is found to be

N [S(q)]−1 = F (q 2 Rg2 , fA ) − 2χN,

(2.6)

where

F (x, fA ) =

g(1, x)
,
g(fA , x)g(1 − fA , x) − 1/4[g(1, x) − g(fA , x) − g(1 − fA , x)]2

(2.7)

g(f, x) is the Debye function,

g(fA , x) =

2[fA x + exp(−fA x) − 1]
,
x2

(2.8)

and χN is the Flory Huggins interaction parameter, giving the strength of the effective
repulsion between A and B. The RPA scattering function, Eq. (2.6), is illustrated in
Fig. 2.1.
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Figure 2.1: RPA scattering function given by Eq. (2.6) for fA = 0.2, for three values
of χN .
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To find the magnitude of the dominant wave vector, q0 , Eq. (2.6), and hence
the inverse of the scattering function, is minimized with respect to x, yielding x∗ ,
corresponding to
q02 =

x∗
.
Rg2

(2.9)

When S −1 (q0 ) = 0 the free energy to create a fluctuation with wave vector of magnitude q0 vanishes. The corresponding value of χN denotes the disorder spinodal,
1
(χN )s = F (x∗ , fA ).
2

(2.10)

The RPA scattering function has a sharp peak at q = q0 , suggesting a lack of
importance of contributions to the free energy from spatial modulations with wave
vectors which are far from q = q0 . We are most interested in S(q) close to q = q0 and
expand [S(q)]−1 to quadratic order around its minimum, resulting in

[S(q)]−1 ≈

ξ02
τ0
[(q 2 − q02 )]2 + ,
2
8q0
2

(2.11)

which, represented in real space, is the quadratic term in Eq. (2.3). The values of the
expansion coefficients are

ξ02 = 4x∗ cRg2

(2.12)

2

c =

1 d F (x, fA )
2
dx2

,

(2.13)

x=x∗

τ0 = 2[(χN )s − χN ].

(2.14)

As anticipated, τ0 is a function of the segregation strength.
Another approximation to this quadratic term appears in the, previously men-
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tioned, Ohta-Kawasaki model. [13,14] This model uses
(OK)
F2
[φ]

1
=
2ρ0 N

Z 


1
B(fA )q + A(fA ) 2 − 2ρ0 χN + C(fA ) φ(q, t)φ(−q, t)d3 q,
q
(2.15)
2

where A(fA ), B(fA ) and C(fA ) are functions of fA and are given in Refs. [13,14].
This term is an approximation to the quadratic term in the Leibler model which
gives correct behavior at high and low q. High-q behavior is important in the strong
segregation regime, where the OK model can be employed.
We have seen that we can directly relate the quadratic term in the LandauBrazovskii free energy to an approximation of the quadratic term in Leibler’s free
energy, Eq. (2.4). We can also identify the cubic and quartic terms in the LandauBrazovskii free energy with the cubic and quartic terms in Eq. (2.4). Based on
constraints on q1 , q2 and q3 , the cubic term, Γ3 (q1 , q2 , q3 ), can be identified with a
single value, denoted Γ3 , which vanishes for fA = 0. For details of this see section
4B of Ref. [12]. We identify this term with the coefficient of the cubic term in the
Landau-Brazovskii model
γ0 = −N Γ3 .

(2.16)

As anticipated, γ is related to the asymmetry of the polymer. Similar arguments can
be made for the quartic coefficient, Γ4 (q1 , q2 , q3 , q4 ), and we can write

λ0 = N Γ4 (0, 0).

(2.17)

Numerical values of these are computed in Ref. [32], and examples are shown in Table
2.1.
The Flory-Huggins parameter gives the strength of the effective repulsion between
unlike monomers and is related to the interaction energy, αβ , between nearest neigh-
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Table 2.1: Numerical values for model parameters. The parameters x∗ , (χN )s and ξ02
are calculated from the RPA scattering function, Eq. (2.6), as described previously.
The parameters γ0 and λ0 are taken from Ref. [32], where available, and otherwise
interpolated from values taken from Ref. [32].
fA
0.5
0.45
0.4
0.386
0.3
0.2
0.1

x∗
3.785
3.799
3.843
3.861
4.039
4.471
5.552

(χN )s
10.495
10.698
11.344
11.616
14.635
24.613
74.331

ξ02
27.578
27.972
29.214
29.731
35.249
51.475
112.893

ξ2
0.04404
0.04133
0.03527
0.03347
0.02457
0.02105
0.02925

γ0
0
8.61
18.81
22.21
55.32
182.31
1297.03

γ
0
0.0509
0.0909
0.1
0.1543
0.2983
1.3442

λ0
156.56
169.19
207.08
222.069
358.64
611.24
964.88

bor species, α and β. In a lattice model this can be expressed as

χAB

z
=
kB T




1
(AA + BB ) − AB ,
2

(2.18)

where z is the coordination number. A priori determination of this value is difficult,
rather, is often determined from experiments. Balsara et al. [86] used small angle
neutron scattering to find scattering profiles for a polystyrene-block -polyisoprene (SI)
melt with N ≈ 230 and fA ≈ 0.17 at various temperatures. They fit the data to the
scattering profile of Leibler, to find χ, which they found fit χ to the equation

χ=A+

B
,
T

(2.19)

with A = −0.027 and B = 43.8K, and χ given in units of kB T . The general form
for χ given by Eq. (2.19) is common, though there is some variation in values of A
and B. Other examples include Lodge et al. [124] who found A = −0.0228 B = 33 and
Adams et al. [125,126] who found A = −0.058 B = 48.9.
To give the reader an indication of the relevant temperature scales, combining
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Table 2.2: Difference between temperatures at relevant values of τ and temperature
at τ = 0 (the disorder spinodal) for γ = 0.3. These values were calculated using Eq.
(2.21) with A = −0.027 and B = 43.8K.
N
250
1 × 103
2.5 × 103
2.5 × 104
2.5 × 105
2.5 × 106
2.5 × 107
∞ (Mean-field)

T (τ = 0) (units of K)
349
849
1189
1565
1616
1623
1623
1623

T (τ = 0.02) − T (τ = 0) (units of K)
85
114
84
14
1.5
0.15
0.015
0

Eqs. (2.14), (2.25) and (2.19) yields

χN = (χN )s −
T =

λ0 τ
,
2

B
2N B
=
.
χ−A
2(χN )s − λ0 τ − 2N A

(2.20)
(2.21)

Table 2.2†† shows some relevant temperatures assuming the values for A and B used
by Balsara et al. The absolute temperatures (T (τ = 0)) for large polymers (N ≥ 103 )
seem absurdly large. Polymers may degrade at these temperatures. This illustrates
the difficulty in directly comparing temperatures obtained from theory and experiment. The temperature intervals, however, seem more reflective of temperature
ranges used in experiments, until polymers become quite long. For (unrealistically)
large polymers these correspond to (unrealistically) small temperature intervals. As
N → ∞ the temperature interval vanishes. This reflects the infinite N limit of Eq.
(2.21), limN →∞ T = B/A, which is constant.
It is convenient scale the free energy in terms of dimensionless quantities, as in
††

Note that these values are given in terms of N , not N̄ , which we will use frequently in this
work. The proportionality constant between N and N̄ , given in Eq. (2.29), depends on the specific
polymer but is typically O(1).
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Ref. [78],

r = q0 r0 ,

(2.22)

= q03 V0 ,

(2.23)

V

(q0 ξ0 )2
,
4λ0
τ0
,
τ =
λ0
γ0
γ =
,
λ0

ξ2 =

(2.24)
(2.25)
(2.26)

resulting in the free energy
F0 [φ]
ρ 0 λ0
=
kB T
N q03

Z



3

dr


ξ2
τ 2 γ 3 1 4
2
2
[(∇ + 1)φ] + φ − φ + φ .
2
2
3!
4!

(2.27)

The prefactor in Eq. (2.27) can also be written
ρ0 λ0
λ0 N̄ 1/2
=
,
N q03
(6x∗ )3/2

(2.28)

N̄ ≡ (ρ0 b3 )2 N

(2.29)

where

is the invariant polymerization index, which gives a measure of the overlap of polymer
chains, as discussed in the Introduction. It is sometimes convenient to consider the
scaled free energy,
(6x∗ )3/2 F0 [φ]
=
F ≡
λ0 N̄ 1/2 kB T

Z

3



dr


ξ2
τ 2 γ 3 1 4
2
2
[(∇ + 1)φ] + φ − φ + φ .
2
2
3!
4!

(2.30)

We can write the free energy per chain
λ0
F0
f≡
=
nkB T
V

Z

3

dr




ξ2
τ 2 γ 3 1 4
2
2
[(∇ + 1)φ] + φ − φ + φ .
2
2
3!
4!
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(2.31)

This is proportional to the free energy per unit volume, since each chain has a volume
of
V
= (6x∗ )3/2
n

(2.32)

in units of q0−3 .
In his derivation of the free energy of a melt, the mean-field approximation employed by Leibler amounts to a saddle-point approximation to the functional integral
performed in calculating the partition function. That is, only the most likely configuration is considered. To see how the saddle-point approximation works, start with
the partition function
Z
Z=

Dφe−F0 [φ]/kB T ,

(2.33)

where F0 [φ] is the effective Hamiltonian. This can be rewritten as

Z=e

−F0 [φ∗ ]/kB T

Z

Dφe−(F0 [φ

∗ ]−F [φ])/k T
0
B

(2.34)

This is true for any φ∗ but φ∗ is often chosen as the configuration which minimizes
F0 [φ] and hence contributes maximally to the partition function. We will make this
choice here. The thermodynamic free energy,
F thermo
= − ln Z,
kB T

(2.35)

then becomes
F0 [φ∗ ]
F thermo [φ∗ ]
=
− ln
kB T
kB T

Z
Dφe

−(F0 [φ∗ ]−F0 [φ])/kB T


.

(2.36)

If the free energy associated with deviating from φ∗ , that is, F0 [φ∗ ]−F0 [φ], is large the
the contribution of the second term will be small. This occurs when the free energy
is sharply peaked at φ = φ∗ . In our case, the free energy increases with increasing

38

N̄ , so as the polymers become longer, the magnitude of F0 [φ∗ ] − F0 [φ] increases, as
does F0 [φ∗ ], making the second term in Eq. (2.36) less significant and the saddle-point
approximation,
F0 [φ∗ ]
F thermo
≈
,
kB T
kB T

(2.37)

becomes a better approximation. As N̄ → ∞ the saddle point approximation becomes
exact. Another approach is the Gaussian approximation. The effective Hamiltonian
is approximated by an expansion around the saddle-point to quadratic order. This
results in the partition function
Z
Z≈

s
2 F [φ∗ ](φ−φ∗ )2
−F0 [φ∗ ]− 21 δφ
0

Dφe(

)/kB T = e−F0

[φ∗ ]

2π
δφ2 F0 [φ∗ ]

,

(2.38)

where δφ denotes a functional derivative with respect to φ. The partition function
becomes a Gaussian integral, hence the term “Gaussian approximation.” The thermodynamic free energy in this approximation is

F

thermo

1
[φ ] ≈ F0 [φ ] − ln
2
∗

∗

2π
2
δφ F0 [φ∗ ]

!
.

(2.39)

The Gaussian approximation can be thought of as providing a first correction to
the saddle-point approximation. There are other ways of approximating the second
term in Eq. (2.36), such as the self-consistent Hartree approximation employed by
Brazovskii [31] and Fredrickson and Helfand. [32] Other examples are mentioned in the
Introduction. One focus of this work is to consider what happens when φ is allowed
to fluctuate around φ∗ . To this end, we introduce fluctuations into our dynamical
model.
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2.2

Dynamical Model

We wish to study the dynamical evolution of a diblock copolymer melt, driven by
the Landau-Brazovskii free energy. To do this we employ a relaxational model B
dynamics. This is a common approach to dynamics and has been described in text
books on condensed matter theory. [127,128] Model B dynamics was popularized when it
was used in Cahn-Hilliard-Cook theory, in which Cook [129] used Model B dynamics to
study the dynamics of spinodal decomposition as described by Cahn and Hilliard. [67]
Since the density of monomer A, ρA , is conserved it must obey the continuity equation
∂ρA (r0 , t0 )
= −∇ · J(r0 , t0 ),
∂t0

(2.40)

where J(r0 , t0 ) is the local flux of A monomers and r0 and t0 are the unscaled position
and time. The melt is incompressible, therefore ρA + ρB = ρ0 , where ρ0 is a constant.
The change in the density of B is therefore related to the change in the density of A
by ∂t ρB = −∂t ρA . The flux can be separated into a deterministic portion, driven by
the chemical potential, and a random portion. This is equivalent to separation into
the slow and fast modes:

J(r0 , t0 ) = J(slow) (r0 , t0 ) + J(f ast) (r0 , t0 ).

(2.41)

The deterministic portion, given by Fick’s law, [130,131]

J

(slow)

Z
(r0 , t0 ) = −

d3 r00 Λ(r0 , r00 )∇µA (r00 , t0 ),

(2.42)

where Λ(r0 , r00 ) is the (non-local in general) mobility function and

µA (r0 , t0 ) ≡

δF0
δρA (r0 , t0 )
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(2.43)

is the chemical potential of A. Here, we assume that fluxes are driven locally and
therefore Λ(r0 , r00 ) reduces to
Λ(r0 , r00 ) = Γδ(r0 − r00 ),

(2.44)

where Γ is the mobility coefficient.†
We treat the fast modes by defining the quantity

η0 (r0 , t0 ) ≡ −∇ · J(f ast) (r0 , t0 ),

(2.45)

which represents the random, fast variation in ρA . We will return to the specific
properties of J(f ast) (r0 , t0 ) and η0 (r0 , t0 ). The equation of motion for ρA is therefore
∂ρA (r0 , t0 )
δF0
= Γ∇2
+ η0 (r0 , t0 ).
∂t0
δρA (r0 , t0 )

(2.46)

The evolution is driven by the free energy in Eq. (2.27). To obtain an equation of
motion in terms of φ(r, t) rather than ρA (r0 , t0 ) and we use

ρA (r0 , t0 ) = (φ(r0 , t0 ) + fA )ρ0 ,

(2.47)

which we obtain from Eq. (2.2) and the definition of φA (r0 , t0 ). The equation of
motion then becomes

ρ0

∂φ(r0 , t0 )
1
δF0
= Γ∇2
+ η0 (r0 , t0 ).
∂t0
ρ0
δφ(r0 , t0 )

(2.48)

In the final form of the equation of motion used in our simulations and analytical
calculations we rescale such that Γ is scaled into our time variable. We can, however,
†
In general Γ can depend on the local composition or can be a non-local function of position. [132,133] We have also ignored hydrodynamic effects [134] which we expect will be insignificant
due to the high viscosity of the polymer melt.
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estimate Γ, in a way similar to that of Ref. [86], by considering the relaxation of a
small perturbation at high temperature. At χN = 0, corresponding to τ = (χN )s /2,
the perturbation decays with a relaxation time tR . Inserting a small amplitude perturbation into our evolution equation and solving for Γ yields
√
2 6x∗ N̄ 1/2
Γ=
.
(ρ0 b2 )2 (χN )s tR

(2.49)

The relaxation time may be estimated as the Rouse time for unentangled polymers
or the reptation time for entangled polymers. More sophisticated calculations of Γ
have been conducted for entangled [135,136] and unentangled [137] polymers.
We assume that the thermal noise contribution to the flux has no preference of
direction and is, on average, 0, hence hJ(f ast) (r0 , t0 )i = 0 and hη0 (r0 , t0 )i = 0. The
dynamics due to fast modes occurs on length- and time-scales that are small compared
to those considered herein, hence we consider the noise to be local in space and time
and

hJ(f ast) (r0 , t0 ) · J(f ast) (r00 , t00 )i = Ĉδ(t0 − t00 )δ(r0 − r00 ),

(2.50)

hη0 (r0 , t0 )η0 (r00 , t00 )i = D̂δ(t0 − t00 )δ(r0 − r00 ),

(2.51)

where Ĉ and D̂ will be determined shortly. At long times the noise should produce
an equilibrium distribution of density fields, Peq [φ(r0 )], such that the probability of a
given field φ(r0 ) is given by a Boltzmann distribution

Peq [φ(r0 )] ∝ exp (−F0 [φ(r0 )]/kB T ).

(2.52)

In order to achieve this, we use the usual result from fluctuation dissipation theorem,
hence Ĉ = −2ΓkB T and D̂ = −2ΓkB T ∇2 . To see that this is the case consider the
Smoluchowski equation for the dynamical evolution of Peq [φ(r0 , t0 ), t0 ]. It is straight-
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forward to show, as in Ref. [138], that
∂P [{φ}, t0 ]
=
∂t0

Z

"
#
δF0
δ
D̂ δP [{φ}, t0 ]
2
d r0
− P [{φ}, t0 ] Γ∇
. (2.53)
δφ(r0 , t0 ) 2 δφ(r0 , t0 )
δφ(r0 , t0 )
3

The equilibrium distribution is time-independent, hence

∂Peq [{φ},t0 ]
∂t0

= 0 and, using Eq.

(2.52),
#
δF0
D̂
+ Γ∇2
= 0.
Peq [{φ}, t0 ]
2kB T
δφ(r0 , t0 )
"

(2.54)

This is satisfied when D̂ = −2ΓkB T ∇2 , as anticipated, hence
hη0 (r0 , t0 )η0 (r00 , t00 )i = −2ΓkB T ∇2 δ(t0 − t00 )δ(r0 − r00 ).

(2.55)

We scale the length in terms of q0 , as before. We also scale the time using

t0 =

N ρ0
N̄ 2
.
t
=
ΓkB T q02 λ0
Γ(ρ0 b2 )3 kB T λ0 6x∗

(2.56)

We then rescale the noise,

η0 (r0 , t0 ) =

ΓkB T q02 λ0
η(r, t).
N

(2.57)

Equation (2.46) then becomes


∂φ
γ 2 1 3
2
2
2
= ∇ ξ (∇ + 1)φ + τ φ − φ + φ + η(r, t).
∂t
2
3!

(2.58)

With the scaling, Eq. (2.57), the noise correlation, Eq. (2.55), then becomes

hη(r, t)η(r0 , t0 )i = −c0 ∇2 δ(r − r0 )δ(t − t0 ),
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(2.59)

where
2N q03
ρ0 λ0
2(6x∗)3/2
=
,
N̄ 1/2 λ0

c0 =

(2.60)

Comparing Eqs. (2.28) and (2.60), we see that the free energy and noise-noise correlation have been scaled in the same way. In our unscaled equation of motion, Eq.
(2.48), the free energy and noise-noise correlation function, Eq. (2.51), are both in
units of kB T . The scaling that we have done in the equation of motion, Eq. (2.46), to
obtain Eq. (2.58), is to scale the prefactor in Eq. (2.27) out of the chemical potential.
It is therefore not surprising that the noise-noise and flux-flux correlation functions
are scaled in the same way. That is to say, we have changed the unit of energy in
both the free energy and the noise-noise correlation function.
As N̄ increases the overlap between polymers increases and the noise amplitude,
which varies as
p
1
hη(r, t)η(r0 , t0 )i ∼ N̄ − 4 ,

(2.61)

decreases. This can be interpreted as a decrease in the exploration of φ(r, t) around
φ∗ (r, t) and, as previously discussed, as N̄ → ∞ the saddle point approximation
becomes exact. To see why this occurs physically: as N̄ → ∞ the polymers become
completely interpenetrating, approximating the interaction of polymers by a mean
field becomes exact and the noise vanishes, recovering mean-field behavior.
It is common, when simulating diblock copolymer melts to ignore these fluctuations and work in the mean-field limit, for example, Refs. [79,103,104]. In cases
where noise is included, the amplitude, c0 ,is often left as a model parameter. [29,30,105]
In these cases noise acts primarily to prevent unstable equilibria or to increase the
speed of transitions, reducing trapping in metastable states. Others have considered
the effect of noise. [34,35] These examples conduct simulations with and without noise.
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Our work, on the other hand, is a systematic study of AB diblock copolymer melts,
varying noise strength and relating noise strength directly to physical parameters,
most noteably N̄ . We study melt dynamics by simulating Eq. (2.58). The details of
the numerical implementation are discussed in section 2.3.

2.3

Dynamical Simulation

We study the dynamics of an AB diblock copolymer melt by simulating Eq. (2.58).
This section describes how we evolve Eq. (2.58) on a discrete lattice as well as the
methods that we use to analyze the results. This equation of motion is separated
into portions that are linear and non-linear in φ in order to employ an operatorsplitting technique. This allows us to solve the linear portion exactly in Fourier space
and increase the size of our time step while retaining stable evolution. In order to
implement the noise term we integrate the noise portion of the equation of motion
spatially and temporally to find the contribution of the random flux to the change in
total density at a lattice point.

2.3.1

Discrete Representation

We represent an AB diblock copolymer melt by a field, φ(r, t), which, in turn, we
represent on a, usually cubic, 3D lattice with periodic boundary conditions, lattice
spacing ∆ and length L. Each lattice point represents a cube of volume ∆3 at time t.
We wish to simulate volumes which are large on the scale of the underlying microstructure, in order to adequately represent a bulk, while using a value of ∆ which
adequately represents the underlying microstructure. This means that we need to
store and evolve a large lattice. We typically choose L = 128∆ and ∆ = 0.96q0−1 .
The reasons for this choice discussed in section 2.3.7. Storing a large lattice requires
a large amount of memory and evolving each point within the lattice for many time
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Figure 2.2: Illustration of a typical density field, φ(r, t), separated into slabs.
steps requires a large amount of CPU time. We therefore employ parallel processing
to divide the memory and CPU load. We split the system into slabs of equal size, as
illustrated in Fig. 2.2. When calculating derivatives we need to exchange boundary
information, which is done using MPI.

2.3.2

Phase Initialization

When studying ordered phases we wish to start from density fields which most closely
approximate the phase. The simplest structure to study is uniform disordered (DIS).
This structure is simpler than the other two, since it is described by either φ(r, t) = 0
(without noise) or φ(r, t) ≈ 0 where we start from φ(r, t) = 0 and evolve with noise.
To study the BCC phase, we start from an estimate of the density field, given
by the single-mode BCC density field, discussed in section 2.5.2. We then allow the
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structure to evolve towards its equilibrium structure. Equilibration is typically done
until the free energy is not changing more than 1 part in 106 , which takes, typically,
104 −106 time steps. This equilibrated BCC structure serves as the initial state for our
simulations involving the BCC phase. In the case of simulations involving droplets
of the BCC phase, a section of this equilibrated BCC phase is used as the droplet.
The other modulated structure of interest is one of disordered micelles. There
are four methods by which we obtain disordered micelles: We can start from DIS
(φ(r) = 0) and allow micelles to form. This is analogous to starting from a very high
temperature, where the melt is uniformly mixed, and cooling to a lower temperature.
We can also start from random initial conditions where the standard deviation is much
larger than that produced by noise. In this case we choose a Gaussian-distributed
random number with a mean of 0. The standard deviation is equal to several times
the single-mode BCC amplitude, discussed in section 2.5.2. We can also start from
results of previous simulations, typically a density field of disordered micelles which
were equilibrated at a different temperature. Disordered micelles are also produced
by melting the BCC phase. We do not frequently use this method as the BCC phase
only melts in reasonable times at high temperatures and will not melt if stable. The
method is only sometimes applicable. We expect that, if allowed to equilibrate for
long enough, all initial conditions would lead to the same disordered micelles, however,
equilibration of disordered micelles presents some difficulties in some regimes. A
discussion of disordered micelle equilibration is given in section 4.2.2.
When we seek equilibrium periodic phases, such as in initialization, we must
consider the effect of the lattice dimensions on the equilibrium structure. When a
periodic phase is represented on a lattice with periodic boundary conditions, the
lattice must be commensurate with the underlying microstructure, otherwise there
will be a tendency for the microstructure to expand or contract to alleviate stress, such
as discontinuities. Since the equilibrium structure may differ from the approximate
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structure, in order to ensure that the lattice is commensurate with the minimum free
energy structure we minimize the free energy per chain, F (Lx , Ly , Lz ), with respect
to the lattice dimensions, Lx , Ly and Lz . As the BCC phase is cubic the dimensions
need not be varied independently. In the case of the disordered phase (uniform or
micellar) there is no long-range order and hence the system can rearrange to alleviate
stress without changing underlying periodicity: it need not be squeezed or stretched
to accommodate.

2.3.3

Operator-Splitting Overview

Our simulations are essentially numerical solutions to an initial value problem, starting from some initial field φ(r, t = 0). We then evolve the field using Eq. (2.58),
employing an operator-splitting [139] technique to evaluate the linear, non-linear and
noise terms separately.
Ideally, one would like a simple, accurate, stable algorithm to numerically solve
an ODT. This ideal algorithm often does not exist, and our case is no exception. The
basic idea behind operator-splitting is to separate the ODT into parts that can be
evaluated separately using the best techniques available. One starts with an expression like
∂φ(r, t)
= Oφ(r, t),
∂t

(2.62)

where O is some (generally non-linear) operator. The formal solution to this equation,
with an initial condition at t = 0, is

φ(r, t) = eOt φ(r, 0).

(2.63)

Each discrete time step therefore becomes

φ(r, t + ∆t) = eO∆t φ(r, t).
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(2.64)

If O can be split into a sum of other operators, O = O1 + O2 ‡ then Eq. (2.64) can be
written as
φ(r, t + ∆t) = eO1 ∆t+O2 ∆t φ(r, t).

(2.65)

This can be approximated as [140]

φLie (r, t + ∆t) = eO1 ∆t eO2 ∆t φ(r, t) +

∆t2
[O1 , O2 ]φ(r, t) + O(∆t3 ),
2

(2.66)

where [A, B] denotes the commutator between A and B. This approximation, called
Lie splitting and is accurate globally to O(∆t) if the operators do not commute and
to O(∆t2 ) if they do.
We separate Eq. (2.58) into three terms: one that is linear in φ, which we call OL ;
one that is non-linear in φ, which we call ON L ; and the noise term, η. That is, we
write
∂φ(r, t)
= OL φ(r, t) + ON L φ(r, t) + η(r, t)
∂t

(2.67)

where



OL φ(r, t) = ∇2 ξ 2 (∇2 + 1)2 + τ φ(r, t),


1
γ
2
3
2
ON L φ(r, t) = ∇ − φ(r, t) + φ(r, t) .
2
3!

(2.68)
(2.69)

The linear terms contain high-order derivatives, O(∇6 ), and hence, if evolved in real
space, are a major source of inaccuracy and can cause instability.
‡

In general O can often be divided further, O =
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P

j

Oj .

We separate the evolution in Eq. (2.67) into three parts




∂φ(r, t)
∂t

(1)

∂φ(r, t)
∂t

(2)

∂φ(r, t)
∂t

(3)

= OL φ(r, t),

(2.70)

= ON L φ(r, t),

(2.71)

= η(r, t),

(2.72)

and solve these equations separately and sequentially. Starting from some initial
configuration, φ(r, t), we evolve this configuration for a time, ∆t, by integrating Eq.
2.70. We then use the result as the initial condition to integrate Eq. 2.71. The
result of this second integral is used as the initial condition to evolve Eq. 2.72. This
three-step process gives us φ(r, t + ∆t).

2.3.4

Evolution of Linear Term

We integrate Eq. (2.70), in Fourier space


∂φ(q, t)
∂t

(1)



= −q 2 ξ 2 (q 2 − 1)2 + τ φ(1) (q, t),

(2.73)

and find that we can solve it exactly


 
(φ(q, t + ∆t))(1) = (φ(q, t))(1) exp −q 2 ξ 2 (q 2 − 1)2 + τ ∆t .

(2.74)

We use the FFTW MPI package [141,142] to Fourier transform φ(r, t) and obtain φ(q, t).
We then calculate the solution to Eq. (2.74) and back Fourier transform, once again
using FFTW MPI. FFTW MPI uses mainly the Cooley-Tukey algorithm for computing discrete fast Fourier Transforms, [143] but also employs others, such as Rader’s
algorithm [144] and the split-radix algorithms [145] to make the computation more efficient. FFTW analyzes the dimensions and distribution of the array to be Fourier
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transformed and formulates a ‘plan’ which optimizes the approach for the specific
situation. In distributed memory systems, such as the MPI implementation, the FFT
is first applied to the entirely local dimensions. Each processor must then exchange
information with every other in order to perform an FFT on the remaining dimension.
FFTW is often found to be superior to other publicly available FFT software and
performs well on many architectures without modification. [146]
Treating the linear term in Fourier space has the advantage that we need not use
the approximate form of Eq. (2.6) used in the derivation of Eq. (2.3). Instead, we
can use the full Leibler scattering function and set

ÔL φ(q, t) =

N S(q)−1
φ(q, t),
λ0

(2.75)

where N [S(q)]−1 is given by Eq. (2.6). The potential advantage of this is that, if one
views the Landau-Brazovskii free energy as an approximation to the Leibler model,
one need not make this approximation and the results may be more reflective of the
real system. We will later present results that show only small differences between
results found using Landau-Brazovskii and Leibler simulations. The differences occur
at wave vectors that are larger than the dominant wave vector. High q behavior
becomes more relevant at strong segregation, low τ and large γ, and is more accurately
described by the Leibler model.
This work is intended as an investigation of the Landau-Brazovskii model, specifically, and includes analytical results with which we wish to compare, calculated using
the Landau-Brazovskii model. We therefore forgo this generalization and continue
to use the Landau-Brazovskii model. As both approaches are equally easily implemented, future work that is not as concerned specifically with comparing with the
Landau-Brazovskii (or Ohta-Kawasaki) model may benefit from using the full Leibler
scattering function.
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2.3.5

Evolution of Non-Linear Term

We solve Eq. (2.71) in real space using a fourth order Runge-Kutta algorithm [147]
(RK4) using the standard finite difference scheme to treat the Laplacian and using
MPI to exchange boundary information. For the time derivative, φ̇[φ(r, t)], evaluated
at φ(r, t) and given by Eq. (2.69), the RK4 algorithm is implemented as

φ(r, t + ∆t) = φ(r, t) +

∆t
(k1 + 2k2 + 2k3 + k4 ) + O(∆t5 ),
6

(2.76)

where the ks are related to time derivatives of φ and are functions of position, given
by

k1 (r, t) = φ̇ [φ(r, t)] ,

∆t
k2 (r, t) = φ̇ φ(r, t) +
k1 (r, t) ,
2


∆t
k2 (r, t) ,
k3 (r, t) = φ̇ φ(r, t) +
2

(2.77)



k4 (r, t) = φ̇ [φ(r, t) + ∆tk3 (r, t)] .

(2.78)
(2.79)
(2.80)

The global error in the RK4 algorithm is O(∆t4 ).
The finite difference scheme that we implement approximates a one-dimensional
second spatial derivative of φi , where the index i represents the spatial position, as
∂ 2 φi
φi+1 + φi−1 − 2φi
≈
.
2
∂x
∆2

(2.81)

The lattice spacing is given by ∆. A Laplacian is therefore approximated as

∇2 φijk ≈

φi+1jk + φi−1 jk + φij+1 k + φij−1 k + φijk+1 + φijk−1 − 6φijk
.
∆2
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(2.82)

2.3.6

Discrete Noise Implementation

We find that we can solve Eq. (2.72) exactly by integrating the random noise over
a time ∆t. In a time ∆t the fast modes change the density at position and discrete
time l by an amount ζl (r), which is given by
Z

tl +∆t

ζl (r) =

η(r, t0 )dt0 .

(2.83)

tl

ζl (r) is a sum over a Gaussian-distributed random variable that is delta-function
correlated in space and time. It is therefore also a Gaussian-distributed random
variable that is delta-function correlated in space and time. We further examine the
correlation between noise at discrete times l and l0 , which represent times t to t + ∆t
and t0 to t0 + ∆t respectively. This results in
Z
hζl (r)ζl0 (r)i =

00

00

Z

η(r, t )dt

000

000

η(r, t )dt


(2.84)

l0

l

= −2c0 ∆t∇2 δ(r − r0 )δll0 .

(2.85)

Next we must treat the spatial correlations. We do this by integrating over a flux,
to obtain a discrete flux, which we then relate to the noise by numerically calculating
a divergence, as described in Eq. (2.45).
We start with a unitless, Gaussian-distributed random flux vector field, ω(r, t),
which is proportional to the flux described in section 2.2. The unitless flux obeys the
correlations

hω(r, t)i = 0,
hω(r, t)ω(r0 , t0 )i = δ(r − r0 )δ(t − t0 ).
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(2.86)
(2.87)

The noise is related to this vector field through

η(r, t) =

√

c0 ∇ · ω(r, t).

(2.88)

In order to carry this out on a discrete lattice we must find the discrete vector field
which corresponds to ω(r, t). This field is ωijkα (t), where α labels the component of
the vector field. If we consider the flux through a cubic volume of length ∆ in
each of the three spatial dimensions then we can find ωijkα (t) and its correlations by
integrating ω(r, t) over this cube.
To find the total flux through a volume V , we integrate over the discrete (left)
and continuous (right) flux

3

∆

X

Z
ωijkα (t) =

ω(r, t)d3 r.

(2.89)

V

ijk  V

Setting the volume over which we integrate to the volume of a lattice site, which we
label , yields
Z

3

∆ ωijkα (t) =

ω(r, t)d3 r.

(2.90)


We wish to find how hωi0 j 0 k0 α (t)ωijkα (t)i relates to hω(r, t)ω(r0 , t0 )i therefore, from
Eq. (2.90), we calculate

6

Z

3

∆ hωijkα ωi0 j 0 k0 α i =

Z

0

3 0



ω(r, t)d r
ω(r , t)d r
0


Z
Z
3
=
dr
d3 r0 hω(r, t)ω(r0 , t)i
0
Z
Z
=
d3 r
d3 r0 δ(r − r0 )δ(t − t0 )

0
= ∆3 δ 0 δ(t − t0 ) = ∆3 δii0 δjj 0 δkk0 δ(t − t0 ).
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(2.91)
(2.92)
(2.93)
(2.94)

The discrete flux therefore obeys

hωijkα ωi0 j 0 k0 α i =

1
δii0 δjj 0 δkk0 δ(t − t0 ).
∆3

(2.95)

Note that if we integrate this over space,
X

∆3

ijk

1
δii0 δjj 0 δkk0 δ(t − t0 ),
∆3

(2.96)

the result is δ(t − t0 ), just as if we integrate over the continuous flux-flux correlation,
Eq. (2.87).
Combining our treatment of the spatial and temporal correlations results in the
discrete noise,
r
ζijkl =

c0 ∆t
∇ · ωijklα ,
∆3

(2.97)

and hence solution to Eq. (2.72)
r
φ(r, t + ∆t) = φ(r, t) +

c0 ∆t
∇ · ωijklα ,
∆3

(2.98)

where the divergence is calculated using the standard finite difference scheme and
the discrete Gaussian-distributed flux, ωijklα , is calculated using a Box-Muller transformation. [147] The Box-Muller transformation is a standard procedure by which a
uniformly distributed set of numbers is used to calculate a Gaussian-distributed set
of numbers. To generate the uniformly-distributed random numbers we use the ran1
algorithm in Ref. [147].
As a check for consistency, the discrete lattice is mapped onto a continuous space.
The Kronecker delta functions can then be thought of as unit height step functions
over the length represented by the lattice spacing, ∆. As ∆ → 0, the quotient
δii0 /∆ → δ(x − x0 ), and similarly for the other delta functions. That is, in the
limit of small lattice spacing and time step, that in the continuum limit, we recover
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the Dirac delta function correlations in Eq. (2.87). The reader may notice that ∆t
appears in the numerator of the coefficient of the discrete noise whereas ∆ appears
in the denominator, though our treatment of position and time was essentially the
same. The apparent difference occurs because when treating the time integral we were
interested in the time integral of the noise not simply the discrete representation of
the noise. Repeating the procedure, considering the discrete noise and solving Eq.
(2.72) with an Euler step also produces the result in Eq. (2.98).
The noise increases with increasing time step, η ∼ ∆t1/2 . This makes intuitive
sense because we would expect that the random change in the number of particles in
some time interval to increase with the size of the time interval. One can think of the
change in particle number inside a lattice volume as coming from random gain and
loss of single particles. This leads to modeling random changes in particle number
as a 1D random walk with position playing the role of particle number. The average
change in position (particle number) varies as t1/2 .
The increase in noise strength with decreasing ∆ also makes intuitive sense. The
smaller a volume (lattice volume) is, the more likely a particle is to randomly travel
out of that volume. At small length scales there is rapid motion between small
volumes but at larger scales this rapid motion gets averaged out.
The reader may notice that as ∆ → 0 the noise amplitude diverges. This reflects
the delta-function correlations in space. At a given position the average magnitude
of the (continuous) flux is

p
p
hJ(r, t)2 i ∝ δ(r − r) = ∞.

