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A common strategy employed to destroy harmful bacteria is to disrupt the bacterial
membrane through the action of pore-forming anti-microbial peptides. The manner
in which the peptides arrange themselves spatially to form a pore in the membrane,
which is important for understanding both the mechanism of pore formation and pore
function, is a topic of current debate. We contrast the response of a model membrane
bilayer to the presence of solid, cylindrical nanoparticle insertions, when the bilayer
is composed of persistent worm-like chains and when it is composed of flexible Gaussian chains. We use self-consistent field theory, with the appropriate single-chain
propagator, to describe the amphiphilic star-like triblock copolymers composing the
membrane and the solvent. The nanoparticle surfaces are designed to have patches
that prefer either the solvent or the tail groups of the copolymers, and the nanoparticles are fixed in space. Using this model with polymers in the lamellar phase, we
investigate the question of pore-formation, nanoparticle insertion and hydrophobic
mismatch in lipid bilayers and the effect that chain rigidity has on these particular
interactions. We find that the main effect of increased chain rigidity is that it increases the free energy scaling and the significance of the energy barriers associated
with these pore-forming processes. These results demonstrate the importance of using
a more realistic persistent chain when modelling pore formation.
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Chapter 1
Introduction
Bacterial infections are a major cause of human illness and persistent infections [1] and
as such, the removal of these bacteria is of critical importance. Many methods exist
for the removal of these bacteria, such as the introduction of bacterial-specific toxins,
host defence peptides and bacterial macrophagy [2, 3]. One way that bacteria can be
eliminated is through the use of anti-microbial peptides. Anti-microbial peptides are
small proteins which interact with bacteria and disrupt their life processes; one such
way that these peptides can act is by disrupting the structure of the bacterial cell
bilayer in order to form a transmembrane pore [3]. These transmembrane pores allow
cellular components to escape the cell’s internal environment inducing cell lysis.
The first step taken by these peptides in the formation of a pore is to be absorbed
onto the bilayer surface [4]. This is accomplished by favourable hydrophobic and
charge interactions between the peptide and cell membrane. In the case of magainin
[5], a cationic pore-forming anti-microbial of charge 2e found in the African clawed
frog, its charge and the presence of a hydrophobic central region favours association
with a cellular bilayer to that of water and causes these peptides to be adsorbed
by the bilayer[6]. Once adsorbed onto the bilayer surface, these peptides can diffuse
along the surface, allowing them to aggregate together [6].
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The next step in the pore-forming process is for the anti-microbial peptides to
insert into the membrane itself. This is accomplished by having hydrophobic and
hydrophilic regions that are similar in size and distribution to the hydrophilic and
hydrophobic regions present in the lipid bilayer when these peptides are inserted. In
the case of magainin, two fairly hydrophilic end caps and a hydrophobic core cause
the peptide to prefer an orientation perpendicular to that of the lipid bilayer[6].
This preferred orientation causes a transition from the parallel surface state to the
perpendicular inserted state. Once inserted into the bilayer, a peptide with similar
dimensions and hydrophobic interactions can remain in the bilayer with little to no
effect on its overall structure.
However, in addition to its hydrophobic core and hydrophilic end caps, magainin also has a hydrophilic backbone that spans its axis. This backbone interacts
unfavourably with the hydrophobic lipid tail groups and therefore causes the bilayer
to bend in order to separate this section of the anti-microbial peptide from the tail
groups. As this bending of the bilayer is incompatible with the purely lamellar base
bilayer, the presence of a hydrophilic backbone allows magainin to disrupt bilayer integrity once inserted. The structure of a typical peptide is shown in Figure 1.1. Once
inserted into the bilayer, these peptides can aggregate into pore-forming structures.
While these stages describe the general process of how these anti-microbial peptides form pores, the specific mechanisms are still not fully understood [2]. These
processes are, in essence, self-assembly problems concerned with the response of lipid
molecules in the bilayer to the inclusion of peptides. As such, the response of a simulated bilayer to the presence of anti-microbials is entirely dependant of how the lipids
are modelled. Therefore developing an effective model for these membrane peptide
systems will allow us to answer specific questions on how these pores are formed.
Investigation into transmembrane pore formation has been tackled in many previous works using molecular dynamics (MD) simulations. At its most specific level,
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Figure 1.1: Magainin is an anti-microbial peptide with hydrophilic end regions and
backbones and a generally hydrophobic central body. The above figure shows the
atomistic structure of this peptide with hydrophilic residues in dark colours (red,
blue and green) and hydrophobic residues in white (Figure 1A from [6]) .
MD simulates every atom in a system and through knowledge of bond strengths and
intermolecular interactions, the behaviour of lipids and peptides in the system can
be modelled to a high degree of accuracy. However, this incurs a large computational
cost as each atom is modelled and its interaction with other atoms must used to
determine the overall motion of the system components [7, 8]. Atomistic MD simulations can be simplified by consolidating multiple atoms into a single ”‘particle”.
This coarse-grained approach has the benefit of reducing the computational cost of
the simulations at the price of accuracy; however these simulations are still able to
capture the essential physics of several systems[9, 10].
There exists a large body of work that uses molecular dynamics to simulate lipid
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bilayers and peptide inclusions. Papers such as that by Cooke et al [9, 10] provide ways
to simulate atomistic bilayers and their bulk behaviour, which can then be used to
study processes such as vesicle budding. MD is also used to study the adsorption and
binding free energy of anti-microbials onto lipid bilayers [11] as well as simulating the
insertion of a single anti-microbial peptide into a membrane by tracking its position
and the change in system free energy[12, 13]. Illya and Descerno [6], used coarsegrained MD to look at the importance of cooperative insertion mechanisms; they
show that magainin-like anti-microbials are attracted to one another and can lessen
the difficulty of peptide insertion when the peptides are in close proximity. Lastly, MD
has also been used to investigate the structure of the pores themselves, showing how
these pores can change configuration by expanding and contracting in the membrane
itself [14].
This process of effective coarse-graining can be extended further to coarse-grained
density-based theories. Instead of evaluating individual atomic positions, the system space is divided into lattice cells (coarse-grained) and local particle densities are
defined using these cells. This coarse-graining greatly reduces computational complexity, especially over large timescales, and allows equilibrium phase behaviour to
be evaluated [15]. This behaviour can be used to study the processes involved with
pore-forming antimicrobial peptides. In a paper by Frink et al [16], density functional
theory was used to study the structure of pores formed by anti-microbial peptides
similar to magainin. By arranging six fixed peptides into in a concentric arrangement
and determining the equilibrium lipid densities, the free energy of each configuration
was determined and from these free energies, the most stable pore size was determined from the minimum free energy. They found that for their model anti-microbial
peptide the most energetically favourable configuration was when the anti-microbial
peptides were close together and formed circular pores yet still had lipid groups in
between them.
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Another density-based theory that can be used to evaluate these systems is selfconsistent field theory (SCFT). In this theory, the many-body lipid problem is reduced
to that of a single polymer chain, which represents the lipid, interacting with a mean
interaction field. As the peptides are fixed, the response of each configuration is a
lipid and solvent self-assembly problem in the presence of peptides. SCFT is used as a
density based procedure and it has reduced computational cost when compared to MD
simulations at the price of reduced specificity. However, this reduced computational
cost allows SCFT to be used to study a wide parameter space and potentially find
interesting behaviour that can then be studied in detail with MD simulations or by
experiments. Although SCFT cannot provide an exact description of the effect of
a known anti-microbial peptide on a biological membrane it can aid in the study of
general lipid behaviour and, due to its flexible parameter space, can help in the design
of synthetic anti-microbial peptides.
Self-consistent field theory has been used to study membrane systems and their
interactions with particles, such as the insertion of charged beads into a model bilayer
[17]. In a paper by Ting et al [18], SCFT was used to determine the response of a
model lipid bilayer to surface tension forces. It was found that increasing surface
tension in lipid bilayers can form pores after the tension reaches a critical value with
the linear stretching modulus being in agreement with values found in micropipette
aspiration experiments. This illustrates that although SCFT models a greatly simplified bilayer, it is still able to capture the some of the essential physics of lipid bilayer
systems.
Although SCFT simulations capture the essential physics of lipid systems, many
simulations use a Gaussian chain polymer model for the membrane lipids. A Gaussian
chain model treats these lipids as fully-flexible elastic chains in which chain segments
can freely change their orientation independently of one another. However, real lipids
are unable to do this as they are semi-flexible. While fully-flexible chains can be
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used to generate similarly qualitative lipid behaviour due to strong repulsion between
hydrophilic phosphate groups and lipid tails, this lack of orientational dependence
can affect the quantitative results of these simulations. This is important when investigating pore formation as the energy scaling of various systems is what determines
which pore forming processes are most probable.
For an anti-microbial peptide similar to magainin, the key steps in the process of
pore formation involve insertion into the membrane, aggregation of inserted peptides
and the formation of pores in membrane. For all three processes, the energetics
of each system are of key importance as it allows us to determine the free energy
barriers of each mechanism. For peptide insertion, the effect of multiple peptides in
close proximity on insertion is an interesting question to be investigated as insertion of
peptides into the bilayer represents a significant energy barrier in the process of pore
formation; multiple peptides may help lower this barrier. For peptide aggregation,
we can investigate the membrane response to inserted peptides in close proximity
with one another; this close range interaction will also aid in the understanding of
how pores are actually formed by showing how the bilayer deforms in the presence
of multiple hydrophobic backbones and at what distance lipids are excluded from
the intervening space between peptides. In answering the question of pore formation,
investigating the final structure of the most stable pore is important as multiple types
of pores, such as barrel-stave and toroidal, exist. In a barrel-stave morphology, the
peptides arrange concentrically with the peptides lining the pore in a continuous
fashion. A typical representation of such a pore is given in Figure 1.2. In toroidal
pores there exists space between the peptides that are lined with lipids. As such,
toroidal configurations create larger pores.
In order to answer these questions we have implemented a polymeric model for
the membrane lipids and solvent and used self-consistent field theory to evaluate
their behaviour in the presence of anti-microbial peptides. We have arranged these
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Figure 1.2: In this barrel-stave pore, anti-microbial peptides are outlined as blue
circles interacting with the pink lipid bilayer. The presence of these peptides causes
a localized change in lipid density and also creates a central pore due to peptide
hydrophilic interactions that disrupt bilayer integrity.
peptides in various static configurations to mimic the dynamic processes involved in
peptide insertion, aggregation and pore formation. We place particular importance
on the free energy of our various configurations to determine the stability of a bilayer
configuration. We typically find that insertion, aggregation and pore formation lead
to a decrease in system free energy after overcoming an initial free energy barrier.
This indicates that these processes will take place within a lipid bilayer and pores
will be formed by our model peptides.
Both our lipid and peptide models are based on real lipids and anti-microbial
peptides with parameters chosen so that the essential physics of both molecules is
retained while still using generalized parameters. Using our model, we can freely
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change our parameters, such as particle interaction strengths, peptide design and
lipid rigidity, in order to determine how peptides can affect the structure of the lipid
bilayer, under which conditions pores will be formed and how peptide structure affects
the formation of a pore. This information may aid in the design of anti-microbial
peptides that form specific types of pores.
In addition to investigating pore forming processes, a second focus of this work is
to look at the effect of a more realistic lipid model by utilizing a semi-flexible chain
to model lipid molecules. As lipids have an inherent persistence length of 1 nm
[19], this addition can increase the realism of our polymeric lipids; this rigidity can
also affect quantitative measures of free energy levels. In most cases we find that this
increase in rigidity leads to an increased scaling of free energy for all of these processes;
more rigid chains form more stable pores and lead to higher energy barriers. These
differences between a fully-flexible and semi-flexible lipid bilayer response highlights
the importance of a more realistic chain model.
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Chapter 2
Theory
2.1

