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ABSTRACT

DYNAMIC GAMES AND MULTIOBJECTIVE OPTIMIZATION APPLIED TO

DESIGNING SUSTAINABLE URBAN NEIGHBOURHOODS

Daniel Vanin

University of Guelph

Advisor:

Dr. M. G. Cojocaru

This thesis intends to utilize mathematical models for testing the development of sus-

tainable urban neighbourhoods and analyze the impact of these developments at city level

using dynamic and multiobjective optimization techniques. These techniques aim to mon-

itor and lower urban carbon emission levels, while predicting the municipality’s projected

tax revenues. This study shows how multiple decision making models can operate and re-

late to help analyze the implementation of a sustainable neighbourhood design in a mid-size

urban area.
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Statement of originality

This thesis contains original time-dependent models in Chapters 2,3,4. The application
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CHAPTER 1

Introduction and Background

1. Introduction

The importance of carbon emissions and its role in environmental sustainability contin-

ues to be an area of concern to the Canadian government. The Canadian Press explains

that municipalities are implementing new environmental based systems in order to help

reduce the country’s carbon emission rates [2]. This thesis intends to utilize mathematical

models for testing the development of sustainable urban neighbourhoods and analyze the

impact of these developments at city level using dynamic and multiobjective optimization

techniques.

The purpose for this study is to show how multiple decision making models can operate

and relate to help analyze the implementation of a sustainable neighbourhood design in a

mid-size urban area. The thesis uses four types of models: 1) a static market equilibrium

model to derive pricing functions for the market commodities (in our case these commodities

will consist of new single dwelling residential developments); 2) a static developers’ compe-

tition model coupled with a carbon emission cap-and-trade model (which we refer to as a

”permit model”) to establish the actual numbers of dwellings each developer will build and

at what emissions level; 3) a discrete time dependent optimization model at municipality

level (with and without incentives) to optimize the city’s budget taking into considera-

tion the new developments; 4) a discrete events multiobjective optimization model for the

city’s budget and rebates model, where rebates are considered in two forms: a finite-time

flat property tax for environmentally friendly dwellings, and a one-time fixed sum rebate

for consumers buying eco-houses. More over, we include a municipality planning model,

whereby the city can run its own ideal numbers and types of new dwellings in a residential

1



2 1. INTRODUCTION AND BACKGROUND

site, and use this to compare and approve developers’ plans for the given sites. Analysis of

results will be presented, followed by numerical examples throughout.

The original work in this thesis consists in the use of different related decision making

models to outline the interdependence of decisions at developers’ and municipality levels.

Another original element is the use of dynamic optimization and dynamic multiobjective

optimization problems in the policy and budget analyses at the municipality level.

2. Background Concepts

The market equilibrium, competition and permit models presented in this thesis are

well known in the literature, as can be seen in [15, 16]. We review in brief the economic

ideas used in formulating our models next. The first concept will be defining a market

equilibrium problem followed by a competitive market equilibrium problem.

Market demand models. Market equilibrium stems from the work first done by

Walras in 1874, carrying the base assumption that addresses perfect competition. Perfect

competition restricts any participant in the economy from having control over the prices of

products or over other participants and the price of a product is considered a variable, its

value determined by the combined actions of all participants [4].

Perfect competition assumes that every participant possesses complete information

about the products available, the current price and the bids of a specific product. There

are no preferred participants and the participants also have access to all transactions that

occur, such that their number is large enough that the market interactions regarding a

product is small compared to the transactions in the overall market. The supply and de-

mand functions of every product monitors the components that determine the prices of the

specific products and the amounts traded by the particular participant. Equilibrium occurs

when the total supply and demand are equal, given a positive price, for each product in the

economy. This price when the equilibrium occurs for each product is called the equilibrium
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price of the product [4]. An application of this process model occurs in Chapter 2 where

we explain how the market equilibrium model is used in our case.

Example 1: Spatial price equilibrium problem (see [18]) Let us take a look at the

spatial price equilibrium model, with m supply regions and n demand regions, both involved

in the creation and utilization of a homogeneous product under perfect competition. Let us

define the following: 1) i a supply region and si, the supply at such region; 2) πi the supply

price of the product at supply region i; 3) j a demand region and dj , the demand at such

region; 4) pj the price at the demand region j.

Denote (i, j) as a supply-demand pair, Qij the non-negative product shipment between

a pair (i, j) and cij the unit purchasing cost between the same pair. This unit purchasing

cost includes the unit cost of transportation and possibly, a tax/tariff, duty or subsidy.

Let s ∈ Rm be the supply vector, π ∈ Rm the supply prices vector, d ∈ Rn the demand

vector and p ∈ Rn the demand prices vector. Finally, denote by Q ∈ Rmn as the product

shipments vector and c ∈ Rmn as the unit purchasing costs vector.

We also make the following assumptions: 1) π = π(s) the supply prices depend on the

supply of the product at each region; 2) p = p(d) the demand prices depend on the demand

for the product at each region; 3) c = c(Q) the unit purchasing costs from the supply region

i to the demand region j.

The supplies, demands and shipments of product must satisfy the following constraints,

such that they can represent a feasible model,

si =
n∑
j=1

Qij , i ∈ {1, ...,m}

dj =
m∑
i=1

Qij , j ∈ {1, ..., n}

Qij ≥ 0, i ∈ {1, ...,m}, j = {1, ..., n}

In brief: the supply at each supply region is equal to the product shipments to all

demand regions. Likewise, the demand at each demand region is equal to the product

shipments from all supply regions. We now define a supply, demand and product shipment
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pattern (s∗, d∗, Q∗), which represents an equilibrium if it satisfies the constraints above

and satisfies the following for all pairs of supply-demand regions.

πi(s
∗) + cij(Q

∗) = pij(d
∗) if Q∗ij ≥ 0 or

πi(s
∗) + cij(Q

∗) ≥ pij(d∗) if Q∗ij = 0

The market is in equilibrium whenever either the shipment (Q∗ij) is positive and so in

equilibrium the demand price at the demand region j equals the price at the supply region

i plus the unit purchasing cost; or the equilibrium shipment is zero (Q∗ij = 0) and so in

equilibrium demand for this product remains less than or equal to the supply plus the unit

purchasing cost.

Let

−Fij(Q) := pj(d)− πs − cij(Q)

and F : Rmn → Rmn be given by Q→ F (Q) = (F11(Q),..., Fmn(Q)). Then a supply, de-

mand and product shipment pattern (s∗, d∗, Q∗) is in relation to a spatial price equilibrium

if and only if it satisfies the variational inequality problem

〈F (Q∗), Q−Q∗〉 ≥ 0, ∀Q ∈ X

where X = Rmn+ .

This model can be simplified to incorporate implementation with special functions.

We define our own supply and demand functions and implement these functions into the

previous example. In doing so, we use the market equilibrium model to formulate our first

model of determining pricing functions for the market commodities.

Oligopoly and Competition. An oligopoly consists of a market that is dominated

by a small number of sellers and the general lack of competition leads to higher costs for

consumers [15]. Since there exists such few sellers, developers have a larger portion of the

market share and consequently, each developer has the ability to affect the price of the
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product on the market. The decisions of one developer influence, and are influenced by, the

decisions of other developers.

Cournot investigated the competition between two producers of a given commodity [5].

He stated that if both producers try, each one on his own, to maximize their respective

income, they will produce certain definite quantities of the commodity for the market.

Cournot defined this pair of decisions an equilibrium since no one could increase his income

by departing alone from his equilibrium decision while the other retains it. He also showed

that if one producer removes himself from the equilibrium, he will be driven back to it

through a sequence of rational reactions of each producer to the others’ decisions, i.e.,

Cournot properly defined the competitive equilibrium as stable.

Nash investigated a similar concept of equilibrium for a general model of the behavior

of n agents (players, producers etc.), each acting according to his own self interest, in a

so-called noncooperative game [19, 20]. Each player i ∈ {1, 2, ..., n} has at his disposal a

strategy xi which he chooses from a set of Xi of feasible strategies. Associated with each

strategy is a determined payoff that one player receives upon playing this strategy; thus in

general, each player has a payoff function ui : Xi → R. Then a Nash equilibrium is a vector

of strategies x∗ = (x∗1, x
∗
2, ..., x

∗
n) in the common strategy set X = X1 ×X2 × ...×Xn such

that no player has a rational motive to independently depart from his equilibrium strategy.

A competitive equilibrium is used as a solution to our competition and permit model.

There exist various methods for solving Nash games and Cournot games. Some of the

methods are based on (scalar or vector) optimization, some on the classic reaction curves

methods (see for instance [1]), some on variational inequalities and numerical algorithms

methods derived for related optimization problems [8, 21]. Our models use the variational

inequality method which can be setup as shown in the following example.

Example 2: Competitive Market Equilibrium (see [17], Chapter 2.) Consider m

investors and n financial instruments they can invest in. Each investor’s objective is to

maximize his utility and determine the optimal amounts of the instruments that he should

obtain for his portfolio. For our purposes, his utility will be a function of how much a
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particular instrument he holds, as well how much of the same instrument the other investors

hold.

Let uj be the utility of the j th investor and let Xj
i be the amount he invests in the ith

instrument. We assume the constraint set which includes budget, regulatory constraints,

etc.) is represented by a closed convex subset Kj of Rn, for each investor j. Now, lets

assume that each investor j acts on his own benefit and intends to select the amount of

investments Xj ε Kj that maximizes his utility uj(X1, ..., Xj−1, Xj , Xj+1, ..., Xm), taking

into consideration the decisions of investments (Xk)k 6=j of the other investors.

A Nash equilibrium is a vector X∗ = (X1∗,...,Xm∗) ∈ K = Πm
j=1K

j such that

uj(Xj∗, X̂j∗) ≥ uj(Xj , X̂j∗), ∀Xj ∈ Kj and ∀j

where X̂j∗ = (X1∗, ..., Xj−1∗, Xj∗, Xj+1∗, ..., Xm∗).

If we assume that each uj is continuously differentiable on K and concave with respect to

Xj , then X∗ ε K is a Nash equilibrium if and only if it satisfies the variational inequality

problem
n∑
i=1

− ∂u
j

∂Xj
i

(X∗)(Xj
i −X

j∗
i ) ≥ 0, ∀X ∈ K

Solving Nash equilibrium using variational inequality is an important tool that we use

in Chapter 2.

Mathematical Optimization. An optimization problem consists of maximizing or

minimizing an objective function by systematically choosing input values from within an

allowed set (feasible set or constraints set) and computing the value of the function. A

solution is considered feasible if it satisfies all constraints, and optimal if, in addition to

being feasible, it yields the best possible value of the objective function. There is no generic

technique to solving optimization problems, instead, the nature of the mathematical model

dictates what appropriate solution method is required [24]. A typical optimization problem

is defined as:
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Definition 2.1. Let K ⊂ Rm non-empty, closed and convex and an objective function

f : K → R. Find the point(s) x∗ ∈ K so that x∗ solve the problem of

max( or min)f(x)

subject to x ∈ K.

Definition 2.2. A set K in a Hilbert space H is called convex is for all elements x,y ∈

K and all λ ∈ [0,1], λx + (1 - λ)y ∈ K

Definition 2.3. A set K in a Hilbert space H is called closed if for any convergent

sequence of elements {xi} in K such that {xi} → x, x ∈ K

The reason for the constraint set being closed and convex is that it shows there exists

an optimal set K∗ ⊂ K which is nonempty and contains a (sometimes unique) solution to

the optimization problem, given that f is a continuous function and K is bounded.

