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ABSTRACT
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In recent years there has been significant work aimed at understanding
what effect the variation of electronic doping has on material properties.
In the high transition-temperature (high-Tc ) cuprate superconductors hole
doping has an impact on the superconducting transition temperature. In
the underdoped regime, the cuprates exhibit anomalous properties due to
a pseudogap which forms and is thought to be related to Mott insulating physics. While there is no general consensus as to the mechanism
underlying high temperature superconductivity, the resonating valence
bond (RVB) theory proposed by Anderson in 1987 with a Gutzwiller projected d-wave BCS wave function could give a first picture of the high-Tc
cuprates. We have calculated properties of the cuprates using the assumption that the pseudogap state acts as a normal state to an otherwise standard BCS mean field theory. We find that the phenomenological RVB spin
liquid model proposed by Yang, Rice and Zhang (YRZ) is highly successful
at describing the doping dependent features of the cuprates. Through application of the YRZ model and the tools of many-body theory we present
results on anomalous properties observed in: electronic specific heat; Raman and angle-resolved photoemission spectroscopy (ARPES) data; effective mass renormalization; and thermal broadening seen in ARPES. We

verify that the YRZ ansatz qualitatively describes these anomalies along
with their doping dependent variations. We conclude from this work that
the physics underlying the pseudogap, while distinct in origin from superconductivity, is likely to arise from an RVB wavefunction that is closely
related to the BCS state.
In graphene, variation in doping modifies the polarization function which
describes a screened electron-electron interaction. This leads to additional
features in the spectral function which are due to electron-plasmon coupling. In this work, we calculated the electronic density of states including
this interaction along with its doping dependence with and without an
electron-phonon interaction. We find clear features of electron-electron
interactions in the density of states. These features are related to the
energies of plasmaron bands in the spectral function and can be modified
through doping so as to be distinct from the phonon energy scales.
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Preface
This thesis contains five published articles, four of which are focused on the high-Tc
cuprate materials and one on graphene. There are seven chapters in total. The first
chapter is an introduction. The second chapter contains material on superconductivity, the pseudogap state and the physics related to the RVB spin liquid model used
in calculations. This will cover any additional information which is not included in
the papers which follow in chapters 3 through 6. Each of those chapters describes
pertinent theory or additional information and references which are not included in
the published works. In the case of graphene, the paper presented in chapter 7 is
missing details of the derivation of the electron-electron polarization function and
self energies, which are included in Appendix A.

1

Chapter 1
Introduction

1.1

Superconductivity

A superconductor is a material in which below some critical temperature, Tc , the
resistivity drops to zero. In the superconducting phase the material also exhibits the
property of perfect diamagnetism, where superconducting currents near the surface
of the material act to screen out, or expel applied magnetic fields. These are now
understood to be the two common features one should look for to identify bulk superconductivity. The original discovery of zero resistivity in mercury at a temperature
of ≈ 4◦ K occurred in 1911. Logically, this spurred a search for other materials with
superconducting properties. Many materials were found to superconduct, but only at
very low temperatures. For example, in 1973, the material Nb3 Ge was found to superconduct below a temperature of 23◦ K and was at that time the highest transition
temperature discovered. During the interim, it was thought that a proper theory of
superconductivity would strongly aid in the discovery of superconductors with higher
transition temperatures.
An acceptable theory did not surface until 1957. Proposed by Bardeen, Cooper and
Schrieffer (BCS) the theory suggested that should electrons in a material have an
effective attractive interaction then this should result in a pairing (Cooper pairs)
2

or correlation over some large length scale.[1] The many body system then becomes
unstable to the formation of the lower energy Cooper pairs. What was important
at that time, was the production of a theory that had simple, universal predictions
of the impact of this many body state on macroscopic, measurable properties. The
most direct indication of a system of paired electrons would be observation of a
binding energy. This binding energy results in a gap in the electronic excitation
spectrum. In BCS theory it is suggested that this pairing should occur at the Fermi
surface, the boundary between occupied and unoccupied electronic states. Thus, the
superconducting gap, ∆sc , forms at the Fermi energy, F . The result is a complete
absence of electronic states near the Fermi level over an energy range extending from
F − ∆sc → F + ∆sc . Further to this, as temperature is increased this energy gap
closes and goes continuously to zero at Tc .
While the simplest interaction results in an s-wave gap, one that is uniform for variation in momentum, this need not be the case. The gap, ∆sc , can have significant
anisotropy which can be classified depending on the relation of the gap to the electronic momentum near the Fermi surface. For simplicity, we can consider a two
dimensional system, and illustrate the magnitude of the gap along the Fermi surface
using a polar plot in the x-y plane. We focus on two cases, the s-wave case, where
∆sc = ∆0 is independent of k and the d-wave case where the gap exhibits a dx2 −y2
symmetry, such as ∆sc = ∆0 cos(2θ) where θ is the polar angle in the kx -ky plane.
These common examples are illustrated in Fig. 1.1. The magnitude of the gap in the
s-wave case maintains a constant value along the Fermi surface, while in the d-wave
case it varies strongly, going to zero along the (1,1) direction (nodal direction) across
which the gap changes sign (phase) to become negative. The different behaviour of
these two gaps results in identifiable features in macroscopic quantities. The electronic density of states for a superconductor, presented here in the simplest context,
provides the intuitive picture of the meaning of the word ‘gap’, and also how modification of these states can impact macroscopic properties of a material. The density
of states for both s- and d-wave superconducting gaps are shown in Fig. 1.2. We
see in the s-wave case, that the otherwise flat (metallic) density of states near the
3
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Figure 1.1: Polar plots of s- and d-wave gaps (left and right respectively) at the Fermi
ky
surface for angle θ = arctan( kx
). The s-wave gap is isotropic for direction in k-space,
while the d-wave gap includes nodes across which the phase changes.
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Figure 1.2: Density of states, N (ω), for s- and d-wave gap functions in a uniform
background density of states. Here, ω = 0 refers to the Fermi level, F .
Fermi level has a region of zero electronic states of width 2∆sc . As a result, at zero
temperature one would require an energy of 2∆ in order to excite an electron from an
occupied state at negative ω to an unoccupied state at positive ω. The d-wave case is
quite different in contrast. The existence of nodal points where the superconducting
gap is zero results in a small but finite density of states which increases linearly from
zero value for energies near to the Fermi level. As a result, even at zero temperature,
small energies can create excitations in the system. For example, the linear density
of states at low energy gives rise to a macroscopic electronic specific heat which goes
as T 2 for low temperature. This is in contrast to the exponential rise in specific heat
expected in an s-wave superconductor.[2]
Angle-resolved photoemission spectroscopy (ARPES) experiments can directly view
the electronic band structure and have clearly identified the magnitude of the superconducting gap as being consistent with the form | cos(kx a) − cos(ky a)|, which
has the dx2 −y2 symmetry, where kx and ky are momenta in the x and y directions
4

Figure 1.3: Adapted from Ref. [4]. The gap at the Fermi level from ARPES experiment is shown for underdoped samples (UD) with increasing transition temperatures
of 50, 65, 75 and 92 degrees Kelvin. Here the d-wave form of the x-axis scaling indicates a d-wave gap where the data fit is linear. For clarity, small values on the
x-axis refer to the nodal region of the Brillouin zone, while large values refer to the
antinode.
respectively and a is the lattice constant.[3] An example of such a curve is offered in
Fig. 1.3, taken from Ref. [4], performed on Bi-2212, where gap values are plotted as
a function of the d-wave form | cos(kx ) − cos(ky )|, where the momenta are in units
of the lattice constant. Near optimal doping (UD92), the gap is well described by a
d-wave form, while for the further underdoped cases (UD75, UD65, and UD50) there
is disagreement near the antinodes. Information on the phase of the gap, required
for dx2 −y2 symmetry cannot be obtained through ARPES, but instead through phase
sensitive techniques.[5, 6] For a discussion as well as the impact of crystal symmetries
on the symmetry of the gaps, see Ref. [7].

1.2

High Temperature Superconductivity and the
Pseudogap1

The title for highest transition temperature, held by Nb3 Ge since 1973, went uncontested until 1986 when Bednorz and Müller discovered superconductivity in a Ba-La1

Anomalous properties of the high-Tc ’s as well as pseudogap physics have been well covered in
reviews.[8, 9, 10, 11]

5

Figure 1.4: Schematic of the hole-doped phase diagram of the high-Tc cuprates.
The left-hand side refers to half filling and is described by an antiferromagnetic (AF)
system below the Néel temperature, TN . Superconductivity exists below the transition
temperature, Tc , and has a dome-like doping dependence.
Cu-O compound. Branching off the parent compound, La2 CuO4 , it was found that
sufficient hole-doping, here through chemical substitution in the form La2−x Bax CuO4 ,
resulted in superconductivity. This process led to the discovery of a second, higher
temperature superconductor, created by substituting Sr rather than Ba. The copperoxide planes were quickly identified as important to the abnormally high transitiontemperature superconductivity in these materials. Other materials were discovered
through other forms of chemical doping, such as including highly non-stoichiometric
quantities of oxygen, as done in the case of YBa2 Cu3 O6+δ (often abbreviated YBCO).

Of fundamental importance to this thesis is the phase diagram of the hole-doped
cuprates which is schematically illustrated in Fig. 1.4. Each region of the diagram is
described below.
 Antiferromagnet (AF) - The local magnetic moments reside on copper sites al-

ternating in direction. At half filling (left hand side of phase diagram) strong
Coulomb repulsion results in a Mott insulating state where the motion of electrons is impeded by the high energy cost of placing more than a single electron
on the same copper site. The long range AF ordering is quickly disrupted for
increased hole doping resulting in a Néel temperature, TN , which decreases
quickly to zero.

6

 Superconducting State (SC) - A common feature of all hole-doped cuprates is

the existence of a dome in the doping phase diagram under which superconductivity exists for temperatures T < Tc . Generally the superconducting dome is
broken into three regions: underdoped, optimally doped, and overdoped. The
doping which results in the maximal value of Tc is referred to as optimally
doped. The underdoped and overdoped regions are then defined as being lower
and higher (respectively) in doping. While overdoped and underdoped samples
may have the same superconducting transition temperature, they present fundamentally different macroscopic properties. In general, the overdoped materials
are more metallic in nature, leading to more standard BCS-like superconductivity, while the underdoped materials are closer to the AF Mott insulating state
and thus will display properties which are non-metallic and therefore considered
anomalous for a superconductor.
 Pseudogap State (PG) - An anomalous phase which exists below a temperature,

T ∗ , characterized by the existence of partial gap (pseudogap) in the excitation
spectrum. There remains controversy as to the existence of the pseudogap
within the superconducting dome in the underdoped cuprates. Here, we illustrate one possibility, that the pseudogap exists as a separate phase which
disappears, for increased doping, at a quantum critical point just above optimal
doping.
Of primary interest to this thesis is the distinct behaviours observed in the pseudogap
phase and how they differ from what is expected in a Fermi liquid or metallic phase.
For example, in a Fermi-liquid or standard metal, the DC resistivity at low temperatures is quadratic due to the temperature dependence of the relaxation time.[12, 13]
However, the resistivity in the underdoped cuprates has been observed to be linear
in T over a large temperature range. Further, there are many properties whose magnitudes are tied to the density of states at the Fermi level, N (0), such as the spin
susceptibility or the Hall coefficient.[14] In a normal metal, the density of states is
proportion to the square root of the energy. Near the Fermi level (at high energy) the

7

density of states is essentially flat which results in these quantities being independent
of temperature. This is not the case for the pseudogap state. The existence of a
partial gap removes some region of the Fermi surface which results in a reduction
of available states at the Fermi level, thus N (0) becomes smaller as the pseudogap
increases in magnitude.
Although the underlying physics of the pseudogap, ∆pg , has not been agreed upon,
it is well appreciated that[11]
 ∆pg evolves smoothly into ∆sc ,
 Both ∆pg and ∆sc have d-wave symmetry.

However, despite this, it is not entirely clear whether the pseudogap, which exists at
temperatures above Tc , is compatible with a preformed Cooper pairing scenario, or
some other type of electronic pairing which competes with the formation of Cooper
pairs and superconductivity as a whole. Competitive scenarios tend to predict a
quantum critical point somewhere inside the superconducting dome, while models of
preformed pairs would prefer a phase diagram in which the pseudogap line merges
with the Tc line on the overdoped side of the superconducting dome.

1.3

Overview of Published Works

This thesis contains seven chapters, including this introductory chapter. The next
chapter contains some basic material on superconductivity, the pseudogap state and
the physics related to the RVB spin liquid model used in calculations. Chapters 3
through 6 contain published works and additional material that is directly relevant
to those papers. Chapter 7 diverges from the other chapters in that it contains
calculations on graphene, rather than the pseudogap and high-Tc materials. That
chapter, along with the published paper and Appendix A will stand on its own and
contain its own introductory material. To orient the reader, an overview of each paper
is provided below.
8

 Specific heat of underdoped cuprates: Resonating valence bond description versus

Fermi arcs: This work, presented in Chapter 3, addresses the reduction in the
specific heat jump at the superconducting transition temperature seen in early
experiments in the underdoped cuprates. We establish the connection of the
specific heat jump to the value of the density of states at the Fermi level in the
pseudogapped state and illustrate how this can lead to identical results of pocket
and arc modelled pseudogaps. Further, we find that the qualitative trends seen
in experiment are consistent, across the underdoped side of the phase diagram,
with the applied resonating valence bond model and BCS superconductivity
with a 2∆/kB Tc ratio of 6.
 Signatures of Fermi surface reconstruction in Raman spectra of underdoped

cuprates: This work is presented in Chapter 4. We identify prominent features of temperature and doping dependence of the nodal and antinodal gaps
as being due to the reformation of Fermi surface in the antinodal region of the
Brillouin zone. This has allowed for the interpretation of similar features seen
in experiment as being due to Fermi surface reconstruction.
 Electronic structure in underdoped cuprates due to the emergence of a pseudo-

gap: This work, presented in Chapter 5, contains a calculation of the effective
quasiparticle mass due to the formation of the pseudogap. This work was motivated by quantum oscillation and hall effect experiments which suggested the
existence of an electron pocket. We speculate as to the absence of signal from
the hole pocket, as well as identify the size of the electron pockets as a function
of doping in the applied model.
 Effects of a particle-hole asymmetric pseudogap on Bogoliubov quasiparticles:

This work, presented in Chapter 6, is a natural extension of experimental
work which identified the existence of particle-hole asymmetry of the pseudogap phase. Here we identify how particle-hole asymmetry leads to new spectral peaks which might be interpreted experimentally as an anomalous thermal
broadening. Further, direct comparison with experimental data allows us to
9

identify an aspect of the temperature variation of the data which an alternate
model, the d-density wave (DDW) model, does not explain in its current form.
 Effect of electron-phonon coupling on energy and density of states renormaliza-

tions of dynamically screened graphene: In this work, presented in Chapter 7,
we calculate the density of states of doped graphene including both electronelectron and electron-phonon interactions. We find clear features of electronelectron interactions in the density of states and show how these features are
related to the energies of plasmaron bands in the spectral function and can be
modified through doping so as to be distinct from the phonon energy scales.
Together the four papers on the cuprates create a solid framework in which we are
able to interpret the pseudogap phase as being tied to Mott insulating physics. The
inclusion of a Mott-like gap, along with its impact on the Fermi surface and density
of states, allows us to understand the underdoped side of the superconducting dome
as an otherwise BCS-like superconductor.

