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ABSTRACT

Structure of 152Sm studied with (~d,d′) reactions in search of a tetrahedral

symmetry signature

Sophie Chagnon-Lessard
University of Guelph, 2012

Advisors:
Professor Paul E. Garrett

Nuclei near N=90 and Z=64 have recently been suggested to be ‘tetrahedral-

magic’ [1]. One of the main signatures for tetrahedral symmetry is a vanishing

quadrupole moment in low-lying negative-parity bands, resulting in very weak or

even vanishing E2 matrix elements. With N=90 and Z=62, the transitional nucleus

152Sm is a potential candidate for relatively stable tetrahedral symmetry. Its struc-

ture was investigated using deuteron inelastic scattering with a 22 MeV polarized

beam at the MP tandem Van de Graaff accelerator of the TU/LMU Munich. The

scattered deuterons were momentum analyzed using the Q3D spectrometer. The ex-

perimental spectra obtained have allowed the extraction of high-quality differential

cross-sections and analyzing powers for levels up to 1.8 MeV. The low-lying negative-

parity bands are observed to be strongly populated and the angular distributions

associated to their levels exhibit several structural features. The overall agreement is

relatively good when considering strong intra-band E2 transitions, but further calcu-

lations must be performed to allow precise matrix element extraction. In particular,

a simple population pathway test on the 1− state has demonstrated that calculations

with vanishing E2 transitions in the negative-parity band are also capable of repro-

ducing its experimental angular distributions. Therefore, the presence of tetrahedral

symmetry signature in 152Sm is not excluded.
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Chapter 1

Introduction

1.1 Collective nuclei

The nuclear shell model is a microscopic model describing the motion of the individual

nucleons. This fundamental nuclear model is used to calculate successfully some

basic nuclear observables of very light nuclei and nuclei near the closed shells. It

describes the nuclear motions through single-particle excitations. However, some

nuclear features also imply collective motions, where the nucleons coherently move

within typical phases. The collective model, as opposed to the shell model, offers a

macroscopic description by assuming a strong interaction amongst the nucleons. It

is an efficient approach to characterize the collective behaviors of open-shell nuclei

throughout the nuclear mass table. The underlying concept is that a strongly bound

system like the atomic nucleus can be modeled as a charged liquid drop[2, 3], which

can undergo deformations, rotations and surface vibrations. This classical picture is

therefore the starting model for the nuclear collective excitations.
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1.1.1 Collective coordinates

The nucleus can be described by a set of coordinates αλµ(t) which defines the shape

of the nuclear surface. It can be modeled by a spherical harmonic expansion around

a sphere of radius R0 :

R(φ, ϕ, t) = Ro

[

1 +

∞
∑

λ=0

λ
∑

µ=−λ

α∗
λµ(t)Yλµ(φ, ϕ)

]

(1.1)

where R, φ, ϕ are the spherical coordinates with respect to the laboratory frame[3,

4, 5]. One can understand equation 1.1 as small deformations of the surface from a

perfect spherical shape, where a time dependence in the coefficient αλµ(t) gives rise

to oscillations. They parametrize the dependence of the nuclear radial length on the

type of deformation, which are given by the spherical harmonics.

The shape represented by the surface R(φ, ϕ, t) should be invariant under rota-

tions. From this requirement, the αλµ parameters are treated as the components

of a spherical tensor of rank λ, and should transform as follow under the (2λ+1)-

dimensional representation of SO (3) (the rotation group):

α′
λµ =

∑

µ

Dλ
µµ′αλµ′ (1.2)

where Dµµ′ is the Wigner matrix and α′
λµ are the collective coordinates in the rotated

frame.

For closed-shell nuclei, the average field where the nucleons are moving is assumed

to be spherically symmetric. Therefore, spheres of radius R = R0 are used to express

the equipotential surfaces. The addition of nucleons outside the closed-shell has a

polarizing effect on the nuclear field. Many valence nucleons may therefore break

the spherical symmetry and give rise to a deformed nuclear field. The equipotential

2



surfaces are described by the collective coordinates αλµ, whereas the spherical coor-

dinates designate a point on the deformed surface.

The multipolarity of the shape is given by λ, which therefore specifies the dy-

namical properties of the nucleus. It also specifies the parity carried by the mode,

through the relation π = (−1)λ. The monopole mode (λ=0) corresponds to a change

of volume weighted by α00, since the spherical harmonic Y00 does not depend on φ or

ϕ. There is usually a change of volume caused by the surface deformation in every

order of λ. Thus, the use of the appropriate α00 parameter is a good method to can-

cel the density change in the multipole deformations. The dipole mode with λ = 1

is not considered as a deformation because it corresponds to nothing more than a

translation of the center of mass for small α. The terms of interest in order to explore

nuclei with stable and permanent deformations are those with λ = 2, and λ = 3,

that are the quadrupole and the octupole mode, respectively. The next section will

investigate in more detail these important vibrational degrees of freedom.

1.1.2 Quadrupole deformations

The description of nucleus with a pure quadrupole deformation in the laboratory

frame (α-system) requires the (2λ+1)=5 components from the quadrupole tensor

α2µ[3, 5]. It is convenient to place the frame of reference in the principal symmetry axis

of the nuclear surface (α′-system). In this representation, two independent intrinsic

components (a0 and a2) are needed to describe the entire surface shape, supplemented

by the three Euler angles which established the orientation of the intrinsic frame of

the nucleus. To understand the effect of the intrinsic expansion coefficients on the

3



nuclear shape, it is interesting to write them in the Cartesian coordinate system:

α′
2±1 = 0

α′
2±2 =

√

2π

15
(α′

xx − α′
yy) ≡ a2 (1.3)

α′
20 =

√

8π

15

1√
6
(2α′

zz − α′
xx − α′

yy) ≡ a0

As one can see in the last equations, the parameter a0 expresses the change of length of

the z′ axis with respect to the y′ and x′ axes. The parameter a2 gives the stretching or

the shrinking of the x′ axis relative to the y′ axis. To define more explicitly these two

degrees of deformation, A. Bohr has introduced two parameters[6] which correspond

to polar coordinates (β,γ):

a0 = β cos γ

a2 =
1√
2
β sin γ (1.4)

The coefficients α′ can be rewritten by a more general expression that will express the

stretching of the field along the principal nuclear axes. A new notation is introduced

to express the deformation of each axis, that is δrk, where k = 1, 2, 3 specifies the

three directions[4]:

δrk =

√

5

4π
β cos(γ − 2πk

3
). (1.5)

The parameter γ determines the relative stretching between the axes, while the pa-

rameter β determines how strong the deformation is. When γ = 0 rad, the x′ axis is

equal to y′ while z′ is stretched. This special kiwi shape which is axially symmetric

is called prolate and it is obtained when a0 > 0. If γ is increased, the axial symmetry

4



Figure 1.1: a) Prolate shape with β=0.35 and γ=0. b) Oblate shape with β=0.35
and γ=π

3
. Both shapes were made using a Matlab script.

is lost because the x′ axis is elongated while y′ and z′ are not. At this step, the three

axes are unequal and the surface shape is called triaxial. When γ reaches π
3
, the x′

axis is equal to the z′ axis such that another axial symmetry occurs, the oblate shape.

The latter has an hamburger shape and the parameters must fulfill the a0 < 0 condi-

tion. The pattern of deformation is repeated every γ = π
3

rad with the alternation of

the oblate and prolate axial symmetries. This has the consequence that an angular

range of π
3

is sufficient to generate every possible configurations. However, even if the

intrinsic form of the nucleus is recurrent, the axes are permuted with respect to their

length. The Euler angles are therefore required to take into account this transforma-

tion. Explicit examples of quadrupole deformations are shown in Figure 1.1.

A nucleus experiencing quadrupole deformations has a non-vanishing electric qua-

drupole moment Q0 in its intrinsic axis frame. Experiments can only measure the

electric quadrupole moment in the laboratory frame, which is called QIK . A vanish-

ing value of this moment does not necessarily imply a vanishing moment Q0 in the

5



intrinsic frame. Both moments are given to first order in β by[4]:

Q0 =
3ZeR2

0√
5π

β (1.6)

QIK = Q0
3K2 − I(I + 1)

(I + 1)(2I + 3)

(

1 +
2

7

√

5

π
β
)

(1.7)

where Z is the charge of the nucleus and β is the deformation. The moment QIK

depends on the total angular momentum I of the deformed rotating nucleus in the

laboratory frame. The quantum number K represents the projection of the angu-

lar momentum onto the nuclear symmetry axis. The apparent shape of the rotating

nucleus in the laboratory frame, which is averaged in time, is not always the same

as the shape in the intrinsic frame. To illustrate this point, the first excited state

with I = 2 and K = 0 is considered. From equation 1.7, a laboratory moment of

Q = −2Q0

7
is easily obtained. If Q0 > 0, the intrinsic shape of the nucleus is a prolate,

and the value of the laboratory moment Q is negative, so that the apparent shape of

the rotating nucleus is an oblate.

The shape of a nucleus in the ground state or in the excited states can be de-

termined through the collective potential energy surface. The later is also used to

determine the softness of the nuclear vibrations, as well as many other interesting fea-

tures. The next section will discuss briefly the simple case of the quadrupole potential

energy surface.

1.1.3 Collective quadrupole energy surface

If the nuclear surface is restricted to quadrupole type deformations, the potential

energy V can be expressed as a function depending on the collective variables α[λ] =

6



α[2] in the laboratory frame[5]. It is convenient to express the potential energy V (α[2])

with the intrinsic coordinates to generate V (a0, a2). It should be noted that this new

function does not depend on the Euler angles since V (α[2]) is a scalar in the laboratory

system. Expanding V (a0, a2) about small values of a0 and a2, and inserting the correct

Clebsch-Gordan coefficients, the potential energy is explicitly given by:

V (a0, a2) =
1

2
C2(a

2
0 + 2a2

2) +

√

2

35
C3a0(6a

2
2 − a2

0) +
1

5
C4(a

2
0 + 2a2

2)
2 (1.8)

where the Cn coefficients are the stiffness parameters. This equation follows from a

very simplified model, and realistic situations require more complicated potential en-

ergy. In any case, this basic ansatz is sufficient to show many characteristic structures

experienced by nuclei in some area of the periodic table. The collective potentials of

certain nuclear shapes, given by specific sets of (a0, a2), are obtained through the po-

tential V (a0, a2). The potential energy surface of a spherical nucleus is characterized

by a simple harmonic oscillator, as presented in Figure 1.2a. In this case, the mag-

nitudes of the equipotential lines decrease together with the intrinsic coordinates a0

and a2. Therefore, slices of the potential energy plot, showing the functions V (a0, 0)

and V (a2, 0), would both exhibit parabolic shape. Consequently, a potential well is

formed surrounding the a0 = a2 = 0 region, which constitute the absolute minimum.

The nucleus corresponding to this situation would be spherical in its ground state,

and would experience quadrupole deformations in excited states. The magnitudes of

those deformations depend on how “soft” the nucleus is, thus they depend on the

shapes of the parabolas V (a0, 0) and V (a2, 0), for example how steep they are. The

parametrization of the potential energy equation is done through the three stiffness Cn

parameters, and their values will accordingly determine the structure of the nuclear

surface. Characteristic situations can be thoroughly investigated imposing conditions

7



Figure 1.2: Potential energy surface of a) a harmonic quadrupole oscillator, b) an
anharmonic quadrupole oscillator, and c) nucleus deformed in the ground state.
Adapted from[5]

on Cn. Physical properties are extracted by finding the equipotential lines, as well as

specific deformations sets (a0, a2) corresponding to extrema in the potential energy

surface. Figure 1.2b shows an example of potential energy surface for an anharmonic

vibrator. The main feature of this plot is the stretching of the equipotential lines

along some axis, which influences the nucleus in a way that certain deformations are

promoted. As a final example, Figure 1.2c displays the potential energy surface for

a nucleus with deformations in its ground state, and spherical shape in an excited

state.

8



1.1.4 Octupole deformations

Stable quadrupole deformation in the ground-state is found in nuclei throughout the

nuclear chart, especially in the rare-earth region. However, stable octupole-deformed

nuclei are very rare, although there is an island of ground-state octupole deformation

in the actinide region in the Rn-Ra-Th nuclei around mass 220-230. Nevertheless,

the dynamics of the collective motions often requires the quadrupole as well as the

octupole degrees of freedom to investigate the nuclear structure. The parametrization

of the collective octupole variables α3µ has been the subject of several proposals in the

eighties and nineties. Initially, only the Y30 deformation was considered, which con-

sists of a pear shape nucleus. However, the possibility of Y31 or Y32 deformations, along

with theoretical predictions of stable octupole deformations, have motivated further

parametrization investigation. C. Wexler and G.G. Dussel[7] proposed a parametriza-

tion modeled on Bohr’s intrinsic system, which we recall treats the quadrupole mode,

using two variables (β and γ) to describe the nucleus in the intrinsic frame. For the

octupole mode, four independent variables are needed to fully describe the nucleus.

This parametrization implies vanishing of the off-diagonal components of the inertia

tensor.

The parametrization of the collective variables simplifies the description of the

deformed nuclei. It allows the treatment of collective motions in a more intuitive

way, especially for the rotation-vibration model.

1.2 Collective motions

The collective motions are divided into two main categories: vibrational, which consist

of small oscillations around a spherical or deformed shape, and rotational, which gives
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rise to characteristic band structures. Both collective motions will be introduced

below.

1.2.1 Collective vibration

Since the nucleus is not a rigid body, the surface can vibrate such that small defor-

mations are induced[4]. Their amplitudes depends on both the excitation energy and

how soft the nucleus is. It is interesting to note that such vibrations can also occur

in the ground state, around an ‘equilibrium’ shape. In Bohr’s classical liquid drop

model, the collective Hamiltonian for surface vibrations employs the time-dependent

collective coordinates αλµ(t) as dynamical variables. In this approach, the energy

spectrum of the Hamiltonian depends on Bλ, the collective mass parameters or the

inertia parameters, and on Cλ, the stiffness coefficients. For small oscillations around

a perfect sphere, the low-lying excitations can lead to a classical Hamiltonian with

the simple harmonic oscillator form[8]:

Hvib = T + V =
1

2

∑

λµ

(Bλ| ˙αλµ|2 + Cλ|αλµ|2) (1.9)

where Bλ and Cλ are easily determined by means of the kinetic and potential energy

derivations, respectively. In this picture, the nuclear matter is considered as an ir-

rotational fluid (∇× v = 0) that is not easily compressed. The quantization of this

Hamiltonian requires the introduction of the canonically conjugate momenta π̂[λ] for

the variables α̂[λ], which are both considered as quantum mechanical operators. Anal-

ogously to the standard quantum harmonic oscillator, these operators which compose

the vibrational Hamiltonian can be rewritten with a set of creation and annihilation

operators, β†
λµ and βλµ respectively. The pseudo-particles involved by these operators
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are named phonons, just as the quanta of vibrations through a solid. Therefore, the

nuclear surface vibrations are treated through the multipole expansion (equation 1.1)

with respect to the angular momentum λ carried by each phonon. The following

discussion will treat only quadrupole vibrations, that is to say quadrupole phonons

with λ=2.

The vibrational Hamiltonian can be written as:

H = ~

√

C2

B2

∑

µ

(β†
2µβ2µ +

1

2
) (1.10)

considering the harmonic oscillator approximation. The wavefunction ψ describing

a specific state of N phonons is built by the action of the creation operator on the

vacuum state[5]. The β†
2µ operator should be apply Nµ times, where µ is the an-

gular momentum along the axis z of the phonon created. The first excited state,

which corresponds to the one-phonon level, has an angular momentum of 2, and

µ=-2...2. The second group of excited states is represented by two phonons, where

each uncoupled phonon carries an angular momentum of 2. In this case, it is not

possible to construct those states using only the β†
2µ operators because the phonons

must be coupled to a correct total angular momentum. The selection rules allows

values of λ =0, 1, 2, 3, and 4, but the symmetrization of the wavefunction, using

the orthonormality property, imposes λ to be even. Consequently, the two-phonon

states are called two-phonon triplet with λ =0, 2, 4. The three-phonon states are

obtained by superposing different coupled states in view to get an appropriate total

angular momentum. The wavefunction should be symmetric under the exchange of

all pairs of phonons, since the phonons behave like bosons. Figure 1.3 presents the

basic multi-phonon quadrupole spectrum for a spherical nucleus[9].

For an electric λ-multipole, the normalized transition probability for exciting the
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Figure 1.3: Multi-phonon quadrupole harmonic vibrator. The B(E2) values are pro-
portional to the number of phonon in the initial state Ii. Adapted from[9].

nucleus from the ground state the one-phonon level is given by:

B(Eλ;N = 0 → N = 1) = (2λ+ 1)
( 3

4π
ZeRλ

)2 ~ωλ

2Cλ
(1.11)

where R is the effective radius, ωλ =
√

Cλ

Bλ
is the angular frequency, and e is the

elementary charge[8]. The transition matrix elements of an electric transition with

an angular momentum λ are connected to the B(Eλ) values. In the harmonic ap-

proximation, a transition among phonon states can only imply the destruction or the

creation of one phonon[9]. In others words, the transition matrix elements should

follow the selection rule ∆Nλ = ±1, where Nλ is the number of phonons in a state.

To simplify, only the case of quadrupole vibrations will now be considered.

If a magnitude of 1 is assigned to the decay B(E2; 2+
1 → 0+

gs) (one-phonon level

to ground state), the decay B(E2; Ii → 2+
1 ) (two-phonon level to one-phonon level)

will have a magnitude of 2. The reason is that in the later transition, the decaying

level contains two phonons, so it has twice the chance to undergo a phonon destruc-

tion compared to a decay from a one-phonon level. Therefore, the transition matrix
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elements are proportional to the number of phonon presents in the initial state, if

we assume that all the phonons in the initial state are identical. For the quadrupole

harmonic vibrator, the total decay rate of the N2-phonons level is

∑

If

B(E2; Ii → If) = N2B(E2; 2+
1 → 0+

gs) (1.12)

where If represents all possible angular momenta in the (N2−1)-phonon level, and Ii

is the angular momentum of the decaying state in the N2-phonon level. In realistic sit-

uations, the B(E2) values obtained using equation 1.12 are usually in relatively poor

agreement with the real values. Anharmonic effects arise in the vibrational spectra

and break the degeneracies in the multiphonon states[9]. Intruder states in low-lying

levels have been observed in numerous nuclei near the closed-shell, and it corresponds

to an important area of study toward a better understanding of the vibrational nuclei.

Only a few valence nucleons are sufficient to soften the nuclear structure and induce

shape deformations. Therefore, motions of spherical shape approaching perfect har-

monic vibrations are unfrequent and not widespread throughout the periodic table.

When the nuclei have deformed shapes, there is an additional degree of freedom as-

sociated to rotations that has to be considered. The collective rotations of nuclei will

be discussed in the next section, and the structure of the rotational spectra will be

introduced.

1.2.2 Collective rotation

A perfectly spherical nucleus is a quantum system that is indistinguishable under

rotations. However, deformations in the nucleus lead to a breaking of this rotational

invariance, and thus provide some rotational degrees of freedom. Consequently, a
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deformed nucleus with an axial symmetry can only undergo rotations about axes

that are perpendicular to the symmetry axis. Since rotational motions depend on

the nuclear symmetries, the internal motions - which influence the nuclear shape -

need to be considered. However, in the following, the separability of the intrinsic and

rotational motions in the Hamiltonian is assumed. As a result, the eigenstates of such

Hamiltonian are given by a product form:

Ψα,J = Φαϕα,J , (1.13)

where Φ is the intrinsic wave function, and ϕ designates the rotational wave function[8].

The underlying structural information present in this equation goes as follow: for each

intrinsic state α, there is a rotational spectrum associated, with discrete angular mo-

mentum J. In other words, the rotational excitations produce bands that can be built

the on intrinsic nuclear excitation. It is convenient to express the rotational wave

function in terms of the rotation matrices DJMK , which depend on three quantum

numbers J, M and K. The quantum numbers M and K are the projections of the total

angular momentum J onto the nuclear symmetry axis in the laboratory and intrinsic

frames, respectively. Following from the R invariance1, the nuclear wave function is

expressed as a sum of products:

ΨJM =

√

2J + 1

16π2

[

DJMKΦK + (−1)J−KDJM−KΦ−K

]

(1.14)

1The main consequence of the R invariance is a reduction in the rotational degree of freedom.
This comes from the fact that a π rotation of the intrinsic Hamiltonian about any axis perpendicular
to the symmetry axis is equivalent. This constraint is treated by imposing the following condition:
a rotation R performed by the operator Re which operates on the collective orientation angles
should be equal to the same rotation performed by the operator Ri which operates on the intrinsic
variable[8]. It is simply expressed by Re = Ri .
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Even if the intrinsic states with projections K and −K are degenerate, only a single

rotational state is formed for each J value, through the symmetrized wave function.