Linear programming is the most notable method to solving optimization problems, the

only requirement being that the objective function and constrains are all linear. Other

methods are employed in solving nonlinear optimization problems, such as interior point

methods, genetic algorithms, variational inequalities. [14, 22, 23]

3. Multiobjective Optimization

Multiobjective optimization deals with mathematical optimization problems involving

more than one objective function to be optimized simultaneously. In other words, where op-

timal decisions are required in light of trade-offs between two or more conflicting objectives

[13]. These problems can be expressed mathematically as ([6]):

Definition 3.1.

min
xεC

F (x), where

F (x) = [f1(x), f2(x), ..., fn(x)], n ≥ 2

C = [x : h(x) = 0, g(x) ≤ 0, a ≤ x ≤ b]
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Where C is the feasible set of decision vectors defined by constraint functions, h(x) =

0 are the equality constraints and g(x) ≤ 0 are the inequality constraints.

Excluding the nontrivial case, there does not exist a single solution (x∗) that simulta-

neously optimizes each objective. Therefore, we search for a number of solutions until we

gather a set of points at which none of the objective functions can be improved in value

without diminishing the other objective values [11]. This is referred to as Pareto optimal

solutions.

Definition 3.2. A point x∗ ε C is said to be Pareto optimal if and only if there does

not exist a x ε C such that F(x) ≤ F (x∗) with at least one strict inequality

Multiobjective Linear Programming. The most developed part of multiobjective

optimization from the theoretical as well as the applications point of view is multiobjective

linear programming [13]. For linear functions fk, k ∈ {1, 2, ..., s} and gi, i ∈ {1, 2, ...,m},

multiobjective optimization problems are set up as follows:

Definition 3.3.

minF (x) = Cx

subject to Ax = b

x ≥ 0

,

where A is an m×n matrix with rank(A) = m, b ∈ Rm, and C is the s×n criteria matrix.

Note that for s = 1, the above problem reduces to the linear programming problem:

minF (x) = cTx

subject to Ax = b

x ≥ 0

,

where c ∈ Rn and the notion of an efficient solution or of a Pareto minimal point is equiv-

alent to the notion of optimality in ordinary linear programming problems [13].

Evolutionary Multiobjective Algorithms. Evolutionary Multiobjective Optimiza-

tion algorithms (EMO) are a method in solving multiobjective problems. The process
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works with a basic two step criteria in solving multiobjective optimization problems: 1) find

multiple Pareto points closest to the Pareto optimal front, with a wide trade off amoung

objectives; 2) choose one of the obtained points using whats called ”higher-level informa-

tion.” Since EMO procedures are based on experimentation, finding Pareto optimal points

is not guaranteed. However, EMO procedures do have essential operators which improve

the evolving Pareto points, in a similar way that most natural and artificial evolving sys-

tems continuously improve their solutions [11]. In our municipality budget models we use

a linear multiobjective optimization problem to evaluate the trade off between maximizing

the city revenue and possible incentives policies for consumers that buy eco-houses. We im-

plement an EMO algorithm from the Matlab optimization toolbox, were the ”higher-level

information” used in decided which solution to choose from, is selecting the Pareto optimal

points with the highest rebate value. Reasoning being, greater rebate value promotes the

purchasing of eco-houses and the municipality gains it’s maximum profit possible with the

highest rebate value.



CHAPTER 2

Static Models

In this chapter, a competition model with permit markets is introduced. Developers pay

a tax for each unit of usual housing they produce (housing without any significant features

to reduce carbon emissions level) and/or developers receive a subsidy for each unit of eco

housing they produce (housing for which developers have undertaken steps to reduce the

carbon emissions on the environment). Developers also interact in a ”cap-and-trade” mar-

ket where a set number of licences are given by the municipality and developers are allowed

to trade these licenses for profit, with the requirement that the developers stay below the

capped emissions level [9].

The model allows for various levels of eco-houses to be produced, and for the subsidy

per unit to change in accordance with that [9]. Through this market model, we record the

resulting number of houses demanded for each developer, compare the results and gather

the information for future application.

After outlining the notation in section 1, in section 2 and 3 we will formulate the mathe-

matical optimization model needed to produce the competition and permit market. Finally

In section 4 numerical simulations of the problems will be presented.

1. Notation

As was established in [3] let us consider n residential development sites denoted by

i ∈ {1, ..., n}, each site being developed by one developer building s types of dwellings

denoted by k ∈ {1, ..., s}. We consider only one type of consumer group in the population

10
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for simplicity, however multiple consumer classes could be introduced. The price of product

k produced by developer i is denoted by pik and we group these prices into a vector p ∈ Rns.

Further, we denote xik the number of k-type houses demanded at site i.

The price and quantity functions in the model use standard supply and demand as-

sumptions to govern the relationship between the two as follows. If price of product k at i

increases, then demand for product k at i decreases, demand for product k at any developer

that isn’t i increases, and supply of product k at i increases. Alternatively, if the quan-

tity of product k at i increases then demand for product k at i decreases and demand for

product k at any developer that isn’t i decreases. This model establishes the equilibrium

price or equilibrium quantity (depending on the formulation) of all of the products traded.

We consider two housing products u and e, where u is defined as an usual house and e is

defined as an eco-house (i.e., with environmentally friendly features that help lower carbon

emission levels (such as geothermal heating, rain harvesting and/or grey water systems, and

solar panel heating). Thus k ∈ {u, e}.

2. Static Pricing Model

Each site i contains dwellings of type k with different characteristics other than the

eco-ones listed above, such as for instance distance from city, transportation access, etc.

As a result, the demand for houses of the same type at different sites may be different, we

however disregard these differences explicitly. Moreover, we assume that, according to the

spatial price equilibrium model, the demand and supply will be considered in equilibrium.

Lets define the parameters in the system of consumer demands that administer consumer

price responsiveness. The first responsiveness is that of the demand for eco-houses at one

site to the price of eco-houses at that site, denoted bei , i ∈ {1, 2}. Next, we consider the

parameters that control the responsiveness of the demand for eco-houses to the price of usual

houses in the same development, denoted buii , i ∈ {1, 2}. Finally, consider the parameters

that control the responsiveness of the demand for eco-houses, this time, to usual and eco-

houses in other developments, denoted (bui )iu,(bui )ie,(bei )
iu,(bei )

ie, i ∈ {1, 2}. Therefore we
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describe the demand for usual and eco-houses at a site i ∈ {1, ..., n} given by:

xiu = aui + bui p
u
i + buei p

e
i +

n∑
j=1, j 6=i

(bui )jupuj +
n∑

j=1, j 6=i
(bu1)jepej

xie = ae1 + beu1 p
u
1 + be1p

e
1 +

n∑
j=1, j 6=i

(be1)jupuj +

n∑
j=1, j 6=i

(be1)jepej .

In a simpler form, for i ∈ {1, 2}, the demand for u and e-type houses at two sites can be

written in matrix form as

(1) x = a+Bp

where

x = (xu1 , x
e
1, x

u
2 , x

e
2), a = (au1 , a

e
1, a

u
2 , a

e
2), p = (pu1 , p

e
1, p

u
2 , p

e
2)

and

(2) B :=



bu1 bue1 (bu1)2u (bu1)2e

beu1 be1 (be1)2u (be1)2e

(bu2)1u (bu2)1e bu2 bue2

(be2)1u (be2)1e beu2 be2


We rearrange to consider the price vector in relation to equation (1)

(3) p = B−1(x− a)

In terms of consumer demand, the main goal for our model is to consider how consumers

value eco-houses versus standard houses. Particularly, the relationship between the demand

for eco-houses with respect to the prices of other alternatives.

The following values are used in the numerical simulations. We make the necessary

assumptions that the maximal demands the market will support for each type of house at

each site (if prices were 0) are

au1 = 550, ae1 = 400, au2 = 550, ae2 = 400
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and

B−1 :=



3 0.5 0.088 0.026

0.5 4 1 0.041

0.088 1 3 0.5

0.026 0.041 0.5 7


With these values we obtain that the price functions are

(4)

pu1 = −0.75xu1 + 477.2− 0.125xe1 − 0.22xu2 − 0.65xe2

pe1 = −0.125xu1 + 610.35− xe1 − 0.25xu2 − 0.1025xe2

pu2 = −0.22xu1 + 574.6− 0.25xe1 − 0.75xu2 − 0.125xe2

pe2 = −0.65xu1 + 776.435− 0.10275xe1 − 0.125xu2 − 1.75xe2

3. Static Competition and Permit Model

For deriving the numbers and types of dwellings each developer will choose to build on

a site we look at competitive behaviour. Competition is the more likely economic scenario

in smaller regional settings (i.e. a municipality) since each developer’s market share is

much larger, and thus each developer is able to influence the price of each market product

by changing the quantity they output. We therefore assume that the producers are in

a noncooperative competition on the market and try to maximize their profit from their

respective developments, subject to prices and taxation policy constraints as outlined below.

The constraints on the developers are implemented as a cap-and-trade market model

introduced by a governing authority (such as a local government or municipality) to control

and lower the total carbon emissions level across the urban area (over all new developing

sites). This can be achieved if each developer is given an estimated emission target per site

for the new proposed dwellings.

Developers receive a permit to build at a site. Each permit has a fixed number of

licenses, each allowing a fixed amount of carbon emissions per year, per site. All licenses

are distributed initially at the same fixed price to all developers (one may assume that

the initial value of all licenses is 0, unless otherwise valued by the licence trades among
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developers). The developers are penalized for building a site that will produce a higher

amount of emissions than their target (beyond the number of licenses they were initially

given), but are not rewarded for building a site that will produce a lower amount of emissions

(i.e., for using less than the number of licenses they were given). However, in case some

developers are unable to build within their emissions target, they can trade (buy) licenses

from others for the price setup by the governing authority. This way developers building

below their emission targets can add to their profits from the license trade.

3.1. Notation. Recalling the notation introduced in Section 1 of this chapter, we make

the following additions. In the cap-and-trade market, we denote by loi , the initial number

of licenses for developer i provided by the governing body, by li, the number of licenses

developer i ends up possessing, and qi the price of the licenses set at site i. We denote by

h ∈ Rn a diffusion vector where the component hi represents the contribution that one unit

of emission by site i makes to the average pollutant concentration at the receptor point (set

by the governing body authority). Lastly, we let ei ≥ 0 be the rate of carbon emission of a

single usual house built at site i per year.

Each developer faces a cost cki of producing one dwelling of type k at i, and a possible

penalty cost for the amount of carbon emissions produced, γiei(li − loi ), where γi is inter-

preted as either the emissions tax implemented by the municipality for a site that is not

respecting the emissions’ target (whenever li > loi ), or a city incentive (if li < loi ).

Now, we present the competition model between developers, where a developer’s profit

function is given by

ui(y) =
( ∑
k={u,e}

(pki (x)− cki )xki
)
− (γiei + qi)(li − loi )

where y = (y1, y2) and yi = (xi, ei, li), i = 1, 2

.

Thus a developer’s problem becomes

(5)
maxui(yi)

s.t. y ∈ Xi, ∀i
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where each developer strategy set is given by

Xi = [yi := (xi, ei, li)|0 ≤ yi ≤ Yi, hiei = li],

and Yi is some very large upper bound not sustainable on the market. The Nash game

arising from this competition model is defined by

Definition 3.1. A vector y∗ ∈ X = ×ni=1Xi is said to be in a Nash equilibrium if:

ui(y
∗) ≥ ui(yi, ŷ

∗
i ) where

ŷ∗ = (y∗1, ..., y
∗
i−1, y

∗
i+1, ..., y

∗
m),

and the above holds ∀yi ∈ Xi, ∀i

More precisely, each developer selects its output, emission rates and licenses so that its

profit is maximized given the building decisions of the other developers. To solve this game

we use the variational inequality method, as highlighted in [4, 14], under the assumptions

of C1 differentiability and concavity in each variable of the payoff functions ui, i ∈ {1, 2},

the above game problem has the same solution set as the variational inequality problem of

finding

y∗ ∈ X so that 〈(−∂u1

∂y1
,
−∂u2

∂y2
) |y=y∗ , y − y∗〉 ≥ 0, ∀y ∈ X.