Lipid Bilayer Structure

The main component of biological membranes are phospholipid molecules. These
molecules are composed of two hydrocarbon tail groups connected to a phosphate head
group. The phosphate head group is polar and is hydrophilic while the hydrocarbon
tail groups are uncharged and hydrophobic. These regions give the phospholipid
characteristics that are useful in biological processes.
When placed in water, these phospholipids self-assemble into structures such as
lamella, micelles and vesicles in which the hydrophilic phosphate head groups orient
themselves to be exposed to water while the hydrophobic tail groups point inward
away from water. This has the effect of creating a bilayer in which the hydrophobic
core can separate two distinct areas of solvent. This allows phospholipids to spontaneously create membranes that separate intracellular environments from the outside
environment. In addition to lipid molecules, real biological membranes contain a host
of proteins that are both embedded in and attached to the bilayer. These proteins can
modify the bilayers structure as well as provide additional functionality. The wide
range of effects these proteins can have on the response of the bilayer to anti-microbial
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peptides, these extra bilayer components have been removed from the simulation in
order to observe the response of a purely lipid bilayer to the anti-microbials. Figure
2.1 shows a schematic overview of a typical lipid bilayer.
In most physical bilayers, the lipid molecules are approximately 1.5-2.5 nm in
length allowing them to form bilayers approximately 3-5 nm in width [19]. The
hydrophilic head groups are approximately one third of this length with hydrophobic
tails groups comprising the remainder. In the case of bacterial cell membranes, such
as those composed of DOPS, these molecules often carry a net charge. This charge
is localized at the phosphate head groups and is typically one or two e. These lipids
are also relatively stiff with a persistence length of 1 nm[19].
In order to create an effective polymeric replacement of these lipid bilayers, a two
species, star-like triblock polymer can be used in place of the phospholipid molecules.
In this setup, the phosphate headgroup region is replaced by a hydrophilic polymer
chain which is then attached at a junction to two hydrophobic chains that represent
the lipid tail groups. The interaction of these polymeric lipids with themselves, and
with solvent and peptides, needs to be chosen such that these polymers behave like
real biological lipids. In order to behave like real lipids, these polymers should selfassemble into a bilayer in the presence of solvent with the head groups oriented
outwards towards the bulk solvent. This requires a repulsive interaction between
hydrophobic and hydrophilic particles. Previous work by Ting et al. [17] has used
similar star-like triblock polymers to replace lipids in the modelling of biological
systems with simplified molecular interactions that agree well with experimental data.
However these studies neglect the rigidity of these lipid chains.
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Figure 2.1: A schematic diagram of a phospholipid bilayer

2.2

Self-Consistent Field Theory

In order to model the equilibrium self-assembly of polymer systems using a field
theory, one must first develop a partition function that describes the behaviour of
these chains. This means that we must determine a form of the Hamiltonian H(ρ, ω)
in terms of particle densities (ρ) and fields (ω). With N particles at their equilibrium
positions, the Hamiltonian can be expressed as a pair potential:
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H(N ) =

i<j
N X
X
(U (|rj − ri |)
j=1 i=1

1
=
2

Z

Z
dr

dr0 ρ̂(r)U (|r − r0 |)ρ̂(r0 )

(2.1)

where ρ̂(r) represents the microscopic particle density:

ρ̂(r) =

N
X

δ(r − rj )

(2.2)

j=1

where rj is the coordinate of particle j and U (|r − r0 |) represents the potential
energy interaction between particles. With this Hamiltonian we can create a partition
function:

Z
ZC (N, V, T ) = Z0



Z
Z
β
0
0
0
dr dr ρ̂(r)U (|r − r |)ρ̂(r )
d r exp −
2
N

(2.3)

Z0 in this case is a constant related to the volume dependant (V ) partition function
of an ideal gas(Z0 ∼
=

(z0 V )N
).
N!

We can introduce a delta functional and re-evaluate it

using M discretized grid points by introducing a field (ω)[20]:

δ[ρ − ρ̂] =

Y

δ(ρ(r) − ρ̂(r))

r

Z
1 Y ∞
=
dω(r) exp(iω(r)[ρ(r) − ρ̂(r)])
(2π)M r −∞
 Z

Z
=
Dω(r) exp i ω(r)[ρ(r) − ρ̂(r)]

and use this functional to transform our partition function:
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(2.4)

Z
ZC (N, V, T ) = Z0

Z
Dρ

 Z

Z
β
0
0
0
dr δ[ρ−ρ̂] exp
dr dr ρ̂(r)U (|r − r |)ρ̂(r ) (2.5)
2
N

 Z
ZC (N, V, T ) = Z0 Dρ Dω dr exp i ω(r)(ρ̂(r) − ρ̂(r))

Z
Z
β
0
0
0
dr dr ρ̂(r)U (|r − r |)ρ̂(r )
−
2
 Z
Z
Z
= Z0 Dρ Dωexp i ω(r)(ρ(r))

Z
Z
β
0
0
0
dr dr ρ(r)U (|r − r |)ρ(r )
−
2
Z
 Z

N
dr exp −i ω(r)(ρ(r))
Z

Z

Z

N

(2.6)

We can then evaluate the real space integral [20]:

Z

!
 Z

Z
N
X
dRN exp −i ω(r)(ρ(r))
=
dRN exp −i
ω(rj )
j=1

=

N Z
Y
j=1

drj exp(−iω(rj ))

V

= (V Q[iω])N

(2.7)

where Q is the appropriate partition function describing the behaviour of individual particles in an external field. This allows us to set our partition function using
particle fields and densities:
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Z
ZC (N, V, T ) = Z0

Z
Dρ

Dωexp(−HC [ρ, ω])
Z
Z
Z
β
HC [ρ, ω] = −i drω(r)ρ(r) +
dr dr0 ρ(r)U (|r − r0 |)ρ(r0 )
2
−N ln Q[iω]

(2.8)

In order to treat a variable number of particle typesin the grand canonical ensemble, we can introduce a chemical potential (µ) for this particular particle:

ZG (µ, V, T ) =

∞
X

exp(βµN )ZC (N, V, T )

N =0

Z

Z
Dρ

=

Dω

∞
X

Z0 exp(βµN ) exp(−HC [ρ, ω])

N =0

Z
=

Z
Dρ

 Z
Dω exp −i drω(r)ρ(r)

X
Z
Z
∞
β
V Q[iω]N
0
0
0
+
dr dr ρ(r)U (|r − r |)ρ(r )
Z0 exp(βµN )
2
N!
N =0
 Z
Z
Z
=
Dρ Dω exp −i drω(r)ρ(r)
X
Z
Z
∞
β
(zV Q[iω])N
0
0
0
+
dr dr ρ(r)U (|r − r |)ρ(r )
2
N!
N =0
 Z
Z
Z
=
Dρ Dω exp −i drω(r)ρ(r)

Z
Z
β
0
0
0
+
dr dr ρ(r)U (|r − r |)ρ(r ) exp(zV Q[iω])
2

(2.9)

with z = Z0 exp(βµ). This gives us a Grand Canonical partition function with:
Z

Z

ZG (µ, V, T ) =

Dρ Dωexp(−HG [ρ, ω])
Z
Z
Z
β
HG [ρ, ω] = −i drω(r)ρ(r) +
dr dr0 ρ(r)U (|r − r0 |)ρ(r0 )
2
−zV Q[iω]

(2.10)
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If the potential U (|r − r0 |) is positive definite and is identical if r and r0 are
exchanged, the path integral dependence of Z can be reduced using an expansion
about average fields and densities (ρ0 and ω 0 ):
Z
ZG (µ, V, T ) =

Z
Dρ

Dω exp(−HG [ρ, ω])

= exp(−HG [ρ0 , ω 0 ])
Z
Z
1 ∂ 2H
∂H
4ρ−
+ Dρ Dω exp(−
(4ρ)2
∂ρ
2 ∂ρ2
1 ∂ 2H
∂H
4ω−
(4ω)2 )
−
∂ω
2 ∂ω 2

(2.11)

Lastly, if we assume that each particle interacts with a single equilibrium mean
field in which the system’s Hamiltonian does not vary with respect to changes in
= 0, δH
= 0), the terms under the path integral are eliminated
fields or densities ( δH
δρ
δω
leaving a simplified partition function:

ZG (µ, V, T ) ≈ exp(−HG [ρ0 , ω 0 ])

(2.12)

As the partition function and free energies are real, we can add the complex
conjugates of the partition function to itself to remove the imaginary part of the
Hamiltonian, leaving us with a a purely real form of the partition function. Removing
these path integrals allow us to easily manipulate the system partition function and
determine the behaviour of the polymers in this system. Of particular interest is the
grand canonical free energy:
Ω
kB T

= − ln ZG
= HG [ρ0 , ω 0 ]
Z
Z
Z
β
0
0
dr dr0 ρ0 (r)U (|r − r0 |)ρ0 (r0 ) − zV Q[ω](2.13)
= − drω (r)ρ (r) +
2

which requires a determination of mean fields (ω 0 ), particle densities (ρ0 ) and the
15

potential energy interaction between species(U ). For simplicity we can now define
our energetic quantities in units of kB T and assume a purely local Flory-Huggins
interaction for the potential energy between two particles, of types α and β ,in which:

U (|r − r0 |) = χαβ δ(r − r0 ) + O(|r − r0 |)

(2.14)

depends only on a interaction parameter χαβ , and the density of the particles at a
particular space position. If we have a number (n) of different particles and they all
act locally with the above potential, we can determine a mean potential field acting
on species α by combining the independent interactions. We can also add a local field
(γ(r)) in order to normalize the local particle densities to unity. The field then takes
the form:

ωα (r) =

n
X

χαβ ρβ (r) + γ(r)

(2.15)

β

However, this definition of the field, which depends on local particle densities,
affects local particle densities via the system’s partition function. Therefore, in order
to determine the final configuration for the system, a solution to the partition function
must be found such that the densities and fields calculated are consistent with one
another. As both the fields and densities depend on one another, such a solution can
be said to be self-consistent.
Once the form of this partition function has been established, it can be used to
determine the real space densities of these chains at equilibrium and thus the system
behaviour under any condition. However, the form of this equation depends entirely
on the unique physical behaviour of each of the components in the system. Different chain models therefore require different functional forms and change the overall
partition function and thus the behaviour of the system. Two of the most important models that can be used when modelling lipid-like polymers are the continuous
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Gaussian chain model and the continuous wormlike chain model.