Since the rotational motions have vanishing angular momentum projections onto the

symmetry axis, only the intrinsic angular momentum will contribute to the total

angular momentum projection K. This quantum number is attributed to bands, that

are composed of discrete values J = K,K + 1, K + 2, ... if K > 0. The rotational

energy spectrum attributed to each band K is given by

Erot(J) =
~2

2I
[J(J + 1) −K(K + 1)] (1.15)

where I is the moment of inertia. From the later equation, the rotational spectrum

for K = 0 is easily obtained, and it corresponds to the famous symmetric top rota-

tional equation. It contains states with only even values of J, as it is requested by the

(−1)J−K phase factor of the nuclear wave function. From the symmetric top equa-

tion, one can easily derive the energy ratio E4+
1
/E2+

1
= 3.33, an important signature

identifying the deformed axial rotor [9]. With an energy ratio of 3, the rare-earth

nucleus 152Sm is considered as a transitional nucleus. It lies in a region of rapid

change of shape, between the spherical nucleus 150Sm and the well deformed 154Sm,

with ratios of 2.3 and 3.3, respectively. Even if the energy ratio does not provide

information on the deformation magnitude, it is a good indicator to determine if a

nucleus can be treated as a collective nucleus (E4+
1
/E2+

1
≥ 2). The harmonic vibrator

is characterized by a ratio of 2, while a ratio of 2.5 is rather attributed to the γ-soft

rotor, a nucleus in which the γ-flat potential allows γ oscillations from 0◦ to 60◦[10].

For nuclei with relatively close masses, the nuclear shape transition from a spherical

to a deformed region is usually characterized by a decrease in spacing between the

rotational energy levels. This is easily explained with equation 1.15, knowing that an
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increasing β deformation leads to a decreasing ~2

2I
factor.

The energy of the low spin states observed experimentally in axially symmetric nu-

clei are in reasonable agreement with those predicted by equation 1.15. However, with

increasing spin values, the deviations become more obvious due to numerous small

effects, such as rotation-vibration coupling or band-mixing. The rigid asymmetric

rotor and the γ-soft rotor are also examples where the deviations from the (J(J +J))

pattern might be important. Figure 1.4 compares the experimental ground state

band of 152Sm with the calculated energy levels using equation 1.15. The agreement

is within 20%, which considering the simplicity of the model is surprisingly good. The

model of axially symmetric nuclei can be refined with symmetry considerations, in

particular space reflection and time reversal invariance of the intrinsic Hamiltonian,

which are respectively expressed by the J and P operators. For instance, the later

allows the parity quantum number introduction, which characterizes each band. The

nuclear deformations associated with rotational spectra are, in the majority of the

observed cases, invariant with respect to the J and P symmetries. However, nuclear

deformations violating those invariances might happen, and the various symmetry

combinations give rise to different rotational band structures.

In the previous section, the harmonic vibrations about spheroidal equilibrium

were discussed, ignoring the rotational degree of freedom. The special case in which

low-energy excitations cause quadrupole oscillations was treated. This description is

appropriate for nuclei having a minimum in the collective potential energy for vanish-

ing quadrupole deformation, as described in section 1.1.3. This behavior is generally

observed in nuclei which are near closed-shell. As one moves away from the magic

nuclei, the valence nucleons have a softening effect on the nuclei, leading to shape

deformations. More complicated collective energy potentials are therefore involved.
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Figure 1.4: Comparison of the experimental and calculated energy levels in the ground
state band of 152Sm using the rotator model. The energies are given in keV.

To describe vibrations in deformed nuclei, the rotational motion needs to be taken

into account as well. Deformed nuclei with axial symmetry experiencing small oscil-

lations represent an important case of collective motions and the development of a

rotation-vibration model is required.

1.2.3 Rotation-vibration model

The total Hamiltonian of the rotation-vibration model is given by three main compo-

nents, Ĥtot = Ĥrot+Ĥvib+Ĥvib−rot, where Ĥvib−rot is the vibration-rotation interaction

term coming from the dependence of the moment of inertia on the deformation of the

nucleus[4, 5]. For the sake of simplicity, only quadrupole motions are considered

in the following, but similar models can be built for other type of motions such as

octupole. The strategy to treat the complex collective potential energy goes as fol-

lows: if the total Hamiltonian is written with the intrinsic coordinates, a0 and a2
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supplemented by the three Euler angles, then the potential energy can be expanded

around the minimum, treating it as an equilibrium position. In this way, approximate

solutions for the total Hamiltonian can be derived. To simplify the model and find

analytical eigenfunctions, the interaction term Ĥvib−rot is first ignored. For nuclei

with an axially symmetric deformed shape, one can expand the collective potential

energy around (a0 = β0 + ξ, a2 = η), where β0 is a combination of the Cn stiffness

parameters. The total wave function in the intrinsic coordinate system, if the Ĥvib−rot

term is ignored, can be written as:

ϕ̃(ϑj , ξ, η) = NDJ ∗
MK (ϑj)χK,n2(η) | n0〉 (1.16)

where DJ ∗
MK is the rotation matrix depending on the Euler angles ϑj , N is the nor-

malization factor, and χK,n2(η) is the (η)-vibrational wavefunction.

An important requirement of quantum mechanics, is that the total wavefunction

in the laboratory frame should be a unique function. To fulfill this condition, the

wavefunction in the intrinsic frame must obey particular symmetries. They arise

from the many possible ways in which the intrinsic coordinate system can be set on

the principal axes of the nucleus, in order to get exactly the same physical shape in

the laboratory system. To find all the possibilities (24), one can choose a standard

coordinate system and apply to it a series of transformations R̂K to perform axes

permutation. It can be shown that with the combination (by successive application)

of only three basic transformations (R̂1, R̂2, and R̂3) one can obtain the 24 possibili-

ties. The wavefunction in equation 1.16 should therefore be invariant under R̂1, R̂2,

and R̂3 to fulfill the condition discussed above. In particular, the R̂2 transformation

acts on both the rotational matrix and the (η)-vibrational wavefunction. For an odd
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value of K (projection of the angular momentum J onto the z axis) the total wave-

function under R̂2 vanishes, while for an even value of K the total wavefunction is

left unchanged. Consequently, combining these selections rule with the one discussed

in the previous section, the structure of the spectrum follows:

K = 0, 2, 4, ...

J = 0, 2, 4, ... for K = 0 (1.17)

J = K,K = 1, K + 2, ... for K 6= 0

The eigenvalues corresponding to the total energy of this model are given by[5]:

En0,n2,Eβ ,Eγ ,J,K = (n0 +
1

2
)Eβ + (2n2 + 1 +

K

2
)Eγ +

~2

2I
[J(J + 1) −K2] (1.18)

n0 = 0, 1, 2, ...

n2 = 0, 1, 2, ...

where the energy Eβ = ~

√

C0

B
and the quantum number n0 are associated to the

β-vibration, the energy Eγ = ~

√

C2

B
and the quantum number n2 are associated to

the γ-vibration, and I is the moment of inertia. As a quick reminder, the β-vibrations

influence the magnitude of the ellipsoid in the symmetry axis direction (z), and the

γ-vibrations are related to the stretching of the x- and y-axes.

Even though the Ĥvib−rot term is ignored, a part of the vibration-rotation interac-

tion is contained in Ĥrot + Ĥvib and has therefore been considered in the calculations.

This portion of the interaction partially takes into account the centrifugal effect, forc-

ing the (η)-vibrational wavefunction to move away from the origin. Thus, even if this

model was derived for an axially symmetric shape, triaxial dynamics is introduced

because of the vibration-rotation interaction[5]. To solve the complete Hamiltonian
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containing the Ĥvib−rot term, one can either use perturbation theory, if the angular

momenta are small enough, or diagonalize Ĥvib−rot. The perturbation theory method

generally allows simpler physical interpretations because of the form of the equations

obtained. For example, if only the mixing of the ground state band with the β- and

γ- bands is treated, an explicit perturbed energy equation for ẼIKn2n0 can be derived

for a specific state described by a perturbed wavefuntion ˜| IMKn2n0〉. The general

form is:

ẼIKn2n0 = EIKn2n0 + 〈IMKn2n0 | Ĥvib−rot | IMKn2n0〉 (1.19)

+
∑

K ′,n′

2,n′

0 6=K,n2,n0

〈IMK ′n′
2n

′
0 | Ĥvib−rot | IMKn2n0〉2

EIKn2n0 − EIK′n′

2n′

0

Thus, the perturbed energy is directly obtained from the calculation of the Ĥvib−rot

matrix components[11]. From equation 1.19, the perturbed energy of the ground state

band has the simple form:

E = AJ(J + 1) − BzeJ
2(J + 1)2 (1.20)

Comparing this energy equation with equation 1.18, one can observe an extra term

proportional to J2(J +1)2. This correction term arises from the centrifugal force Bze

in the rotating nucleus. This force induces elongations in the nuclear shape, increasing

the moment of inertia by a factor J(J + 1) in the energy expression. It is important

to note that the centrifugal parameter depends on the energies Eβ and Eγ: as these

energies decrease, there is a rise in the centrifugal parameter.

It is interesting to see how this model can be applied to the Sm isotopes, which

correspond to a transition region located between well-deformed nuclei and spherical

vibrators. In the transition areas, the potential energy minima are rather flat, which
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imply vibration softness. In the case of the Sm isotopes, the β-vibrations are soft,

resulting in low Eβ, and therefore high values of the centrifugal stretching Bze . For

such nuclei in transitional regions, the rotation-vibration model predictions are often

far from the experimental values. However, for many nuclei with deformed equilibrium

minima that are not exceedingly flat and that do not experience large anharmonicity,

the theoretical predictions reproduce remarkably well the experimental values. As

an example, for the nuclei 160Dy and 166Er, the agreement of the experimental and

predicted ground state values (up to spin 10+) is within 5 to 10 %. For high angular

momenta, the perturbation theory method is insufficient to describe any nuclei and

the discrepancies between the predicted and the experimental energy levels become

large. The diagonalized Ĥvib−rot is then required.

The predicted energy spectrum of 152Sm, using the perturbation theory method,

is presented partially in Figure 1.5. The calculations have been performed using

equation 1.19, and complete derivation is made in reference[5]. The corresponding

experimental values are also presented in Figure 1.5. The poor agreement indicates

that rotation-vibration model fails to describe adequately the structure of 152Sm.

Even if higher-order corrections are included (e.g. proportional to J3(J + 1)3), it is

not possible to obtain good predictions for this transitional nucleus. The low-energy

collective structure of 152Sm has long been investigated, but no satisfactory model

has been reached yet.

1.3 Motivations

The nucleus 152Sm is located in the rare earth region and is well-known for its com-

plex nuclear structure. With N=90 neutrons, it lies in a shape transition region where
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Figure 1.5: Comparison of the experimental and calculated energy levels of 152Sm
using the rotation-vibration model. The energies are given in keV.
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there is a fast structure change, from the lighter isotope N=88 to the heavier isotope

N=92[12]. The later exhibits spectra with rotational properties commonly associated

to strongly deformed nuclei, while the former has vibrational-like spectra similar to

those associated to spherical nuclei. Lying at the frontier of two opposite nuclear be-

haviors, 152Sm represents a nucleus of choice for the investigation of nuclear structure,

and may contain crucial information for a better understanding of nuclear collectivity.

The excited states of 152Sm were first explained through the shape coexistence model,

where the β and γ vibrations (single-phonon states) undergo rotational excitations

which induce deformations comparable to those in the ground state band[13]. More

recently, another interpretation of the transitional nuclei, the shape phase-transition

picture, was proposed[14]. In this model, the excited states are interpreted in terms of

multiphonon structures that are built on spherical shapes. Recent experiments may

indicate that 152Sm is rather a complex example of shape coexistence[12], considering

that a pattern of repeating excitations based on the 0+
2 state was found, similar to

the one based on the ground state. However, none of the competing models have

succeeded in fully describing the complicated configurations of transitional nuclei.

The objective of the present work is to gain insight into the nuclear structure of the

transitional nucleus 152Sm. More precisely, efforts are concentrated on its transition

matrix elements, which represent the rate at which the nucleus makes a transition

from one state to another. In the next section will be discussed the reasons why some

of the quadrupole transitions matrix elements in 152Sm are of great interest.

1.3.1 Tetrahadral symmetry

The geometrical nuclear symmetries are primarily represented through quadrupole

Y2µ and axial-octupole Y30 deformations such as the well-known prolate, oblate and
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pear shapes. However, the existence of nuclei with exotic symmetry has recently

been suggested by new theoretical predictions. In particular, pyramid-like shapes,

which consist of non-axial octupole deformations, are predicted to be present in the

actinide and the rare-earth regions[15]. The geometry of these shapes is characterized

by tetrahedral symmetry, which belong to the group of the tetrahedron, one of the

richest groups in terms of symmetry operations[16].

Mean-field Hamiltonians can be used to describe the spherical-symmetry break-

ing in nuclei, and thus represent an appropriate approach to characterize deformed

nuclei. These Hamiltonians can be used to predict the nucleonic energy spectra, and

thus the magnitudes of the energy gaps which are critical parameters for the nuclear

stability. For large energy gaps at the Fermi level, the nuclear configuration becomes

more likely stable. The form of the mean-field Hamiltonian is directly related to

the nuclear shape, and thus to its symmetry. Now, high-rank symmetry such as the

tetrahedral symmetry leads to high level of degeneracies of single-nucleonic levels in

deformed nuclei. An effect of highly degenerate levels is to lower the average energy of

those degenerate levels, thus increasing the energy gaps and consequently the stabil-

ity. Indeed, the tetrahedral surface is invariant under 24 symmetry elements, which

can have the effect of reducing by a few MeV the total nuclear energy[15].

To summarize, the stability of the nuclear configurations strongly depends on the

degree of degeneracy for the nucleonic levels, which directly depends on the sym-

metry. Namely, high stability results from high degeneracy of single-particle levels

in nuclei. The symmetry elements under which a realistic mean-field Hamiltonian

is invariant are generally described by the double point groups. The large majority

of double point groups produces only two-fold degeneracies but some states of the
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tetrahedral Td carry unique 4-fold degeneracies of the single-particle levels[17]. Cer-

tain proton (Z) and neutron (N) shell-closures that were found to be optimal for the

tetrahedral shape stability, are associated with large gaps in the shell structure which

result from deep minima in the potential energy surface. From realistic mean-field

calculations, the predicted numbers associated to such large gaps, called tetrahedral

magic numbers, are : 32, 40, 56, 64, 70, 90, 112, and 136 for N and/or Z[1]. Nuclei

with these magic numbers should be, in principle, good candidates for a relatively

stable tetrahedral symmetry. With N=90 and Z=62, the nucleus 152Sm may carry, in

its excited states, important information about the tetrahedral symmetry.

The tetrahedral invariant surface is represented with the standard spherical har-

monics Yλµ expansion, weighted by the deformation parameters αλµ, as shown in

equation 1.1. Solutions leaving the nuclear surface invariant with respect to all the

Td symmetry operations (invariant under the tetrahedral group of symmetry) exist

only for odd λ with λ ≥ 3, and λ 6= 5[16]. Although a perfect tetrahedral shape

requires an infinite number of terms to be included in the expansion, the lowest order

α32, associated with the non-axial octupole shape Y32, represents a sufficient approx-

imation in the present context. An example of this shape is displayed in Figure 1.6.

For comparison, an example of the axial octupole pear shape, generated with Y30, is

also presented.

As mentioned before, theoretical calculations suggest the presence of strong shell

effects in the rare-earth region due to the tetrahedral symmetry. In this context,

the nucleus 156Gd (N=92 and Z=64) was identified as a favorable candidate to ex-

perience the tetrahedral symmetry[1]. The Figure 1.7 presents its theoretical total

energy surfaces as a function of the octupole and quadrupole deformations. From the

energy surface plot that is a function of α30 and α20 deformations (α30, α20), one can
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Figure 1.6: a) Tetrahedral shape made with the first deformation order Y32. b) Pear
shape made with the axial octupole Y30. Both shapes were made using a Matlab
script.

observe two quadrupole minima located at (0, α20 6= 0). Thus, according to this plot,

the axial octupole pear-shape does not correspond to a stable configuration while the

quadrupole deformation does. Now, from the energy surface plot that is function of

α32 and α20 deformations (α32, α20), one can observe, again, two quadrupole min-

ima at (0, α20 6= 0). However, according to theoretical calculations, two tetrahedral

minima are located at (α32 6= 0, 0), which would imply stable tetrahedral shape,

provided that the quadrupole deformation parameter vanishes. Similar features and

interpretations are possibly present for the total energy surface of 152Sm.

The presence of tetrahedral shapes in nuclei can be pinned down through the

rotational properties of the octupole bands[16]. More precisely, previous theoreti-

cal predictions indicated that a primary signature of the tetrahedral shape is very

small, or even vanishing quadrupole deformation in the low-lying negative-parity

bands (π = [−1]λ = [−1]3). A state with a very small quadrupole deformation would
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Figure 1.7: Left: Total energy surface of 156Gd in function of the tetrahedral α32

and quadrupole α20 deformations. Right: Total energy surface of 156Gd in function
of the axial octupole pear shape α30 and quadrupole α20 deformations. Reproduced
from[15].

imply transition matrix elements with very weak electric quadrupole (E2) charac-

teristics. Consequently, one of the main predicted tetrahedral signatures is nearly

vanishing intraband E2 transition matrix elements in the low-lying negative-parity

bands.

Several experiments have been performed on nuclei in the rare-earth and actinide

regions in search of fingerprints of the tetrahedral symmetry. A recent high-resolution

γ-ray spectroscopy experiment[18] has identified a strong transition matrix element

in the first low-lying negative parity band of 156Gd. Therefore, an experimental re-

sult contradicting the presence of the tetrahedral symmetry has been obtained so far.

However, even more recent theoretical work concerning the signature of the tetrahe-

dral symmetry suggests large quadrupole deformation in the negative-parity bands,

in direct contradiction with the previous prediction[19]. As a result, the actual tetra-

hedral signature constitutes a challenging open question. Nevertheless, it would be
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fascinating to observe vanishing E2 transition amplitudes in the low-lying negative-

parity bands. Moreover, further theoretical work might prove this condition to be the

correct signature to establish the tetrahedral symmetry. In any case, independently of

the experimental E2 transitions obtained, new insights will be gained on the complex

nuclear structure of 152Sm.

1.3.2 Implication in determination of neutrino mass

As a final note before moving on to the experimental section, an another important

motivation for thoroughly studying the nuclear structure of 152Sm should be men-

tioned, namely its potentially key role in the determination of the effective Majorama

neutrino mass. The nature of the neutrino, as a Majorama or Dirac particle, has not

been elucidated yet, and neither has its mass been successfully measured. The ob-

servation of a neutrinoless double-electron capture (0νǫǫ) would imply the Majorama

nature, and a measurement of the half-life of this process would allow the determina-

tion of its effective mass. However, the extremely small probability of this reaction has

prevented its unambiguous observation to this date. The 0νǫǫ-transition from 152Gd to

152Sm between their nuclear ground states has the largest known probability[20]. The

reason is two fold. First, the difference between the mother and the daughter atomic

masses, the Qǫǫ value, is particularly close to the binding energy of two-electron hole

in the atomic shell of the daughter 152Sm. Second, it was found that 152Gd experi-

ences a significant enhancement of neutrinoless double-electron capture. But even if

this process is eventually observed and its half-life reliably measured, the structures

of both nuclei will need to be extremely well characterized and understood in order to

calculate explicitly the nuclear matrix element involved in the 0νǫǫ-transition, required

for the determination of the effective neutrino mass.
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Chapter 2

General concepts of direct nuclear

reaction analysis

Elastic and inelastic scattering is known as a valuable experimental tool to study nu-

clear structure and can provide, as a relevant example, important insights on collective

motions. Indeed, in many cases, the relative simplicity of the reaction mechanisms

involved along with the possibility to obtain accurate data sets, allow to gain knowl-

edge on the structure of the target nucleus. As mentioned in chapter 1, the nucleus

152Sm is challenging to study due to its complex nuclear structure. Therefore, a

deuteron elastic and inelastic scattering experiment, written 152Sm(~d,d′), is the cho-

sen approach for its investigation.

The concepts required to understand both the nuclear reaction mechanisms and

its classical kinematics are presented in the first part of this chapter. The general

quantum mechanics scattering process is then introduced to obtain an expression for

the calculation of the scattering amplitudes and thus the theoretical cross sections, for

which the total wave function and the potential need to be determined. The plane-

wave Born approximation (PWBA) and the optical model potential (OMP) are briefly
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discussed prior the examination of the distorted-wave Born approximation (DWBA).