4. Numerical Results

The following values are used in accordance with the assumptions from Section 2. We

choose the initial number of licenses to be 100, where lo1 + lo2 = 100, we take h1 = 0.8, h2 =

0.7, set qi = constant = 0.1 and we assume the following cost functions (where the unit is

1,000$):

cu1 = 250, ce1 = 300, cu2 = 220, ce2 = 330

Assume the municipality would charge γ1 = $0.030 per unit of emission rate at site 1 and

γ2 = $0.035 respectively at site 2. Note that given the shape of the strategy set of each
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developer, we conclude easily that the maximum number of licenses per developer is 100,

thus the maximum emissions rates at site i is 100
hi

, whereas an initial distribution of licenses

(lo1, l
o
2) means each site’s target amounts to e1 =

lo1
h1

emission units per year, respectively

e2 =
lo2
h2

emission units per year.

The payoff functions are (using the pricing functions in (4)):

V1(y) = (−0.75xu1 + 477.2− 0.125xe1 − 0.22xu2 − 0.65xe2)xu1

+(−0.125xu1 + 610.35− xe1 − 0.25xu2 − 0.1025xe2)xe1

−250xu1 − 300xe1 − (0.03e1 + 0.1)(l1 − 50)

and

V2(y) = (−0.22xu1 + 574.6− 0.25xe1 − 0.75xu2 − 0.125xe2)xu2

+(−0.65xu1 + 776.435− 0.10275xe1 − 0.125xu2 − 1.75xe2)xe2

−220xu2 − 330xe2 − (0.035e2 + 0.1)(l2 − 50).

The variational inequality problem is in this case: find y∗ = (y∗1, y
∗
2) ∈ X1 ×X2 so that

〈(−∂u1

∂xu1
,
−∂u1

∂xe1
,
−∂u1

∂e1
,
−∂u1

∂l1
,
−∂u2

∂xu2
,
−∂u2

∂xe2
,
−∂u2

∂e2
,
−∂u2

∂l2

)
, y − y∗

〉
≥ 0

We solve the VI problem numerically following the method in [4] and we obtain the

following results for an initial emissions license allocation given by (lo1, l
o
2) = (20, 80):

Table 1. Number of Houses to Build by Each Developer

site 1 site 2
u-houses 66 171

eco-houses 121 94

Table 2. Licenses and Emissions Levels by Each Developer

site 1 site 2
emissions 37.042 100.52
licenses 29.63 70.36
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Notice in Table 1, developer 1 builds approximately double as many eco-houses than

usual houses, while developer 2 ends up building more usual houses than eco-houses. Since

developer 2 built the greater amount of usual houses, their emissions level was far greater

than developer 1. As a result, the developers traded the permits amongst themselves,

namely, developer 2 selling licenses to developer 1. Recall the initial license allocation was

(lo1, l
o
2) = (20, 80), since developer 1 had such a small amount of initial licenses, they were

forced to build more eco-houses, as well as purchase licenses from developer 1, to keep their

emissions levels low. Notice that developer 2 was able to stay below his target emissions

amount of 114.29 (e2 = 80
h2

= 114.29) , allowing to sell their initial licenses for a source

of revenue. While developer 1 was not as successful, emitting carbon levels above their

target amount of 25 (e1 = 20
h1

= 25), and being forced to purchase licenses from developer

2, resulting in further costs for itself.

Let us observe what would occur to the licenses and emissions level as we change the

initial licenses given to developer 1 and developer 2. Looking at Table 3 and Figures 1-3,

we note that at high differences in initial license allocation between sites (ex. lo1=10 and

lo2=90, lo1=20 and lo2=70, lo1=80 and lo2=50, etc) the developer with the higher initial licenses

always produces a far greater carbon emissions level and possesses majority of the licenses.

Note in Figure 1, the difference between the number of usual houses and eco-houses built

is far greater in this scenerio. In the cases where the initial license allocation between sites

is similiar (ex. lo1=30 and lo2=50, lo1=40 and lo2=30, lo1=50 and lo2=10, etc) both develop-

ers produce close to the same amount of carbon emissions and possess close to the same

amount of licenses. Figure 1 shows the difference between the number of usual houses and

eco-houses built is fairly small in this scenario.

Let us analyze the results of the payoff functions u1 and u2. Notice in Table 3 and 4,

when there occurs high differences in initial license allocation between sites, both developers

recieve their highest profit margin. In the cases were the initial license allocation between
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Table 3. Licenses and Emissions level by Each Developer with varying initial licenses

Values of lo1 and lo2 e1 l1 e2 l2 u1 u2
lo1=10, lo2=90 30.7 24.6 107.67 75.37 19782 48438
lo1=20, lo2=70 37.04 29.6 100.55 70.36 19785 48417
lo1=30, lo2=50 43.28 34.6 93.38 65.37 19789 48399
lo1=40, lo2=30 50 40 85.69 59.98 16499 42201
lo1=50, lo2=10 62.5 50 71.42 49.99 16499 42201
lo1=60, lo2=90 74.9 59.9 57.14 40 16499 42201
lo1=70, lo2=70 87.4 69.9 42.87 30 16499 42201
lo1=80, lo2=50 96.8 77.5 32.12 22.48 19802 48382
lo1=90, lo2=30 103.14 82.5 24.97 17.48 19817 48379

Figure 1. Number of houses built at each site as a function of initial allocation

sites is similiar, the payoff functions produce their lowest profit margin. This could be

attributed to the fact that the punishment factors (γi, qi) are not severe enough to affect

the developer’s profit margin.

Table 4. Values for Payoff Functions

u1 u2
$ 19784.76 $ 48417.33
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Figure 2. Emission levels at each site as a function of initial allocation

Figure 3. Number of licenses at each site as a function of initial allocation



CHAPTER 3

Dynamic Models

In this chapter we will use the results gathered from Chapter 2, namely the values for

the number of k-type houses built at sites i ∈ {1, ..., n}, and apply them to a municipality

budget model. The objective will be to determine the municipal tax levels in the new res-

idential developments given the number of houses to be built at each site i, while meeting

the city’s overall carbon emissions target. To lessen the impact of carbon emissions seg-

regation among new city developments (i.e., to avoid the amassing of most licenses at one

site, leading to it becoming considerably more polluted than others), we model an incentive

to purchase an eco-house by way of a consumer rebate. This rebate consists in the munici-

pality lowering the annual property taxes, for a limited number of years, for residents who

purchase eco-houses across sites.

We first outline the time dependent budget optimization municipality models, and then

present various numerical simulations of the proposed models over a given time interval. In

order to follow the evolution of the rebate policy, it is necessary to represent the models

as time dependent. Therefore we reformulate below our models as dependent on a param-

eter t which represents physical time. The evolution of this parameter will take place in

a compact interval, denoted by [0, T ], where T is known. In reformulating the models, we

consider that all vectors of revenue and cost will now depend on t ∈ [0, T ]; as a result, the

profit functions become functionals, since they will depend implicitly on t. Our constraint

sets will also depend on t [9].

We will once again outline the notation in section 1, in sections 2 and 3 we setup

the municipality budget optimization models and present numerical results respectively. In

20
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sections 4 and 5, we introduce the rebate function into the municipality budget optimization

model generated from section 2 and examine the corresponding numerical results that stem

from the alteration.

1. Notation

Recall the notation used in Chapter 2, we will make the following additions. In the

municipality model, we denote by gik the property tax per dwelling of type k at i, by wik

the yearly utilities (hydro, water, etc.) price per dwelling of type k, at location i and by

αi the fraction of municipal taxes to be used for maintenance costs (water, sewage, gas

pipelines, water wells etc.) at each site i.

2. Dynamic Municipality Budget Optimization Model

Our purpose is to discover what is the level of taxes to be charged in the next 10 years

on the new sites such that: 1) we allow a 2% increase per year in the tax levels for usual

houses at each site (just above the average inflation rate in Canada in the last 5 years

[10]); 2) we promote a flat taxation level on eco-dwellings over the first 5 years at all sites

i ∈ {1, ..., n}.

A 2% increase per year in tax levels in general means:

gik(t)− gik(t− 1)

t− (t− 1)
≤ 0.02

We integrate both sides from 0 to t∫ t

0
g
′
ik(t)dt ≤

∫ t

0
0.02dt

Therefore

mik ≤ gik(t) ≤ 0.02t+mik

where mik is the 2011 level of municipal taxes for an average house of type k in a site

similar to i, in a mid-size urban community. With this in mind, we define our municipality
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budget optimization model in general as :

at each tj ∈ {t0 := 0, t1, t2, ...., tm := T} we solve

(6) max F (g(tj), α(tj))

s.t.



mik ≤ gik(tj) ≤ m′ik(tj), i ∈ {1, .., n}, k ∈ {u, e}

α1(tj)(g1u(tj) + g1e(tj)) ≤M1(tj), i ∈ {1, .., n}, k ∈ {u, e}

α2(tj)(g2u(tj) + g2e(tj)) ≤M2(tj), i ∈ {1, .., n}, k ∈ {u, e}

0 ≤ αi(tj) ≤ 1, i ∈ {1, ..., n}

where

F (g(tj), α(tj)) =
n∑
i=1

[(
(1−αi(tj))giu(tj)+wiu(tj))

)
xiu(tj)+

(
(1−αi(tj))gie(tj)+wie(tj))

)
xie(tj)

]
,

m′iu(t) = 0.02t+miu(0), i ∈ {1, ..., n}

m′ie(t) =

 mie(0), for t ≤ 5 i ∈ {1, ..., n}

mie(0) + 0.02(t− 5), for t > 5 i ∈ {1, ..., n}

which means that

Mi(t) = m′iu(t) +m′ie(t), i ∈ {1, ..., n}

3. Numerical Results

Recalling the results of xik from Chapter 2 section 4, we will be using these values going

forward. For simplicity, we once again consider two sites and two developers, i = 1,2, each

developer producing two products, a usual house and an eco-house. We conduct several

simulations for the time-dependent case, with a time interval of [0,10 (yrs)]. We choose

approximate values for wiu = $240, $289 for i = 1, 2 respectively, and wie = $190, $220 for

i = 1, 2 respectively as gathered from a Guelph, On monthly water and hydro bill [7] and

note the assumption that wie will be between $50-70 cheaper than wiu per month based on
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the eco-related features of the household.

Table 5. Tax levels and percent allocation with flat rate constraint

Time (years) gu1 (1,000$) ge1 (1,000$) gu2 (1,000$) ge2 (1,000$) α1 α2

1 5.0100 6.0100 5.0100 6.5100 0.5 0.5
2 5.0120 6.0100 5.0120 6.5100 0.5 0.5
3 5.0140 6.0100 5.0140 6.5100 0.5 0.5
4 5.0160 6.0100 5.0160 6.5100 0.5 0.5
5 5.0180 6.0100 5.0180 6.5100 0.5 0.5
6 5.0200 6.0100 5.0200 6.5100 0.5 0.5
7 5.0220 6.0120 5.0220 6.5120 0.5 0.5
8 5.0240 6.0140 5.0240 6.5140 0.5 0.5
9 5.0260 6.0160 5.0260 6.5160 0.5 0.5
10 5.0280 6.0180 5.0280 6.5180 0.5 0.5

Table 6. Budget values with flat rate constraint

Time (years) F (g(tj), α(tj))(1, 000$)
1 2610.36791
2 2610.72946
3 2611.09202
4 2611.45478
5 2611.81773
6 2637.68586
7 2638.38796
8 2639.09037
9 2639.79310
10 2640.49606

As we see from Table 5, the tax levels for usual houses at both sites consistently increase

at a rate of $2.00 per year, as defined in our conditions. Significant changes occur for eco

houses at both sites. Notice that from year 1 to year 5, the tax levels remain at a constant

value, until year 5, then a consistent increase of $2.00 per year occurs. Clearly this is a result

of the flat taxation rate on eco-dwellings over the first 5 years. Note that the percentage of

taxes reallocated to maintenance cost stays constant through time.