2.2.1

Continuous Gaussian Chain Model

In the continuous Gaussian chain model, polymers are treated as completely flexible
strings of identical composition. These strings, as they are completely flexible, have
a behaviour that is entirely dependent on the real space position of a particular chain
segment, r(s), where r(s) represents the real space position of the chain at position s
along the chain backbone. This basic geometry is illustrated in Figure 2.2.

Figure 2.2: Geometry for a Gaussian chain segment.
While the chains are considered to be perfectly flexible, they still experience an
internal energy penalty due to local elastic stretching caused by entropy. This penalty
takes the form [20]:
3kB T
U0 (r) =
2b2

Z
0

N

dr(s)
ds
ds

2

(2.16)

An interaction potential energy between the chain segment and an external mean
field can be added to this stretching potential:
17

U (r) = U0 (r) + ω(r)ρ(r)

(2.17)

and the combination of these two potentials can be used to create a partition
function for a single chain:
Z
Z(r, s) =

Drexp(−βU (r))

(2.18)

However, evaluating this partition function is difficult due to its dependence on a
path integral; instead we can evaluate the approximate behaviour of the chain by
discretizing it into small segments with each segment being defined by its contour
distance (s) from the end of the chain. Given the known probability density (q)
of finding a particular chain segment at position (r − 4r, s), we can determine the
probability of finding a second segment at a different position (r, s + 4s)[20]:
Z
q(r, s + 4s) =

d(4r)φω (4r; r − 4r)q(r − 4r, s)

(2.19)

with φω (4r; r − 4r) representing the translation probability of a chain segment
starting at position r − 4r to end up at position r. As the statistical probability of a
process scales as the exponential of its change in potential energy (φω ∝ exp(− 4 U )),
we can factor out the field dependent part of the translation probability (4U =
ω(r) 4 s), leaving us with a field-independent translational probability (φ(4r)), and
evaluate for a small segment of chain travelling in a local field:

φω (4r; r − r) = exp(−ω(r) 4 s)φ(4r)

(2.20)

in which the translational probability now only depends on the stretching energy.
We can move this field dependent factor to the right side of the equation and then
Taylor-series expand both sides; the left side for small orders of 4s and the right side
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for small orders of 4r:

q(r, s) +

∂q(r, s)
+ ω(r)q(r, s) = q(r, s)
∂s
Z
− 5r q(r, s) ·

d(4r)φ(4r) 4 r
Z
1
+ 52r q(r, s) · d(4r)φ(4r) 4 r2 (2.21)
2!

As the function form of φ(4r) can be determined from the stretching energy[20]:

exp(U0 (4r))
d(4r)exp(U0 (4r))
!

3/2
3
−3 |4r|2
exp
=
2πb2 4 s
2b2 4 s

φ(4r) = R

(2.22)

We can evaluate the integrals in Equation 2.21. Due to odd symmetry about 4r:
Z
d(4r)φ(4r) 4 r = 0

(2.23)

And if we assume that 4s → 0 we can evaluate the second integral term:
Z

d(4r)φ(4r) 4 r2 =

b2
3

(2.24)

Combining Equations 2.21, 2.23 and 2.24 yields an equation that can determine
chain segment probabilities; it is known as a Fokker-Planck or modified diffusion
equation[20]:
∂
b2
q(r.s) = q(r.s) − ω(r)q(r.s)
∂s
6

(2.25)

The determination of these chain segments probabilities is important because it
allows us to evaluate the path integral required by Equation 2.18. We can introduce a
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normalized partition function Qω in which the chain partition function is normalized
by its field-free partition function: (Z0 ):

Qω =

Z
Z0

Z0 (r, s) = Zω (r, s; [ω = 0])

(2.26)
(2.27)

and by discretizing the chain we can evaluate the path integrals by using the
discretized steps in Equations 2.19-2.25. If we know the densities of our initial chain
segment (s = 0), the path followed by the chain can be determined through successive
iterations of Equation 2.25. This allows the partition function to be rewritten as[20]:
1
Qω =
V

Z
drq(r, s)

(2.28)

This partition function can then be used to determine the local density of chain
segments as[20]:

δ ln Qω
δω(r)
Z N
1
dsq(r, N − s)q(r, s)
=
V Qω 0

ρ(r) = −

(2.29)

These local chain segment densities determine the behaviour of the monomer densities: they indicate where the chain sits at equilibrium and can be used to determine
interactions with other system components.

2.2.2

Wormlike Chain Model

Although the continuous Gaussian chain model is effective for modelling the class of
flexible polymer chains, it is not ideal for molecules which are semi-flexible, especially
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biological macromolecules such as phospholipids. In order to treat chains with a finite
persistence length, we need to include bending rigidity in the model. In order to do
this we need to include information about the orientation of the chain segment, in
addition to the real space position of a particular chain segment r(s). This orientation
can be described through the use of a unit tangent vector u(s) such that:
Z
r(s) =

u(s)ds

(2.30)

This basic geometry of this type of chain, known as a wormlike chain, is illustrated
in Figure 2.3.

Figure 2.3: Geometry for a wormlike chain segment.
The energy penalty for locally bending the chain takes the form [20]:
λkB T
U0 (u) =
2

Z
0

L

du(s)
ds
ds

2

(2.31)

with λ representing the persistence length, or the distance over which orientational correlations between chain segments are lost, of the semi-flexible chain and L
representing the contour length of the chain. As λ approaches zero, the chain is free
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to bend as with the Gaussian chain and when λ becomes large, the energy penalty
= 0). As with the Gaussian
associated with bending results in a rigid rod ( du(s)
ds
chain this bending potential can be combined with a field interaction between a chain
segment and an external field:

U (r, u) = U0 (u) + ω(r)ρ(r)

(2.32)

By adding the constraint that |u(s) = 1| the combination of these two potentials
can be used to create a partition function for a single chain:

Z
Z(r, u, s) =



Y 
dr(s)
Dr exp(−βU (r, u))
δ u(s) −
δ(u(s) − 1)
ds
s

(2.33)

We can evaluate the approximate behaviour of the chain by discretizing it into
small segments. Given the known probability (q) of finding a particular chain segment
at a particular position (r − 4r, s) and orientation (u − 4u, s), we can determine
the probability of finding a second segment at a different position (r, s + 4s) and
orientation (u, s + 4s)[20]:

Z
q(r, u, s + 4s) =

Z
d(4r)

d(4u)φω (4r; 4u; r − 4r; u − 4u)q(r − 4r, u − 4u, s)
(2.34)

with φω (4r; 4u; r − 4r; u − 4u) representing the translation probability of a
chain segment starting at position r − 4r and orientation u − 4u to end up at
position r and orientation u. As we are dealing with short chain segments(4s → 0
we can approximate the change in chain segment position as:

4r=u4s
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(2.35)

This allows us to remove the 4r from the translation probability. Therefore,
including a shift in position coordinates of r → r − 4r:

Z
q(r + u 4 s, u, s + 4s) =

d(4u)φω (4u; r; u − 4u)q(r, u − 4u, s)

(2.36)

As φω ≈ exp(4U ) we can split the translation probability into a field dependent
component and a field independent component(φ(4r, 4u) or φ(4u) as 4r = u 4 s).
For a small segment of chain travelling in a local field:

φω (4r; 4u; r − 4r; u − 4u) = exp(−w(r) 4 s)φ(4r, 4u)

(2.37)

In this case, the mean field is not dependent on the segments orientation. We
can again move this field dependent factor to the right side of the equation and then
Taylor-series expand both sides; the left side for small orders of 4s and the right side
for small orders of 4u:

q(r, u, s) +

∂q(r, u, s)
+ (u · 5r + ω(r))q(r, u, s) = q(r, u, s)
∂s
Z
− 5u q(r, u, s)) ·

d(4u)φ(4u) 4 u

1
+ 52u q(r, u, s) ·
Z 2!
d(4u)φ(4u) 4 u2

(2.38)

The function form of φ(4u) can be determined[20] as:

φ(4u) ≈ exp(β 4 U0 )
= exp(−
23

λ
|4u|2 )
24s

(2.39)

This functional form allows us to evaluate the integrals in Equation 2.38:
Z
d(4u)φ(4u) 4 u = 0

Z

d(4u)φ(4u) 4 u2 =

4s
λ

(2.40)

(2.41)

Combining Equations 2.38, 2.40 and 2.41 yields a Fokker-Planck diffusion equation
for determine chain segment probabilities [20]:
∂
1 2
q(r, u.s) =
5 q(r, u.s) − u · 5r q(r, u.s) − ω(r)q(r, u.s)
∂s
2λ u

(2.42)

In an identical fashion to the process discussed for the Gaussian chain we can
introduce a normalized partition function Qω in which the chain partition function is
normalized by its field-free partition function (Z0 ):

Qω =

Z
Z0

Z0 (r, u, s) = Zω (r, u, s; [ω = 0])

(2.43)
(2.44)

after which we can evaluate the path integrals by using discritized steps and
rewrite the partition function as[20]:
1
Qω =
V

Z
drq(r, u, N )

(2.45)

This partition function can then be used to determine the local real-space density
of chain segments by [20]:
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δ ln Qω
δω(r)
Z L
1
=
dsq(r, N − s)q(r, N )
V Qω 0

ρ(r, u) = −

(2.46)

For a real-space implementation, the Gaussian and wormlike chains can then be
expressed in an almost identical way as the only key difference between the two chain
models in terms of evaluation is in the solution of their Fokker-Planck propagator
equations. We can determine the purely real-space densities of the wormlike chains
by averaging over the orientational degrees of freedom:
1
ρ(r) =
4πV Qω

Z

Lc

Z
ds

duq(r, u, N − s)q(r, −u, N )

(2.47)

0

This allows the behaviour of the wormlike chains to be interpreted in a similar
fashion to that of Gaussian chains as they both can be characterized in terms of
real-space fields and densities. This allows for a direct comparison of final solution
states.