The PWBA is the simplest approximation for the total wavefuntion while the DWBA

is an improved version of the approximation, in which the relative movements within

a channel due to the elastic interaction are taken into account through the optical

potential. Finally, to include the contribution of the other channels in the calculation

of the cross section of one particular channel α, the coupled channel (CC) method is

used. The underlying strategy of the CC calculations will be developed without going

into details, focusing mainly on the approximations made and the general concepts.

This formalism is employed in the determination of the transition matrix elements.

2.1 Reaction mechanism

The properties of nuclei are generally studied through nuclear reactions. Typically,

a beam of particles is accelerated to a specific energy depending on the process that

one desires to induce. When an energetic particle strikes a target nucleus, nuclear

reaction can occur. Many processes can take place but for low-energy reactions, the

three main types are the direct reactions, the compound nucleus reactions, and the

pre-equilibrium reactions[21, 22]. In the experiment presented in this thesis, namely

the scattering of accelerated deuteron beam on a 152Sm target, the first type reaction

will be investigated. It happens on the shortest time scale, on the order of 10−22s,

and requires the highest kinetic energy of the incoming particles. This process implies

a quick interaction between a deuteron particle and a nucleon, a group of nucleons,

or all the nucleons of a 152Sm nucleus. The simplest case of direct reaction is called

the elastic scattering in which no energy or angular momentum is transfered, leaving

the target unchanged, in its ground state. When at least one of the colliding nuclei
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has excited states that are connected to the ground state via a non-vanishing matrix

element, the reaction may be inelastic and higher-energy states of the target nucleus

can be populated. For a defined scattering angle, the energy spectrum of the outgo-

ing deuteron exhibit peaks at specific energies, corresponding to the discrete excited

states in the residual 152Sm target nucleus. This change is reflected in the energy and

angular momentum of the outgoing deuteron. Therefore, the transition carried out

in the target nucleus, including the exchange of angular momentum and parity, is

understood through the scattered deuteron that must obey conservations laws. The

direction of scattering is restricted by these conservation laws so that the angular

distributions associated with the excited states directly allow the study of the nuclear

structure. Other types of non-elastic direct reactions exist, but inelastic scattering is

the reaction of choice to study collectivity and thus the nuclear shape. On the other

hand, one-nucleon transfer reactions are particularly suitable to study single-particle

states while multi-nucleons transfer are well suited for studying cluster states.

For very low energy beam, the time needed for a particle to traverse the target is a

lot longer, about 10−18s, and the projectiles may become momentarily trapped in the

target nucleus and its energy and angular momentum are shared amongst the nucle-

ons of the target nucleus. This is the compound nuclear reaction. When a statistical

equilibrium is reached, there is a finite probability for particles (nucleons or groups of

nucleons), that are usually close to the nucleus surface, to acquire enough energy to

leave the target nucleus. This process is governed by statistical fluctuation and the

particles having the smallest required energy to escape will be favored. In particular,

for charged emitted particles, the majority of them have energies corresponding to the

Coulomb barrier. For a defined scattering angle, the energy spectrum of the outgoing

particles is Maxwellian distribution.
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The pre-equilibrium process happens when the projectile is emitted neither by

direct reaction nor following the reach of statistical equilibrium in the target nucleus.

The particle interacts and shares its energy among a small group of target nucleons,

which can subsequently themselves interact with other target nucleons. For a defined

scattering angle, the energy spectrum of the outgoing particles is not a Maxwellian

peak, but rather a flat distribution, and the energy range is intermediate between the

low-energy compound nucleus and high-energy direct ejectiles.

As mentioned in the above, the angular distributions of excited states are needed

to study the nuclear structure in the context of inelastic scattering experiment. Con-

sequently, the cross section σ is one of the most important quantities to obtain. The

next section will first introduce the concept of cross section and will then present the

basic kinematics needed in the calculation of the experimental cross section.

2.2 Non-relativistic kinematics

The cross section (associated to the population of a certain excited state of the target

nucleus) refers to the ratio of the number of scattered particles (of corresponding

energy) per unit target, to the fluence of the incident particles onto the target[21].

Accordingly, the differential cross section refers to the ratio of the number of par-

ticles scattered into a solid angle dΩ, to the number of incident particles on the

target[22, 23]. It thus corresponds to the probability of finding a scattered particle

for a given solid angle. Further details will be given in the subsequent section.

The total cross section σ must be the same in both the laboratory (LAB) and the

center of mass (CM) frames since the total number of deuteron striking the target

does not change from one coordinate system to another. However, the differential
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Figure 2.1: Schematic representation of elastic scattering treated with classical kine-
matics for structureless particles.

cross section depends on the reference system because the scattering direction (θ, φ)

depends on it. The next section will present equations connecting important quanti-

ties from the laboratory frame to the center of mass frame.

In order to calculate the differential cross section, the energy distribution of the

emitted deuteron is measured for a given angle. Both the energy distribution and the

angle are measured in the laboratory coordinate system, although it is more conve-

nient to perform the analysis in the center of mass coordinate system. A schematic

representation of a projectile (deuteron) and a target (152Sm) before and after the

collision is presented in Figure 2.1. The system is viewed in both the LAB and the

CM frames. If the collision is elastic, the moduli of the velocities of the two particles

in the CM frame will be conserved. It is obviously not the case in the LAB frame.

The calculation of the velocities in the two systems is straightforward when using
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Figure 2.2: Diagram relating the angles and the velocities in both the LAB and the
CM frames. Adapted from [21]

the laws of conservation of momentum and energy. Important quantities are given

in Figure 2.2, in which we can see the velocity of the CM (vCM), the velocity of the

scattered deuteron in the lab frame (v′1L) and in the CM frame (v′1CM). Employing

these relations along with the law of sines, a transformation equation relating θCM

and θLAB can be computed. Solving for θLAB and using cos θLAB = 1√
tan2 θLAB+1

one

can obtain:

cos θLAB =
cos θCM + m1

m2
√

1 +
m2

1

m2
2

+ 2m1

m2
cos θCM

(2.1)

Another transformation law that needs to be obtained is the one connecting the dif-

ferential cross sections in the LAB and in the CM frames. The starting point is an

equation stating that the number of scattered deuteron passing through an infinites-

imal cross section must be the same in both systems (dσLAB = dσCM). Considering

the solid angle dΩ = sin θdθdφ and a cylindrical symmetry in the direction of the
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incident beam (φLAB = φCM), the following expression is obtained:

(

dσ

dΩ

)

CM

=

(

dσ

dΩ

)

LAB

d (cos θLAB)

d (cos θCM )
(2.2)

Using equation 2.1, the final equation relating the differential cross section in the CM

and LAB frame becomes:

(

dσ

Ω

)

CM

=
1 + m1

m2
cos θ

(

1 +
m2

1

m2
2

+ 2m1

m2
cos θ

)
3
2

(

dσ

Ω

)

LAB

(2.3)

This important result will be used in section 3.2, when analyzing the experimental

data. This equation was obtained from non-relativistic kinematics and is adequate

for low energy nuclear reactions, generally under 100 MeV. It is therefore applicable

to the experiment treated in this thesis, which involved a deuteron beam with 22

MeV of kinetic energy. Indeed, relativistic effects can be neglected since this energy

corresponds to a deuteron velocity v of about 0.11c and consequently to a Lorentz

factor γ of about 1.006 (γ=1 for v=0).

In view to present the calculations of the theoretical differential cross sections, the

general scattering problem is first introduced. This will be done in the next section,

followed by the DWBA and CC analysis.

2.3 Theoretical calculations of the cross sections

for direct reaction

The objective is to obtain theoretical expressions for the differential cross sections as

a function of the scattering angles and for different scattered energies. These scat-

tered energies correspond to different channels which represent the excited states of
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the target nucleus. In principle, the differential cross sections could be determined

exactly if the correct expression was known for the complete wave function of the

quantum mechanical system composed of the deuteron scattering off the 152Sm tar-

get. Obviously this total wave function is extremely difficult to calculate or even to

approximate since it corresponds to solving the Schrödinger equation of the many-

body scattering problem. To address this problem, two main formalisms including

different approximations have been developed: the DWBA and the CC analysis. They

allow to perform numerical calculations in order to compare theory and experimental

data. In both cases many input parameters are involved in the theoretical expressions.

Importantly, the coupling strength matrix B containing the coupling amplitudes β

associated to the population of the exited levels is directly involved in the calculation

of the interaction potential needed for the determination of the differential cross sec-

tion. These coupling amplitudes are to be optimized to reproduce the experimental

differential cross sections.

The first step toward the DWBA and CC complex formalisms is to set the scat-

tering problem and to relate the total wave function to the differential cross section,

as it will be shown below.

2.3.1 General problem of quantum mechanics scattering

Let us first consider the case of a projectile scattering off a target, assuming that

only elastic scattering is possible. The Schrödinger equation can be used to represent

the motion of two interacting particles. In the CM reference frame, the later can

be expressed equivalently using a Schrödinger equation describing the motion of one

particle with reduced mass in a one-body potential[21]. Since the states of interest
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are stationary, the time-independent Schrödinger equation is considered:

∆2ψ(r) +
2µ

~2
(Ech − V )ψ(r) = 0 (2.4)

where Ech, the channel energy, is the total kinetic energy in the CM frame, µ = m1m2

m1+m2

is the reduced mass of the two particles, and V is a potential that depends on the

distance between the particles, their relative velocity, and their spin. The general

asymptotic expression for the stationary states which are solutions to this equation

(assuming that the potential V (r) falls off faster than 1/r) has the following form:

ψ ∼ eikz +
eikz

r
f(θ, φ) for r → ∞ (2.5)

where the wave number k is given by k =
√

2µEch/~. This expression describes the

general picture of the scattering problem. The first term represents an incident plane

wave, associated with the incoming projectile. This approximation is justified by the

fact that the incoming accelerated particle is a wave packet with a very good energy

definition, and a large dimension when compared to the nuclear target. The second

term represents an outgoing spherical wave emanating from the scattering site, caused

by the scattering of the two nuclei as a result of the interaction via the potential V(r).

Importantly, the amplitude of this spherical wave is modulated by the factor f(θ, φ),

named the scattering amplitude.

Although the above considered elastic scattering only, the picture is similar when

considering inelastic scattering also. The interaction potential V then allows the ex-

citation of one or both colliding particles if they come close enough[24]. The resulting

excited states define energy levels that are represented by different channels denoted
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α′ (the elastic channel is denoted α). Nucleon(s) transfer can occur during the reac-

tion, but this process will not be discussed in the following work. More formally, the

Hamiltonian describing the complete situation is the following:

H = H1 +H2 + Tα + Vα = Hα + Tα + Vα (2.6)

where H1 and H2 are the intrinsic Hamiltonians of the two colliding nuclei, Tα is

the kinetic energy operator, and Vα is the interaction potential. This complicated

potential is usually considered as the sum of the interactions - two-body forces -

between each nucleon of particle 1 with each nucleon of particle 2. Since H1 and H2

are independent, we can consider the solutions of the Hα to be of the form:

Φα = Φ1Φ2 (2.7)

The complete wave function Ψ of the system must contain the information on all

of the accessible open channels. The asymptotic expression for the stationary state

associated with the scattering event that was given by equation 2.5 for the elastic

case can be generalized to include inelastic scattering by the following expression[24]:

Ψ → Φα

[

eikα·rα + fαα(θ)
eikαrα

rα

]

+
∑

α′ 6=α

Φα′fα′α(θ)
eikα′rα

rα
for rα → ∞ (2.8)

Again, the first term represents the incident plane wave and the second term repre-

sents the elastically scattered outgoing spherical wave modulated by the scattering

amplitude fαα. The additional terms - summation over the excited states α′ of the

target - represent the inelastically scattered outgoing spherical waves with wave num-

bers corresponding to scattered energies lower than that of the incident by the amount

required to excite the corresponding excited state α′. The additional factors Φα and
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Φα′ are the intrinsic states of the two nuclei for the elastic channels and inelastic (tar-

get in excited state) channels respectively. They are explicitly included in the wave

function because they play a role in the determination of the scattering amplitudes

fαα and fα′α.

We now wish to obtain an expression for the differential cross section considering

expression 2.5. As described before, the cross section dσ corresponds to the ratio

of two fluxes: the scattered waves through the surface dΣ = r2dΩ where dΩ is the

solid angle, and the incoming plane waves through the unit surface. The flux of the

scattered waves is obtained with the current density of the scattered wave Jout and

the surface dΣ:

| Jout | dΣ = | ~

2iµ
(ψ∗∆ψ − ∆ψ∗ψ) | dΣ = v | f(θ) |2 dΩ (2.9)

where equation 2.5 was used. Knowing that the flux of the incident plane waves is

given by the relative velocity v = ~k/µ, and dividing the resulting ratio by the solid

angle dΩ we obtain the differential cross section:

dσ(θ)

dΩ
=| f(θ) |2 (2.10)

If we allow the scattered wave to have a different wave number (i.e. if we allow inelastic

scattering), the calculation is similar and the differential cross section becomes:

dσ(θ)

dΩ
=
kf

ki
| f(θ) |2 (2.11)

The goal is now to obtain a general expression for the scattering amplitude f(θ, φ),

again allowing the scattered wave to have a wave number different than that of the

incident wave i.e. for both elastic and inelastic scattering. Using Green functions
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formalism, it is possible to express the wave function in such a way as to obtain

an expression for the scattering amplitude of the different channels in terms of the

complete wave function itself. In particular, it can be shown that the portion ψkα of

the total wave function associated to the relative motion in the elastic channel α can

be written[24]:

ψkα(rα) → eikα·rα − µα

2π~2

eikαrα

rα

∫

e−ik′
α·r

∫

Φ∗
α(xα)Vα(xα, r)Ψdxαdr (2.12)

where xα are the internal coordinates. Similarly, the portion ψkα′
of the total wave

function associated to the relative motion in the inelastic channel α′ and thus scattered

with wave number kα′ is given by[24]:

ψkα′
(rα′) → − µα′

2π~2

eikα′rα′

rα′

∫

e−ikα′ ·r

∫

Φ∗
α′(xα′)Vα′(xα′ , r)Ψdxα′dr (2.13)

Comparing the previous equations with equation 2.8, we see that the scattering am-

plitude in the channel α′ (including the possibility α′ = α, i.e. elastic scattering), is

given by[24]:

fα′α = − µα′

2π~2

∫

e−ikα′ ·r

∫

Φ∗
α′(xα′)Vα′(xα′ , r)Ψdxα′dr

= − µα′

2π~2
〈eikα′ ·rα′Φα′ | Vα′ | Ψ〉

= − µα′

2π~2
Tα′α (2.14)

Using equation 2.11, we can thus compile the cross section for all channels, given

that we know the complete wave function. Of course obtaining the complete wave

function would mean to actually solve the Schrödinger equation, which we expect is

impossible. But we can approximate it, and using the expression mentioned above it

will allow us to calculate the scattering amplitude of the different channels and thus
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their cross sections. The simplest approximation is the first order plane-wave Born

approximation.

2.3.2 Plane-wave Born approximation

Assuming that the interaction is very weak, we can compile the scattering amplitude

fα′α using the incoming plane wave e−ikα·rαΦα as a first order approximation for the

complete wave function Ψ[24]. The transition matrix element Tα′α corresponds to the

integral over all coordinates of the scattering amplitude equation 2.14. Therefore, the

set of transition amplitudes is approximated as follows:

Tα′α ≃ 〈eikα′ ·rα′Φα′ | Vα′ | e−ikα·rαΦα〉 (2.15)

This is the first order Born approximation. It is possible to improve this approxi-

mation by compiling higher order terms. If the incoming plane wave is used in the

integral term of equation 2.12, instead of the total wave function itself (more formally

if the so-called Lippmann-Schwinger equation is used), the resulting wave function

can be used as an approximation for the complete wave function Ψ in equation 2.14.

This is the second order Born approximation. Higher orders can be compiled in a

similar way, and this corresponds to the Born series. However, the calculation of high

order terms in the PWBA perturbation expansion rapidly becomes complicated and

other strategies are usually preferred.

2.3.3 Optical model potential

Heretofore, the total interaction potential Vα has been used without defining it or

providing explanation on what it consists of exactly. In theory, this potential must

41



take into account the sum of the interactions between each nucleon of the projectile

and each nucleon of the target nucleus. In practice, solving the Schrödinger equation

considering all these interactions would be too complex, so the strategy adopted con-

sists of trying to replace a part (as large as possible) of Vα by a central potential[21].

More precisely, this one-body interaction, referred to as the optical potential U(r),

describes the average field experienced by the colliding particles and only depends on

the relative coordinates, i.e. the separation of the projectile and the target nucleus.

Consequently, the optical model potential only considers the interaction responsible

for the relative motion within a channel and does not cause a transition. One can

therefore determine the appropriate optical potential by adjusting its parameters to

reproduce the experimental elastic cross section. The remaining part of the interac-

tion potential Vα describes the transitions from one channel the another. This portion

of Vα is treated as a perturbation on the elastic scattering.

Typically, the number of elastically scattered particles is reduced, and these par-

ticles appear in the inelastic channels[24]. This lost in the elastic channel is treated

with the same strategy as the one used to treat the light absorption by a cloudy

crystal ball. In the later, the introduction of an imaginary refractive index produces

a damping factor acting on the scattering amplitude. In the nuclear case, the optical

potential is allowed to be complex and its imaginary part acts the same way. The

nuclear wave is attenuated exponentially to describe the portion of the beam particles

which undergo non-elastic reactions, and are thus remove from the elastic scattering

reaction channel.

The complex optical potential contains many terms but there is no such thing as

a single general expression suitable for all reactions (it depends on the nature of the

projectile and target nuclei and on the projectile energy). The following will present
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some typical terms that might compose the optical potential. Generally, a Coulomb

potential term, together with a series of other terms possessing a Wood-Saxon form,

are used for the elastic scattering of light charged nucleus from a heavy nucleus target.

The Coulomb potential arises when a charged particle(i) enters the electromag-

netic field of another nucleus(t). Usually, it is appropriate to use the potential of a

uniformly charged sphere with radius Rc:

Vc(r) =
1

4πǫ0

ZiZte
2

2Rc

(

3 − r2

R2
c

)

for r ≤ Rc

=
1

4πǫ0

ZiZte
2

r
for r > Rc (2.16)

where r is the distance from the nucleus, Zi and Zt are the charge numbers.

Although not formally correct, it is a good approximation to consider that the

density of nucleons inside a nucleus is constant and that it decreases smoothly to

zero around the nuclear radius R. Since the nucleon-nucleon interaction has a short

range character, it is sufficiently accurate to consider that the radial variation of the

potential follows a similar shape. The later has a so-called Wood-Saxon form and it

corresponds to a Fermi distribution shape. The basic analytical expression is:

fi(r) =
1

1 + e(r−riA1/3)/ai
where i = vreal, vim, sreal, sim, soreal, soim (2.17)

where A is the atomic number and a the diffuseness of the potential. The optical po-

tential might carry volume (v), surface (s), and spin-orbit (so) terms and as discussed

before, they all comprise a real or an imaginary component, or both. We can write

the volume potential in the following generic form:

Uvolume = −Vvfvreal
(r) − iWvfvim

(r) (2.18)
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where Vv and Wv are the real and imaginary depths of the volume term. The surface

term is taken as the derivative of the volume term so that it peaks at the surface.

The generic form for the surface potential can be written in a similar way:

Usurface = −4asreal
Vs
dfsreal

(r)

dr
− 4asim

iWs
dfsim

(r)

dr
(2.19)

where Vs and Ws are the real and imaginary depths of the surface term. The factors

4as ensure that the first (second) term of equation 2.19 gives Vs (iWs) when r =

R, i.e. at the surface. The introduction of a spin-dependent term in the optical

potential allows the calculation of the polarization of the scattered particles. Since

the central potential considered in the shell model includes a spin-orbit interaction,

it is reasonable to insert a similar term in the optical potential. The form is taken to

be:

Uso =

(

~

mπc

)2
1

r

(

Vso
dfsoreal

(r)

dr
+ iWso

dfsoim
(r)

dr

)

~l · ~s (2.20)

where Vso and Wso are the real and imaginary depths of the spin-orbit therm. The

vectors ~s and ~l are the spin and the orbital angular momentum, respectively. Both

are associated to the relative motion of the target nucleus and the scattered particle.