(2.99)

Averaging the flux over finite lengths (and volumes) yields finite values, as we see
above. The smallest length scale that makes sense to consider in this model is the
statistical segment length, which is several monomers long. Below this length scale,
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and certainly in the ∆ → 0 limit, we do not expect our model to make accurate
predictions. The smallest length scale in our numerical implementation is ∆ and,
though this may not adequately represent extremely small length scales, it appears
to reflect those length scales in which we are interested. For a further discussion of the
fluctuation divergence in the context of other corrections to the mean-field calculation
see section 2.A.

2.3.7

Choice of Discretization

First consider discretization in space. The density field φ(r, t) is spatially varying
and the smaller our lattice spacing is the better we can represent φ(r, t). We need a
lattice spacing that adequately represents the underlying microstructure. The number
of points needed to represent a given volume varies as ∆−3 . The memory requirement
and simulation time vary with the number of points and hence also vary as ∆−3 . If we
wish to simulate large systems for long simulation times in reasonable real times then
we need to have a lattice spacing that is large enough to allow this. To balance these
desires for accurate simulations and reasonable simulation times we choose a lattice
spacing of ∆ = 0.96q0−1 , giving approximately 6.5 lattice sites per period (lamellar
spacing) and 9.3 lattice sites per mean-field BCC unit cell. This was chosen to be
close to the value used in previous work which found that it adequately represented
the underlying microstructure. [79,148]
Is this choice of ∆ sufficient? To test the behavior on multiple length scales
(different q)we calculate the scattering function, as described in section 2.4.3. Figure
2.3 shows the scattering function from simulating disordered micelles using ∆ = 0.96
and ∆ = 0.48. The main features of the curve are preserved and the curves are
almost identical up to approximately q = 2q0 , when some small deviation develops.
The main features of micelles should therefore be unaffected. The secondary hump,
describing the small length scale features of micelles, has only small differences. An
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Figure 2.3: Scattering function, I (s) (q), calculated for τ = 0 and γ = 0.3 without
fluctuations using two values of ∆. Vertical dotted lines denote π/∆. The scattering
intensity was calculated as described in section 2.4.3.
obvious deviation develops for large q, but this is beyond the region of interest. From
this, we expect that ∆ = 0.96 adequately represents the structure of the micelles, but
if we wish to make statements about their small-scale internal structure then we will
need to use a smaller lattice spacing.
Now we consider discretization in time. There are errors in our numerical calculations which are associated with the discretization of time as evident from Eq. (2.66).
We solve the linear and noise terms exactly, as described above. Our solution to the
non-linear portion is calculated using the RK4 algorithm and therefore contributes a
global error which is O(∆t4 ). The main contribution to the error is the splitting error.
This comes from the second term in the RHS of Eq. (2.66). This error is O(∆t2 ) per
time step and hence is globally O(∆t). We consider the effect of increasing the time
step by examining the free energy as it varies with time step as well as one of the
structural properties in which we are interested: micelle number density.
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Figure 2.4: Free energy per chain of BCC phase without fluctuations at γ = 0.3 and
τ = 0 as it varies with time step size. The dotted line emphasizes linearity close to
∆t = 0.
We calculate the free energy of the BCC phase equilibrated with a given step size,
∆t, shown in Fig. 2.4. The free energy appears to approach a constant as ∆t → 0.
For small values of ∆t the deviation from this constant is linear in ∆t, consistent with
the O(∆t) global splitting error.
We also examine the effect of time step size on noisy simulations. In Fig. 2.5 we
plot the free energy with time for BCC and DM. As we change ∆t the curves shift
vertically, but do not appear otherwise altered.
We then approximate the average free energy per chain by averaging over the
data in Fig. 2.5, for the BCC phase, between 106 and 2 × 106 simulation time and
for disordered micelles, between 4 × 106 and 8 × 106 simulation time. These are
plotted in Fig. 2.6a. The shift, once again, appears linear in ∆t for small ∆t. Note
that disordered micelles were not equilibrated before the average was taken due to
the long simulation times required when time steps are small, however, here we are
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Figure 2.5: Free energy per chain of (a) BCC phase and (b) disordered micelles vs.
time with fluctuations corresponding to N̄ = 2.5 × 106 , at γ = 0.3 and τ = 0 for
various time step sizes. Time is given in terms of absolute simulation time, that is,
number of time steps ×∆t time step size.
interested in the shift in free energy, not the absolute value. The curves in Fig. 2.5b
track one another, hence we expect this to be a reliable measure of the shift. When
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Figure 2.6: Effect of time step size on the BCC phase and disordered micelles is
plotted in terms of (a) the free energy per chain of each and (b) the difference in free
energy. Averages are taken over data shown in Fig. 2.5 for time intervals 106 −2×106
for the BCC phase and 4 × 106 − 8 × 106 for disordered micelles. Data illustrates
differences associated with changing ∆t but should not be taken as absolute free
energy differences as equilibrium has not been reached.
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comparing the stability of BCC and DM, the relevant quantity is the relative free
energy between phases. For this reason we plot Fig. 2.6b, which shows this difference
in free energies as it varies with ∆t. The free energy difference approaches a constant
as ∆t → 0 and does not vary far from this constant for small ∆t.
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Figure 2.7: Micelle number density as a function of τ at γ = 0.3 using N̄ = 2.5 × 106
for the time steps ∆t = 0.2√(black circles) and ∆t = 0.05 (red ×s). Number density
is given in terms of L0 = 2 2πq0−1 , the single-mode BCC lattice constant.
Finally, since we are more interested in the structural properties of micelles we
examine the number density of micelles as a function of τ for ∆t = 0.2 and ∆t = 0.05,
shown in Fig. 2.7. We find only small differences, which are likely due to random
variation in the final state, due to randomness in the simulations. We will return to
the question of equilibration and variation in the final (or long-time) state in section
4.2.2. We typically use a value of ∆t = 0.2 in what follows.
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2.4

Analysis Methods

Our simulations produce melt density fields as a function of position and time. From
this data, we wish to extract information about specific quantities, such as the location of phase boundaries and the properties of micelles. This section describes our
techniques to analyze simulation results.

2.4.1

Droplet Boundary Location

When studying the transformation of one structure into another via nucleation we
need to be able to identify regions corresponding to each target phase. This is made
difficult by the underlying microstructure since a phase is not described by a single
value. We employ a modified form of a technique described in Ref. [83] and also used
in Ref. [79]. Given a well-defined initial structure, φi (r), and final structure, φf (r),
and a field being simulated, φ(r, t) we identify regions of φ(r, t) corresponding to the
initial and final structure by comparing to the these fields. When considering the
difference between two structures, φ1 (r) and φ2 (r), we first calculate
Z
|φ1 − φ2 |(r, t) ≡

w(r0 − r)[φ1 (r0 , t) − φ2 (r0 , t)]d3 r0

(2.100)

where w(∆r) is a smoothing function. Unlike in Ref. [83] we choose a simple Gaussian

w(∆r) = e−

|∆r|2
R2

,

(2.101)

where R is the characteristic length over which we smooth and, in the case of the
disorder to BCC transition R is chosen to be the BCC lattice constant. Since we
smooth over the distance R, we cannot claim to know the location of the interface
more precisely than within a distance R. We therefore set R/2 as the uncertainty in
the interface location. Since modulations occur on the scale of the BCC lattice we
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set R to be one BCC lattice spacing.
We locate phase boundaries by calculating

Φs (r, t) ≡

|φ − φi |(r, t)
|φ − φi |(r, t) + |φ − φf |(r, t)

(2.102)

which has the properties that where φ(r, t) = φi (r) the function Φs (r, t) = 0 and
where φ(r, t) = φf (r) the function Φs (r, t) = 1. We therefore define the position of an
interface as the level set corresponding to Φs (r, t) = 0.5. In the case of the disorder
to BCC transition Eq. (2.102) simplifies since for the homogeneous disordered phase
φi (r) = φd (r) = 0.
This method only works if we know the initial and final phases and if the estimated
initial and final phases, φi (r) and φf (r), are the same as the actual initial and final
phases in φ(r, t). If there is, for example, a change in the wavelength, a phase shift
or a third phase then this method breaks down. This has not been a problem in this
work: when studying the growth of droplets of BCC into uniform disorder, micelles
which form on the BCC droplet lie on the BCC lattice of the droplet and produce a
result that is close to the expected final BCC phase.
In the case of disordered micelles we do not have a well-defined structure φDM (r, t).
We therefore find the regions corresponding to disordered micelles and BCC by counting the number of nearest neighbors of individual micelles. This is described in section
2.4.2.2.
As the droplet grows we wish to measure the shape. In the case of droplets
with a clear anisotropic growth, such as the LAM-HEX [79] or BCC-HEX transitions,
we can align the major, middle and minor axes with the axes of our coordinate
system and measure their lengths, giving us an aspect ratio. In the case of the
disorder-BCC transition we expect the droplet to be spherical (as we will show later)
however, in order to confirm this we require a metric for sphericity. We consider
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the radius as a function of angle, R(θ, φ). In order to do this we map the smoothed
density, Φs (x, y, z), on the Cartesian lattice onto a spherical lattice using a trilinear
fit to estimate the value of the smoothed density at position (r, θ, φ) from the values
at surrounding (x, y, z) coordinates. Once we have obtained Φs (r, θ, φ) we find the
interface location, R, for each (θ, φ). We ensure that the lengths of the lattice, ∆r,
∆θ and ∆φ, are at least as small as the Cartesian lattice spacing, ∆. Too small a
spacing will merely give us an overestimate on the precision of the interface location
however we already know that we can only find the location of the interface within an
uncertainty of L0 /2, because of smoothing, hence have a lower bound on the precision
of the results obtained.

2.4.2

Direct Micelle Analysis

Unlike experiments, which are usually restrained to indirect measures such as scattering and rheology, simulations allow the direct observation of micelles as well as their
structural and dynamical properties. We find the properties of micelles by locating
and analyzing micelle cores, extracting properties such as the number, volume, position and relative positions as a function of time. Once we have found the properties
of the cores, where relevant, we infer the properties of coronas.

2.4.2.1

Micelle Identification

Micelle cores are more easily identified than the rest of the micelle, as these are
local high-density regions. We therefore identify micelles by locating the core. Our
operational definition of a micelle core is a region where φ(r) > φm and which does
not touch any other such region, and with a volume V > Vm , where φm and Vm are
chosen to avoid counting, as micelles, small-amplitude and small-volume fluctuations
which arise solely due to noise. We specify that regions do not touch each other to
prevent this definition from including regions within a micelle core as separate micelle
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cores, that is, it prevents subdivision of micelle cores into smaller micelle cores.
The condition V > Vm is included in our operational definition of a micelle because
small peaks may randomly arise, simply due to the noise, and will be found as peaks
in the density field. We choose Vm = 3∆3 , which we find adequately ignores artifacts
due to noise. This is demonstrated by the disappearance of variation in apparent
micelle number for the pure, stable BCC phase, where we expect micelle number to
be constant.
We cycle through the lattice, φijk , looking for lattice sites where φijk > φm . We
then look for neighboring sites satisfying φijk > φm . We repeat this process until no
more uncounted neighbors are found satisfying this condition, preventing subdivision
of cores, and define this set of sites as a micelle core. The core volume, Vc , is given
by the number of lattice sites ×∆3 .
The local density, φ(r, t), varies quickly at the boundaries of a micelle core and
hence the volume that we find is not sensitive to our choice of φm . We typically choose
φm = φmax /2 where φmax is the maximum value of φ(r, t), corresponding to the peak
monomer density. We find that a change of 20% in our choice of φm consistently leads
to a change in micelle volume of approximately 10%, corresponding to a change in
the radius of approximately 3%.
We identify the micelle location as the centroid of the core

rmic

P
rn φn
= Pn
n φn

(2.103)

where {n} is the set of points comprising the micelle core and rn is the position of
the nth lattice point.
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2.4.2.2

Nearest Neighbors

Once we have a set of micelle coordinates we can find the number of nearest neighbors.
We find the distance between each micelle and each other micelle, rij , and hence find
(nn)

the distance from each micelle to the nearest micelle, ri

. In order to count the

number of nearest neighbors we cannot simply count the number of micelles that are
exactly this distance, as there are small variations in position and we would always
(nn)

find the result of 1. We therefore count the number of micelles closer than A∆ri

,

with A & 1, and (operationally) define this as the number of nearest neighbors. We
expect the BCC phase to have 8 nearest neighbors. We also expect that the distance
between next nearest neighbors in the BCC phase, rnnn , will be
2
rnnn = √ rnn ≈ 1.15rnn .
3

(2.104)

This restricts A to be quite close to 1 in order to refrain from counting next nearest
neighbors. We typically choose A = 1.1 as this yields a value of 8 nearest neighbors
for over 90% of BCC micelles. The majority of micelles for which we find nn 6= 8 have
nn < 8, suggesting that we are not over-counting by including next-nearest neighbors.

2.4.2.3

Pair Distribution Function

One useful quantity in considering the ordering of a set of particles, such micelles, is
the pair distribution function, g(r), where ρ0 g(r) gives the average density of particles
at a radial position r, given that there is a particle at the origin. [149]
For a system of volume V containing N particles with positions ri and hence
density
ρ(r) =

N
X

δ(ri − r),

i=1
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(2.105)

and average density
ρ0 =

N
,
V

(2.106)

this is calculated for particle j

gj (r) =

N
X
δ(|ri − rj | − r)

4πr2 ρ0

i=1

.

(2.107)

The denominator, 4πr2 ρ0 , gives the average number of particles a distance r from an
arbitrary point (as opposed to a point at which there is a particle).
We have the set of positions, {rj }, for the micelles and hence we can calculate
g(r) by averaging over particles (over j) and expressing Eq. (2.107) in a form that
will produce a histogram with bin width ∆r
N
N
1 XX
g(r) =
N j=1 i=1

R r+∆r
R=r

δ(|ri − rj | − R)dR
,
4πr2 ∆rρ0

(2.108)

That is, for each micelle we count the number of micelles within a distance r to r +∆r
and divide this by the number of micelles that we would expect to find if the positions
were uniformly distributed, 4πr2 ∆rρ0 .
The bin width, ∆r, needs to be small enough to capture the detail in g(r) but
large enough that it is not sensitive to small motion of particles around their mean
positions, due to fluctuations. We choose a bin width at or around ∆r = 0.05∆ as this
is the smallest bin width that does not subdivide the expected BCC peaks. Smaller bin
widths sometimes subdivide these peaks and the subdivisions vary between successive
g(r) calculations, indicating that the bin width is on the scale of the fluctuation in
micelle position. Our calculation of the pair-distribution function is used primarily
as a consistency check and we do not perform a detailed, thorough analysis.

68

2.4.2.4

Micelle Volume

Assuming the micelle core consists entirely of A blocks, the corona consists of B blocks
and A and B monomers occupy the same volume, the ratio of the length of polymer
in the core, and hence core volume, to the total polymer length, and hence entire
micelle volume is f . We can therefore find the total volume of a micelle, including
corona, as
Vm =

Vc
.
f

(2.109)

This assumption only holds in the limit of strongly segregated micelles. This is not
strictly the case but we argue that it is a reasonable approximation. We expect that
deviations from this strongly segregated picture will come in the form of polymers
outside of the micelle pushing into the corona, causing it to expand, or B blocks
invading the core. Each of these will cause the total micelle volume to appear smaller
than it is. We therefore expect that our estimate for the micelle volume will be a
lower bound for the actual micelle volume.
We also use these results to calculate the radius of the micelle, assuming micelles
are spherical, the micelle radius, rm , is related to the volume by

rm =

3Vm
4π

1/3
.

(2.110)

This gives the radius of the entire micelle, including the corona, since we have used
Vm as the micelle volume. Since Vm may be a low estimate for the micelle volume,
rm is may be a low estimate for the micelle radius.
The maximum and minimum values of the density field are typically close to 1−fA
and −fA respectively, corresponding to pure A block and pure B block, suggesting
that at least part of the core and part of the corona consist of pure A and B blocks
respectively. As mentioned in section 2.4.2.1, a large (20%) variation in the level set
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defining the micelle boundary causes a small (3%) change in micelle radius. This
suggests that the core and corona of micelles are quite sharply separated. Together
these suggest that our estimate of the volume of the micelle core and corona are
reasonable.
2.4.2.5

Particle Tracking

We also extract dynamical micelle behavior by tracking micelles. We use a python
implementation§ of the Crocker-Grier algorithm. [150] Given the set of locations of
micelles at times t and t + ∆tt , this method calculates the most likely correspondence
between the micelles at times t and those at t + ∆tt . Repeating this process results
in micelle trajectories. The time interval, ∆tt , between micelle locating, is typically
∆tt = 100∆t.
This process can be computationally intensive due to the possibility of any micelle
corresponding to any other. This results in the number of calculations varying as the
square of the number of micelles. To alleviate this issue, a maximum distance, Lmax ,
is defined, beyond which a micelle will not move in a time ∆tt . As we will see, micelles
only move small distances, typically less than their core radius, in the time interval
∆tt . We therefore do not expect strong restrictions on Lmax , but consider the effect
of changing Lmax to ensure accuracy.
Too small a choice of Lmax may result in loss of micelles which move too far in a
time ∆tt . Too large a choice of Lmax may result in identifying a micelle at one time
with a newly-created micelle or identifying a micelle which has disappeared between
times t and t + ∆tt with another micelle at time t + ∆tt . We typically chose Lmax to
be the BCC lattice constant, Lmax = L0 in the expectation that a micelle would not
go further than this in the time interval ∆t. If micelles regularly traversed a distance
of L0 in a time ∆tt then ∆tt would be too long. If our choice of Lmax is too large then
§

‘trackpy’ (2012) written by Thomas Caswell and distributed under the GNU General Public
License.
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we expect that micelles lifetimes will appear longer than they are. If it is too small
then we expect that micelles lifetimes will appear shorter than they are, as micelles
will be lost. We therefore repeat a sample tracking calculation using multiple values
of Lmax .

4000

Frequency

3000

Lmax = L0
Lmax = L0/2
Lmax = L0/4
Lmax = L0/8

2000

1000

0
0

10

5

15
5

Micelle Lifetime (in units of 10 ∆t)

Figure 2.8: The distribution of micelle lifetimes is plotted for various values of Lmax .
Data corresponds to N̄ = 2.5 × 105 , τ = 0.01 and γ = 0.3. The simulation was
equilibrated for 106 ∆t before position data was taken. The peak at high micelle
lifetime corresponds to micelles living for the entire simulation time.
Fig. 2.8 shows the distribution of micelle lifetimes, varying Lmax , for the same
simulation data. The data represents a distribution of the number of micelles that
lived for the length of time shown on the horizontal axis and died at that time, not,
for example, the number of micelles that are alive at that simulation time or micelles
that lived at least that long. This representation is shown as differences between data
sets are more noticeable. The curves lie directly on top one another for Lmax = L0 ,
Lmax = L0 /2 and Lmax = L0 /4. In this range, micelle lifetime is not sensitive to
changes in Lmax and we are confident in the results. For Lmax = L0 /8 the micelle
lifetime is significantly reduced, corresponding to frequent micelle motion beyond
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Lmax in the time interval ∆tt .
Our simulations employ periodic boundary conditions, leading to the possibility
that a micelle may move beyond through a boundary. To retain meaningful displacements when considering micelle position vs. time we identify when a micelle moves
through a boundary and map this onto a position that, though outside of the lattice,
reflects the most continuous motion of the micelle.
Once we have obtained the position vs. time curve, R(t), for each micelle in an
ensemble of micelles we can examine dynamical behavior. This data allows us to
characterize the individual as well as average motion of micelles, for example, mean
squared displacement with time.

2.4.2.6

Micelle Motion: Mean-Squared Displacement and Diffusion

We examine average micelle motion by calculating the mean squared displacement of
micelles. Once micelles are tracked and we have obtained the position as a function
of time for each micelle, we calculate the displacement of each micelle at each time
interval and average this displacement over all of the micelles. In anticipation of
observing diffusive behavior, the rest of this section is devoted to a discussion of
diffusion. We will present a physical picture in which diffusion may occur for micelles;
give an overview of diffusion itself; present a discussion of Arrhenius behavior, which is
relevant to activated diffusion; and finally give a brief overview of the glass transition.
If each micelle is surrounded by other micelles and there is a hard core repulsion
preventing corona overlap, we expect that motion of a micelle past other micelles will
be restricted. That is, there will be an energy penalty to micelle motion, which will
proceed by ‘hopping’ from one low energy region to another, over an energy barrier.
In this case, micelle motion will (1) be characterized by discrete jumps, or ‘hops,’
between energetic minima and (2) be an activated process. We do not assert that
this is the case, rather, the above should be thought of as a simple physical model
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by which activated diffusion can take place. We will discuss the connection between
this physical picture and the behavior which we observe in micelles in section 4.4.1.
We expect that the further a micelle hops, the more it has to squeeze past other
micelles and hence the higher the activation energy and less likely the event will be. If
this is the case then most of the hopping events will occur between adjacent energetic
minima. The distance between adjacent minima is of course the nearest neighbor
distance. If there is an unoccupied nearest neighbor site adjacent to a micelle, the
micelle will not need to hop past other micelles to get to it. A more reasonable
estimate for the hopping distance may be the next nearest neighbor distance.
If micelles may hop in any direction then their motion can be modeled as a random
walk with step size, which we approximate as a constant, Lh . As previously discussed,
we expect this to be approximately equal to the nearest neighbor or next nearest
neighbor distance, but, for now, we will leave it generally as Lh . Discussions of
random walks can be found in many text books on random processes, such as Refs.
[151,152]. Consider first a random walk in one dimension with step size l, which we
will relate to Lh . After n steps, the probability of being a distance ml away from the
starting point is
n!
 1
.
(n − m) ! 2 (n + m) !
2

p(ml) =  1

(2.111)

Apply Stirling’s approximation to the factorials results in
2
2
p(mLh ) ≈ √
e−m /2n .
2πn

(2.112)

The mean displacement, hmli = 0, and mean squared displacement

h(ml)2 i = nl2 .

73

(2.113)

Generalizing this to d dimensions, we relate the position, r, to the coordinates, xi ,

2

r =

d
X

x2i ,

(2.114)

i

where i labels the dimension. Assuming each step is a composed of 1 step along each
axis, that is
(x1 , x2 , ..., xd ) → (x1 ± l, x2 ± l, ..., xd ± l),
the step has length Lh =

(2.115)

√
dl, Eq. (2.113) becomes

hr2 i = ndl2 = nL2h ,

(2.116)

We have assumed that a random walk in d > 1 dimensions occurs by random steps
of size l along d orthogonal directions. The mean squared displacement can also
be calculated allowing steps of length Lh in any direction. This produces the same
results, at least in two and three dimensions: hri = 0 and Eq. (2.116). It is left to
the reader to satisfy their curiosity regarding d > 3.
So far we have worked in a discrete space. When considering diffusion, one often
considers a continuous space and defines a diffusion constant, D, related to the average
hopping rate, k = n/t, by
D=

kLh
.
2

(2.117)

The continuous form of Eq. (2.112), giving the probability of a particle moving a
distance x in time t when diffusing in one dimension, is

p(x, t) = √

x2
1
e− 4Dt ,
4πDt
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(2.118)

which satisfies
∂p
∂ 2p ¶
=
.
∂t
∂x2

(2.119)

In d dimensions the probability of the position a particle relative to its original position
being r is
p(r, t) =

r2
1
− 4Dt
e
.
(4πDt)d/2

(2.120)

The probability, p(r, t), of a particle diffusing a (scalar) distance r is therefore equal
to Eq. (2.120) integrated over the surface of a d-sphere of radius r.
We are interested in motion in three dimensions, thus

hr2 i = ndL2h = 6Dt,
r2
1
− 4Dt
e
,
(4πDt)3/2
r2
r2
− 4Dt
√
e
.
p(r, t) =
2 π(Dt)3/2

p(r, t) =

(2.121)
(2.122)
(2.123)

So far we have considered the motion of a micelle by random walks, facilitated
by hopping between low energy positions, with an average hopping rate, k. Now we
consider the details of this hopping rate itself. Hopping occurs by motion of micelles
between energetic minima over an energy barrier, of size Ea , so we model it as an
activated process. There are many examples of similar thermally-induced, activated
processes with rates k, which can be related to the activation energy, Ea , by the
Arrhenius equation,k


Ea
.
k ∝ exp −
kB T

(2.124)

¶

The reader may notice a similarity to the equation of motion used in our dynamical model,
which is based on diffusion. This similarity is particularly evident if one defines a chemical potential
which is proportional to p(x, t).
k

First presented by Arrhenius (1889), [153] descriptions of Arrhenius behavior and usual examples
such as nucleation rates, chemical reaction rates and creep, are found in many text books on chemical
kinetics. Other examples of Arrhenius behavior include growth of bacterial cultures, [154] chirping of
tree crickets, creeping of ants, and the flashing of fireflies. [155]

75

If we model hopping as one such activated process then the average hopping rate,
and hence diffusion constant, D, should also obey


Ea
.
D ∝ exp −
kB T

(2.125)

Our temperature-like variable, τ , from Eqs. (2.14), (2.19) and (2.25), varies as
2N B
τ=
λ0



1
1
−
Ts T


,

(2.126)

where Ts is the temperature corresponding to (χN )s , the disorder spinodal. If the
energy penalty to hopping is constant, the log of the diffusion constant, ln D, should
vary linearly with τ , with a slope that is proportional to Ea .
In simple systems with particles of fixed properties, such as number, number
density, geometry, interaction energies and arrangement, we have no reason to expect
that the hopping barrier will vary with temperature, only the energy of the particles
and hence their ability to hop over the barrier. As we will see, this description does
not apply to our melt of disordered micelles. Changes in micelle properties which
affect the hoping barrier may result in a temperature dependent hopping barrier,
Ea (T ), and hence departure from the linear behavior of ln D described above.
On cooling, the relaxation time of liquids increases, or equivalently, the diffusion constant decreases. When cooled to a low enough temperature, called the glass
transition temperature, Tg , the relaxation time increases beyond experimentally accessible times and the liquid hardens, becoming rigid and superficially resembling a
solid: a glass. The particles of which the liquid is composed, however, retain liquid
order. A common example of a glass is, of course, common glass, which is still visible
in centuries-old windows, giving an idea of how slow relaxation times can become.
Reference [156] gives a review of glasses and the glass transition.
The glass transition temperature is always below the freezing point, so the liquid
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must be supercooled fast enough to avoid crystallization. After cooling it is unable to
relax into a crystal due to slow relaxation times. It is important to note that the glass
transition is thought not to be a thermodynamic phase transition, rather, represents
a continuous crossover from fast to slow relaxation. The temperature Tg is also not
a single well-defined temperature for a given system. Relaxation times vary quickly
near Tg therefore Tg can, for a given system, be bracketed in a small range, however,
since Tg is defined as the temperature beyond which relaxation, empirically, becomes
very slow, it is inherently experiment-dependent.
There have been a number of models proposed to describe the relaxation time, ϑ.
A popular example is the Vogel-Fulcher-Tamman (VFT) law, [157–159] which includes
a divergence of relaxation times at temperature T0 and models the relaxation time as

ϑ ∝ exp


CT0
,
T − T0

(2.127)

where C is a constant. Another model, which does not include a divergence for T > 0,
merely a fast increase, in the relaxation time is the Bässler law. [160] Bässler law models
the relaxation time as

ϑ ∝ exp K

T∗
T

2 !
,

(2.128)

where K and T ∗ are constants. It is still in dispute whether there is a divergence in
the relaxation time, or merely a fast increase that experimentally looks like it might
be a divergence, but current evidence appears to lack support for a divergence. [161]
A system of disordered polymeric micelles is an interesting one in which to consider
the possibility of a glass transition. Anticipating our results, the ability of micelles to
perform acrobatics such as deformation, dissolution and reappearance, merging and
bifurcation may prevent kinetic trapping. Will we see an increase in the relaxation
time by 10 or more orders of magnitude? Probably not, since being able to identify
slowing down of that magnitude would require absurdly long simulations, but we may
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see a large decrease in the diffusion constant that might be suggestive of an impending
glass transition.

2.4.3

Scattering Function from Simulation

Structural and dynamical properties of disordered micelles are typically extracted
from scattering experiments. Neutrons or photons are directed through a material
and the intensity is measured as a function of deflection, giving the scattering function.
This is a common technique used to study periodic structures and is discussed in many
text books on condensed matter physics, such as Refs. [162,163]. The scattering
function reflects the density-density correlation function of electrons (in the case of
light) or nuclei (for neutrons) in Fourier space and hence gives information about the
underlying structure on various length scales.
We connect our results to those found in experiments by analyzing the Fourier
transform and extracting information about the scattering function and intermediate
scattering function. The scattering function is

I(q) = h|φ(q, t)|2 i

(2.129)

where the q is the wave vector and the ensemble average, denoted h...i, is calculated
as a time average,
1
h...i ≡ lim
T →∞ T

Z

T

... dt.

(2.130)

0

We calculate the scattering function from simulations and average over spherical
shells in q space to produce an angle-averaged scattering function, I (s) (q). The time
average is taken over finite times, for obvious practical reasons. We average over
approximately 2 × 106 ∆t and the time average is taken once the melt appears to have
equilibrated. The melt is judged to have been equilibrated when the free energy is
oscillating around a constant, that is, the drift in free energy is small compared to
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the random variation in the free energy. Equilibration typically takes O(106 )∆t.
The scattering function gives the density-density correlation function in q space
and hence gives information about the structure of the melt on various length scales.

2.4.3.1

Hard-Sphere Model

For the purpose of fitting the scattering function, we follow the procedure of Ref.
[46]. They model micelles as hard spheres with polydispersed radii. In their model
incoming X-rays scatter off of micelle cores which they ‘see’ as distinct from the
corona and inter-micelle space. Micelle core radii therefore enter the model through
a spherical form factor. Cores have a Gaussian-distributed radius with mean rc and
standard deviation σc . The cores are surrounded by coronas, which are disallowed
from overlapping. The corona radius affects the relative positions of spheres and hence
comes in through the density correlation function, or rather, the Fourier transform
thereof, the structure factor. Micelles are modeled as hard spheres, hence the corona
radius is taken to be equal to the hard-sphere radius, Rh . These parameters are
P
illustrated in Fig. 2.9. The micelles take up a fraction of the volume ψ =
Vm /V ,
P
where Vm is the total volume occupied by micelles and V is the total volume of the
melt. Wang et al. [46] also introduce a diffuse sphere boundary parameter, ζ, which
gives a measure of how diffuse the boundary is between the core and coronas. [57,164]
The structure of a melt of micelles can be described by convolution of a function
describing the micelles themselves and a function describing the positions of micelles,
the pair distribution function. In Fourier space, this convolution can be written as a
product of the Fourier transforms of the aforementioned functions, the form factor,
P (q), and structure factor, S(q), respectively. That is, the scattering function, I(q),
can be written as
I(q) ∝ P (q)S(q).

(2.131)

The form factor, which describes individual particles, for monodisperse hard
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Figure 2.9: Illustrated definitions of core radius, Rc , and corona radius, which is
conflated with the hard-sphere radius, Rh . For clarity, this diagram can be thought
of as a cross-section of the micelle shown in Fig. 1.4.
spheres of radius R is a standard result and can derived by Fourier transforming
a step function which is 1 inside of the sphere and 0 outside. The form factor is given
by


3(sin(qR) − qR cos(qR))
Ps (q, R) =
(qR)3

2
.

(2.132)

The form factor for polydisperse hard spheres is found by taking an average over the
distribution of sizes. The core radius is assumed to be Gaussian distributed with a
mean of Rc and standard deviation of σc . The diffuse sphere boundary parameter,
ζ, comes in as an exponentially decaying prefactor to the form factor. It suppresses
fast modes (high q) and hence leads to a less sharp transition between 1 and 0 for
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the function describing the sphere. The form factor then becomes
exp(−4π 2 ζ 2 q 2 )
√
P (q, Rc , σc , ζ) =
σc 2π

Z

∞


exp

0

−(R − Rc )2
2σc2


Ps (q, R)dR.

(2.133)

Some micelles appear to the eye to be elongated. If we wish to consider ellipsoids
we can calculate the form factor for monodisperse ellipsoids with ratio of major to
minor axis . This is also a standard result, first published in Ref. [165]. Recalculation
of the form factor to describe monodisperse ellipsoids amounts to modifying Eq.
(2.132) so that the radius, r, has an angular dependence
q
r(R, , α) = R sin2 (α) + 2 cos2 (α).

(2.134)

and performing an angle average of the resulting form factor
Z
P (q, R) =

Ps (q, r(R, , α)) sin(α)dα.

(2.135)

If we wish to consider ellipsoidal micelles we can use replace Ps (q, R) in Eq. (2.133)
with P (q, R).
We will now consider the structure factor, which is the Fourier transform of the
density correlation function and depends on the relative positions of particles. In a
system containing n particles, the density correlation function, S(r), is related to the
total correlation function, h(r) = g(r) − 1, and hence pair-distribution function, g(r),
described in section 2.4.2.3. The density correlation function is given by

S(r) = nδ(r) + n2 h(r),

(2.136)

S(q) = n + n2 h(q).

(2.137)

which, in Fourier space, is
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The total correlation function is then related to the direct correlation function, c(r),
through the Ornstein-Zernike equation, [166] which, in Fourier space, is written

h(q) =

c(q)
,
1 − nc(q)

(2.138)

S(q) =

n
.
1 − nc(q)

(2.139)

leading to the structure factor

From here one generally seeks an approximate direct correlation function. One useful
and widely used approximate c(r) is given by the Percus-Yevick approximation [167]

c(r) = eU (r)/kB T g(r)(e−U (r)/kB T − 1),

(2.140)

where U (r) is the pair potential. The PY approximation is particularly useful when
modeling hard spheres because an exact solution exists. [168] The hard-sphere potential,

U (r) =




+∞ r ≤ Rh


0

,

(2.141)

r > Rh

is used in Eq. (2.140), which is then Fourier transformed and inserted into Eq. (2.139).
This leads to the structure factor

−1
24ψG(2qRh )
S(q, Rh , ψ) = 1 +
,
2qRh
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(2.142)

where

G(x) =
+
α =
β =
ν =

α
β
(sin(x)
−
x
cos(x))
+
[2x sin(x) + (2 − x2 ) cos(x) − 2]
x2
x3
ν
{−x4 cos(x) + 4[(3x2 − 6) cos(x) + (x3 − 6x) sin(x) + 6]}, (2.143)
x5
(1 + 2ψ)2
,
(2.144)
(1 − ψ)4
−6ψ(1 + ψ/2)2
,
(2.145)
(1 − ψ)4
ψ(1 + 2ψ)2
.
(2.146)
2(1 − ψ)4

For further discussion of the Percus-Yevick model and its application to hard spheres
see Ref. [169]. The scattering function given by Eqs. (2.131), (2.133) and (2.142) is
used in Ref. [46].
Equation (2.142) gives the structure factor for monodisperse hard spheres of radius
Rh occupying a volume fraction ψ. We could stop here or we could consider deviations
from this simple model, similar to our treatment of the form factor. One alteration
we can make is to alter the hard sphere potential, Eq. (2.141), for example, by adding
a weak repulsive interaction given by the Yukawa potential for r > Rh ,

U (r) =




+∞

r ≤ Rh



u0 exp(−κRh (r/Rh −1))
r/Rh

.