2.3

Self-Consistent Field Theory of Star-Like Copolymers in Solvent

A polymer system modelling a lipid bilayer needs both lipids and solvent if it is to
capture the essential physics involved. In the absence of peptides this system consists
of three main particle types, solvent particles (s), hydrophilic head groups (h) and
hydrophobic tail groups (t) arranged into a star-like branched copolymer [21]. We can
define a grand canonical partition function for this system using the self-consistent
mean-field theory approximations:
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Zhts = exp (−H)

(2.48)

with a Hamiltonian using purely local Flory-Huggins interactions:

Z
H = −

dr (ωh (r)ρh (r) + ωt (r)ρt (r) + ωs (r)ρs (r))
Z

+

dr (ρh (r)χht ρt (r) + ρh (r)χhs ρs (r) + ρt (r)χts ρs (r))

−zht Qht [ωht ] − zs Qs [ωs ]

(2.49)

For this particular Hamiltonian, head and tail particles are combined into a single
partition function as they comprise a single lipid. Both the head group and tail group
(α) polymers follow a gaussian or wormlike chain propagator equation:
b2
∂
qα (r.s) = qα [α](r.s) − ωα (r)qα (r.s)
∂s
6

1 2
∂
qα (r, u.s) =
5 qα (r, u.s) − u · 5r qα (r, u.s) − ωα (r)qα (r, u.s)
∂s
2λ u

(2.50)

(2.51)

For real lipids there is one head group chain (qh ) and two tail group chains (qt and
qt0 ) with the tail group chains being approximately twice as long as the head group
chain. For our lipids we define the number of head groups monomers (Nh = 4) and
the number of tail group monomers (Nt = 8) in order to reflect this size. This also
allows us to determine the volume fraction of the head groups (f = 0.2). As all three
chains are attached at a central junction the single-chain partition function for the
lipids can be written as a product of three connected chain segments:
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1
Qht [ωh , ωt ] =
V

Z

drqh (r, Nh )qt (r, Nt )qt0 (r, Nt )

(2.52)

for the Gaussian chain. For the wormlike chain, an additional condition based on
the joining orientation of the chains must be considered. The simplest case is one in
which the two tail group chains propagate in the same direction and the head group
points in the opposite direction. This changes the partition function to:

1
Qht [ωh , ωt ] =
4πV

Z

Z
dr

duqh (r, −u, Nh )qt (r, u, Nh )qt0 (r, u, Nt )

(2.53)

Now the real space densities for each type of lipid monomer (α = h, t) can be
determined as:
zht b
ρα (r) =
V Qht

Z

N

dsqα (r, s)qα† (r, N − s)

(2.54)

duqα (r, u, s)qα† (r, −u, N − s)

(2.55)

0

for the Gaussian chain and:
zht b
ρα (r) =
V Qht

Z

Lc

Z
ds

0

for the wormlike chain where b is the size of the lipid monomer. In these density
equation, the structure of the chain is reflected in the boundary conditions applied
to each propagator. If we coarse-grained our probability densities into unit cells and
express the propagators in units of cell size, all three chains have an identical free end
probability:

qα (r, u, s = 0) = 1

(2.56)

However the conjugate propagator depends on the other two chains. Again as-
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suming perfect alignment of chains:
qh† (r, u, 0) = qt0 (r, −u, N )qt (r, −u, s = N )

(2.57)

qt† (r, u, 0) = qt0 (r, −u, N )qh (r, u, s = N )

(2.58)

qt0† (r, u, 0) = qt (r, −u, N )qh (r, u, s = N )

(2.59)

with the Gaussian chains ignoring the alignment condition. By determining these
propagators, we can determine the local chain densities and partition functions for
the lipid like polymers. Solvent in this system is treated as a simple monomer, its
partition function is given by:
1
Qs [ωs ] =
V

Z
drexp(−ωs (r))

(2.60)

and its density can be determined by:

ρs (r) =

zs Vs
exp(−ωs (r))
V Qs

(2.61)

One last condition that is applied to particles in this system is incompressibility:

ρh (r) + ρt (r) + ρs (r) = 1

(2.62)

which modifies the allowed densities so that the local density must equal 1. This
condition is enforced through a local Lagrange multiplier, γ(r). Once determined
these densities can then be used to determine each of local particle fields using FloryHuggins interactions:

ωh (r) = χht ρt (r) + χhs ρs (r) + γ(r)
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(2.63)

ωt (r) = χht ρh (r) + χts ρs (r) + γ(r)

(2.64)

ωs (r) = χts ρt (r) + χhs ρh (r) + γ(r)

(2.65)

which can then be used to determine a new set of densities. This leads to a
solution for the system in which the free energy can be determined from the system’s
Hamiltonian. Typically this process is iterated with new lipid states being mixed
with old states.

2.3.1

Numerical Solution of Chain Propagators

Evaluating the propagator equations represents the main computational cost associated with these simulations. In our work, we use an operator splitting method in
which the propagator equation is solved using a Trotter equation.
For the Gaussian chain propagator the Trotter equation we use is [20]:

qα (r, s + 4s) = exp(−ωα (r)

4s
4s
) exp(52r 4 s) exp(−ωα (r)
)qα (r, s)
2
2

(2.66)

In order to evaluate this equation we use a pseudo-spectral methodology [22]. In
this method we apply the first field operator to the propagator in real space. We then
Fourier transform the propagator; this simplifies our gradient operator as:

exp(52r 4 s) → exp(−(kx2 + ky2 + kz2 ) 4 s)

(2.67)

After applying this operator, we inverse Fourier transform the propagator and
apply the second field operator, leaving us with a final real space density. This
process is repeated for each segment of lipid chain.
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For the wormlike chain propagator the Trotter equation has the form [20]:

4s
1
4s
) exp(−u · 5r
) exp( 52u 4s)
2
2
2λ
4s
4s
exp(−u · 5r
) exp(−ωα (r)
)qα (r, u, s)
(2.68)
2
2

qα (r, u, s + 4s) = exp(−ωα (r)

In order to evaluate this equation we use a pseudo-spectral methodology [23]. In
this method we apply the first field operator to the propagator in real space. We then
Fourier transform the propagator; this simplifies our real space gradient operator as:

exp(−u · 5r

4s
4s
) → exp(i(cos(θ)sin(φ)kx + sin(θ)sin(φ)ky + cos(φ)kz )
) (2.69)
2
2

After applying this operator, we transform the directional dependance of our propagators into a set of spherical harmonics. This simplifies our directional gradient
operator as:

exp(

1 2
1
5u 4s) → exp(− l(l + 1) 4 s)
2λ
2λ

(2.70)

Once applying this operator, we reverse our spherical harmonic operator and reapply our real space gradient operator after which we inverse Fourier transform the
propagator and apply the second field operator, leaving us with a final real space
density. This process is repeated for each segment of lipid chain.
These two operators can be related to one another by examining the low rigidity
limit of the wormlike chain propagator. As λ → 0, the directional gradient operator
becomes an operator which averages over all independent directions. If the field is
directionally independent this averaging affects only the real space gradient operator.
Mathematically we can combine the directional averaging into this operator:
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Z
exp(−u · 5r 4 s) →

du exp(−u · 5r 4 s)

(2.71)

We can then take a second order expansion of the exponential:

Z

Z
du exp(−u · 5r 4 s) ≈

1
du[1 − u · 5r 4 s + (u · 5r 4 s)2 ]
2

(2.72)

and evaluate using a directional integral (du = sin(θ)dθdφ and u · 5r = cos(θ)5r ,
if our axis points along u) over the unit sphere. This leads to:

Z

1
1
du[1 − u · 5r 4 s + (u · 5r 4 s)2 ] =
2
2

Z

π

sin(θ)dθ[1 − cos(θ) 5r 4s
0

1
+ (cos(θ) 5r 4s)2 ]
2
1
= 1 + (5r 4 s)2
6
1
= exp( (5r 4 s)2 )
6

(2.73)

If we define 4s for the wormlike chain such that 4swormlike = b 4 sGaussian , this
operator reduces to the real space gradient operator used in the Gaussian chain. Four
our chains, we set the monomer size as the unit length (b = 1) and define all of our
quantities in terms of it. This allows us to define both Gaussian and wormlike chains
using the number of monomers (N) to indicate length.

2.4

Adding Peptides as Static Inclusions

When peptides are added to this system as static inclusions, they interact with particles in the system and affect the self-assembly of these particles, yet are not allowed
to move themselves. This causes them to act as effective boundary conditions for
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particles in the system. The presence of boundary conditions alone can affect the
self-assembly of molecules as they restrict the space that the molecules can move in
[24].
As they exclude volume from the system and are fixed in place, a static mask
function, representing the peptide density (ρpeptide (r)), can be used to exclude lipids
and solvent from their position. If we coarse grain our solution space into lattice cells
and define our densities in terms of unit cell volume this takes effect through the local
incompressibility:

ρh (r) + ρt (r) + ρs (r) + ρpeptide (r) = 1

(2.74)

Now as the peptides have a static size, position and orientation, their interaction
with lipids and solvent is also fixed in space. This fixed peptide interaction can be
expressed as a real-space field (φpeptide−α (r), α = h, t, s) that can be hydrophobic or
hydrophilic based on the peptide’s position, orientation and characteristics. These
interactions affect the particle densities by changing the mean fields:

ωh (r) = χht ρt (r) + χhs ρs (r) + φpeptide−h (r) + γ(r)

(2.75)

ωt (r) = χht ρh (r) + χts ρs (r) + φpeptide−t (r) + γ(r)

(2.76)

ωs (r) = χts ρt (r) + χhs ρh (r) + φpeptide−s (r) + γ(r)

(2.77)

As such the last thing that needs to be considered when modelling the peptides
is the functional form of the density mask function (ρpeptide (r)) and the interactions
(φpeptide (r)). These densities and interactions determine how lipids respond to these
peptides [25].
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2.4.1

Defining Peptide Densities and Interactions

We introduce a peptide density mask function to represent a peptide. We model
each peptide as a cylinder and place it into our model system by defining its density
function using its centre of mass position (C), normal vector (n), a cylinder radius
(R) and height (H) to that cylinder. This geometry is shown in Figure 2.4.
In order to do this we need to determine where a lattice site is with respect to
a particular peptide. We can define the position of a lattice site (X), and determine
the radial (r) and axial (h) distances of this point to the cylinder:

h = (X − C) · n

r=

(2.78)

p
(X − C)2 − h2

(2.79)