This enumeration aims to get familiar with the most common terms that one might

come across, but it is not an exhaustive description of the optical potential. The

important point is to understand that the real and imaginary depths of the volume,

the surface, and the spin-orbit terms are to be adjusted to reproduce the experimental

elastic cross section. Moreover, the radii ri and the diffuseness coefficients ai are

also to be adjusted for the same purpose. Consequently, a set of optical model

parameters are used to characterize the size and the shape of the potential in order

44



to perform appropriate cross section calculations. Theses optical parameters are

adapted to the target nucleus as well as the projectile and projectile energy. In this

work, many optical models and global optical parameter sets were tested to calculate

the elastic cross section. As a relevant example, the following equation shows an

optical model potential tailored for a deuteron beam below 183 MeV incident on

target nuclei ranging from 12C to 238U[25]:

Utot = −Vvfvreal
(r) − iWvfvim

(r) + 4asim
iWs

dfsim
(r)

dr
(2.21)

+λ2
π

Vso +Wso

r

dfso(r)

dr
~l · ~s+ VC(r)

Generally, the determination of the optical potential parameter set that best fits the

elastic data starts with known parameters from previous analysis of similar reactions.

These parameters are then optimized using, for example, the χ2 method1. The next

sections will introduce the formalism required to perform cross section calculations

using the optical model potential.

2.3.4 Distorted-wave Born approximation

The interpretation and the analysis of experimental data obtained through direct

nuclear reactions rely in many cases on the coupled-channels (CC) and distorted-

waves methods. The latter is based on the following premise: when a projectile strikes

a target nucleus, the elastic scattering is by far the most likely event to occur[26]. This

process is treated via the optical model potential, which only consider the relative

motion within the elastic channel. The direct nuclear reactions such as inelastic

scattering are then pictured as small perturbations (or weak interactions) producing

transitions between channels[24]. In each of these channels, the relative motion is

1This method will be presented in the section 3.2.3
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characterized by the optical potential. To insure the validity of this approximation,

the transition amplitudes must be weak. Moreover, the success of the DWBA requires

interactions which cause only single-step reactions. The CC is more appropriate

for stronger transitions involving many nucleons. It will be presented in the next

subsection.

We now wish to obtain an expression for the scattering amplitude in channel α′

equivalent to equation 2.14, but which explicitly considers the portion of the total

interaction that is associated to the optical potential Uα separately from the remaining

portion of the interaction. This form is required for the DWBA.

First, let us consider the Schrödinger equation that would hold if the interaction

potential Vα was completely replaced by the optical potential Uα in the Hamiltonian

presented in equation 2.6:

(Hα + Tα + Uα −E)Ψ = 0 (2.22)

The intrinsic Hamiltonian Hα of the target and projectiles depends on the internal

nuclear coordinates of the two nuclei, while the kinetic energy operators Tα and the

optical potential Uα depend only on the relative coordinates between the two nuclei.

The method of separation of variables can thus be applied, and the solutions Ψ can be

expressed as the product of a relative motion wave function χα(rα), which describes

the relative motion in the channel α, and the internal states Φα. Inserting this form

into equation 2.22, the result is that the wave function χα must satisfy the following

equation:

(Tα + Uα − E ′)χα(rα) = 0 (2.23)
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which is a solvable one-body problem (direct analogue to the simple situation pre-

sented at the beginning of section 2.3.1). Obviously, it is not appropriate to replace Vα

by Uα, since Uα only describes the relative motion and cannot take into account the

actual transitions between channels associated to the inelastic scattering, by defini-

tion. However the previous treatment is important for the development of the DWBA

approximation since the relative wave functions χα(rα) correspond to the so-called

distorted waves, as will be presented below.

Now, going back to considering the complete interaction potential, but explicitly

separating it into two portions, the corresponding Schrödinger equation becomes:

(E −Hα − Tα − Uα)Ψα = WΨα (2.24)

Where W = V (xα, rα)−Uα(rα) is the residual interaction. Recalling that we want to

obtain an expression for the scattering (transition) amplitude of the different channels,

it is possible to use Green functions formalism in a similar way as that mentioned

previously, but explicitly considering that the portion Uα of the interaction depends

only on the relative coordinates between the two nuclei, to express the portion of the

total wave function associated to a certain channel in terms of the complete wave

function itself. The results are expressions similar to equations 2.12 and 2.13. The

corresponding expression for the transition amplitudes from channel α to channel α′

(again including the possibility α′ = α), is given by:

Fα′α = 〈e(ik′

α·rα) | Uα | χ(+)
α 〉δαα′ + 〈χ(−)

α′ Φα′ | Vα′ − Uα′ | Ψα〉 (2.25)

The χ
(+)
α′ are the solutions to equation 2.23, considering the optical potential Uα′ for

the channel α′ (χ
(−)
α′ are obtained using the relation χ(−)∗(k, r) = χ(+)(−k, r)). They
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correspond to the distorted waves and have the following form:

χ(k, r) = eik·r + ψscatt (2.26)

The transition amplitude expression 2.25 is an alternative to equation 2.14. Its deriva-

tion is known as the Gell-Mann-Goldberger transformation. Again, equation 2.25 can-

not be used directly since it involves the complete scattered wave function Ψ itself,

which is obviously unknown. However, it is a suitable form for making the DWBA.

As an approximation for the complete wave function, we consider the following:

Ψα ≃ Φαχ
(+)
α (kα, rα) (2.27)

It corresponds to the product of the internal wave function of the entrance channel

α and the relative motion in this channel, i.e. the elastic scattering dynamics, due

to the optical potential Uα. Inserting equation 2.27 into 2.25, we obtain the DWBA

transition amplitude:

Tα′α = 〈e(ik′

α·rα) | Uα | χ(+)
α 〉δαα′ + 〈χ(−)

α′ Φα′ | Vα′ − Uα′ | Φαχ
(+)
α 〉 (2.28)

This expression is a significant improvement over the PWBA (equation 2.15), which

considered only straight line trajectories. In contrast, equation 2.28 takes into account

the distortion of the relative motion wave functions due to the optical potential. The

second term in equation 2.28 represent the inelastic nuclear matrix elements and can

be rewritten as:

Tα′α |α′ 6=α=

∫

χ
(−)
α′

(
∫

Φ∗
α′Wα′Φαdxα′

)

χ(+)
α dr (2.29)
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It is clear from this equation that the physics of the distorted waves is separated from

the nuclear overlap function, which corresponds to the integral into the parenthesis.

The former can be obtained by choosing the appropriate optical potential and solv-

ing equation 2.23. The latter involves the residual interaction Wα′ = Vα′ − Uα′ and

involves an integration over all intrinsic nuclear coordinates and spins2. The DWBA

amplitude is therefore obtained by integrating the overlap function with the distorted

waves over the relative coordinates r. In order to actually compute the scattering

amplitude, the nuclear overlap function must be calculated even though a complete

model is usually not accessible. Instead, the nuclear overlap function is generally eval-

uated by considering general properties required for such transitions based on parity

and angular momentum selection rules, as well as different aspects of the nuclear

structures of the nuclei involved, and the direct nuclear reaction under consideration.

In particular, key elements to input for the calculation of the overlap function are the

coupling amplitudes β and as mentioned before, they are the quantities of interested

in this work. The calculations and formalism involved are relatively complex and will

not be presented here. More detail can be found in Refs. [24, 26, 27].

From the T matrix one can deduce that the transition α→ α′ is influenced by all

other channels. However, the approximation Ψα ≃ Φαχ
(+)
α (kα, rα) implies that the

final channel α′ is populated only from the channel α. Therefore, no intermediate

transition is considered so that multi-step processes are not treated at all. Moreover,

the distorted waves can only be insured to be correct asymptotically since the phe-

nomenological optical potential is optimized by considering the measured elastic cross

sections (obviously far away from the interaction events). Since the determination of

the transition amplitudes involve the integral of the distorted waves together with the

2Since the developments presented in this section were only introductory, it should be noted that
the spin has not been treated.
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nuclear overlap function, the region of interest is near the nucleus, and thus exactly

where the discorded waves are potentially not accurate.

Computer codes for calculating inelastic cross sections based on the DWBA, such

as a portion of the Chuck3 program[27], essentially evaluate equation 2.28 (or an

equivalent expression) considering various inputs, including the optical potential and

different parameters related to the nuclear structure of the nuclei involved and reac-

tion considered. Specifically, the DWBA calculation method was used in this work to

obtain the elastic cross sections of the 152Sm(~d,d′) reaction. For collective nuclei such

as 152Sm, strong transitions involving many nucleons occur in the low-lying states. As

a result, the first order DWBA is insufficient for accurately describing the transition

amplitudes.

2.3.5 Partial wave-expansion

As mentioned in the last section, the distorted-wave function χα is essential for the

calculation of the transition matrix elements, and it is obtained by solving equa-

tion 2.23 with the appropriate optical potential. Except for a few simple potentials

such as a pure Coulomb potential, there is no analytical solution to this equation. For

most of the cases one can encounter, the Schrödinger equation needs to be solved nu-

merically and it consists of a 3-dimensional equation. Nevertheless, since the optical

potential is generally spherically symmetric because it depends only on the relative

coordinates r, the solution can be written in a separable form[21, 24, 28]:

ψ(rα) =
1

kαrα
Rl(kαrα)Y m

l (θ, φ) (2.30)
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where Y m
l are the spherical harmonics and Rl(kαrα) are a partial radial wave func-

tions. The major advantage of this form is that the Schrödinger equation that needs

to be solved is reduced to a one-dimensional equation. For an optical potential Uα

and considering the radial part of the kinetic energy (obtained by considering the ki-

netic energy operator Tα = −~
2

2mα
▽2

α into spherical coordinates), the equation to solve

in order to obtain the radial wave function Rl is then:

EαRl =
−~2

2mα

d2Rl

dr2
+

(

~2

2mα

l(l + 1)

r2
+ Uα

)

Rl (2.31)

The solution depends on the polar angle θ but not on φ when there is an azimuthal

symmetry of the incident beam about the kα direction. Therefore, the spherical

harmonics can be expressed with the Legendre polynomials and the distorted wave

function is written with a partial wave expansion:

χ(+)
α (kα, rα) =

1

kαrα

∑

l

(2l + 1)ileiσlRlPl(cos θ) (2.32)

where θ is the angle between kα and rα, and eiσl is the Coulomb phase shift which is

only present for charged particle. As mentioned before, a scattering state at infinity

must have a spherical wave form, and consequently the radial function Rl must reflect

this constraint. The asymptotic solution can be obtained by solving the equation 2.31

with the potential Uα artificially set to zero in view to verify the solution at infinity.

In this situation, the radial solution is simply given by the spherical Bessel functions

jl and nl. Considering that appropriate combinations of jl and nl are also possible ra-

dial solutions Rl, one can retrieve the required asymptotic solutions for equation 2.32,

consisting of an incoming plane wave and scattered spherical wave (see equation 2.5).
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It is interesting to note that the outgoing spherical waves have undetermined ampli-

tudes containing phase shifts eiδl that depend on l. These phase shifts depend on

the nuclear reaction and nuclei involved (and thus on the nuclear potential in the

interaction region) and consequently contain the information on the interaction. In

particular, since the nuclear potential is represented by a complex optical potential,

the phase shifts are also complex.

In principle, the phase shifts can be used to characterize the dependence of the

cross sections on the angle and the energy. However, the energy beam used in this

work is high enough to imply so many contributing phase shifts that they cannot be

appropriately determined from the experimental data. In cases like that, the exper-

imental and theoretical phase shifts are thus impossible to compare. Alternatively,

experimental data and theoretical predictions are compared through the differential

cross sections, the vector analyzing power (related to the polarization of the scattered

particles), and possibly through other observables involving many phase-shifts.

The next section will introduce the CC formalism, which was used in the calcula-

tion of the theoretical cross sections of low-lying excited states induced with deuteron

beam on 152Sm. The strategy involved in the partial-wave expansion is also important

when it comes to the detail of the CC calculations.

2.3.6 Introduction to coupled-channels (CC) formalism

As mentioned previously, the DWBA is not a well suited approximation for strong

transitions, i.e. when the magnitude of the non-elastic scattering cross sections is

particularly large. This is usually the case when collective states are involved[24, 29].

In principle the DWBA scattering amplitude (equation 2.28) can be extended to

higher orders, but in practice this is generally not the best way to proceed. Instead,

52



the CC formalism is usually considered to treat stronger transitions. The strategy

of the CC is different from that of the PWBA and DWBA. Instead of developing a

perturbation expansion (in which usually only the first order is considered), the idea

is to work out the Schrödinger equation as a system of coupled equations3.

First, let us consider once again the Hamiltonian H (equation 2.6) of the whole

system, which comprises the relative motion and the interaction between the target

and the projectile. Once again, the total wave function of the system Ψ must obey

the Schrödinger equation:

(E − [Hα + Tα + Vα])Ψ = 0 (2.33)

The entire set of intrinsic nuclear states Φα (see equation 2.7) are used to expand the

complete wave function Ψ (in a similar way as was given for the asymptotic form of

the complete wave function in equation 2.8):

Ψ =
∑

α

ψα(r)Φα(xα) (2.34)

The summation is over the states α and the coefficients ψα correspond to relative

motion wave functions. For equation 2.34 to be complete, the summation must be

infinite and include all the internal states of the projectile and target, including in

principle the continuum (unbound) states (although in fact the latter are only nec-

essary if one wants to describe rearrangement collisions rather than only inelastic

scattering)[26]. Assuming that we do know the internal states Φα, what we need to

3We note that the development presented here corresponds to CC formalism rather than CCBA;
the latter is an extension of the DWBA used for rearrangement reactions for which the transition
between partitions is weak but the transitions within the channels of each partition are relatively
strong and are treated with the CC formalism.
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find in order to know the total wave function 2.34 are the portions ψα. So the expan-

sion 2.34 is inserted back into the Schrödinger equation 2.33. A separate Schrödinger

equation for each wave function ψα, i.e. for each excited state (or for the ground

state), can then be obtained by multiplying both side of the equation by the internal

state Φα and integrating over the internal coordinates xα:

(Eα − Tα − Vα)ψα(r) =
∑

α6=α′

Vαα′(r)ψα′(r) (2.35)

with Vαα′(r) =

∫

dxαΦ∗
α(xα)V (r, xα)Φα′(xα)

Therefore, we obtain an equation for each ψα depending on all the other ψα′ 6=α. This

thus corresponds to an infinite set of coupled equations. If it could be posed and

solved, this would lead to the solution for the complete wave function. Since it is

not possible to solve such infinite set of equations, it is necessary to truncate the

expansion. Considering a model wave function Ψmodel similar to equation 2.34 but

which constitutes a finite rather than infinite sum, i.e. which includes only the elastic

and the first few inelastic channels, we obtain a set of coupled equations similar to

equation 2.35 but once again finite instead of infinite. As an example, if only the

channels α = 1, 2, and 3 are kept in the expansion, the approximation introduced by

the truncation will be as good as the degree to which the couplings between the elim-

inated channels α = 4, 5, 6, ...∞ and the considered channels α = 1, 2, and 3 is small.

A solvable system of three coupled equations for ψ1, ψ2, and ψ3 is then obtained.

In principle, the truncated channels can be compensated by the introduction of an

effective Hamiltonian. Indeed, the original interaction potential V must be replaced

by an effective interaction potential Veff in order to balance the effect of the trun-

cation. In particular, the effective interaction potential must be complex (and thus
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absorptive) in order to take into account the lost of flux to the rest of the inelastic

channels not included in Ψmodel. It is possible to derive an exact expression for Veff

in terms of the original interaction potential V , using projection operators formal-

ism, but in practice neither V nor Veff can generally be derived from first principles.

Instead, phenomenological parameterized models for Veff have been developed. The

model effective potential Veff(model) used in the CC calculations is similar to the op-

tical potential U presented before for elastic scattering only, but it also includes the

inelastic interactions within the different channels considered in the model wave func-

tion Ψmodel (in other words, U now has “diagonal terms”). The model Veff(model) used

in the CC calculations is thus a generalized optical model potential. The form and

the parameters of this model potential are usually chosen by optimizing the match

with the elastic cross section along with the direct reaction of interest.

Using an appropriate generalized optical model potential and solving numerically

the set of coupled differential equations 2.35 for the ψα, Ψmodel can be obtained. It

can then be used in equation 2.14, along with the generalized optical potential, to

calculate the transition amplitude Tα′α - and thus the cross sections - for the channels

considered in the model wave function:

Tα′α = 〈eikα′ ·rα′Φα′ | Veff(model) | Ψmodel〉 (2.36)

Actual numerical calculations based on the CC method, performed with computer

codes such as Chuck3[30] or Ecis03 which were used for the calculations presented

in Chapter 4, are very involved and complex; they require further developments of

the CC formalism which are not presented here. Once again, the reader is referred

to the Refs. [24, 26, 29]. Similarly to the case of the DWBA calculations, a number

of selection rules and elements of the nuclear structures and reaction involved must
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be considered. Also, the partial-wave expansion formalism introduced previously is

used in practical calculations such that the coupled equations 2.35 are converted

into coupled radial equations, each value of the total angular momentum L being

associated to one set of such equations. Once again, the coupling amplitude are key

inputs that must be provided for the CC calculations.

2.4 Summary

In this chapter, the basic concepts involved in direct nuclear reactions were presented.

Some important results were obtained using the classical non-relativistic kinematics,

notably the relations to transfer the angles and the differential cross sections from the

LAB to the CM frame. Those relations are used in the calculations of the experimental

differential cross sections and vector analyzing powers. Different formalisms treating

the colliding nuclei as quantum systems that can interact were introduced. The

underlying strategies involved and the calculation methods were discussed in view

to give a general idea of the physics implied in the calculation of the differential

cross sections. The next chapter will describe the experimental method and the data

analysis. Finally, the last chapter will expose and compare the experimental and

theoretical results, allowing discussion of the extracted coupling amplitudes as well

as their potential implications.
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Chapter 3

Experiment and method of analysis

The first two chapters have laid the theoretical basis to understand the collective

motions and shapes, the motivations to perform this experiment, as well as the ex-

perimental and the theoretical direct reaction analysis principles. The present chap-

ter will focus on the experimental method and practical details of the data analysis,

which include the experimental cross section calculation and the theoretical cross

section optimization.

3.1 Experimental apparatus

The inelastic deuteron scattering experiment was performed at the Maier-Leibnitz

Laboratory (MLL) of the Ludwig Maximillians Universität (LMU) and the Technis-

che Universität of Munich (TUM). The laboratory, located in Garching (Germany),

contains a tandem Van de Graaff accelerator which can produce an 80(4)%-polarized

deuteron beam of 22 MeV. This beam was directed in the target chamber via beam

steering elements. It then struck a 113 µg/cm2 thick target of 152Sm, which was

prepared by vacuum evaporation of the metal onto a 10µg/cm2 thick backing of 12C.
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The outgoing deuterons from the reaction were momentum analyzed by a magnetic

spectrograph at 20 angles between 15◦ and 115◦.

3.1.1 Tandem Van de Graaff accelerator

A deuteron ion beam is initially generated by adiabatic expansion from a pressur-

ized deuterium gas entering into a vacuum chamber by a fine aluminum nozzle[31].

During the gas expansion, the adiabatic cooling changes the enthalpy into kinetic

energy. A portion of the jet then enters a small aperture in order to be collimated

throughout a conical-shaped passage. The deuteriums are then ionized to become

negatively charged (D−). A system of Stern-Gerlach magnets is used to separate the

beam with respect to the electron spins for obtaining an electron polarized deuterium

beam. The electron polarization is then transferred to the nuclei themselves by adia-

batic radiofrequency transitions. A deuterium vector polarized beam can be created

in such way with 80 % polarization. This low-energy beam of ~D− is then directed to

the tandem accelerator to set the desired energy.

The tandem accelerator operating principle is based on applying an electrostatic

field to an ion in order to accelerate it via the Lorentz force. The electric charges

are accumulated with charging chains in a high-voltage terminal via Van de Graaff

generators. The tandem name arises from the fact that the same high voltage is used

twice to accelerate the ion beam. The negatively charged particles ~D− (anions) are

first accelerated with a high voltage of (maximum) 14 millions volts[32] before en-

countering a thin carbon foil that strips off electrons, making the ion beam positively

charged ~D+ (cations). It can then be further accelerated inside the same high voltage

terminal. This method is well suited to generate the incident particles for low energy

reactions. A deuteron beam (positively charged) of 22 MeV was obtained in such way
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Figure 3.1: Tandem Van de Graaff accelerator room at the Maier-Leibnitz Laboratory.
Source: Ref.[32]

to perform the 152Sm(~d,d′) reaction.

A photograph of the tandem accelerator room is presented in Figure 3.1. The ac-

celerator itself is painted in orange. The beamline exiting the accelerator is directed

through the blue element, which consist of a 90◦ analyzing magnet that bends the

high energy beam according to the magnetic rigidity R of the ions[33]:

R = Bρ =
mv

q
(3.1)

where B is the magnetic field, ρ is the gyroradius of the particle, mv is its momentum,

and q its charge. Therefore, the higher the particle momentum is, the higher is the

rigidity and the larger is the gyroradius for a constant magnetic field. The analyzing

magnet is an important part of the accelerator since it allows the selection of the
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desired deuteron kinetic energy (22 MeV) by setting the magnet appropriately. In

order to ensure the stability of the ions energy, a feedback system is placed right after

the analyzing magnet. The beam passing through it encounters a slit system in which

the currents on both the left and the right sides are measured. If the beam is bent too

much (more current on the left side), the terminal voltage in the tandem accelerator is

a little increased, whereas if the beam is not bent enough, (more current on the right

side), the terminal voltage is slightly decreased. As a result, the terminal voltage is

accurately controlled within a few hundred volts and thus provides an efficient way

to regulate the beam energy. The beam is then conducted to the target chamber.