10

Chapter 2
Superconductivity and Pseudogap
This chapter contains background material on superconductivity, the pseudogap state
and the physics related to the resonating valence bond (RVB) spin liquid model used
in calculations. While information on BCS theory is readily available, the relevant
theory for the RVB model is generally scattered throughout the literature. Here we
review and collect all necessary theory for the application of this model to the cuprates
as done in later chapters.

2.1

BCS Theory

2.1.1

Wavefunction

A weak attraction between electrons allows those near the Fermi surface to bind
into pairs, effectively lowering their energy.[1] Since there are many textbooks which
contain the relevant details of BCS theory, included here are only the portions which
are relevant to the RVB state and the theory presented in later chapters. For a
thorough explanation of BCS theory see, for example, Refs. [15, 16, 17, 18].
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The BCS wavefunction is given by
|ψBCS i =

Y
(uk + vk c†k,↑ c†−k,↓ )|0i

(2.1)

k

where vk2 and u2k are the probabilities of occupation and non-occupation (respectively)
of a state of momentum, k. This wavefunction allows for the creation of paired
particles with opposite momentum and spin with a probability vk2 , and unoccupied
states with probability u2k . These amplitudes are given by

1
=
1+
2

1
2
vk =
1−
2

u2k


k
,
Ek

k
,
Ek

(2.2)
(2.3)

p
where Ek = ± 2k + |∆sc (k)|2 .

2.1.2

Regular and Anomalous Green’s Functions

In what follows, we take a many-body approach using Green’s functions. The single
particle Green’s function is defined as
G(k, t) = −ihT ck↑ (t)c†k↑ (0)i,

(2.4)

where T is the time ordering operator and the hÔi notation represents an average
over a complete set of states of the operator Ô. The Green’s function represents the
probability amplitude of a particle in a momentum state k with a given spin, here
σ =↑, at t = 0 being in that same state at some later time, t. In a physical sense, the
Green’s function describes how particles propagate in the system, here written using
momentum and time labels. The simplest evaluation of the Green’s function is for a
free particle with energy given by k , where it can be written for a given frequency,
ω, as
G0 (k, ω) =

12

1
.
ω − k

(2.5)

To write the interacting single particle Green’s function we include a self energy, Σ,
into the Green’s function in a manner standard to many body physics.[19] The self
energy is used to describe the contribution to a particle’s energy and lifetime due
to interactions between the particle and the system or medium through which the
particle propagates. We can then write the interacting Green’s function, G(k, ω),
through an iterative formula as a function of the non-interacting Green’s function,
G0 (k, ω), and the self-energy, Σ(k, ω). Referred to as Dyson’s equation, this is given
by:
G = G0 + G0 ΣG,

(2.6)

which results in an interacting Green’s function given in the form
G(k, ω) =

1
.
− Σ(k, ω)

G−1
0 (k, ω)

(2.7)

In general, the self energy is a complex quantity, i.e. Σ = Σ1 + iΣ2 , such that
G(k, ω) =

1
.
ω − k − Σ1 (k, ω) − iΣ2 (k, ω)

(2.8)

The physical interpretation of the real part of the self energy, Σ1 (k, ω), is to provide
an energy renormalization, in that it effectively modifies the energy to a new value,
Ek , given by Ek = k +Σ1 (k, ω), while the imaginary part of the self energy, Σ2 (k, ω),
is related to scattering in the interacting system. Since k is a quantity of the noninteracting case, it should be apparent that the self energy contains all of the physics
associated with the interaction.
It is essential for this thesis to introduce the spectral notation wherein the zero temperature Green’s function at frequency ω samples a distribution of states and is
decomposed into scattering contributions from individual energies, ν, as
Z

∞

G(k, ω) =
−∞



dν
Θ(ν − µ)
Θ(µ − ν)
A(k, ν)
+
,
2π
ω − ν + i0+ ω − ν − i0+
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(2.9)

where 0+ is a small positive scattering contribution in the limit of zero scattering.
Here A(k, ν) is the spectral density, which represents the distribution of states that
the particle samples at an energy, ν, for a given momentum, k. For example, in the
non-interacting case, the particle cannot scatter. Therefore, the only contribution to
the propagator must come from the case where ν is equal to the energy of the particle,
ν = k . As such, the spectral function should be described by a delta-function which
satisfies the ν = k constraint and has an appropriate prefactor,
A(k, ν) = 2πδ(ν − k ).

(2.10)

An alternative definition is that the spectral function is related to the imaginary part
of the Green’s function as A(k, ω) = −2ImG(k, ω + i0+ ). We apply the identity

1
1
=
P
∓ iπδ(x) which separates the real (principal part) and imaginary
+
x±i0
x
(residue) contributions of an integration. Applying this to the non-interacting case,
we again obtain the result A(k, ω) = 2πδ(ω − k ).
The anomalous Green’s function
F (k, t) = −ihT ck↑ (t)c−k↓ (0)i

(2.11)

is relevant to the superconducting state, and describes a Cooper pair with opposite
momentum labels and will be most relevant to the material presented in Chapter 4.

2.2
2.2.1

Electronic Structure of the Cuprates
Effective Hamiltonian

We discuss the t-J model starting from a hopping Hamiltonian with on-site Hubbard
U.
H=−

X

tij (c†iσ cjσ + c†jσ ciσ ) + U

X
i

{i,j},σ
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ni↑ ni↓

(2.12)

where niσ = c†iσ ciσ is the number operator which counts the number of particles at
a lattice site i with spin σ by application of the creation and annihilation operators
given respectively by c†iσ and ciσ . The first term in the Hamiltonian is the kinetic
part which allows hopping with energy tij between lattice sites i and j and is the
sum over all possible hopping cases, {i, j}, and choice of spin, σ. The second term
represents an energy cost, U , that occurs when two electrons, one spin up and one
spin down, are at the same site. This energy is representative of a physical on-site
Coulomb repulsion. The standard procedure for applying this Hamiltonian to a real
system is to find the lowest order correction in t/U which is good for t << U . This
is done by defining an effective Hamiltonian which is related to the full Hamiltonian
through a unitary transformation.[20] The ground state in the resonating valence bond
(RVB) picture, which is described in the next section, is taken in its common form as
the Gutzwiller projection of the BCS ground state. While the details of Gutzwiller
projection will be presented in later sections (discussed in more detail in Sec. 2.2.3),
we relate the RVB and BCS wavefunctions through |ψRV B i = PG |ψBCS i. Using this
we can calculate the result of a Hamiltonian acting on the ψRV B as the result of
an effective Hamiltonian acting on the BCS state, where the effective Hamiltonian
absorbs Gutzwiller projection operators. Thus,
H ef f = PG Ht-J PG ,

(2.13)

where the t-J Hamiltonian is
Ht-J = T +

X
ij

1
Jij (Si · Sj − ni nj ).
4

(2.14)

Here T is the kinetic part, as in Eq. (2.12) (not restricted to nearest-neighbours) and
Jij = J =

4t2
U

is the first order spin energy correction term taken to be independent

of choice of i and j. The Si is a vector of Pauli matrices at a given site i. These will
be discussed in relevant detail in Sec. 2.2.4. One should note that the sign in front
of J results in energy minimized for opposing nearest-neighbour spins, which selects
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for antiferromagnetism. Also note that the final term involving the number operators
is often neglected. This is a constant on average and ignoring it removes significant
complication.

2.2.2

Resonating Valence Bond

Superconductivity in the cuprates is thought to result from the Cu-O planes. Early
work suggested that the important orbitals for the band structure near the Fermi surface are the copper 3d and oxygen 2p orbitals. This leads to a hopping model referred
to as the d-p model which included nearest-neighbour hopping between copper and
oxygen sites with an associated energy tpd .
The effective exchange interaction, JS1 · S2 , is a simplification of the full Hubbard
model and gives the common result that J = 4t2 /U , where U is the on-site Hubbard
repulsion. However, this is for a simple hopping model between copper sites. If a
similar calculation is done in the d-p model (where hopping occurs from a d-shell
copper site to a p-shell oxygen site), one obtains J = t4pd /(Ep − Ed )3 where Ep and
Ed are representative energies of the p- and d-shell states. This was problematic
as a model, as it suggested multiple energy states, and therefore multiple electronic
bands near to the Fermi level. It was shown that,[21] for a hole-doped system, if
an electronic vacancy can be located on any one of the 4 oxygen sites surrounding a
copper atom and the spin of the doped hole combines with the spin on the copper site
to form a spin singlet then, since all 4 configurations are energetically equivalent, the
pairing is free to resonate between configurations. This is a Zhang-Rice singlet,[21]
which has energy, t2pd /(Ep − Ed ), which is the same form as the exchange interaction
energy, J, for appropriate choices of tpd = t and U = Ep − Ed . Thus the hole-doped,
3-band model simplifies to an effective one-band tight-binding model on a square
copper lattice.
Considering order on a large scale, it is an important idea that holes in the system
create frustration for the parent antiferromagnetic state. Under certain conditions,
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the spin system can again form singlets. If the energy of this dimerized state is less
than the AF state, then this new system will dominate.[22, 23, 24] For the undoped
system, the energies for the Néel ordered and dimerized system can be determined.
For the antiferromagnetic order, the energy of the system is − JD
, where D is the
4
dimensionality of the system. The energy of the nearest-neighbour dimerized state
is instead −3J/4 per dimer, regardless of dimension. This means that the energy of
the dimerized state is actually half this value, −3J/8 per copper atom. So we can
see that the dimerized system is lower in energy for a 1D spin chain, and that the
AF state wins out in a three-dimensional system. It has also been shown that the
dimers can have a lower energy if the dimerization is allowed to occur over longer
length scales. For application to a 2D square lattice, the difference between the AF
state energy of −J/2 and the dimerized state energy of −3J/8 is very narrow. It is
clear from the phase diagram (Fig. 1.4) that hole doping reduces the strength of the
AF ordering, which would suggest a shift in the energy to again be in favour of the
dimerized state. The explanation for this is that the introduction of holes into the
AF system can create frustration in the system, and costs energy. In actuality, this is
dependent upon the relative strengths of the hopping and exchange energies, as the
hopping energy gain would have to account for the exchange energy loss of placing
two nearest neighbour spins the same direction. These energies are equivalent at a
certain point, which occurs for roughly J/t = 1/3.
The final piece of this puzzle is the application of the idea of resonating valence bond
theory proposed by P.W. Anderson,[25] where the placement of a hole into the dimerized state, for a sufficiently large system, costs no energy whatsoever. The dimers
simply reorganize themselves into complete pairings which leaves the hole with no
interaction energy. Thus, sufficient hole doping disrupts the AF state, allowing the
formation of dimers, which are not upset at the existence of holes in the system. The
holes are allowed to move almost freely, as the different hole configurations are energetically degenerate. This is a form of topological protection, where the system has
such a huge degeneracy that local disruptions do not modify global properties. This
is also connected to the ideas of spin-charge separation.[26] Spin-charge separation
17

is thought to be a many body effect wherein the spin and charge degrees of freedom
of the electron behave independently. In other words, the quasiparticles formed are
a combination of spinons (spin-1/2 zero charge quasiparticles) and holons (spin-less
q = e quasiparticles). For our purposes, we may refer to the RVB model as being a
spin liquid, since the simplest excitation is an isolated spin, with all other spins in
dimer pairs. Since the spin-1/2 quasiparticle is surrounded by spin-less dimer pairs it
does not have anything to interact with, and can essentially wander throughout the
lattice however it sees fit. It is for this reason that the RVB state is often referred to
jointly as an RVB spin liquid.

2.2.3

Gutzwiller Projected RVB Wavefunction and Operators

In a system with strong Coulomb interactions, at half filling one expects the electrons
to spread out and avoid double occupancy due to a large on-site Coulomb repulsion
between electrons occupying the same site. This energy, denoted U , is generally referred to as an on-site Hubbard interaction. However, the complete Hubbard model
is too complex to solve. It is for this reason that the Gutzwiller projection method
has been used extensively. This works by essentially allowing all states to be occupied, which simplifies computation, and then statistically removing double occupancy
which is a good approximation for large U systems.1
We wish to compute quantities represented by a set of operators acting on the
Gutzwiller projected RVB wavefunction.[20, 27] We are therefore computing expectation values of an operator Ô as
hÔi =

hψ|Ô|ψi
.
hψ|ψi

(2.15)

The goal is to replace the wavefunction with a simplified one, related to the full
1

A system where U is large as compared to the band width, which is generally ∝ t
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wavefunction through an operator PG , as |ψi = PG |ψ0 i. This assumes that one has
knowledge of a suitable wavefunction ψ0 which is simple in the sense that it has no
restriction on double occupancy of a lattice site. The Gutzwiller projection operator,
PG , is defined as
PG =

X
(1 − ni,↑ ni,↓ )

(2.16)

i

where ni,σ = c†i,σ ci,σ for choices of spin σ as up or down (notated by arrows). This
operator produces the value 1 if a site has a single electron or no electron and a
value of zero if a site has two electrons. One will note that in Sec. 2.2.1 we went
through significant effort to justify the removal of the Hubbard U term. Analytical
evaluation of the ni,↑ ni,↓ operators requires full information of which lattice sites in
the system are occupied/unoccupied, and thus the same information on the system
as the Hubbard term of the Hamiltonian. This too must be approximated. Rather
than work out the effect on the wavefunction, instead we approximate the result of
the expectation value of an operator through a statistically based factor. Thus we
approximate the expectation value of an operator in the projected state, ψ, which
contains no double occupancy, as being related to the non-projected state, ψ0 , which
allows double occupancy, through a factor, g. This is not necessarily a trivial process.
The procedure, referred to as Gutzwiller approximation, results in a factor defined
formally as
gÔ =

hÔiψ

hÔiψ0

.