Once we determine the relative position of lattice sites to the peptide’s centre of
mass we can define a density function:

1

1 − tanh(γ

if r <R and h< H2

1 − tanh(γ(h − H)) if r< R and h ≥

H
2

1 − tanh(γ(r − R)) if r≥ R and h <

H
2

p
(r − R)2 + (h − H)2 ) if r≥ R and h ≥

H
2

(2.80)

where γ is a scaling variable that helps to conserve overall peptide volume under
rotation. For an upright peptide(n = ẑ) , γ is set to 1 and the coarse-grained volume
of the peptide is determined by a discrete sum. Once each peptide has been placed
into its final configuration, its coarse-grained volume is recalculated and compared
to that of the upright peptide; if these two do not match, γ of the tilted peptide is
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Figure 2.4: Cylindrical peptide representation. The cylinder’s centre of mass position
(C), normal vector (n), radius (R) and height (H) are labelled. In addition, the vector
distance,r, from the centre of mass to a lattice site position (x) is shown and split
into radial (r) and axial (h) components.
adjusted until they agree. This prevents changes in free energy due to peptide volume
changes.
We also define peptide interaction fields that are based on peptide density. The
fields use an identical functional form to the density with a larger radius. If we
consider our previous density function in 2.80 to be D(r; [C,n,R,H,γ]) we can define
a peptide contact interaction(φ) as:

φpeptide−α (r) = χpeptide−α D(r; [C, n, R + p, H + p, γ])

(2.81)

where p represents the distance of the contact interaction and χ is a Flory-Huggins
parameter representing the strength of the interaction; we used p = 0.5 or a contact
potential the extends outward from the peptide a distance of one-half of a monomer
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or 2 lattice sites. We also define χ so that it is identical in strength to our lipid
hydrophilic/hydrophobic interactions; χ = 0 for hydrophilic-hydrophilic interactions
and χ = 2.5 for hydrophilic-hydrophobic interactions. In order to make our peptide
amphihilic, we place two hydrophilic cylinders on either end of a hydrophobic cylinder
to create our peptide. The length of the hydrophobic cylinder is matched to the
length of the hydrophobic bilayer tail groups and the length of the hydrophilic caps
are matched to the length of the hydrophilic bilayer head groups. In order to add in
the hydrophilic backbone, we set the backbone orientation of the cylinder, determine
which cells in the hydrophobic cylinder are within an angle θ of this orientation and
change their interaction parameters accordingly.
Instead of using a complicated mask function, the easiest way to define our density
function would be to determine which lattice sites fall within the bounds of our
peptides and assume these cells to be completely filled with peptide with all others
being empty. However, the use of such a function is problematic when evaluating the
behaviour of our lipids as our propagator equation has an operator that depends on
the lipid’s own density gradient. By introducing a step-function in peptide density,
and thus lipid density, we are creating an overly large density gradient around our
peptides which affects our calculations. This effect results from the the orientationalalignment operator (u · 5r qα (r, u.s)) in the propagator equation of the worm-like
chain model.
If we use a step function to determine our peptide density by itself, the propagator
gradient on the edge of the peptide becomes large due to the step function used. This
leads to an overly large propagator, which is worsened by using a finer lattice as,
with a finer lattice, we approach the infinite gradient of a true step-function. In order
to minimize this effect, it becomes necessary to introduce a smoothing function to
the implemented geometric model. Any reasonable function can be chosen so long as
it helps to minimize the effect of this steep artificial gradient while still providing a
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physical representation for the density of the peptide.

2.5

Summary of Simulation Procedure and Numerical Parameters

In order to simulate the response of the lipid bilayer to anti-microbial peptides we
must evaluate the self-consistent response of polymeric lipids to the system boundary
conditions in the form of peptide locations and interactions. As the peptides are
static in their position, orientation and interactions, it is the response of the lipid
that needs to be determined.
In order to determine the equilibrium configuration of lipids we must find densities
and fields that are self-consistent. We do this by first defining an initial guess for our
fields and use these fields to determine particle densities.
For our lipids (α = h, t), we determine the chain propagator. For Gaussian chains,
we solve the propagator equation:
b2 2
∂
q(r.s) =
5 q(r.s) − ω(r)q(r.s)
∂s
6 r
and for the wormlike chain we solve the propagator equation:
∂
1 2
q(r, u.s) =
5 q(r, u.s) − u · 5r q(r, u.s) − ω(r)q(r, u.s)
∂s
2λ u
We use these propagators to determine the chain segment densities:
zht b
ρα (r) =
V Qht

Z

dsqα (r, s)qα† (r, N − s)

For the solvent, we treat it as a monomer and determine its density:
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(2.82)

ρs (r) =

zs Vs
exp(−ωs (r))
V Qs

We use these densities to calculate new fields:

ωh (r) = χht ρt (r) + χhs ρs (r) + φpeptide−h (r) + γ(r)

ωt (r) = χht ρh (r) + χts ρs (r) + φpeptide−t (r) + γ(r)

ωs (r) = χts ρt (r) + χhs ρh (r) + φpeptide−s (r) + γ(r)
We then mix the new fields with our initial fields in a simple mixing procedure
with mixing parameter m:

ωα (r) = (1 − m)ωα−initial (r) + mωα−calculated (r)

(2.83)

This process is repeated until the fields have converged. In order to solve this
numerically we must define system parameters such as lattice size (Nx , Ny , Nz ),
lattice-cell length (4l), chain tangent segment length (4s) and the size of the orientational lattice (4u).
Typically for a wormlike chain simulation we use:

Nx = 128 Ny = 128 Nz = 64 4 l = 0.25b 4 s = 0.125b 4 u = 144 m = 0.1

with geometric symmetry used to reduce lattice size to an even greater degree. We
converge our fields to floating point accuracy (1E-06). Typically this takes 2-4 days
on 32 CPUs to complete

10 000 iterations. However there exists more efficient

optimization schemes that can reduce the total number of iterations required to a
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significant degree [26].
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Chapter 3
Studies of Membrane Pore
Forming Anti-Microbial Peptides
By choosing appropriate particle interactions and choosing an appropriate model for
lipids and peptides, we can model a system that behaves similarly to that of a real
lipid bilayer in the presence of anti-microbial peptides. By solving self-consistent
equations we can generate lipid densities and effective fields. This solution shows us
the equilibrium response of the lipids to the presence of peptides. By creating a series
of systems with lipids of varying rigidity, we can evaluate the effect of rigidity on the
lipid bilayer and on various lipid-peptide interactions.
We begin by investigating the phase behaviour of pure lipids in order to choose a
set of system parameters that produce the bilayer behaviour that we are interested in
studying. After this characterization, the response of lipids to a single peptide will be
evaluated in the case of a hydrophobic mismatch. A study of hydrophobic mismatch
is relevant to real biological problems in that not all antimicrobials are perfectly sized
to fit into every bilayer they act upon and this mismatch may change how they sit
in the bilayer and affect how they function. This case of mismatch can also be used
to further characterize the bilayer as it can be used to study how our model bilayer
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responds to localized stretching given varying degrees of rigidity.
In addition to examining hydrophobic mismatch, we will investigate the membranemediated interaction of two peptides, the process of peptide insertion, the aggregation
of peptides into transmembrane pores and the structure of the pore that forms. These
investigations will help to further understanding on how these pores are formed by
anti-microbial peptides.

3.1

Lipid Phase Behaviour

In order to properly simulate a lipid bilayer with a Gaussian or wormlike chain lipid,
we must first choose lipid parameters that allow these polymers to behave in a manner
similar to real lipids. These parameters are the fugacity of the individual solvent (zs ),
the rigidity of the model lipids(λ) as well as the strength of the interactions they
experience(χ). In order for these parameters to be chosen properly so that the model
polymers behave as lipids, they must allow the polymers to form spontaneously in
stable lamellae. These parameters must also be chosen so that a single bilayer is
formed when it is surrounded by solvent. In the grand canonical ensemble, lipids are
able to enter and exit the system, so there exists a possibility for multiple lipid layers
to form from a single lamellar layer. If multiple layers were to form spontaneously in
the system, the effect of nanoparticle inclusions on the lipid bilayer may be obscured
by these multiple layers.
Using polymers to simulate biological lipids have been explored in previous work
by Ting et al [17, 18]. In these works a specific set of interaction parameters (χ0 s) has
been used to study bilayer behaviour in response to particle interaction and bilayer
stresses. These interaction parameters are chosen, for a Gaussian chain lipid similar
in structure to the one used in this thesis, so that the model polymers behave in a
similar fashion to real lipids; numerically they are [17]:
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χht = 7.5 χts = 2.5 χhs = 0

(3.1)