(2.147)

r > Rh

When this is inserted into Eq. (2.140), which is then Fourier transformed, the integral
over r can be separated into an integral from 0 to Rh , corresponding to the hardsphere portion of c(q), and an integral from Rh to ∞, corresponding to a Yukawa
portion of c(q). That is, c(q) is separable into

c(q) = cHS (q) + cY (q),
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(2.148)

where cHS (q) is the same as c(q) for hard spheres and

cY (q) =

6
φu0
[q cos(qRh ) + κ sin(qRh )].
2
π Rh q(κ2 + q 2 )

(2.149)

For a more detailed discussion of this derivation see Ref. [62].
We will fit the simulated scattering function, I (s) (q), to the analytical scattering
function described above using the form- and structure-factors in Eqs. 2.133 and 2.142
in order to extract information about micelles, in the form of fitting parameters.

2.4.3.2

Collective Diffusion and the Intermediate Scattering Function

There are two types of diffusion that we are interested in: self diffusion of micelles
and collective diffusion. Self diffusion is the diffusion of individual objects whereas
collective diffusion is the diffusion of collections of objects. In the context of our
work, collective diffusion refers to motion of material, described by a density field,
which is correlated over finite length scales. Fourier space is particularly amenable to
studying collective diffusion as the results are easy to show in terms of length scales
over which correlations occur and hence we can easily study collective diffusion over
well-defined length scales.
In addition to looking at diffusion explicitly in terms of the average motion of
particles, as in section 2.4.2.5, we can consider that as diffusion occurs, the position
of a particle, or the collection of particle positions, becomes less correlated with their
previous position(s). Diffusion can therefore be considered in terms of the decay of
particle-particle-time correlations, or in a continuum model, the density-density time
correlations. Once again, expressing this in Fourier space gives the decay of densitydensity time correlations as a function of length scale. To do this, we consider the
intermediate scattering function

S(q, t) ∝ hδφ(−q, 0)δφ(q, t)i,
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(2.150)

where h...i is an ensemble average, calculated as a time average, given by Eq. (2.130).

δφ(q, t) = φ(q, t) − hφ(q, t)i,

(2.151)

φ(q, t) is the density in Fourier space as a function of time. The intermediate scattering function is accessible experimentally through use of inelastic neutron scattering.
We are interested in diffusion over length scales of magnitude q −1 so average over
spherical shells of magnitude q and hence calculate the intermediate scattering function in terms of the scalar q rather than vector q. This has the added advantage that
it increases the number of points over which we are averaging, producing smoother
results, and is also consistent with the experimental method of Ref. [62].
If the diffusion coefficient, D(q), is time-independent, diffusive processes will cause
the intermediate scattering function to decay exponentially, with a decay constant
given by q 2 D. [170,171] This has been used experimentally to extract diffusion constants
from the intermediate scattering function. [62,172,173]
For a simple diffusive process with a single diffusion coefficient, D(q), the intermediate scattering function can be fit to
S(q, t)
= exp(−q 2 D(q)t).
S(q, 0)

(2.152)

Diffusion is often more complicated, and governed by not one, but multiple diffusion
coefficients, each correspond to a distinct diffusive process. In the case of disordered
polymeric micelles there is diffusion of individual polymers or parts thereof, relaxation
of the core or corona, motion of micelles within a potential well, and hopping between
adjacent potential wells. Each of these processes has its own diffusion coefficient, Di ,
and degree to which it contributes to the intermediate scattering function, expressed
by the coefficient of the corresponding term, Ai . In this case, with n modes, the
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intermediate scattering function can be fit to
n

S(q, t) X
=
Ai exp(−q 2 Di (q)t),
S(q, 0)
i

(2.153)

where
X

Ai = 1.

(2.154)

i

It is often the case that two diffusive modes are observed, referred to as the fast,
i = f , and slow, i = s, modes, where Df > Ds . As we will see, our results are no
exception and we fit to
S(q, t)
= Af exp(−q 2 Df (q)t) + As exp(−q 2 Ds (q)t).
S(q, 0)

(2.155)

When multiple diffusive modes are present, as described in Eq. (2.153), assuming
the time scales of each diffusive mode are far apart and arranging them such that
D1  D2  ..  Dn , each of the terms in Eq. (2.153) decays on a separate time
scale. If this is the case then we would expect to see a sharp decrease in S(q, t)/S(q, 0)
P
from 1 to just under ni=2 Ai , as the i = 1 term has decayed away while the remaining
terms remain relatively unchanged. The second term then decays while the remaining
terms remain unchanged etc. until all terms have decayed. This is illustrated in Fig.
2.10. If there is glassy behavior we expect that one or more mode will decay on a
time scale that is long compared to the simulation time. This is shown by the red
curve in Fig. 2.10.

2.5

Amplitude Model

The underlying microstructure of the ordered phases is periodic, making it natural to
represent the microstructure in Fourier space or as a sum of plane waves. The density
field, φ(r, t), is written as an infinite sum of plane waves, labeled j, with wave vector
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Figure 2.10: The separation of decay times in S(q, t) of the form given by Eq. (2.153)
is illustrated for two decay constants (blue), thee decay constants (black) and three
decay constants of which one decays slowly on the time scale shown (red).
Gj and real amplitude aj (r, t)

φ(r, t) =

X

aj (r, t)eiGj ·r .

(2.156)

j

This representation is quite general due to the r- and t-dependence of the amplitudes. A uniformly ordered phase is represented by amplitudes which are r- and
t-independent. We wish to have a real density field and hence assume that aj = aj̄ ,
where aj̄ is the amplitude of the plane wave with wave vector Gj = −Gj̄ . This is
necessary for the imaginary parts in the sum, Eq. (2.156), to sum to 0.
We will see that it is convenient to separate these plane waves into modes, which
are sets of terms where the magnitudes of reciprocal lattice vectors are the same,

φ(r, t) =

X X
mode jmode
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aj (r, t)eiGj ·r .

(2.157)

When aj = amode for all j  mode, Eq. (2.157) becomes

φ(r, t) =

X

amode (r, t)

mode

X

eiGj ·r .

(2.158)

jmode

It is common to truncate the sum over modes, to represent the density by a small
number of modes. For weakly-segregated polymers a single-mode dominates, as discussed in section 2.1 and can be approximated by this single-mode.

2.5.1

Free Energy in the Amplitude Model

Inserting Eq. (2.156) into Eq. (2.31), the free energy density becomes

−

"

ξ2 X
τX
dr
(1 + O(Gi ))(1 + O(Gj ))ai aj ei(Gi +Gj )·r +
ai aj ei(Gi +Gj )·r
2 ij
2 ij
#
X
γ X
1
ai aj ak ei(Gi +Gj +Gk )·r +
ai aj ak al ei(Gi +Gj +Gk +Gl )·r .
(2.159)
3! ijk
4! ijkl

1
f =
V

Z

3

where aj = aj (r, t) and
O(Gj )aj ≡ ∇2 aj + 2iGj · ∇aj − G2j aj .

(2.160)

We consider cases where the spatial dependence of aj (r, t) comes from interfaces
between uniformly ordered phases. The length scale of variation is therefore the
length scale of the interface. We assume that the interfacial width is large on the
scale of the periodic variation, G−1
j , and separate these length scales. To illustrate
how this separation affects our calculations, consider the integral
XZ

d3 raj ak ei(Gj +Gk )·r .

(2.161)

jk

Without loss of generality, we separate the terms in the sum into those for which
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Gj + Gk = 0 and those for Gj + Gk 6= 0,
XZ

3

d raj ak e

i(Gj +Gk )·r

jk

Z

X

=

X

3

d raj ak +

jk
Gj +Gk =0

Z

d3 raj ak ei(Gj +Gk )·r .

jk
Gj +Gk 6=0

(2.162)
The separation of length scales comes in when we assume that over a wavelength,
λ = 2π/|Gj + Gk |, the amplitudes aj are constant. The integral in the second term
on the LHS of Eq. (2.162) can be written as a sum of integrals over these wavelengths
Z

X

3

d raj ak e

i(Gj +Gk )·r

≈

jk
Gj +Gk 6=0

X

X

jk
Gj +Gk 6=0

Z
aj ak

λ

λ

d3 rei(Gj +Gk )·r = 0,

(2.163)

0

which is 0 because each integral over a wavelength of the plane wave is 0. Equation
(2.162) can therefore be approximated as
XZ

3

i(Gj +Gk )·r

d raj ak e

≈

jk

XZ

d3 raj ak δGj +Gk ,0 .

(2.164)

jk

In the case where aj s are all equal, this sum over Kronecker delta functions merely
counts the number of terms satisfying Gi +Gj = 0 and reduces to an integer. Equation
(2.159) then becomes
λ0
f =
V
+

Z

(
d3 r

ξ2 X
τX 2 γ X
|1 + O(Gj )aj |2 +
a −
ai aj ak δGi +Gj +Gk ,0
2 j
2 j j 3! ijk
)

1 X
ai aj ak al δGi +Gj +Gk +Gl ,0
4! ijkl

,

where we have used our assumption that aj = aj̄ .
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(2.165)

2.5.2

BCC Phase

We consider the BCC phase in the single-mode approximation using the reciprocal
lattice vectors having the lowest non-zero magnitude, which we have normalized to 1,
1
G1 = √ (x̂ + ŷ),
2
1
G3 = √ (x̂ + ẑ),
2
1
G5 = √ (ŷ + ẑ),
2

1
G2 = √ (x̂ − ŷ),
2
1
G4 = √ (x̂ − ẑ),
2
1
G6 = √ (ŷ − ẑ).
2

(2.166)

Each wave vector, Gi , has a corresponding −Gi for a total of 12 first-mode wave
vectors for the BCC phase. We assume that each BCC wave vector has the same
amplitude, hence aj = a(r, t) for 1 ≤ j ≤ 6. The free energy density, Eq. (2.165),
therefore becomes
1
f=
V

Z

(

)
45
d3 r 6ξ 2 (∇2 a)2 + 4ξ 2
(Gi · ∇a)2 + 6τ a2 − 8γa3 + a4 .
2
i=1
6
X

(2.167)

Now we have an amplitude-based model for the free energy of a structure with
BCC symmetry, with varying amplitude, a(r, t). We use this to analyze the uniformly
ordered BCC phase, corresponding to a constant amplitude, a(r, t) = as and the pure
disordered phase, corresponding to a(r) = 0, in addition to the transition between
these two limits.
We use the amplitude model to examine the equilibrium disorder and BCC phases.
The disordered phase corresponds to a = 0 and hence has free energy fd = 0. The
ordered BCC phase corresponds to a constant, non-zero as and has free energy
fs = 6τ a2s − 8γa3s +
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45 4
a,
2 s

(2.168)

which we extremize with respect to as to find the equilibrium amplitude

as =

2γ ±

p
4γ 2 − 30τ
.
15

(2.169)

We choose the positive root as it corresponds to the minimum free energy, whereas
the negative root corresponds to a local maximum. The order-disorder transition
(ODT) occurs when fs (as ) = fd = 0, leading to a single-mode theory prediction for a
first-order phase boundary at

τ = τ0 ≡

16 2
γ ≈ 0.1185γ 2 .
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(2.170)

The order-disorder transition is parabolic in the τ -γ phase diagram. Similar calculations used to find the cylinder-BCC and lamellar-cylinder phase boundaries also yield
parabolas in the τ -γ phase diagram.
Since this calculation was conducted using a single-mode approximation, we expect that it will be accurate for weakly segregated block copolymers, that is, for small
τ and γ. We will test our analytical result against numerical simulations, which do
not put limits on the number of modes. This is a mean-field prediction and does not
include fluctuations. As discussed in section 1.2, the inclusion of fluctuations may
suppress ordering. This too will be examined using dynamic simulations.
We now wish to estimate the stability limit of uniformly ordered phases, that
is when small deviations from the uniform solution grow. In the case of uniform
deviations of a mode, this corresponds to the point where the second derivative of the
free energy density with respect to the amplitude of this mode becomes negative. For
the uniform disordered phase this occurs on cooling when τ = 0, indicating that the
uniform disordered phase is stable to small, uniform changes in a for τ > 0. Note that
uniform changes in a constitute periodic changes in φ(r), with a uniform amplitude.
When heating the BCC phase we assume that the modes to vary together, that
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is, aj = a = as are constant for all j which correspond to terms in the first mode.
The phase becomes unstable to small, uniform changes in a when

τ = τs+ ≡

2 2
γ ≈ 0.1333γ 2 .
15

(2.171)

A perturbation to the BCC phase need not be uniform, but can take the form

a(r) = as + δa(r).

(2.172)

The BCC phase may become unstable to non-uniform fluctuations before it becomes
unstable to uniform fluctuations. Our estimate can therefore be thought of as an
upper bound on the stability limit. For further discussion of anisotropic fluctuations
in ordered polymeric phases see Ref. [92].
The instability on heating the BCC phase was also a special case in that we could
assume that all of the amplitudes, aj , were equal and varied together as the BCC
phase became unstable. We do not have this luxury when cooling the melt. Consider
the transition to the lamellar phase, corresponding to a1 6= 0 and aj = 0 for all
other amplitudes; or the cylinder phase, corresponding to a2 = a4 = a6 = ac and
a1 = a3 = a5 = 0, where aj is the amplitude of the j mode in Eq. (2.166). For these
transitions to occur, through any mechanism, the amplitudes must be allowed to vary
separately. To find the stability limit we construct a Hessian matrix of second order
derivatives of the free energy with respect to amplitudes and find when an eigenvalue
becomes negative. On cooling, this analysis predicts that the BCC phase becomes
unstable when
2
τ = τs− ≡ − γ 2 = −0.4γ 2 .
5

(2.173)

As in the case of heating, the BCC phase may become stable to anisotropic fluctuations before τs− is reached. Our result for the cooling spinodal is therefore a lower
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bound. Further details on this calculation are given in appendix 2.B.

2.5.3

FCC Phase

In parts of this work it has become useful or necessary to consider other ordered
phases. The FCC phase is particularly relevant as it is another candidate for the
ordered phase that is adjacent to DIS in the phase diagram. We represent the FCC
phase using a two-mode approximation because using a single-mode approximation
fails to produce FCC-packed spheres. In the single-mode case, the FCC-packed highdensity objects that are produced are visibly non-spherical and there is an unwanted
symmetry between the density of A and B blocks, that is, for each high-density (nonspherical) blob there is an adjacent blob of the same shape with a negative low density
of equal magnitude: an anti-micelle-core, so to speak. This is inconsistent with the
description of the FCC phase as consisting of spherical micelles with spherical cores
of A blocks surrounded by a corona of B blocks.
In the two-mode approximation, the reciprocal lattice vectors for the FCC phase
are

1
G1 = √ (x̂ + ŷ − ẑ),
3
1
G3 = √ (−x̂ + ŷ + ẑ),
3

1
G2 = √ (x̂ − ŷ + ẑ),
3
1
G4 = √ (x̂ + ŷ + ẑ),
3
(2.174)

2
G5 = √ x̂,
3
2
G7 = √ ẑ.
3

2
G6 = √ ŷ,
3

The set of reciprocal lattice vectors with unity magnitude, G1 to G4 , belongs to the
first mode and the set of the remaining three belongs to the second mode. Representing the density using Eq. (2.158) and setting the amplitude of the first mode to
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a and the amplitude of the second to b the free energy, Eq. (2.165), becomes
1
f =
V

Z

(

7
4
X
X
2
2
(Gi · ∇b)2
(Gi · ∇a) + 4ξ
d r 4ξ (∇ a) + 3ξ (∇ b) + 4ξ
3

2

2

2

2

2

2

i=5

i=1

2

+

2



ξ 2
15
b + 4τ a2 + 3τ b2 − 12γa2 b + 9a4 + 24a2 b2 + b4 .
3
4

(2.175)

A cursory examination of Eq. (2.175) reveals that in the single-mode approximation
(b = 0) the γ term vanishes. As discussed in section 2.1, it is this term which breaks
the symmetry between A and B blocks. There is also no other term in Eq. (2.175)
which is odd in either a or b. This explains the aforementioned unwanted symmetry
between the density of A and B blocks. As with the BCC phase, in the uniformly
ordered FCC phase the gradient terms vanish and the equilibrium FCC amplitudes
are found by minimizing the free energy with respect to a and b.
When constructing the phase diagram, we also consider the hexagonally-packed
cylinder (HEX), lamellar (LAM) and gyroid (GYR) phases. The reciprocal lattice
vectors for the LAM and HEX phases are subsets of those for the BCC phase. This is
discussed in appendix 2.B. The free energy of LAM can be obtained from Eq. (2.187)
by setting b = c = 0. The free energy of the HEX phase can be obtained by setting
a = b = ac and c = 0. The GYR cannot be adequately represented by one mode, and
hence requires two modes. The reciprocal lattice vectors for GYR in the two-mode
approximation are given in Ref. [174].

2.5.4

Amplitude Dynamics

We include dynamics in our amplitude model by inserting the ansatz Eq. (2.156) in
the dynamical equation, Eq. (2.58). For this calculation we work in the mean-field
limit and therefore set η = 0. We once again assume that the, now time-dependent,
amplitudes, aj , vary slowly on the length scale of the underlying microstructure, G−1
j

94

and hence write
∂aj
∂t

(
= O(Gj ) ξ 2 |1 + O(Gj )|2 aj + aj τ −
+

1 X
ai aj ak δ(Gi +Gk +Gl −Gj ),0
3! ikl

γX
ai aj δ(Gi +Gl −Gj ),0
2 il

)
.

(2.176)

This corresponds to a single term in the sum Eq. (2.156). We have also multiplied
by eiGj ·r and integrated over all space.
We approximate O(Gj )aj ≈ −G2j aj for the first operator in Eq. (2.176). We justify
this by, once again, assuming that aj varies slowly on the scale on G−1
j . If aj varies
on a length scale L then spatial derivatives of aj therefore vary as ∇n aj ∼ L−n . If L
is large compared to G−1
j then the first two terms in Eq. (2.160) are small compared
to the third.
Expanding |1 + O(Gj )|2 and comparing Eqs. (2.159) and (2.176), we see that


 4
 ∂f
∂aj
2
2
2
2
2
= −Gj ξ ∇ aj − 4(Gj · ∇) aj + 2(1 − Gj )∇ aj + L(Gj ) +
,(2.177)
∂t
∂aj
where we have isolated the terms which are linear in Gj ,
L(Gj ) = 4iGj · ∇(∇2 aj ) + 4iGj · ∇aj (1 − G2j ),

(2.178)

in anticipation of summing over j, which will result in these terms summing to 0
since, as discussed at the beginning of this section, aj = aj̄ , where aj̄ is the amplitude
of the plane wave with wave vector Gj = −Gj̄ , and hence L(Gj ) + L(−Gj ) = 0. To
eliminate L(Gj ), we calculate (1/2)(∂t aj + ∂t aj̄ ) and use aj = aj̄ to find


 4
 ∂f
∂aj
2
2
2
2
2
= −Gj ξ ∇ aj − 4(Gj · ∇) aj + 2(1 − Gj )∇ aj +
.
∂t
∂aj

(2.179)

We can use Eq. (2.177) to find the equation of motion for a single mode, described
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by Eq. (2.158). Summing over the m plane waves in the mode, j  mode, each with
amplitude a, Eq. (2.177) becomes


X
 4
 ∂f
∂a
2
2
2
2
2
=
.
m
−Gj ξ ∇ a − 4(Gj · ∇) a + 2(1 − Gj )∇ a +
∂t jmode
∂a

(2.180)

As an example, for the BCC phase in the single-mode approximation, with reciprocal
lattice vectors of unity length, given by Eq. (2.166) the dynamical equation becomes
"
#
X
4
∂f
∂a
= −ξ 2 ∇4 a −
(Gj · ∇)2 a −
.
∂t
m jmode
∂a

(2.181)

In general, there may be multiple modes and the amplitudes may not all be the same
within the mode, though, for a real density field, we can still expect aj = aj̄ .

2.A

UV Divergence in Model Corrections

Mean-field approaches, such as that used by Leibler, employ a saddle-point approximation to the partition function when calculating the free energy.

There have

been many attempts at adding corrections to mean-field polymer theories. Refs.
[31,36,37,175,176] represent a selection of these. All of these approaches find correcRΛ
tion terms in the form of integrals over correlation functions in q space,
... dq,
where Λ is the upper limit on the integral. In each of the references mentioned above,
the results of these integrals vary as positive powers of Λ, typically varying as Λ or
Λ3 , and hence diverge as Λ → ∞. As this divergence occurs in the high wave number
regime, this is referred to as the ultraviolet divergence. It has been argued that this
divergence occurs in a regime where the polymer model is no longer valid, and hence
an upper limit on the integral (finite Λ), corresponding to the statistical segment
length, is justified. [177] In other cases the interaction parameter, χN , is renormalized
to absorb the diverging terms and results are given in terms of the renormalized χN .
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Our approach differs somewhat from these. Rather than integrating over corrections, we employ a dynamical model where the system fluctuates as we know it should.
We know a priori that the system will fluctuate and that the distribution of states will
follow a Boltzmann distribution and we impose fluctuations which we calculate will
give this distribution. This exploration of configuration space corresponds to diffusion of monomers and the noise corresponds to random motion of monomers between
lattice sites. The divergence in our model represents the fact that in a system containing an infinite number of infinitesimal particles (continuum model) diffusing with
delta function correlated velocity (delta function correlated flux) the average number
of particles moving between adjacent positions that are infinitely close (∆ → 0) in a
finite time diverges. The divergence in our noise strength as ∆ → 0 can be seen as a
direct result of the application of our model at a length scale where it is inapplicable.
Applying to finite length scales, as we have, yields finite results. This can also be
seen as: as ∆ → 0 the discrete flux-flux correlations reduce to Dirac delta functions
and hence, locally, diverge. The flux, and hence noise, reduces to a delta function
in space: infinitely large over an infinitely small region of space. The divergence in
our noise in this limit can be seen simply as a restatement of the Dirac deta function
correlations initially used for our flux.

2.B

Stability of the BCC Phase

Here we examine the stability of the BCC phase. As in section 2.5.2, we represent
the BCC phase in the single-mode approximation using the reciprocal lattice vectors
given in Eq. (2.166). The phases close in the phase diagram to the BCC phase are
the disordered, lamellar (LAM) and hexagonally-packed cylinder (HEX) phases. The
DIS phase corresponds to aj = 0 for j = 1..6. The LAM phase is described by only a
single non-zero aj . For this calculation we choose a1 6= 0 and aj 6= 0 for j > 1. The
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particular choice of which amplitude is non-zero does not affect the final result. The
HEX phase corresponds to

∗∗

a1 = a4 = a5 6= 0,

(2.182)

a2 = a3 = a6 = 0.

(2.183)

The BCC phase corresponds to aj = as for 0 ≤ j ≤ 6. The set of plane waves
describing the LAM phase is a subset of those describing the HEX phase, which is
a subset of those describing the BCC phase. This is suggestive of epitaxial relationships between these phases and transition mechanisms which consist of adding or
subtracting plane waves to attain the set of plane waves which describes the final
phase. These epitaxial relationships and transition mechanisms have been observed
in experiments [178,179] and studied theoretically. [78,82] The epitaxy is not exact, with
lattice constants differing by a few percent. [82,180–182] We approximate the epitaxy as
exact and use this to justify the assumption that certain sets of modes vary together.
We therefore write

a1 = a,

(2.184)

a4 = a5 = b,

(2.185)

a2 = a3 = a6 = c.

(2.186)

Comparing this to our earlier descriptions of the LAM, HEX and BCC phases, the
LAM phase occurs when a 6= 0 and b = c = 0. The HEX phase occurs when a = b 6= 0
and c = 0. The BCC phase occurs when a = b = c = as .
∗∗

This choice is not unique. The cylinders may be aligned in different directions going along the
diagonal of the BCC unit cell and may be formed by different subsets of BCC modes. Similarly, the
lamellar phase may be formed by any single BCC mode.
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The free energy density, Eq. (2.165), in terms of a b and c is
1
f =
V

Z


d3 r ξ 2 [(∇2 a)2 + 2(∇2 b)2 + 3(∇2 c)2 ]

+ 4ξ 2 [(G1 · ∇a)2 + (G2 · ∇c)2 + (G3 · ∇c)2 + (G4 · ∇b)2 + (G5 · ∇c)2 + (G6 · ∇c)2 ]
+ τ (a2 + 2b2 + 3c2 ) − 2γ(ab2 + ac2 + 2bc2 )
+ (a4 + 6b4 + 15c4 + 8a2 b2 + 12a2 c2 + 16abc2 + 32b2 c2 )/4}.

(2.187)

As we are interested in spinodal decomposition, we consider phases and transitions
occurring via long-range (approximately uniform) changes in amplitudes. Of course,
the order parameter is still spatially dependent and fluctuations may not be uniform,
however, for the purpose of this analysis we consider spatially independent a, b and
c. The free energy density assuming spatially independent a, b and c is

f = τ (a2 + 2b2 + 3c2 ) − 2γ(ab2 + ac2 + 2bc2 )
+ (a4 + 6b4 + 15c4 + 8a2 b2 + 12a2 c2 + 16abc2 + 32b2 c2 ).

(2.188)

Spinodal decomposition occurs when the free energy may be lowered by arbitrarily
small perturbations in the amplitude. To determine when this occurs we construct
Hessian matrices of second partial derivatives of the free energy with respect to amplitudes and find when the first negative eigenvalue develops.
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Using the notation ∂ij2 ≡

∂2
,
∂i∂j

we write the second partial derivatives

2
f = 2τ + 3a2 + 4b2 + 6c2
∂aa

(2.189)

2
2
∂ab
f = ∂ba
f = −4γb + 8aα b + 4c2

(2.190)

2
2
∂ac
f = ∂ca
f = −4γc + 12ac + 8bc

(2.191)

2
∂bb
f = 4τ − 4γa + 18b2 + 4a2 + 16c2

(2.192)

2
2
∂bc
f = ∂cb
f = −8γc + 8ac + 32bc

(2.193)

2
f = 6τ − 4γ(a + 2b) + 6a2 + 16b2 + 45c2 + 8ab
∂cc

(2.194)

We then write the matrix of partial derivatives as


2
2
2
∂aa f ∂ba f ∂ca f 


∂ 2 f ∂ 2 f ∂ 2 f  .
 ab
bb
cb 


2
2
2
∂ac f ∂bc f ∂cc f

(2.195)

For the disordered phase, aj = 0 ∀ j and Eq. (2.195) becomes




2τ 0 0 


 0 4τ 0  ,




0 0 6τ

(2.196)

which is already diagonal. All eigenvalues becomes negative, and hence the disordered
phase becomes unstable, when τ < 0. The disorder spinodal corresponds to τ = 0 in
this approximation.
For the BCC phase Eq. (2.195) becomes


13a2s

12a2s

20a2s



−4γas +
−4γas +
 2τ −



.
−4γa + 12a2 4τ − 4γa + 38a2
2
−8γa
+
40a
s
s
s


s
s
s


−4γas + 20a2s
−8γas + 40a2s
6τ − 12γas + 75a2s
100

(2.197)

We find the eigenvalues of the matrix Eq. (2.197) and use as given by Eq. (2.169).
All eigenvalues are positive in the range −(2/5)γ 2 < τ < (2/15)γ 2 . Upon heating,
the BCC phase becomes unstable at τs+ = 2γ 2 /15 and upon cooling, the BCC phase
becomes unstable at τ = −(2/5)γ 2 . The BCC phase may become unstable to nonuniform perturbations before it becomes unstable to uniform perturbations, meaning
that the results presented here for the heating and cooling spinodals are upper and
lower bounds, respectively.
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Chapter 3
Nucleation at the Order-Disorder Transition Without Fluctuations
Our investigation of the order-disorder transition (ODT) begins with a study of the
simple, direct uniform disorder (DIS) to BCC transition in the mean-field limit. We
study the ODT in the context of the nucleation mechanism, examining the properties of critical droplets and the growth of supercritical droplets, using analytical
calculations and dynamical simulations. When discussing nucleation, we are mainly
interested in results as they vary with distance from coexistence. For this reason,
many of the results presented in this chapter are given in terms of undercooling,
∆τ ≡ τ0 − τ . Results are often given in the range 0 < ∆τ < ∆τs , where ∆τs is the
undercooling corresponding to the single-mode disorder spinodal, which, at γ = 0.1
corresponds to ∆τs ≈ 0.001185.

3.1

Phase Diagram

We start by constructing a phase diagram, shown in Fig. 3.1, to identify the region
of stability for each phase of interest. We do this by simulating (without noise) for
sufficient time to equilibrate candidate structures, as described in section 2.3.2, and
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comparing free energies thereof to find the minimum free energy candidate structure
as a function of γ and τ . To obtain increased accuracy in the calculation of the phase
diagram we used a lattice spacing of ∆ = 0.48, rather than the usual ∆ = 0.96.
We retain the time step, ∆t = 0.2. Compared with our other simulations, phase
equilibration takes a short time and a does not require a large lattice so we can afford
to use a smaller lattice spacing. The shift in coexistence associated with this decrease
in ∆ is small compared to the size of the points shown.
0.04

DIS

0.02

τ

BCC

0

HEX
-0.02
0

LAM

GYR
0.1

0.2

γ

0.3

0.4

Figure 3.1: Mean-field phase diagram for the diblock copolymer melt, in terms of the
parameters τ and γ appearing in the Landau-Brazovskii free energy, Eq. (2.27). We
consider the uniform disordered (DIS), lamellar (LAM), gyroid (GYR), hexagonalcylinder (HEX) and BCC sphere (BCC) phases. Dots indicate the phase boundaries
determined from simulation. Solid curves are analytically-calculated phase boundaries. The dotted line indicates the theoretical disorder spinodal. Dashed lines indicate the estimated BCC spinodals on cooling and heating. Analytical calculations
were done in the single-mode approximation, with the exception of the gyroid phase,
which required two modes.
Figure 3.1 presents the phase diagram determined analytically and from simulations. The analytical calculations were done in the single-mode approximation,
with the exception of the gyroid phase, which required two modes. The single-mode
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approximation is expected to yield accurate results close to the mean-field critical
point, at γ = 0 and τ = 0, but does not provide a quantitative prediction of its
own breakdown. Comparison with simulations shows good agreement for |τ | . 0.005.
Further from the critical point there is a notable difference, implying a breakdown
of the single-mode approximation. As we move further from the mean-field disorder
spinodal, τ = 0, the blocks become more strongly segregated, the interface between
blocks becomes sharp and more modes are required to represent the microstructure.
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Free energy per chain (in units of 10 kBT )

0
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BCC (analytical)
BCC (simulation)
FCC (analytical)
FCC (simulation)
DIS
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0.0002

0.0004
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0.0008

0.001

∆τ
Figure 3.2: Free energy per chain vs. distance from the mean-field ODT, ∆τ = τ0 − τ ,
at γ = 0.1 for the FCC phase calculated using a two-mode approximation (dashed
curve) and from simulation (crosses), and the BCC phase calculated using a singlemode approximation (solid curve) and from simulation (circles).
As discussed in the introduction, self-consistent field-theory calculations find a
thin region of stability for close-packed spheres between BCC and DIS in the phase
diagram. We therefore considered the FCC phase when constructing our phase diagram, Fig. 3.1. For the values of γ that we tested, we found that the FCC phase has
a higher free energy than the BCC phase. An example is illustrated in a plot showing
the free energies of the FCC and BCC phases for γ = 0.1 in Fig. 3.2. The lack of a
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stable FCC phase is a general feature of the Landau-Brazovskii model.
Once we have obtained the equilibrium, mean-field behavior we move on to study
the order-disorder (BCC-DIS) transition via nucleation. In this chapter we focus on
γ = 0.1 where we expect our single-mode calculations to do well. In the following
chapter, we focus more on simulations than analytical calculations and examine γ =
0.1 and γ = 0.3. The more asymmetric case, γ = 0.3, is more relevant to experimental
sphere-forming block copolymers.

3.2

Mean-field Critical Nucleus

In this section we consider the properties of a critical nucleus of BCC nucleating from
DIS (φ(r, t) = 0) in the mean-field limit. We examine the shape, size, free energy
of the critical droplet as well as the width of the interface between the droplet and
the surrounding bulk. Three analytical methods are described, then we present the
results and compare them with results produced by dynamic simulations. We bracket
the critical nucleus in dynamic simulations by inserting droplets, of various sizes, of
the equilibrated BCC phase into DIS in order to determine the size above which a
droplet will grow and below which a droplet will shrink.

3.2.1

Analytical Calculations for the Critical Nucleus

We present three ways of analytically calculating the critical nucleus. The first follows
the work of Ref. [78]. We calculate the free energy per unit area of a planar interface
between DIS and BCC then use this interfacial free energy in a classical nucleation
theory (CNT) framework to find the properties of the critical nucleus. The interfacial
free energy is calculated at BCC-DIS coexistence, where an equilibrium planar interface can exist, using an ansatz for the interfacial profile. For the other two methods
we find the free energy of a droplet as a function of the droplet profile, which we

105

then extremize to find the critical droplet. The planar interface method, as we will
see, suggests that droplets will be spherical, therefore we seek radial solutions for the
droplet profile.
Our second method, the approximate radial method, uses an interfacial ansatz
but does not separate the bulk and interfacial contributions to the free energy of the
droplet. Every part of the calculation can be done at the temperature of interest and,
since the interface is not assumed to be planar, curvature effects are still present. We
will refer to this as the approximate radial method. The third method, described in
Ref. [183], numerically calculates the droplet profile which minimizes the free energy,
without the use of an interfacial ansatz. This method resembles that of Cahn and
Hilliard. [67] We call this method the optimal radial method.
Our calculations of the critical nucleus utilize the amplitude approach, described in
section 2.5, in the single-mode approximation. The profile of the droplet is therefore
described by the amplitude of the BCC phase as a function of space, a(r). The
equilibrium BCC phase is described by a(r) = as and DIS corresponds to a(r) = 0.
Note that the amplitude is a function of position but not of time. We seek a critical
nucleus profile, making a time-dependence meaningless as the critical nucleus is an
(unstable) equilibrium structure.