The budget optimization is presented in Figure 3 below, where we see a sharp increase

once the flat tax policy ends.
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Figure 4. Evolution of tax levels with flat rate constraint

Figure 5. Budget with flat rate constraint of eco-houses for first 5 years
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4. Dynamic Municipality Budget Optimization Model with a Rebate Function

In order to promote buying eco-houses we introduce a rebate which returns a one time

amount of money to the residents who have purchased eco-houses, while removing the flat

tax incentive from the previous model. This term is added in the form of a cost function

cie(t) = 10 − t, t ∈ [0, T ] for an eco-house at site i ∈ {1, ..., n} as an expense for the

municipality subject to a given (implicitly modelled) maximal yearly budget. The model

then becomes:

at each tj ∈ {t0 := 0, t1, t2, ...., tm := T} we solve

(7) max F (g(tj), α(tj))

s.t.



mik ≤ gik(tj) ≤ m′ik(tj), i ∈ {1, .., n}, k ∈ {u, e}

α1(tj)(g1u(tj) + g1e(tj)) ≤M1(tj), i ∈ {1, .., n}, k ∈ {u, e}

α2(tj)(g2u(tj) + g2e(tj)) ≤M2(tj), i ∈ {1, .., n}, k ∈ {u, e}

0 ≤ αi(tj) ≤ 1, i ∈ {1, ..., n}

where

F (g(tj), α(tj)) =

n∑
i=1

[(
(1−αi(tj))giu(tj)+wiu(tj))

)
xiu(tj)+

(
(1−αi(tj))gie(tj)+wie(tj)−cie(tj))

)
xie(tj)

]
,

m′iu(t) = 0.02t+miu(0), m′ie(t) = mie(0) + 0.02(t), i ∈ {1, ..., n}, and

Mi(t) = m′iu(t) +m′ie(t), i ∈ {1, ..., n}.

5. Numerical Results

We will use the same values as in Section 3 of this chapter with the following change;

removing the flat tax incentive from equation (6) and adding the rebate term in the form

of a cost function cie(t) = 10− t, t ∈ [0, T ] for an eco-house at site i ∈ {1, 2}.

Notice from Table 7, the taxes for each site remain approximately the same, in compar-

ison to the taxes from Table 6. However, since we removed the flat tax incentive from the
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Table 7. Tax levels and percent allocation with rebate term

Time (years) gu1 (1,000$) ge1 (1,000$) gu2 (1,000$) ge2 (1,000$) α1 α2

1 5.0000 6.0000 5.0000 6.5000 0.6 0.6
2 5.0020 6.0020 5.0020 6.5020 0.5 0.5
3 5.0040 6.0040 5.0040 6.5040 0.5 0.5
4 5.0060 6.0060 5.0060 6.5060 0.5 0.5
5 5.0080 6.0080 5.0080 6.5080 0.5 0.5
6 5.0100 6.0100 5.0100 6.5100 0.5 0.5
7 5.0120 6.0120 5.0120 6.5120 0.5 0.5
8 5.0140 6.0140 5.0140 6.5140 0.5 0.5
9 5.0160 6.0160 5.0160 6.5160 0.5 0.5
10 5.0180 6.0180 5.0180 6.5180 0.5 0.5

Table 8. Budget values with rebate term

Time (years) F (g(tj), α(tj))(1, 000$)
1 2456.27000
2 2609.54215
3 2610.02093
4 2610.50282
5 2610.96392
6 2611.44291
7 2611.92264
8 2612.40354
9 2612.88477
10 2613.36662

previous model, now the tax levels for both usual and eco houses consistently increase at a

rate of $2.00 per year beginning at year 1 (as defined in the constraints for equation (7)).

Note that the percentage of taxes reallocated to maintenance cost stays constant through

time and remains equal to percent allocation from Table 5 (aside from year 1).

Observing Figure 5 (the budget with a flat rate constraint), we notice the following

changes in the budget: 1) slightly increases in value until year 4, 2) from year 5 to year

6, a drastic increase in value occurs 3) during year 7 to year 10, another small consistent

increase arises. Now consider Figure 6 (the budget with rebate term for eco-house buyers),

a drastic increase in the budget occurs from year 1 to year 2 and then from year 2 to year

10 a small consistent increase ensues. If we compare the two figures, the flat rate constraint

applied in Figure 5 is causing the significant increase in budget to delay until year 6. As

opposed to Figure 6, because the rebate term is considered a cost function and no flat rate

constaint exists, the significant increase in budget can occur after year 1.
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Figure 6. Budget with one time rebate term for eco-house buyers

However, both end values of the two optimized budgets are very close, thus the two

policies amount to how fast does the municipality arrive at their year end values after 10

years.

6. City planning and adoption of eco-houses

In this section we will solve the municipality budget optimization models of the previous

two sections where we allow the quantities of each house type to be built on a set of two

sites per year to be variables in the model, subject to preset city targets (so we assume

that each year the city approves 2 new residential development sites). At the moment, in

Canada, there does not exist a way to impose preset types of dwellings per development

site, unless a municipality is the developer. However, this model could serve the city’s goal

of planning more sustainable neighbourhoods and approving residential developers whose

building plans resemble this sustainable path closest.
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6.1. Let us look at our budget optimization model of Section 2, where we limit the

number of usual houses at each site to a constant denoted by Xiu, and we cap the total

number of dwellings of all types at each site i, denoted by Ti. This means that we solve:

at each tj ∈ {t0 := 0, t1, t2, ...., tm := T} we solve

(8) max F (x(tj), g(tj), α(tj))

s.t.



0 ≤ xiu ≤ Xiu, ∀i

0 ≤ xiu + xie ≤ Ti, ∀i

mik ≤ gik(tj) ≤ m′ik(tj), i ∈ {1, .., n}, k ∈ {u, e}

α1(tj)(g1u(tj) + g1e(tj)) ≤M1(tj), i ∈ {1, .., n}, k ∈ {u, e}

α2(tj)(g2u(tj) + g2e(tj)) ≤M2(tj), i ∈ {1, .., n}, k ∈ {u, e}

0 ≤ αi(tj) ≤ 1, i ∈ {1, ..., n}

where

F (x(tj), g(tj), α(tj)) =
n∑
i=1

[(
(1− αi(tj))giu(tj) + wiu(tj))

)
xiu(tj)

+
(

(1− αi(tj))gie(tj) + wie(tj))
)
xie(tj)

]
,

m′iu(t) = 0.02t+miu(0), i ∈ {1, ..., n}

m′ie(t) =

 mie(0), for t ≤ 5 i ∈ {1, ..., n}

mie(0) + 0.02(t− 5), for t > 5 i ∈ {1, ..., n}

which means that

Mi(t) = m′iu(t) +m′ie(t), i ∈ {1, ..., n}

The new results of our numerical simulations for i = 1, 2 now are as follows: we take

the cap per dwellings to be T1 = 500 at site 1, and T2 = 500 at site 2 and X1u = X2u = 100.

With these results we have that: 1) the tax levels for each site remain remotely similar to
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the dynamic municipality budget model with flat rate constraint and with rebate term; 2)

in Figure 8, notice that site 1 builds a combo of usual and eco houses, while site 2 develops

only eco houses; 3) in Figure 7 and Table 10, with the adjustments to this model, the city

budget is maximized to a much higher level than in the previous two models (equation (6)

& (7)).

Table 9. Tax levels and percent allocation with variable house demand (units in 1,000)

Time = 1 T=2 T=3 T=4 T=5 T=6 T=7 T=8 T=9 T=10
gu1 5.0099 5.0118 5.0138 5.0158 5.0178 5.0199 5.0219 5.0239 5.0259 5.0279
ge1 6.0099 6.0099 6.0099 6.0099 6.0099 6.0099 6.0119 6.0139 6.0159 6.0179
gu2 5.0097 5.0117 5.0137 5.0157 5.0177 5.0197 5.0217 5.0237 5.0257 5.0277
ge2 6.5099 6.5099 6.5099 6.5099 6.5099 6.5099 6.5119 6.5139 6.5159 6.5179
α1 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001
α2 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001
xu1 0.0999 0.0999 0.0999 0.0999 0.0999 0.0999 0.0999 0.0999 0.0999 0.0999
xe1 0.1501 0.1501 0.1501 0.1501 0.1501 0.1501 0.1501 0.1501 0.1501 0.1501
xu2 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001
xe2 0.1999 0.1999 0.1999 0.1999 0.1999 0.1999 0.1999 0.1999 0.1999 0.1999

Table 10. Budget values with variable house demand

Time (years) F (x(tj), g(tj), α(tj))(1, 000$)
1 3615.86853
2 3616.06564
3 3616.26278
4 3616.45915
5 3616.65421
6 3616.84763
7 3617.67834
8 3618.50987
9 3619.34179
10 3620.17375
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Figure 7. Budget with variable house demand

Figure 8. Usual and Eco-houses Projection with variable house demand
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6.2. Finally, we propose a city planning model with an unknown rebate function,

namely we consider the models in Sections 5 and 6.1 of this Chapter where additionally we

add one more variable, cie, i ∈ {1, ..., n} subject to a budget constraint
∑n

i=1 ciexie ≤ Bi(t),

where Bi(t) is the portion of the rebate budget allocated to site i. With these considerations,

we solve the optimization problem:

at each tj ∈ {t0 := 0, t1, t2, ...., tm := T}

(9) max F (x(tj), g(tj), α(tj), ci(tj))

s.t.



0 ≤ xiu ≤ Xiu, ∀i

0 ≤ xiu + xie ≤ Ti, ∀i∑n
i=1 ciexie ≤ Bi(tj), ∀i

mik ≤ gik(tj) ≤ m′ik(tj), i ∈ {1, .., n}, k ∈ {u, e}

α1(tj)(g1u(tj) + g1e(tj)) ≤M1(tj), i ∈ {1, .., n}, k ∈ {u, e}

α2(tj)(g2u(tj) + g2e(tj)) ≤M2(tj), i ∈ {1, .., n}, k ∈ {u, e}

0 ≤ αi(tj) ≤ 1, i ∈ {1, ..., n}

where

F (x(tj), g(tj), α(tj), ci(tj)) =
n∑
i=1

[(
(1− αi(tj))giu(tj) + wiu(tj))

)
xiu(tj)

+
(

(1− αi(tj))gie(tj) + wie(tj)− cie(tj))
)
xie(tj)

]
,

m′iu(t) = 0.02t+miu(0), m′ie(t) = mie(0) + 0.02(t), i ∈ {1, ..., n}, and

Mi(t) = m′iu(t) +m′ie(t), i ∈ {1, ..., n}

Applying similar numerical values here in the context of our example, we also consider

that the rebate budgets are decreasing in time, shrinking by 1/5 of the original size by the

end of the 10 years interval. In this case we obtain the following results: 1) the tax levels

for each site remain remotely similar to the tax levels from section 6.1 of this Chapter; 2)
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in Figure 10, notice when making the rebate function a variable, site 1 and 2 both build a

combo of usual and eco houses; 3) in Figure 9 and Table 11, note that the rebate function

stays approximately $500.00 throughout all time steps 4) in Figure 10 and Table 12, with

the adjustments to this model, the city budget is approximately $2,000,000 lower in value

compared to section 6.1 of this Chapter. Notice that in years 2,6 and 9, the budget drops

dramatically. As well observe that in those years, the production of eco houses at both sites

also drops; this could be a possible explaination for the decrease in budget during years 2,6

and 9.