(2.17)

In order to provide a concrete example, the renormalization factor, gt , for the hopping
operator, c†iσ cjσ is derived below. The primary computation involves finding the
expectation value of hc†i,↑ cj,↑ iψ . This is the hopping operator which maintains spin
direction, but moves an electron from site j to site i. The most difficult aspect of this
derivation is identifying the probability of the non-doubly occupied state due to the
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PG operator in the ψ basis. Thus we are interested in
hc†i,↑ cj,↑ iψ = ghPG c†i,↑ cj,↑ PG iψ0

(2.18)

= gh(1 − ni,↓ )c†i,↑ (1 − nj,↓ )cj,↑ iψ0

(2.19)

= g(1 − n0i,↓ )(1 − n0j,↓ )hc†i,↑ cj,↑ iψ0 = gt hc†i,↑ cj,↑ iψ0 ,

(2.20)

where the n are variables (numbers, not operators) which refer to the ψ, projected
basis, and n0 are variables which refer to the ψ0 , unprojected basis. In the first step
we include a constant, g, which relates the projected and unprojected cases based
solely on probability. Thus, knowledge of g for a given operator is the primary hurdle
to obtaining the total factor, here gt , and we define it specific to the operator as :
 g ≡ probability of hopping from j to i being allowed in ψ divided by the

probability of it being allowed in ψ0 .
Clearly this probability is specific to the operator being evaluated.
If we break the expectation value into its bra and ket portions then one can think of
the ket representing the initial state, while the bra represents the final state. If one
writes down all possible situations which can result in the above described hopping
process, the question we want to answer is: Which sets of initial and final states never
violate the double occupancy condition of the PG operator. If we can identify these,
then we can statistically write down what g is. We identify that the bra should only
describe a probability if there is a particle with spin up on site i while also not having
a particle at site j (of either spin). In the ket, we have the requirement that site j have
a particle with spin up while simultaneously not having a particle at site i (of either
spin). We associate with each part (initial and final state) a probability amplitude.
p
The initial state gives (1 − ni )nj,↑ . This represents the state in which the system has
a spin up at site j, and no particle at site i. We represent the probability of a particle
at site j with spin up by its number operator and the probability of non-occupation
of site i by (1 − ni ). Note that here ni = ni,↑ + ni,↓ and that ni is representative
of the number of particles in a Gutzwiller projected state. Thus ni can be 0 or 1
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(never of value 2). For this specific example, we can infer that if ni = ni,↑ , then the
hopping amplitude would be zero, not due to double occupancy, but instead due to
Pauli exclusion, that the final state would have two electrons with spin up on the
same lattice site.
The probability of hopping associated with the bra and ket parts combine to give, in
the ψ basis,
[ni,↑ (1 − nj )]1/2 [(1 − ni )nj,↑ ]1/2 .

(2.21)

In order to provide the ratios as in Eq. (2.17) we can convert probabilities in the ψ
basis to the ψ0 basis term by term using:
 ni,↑ → n0i,↑ (1 − n0i,↓ ). This term states that site i can have a spin up if there is

also not a spin down at site i (no double occupancy condition).
 (1 − ni ) → (1 − n0i,↓ )(1 − n0i,↑ ). This is the multiplication of two possible spin

orientations that result in there not being a particle at site i.
Thus the results in the ψ0 basis include the possibility of multiple particles per site.
When we take the ratio of these probabilities, we get the remaining g from Eq. (2.18)
as
g=

[ni,↑ (1 − nj )]1/2 [(1 − ni )nj,↑ ]1/2
[n0i,↑ (1 − n0i,↓ )(1 − n0j,↓ )(1 − n0j,↑ )n0j,↑ (1 − n0j,↓ )(1 − n0i,↓ )(1 − n0i,↑ )]1/2

(2.22)

and thus the required factor is
gt =

[ni,↑ (1 − nj )]1/2 [(1 − ni )nj,↑ ]1/2
.
[n0i,↑ (1 − n0j,↑ )n0j,↑ (1 − n0i,↑ )]1/2

(2.23)

The primary assumption is that the system is near half filling. Often the gt factor
will appear in the form
gt =

1−n
1 − n2

(2.24)

which one obtains by setting each ni or nj in Eq. (2.23) to be equal to n/2. For our
purposes, replacing n = 1 − x gives the appropriate factor, gt =
21

2x
1+x

for x the doping

away from half filling.
These factors also come about for the spin exchange term in the t-J model. There
however, the factor results gs =

1
)2
(1− n
2

=

4
.
(1+x)2

I will not attempt to repeat this

calculation as both can be found in a review by Eddegar et al.[20] and also in Ref. [28].

2.2.4

Spin Term2

There is a very common treatment which helps resolve the coupled nature of the Si ·Sj
term in the effective Hamiltonian of Eq. (2.14). To help with this, the definition of
the Si operator is
1
Si = c†iα σαβ ciβ
2

(2.25)

where σαβ is an element, defined by α and β, of the vector of Pauli matrices. Note
that repeated spin indices are summed over. In order to simplify the two S vectors,
we employ a Pauli matrix vector identity for the dot product

σαβ · σδγ =

3
X
i=1

i
i
σαβ
σγδ
= 2δαδ δβγ − δαβ δγδ

(2.26)

where the i here sums over the set of Pauli matrices {x,y,z}≡{1,2,3} and the δ’s with
greek subscripts are Kronecker delta functions. Therefore the dot product can be
written
Si · Sj = (c†iα σαβ ciβ ) · (c†jγ σγδ cjδ )

1
= c†iα ciβ c†jβ cjα − c†iα ciα c†jγ cjγ
2


1
= c†iα ciβ cjα c†jβ − δαβ − niα njγ
2
1
1
= c†iα cjα c†jβ ciβ + niα − niα njγ .
2
2

2

The primary references for this section are [29, 30, 31].
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(2.27)

We take only the first term. The second term is a constant on average for a given
system, and acts only to shift the chemical potential. The third term is a nearest
neighbour interaction energy which for large U is roughly constant. Our Hamiltonian
therefore is
H=

X
ij

Jij (Si · Sj ) =

JX †
c cjα c†jβ ciβ
2 ij iα

(2.28)

where we have replaced Jij with a constant, J.
We can see that the resulting operator contains four creation/annihilation operators.
This is dealt with through the Hubbard-Stratonovich (HS) transformation[32] which
is used to reformulate a Hamiltonian that describes a system of particles interacting through two-body potentials into a system of independent particles interacting
with a field.3 Without details (see Ref.[29]) it suffices to say that we transform the
Hamiltonian to be
H→H−

2X
J
|χij + c†iα cjα |2 .
J ij
2

(2.29)

In order for this new term to not modify the Hamiltonian, we require that the new
term be equal to zero, and therefore
J
χij = − c†iα cjα .
2

(2.30)

We write χij = χ, some mean value result. Expanding the new Hamiltonian we obtain
JX †
JX †
ciα cjα c†jβ ciβ −
ciα cjα c†jβ ciβ
2 ij
2 ij


2X
J
†
2
−
|χ| + χ(ciα cjα + h.c.)
J ij
2

H=

(2.31)

which simplifies to
H=−

X

χ[c†iσ cjσ + h.c.],

(2.32)

hiji

3

The HS transformation is a formal representation of the process by which two particle operators
are written as individual particles interacting with a mean field of their surrounding particles.
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where we restrict the summation to be over nearest neighbour sites, hiji. We can
see that a term has cancelled the original Hamiltonian and the |χ|2 term is taken
as a constant and can be ignored. What remains now contains operators which
are in the same form as the kinetic hopping and can be solved analytically. The
final thing to note is that the Gutzwiller projection should be done prior to the
Hubbard-Stratonovich transformation, as it will produce a different factor, gs , before
the transformation, than after (since we neglected the quartic term).
What has happened in this transformation is that we have replaced a set of two
Fermion operators with a bosonic field, χij , which connects different sites. For a
large system we ignore fluctuations in χij and just take the mean field value. In this
we then are able to replace χij with a constant, as we did for the kinetic hopping
tij . Another interpretation of the χ field comes from transformations as done by
Anderson et al.,[33] where the spin part is replaced by coupling the neighbouring
spins into S=0 valence-bonded pairs, which obtains the same result except where the
creation/annihilation operators create and annihilate bonds, rather than particles.
In both interpretations the quantity |χij |2 can be interpreted as the probability of
a valence bond lying on the link connecting sites i and j. The χij itself acts as a
hopping amplitude of the valence bonds on the lattice and commonly gets grouped
with the first nearest-neighbour hopping term.

2.2.5

Effect of Gutzwiller Projection on Quasiparticle Weights

We have shown how to compute the kinetic hopping Gutzwiller factor, gt . There
are however complications which arise in the wavefunction itself, namely that the
projected state of the N particle wavefunction is different from the N+1 particle
wavefunction. This is corrected by including a Gutzwiller factor in the Green’s function itself. This comes about naturally when one tries to write down the coherent part
of the Green’s function.[28, 34] Following the notation of Ref. [34] we assume that
the Green’s function is comprised of a component of unoccupied states, a component
of occupied states and an incoherent piece. This transfers through to the spectral
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function, resulting in the form
A(k, ω) = Zk+ δ(ω − k ) + Zk− δ(ω + k ) + Ainc (k, ω).

(2.33)

We therefore define the Z ± as the coherent weight of the unoccupied/occupied states
of energy k and Ainc (k, ω) is the incoherent part of the spectral function. If we ignore
the incoherent piece, then the goal is to identify the spectral weightings for unoccupied
and occupied states, which is done in a standard way for a given momentum by
defining:
Zk+ = hck,↑ c†k,↑ i,
Zk− = hc†k,↑ ck,↑ i.
These are the expectation values in the Gutzwiller projected state [Eq. (2.15)] and results in a Gutzwiller factor that is identical to the example case for nearest-neighbour
hopping4 only now the system wavefunction, ψ0 , is the BCS wavefunction for which
we know the resulting particle and hole amplitudes. What results for the N particle
state, is a hole excitation
Zk+ = gt hck,↑ c†k,↑ iBCS

(2.34)

and similarly for the particle excitation
Zk− = gt hc†k,↑ ck,↑ iBCS .

(2.35)

If we write a spectral function by including a self energy in the Green’s function rather
than dealing with the wavefuctions explicitly then we have to include this gt factor
in an adhoc way. The physical result of this factor is that the coherent part of the
spectral function vanishes as the doping goes to half filling (x → 0).

4

It may not be immediately apparent that this is the same due to the real-space vs k-space
representations. See Ref. [34] Eq. (3) for clarification.

25

2.3

Phenomenological Model of the Pseudogap

We have used a Hamiltonian which includes a hopping model out to 3rd nearestneighbour along with a spin exchange component. Thus
Ht = −t0

X
hi,ji,σ

(c†iσ cjσ + h.c.) − t00

X
hi,ji0 ,σ

(c†iσ cjσ + h.c.) − t000

X

(c†iσ cjσ + h.c.) (2.36)

hi,ji00 ,σ

and
HJ = J

X
hi,ji

Si · Sj

(2.37)

where hi refers to nearest-neighbour, hi0 to 2nd nearest-neighbour, and hi00 as third

nearest-neighbour, similarly for the energies t0 , t00 and t000 while h.c. is short form for
‘hermitian conjugate’. The evaluation of expectation values then involves Gutzwiller
factors, which are written[27]
hc†iσ cjσ iRVB = gt hc†iσ cjσ iBCS

(2.38)

hSi · Sj iRVB = gs hSi · Sj iBCS .

(2.39)

We can then write the result for the energies of the projected t-J Hamiltonian out to
third nearest-neighbour as
ξk = −2t(cos kx a + cos ky a) − 4t0 cos kx a cos ky a − 2t00 (cos 2kx a + cos 2ky a) − µp (2.40)
where µp is the chemical potential, a is the lattice constant, and t, t0 , and t00 are the
Gutzwiller projected energies given for a doping, x, given as
t(x) = gt (x)t0 + 3gs (x)Jχ/8

(2.41)

t0 (x) = gt (x)t00

(2.42)

t00 (x) = gt (x)t000 .

(2.43)
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Here we combine the first nearest neighbour and exchange energies into t(x). These
can be written in a dimensionless form by dividing out the bare nearest neighbour
hopping energy t0 .
A self energy similar in form to that obtained from models of two-leg Hubbard ladders
is used, which at half-filling creates a Mott insulator. This self energy is [35]
Σa =

∆2
.
ω + a (k)

(2.44)

Specifically, the YRZ ansatz for the pseudogap state is to include a pseudogap self
energy similar to the two-leg Hubbard ladder but where a (k), the half filling energy
of the two-leg Hubbard ladder system, is replaced with the energy of the AF Brillouin
zone, which can be taken as the nearest-neighbour hopping term ξk0 = −2t(cos kx a +
cos ky a) and thus
Σpg =

2.3.1

∆2pg
.
ω + ξk0

(2.45)

Mean Field Parameters

By applying the Gutzwiller factors and then performing the HS transformation, the
nearest-neighbour part of the Hamiltonian is
H=−

X

(gt t0 + gs χ)(c†iσ cjσ + h.c.).

(2.46)

hi,ji,σ

The t0 and χ parameters requires values which are taken from variational mean field
approaches. In the pseudogap model, which we discuss in section 2.3 , this is written
slightly differently with different factors including a J (hidden in χ here) as well as a
χ0 . Variational mean field calculations suggest that gs Jχ0 ≈ 0.5J. We start from an
assumption that the system of spin-1/2 particles was paired into S = 0 singlets, and
so write
S 2 = (Si + Sj )2 = 0 = Si2 + Sj2 + 2Si · Sj .
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(2.47)

This standard procedure allows one to write the Si · Sj operators in terms of the
individual S 2 operators. Thus, for the pairing of two spin-1/2 particles this results in
the expectation value
3
hSi · Sj i = .
4

(2.48)

This of course describes the energy of a pair, and therefore the energy per site is one
half of that. We can relate this to constants in our defined Hamiltonian by writing
3
g Jχ0
8 s

= 0.5J. We have use the half filled value of gs = 4 (4 bonds connected to

each site) and solved for χ0 =

1
3

[Note: the precise value used in the literature[36] and

this thesis is χ0 = 0.338]. Further, we use t0 /t0 = −0.3, t00 /t0 = 0.2 and J/t0 = 1/3.

2.3.2

YRZ Green’s Function and Spectral Function

The YRZ Green’s function includes the self energy of Eq. (2.45).5 This can be rewritten in terms of simple Green’s functions with renormalized energies and weighting
factors. We have
G(k, ω) =
=

1
ω − ξk −

∆2pg (k)
0
ω+ξk

ω + ξk0
ω 2 + ωξk0 + ωξk + ξk ξk0 − ∆2pg

ω + ξk0
=
(ω − Ek+ )(ω − Ek− )
Wk+
Wk−
+
=
ω − Ek+ ω − Ek−
where

(2.50)
(2.51)
(2.52)

6

Ek± =

5

(2.49)

ξk − ξk0
±
2

q
(ξ˜k )2 + ∆2pg (k)

(2.53)

For a review of works with the YRZ model, see Ref. [37].