3.2.1.1

Classical Nucleation Theory

One of the methods for calculating the properties of the critical nucleus presented here
explicitly utilizes classical nucleation theory (CNT) and another, the approximate
radial method, uses a profile which produces a droplet resembling a classical droplet.
For context, we therefore begin with a brief overview of CNT.
The classical theory of homogeneous nucleation considers a large droplet of the
equilibrium phase separated from the bulk, metastable, phase by an interface that is
narrow on the scale of the droplet. CNT considers the free energy change associated
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with inserting the droplet into the bulk. CNT separates this free energy contribution
into a bulk term which is negative, proportional to the volume of the droplet and,
when dominant, causes the droplet to grow, analogous to the pressure within a bubble;
and a surface term, which is positive, proportional to the surface area and, when
dominant, causes the droplet to shrink, analogous to a surface tension. The free
energy of the droplet is
Fdrop = ν∆f r3 + sσr2 ,

(3.1)

where ∆f is the difference in free energy density between the two phases; σ is the
interfacial free energy density; r is a characteristic length, such as the radius; and
ν and s are constants depending on the shape. In the case of a spherical droplet
with radius r, ν = (4/3)π and s = 4π. An important concept in classical nucleation
theory is the critical nucleus. The critical nucleus is an unstable equilibrium structure
which occurs when the tendencies to grow and shrink balance. [64,184] This amounts to
maximizing Eq. (3.1) with respect to r, yielding a critical droplet size
2sσ
,
3ν∆f

(3.2)

4(sσ)3
27(ν∆f )2

(3.3)

r∗ = −

and free energy barrier
∗
Fdrop
=

Note that σ, s and ν are positive and ∆f is negative as long as the droplet phase
is more stable, hence r is positive.† If σ varies slowly temperature and ∆f = 0 at
coexistence and decreases with undercooling, then it can be inferred that the droplet
size, and free energy, diverge at coexistence and decrease with undercooling. The
separation of bulk and surface terms, and hence classical nucleation theory, breaks
down when the droplet becomes small, close in size to the interfacial width. It is most
†

s may become 0 at the spinodal, however, closer to coexistence s is positive, otherwise the
unfavorable interface would cease to be unfavorable.
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applicable close to coexistence, where droplets are large, and becomes less applicable
further from coexistence.

3.2.1.2

Planar Interface at Coexistence

This approach considers a planar interface between BCC and uniform disorder with
normal n̂ and distance from the interface s = n̂ · r. Since a(r) only varies in the
direction normal to the interface we can write the amplitude as a(r) = a(s) and
simplify the gradients in Eq. (2.167) to

∇a = a0 (s)n̂,
6
X

[Gi · ∇a(r)]2 = [a0 (s)]2

i=1

(3.4)
6
X
(Gi · n̂)2 ,

(3.5)

i=1

where primes denote derivatives with respect to s. Inserting the wave vectors in Eq.
(2.166) we see that
6
X
(Gi · n̂)2 = 2,

(3.6)

i=1

which is independent of the direction of n̂. For an interface with area A, using Eq.
(2.30), the dimensionless free energy per unit interfacial area is
F
=
A

∞



45
2 00
2
2 0
2
2
3
4
ds 6ξ [a (s)] + 8ξ [a (s)] + 6τ [a(s)] − 8γ[a(s)] + [a(s)] .
2
−∞

Z

(3.7)

The area is measured in units of q0−2 . The free energy per unit area, with appropriate
units, is
F0
λ0 (ρ0 b2 )2 F
√
=√
,
A0 kB T
6x∗
N̄ A

(3.8)

√
where λ0 / 6x∗ is numerical constant, discussed in section 2.1 with specific values
√
given in table 2.1. For γ = 0.1 this numerical constant evaluates to λ0 / 6x∗ ≈ 46.14.
The interfacial free energy, Eq. (3.7), is independent of interfacial orientation. The
droplet will adopt a shape that, for a given volume, minimizes the surface free energy.
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Since the interfacial free energy is isotropic, this shape is a sphere.
In Ref. [78], which discusses the HEX-LAM transition, the coefficient of the [a0 (s)]2
had an angular dependence and vanished at some interfacial orientations. The [a00 (s)]2
term was therefore necessary in their work to retain a finite interfacial free energy.
This is not the case for the DIS-BCC transition as the coefficient of the [a0 (s)]2 term
will not go to 0. We will return to this later.
The planar interfacial profile has the form

a(s) = a(0)
s hp

s
w

(3.9)

(0)

where as is the equilibrium BCC amplitude, Eq. (2.169), at equilibrium, τ = τ0 , given
by Eq. (2.170), and hp (x) is a function such that hp → 0, producing the disordered
phase, as x → ∞ and hp → 1, producing BCC, as x → −∞. The parameter w
describes the interfacial width and will be determined by minimizing the interfacial
free energy.
To find the free energy of the interface, Eq. (3.9) is inserted into Eq. (3.7). The
lengths are rescaled, s̃ = s/w, and the free energy is evaluated at coexistence, τ = τ0 .
In general the free energy of the uniformly ordered BCC and DIS phases would be
subtracted, yielding only the free energy of the interface, ∆F , however in this case
the free energy of each of these phases at coexistence is 0. The (non-equilibrium)
interfacial free energy per unit interfacial area has the form
i
∆F (w) h g1
g2
+
=
+
wg
,
3
A
w3
w
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(3.10)

where

g1 =

6a2s ξ 2

Z

∞

 00 2
hp (s̃) ds̃,

(3.11)

Z−∞
∞

 0 2
hp (s̃) ds̃,
g2 = 8a2s ξ 2
−∞

Z ∞
45 4
3
2
3
2
4
6τ0 as hp (s̃) − 8as hp (s̃) + as hp (s̃) ds̃.
g3 =
2
−∞

(3.12)
(3.13)

As s → ±∞, the integrand of g3 goes to the free energy density of BCC or DIS and
hence, at coexistence, is 0. The infinite limits of the integral do not, therefore, lead
to a divergence of g3 . Minimizing Eq. (3.10) with respect to w yields extrema, one of
which corresponds to the equilibrium interfacial width, weq
2
weq

=

g2 ±

p
g22 + 12g1 g3
.
2g3

(3.14)

Of the four roots, three are either negative or imaginary. We reject these as unphysical
and are left with
weq =

g2 +

!1/2
p
g22 + 12g1 g3
.
2g3

(3.15)

The equilibrium interfacial free energy per unit area, σ, is found by inserting the
equilibrium interfacial width, Eq. (3.15), in Eq. (3.10), yielding


g1
g2
∆F (weq )
=
+
+ weq g3 .
σ≡
3
A
weq
weq

(3.16)

Now reconsider the [a00 (s)]2 and [a0 (s)]2 terms in Eq. (3.7). As previously discussed,
the [a00 (s)]2 term does not need to be retained to obtain sensible results. We assume
that a(s) varies slowly and that [a00 (s)]2 is small compared to [a0 (s)]2 and repeat the
calculation, neglecting the [a00 (s)]2 term. Once we have examined the properties of
the nuclei we will re-examine the validity of this approximation in appendix 3.A.
When the [a00 (s)]2 term is neglected, the g1 /w3 term is absent from Eq. (3.10) and
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minimization of the interfacial free energy results in
r
weq =

g2
.
g3

(3.17)

The interfacial free energy per unit area, σ, is then



g2
√
σ=
+ weq g3 = 2 g2 g3 .
weq

(3.18)

In the CNT approximation the free energy of a droplet is separated into bulk and
surface contributions. A spherical droplet of radius R has a free energy
4
Fdrop = πR3 ∆f + 4πR2 σ
3

(3.19)

where ∆f is the free energy per unit volume

∆f = fs (as ) − fd = fs (as ) < 0.

(3.20)

Maximizing F with respect to R yields the critical radius, Rc ,

Rc =

2σ
.
|∆f |

(3.21)

The free energy barrier, Fc , to nucleation is therefore

Fc =

16π σ 3
.
3 (∆f )2

(3.22)

This (dimensionless) free energy can be used to find the free energy barrier in terms
of kB T , that is F0c , using
F0c
λ0 N̄ 1/2
=
Fc ,
kB T
(6x∗ )3/2
as in Eq. (2.30).
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(3.23)

The general approach above is independent of the specific choice of h(x) used to
evaluate q2 and g3 . The numerical values of g2 and g3 and hence σ, weq , Rc and Fc do,
however, depend on the specific choice of hp (x). Once an hp (x) is chosen g2 and g3 ,
and hence σ, weq , Rc and hence Fc , are evaluated. For these calculations we choose
1
hp (x) = [1 + tanh(x)].
2
3.2.1.3

(3.24)

Approximate Radial Solution

An equilibrium droplet should adopt a shape that, for a fixed volume, minimizes
interfacial free energy. In the planar interface calculation we have seen that the
interfacial free energy has no angular dependence, as seen in Eqs. (3.6) and (3.7). In
the case of an isotropic interfacial free energy, the droplet will be spherical.
We consider droplets described by an amplitude with only a radial dependence,
a(r). Using Eq. (3.6) in Eq. (2.167) we obtain the droplet free energy
Z
F = 4π
0

)
2

45
2
6ξ 2 ∂r2 a + ∂r a + 8ξ 2 (∂r a)2 + 6τ a2 − 8γa3 + a4 . (3.25)
r
2

(

∞

dr r2

We employ the ansatz

a(r) = as hs

r−R
w


,

(3.26)

which represents a droplet of radius R and an interfacial width w. Note that we use
(0)

as evaluated at the τ of interest, not as as in the planar interface calculation. The
function hs (x) has the properties that when x  0, hs (x) approaches 1; as x → ∞,
hs (x) → 0; and hs (x) rapidly switches between these at x = 0. This means that
outside the droplet, as r − R becomes large, the amplitude tends to 0, the disordered
phase; and at the center of the droplet the amplitude is, for large R/w, approximately
the equilibrium BCC amplitude. With this ansatz, we treat the interior and interface
of the droplet together: there is no separation between the bulk and interface of the
112

droplet.
We consider the free energy change associated with inserting a droplet of the BCC
phase, ∆F . To do this we insert Eq. (3.26) into Eq. (3.25). Since we are interested
in the free energy change we generally subtract the free energy of the bulk phase,
however, the free energy of DIS is 0. We rescale the length scales using r̃ = r/w,
leading to the droplet free energy

1
3
g1 (R/w) + wg2 (R/w) + w g3 (R/w) ,
∆F (w, R) = 4π
w

(3.27)

2
2
2
r̃ dr̃ ∂r̃ hs (r̃ − x) + ∂r̃ hs (r̃ − x) ,
r̃

(3.28)



where

g1 (x) =

6ξ 2 a2s

Z

∞

2

0

Z

∞



2

r̃2 dr̃ [∂r̃ h0s (r̃ − x)] ,
(3.29)
0


Z ∞
45 4
4
2
3
2
2
3
g3 (x) =
r̃ dr̃ 6τ as [hs (r̃ − x)] − 8γas [hs (r̃ − x)] + as [hs (r̃ − x)] (3.30)
.
2
0
g2 (x) =

8ξ 2 a2s

Given a value for R and a form for hs (x), we minimize ∆F (R, w), numerically,
with respect to w to find the equilibrium interfacial width, weq (R) and hence the
free energy, ∆F (R) = ∆F (weq (R), R), for a given R. We then numerically maximize
∆F (R) over R to find the critical radius Rc and free energy barrier Fc = ∆F (Rc ).
This method does not make a separation between bulk and surface contributions to
the droplet free energy and hence goes beyond classical nucleation theory.
2

As in the case of the planar interface, we assume that the [∇2 a(r)]2 = (∂r2 a + (2/r)∂r a)
term is small and can be neglected. This approximation will be explored in appendix
3.A. Neglecting the [∇2 a(r)]2 term leads to neglecting g1 in Eq. (3.27) and hence the
droplet free energy



∆F (w, R) = 4π wg2 (R/w) + w3 g3 (R/w) .
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(3.31)

The results presented in section 3.2.2 are found from extremizing Eq. (3.31) rather
than Eq. (3.27). Our general formulation is independent of the choice of h(x) but in
order to make specific calculations we use the reasonable choice
1
hs (x) = [1 + tanh(x)].
2

(3.32)

For R  w this choice describes droplets well: the central amplitude is approximately
equal to as and the droplet profile is smooth. As R/w decreases, a cusp at the center
of the droplet becomes noticeable and the central amplitude deviates noticeably from
as . We therefore expect this model to break down when R ≈ w.
Once the free energy of a droplet has been found we can estimate the interfacial
free energy density, σ, drawing an analogy to CNT and using Eq. (3.19). We subtract
the free energy of the bulk from the droplet free energy


1
4 3
σ(R) =
∆F − πR ∆f ,
4πR2
3

(3.33)

∆f = fs (as ) − fd = fs (as )

(3.34)

where

is the bulk contribution to the droplet free energy. To find the interfacial free energy
of a critical droplet we use Eq. (3.33) to evaluate σ(Rc ). Calculation of the interfacial
free energy allows comparison with the planar interface calculation.

3.2.1.4

Optimal Radial Solution

The previous methods each used an ansatz for the interfacial profile for the droplet.
When formulating these ansätze we assumed a high central amplitude for the droplet.
Here we forgo these approximations and find the optimal solution for droplet profile.
The approach is based on finding a droplet profile which minimizes the free energy,
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Eq. (3.25) and directly produces critical droplets without the need to vary the size of
the droplet.
As in the previous methods, we assume that the [∇2 a(r)]2 term is negligible,
resulting in the free energy
∞

Z



45 4
2
2
2
3
dr r 8ξ (∂r a) + 6τ a − 8γa + a .
2
2

F = 4π
0

(3.35)

This is then extremized with respect to a(r), resulting in

4ξ

2



d2 a 2 da
+
dr2 r dr



= 3τ a − 6γa2 +

45 3
a.
2

(3.36)

This is an ODE for a(r), which we solve numerically, subject to the boundary conditions

a(0) = a0 ,
da
dr

(3.37)

= 0,

(3.38)

lim a(r) = 0.

(3.39)

r=0

r→∞

The solution gives the central amplitude, a0 , and droplet profile, a(r), at an undercooling, ∆τ = τ0 − τ . The condition Eq. (3.38) is due to the symmetry of the droplet:
the droplet is spherically symmetric, hence a(r, θ, φ) = a(r, θ0 , φ0 ), or, in the relevant
special case, a(r) = a(−r), leading to ∂r a → 0 as r → 0. The condition Eq. (3.38)
can be attributed to a central maximum amplitude but would also occur for a central
minimum or flat profile. The condition Eq. (3.39) imposes that disorder is found far
from the center of the droplet. We employ a shooting method, which treats a boundary value problem as an initial value problem, integrating from the initial value, a0 ,
until approaching the second boundary. The shooting method seeks an initial value,
a0 , which leads to a path, a(r), that reaches the second boundary. If the value of
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a(r) at the second boundary differs from the expected value then we must adjust a0 .
In our case, an incorrect choice of a0 leads to a large increase or decrease in a(r) for
large r. Since our second boundary is Eq. (3.39), we adjust the central amplitude,
a0 , until the a(r) asymptotically approaches 0, for a given τ in the range 0 < τ < τ0 .
The free energy of the critical nucleus is found by inserting the solution into Eq.
(3.35). The critical radius is defined as the value of Rc satisfying a(Rc ) = a(0)/2. A
characteristic interfacial width is found, described by

w=

2 da
a0 dr

−1
.

(3.40)

r=Rc

This method of finding the width is consistent with the previous calculations in that,
with our choices of ansätze, Eqs. (3.24) and (3.32), this will return the width, w.
This method is similar to that of Cahn and Hilliard. [67] Our droplet free energy,
Eq. (3.35) is of the same form as the droplet free energy, Eq. (2.7) of Ref. [67],
with the BCC amplitude, a, playing the role of concentration and undercooling, ∆τ ,
playing the role of initial concentration. The general analogy between τ and c0 is
implied in that these parameters are controlled to vary the distance from coexistence
or the spinodal. The specific nature of this analogy is revealed when comparing our
Eq. (3.35) with Ref. [67]’s Eq. (3.16): the distance from the spinodal concentration,
cs − c0 , is the coefficient of the quadratic term in an expansion of the free energy in
powers of the concentration. Our free energy is an expansion in powers of the BCC
amplitude and τ is the coefficient of our quadratic term. We therefore expect the
behavior of our free energy barriers and critical radii in terms of τ to resemble that
found by Ref. [67] in terms of cs − c0 and will compare the exponents which govern
divergences at the spinodal.
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3.2.2

Results for the Critical Nucleus Properties in the MeanField Limit

We consider the nucleation mechanism using the methods described in section 3.2.1 to
investigate the properties of a nucleus. We also employ simulations in the mean-field
limit, described in section 2.3, to find the size of the critical nucleus. The critical
nucleus is found in simulations by inserting spherical droplets of equilibrated BCC,
of various sizes, into DIS. We bracket the critical radius by bracketing a radius above
which a droplet grows and below which a droplet shrinks. An example of a growing
droplet is shown in Fig. 3.3. Many of the results shown in this section are given in
terms of the degree to which the melt is undercooled below the ODT, ∆τ ≡ τ0 − τ ,
and are shown in the range τ0 > τ > 0, where τ0 is the ODT and τ = 0 is the disorder
spinodal. In section 3.2.1 we showed analytical calculations with and without the
2

(∇2 a) term in the free energy. For the analytical results presented in this section we
2

have dropped the (∇2 a) term. A comparison of results with and without the (∇2 a)

2

term is given in appendix 3.A.
An example calculation of the free energy of a spherical droplet as a function of
radius is shown in Fig. 3.4. The free energy barrier is given by the maximum height
of the curve and the critical radius is given by the horizontal position corresponding
to this maximum. The result from the planar interface method is bound to have the
general shape that it does as it is derived from classical nucleation theory. The result
of the approximate radial method does not have such a restriction but still has the
same general shape and, furthermore, fits well to the CNT free energy function, Eq.
(3.1), using the surface and bulk free energy densities as fitting parameters. We could
determine the surface free energy from this fit, however we choose to use Eq. (3.33)
to avoid making an explicit reference to CNT and because the interfacial free energy
may vary with radius. The reason for avoiding an explicit reference to CNT will

117

Figure 3.3: Image of BCC droplet in a bulk of homogeneous disorder for τ = 5×10−4 ,
γ = 0.1, and t = 40000∆t starting from a droplet of radius 2L0 . The colour changes
from red to blue on going from regions rich in the minority A monomer to regions
rich in the B monomer. DIS is transparent (white).
become clear when comparing critical radii. Results are not shown for the optimal
radial method or simulations as these do not lend themselves well to the construction
of this curve: the optimal radial method can only produce critical droplets and our
simulations do not produce (near-equilibrium) droplets near the peak. The difference
between the curves produced by the planar interface method and approximate radial
method may be due to either curvature effects or inaccuracies incurred by calculating
the interfacial free energy calculated at coexistence, rather than at the undercooling
of interest. These possibilities will be explored further when we discuss the interfacial
free energy.
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Figure 3.4: Free energy of a droplet as a function of its radius for γ = 0.1 and
an undercooling ∆τ = 10−4 . Results are shown for the approximate radial method
(solid) and the planar interface method (dashed). A fit of the approximate radial
method curve to Eq. (3.1) is also shown (red dots). The radius is scaled by the length
of the BCC unit cell, L0 .
Critical radii are shown as a function of undercooling in Fig. 3.5, from simulations
and approximate theory. As coexistence is approached the critical radius found from
each method diverges. Critical radii found from the planar interface method are
smaller than those found from the other analytical methods as well as those found
from simulation close to coexistence. The other two analytical methods, as well as
simulations, find critical radii that all agree until τ ≈ 3 × 10−4 . After τ ≈ 3 × 10−4
the results of all methods become different. At τ ≈ 6×10−4 the critical radii from the
optimal radial solution reach a minimum and then increase, diverging at the disorder
spinodal.
We recalculate the critical droplet size from CNT using Eq. (3.2), but this time
we use the interfacial free energy from the approximate radial solution, rather than
the planar interface solution. The result of this calculation (which explicitly uses
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Figure 3.5: Critical radii calculated at γ = 0.1 from our simulation (points), the
approximate radial solution (solid), the planar interface solution (dashed), and the
optimal radial solution (dot-dash). We also show the width of the interface from
the approximate radial solution (red, dot-dot-dash) and a fit of the divergence in the
optimal radial solution results (dots). Radii are scaled by the BCC lattice constant,
L0 .
CNT) is compared with the planar interface solution (also explicitly CNT) and the
approximate radial solution in Fig. 3.6 and shows good agreement with the approximate radial solution, until deep undercoolings where the droplet becomes too small
therefore the approximate radial method breaks down and no longer gives sensible
interfacial free energies. The difference in results between the planar interface method
and the approximate radial method are due to the surface tension calculation. Note
that the interfacial free energy in the approximate radial solution was found by subtracting the bulk free energy from the droplet free energy, not by fitting to CNT, so
no explicit reference is made to CNT when calculating the interfacial free energy.
The divergence in critical radius at the ODT is a common feature of classical nucleation theory. This is clear from Eq. (3.2), noting that as coexistence is approached,
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Figure 3.6: Critical radii calculated at γ = 0.1 from the approximate radial solution
(solid), the planar interface solution (dashed), and using the interfacial free energy
calculated by the approximate radial solution in Eq. (3.2) from CNT (red dashed).
the free energy difference between phases, ∆f , approaches 0. Close to coexistence
critical radii are large as compared with the interfacial width, and we can justify the
approximation of separating these length scales. It is therefore not surprising that
CNT performs well close to coexistence.
The differences in critical radii between methods that appear in Fig. 3.5 near
τ ≈ 3 × 10−4 can be attributed to differences between models that become more
significant further from coexistence. The approximate radial solution droplets and
simulated droplets both have central amplitudes near the equilibrium BCC amplitude, as , and resemble classical droplets, however, in simulations the droplets may
evolve to adopt a more stable configuration, allowing smaller droplets to grow. This
may explain why simulations find smaller critical radii than the approximate radial
solution. The optimal radial solution produces droplets with central amplitudes close
to as near coexistence, however, at deeper undercoolings this is not the case. The cen-
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Figure 3.7: Droplet profiles, a(r), found from the optimal radial solution at γ = 0.1
and various values of τ . Amplitudes are scaled by the equilibrium BCC amplitude.
The inset emphasizes the low amplitude region.
tral amplitude decreases with undercooling and droplets become more diffuse. This
is illustrated in Figs. 3.7 and 3.8. We are seeing a difference appear in the nucleation
described by our analytical methods: one has small, high-amplitude droplets (simulations and approximate radial solution); and the other has large, lower amplitude
droplets. We anticipate that the result involving diffuse droplets will be preferred
at deep undercoolings since this is found by the optimal radial solution and hence
these droplets should be optimal, however, we will forgo a thorough discussion of
this question for now and continue on, to discuss behavior seen in Fig. 3.5 at deeper
undercoolings.
At deep undercoolings the planar interface solution, approximate radial solution
and simulations find critical radii which continue to decrease but show no special
behavior, such as vanishing or diverging, at the disorder spinodal. The optimal radial
solution, however, finds droplets which diverge in size at the disorder spinodal. As
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Figure 3.8: Central amplitude, a0 , of droplets found from the optimal radial solution
as a function of ∆τ at γ = 0.1. The central amplitude is scaled by the equilibrium
BCC amplitude, as .
the spinodal is approached, there is also a decrease in the central amplitude, which
vanishes at the spinodal. This can be seen from the droplet profiles in Fig. 3.7 and
is illustrated more systematically in Fig. 3.8. The increase in critical radius, and
subsequent divergence at the disorder spinodal, found by the optimal radial method
is reminiscent of results found by Ref. [67]. Reference [67] examines critical nuclei
of droplets in a phase-separating binary mixture and finds that the critical radius
diverges as (cs − c0 )−1/2 . As per our discussion in section 3.2.1.4, we expect our
results in terms of τ to be comparable with Ref. [67]’s results in terms of (cs − c0 ).
We therefore fit the critical radius found from the optimal radial solution near the
spinodal to (τ − τs )−1/2 . In our case τs = 0. This fit, shown in Fig. 3.5, works well
close to τ = 0, that is, close to ∆τ = τ0 . The increasingly diffuse droplets that
we see in the optimal radial solution on increased undercooling can be attributed
to the a similar mechanism to that described in Ref. [67]. As per their discussion,
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consider the interfacial free energy of the critical droplet. The numerical behavior
of the interfacial free energy will be discussed later. For now, consider the factors
which contribute to the interfacial free energy. There are two contributions to the
interfacial free energy: There is a positive contribution which comes in through the
gradient terms and increases with increasing central droplet amplitude, since the
total change in a over the interface, and hence integral over the gradients, increases.
There is also a (sometimes) negative contribution, which comes from an increase in
the BCC amplitudes (amplitude contribution). As undercooling increases the range
of amplitudes over which the amplitude contribution is negative increases and the
maximum positive value decreases. These factors cause the amplitude contribution
to the free energy in diffuse, low amplitude droplets to become more negative, while
the gradient contribution becomes less positive. At the spinodal, τs , the amplitude
contribution becomes negative even as a(r) → 0. This can be seen from the discussion
in appendix 2.B. As τ → τs the minimum free energy interface becomes one which
is infinite in extent, maximizing the magnitude of the amplitude contribution, and
vanishingly small in amplitude, minimizing the (positive) gradient contribution.
We should be able to check if the droplets produced by the optimal radial solution
are indeed critical in our simulations. Recall that our simulation method for finding
the critical nucleus brackets the critical nucleus by inserting droplets of the equilibrium BCC phase into DIS. This method provides for a reasonable comparison with
the approximate radial solution, however, retains a central droplet amplitude given
by the equilibrium BCC amplitude and therefore fails to reflect the behavior seen
in the optimal radial solution, which finds qualitatively different droplets near the
spinodal. In order to test the results of the optimal radial solution we must modify
our procedure for finding critical droplets via simulations. We start our simulations,
as before, by equilibrating the BCC phase, but rather than simply copy a spherical
volume of equilibrated BCC into DIS, we use the optimal radial solution as an en-
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velope function to convert the equilibrium BCC phase into a droplet with the profile
produced by the optimal radial method. That is

φ0 (r) =

a(r, τo )
φs (r),
as

where φ0 (r) is the initial condition for the simulation;

(3.41)

a(r,τopt )
as

is the optimal radial

solution at τopt scaled by the equilibrium, single-mode BCC amplitude, as ; and φs (r)
is the equilibrated BCC structure. We then simulate a melt, starting from this initial
condition and vary τ to find undercoolings at which the droplet grows or shrinks. We
do this to bracket τc , which we define as the value of τ for which the droplet grows
when τ < τc and shrinks when τ > τc . We expect that if the optimal radial solution
profiles do indeed represent critical droplets then τc will coincide with τopt but will
not otherwise. We find τc for 10 profiles calculated at values of τopt which are evenly
spaced between τ0 and τs . We find that τc = τopt ± 2 × 10−5 , that is, the values
coincide to within a maximum variation of 2 × 10−5 . We therefore conclude that such
droplets are optimal in the simulations.
To continue the discussion of the structural properties of critical droplets, consider
the interfacial width, shown in Fig. 3.9. The interfacial width is a parameter in our
approximate radial method and the planar interface method, however, for the optimal
radial solution we calculate the interfacial width from the resulting droplet profile
using Eq. (3.40). One important consideration is that in our analytical calculations we
assumed that the interfacial width varies slowly on the scale of the periodic variation.
This is the case if the interfacial width is large compared to q0−1 . The interfacial
√
widths shown in Fig. 3.9 are greater than L0 = 2 2πq0−1 ≈ 8.89q0−1 . The width is
indeed large compared to the periodic variation.
The width determined by the planar interface calculation is independent of undercooling as it is calculated at coexistence. As coexistence is approached the droplet
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Figure 3.9: Interfacial width as calculated from for a planar interface method (dots);
the variational radial solution (solid) and optimal radial solution (dashed). The width
is scaled in units of the BCC lattice constant L0 .
interfacial widths calculated from the approximate radial solution and optimal radial
solutions approach the width found from the planar interface solution. Close to coexistence the widths found from the two radial solutions are close to one another and
decrease with increasing undercooling. This indicates a sharpening of the droplet interface. At deep undercoolings the width from approximate radial solution continues
decreasing whereas the width found from the optimal radial solutions reaches a minimum and starts to increase, diverging at the disorder spinodal. Droplet interfacial
widths are not shown from simulations as the simulations do not lend themselves to
calculation of the width since the width is not easily found for modulated phases.
The smoothed interface, discussed in section 2.4.1, is smoothed on a length scale
comparable to that of the interface. A determination of the width would reflect the
length scale of smoothing more than the length scale of the interface.
As coexistence is approached critical droplets becomes larger, as we have seen, and
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hence the interfacial curvature decreases. At coexistence the droplet size diverges and
the interfacial curvature becomes 0 therefore the droplet interface becomes a planar
interface at coexistence. It is therefore not surprising that widths found from the
radial solutions approach the planar interface width at coexistence. Close to coexistence the two radial solutions describe similar droplets, as we have seen in previous
discussions, and hence have similar widths. To see why the width decreases consider,
once again, the contributions to the interfacial free energy. Close to coexistence the
amplitude at the center of the droplet is close to the equilibrium BCC amplitude,
which increases with undercooling. An increase in the central amplitude causes the
gradient contribution to the interfacial free energy be more positive, the interface to
become less favorable and hence the size of the interface to decrease. The amplitude
used in the ansatz for the approximate radial solution is the equilibrium BCC amplitude and therefore continues to increase, leading to a monotonic decrease in interfacial
width. Close to coexistence the central amplitude of the optimal radial droplets is
close to the equilibrium BCC amplitude but decreases further from coexistence. As
the optimal radial solution droplets become increasingly diffuse the interface widens
and when the droplet radius diverges, at the spinodal, so does the width.
The free energy barriers for each of the analytical methods are presented in Fig.
3.10. Data is not shown from simulations as our simulations do not lend themselves
to calculating free energy barriers. The free energy barriers calculated from each
method diverge at coexistence. The free energy barriers from the radial solutions
are close near coexistence, though the approximate radial method finds free energy
barriers that are just above that of the optimal radial method. The free energy barrier
calculated from the planar interface calculation is below that found from the radial
methods. At deeper undercooling the free energy barriers continue to decrease. For
the planar interface and approximate radial solutions, the free energy barrier does not
reach 0 at the mean-field disorder spinodal. The optimal radial solution, however,
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Figure 3.10: Free energy barriers as a function of undercooling calculated at γ = 0.1
for the planar interface solution (dashed); the approximate radial solution (solid); and
optimal radial solution droplets (dot-dashed). The inset uses a log-scale to emphasize
the large ∆τ behavior. We also include a fit to the optimal radial solution (dots) based
on the results of Ref. [67].
does find a vanishing free energy barrier at the disorder spinodal.
As we did with the critical radii, we recalculate the free energy barrier using
CNT as we did in the planar interface method, but using the interfacial free energy found from the approximate radial solution. A comparison of the result of this
calculation with the free energy barriers found from the planar interface calculation
and approximate radial solution is shown in Fig. 3.11. Close to coexistence there
is good agreement between the recalculated free energy barrier and that found from
the approximate radial method. Results are not shown for deep undercoolings as the
approximate radial solution fails to calculate sensible interfacial free energies at deep
undercoolings. Once again, note that when calculating the interfacial free energy
from the approximate radial solution we have only made use of CNT insofar as we
have assumed that the bulk and surface contributions to the droplet free energy are
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Figure 3.11: Free energy barrier radii calculated at γ = 0.1 from the approximate
radial solution (solid), the planar interface solution (dashed), and using the interfacial
free energy calculated by the approximate radial solution in Eq. (3.22) from CNT (red
dashed).
separable.
The divergence at coexistence is a common result of CNT. We can see this from
Eq. (3.22), which diverges as ∆f → 0. As we saw when discussing the critical radius,
droplets appear to behave classically close to coexistence. Our ansatz, a tanh function,
is not a solution to Eq. (3.36). It therefore does not represent a minimum free energy
droplet profile and must have a higher free energy than the optimal radial solution.
The closeness of the two radial solutions suggests that the approximate radial solution
is a good approximation to the optimal radial solution close to coexistence. At deep
undercoolings the free energy barriers from the CNT calculations still obey Eq. (3.22)
and will not reach 0 unless the interfacial free energy vanishes. The free energy of
the planar interface at coexistence is independent of τ as it is calculated only at
coexistence: It will not vanish. The approximate radial solution retains a large central
amplitude and behaves somewhat like a classical droplet. The interfacial free energy
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does not vanish, for reasons discussed earlier. For the optimal radial solution, as
the undercooling approaches the mean-field disorder spinodal, the droplet amplitude
vanishes and the interfacial free energy also vanishes, as previously discussed. The
free energy of critical droplets found by the optimal radial method therefore vanishes
at the spinodal. A free energy barrier that vanishes at the spinodal is consistent with
a crossover from nucleation to spinodal decomposition. Also recognize that optimal
droplets at the spinodal are infinite in extent and vanishingly small in amplitude. This
is the same as the infinitesimal uniform perturbation that we described in appendix
2.B when discussing spinodal decomposition.
As we did with critical radii, we wish to compare the vanishing of the free energy
barrier with the results of Ref. [67] which finds that the free energy barrier vanishes
as (cs − c0 )3/2 . We fit the free energy barrier near the spinodal to to ∆F ∼ τ 3/2 and
find that it fits well.
The calculations that we have presented resulted in qualitatively different droplets
near the spinodal. When we fixed the central amplitude to be close to the equilibrium
BCC amplitude, we find droplets which are small in volume and high in amplitude.
When we vary the central amplitude, in the optimal radial method, we find large,
diffuse, low-amplitude droplets. The diffuse droplets have a lower free energy and
hence are more likely to reflect the behavior seen in experimental systems. It is not
surprising that the diffuse droplets have a lower free energy because the optimal radial method, which produced the diffuse droplets, contained fewer constraints on the
droplet, allowing it to adopt a lower free energy structure. At deep undercoolings the
free energy barriers corresponding to both results are small, less than 10−2 N̄ 1/2 kB T .
For polymers with experimental lengths, N̄ . 104 , the free energy barrier is smaller
than 1kB T . In a system which is fluctuating randomly, in configuration space, around
a local free energy minimum (DIS) droplets of both configurations may appear frequently.
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Figure 3.12: Interfacial free energy as calculated from for a planar interface method
(dots); the approximate radial solution (solid) and optimal radial solution (dashed).
In discussions so far we have alluded to calculations of droplet interfacial free
energies and used general behaviors thereof to explain trends in other quantities of
interest. We now turn our attention to the interfacial free energy itself, which we
label σ. Interfacial free energies are shown for the analytical calculations but are
not shown for simulations as they do not lend themselves to this calculation. The
uncertainty in the droplet radius found from a smoothed interface is too large to use
in Eq. (3.33) to lead to a meaningful interfacial free energy.
For the planar interface method, the interfacial free energy can be calculated
directly and is considered constant over the range of undercooling since it is calculated
at coexistence. For the radial solutions we calculate the interfacial free energy using
Eq. (3.33). The interfacial free energy density is shown as a function of undercooling
in Fig. 3.12. As coexistence is approached, the interfacial free energies approach
that of the planar interface. This is expected because at shallow undercoolings the
droplets become large and hence more locally flat and as coexistence is approached
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the interface tends towards a flat interface at coexistence.
Close to coexistence the planar interface calculation underestimates the interfacial
free energy, as compared with the radial solutions. The radial solutions are close to
each other for ∆τ . 3 × 10−4 . As we have seen, this underestimate of the interfacial
free energy explains the underestimate of critical radii and free energy barriers when
using the interfacial free energy calculated for a planar interface at coexistence. The
underestimate in interfacial free energy for the planar interface calculation may be due
to interfacial curvature, may be due to the calculation being conducted at coexistence
or some combination of the two.
The interfacial free energy for the approximate radial solution continues to increase with undercooling until deep undercoolings, where droplets become small and
the method breaks down. The interfacial free energy for the optimal radial solution increases with undercooling close to coexistence, reaches a maximum and then
decreases, reaching 0 at the mean-field disorder spinodal. This is consistent with
previous descriptions of the general behavior that we expect from the interfacial free
energy.
So far we have considered the ODT to be between DIS and BCC. The FCC phase
has a higher free energy than the BCC phase for γ = 0.1, however, it may still play
a role in the DIS to BCC transition, in the form of an intermediate structure. To
examine this possibility we calculate the free energy barrier for FCC nucleating from
DIS. We find that the barrier is at least an order of magnitude larger to nucleate
FCC than BCC. We also find that by the time the system is cooled to the undercooling where FCC becomes more stable than DIS, the free energy barrier to nucleate
BCC is already small, indicating that BCC will nucleate readily. The details of this
calculation are given in appendix 3.B.
In this section we have shown three analytical methods for calculating critical
droplets and tested these methods using dynamic simulations. We used these meth-
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ods to determine droplet profiles, critical radii, free energy barriers to nucleation,
interfacial free energies and interfacial widths. Critical radii and free energy barriers
diverge at coexistence and are consistent with classical nucleation theory close to coexistence. At deeper undercoolings, close to the disorder spinodal, our methods begin
to produce droplets which are qualitatively different, depending on the approximations used in describing the critical droplet. When the central amplitude is assumed
to be high, droplets are small, whereas when the central amplitude is allowed to vary,
droplets become large, low-amplitude structures. The low-amplitude structures have
a lower free energy, therefore we expect them to better reflect droplets which form in
real systems. The diffuse droplets also appear to show a crossover from nucleation to
spinodal decomposition at the disorder spinodal. Our results for the interfacial width
are consistent with the approximation that we employed to separating length scales
of variation when conducting our analytical calculations.