3.1.2 Solid angle control

The scattered deuteron beam coming from the target chamber enters the magnetic

spectrograph through an aperture which subtends a certain solid angle. This aperture

is control by a system of slits. The acceptance solid angle is adjusted using motorized

linear positioners with micrometer precision to close and open the aperture in both the

horizontal (x) and the vertical (y) directions. A scheme of the aperture is presented in

Figure 3.2 which shows its diamond-like shape. The height 2B and the width 2A are

63 mm and 73.5 mm long, respectively, and the distance D separating the aperture

and the target chamber is equal to 354.8 mm. Systematic offsets of the slit positions

were determined to be 0.50 mm and 0.00 mm in the x and y directions, respectively

(see section 3.2.4). For specific x and y values and considering the offset correction,

the solid angle Ω subtended by the aperture can be calculated using:

Ω =
4xy − 2(x−A+ Ay

B
)(y −B + Bx

A
)

D2
(3.2)
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Figure 3.2: Scheme of the slit system.

The y slit was kept at a constant value of 24 mm for the entire duration of the experi-

ment, whereas the x slit was set at 21 mm, 10 mm, 5 mm, or 1 mm, which correspond

to solid angles of 13.94 msr, 7.24 msr, 3.43 msr, and 0.38 msr, respectively. The

solid angle was notably decreased for elastic scattering measurements at low angles

to prevent damaging the focal plane detector due to excess count rates. Furthermore,

small solid angles help to reduce the widths of impurity peaks in the deuteron energy

distribution spectra, as it will be shown in the next section.

3.1.3 Quadrupole-three-dipole magnetic spectrograph

The Q3D magnetic spectrograph presented in Figure 3.3 is composed of one quadrupole

lens and three dipole magnets, for which stands its abbreviation[34]. A motor con-

trols the angle at which the scattered particles enters the spectrograph by rotating

the whole device on a circular track around the target axis.
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Figure 3.3: Scheme of the Q3D magnetic spectrograph. Source: Ref. [35]

The quadrupole lens focuses the scattered deuteron onto the focal plane of the de-

tector, while the dipole magnets separate their trajectories according to their rigidity,

i.e. the momentum-to-charge ratio in equation 3.1. As a result, the arrival position

of the particles onto the focal-plane is a function of their velocity and thus, a function

of their kinetic energy. The magnetic field of the Q3D is adjusted depending on the

momentum bite that is to be investigated, i.e. the energy portion of interest in the

152Sm spectrum. To calculate the Q3D excitation energy setting, the physical radius

of the detector apparatus (represented by ρ in equation 3.1) needs to be considered.

In addition to the momentum bite, the magnetic field is automatically modified by

computer to take into account the target and projectile masses, as well as the spec-

trograph angle. In the present case, the energy distribution of the deuteron ions

only was of interest, so the setting was arranged for its mass such that a significant
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part of the other reaction products (with different masses) could not reach the detec-

tor because they would not be bent appropriately. The mass of the target and the

spectrograph angle are also important factors when setting the magnetic field since

they are implicated in the scattering kinematics. As mentioned in section 2.2, all the

measurements are performed in the laboratory frame. For elastic scattering, it is also

recalled that the velocities of the colliding particles in the center of mass frame are

unchanged before and after the collision, while it is not the case in the laboratory

frame, i.e. the velocities (and kinetic energies) of the colliding particles are changed

(accordingly to the conservation of momentum) and they depend on the scattered

angle. The relation between the kinetic energy EDLAB
of the deuteron particle and

the scattered angle θLAB in the laboratory frame for elastic scattering is given by[21]:

EDLAB
= EDCM

− mD

mD +mSm

ETotCM
+ 2

√

mD

mD +mSm

EDLAB
ETotCM

cos θLAB (3.3)

where EDCM
= 21.4 MeV is the deuteron energy in the CM frame and ETotCM

=

0.3 MeV is the energy of the CM. For a constant magnetic field of the Q3D but

increasing spectrograph angles, the slight decrease in the elastic peak energy would

cause the position of the peak to shift downwards in the position spectrum. The

magnetic field is thus adjusted to compensate a change in angle for the specific re-

action 152Sm(~d,d′), such that the measured position of the elastic peak associated

with the scattering from 152Sm nuclei remains approximately constant. However, the

elastic peak energies associated with other reaction products (impurities) will shift

with changing angle, because the dependency of the energy on the angle is affected

by the target mass. The main impurities are 12C, 13C, 16O, and H coming from the

target carbon backing and possible water molecules, or hydrocarbons building up on
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Figure 3.4: Kinematics of 22 MeV deuteron elastic scattering

the target. Since these elements are all lighter than 152Sm, the energy of their elas-

tic peaks will drop faster with increasing angle. This is shown in Figure 3.4 which

presents the energies of the elastic peaks associated to the nuclei mentioned above, as

a function of the spectrograph angle. For a constant ∆θ, one can see in the plot that

the ∆EDLAB
increase for decreasing target masses. Therefore, the impurity peaks are

generally wide in energy and are not focused by the optical elements of the Q3D. The

way to reduce their width is by reducing the solid angle, as mentioned in the previous

section.

The particle identification and the determination of their energy are achieved by

analyzing the data collected by the detector, as it will be presented in the next section.
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3.1.4 Cathode-strip focal plane detector

The arrival positions of the deuteron ions onto the focal plane of the magnetic spec-

trograph depends on their energies. By aligning the position sensitive cathode strip

detector appropriately with the focal plane, the position spectrum of the deuterons

can be easily correlated to its energy spectrum.

The detector is composed of two main parts. The first consists of chambers filled

with 500 mbar isobutane and contains two proportional counters in which the energy

losses of the particles are measured[35, 36]. One of the two proportional counters is

coupled to a cathode-strip foil to determine the position of the particles. The second

part consists of a 7 mm thick plastic scintillator that completely stops the particles

to measure their remaining energies. Details are presented below.

Figure 3.5 presents a scheme of the detector. The particles from the Q3D enter

the first gas chamber of the detector through the entrance window with an angle of

incidence between 40◦ and 50◦[37, 38]. They generate free electrons by ionizing the

isobutane molecules. The electrons created in between the two cathode foils drift

toward the anode wire which is connected to a counter. The high electric field around

the anode provides enough energy to the electrons for creating further ion pairs when

colliding with the isobutane molecules. An avalanche of electrons is thus induced close

to the anode wire. The total amount of charge created, obtained from the integration

of the electric current in the anode, is proportional to the amount of energy lost by

the incident charged particles. From this first proportional counter, a characteristic

energy loss ∆E1 is then attributed to each incident particle.

A second gas chamber allows in the same way the determination of another char-

acteristic energy loss ∆E. This chamber differs from the first one by two major

additions. First, two anodes wires (upper and lower) are employed and their signals
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Figure 3.5: Scheme of the cathode-strip focal plane detector.
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are summed to get the ∆E energy. The number of events on each wire must be about

the same in order to ensure the appropriate vertical alignment of the detector chamber

with the focal plane. The entire detector is raised or lowered to balance the number of

events in the two anodes. The second difference with the first chamber is that one of

the cathode foils is replaced by a cathode strip foil, in which the strips are electrically

separated and they are connected to individual preamplifiers and shapers. The elec-

tron avalanches occurring close to the anode wires induce positive charge signals on

the cathode strips and their amplitudes depend on their distance to the avalanches.

The signal of each strip is read out individually and converted into a digital number

proportional to its amplitude. The charge distributions on the cathode strips allow

the determination of the particle positions as follow. If the analog signal from a given

strip exceeds a preset “background” value, the application specific integrated circuits

(ASICs) mark the strip as active. If 3 to 7 neighboring strips are marked as active

simultaneously, the ASICs counts a valid event. If this condition is not reached, the

active strips are reset to reduce the background. During the data acquisition, the

position of an event is calculated by fitting the strip charge histogram of Figure 3.5

with the rapid method of the center of gravity. This helps reducing the dead-time of

the acquisition system, but increases the systematic error on the particle positions.

However, since the charge distributions are recorded, the error is eliminated after the

data acquisition by fitting them with Gaussian distributions in post analysis. The

focal plane detector determines an ion position to a position better than 0.1 mm with

a kHz count rate and a dead-time of 150 µs per event[35, 37].

The total energy E (remaining energy) of an incident particle is then determined

with the plastic scintillator. The particle is stopped and the emitted light pulse is

converted into an electric pulse by a photomultiplier tube. The particle identification
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is performed by comparing the total energy E of the particle with the energy losses

∆E1 and ∆E in the proportional counters, or by simply comparing ∆E1 with ∆E.

The energy distributions are distinct for each type of particles when considering the

amount of energy lost in the two proportional counters, as it is shown in the spectrum

of Figure 3.6. The deuteron distribution is differentiated from that of the tritons with

the fact that it has lost a smaller amount of energy in the counters. Indeed, the en-

ergy lost in a counter is proportional to the mass and the charge of the particle, and

thus to its momentum and number of protons. A gate can be applied to keep only

the wanted energy distribution part, while discarding the unwanted part attributed

to other reaction products, such as the triton particles in this case.

3.1.5 Dead-time corrections

Both the data acquisition system and the detector ASICs are sources of dead-time.

A percentage of the data has consequently been altered and it must be taken into

account in the experimental differential cross section calculation. The following will

show how this dead-time has been determined.

A Faraday cup is placed behind the target at an angle of 0◦ with the incident

beam to measure the beam current that is not deflected. The Faraday cup consists

of a metal conductive cup that catches the charged particles (deuterons) in vacuum.

A small net charge is thus gained in the metal when the ions are neutralized. The

current I obtained is proportional to the number of ions N hitting the Faraday cup:

N

t
=
I

e
(3.4)
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Figure 3.6: Energy losses spectra. Upper plot: Energy loss (∆E) vs. energy loss
1 (∆E1) from the anode signals of the proportional counters. The upper bundle is
composed of triton particles while the lower one represents the deuteron particles.
Lower plot: Energy loss (∆E) vs. the remaining energy E from the proportional
counter and the plastic scintillator, respectively. The upper bundle consists of triton
particles and the lower one is composed of deuteron particles.
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where t is the time and e is the elementary charge. A first current integrator is

connected to the Faraday cup to keep track of the total charge accumulated during

the duration of the run. The output of the current integrator after a complete run

is called Scaler 1, which is easily related to the total charge, considering a scaling

factor that depends on the full scale setting of the Faraday cup. In the present

experiment, the full scale setting was 2 µA for the full 1000 count/second, as shown

in the equation:

2.0 [µA]

1000 [cps]
=

Total Charge [C]

Scaler 1
(3.5)

The measured non-deflected beam current is approximately equal to the actual total

beam current since only an extremely small portion of the total beam is deflected. The

Scaler 1 quantity is also involved in the calculation of the experimental differential

cross section since the latter requires the knowledge of the total number of particle

hitting the target during a run. The current integrator signal is connected to a second

scaler that is activated only during the data acquisition dead-times, in order to keep

track of the dead events. The dead-time factors are therefore obtained with the ratio

of Scaler 3 to Scaler 1.

The second dead-time source comes from the detector ASICs. Every time an

event cannot be recorded, one count is added in the channel 0 of the spectrum. The

dead-time factor is then given by the ratio of the number of counts in the channel 0

(Ch0) to the total number of counts in the entire spectrum (Tot). The total dead-time

correction LT can then be written as:

LT =

(

1 − Scaler 3

Scaler 1

)(

1 − Ch0

Tot

)

(3.6)
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Figure 3.7: Dead-time corrections for the DAQ system and the detector ASICs as a
function of the count rate

Figure 3.7 shows the dead-time corrections as a function of the count rate. Each point

the in graphs corresponds to a specific run number. We note that some of them in

the lower graph, mostly around 100 Hz, do not follow the general trend and possess

unexpectedly large dead-time corrections.

3.2 Data analysis

The data collected by the detector during a specific run can be displayed in a spectrum

of the number of counts recorded as a function of the arrival position of the particles
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onto the focal plane (channel number). Once the gates have been applied to the ∆E1-

∆E plots in order to remove the data that are not attributed to the deuteron reaction

products, significantly cleaner spectra are obtained. For each run there corresponds a

specific set of experimental parameters: the scattering angle, the momentum bite, the

solid angle and the beam polarization. The data set analyzed has scattering angle

values varying between 15 and 115◦ and the main momentum bites are 700, 1380,

and 1500 keV. The position of a peak in a spectrum represents the deuteron energy

and it is always equal or smaller than 22 MeV since a portion of the energy has been

transfer to the recoiling nuclei 152Sm during the collision. Therefore, a decrease in

deuteron energy corresponds to an increase in excited energy of 152Sm. The number

of counts constituting each peak represents the population probability of an excited

level and it is used in the calculation of the differential cross section. Every peak

must accordingly be carefully fitted to evaluate accurately its area. A precise energy

calibration is also needed to extract the level scheme of the possible excited energies

in 152Sm.

3.2.1 Peak fitting and program used

The CNE program was used to get quick overviews of the spectra and to execute

basic operations on them such as the addition of spectra with identical experimental

parameters but from different runs. The data set contains many of these extra spectra,

forming identical pairs, triplets or even quadruplets of spectra. They were added

together before performing the peak fitting in order to get a reliable differential cross

section rather than averaging less accurate individual values. The CNE program

was also used to extract basic quantities such as the total number of counts in a

spectrum and the number of counts in the channel 0, which were both employed in
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the calculation of the detector ASIC dead-time.

The peak-fitting program FitPic was used to display the spectra into histogram

format and to fit the identifiable peaks with the minimum χ2 method. The strongest

peaks in a spectrum are automatically identified and fitted roughly. The program is

graphically oriented and designed to subsequently perform thorough and consistent

manual fitting, allowing a precise determination of the peak positions and areas.

Every peak exhibits a tail on the left side, which corresponds to the low energy side

of the deuteron particles or the high energy side of the excited 152Sm nuclei. The tail

is attributed mostly to the energy loss and straggling of the deuteron in the target.

The peak shapes including their tails are modeled with an appropriate analytical

expression containing a number of free parameters. The program FitPic uses a

pure Gaussian with area Ai and width σ, and many different types of deformation

are available to profile the tail. In the context of this analysis, only the left side

polynomial (powers of 4 and 12) tail and the left side exponential tail are considered

to deform the Gaussian. The suited expression used to reproduce the peak features

is[39]:

yi(x) =
Ai

σ
√

2π
e

−(x−xi)
2

2σ2
[

1 + 0.1P1(x− xi)
4 + 0.001P2(x− xi)

12
]

+E2

(

1 − 16

16 + (x− xi)2

)

Ai

σ
e−E1|x−xi| + Background (3.7)

where x is the channel to be analyzed and xi is the position of the ith peak to be

analyzed. The free parameters P1 and P2 are the weighting factors of the 4th and

12th power polynomials, respectively, while the parameters E1 and E2 are part of the

exponential correction term. Since the tail is on the left side of the peak only, the

right side does not required any correction such that it remains a pure Gaussian. The
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background is fitted with constant, linear, quadratic and cubic terms by choosing

the corresponding coefficients that produce the best fit. The strategy adopted to

determine the proper values of the remaining free parameters σ, P1, P2, E1, and E2

is presented in the next section.

3.2.2 Method of peak fitting

In order to obtain the best values for the centroid and area of each peak, the shape

parameters related to the tail are determined in a region of the spectrum where the

statistics is optimal (i.e. where the peaks are the highest and are free of impurities)

and then interpolated to the rest of the spectrum. For example, the ground state peaks

were used - when present in the spectra - to obtain the best tail shape parameters.

The method of interpolation offers consistency and facilitates the fitting of weak

peaks or peak that are deformed by impurities. The procedure followed to fit an

entire spectrum was the following:

1. Fit the peak or the group of peaks with the highest statistic. Let the σ parameter

free, and enter guess values for P1, P2, E1, and E2 (around 0.1). Find the

best parameters for the tail shape by fixing a portion of the parameters and

optimizing the remaining ones, and iterating for different such combinations,

until satisfying agreement.

2. Extend these parameters to the entire spectrum by setting them as interpolation

values. Fit all the peaks with these fixed tail parameters, leaving the σ free.

3. Plot the σ parameters in function of their channel numbers and remove all the

outliers values. Perform a fit minimizing the χ2 which takes into account the

relative importance of σ according to their error value. Use the values of the fit
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to refit all the spectrum.

This process was repeated for every spectrum. The tail shape parameters of a fitted

spectrum were used as a starting point to fit subsequent spectra within the same

momentum bite. The high number of peaks observed in this data set allowed for the

steps given above to be done for every spectrum individually (rather than accumu-

lating the statistics of all the spectra) which was observed to provide more reliable

fits. For example, having a σ fit for every spectrum increases the leeway to ensure

that every peak is well fitted. A sample screen-shot (edited to improve readability)

of the FitPic program running on a Linux operating system is shown in Figure 3.8.

An example of a σ plot with its fit is presented in the upper graph while that of a

fitted peak - using the σ plot - is displayed in the lower graph. The fitted coefficients

A, B, and C for the σ curve as well as the tail parameters optimized from the fit of

the peak in Figure 3.8 are shown in Table 3.1. The fitting coefficients A, B, and C

are defined as:

σ =
√
A+Bx+ Cx2 (3.8)

It is important to mention that the ultimate test for the choice of the fixed parameters

is based on how accurate the fits look. This means in particular that several iterations

are needed to find the optimal parameter set for fitting a spectrum.

3.2.3 Energy calibration

The energy of the excited states of 152Sm populated in the (~d,d′) reaction can be

determined with an accurate energy calibration. Since the nucleus 152Sm has long

been investigated, a large number of its excitation energies is well known. Starting

75



Figure 3.8: Sample screen-shot of the FitPic program. Upper graph: Fitted elastic
peak at 60◦ for an up-polarized beam. A portion of the tail is zoomed in to show the
high quality of the fit. Lower graph: The fit of the σ plot is shown to illustrate how
the best σ values are interpolated to the whole spectrum.
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Table 3.1: Peak shape parameters used in FitPic for the fitting of a spectrum at 60◦

with a 700 keV momentum setting and a down-polarized beam.

Parameters A B C
σ 9.3916 0.0013232 1.2423 × 10−6

P1 0.51154 0 0
P2 0.0024563 0 0
E1 0.42683 0 0
E2 0.56377 0 0

with the identification of the highly populated peaks, one can obtain a set of points

associating the peak positions along the Q3D focal plane to specific energies. The

process of peak identification must be repeated for every different momentum bite

used throughout the experiment. Polynomial fits are performed to get the unknown

peak energies from the arrival position (channel number). The χ2 test is used to

quantify how the fit differs from the data set and it is used as the optimization

parameter. For a number N of data points, the χ2 is defined as[40]:

χ2 =
N
∑

k=1

(Ok − Ex)
2

Ek

(3.9)

where Ok and Ek are the experimental and fit values respectively. Acceptable fits

must fulfill the condition χ2 ≤ N . The smallest degree of the polynomial which

appropriately fits a data set is chosen following the test of additional term called

F -test. It is a statistical measurement of how a fit has been improved (how the χ2

has been decreased) following the addition of a supplementary polynomial term. To

an initial fitting function containing p − 1 term(s) corresponds a χ2(p − 1) that has

N − p degree(s) of freedom. If an extra term is added in the fitting function, the

corresponding value of χ2(p) has N −p−1 degree(s) of freedom. The difference gives

a distribution with one degree of freedom and it is used to determine if another term
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Table 3.2: Polynomial fit parameters and uncertainties for the energy calibration.
The basic polynomial functions have the quadratic form: y = a2x

2 + a1x+ a0

Fitting Parameters 700 keV 1380 keV 1550 keV
a0 1806.3 2471.2 2612.420

lower a0 1804.8 2468.0 2612.418
upper a0 1807.9 2474.0 2612.423

a1 −0.87451 −0.85007 0.8389800
lowera1 −0.87171 −0.84610 −0.8389772
upper a1 −0.87730 −0.85390 −0.8389830

a2 5.4848x10−5 5.2356x10−5 5.270930x10−5

lower a2 5.3819x10−5 5.1170x10−5 5.270830x10−5

upper a2 5.5877x10−5 5.3510x10−5 5.271000x10−5

significantly improves the fit. The F -test value is defined as[41]:

Fx =
χ2(p− 1) − χ2(p)

χ2(p)/(N − p− 1)
. (3.10)

A small Fx value means that the added term did not significantly improve the fit and

that this term is therfore not needed.