For the Gaussian chain model, these parameters cause the lipids to form a lamellar
region that is surrounded by solvent. For these parameters it is interesting to note the
large repulsion between head groups and tail groups (χht ) that is three times larger
that the hydrophobic/hydrophilic repulsion between the tails groups and solvent (χts ).
This large repulsion plays a role in keeping the model lipids in a lamellar state in a
rigidity-free model such as Ting’s.
However, as our model includes lipids of varying rigidity, it is necessary to examine
the dependence of our lamellar phase on this strong repulsive parameter (χht ) as we
increase the lipid rigidity. The phase behaviour of semi-flexible polymers has been
investigated in previous work for copolymers [27]. Both Gaussian symmetric ABA
triblocks [28] and semi-flexible asymmetric AB diblocks [29] have been examined. Of
particular note is is the comparision of our phase points to those of the semi-flexible
asymmetric AB diblocks in Figure 2 of [29]; for wormlike chains of composition similiar
to our own with f = 0.2 → f = 0.2 and L/a = 5 → λ = 0.15, the order-disorder
transistion for the one-dimensional case exists at χht ≈ 4 which is similiar to our orderdisorder transtion, however we witness an additional phase in our three dimensional
case.
Figure 3.1 shows a phase diagram for pure lipids (zs = 0) with respect to increasing rigidity (λ) and this head-tail interaction parameter (χht ). In this plot we see
that the strength of the head-tail repulsion needed to maintain a lamellar phase is
reduced as we increase the rigidity of our lipid chains. Increased rigidity straightens
our model chains and, as the head groups and tail groups in our model lipids are explicitly anti-parallel at their junction, straightening these chains leads to an inherent
segregation of the head and tail groups.
For our pure lipid phase, we see that the head-tail interaction parameter used by
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Figure 3.1: Phase diagram for a pure lipid melt (zs = 0). In this diagram the interface
head-tail interaction term (χht ) is plotted against the persistence length of the lipid
chains. For our model lipid we see three different phases, a purely disordered phase,
an inverted micelle phase and a lamellar phase. The persistence length is give as a
ratio of the length of the lipid tail groups (Lc−tails )
Ting (χht = 7.5) will result in lamellar behaviour for all values of lipid rigidity and
thus is an acceptable choice for use in our simulation as we want to compare the effect
of increasing rigidity on lipid response. However in addition to pure lipids, we also
must account for the inclusion of solvent. The inclusion of solvent affects our system
by repelling the hydrophobic tail groups and interacting with the peptides. However
the solvent is also important in controlling the amount of lipid molecules present in
our system. If we have too little solvent or the solvent interacts weakly with the lipid
tail groups, we may form additional bilayers. If we have too much solvent or the
solvent is repelled too weakly by the tail groups, we may not form bilayers at all.
In order to form a single bilayer, we control the amount of solvent in our system
by setting the fugacity of the solvent (zs = exp(−βµs )) at an appropriate value. As
incompressibility is enforced in this system, the value of the chemical potential also
controls the amount of lipid present [20]. In Figure 3.2 we show a plot of our system
composition with respect to tail-solvent interaction and solvent fugacity.
For our lipid model we set zs = 0.2 and χts = 2.5 in order to keep our system in a
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Figure 3.2: Phase diagram for lamellar lipids interacting with solvent. In this diagram
the tail-solvent interaction term (χts ) is plotted against the fugacity of the solvent
molecules(zs = exp(−βµs )) . For our model lipid we set zs = 0.2 χht = 7.5 and
χts = 2.5 in order to form a single stable bilayer; this point is indicated by a solid
black dot on the phase diagram
single lamellar phase and remain consistent with the parameters chosen by Ting. We
chose to set the chemical potential in the lower region of the single lamellar phase as
we do not want to prevent to formation of new lipids in previously solvent-dominated
areas.
With these parameters set, we can generate our model lipid bilayer. Figure 3.3
shows two plots of our lipid density profiles along a line perpendicular to the bilayer
plane. As increasing the rigidity of lipids increases the size of the bilayer, we have
opted to scale the distances in terms of the statistical end-to-end lipid distance in
order to keep the bilayers similar in size. However with this scaling, the size of the
lipid bilayer is exaggerated with decreased rigidity [30]. This end-to-end distance can
be written as:
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R = aN 1/2
aGaussian = b
awormlike = (2λLc )1/2

(3.2)

Figure 3.3: Bilayer lipid density profiles for two values of lipid rigidity with tail groups
shown in solid lines and head groups shown using dashed lines. The plot is taken in
a direction normal to the bilayer plane. The red plot shows a density profile for the
Gaussian chain lipids and the blue plot shows a density profile for wormlike chain
lipids with λ = 2. For both bilayers χht = 7.5,χts = 2.5 and zs = 0.2 with the
distances being expressed in the statistical segment lengthR = aN 1/2
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From 3.3 we can see that the addition of rigidity increase the segregation of the
lipid densities at their interface. This increased rigidity is consistent with previous
investigations that look at the effect of rigidity on polymer behaviour at an interface
[31, 32] . Increased rigidity also increases the overall size of the bilayer, although this
is not apparant in Figure 3.3 due to the rigidity dependent scaling. This increased
segregation was witnessed before in our pure lipid phase diagram and suggests χht
may not need to be as large if rigidity is included into the lipid model.

3.2

Hydrophobic Mismatch

As lipid bilayers form with an equilibrium hydrophobic width, inserted peptides can
have hydrophobic midsections that are longer or shorter than the matching hydrophobic tail regions of the lipid bilayer. This discrepancy is known as hydrophobic mismatch and it creates a free energy penalty for inserted peptides due to a repulsive
interaction between hydrophilic head groups/solvent and hydrophobic peptide components or between hydrophobic tail group and hydrophilic peptide components. This
penalty may lead to either a deformation of the bilayer as it stretches or bends or
a reorientation of the peptide in an attempt to minimize the overall increase in free
energy.

3.2.1

Mismatched peptides perpendicular to the bilayer plane

The first response that one can look at is how the model bilayer responds to a mismatched peptide whose axis runs perpendicular to that of the bilayer. Using this
orientation, we have inserted a single peptide of variable length into our bilayer system. For this simulation we have removed the hydrophilic backbone (θ = 0) in order
to focus only on the case of mismatched hydrophobic regions. We define a size parameter β which this the ratio of the length of the bilayer’s hydrophobic region to the
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size of the hydrophobic tail groups:

β=

dhydrophobicpeptides
dhydrophobictailgroups

(3.3)

For β = 1.25, we can plot peptide densities profiles for two separate cases of chain
rigidity (λ = 0 and λ = 2). Two such configurations are shown in Figure 3.4. In
this case it is important to note that the response of a Gaussian chain model lipid
(λ = 0) is more localized around the peptide than that of a wormlike chain lipid
model (λ = 2) case which indicates that a more rigid lipid model can be affected by
peptide interactions on a longer scale than those that use a Gaussian model.

Figure 3.4: Bilayer density profiles resulting from hydrophobic mismatch (β = 1.25)
between hydrophobic lipid tail groups and hydrophobic peptide areas are shown for
a (a) Gaussian chain lipid (λ = 0)) and a (b) wormlike chain lipid (λ = 2). Tail
densities and hydrophobic peptide segments are displayed in red, head group densities
are displayed in white and solvent/hydrophilic peptide densities are displayed in blue.
Each profile pictured is the same overall size, rigid chains have a longer persistence
length and lead to longer equilibrium bilayers.
Consider the peptide arrangement presented in Figure 3.4 of a single, perpendicular, mismatched peptide of variable hydrophobic length fully inserted into the bilayer.
Figure 3.5 plots the free energy of this peptide. In our model lipid bilayer for three
cases of varying rigidity, we find that increasing or decreasing the ratio of these two
lengths away from the ideally matched length (β = 1) leads to an increase in the free
energy of the system. We also find that increased rigidity in the lipid model tends to
increase the energetic effect of hydrophobic mismatch on system free energy.
Mismatched peptides in a perpendicular configuration tend to increase the free
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energy by causing the chains to stretch and bend; in the case of the Gaussian chain,
free energy is increased through the reduction of chain entropy due to this stretching.
In the case of the worm-like chain model, these chains become less bent as they
stretch, however, due to the finite length of the chains, they must bend in order to
fully cover the peptide’s hydrophobic sections. This leads to increasing rigidity having
an increased free energy in the presence of a mismatched peptide and are thus less
likely to accommodate them in a perpendicular configuration. This increase in free
energy is important in that it reduces the number of peptides that can effectively be
absorbed into the membrane [33].

Figure 3.5: The overall change in free energy due to hydrophobic mismatch of a
peptide perpendicular to the bilayer plane is plotted as a function of peptide size,
normalized to equilibrium bilayer width. In this plot, the overall systemic free energy
of a matched peptide is used as a zero reference point to compare the varying rigidities.
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3.2.2

Altering the Orientation of Hydrophobic Mismatched
Peptides

When peptides with a hydrophobic mismatch are placed into a lipid bilayer, they may
not retain a perpendicular orientation and may reorient. This new orientation can
lower the free energy by allowing the lipid to cover the hydrophobic peptide sections
with less overall bending at the bilayer than with a perpendicular orientation. By
varying the orientation of the peptide, we can examine the overall lipid response
and construct a plot of systemic free energy versus peptide orientation in order to
determine the most likely equilibrium orientation.
Figures 3.6 and 3.7 show plots of free energy versus peptide orientation for
different hydrophobic peptide mismatches for two different lipid rigidities. We see
that each hydrophobic mismatch has a characteristic minimum free energy that varies
with the amount of mismatch. We also see that there exists different behaviour at
some of the mismatch lengths. For peptides that are smaller or equal in size than the
bilayer itself, the minimum free energy configuration is that which exists when the
peptide is perpendicular to the bilayer; for peptides that are larger than the bilayer
this minimum exists at a non-perpendicular orientation. In general, the systemic free
energy increases as we tilt the peptide past this minimum angle; however, we also see
that for small peptides, there is a maximum free energy that is not fully parallel to
the bilayer plane. The scaling of this free energy also increases with higher degrees
of chain rigidity.
From this plot we can infer that each mismatched peptide has a equilibrium orientation that helps the peptide sit in the lipid bilayer and cause minimal deformation. While it is not beneficial for shorter peptides to reorient at it would place
their hydrophilic end regions into the hydrophobic bilayer tail groups, longer peptides can orient themselves further from the perpendicular in order to allow the lipid
tail groups to cover their hydrophobic sections. The effect is geometric and based
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on the peptide-lipid repulsion between hydrophobic and hydrophilic components. A
qualitatively similiar result can be found with MD simulations such as those outlined
in Figure 3 of [34], mismatched peptides reorient themselves into a minimum energy
configuration based on their size.
A plot of lipid densities can be seen in Figure 3.8 which is a 2D plot of lipid
density in the presence of a tilted, mismatched peptide taken through the centre of
the tilted peptide. In this particular case of a fairly long peptide, the lipids arrange
themselves into a single layer in order to cover the hydrophobic areas of the peptide
instead of stretching or deforming. The presence of hydrophilic caps in this scenario
also help to restrict this tilting of the peptide as these caps disrupt bilayer structure
as well; this prevents our mostly hydrophobic peptide from being completely covered
by lipid tail groups. As this reorientation of the lipid groups involved bending the
lipid chains, increased chain rigidity should increase the overall free energy of all these
processes.