3.3

Droplet Dynamics

In this section we consider the invasion of the BCC phase into DIS. First, we model
the invasion as the motion of a planar interface and, in the framework of the amplitude
model described in section 2.5.4, we derive a general expression for the velocity of
a planar interface between two phases and evaluate this expression for an interface
between BCC and DIS. We then conduct dynamical simulations of BCC invading
DIS, simulating the growth of droplets as well as the motion of a planar interface.
We measure the position of the interface as a function of time and hence calculate
droplet growth rates and interfacial speeds. Results are typically given in terms of
the undercooling, ∆τ ≡ τ0 − τ . Lengths in this section are given in terms of the BCC
lattice constant L0 .
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3.3.1

Planar Interfacial Motion

In a system consisting of two phases separated into distinct regions by an interface,
if one phase is more stable than the other it grows, invading the less stable phase.
This growth can be modeled as the motion of the interface between the two phases.
In this section we consider two phases separated by a planar interface and calculate
the speed with which the interface moves. Our calculation, similar to and inspired by
that of Ref. [85], is more broadly applicable as we do not need to make assumptions
about the specific phases or the number of modes involved in order to obtain our
general expression. An example of a planar interface between BCC and disorder is
shown in Fig. 3.13.

Figure 3.13: Planar interface between BCC and uniform disorder, simulated at γ =
0.1, τ = 5 × 10−4 . Numerically determined interface location is shown in grey.
We assume that the interfacial velocity is along the direction normal to the interface and independent of time and interface position. We justify this by noting that
although for a moving, flat interface, the local domain structure, which drives the
evolution, changes periodically, it remains, on average, constant. By employing the
amplitude model, described in section 2.5, we are, in a sense, averaging over this small
scale variation. This is consistent with work on the HEX-LAM transition, [79] which
found constant interfacial velocities. It is also supported by experiments: Reference
[86] studied the disorder-to-HEX transition in a poly(styrene-b-isoprene) melt using
X-ray scattering and inferring the dimensions of droplets. Droplet dimensions in134

creased linearly in time, indicating constant interfacial velocities. Reference [75] studied disorder-to-HEX and disorder-to-LAM transition in a poly(styrene-b-isoprene) solution using polarized optical microscopy to measure droplet sizes and hence growth
velocities. They also used scattering experiments to find the volume fraction that
droplets occupy and inferring droplet growth rates. Both methods produced consistent results and time-independent interfacial velocities.
We consider an interface, with normal unit vector n̂, separating phases α and β
at position s in the n̂ direction. As s → ∞ we obtain the α phase, with free energy
per chain fα and as s → −∞ we obtain the β phase, with free energy per chain fβ .
Each amplitude, aj , then has the form

aj = aj (s − vt),

(3.42)

(Gj · ∇)2 aj = (Gj · n̂)2 ∂s2 aj ,

(3.43)

and we can write the quantities

∇n aj = ∂sn aj ,
∂aj
∂t

(3.44)

= −v∂s aj ,

(3.45)

∂n
.
∂sn

(3.46)

where we have used the notation

∂sn ≡

Inserting this into the dynamical amplitude equation, Eq. (2.179), results in

−v∂s aj =

G2j




 ∂f
ξ ∂s4 aj − 4(Gj · n̂)2 ∂s2 aj + 2(1 − G2j )∂s2 aj +
∂aj
2
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.

(3.47)

We multiply by ∂s aj and divide by G2j , resulting in

−v

 ∂f

(∂s aj )2
∂ s aj ,
= ξ 2 ∂s aj ∂s4 aj − 4(Gj · n̂)2 ∂s aj ∂s2 aj + 2(1 − G2j )∂s aj ∂s2 aj +
2
Gj
∂aj
(3.48)

which we simplify using ∂s (∂s a)2 = 2∂s a∂s2 a, resulting in

−v

 ∂f

(∂s aj )2
= ξ 2 ∂s aj ∂s4 aj − 2(Gj · n̂)2 ∂s (∂s aj )2 + (1 − G2j )∂s (∂s aj )2 +
∂s aj .
2
Gj
∂aj
(3.49)

Next, we sum over j and note that
X ∂f daj
df
=
.
ds
∂a
ds
j
j

(3.50)

This results in

v

X (∂s aj )2
j

G2j

=

X



ξ 2 ∂s4 aj ∂s aj − 2(Gj · n̂)2 ∂s (∂s aj )2 + (1 − G2j )∂s (∂s aj )2

j

+

df
.
ds

(3.51)

We integrate Eq. (3.51) with respect to s from s = −∞ to s = ∞, that is, from one
uniformly ordered phase to the other. The term
Z

∞

∂s (∂s ai )2 ds = (∂s ai )2

−∞

∞
−∞

=0

(3.52)

since ∂s ai = 0 in the uniformly ordered phases, at s = ±∞. Also note that
Z

∞

−∞

[∂s4 aj ∂s aj ]ds

Z

∞

ds∂s [∂s3 a∂s a]

=
−∞

Z
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ds∂s3 s∂s2 a

−∞

1
∞
= ∂s3 aj ∂s aj −∞ − ∂s2 aj
2
= 0 − 0 = 0.

∞

−

∞
−∞

(3.53)

The first term is 0 because, as before, ∂s ai = 0 in the uniformly ordered phases, at
s = ±∞, and the second term is 0 because ∂s2 ai = 0 in then uniformly ordered phases.
This term was not included the calculation by Ref. [85], but since it evaluates to 0,
their calculation may be more general than it first appeared. We therefore obtain
R∞
v

X

−∞

j

(∂s aj )2 ds
=
G2j

Z

∞

−∞

df
ds
ds

= fα − fβ ,

(3.54)

hence
v=P h
j

fα − fβ
i.
R∞
1
2
(∂s aj ) ds
G2 −∞

(3.55)

j

As a consistency check, when fα > fβ then v > 0. That is, when α is less stable
than β the interface moves in the positive direction, invading α. We can separate the
sum in Eq. (3.55) into a sum over modes, labeled m, with reciprocal lattice vectors
of magnitude |Gm |
fα − fβ
hR
i.
P
∞
2
−2
(∂s aj ) ds
jm
m Gm
−∞

v=P

(3.56)

This calculation can utilize an arbitrary number of modes, depending where one
P
wishes to truncate the sum m . For an interface between two ordered phases it
is convenient to subdivide each mode into sets of plane waves that have the same
amplitude as one another, as we did in section 2.B.
If we assume that aj (s) is a smooth function with a characteristic width, w, we
can scale the width out of Eq. (3.56) using s = wx, yielding
fα − fβ
hR
i.
P
∞
−2
2
(∂x aj ) dx
m Gm
jm
−∞

v = wP

(3.57)

The velocity of a planar interface is therefore proportional to the difference in free
energies of the phases and the width of the interface. This is resembles the result by
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Goveas and Milner [85] for the HEX-LAM interface but is more general in a number
of significant ways. Our result is not specific to a particular transition, but can be
applied to any two phases, α and β and can also utilize an arbitrary number of modes
to describe α, β and the interface between them. It is also able to be directly compared
with results from simulating the Landau-Brazovskii model as the result is given in
terms of the free energy and interfacial width, both of which can be calculated. It
should also be recognized that additional modes will add to the denominator. The
contribution of higher order modes will be successively smaller, both because of the
factor of G−2
m , which decreases in successive modes, and because aj tends to become
smaller as Gj increases. This suggests that including extra modes should become less
important. Their contribution to the denominator is always positive hence truncating
at a finite number of modes produces an upper limit for the interfacial speed.
For the specific case of the BCC crystal invading disorder, in the single-mode
approximation, we find the velocity of the interface is

v=w

fs
,
12 −∞ (∂x as )2 dx
R∞

(3.58)

where fs is the free energy of the BCC phase and as is the equilibrium amplitude. If
we assume the form for a given by Eqs. (3.9) and (3.32) this yields

v=

wfs
,
4a2s

(3.59)

where fs and w are given by Eq. (2.168) and Eq. (3.14) respectively. This gives v
explicitly in terms of parameters of the Landau-Brazovskii model. We will compare
this result with our simulations.
Our result is applicable quite generally to the motion of interfaces which are flat
or approximately flat. We can also relate this specifically to the topic of this chapter,
nucleation, by considering droplets with a locally flat interface, as we expect for large
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droplets. If the droplet interface is described by a smooth space curve with a local
radius of curvature which is proportional to a characteristic length scale of the droplet,
as with, for example, spherical or ellipsoidal droplets, then as the droplet becomes
large, the local curvature becomes small and we can approximate the interface as
locally flat.

3.3.2

Simulated Droplets

Once a supercritical droplet is inserted it grows. This occurs by the formation of
micelles directly onto the BCC lattice with no intervening structures, such as closepacked phases or disordered micelles. An example of a simulated droplet after significant growth was shown in Fig. 3.3.
Our analytical calculations find orientation-independent interfacial free energies
and hence spherical droplets, however these calculations are approximate: they employ a single-mode approximation, separate the length scales of interface variation
and microstructure. The calculations are also concerned with critical droplets, not
growing droplets and hence ignore dynamical effects. We wish to test our prediction
for the shape by examining the sphericity of growing droplets. We do this by locating
the interface and finding the radial coordinate thereof as described in section 2.4.1.
An example of the variation of the interface position with azimuthal and polar angle
is given in Fig. 3.14. We find the total variation in radial interface position to be
less than L0 /2, which is the uncertainty in interface position due to smoothing. We
therefore judge this variation to be insignificant. This supports the our single-mode
result, which found spherical droplets.
An example of the droplet radius as a function of time, at τ = 5 × 10−4 , is shown
in Fig. 3.15. We find that at late times the droplet radius grows linearly in time.
As the droplet retains its spherical shape the rate of change of the radial coordinate
of the interface, that is, the interfacial velocity, is independent of direction and we
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Figure 3.14: The radial coordinate of a droplet interface is shown (a) as a function
of the polar angle, θ, for fixed azimuthal angle φ = 0◦ and (b) as a function of the
azimuthal angle φ for fixed polar angle, θ = 90◦ . The droplet of BCC was initiated
with a radius of 2L0 in a bulk of DIS and allowed to grow for 2 × 104 ∆t at τ = 0 and
γ = 0.1.
consider simply the interfacial speed, given by the slope of the linear portion of the
position-time data. We repeat this type of simulation, creating a planar interface
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Figure 3.15: Droplet radius with time, starting from an initial droplet of radius 2L0
at τ = 5 × 10−4 and γ = 0.1. The length scale is the equilibrium length of the BCC
unit cell, L0 .
between BCC and disorder and measuring the interfacial position and hence speed.
The interfacial speed as it varies with undercooling is illustrated in Fig. 3.16. We
find that the interfacial speed from simulation, for both the planar interface and
spherical droplets, varies linearly with undercooling close to coexistence. There is
a slight deviation from linearity for deeper undercoolings for the spherical droplets.
The interface moves faster for the simulated planar interface than simulated spherical
droplets. The effect appears to be small, since (1) there is no noticeable deviation
from linearity in the radius-time plot and (2) the interfacial velocities for the planar
interface and spherical droplets are close, though not identical.
Also shown is the analytical result, Eq. (3.59). The analytical result is close to but
greater than the simulation result for the planar interface. This could be due to (1)
the single-mode approximation used in calculating the denominator of Eq. (3.59), (2)
the single-mode approximation used in calculating the free energy, (3) our calculation
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Figure 3.16: Interfacial velocity as determined by simulating spherical droplets and a
planar interface, and analytical prediction given by Eq. (3.59). The width is calculated
for a planar interface at coexistence. The velocity scale is 10−4 times the ratio of the
equilibrium length of the BCC unit cell, L0 to the simulation time step, ∆t.
of the interfacial width, or (4) our ansatz for the interfacial profile. Repeating the
calculation, including an additional 20 modes in Eq. (3.57) reduces the interfacial
velocity by less than 1%. This makes option (1) unlikely. The free energy agrees well
with simulation hence we do not expect option (2) to be the source of the deviation.
The interfacial width, however, was calculated for a planar interface at coexistence
using a single-mode approximation, as in section 2.3.2. The interface may be narrower
than expected, may be determined by dynamical processes or may deviate from our
chosen profile ansatz. We are unable to measure the width of the interface of growing
droplets in our simulations to the resolution necessary to adequately confirm that the
deviation is due to a difference in the interfacial width.
In this section we considered the invasion of the BCC phase into DIS using analytical calculations for the interfacial velocity and dynamical simulations to measure
the shape and size of growing droplets. We find that growing droplets have a constant
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growth velocity and retain their spherical shape. We calculate an expression for the
velocity of an interface between two phases and evaluate the result for an interface
between BCC and DIS. The calculation is more general than those calculated in previous work in that it may be evaluated for any two phases and can use an arbitrary
number of modes. Comparing the results of this calculation with results of dynamical
simulations, we find close results, with a maximum deviation of approximately 20%.
We attribute this difference to our calculation of the interfacial width, which we evaluate for a static planar interface at coexistence, as opposed to a moving interface at
the undercooling of interest. This may differ significantly from the width of a moving
interface away from coexistence.

3.A

2
Relevance of the ∇ a Term to Free Energy
2

For the planar interface calculation the approximation of neglecting F4 =

R

d3 r8ξ 2 (∇2 a)2

enters through the calculation of the interfacial free energy. F4 vanishes for the uniformly ordered phase and therefore does not effect the bulk free energy term. The
interfacial free energy is calculated at coexistence, that is, at a single value of τ for a
given value of γ, and is therefore only a function of γ.
Comparing the results obtained with and without F4 shows that including F4 , for
γ = 0.1, results in a 0.6% increase in the interfacial width, a 0.2% increase in the
interfacial free energy and hence critical radii and a 0.6% increase free energy barriers.
Note that this is independent of τ .
The error in the approximate and optimal radial calculations associated with neglecting F4 is dependent on undercooling. We examine the approximation of neglecting F4 by computing the magnitude of F4 for critical droplets and expressing it as a
fraction of the free energy of the droplet, shown in Fig. 3.17. Close to coexistence the
ratio F4 /F calculated for both radial solutions approach that of the planar interface
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Figure 3.17: Ratio of the F4 = d3 r8ξ 2 (∇2 a)2 to the free energy barrier, F for the
planar interface calculation and the optimal and approximate radial solutions using
γ = 0.1. We also calculate the free energy barrier, using the approximate radial
method, with and without the F4 term plot (red) the fractional difference between
these.
solution. Further from coexistence the ratios increase for the radial solutions, but
remain close to one another until about ∆τ = 6 × 10−4 , where they begin to differ
significantly. The ratio, F4 /F , for the approximate radial solution begins increasing
rapidly whereas F4 /F for the optimal solution decreases, vanishing at the disorder
spinodal.
The initial increase for in F4 /F for the radial solutions can be attributed to a
sharpening of the droplet interface at lower τ . This is consistent with an increased
interfacial energy, illustrated in Fig. 3.12.
For the approximate radial solution, as we see in Fig. 3.5, the critical radius,
Rc , becomes close to the interfacial width, w, and we expect the approximate radial
method to break down, as discussed earlier. When the radius becomes small a cusp
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develops at r = 0 in the function Eq. (3.26), leading to an unphysical description of
the droplet and spatial large derivatives at r = 0. We lend little credence to results
beyond ∆τ = 6×10−4 . The breakdown is particularly evident when examining spatial
derivatives of the amplitude, and hence F4 : when w approaches Rc the amplitude is
no longer smooth at r = 0 and the attempt of the system to rectify this cause further
changes in the profile.
The decrease in F4 /F for the optimal radial solution can be attributed to a widening of the interface. This is consistent with our previous observations that at deep
undercoolings the optimal radial droplets become increasingly diffuse, becoming infinite in extent and vanishingly small in amplitude at the disorder spinodal. The
free energy, F , also decreases, becoming vanishingly small at the disorder spinodal,
however, F4 decreases more quickly with decreasing τ .
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Figure 3.18: Fractional difference between radii calculated with and without F4 for
the approximate radial method for γ = 0.1.
The approximate radial solution can easily be calculated with and without F4 ,
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which allows us an additional comparison: the difference in free energies and critical
radii calculated with and without F4 . These are shown in Figs. 3.17 and 3.18. For
shallow undercoolings, the difference in the free energy barrier with and without F4 is
small on the scale of Figs. 3.17 and only becomes discernible around ∆τ ≈ 2×10−4 . At
deeper undercoolings the difference in the free energy barrier only rises 4 percentage
points before the point at which we expect the model to break down, ∆τ ≈ 6 × 10−4 .
Figure 3.18 shows the fractional difference in critical radii calculated with and without
F4 . The difference is close to 0.2% near coexistence, consistent with the planar
interface result, and increases at deeper undercooling, without rising above 1%. The
behavior after ∆τ = 6 × 10−4 is an artifact of the breakdown of the model.

3.B

Nucleation at the FCC-DIS transition

We repeat the calculation for the interfacial free energy described in section 3.2.1.2,
this time using the FCC phase rather than the BCC phase. For a planar interface
between FCC and DIS with normal n̂ and distance from the interface s = n̂ · r, the
amplitude a(r) and b(r) only vary in the direction normal to the interface and we can
simplify the gradients in Eq. (2.175) to

4
X

∇a = a0 (s)n̂,

(3.60)

∇b = b0 (s)n̂,

(3.61)

[Gi · ∇a(r)]2 = [a0 (s)]2

4
X

(Gi · n̂)2 ,

(3.62)

(Gi · n̂)2 ,

(3.63)

i=1
7
X

i=1
7
X

i=5

i=5

[Gi · ∇b(r)]2 = [b0 (s)]2

(3.64)
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where primes denote derivatives with respect to s. Inserting the reciprocal lattice
vectors, Eq. (2.174), into Eqs. (3.62) and (3.63) results in
4
X
4
(Gi · n̂)2 = ,
3
i=1
7
X

4
(Gi · n̂)2 = .
3
i=5

(3.65)
(3.66)

Using the same approach as we did for the BCC phase, this leads to the FCC free
energy per area
∞


16
16
ds 4ξ 2 (∇2 a)2 + 3ξ 2 (∇2 b)2 + ξ 2 [a0 (s)]2 + ξ 2 [b0 (s)]2
3
3
−∞

2
ξ 2
15 4
2
2
2
4
2 2
+
b + 4τ a + 3τ b − 12γa b + 9a + 24a b + b .
3
4

F
=
A

Z

(3.67)

This free energy per unit area is independent of orientation so, as with BCC, we
expect droplets to be spherical.
As we did for the BCC phase, we calculate the free energy of a spherical droplet
of FCC nucleating from DIS. We find this free energy to be
(



2
2
2
16
2
16
2
2
2
r dr 4ξ ∂r a + ∂r a + 3ξ ∂r b + ∂r b + ξ 2 [a0 (s)]2 + ξ 2 [b0 (s)]2
F = 4π
r
r
3
3
0

ξ2 2
15
+
b + 4τ a2 + 3τ b2 − 12γa2 b + 9a4 + 24a2 b2 + b4 ,
(3.68)
3
4
Z

∞

2

2

where a and b are represented by the ansatz Eq. (3.26), except that rather than as we
use the equilibrium FCC a and b. Continuing with our approximate radial method,
we calculate the free energy barrier for the DIS to FCC transition, shown in Fig.
3.19, and find it to be at least an order of magnitude larger than the DIS to BCC
transition. We therefore expect that the BCC will form more readily than FCC and
conclude that we are justified in ignoring the FCC phase.
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Figure 3.19: Free energy barrier for the BCC phase (solid) and FCC phase (dashed)
nucleating from DIS at γ = 0.1 and calculated using the approximate radial method.
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Chapter 4
Disordered Micelles
Up to this point we have examined a simple picture of the order-disorder transition, proceeding from uniform disorder to BCC in the mean-field limit. Unfortunately, this simple picture leaves out important details, such as disordered micelles
and random compositional fluctuations. Above the ODT, experiments reveal that
the disordered phase is not the simple uniform structure, DIS, rather, it contains
globular microphase-segregated regions with no long-range order. [39–46,56] These are
disordered micelles and are discussed in section 1.3. Random compositional fluctuations (noise), which we have also ignored, are important near the ODT, destabilizing
ordered phases. [32,34,35] Noise may also affect the structural and dynamical behavior
of microphase segregated structures.
This chapter describes a systematic study of the structural and dynamical properties of disordered micelles (DM), as well as their stability. We first consider DM in the
mean-field limit, mainly focusing on the stability relative to DIS and BCC. We then
move beyond a mean-field approach to include random compositional fluctuations in
our simulations, described in section 2.3.6. We examine the effect of these fluctuations
on the stability of DM, as well as structural and dynamical properties. We focus on
γ = 0.3 (f = 0.2) since this is closer to regime of ‘sphere-forming copolymers’ studied
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experimentally, as seen in Fig. 1.2a. Here, the blocks are more strongly segregated
and micelle cores appear more stable, more well-defined and more easily studied by
simulation. We also present results for γ = 0.1 (f = 0.39) as this is more closely
related to results in chapter 3.
When we study disordered micelles there is a heavier focus on simulations, rather
than analytical methods as we have no simple analytical approximation to the density field corresponding to disordered micelles. Unlike the ordered phases, such as
LAM, HEX, GYR, BCC and FCC, disordered micelles are not periodic and are not
described by a simple periodic function. Analytical approaches have been used to
study disordered micelles but these have focused on the high micelle number density
regime [48] or low micelle number density regime [47] and do not examine a crossover
between the regimes.

4.1

Mean-Field Disordered Micelles

In this section we study disordered micelles in the mean-field limit. If we start our
simulations from DIS, which corresponds to φ(r) = 0, and do not include randomness
in the equation of motion then it is obvious from examining Eq. (2.58) that ∂t φ = 0
for all r, t for any choice of parameters. That is, the system is stuck in DIS. We
therefore start from random initial conditions, which we justify as adding an initial
randomness to DIS to allow the melt to break the continuous translational symmetry.
We have found that we can initialize disordered micelles (DM) in dynamically noiseless simulations by starting from random initial conditions. These initial conditions
are typically Gaussian-distributed random-numbers with a mean of 0 and a standard
deviation close to the mean-field BCC amplitude, as . We present images of DM and
examples ordering onto a BCC lattice. We explain this behavior by comparing the
free energies of DM and BCC. When comparing with the BCC phase, results may be
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given in terms of distance from the mean-field ODT, ∆τ ≡ τ0 − τ .

4.1.1

Formation and Ordering of Disordered Micelles

We start simulations from random initial conditions and observe the behavior as a
function of time. One way of visualizing changes in the system is plotting the free
energy as a function of time, which is shown for multiple simulations in Fig. 4.1.
There is a drop in the free energy after approximately 105 ∆t, followed by a plateau,
which lasts for a highly variable time period and finally a second drop into another
plateau. There is some variation in the values of these plateaus.
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Figure 4.1: Free energy per chain in simulations started from random initial conditions, without random fluctuations in the dynamical equation. Free energy is shown
as a function of time for γ = 0.1 and τ = 0 (∆τ ≈ 0.00119). Free energy f = 0
corresponds to DIS. The initial plateau corresponds to disordered micelles and the
final plateau corresponds to BCC phase.
The initial drop in free energy corresponds to the formation of disordered micelles.
This occurs on a time scale that is short compared to the entire simulation but close
to the time scales of simulations in chapter 3: O(104 )∆t to O(105 )∆t depending on
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the undercooling of interest. The metastable disordered micelles, last for O(106 )∆t,
before the second drop in free energy, which corresponds to ordering onto a BCC
lattice. The variability in free energies of the plateau can be attributed to different
initial conditions, leading to different micelle arrangements. Differences in the final
(BCC) plateau level are due to differences in BCC orientation and number of grains.
The transition occurs via nucleation, as is in the example shown in Fig. 4.2. Grains
may form which are not oriented with the simulation lattice, leading to boundary
stress. Multiple grains also sometimes form, leading to stress at the boundary between
grains. This grain-boundary stress may be alleviated by evolution of one grain into
another, leading to a second drop in free energy like the one seen in the blue curve of
Fig. 4.1. If the regions comprised of both grains are large, the evolution of one grain
into the other can be slow and both may have long lifetimes, leading to long-lived
grain-boundary stress.
In a system composed entirely of DM, micelles move slowly, their motion driven
by small changes in free energy associated with different configurations. When a
nucleus of BCC forms, as seen in Fig. 4.2b, the nucleus grows quickly, as in Figs. 4.2b
and 4.2c. Micelles around the nucleus move quickly to order onto the lattice. This is
likely because the free energy change associated with ordering is large, as compared
with the free energy change associated with changing the DM structure to a sightly
different DM structure.
We track the transition from DM to BCC by tracking the number of nearest
neighbors of each micelle, as described in section 2.4.1. Fig. 4.3 shows images corresponding to those in Fig. 4.2, with regions characterized by the number of nearest
neighbors of the micelles. A region of BCC (8 nearest neighbors) is seen where the
ordered droplet is seen in Fig. 4.2 and is seen to grow as the droplet grows. This
validates our method of following the transition by tracking the number of nearest
neighbors. There are more sophisticated methods for testing crystallinity, such as
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(a) t = 1.5 × 106 ∆t

(b) t = 4 × 106 ∆t

(c) t = 5 × 106 ∆t

(d) t = 5.5 × 106 ∆t

Figure 4.2: Density fields in a simulation of a cubic system of length 128∆, started
from random initial conditions at γ = 0.1 and τ = 0, and evolved without noise in
the dynamics. Images are shown at various times. A droplet of the BCC phase is
seen forming in (b) and is seen to grow through subsequent frames. By (d) the entire
system is BCC.
the Steinhardt bond orientation parameter [185] as well as related methods. [186] Counting nearest neighbors appears to be sufficient for our purposes. We track the total
progress of the transition by plotting the number of nearest neighbors as a function of
time in Fig. 4.4. There is a clear transition from approximately 6 nearest neighbors
to a 8 nearest neighbors.

4.1.2

Free Energy of Disordered Micelles

Once DM have been initialized, that is, once a simulation has reached the equivalent
of the DM plateau in Fig. 4.1, we calculate the free energy. Data for the free energy
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(a) t = 1.5 × 106 ∆t

(b) t = 4 × 106 ∆t

(c) t = 5 × 106 ∆t

(d) t = 5.5 × 106 ∆t

Figure 4.3: Images corresponding to density fields in Fig. 4.2 where the Voronoi
polyhedron for each micelle is colored indicating the number of nearest neighbors of
the micelle. Black indicates 8, red indicates more than 8 and blue indicates less than
8. Data is shown at the same times as in Fig. 4.2.
of DM is shown in Figs. 4.5 and 4.6. For γ = 0.1 (Fig. 4.5) we have included the
free energy of the FCC phase for comparison. For γ = 0.1 DM has a higher free
energy than BCC and lower than FCC. Close to the ODT the free energy of the
disordered micelles increases over 0, indicating that they are less stable than uniform
disorder. Based on this free energy we do not expect disordered micelles to be a stable
structure under the conditions of interest, that is, in the Landau-Brazovskii model in
the mean-field limit for γ = 0.1 near the ODT. For γ = 0.3 (Fig. 4.6) DM has a higher
free energy than BCC though the difference in free energy between DM and BCC is
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Figure 4.4: Average number of nearest neighbors for simulation indicated in Figs.
4.2 and 4.3. The error bars indicate the standard deviation in the number of nearest
neighbors.
smaller, on the scale of the BCC free energy, than for γ = 0.1. The drop in free
energy on going from disordered micelles to BCC is smaller, as compared to the drop
on transitioning from uniform disorder to disordered micelles. BCC order is favored
but not as strongly favored for γ = 0.3 as γ = 0.1. In both Figs. 4.5 and 4.6 the free
energy of DM crosses 0 (the free energy of DIS), rather meeting it continuously, that
is, on transitioning between DIS and DM there is a discontinuity in the derivative of
the free energy with respect to τ . The transition from DIS to DM appears to be first
order.
There is a small region close to the ODT for γ = 0.3 where the free energies
of the BCC phase and disordered micelles become very close and the free energy of
disordered micelles becomes lower than that of BCC. This difference is small and
we estimate the error in our free energy at γ = 0.3 (discussed in section 2.3.7) to
be around 0.01kB T . We cannot conclude, based on these results, that DM becomes
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Figure 4.5: Free energy per chain of the BCC phase (circles), disordered micelles (×s),
the FCC phase (diamonds) and the uniform disordered phase (dashed) for γ = 0.1
without random fluctuations in the dynamics.
more stable than BCC, however, our results are suggestive of increased stability of
DM near the ODT for γ = 0.3. This closeness in stability of DM and BCC helps
motivate further analysis of the relevance of DM to the ODT and our focus, in this
chapter, on γ = 0.3.
To summarize: Starting from random initial conditions, disordered micelles form
readily in our simulations, on time scales that are small compared to the time scale
of ordering micelles. Disordered micelles persist for times which are highly variable
but long as compared with micelle formation times. At γ = 0.1 DM has higher free
energy than BCC and order into BCC via nucleation, which we track by examining
free energies and counting nearest neighbors. At γ = 0.3 the gap in free energy
between DM and BCC narrows and DM may become more stable than BCC near the
ODT. The transition from DIS to DM appears to be first order.
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Figure 4.6: Free energy per chain of the BCC phase (circles), disordered micelles (×s)
and the uniform disordered phase (dashed) for γ = 0.3 without random fluctuations
in the dynamics.

4.2

Disordered Micelle Initialization with Fluctuations

In this section we discuss the formation and equilibration of disordered micelles with
random fluctuations present in the dynamical equation. With random fluctuations
present in the dynamical equation we need not add the artificial initial randomness to
cause disordered micelles to form. Some differences become apparent when starting
from different initial conditions, which suggests problems with equilibration of the
system. We examine micelle formation from different initial conditions to study the
equilibration of disordered micelles and put limits on the conditions under which
we can consider our melt to be in the equilibrium state. We consider three initial
conditions: (1) uniform initial conditions, corresponding to φ(r) = 0, (2) random
initial conditions, as in section 4.1, and (3) starting from DM which were initialized
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under different conditions (typically lower τ ).
The formation of micelles from DIS is not a main focus of this work, hence the lack
of thorough, systematic analysis of micelle formation. The goals of this section are to
show the reader how micelles are formed in our simulations, since this is a necessary
step in studying their properties and to convince the reader that the structural and
dynamical properties of DM which are presented in this work are reproducible and
accurately reflect the equilibrium properties of DM, or at least show under which
conditions our results are reproducible and accurate.

4.2.1

Micelle Formation from DIS

In this section we study the initialization of DM from uniform disorder, φ = 0.
Physically this can be thought of as starting from a high temperature, where the
expected number of micelles is essentially 0, corresponding to uniform disorder, and
quenching to the given temperature. Allowing micelles to form directly from DIS
without noise, other than that which comes in through the dynamics, appears to
be a more natural way to initialize micelles, as it does not utilize artificial initial
randomness. Without artificial assistance in overcoming the free energy barrier to
micelle formation, micelles form at the rate and in the way that they would naturally
from DIS.
An example of micelle formation is shown in Fig. 4.7. The initial delay suggests
that micelle formation from DIS is an activated process and the formation of new
micelles preferentially around preexisting micelles suggests that micelle formation
occurs via nucleation.
We also plot the micelle number as a function of time for various values of τ
in Fig. 4.8. For N̄ = 2.5 × 107 , as in the example in Fig. 4.7, there is a brief
initial period of few micelles, followed by a fast increase in micelle number, and
finally by a plateau in micelle number. The plateau number of micelles decreases as τ
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(a) t = 200∆t

(b) t = 7000∆t

(c) t = 14000∆t

(d) t = 40000∆t

Figure 4.7: Images of micelles forming at γ = 0.3, τ = 0.008 and N̄ = 2.5×107 using a
cubic lattice of length 128∆. We show the simulation at the stages of (a) near uniform
disorder at t = 200∆t, (b) a few micelles form at t = 7000∆t, (c) micelles forming
around these micelles at t = 14000∆t, and (d) disordered micelles at t = 40000∆t.
increases. Images illustrating this decrease are shown in Fig. 4.9. The delay to micelle
formation decreases as we decrease τ , indicating an increase in the thermodynamic
‘force’ to create micelles at lower temperatures. The time scales in Fig. 4.8 are short
compared to the other processes considered in this work, that is, micelles form quickly,
particularly for low τ . For N̄ = 2.5×104 there is no noticeable delay and there is more
variability in micelle number when the plateau has been reached. Having more noise
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(a) N̄ = 2.5 × 107
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(b) N̄ = 2.5 × 104

Figure 4.8: Micelle number as a function of time in a simulation on a cubic lattice
of length 128∆ with γ = 0.3 and (a) N̄ = 2.5 × 107 and (b) N̄ = 2.5 × 104 for
multiple values of τ . The simulations start from DIS (φ(r) = 0) and the data reflect
the formation of micelles.
in the equation of motion provides a greater thermodynamic force to create micelles
but also breaks micelles apart. This increases the rate of formation and destruction
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(a) τ = 0

(b) τ = 0.0036

(c) τ = 0.009

(d) τ = 0.013

Figure 4.9: Images of disordered micelles in simulations started from DIS at γ = 0.3
and N̄ = 2.5 × 107 at time t = 2 × 105 ∆t at multiple values of τ . The images shown
correspond to points in the plateau in Fig. 4.8a. The mean-field ODT occurs at
τ = 0.017. The A block is represented in red and B block is represented in blue and
is translucent.
leads to greater variation around the mean. The increase in the rate of formation
of micelles with decreasing N̄ is consistent with Ref. [47], which finds that the free
energy barrier to micelle formation scales as N̄ 1/2 , hence micelles form more readily
at lower N̄ .
We plot the time for the micelle number to reach half of the plateau value for N̄ =
2.5×107 in Fig. 4.10. Micelle formation delay time increases as τ increases and appears
to vary exponentially with τ in the high-τ regime. Once micelles begin forming micelle
number increases quickly, therefore this formation time is more reflective of single
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Figure 4.10: The time for micelle number to reach half of the plateau value is shown
as a function of τ for the same parameters used in Fig. 4.8a, γ = 0.3 and N̄ =
2.5 × 107 . Micelle number is measured every 103 ∆t, leading to a large uncertainty in
the half-plateau time when micelle number increases rapidly. Error bars correspond
to uncertainties in this time and are estimated from the time intervals between micelle
counting. The dotted line is exponential (linear on this scale) behavior.
micelle formation times than collective behavior. In the low-τ regime of Fig. 4.10
error bars are large and the data appears to have a different slope than the highτ regime. Micelle formation time in the low-τ regime is close to the time between
counting micelles and the estimates for micelle formation times are more reflective
of the counting time. This data is included for consistency with Fig. 4.8a and to
illustrate this breakdown.
If micelle formation is indeed an activated process with activation energy Em
then the delay to micelle formation (which varies inversely with the rate of micelle
formation) should obey
Em

tdelay ∼ e kB T .