6

An early form of the energy Ek comes from localization models, see for example Ref. [38] page
206, Eq. (20.30).
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and
Wk±
where ξ˜k =

0
ξk +ξk
.
2

ξ˜k
1± ±
Ek

1
=
2

!
(2.54)

Using these and the definition of the spectral function, A(k, ω) =

−2ImG(k, ω + i0+ ), along with the identity

1
x+i0+

=

P
x

− iπδ(x), the resulting spectral

function, including the coherent weight gt factor, is
A(k, ω) = 2πgt [Wk+ δ(ω − Ek+ ) + Wk− δ(ω − Ek− )].

2.3.3

(2.55)

Superconducting Green’s Function

We use the pseudogapped state as a normal state for superconductivity. Therefore
this becomes like a two band model, for α = ±, where
Gαs (k, ω) =
=
=

and Esα =

Wkα
∆2sc (k)
α
ω+Ek
α
α
Wk (ω + Ek )
ω 2 − Ekα 2 − ∆2sc (k)
Wkα (ω + Ekα )
(ω − Esα )(ω + Esα )

ω − Ekα −

(2.56)
(2.57)
(2.58)

q
Ekα 2 + ∆2sc (k). This produces the standard result for a given α,
Gαs (k, ω)

=

Wkα




uαk 2
vkα 2
+
.
ω − Esα ω + Esα

(2.59)

Therefore the total Green’s function is the sum of the α = + and - cases. The
resulting spectral function is, again including the adhoc factor,
A(k, ω) = 2πgt

X
α=±



Wkα uαk 2 δ(ω − Esα ) + vkα 2 δ(ω + Esα ) .
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(2.60)

2.3.4

Anomalous Green’s Function

The derivation of the anomalous Green’s function, F (k, ω), assumes the pseudogapped state as the normal state on which superconductivity resides. We use the
standard formula for F , but add a band label α, which results in
∆sc (k)Gαs (k, ω)
ω + Ekα


−Wkα ∆sc (k)
(ω + Ekα )
=
ω + Ekα
(ω − Esα )(ω + Esα )
2Esα
−Wkα ∆sc (k)
·
=
(ω − Esα )(ω + Esα ) 2Esα


1
−1
α ∆sc (k)
+
= −Wk
2Esα
ω + Esα ω − Esα


1
1
α
α ∆sc (k)
−
F (k, ω) = Wk
.
2Esα
ω + Esα ω − Esα
F α (k, ω) = −

(2.61)

(2.62)

Again the total Green’s function is the sum of + and - parts. Thus the total anomalous
spectral function is B(k, ω) = −2ImF (k, ω + i0+ ) resulting in
B(k, ω) = 2πgt

X
α=±

2.3.5

Wkα

∆sc (k)
[δ(ω + Esα ) − δ(ω − Esα )] .
2Esα

(2.63)

Luttinger Liquid vs Fermi Liquid

In Fermi liquid theory, the low energy excitations of an interacting fermion system are
described as fermionic quasiparticles. In the quasiparticle framework the interacting
particles can be treated, approximately, as particles which have a different effective mass (quasiparticles) and are unperturbed (moving through a non-interacting
system). This approach is particularly successful for low temperature properties of
metals. If the application of an interaction causes the non-interacting ground state to
slowly and smoothly (adiabatically) evolve into an interacting ground state then the
particle in its new excited state, referred to as a quasiparticle, maintains a one-toone correspondence to the original non-interacting particle in its ground state. This
results in the number of quasiparticles in the system being equal to the number of
30

bare particles; or here, electrons. A primary violation of this one-to-one nature is the
formation of a bound state, where multiple real particles combine to form a single
quasiparticle state. Clearly, superconductors are not Fermi liquids due to the formation of Cooper pairs. That being said, the application of BCS theory to a Fermi
liquid normal state is well understood.
However, the form of the Green’s function for the pseudogap state, Eq. (2.52), raises
an issue. For a Fermi liquid, the Green’s function changes sign when G−1 = 0 (at
the Fermi level) where the Green’s function has a pole. We can see that our Green’s
function also has other zeros. These are referred to as a Luttinger surface. The
Luttinger theorem is[39]
N
2
=
V
(2π)D

Z

dD k.

(2.64)

G(k,ω=0)>0

This theorem states that the D-dimensional volume (area for D=2) is identified by
the region of positive valued Green’s function and is unchanged by interactions.[39,
40, 41, 38, 42] In a Fermi liquid there are always well-defined quasiparticles and a
one-to-one correspondence between quasiparticle and real fermions.
For a hole doped system in 2D, we write
2
1−x=
(2π)2

Z

d2 k.

(2.65)

G(k,ω=0)>0

This formula is used to solve for µp in the energy dispersion ξk . The chemical potential
is shifted to modify the shape of the Fermi surface until its area coincides with the
hole doping value and satisfies the Luttinger theorem.
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Chapter 3
Specific Heat

3.1

Motivation

A long standing problem in high-Tc physics has been to understand the full doping
dependence of electronic specific heat measurements which date back to the mid 90’s.
The key features of that experiment are shown in Fig. 3.1 which is reproduced from
Ref. [43]. Primarily, as doping is decreased the sharp rise at the transition temperature
decreases in amplitude. The variation in the size of the jump at Tc is an indication of
an alternate ordering in the system, in this case, the pseudogap. As the pseudogap
increases, the data shows a stronger depression of the jump at Tc .
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Figure 3.1: Specific heat experimental data, γ(x, T ) = Cv /T , for varied hole-doping,
x, and temperature, T , taken from Ref. [43] on YBa2 Cu3 O6+x . Here the strong
peak near x = 0.92 refers to optimal doping and smaller values of x are considered
underdoped.

3.2
3.2.1

Calculating Specific Heat
Fundamental Formulas

1

The specific heat is given by

Cv = T





∂S
∂T

=
v

∂U
∂T


,

(3.1)

v

where S and U are the entropy and internal energy per unit volume, respectively.
The internal energy for a Fermion system is
U=

X

k f (k , T )

(3.2)

k,σ

where k is the energy dispersion, while f (k , T ) is the Fermi distribution function
evaluated at the given energy and temperature. These formulas lead to the general
expression for the specific heat as
Cv (T ) =

1

X ∂
[Ek (T )f (Ek (T ), T )]
∂T
k,σ

(3.3)

The primary reference for this section is Ashcroft and Mermin’s solid state physics textbook.[44]
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where Ek (T ) is the energy dispersion for a given temperature, T .
Alternately, one can calculate the entropy, S, for a system of fermions and calculate

∂S
the specific heat through Cv (T ) = T ∂T
. The entropy can be written as
n
S(T ) = −2kB

X
k

[f ln f + (1 − f ) ln (1 − f )]

(3.4)

where f = f (Ek (T ), T ) and kB is the Boltzmann constant.[44]

3.2.2

Superconducting State - Jump at Tc

A common calculation regarding the specific heat jump at Tc has been included in the
paper, specifically Fig. 4(b). Normally, for a BCS d-wave superconductor, this jump
has a universal value and can be calculated somewhat analytically using Eq.(3.3) by
p
including Ek (T ) = 2k + ∆2sc (k, T ) and assuming a mean-field BCS temperature
dependence for the superconducting gap ∆sc . However, in this work we proceed
numerically rather than analytically.

3.3
3.3.1

Published Work
Overview

In this work we explored the anomalous observations of the electronic specific heat
which were reported in a series of experimental papers, namely Refs. [45, 46, 47, 48].
We also compare to a model that has been used more recently to fit data by Storey
et al. [49], dubbed the ‘arc model’. If one maintains the doping dependent energy
dispersions of the YRZ model, but includes an arc-modelled pseudogap as defined
in the paper, then one can obtain results comparable to the YRZ calculation, while
having a fundamentally different underlying Fermi surface, a Fermi Arc, rather than
a Fermi Pocket.
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While the issue of arcs vs pockets is of paramount importance in quantum oscillation
experiments as well as the details of ARPES, we illustrate that the nature of the
specific heat in the superconducting state is dependent on details of the BCS theory,
but also the finite value of the density of states at the Fermi level, N (0), in the
normal pseudogapped state. The details of the pseudogap model which creates the
precise value of N (0) are much less relevant than the value of N (0) itself. Thus, one
seeks a model which accurately describes N (0) as a function of doping. Calculations
using the YRZ ansatz which includes Gutzwiller projection operators qualitatively
describes the behaviour of the specific heat across the doping phase diagram.
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A recent microscopic model of the pseudogap state, based on the resonating valence bond 共RVB兲 spin liquid,
has provided a simple ansatz for the electronic self-energy in which a gap forms on the antiferromagnetic
Brillouin zone as the limit of a Mott insulator is approached in the underdoped regime. Here, the ansatz is
employed to calculate the electronic specific heat when a superconducting gap is also included. We find
qualitative agreement with all experimental observations in the underdoped regime of the cuprates. We explore
the relationship of the theory to two other purely phenomenological approaches, the nodal liquid and the Fermi
arc model, and provide justification for their use on experimental data in light of this microscopic RVB theory.
DOI: 10.1103/PhysRevB.80.060505

PACS number共s兲: 74.72.⫺h, 74.20.Mn, 74.25.Bt

Simplified models, such as BCS theory, which ignore
much of the complicated details associated with actual metals, have had an enormous impact on our understanding of
the superconducting state. A generalization of BCS to include the d-wave symmetry of the superconducting gap in
the cuprates has taken us a long way in understanding the
overdoped and optimally doped part of their phase diagram.
However, it has failed so far to provide even a first qualitative picture of the observed properties as the Mott transition
is approached in the underdoped regime. Some additional
essential element is still missing, which has been widely recognized as associated with the opening of a pseudogap, although the exact nature of the phenomenon remains unknown. Recently, Yang, Rice, and Zhang1 共YRZ兲 provided a
simple model for the self-energy in the pseudogap phase
from which the coherent part of the electronic Green’s function can be constructed. The work is based on results for a
resonating valence bond spin liquid and contains a gap which
is formed on the antiferromagnetic Brillouin zone 共AFBZ兲 as
the doping is reduced and the transition to a correlationinduced Mott insulating state is approached from the metallic
side. Since its appearance in 2006, the model has had considerable success in understanding some aspects of Raman2
and optical properties3 of the underdoped cuprates and has
also been applied to angle-resolved photoemission 共ARPES兲
data.4
In view of these developments, it is very important to test
the YRZ model on other data. In this Rapid Communication,
we consider the electronic specific heat, which has long been
known to show anomalous properties5–7 not describable
within simple BCS theory. Lacking the existence of a welldeveloped and accepted microscopic theoretical framework,
Loram et al.5–7 included a depression of the electronic density of states 共DOS兲 near the Fermi energy to analyze their
early specific-heat work. More recently, a similar analysis
applied to optical data8,9 has also yielded new insights, including clarification of temperature-dependent Fermi arcs.
More sophisticated, but still purely phenomenological, approaches to the pseudogap phase have appeared, including
the idea of a nodal liquid10 and of temperature-dependent
Fermi arcs.10–14 In these models, the pseudogap exhibits
d-wave symmetry and forms on the Fermi surface. At high
temperatures only the antinodal region is gapped while the
1098-0121/2009/80共6兲/060505共4兲

remaining ungapped arc length about the nodal direction is
proportional to temperature. The limit of a nodal liquid is
when the pseudogap is taken to form over the entire Fermi
surface.10,14 In comparison to these models, the YRZ approach is profoundly different in that the pseudogap forms
on the AFBZ. After presenting our results, we will provide
an analysis of how YRZ relates to both the nodal liquid and
Fermi arc model.
There are many other theoretical approaches to the
pseudogap phase, for example, preformed pairs, existing below an onset temperature, Tⴱ, with phase coherence taking
hold only at the lower superconducting Tc. These preformed
pairs arise either from a homogeneous state15,16 or from including inhomogeneities on the nanoscale.17 There are also
extensions of BCS theory which include the formation of
finite momentum pairs that persist above Tc.18 Another class
of theories involves competing orders, such as d-density
waves,19 which set in at Tⴱ and can coexist with superconducting order below Tc.
In the YRZ model, both the superconducting gap, ⌬sc, and
the pseudogap, ⌬pg, have a d-wave k-space dependence de⌬0

⌬0

scribed by: ⌬sc = 2sc 共cos kxa − cos kya兲 and ⌬pg = 2pg 共cos kxa
− cos kya兲, with a the lattice constant. For a doping x, the
YRZ model is described by a propagator,
G共k, ,x兲 =

兺 Wk␣/关 − Ek␣ − ⌬sc2/共 + Ek␣兲兴,

␣=⫾

共1兲

冑

k−0k
0
˜2 2 ˜
2 ⫾ Ek, Ek = k + ⌬pg, k = 共k + k兲 / 2, and
˜k
gt共x兲
4
W⫾
k = 2 共1 ⫾ Ek 兲, where gt共x兲 weights the coherent part.

where E⫾
k =

The
energy
dispersion
k = −2t共cos kxa + cos kya兲
− 4t⬘ cos kxa cos kya − 2t⬙共cos 2kxa + cos 2kya兲 −  p includes
hopping out to third nearest neighbor, while 0k
= −2t共cos kxa + cos kya兲 is the first nearest-neighbor term,
which determines the placement of the pseudogap off the
Fermi surface, coinciding with the AFBZ boundary. These
energy dispersions contain doping-dependent coefficients:
t共x兲 = gt共x兲t0 + 3gs共x兲J / 8, t⬘共x兲 = gt共x兲t0⬘, and t⬙共x兲 = gt共x兲t0⬙,
where gt共x兲 = 2x / 共1 + x兲 and gs共x兲 = 4 / 共1 + x兲2 are the
Gutzwiller factors. The dispersion here uses  p as an effective chemical potential or Fermi level at T = 0, determined by
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␣=⫾ k