3.3

Effect of a Hydrophilic Backbone on PeptideLipid Interaction

While our study of hydrophobic mismatch utilized a peptide with a purely hydrophobic central region, there is a class of antimicrobials that have an axial hydrophilic
backbone that runs through this hydrophobic region. This backbone helps destabilize the lipid bilayer by repelling the hydrophobic tail groups once it is inserted into
the lipid bilayer. This disruption helps form a pore when many peptides come into
contact with each other as they will all repel tail groups in the same location leading
to a hole in the bilayer.
Consider the case of a single peptide, perpendicular to the bilayer plane, with
hydrophobic regions matched to that of the bilayer. We can introduce a hydrophilic
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Figure 3.6: The change in free energy from a perpendicular peptide configuration
as a function of tilt angle (θ) from the perpendicular for various ratios of peptide
hydrophobic length to bilayer hydrophobic lengths (β). The lipids have a persistence
length λ = 2.
backbone of variable width (θ) into the bilayer and examine the response of the system
to this inclusion. Figure 3.9 shows a plot of the lipid densities for peptides with a
hydrophilic backbone. From this figure we can see that the presence of a hydrophilic
backbone causes the lipids to bend around it so that the hydrophilic backbone is in
contact with the hydrophilic lipid head groups.
For each of these differing backbone widths we can plot the overall free energy as
a function of this width, this plot can be seen in Figure 3.10. For this comparison we
find that increasing the backbone width leads to an overall increase in the systems
free energy. This free energy appears to be roughly linear between θ = 0 and θ = 2π;
however transitioning from a backbone-free peptide (θ = 0) leads to a greater increase
in free energy that is greater than the linear trend while transitioning to a fully
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Figure 3.7: The change in free energy from a perpendicular peptide configuration
as a function of tilt angle (θ) from the perpendicular for various ratios of peptide
hydrophobic length to bilayer hydrophobic lengths (β). The lipids have a persistence
length λ = 5.
hydrophilic peptide (θ = 2π) leads to a reduced increase in free energy than would be
expected from the linear trend. This increase in free energy increases in scale with
more rigid peptides.
As a properly matched peptide with no backbone will simply sit in the lipid bilayer
with no repulsive effects, increasing the backbone width should increase the overall
free energy due to the bending of the bilayer. This increase in free energy is caused
by the bending of the bilayer, therefore it should increase with increased rigidity. As
this bending is local to the area affected by the hydrophobic backbone, this increase
should be linear with respect to the angular width of the backbone as it is this width
that directly determines how much lipid must bend in order to cover the lipid tail
groups. However, in addition to the bilayer bending so that hydrophilic head groups
cover the hydrophilic backbone, there also exists bending along the perimeter of the
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Figure 3.8: A plot of bilayer densities (λ = 2) for the equilibrium orientation of a
mismatched peptide. Tail groups densities and hydrophobic peptide segments are
displayed in red, head group densities are displayed in white and solvent/hydrophilic
peptide densities are displayed in blue. In this case the bilayer covers the hydrophobic
peptide sections with a single lipid layer
peptide between the bilayer region in contact with the backbone and the flat bilayer
plane. This bending is constant for intermediate bilayer widths as it is an interface
between the two regions of lipids, however for the backbone free peptide (θ = 0) and
the fully hydrophilic peptide (θ = 2π), this bending is not present decreasing the
overall free energy of each configuration below what is expected.

3.4

Peptide Insertion

The process of insertion is a relevant question as in order to form pores, peptides must
first be able to enter the bilayer. This is achieved through the existence of peptidesolvent repulsion; hydrophobic residues on the peptide surface have an unfavourable
interaction with solvent and therefore are attracted to the hydrophobic lipid tail
groups. However, this process may involve multiple reorientations and translocations
of the inserting peptide(s). This represents a challenge for a fixed peptide model in
which the positions and orientations of the peptide are predetermined. In order to
study the process of insertion we must choose a sequence of peptide configurations
that mimic this process, yet if we were to proceed with no prior information, there is
no assurance that the sequence that we have chosen is the one with the lowest overall
free energy path.
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Figure 3.9: Density plots of a single peptide with a hydrophilic backbone. (a) plots
tail-group densities with a top-down view of the plane passing through the centre of
the lipid bilayer. (b) shows a side view of lipid densities passing as they approach
the hydrophilic backbone. Head groups are displayed in blue and tail groups are
displayed in red

3.4.1

Single Peptide Insertion

In order to evaluate peptide insertion, it is necessary to have an initial idea on how
single peptides insert into the membrane. In a paper by Illya et al [6]. molecular
dynamics was used to show the path taken by magainin in a bilayer; it associates
parallel to the bilayer surface with its hydrophilic backbone facing upwards. This
pulls hydrophobic tail groups into contact with its hydrophobic body, after this it
lowers itself into the bilayer and orients to a perpendicular position. This progression
is illustrated in our simulation in Figure 3.11. With this general idea, we can restrict
our possible paths to those that vary with two quantities. The first quantity that
we can vary is the height of the peptide above the bilayer; this quantity is necessary
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Figure 3.10: The overall change in free energy from a single peptide in response to
increasing backbone width
as it allows us to bring the peptide from the bilayer surface into the bilayer itself.
The second quantity that we can accommodate is the angle of the peptide relative to
the plane of the bilayer; this allows us to change the peptides orientation and bring
it from a parallel orientation at the bilayer’s surface to a perpendicular orientation
when it is fully inserted.
In order to simulate this insertion process, we have placed a single peptide into
contact with the lipid bilayer at a number of fixed heights ranging from completely
inserted(H=0) to when the peptide comes into contact with the hydrophobic tail
groups (H=1). At each height we have reoriented the peptide at numerous angles and
used the minimum free energy of these angles to determine the constrained equilibrium
orientation. As we are searching for the optimal path, only the orientation with the
lowest free energy is required for the overall process. A plot of these orientations as
a function of height is shown in Figure 3.12.
Once the equilibrium orientation has been determined, we can plot the system
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Figure 3.11: Bilayer densities illustrating a pathway of single peptide insertion for
lipids (λ = 2). (a)The peptide begins adsorbed on the lipid bilayer surface with its
axis parallel to the bilayer. (b) As the peptide enters into the bilayer, it rotates into
a new orientation. (c) Once inserted it remains in a perpendicular configuration
free energy versus height above the bilayer centre to evaluate the process of single
peptide insertion for various levels of chain rigidity. This is plotted in Figure 3.13.
We determine that as peptides are lowered into the bilayer, the system free energy
increases up to a maximum value. Once this value has been reached, the overall
system free energy decreases as the peptide inserts fully into the membrane. This
final inserted configuration is lower in free energy than the un-inserted configuration.
Increasing the amount of bilayer rigidity increases both the initial energy increase as
well as the final decrease in free energy.
These results indicate that for the insertion of single peptides there exists and
initial energy barrier that resists this insertion. This barrier is most likely caused by
the disruption of the bilayer’s lamellar structure as it is pierced by the peptide forcing
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Figure 3.12: A plot of minimum orientations of an inserted peptide as a function
of height above the bilayer centre. The peptide normal is given as the projection
of the peptide axis onto the bilayer plane normal (cos(θ). Heights range from when
the peptide comes into contact with the hydrophobic tails (H=1) to when it is fully
inserted (H=0)
the lipids to bend around the peptide. Once the peptide passes a critical insertion
point however, further insertion causes less overall distortion and helps the peptide
to enter further into the bilayer. As this process involves bending lipid molecules to
accommodate the peptides, increasing the lipid rigidity leads to an increase in the free
energy scaling. The overall process of insertion is favourable as it allows the peptide
to cover its hydrophobic sections with tail groups; when the peptide is un-inserted,
solvent comes into contact with the hydrophobic peptide core.
The presence of the significant energy barrier to insertion could lead to a conclusion
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Figure 3.13: A plot of free energy of an inserted peptide as a function of height above
the bilayer centre. Each height uses the minimum free energy. Heights range from
when the peptide comes into contact with the hydrophobic tails (H=1) to when it is
fully inserted (H=0)
that these peptides will have greater difficulty than expected entering the membrane
to form pores. This increased insertion barrier however can be attributed to a lack
of charge in our simulation. This is not surprising as charge can play a large role in
the process of insertion. If these model peptides and lipids had significant charge,
they would be more attracted to one another; this would reduce the stability of the
un-inserted configuration as lead to a reduced energy barrier. Uncharged peptides are
known to have problems entering the lipid bilayer, yet they form more stable pores
overall [14] which is consistent with a high energy barrier to insertion .

3.4.2

Co-operative Insertion

As there exists a significant energy barrier for inserting single peptides into the membrane, inserting multiple peptides simultaneously may help reduce this energy barrier.
It has been shown using MD simulations [6], that the presence of already inserted
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peptides can reduce the difficulty of subsequent insertions. This is accomplished by
having the already inserted peptides disrupt the lipid bilayer so that new peptides
do not have to disrupt bilayer integrity independently. This facilitates the insertion
of a second peptide and thus reduces the free energy of the second insertion. Figure
3.14 illustrates the process of cooperative peptide insertion; one peptide is inserted
while the second peptide is singly inserted next to it. For two peptides the distance
between the peptides can also affect their free energy; for this simulation we have
placed the peptides as close together as possible without their densities overlapping.
The free energy of this cooperative double insertion is plotted in Figure 3.15.
From this plot we can see that the process of double insertion leads to a free energy
plot that is similar to that of single insertion. However, there exists a reduction in
the peak free energy, indicating a reduced energy barrier as well as a decrease in the
free energy of the final state. This indicates that, for our model peptides, cooperative
effects aid in the process of insertion.

3.5

Two Peptide Aggregation

In order for peptides to form pores, they must aggregate together. We can examine
the case of two inserted peptides aggregating together by placing them at various
separation distances and examining the response of the lipids to each distance as well
as examine the overall changes in system free energy brought on by these varying
distances. This change in lipid response can be seen in the lipid density plot of Figure
3.16 and the overall change in systemic free energy can be seen in Figure 3.17. As
the two peptides are brought together, lipids remain in the intervening space between
the two peptides until the peptides reach a critical separation in which the lipids
are pushed out from the intervening space. The systemic free energy increases with
decreasing peptide separation until this critical separation in which lipids are excluded
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Figure 3.14: Bilayer densities illustrating the proposed process of double peptide
insertion (λ = 2). (a) The peptide begins adsorbed on the lipid bilayer surface with
its axis parallel to the bilayer. (b) As it enters into the bilayer, it rotates until it
reaches a (c) perpendicular configuration with this rotation being facilitated by the
presence of a previously absorbed peptide
from the intervening space after which the free energy decreases.
As both peptides bend the bilayer, pushing them towards one another should increase the free energy as long as lipids remain in between them. This occurs because
the two bent bilayer sections around the peptide deform the bilayer; as these deformations get closer together, less of the intervening lipids can remain in the lamellar
state which increases the overall bending present in the bilayer. However, once these
peptides are close enough together, lipid are excluded from the space between them
and the free energy of the system is reduced. This occurs due to lipid bending around
the outside of the volume in which lipids are excluded; by pushing the peptides closer
together, this volume is reduced.
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Figure 3.15: A plot of free energy of a cooperatively inserted peptide as a function
of height above the bilayer centre. Each height uses the minimum orientational free
energy. The presence of an already inserted peptide reduces the peak free energy per
peptide for all three degrees of rigidity. Heights range from when the peptide comes
into contact with the hydrophobic tails (H=1) to when it is fully inserted (H=0)

3.6

Pore-forming configurations

In order to form a pore, anti-microbial peptides enter the lipid bilayer and arrange
concentrically with their hydrophilic strip pointing inward. The peptides perturb the
bilayer and this disruption can lead to the formation of pores [35]. If the anti-microbial
peptides are close enough together, they can completely line the pore creating a barrelstave morphology, such as that shown in Figure 3.18 b). Otherwise lipid groups are
bent so that head groups line part of the pore in a toroidal fashion. As these antimicrobials often work in cooperation with one another [36], the final configuration of
their assmbled state is important in understanding their method of action
We model the process of pore formation by using a sequence of peptide configurations. By arranging our model peptides in a radially symmetric fashion with
hydrophilic backbones pointing inward, we can vary their separation to determine the
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Figure 3.16: Bilayer densities illustrating the proposed process of peptide aggregation.
(a)The peptides begin far enough apart that each peptide locally distorts the bilayer
independent of one another. (b) Once the peptides are past a critical radius (R =
2.15Rpeptide ), lipids are excluded from the intervening space.
most likely pore radius under varying lipid rigidity and hydrophilic backbone width.