(4.1)

The exponential behavior in the high-τ regime of Fig. 4.10 suggests that Em /kB T ,
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increases linearly with τ in this regime. We do not find evidence for the micelle
dissociation temperature (MDT) described in Ref. [47] and defined as the temperature
beyond which micelles cannot exist as entities with finite (non-zero) lifetimes. In our
simulations of micelle formation, the MDT would appear as the temperature at which
micelles never appear. We cannot conclude based on these simulations that micelles
never appear as we cannot run our simulations indefinitely.
If DIS and DM are distinct phases with a well-defined phase transition temperature
then we expect that the delay time will diverge at the coexistence temperature. We
should therefore see a divergence in ln(tdelay ) at high temperature. We do not see
this behavior, however, once again, such a divergence may be beyond our simulation
times.
Note that in the simulations described above the value of N̄ is O(107 ), that is, the
polymers are rather large. When we go to lower values of N̄ , as we see in Fig. 4.8b,
the delay time becomes small and micelles form readily as all values of τ at which
micelles form. We will investigate the regime in which micelles form in section 4.3.

4.2.2

Disordered Micelle Equilibration

We wish to examine the equilibrium properties of micelles and hence wish to examine
the long time and ensemble averaged properties of micelles. We do this by running
simulations to long times (typically 106 ∆t) when the property of interest, such micelle
number, appears to be constant or to vary around a constant (see Fig. 4.8) and then
we average over these variations (typically for another 106 ∆t). These simulations each
take days to run, meaning that much longer equilibration times would be impractical.
The equilibrium behavior of the system should, of course, be independent of the initial
conditions. The ‘long-time’ behavior in our simulations sometimes appears to depend
on initial conditions. In this section we discuss the conditions under which the longtime behavior is sensitive to initial conditions and the probable cause.
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Figure 4.11: Number density of micelles as a function of τ at γ = 0.3, formed starting from random initial conditions (×s connected with dashed lines), uniform initial
conditions (circles connected by solid lines) and micelles previously equilibrated at
τ = 0 (squares with dot-dash lines). Data is shown for N̄ = 2.5 × 107√(black) and
N̄ = 2.5 × 104 (green). Number density is given in terms of L0 = 2 2πq0−1 , the
single-mode BCC lattice constant. For comparison, a volume L30 of the BCC phase
contains 2 micelles in the single-mode approximation.
We consider three initial conditions: uniform initial conditions (φ(r) = 0); random
initial conditions, setting φ(r) to random numbers with a mean of 0 and standard
deviation several times larger than the equilibrium BCC amplitude; and a micellar
system ‘equilibrated’ at a lower temperature. These are shown in Fig. 4.11 for N̄ =
2.5 × 104 and N̄ = 2.5 × 107 . At N̄ = 2.5 × 104 (high noise strength) the number
densities formed from different initial conditions coincide. At N̄ = 2.5 × 107 (low
noise strength) however, this is not always the case. When a large number of micelles
are initially present the micelle number remains large. Starting from DIS the micelle
number remains small and there is a jump in number density near τ = 0.01. Starting
from random initial conditions an intermediate number of micelles forms.
Any ergodic system evolved for a long enough time should be described by the
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same probability distribution regardless of the initial state. Our results suggest that
at N̄ = 2.5 × 107 the system is not being run long enough to explore its configuration
space and appears kinetically trapped. The large jump around τ = 0.01 for simulations starting from uniform initial conditions suggests the large energy barrier to
micelle formation discussed earlier: if the barrier is too high then micelles take too
long to form and are not seen in a reasonable simulation time. When micelles form
slowly from uniform initial conditions they may form with an unfavorable intermicellar distance and then becomes trapped in this configuration, hence a lower number of
micelles starting from uniform initial conditions. Starting from previously initialized
micelles the number density remains at this high value until high τ when micelles begin to melt. When started from random initial conditions more micelles may initially
form due to the creation of a large number of potential micelle nucleation sites due
to the initial randomness.
At low τ we see the number densities from different initial conditions coincide. At
low τ the barrier to micelle formation may become small and micelles appear readily.
Whether starting from uniform or random initial conditions the system quickly erupts
in micelles leading to a similar final micelle number.
We have seen that for low noise strength (N̄ = 2.5 × 107 ) the system can become
trapped in a configuration, while for high noise strength (N̄ = 2.5×104 ) the final state
appears to be independent of the initial condition. Further investigation suggests that
the plateau number of micelles is independent of initial condition for N̄ ≤ 2.5 × 105
but depends on the initial condition for N̄ ≥ 2.5 × 106 .
If the melt is able to rearrange rapidly, in ways such as creating, destroying and
moving micelles, on the time scale of simulations, then it is reasonable to expect that
it will not become trapped. If the melt is unable to rearrange on simulated time
scales then it is reasonable to expect that it will become trapped. Recall that micelle
numbers shown earlier in Fig. 4.8, show that at high noise strength (N̄ = 2.5 × 104 )
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on the time scale examined, the micelle number changes rapidly while at low noise
strength (N̄ = 2.5 × 107 ) there is no noticeable random variation within a plateau.
If the micelle number deviates from the equilibrium value at N̄ = 2.5 × 104 it is
reasonable to expect this should be corrected quickly while at N̄ = 2.5 × 107 this
may not be the case. We can also look at this in terms of the rate of rearrangement
of micelle configurations. We discuss diffusion of micelles in section 4.4. As we will
see in section 4.4.3, the micelle self-diffusion constant varies quickly with N̄ and is
around 100 times larger for N̄ = 2.5 × 104 as compared with N̄ = 2.5 × 105 . If
micelles must rearrange themselves to relax into the equilibrium configuration, this
relaxation may take orders of magnitude longer for N̄ = 2.5 × 105 as compared with
N̄ = 2.5 × 104 . It therefore makes sense that low noise simulations would not be able
to reach equilibrium.
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Figure 4.12: Histograms of free energies of disordered micelles formed at γ = 0.3,
N̄ = 2.5 × 107 and τ = 0.0081. Red corresponds to micelles formed from uniform
(φ(r) = 0) initial conditions and blue corresponds to random initial conditions and
green corresponds to initial conditions which result from equilibration at τ = 0.
For the reasons described above, we do not claim that the low noise simulations are
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in equilibrium, however, we seek a simple metric to see which initial condition leads
to a final state that is probably closer to equilibrium. If there were no fluctuations
present we would simply compare the free energy functional given by Eq. (2.27),
for each melt configuration and the one with the lower free energy would be more
favorable. When fluctuations are present, configurations are described by ensembles
of density fields, {φ(r)}, and hence ensembles of Landau-Brazovskii free energies.
If the distributions in free energies are narrow compared to the differences in free
energies between structures, that is, one distribution is significantly lower in free
energy than the other, then one can argue that that configuration is more stable.
Figure 4.12 shows an example of free energy distributions from each of the three
initial conditions used in Fig. 4.11 for N̄ = 2.5 × 107 and τ = 0.0081. We find that,
where there is a difference, the micelles formed from random initial conditions have
a lower free energy. To emphasize: we do not claim that either is an equilibrium
structure; both are kinetically trapped. We merely argue that one is more favored
than the other.
In this section we have seen that when fluctuations are present in the dynamical
equation we need not rely on initial noise to obtain micelles, rather they arise naturally
and, for small τ or small N̄ , they arise readily and quickly. Our results suggest that
for large N̄ micelle formation is an activated process and as τ increases the barrier
to micelle formation increases. For N̄ ≥ 2.5 × 106 the rate of micelle formation and
destruction (as well as micelle diffusion, which will be discussed in detail in section
4.4.3) are insufficient to allow a melt of disordered micelles to rearrange adequately
to reach equilibrium in the simulated times. For N̄ ≤ 2.5 × 105 rearrangement of
the melt occurs on time scales which we can simulate and results presented for these
noise strengths can be considered to be equilibrated. Fortunately, this range of N̄
includes the experimentally relevant range.

167

4.3

Structural Properties of Disordered Micelles

Once micelles are formed we can study their structural properties, such as number
density, size and arrangement. In this work we have direct access to this information
though observing the field. In experiments this is not always possible and information
is often extracted through scattering experiments and fitting the results. Direct access
to the underlying microstructure is available through electron microscopy [56,187–190]
and atomic force microscopy. [191–193] Electron microscopy requires freezing the sample,
so is difficult to use in studying dynamics, and atomic force microscopy does not
give much insight past the surface. In addition to direct observation of the density
field we calculate a scattering function in order to obtain information about micelles.
We use both methods in order to ensure that our results have the same general
trends as experiments and hence validate our results, and test the veracity of the
experimental techniques in extracting information that we can directly observe. We
examine structural properties of micelles such as number density, volume, shape and
relative position, as well as the free energy of DM as compared with BCC.
To examine the structural properties of disordered micelles, we first equilibrate DM
at a point in τ − N̄ space. After equilibration, we calculate the property of interest,
such as micelle number, size, position and scattering function, at time intervals which
allow for small-scale rearrangement of the structure, typically 100∆t or 1000∆t. We
average these properties over longer time intervals, typically O(106 )∆t. Examples of
snapshots of DM at various points in τ − N̄ space are shown in Fig. 4.13.

4.3.1

Scattering Function

We calculate the scattering function, I (s) , from simulations, as described in section
2.4.3, in order to extract information about the overall structure of DM at many length
scales. This section focuses on the general properties of the scattering function as well
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Figure 4.13: Images of micelles are shown for various values of N̄ and τ for γ = 0.3
after simulations have run for 106 ∆t. Elongated micelles (cylinders) can be seen for
τ = −0.009.
as a comparison with the analytical Landau-Brazovskii scattering function, to check
for consistency. Comparison with the Landau-Brazovskii model is done by fitting I (s)
to
ξ2 2
SLB (q) = C
(q − q ∗2 )2 + τ
2


−1
,

(4.2)

using C and q ∗ as fitting parameters. Using C as a fitting parameter allows for
arbitrary vertical shifts in the fit. We expect q ∗ to be at or close to the dominant
wave vector q0 = 1, however, we allow q ∗ to vary in anticipation of small shifts in the
dominant wave vector.
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We also present the scattering function, from simulation and analytical theory,
found using the Leibler model [12] to compare the general properties thereof with
those of the Landau-Brazovskii model and as an example to demonstrate that we can
simulate the full Leibler model. This section also contains examples of fits of I (s) to
the hard-sphere model, described in section 2.4.3.1. Similar fits are used throughout
this work to examine structural properties of micelles.
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Figure 4.14: Scattering function from simulation (points) vs. squared wavenumber,
q 2 , using τ = 0.02 (χN = 18.6) and γ = 0.3 with fluctuations corresponding to
N̄ = 2.5 × 106 . The line shows a fit to the Landau-Brazovskii model, Eq. (4.2), using
C = 3.6 × 10−6 and q ∗ = q0 = 1. The data shown should not be strongly affected by
discretization, which should strongly affect the data for q 2 & (π/∆)2 ≈ 11.
We start from τ = 0.02, which is above where micelles form. The scattering
function for τ = 0.02 is shown in Fig. 4.14. There is a peak near q = q0 = 1,
corresponding to the dominant wave vector. The scattering function from simulation
vanishes at q = 0, however the analytical scattering function does not. Above the
initial peak, the scattering function decreases as q 2 increases.
We then consider a system at τ = 0.015, where approximately 3000 micelles (just
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Figure 4.15: Scattering function from simulation (points) vs. squared wavenumber,
q 2 , using τ = 0.015 (χN = 20.1) and γ = 0.3 with fluctuations corresponding to
N̄ = 2.5 × 106 . The solid line shows a fit to the Landau-Brazovskii model, Eq. (4.2),
using C = 2.3 × 10−6 and q ∗ = 0.91.
over 1 micelle per L30 ) are present, and show the corresponding scattering function in
Fig. 4.15. The scattering function from simulation still vanishes at q = 0 and in the
high wave vector regime the scattering function is not noticeably different from that
found at τ = 0.02. There is, however, a noticeable difference in the peak. The peak
becomes sharper and is shifted to a lower value of q 2 . There is no qualitative change
in the analytical scattering function.
Finally, we lower τ to the mean-field disorder spinodal, τ = 0. The corresponding
scattering function is shown in Fig. 4.16. The scattering function changes in a number
of ways when the melt is cooled. A shoulder develops on the high-q side of the primary
peak; another, wider, hump appears around (q/q0 )2 = 6; and the scattering function
in the high-q regime is larger than it was at τ = 0.015 and τ = 0.02. The analytical
scattering function develops a divergence. This divergence in the scattering function
at the mean-field disorder spinodal is discussed in section 2.1.
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Figure 4.16: Scattering function from simulation (points) vs. squared wavenumber,
q 2 , using τ = 0 (χN = 24.7) and γ = 0.3 with fluctuations corresponding to N̄ =
2.5 × 106 . The solid line shows a fit to the Landau-Brazovskii model, Eq. (4.2), using
C = 5.5 × 10−6 and q ∗ = 0.96.
The peak in the scattering function at (or near) q = q0 occurs because this is
the length scale of microphase segregation. As τ decreases the segregation increases,
leading to more strongly segregated blocks and a larger primary peak. When a microstructure develops, that is, when micelles form there is a large increase in segregation and hence peak size. The shift in the peak position to lower q upon cooling can
be attributed to chain stretching associated with block demixing. This is consistent
with observations by Ref. [47] and predictions by Ref. [194].
The vanishing of the scattering function at q = 0 reflects the condition that
R
φ(q = 0, t) = φ(r, t)d3 r = 0. This condition is guaranteed by the definition of
φ(r, t), given by Eq. (2.2). Since our dynamical equation is conservative there is no
R
R
drift in φ(r, t)d3 r and we start from initial conditions with φ(r, t)d3 r = 0. The
Landau-Brazovskii scattering does not impose that φ(q = 0, t) = 0 so does not capture
this behavior. Our observation that the Landau-Brazovskii scattering function has
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a positive value at q = 0 suggests that if we were to conduct our simulations with
non-conservative dynamics we may find a drift to higher values of φ(q = 0, t).
The appearance of secondary and tertiary peaks or humps reflects the formation
of structure on smaller length scales. This corresponds to aspects of the structure
which are described by higher modes, which become relevant at higher segregation,
that is, lower τ . Since these features are related to the nature of the segregation, in
the examples above, the features arise through the creation of micelles. The nature of
these features is related to the form factor of the micelles, which will be discussed later
in this section. Secondary and tertiary features are not clearly present at τ = 0.015 in
Fig. 4.15 despite the presence of micelles. Micelles may comprise too small a volume
fraction or may not be strongly segregated enough to produce noticeable features.
The analytical scattering function describes the data in Fig. 4.14 well near the
peak, when no micelles are present, but does not capture the increase in peak size
that occurs when micelles form, in Fig. 4.15. The analytical scattering function alone
fails to capture the formation of micelles, which requires higher order terms in the free
energy. The inverse of the analytical scattering function gives the coefficient of the
quadratic term in the Landau-Brazovskii free energy, (2.27). Consider Eq. (2.27) if the
analytical scattering function were the only influence, that is, if there were no higher
order terms present. For τ > 0 all deviations from DIS would be unfavorable and for
τ < 0 the amplitude of the q = 1 mode would grow ad infinitum. The observation of a
simulation peak that is greater than that described by the scattering function alone is
consistent with the argument that we presented in section 2.1, that the cubic term in
the free energy, for asymmetric copolymers, increases the amplitudes of non-lamellar
spatial modulations and for τ > 0 allows structure to form. The divergence in the
analytical peak in Fig. 4.16 is not realized in simulations because the quartic term
in the free energy suppresses divergences in density, as also discussed in section 2.1.
The analytical scattering function does not capture the secondary or tertiary peaks
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or humps. These features are also brought about by structural aspects which rely on
higher order terms in the free energy.
So far we have compared our results with the scattering function from the LandauBrazovskii model. If we view a melt of disordered micelles as a disordered set of
objects, particularly hard spheres, we can fit our calculated scattering function to
a model which describes this scenario. We discuss the scattering function for hard
spheres in section 2.4.3.1 and use the result to fit our simulated scattering function,
using the properties of micelles as fitting parameters. We focus on the region near the
primary peak as this region corresponds to the length scales relevant to the properties
of micelles. The data here is meant to show examples of fits and illustrate similarities
between simulation data and the fit. A discussion of the fit parameters is left for the
sections which discuss the aspects of micelles which are relevant to each particular
parameter.
Figure 4.17 shows a fit to the hard-sphere model, Eq. (2.131), using Eqs. (2.133)
and (2.142) for P (q) and S(q) The fit describes the primary peak and the hump around
q ≈ 2.5q0 . It does not capture the shoulder on the high-q side of the main peak. As
τ is increased the sizes of the main peak and secondary features diminish, as we have
seen earlier. Fits to the simulated scattering function at τ = 0.01 and τ = 0.02 are
illustrated in Fig. 4.18. Fits to the hard sphere model continue to do quite well at
these values of τ , in that they describe the simulation data in the region examined.
Similar fits will be used throughout this work to extract structural properties of
disordered micelles The parameters in the fit are related to specific features in the
scattering intensity, as discussed in section 2.4.3.1 and as these features disappear it
may lead to ambiguity in the fit and the results thereof may be less reflective of the
underlying microstructure. This difficulty will be discussed further in the context of
specific quantities determined from the fit.
In addition to the simple hard-sphere model, we fit to a model for hard spheres

174

-2

Scattering Intensity

10

-3

10

-4

10

-5

10 0

1

2

3

q/q0
Figure 4.17: Scattering function vs. q from a simulation of disordered micelles at
γ = 0.3, τ = 0 and N̄ = 2.5 × 106 (points) and a fit of this data to the hardsphere model, Eq. (2.131), using Eqs. (2.133) and (2.142) for P (q) and S(q). The
fit parameters are volume fraction ψ = 0.51, hard sphere volume Vhs = 183q0−3 , core
volume Vcore = 70q0−3 and core volume polydispersity h∆Vcore i = 17q0−3 .
with a soft repulsive Yukawa potential, described in section 2.4.3.1. This reflects a
physical picture in which coronas are diffuse and the hard repulsion preventing corona
overlap becomes weakly repulsive in some regime. Modifying the hard-sphere model
to include a Yukawa potential was inspired by Ref. [62], which found that the fit
was improved by this modification. In each case the fit appeared indistinct from the
unmodified hard-sphere model and yielded results suggesting the irrelevance of this
potential. The range, 1/κ, was consistently much smaller than a lattice spacing. This
suggests that there is no significant repulsion for micelles that are not touching and
that the potential can be modeled as that of a hard object (sphere or ellipsoid). In
the work of Imai et al. [62] studying surfactant micelles in solution the longer range
interactions may have been facilitated by the solvent or the solvent may have allowed
chains in the corona to spread out and interact producing a softening of the repulsion
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Figure 4.18: Scattering function vs. q from a simulation of disordered micelles at
γ = 0.3, N̄ = 2.5 × 105 and (a) τ = 0.01 and (b) τ = 0.02 as well as fits to the
hard-sphere model. Simulations were equilibrated for 106 ∆t.
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associated with corona overlap.
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Figure 4.19: Scattering function vs. squared wavenumber, q 2 , from a simulation using
the Leibler scattering function in the dynamics (points) with χN = 18.6 (τ = 0.02)
and γ = 0.3 with fluctuations corresponding to N̄ = 2.5 × 106 . The line shows Eq.
(4.3) using A = 0.0021 and B = 1.5. Simulations were equilibrated for 106 ∆t.
We now take a brief hiatus from the Landau-Brazovskii model and take a look at
the Leibler model. In section 2.1 we discussed the Landau-Brazovskii model as an
approximation to the Leibler model, where the Landau-Brazovskii scattering function
is calculated by an expansion, to quadratic order, of the Leibler scattering function
around the primary peak. Our simulation method allows us to conduct simulations
using the Leibler model, allowing for comparison with this arguably less approximate
method. We conduct simulations as before, but substitute the Leibler scattering
function for the Landau-Brazovskii scattering function in the quadratic term of the
free energy. The linear term in our equation of motion then becomes Eq. (2.75), as
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Figure 4.20: Scattering function vs. squared wavenumber, q 2 , from a simulation using
the Leibler scattering function in the dynamics (points) with χN = 20.1 (τ = 0.015)
and γ = 0.3 with fluctuations corresponding to N̄ = 2.5 × 106 . The line shows Eq.
(4.3) using A = 0.0044 and B = 0.77. Simulations were equilibrated for 106 ∆t.
described in section 2.3.4. This time we fit to
"
S1 (q) = A F



q
q0

2

1
B

#−1

!
− 2χN

,

(4.3)

where the wave vector is scaled by q0 . The fitting parameter A allows for arbitrary
vertical shifts in the scattering function and B allows for shifts in the position of the
primary peak.
Once again we start with the scattering function at low χN , where no micelles
have formed. This is shown in Fig. 4.19. As before, there is a broad peak near
q/q0 = 1. The scattering function goes to 0 at q = 0 in both the simulation data and
the fit to Eq. (4.3). The result is close to the simulation result.
We then move to higher χN , where micelles form. The corresponding scattering
function is shown in Fig. 4.20. As with the Landau-Brazovskii simulation, the peak
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is sharp and occurs just below q/q0 = 1. The most noticeable difference between the
results of the Leibler and Landau-Brazovskii models is the increase in the secondary
hump, which is not this prominent in the Laudau-Brazovskii simulations until lower
τ . We, once again, fit to Eq. (4.3). The fit does not produce a sharp initial peak and
fails to produce the secondary hump, around (q/q0 )2 ≈ 2. The reasons for this are the
same as those presented above for the Landau-Brazovskii model, that is, the analytical
scattering function does not contain disordered micelles, which are responsible for the
sharp initial peak and the secondary hump.
The scattering function produced from Leibler-based simulations shows the same
general trends as those found in the Landau-Brazovskii model. There are some subtle
differences: the shift in peak position is larger for the Leibler model than that found
from the Landau-Brazovskii model and the secondary peaks and humps appear in
the Leibler results at a larger value of τ (lower χN ) than those found in the LandauBrazovskii model. The Leibler model is more able to capture behavior away from the
primary peak, since the Landau-Brazovskii model is an expansion around the primary
peak. These differences are somewhat subtle but should be noted. We now end our
hiatus and return to the Landau-Brazovskii model.

4.3.2

Peak Properties

We have examined the general appearance of the scattering function determined by
experiments. We now focus on the properties of the peak, specifically, the position,
width and height of the primary peak. We extract these features by fitting the peak
to a Gaussian curve. The scattering function is, of course, not Gaussian, however this
fit gives a good estimate of the maximum value, position of peak and full-width at
half-max.
Figure 4.21 shows the peak position as a function of τ for BCC and DM. The
peak position for BCC is approximately constant and is greater (closer to q = q0 )
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Figure 4.21: Position of main peak in scattering function vs. τ for simulations of
BCC (blue) and DM (red) for γ = 0.3 and N̄ = 2.5 × 105 . Simulated regions are
cubic with length 128∆. Peak position was determined by fitting the main peak to
a Gaussian and the uncertainty in peak position is the error associated with the fit.
Peak position is scaled by the magnitude of the dominant wave vector, q0 .
than the peak positions corresponding to DM. For DM at τ = 0.02 the peak is at
q/q0 = 1.01. As τ decreases the peak position shifts quickly to q/q0 = 0.9 and then
rises more gradually to plateau around q/q0 = 0.96. For all of the data shown in Fig.
4.21 the peak position is close to q = q0 , deviating only by a few percent.
The large, fast shift in peak position on cooling below τ = 0.02 suggests chain
stretching which occurs when micelles form. When micelles form, blocks must stretch
to separate A blocks from B blocks and form micelles. This is consistent with observations by Ref. [47], which saw a shift in peak position to lower q on ordering and
predictions by Ref. [194] who predicted a shift in peak position to lower q. When
micelles are present, whether BCC ordered or disordered, the peak position remains
just below q0 , indicating that chains remain stretched. When τ is lowered further, and
DM are present, the peak position becomes closer to q0 , indicating that chains become
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less stretched. Consider the images of micelles shown in Fig. 4.9 and corresponding
micelle number densities.§ At τ = 0.015 micelles are somewhat far apart and as τ is
lowered micelles becomes closer together. When micelles, in an incompressible melt,
are somewhat close together, but have space between them, the space between them
must be filled with something. This space may be filled with polymers that are not
in micelles (unimers); or the micelle coronas may grow to occupy the space, with, of
course, unimers embedded in the coronas to allow them to spread out; or some combination of these cases. In either case, stress would be put on the polymers, causing
them to stretch, to either expand the corona or conform to spaces between micelles.
The bulk of the segregation occurs through the formation of micelles and hence the
main peak would be more influenced by the polymers in micelles, suggesting that, if
the above explanation is correct, the dominant influence on the shift in the micelle
peak is due to polymers in micelles and hence expansion of the corona. We will see
more evidence for the expansion of micelle coronas in section 4.3.6. As τ decreases
and micelles become more numerous, the intermicellar space shrinks and polymers
become less stretched, consistent with the explanation presented above.
The width of the primary peak for DM and BCC is shown in Fig. 4.22. The peak
width is greater for DM than BCC and increases as τ increases. The width of the
peak depends on the degree of variation in the length scales of spatial modulations
near q = q0 , that is, the variation in chain stretching or contracting. In DM there is
more variation in intermicellar distance and micelle size (as we will see) as compared
with BCC. At the ODT, Ref. [46] also finds an increase in the peak width. They
find that the peak width roughly doubles, on disordering, whereas we find an increase
of approximately 50%. This difference is not surprising since we are using rather
different systems. The polymers in our simulations are orders of magnitude longer
§

The data in Figs. 4.9 and 4.21 were taken at different values of N̄ but the overall trends in
structure remains the same. To convince yourself of this, refer to section 4.3.3 for data regarding
micelle number densities at N̄ = 2.5 × 105 .
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Figure 4.22: Width of main peak in scattering function vs. τ for simulations of BCC
(blue) and DM (red) for γ = 0.3 and N̄ = 2.5 × 105 . Simulated regions are cubic with
length 128∆. Peak width is scaled by the magnitude of the dominant wave vector,
q0 .
than the polymers used in their experiments, which have a degree of polymerization
of approximately N = 350, hence an invariant polymerization index of O(100).
The height of the primary peak is shown for DM and BCC in Fig. 4.23. For
DM and BCC the peak height decreases as τ increases and the peak is smaller for
DM than BCC. The height of the main peak reflects the degree to which the melt is
phase segregated on a length scale described by the position of the main peak. As τ
increases segregation decreases and the peak decreases in height. The peak height is
larger for the BCC phase as there are more micelles and hence more segregation at
a length scale of the dominant wave vector. Ref. [46] also finds an increase in peak
height on ordering. They find an increase of approximately 60% whereas we find a
value closer to 30%. Recall that they are using a different system than we are. Once
again, their result is qualitatively the same as ours.
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Figure 4.23: Height of main peak in scattering function, in arbitrary units, vs. τ for
simulations of BCC (blue) and DM (red) for γ = 0.3 and N̄ = 2.5 × 105 . Simulated
regions are cubic with length 128∆.

4.3.3

Micelle Number Density

In this section we examine the number density of micelles as it varies with τ and N̄
in order to gain information about the crossover between DIS and DM. We focus on
DM, but also give data for BCC for comparison. Data for micelle number density as
it varies with τ and N̄ are shown in Fig. 4.24.
At high τ there are no micelles in the system. As τ decreases micelles begin to
appear, and the number of micelles increases quickly near the mean-field ODT. At low
τ the micelle number varies slowly with τ . Upon further cooling, when τ approaches
τ ≈ −0.01 the micelle number decreases with decreasing τ . As N̄ decreases (noise
level increases) the plateau number of micelles, at low τ , decreases. Decreasing N̄
is also accompanied by an increase in the range of τ above the ODT which contains
micelles. This invasion of DIS by DM comes in the form of an increasing (with noise

183

3

Number density (micelles per L0)

2

1

0
-0.01

N=
N=
N=
N=
BCC

7

2.5 x 10
6
2.5 x 10
5
2.5 x 10
4
2.5 x 10

0

0.01

τ

0.02

0.03

Figure 4.24: Number density of micelles formed starting from random initial conditions, shown as a function of τ at γ = 0.3 using N̄ = 2.5 × 107 (black), N̄ = 2.5 × 106
(blue), N̄ = 2.5 × 105 (red), N̄ = 2.5 × 104 (green). Closed circles correspond
to disordered micelles and ×’s correspond to the BCC phase. The vertical dotted
line indicates the mean-field order-disorder transition
as calculated from simulations.
√
−1
Number density is given in terms of L0 = 2 2πq0 , the single-mode BCC lattice
constant.
level) tail on the high τ side of the plot, indicating that the crossover from DIS to
DM occurs more smoothly and over a larger range of τ .
The change in sharpness of the crossover, with changing N̄ , is noticeable in terms
of τ but it is accentuated in terms of the experimental variable, temperature: consider
Eq. (2.21) and table 2.2. The rate of change of temperature with respect to τ ,
for the range of N̄ that we have considered, increases with decreasing N̄ . For the
largest value of N̄ used, the change in temperature over which the crossover occurs
corresponds to less than 0.01K and would not be experimentally noticeable. For
a more experimentally relevant invariant polymerization index, N̄ = 2.5 × 104 , the
range of τ over which the crossover occurs corresponds to tens of degrees.
Decreasing τ is equivalent to increasing segregation strength since it corresponds to
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increasing χN . The formation of micelles on lowering τ can therefore be attributed to
a way of satisfying the tendency to phase-segregate due to the enthalpic contribution
to the free energy. At high τ (low segregation strength) mixing entropy dominates
and no micelles form, while at low τ enthalpy dominates, leading to phase segregation
and micelle formation. If there is a well-defined separation of these regimes and it is
simply a question of which contribution to the free energy is larger then we expect an
abrupt change from no micelles to as many micelles as the melt can hold. For low noise
strengths we see a somewhat abrupt crossover between DIS and DM, however, for
higher (experimentally relevant) noise strength the crossover is continuous and occurs
over a range of τ . Noise appears to make the crossover more continuous by increasing
micelle number at higher τ and decreasing micelle number at low τ . This may be
due to random fluctuations bringing about the creation of micelles at high τ . These
micelles may have finite life times which decrease with increasing τ , as segregation
strength decreases. Noise may also bring about the destruction of micelles at low
τ . The random variation in micelle number, around an average (plateau value) seen
earlier in section 4.2.1 supports this idea that for high noise strength, micelle number
is determined by micelle creation and destruction events, the rate of which determines
the equilibrium value. This picture is also consistent with the picture described by
Ref. [47], which described average micelle number in terms of rates of creation and
destruction.
Micelles appear to increase in number on lowering τ because there is a thermodynamic force to increase segregation, which is achieved by creating micelles. At some
point the melt becomes saturated leading to a plateau in micelle number. If noise can
destroy micelles, as described above, then it is reasonable to expect that increasing
noise level will cause micelles to be destroyed at a faster rate. This is one mechanism
that may lead to the decrease in the plateau micelle number seen in Fig. 4.24 on
decreasing N̄ . Another possible contribution to this decrease may arise from micelle
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motion. If micelles move more (as we will see that they do) on increasing noise, they
may effectively occupy more space and hence disallow creation of new micelles. At
this point both of these explanations are merely speculative.
The decrease in micelle density on decreasing τ near τ ≈ −0.01 occurs because
micelles begin to merge to form (initially short) cylinders and decreasing the number
of micelles. This is seen in Fig. 4.13. Our mean-field phase diagram, Fig. 3.1, suggests
that as we lower τ the cylinder phase becomes stable near τ = −0.006 therefore this
may be the beginning of a transition to the cylinder phase.
The BCC number density is close to 2 micelles per L30 , which is the analytical,
mean-field number density, but decreases slightly when increasing τ . For each BCC
micelle number density curve there is a cutoff value of τ , above which no data is
shown. No data is shown here because the BCC phase melts into disordered micelles.
This cut off deceases as N̄ decreases, suggesting that the melting point of BCC is
being shifted to lower τ as noise strength increases. The BCC number density is also
consistently above the DM number density.
The decrease in the micelle number density in the BCC phase on increasing τ is
due to an increase in separation of micelles upon increasing τ : at higher temperature
micelles move further apart and the BCC lattice constant grows, as compared with
the (fixed) analytical, mean-field BCC lattice constant. As we increase the noise level,
BCC melts at lower τ . This is consistent with analytical work regarding the effect
of noise on the phase diagram which finds that fluctuations suppress the ODT, [17,32]
which, in our model, appears to occur between DM and BCC. Note that the upper
limit of τ at which we show BCC data is not to be interpreted as the location of the
equilibrium BCC melting point (the ODT) as the melt can be kinetically trapped
in the metastable BCC phase above the melting point. The value of τ at which we
observe melting merely places an upper limit on the melting point. The difference
in micelle number density between DM and BCC is expected since, at least for hard

186

spheres, we expect DM to pack less efficiently than the BCC phase. We will return
to this when discussing the ODT.
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Figure 4.25: Micelle number density as a function of τ at γ = 0.1 for various N̄ . Data
was found using simulations starting from uniform (φ(r) = 0) initial conditions. The
vertical dotted line corresponds to the mean-field ODT calculated from simulations
and the vertical dashed line corresponds to the value of τ at which we found DM
to have the same free energy as DIS√in the mean-field limit in section 4.1. Number
density is given in terms of L0 = 2 2πq0−1 , the analytical single-mode BCC lattice
constant.
We also, briefly, consider more symmetric copolymers, with γ = 0.1, as in chapter
3. Once again, at high τ there are no micelles and as τ is decreased micelle number
increases near the mean-field ODT and plateaus just below 2 micelles per L30 . The
increase in micelle number is quite sharp for large N̄ and becomes less sharp as
N̄ decreases. Unlike we saw for more asymmetric polymers, the smoothing of the
crossover occurs mainly due to noise decreasing micelle number at low τ . The values
of N̄ that we use are large compared to those used for γ = 0.3. There is a gap between
the ODT and the increase in micelle number on cooling. The plateau micelle number
appears to be independent of N̄ .
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We use larger values of N̄ when calculating the data in Fig. 4.25 because we find
that micelles are more easily destabilized at lower N̄ . When using the values of N̄
that we used in Fig. 4.24, near the ODT, micelles give way to random, structureless
fluctuations around φ(r) = 0. The amplitude of random fluctuations, Eq. (2.60), is
independent of polymer asymmetry, γ, but the micelle amplitude increases with γ.
See for example the mean-field BCC amplitude, Eq. (2.169). We argued earlier that
fluctuations may be able to destroy or destabilize micelles. If micelles have a lower
amplitude then they may be destabilized by fluctuations with a smaller amplitude,
corresponding to a larger N̄ . This is consistent with our need to use larger N̄ to obtain
stable (or metastable) micelles near the ODT as well as the decreased micelle number
at low τ . This explanation is also consistent with previous analytical work, finding
that fluctuations make a larger difference in the phase diagram for more symmetric
copolymers, near the mean-field critical point. [17,32] We will explore the effect of noise
on the ODT and on spheres in section 4.3.9.
In our work at γ = 0.3, in Fig. 4.24 the onset of micelles on decreasing τ is always
close to the ODT. In contrast, Fig. 4.25 shows the onset of micelles at large N̄ to be
lower than the ODT. The data in Fig. 4.25 was collected from simulations starting
from uniform (φ(r) = 0) initial conditions, so a better comparison for the high N̄
behavior may be with the high N̄ behavior seen in Fig. 4.11, which also shows a gap
between the ODT and the onset of micelles. In both cases the gap is likely due to
large delay times to micelle formation hence micelles not forming in simulated times.
For γ = 0.1 there is also a noticeable gap between the ODT and the value of τ for
which DM becomes more stable than DIS, as discussed in section 4.1.2. This gap
is shown as the space between the vertical lines in Fig. 4.25. In the high N̄ limit
the formation of disordered micelles would be unfavorable in this gap. As we saw in
chapter 3, for N̄ = 2.5 × 108 , the largest N̄ shown in Fig. 4.25, the free energy barrier
to forming BCC this close to the ODT is O(1000)kB T . We therefore do not expect
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BCC to spontaneously nucleate. For larger values of N̄ the ODT is likely suppressed,
as we will discuss later.
Our observation of DM for γ = 0.1 (f = 0.39) is in contrast with results of Wang
et al. [47] who found that for somewhat symmetric copolymers, f > 0.22, disordered
micelles are no longer stable as they are preempted by ordered phases. They focused
on spherical micelles of monodispersed size. These constraints may reduce micelle
stability. They also focus on the low micelle number regime, where micelle interactions
can be ignored. Their results are therefore expected to do well near the CMT but
may not be as reliable near the ODT. Our results may initially appear to conflict
with experiments, discussed in chapter 1, which do not find micelles, ordered or
otherwise, for near symmetric block copolymers. These experiments are conducted
with polymers that are far shorter than those presented in Fig. 4.25. Recall that
when we use smaller values of N̄ for γ = 0.1, micelles are destroyed.
In this section we discussed the number density of disordered micelles for γ = 0.3
and, briefly, γ = 0.1. At high τ no micelles are present. As τ decreases, the number
density increases relatively sharply for large N̄ near the ODT and reaches a slowlyvarying micelle density at low τ . This value is lower than the BCC number density. As
N̄ decreases (noise level increases) the crossover becomes more gradual. For polymers
with lengths close to those used by experiments at γ = 0.3 the crossover between DM
and DIS is continuous and gradual. This continuous crossover between DIS and DM
is in contrast to the first order phase transition that we described in section 4.1. The
introduction of noise appears to change the first order transition into a continuous
crossover. This is consistent the increase in sharpness of the transition on increasing
N̄ .
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4.3.4

Micelle Volume

In this section we investigate the core volume of disordered micelles. The method by
which we calculate micelle core volume is described in section 2.4.2. We find that in
DM there is a distribution of micelle core volumes and we investigate the influence of
simulation parameters on this distribution.
Figure 4.26 shows distributions of micelle volumes under different sets of parameters. In each case the distribution is fit to a Gaussian curve. Figure 4.26a emphasizes
the Gaussian fit. The fit does well in representing the data. Figure 4.26b shows the
effect of noise strength and τ on the distribution. Each of the distributions in Fig.
4.26b fits well to a Gaussian. At τ = 0 for all three values of N̄ the mean micelle core
volume remains virtually unchanged while the the standard deviation increases with
decreasing N̄ . Increasing τ to τ = 0.007 leads to a decrease in micelle volume.
To understand why the distribution is Gaussian consider the following argument:
There is a tendency for polymers to microphase segregate due to the effective repulsion between unlike monomers. This phase segregation leads to the formation of
micelles. There is also a contribution to the free energy due to mixing entropy, which
opposes phase segregation. Balancing these contributions gives the degree to which
the polymers phase segregate and hence the number of polymers in a micelle (the
aggregation number). We denote this minimum free energy aggregation number Q∗ .
We can, in principle, expand the free energy, fm (Q), of a micelle with aggregation
number Q around this minimum to quadratic order, to obtain

fm (Q) ∝ (Q − Q∗ )2 .