Three main momentum settings were used: 700, 1380, and 1550 keV. The poly-

nomial fit and parameters for each of these settings are presented in Figure 3.9. The

F -test has revealed that quadratic equations are sufficient to appropriately fit the

700, 1380, and 1550 keV momentum bite settings. The polynomial equations are

given on the calibration plots and their χ2 fullfill the condition χ2 ≤ N . It is impor-

tant to note that no peak below channel 300 has been used for the energy calibration

because non-linear effects become more important in this region of the focal plane,

and therefore these peaks are less reliable. The uncertainties on the polynomial fit

parameters are given in Table 3.2. They consist of 95% confidence bounds that define

the lower and the upper fitting function limits in which 95% of the values (given

sufficient statistics) are expected to lie.
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A peak energy deduced from a polynomial function has two main sources of un-

certainty. The first, called ∆p, comes from the error on the peak position along the

focal plane. The quality of the peak fitting influences the position uncertainty which

is obtained through the FitPic program. This position uncertainty is converted to

energy uncertainty, i.e. the lower and the upper position limits are used to calcu-

late the lower and upper energy limits, using the appropriate polynomial function,

from which the average ∆p is deduced. The second source of error, called ∆f , is the

error associated to the fit itself, which was used in the energy calibration. Again,

the lower and the upper energy limits are calculated with the polynomial function,

this time using the uncertainties on the fit parameters given in Table 3.2, in order to

deduce the average ∆f . The total energy uncertainty ∆E is obtained with the “root

square method of addition”: ∆E =
√

∆p2 + ∆f 2. A list of peak energies with their

uncertainties is presented in Table 3.3.

Table 3.3: Summary of the peak energies present in the 152Sm spectra and their
associated level(s) and band(s). The parenthesis next to KΠ gives the band position.
As examples, the ground state band is written as 0+ (g.s.) (but it corresponds to 0+

(1)), the first β-band is written as 0+ (2), and the second γ-band is written as 2+ (2).

Eexp [keV] Level Band KΠ Eexp [keV] Level Band KΠ

0.2(4) 0+ 0+ (gsb) 1310.2(4) 6+ 0+ (2)
121.7(2) 2+ 0+ (gsb) 1371.9(1) 4+ 2+ (1)
366.13(7) 4+ 0+ (gsb) 1505.41(5) 7− 0− (1)
684.6(3) 0+ 0+ (2) 1511.4(2) 1− 1− (1)
706.9(2) 6+ 0+ (gsb) 1529.9(3) 2− 1− (1)
810.52(9) 2+ 0+ (2) 1559.6(14) 5+ 2+ (1)
963.39(7) 1− 0− (1) 1579.10(5) 3− 1− (1)
1023.3(4) 4+ 0+ (2) 1609.9(14) 10+ 0+ (gsb)
1041.09(3) 3− 0− (1) 1612.22(14) 4+ 0+ (3)
1085.86(3) 0+ 0+ (3) 1650.0(3) 2− 2− (1)

2+ 2+ (1) 1659.3(3) 0+ 0+ (4)
1125.3(2) 8+ 0+ (gsb) 1665.1(10) 8+ 0+ (2)
1221.40(9) 5− 0− (1) 1682.0(6) 4− 1− (1)
1234.4(16) 3+ 2+ (1) 1− 0− (2)
1293.00(14) 2+ 0+ (3)
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Table 3.3 – Continued

Eexp [keV] Level Band KΠ Eexp [keV] Level Band KΠ

1728.4(2) 3− 2− (1) 2039.6(6) 6+ 4+ (1)
6+ 2+ (1) 2044.8(11) 4+ 2+ (2)

1756.8(3) 4+ 4+ (1) 2053.5(13) Unknown Unknown
0+ 0+ (5) 2070.5(5) 4+ Unknown

1763.4(4) 5− 0+ (4) 2089.1(7) Unknown Unknown
1768.5(3) 2+ 2+ (2) 2095(38) 5+ Unknown
1779.0(2) 3− 0− (2) 2110.2(8) Unknown Unknown

2+ 0+ (4) 2124.4(11) 7− 7− (1)
1803.62 5− 5− (1) 2129.9(6) Unknown Unknown

1821.4(9) 4− 2− (1) 2137.7(4) Unknown Unknown
1878.9(5) 9− 0− (1) 2148.7(19) 12+ 0+ (gsb)
1893.0(4) 5+ 4+ (1) 2161.0(9) Unknown Unknown

0+ 0+ (6) 2189.5(9) Unknown Unknown
1905.95(9) 3+ 2+ (2) 2214.2(10) Unknown Unknown

2+ Unknown 2233.6(10) Unknown Unknown
1920.20 6− 5− (1) 2243.4(10) Unknown Unknown

1926.8(9) 6− 1− (1) 2260.0(11) Unknown Unknown
1933.3 5− 2− (1) 2281.7(13) Unknown Unknown

1944.5(3) 1+ 1+ (1) 2290.0(11) 9− 1− (1)
7+ 2+ (1) 2305.5(12) Unknown Unknown
2+ 0+ (5) 2334.6(13) Unknown Unknown

1954.30 4+ Unknown 2343.4(14) Unknown Unknown
1958.29 Unknown Unknown 2357.1(13) Unknown Unknown
1963.96 2+ Unknown 2366.2(14) Unknown Unknown

1975.5(6) 5− 0− (2) 2370.6(14) Unknown Unknown
2002.3(6) 7− 1− (1) 2382.7(16) Unknown Unknown
2009.9(6) 4+ 0+ (4) 2388.7(17) Unknown Unknown

6+ 0+ (3) 2397.9(14) Unknown Unknown
2409.4(14) Unknown Unknown

These energies are obtained using the three momentum bite settings 700, 1380,

and 1550 keV. Some portions of these settings overlap in energy, such that for certain

peaks, two independent energy values are extracted. In such cases, the energy with

the smallest uncertainty was systematically chosen. Table 3.3 also presents the level

and the band to which a peak corresponds. In some cases, more than one level is

associated to a single peak. This means that the implied levels are too close to be

resolved and therefore only one peak is used to fit them. It is important to note that
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even though in some cases many levels are attributed to a restricted energy area,

it is hard to determine if one of the levels completely dominates the other(s). For

this reason, when a peak is identified by more than one level, it must be taken as a

suposition rather than a formal identification. Doublets and triplets were observed

to become more present at high energy, especially at energies greater than 1.7 MeV.

The high-energy portions of the spectra in Ex = 1380 and 1550 keV were some-

times difficult to fit due to the very small distance separating the peaks. Low-spin

levels above 2.1 MeV are not well known and therefore the peak identification was

impossible. Therefore, a peak labeled as unknown in the energy list might correspond

to a doublet or a triplet.

Most of the peak energies given in Table 3.3 are present in the 700 and 1380

momentum setting spectra, which cover 152Sm energies up to 2.4 MeV, as shown

in Figures 3.10 and 3.11. The strongest peaks are labeled with their corresponding

states. It can be seen that high-quality spectra were obtained, as demonstrated by the

fact that even forbidden states (with unnatural parities) are observed. The example

of the forbidden level 2− from the K=1− band is shown in Figure 3.12 and identified

in red in Figure 3.11.

The differential cross sections are calculated for peaks that are located in the low-

energy portion of the spectra (mainly below 1.8 MeV) where the peak identification

is most reliable. The next section presents the calculations involved in obtaining the

experimental differential cross section angular distributions.

3.2.4 Experimental differential cross section calculation

Each peak of a spectrum is associated to the population of one or many states in

the excited nucleus 152Sm. The probability for a deuteron particle to lose a specific
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Figure 3.10: Deuteron spectrum acquired with Ex = 700 keV momentum setting, at
60◦ with down-polarized beam. Most of the highly populated levels are labeled.
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Figure 3.11: Deuteron spectrum acquired with Ex = 1380 keV momentum setting,
at 20◦ with down-polarized beam. Most of the highly populated levels are labeled.
Note that at high energy, the level identification is more ambiguous and thus several
large peaks are unlabeled.
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Figure 3.12: The forbidden state 2− of the Kπ=1− band with an energy of
1529.9(3) keV is unambiguously observed in this portion of a deuteron momentum
spectrum obtained at 60◦ using the 1550 momentum setting with an up-polarized
beam.

quantity of energy (X keV) in favor of the target nucleus during the 152Sm(~d,d′) direct

reaction is proportional to the number of counts forming a peak centered at this energy

X keV. The number of counts Nc (area of the peak) involved in the population of a

state is extracted when fitting the corresponding peak. Therefore, the quality of an

experimental differential cross section value mainly depends on how accurate the fit

is. The differential cross section in the laboratory (LAB) frame is calculated using:

(

dσ

dΩ

)

LAB

=
Nc

LT Nt Nb dΩ ǫ
[m2], (3.11)

where LT is the total dead-time correction given by equation 3.6, Nt is the target

thickness in [m−2], Nb is the total number of incoming beam particles during the run,

dΩ is the solid angle of the Q3D acceptance aperture, and ǫ is the efficiency of the
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Q3D in transmitting the particles and the efficiency of the gating method for the

events selection. Equation 2.3 is then used to obtain the differential cross section in

the center of mass (CM) frame.

The value of ǫ is set to 100% even though the gating process and the Q3D trans-

mission both introduce a small error. However, this approximation is acceptable with

the introduction of a systematic error (see section 3.2.6). The calculation of the total

number of incoming beam particle Nb is performed using the beam current integra-

tor (Scaler 1). Knowing that each deuteron particle carries one unit of elementary

charge e, Nb is simply given by the total charge accumulated during a run over the

elementary charge. Using equation 3.5, Nb is written:

Nb =
Total charge [C]

e [C/particle]
=

(2x10−6 Scaler1)/1000

1.602x10−19
. (3.12)

The solid angle dΩ is calculated using equation 3.2 with the 0.50 mm and 0.00 mm

systematic offsets of the slit positions in the x and y directions, respectively. These slit

offsets were determined using three spectra with different slit settings, 5x24, 10x24,

and 21x24 mm, but having all the same other settings (θ = 35◦, Ex = 800 keV,

down polarized beam). The differential cross sections of the 2+ states obtained from

these three spectra are first calculated using dΩ without considering any offsets. In

principle the three results should be equal, but it is not the case, in great part due to

the slit systematic offsets. The later are thus optimized in such way as to minimize the

difference between the calculated differential cross sections for the three slit settings.

The case of the slit setting 1x24 mm is different. Once again considering the 2+

state, no slit offset could successfully bring the differential cross sections obtained

from the 1x24 mm and 5x24 mm settings within 3%. To compensate the systematic

difference, a normalization factor of 0.349 is applied to all the differential cross sections

86



calculated with the 1x24 mm slit setting.

The target density ρt = 113 µg/cm2 furnished by the target maker allows a first

calculation of the target thickness Nt using the Avogadro number Na and the 152Sm

molar mass M152Sm = 0.15192 kg/mol:

Nt =
ρtNA

M152Sm

≈ 4.48x1021 [m−2] (3.13)

This result is not the value used in the calculation of the differential cross sections

since the provided target density is not sufficiently accurate. The actual strategy

to find the target thickness is the following: the theoretical elastic differential cross

section
(

dσ
dΩ

)elastic

DWBA
at θCM = 20.263◦ (θLAB = 20.000◦) is first obtained using the

DWBA calculation with the appropriate optical model potential in the Chuck3 and

Ecis03 programs 1. Then, the number of counts N elastic
c in the elastic peak at θCM =

20.263◦ (average for the up and down polarized beam) is directly obtained from the

corresponding spectra. Finally the equation 4.2 is rearranged to find Nt:

Nt = 0.349
N elastic

c
(

dσ
dΩ

)elastic

DWBA
LT Nb dΩ

≈ 3.16x1021 [m−2] (3.14)

Since the slit settings of the two spectra used to get the Nc(↑) and the Nc(↓) val-

ues were both 1x24 mm, the normalization factor 0.349 must be considered in the

calculation. The Nt value obtained with this equation corresponds to the “physical

thickness” of the target (normal incidence thickness). However, because the target

makes an angle of θ/2 with the outgoing beam, a correction must be applied to take

1The Chuck3 and Ecis03 programs are briefly presented in section 4.3 and the details of the
optical model potential are given in section 4.1
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into account the actual target thickness “perceived” by the beam:

Nt ≈
3.16x1021 [m−2]

cos (θ/2)
(3.15)

The differential cross section is calculated for every identified low-lying energy level,

at each angle measured, and for both up and down polarizations. The angular dis-

tribution of the differential cross sections for each state is thus constructed, after

averaging the values associated to the up and down polarizations. When many spec-

tra were measured with the exact same settings (including the momentum bite), they

are added together to obtain better Nc statistics. On the other hand, for spectra with

the same settings but with different momentum bites, such addition is not performed.

The differential cross sections are rather calculated separately and the value with the

smallest uncertainty is selected and reported in Chapter 4.

3.2.5 Experimental vector-analyzing powers

The coupling scheme is primary determined based on the experimental angular dis-

tributions. However, since the structure of 152Sm is complex, the vector analyzing

power, or cross section asymmetry, is an important tool when extracting the cou-

pling amplitudes. It consists of the normalized difference between the cross sections

obtained with an up-polarized and a down-polarized beam:

Ay =
2

3p

(

dσ
dΩ

↑ − dσ
dΩ

↓
dσ
dΩ

↑ + dσ
dΩ

↓

)

(3.16)

where p = 0.8 is the beam polarization efficiency. The theoretical curve of the vector

analyzing power can also be calculated with both the Ecis03 and Chuck3 programs.
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3.2.6 Calculation of uncertainties

Systematic and relative errors are both considered in the calculation of the differen-

tial cross section uncertainties. The ratio method involved in the calculation of the

differential cross sections with the Nt of equation 3.14 provides the advantage of sig-

nificantly reducing the relative error comprised in equation 4.2. The only remaining

relative error to consider is the one attributed to the number of counts Nc (peak area)

obtained by the peak fitting.

In the previous section, the method used to determine the slit offset was exposed.

Even with the optimized offsets, the three 2+ state differential cross sections ob-

tained from the three different spectra (same settings but different solid angles) are

slightly different. The systematic error ∆S associated to these diverging values, is

approximated by:

∆S = 100
σ

x̄
≈ 2.5% (3.17)

where σ and x̄ are the standard deviation and the average of the three differential

cross sections, respectively. The systematic error related to the Q3D efficiency (in

transmitting the particles) and to the gating method efficiency (in selecting the events)

is set to 1 %.

The errors ∆x1, ∆x2, ...∆xn in a function Z = f(x1, x2, ...xn) are propagated

as[42]:

∆Z2 =

(

∂f(x1, x2, ...xn)

∂x1
∆x1

)2

+

(

∂f(x1, x2, ...xn)

∂x2
∆x2

)2

(3.18)

+...

(

∂f(x1, x2, ...xn)

∂xn
∆xn

)2

.
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The total systematic error in experimental differential cross sections is calculated

using this equation. The result is rounded up to 3 %. The total uncertainties of the

experimental differential cross sections are obtained by adding the relative error ∆Nc

to the systematic error, again using equation 3.19.

The propagation of the differential cross section errors in the vector analyzing

power equation 3.16 follows the same equation. A systematic error of 4 % on the

polarization p is also included.

3.3 Theoretical cross sections calculations

Now that the experimental differential cross section has been presented, the practical

details of the theoretical calculations are described. The programs Chuck3 and Ecis03

both allow the calculation of angular distributions specific to the 152Sm(~d,d′) reaction.

The coupling strengths are optimized to best match the experimental data. The

population of the levels within the same band are expected to result mostly from E2

transitions, while the inter-band transitions are expected to be mainly of the type E2

or E3.

3.3.1 Introduction to the Ecis03 and Chuck3 programs

The Chuck3 and Ecis03 programs are used to solve numerically coupled equation

systems that depend on a series of input parameters chosen by the user. The coupled

equations 2.35 show that the complexity of the calculation (and thus the computer

time) increases exponentially with the number of implicated channels. However, this

limitation on the number of channels does not affect the quality of the results, since

the population of high-spin levels in the reaction 152Sm(~d22MeV,d′) is negligible. Only
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the low-lying levels of each band are considered in the theoretical calculations.

Chuck3 program:

This program allows the use of several different models for the calculation of the inter-

action potential. In this work, the ICODE is set to 0, i.e. the inelastic excitations are

treated by using the strong coupling collective nuclear model[30]. The output gives

angular distributions that are normalized in terms of the the nuclear model chosen

to describe the reaction.

The calculation of the interaction potential - and thus the differential cross sec-

tion - requires numerous inputs such as the target and projectile spins, as well as their

relative, coupled, and total angular momenta. More specifically, the Chuck3 input file

is divided into three main parts. The first contains general information such as the

total number of channel considered, their respective spin and parity, as well as some

technical details like the angle of interest and the increment. The second defines the

type of nuclear reaction (for instance the mass and charge of the target and projectile,

the energy of the projectile, etc), describes every channel, and provides the optical

potential forms and parameters. Finally, the last portion of the input file is concerned

with the coupling between the channels and once again offers options on the potential

forms and parameters. The couplings must be fully described since the calculation

of the differential cross sections depends explicitly on several critical parameters, in

particular the coupling strengths, the transferred angular momentum and spin, and

the order of deformation for the collective form factor.

The program offers two options with respect to the type of coupling: one-way

coupling from the initial to the final state, or two-way coupling which involves back

coupling. The program can therefore be used, through the one-way coupling option,
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to perform DWBA calculations as well.

The Chuck3 user manual explains in detail how to create input files to run the

program. A representative example is presented in Appendix A.

Ecis03 program:

This program also allows the use of several different models for the calculation of the

angular distributions. Only the symmetric rotor model has been used and explored in

this work. It will be discussed in Chapter 4 how this model imposes several restrictions

that limit the coupling amplitude optimization possibilities.

The Ecis03 input file requires numerous parameters that describe the nuclear

reaction of interest, such as the target and projectile masses, the kinetic energy and

spin of the projectile, an more. The input file is divided into four main sections.

The first contains the general information about the type of reaction and the nuclear

model used to describe it, as well as the desired output format. The second section

defines the states in the target nucleus to be populated. The energy of each level

with its spin and parity must be entered, as well as its corresponding band. The

third section sets the chosen inter-band coupling amplitudes to populate the different

bands. It also sets the chosen intra-band coupling amplitudes that are going to be

considered in the bands. Finally the last section provides the optical potential forms

and parameters. A representative example of the Ecis03 input file is presented in

Appendix A.
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3.3.2 Data analysis methodology

As presented in the previous section, the softwares Chuck3 and Ecis03 can be used

to calculate the theoretical differential cross sections associated to the different ex-

cited states of 152Sm, for given sets of coupling amplitudes. The latter are unknown,

and they are precisely what we are trying to determine. What needs to be done is

thus to calculate the differential cross sections for a large number of possible coupling

amplitudes combinations and compare them with the experimental differential cross

sections in order to determine the optimal set. Although it could be done manually,

in order to perform this task in the most systematic, effective, and accurate way pos-

sible2, a Matlab program was written to process all the calculations and find the best

match with the experimental data.

It is important to emphasize that in principle, the CC calculations should con-

sider all the possible pathways to populate a given excited state. This corresponds

to a very large number of unknown coupling amplitudes, as illustrated in Figure 3.13

which presents a subset of possible pathways for populating the 7− state, as an ex-

ample. Each arrow represents a coupling amplitude, that-is-to-say an unknown for

the calculation. To allow all the coupling amplitudes to vary simultaneously, right

from the start, would make the optimization process extremely tedious (close to im-

possible in fact) since every calculation takes several seconds. The strategy adopted

is therefore to begin with the optimization of the coupling amplitudes involved in the

population of the lower energy levels, and to progress upward to higher energy states

from there. In fact, the β2 and β4 values in the ground state band are relatively well

known for 152Sm and their optimization must be done in a narrow range around those

2In particular, in addition to being extremely time consuming, there is a risk of being caught in
local minima if the optimization process is performed manually, without systematically considering
the entire range of possibilities.
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Figure 3.13: Sets of possible population pathways for the 7− state. a) Two population
pathways that do not involve E3 interband transition and that are expected to be
weak. b) The 7− state is populated from the 4+ state with an E3 transitions. c) Two
population pathways both involving E3 interband transitions as well as E2 low-lying
intraband transitions.

values. Intraband couplings are also introduced to open the access for populating the

β, γ, and negative parity bands, that all need to be considered to obtain an appropri-

ate picture. The first iteration of the coupling scheme is thus slowly built up in this

way, so that there is never more than one unknown coupling amplitude per pathway

for a given state. In this initial optimization, one-way coupling only is considered.