3.6.1

Six-peptide pores

The six-peptide pore is a good starting point for investigating the effect of rigidity on
pore formation and structure as it is the most simulated configuration. By placing
model peptides in our lipid bilayer at varying separations we are able to create a free
energy plot of various pore configurations. This plot is displayed in Figure 3.19. The
plot shows that at far distances in which pores are not formed, there exists an energy
barrier for bringing these peptides closer together. Once these peptides have come
close enough together, the intervening lipids are excluded and the free energy starts
to decrease with peptide separation. Increasing the rigidity of the lipid molecules
increases the overall scale of the changes in free energy.
When the peptides are far apart, each bends the lipid bilayer and as they are
brought closer together, they increase the overall distortion of the lamellar bilayer.
Once these peptides are close enough to form a pore, lipids now only bend along the
outside edge of the pore; this leads to smaller pores having a lower free energy. This
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Figure 3.17: Free energy of two perpendicular peptides as a function of peptide
separation. Density plots for the free energy points (a) and (b) can be found in
Figure 3.16
lower free energy causes pores that have these anti-microbial peptides closer together
to be more stable. As the changes in free energy bends the lipid chains, an increased
rigidity directly increases scaling of the free energy associated with this bending.

3.6.2

Effect of Backbone Width on a Six-peptide Pore

One interesting effect that we see in the case of six peptide pores is the tendency of the
peptides to form purely barrel-stave pores. However this behaviour may simply be an
effect of peptide design. For these model peptides, the hydrophilic backbones spans
120 degrees of the cylindrical peptides. Therefore when the peptides are touching
one another, the entirety of the pore is lined by a hydrophilic backbone. In this case
no lipids need to be bent to line the pore and no hydrophilic components come into
direct contact with hydrophobic components; therefore a barrel-stave pore should
always be favourable over a toroidal pore as our model for lipids and peptides does
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Figure 3.18: Bilayer densities illustrating the proposed process of six-peptide aggregation. (a)The peptides begin far enough apart that each peptide locally distorts the
bilayer independent of one another. As the peptides come close to one another, they
start to affect the lipid densities as a group. (b) Once the peptides are close enough
together, they exclude volume from the bilayer forming a pore. The peptide push
themselves closer together forming a barrel-stave pore.
not include charge effects. Peptides such as magainin have a net charge which leads
to repulsion at short peptide separations which would help to favour a toroidal pore
over a barrel-stave.
We can test the geometric dependance of this barrel-stave configuration by changing the width of the hydrophilic strip as this will change the energetics of pore formation. This can be seen in the plot of the free energies in Figure 3.20. In this plot, we
see similar shifts in free energy at large peptide separations; there is a characteristic
increase in free energy as the peptides are brought together and a decrease in free
energy once the pores are formed. However there also exists a minimum free energy
state at a non-minimum peptide separation.
This change is due to the fact that with a narrower hydrophilic backbone in
six-peptide pore, the hydrophilic backbone will not line the entire pore in a barrelstave morphology. This creates an unfavourable interaction between solvent and the
hydrophobic peptide body, which increases the free energy of the barrel-stave mor-
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Figure 3.19: A plot of free energy of peptide separation in a six peptide, pore forming
system. The vertical dashed line indicate at which point the pore starts to form.
Density plots for points (a) and (b) can be found in Figure 3.18
phology. This change in free energy is enough to make the toroidal configuration more
stable than the barrel-stave. The difference between the equilibrium configurations is
important in determining what type of pore is formed by a particular anti-microbial
peptide [37].

3.6.3

Pores with Other Numbers of Peptides

In addition to the six-peptide pore we can also examine the case of the three and four
peptide pore. In theses case, the pore-forming process is investigated in an identical
way to that of the six peptide pore; we place the peptides at varying distances from
one another in sequence. We then examine the free energies and lipid densities of
this sequence in order to evaluate the process of pore formation. Figure 3.21 shows
a free energy plot of the pore-forming system for differing numbers of peptides.
From this free energy we see a plot similar to that of the six-peptide system;
there is a initial free energy barrier after which the free energy decreases as a pore is
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Figure 3.20: A plot of free energy of peptide separation in a six peptide, pore forming
system with a decreased backbone width (θ = 100) from those peptides in Figure
3.19. The decreased width affects has little effect on the system free energy is further
apart yet it affects the equilibrium configurations of the pore by making the barrelstave configuration less stable than the toroidal.
formed. This barrier and final decrease is higher on a per peptide basis. Configurations with fewer numbers of peptides also form pores at shorter distances; they are
farther from their nearest neighbours at farther distances and thus interact at much
shorter distances. These differences indicate that a pore comprised of three or four
peptides has a greater difficulty aggregating than one comprised of six-peptides, yet
once aggregated these peptides are less likely to separate. This is unsurprising as our
peptides are designed with a hydrophilic backbone that is ideally suited to remain in
a six-peptide configuration.

3.6.4

Effect of a Simple Screened Coloumb Peptide Charge
on Six-Peptide Pore Formation

Although our self-consistent lipid-peptide model is charge neutral, we can briefly estimate the effect that peptide charge will have on the free energetics of pore formation.
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Figure 3.21: A plot of free energy of peptide separation in a pore forming system with
rigidity (λ = 2). Configurations using three, four and six peptides are shown.
If we assign each peptide a charge q we can calculate the change in potential energy
due to aggregation caused by this charge. For N peptides, this increase in free energy
takes the form:
|r(n)−r(m)|

j
N X
X

)
q 2 exp(−
ld
U=
<i
4π |r(n) − r(m)|
n=1 m=1

(3.4)

If we set the peptide charge at q = 4e and the dielectric contant for water to
 = 80 and a Debye length ld = 6.87E − 10m, which is characteristic of water and is
similiar in scale to the separation of adjacent peptides, the main constituent between
peptides in a barrel-stave pore the lipid membrane [38], we can add the change in
free energy of the electrostatic contribution to the previously determined free energy.
Figure 3.22 shows a simple comparision of this combined free energy to that of the
uncombined free energy for the six-peptide case at λ = 2.
From this free energy we can see that electrostatic additions greatly increase the
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free energy of this system at most distances. This change in free energy is significant
to the degree that it can drastically change the conclusions that we can drawn about
how charge peptides form pores. As such, this electrostatic interaction limits the
conclusions in this thesis to only those anti-microbial peptides that are uncharged.

Figure 3.22: A simple comparision of the free energy when a simple electrostatic
interaction potential U (black) between peptides is added (blue) the free energy of a
six-peptide pore forming system calculate without electrostatics (red) at λ = 2. The
potential energy due to charge is scaled so that U=0 at R=5.5
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Chapter 4
Conclusions and Future Directions
In this thesis we present a study of the effect of nanoparticle inclusion on a lipid
bilayer. These nanoparticles have been modelled after pore forming anti-microbial
peptides, such as magainin, and are placed into a model lipid bilayer. Our lipids
are modelled as semi-flexible polymer chains of variable rigidity. By evaluating the
response of the model lipids to the nanoparticle inclusions we are able to simulate the
response of a lipid bilayer to the presence of anti-microbial peptides. Once the lipid
response has been determined, we can evaluate the free energy of our model system; by
using multiple related nanoparticle configurations, we can estimate the overall changes
in free energy associated with a particular process associated with pore formation.
We have investigated the processes of hydrophobic mismatch, peptide aggregation,
peptide insertion and final pore structure and formation.
From studying these systems we can draw a number of conclusions. Firstly, we see
that increases in hydrophobic mismatch increases the free energy of the model lipids
and that each mismatched peptide has a minimum equilibrium orientation. We also
observe that inserting peptides into the model lipid bilayer decreases the overall free
energy of the system after an initial increase in free energy; this implies that inserting
peptides into the membrane is an overall favourable process. We observe a similar
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trend for the aggregation of multiple peptides into pores, however the energy barrier
associated with aggregation is smaller. Lastly, we observe that different peptide
characteristics can lead to different types of pores; for an electrostatic free model the
type of pore found seems to depend on the geometry of the peptide’s amphiphillic
interactions.
In addition to observing specific trends for various pore-forming processes, we
also observe more general trends associated with varying the rigidity in our lipid
model. Increase lipid rigidity in general leads to an increase in free energy scaling.
This increased scaling makes energy barriers for almost every process much more
pronounced. The increase in scaling with increased rigidity is not surprising as the
presence of nanoparticles stretch and bend the model lipids out of their preferred
lamellar configuration. This bending is directly penalized in the wormlike chain model
and is also penalized to a lesser extent in the Gaussian chain model as entropic
stretching. As a number of works use a Gaussian chain model to simulate lipids, this
overall increase in lipid energetics due to the effect of rigidity is immediately relevant.
It suggests that a more realistic chain may change some of the interaction parameters
used in these studies and that these changes may also effect the quantitative results
presented in these works.
Investigations into the processes of pore formation by anti-microbial peptides is far
from complete. While this work does provide a general investigation to the processes
involved in anti-microbial pore formation, there are some limitations inherent in the
methods used. Most noticeably, the effect of lipid-peptide charge interactions have
not been introduced into our self-consistent solutions. We have shown that for a
simple screened Coloumb interaction, these charge interactions are significant as the
peptides are in close proximity to one another; these interactions will effect some
of the process of pore formation. Most noticeably, these repulsions will most likely
lead to more toroidal pores being formed and may also decrease the energy barrier
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associated with peptide insertion. Given the significance of these interactions, adding
charge interactions into our lipids, peptides and solvent would present the next logical
step into studying anti-microbial pore formation using semi-flexible polymers.
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