(4.4)

If the distribution of micelle volumes is given by a Boltzmann distribution then

P (Q) ∝ exp(fm (Q)/kB T ),
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(4.5)
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Figure 4.26: Distributions of micelle core volumes for γ = 0.3 and (a) τ = 0 and
N̄ = 2.5 × 106 and (b) various τ and N̄ . In each case samples were taken from
simulations at intervals of 104 ∆t, to allow variation in micelle properties between
samples. Solid lines denote fits to Gaussian curves. For (a) the fit curve has a mean
of 41.1 and standard deviation of 5.0. The distribution is taken over 1683881 micelles,
comprising 322 samples. Each histogram in (b) is calculated using approximately
1.3 × 105 micelles.
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which, using Eq. (4.4), is Gaussian in Q. If the melt is incompressible then the micelle
volume is the sum of the volumes of polymers in the micelle and the volume is proportional to the aggregation number. When micelle volumes (and aggregation numbers)
are small, micelles can be thought of simple as collections of particles (polymers)
in a reservoir of free particles (unimers). If this is the case then the description of
micellization becomes equivalent to that described by Israelachvili et al. in Ref. [195]
and chapter 19 of Ref. [196] and we can compare with their results. When micelles
become large then several other effects become relevant. These will be discussed later.
If the polymer volume is fixed then the micelle volume is proportional to the aggregation number. The increase in standard deviation with increasing noise strength
can be attributed to a greater exploration of the free energy well with greater noise
strength. The decrease in micelle core volume with increasing τ can be attributed to
a decrease in segregation bringing about a smaller aggregation number.
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Figure 4.27: Micelle core volume as a function of τ for γ = 0.3, using various values of
N̄ . This data was taken from the same simulations shown in Fig. 4.24, which started
from random initial conditions.
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We show the behavior of the mean micelle core volume as it varies with τ and N̄
in Fig. 4.27. There is an increase in micelle core volume on cooling. When micelles
first appear, this increase is sharp for N̄ = 2.5 × 107 (low noise) and becomes less
sharp as N̄ decreases. On cooling with low noise, micelles first appear with finite
sizes, whereas, with high noise, micelle core volume increases continuously from 0.
Micelle core volume is independent of noise strength for τ . 0.013 and N̄ ≥ 2.5 × 105
and for τ . 0.005 and N̄ ≥ 2.5 × 104 . At N̄ = 2.5 × 104 micelles become smaller,
as compared with larger values of N̄ shown, for τ & 0.005. For N̄ = 2.5 × 103 the
average micelle core volume is decreased for the entire range shown.
The increase in micelle size on decreasing τ can be attributed to the increase in
segregation bringing about a larger aggregation number, consistent with the physical
picture above. As in the case of the micelle number density, the smoothing of the
crossover between DIS and DM occurs mainly via an increasing tail on the high τ
side of the plot. As discussed in section 4.3.3, this is consistent with micelles on
the high τ side of the plot being the result of fluctuations producing micelles with
finite lives and larger fluctuations bringing about more micelles at larger τ , hence an
increased tail. When the noise amplitude is increased and the noise becomes close
to the amplitude of micelles, as we will see later, in section 4.3.9, the noise begins to
break apart micelles, making them smaller.
Along with trends in the average micelle core volume, Vm , we wish to examine the
polydispersity of micelle core volumes. To do this we calculate the standard deviation,
σ, and variance, σ 2 , in micelle volume. We plot the variance in micelle core volume
versus average micelle volume in Fig. 4.28. The reason for this representation of the
data will become clear shortly. When micelles are small, for Vm . 10q0−3 , the variance
in micelle core volume increases linearly with micelle core volume. For larger micelles,
the variance varies more slowly.
The linear increase that we see is consistent with results of Israelachvili et al. [195,196]
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Figure 4.28: The variance in micelle volume is plotted as a function of micelle volume
for γ = 0.3 using N̄ = 2.5 × 106 (blue) and N̄ = 2.5 × 105 (red). Dotted lines are
included as guides to the eye and to emphasize the initial linearity.
who found that for finite sized aggregates of particles in a reservoir of such particles,
√
√
σ ∼ Q∗ ∼ Vm . This supports the idea presented above, that for small micelles,
micellization can be thought of a balance of thermodynamic ‘forces’ which lead to
aggregation and separation of polymers. When micelle core volumes are large the
variance is no longer linear in micelle volume. For large micelle volumes, several additional considerations develop. Micelles begin to interact via corona overlap, inhibiting further micelle growth, as well as inhibiting exchange with the unimer reservoir
and hence variation in micelle size. A micelle cannot grow uniformly in all directions
since A and B blocks are covalently bonded together and cannot macrophase separate,
hence the distance between the micelle core and corona must be on the scale of the
polymer length, or smaller, in at least one direction. This imposes a maximum size
for spherical micelles, hence, in order to continue to accumulate polymers micelles
must distort, forming structures such as cylinders or planes. There is a free energy
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penalty to changing shape and hence to additional micelle growth.¶ When micelle
volumes are small, the micelle size effects described above are not relevant.
In this section we have examined micelle core volumes as they vary with τ and
N̄ . We find that micelle volumes have a Gaussian distribution, and examine the
mean and standard deviation of micelle volumes. When τ decreases (segregation
increases) micelles become larger, corresponding to a greater aggregation number.
The standard deviation of the distribution increases upon increasing noise amplitude.
For large noise amplitudes, on decreasing τ the average micelle volume increases
gradually and continuously from 0. As noise amplitude decreases, and the mean-field
limit is approached, this rise in micelle volume becomes increasingly sharp.

4.3.5

Micelle Volume Fraction

In this section we consider the volume fraction of micelles, ψm . One motivation for
this is to compare with experiments, which often find results in terms of volume
fraction. We calculate the volume fraction from direct observation using
P
ψm =

where

P

m

m

Vm

VT

,

(4.6)

Vm is the total volume occupied by micelles and VT is the total volume

of the system, and from fitting of the scattering function to a hard-sphere model, as
done in experiments, as described in section 2.4.3.1. Note that our direct observation calculation assumes that there is a clear separation between polymers that are
aggregated into micelles and polymers which are not (unimers). If unimers penetrate
into the corona, the corona may become larger than estimated by extrapolating from
the core volume using Eq. 2.109. The volume fraction that we calculate therefore
¶

The free energy penalty to changing shape can be understood in terms of the surface area of
the micelle core. When the shape deviates from spherical, the surface area increases and the size of
the A-B interface increases leading to an enthalpic penalty. A thorough discussion of this is left to
work which focuses on order-order transitions.
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represents a lower bound on the actual volume fraction.
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Figure 4.29: Micelle volume fraction as a function of τ at γ = 0.3 for various values of
N̄ . Closed circles correspond to disordered micelles and ×’s correspond to the BCC
phase. This data was taken from the same simulations shown in Figs. 4.24 and 4.27,
which started from random initial conditions. The vertical dotted line indicates the
mean-field ODT.
We show the volume fraction found from direct observation in Fig. 4.29. At high
τ the volume fraction approaches 0 and as the temperature is reduced the micelle
volume fraction increases. The increase in volume fraction on decreasing τ near the
ODT becomes more gradual as N̄ decreases. In the low τ regime the volume fraction
continues to increase with decreasing τ . As N̄ decreases, in the low τ regime, the
volume fraction decreases.
The increase in micelle volume fraction with decreasing τ (increasing segregation
strength) occurs because at higher segregation strength more polymers aggregate into
micelles. Assuming equal volume for each polymer and no penetration of unimers into
micelles, the micelle volume fraction, ψm , is equal to the fraction of polymers which
are in micelles (equivalent to ψm = 1 − ψu , where ψu is the unimer fraction). As τ
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decreases, segregation increases, leading to a larger fraction of polymers in micelles
and a smaller fraction of unimers. The common slope shared by the volume fraction
curves at low τ reflects the fact that the increased tendency to aggregate brought
about by the increased segregation strength is independent of N̄ .
We see from Fig. 4.24 that at low τ the micelle number remains constant whereas
Fig. 4.27 shows us that micelle core volume (and hence micelle volume) increases.
The increase in volume fraction is therefore due to an increase in the volume of
micelles. We see this increase in micelle volume fraction continue to low τ where the
micelle number density began to decrease, consistent with cylinder formation at low
τ . Stühn [41,58] found that the volume fraction decreased upon heating, primarily, due
to a decrease in the size of micelles, while the number did not vary much. Wang
and Lodge, [46] however, found the change in volume fraction to be primarily due to
a change in the number of micelles, while their size varied little. We see that the
micelle number and micelle volume influence the volume fraction to different extents
in different regimes. For low τ changes in volume fraction are due almost entirely to
changes in micelle volume, since micelle number is approximately constant. Near the
mean-field ODT, the volume fraction appears to be influenced by both the micelle
number and volume, though the micelle number increases more sharply than micelle
volume.
At low τ we see that the micelle volume fraction for DM becomes larger than the
theoretical maximum for BCC-packed spheres, ψBCC =

√
π 3
8

≈ 0.68. This can occur

when cylinders begin to form. As more cylinders form and the system enters the
HEX phase, the packing fraction will tend to that of hexagonally packed cylinders,
ψHEX =

π
√
2 3

≈ 0.907. The DM volume fraction is less than that of BCC, indicating

that there is a jump in volume fraction on ordering.
In addition to calculating the volume fraction from direct observation, we also
calculate it from fitting the scattering function to the hard-sphere model. These fits
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Figure 4.30: Micelle volume fraction from direct observation (circles) and fit (×) as
a function of τ for γ = 0.3 and (a) N̄ = 2.5 × 106 and (b) N̄ = 2.5 × 104 .
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are described in section 2.4.3.1 and examples of fits are shown in section 4.3.1. Fig.
4.30 shows comparisons between the volume fractions found from fit and from direct
observation. The points calculated from the fit are close to those calculated from
direct observation for low τ and show the same qualitative behavior, though they
tend to be above the volume fraction calculated from direct observation. This may
be due to unimers penetrating the corona, causing the corona to expand and hence
the micelles to be larger than estimated by extrapolating from the core volume. When
the volume fraction becomes small (smaller than approximately 0.1) the fit fails to
give reasonable results. This may be because the features of the scattering function
are too indistinct to reliably fit or may be because the micelles themselves are less
adequately described as hard spheres. In the example fits, shown in section 4.3.1, we
can see that the distinguishing features of the scattering function, such as peaks and
humps, which correspond to aspects of the micelles become less distinct. This leads
to inaccurate fits, and, as seen in Fig. 4.30, an overestimate in the volume fraction at
high τ . Our results suggest that one should take care when fitting scattering data for
DM and ensure that the relevant features of the scattering function are present and
distinct.
This section described the micelle volume fraction. As τ decreases the volume
fraction increases, due to an increase in the segregation strength and hence thermodynamic force leaving to aggregation. Near the mean-field ODT this is due mainly to
changes in micelle number whereas for low τ changes in volume fraction come about
mainly due to chances in micelle volume. We find a continuous crossover from DIS
to DM, in terms of volume fraction, consistent with the results of section 4.3.3. We
find that micelle volume fraction is greater for BCC than DM indicating that the
volume fraction jumps upon ordering. We calculate the volume fraction by fitting
the simulated scattering function to the hard-sphere model and find results that, for
low τ , are close to, but above, those found from direct observation, verifying the fit
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method of determining volume fraction. The volume fraction from fit being above
that found from direct observation is consistent with the idea that unimers are penetrating and causing expansion of micelle coronas. At high τ the fit method fails,
giving unreasonably high estimates for the volume fraction. This appears to be due
to the relative featureless nature of the scattering function in this regime and suggests
that one should be careful fitting DM scattering data at high temperature.

4.3.6

Micelle Positions and Radii

We now turn our attention to the number of and distance between nearest neighbors
as well as micelle radii determined by direct observation and fitting the scattering
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Figure 4.31: Average nearest neighbor distance as it varies with τ for γ = 0.3 and
N̄ = 2.5 × 106 (black), N̄ = 2.5 × 105 (red) and N̄ = 2.5 × 104 (blue). Error
bars represent the standard deviation. The average was taken over approximately
5000 micelles.
√ The dotted line corresponds to the single-mode BCC nearest neighbor
distance, 6πq0−1 ≈ 7.70q0−1 .
We calculate the nearest neighbor distance, defined as the distance between the
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Figure 4.32: Average number of nearest neighbors in the DM configuration as it varies
with τ for γ = 0.3 and N̄ = 2.5 × 106 (black), N̄ = 2.5 × 105 (red) and N̄ = 2.5 × 104
(blue). The average was taken over approximately 5000 micelles. The dotted line
denotes 8, the value for the BCC phase.
centroid of a micelle and the centroid of the nearest micelle, and average over an
ensemble of approximately 5000 micelles. The average and standard deviation of
the nearest neighbor distance is shown in Fig. 4.31. For low τ the nearest neighbor
distance is independent of τ and N̄ . The intermicellar distance is also close to the
√
theoretical BCC nearest neighbor distance, 6πq0−1 ≈ 7.70q0−1 . Micelle separation
appears to be imposed by the characteristic length in the problem. There is some
deviation from this value at high τ where micelle density becomes small and micelles
begin to move further apart.
We also examine the number of nearest neighbors, shown in Fig. 4.32. Micelles in
DM have fewer nearest neighbors than BCC micelles. As N̄ decreases the number of
nearest neighbors also decreases. For N̄ = 2.5 × 106 the number of nearest neighbors
changes little over the range of τ that we consider. For N̄ = 2.5 × 105 the number of
nearest neighbors decreases somewhat as the ODT is approached. For N̄ = 2.5 × 104
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this decrease is more smooth. These trends are similar to the trends seen in micelle
number in section 4.3.3.
Since the nearest neighbor distance does not deviate much from the BCC nearest
neighbor distance, the increase in number of micelles on going from disordered micelles to BCC (see section 4.3.3) is not due to micelles moving closer to their nearest
neighbors, but making the packing more efficient. The differences in micelle number seen in section 4.3.3 between noise strengths are likely also due to differences in
packing of micelles, as opposed to an overall increase in neighbor separation. The
arrangement of micelles does not simply expand, rather, it rearranges to have fewer
micelles that are as close as they can get to each other.
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Figure 4.33: Micelle radii and nearest neighbor distances as they vary with τ for
N̄ = 2.5 × 106 . Radii were calculated by fitting the simulated scattering function
(×) and from direct observation (closed circles). We also include the half nearest
neighbor distance calculated from direct observation (open squares) for comparison.
Error bars show the standard deviation in the values.
We determine three distances that are relevant to micelles: the hard-sphere radius, Rh , found from fitting to the hard-sphere model and defined in section 2.4.3;
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Figure 4.34: Micelle radii and nearest neighbor distances as they vary with τ for
N̄ = 2.5 × 105 . Radii were calculated by fitting the simulated scattering function
(×) and from direct observation (closed circles). We also include the half nearest
neighbor distance calculated from direct observation (open squares) for comparison.
Error bars show the standard deviation in the values.
the micelle radius found from direct observation using Eq. (2.110); and the nearestneighbor distance. These quantities are shown for N̄ = 2.5 × 106 in Fig. 4.33, for
N̄ = 2.5 × 105 in Fig. 4.34, and for N̄ = 2.5 × 104 in Fig. 4.35. At low τ for all noise
strengths presented, all three distances coincide. As τ increases, the micelle radius
from direct observation decreases. For N̄ = 2.5 × 106 and N̄ = 2.5 × 105 , as τ is
increased the hard-sphere radius (fit parameter) and half nearest-neighbor distance
increase, with the hard-sphere radius remaining just below the half nearest-neighbor
distance, close to the bottom of the error bars. For N̄ = 2.5 × 104 the hard-sphere
radius appears to track the radius determined from direct observation, though there
is some ambiguity and the hard-sphere radius may in fact track the bottom of the
error bars.
If micelles behave as hard spheres, with a hard-sphere radius that coincides with
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Figure 4.35: Micelle radii and nearest neighbor distances as they vary with τ for
N̄ = 2.5 × 104 . Radii were calculated by fitting the simulated scattering function
(×) and from direct observation (closed circles). We also include the half nearest
neighbor distance calculated from direct observation (open squares) for comparison.
Error bars show the standard deviation in the values.
the corona, and Eq. (2.110) gives the radius of the micelle accurately, then we expect the micelle radius found by both methods to coincide. This is consistent with
our observation at low τ . If micelles behave as hard-spheres then the closest their
centers can get is twice the hard-sphere radius and hence the lower bound for half of
the the nearest-neighbor distance will be close to the hard-sphere radius. For high
micelle number densities, when adjacent micelles become close together, we expect
that the nearest-neighbor distance will be close to twice the hard-sphere radius. This
is consistent with the data shown in Figs. 4.33, 4.34 and 4.35.
The micelle radius from direct observation is found by determining the core radius
and inferring the micelle radius using Eq. (2.109). This only coincides with the micelle
radius if micelles are strongly segregated, and all of the A blocks in the micelle are in
the core and all of the B blocks are in the corona. If this assumption fails then the
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micelle may be larger than found from this method. As discussed in section 2.4.2.4,
a large variation in the level set chosen to define the micelle core results in a small
change in the inferred micelle radius. This suggests a strong separation between
the core and corona and hence that the evaluation of the micelle core is accurate
within a small range. The corona, however, may be expanded due penetration of
unimers and stretching of coronal B blocks. In section 4.3.2 we presented evidence
that the length scale of the modulations increases as τ increases when micelles are
present, and we argued that occurs mainly because of expansion of the corona. The
data presented here is consistent with this picture: As τ increases micelle number
decreases and micelles begin to move further apart. When this occurs, coronal chains
stretch, increasing the corona size. There is a strong repulsion between coronas, which
acts like a hard-sphere repulsion, leading to an increase in the hard-sphere radius of
micelles.
In this section we have seen that micelle radii from direct observation; hardsphere radii, from fitting the scattering function; and half nearest-neighbor distances
are coincident at low values of τ but begin to deviate from each other as τ increases.
The hard-sphere radius and lower bound of the nearest-neighbor distance continue to
reflect ‘the closest that two micelles can get’ whereas the radius extrapolated from
direct observation reflects the minimum size a micelle can be, given the size of its
core. Hard-sphere radii and half nearest-neighbor distances increase with increasing
τ . The results presented in this section as well as those presented in section 4.3.2,
support the idea that at high τ coronal blocks stretch, increasing the overall size of
micelles.

4.3.7

Pair Correlation Function

We also examine the ordering of micelles by calculating the pair correlation function
of disordered and BCC-packed micelles. An example of each is shown in Fig. 4.36.
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We have not performed a systematic analysis of the pair correlation function. It is
presented here as an illustration of the liquid ordering in DM and a validation of our
method for finding relative positions of micelles, by comparing the BCC data with
theoretical BCC peak positions.
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Figure 4.36: Pair correlation function for BCC (black) and DM (red) for γ = 0.3,
τ = 0 and N̄ = 2.5 × 106 . The vertical dotted lines indicate analytical BCC peaks,
given in table 4.1. The inset emphasizes the initial peak.

Table 4.1: BCC neighbor distances in terms of the dominant wave vector.
Peak number
1 (Nearest neighbor)
2 (Lattice constant)
3
4
5

Distance
(in units of q0−1 )
√
√6π ≈ 7.7
2 2π ≈ 8.9
4π
√ ≈ 12.6
√22π ≈ 14.7
2 6π ≈ 15.4

For the BCC phase we see narrow, well-defined peaks at the expected distances.
The positions of these peaks are shown in table 4.1. The width of the peaks depends
on noise strength as noise causes the BCC micelles to move within their potential
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wells. For the disordered micelles we see a broad initial peak followed by a smooth,
oscillating pair correlation function, characteristic of liquid ordering.

4.3.8

Micelle Shape

Direct visualization of micelles reveals that some micelle cores appear elongated. This
suggests that micelles may deviate from spherical and that, when fitting, we may
benefit from modifying the spherical form factor to account for micelle elongation.
We treat micelles as spherioids, which can be thought of as spheres that are elongated
or contracted along an axis, which, for convenience, we label the z-axis. Cross-sections
of spheroids, normal to the z-axis remain circular. The ratio of the length along the
z-axis to the length along either of the other two axes is .  = 1 corresponds to
spheres, while  > 1 gives prolate spheroids and  < 1 gives oblate spheroids.

Elongation factor, ε, of micelles
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Figure 4.37: Micelle elongation, , from fitting to elliptical form factor Eq. (2.135).
 is shown as it varies with τ for N̄ = 2.5 × 106 (black), N̄ = 2.5 × 105 (blue), and
N̄ = 2.5 × 104 (red).  = 1 corresponds to spheres. The points at high τ where 
begins to decrease correspond to small volume fractions where fitting does not give
as good a result.
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We determine  by modifying the form factor used in fitting the calculated scattering function. This is described in section 2.4.3.1. Values of  are shown in Fig.
4.37 as a function of τ for three values of N̄ . As τ increases and N̄ decreases the
micelles become more elongated. This is consistent with a visual inspection of Fig.
4.13. There are more ways for a micelle to be non-spherical than spherical and there
is therefore an entropic cost in maintaining a spherical shape. As N̄ decreases (noise
strength increases) micelles explore this variation in shape more and hence are, on
average, less spherical. Strong segregation, at low τ , favors more spherical micelles as
this minimizes micelle core surface area and hence the contact between unlike blocks.
As segregation deceases (τ increases) the micelle core surface area, and hence shape,
is allowed more variation and micelle cores becomes less spherical. The formation of
cylinders at low τ , see in Fig. 4.13 and discussed earlier, is not reflected in  because
cylinders form through connecting adjacent micelles, leading to small numbers of long
cylinders, as opposed to an overall increase in micelle elongation.
In this section we have only considered spheroidal micelles as we are mainly interested in an estimate of deviations from spherical. A more complete analysis of micelle
shape should include more degrees of freedom, such as variation in all three axes.

4.3.9

Order-Disorder Transition

In addition to the properties of disordered micelles themselves, we are interested in
the ordering of micelles. Our study of the dynamics of the order-disorder transition
(ODT) in the mean-field limit involved locating the mean-field ODT. We located
the ODT by comparing the free energies of BCC and DIS and determining where
these phases have the same free energy. Compositional fluctuations and disordered
micelles may modify the location and nature of the ODT and must be taken into
consideration.
First, we present a simple argument regarding the noise level that it would take
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(a) γ = 0.3

(b) γ = 0.1

Figure 4.38: The value for τ at which the fluctuation strength is equal to the singlemode mean-field BCC amplitude, given by Eq. (4.8) (solid line), is plotted against N̄
for (a) γ = 0.3 and (b) γ = 0.1. Dotted lines correspond to the ODT, given by Eq.
(2.170) and dashed lines correspond to the BCC-HEX coexistence. The shaded region
represents the region of BCC stability. Calculations regarding the ODT, BCC amplitude and BCC and HEX stability were conducted in the single-mode approximation
and mean-field limit. The noise dominant regime has a noise amplitude greater than
BCC amplitude. The segregation dominant amplitude has BCC amplitude greater
than noise amplitude.
to disrupt or destroy BCC micelles. To estimate the value for τ where fluctuations
will be strong enough to destroy the BCC phase we set the fluctuation amplitude,
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√

c0 from Eq. (2.60), equal to the BCC amplitude, Eq. (2.169),
2γ +
2(6x∗)3/2
=
N̄ 1/2 λ0

p
4γ 2 − 30τ
,
15

(4.7)

which we solve for τ , resulting in
p
8(6x∗ )3/2 γλ0 N̄ 1/4 − 15(6x∗ )3/2
√
τ=
.
N̄ λ0

(4.8)

We plot Eq. (4.8) as a function of N̄ for γ = 0.1 and γ = 0.3 in Fig. 4.38. The solid line
estimates the separation between the regions where noise dominates and where nonrandom segregation dominates. Left of the solid line, the noise amplitude is greater
than the BCC amplitude, and therefore fluctuations dominate. Right of the solid line
the mean-field, single-mode BCC amplitude is greater than the noise amplitude, and
hence non-random segregation dominates. We include the mean-field single-mode
HEX-BCC phase boundary as an estimate for where HEX becomes more stable than
BCC. This phase boundary may be shifted by the presence of fluctuations and is
therefore only included as a somewhat crude estimate for the actual phase boundary.
The region of BCC stability is given by the segregation-dominated side of the shaded
region in Fig. 4.38. For γ = 0.3 the segregation-dominated region of BCC stability
extends to N̄ ≈ 3 × 103 whereas for γ = 0.1 this region only extends to N̄ ≈ 106 .
Note that in the noise-dominant regime, the contribution due to noise dominates over
segregation-driven fluctuations that are on the scale of the amplitude of BCC micelles.
If disordered micelles, or microphase segregated structures, have an amplitude that is
close to or less than that of BCC micelles then they will be destroyed as well, leading
to DIS.
The BCC phase is destabilized more readily for γ = 0.1 than for γ = 0.3. Based
on these results, for γ = 0.1, we do not expect to see the BCC phase in melts with
values of N̄ used in experiments. In the more asymmetric case, γ = 0.3, the BCC
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phase is less readily destabilized and may persist to experimental values of N̄ . The
above analysis gives a rough estimate of where we expect noise to destroy the BCC
phase, but ignores important aspects of the ODT, such as disordered micelles.
For values of N̄ which are large enough that micelles remain stable, it remains to
be seen if they will have BCC order or be disordered. In chapter 3 we located the
ODT by comparing the free energy functionals of BCC and DIS using Eq. (2.27).
When fluctuations are present a phase is not described by a single density field, φ(r),
rather, it consists of an ensemble of density fields in region of configuration space that
is close to a local free energy minimum. A phase therefore does not have one unique
value for Eq. (2.27) and we consider the distribution of free energies associated with
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Figure 4.39: Distributions of free energy densities for DM (red) and BCC (blue) for
(a) τ = 0 and (b) τ = 0.007 using N̄ = 2.5 × 107 and γ = 0.3.
Figure 4.39 shows histograms of the free energy functionals calculated for BCC
and DM. Free energies were calculated at intervals of 103 ∆t for a period of 106 ∆t,
starting after the free energy appeared to have plateaued. In each case shown both
BCC and DM have free energies per chain that are less than 0, indicating that they
are stable relative to DIS. We see that at τ = 0.007, DM has a lower free energy than
the BCC phase. This suggests that disordered micelles are stable relative to BCC at
τ = 0.007. At τ = 0 the BCC phase adopts a free energy distribution that is several
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standard deviations below that of the disordered micelles. This suggests that there
should be a transition from disordered micelles to BCC upon cooling for γ = 0.3 and
N̄ = 2.5 × 107 .
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Figure 4.40: Difference in free energy per chain between disordered micelles and
BCC phase (fBCC − fDM ) as a function of τ for (black) N̄ = 2.5 × 106 and (red)
4
N̄ = 2.5 × 10p
. Error bars correspond to the variation in the difference in free
2
energies, σ = σB2 + σD
, where σB and σD are the standard deviations of the free
energies of BCC and DM respectively. The dotted line marks 0, where fBCC = fDM .
We repeat the above procedure, this time calculating the mean and standard
deviation of the set of free energies per chain calculated for DM and BCC. We plot
the difference between the mean free energy per chain for DM, fDM , and BCC, fBCC
as a function of τ for N̄ = 2.5 × 106 and N̄ = 2.5 × 104 . The curves cross 0 at
approximately τ ≈ −0.005 and τ ≈ −0.011 respectively, indicating phase transitions
in this vicinity. In each case with noise the phase transition occurs at a value of τ
which is lower than the mean-field ODT, indicating a suppression of the ODT. From
the curves in Fig. 4.40 and histograms in Fig. 4.39, we can see that as the noise
strength is increased the ODT is suppressed more. From Eq. (2.21) and table 2.2 we
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can see that temperature changes corresponding to changes in τ become smaller as
N (and hence N̄ ) increases in this range. The suppression, in terms of temperature,
for N̄ = 2.5 × 107 is only a small fraction of a degree, whereas the suppression for
N̄ = 2.5 × 104 is tens of degrees.
This method gives an indication of the relative free energies of the BCC phase
and disordered micelles and gives results that, qualitatively, agree with work such as
that of Fredrickson and Helfand in that fluctuations suppress the ODT. [32] There are,
however, more sophisticated methods to calculate the ODT, such as thermodynamic
integration. The most obvious, brute force, method for locating the ODT, which
mimics that of experiments, is to allow a large simulation to run for long times
until the long time behavior and hence equilibrium state is observed. This presents
practical difficulties as the dynamics of the transition between DM and BCC can be
too slow to allow this method to be reliable. In our work we have run long simulations
of pure BCC and pure DM and have observed melting of BCC into DM, but have only
observed freezing of disordered micelles into BCC when there is no noise. This may
suggest that BCC is, in fact, not stable when fluctuations are present, in contrast to
our other results, or it may suggest that freezing when noise is present occurs on a
time scale that is too long to see in our simulations. Thus, we have not been able
to perform studies of nucleation of BCC from DM, similar to those in chapter 3,
when noise is present. Freezing may take long times because, as noted in Ref. [48],
rearrangement of micelles onto a lattice is a slow process. This idea, that micelles
rearrange slowly, is consistent with results that we will show in section 4.4. This
is particularly true if individual micelle motion is more heavily influenced by noise,
rather than free-energy changes, as we will see may be the case.
In this section we have discussed the location of the ODT and we find that ordering
is suppressed by noise. In previous sections we have looked at the properties of
disordered micelles and, in less detail, the properties of BCC-ordered micelles. Micelle
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cores in the BCC phase have larger volumes than disordered micelles, indicating that
micelles grow upon ordering. The number of micelles also increases on ordering. These
two behaviors lead to an increase in the micellar volume fraction, corresponding to an
increase in the fraction of polymers that have aggregated into micelles, on ordering.
This suggests that ordering may be favored by the ethalpic contribution to the free
energy due to aggregation of polymers.
This increase in micelle volume fraction and number on ordering is consistent with
predictions by Dormidontova and Lodge, [48] however, they find a decrease in micelle
radius, on ordering, whereas we find an increase. There are differences between the
two methods. The calculations of Ref. [48] assume spherical micelles. Micelles in our
simulations are allowed to change shape. Non-spherical micelles may shrink in size
to reduce the A-B interfacial area and may be stabilized by the additional entropy
associated with allowing shape-changes. The shape of micelles in our simulations
does not, however, deviate far from spherical so allowing shape-change may have
little effect.
Schwab and Stühn [40,41] find that the ordering transition occurs when the micelle
volume fraction is around 0.47. We can examine the volume fractions at the locations
of the ODT determined in this section. At N̄ = 2.5 × 107 we find that the ODT
occurs close to τ ≈ 0, where the volume fraction is close to 0.5, consistent with Refs.
[40,41]. This result for N̄ = 2.5 × 107 is also consistent with ordering being akin to
a Kirkwood-Alder transition, [49] that is, a simple ordering transition of hard spheres
brought about by increasing volume fraction. This increase in volume fraction occurs
as τ is lowered. For N̄ = 2.5 × 106 and N̄ = 2.5 × 104 we find that the ODT occurs
close to τ ≈ −0.005 and τ ≈ −0.011 respectively, where the volume fractions are
close to 0.6 and 0.7 respectively. There is no direct comparison between our work
and that by Schwab and Stühn because they used polymers in a parameter regime
that we have not probed. They used more asymmetric polymers, with f = 0.1 and
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a value of N̄ of O(100). Our results suggest that BCC is less affected by noise when
the copolymer is more asymmetric, which may justify a comparison of their results
with our lower noise data.