Subsequent iterations must then be performed using two-way coupling in order to

improve the validity of the coupling amplitude determined. Such further optimiza-

tion is performed by fixing the majority of the coupling amplitudes determined in a

previous iteration, allowing only a small subset (two to four) to vary at the time3.

Figure 3.14 presents the scheme of the Matlab program written for optimizing the

3For example, if 4 unknowns are considered, and 10 possible values are attributed to each of
them, ten thousands combinations must be calculated.
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coupling coefficients using Chuck3 of Ecis03. This particular scheme is an example for

three unknown coupling amplitudes. It therefore considers three different pathways

to populate the state α: pathways A, B, and C, with unknown coupling amplitudes

Xa, Xb, and Xc, respectively. In this example, Xa, Xb and Xc are allowed to take

values from 0 to 1, with 0.1 increment. The ten thousand possibilities, represented

by K, are processed through a simple loop. The first block in the loop is the input

generator, that generates an input file with the experiment and coupling parameters.

In addition to be necessary for processing all the different calculations, this automated

input generator greatly reduces the possibility of making typing mistakes in the highly

(case) sensitive input text files. The next block consists of running the Chuck3 or

Ecis03 software, executing the CC calculation with the current input file that contains

the current values of Xa, Xb and Xc. The next block extracts the resulting angular

distribution for the α state. Finally, the last block in the loop calculates the χ2

associated with the current values of Xa, Xb and Xc. The output of the loop is a

matrix containing all the χ2 with the associated coupling amplitudes involved in the

calculations. The last step is to find the minimum χ2 to get the coupling amplitudes

that best reproduce the experimental result. The final result is a plot with the

best calculated angular distribution and the experimental angular distribution. The

determination of the optimal set of coupling amplitudes to populate a state α usually

requires successive use of the Matlab program, each time reducing the increment and

the difference between the upper and the lower limits of Xa Xb and Xc.
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Figure 3.14: Scheme of the Matlab program written for optimizing the coupling
strengths.
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3.4 Summary

This chapter first went into depth on the functioning principles of the experimental

apparatus. The experimental data analysis involved in the extraction of the excita-

tion energies and the differential cross sections angular distributions for the principal

states populated in the 152Sm(~d,d′) direct reaction was then presented. Finally, the

theoretical calculation methodology was exposed in the last section to obtain the

transition matrix elements (ME). The next chapter presents the measured and calcu-

lated differential cross sections distributions and gives qualitative results concerning

the ME.
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Chapter 4

Results and Discussion

This chapter presents the experimental and calculated angular distributions of the

differential cross sections and vector analyzing powers for the most highly populated

states extracted in the spectra presented in Chapter 3. Two programs have been

tested to perform the CC calculations in order to obtain theoretical cross section an-

gular distributions: Chuck3 and Ecis03.

The determination of an appropriate optical potential parameter set is first dis-

cussed, along with the suitability of both the Chuck03 and the Ecis03 programs for

performing CC calculations for the 152Sm nucleus. The results obtained with both

programs are then shown, together with the experimental data. A description of the

general features observed in the angular distributions is provided, followed by a discus-

sion of the agreement between the experimental and calculated angular distributions

for the different sets of parameters investigated. The possibility to make a prelimi-

nary tetrahedral symmetry interpretation based on the overall result is discussed and

verified through a simple pathway test. Finally, future works are proposed in order

to extract accurate matrix elements, from which final conclusions will be obtained.
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4.1 Determination of the appropriate optical model

potential

When the coupling amplitudes between the low-lying levels are completely unknown,

the DWBA calculation offers, in first approximation, a good way to choose an optical

model potential. However, since no coupling is considered, the losses in the elastic

channel to the profit of the inelastic channels is not fully considered, and therefore even

the best match with the experimental data would not necessarily imply an optimal

optical model potential. The deformation parameters β2 and β4
1 in the ground state

(g.s.) band are both relatively well-known in the case of 152Sm: the expected values

are 0.236 and 0.041, respectively. As a result, the determination of the optical model

potential can be made more accurately through CC calculations, by considering the

coupling of the low-lying levels in the ground state band.

Four different optical model parameter sets found in literature are investigated

to fit the experimental data: An and Cai[25], Perey and Perey[43], Han, Shi, and

Shen[44], and Bojowald et al.[45]. All four are suited for particular ranges of deuteron

beam energy and target atomic mass; they all include the deuteron energy and target

mass under consideration in this study. The theoretical angular distributions of the

low-lying states in the g.s. band were calculated to probe the validity of these optical

models in the specific case of 22 MeV deuteron particles scattered off 152Sm. These

calculations were performed for both the Ecis03 and Chuck3 programs. Consequently,

in addition to determine the best OMP parameter set, it allows a direct comparison

of the two programs.

1The coupling amplitudes determine how strong the deformations are, and they are also called
deformation parameters. As an example, a transition from the ground state 0+ to the first excited
2+ state involves a β2 parameter.
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4.1.1 Optical model potentials using Ecis03

Figures 4.1 and 4.2 present the CC calculations obtained with Ecis03 for the 0+,

2+, 4+, and 6+ states of the g.s. band, using the four OMP mentioned above. The

calculated parameters for each OMP are presented in Appendix B.
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Figure 4.1: CC calculations of the 0+
g.s. and 2+

g.s. angular distributions using the Ecis03
program. Four different optical model potentials are tested with the values β2=0.236
and β4 = 0.041.

As can be observed, none of them fully reproduce the experimental data. However,

there is definitively a correspondence, in particular for the An and Cai potential. In

general, the amplitudes, the slopes, and the oscillations are reproduced to a good
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Figure 4.2: CC calculations of the 4+
g.s. and 6+

g.s. angular distributions using the Ecis03
program. Four different optical model potentials are tested with the values β2=0.236
and β4 = 0.041.

extent. Nevertheless there are issues that should be addressed by the optimization

of the OMP parameters and the coupling amplitudes. More precisely, Figure 4.1

shows that the calculated angular distributions of the 0+ state present deviations

from the experimental data at high scattering angles. Also, the calculated angular

distributions of the 2+ state are shifted down, and therefore it seems a priori that

the accepted β2 value is too weak. In the case of the 4+ state, the oscillations and

the average amplitude are both relatively well reproduced but we notice that the
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slope is inappropriate. The best fit for the 6+ state is obtained using the An and

Cai OMP and indeed it is the best potential overall. It is thus the OMP chosen for

the subsequent CC calculations using Ecis03 presented in the next section. Efforts

in tuning the An and Cai parameters in view to correct the discrepancies mentioned

above will also be presented.

4.1.2 Optical model potentials using Chuck3

The CC calculations performed with Chuck3 for the 0+, 2+, 4+, and 6+ states of the

g.s. band are shown in the Figures 4.3 and 4.4.

The calculated angular distribution of the 0+ state is observed to be in good

agreement with the experimental data for both the Han, Shi, and Shen potential and

the An and Cai potential. In the case of the 2+ state, there is a major issue with

all four OMP: not only the slope is incorrect but the amplitude at low angle seems

completely irreconcilable. The Bojowald et al. potential is particularly suitable to

reproduce the shape of the 4+ state, although its amplitude is too weak. None of

the four potentials produces the characteristic oscillations of the 6+ state. The best

option overall remains the An and Cai potential, notably considering its match with

the ground state.

Nevertheless, in general the inelastic cross section distributions obtained with

Chuck3 do not reproduce well the amplitude and the features of the experimental

data. In particular, the angular distribution of the 2+ state, which is highly populated

and thus expected to have an important influence on the population of other states,

is significantly better reproduced with Ecis03 than with Chuck3. Quantitatively, in

order to reproduce the differential cross sections of this state (at low angles) using

the An and Cai potential, the accepted β2 value needs to be increased by 70% in the
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Figure 4.3: CC calculations of the 0+
g.s. and 2+

g.s. angular distributions using the Chuck3
program. Four different optical model potentials are tested with the values β2=0.236
and β4 = 0.041.

case of Chuck3, while it only needs to be increased by 10% in the case of Ecis03.

It is possible to decrease this discrepancy by optimizing the OMP parameters. In

the case of Chuck3, major improvements are required to obtain reasonable fit while

using a β2 close to the accepted value. Significant efforts have been directed toward

such optimization, both manually and using the Matlab optimization program, but

no satisfying results were achieved. Consequently, Ecis03 is the adopted program for

the main calculations and the preliminary investigation of the coupling scheme.
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Figure 4.4: CC calculations of the 4+
g.s. and 6+

g.s. angular distributions using the Chuck3
program. Four different optical model potentials are tested with the values β2=0.236
and β4 = 0.041.

The choice of Ecis03 over Chuck3 results however in a loss of freedom and flexibility

in the setting of the intra-band and inter-band coupling amplitudes of the different

bands. The main issue is that the program Ecis03 in the symmetric rotor mode only

allows the specification of global deformation parameter values (for instance only

one intra-band β2 and one intra-band β4 could be specified in our case) and they

are systematically applied to all bands. Furthermore, only one value of inter-band

coupling is allowed for each band. This restriction prevents the full investigation of
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the population pathways and thus can only lead to preliminary conclusions. On the

other side, Chuck3 offers all the needed flexibility regarding the determination of the

coupling scheme, but no satisfying result was achieved in its actual state.

4.2 Angular distribution of cross sections and vec-

tor analyzing powers using Ecis03 program

Figures 4.5 to 4.23 are the key results of this work. They present the experimental

angular distributions of the differential cross sections and vector analyzing powers as-

sociated to numerous low-lying states of 152Sm populated in the (~d,d′) reaction, along

with corresponding preliminary calculations. The latter are meant to be exploratory.

It has not been possible to achieve satisfying fits for all the states studied using a

single OMP and deformation parameters set. However, several encouraging avenues

are explored and should be further investigated.

The experimental data were extracted with the analysis method presented in

Chapter 3. Specifically, Figures 4.5 to 4.9 show the results for the 0+, 2+, 4+, 6+,

and 8+ states of the g.s. band. Figures 4.10 to 4.13 show the angular distributions of

the 2+, 4+, and 6+ states of the first β-band (KΠ=0+(2)). The results for the 2+, 3+,

and 4+ states of the first γ-band (KΠ=2+(1)) are shown in Figure 4.14 to 4.16. Fig-

ures 4.17 to 4.19 display the results for the 1−, 3−, and 5− states of the first negative

parity (n.p.) band (KΠ=0−(1)). Finally, Figures 4.21 to 4.23 present other states of

interest, from different negative parity bands. The angular distributions of some of

these states are combined together because their associated peaks were to close to be

resolved in the experimental spectra.
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Figure 4.5: Angular distributions of the differential cross sections and vector analyzing
powers for the 0+

g.s. state. The red and the blue curves are the CC calculations obtained
using Ecis03 with the global parameter set and the parameter set optimized for both
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g.s. states, respectively.
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Figure 4.6: Angular distributions of the differential cross sections and vector analyzing
powers for the 2+

g.s. state. The experimental energy of this state was found to be
121.7 keV in Chapter 3. The red and the blue curves are the CC calculations obtained
using Ecis03 with the global parameter set and the parameter set optimized for both
the 0+
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Figure 4.7: Angular distributions of the differential cross sections and vector analyzing
powers for the 4+

g.s. state. The experimental energy of this state was found to be
366.1 keV in Chapter 3. The red and the blue curves are the CC calculations obtained
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Figure 4.8: Angular distributions of the differential cross sections and vector analyzing
powers for the 6+

g.s. state. The experimental energy of this state was found to be
706.9 keV in Chapter 3. The red and the blue curves are the CC calculations obtained
using Ecis03 with the global parameter set and the parameter set optimized for both
the 0+
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Figure 4.9: Angular distributions of the differential cross sections and vector analyzing
powers for the 8+

g.s. state. The experimental energy of this state was found to be
1125.3 keV in Chapter 3. The red and the blue curves are the CC calculations
obtained using Ecis03 with the global parameter set and the parameter set optimized
for both the 0+
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g.s. states, respectively. The green curves are made with the

An and Cai potential but using a coupling amplitude set different than the one of the
global parameter set.
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Figure 4.10: Angular distributions of the differential cross sections and vector analyz-
ing powers for the 0+

KΠ=0+(2)
state. The experimental energy of this state was found

to be 684.6 keV in Chapter 3. The red and the blue curves are the CC calculations
obtained using Ecis03 with the global parameter set and the parameter set optimized
for both the 0+

g.s. and 2+
g.s. states, respectively. The green curves are made with a

special parameter set optimized for the 0+
KΠ=0+(2)

state.
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Figure 4.11: Angular distributions of the differential cross sections and vector analyz-
ing powers for the 2+

KΠ=0+(2)
state. The experimental energy of this state was found

to be 810.5 keV in Chapter 3. The red and the blue curves are the CC calculations
obtained using Ecis03 with the global parameter set and the parameter set optimized
for both the 0+

g.s. and 2+
g.s. states, respectively.
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Figure 4.12: Angular distributions of the differential cross sections and vector analyz-
ing powers for the 4+

KΠ=0+(2)
state. The experimental energy of this state was found

to be 1023.0 keV in Chapter 3. The red and the blue curves are the CC calculations
obtained using Ecis03 with the global parameter set and the parameter set optimized
for both the 0+

g.s. and 2+
g.s. states, respectively.
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Figure 4.13: Angular distributions of the differential cross sections and vector analyz-
ing powers for the 6+

KΠ=0+(2)
state. The experimental energy of this state was found

to be 1313.2 keV in Chapter 3. The red and the blue curves are the CC calculations
obtained using Ecis03 with the global parameter set and the parameter set optimized
for both the 0+

g.s. and 2+
g.s. states, respectively.
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Figure 4.14: Angular distributions of the differential cross sections and vector analyz-
ing powers for the 2+

KΠ=2+(1)
state. The experimental energy of this state was found

to be 1085.9 keV in Chapter 3. The red and the blue curves are the CC calculations
obtained using Ecis03 with the global parameter set and the parameter set optimized
for both the 0+

g.s. and 2+
g.s. states, respectively. The green curves are made with the

global parameter set except that the Ecis03 option allowing different deformations
for each potential term is used.
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Figure 4.15: Angular distributions of the differential cross sections and vector analyz-
ing powers for the 3+

KΠ=2+(1)
state. The experimental energy of this state was found

to be 1234.4 keV in Chapter 3. The red and the blue curves are the CC calculations
obtained using Ecis03 with the global parameter set and the parameter set optimized
for both the 0+

g.s. and 2+
g.s. states, respectively.
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Figure 4.16: Angular distributions of the differential cross sections and vector analyz-
ing powers for the 4+

KΠ=2+(1)
state. The experimental energy of this state was found

to be 1371.9 keV in Chapter 3. The red and the blue curves are the CC calculations
obtained using Ecis03 with the global parameter set and the parameter set optimized
for both the 0+

g.s. and 2+
g.s. states, respectively.
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Figure 4.17: Angular distributions of the differential cross sections and vector analyz-
ing powers for the 1−

KΠ=0−(1)
state. The experimental energy of this state was found

to be 963.4 keV in Chapter 3. The red and the blue curves are the CC calculations
obtained using Ecis03 with the global parameter set and the parameter set optimized
for both the 0+

g.s. and 2+
g.s. states, respectively.
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Figure 4.18: Angular distributions of the differential cross sections and vector analyz-
ing powers for the 3−

KΠ=0−(1)
state. The experimental energy of this state was found

to be 1041.1 keV in Chapter 3. The red and the blue curves are the CC calculations
obtained using Ecis03 with the global parameter set and the parameter set optimized
for both the 0+

g.s. and 2+
g.s. states, respectively.
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Figure 4.19: Angular distributions of the differential cross sections and vector analyz-
ing powers for the 5−

KΠ=0−(1)
state. The experimental energy of this state was found

to be 1221.4 keV in Chapter 3. The red and the blue curves are the CC calculations
obtained using Ecis03 with the global parameter set and the parameter set optimized
for both the 0+

g.s. and 2+
g.s. states, respectively.
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Figure 4.20: Angular distributions of the differential cross sections and vector ana-
lyzing powers for the 7−

KΠ=0−(1)
and 1−

KΠ=1−(1)
states. In Chapter 3, the experimental

energies of these states were found to be 1505.4 keV and 1511.4 keV, respectively.
Their experimental angular distributions are combined together because their corre-
sponding peaks were overlapped in the spectra, as shown in Figure 3.12. The red
and the blue curves are the CC calculations obtained using Ecis03 with the global
parameter set and the parameter set optimized for both the 0+

g.s. and 2+
g.s. states,

respectively.
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Figure 4.21: Angular distributions of the differential cross sections and vector analyz-
ing powers for the 3−

KΠ=1−(1)
state. The experimental energy of this state was found

to be 1579.1 keV in Chapter 3. The red and the blue curves are the CC calculations
obtained using Ecis03 with the global parameter set and the parameter set optimized
for both the 0+

g.s. and 2+
g.s. states, respectively.
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Figure 4.22: Angular distributions of the differential cross sections and vector analyz-
ing powers for the 3−

KΠ=2−(1)
and 6+

KΠ=2+(1)
states combined together. In Chapter 3,

their average experimental energy was found to be 1728.4 keV. The individual con-
tribution of each state is also plotted (green and black curves). All curves were made
with the global parameter set. We note that although it seems that a better fit would
have required a stronger contribution from the 6+ state, this would have been in
disagreement with the inter-band coupling value found previously for the γ-band.
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Figure 4.23: Angular distributions of the differential cross sections and vector analyz-
ing powers for the 3−

KΠ=0−(2)
and 2+

KΠ=0+(4)
states combined together. In Chapter 3,

their average experimental energy was found to be 1779.0 keV. The individual con-
tribution of each state is also plotted (green and black curves). All curves were made
with the global parameter set.
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4.2.1 General features of the experimental data

Some general features of the experimental results are now described. The comparison

of the experimental and theoretical distributions will be discussed after.

What is immediately apparent is the presence of oscillations in all the differential

cross section angular distributions, and incidentally also in all the vector analyzing

power angular distributions. Qualitatively, this oscillatory structure results from the

diffraction of the deuterons by the 152Sm nuclei. Similar patterns are observed in a

wide range of scattering experiments. Two key elements involved in the explanation of

this phenomenon are the facts that the target nuclear volume is relatively well-defined

and that there is strong absorption (significant coupling to inelastic channels)[26, 46].

The effect is then considered analogous to optical Fraunhofer diffraction by a per-

fectly absorptive spheroid[47]. When electromagnetic waves encounter an obstacle, a

diffraction pattern is formed resulting in a series of maxima and minima in the trans-

verse angular intensity distribution (near the beam axis), associated to constructive

and destructive interference respectively. A similar effect occurs when the wave pack-

ets associated to the incident projectiles are diffracted by the target nuclei, resulting

in the series of maxima and minima observed in the differential cross sections angular

distributions.

Another characteristic common to all states is the decreasing trend of the dif-

ferential cross section with increasing angle of scattering. The 0+ state of the g.s.

band presents the largest range, the differential cross section varying from 190 b/sr

to 0.225 mb/sr between 10 and 120 degrees. Indeed intuitively more deuterons are

expected to be scattered off at small angles rather than to be back scattered at large

angles. It should be noted that the angular distribution of the elastic scattering can

be accounted to a relatively large degree (in particular for low scattering angles) by
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the classical Rutherford scattering, which considers only the scattering due to the

central potential associated to the Coulomb force between the projectile and target

nuclei.

Another interesting feature is the very large range of cross section amplitudes

among the different states. The most highly populated state is the 0+ of the g.s.

band, since it corresponds to the elastic scattering. Its cross section at low scattering

angle is approximately four orders of magnitudes higher than that of the 2+ state of

the g.s. band, the second most highly populated state.

Finally, several similarities can be noticed from one band to another. In particular

there is a strong resemblance between the second states of the g.s. band, the first

β-band, and the negative parity bands, which all correspond to 2+ or 3− states.

4.2.2 Discussion of the CC calculations

The red curves in Figures 4.5 to 4.23 represent the CC calculations using the An

and Cai OMP and the deformation parameters presented in Tables 4.1 and 4.2. This

collection of parameters is referred to as the global parameter set. All the states pre-

sented were simultaneously considered in the coupled channel calculations in view to

take into account all the possible couplings within the symmetric rotor model used in

Ecis032. The deformation parameters were optimized with the objective of producing

the best match overall. In several cases, the Ecis03 restriction concerning the coupling

scheme has imposed compromises in the process. As an example, the increase of the

β2 magnitude to better fit the 2+ state has also resulted in the deterioration of the

4+ and 6+ states.