Table 11. Tax levels and percent allocation with variable house demand and rebate
function (units in 1,000)

Time = 1 T=2 T=3 T=4 T=5 T=6 T=7 T=8 T=9 T=10
gu1 5.0085 5.0093 5.0123 5.0166 5.0156 5.0164 5.0195 5.0214 5.0275 5.0283
ge1 6.0066 6.0079 6.0091 6.0116 6.0114 6.0132 6.0139 6.0150 6.0265 6.0247
gu2 5.0084 5.0093 5.0122 5.0166 5.0156 5.0165 5.0194 5.0214 5.0275 5.0283
ge2 6.5064 6.5078 6.5089 6.5112 6.5110 6.5129 6.5133 6.5146 6.5258 6.5234
α1 0.0001 0.0005 0.0001 0.0001 0.0001 0.0005 0.0001 0.0001 0.0005 0.0005
α2 0.0001 0.0005 0.0001 0.0001 0.0001 0.0005 0.0001 0.0001 0.0004 0.0004
xu1 0.1000 0.1000 0.0999 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000
xe1 0.0097 0.0078 0.0093 0.0092 0.0089 0.0071 0.0085 0.0083 0.0082 0.0080
xu2 0.1000 0.1000 0.0999 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000
xe2 0.0098 0.0053 0.0093 0.0092 0.0087 0.0047 0.0082 0.0076 0.0038 0.0036
ce1 0.5000 0.4999 0.5000 0.5000 0.4999 0.4998 0.5000 0.5000 0.5004 0.5008
ce2 0.5000 0.5001 0.4999 0.4999 0.5000 0.5000 0.4999 0.4999 0.5004 0.5002

Table 12. Budget values with variable house demand and rebate function

Time (years) F (x(tj), g(tj), α(tj), ci(tj))(1, 000$)
1 1684.82081
2 1209.91627
3 1679.15771
4 1678.96676
5 1671.62892
6 1204.80774
7 1665.37315
8 1659.33056
9 1243.65244
10 1246.51153

If we investigate further the size of the decrease in the rebate budgets, and their effect on

the development of eco-houses, we see some interesting effects in the next two simulations:

1) notice in Table 15, 16 and Figures 13, 16, for both simulations (rebates shrinking to

half the starting size and no decrease in rebate budget), site 1 and 2 lower significantly the

number of eco houses built (approximately 5-9 houses built), while maintaining a constant
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Figure 9. Evolution of variable rebate function

Figure 10. Usual and Eco-houses Projection with variable house demand and
rebate function

high production rate of usual houses (approximately 100 houses built each year); 2) for the

simulation with rebates shrinking to half the starting size, notice in Figure 14, the budget

fluctuates in value seemingly dependant on the production of eco houses built. Notice

that at year 4, the budget decreases significantly and at that year the eco houses at site

2 also decrease significantly. This is the same property that was analyzed in the previous



34 3. DYNAMIC MODELS

Figure 11. Budget with variable house demand and rebate function

simulation when we first introduced a variable rebate term into the model. Comparing to

the simulation with no decrease in rebate budget, notice in Figure 17 the budget consistantly

increases at a constant rate from year 1 to 10. Note that the slope at each time interval are

all approximately the same. Last observation on the budget comparison, notice the value of

the budget with no decrease in rebate is lower than then value of the budget with rebates

shrinking to half the starting size; 3) in Figures 12 and 15, both rebate functions have very

minimal change in time, and remain approximately constant in value at $500.00.

Table 13. Tax levels and percent allocation with variable house demand and rebate
function, rebates shrink to half the starting size (units in 1,000)

Time = 1 T=2 T=3 T=4 T=5 T=6 T=7 T=8 T=9 T=10
gu1 5.0085 5.0102 5.0120 5.0163 5.0159 5.0176 5.0195 5.0253 5.0235 5.0256
ge1 6.0066 6.0077 6.0089 6.0136 6.0116 6.0123 6.0138 6.0163 6.0163 6.0183
gu2 5.0084 5.0101 5.0119 5.0163 5.0158 5.0176 5.0195 5.0257 5.0234 5.0255
ge2 6.5064 6.5075 6.5086 6.5129 6.5110 6.5120 6.5133 6.5151 6.5156 6.5172
α1 0.0001 0.0001 0.0001 0.0005 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001
α2 0.0001 0.0001 0.0001 0.0004 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001
xu1 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000
xe1 0.0094 0.0089 0.0084 0.0080 0.0075 0.0069 0.0064 0.0060 0.0054 0.0049
xu2 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000
xe2 0.0094 0.0087 0.0079 0.0036 0.0053 0.0066 0.0051 0.0057 0.0053 0.0050
ee1 0.5000 0.4999 0.5000 0.5008 0.5000 0.5000 0.5000 0.4999 0.5000 0.5001
ee2 0.5000 0.5000 0.4999 0.5002 0.5000 0.5000 0.4999 0.5000 0.4999 0.4999
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Table 14. Budget values with variable house demand and rebate function, rebates
shrink to half the starting size

Time (years) F (x(tj), g(tj), α(tj), ci(tj))(1, 000$)
1 1680.03249
2 1670.57336
3 1660.56591
4 1244.83541
5 1633.76066
6 1641.07810
7 1625.42017
8 1629.77013
9 1620.86751
10 1614.44049

Figure 12. Evolution of variable rebate function, with rebates shrinking to half
the starting size

Table 15. Tax levels and percent allocation with variable house demand and rebate
function, no decrease in rebate budgets (units in 1,000)

Time = 1 T=2 T=3 T=4 T=5 T=6 T=7 T=8 T=9 T=10
gu1 5.0067 5.0079 5.0091 5.0104 5.0118 5.0131 5.0145 5.0159 5.0173 5.0188
ge1 6.0063 6.0074 6.0085 6.0096 6.0107 6.0119 6.0131 6.0142 6.0154 6.0166
gu2 5.0067 5.0079 5.0092 5.0105 5.0118 5.0132 5.0145 5.0160 5.0174 5.0189
ge2 6.5062 6.5073 6.5084 6.5095 6.5106 6.5117 6.5129 6.5140 6.5152 6.5164
α1 0.0005 0.0005 0.0005 0.0005 0.0005 0.0005 0.0005 0.0005 0.0005 0.0005
α2 0.0005 0.0005 0.0005 0.0005 0.0005 0.0005 0.0005 0.0005 0.0005 0.0005
xu1 0.0998 0.0998 0.0998 0.0998 0.0998 0.0998 0.0998 0.0998 0.0998 0.0998
xe1 0.0080 0.0080 0.0080 0.0080 0.0080 0.0080 0.0080 0.0080 0.0080 0.0080
xu2 0.0999 0.0999 0.0999 0.0999 0.0999 0.0999 0.0999 0.0999 0.0999 0.0999
xe2 0.0056 0.0056 0.0056 0.0056 0.0056 0.0056 0.0056 0.0056 0.0056 0.0056
ce1 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000
ce2 0.5001 0.5001 0.5001 0.5001 0.5001 0.5001 0.5001 0.5001 0.5001 0.5001
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Figure 13. Usual and Eco-houses Projection with variable house demand and
rebate function, rebates shrink to half the starting size

Figure 14. Budget with variable house demand and rebate function, rebates shrink
to half the starting size
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Table 16. Budget values with variable house demand and rebate function, no
decrease in rebate budgets

Time (years) F (x(tj), g(tj), α(tj), ci(tj))(1, 000$)
1 1210.09450
2 1210.20768
3 1210.32642
4 1210.45059
5 1210.58003
6 1210.71454
7 1210.85387
8 1210.99788
9 1211.14641
10 1211.29925

Figure 15. Evolution of variable rebate function, no decrease in rebate budgets
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Figure 16. Usual and Eco-houses Projection with variable house demand and
rebate function, no decrease in rebate budgets

Figure 17. Budget with variable house demand and rebate function, no decrease
in rebate budgets



CHAPTER 4

Multiobjective Optimization

In this chapter we use multiobjective optimization, the process of simultaneously op-

timizing two or more conflicting objectives subject to certain constraints. For nontrivial

multiobjective problems, we cannot identify a single solution that will optimize each ob-

jective. When searching for solutions, we discover points that can improve one objective

function, but will cause less than optimal results for other objective functions. To avoid

this problem, we search for Pareto optimal or Pareto efficient points, a set of points that

are most optimal for all objective functions [13].

We will look to maximize the municipalities profit, as well as minimize the rebate

function introduced in Chapter 3 Section 4. In Section 1 we will examine the mathematical

theory and formulation of the multiobjective optimization model and in section 2 we will

observe the numerical simulations of the problem.

1. Multiobjective Model

We continue with the notation used in Chapter 3, Section 4 but our goal is to transform

equation (10) into a multiobjective linear programming problem, which will allow us to not

only maximize the municipalities profit, but also allow for a guaranteed rebate to those

markets purchasing eco-houses.

Mathematical Formulation. Recall equation (10) from Chapter 3:

at each tj ∈ {t0 := 0, t1, t2, ...., tm := T} we solve

(10) max F (g(tj), α(tj))

39
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s.t.



mik ≤ gik(tj) ≤ m′ik(tj), i ∈ {1, .., n}, k ∈ {u, e}

α1(tj)(g1u(tj) + g1e(tj)) ≤M1(tj), i ∈ {1, .., n}, k ∈ {u, e}

α2(tj)(g2u(tj) + g2e(tj)) ≤M2(tj), i ∈ {1, .., n}, k ∈ {u, e}

0 ≤ αi(tj) ≤ 1, i ∈ {1, ..., n}

where

F (g(tj), α(tj)) =
n∑
i=1

[(
(1− αi(tj))giu(tj) + wiu(tj))

)
xiu(tj)

+
(

(1− αi(tj))gie(tj) + wie(tj)− cie(tj))
)
xie(tj)

]
,

m′iu(t) = 0.02t+miu(0), m′ie(t) = mie(0) + 0.02(t), i ∈ {1, ..., n}, and

Mi(t) = m′iu(t) +m′ie(t), i ∈ {1, ..., n}

and cie is the rebate.

Let us fix αi, i = 1, ..., n to be constants, and consider cie, i = 1, ..., n to be an unknown

quantity subject to a lower and upper limit of Bie, B
′
ie := B′ie(t) respectively. Now we

want to maximize our profit, and minimize the municipality’s rebate/cost. We can split our

objective function F (g(t)) into two objective functions:

max F1(g(t))

s.t.



mik ≤ gik(tj) ≤ m′ik(tj), i ∈ {1, .., n}, k ∈ {u, e}

α1(tj)(g1u(tj) + g1e(tj)) ≤M1(tj), i ∈ {1, .., n}, k ∈ {u, e}

α2(tj)(g2u(tj) + g2e(tj)) ≤M2(tj), i ∈ {1, .., n}, k ∈ {u, e}

0 ≤ αi(tj) ≤ 1, i ∈ {1, ..., n}
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where

F1(g(t)) =

n∑
i=1

[(
(1−αi(tj))giu(tj)+wiu(tj))

)
xiu(tj)+

(
(1−αi(tj))gie(tj)+wie(tj))

)
xie(tj)

]
s.t. m′iu(t) = 0.02t+miu(0), m′ie(t) = mie(0) + 0.02(t), i ∈ {1, ..., n}, and

Mi(t) = m′iu(t) +m′ie(t), i ∈ {1, ..., n}

and

min F2(c1e(t), c2e(t)) =
n∑
i=1

cie(t)xie(t)

s.t. Bie ≤ cie(t) ≤ B
′
ie, Bie > 0

This allows us to consider both objective functions in a multiobjective optimization problem.