共2兲
where f is the Fermi function and kB, the Boltzmann constant. The temperature dependence enters through both f and
the temperature-dependent superconducting gap.
The electronic specific-heat gamma, denoted by ␥共T兲
2
= C共T兲 / T, is a constant, ␥共T兲 = 23 kB2N共0兲, in the noninteracting case, with N共0兲, the electronic density of states at the
Fermi level. ␥共T兲 is presented in Fig. 1, for several doping
2
values, normalized by the constant ␥0 = 23 kB2N共0 , x = 0.16兲.
These results are based on the generic phase diagram, illustrated by Fig. 2共a兲, which is slightly modified from that previously used by YRZ, with optimal doping now at x = 0.16.
This is more relevant for comparison with the specific-heat
data of Loram et al.5–7 Other phase diagrams based on the
analysis of a large database have also appeared in the
literature,21,22 in which the pseudogap line ends near the upper edge of the superconducting dome, rather than at x = 0.2.
Since, in this work, we are only interested in making a qualitative comparison with experiment, we have made no attempt to alter other basic parameters of the pseudogap state
introduced in the original paper of YRZ 共Ref. 1兲 in order to
improve quantitative agreement with experimental data.
Comparison of Fig. 1共a兲 with the experimental results of
Loram et al. 共Ref. 5 and Fig. 4, for example兲 shows that our
theoretical results capture all essential qualitative features
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1
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the Luttinger sum rule. Values of other parameters in the
dispersion were taken from Ref. 1 to be: t⬘ / t0 = −0.3, t⬙ / t0
= 0.2, J / t0 = 1 / 3, and  = 0.338; while the optimal supercon0
was chosen to give an effective optimal Tc
ducting gap ⌬sc
0
around 90 K for a ratio of 2⌬sc
共T = 0兲 / kBTc = 6,20 for units of
0
t0 = 0.1 eV, where ⌬sc共T兲 is the gap amplitude given in BCS
theory at temperature, T.
From the YRZ propagator of Eq. 共1兲, one can extract the
YRZ spectral function and see that there are four energy
␣
␣
, where Esc
branches, given by the energies, ⫾Esc
␣
2
= 冑共Ek 兲2 + ⌬sc. One can straightforwardly calculate the specific heat, C共T兲, from the entropy, S, given at temperature, T,
by the standard formula summed over the four energy
branches, which reduces to
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FIG. 1. 共Color online兲 共a兲 Plot of ␥ / ␥0 vs T / t0 for the YRZ
model with x = 0.16, 0.12, and 0.09. 共b兲 Plot of normalized jump,
⌬C / Cn = ⌬C / ␥共Tc兲Tc, and normalized internal energy, ⌬U / ⌬Un as
functions of doping, x.
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FIG. 2. 共Color online兲 共a兲 The phase diagram via the magnitudes
0
of the gaps ⌬sc
共x兲 / t0 = 0.24共1 − 82.6共x − 0.16兲2兲 and ⌬0pg共x兲 / t0
= 0.6共1 − x / 0.2兲. Also, the values of the critical angles, cARC and
YRZ
vs x. 共b兲 One quadrant in k space identifying the critical angles
c
where pseudogap exists. The ellipse is a Luttinger pocket from the
YRZ theory for x = 0.05.

observed. First, as one proceeds toward the underdoped regime, there is a significant decrease in ␥共T兲, as Tc is approached from above. This reflects an effective decrease in
the DOS around the Fermi energy in the normal
pseudogapped state. Second, the jump at Tc is greatly reduced with increased pseudogap. In Fig. 1共b兲, we summarize
the doping dependence of the normalized jump, ⌬C / ␥共Tc兲Tc,
as well as the normalized condensation energy, ⌬U / ⌬Un at
T = 0, derived from our entropy calculations. Recall that the
internal energy, U, is related to the specific heat by dU / dT
= C共T兲 and ultimately to the entropy. The condensation energy ⌬U is defined as the difference between U in the superconducting state, and its value in the normal state at T = 0.
This is given by ⌬U = 兰T0 c共Snormal − Ssc兲dT. ⌬Un is the condensation energy when the pseudogap is set to zero in both the
normal and superconducting states.
Both normalized quantities, the jump and the condensation energy, are seen to drop precipitously with decreasing x
due to the increase in pseudogap, which is not part of any
pure BCS formulation, in which both quantities would be
constant for all doping. Our findings agree qualitatively with
the data of Loram et al.5–7 It is clear that the model of YRZ
has captured an additional essential element of the physics of
the underdoped cuprates not present in standard BCS models. Note that our values of ⌬C / ␥共Tc兲Tc are larger than experiments indicate and that this is mainly due to our use of a
large gap ratio of 6, on the order of that indicated by scanning tunnel microscope 共STM兲.20 However, a smaller value
would give better quantitative agreement, indicating that the
STM data may not reflect the bulk.
Next, we make connection with the nodal liquid and the
Fermi arc approaches. For both cases, we assume that the
pseudogap is located on the usual large Fermi surface
关shown as the solid black curve in Fig. 2共b兲兴. This corresponds to replacing the AFBZ energy 0k of the YRZ model
by the energy k. In this limit, the expression of Eq. 共2兲
reduces to the standard BCS expression, with the square of
the superconducting gap replaced by the sum of the square of
superconducting and pseudogap. For the Fermi arc model we
apply an additional constraint that the pseudogap is nonzero
only in an arc located around the antinodal direction such
that
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and ⌬pg
= 0, otherwise. The angle  = arctan关共 − ky兲 / 共
− kx兲兴 is shown in Fig. 2共b兲. For our purposes, ARC
is a
c
single fitting parameter, adjusted to give ␥n共T = 0兲 共n is for
the normal pseudogapped state兲 equal to that of the YRZ
model at the same doping. Additionally, we ignore any temperature dependence of the pseudogap magnitude below Tc
as is suggested by Refs. 12 and 13 wherein they find that
Raman data shows that there is little modification to the
pseudogap below Tc. We further ignore complications of the
disappearance of the pseudogap at some, relatively high,
temperature Tⴱ which is known to cause large specific-heat
anomalies at Tⴱ, which are not observed in experiment. In
obFig. 2共a兲, the open red squares are the values of ARC
c
tained from the fit to the specific heat using the construction
of Fig. 2共b兲. In the YRZ model, the Luttinger pockets also
form an ungapped region analogous to the Fermi arc model
and it will be this region which is responsible for the specific
as the angle
heat. Consequently, for YRZ, we define YRZ
c
from 共 , 兲 to the edge of the Luttinger pocket shown in Fig.
2共b兲 and plot this in Fig. 2共a兲 as a function of doping in
comparison with ARC. The arc model fits consistently show
ARC
⬍ YRZ
. This corresponds to the additional states 共albeit
c
c
with less quasiparticle weight3,4兲 which are located along the
AFBZ boundary in the YRZ model, which are absent in the
arc model. One might imagine unravelling the Luttinger
pocket onto the Fermi surface of the arc model for a conceptual picture of this comparison. Thus, we expect the arc
model to capture much of the same features as the YRZ
model for the specific heat. This contrasts to the nodal liquid
case, which has the gap over the entire Fermi surface and no
fitting parameters.
In the top two frames of Fig. 3, we compare superconducting 共red dashed curve兲 and normal pseudogap 共solid
black curve兲 results for ␥共T兲 in the case x = 0.13. Frame 共a兲 is
for YRZ, and frame 共b兲 is for the nodal liquid. The shaded
areas illustrate the entropy difference between these two
states. The entropy readjustment is less for the nodal liquid
and consequently the specific-heat jump at T = Tc is reduced.
These differences arise because the density of states at the
Fermi surface, N共0兲, is finite in the normal pseudogap state
of the YRZ model while it is zero in the nodal liquid because
the pseudogap exists over the entire Fermi surface, and thus,
␥n共T → 0兲 → 0 共n is for the normal pseudogapped state兲. A
further comparison of these two cases is presented in Figs.
3共c兲 and 3共d兲, where we have chosen to compare directly the
two normal states and the two superconducting states, respectively. The nodal liquid and YRZ agree well at large T,
but deviate significantly for T ⱗ 0.025t0, with the nodal liquid
curve going to zero. The open red squares are results for the
chosen to fit the value of ␥YRZ
共T = 0兲.
arc model with ARC
c
n
This results in a finite DOS at the Fermi level, for both the
YRZ and arc models, which results in excellent agreement
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FIG. 3. 共Color online兲 Plots of ␥共T兲 / ␥0 comparing the superconducting state 共red dashed兲 to the pseudogapped normal state 共solid兲,
with the areal displacement shaded: 共a兲 YRZ model and 共b兲 nodal
liquid. The arc model fitted to YRZ for x = 0.13 and compared to the
nodal liquid: 共c兲 pseudogapped normal state and 共d兲 the superconducting state.

over all temperatures. Similar results for the superconducting
state are presented in Fig. 3共d兲. The agreement between YRZ
and the arc model is excellent. Both show some slight deviations from the nodal liquid, but these deviations appear less
important than in the normal pseudogapped state results of
Fig. 3共c兲 where we find the low-temperature differences to be
quite striking. However, it should be noticed that, in Fig.
3共d兲, the nodal liquid result 共dotted兲 does fall below YRZ for
all T ⬍ Tc, which results in substantial loss of area under
these curves, indicating a smaller condensation energy of the
superconducting state 关shown in Fig. 4共a兲兴. It is clear from
this comparison that placing the pseudogap on the Fermi
-2
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FIG. 4. 共Color online兲 共a兲 Condensation energy, ⌬U共0兲 / t0, vs x
for all three models, overlayed with ⌬sc / t0 and ⌬pg / t0 from Fig. 2.
共b兲 Plot of normalized jump vs x for all three models. Inset shows
⌬␥共Tc兲 / ␥0.
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surface, rather than on the AFBZ, while at the same time
reproduces well the YRZ results. For
cutting it off at ARC
c
YRZ, there is no cut off, but rather the Luttinger contours
move away from the gapped AFBZ boundary in the region of
the nodes as is clear in Fig. 2共b兲.
Figure 4 provides further comparison of both the nodal
liquid and Fermi arc models with the YRZ results, across the
entire doping range. Figure 4共a兲 compares the condensation
energy ⌬U vs doping, x. There is excellent agreement between YRZ and the arc model, while the nodal liquid is
consistently lower. Although the nodal liquid still captures
the large decrease in condensation energy that is caused by
the opening of the pseudogap, it overestimates the effect. The
same remarks apply to Fig. 4共b兲 where ⌬C / Cn is shown vs x.
In the inset, we show the ⌬␥共Tc兲 / ␥0 for completeness.
In summary, we have found that the microscopic model of
YRZ, based on the successful resonating valence bond spin
liquid phase,23,24 which includes as its central essential element the formation of a pseudogap on the AFBZ in the underdoped region of the cuprate phase diagram, can account
for all of the qualitative characteristics of the observed evolution of the specific heat as a function of doping. We have
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3.3.3

Concluding Remarks

Subsequent to this paper, a similar calculation was done to examine the low temperature limit of the γ(T ) function. [50]
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Chapter 4
Raman and ARPES

4.1

Raman

In Raman spectroscopy, the system absorbs high energy photons and then relaxes
into some new state, re-emitting a photon. The frequency shift between ingoing and
outgoing photons gives access to measuring low energy excitations in the system.
This is considered a scattering process because the excited states are very short lived
virtual states, not stable states. For systems containing bound states, such as Cooper
pairs, the input photon is of sufficient energy to break the bound state, and the
system re-emits a photon with lower energy (referred to as a Stokes process). The
difference between these energies ideally provides a strong signal at an energy shift
corresponding to the binding energy of the pairs. This process is shown schematically
in Fig. 4.1.
However, the issue of precisely what the photon couples to is important. If we wish to
know information regarding the electronic states, then the coupling involved is with
the electrons. This coupling has a strength dependent on the electron’s momentum
relative to the propagation vector of the input photon and therefore there is also a
dependence on the experimental orientation.
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4.1.1

Formulas

The full derivation of the Raman formula used can be found in Ref. [51] and supplemented by [52, 53]. The Raman response is the imaginary part of the diagrammatic
sum of Fig. 4.2, which is in the q → 0 limit and gives
Π(k, iνm ) = T

X

Tr[γkη τ3 G(k, iωn )G(k, iωn + iνm )γkη τ3 ],

(4.1)

n,k

where T is temperature; ωn = (2n + 1)π/β and νm = 2nπ/β are fermionic and
bosonic Matsubara frequencies (respectively); and β = 1/kB T . The matrix notation
requires that each diagrammatic vertex, γ, be accompanied by the τ3 Pauli matrix.
The imaginary part can be written in terms of the regular and anomalous spectral
functions, A(k, ω) and B(k, ω), for a frequency shift Ω as
Z
πX η 2 ∞
χ (Ω) = Im[Π(T, Ω)] =
(γ )
dω[f (ω) − f (ω + Ω)]
4 k k
−∞
00

×[A(k, ω)A(k, ω + Ω) + B(k, ω)B(k, ω + Ω)]

(4.2)

where η is the choice of polarization geometry.

4.1.2

Polarization Vertices

The effective mass approximation for vertices (Eqn (24) of Ref. [54]) describes the γ
vertices of Fig. 4.2 in the form
γα,β (k, q → 0) =

1 ∂ 2 ξk
,
~2 ∂kα ∂kβ

(4.3)

where ξk is the bare energy dispersion. Different experimental optical setups can
result in mixing of different vertices as outlined in Table 1 of Devereaux et al. [54].
For example, the two vertices relevant to this work are: γ B1g = γx,x − γy,y ; and
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virtual state

Figure 4.1: Schematic of Raman shift. An input photon with energy ωin excites an
electron in an occupied state to some high energy virtual state which immediately
decays to an unoccupied state. Thus Ω = ωin − ωout is thepRaman shift energy. In a
superconducting system where the quasiparticle energy is 2k + ∆2k the Raman shift
becomes sensitive to the gap value, ∆, or the total binding energy, 2∆.
ω+Ω
γ

Π

γ

ω

Figure 4.2: Diagram of Raman response. The energy shift of incoming and outgoing
photons is described in the polarization bubble coupled to the photons through the
Raman γ vertices.
γ B2g = γx,y + γy,x .1

4.2

ARPES

In angle-resolved photoemission spectroscopy (ARPES), the scattering intensity, I(k, ω),
for a given momentum, k, and frequency, ω, is
I(k, ω) = |M |2 f (ω, T )A(k, ω).
1

(4.4)

Relevant material can be found in a review by Devereaux et al.[54] and one can refer to the
Mahan text for more details of the Matsubara formalism. [19]
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Here f (ω, T ) is the Fermi function at a given temperature, T ; A(k, ω) is the spectral
function; and M represents a matrix element, often assumed to a first approximation
as being constant. Therefore the results of an ARPES experiment at low temperature,
where the Fermi function becomes a Heaviside function, is just the spectral function of
occupied states, equivalent to the spectral function at ω < 0. ARPES experiments often refer to energy and momentum distribution curves (EDC and MDC respectively).
The EDC is for a constant k and plots the spectral function for variation in energy,
ω. In the MDC the energy is constant and the momentum is varied. However, one
must bear in mind, while for the EDC variation in energy is unidirectional, variation
in k for the MDC can be multidirectional due to the vector nature of k. As such,
the presentation of such curves is often restricted to a region of k-space. The most
common curve is for constant energy, ω = 0, and variation in k is along a line which
is a perpendicular crossing of the Fermi surface.