It can be observed that although the agreement is not optimal for several states,

2It should be noted that the calculations were separated for the positive and negative parities
(including the g.s. band in both cases) to reduce the computing time
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Table 4.1: Coupling amplitude set to generate the red curves in Figures 4.5 to 4.21
with Ecis03

Band Intra-band β2 Intra-band β4 Inter-band β2 Inter-band β3

K=0+(1) (g.s.) 0.26 0.045 - -
K=0+(2) 0.26 0.045 0.025 -
K=2+(1) 0.26 0.045 0.06 -
K=0−(1) 0.26 0.045 - 0.07
K=1−(1) 0.26 0.045 - 0.057

Table 4.2: Coupling amplitude set to generate the red curves in Figures 4.22 and 4.23
with Ecis03

Band Intra-band β2 Intra-band β4 Inter-band β2 Inter-band β3

K=0+(1) (g.s.) 0.26 0.045 - -
K=0+(2) 0.26 0.045 0.003 -
K=2+(1) 0.26 0.045 0.06 -
K=0−(1) 0.26 0.045 - 0.07
K=2−(1) 0.26 0.045 - 0.0135
K=0−(2) 0.26 0.045 - 0.015

there is definitively a good correlation with the experimental data. The first two

states of the different bands are generally better reproduced by the calculations than

the third states, in particular the 4+ of the g.s. and β-bands, and the 5− of the first

n. p. band. This may suggest that the actual model used in the calculation is not

optimal for the 152Sm structure. This will be discuss in section 4.4.

Furthermore, it is apparent that the 0+
g.s. state, which is particularity important

for the choice of the OMP parameters, as well as the highly populated 2+
g.s. state,

could both be improved. The An and Cai OMP parameters were thus slightly op-

timized and the coupling amplitudes were re-adjusted in order to improved the fit

of these two critical states. The optimization was performed using the quantitative

minimum χ2 approach, though the Matlab program, along with manual tuning. The

resulting parameters are given in Appendix C and in Table 4.3. The corresponding

CC calculations are presented in blue in Figures 4.5 to 4.21. This optimized potential
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dramatically improves the 0+
g.s. and the 2+

g.s. states, but does not ameliorate the over-

all agreement. While the correlation is increased for some states, in particular the

0+
KΠ=0+(2)

and the 2+
KΠ=2+(1)

states, it is decreased for others such as the remaining

states of the g.s. band and the 4+
KΠ=2+(1)

state.

Table 4.3: Coupling amplitude set to generate the blue curves with Ecis03 in Fig-
ures 4.5 to 4.21

Band Intra-band β2 Intra-band β4 Inter-band β2 Inter-band β3

K=0+(1) (g.s.) 0.256 0.054 - -
K=0+(2) 0.256 0.054 0.025 -
K=2+(1) 0.256 0.054 0.05 -
K=0−(1) 0.256 0.054 - 0.065
K=1−(1) 0.256 0.054 - 0.051

Consequently, a better reproduction of the inelastic scattering distributions would

require the optimization of all the states simultaneously. Despite considerable efforts,

this has not been successfully achieved since in many cases, different states demand

tunings in opposite directions. Moreover, the restrictions associated with Ecis03 in

the symmetric rotor mode considerably limit the optimization possibilities.

To further explore the CC calculation possibilities, some states have been indi-

vidually optimized to investigate different avenues. The results are shown in green in

Figures 4.10, 4.9, and 4.14. The parameters used to generate those three curves are

given in Appendix C and in Table 4.4. In the case of the 8+
g.s. state, only the β4 param-

eter was optimized. This demonstrates that better fits could be obtained in general

if more flexibility was available for the specification of the intra-band couplings. For

the 0+
KΠ=0+(2)

state, the OMP parameters was optimized and the coupling amplitude

tuned down. For this state as well as for many others, it is interesting to note that

the improvement of the differential cross section angular distributions systematically

results in the amelioration of the vector analyzing power. This is also particularly
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well illustrated by the 2+
KΠ=2+(1)

state for which the green curve was obtained by

allowing different deformations for each potential term (option available in Ecis03).

Considering the quality of the fit, this avenue is worth to be further explored.

Table 4.4: Coupling amplitude sets to generate the green curves in Figures 4.9 (8+
g.s.),

4.10 (0+
KΠ=0+(2)

), and 4.14 (2+
KΠ=2+(1)

) with Ecis03

Optimized state Band Intra-band β2 Intra-band β4 Inter-band β2

8+
g.s. K=0+(1) (g.s.) 0.26 0.055 -

K=0+(2) 0.26 0.055 0.025
K=2+(1) 0.26 0.055 0.055

0+

KΠ=0+(2)
K=0+(1) (g.s.) 0.21 0.045 -

K=0+(2) 0.21 0.045 0.035
K=2+(1) 0.21 0.045 0.06

2+

KΠ=2+(1)
K=0+(1) (g.s.) 0.236 0.041 -

K=0+(2) 0.236 0.041 0.035
K=2+(1) 0.236 0.041 0.135

4.2.3 Dominating population pathway test

Based on the previous subsection, it is apparent that the current state of the CC

calculations does not allow quantitative extraction of transition matrix elements.

Nevertheless, the correspondence between the experimental data and the calculations

may appear sufficiently good to attempt a preliminary conclusion. Namely, several

features of the low-lying n.p. band states are well reproduced using strong intra-band

E2 transitions. However, in order to verify that strong E2 transitions are indeed

required, a simple test was performed using the An and Cai potential, within the

Ecis03 limitations. The pathways presented in Figure 4.24 were separately used to

populate the 1−
KΠ=0−(1)

state. The resulting calculations are shown in Figure 4.25.
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The blue curves were obtained with a strong E2 transition from the 3−
KΠ=0−(1)

state,

the red curves represent an E3 inter-band transition from the 2+
g.s. state, and the

green curves were generated using E1 inter-band transitions only. We note that the

discrepancy between the blue curve of Figure 4.25 and the red curve of Figure 4.17

is attributed to the fact that all the states were included in the calculation of the

latter, while only the state presented in Figure 4.24 were included for the former.

The resulting optimized sets of coupling amplitudes are presented in Table 4.5.

Figure 4.24: Dominating population pathway test for the 1−
KΠ=0−(1)

state. a) The
pathway involves a non-vanishing E2 intra-band transition in the n.p. band and
most likely a strong inter-band E3 transition. b) The pathway does not involved E2
transition in the n.p. band. c) The 1−

KΠ=0−(1)
state is populated directly from the g.s.

band through E1 transition.

First, the green pathway fails to reproduce the features observed in the experi-

mental data. Indeed, E1 transitions are not expected to be strong enough to be the

dominating population pathway. Both the experimental differential cross sections and

the vector analyzing powers are best reproduced using the blue pathway (strong E2

transition in the n.p. band), but the agreement is also good using the red pathway

(no E2 transition in the n.p. band). We recall that the former picture is inconsis-

tent with the tetrahedral symmetry prediction, while the latter supports it[16]. The

slight improvement obtained using strong E2 transition in the n.p. band is not suf-

ficient to conclude which population pathway is dominating. Rather, this result is
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Table 4.5: Optimized coupling amplitude sets to generate the curves in Figures 4.25
with Ecis03 and in Figures 4.26 with Chuck3

Program Pathway Transition β value
Ecis03: Blue (a) 0+ → 3− 0.06

3− → 1− 0.4

Red (b) 0+ → 2+ 0.06
2+ → 1− 0.4

Green (c) 0+ → 1− 0.3

Chuck3: Blue (a) 0+ → 3− 0.23
3− → 1− 0.3

Green (b) 0+ → 2+ 0.36
2+ → 1− 0.2

extremely important as it emphasizes the difficulty to make preliminary conclusions

based on partial results. Further quantitative analysis is thus required since at the

current stage there is no conclusive evidence of the presence or not of the tetrahedral

symmetry signature in 152Sm.
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Figure 4.25: Angular distributions of the differential cross sections and vector ana-
lyzing powers for the 1−

KΠ=0−(1)
state. The blue, the red, and the green curves are

obtained by considering only the levels and transitions shown in Figure 4.24 a), b),
and c), respectively.
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4.3 Angular distribution of cross sections and vec-

tor analyzing powers using Chuck3 program

Even though no OMP has been found to adequately fit the g.s. band experimen-

tal data using Chuck3, preliminary calculations with this program were performed

because of its advantage with respect to the specification of individual coupling am-

plitudes. Furthermore, in addition to execute two-way coupling calculations, Chuck3

offers the one-way coupling option, which is used in DWBA calculations. In princi-

ple, the CC calculations involve the use of two-way coupling, but the one-way option

was also explored. Figures 4.27 to 4.29 display the theoretical angular distributions

obtained with Chuck3 by considering all the states simultaneously. The red and the

blue curves were generated using two-way and one-way couplings, respectively. Both

sets were obtained using the An and Cai optical model potential and optimizing the

coupling amplitudes to fit the experimental distributions. The details of the coupling

schemes are given in Table 4.6.

Table 4.6: Optimized coupling amplitude sets to generate the curves in Fig-
ures 4.26 to 4.29 using Chuck3

Transition β value β value
Two-way coupling (red) One-way coupling (blue)

0+ → 2+ 0.35 0.35
0+ → 4+ 0.51 0.01
2+ → 4+ 0.35 0.12
4+ → 6+ 0.2 0.051
2+ → 6+ 0.31 0.051
0+ → 1− 0.005 0.02
0+ → 3− 0.07 0.07
2+ → 5− 0.005 0.07
3− → 1− 0.37 0.26
3− → 5− 0.28 0.2
1− → 5− 0.41 0.41
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Figure 4.26: Angular distribution of the differential cross sections for the 1−
KΠ=0−(1)

state obtained with Chuck3 in the two-way and one-way coupling modes, using the
An and Cai OMP parameters. Two different sets of coupling amplitudes were tested
in the one-way coupling mode: one with strong (blue) and the other with vanishing
(green) E2 transition in the n.p. band.
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Figure 4.27: Angular distributions of the differential cross sections for the 0+
g.s. and

2+
g.s. states obtained with Chuck3 in the two-way and one-way coupling modes, using

the An and Cai OMP paramters.
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Figure 4.28: Angular distributions of the differential cross sections for the 4+
g.s. and

6+
g.s. states obtained with Chuck3 in the two-way and one-way coupling modes, using

the An and Cai OMP parameters.
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Figure 4.29: Angular distributions of the differential cross sections for the 3−
KΠ=0−(1)

and 5−
KΠ=0−(1)

states obtained with Chuck3 in the two-way and one-way coupling
modes, using the An and Cai OMP parameters.
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As can be observed, the one-way coupling calculations offer excellent fits for the

4+
g.s. and the 1−

KΠ=0−(1)
states, while the 0+

g.s. and the 2+
g.s. states are in better agreement

with the two-way coupling calculations. However, in spite of the relatively good

results obtained for these states, no reliable conclusion can be made since many of

the coupling amplitudes used are far from the accepted (or expected) values. As an

example, the β2 value between the 0+
g.s. and the 2+

g.s. was optimized to 0.350 while

the accepted value is 0.236. Even then, the amplitude of the calculations was too

weak for low angles. This issue must be addressed if Chuck3 is to be used for final

calculations.

Finally, the simple test performed with Ecis03 and presented in section 4.2.3

was also done using Chuck3, with the difference that all states could be considered

simultaneously in the latter. To allow a direct comparison with the Ecis03 result,

the 1−
KΠ=0−(1)

state was considered. Since the one-way coupling curve is significantly

better for this state, it was used for the test. The results are shown in Figure 4.26

and the couplings amplitude sets used to generate the curves are given in Table 4.5.

The green curves, representing the pathway with a vanishing E2 transition in the n.p.

band, do reproduce the observed features. The blue curve which was generated with

strong E2 transition is surprisingly almost identical. This result is similar to the one

obtained with Ecis03. We note that a different conclusion was reached previously

in similar preliminary calculations[48]. The test was performed with the 5−
KΠ=0−(1)

state using Chuck3 in the one-way coupling mode. This further demonstrates the

difficulty to interpret partial results involving unexpected coupling amplitudes. For

this reason, the trusted results are those obtained with Ecis03.
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4.4 Summary and future work

Preliminary calculations were performed with the objective of matching the experi-

mental data. Although the results are encouraging, they do not allow quantitative

extraction of the transition matrix elements. The calculations need to be completed

by improving the use of one of the two programs presented, or by investigating a new

one.

The main issue with the program Ecis03, in the symmetric rotor mode, is that it

only allows the specification of global deformation parameter values. As observed, it

is insufficient to obtain accurate fits for each level. Other models and options should

be investigated in order to circumvent this issue. In particular, the asymmetric rotor

model, which allows band mixing, may be better suited to the 152Sm structure.

The general lack of agreement with Chuck3 is such that in its current state, the

coupling amplitudes extracted are unreliable. The reason for this is unclear and would

be worth investigating since Chuck3 has several advantages over Ecis03 with respect

to flexibility.

The two programs used in this study are known to be well suited for numerous

nuclei, notably those with nuclear structure that can be adequately described with

well-established model. The complex nuclear structure of 152Sm, which lays in a tran-

sition region, is not fully understood yet as discussed in Chapter 1. This might be one

of the reasons why the theoretical calculations have not been entirely successful so

far. Therefore, other CC calculation programs integrating different options or models

should also be tested, for instance Fresco.
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Chapter 5

Conclusion

A (~d,d′) reaction was performed to investigate the nuclear structure of 152Sm, in

search of a tetrahedral symmetry signature. According to the theoretical predictions,

a very small - or vanishing - quadrupole deformation in the low-lying negative-parity

bands would correspond to a primary signature of tetrahedral shape.

In first place, the differential cross-section and cross-section asymmetries have

been thoroughly extracted from the raw experimental data. The large number of

acquired angles represents one of the main strengths of this work. It allows the

observation of all the characteristic features present in the angular distribution, en-

suring a reliable comparison with the theoretical calculations. Two programs have

been explored to perform the latter. Several features observed in the experimental

distributions were well reproduced by the Ecis03 CC calculations when using strong

intra-band E2 transitions in the n.p. bands. However, a specific pathway test to

populate the first 1− state h as demonstrated that both the strong and vanishing E2

transition pathways alone can successfully reproduce the experimental angular distri-

butions. Further calculations are thus required.

No model capable of fully describing the structure of 152Sm has been constructed
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yet due to its complexity. This is reflected by the difficulty in performing the ade-

quate theoretical calculations. Their completion will allow the quantitative extraction

of the transition matrix elements, from which a final conclusion can be achieved.

This work is important as it attempts to determine whether or not the 152Sm nu-

cleus contains the tetrahedral symmetry signature. The confirmation of the existence

of such complex surface deformations would be a natural continuation of the Bohr

and Mottelson collective model. Therefore, more effort should be directed toward the

matrix element extraction of 152Sm.
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Appendix A

Example of Chuck3 and Ecis03

input files

A.1 Chuck3 input file:

0000040030000000 152Sm(d,d’)152Sm L=0+,2+,4+ E d=22 MeV

+120.000+1.00000+01.00000

+20+03+00+04+08

+00+00+00

+00.1000+20.0000

+22.0000+02.0140+01.0000+151.919+62.0000+01.3030+00.0000+00.0000+02.0000

+01+01

+04.0000+7.1140+00.9720+01.0110+00. +00. +00. +00. +00.

+01.0000-93.8870+01.1510+00.7860+00. -02.4720+01.3240+00.3210+00.0000

-02.0000+00.0000+00.0000+00.0000+00.0000+40.6280+01.3620+00.8620+00.0000

-00.1218+02.0140+01.0000+151.919+62.0000+01.3030+00.0000+00.0000+02.0000

+02+02

+04.0000+7.11400+00.9720+01.0110+00. +00. +00. +00. +00.

+01.0000-93.8870+01.1510+00.7860+00. -02.4720+01.3240+00.3210+00.0000

-02.0000+00.0000+00.0000+00.0000+00.0000+40.6280+01.3620+00.8620+00.0000

-00.3665+02.0140+01.0000+151.919+62.0000+01.3030+00.0000+00.0000+02.0000

+03+03
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+04.0000+7.11400+00.9720+01.0110+00. +00. +00. +00. +00.

+01.0000-93.8870+01.1510+00.7860+00. -02.4720+01.3240+00.3210+00.0000

-02.0000+00.0000+00.0000+00.0000+00.0000+40.6280+01.3620+00.8620+00.0000

+02+01+02+00+04+00+02+00+00.236

+02.0000-93.8870+01.1510+00.7860+00. -02.4720+01.3240+00.3210+00.0000

-03.0000+00.0000+00.0000+00.0000+00.0000+40.6280+01.3620+00.8620+00.0000

+03+01+04+00+08+00+04+00+00.041

+02.0000-93.8870+01.1510+00.7860+00. -02.4720+01.3240+00.3210+00.0000

-03.0000+00.0000+00.0000+00.0000+00.0000+40.6280+01.3620+00.8620+00.0000

-03+02+02+00+04+00+02+00+00.00

+02.0000-93.8870+01.1510+00.7860+00. -02.4720+01.3240+00.3210+00.0000

-03.0000+00.0000+00.0000+00.0000+00.0000+40.6280+01.3620+00.8620+00.0000

+00+00

900000000 End of Chuck3

A.2 Ecis03 input file:

22.00 MeV d on 152Sm: ROTATIONAL CC

TFFFFFFFFFTTFFFFFFFFTFTFFFFTFFFFFFFFFFFFFFFTFFFFFF

FTTFFFFFTFTFTTFFTFFFTFFFFFFFFFFFFFFFFFFFFFFFFFFFFF

12 43 20 1 3 3 12

0.10 12.00000

0.00 0 1+ 22.00000 1.00000 2.01600 151.96400 62.00000

2.00 0 1+ 0.12178

4.00 0 1+ 0.36648

6.00 0 1+ 0.70688

8.00 0 1+ 1.12530

0.00 1 1+ 0.68470

1 1

2.00 1 1+ 0.81050

1 1

4.00 1 1+ 1.02300

1 1

6.00 1 1+ 1.31000

1 1
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2.00 2 1+ 1.08645

1 2

3.00 2 1+ 1.23390

1 2

4.00 2 1+ 1.37200

1 2

2 0 0.02500

2 2 0.06000

4 4 0.00000

0.26000 0.04500

93.8865 1.15050 0.78620

2.47240 1.32368 0.32132

0.00000 0.00000 0.00000

10.1568 1.36248 0.86188

3.55700 0.97200 1.01100

0.00000 0.00000 0.00000

1.30300 0.00000 0.00000

0.00000 0.00000 0.00000

10.0000 1.00000 120.0000

FIN
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Appendix B

OMP parameter sets from

litterature

Table B.1: Optical model potential parameter sets for deuteron particles using the
notation of equations 2.16 to 2.22

Parameters Perey and Perey[43] Han, Shi, and Shen[44]
Rc [fm] 1.15 1.698
Vv [MeV] 99.3949 84.3739
rvreal

[fm] 1.15 1.174
avreal

[fm] 0.81 0.809
Wv [MeV] - 2.7738
rvim

[fm] - 1.563
avim

[fm] - 0.9402
Ws [MeV] 19.68 11.2268
rsim

[fm] 1.34 1.328
asim

[fm] 0.68 0.7052
Vso [MeV] 7.00 3.703
rsoreal

[fm] 0.75 1.234
asoreal

[fm] 0.50 0.813
Wso [MeV] - -0.206
rsoim

[fm] - 1.234
as0im

[fm] - 0.813
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Table B.2: Optical model potential parameter sets for deuteron particles using the
notation of equations 2.16 to 2.22

Parameters Bojowald et al.[45] An and Cai[25]
Rc [fm] 1.3 1.303
Vv [MeV] 92.6429 93.8865
rvreal

[fm] 1.18 1.1506
avreal

[fm] 0.8228 0.7862
Wv [MeV] 0.00 2.4724
rvim

[fm] 1.18 1.3237
avim

[fm] 0.8228 0.3213
Ws [MeV] 13.3503 10.1568
rsim

[fm] 1.27 1.3625
asim

[fm] 0.8801 0.8619
Vso [MeV] 6.00 3.557
rsoreal

[fm] 0.9828 0.972
asoreal

[fm] 0.9828 1.011
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Appendix C

OMP optimized parameter sets

used with Ecis03

Table C.1: Optical model potential parameter sets optimized for particular states
with Ecis03

Parameters Optimized for the 0+ and Optimized for the
2+ states (blue curves) 0+

KΠ=0+(2)
state

Rc [fm] 1.303 1.303
Vv [MeV] 93.8865 94.8865
rvreal

[fm] 1.2006 1.1705
avreal

[fm] 0.7762 0.7362
Wv [MeV] 2.2724 1.5474
rvim

[fm] 1.3237 1.2237
avim

[fm] 0.3213 0.3213
Ws [MeV] 11.9568 10.1568
rsim

[fm] 1.4025 1.3625
asim

[fm] 0.7219 0.8719
Vso [MeV] 3.5570 3.557
rsoreal

[fm] 0.872 0.972
asoreal

[fm] 0.711 1.011
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