Let us minimize the objective function for F1, thus F1 will need to be multiplied by −1.

Now we can consider our multiobjective optimization problem as a multiobjective linear

programming problem and solve accordingly

(11) min F (g(t), ce(t))

s.t.



mik ≤ gik(tj) ≤ m′ik(tj), i ∈ {1, .., n}, k ∈ {u, e}

α1(tj)(g1u(tj) + g1e(tj)) ≤M1(tj), i ∈ {1, .., n}, k ∈ {u, e}

α2(tj)(g2u(tj) + g2e(tj)) ≤M2(tj), i ∈ {1, .., n}, k ∈ {u, e}

0 ≤ αi(tj) ≤ 1, i ∈ {1, ..., n}

s.t. m′iu(t) = 0.02t+miu(0), m′ie(t) = mie(0) + 0.02(t), i ∈ {1, ..., n}, and

Mi(t) = m′iu(t) +m′ie(t), i ∈ {1, ..., n}

Bie ≤ cie(t) ≤ B
′
ie, Bie > 0,

where F (g(t), ce(t)) = (F1(g(t)), F2(ce(t)) as above.
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2. Numerical Results

In this section we use constant numerical values set for α1 = 0.25 and α2 = 0.2. Con-

sider the rebate function cie(t) to be unknown, the lower rebate limit Bie= $100 and the

upper rebate limit B′ie(t) = −t+Bie + 1, t ∈ [0, 10].

Generally there exists multiple Pareto optimal points for any given multiobjective opti-

mization problem. Thus there is no one generic method when solving multiobjective linear

programming problems. That being said, since the programming tool being used is Matlab,

we shall solve equation (11) using the Matlab multiobjective solver based on evolutionary

multiobjective optimization algorithms [11].

Given that the rebate function is a variable in this model, the overall tax levels for

each developer at each site is considerably lower than that of taxes resulting from equation

(7) (Dynamic municipality budget model with rebate function). Since the purpose of one

objective function was to minimize the cost function (F2), approximately all Pareto optimal

points for cie were at the minimum value the municipality was inclined to produce (Lower

bound for cie was set to $100).

As we increase the time interval, notice that the tax levels for usual houses at site 2 and

eco-houses at site 1 increase in time. In comparison, the tax levels for usual houses at site 1

and eco-houses at site 2 remain approximately the same as time increases. Possible reason

for this steady increase in usual house taxes at site 2 and eco-house taxes at site 1 is that

the majority of the total number of houses developed are of these two types. Therefore in

order for the municipality to make any revenue, it needed to steady increase the taxes at

the sites where residents were buying from.

Let us look at Table 18, the Pareto optimal solutions for time step 2 and Table 26,

the Pareto optimal solutions for time step 10. Notice the column labelled ”F1 − F2” which

represents the municipality’s profit at these optimal points. We can observe the trends at

the highest profit points. Notice that the highest profit values (for both Tables) occur when
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Figure 18. Pareto front during the time interval t ε [1, 10]

the rebate function for both developers has a value greater than the designated minimum

value ($100.00).

Looking at Figure 18, let us compare the approximate objective function values on the

Pareto fronts at year 2 and year 10. The Pareto front at year 2 spikes at approximately F1

= $3,410,000 whereas the Pareto front at year 10 spikes at approximately F1 = $4,100,000.

This trend continues as we travel from year 1 to year 10. This means that the municipality

is maximizing their revenue at a greater rate as time increases.
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Table 17. Pareto Optimal Solutions at Time = 1 (units in 1,000)

g1u g1e g2u g2e c1e c2e
5.8936 5.0725 6.3140 5.0002 0.1000 0.1000
5.8938 5.0058 6.3140 5.0002 0.1000 0.1000
5.8938 5.0314 6.3140 5.0002 0.1000 0.1000
5.7008 5.2881 6.3826 5.0258 0.1000 0.1000
5.5177 5.4822 6.4002 5.0998 0.1007 0.1006
5.7147 5.2747 6.3583 5.0047 0.1000 0.1000
5.5178 5.4820 6.4003 5.0997 0.1001 0.1005
5.5177 5.4822 6.4002 5.0997 0.1006 0.1006
5.8361 5.1587 6.3251 5.0017 0.1000 0.1000
5.5199 5.4796 6.3983 5.0995 0.1002 0.1001
5.7028 5.2849 6.3714 5.0185 0.1000 0.1000
5.5340 5.4613 6.3947 5.0900 0.1001 0.1000
5.8938 5.0360 6.3140 5.0002 0.1000 0.1000
5.5799 5.4196 6.3860 5.0477 0.1000 0.1000
5.8499 5.1404 6.3226 5.0015 0.1000 0.1000
5.5396 5.4534 6.3893 5.0810 0.1000 0.1000
5.6724 5.3103 6.3827 5.0433 0.1000 0.1000
5.5771 5.3814 6.3874 5.0570 0.1000 0.1000
5.5199 5.4797 6.3983 5.0996 0.1002 0.1001
5.8938 5.0630 6.3140 5.0004 0.1000 0.1000
5.5260 5.4691 6.3969 5.0976 0.1001 0.1000
5.5988 5.3811 6.3870 5.0598 0.1000 0.1000
5.5731 5.4267 6.3895 5.0724 0.1000 0.1000
5.5180 5.4816 6.3990 5.0987 0.1003 0.1001
5.7763 5.2132 6.3419 5.0033 0.1000 0.1000
5.8589 5.1119 6.3247 5.0014 0.1000 0.1000
5.5178 5.4821 6.4002 5.0997 0.1003 0.1005
5.8938 5.0058 6.3140 5.0002 0.1000 0.1000
5.7699 5.1854 6.3488 5.0014 0.1000 0.1000
5.5177 5.4822 6.4002 5.0998 0.1007 0.1006
5.5513 5.4310 6.3887 5.0735 0.1000 0.1000
5.8849 5.0918 6.3215 5.0003 0.1000 0.1000
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Table 18. Pareto Optimal Solutions at Time = 2 (units in 1,000)

g1u g1e g2u g2e c1e c2e F1 − F2

5.0040 6.2916 6.7880 5.0565 0.1000 0.1000 3405.25468
5.0041 6.2879 6.7884 5.0459 0.1000 0.1000 3404.15564
5.0055 6.2633 6.7897 5.0450 0.1000 0.1000 3401.942715
5.0047 6.2845 6.7881 5.0392 0.1000 0.1000 3403.313915
5.0042 6.3178 6.7880 5.0724 0.1000 0.1000 3408.99642
5.0097 6.3482 6.7881 5.1105 0.1000 0.1000 3415.089335
5.0146 6.3488 6.7869 5.1121 0.1000 0.1001 3415.346985
5.0048 6.2633 6.7888 5.0336 0.1000 0.1000 3400.935360
5.0055 6.3335 6.7881 5.1094 0.1000 0.1000 3413.375755
5.0054 6.3299 6.7881 5.0793 0.1000 0.1000 3410.758805
5.0052 6.3038 6.7888 5.0563 0.1000 0.1000 3406.582600
5.0054 6.2252 6.7893 5.0069 0.1000 0.1000 3395.333265
5.0147 6.3492 6.7866 5.1127 0.1002 0.1003 3415.3543
5.0157 6.3514 6.7870 5.1129 0.1032 0.1023 3415.1321
5.0162 6.3503 6.7861 5.1136 0.1009 0.1004 3415.444485
5.0147 6.3489 6.7870 5.1121 0.1000 0.1002 3415.36504
5.0158 6.3499 6.7880 5.1117 0.1011 0.1003 3415.47196
5.0052 6.2587 6.7889 5.0237 0.1000 0.1000 3399.778225
5.0166 6.3517 6.7870 5.1129 0.1031 0.1040 3415.05799
5.0147 6.3491 6.7869 5.1124 0.1001 0.1002 3415.382035
5.0169 6.3509 6.7866 5.1130 0.1031 0.1006 3415.27122
5.0157 6.3514 6.7870 5.1128 0.1026 0.1029 3415.14078
5.0047 6.2762 6.7885 5.0438 0.1000 0.1000 3402.907695
5.0168 6.3509 6.7866 5.1129 0.1031 0.1006 3415.25875
5.0145 6.3502 6.7878 5.1116 0.1002 0.1004 3415.50298
5.0165 6.3511 6.7868 5.1130 0.1031 0.1013 3415.23063
5.0040 6.3050 6.7880 5.0632 0.1000 0.1000 3407.05564
5.0158 6.3499 6.7880 5.1117 0.1011 0.1003 3415.47196
5.0162 6.3509 6.7868 5.1130 0.1020 0.1007 3415.38592
5.0105 6.3484 6.7880 5.1108 0.1000 0.1001 3415.14863
5.0162 6.3503 6.7861 5.1136 0.1010 0.1004 3415.432385
5.0165 6.3506 6.7862 5.1137 0.1017 0.1005 3415.40252
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Table 19. Pareto Optimal Solutions at Time = 3 (units in 1,000)

g1u g1e g2u g2e c1e c2e
5.3730 6.4243 7.2094 5.0653 0.1000 0.1000
5.3764 6.4007 7.2098 5.0661 0.1000 0.1000
5.3343 6.4634 7.2315 5.0631 0.1000 0.1000
5.3360 6.4613 7.2292 5.0641 0.1000 0.1000
5.3192 6.4801 7.2339 5.0622 0.1001 0.1006
5.3732 6.4243 7.2210 5.0650 0.1000 0.1000
5.3185 6.4804 7.2336 5.0619 0.1002 0.1002
5.3802 6.3451 7.2061 5.0658 0.1000 0.1000
5.3189 6.4802 7.2343 5.0627 0.1002 0.1011
5.3807 6.3864 7.2061 5.0658 0.1000 0.1000
5.3196 6.4798 7.2318 5.0611 0.1001 0.1001
5.3192 6.4804 7.2331 5.0615 0.1001 0.1002
5.3803 6.2916 7.2061 5.0658 0.1000 0.1000
5.3801 6.3154 7.2061 5.0658 0.1000 0.1000
5.3192 6.4803 7.2350 5.0629 0.1004 0.1024
5.3188 6.4800 7.2348 5.0627 0.1002 0.1014
5.3191 6.4800 7.2339 5.0627 0.1002 0.1011
5.3190 6.4803 7.2347 5.0623 0.1007 0.1006
5.3801 6.2577 7.2061 5.0658 0.1000 0.1000
5.3801 6.2209 7.2061 5.0658 0.1000 0.1000
5.3801 6.3750 7.2062 5.0658 0.1000 0.1000
5.3190 6.4802 7.2348 5.0628 0.1004 0.1015
5.3194 6.4803 7.2353 5.0629 0.1007 0.1026
5.3270 6.4716 7.2309 5.0626 0.1001 0.1001
5.3188 6.4806 7.2346 5.0627 0.1006 0.1009
5.3802 6.2432 7.2061 5.0658 0.1000 0.1000
5.3191 6.4801 7.2345 5.0626 0.1002 0.1012
5.3185 6.4803 7.2340 5.0621 0.1002 0.1002
5.3192 6.4805 7.2335 5.0626 0.1002 0.1007
5.3188 6.4801 7.2339 5.0627 0.1002 0.1007
5.3801 6.3032 7.2062 5.0658 0.1000 0.1000
5.3801 6.2209 7.2061 5.0658 0.1000 0.1000
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Table 20. Pareto Optimal Solutions at Time = 4 (units in 1,000)