4.3
4.3.1

Published Work
Overview

In this work we employed the band structure of the phenomenological YRZ model
to calculate the Raman spectra for varied values of electronic hole doping. In the
paper, we first give an overview of the relevant features of ARPES which play a role
in the interpretation of the Raman results. Of primary interest in ARPES is the gap
in energy at the nearest approach point in k-space (experimentalists refer to this as
the ‘minimum gap locus’).
We justify the choice of phase diagram and model based on a plot which is comparable
to the experimental ARPES work of Kondo et al.[55] (Ref. 7 in the paper). With
this in hand, we are able to calculate the Raman spectra. Primarily we emphasize
the effects of the Fermi surface reconstruction for varied doping, and how this creates
strong variation in the temperature dependence of the nodal and antinodal gaps seen
44

in the B2g and B1g Raman spectral peaks. Comparison with experimental Raman
spectra of Guyard et al.[56] (Fig. 14 in our paper) reaffirms our choice of phase
diagram (without extraneous fitting) and allows us to infer from experimental data
the onset of the pseudogap at a quantum critical point2 , which from that data would
occur just below x = 0.2.
Further, we clarify for the reader the inclusion of a large doping dependent scattering
rate, Γ = 0.2t(x), when calculating the B1g spectra in Fig. 9 of the paper. Since the
Gutzwiller projection modifies the band width, we have included the scattering rate
as a fraction of the doping dependent energy t(x). This is done for the B1g spectra
in order to merge the several peaks which appear and are illustrated in Fig. 8 of the
paper. We have found this to be unnecessary in for the B2g spectra, as there the
spectra has a clear, single low frequency peak.

2

a quantum critical point is a T=0 phase transition due to quantum fluctuations
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We have calculated the Raman B1g and B2g spectra as a function of temperature, as well as doping, for the
underdoped cuprates, using a model based on the resonating valence-bond spin liquid. We discuss changes in
intensity and peak position brought about by the presence of a pseudogap and the implied Fermi surface
reconstruction, which are elements of this model. Signatures of Fermi surface reconstruction are evident as a
sharp rise in the doping dependence of the antinodal to nodal peak ratio which occurs below the quantum
critical point. The temperature dependence of the B1g polarization can be used to determine if the superconducting gap is limited to the Fermi pocket, as seen in angle-resolved photoemission spectroscopy, or extends
beyond. We find that the slope of the linear low-energy B2g spectrum maintains its usual d-wave form, but with
an effective gap which reflects the gap amplitude projected on the Fermi pocket. Our calculations capture the
main qualitative features revealed in the extensive data set available on the HgBa2CuO4+␦ 共Hg-1201兲 cuprate.
DOI: 10.1103/PhysRevB.81.064504

PACS number共s兲: 74.72.⫺h, 74.20.Mn, 74.25.Gz, 78.30.⫺j

I. INTRODUCTION

The underdoped region of the high-Tc cuprate phase diagram is known to contain a number of features, which makes
both the normal and superconducting state challenging to
understand using microscopic models. These features included: nanoscale inhomogeneities as seen in scanning tunneling microscopy,1,2 the observation of a pseudogap energy
scale above Tc,3,4 as well as a transition to an antiferromagnetic Mott insulating state at low doping.5
The discovery of a pseudogap feature in the normal state
above the superconducting dome, for doping below some
critical value 共thought to be a quantum critical point兲, has
recently resulted in considerable research activity. Understanding the effect of this pseudogap energy scale on the
transition temperatures, Tc, of the cuprates, as well as the
origin of this energy scale itself, are important and interesting issues. Examination of the cuprate phase diagram shows
a clear reduction in Tc as the pseudogap energy scale increases. This could be an indication of the pseudogap arising
from a competing phase, driving down the superconducting
gap, and hence the Tc. Indeed, a great deal of experimental
evidence appears to suggest that the superconducting gap
and pseudogap occupy unique regions of phase space 共nodal
superconductivity and antinodal pseudogap兲.6
Since its appearance in 2006, the model of Yang, Rice,
and Zhang 共YRZ兲 共Ref. 7兲 has shown some success in understanding Raman and optical properties,8,9 angle-resolved
photoemission spectroscopy 共ARPES兲 共Ref. 10兲 and specificheat data.11 The YRZ model provides an ansatz for the coherent part of the many-body Green’s function for a resonating valence-bond 共RVB兲 spin-liquid system. In the absence
of a pseudogap, the model maintains a large tight-binding
Fermi surface that can undergo a transition to the superconducting state resulting in a superconducting gap which opens
on this Fermi surface. The inclusion of a pseudogap in the
YRZ model is such that it opens about the antiferromagnetic
1098-0121/2010/81共6兲/064504共12兲

Brillouin zone 共AFBZ兲 boundary. The net result is that a
finite pseudogap in this model acts to deform the tightbinding Fermi surface to form Fermi hole pockets. If one
assumes the onset of the pseudogap to be a zero-temperature
quantum critical point 共QCP兲 at a critical doping xc, then we
can define several regions around this critical doping. First,
for dopings above xc, there is a superconductivity-dominated
region with a large tight-binding Fermi surface. Second, for
dopings well below xc, there is a pseudogap-dominated region with Fermi pockets which become smaller and shrink
toward the nodal direction as the antiferromagnetic Mott insulator is approached. Finally, there is an intermediate region
wherein the features of a pseudogap onset, as well as a deformation of Fermi surface both present themselves. It is in
this region that the energy scale of superconductivity and the
pseudogap are comparable.
There are other theoretical methods for including a
pseudogap phase through, for example, preformed pairs12 or
as a competing d-density wave order.13,14 As the YRZ theory
has thus far resulted in good qualitative descriptions of a
number of experimental properties, continued investigation
of this model allows us to distinguish quintessential features
of the cuprates which must be included in any more complex
microscopic models that might follow. Of central importance
to this paper is the presence of two energy scales, nodal and
antinodal, in the superconducting underdoped cuprates, as
seen in Raman and ARPES experiments.15–18 Within the
model of YRZ, which includes two independent energy
scales 共superconducting gap and pseudogap兲, we calculate
the minima in the angular-band energies for comparison with
ARPES and application to Raman spectra. Although the YRZ
model has previously been applied to the calculation of Raman spectra at zero temperature in the work of Valenzuela
and Bascones,8 the work presented here extends upon those
doping-dependent calculations to understand better the specific behaviors which are present in models of the pseudogap
phase. Here we will identify the impact on Raman B1g 共antinodal兲 and B2g 共nodal兲 spectra of two important behaviors:
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共1兲 the k-space separation of superconducting-gap and
pseudogap energies and 共2兲 the reconstruction of the Fermi
surface. We will demonstrate how 共1兲 and 共2兲 play a role in
the temperature and doping dependence of the Raman spectra.
We have organized this work to fit the following structure.
Section II will describe the theoretical framework and parameters involved in the YRZ model used for all calculations
shown. Section III will be a description of ARPES results in
the context of the YRZ model with the motivation that this
will be necessary for the understanding of the Raman results.
Section IV will contain our Raman calculations in the YRZ
model, including finite temperature, while Sec. V will contain a summary of our main conclusions.
II. THEORY

In the YRZ model,
both the superconducting gap, ⌬sc,
and the pseudogap, ⌬pg, have a d-wave k-space dependence
described by
7,10

⌬sc =

⌬pg =

0
共x兲
⌬sc
共cos kxa − cos kya兲,
2
0
共x兲
⌬pg

2

共1兲

共cos kxa − cos kya兲,

g W␣

t k
兺
2
␣
␣ ,
␣=⫾  − E − ⌬ /共 + E 兲
k

sc

0
⌬pg
共x兲 = 3t0共0.2 − x兲.

共6兲

共3兲

From the YRZ Green’s function of Eq. 共3兲 and standard
equations of superconductivity for the anomalous propagator,
one can extract the regular and anomalous spectral functions,
A共k , 兲 and B共k , 兲, respectively, and see that there are four
energy branches, given by the energies,
2
⫾Es␣ = ⫾ 冑共Ek␣兲2 + ⌬sc
.

共7兲

These energy branches appear in the spectral functions as
A共k, 兲 =

兺 gtWk␣关共u␣兲2␦共 − Es␣兲 + 共v␣兲2␦共 + Es␣兲兴,

␣=⫾

k − 0k
⫾ Ek ,
2

Ek =

冑

˜2
k

+

共8兲
B共k, 兲 =

2
⌬pg
,

冉 冊

˜
1
k
.
1⫾
2
Ek

⌬

兺 gtWk␣ 2Esc␣ 关␦共 + Es␣兲 − ␦共 − Es␣兲兴,
␣=⫾

共9兲

s

where

0
˜ = 共k + k兲 ,
k
2

W⫾
k =

共5兲

k

which has been formulated from numerical studies of RVBtype models and will contain the essential physics of the
superconducting state. Entering this Green’s function are the
quantities
E⫾
k =

0
⌬sc
共x,T = 0兲 = 0.14t0关1 − 82.6共x − 0.16兲2兴,

共2兲

where a is the lattice constant. For a doping x, the YRZ
model employs, for the coherent piece, a propagator,
G共k, ,x兲 =

2x
t⬘共x兲 = gt共x兲t0⬘, and t⬙共x兲 = gt共x兲t0⬙, where gt共x兲 = 1+x
and gs共x兲
4
= 共1+x兲2 are the energy renormalizing Gutzwiller factors for
the kinetic and spin terms, respectively. gt共x兲 also appears in
Eq. 共3兲 as a weighting factor for the coherent part of the
Green’s function which acts to statistically remove or project
out doubly occupied states.19,20 The dispersion, k, uses  p as
a chemical potential determined by the Luttinger sum rule.21
Values of other parameters in the dispersion were taken from
Ref. 7 to be: t⬘ / t0 = −0.3, t⬙ / t0 = 0.2, J / t0 = 1 / 3, and 
= 0.338, which are accepted values for the hole-doped
0
was chosen
cuprates.22 The optimal superconducting gap ⌬sc
0
共x , T
to give an optimal Tc around 95 K for a ratio of 2⌬sc
0
= 0兲 / kBTc = 6, using of t0 = 175 meV. We also take ⌬sc共x , T兲,
the gap amplitude at doping, x, and temperature, T, to have a
BCS temperature dependence. We will assume that the
pseudogap is only a function of doping, and hold the value of
⌬pg共x兲 constant with temperature. This will allow us to attribute any temperature dependence in calculated quantities
0
0
共x兲 and ⌬pg
共x兲
as being due to the superconducting state. ⌬sc
are described by the well-known superconducting dome and
pseudogap line, the latter vanishing at T = 0 at a QCP in this
model. These are given explicitly as

u␣ =
共4兲

k = −2t共cos kxa + cos kya兲
The
energy
dispersion
− 4t⬘ cos kxa cos kya − 2t⬙共cos 2kxa + cos 2kya兲 −  p is the
third nearest-neighbor tight-binding energy dispersion, while
0k = −2t共cos kxa + cos kya兲 is the first nearest-neighbor term,
which effectively shifts the placement of the pseudogap off
the Fermi surface to an energy which coincides with the
AFBZ boundary, defined by the half-filling point of the
tight-binding energy 0k. These energy dispersions contain
doping-dependent coefficients: t共x兲 = gt共x兲t0 + 3gs共x兲J / 8,

v␣ =

冋 冉 冊册
冋 冉 冊册
E␣
1
1 + ␣k
2
Es

1/2

E␣
1
1 − ␣k
2
Es

1/2

,

共10兲

.

共11兲

The Raman response, ⬙ 共⍀兲 = Im关共T , ⍀兲兴, is given by

⬙ 共⍀兲 =


兺 共␥k兲2
4 k

冕

⬁

d关f共兲 − f共 + ⍀兲兴

−⬁

⫻ 关A共k, 兲A共k,  + ⍀兲 + B共k, 兲B共k,  + ⍀兲兴,
共12兲
where f is the Fermi function and  is the choice of vertex
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B1g or B2g. The vertex strength, 共␥k兲2, can be determined
straightforwardly from the energy dispersion, such that

2共k兲 2共k兲
=
−
,
 k2x
 k2y

␥Bk 2g =

共13兲

2共k兲
.
 kx  k y

Es-(θ,L)/t0

␥Bk 1g

1

共14兲

θ= 0
o
20
o
25
o
35
o
45

π

o

L

θ

ky

0
0

0.5

kx

π

For the energy dispersion used, this results in

␥Bk 1g = 2ta2共cos kxa − cos kya兲 + 8t⬙a2共cos 2kxa − cos 2kya兲,

= − 4t⬘a2 sin kxa sin kya.

共16兲

The Raman response can be simplified by performing the
integration over  in Eq. 共12兲. This allows us to separate the
contribution to the Raman spectra from each energy branch
so that

⬙ 共⍀兲 =

冉


兺 共␥兲2gt Wk␣关f共Es␣兲 − f共Es␣ + ⍀兲兴
4 k,␣=⫾ k

冋

⫻ 共u␣兲2A共k,Es␣ + ⍀兲 +

⌬sc
2Es␣

B共k,Es␣ + ⍀兲

册

+ Wk␣关f共− Es␣兲 − f共− Es␣ + ⍀兲兴

冋

⫻ 共v␣兲2A共k,− Es␣ + ⍀兲 −

⌬sc
2Es␣

B共k,− Es␣ + ⍀兲

册冊

.