4.4

Dynamical Properties of Disordered Micelles

In addition to the structural properties of disordered micelles, we also wish to investigate their dynamical behavior. There are, once again, two approaches: direct
observation, since this is possible in our simulations; and calculating the scattering
function, as done in experiments.

4.4.1

Individual Micelle Motion

(a) t = 104 ∆t

(b) t = 106 ∆t

(c) t = 4.5 × 106 ∆t

(d) t = 104 ∆t

(e) t = 106 ∆t

(f) t = 4.5 × 106 ∆t

Figure 4.41: Position (black) and path (green) of a single micelle at γ = 0.3, τ = 0.009,
N̄ = 2.5 × 104 for three different times. In the second set of three images the other
micelles are removed to show the path more clearly.
We identify the centroids of individual micelles and track their position over time,
as described in section 2.4.2. A sample micelle trajectory for a single micelle in
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Figure 4.42: The (radial) distance traveled from its starting point is shown for three
micelles at different noise strengths and values of τ . In (b) ovals are used to highlight
regions where the micelle described by the blue curve appear to be oscillating in a
potential well.
a simulation of disordered micelles is shown in Fig. 4.41. The micelle spends long
times, typically O(105 )∆t, confined to a small region, oscillating around a point,
indicated by globular regions of the path. It then jumps in a brief interval, O(104 )∆t,
to another region in which it oscillates. The long-range motion of micelles appears
to occur by discrete jumps between sites. This behavior is also shown in Fig. 4.42,
which plots the position of sample micelles relative to their initial position. The time
between jumps is smaller for the N̄ = 2.5 × 104 data. The amplitudes of oscillations
within potential wells are larger for N̄ = 2.5 × 104 than N̄ = 2.5 × 106 , perhaps
leading to faster jumps between adjacent minima. Note that the size of the jumps
are lower bounds for the actual distance a micelle jumps, as the distance shown is
only the radial component of the relative position vector.
Close examination of micelles reveals that they can deform, elongating, becoming
thin and squeezing through small spaces. This may allow them more freedom to
travel than would be allowed for hard spheres. An example of deformation to travel
through a space is illustrated in Fig. 4.43. As a guide to eye, use the micelle directly
above the highlighted micelle as a reference point. For clarity, a cartoon illustration
of a micelle moving between two others is shown in Fig. 4.44.
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(a)

(b)

(c)

(d)

Figure 4.43: A micelle is shown, highlighted with a green +, which is deforming in
order to pass through a space. The simulation was conducted at γ = 0.3, τ = 0 and
N̄ = 2.5 × 105 . The time interval between frames is approximately 104 time steps.

(a)

(b)

(c)

Figure 4.44: Cartoon illustration of the process shown in Fig. 4.43.
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(a)

(b)

(c)

(d)

Figure 4.45: A micelle is shown in the process of bifurcating at γ = 0.3, τ = 0.08 and
N̄ = 2.5 × 107 . The time difference between images is approximately 104 ∆t. (a) The
micelle in the center is larger than those surrounding it. (b) The micelle elongates
into a cylinder and thins in the center. (c) The center of the micelle thins and two
globules are visibly separate. (d) The connection between globules disappears yielding
two distinct micelles.
We also observe them merging and bifurcating, as well as single micelles being
absorbed by multiple surrounding micelles. An example of a bifurcating micelle is
shown in Fig. 4.45. Micelle merging looks the same as bifurcation, but in reverse.

4.4.2

Micelle Lifetime

We find the lifetime of micelles by examining the temporal length of micelle trajectories. A new micelle trajectory starts when a micelle appears which cannot be
identified with a preexisting one and a trajectory stops when a micelle cannot be
identified with one in the subsequent step. Details of this are described in section
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Figure 4.46: Distribution of micelle lifetimes for γ = 0.3, N̄ = 2.5 × 105 and τ = 0
(black line), τ = 0.01 (green dashed line), τ = 0.016 (blue dots) and τ = 0.017 (red
dot-dashed line). The number of micelles which lived for a given lifetime is expressed
as a fraction of the total number of micelles that lived in the examined interval. The
simulation was equilibrated for 106 ∆t before position data was taken. The peak at
high micelle lifetime corresponds to micelles living for the entire simulation time.

Figure 4.46 shows distributions of micelle lifetimes for various τ . The system was
equilibrated for 106 ∆t before position data was taken, allowing micelles to establish.
The peaks at long time correspond to micelles that lived from the beginning of data
acquisition to the end of the simulation. Data is given in terms of the fraction of the
total number of micelles that existed during the data acquisition time. At low τ a
large number of micelles live for the entire simulation time. Some micelles are created
and destroyed relatively quickly (still O(104 ) time steps or longer). As τ is increased
fewer micelles live as long. At τ = 0.016 there is a faster turnover of micelles and
only ≈ 5% of micelles live for the length of the simulation. The number of micelles
at a given time is still quite high (see Fig. 4.24). At τ = 0.017 the micelle lifetime
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decreases further and no micelles last for the whole simulation. A large number of
micelles live for a short time and the frequency of micelle lifetime decays more quickly
than at τ = 0.016. For reference, the mean field ODT occurs at τ ≈ 0.017.
Though initial creation of micelles and hence the free energy barrier to micelle
formation, is high at high temperature (see section 4.2.1) the micelle turnover rate is
high. This is presumably due to a small barrier to micelle destruction and a reduction
in the barrier to formation when new micelles nucleate from preexisting micelles.
0.25

Fraction

0.2

0.15

0.1

0.05

0
0

10

5

15
5

Micelle Lifetime (in units of 10 ∆t)

Figure 4.47: Distribution of micelle lifetimes for γ = 0.3, N̄ = 2.5×104 and τ = 0. The
peak at high micelle lifetime corresponds to micelles living for the entire simulation
time.
When noise strength is increased micelle lifetime decreases further. Contrast the
data shown in Fig. 4.47 for N̄ = 2.5 × 104 with the τ = 0, N̄ = 2.5 × 105 data in
Fig. 4.46. The fraction of micelles that live for the length of the simulation at τ = 0
decreases from over 60%, at N̄ = 2.5 × 105 , to approximately 22% at N̄ = 2.5 × 104 .
Micelles die more readily when the noise strength is increased. In order to keep
micelle number quite high (see Fig. 4.24) micelle creation events must also occur
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more frequently when micelle death events occur more frequently.

4.4.3

Average Micelle Motion

We probe the behavior of the collection of micelles by considering the mean squared
displacement of micelle centroids. We use data for the centroid position as a function
of time, like that shown in Fig. 4.42, and average over all of the micelles in the
simulation. We use this data to examine the dynamical behavior of the ensemble of
micelles. As will be shown, when examining the motion of micelles we must conduct
long simulations, typically about t ≈ 106 ∆t, in order to see average micelle motion
on the scale of the BCC lattice constant, L0 .
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Figure 4.48: Mean squared displacement of micelles averaged over approximately 5000
micelles at γ = 0.3 and N̄ = 2.5 × 104 for various values
√ of τ . Lengths are scaled in
terms of the single-mode BCC lattice constant, L0 = 2 2πq0−1 .
The mean squared displacements for micelles at N̄ = 2.5 × 104 and three values
of τ are illustrated in Fig. 4.48. The mean squared displacement is linear in time
on length scales larger than L0 , suggesting diffusive behavior. The slope appears
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to depend on τ , decreasing as τ decreases and the volume fraction increases. At
low τ = 0 where micelle number density and volume fraction become large, micelles
continue to exhibit seemingly diffusive behavior. At long times the data in Fig. 4.48
becomes noisier. This is because of a decrease in the number of micelles which live
long enough to obtain this data and hence poorer statistics and more variation in the
average. We will use the slope of the mean squared displacement data to calculate
a diffusion constant and examine this diffusion constant more systematically later.
Before we do this, however, we consider the statistics of micelle motion in more
detail, to see if the behavior is indeed diffusive.
We now examine the distribution of micelle positions relative to their initial positions. Distributions at N̄ = 2.5 × 104 and τ = 0.009 are shown in Fig. 4.49.
Figure 4.49a shows distributions of positions projected onto each of the three axes.
The distributions fit well to a Gaussian curve. This is consistent with our description of diffusion, presented in section 2.4.2.6, which showed Gaussian distributions
of displacements in any given direction. We also find no significant difference between projections onto different axes, indicating that there is no preferred direction
for micelle motion. Figure 4.49b shows distributions of the radial position moved by
micelles for two times. There is a smaller number of points used in the histogram at
t = 1 × 106 than t = 5 × 105 because there are fewer micelles that lived this long. The
distributions fit well to the theoretical distribution, Eq. (2.123).
Both of these sets of distributions are consistent with diffusive behavior. Calculating displacement distributions for other times and values of N̄ and τ yield results
that are qualitatively the same. Only the fitting parameters change, corresponding
to changes in the number of micelles and their average displacement.
We also examine the mean squared displacement of BCC-ordered micelles, illustrated in Fig. 4.50. Unlike the disordered micelles, BCC-ordered micelles do not
appear to exhibit unbound diffusive motion, rather, the mean squared displacement
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Figure 4.49: Histograms of micelle displacements at N̄ = 2.5 × 104 and τ = 0.009
(a) in directions along each axis fit to a Gaussian function at t = 5 × 105 ∆t and (b)
radially for two times fit to a function of the form p(r) = Ar2 exp(r2 /B 2 ), where A
and B are fitting parameters. This function resembles Eq. (2.123). Bin sizes in (b)
were chosen to be inversely proportional to the total number of points so that the
area occupied by the histograms is the same.
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Figure 4.50: Mean squared displacement of BCC-ordered micelles at various τ , averaged over approximately 5000 micelles at γ = 0.3 and N̄ = 2.5√× 105 . Lengths are
scaled in terms of the single-mode BCC lattice constant, L0 = 2 2πq0−1 .
reaches a plateau, indicating that the BCC-ordered micelles are strongly fixed to
their lattice sites. The plateau mean squared displacement is small compared to L20 ,
suggesting a tight binding potential.
At the highest temperature shown in Fig. 4.50, τ = 0.005, the region which
appears constant in the other curves has a small positive slope. This suggests that
micelles are no longer as strongly fixed to their locations and may be a sign of the
first stages of melting. Compare with work presented in section 4.3.3: recall that the
BCC data shown in Fig. 4.24 is shown for temperatures at which we can stabilize
the BCC phase long enough to collect data, and therefore gives an upper limit on
the melting point of the BCC phase. The BCC data in Fig. 4.24 for N̄ = 2.5 × 105
extends to τ = 0.008, which is just above τ = 0.005, consistent with τ = 0.005 being
close to the melting point.
In the BCC phase, we expect that as temperature increases the micelles will
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vibrate more vigorously around their center of mass and h[R(t)−R(0)]2 i will increase,
as we observe. Looking at this in the context of the Lindemann criterion, [197] we
expect the BCC crystal to melt when the average micelle motion is large enough that
it can leave its potential well. When micelles are no longer bound to potential wells
they cease to be fixed to a lattice and therefore disorder. This criterion for melting
is typically written
p

where ∆R =

h[R(t) − R(0)]2 i ≥ cl ∆R,

(4.9)

√
3L0 /4 is half of the average intermicellar distance and cl is the Lin-

demann constant. For τ = 0.005, when the mean squared displacement begins to
drift upward, h[R(t) − R(0)]2 i ≈ 8 × 10−3 L20 ≈ 2 × 10−2 ∆R2 . This yields a value of
cl ≈ 0.14. This is in the range of values determined experimentally for various metals
by Ref. [198], which ranged from cl = 0.095 to cl = 0.18 and it close to the value
of cl = 0.18 obtained by Ref. [199] for a Lennard-Jones BCC crystal. We have not
explored this behavior in detail. This comparison is meant as a consistency check and
perhaps as inspiration for future work on the melting of ordered micelles.
We now return to considering DM and explore the parameter space to see if we
continue to find diffusive behavior in the region where we expect DM to be metastable.
When DM is metastable to BCC, micelle motion may become slow or glassy and the
behavior may change qualitatively when micelles have a tendency to crystallize. First,
we lower τ and increase N̄ (retaining finite N̄ ) to a point in parameter space where
the results presented in section 4.3.9 suggest that the BCC phase is stable. We do
this to test whether micelles are diffusing or merely oscillating around a point, as
seen in the BCC phase. An example mean squared displacement plot is shown in
Fig. 4.51. The mean squared displacement is linear in τ , as we saw at N̄ = 2.5 × 104 ,
suggesting that micelle motion remains diffusive, even at this low noise amplitude.
The length scale on which micelles move in Fig. 4.51 is small, meaning that in the
time scale shown, micelles do not, on average, travel far from their positions when
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Figure 4.51: Mean squared displacement of micelles averaged over approximately 5000
micelles at γ = 0.3 and N̄ = 2.5 × 107 for τ = √
−0.005. Lengths are scaled in terms of
the single-mode BCC lattice constant, L0 = 2 2πq0−1 . The dotted line is inserted to
emphasize linearity.
tracking began. The mean-squared displacement does not, however, saturate as it
does for BCC-ordered micelles, as in Fig. 4.50.
We then conduct simulations of DM in the mean-field limit, that is, without
fluctuations. Mean squared displacements are shown in Fig. 4.52 for two values of
τ . The mean squared displacement increases non-linearly with time. The motion of
micelles is not diffusive. As in the low noise case presented above, micelles do not
travel far from their initial positions. The largest mean squared displacement shown
in Fig. 4.52 corresponds to a root-mean-squared displacement of 0.17L0 . Watching the
dynamics of noiseless simulations of disordered micelles shows that micelles mostly
remain stationary, not jittering about a position as in the noisy case, and motion
occurs as shown in Fig. 4.43 and cartooned in Fig. 4.44. These events are rare and
most micelles do not move, as is clear from the small mean squared displacement.
The observation that in Fig. 4.52 micelles move without fluctuations, when the only
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Figure 4.52: Mean squared displacement of micelles without noise averaged over
approximately 5000 micelles at γ = 0.3 for τ = 0.005 (red) and τ = 0 √(black).
Lengths are scaled in terms of the single-mode BCC lattice constant, L0 = 2 2πq0−1 .
driving force in the simulation is changes in free energy associated with motion of
micelles, suggests that the energy landscape is a driving force for micelle motion.
The motion driven only by the energetic landscape appears to be sub-diffusive. If
micelles only move to find deeper potential wells then it is reasonable to expect that
each successive well is deeper than the last. If one assumes that changes to the energy
landscape with time are small, for example, a deep potential does not quickly become
shallow, then the more ‘hops’ between wells a micelle makes, the deeper the potential
well will be that it lands in and less likely it is that an adjacent potential well will
be deeper. In this picture, the hopping rate and therefore slope of the mean squared
displacement will decrease with number of hops and therefore time. The change in
behavior when the noise is removed is consistent with noise being another driving
force for micelle motion. Comparing the length scales of motion for τ = 0 in Figs.
4.48 and 4.52 suggests that at N̄ = 2.5 × 105 the contribution due to noise dominates
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over the contribution due to the energetic landscape.
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Figure 4.53: Micelle diffusion constant as a function of τ , calculated from the mean
squared displacement. Black circles correspond to N̄ = 2.5 × 104 . Red squares
correspond to√N̄ = 2.5 × 105 . The diffusion constant is scaled in units of L20 /∆t,
where L0 = 2 2πq0−1 is the BCC lattice constant calculated in the mean-field, singlemode approximation. Dotted lines are included to compare with linearity.
We calculate the diffusion constant, D, from the dependence of the mean square
displacement on time, using

h[R(t) − R(0)]2 i = 6Dt

(4.10)

to find D from the slope of the (linear) mean squared displacement with time, taken
over approximately 4×106 ∆t, in data sets like those shown in Fig. 4.48. This diffusion
constant is proportional to the hopping rate, as seen in Eq. (2.117) and discussed in
section 2.4.2.6. The diffusion constant is shown as it varies with τ in Fig. 4.53.
As τ decreases, the diffusion constant decreases. That is, as the temperature
decreases and more micelles appear, they diffuse more slowly. On increasing the
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noise strength from N̄ = 2.5 × 105 to N̄ = 2.5 × 104 , the diffusion constant changes by
orders of magnitude. Greater noise strength causes micelles to move more and hence
diffuse further. Equivalently, shorter polymers diffuse faster and micelles, composed
of sets of these polymers, also diffuse faster. The diffusion constant departs little
from an exponential dependence on τ (linear on the scale shown) for low τ . We see
a change in the slope of both data sets shown in Fig. 4.53 at τ ≈ 0.013. This change
is more noticeable for N̄ = 2.5 × 105 .
If diffusion obeys Arrhenius behavior, described in section 2.4.2.6, we expect the
diffusion constant to be exponential in τ and hence should appear linear in Fig. 4.53.
When the τ -dependence of the diffusion constant departs from linear (on the scale
shown), this reflect a τ -dependence of the barrier to hopping. Since micelle number
and volume fraction change with τ , the τ -dependence of the diffusion may be due to a
dependence of the diffusion constant on micelle number or volume fraction. That is,
the change in diffusion constant may be brought about by difficulty in micelles moving
past surrounding micelles: when a micelle has no other micelles around it, it may be
allowed to diffuse unencumbered, however, as micelle volume fraction increases, other
micelles may block the path and hence reduce motion. We saw in section 4.4.1 that
micelle motion at least sometimes occurs by squeezing through spaces between other
micelles. As the volume fraction increases and spaces becomes smaller, this squeezing
may become more difficult and occur less frequently. In the low volume fraction
regime, where a micelle is not surrounded, squeezing is not necessary for motion
and this argument becomes moot. There is little departure from an exponential
dependence of the diffusion constant on τ in the low-τ regime, suggesting that there
is little or no change in the hopping barrier due to changing volume fraction once
micelles have been established and micelle number becomes high. Notice that the
departure from linearity occurs close to τ ≈ 0.013. This is close to the value of
τ where micelle number becomes high (see Fig. 4.24) and is just below the value
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of τ where the nearest-neighbor distance and hard-sphere radius stop tracking one
another (see Fig. 4.34). The barrier to motion of a micelle past other micelles comes
from an energy penalty to corona overlap. This barrier prevents the distance between
micelles (for the closest micelles this is the nearest neighbor distance) from becoming
less than double the hard-sphere radius. Once micelle number becomes large and
micelles are as close to each other as they can become, the barrier to micelle motion
remains approximately constant. Note that the relevant quantity is the hard-sphere
radius, not the radius that is calculated from the core volume, suggesting that the
hard-sphere radius gives a better measure of the total micelle size, including corona.
Where diffusion obeys Arrhenius behavior, the slope of the data in Fig. 4.53 is
proportional to the hopping barrier. Comparing the slopes of the data presented in
in Fig. 4.53 for the two values of N̄ in the low-τ regime, we find little difference in the
slope between values of N̄ . This suggests that the hopping barrier remains the same
and the change brought about by changing the noise amplitude comes in through
a change in the hopping attempt rate (the proportionality constant in Eq. (2.125)),
leading to a vertical shift in the data.
The barrier to micelle motion, give by the slope of the data in 4.53, changes
abruptly at τ ≈ 0.013. For N̄ = 2.5 × 105 and τ & 0.013 the barrier may change to a
different constant: more data is required to demonstrate linearity. For N̄ = 2.5 × 104
the data in the region τ & 0.013 is noticeably non-linear, indicating a changing barrier
to motion. This may be due to an increase in the room that micelles have to move as
τ increases and micelle number becomes low. In this regime, however, micelle number
is quite low (see Fig. 4.24) and interactions between micelles may be too infrequent
to significantly encumber micelle motion. The departure from linearity may also be
due to changes in micelle size. When micelles are small and have a small aggregation
number, fewer polymers must be moved in order to cause the micelle to translate and
therefore noise of the same amplitude may have a greater effect on random motion
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of small micelles than large ones. This may lead to a dependence of the diffusion
constant on the size of micelles in the high-τ regime, where micelle motion is not
governed by hopping barriers and relative positions of micelles, leading to non-linear
behavior.
In this section we have examined the statistics of micelle motion over long time
periods, allowing micelles to diffuse on length scales that are longer than the BCC
lattice spacing. Our results suggest that micelle motion is influenced by changes
in free energy associated with motion as well as random compositional fluctuations.
The contribution due to the noise appears to dominate. We find behavior that,
for finite N̄ , is consistent with diffusion. When fluctuations are absent (N̄ = ∞) the
behavior is sub diffusive. When motion appears to be diffusive we calculate a diffusion
constant, which depends on τ and in the low-τ regime obeys Arrhenius behavior.
Once micelles have been established and micelle number becomes high the barrier
to hopping remains approximately constant. When micelle number becomes low,
the diffusion constant increases quickly and micelle diffusion exhibits non-Arrhenius
behavior. We speculate that this may be due to changes in inter-micelle spacing
and/or a micelle-size-dependent (and hence τ -dependent) influence of the noise on
micelle motion.
For N̄ = 2.5 × 104 it appears that the melt is able to rearrange on simulated
time scales and hence behavior is not glassy. For larger N̄ the range of motion of
micelles is small compared to the BCC lattice spacing and it appears as though the
relaxation time of the melt is larger than the time scale of the simulation. This is
consistent with our observations regarding equilibration, described in section 4.2.2,
which suggest that the melt does not equilibrate or relax on the time scale of our
simulations at large N̄ . These results are suggestive of glassy behavior, however,
more investigation is required.
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4.4.4

Intermediate Scattering Function

In order to mimic techniques used in experiments we calculate the intermediate scattering function, S(q, t), from our simulations, as discussed in section 2.4.3.2. This
is a measure of the density-density-time correlation function. We focus on the wave
vector q = q0 as we are interested in micelle diffusion and this corresponds to the
length scale of the periodic modulations which give rise to micelles.
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Figure 4.54: The intermediate scattering function is shown, calculated as described
in section 2.4.3.2, as a function of time for N̄ = 2.5 × 105 and various τ . The data
shown corresponds to q = q0 . Solid lines correspond to simulation data and dashed
lines represent a fit to the data by a double exponential, as in Eq. (2.155).
The intermediate scattering function is shown for four sample values of τ at
N̄ = 2.5 × 105 and q = q0 in Fig. 4.54. There is an initial fast decrease in S(q0 , t)
followed by a slower decrease, which is linear in the semi-log plot. From this we
infer that S(q0 , t) decays exponentially with two decay constants and hence has two
characteristic diffusive modes, a fast and slow mode. We therefore fit to a double
exponential, Eq. (2.155). The decay seems to occur faster as temperature increases.
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Data is shown for short times relative to those shown in section 4.4.3. This is because the results quickly becomes noisy. The time scale that is probed is too short to
study diffusion of micelles beyond a lattice spacing, however, there are other diffusive
processes which occur on the length scale of q0−1 and studying diffusion based on the
intermediate has the advantage that it allows us to consider each of these processes.
There are multiple processes which lead to diffusion, and hence a decay in densitydensity correlations on the scale of q0−1 . Scattering experiments on polymer or surfactant micelles [59–62] find multiple decay constants. They identify these with rearrangement of individual polymers, rearrangement of the micelle coronas and motion
of micelles. In our system we identify three types of diffusive rearrangement that
happen on length scales close to q0−1 . The fastest of these corresponds to changes in
the structure of micelles themselves. Micelles are seen rapidly changing shape. This
dynamical behavior is difficult to illustrate in print, but appears to occur on time
scales of 103 ∆t − 104 ∆t. The other two types of motion correspond to micelle motion
described in section 4.4.1. These are: micelle motion in a potential well and hopping
between potential wells. Despite the presence of three potential diffusive modes, we
only see two decay constants in Fig. 4.54. Comparing to the time scales in Fig. 4.54 to
those in section 4.4.3, which discussed single micelle diffusion on length scales of L0 ,
suggests that the time scale in Fig. 4.54 is too short to study hopping. Our reasons
for not extending to longer time scales will be discussed.
We then calculate the diffusion constants found from fitting Eq. (2.155) to the
intermediate scattering function, S(q0 , t), and show the results in Fig. 4.55. As in
our discussion of single micelle diffusion, in section 4.4.3, for high τ the diffusion
constants are large, but decrease quickly as τ decreases. The diffusion constants
begin to decrease less quickly near τ = 0.012. The points are more scattered than in
our study of micelle self-diffusion and we do not see a change in diffusion constant
that is large on the scale of the scatter of the points for low τ . This behavior may
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Figure 4.55: Collective diffusion constants are shown for N̄ = 2.5 × 105 as they vary
with τ . Diffusion constants are calculated from fitting the intermediate scattering
function to a double exponential and both the fast (black) and slow (red) modes are
shown.
reflect the freedom of isolated micelles to move and rearrange but as they become
surrounded by other micelles this freedom is suppressed. For low τ any variation in
diffusion constant with τ is not discernible due to the noise in the data.
The slow diffusion constant in Fig. 4.55 is approximately an order of magnitude
larger than the micelle diffusion constant extracted from micelle tracking in Fig. 4.53.
Micelle tracking used in the construction of Fig. 4.53 was conducted over time scales
which allowed micelles to travel between potential wells, there the slow mode in Fig.
4.55 corresponds to a diffusive process which is an order of magnitude faster. In
section 4.4.1 we discussed motion of individual micelles as a combination of jittering
within a potential well and hopping between potential wells. This is illustrated in Figs.
4.41 and 4.42. Random motion within a potential well occurs on a time scale that
is approximately an order of magnitude less than motion between potential wells,
suggesting that the slow mode in Fig. 4.55 corresponds to single micelle diffusion
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within a potential well. The fast mode is an order of magnitude larger than the slow
mode and is consistent with the time scale estimated above for the changes in micelle
shape.
The reader may wonder why we did not go to longer time scales in Fig. 4.54. In
collecting this data, the running time of simulations, and therefore time over which
the time (ensemble) averages were taken, was O(106 )∆t, so why does the graph run
to O(105 )∆t? As the time interval becomes larger the data becomes noisier. This
may be because as the time interval, over which we are considering the correlation,
becomes larger there are fewer of these intervals in the total simulation time, leading to averaging over a smaller data set and a noisier result. The number of time
intervals, though decreasing, remains the same order of magnitude over the range
considered. The noise may be because we are dealing with smaller numbers (smaller
S(q0 , t)/S(q0 , 0)) thus variation therein is accentuated on the log scale, making the
data appear noisier. Related to this, random variation in these small numbers is more
significant so the data gets noisier as S(q0 , t)/S(q0 , 0) decreases. Regardless of the
source of the noise, it is evident that the data quickly becomes noisy.
The noisiness in the data at late times leads to a large amount of random variation
in the slow diffusive mode, found from fitting this portion of the graph. The fast mode
is found from fitting the initial decrease. This decrease is over a short time and hence
does not contain much fitting data. This leads to a large amount of variation in the
fast diffusion constant found from fitting. Both the fast and slow diffusive modes in
Fig. 4.55 are quite noisy and we are limited to broad qualitative statements and order
of magnitude estimates of quantities. Experimental volumes and times are larger than
that which we use, allowing more averaging and less noise in data.
We have calculated the intermediate scattering function for a system of disordered micelles. Fitting the intermediate scattering function to a double exponential,
we calculated two collective diffusion constants, which appear to be consistent with
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diffusion of micelles within a potential well and random shape changes of micelles.
We were unable to obtain the long-time behavior, corresponding to long length-scale
micelle motion, due to the intermediate scattering function quickly becoming noisy.
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Chapter 5
Conclusions
We study the order-disorder transition (ODT) in AB-diblock copolymer melts as
described by the Landau-Brazovskii model. We start with the simple picture of
uniformly mixed disordered phase (DIS) ordering into the BCC phase via nucleation
in the mean-field limit. We then move on to include disordered micelles (DM), which
have not previously been studied systematically in phase-field models; and physically
realistic random compositional fluctuations (noise) with an amplitude that we find
varies as N̄ −1/4 , where N̄ is the invariant polymerization index. We therefore present
two pictures of an AB-diblock copolymer melt near the ODT: a simple picture and
more physically realistic picture, noise and DM.
First, we focused on the ODT in the mean-field limit, without artificially inducing
DM. The metastable DIS to BCC transition proceeds via nucleation of spherical
droplets of BCC, which grow with a constant interfacial velocity, which varies linearly
with undercooling. There are no intervening structures, such as DM or FCC. Close
to the ODT the ordering transition is well described by classical nucleation theory
(CNT). Critical radii and free energy barriers diverge at DIS-BCC coexistence and,
close to coexistence, we find surprisingly good agreement between CNT calculations,
less approximate analytical methods and simulations. At deeper undercoolings there
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is a departure from CNT and the transition crosses over into spinodal decomposition.
At deep undercoolings, droplet radii reach a minimum and then begin to increase
with undercoolings, while continuing to decrease in amplitude. This crossover occurs
via a continuous increase in droplet size and decrease in droplet amplitude, until the
disorder spinodal where the size diverges and the amplitude vanishes, leading to an
instability to long wavelength, low amplitude fluctuations: spinodal decomposition.
At deep undercoolings the system may produce small, high-amplitude droplets, in
addition to large-size, low-amplitude droplets, as the free energy barrier to form
each is small, however there is a lower free energy barrier to large-low-amplitude
droplets. We then study the dynamics of the transition by calculating the velocity
of a planar interface between two phases. The interfacial velocity is proportional to
the free energy difference between phases and the interfacial width. Unlike previous,
similar calculations, our result describes the motion of an interface between any two
phases and can utilize an arbitrarily large number of modes. Our result compares
well with interfacial velocities found by simulation for a DIS-BCC interface, though
overestimates the velocity by a few percent. This overestimate is likely due to an
inaccurate calculation of the interfacial width.
A more physically realistic picture of the ODT includes compositional fluctuations, which are important near the ODT [32] and disordered micelles, which are seen
in experiments. [39–46] One important result of this work is that we find liquid-ordered
micelles to be stable structures in the Landau-Brazovskii model. Disordered micelles
have been seen in phase-field models [110,118] but their properties have not been systematically studied, nor has their stability been established, and it was unclear if
DM would appear in the Landau-Brazovskii model. In addition to being present
and stable in our simulations, disordered micelles have properties that are consistent
with the results of various experiments, such as those mentioned above. That is to
say, we seem to have found physically realistic disordered micelles. The inclusion of
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compositional fluctuations is required to obtain quantitatively and sometimes even
qualitatively accurate results regarding DM: The region of stability of DM appears to
disappear when noise is not included, as does the continuous crossover between DIS
and DM, which is seen in experiments. [40,41] Disordered micelles are absent at high
temperatures, but appear as temperature is lowered. In the mean-field limit (without
noise) there appears to be a first order transition between DIS and DM, whereas
when noise is present DIS crosses over continuously into DM. The crossover becomes
increasingly gradual as noise strength is increased (N̄ is decreased). For a range of
N̄ normally used in experiments, the crossover from DIS to DM, on cooling, occurs
via a continuous increase in micelle number and volume fraction, over a range of tens
of degrees. As N̄ increases the crossover becomes sharper and at the largest finite
values of N̄ that we have used, the crossover occurs over a temperature range less
than 0.01K. At high temperatures the increase in volume fraction (on cooling) is due
primarily to an increase in micelle number. On further cooling, the micelle number
varies slowly and the increase in volume fraction is primarily due to increase in micelle
size. Experiments also find an increase in volume fraction upon cooling. Stühn et
al. [41,58] found that the change in volume fraction is due to a change in the size of
micelles, while the number did not vary much, consistent with our low temperature
results; while Wang and Lodge, [46] found that the change in volume fraction is due to
a change in the number of micelles, while their size varied little, more consistent with
our high-temperature results. Disordered micelles appear to be stabilized by random
compositional fluctuations, and, as noise strength is increased, the region over which
DM is stable increases through suppression of the ODT, which now occurs between
BCC and DM. Once formed, we study the properties of disordered micelles by directly examining the monomer densities in our simulations as well as calculating and
fitting the scattering function, in order to mimic techniques used in experiments. The
results found through both methods are consistent with each other as well as general
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behaviors observed in various experiments on diblock copolymer melts. This suggests
that we are studying physically realistic disordered micelles. Our results suggest that
disordered micelles act like hard spheres. We interpret the hard-sphere radius as the
radius of the micelle, including the corona, with the hard-core repulsion coming from
a large energetic penalty for corona overlap. At low temperature the hard-sphere
radius appears to vary slowly with temperature. At higher temperatures, our results
support the idea that as temperature increases the corona expands, increasing the
hard-sphere radius. To achieve this increase in radius, coronal blocks stretch, while
cores remain compact.
Disordered micelles have finite lifetimes, which decrease with increasing temperature and noise strength. New micelles appear through aggregation of unimers as well
as bifurcation of other micelles. Micelles can disappear through the reverse of these
processes: melting or micelle-merging. During their lifetime, micelles also explore the
melt via diffusion. When the number of micelles is low, each diffuses unencumbered,
under the influence of noise. When other micelles are present, movement is hindered
due to hard-sphere repulsion between micelles. Micelles therefore move randomly in
potential wells and squeeze past each other (hop) to travel between other potential
wells. Squeezing past micelles at least sometimes includes deformation. The rate at
which micelles diffuse increases with increasing temperature and noise amplitude. In
the high micelle number density regime diffusion appears to be an activated process
which obeys Arrhenius behavior with an energetic barrier to hopping which is independent of temperature and noise strength, though the number of hopping attempts
increases with noise amplitude. In the low-micelle number regime, diffusion becomes
non-Arrhenius as the influences to micelle motion become more complicated. The
rate at which the melt rearranges decreases with decreasing noise amplitude. For
small noise amplitude the relaxation time of the system appears to be on a time scale
greater than that of our simulations.
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This work opens the door to further investigation into properties of disordered micelles. We touched on some of these properties, but only examined them to the extent
that they are relevant to the picture presented herein. We discussed the suppression
of the ODT due to the presence of compositional fluctuations, however, we only located the ODT for a few values of N̄ . A systematic study of the suppression of the
ODT would benefit from more data in τ − N̄ space and the use of more sophisticated
techniques, such as thermodynamic integration, to locate the ODT. This would allow
for comparison with the ODT analytically calculated by Refs. [17,32], as well as allowing for comparison with Ref. [47], which predicted that the region of DM stability
varies as N̄ 1/2 . A thorough investigation of the ODT may also include an examination of ordering micelles. We only observed the DM to BCC transition without noise
and did not study this transition systematically. The pair-distribution function was
calculated in this work, but was not systematically studied or used as anything more
than a check of our methods. The pair distribution function may be used to calculate
the structure factor and hence reduce the number of fitting parameters in the fit to
the scattering function. Direct access to the structure factor in this way may also
be useful in determining the types of interactions which occur between micelles, that
is, examining the deviation from the simple hard sphere model. The intermediate
scattering function which we presented is noisy and was only calculated for a single
value of q. This could be improved upon by calculating of the intermediate scattering
function in simulations which are spatially larger and run for longer times, as well as
averaging over the intermediate scattering function acquired from many simulations.
It may also be beneficial to calculate the intermediate scattering function for different
values of q, to examine collective diffusion on different length scales. We also presented a method for driving the evolution in simulations using the full Leibler free
energy, rather than the Landau-Brazovskii free energy. Though this would give results
which my be more physically realistic, we forwent this simulation method in order to
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compare with analytical results pertaining to the Landau-Brazovskii model. A comparison of the results produced by both models may be interesting. This comparison
may be more relevant to simulations conducted in stronger segregation regimes than
we have considered.
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