g1u g1e g2u g2e c1e c2e
5.4327 6.6454 7.5898 5.0577 0.1000 0.1000
5.4341 6.3982 7.5896 5.0389 0.1000 0.1000
5.4328 6.5165 7.5904 5.0437 0.1000 0.1000
5.4334 6.3480 7.5891 5.0370 0.1000 0.1000
5.4331 6.5856 7.5905 5.0494 0.1000 0.1000
5.4277 6.7649 7.5850 5.1148 0.1003 0.1002
5.4335 5.7246 7.5886 5.0370 0.1000 0.1000
5.4330 6.5568 7.5904 5.0484 0.1000 0.1000
5.4334 5.1121 7.5885 5.0369 0.1000 0.1000
5.4334 5.0814 7.5885 5.0369 0.1000 0.1000
5.4333 6.1654 7.5889 5.0369 0.1000 0.1000
5.4289 6.7575 7.5885 5.1040 0.1000 0.1001
5.4282 6.7648 7.5852 5.1147 0.1007 0.1002
5.4292 6.7648 7.5852 5.1145 0.1003 0.1012
5.4324 6.4543 7.5899 5.0394 0.1000 0.1000
5.4335 5.6352 7.5885 5.0369 0.1000 0.1000
5.4333 5.9933 7.5887 5.0370 0.1000 0.1000
5.4282 6.7649 7.5851 5.1148 0.1008 0.1003
5.4333 6.1560 7.5888 5.0372 0.1000 0.1000
5.4334 6.2698 7.5888 5.0370 0.1000 0.1000
5.4330 6.6244 7.5894 5.0440 0.1000 0.1000
5.4334 6.1035 7.5887 5.0371 0.1000 0.1000
5.4333 5.8212 7.5886 5.0370 0.1000 0.1000
5.4334 5.9501 7.5887 5.0370 0.1000 0.1000
5.4325 6.4569 7.5900 5.0407 0.1000 0.1000
5.4335 5.6812 7.5886 5.0373 0.1000 0.1000
5.4294 6.7649 7.5852 5.1145 0.1006 0.1012
5.4288 6.7579 7.5860 5.1088 0.1002 0.1001
5.4334 6.3023 7.5890 5.0372 0.1000 0.1000
5.4314 6.7107 7.5885 5.0430 0.1000 0.1000
5.4334 6.0127 7.5886 5.0371 0.1000 0.1000
5.4278 6.7650 7.5850 5.1149 0.1004 0.1003
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Table 21. Pareto Optimal Solutions at Time = 5 (units in 1,000)

g1u g1e g2u g2e c1e c2e
5.0001 5.0566 8.1000 5.0000 0.1000 0.1000
5.1105 6.4005 8.0999 5.0000 0.1000 0.1000
5.6478 6.4875 8.0992 5.0005 0.1000 0.1000
5.3662 6.4321 8.0991 5.0001 0.1000 0.1000
5.0015 5.8623 8.1000 5.0000 0.1000 0.1000
5.7517 6.6587 8.0815 5.0185 0.1016 0.1016
5.7497 6.6570 8.0830 5.0166 0.1006 0.1007
5.7508 6.6585 8.0816 5.0176 0.1009 0.1008
5.0055 6.1480 8.1000 5.0000 0.1000 0.1000
5.5580 6.4919 8.0989 5.0004 0.1000 0.1000
5.0004 5.4376 8.1000 5.0000 0.1000 0.1000
5.0079 6.3634 8.1000 5.0000 0.1000 0.1000
5.0014 5.7580 8.1000 5.0000 0.1000 0.1000
5.0013 5.9224 8.1000 5.0000 0.1000 0.1000
5.7227 6.6278 8.0943 5.0027 0.1001 0.1001
5.0032 6.2139 8.1000 5.0000 0.1000 0.1000
5.0012 5.7085 8.1000 5.0000 0.1000 0.1000
5.0650 6.3622 8.0999 5.0000 0.1000 0.1000
5.0008 5.6018 8.1000 5.0000 0.1000 0.1000
5.0003 5.2154 8.1000 5.0000 0.1000 0.1000
5.0048 6.0675 8.1000 5.0000 0.1000 0.1000
5.6088 6.6306 8.0949 5.0000 0.1000 0.1000
5.0004 5.3001 8.1000 5.0000 0.1000 0.1000
5.2813 6.4031 8.0997 5.0000 0.1000 0.1000
5.7516 6.6581 8.0814 5.0186 0.1011 0.1011
5.0002 5.1470 8.1000 5.0000 0.1000 0.1000
5.0008 5.5078 8.1000 5.0000 0.1000 0.1000
5.0001 5.0779 8.1000 5.0000 0.1000 0.1000
5.7080 6.6432 8.0902 5.0094 0.1004 0.1005
5.7516 6.6585 8.0814 5.0185 0.1010 0.1015
5.0076 6.2682 8.1000 5.0000 0.1000 0.1000
5.0001 5.0566 8.1000 5.0000 0.1000 0.1000
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Table 22. Pareto Optimal Solutions at Time = 6 (units in 1,000)

g1u g1e g2u g2e c1e c2e
5.0003 6.5880 8.4216 5.0753 0.1000 0.1000
5.0005 6.8110 8.4222 5.0753 0.1000 0.1000
5.0752 7.4429 8.4215 5.0767 0.1000 0.1000
5.1605 7.4931 8.4162 5.0834 0.1004 0.1008
5.0001 5.4505 8.4222 5.0751 0.1000 0.1000
5.0396 7.0346 8.4219 5.0753 0.1000 0.1000
5.0374 7.2538 8.4221 5.0754 0.1000 0.1000
5.0003 6.2976 8.4218 5.0753 0.1000 0.1000
5.1626 7.4965 8.4145 5.0855 0.1013 0.1014
5.0742 7.3589 8.4216 5.0756 0.1000 0.1000
5.0014 6.6691 8.4219 5.0752 0.1000 0.1000
5.1616 7.4975 8.4154 5.0846 0.1013 0.1034
5.0003 6.4282 8.4217 5.0753 0.1000 0.1000
5.0001 5.4505 8.4222 5.0751 0.1000 0.1000
5.0002 6.0444 8.4219 5.0752 0.1000 0.1000
5.1618 7.4959 8.4152 5.0845 0.1006 0.1013
5.0010 7.0032 8.4223 5.0755 0.1000 0.1000
5.0328 7.1226 8.4220 5.0761 0.1000 0.1000
5.0002 5.9438 8.4220 5.0752 0.1000 0.1000
5.0006 6.9380 8.4221 5.0753 0.1000 0.1000
5.0002 5.6770 8.4221 5.0752 0.1000 0.1000
5.1585 7.4909 8.4166 5.0824 0.1002 0.1004
5.0002 5.8705 8.4220 5.0752 0.1000 0.1000
5.1616 7.4975 8.4164 5.0836 0.1023 0.1044
5.1626 7.4967 8.4149 5.0838 0.1003 0.1027
5.0002 5.6203 8.4221 5.0751 0.1000 0.1000
5.1626 7.4972 8.4152 5.0843 0.1016 0.1027
5.0001 5.5605 8.4221 5.0751 0.1000 0.1000
5.1611 7.4944 8.4157 5.0839 0.1005 0.1010
5.0002 5.7556 8.4220 5.0752 0.1000 0.1000
5.0002 6.1191 8.4219 5.0752 0.1000 0.1000
5.1616 7.4973 8.4160 5.0839 0.1020 0.1039
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Table 23. Pareto Optimal Solutions at Time = 7 (units in 1,000)

g1u g1e g2u g2e c1e c2e
5.0008 7.3043 8.7395 5.1174 0.1000 0.1000
5.0006 7.4949 8.7733 5.1009 0.1000 0.1000
5.0007 7.4783 8.7599 5.1144 0.1000 0.1000
5.0054 7.5051 8.8501 5.0469 0.1000 0.1000
5.0009 7.3745 8.7358 5.1171 0.1000 0.1000
5.0009 6.9342 8.7347 5.1170 0.1000 0.1000
5.0082 7.5097 8.8580 5.0419 0.1002 0.1003
5.0008 7.4355 8.7415 5.1175 0.1000 0.1000
5.0009 7.4941 8.8061 5.0792 0.1000 0.1000
5.0041 7.4990 8.8189 5.0782 0.1000 0.1000
5.0086 7.5097 8.8584 5.0416 0.1005 0.1007
5.0088 7.5097 8.8584 5.0415 0.1008 0.1007
5.0060 7.5083 8.8563 5.0417 0.1001 0.1000
5.0052 7.4958 8.8367 5.0632 0.1000 0.1000
5.0086 7.5098 8.8584 5.0415 0.1006 0.1007
5.0008 7.2748 8.7388 5.1173 0.1000 0.1000
5.0071 7.5096 8.8577 5.0416 0.1001 0.1001
5.0088 7.5097 8.8585 5.0415 0.1006 0.1008
5.0082 7.5097 8.8580 5.0419 0.1002 0.1003
5.0008 7.4558 8.7467 5.1170 0.1000 0.1000
5.0009 7.3597 8.7370 5.1173 0.1000 0.1000
5.0008 7.4703 8.7576 5.1169 0.1000 0.1000
5.0087 7.5097 8.8580 5.0419 0.1004 0.1004
5.0086 7.5097 8.8584 5.0416 0.1005 0.1007
5.0088 7.5097 8.8584 5.0415 0.1008 0.1007
5.0082 7.5097 8.8581 5.0419 0.1003 0.1004
5.0008 6.6542 8.7313 5.1165 0.1000 0.1000
5.0078 7.5097 8.8580 5.0417 0.1002 0.1001
5.0007 7.4907 8.7891 5.0983 0.1000 0.1000
5.0087 7.5097 8.8584 5.0415 0.1004 0.1006
5.0079 7.5097 8.8579 5.0419 0.1001 0.1003
5.0008 7.3228 8.7367 5.1174 0.1000 0.1000