共17兲
Throughout this work, all Raman calculations shown are the
results of Eq. 共17兲. Due to symmetry considerations, we have
numerically summed over only the first quadrant of the Brillouin zone with a square grid containing at least 1000
⫻ 1000 points. For simplicity, we have broadened the delta
functions as Lorentzians with a half width of ⌫ = 0.01t0 in all
cases unless otherwise explicitly noted.
III. ARPES

In this section, we wish to understand how the angularenergy profiles seen in ARPES data come about in the YRZ
model. This will be essential to the Raman analysis and discussion given in Secs. IV and V
The concept of a Fermi surface, defined here by k = 0, can
be a powerful aid in understanding the k-space distribution of
electronic states and excitations. In the presence of energy
gaps, more complicated energy dispersions, Es⫾, arise which
may not trace a zero-energy surface. In these cases, the examination of the minima of the energy dispersion produces a
surface which represents the lowest energy excitations in k
space. In the YRZ model, examination of the Es+ and Es−
energies as a function of angle, serve to produce these lowest
energy surfaces, or nearest approach energy, ⌬na, surfaces. In
Fig. 1, the Es− energy is plotted as a function of distance
along a line traced from 共 , 兲 for a range of angles. At 
= 45°, the line is traced through the nodal direction, where

FIG. 1. 共Color online兲 Plot of Es− band as a function of length, L,
along a line traced from the 共 , 兲 共see inset兲 point for a range of
angles, , in the x = 0.14 doping case. The local minima in this curve
are the energies of nearest approach, ⌬na. The inset shows the
k-space locations of these nearest approach energies, marking out
the Fermi pocket and its extension to the Brillouin zone boundary
through the Fermi-Liquidlike wings, shown in red.

both the pseudogap and superconducting gap equal zero.
This results in a true Es− = 0 Fermi surface in the 共 , 兲 direction, culminating at well-known Dirac points. For angles
away from the node, there are no Es− = 0 points. It is for these
angles that the minima in energy serves as an effective Fermi
surface.
When these nearest approach energies are traced in k
space one obtains the inset of Fig. 1 demonstrating the Fermi
pockets which are an essential part of the YRZ model. As has
been previously described, the Es+ and Es− bands have relative
weightings W+k and W−k , given in Eq. 共4兲 which are dependent
on both the sign of the bare dispersion, as well as modified
by the presence of the pseudogap, such that W+k + W−k = 1.
These weightings are incorporated into the nearest approach
momentum contours of Fig. 2 through a color scale as shown
by two vertical columns with black equal to one and orange
equal to zero.
Of course, each branch will have, possibly, separate nearest approach surfaces. Examples of these are shown in Fig. 2.
In Fig. 2共a兲, which contains a large pseudogap, the Es− band,
shown as a continuous curve, dominates in weighting along
the front side of the Fermi pocket closest to 共0,0兲, forming a
π

1

(a)

-

-

Es

Es

+

0

0

kx

Es

π

π

1

(b)

0.8

0.8

0.6

0.6

ky

␥Bk 2g

π

L

ky

共15兲

0
π/2

0.4

0.4

0.2

0.2

0

0

0

kx

π

0

FIG. 2. 共Color online兲 Locations of nearest approach for both
the Es+ 共dots兲 and Es− 共solid兲 bands for the 共a兲 x = 0.12 and 共b兲 x
= 0.19 cases with the color scale of the individual pseudogap
weightings W+k and W−k . This illustrates the restructuring of the tightbinding Fermi surface in the antinodal direction, shown as the black
dots of the curve in 共b兲, related to the Es+ band.
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∆na(T=0)
∆na(T=Tc)
∆sc(θ)
∆tot

0.25
0.2

∆/t0

strong Fermi arc, shown in black 共the top of our color scale兲.
The backside of the Fermi pocket closest to the AFBZ
boundary has a small weighting due to proximity to the
pseudogap located there and is shown in orange which is the
bottom of our color scale. In a recent ARPES experiment23
the backside of the pocket has finally been resolved and is
indeed seen with much lower intensity as compared with the
front side. The second momentum space contour, shown as
solid dots, in Fig. 2共a兲 are associated with the Es+ branch. For
most of this curve the intensity falls in the middle of the
range shown, which is red on our color scale. Note that while
these nearest approach contours are well defined, Fig. 2 tells
us nothing about how close to zero the approach energies
might be. This can be very important in determining how
effective a process involving such energies might be. Later
we will return to this issue.
Figure 2共b兲 shows how the closest approach surfaces
change as the pseudogap becomes small. Here for doping x
= 0.19, which is only slightly less than xc = 0.20, the Es+ band
has substantial weight near the antinodal “wings,” shown as
black dots. One can see the reformation of the tight-binding
Fermi surface as the combination of Es+ and Es− black regions.
The side of the pocket nearest to the AFBZ boundary now
has a more uniform weighting, approaching zero in value for
x = xc. The contours also take on the shape of the AFBZ with
which they almost overlap. In the antinodal direction the Es+
band has two nearest approach values as does Es− in the
Fermi pocket region.
We can also examine the size of the nearest approach
energies as a function of angle, along the strongly weighted
region of Fig. 2共a兲. This is shown in Fig. 3, where we compare the cases with either a pseudogap or a superconducting
gap to the case with both. The surface traced by minima in
the Es− band coincides with the Luttinger pocket and actual
Es− = 0 Fermi surface in the absence of superconductivity,
which is important for correctly describing low-energy nodal
excitations. The strongly weighted part of the Es+ band in the
nodal direction occurs at a high energy relative to a zeroenergy Fermi surface that exists in the Es− band in the 共 , 兲
direction. Comparison with ARPES data with energy scales
relative to the Fermi level will therefore be dominated by the
Es− band. It is an important note that the nearest approach
contours are not shifted when the superconductivity is
switched on or off. We make two calculations of Es−共兲: one
without the superconductivity in which we denote the energy
of nearest approach by ⌬na共T = Tc兲 共red short-dashed curve兲
and one with superconductivity denoted by ⌬na共T = 0兲 共solid
black curve兲. We can also evaluate directly the size of the
superconducting gap on the nearest approach contour, ⌬sc共兲
and this is the long-dashed green curve. In the pseudogap
case, for angles less than some critical angle, YRZ, ⌬na共T
= Tc兲, which contains only a pseudogap, is finite. These
angles  ⬍ YRZ represent the region along the wings of the
Fermi surface. In this sense YRZ marks the corner of the
Fermi pocket. For  ⬎ YRZ, ⌬na共T = Tc兲 is uniformly zero
along the strongly weighted side of the Fermi pocket. In the
YRZ model, in spite of introducing a d-wave pseudogap over
the entire Brillouin zone the net effect is that it only appears
dominant in the wings, and not in the pocket itself where the
excitation spectrum shows no gap, as is also seen in ARPES
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0.05
0
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20

30

θ (deg)

40
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FIG. 3. 共Color online兲 Es− energies of nearest approach, ⌬na,
versus angle, , for the x = 0.12 doping case: with superconductivity
共solid black line兲 and without superconductivity 共short-dashed red
line兲. The long-dashed green line is ⌬sc共兲 as described in the text.
Marked with open circles is the robust approximation that ⌬na共T
2
= 0 , 兲 ⬇ ⌬tot, where ⌬tot共兲 = 冑⌬sc
共兲 + ⌬2na共Tc , 兲. The angle at
which ⌬na共Tc兲 = 0 marks the edge of the Fermi pocket and thus
defines YRZ, as measured from 共 , 兲 and described in the text.

data. Figure 3 also includes ⌬na共T = 0 , 兲 共solid black curve兲,
which has both gaps present. The value of ⌬na共T = 0 , 兲 is
dominated at  ⬍ YRZ by the pseudogap contribution and by
the superconducting contribution for  ⬎ YRZ. However,
there appears here a natural energy scale which is well ap2
2
共兲 + ⌬na
共Tc , 兲,
proximated by ⌬na共T = 0 , 兲 ⬇ ⌬tot共兲 = 冑⌬sc
the root sum of squares of the superconducting-gap and
pseudogap contributions. This square root is represented by
the open blue circles which overlap precisely with the
⌬na共T = 0兲 curve.
Comparison with experiment18 yields a complication in
that there appears to be minimal difference between
⌬na共Tc , 兲 and ⌬na共T = 0 , 兲 for small angles. In order to obtain a similar feature that ⌬na共0 , 兲 ⬇ ⌬na共Tc , 兲 for small
angles, corresponding to the region off of the Fermi pocket,
one would infer from the equation for ⌬tot共兲 that the new
superconducting gap should be zero off of the Fermi pocket
and be equal to ⌬sc共兲 from Fig. 3 for large angles, corresponding to the region on the Fermi pocket. Guided by Fig.
3, we have chosen a ⌬sc共兲, which is zero for small angles
and smoothly transitions to be equivalent to its value in Fig.
3 for large angles. Figure 4 demonstrates the result of such a
constraint on ⌬sc共兲 共long-dashed green curve兲 as well as the
2
2
共兲 + ⌬na
共Tc , 兲 共solid
expected overall gap ⌬na共0 , 兲 = 冑⌬sc
black兲. This procedure results in a superconducting-gap profile, which appears either highly nonmonotonic or that is
only present on the Fermi pocket for  ⬎ YRZ, dropping off
quickly beyond that. One can apply this simple analysis to
the experimental data taken from Ref. 18, which we have
shown in the inset of Fig. 4. We see that the superconducting
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∆na (meV)

50
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model, which has previously been used to fit electronic
specific-heat data11,34 as well as understand the existence of
two energy scales in Raman spectra.35 The arc model, named
as such because it produces a Fermi arc rather than a Fermi
pocket, places a pseudogap over only a portion of the large
tight-binding Fermi surface, i.e.,
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Eq. (18)
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共 − /2兲

,  ⬎ − 0 .
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 ⬍ 0

共18兲

ARC
This ⌬pg
共兲 is essentially a shrunken cos共2兲 which goes to
zero at 0 rather than  = 45°. For reference, the open blue
circles in Fig. 4 show Eq. 共18兲 for 0 = YRZ. This arc model
pseudogap profile shows minimal difference from what
would be extracted on the heavily weighted side of the
pocket in the YRZ model. In this respect the two models are
equivalent, the arc is just one side of the pocket.
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冦

冉 冊
冉
冊

0
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cos
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FIG. 4. 共Color online兲 Nearest approach energies as a function
of angle,  关measured from 共 , 兲兴, at T = 0 共solid black line兲 and
T = Tc 共dashed red line兲 for doping x = 0.12. Here the
superconducting-gap profile ⌬sc共兲 共long-dashed green line兲 is chosen so that ⌬na共T = 0 , 兲 ⬇ ⌬na共T = Tc , 兲 for small , which is different from Fig. 3 and is governed by ⌬sc共兲 = 冑⌬2na共0 , 兲 − ⌬2na共Tc , 兲.
Inset shows a similar analysis of experimental data from Kondo et
al. 共Ref. 18兲 for an underdoped sample measured at T = 10 K 共low
temperature兲 and T = 40 K 共above Tc兲, where we take ⌬sc共兲
= 冑⌬2na共10 K , 兲 − ⌬2na共40 K , 兲.

gap 共solid green curve兲 is nonzero only in the nodal region
up to approximately 23°, i.e., between 23° – 45°.
The issue of how the superconducting gap presents itself
on the Fermi surface in complicated electronic systems is
important. Even in conventional metals, for which the
electron-phonon interaction is responsible for the superconducting condensation, the gap is found to be highly anisotropic and does not exist for certain solid angles in momentum space where there is no Fermi surface because it is
gapped out by the crystal potential.24–26 In the cuprates, significant deviations from the simplest d-wave gap, Eq. 共1兲,
have been known for some time in Bi2Sr2CaCu2O8+␦ 共Ref.
27兲 and are seen in ARPES data which resolves bilayer splitting in 共Pb, Bi兲2Sn2CaCuO8+␦.28 A nonmonotonic gap was
also observed in Nd2−xCexCuO4,29 an electron-doped superconductor. This is also expected in theoretical models with
pairing based on spin fluctuations.30–33 Numerical solutions
of the gap equation in such cases show that many higher
d-wave harmonics are present in the gap function. When a
pseudogap is present, as is the case in the underdoped cuprates, one expects it to prevent the lowest order harmonic
contribution to the superconducting gap from having its full
amplitude. This amplitude could even be forced to zero as is
indicated in the data shown in the inset of Fig. 4 for the
regions away from the Fermi pocket. The Fermi pocket is the
only region where the normal state supports zero-energy excitations.
Of additional note, the angular profile of the pseudogap,
⌬na共Tc , 兲 can be compared to another model, such as the arc

IV. RAMAN IN THE YRZ MODEL

Experimental Raman spectra suffer from a loss of the B1g
signal with increased underdoping as well as a strong signal
from inelastic scattering at higher frequencies and complications due to surface effects. Still, given these issues, work
has been done, which is able to see clearly two energy
scales:16,36,37 one in the antinodal B1g signal which increases
and the other in the nodal B2g signal which decreases
with underdoping. While ARPES experiments are able to
resolve k-space dependence, Raman spectra sample a finite
region of k space associated with nodal or antinodal
polarizations. These regions may even overlap somewhat.
We seek to illustrate how some of the intricate details seen in
ARPES, namely, the Fermi surface restructuring and the
superconducting-gap profile, impact upon Raman spectra.
Figure 5 shows a sample calculation for the x = 0.10 case.
Each frame contains Raman spectra for the pseudogap case
only 共dashed green兲, superconducting case only 共dash-dotted
red兲, and both 共solid black兲. In the top frame the B1g peak,
2⌬AN, is marked. For this doping, the 2⌬AN peak occurs at a
higher frequency than both the 2⌬pg and 2⌬sc points due to
the additive impact of these two gaps on the antinodal gap.
In the ⌬sc only curve, the peak occurs just before the 2⌬sc
point. In the simplest BCS calculations based on freeelectron bands, the position of this peak would coincide exactly with the value of twice the superconducting-gap amplitude. However, in more complicated band-structure models,
as we are using here, and with a superconducting gap defined
over the entire Brillouin zone rather than just on the Fermi
surface this need not be the case. In addition, the Raman
cross-section can display other features such as the second
peak seen in the red dash-dotted curve of the top frame of
Fig. 5 which have their origin in the band structure. In the
bottom frame, the B2g peak, 2⌬N 共first peak in the B2g spectrum兲, is marked on the solid black line, and occurs at lower
energy than both 2⌬sc and 2⌬pg. There are two main factors,
which contribute to this lower value. First, the value of a gap
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FIG. 5. 共Color online兲 Raman response curves for the x = 0.10
case. The top and bottom frames show the B1g and B2g responses,
respectively. The antinodal gap, 2⌬AN, and the nodal gap, 2⌬N, are
defined as the dominant peaks in their respective B1g and B2g
curves. As well, the actual input gap values 2⌬sc = 0.2t0 and 2⌬pg
= 0.6t0 are marked.