2. NUMERICAL RESULTS 51

Table 24. Pareto Optimal Solutions at Time = 8 (units in 1,000)

g1u g1e g2u g2e c1e c2e
5.0063 6.9385 8.6861 5.0002 0.1000 0.1000
5.4048 7.3527 8.8296 5.0050 0.1000 0.1000
5.1593 7.1855 8.7391 5.0015 0.1000 0.1000
5.6056 7.4444 8.9814 5.0218 0.1000 0.1000
5.9289 7.5686 9.1951 5.1049 0.1015 0.1028
5.3734 7.2561 8.7972 5.0007 0.1000 0.1000
5.5172 7.4128 8.9635 5.0184 0.1000 0.1000
5.3386 7.3233 8.8154 5.0038 0.1000 0.1000
5.8062 7.5096 9.1141 5.0616 0.1000 0.1000
5.0904 6.9817 8.6861 5.0002 0.1000 0.1000
5.1970 7.0422 8.7584 5.0003 0.1000 0.1000
5.0195 7.0157 8.7004 5.0002 0.1000 0.1000
5.9281 7.5679 9.1896 5.1027 0.1002 0.1002
5.4535 7.3276 9.0897 5.0219 0.1000 0.1000
5.0063 6.9385 8.6861 5.0002 0.1000 0.1000
5.4998 7.4115 8.8399 5.0084 0.1000 0.1000
5.6093 7.4451 9.0932 5.0231 0.1000 0.1000
5.9287 7.5686 9.1949 5.1051 0.1006 0.1012
5.5976 7.3858 9.0927 5.0200 0.1000 0.1000
5.2978 7.2235 8.8004 5.0007 0.1000 0.1000
5.9288 7.5686 9.1951 5.1049 0.1010 0.1015
5.9281 7.5679 9.1896 5.1027 0.1002 0.1002
5.9289 7.5686 9.1951 5.1049 0.1011 0.1019
5.7193 7.4524 9.0978 5.0295 0.1000 0.1000
5.9287 7.5683 9.1950 5.1049 0.1008 0.1008
5.0527 7.0407 8.7505 5.0003 0.1000 0.1000
5.4979 7.4117 8.9144 5.0164 0.1000 0.1000
5.9209 7.5421 9.1884 5.0955 0.1001 0.1001
5.8777 7.5176 9.1538 5.0942 0.1000 0.1000
5.9289 7.5687 9.1951 5.1049 0.1014 0.1019
5.0989 7.0811 8.6933 5.0002 0.1000 0.1000
5.9279 7.5679 9.1949 5.1049 0.1005 0.1005
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Table 25. Pareto Optimal Solutions at Time = 9 (units in 1,000)

g1u g1e g2u g2e c1e c2e
5.0070 6.7801 9.6999 5.0000 0.1000 0.1000
5.0071 7.5708 9.6999 5.0000 0.1000 0.1000
5.3640 7.8680 9.6995 5.0001 0.1000 0.1000
5.2041 7.7826 9.6998 5.0000 0.1000 0.1000
5.0070 7.3457 9.6999 5.0000 0.1000 0.1000
5.6998 7.9246 9.6952 5.0046 0.1000 0.1002
5.0070 7.1540 9.6999 5.0000 0.1000 0.1000
5.6238 7.9007 9.6970 5.0018 0.1000 0.1001
5.0071 7.4863 9.6999 5.0000 0.1000 0.1000
5.3272 7.8238 9.6995 5.0001 0.1000 0.1000
5.0069 7.0756 9.6999 5.0000 0.1000 0.1000
5.0069 6.9523 9.6999 5.0000 0.1000 0.1000
5.0069 6.9246 9.6999 5.0000 0.1000 0.1000
5.7221 7.9580 9.6910 5.0090 0.1005 0.1004
5.0069 7.0273 9.6999 5.0000 0.1000 0.1000
5.0068 6.6892 9.6999 5.0000 0.1000 0.1000
5.6751 7.8035 9.6961 5.0009 0.1000 0.1000
5.6275 7.9019 9.6969 5.0019 0.1000 0.1001
5.0067 6.5432 9.6999 5.0000 0.1000 0.1000
5.2028 7.6575 9.6999 5.0000 0.1000 0.1000
5.0068 6.6892 9.6999 5.0000 0.1000 0.1000
5.2455 7.8135 9.6998 5.0001 0.1000 0.1000
5.0070 7.4181 9.6999 5.0000 0.1000 0.1000
5.1883 7.6442 9.6999 5.0000 0.1000 0.1000
5.0070 7.3354 9.6999 5.0000 0.1000 0.1000
5.0069 7.1750 9.6999 5.0000 0.1000 0.1000
5.0068 6.6007 9.6999 5.0000 0.1000 0.1000
5.0066 6.4350 9.6999 5.0000 0.1000 0.1000
5.7199 7.9530 9.6922 5.0077 0.1005 0.1004
5.0069 6.8190 9.6999 5.0000 0.1000 0.1000
5.0301 7.6284 9.6999 5.0000 0.1000 0.1000
5.7009 7.9390 9.6939 5.0060 0.1001 0.1003
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Table 26. Pareto Optimal Solutions at Time = 10 (units in 1,000)

g1u g1e g2u g2e c1e c2e F1 − F2

5.0040 9.5953 9.7402 5.0631 0.1000 0.1000 4104.16881
5.0000 9.6000 9.6473 5.0001 0.1000 0.1000 4087.773745
5.0000 9.6000 9.6018 5.0000 0.1000 0.1000 4081.93085
5.0001 9.5999 9.7216 5.0437 0.1000 0.1000 4100.57671
5.0000 9.6000 9.6882 5.0088 0.1000 0.1000 4093.673410
5.0000 9.6000 9.6733 5.0042 0.1000 0.1000 4091.416564
5.0019 9.5980 9.7381 5.0487 0.1000 0.1000 4102.974015
5.0000 9.6000 9.6296 5.0002 0.1000 0.1000 4085.51124
5.0001 9.5995 9.7187 5.0117 0.1000 0.1000 4097.759665
5.0000 9.6000 9.6217 5.0000 0.1000 0.1000 4084.483025
5.0000 9.5999 9.6961 5.0168 0.1000 0.1000 4095.278505
5.0029 9.5966 9.7417 5.0642 0.1002 0.1001 4104.481695
5.0000 9.5997 9.7106 5.0116 0.1000 0.1000 4096.72773
5.0033 9.5965 9.7415 5.0636 0.1001 0.1001 4104.433145
5.0031 9.5966 9.7424 5.0646 0.1007 0.1003 4104.53215
5.0000 9.6000 9.6168 5.0001 0.1000 0.1000 4083.86212
5.0030 9.5970 9.7417 5.0638 0.1002 0.1002 4104.485885
5.0040 9.5959 9.7410 5.0635 0.1000 0.1001 4104.35017
5.0033 9.5966 9.7428 5.0638 0.1007 0.1005 4104.51439
5.0001 9.5999 9.7144 5.0411 0.1000 0.1000 4099.45779
5.0033 9.5967 9.7418 5.0640 0.1003 0.1002 4104.48745
5.0033 9.5966 9.7424 5.0641 0.1005 0.1002 4104.53805
5.0007 9.5981 9.7279 5.0460 0.1000 0.1000 4101.413105
5.0000 9.6000 9.6651 5.0037 0.1000 0.1000 4090.327315
5.0000 9.6000 9.6093 5.0003 0.1000 0.1000 4082.915285
5.0034 9.5965 9.7422 5.0637 0.1003 0.1004 4104.48299
5.0033 9.5964 9.7415 5.0636 0.1002 0.1001 4104.411365
5.0030 9.5967 9.7428 5.0638 0.1006 0.1009 4104.48372
5.0034 9.5964 9.7428 5.0641 0.1015 0.1005 4.10442574
5.0000 9.6000 9.6018 5.0000 0.1000 0.1000 4082.915285
5.0030 9.5970 9.7418 5.0638 0.1003 0.1002 4104.48661
5.0032 9.5965 9.7429 5.0639 0.1014 0.1007 4104.416605



CHAPTER 5

Conclusions and Further Studies

Let us start by reiterating our main objectives of this thesis. Our goal was to utilize

dynamic, multiobjective optimization and competition models for the development of sus-

tainable new neighbourhoods in a mid-size Ontario urban area, and to analyze the outcomes

from the perspective of respecting city wide carbon emission targets, adoption of eco-houses

and municipal budget optimization under two policies to consumers adopting the eco-houses

. Given a developing region consisting of several sites, we implemented a competition and

permit model whose main goal was to predict the number of houses demanded at each site

given the developer’s choice of building usual or eco-houses. We followed a market com-

petition model between developers and incorporating a profit maximization and a carbon

emission permit market. The permits forced the developers to build eco-houses in order

to maintain their carbon emissions levels at the city target. If a developer was over or

under the required carbon emissions level, their trade of licenses would amount to a gain or

respectively a loss in their profit. The results from this model produced numerical values

for the number and type of houses demanded at each site for each developer.

Knowing the number of houses demanded for this developing region, we set out to for-

mulate a model for the municipality that can output the optimal tax levels to charge the

residents such that the municipality will receive its maximum profit. We also instilled a

constraint that allowed a flat tax rate for the first 5 years to residents buying eco-houses.

Once the model was created, we implemented a dynamic study on the model to analyze

the change in the tax levels given a time variable, and thus we created what we called the

dynamic municipality budget model. In an attempt to attract more demand for eco-houses,

we created a rebate term in the cost function of the model, while also removing the flat

54



5. CONCLUSIONS AND FURTHER STUDIES 55

rate tax constraint. The municipality would return a pre-determined value of revenue and

allocate this value to the residents of the eco-houses. As a result, the tax levels at each

site increased at a steady rate. The end values of the two optimized budgets are very close,

but the model with rebate function reaches the municipalities end value faster (year 2) in

comparison to the model with flat tax rate constraint (year 6). Next, we implemented the

number of houses demanded as variables in the model, which resulted in a city budget much

higher than the previous two models. The last adjustment to this model was to allow the

rebate function to be unknown. We studied 3 cases in this scenerio: 1) rebate function

shrinking to 1/5 the starting size; 2) rebate function shrinking to half the starting size; 3)

no decrease in rebate function. In the first two cases, the city’s budget was affected by the

number of eco-houses built (i.e. when less eco-houses were built, the city’s budget lowered,

vice-versa). In the third case, the city’s budget sustains a constant linear increase in time.

The final model stemmed from the idea that a rebate policy is often constraint by vary-

ing budgets. Instead of prescribing the rebate as we did in Chapter 3, we made the rebate

function an unknown quantity. When solving the multiobjective optimization model, we

are looking for optimal tax values to maximize the revenue and optimal rebate values to

minimize the cost. Since there does not exist one optimal point for each, we search for a

set of points which satisfy our multiobjective optimization model, known as Pareto optimal

solutions. As well as determine the set of Pareto optimal solutions, we wish to analyze

the results in a dynamic study, thus we introduce a time variable to the model. Now our

multiobjective optimization model will produce Pareto optimal solutions in each time step

as t ε [1,10].

Upon investigation, As we increase in the time interval, the tax levels for usual houses

at site 2 and eco-houses at site 1 increase in time. In comparison, the tax levels for usual

houses at site 1 and eco-houses at site 2 remain approximately the same as time increases.

This steady increase in usual house taxes at site 2 and eco-house taxes at site 1 can be
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contributed to the fact that majority of the number of households developed were in those

two locations. Also noted is that, the optimal value for the municipalities profit (F1-F2)

tends to increase in time. Coincidental, the optimal rebate values all tend towards the same

value, the lower bound previously set by us. The most interesting aspect from these results

arised from studying the municipalities profit at each year. The municipality’s profit margin

is greatest when the Pareto optimal points for the rebate function were at their highest value.

The numbers presented in this thesis, were attempted to be based on real data. However,

a fair amount of numerical assumptions were made based on the missing freely available data

and research regarding this field of study (such as for instance the fact that the Canadian

government does not allow to be made public (i.e., municipalities costs of maintenance). As

a result we are currently unable to draw precise numerical results based on our mathemat-

ical tools. However it is important to note that we have been able to run valid numerical

simulations - given our assumptions - and we also prevailed in analyzing a more sustainable

growth in a given area.

For future ideas, given qualified data and the opportunity in a developing area, the above

applications could be successfully used to help monitor and lower urban carbon emission

levels, and predict the municipalities projected tax revenues.

One other area of interest would be instituting varying number of developers in the

competition and permit model, as well as the dynamic municipality model. We made a

consensus assumption that throughout our models we would only deal with 2 developers

for the entire process. In the real-world, when applying the dynamic models, at each time

step the number of developers are allowed to either increase or decrease. This would cause

significant changes each year to the number of houses demanded each site, not to mention

the competition and permit model would no longer be a static model, but rather a dynamic

model. It would also constantly change the tax levels projected by the municipality at each

year.
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