in the B2g spectra in standard BCS theory falls not at its peak
but beyond the peak, at a point of inflection. Additionally,
since the B2g vertex samples largely the nodal direction, it
may not contain the maximum input gap values which occur
in the antinodal direction, depending on the actual size and
shape of the Fermi pocket.
To elaborate, as mentioned in Fig. 3, the edge of the
Fermi pocket is marked by an angle YRZ which changes
quite drastically with doping. If we instead measure this
angle from 共0,0兲, which we will distinguish by calling it
YRZ 共shown in the upper right inset of Fig. 6兲, we would
find that YRZ has a large value approaching 45° at x = 0 and
for dopings at or above the QCP, xc, has some small value
defined by the angle from 共0,0兲 to the point where the tightbinding Fermi surface intersects the Brillouin zone boundary.
As shown in Fig. 2共a兲 the edge of this pocket can be quite
heavily weighted, and as a result any experimental probes
that are concerned with excitations along the Fermi surface
π
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FIG. 6. 共Color online兲 Plot of the superconducting dome ⌬sc共x兲
共black兲 and the reduced effective gap ⌬sceff共x兲 = ⌬sc共x兲cos共2YRZ兲
共open purple squares兲. This effective gap represents the maximum
gap value observed on the Fermi pocket, which occurs at an angle
YRZ as measured from 共0,0兲 共see right inset兲. The factor
cos共2YRZ兲 is plotted as a function of doping, x, in the left inset.
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FIG. 7. 共Color online兲 An overlay of the Fermi pocket and
Fermi surface wings 共in white兲 for the Es− band, on a backdrop of
the B1g vertex strength, 共␥B1g兲2, as in Eq. 共15兲, for dopings: 共a兲 x
= 0.05, 共b兲 x = 0.16, and 共c兲 x = 0.19. This illustrates an expected loss
of B1g signal in the underdoped region as the pocket, which dominates the superconducting state, shrinks away from regions of
strong 共␥B1g兲2, in addition to loss associated with the considerable
weakening of the vertex itself.

will see a maximum superconducting-gap value at the edge
of the Fermi pocket near the angle YRZ where a maximum
value coincides with a strong weighting. In a theoretical calculation, the input of a superconducting gap with a maxi0
共x兲 关see Eq. 共1兲兴 such that ⌬sc共x , 兲
mum value ⌬sc
0
= ⌬sc共x兲cos共2兲 will show features in the Raman spectra at a
value ⌬sceff共x兲 = ⌬sc共x , YRZ兲. Figure 6 demonstrates the size
of this effect in the YRZ model. Shown in solid black is the
input superconducting dome given by Eq. 共5兲 while the open
purple squares show ⌬sceff in the YRZ model. This is obtained by finding the angles YRZ共x兲 across the doping phase
diagram. Although this effect is small in the absence of
pseudogap; in the presence of pseudogap, this alone results
in a factor of 2 difference between the apparent gaps, as
compared with the actual input gap, across the phase diagram. This is seen clearly in the upper left inset of Fig. 6,
which shows just the value of cos共2YRZ兲 versus doping.
The shrinking of the Fermi pocket with underdoping has
additional important effects on the B1g antinodal response.
Figure 7 shows an overlay of the effective Fermi surface
onto the B1g vertex strength, 共␥Bk 1g兲2. The B1g vertex cannot
properly sample the Fermi surface near the edge of the Fermi
pocket for strongly underdoped cases. Although this is an
extreme example, illustrating the large range of pocket size,
this effect can be seen clearly over a much smaller doping
range. Figure 8 shows the YRZ Raman B1g spectra with the
doping-dependent Gutzwiller factors removed to better illustrate this vertex strength effect. For doping above x = 0.17,
there are extremely strong low-frequency peaks, which mark
the antinodal gap. For dopings below x = 0.17 the lowfrequency signal has become extremely suppressed. The
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FIG. 8. 共Color online兲 Raman B1g spectra versus frequency for a
range of doping values wherein the g2t 共x兲 prefactor has been removed. Below x = 0.17, the ⬙B amplitude is small at low frequen1g
cies but maintains a roughly constant peak amplitude. Above x
= 0.17, we see a strong increase in low-frequency amplitude caused
by the reformation of Fermi surface in the antinodal region which is
of interest for the B1g vertex. A dashed horizontal line has been
added to help the reader distinguish these two regions.

horizontal dashed line helps the reader to see the two distinct
regions of doping with the boundary between the regions
occurring at x = 0.17. This doping falls considerably below its
critical value, xc = 0.20, which defines the quantum critical
point at which the pseudogap sets in. In both regimes, the
Raman vertex favors the antinodal direction. While it can
vary somewhat, both in shape and in amplitude, since the
hopping parameters in the electronic dispersion curves depend on x, this is not the important effect that we wish to
emphasize here. What is more important is the evolution in
the topology of the Fermi surface, or more correctly the surface of closest approach, that occurs for x ⬍ xc. As the pockets begin to shrink they move away from the antinodal point
and the intensity of the Raman signal consequently drops due
to an effectively smaller value of the vertex projected onto
the pocket. To get a large reduction it is necessary that the
distance in momentum space between the end of the pocket
and the Brillouin zone boundary at the antinode is not too
small. Our calculations show that this occurs rather abruptly
at a doping of x = 0.17.
So far we have not accounted for damping. The inelastic
scattering in the cuprates, which is known to be large, can
broaden the Raman response considerably and provide a
background that remains in the Fermi-liquid state.38,39 In our
formalism it would correspond to the incoherent part of the
Green’s function which should add a second piece in Eq. 共3兲
which involves only the coherent part. It has been shown that
the Raman, optical, and quasiparticle scattering rates are all
strongly dependent on frequency.39–42 In the superconducting
state, these scattering rates are reduced at low energy by the
opening of a superconducting gap and therefore there is no
justification for broadening the B2g spectrum, which samples
mainly the low-energy nodal region. However, the antinodal
B1g spectrum contains peaks that generally fall at higher energies, particularly in the underdoped region of the phase
diagram, and we therefore expect rather large scattering rates
and considerable broadening. For experimental purposes,

one would need to know the pseudogapped normal-state Raman response to compare to the superconducting Raman
spectra in order to see indications of the strength of the superconducting state in the combined spectra. Figure 9 gives
such a comparison for the B1g 共right frame兲 and B2g 共left
frame兲 spectra where the B1g curves have been broadened
with a doping-dependent elastic scattering of ⌫ = 0.2t共x兲
while the B2g have been kept near the clean limit. There is an
apparent shift of B1g spectral weight, shown by the shaded
yellow region, upon the addition of a superconducting energy scale. The differences between the normal and superconducting B1g spectra become much less pronounced for
increased underdoping. This behavior occurs at all dopings
where the pseudogap energy scale dominates, and the superconductivity provides only a very small additional contribution to the antinodal Raman. We note also that the overall
strength of the Raman signal decreases with decreasing doping as noted in experiments.16,37 As we have described before, this can be traced to a smaller overlap between the
appropriate Raman vertex weighting factor in the Brillouin
zone and the Fermi surface pocket. The case of the B2g response yields a different result. The region of interest occurs
at a lower frequency, on the scale of the superconducting
energy gap, while the effect of the pseudogap is most apparent only at higher frequency. However, the pseudogap does
suppress the lower frequency normal-state Raman background. This makes the effect of the superconducting gap
very apparent relative to this background even at small dopings. Note that in the lower left frame, the shaded yellow
region at the lowest doping remains substantial compared
with its value in the upper frame. This is distinct from the
case in the right-hand frame where the shaded yellow region
at low dopings has essentially disappeared.
We have calculated the temperature evolution of these
peaks for the case where the superconducting and
pseudogaps are full d-wave gaps over the Brillouin zone,
0
to
given by Eqs. 共1兲 and 共2兲 and where we have assumed ⌬pg
0
be constant with temperature and ⌬sc to have a BCS temperature dependence. The top frame of Fig. 10 shows that the B1g
peaks, normalized by their zero-temperature values, do not
follow the input BCS temperature dependence for the superconducting gap, but follow instead a temperature dependence
related to the combined magnitudes of ⌬sc共T兲 and ⌬pg. For
the extremely underdoped cases, there is almost no discernible temperature dependence. For increased doping, the
pseudogap is reduced, and as xc is approached, the assumed
BCS temperature dependence returns. This is distinct from
the temperature dependence in the nodal direction, which is
dominated by the temperature dependence of the superconducting gap as is shown in the bottom frame of Fig. 10 where
it is compared to the input BCS ⌬共T兲 / ⌬共0兲.
We also wish to consider a cut-off superconducting gap, a
gap only present along the Fermi pocket, as suggested by
ARPES experiments. As a first attempt, we can cutoff the
superconducting gap sharply at the edge of the Fermi pocket.
Although this sharp cutoff would result in clear features in
nearest approach energies, the sharpness should not create
additional features in the Raman spectra due to the averaging
effects of the Raman vertices.
To state explicitly, when we state “⌬sc cutoff,” we are
referring to
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B2g Nodal Region

B1g Antinodal Region

(0,0)

(0,0)

(a)

(b)

FIG. 9. 共Color online兲 Raman response in the
YRZ model for the B2g 共left frames兲 and B1g
共right frames兲 polarizations. The dashed red
curves are for the normal state and act as a background for reference. In the underdoped region
the pseudogap background dominates, and superconductivity plays little role in the B1g spectra.
This is emphasized by the shaded region between
the curves above the background peak. The effect
of ⌬sc on the B2g curves is clear, even at low
dopings, by a strong B2g signal relative to the
background. Also note that the y-axis scales are
modified with doping, which is an effect of the
g2t 共x兲 prefactors.

(c)

(d)

冦

冧

0

⌬sc
共x兲
共cos kxa − cos kya兲, YRZ ⬍  ⬍ − YRZ
2
2
⌬sc =
0,
otherwise.

共19兲

With this ⌬sc cutoff, the gaps in the nodal direction are
largely unaffected, and the temperature dependence of the
corresponding B2g peaks follows exactly as in Fig. 10 共lower
frame兲. This is not the case for the B1g antinodal results,
where the superconductivity has been removed. These results
are shown in Fig. 11. The open blue triangles are for the x
= 0.16 case from Fig. 10, which had no ⌬sc cutoff. Upon
inclusion of the cutoff, the results change drastically to the
solid blue circles, which show no temperature dependence
共due to the lack of temperature dependence assumed for the
pseudogap兲. Although not shown, all dopings below x
= 0.16 show the exact same result that the dominant peak is
purely pseudogap and independent of T. However, as the
doping is increased above x = 0.16, there is reconstruction of
the Fermi pocket in the antinodal wings, shown in the inset
of Fig. 11 for the x = 0.18 case. For these cases, the superconducting gap is present in the antinodal direction, and as a
result, the temperature dependence of the B1g peaks returns.
This change in Fermi surface in the antinodal direction oc-

curs over a relatively small doping change, ⌬x = 0.01– 0.02,
and results in drastic modification to the temperature dependence of the B1g Raman spectra. This gap cutoff could explain the recent data of Guyard et al.,16 which sees a large
change in the B1g temperature dependence over a small range
of doping. Furthermore, dopings which present little or no
temperature dependence in the B1g spectra, despite a strong
B2g nodal gap ⌬N, are evidence of a pseudogap suppressing
the antinodal part of the Fermi surface. Experimental observation of this lack of temperature dependence continuing below Tc is evidence to support the idea that the pseudogap line
continues through to T = 0 in the phase diagram and does not
terminate at the top of the dome.
Comparing Raman spectra across the phase diagram is
complicated due to doping-dependent changes to the vertex
weightings, as well as modifications to the Fermi surface. To
further emphasize this point, we calculate the low-frequency
B⬙

slope of the nodal Raman response, SB2g = 关 2g 兴=0, across
the doping phase diagram. In BCS theory of d-wave superconductors, this low-frequency dependence goes linear with
frequency as B⬙ ⬀  / ⌬sc.43 Since for most dopings there is
2g
little impact due to the pseudogap on the nodal direction
response, the effects of the vertex component, as well as
Fermi pocket size, can be seen clearly. Figure 12 shows these
slopes versus doping as open red circles with the solid red
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line a guide to the eyes. Taken directly, there is a factor of 5
difference across the region shown. We can largely remove
the doping-dependent vertex factors by scaling out
关t⬘共x兲gt共x兲兴2 and can compensate for the superconducting gap
by multiplying by ⌬sc共x兲. This results in the dashed blue
curve in the upper right inset of Fig. 12. With the factors
removed there remains a doping dependence, which varies
by a factor of 2 across the doping range shown. To compen-

0.4

0.14

FIG. 12. 共Color online兲 Low-frequency slope of the B2g Raman

0.2

π

0.12

Doping x

FIG. 10. 共Color online兲 The normalized ⌬AN / ⌬AN共T = 0兲 共top
frame兲 and ⌬N / ⌬N共T = 0兲 共bottom frame兲, as would be extracted
from spectra similar to those in Fig. 5 but taken at various finite
temperature, are plotted versus T / Tc for a range of dopings. The
nodal gap, ⌬N, shows BCS-like temperature dependence across all
dopings, while the ⌬AN diverges from BCS temperature dependence
in the presence of a modest pseudogap. Although not shown, this
divergence from BCS behavior is reasonably well described by
2
⌬共T兲 = 冑⌬sc
共T兲 + ⌬2pg.

0.6

0.1

with ∆sc
cutoff
no cutoff

π

0.4

T/Tc

0.6

0.8

1

FIG. 11. 共Color online兲 Normalized antinodal peak frequencies
as a function of temperature. Here, solid points illustrate the effect
of cutting off superconductivity in the antinodal regions as in Eq.
共19兲. This cutoff would result in no temperature dependence in the
B1g peaks for any doping below x = 0.16. Above x = 0.16, the Fermi
surface begins to restructure in the antinodal directions and begins
to be sampled by the B1g vertex. Once this occurs, BCS-like temperature dependence returns. The inset shows the reformation of the
antinodal Fermi surface for the x = 0.18 case.

response, SB2g = 关  兴=0, versus doping. In the top right inset,
doping-dependent factors 关t⬘共x兲gt共x兲兴2 have been removed to attempt to verify the low-frequency scaling of ⬙B ⬀  / ⌬sc. The top
2g
left inset shows that the scaling relation is changed to ⬙B
2g
⬀  / ⌬sceff in order to compare slopes across all dopings. To guide
the eyes in the top left inset, we have included a horizontal line at
the average value of the points and included error bars of ⫾5% of
the point values.

sate for the effect of the pocket size, we replace the ⌬sc共x兲
factor with a ⌬sceff共x兲 factor, which is shown in the top left
inset of Fig. 12. To within 5% in the values here, the simple
BCS low-frequency scaling is maintained since this is purely
nodal physics and should be relatively unaffected by the
higher energy pseudogap scale. This does illustrate, however,
that the indirect effect of the pseudogap of modifying the
Fermi surface has an important and strong impact on the
low-frequency B2g spectra. This shows that it is the value of
the superconducting gap on the Fermi pocket that is important and not its value at other points in the Brillouin zone.
Finally, we wish to examine the progression of zerotemperature peaks in the Raman response as the doping is
varied over the phase diagram. Figure 13 shows such a plot,
which includes the input 2⌬sc共x兲 dome 共solid black curve兲
and 2⌬pg共x兲 line 共dash-dotted green line兲. Also included is
2⌬sceff共x兲 共open purple squares兲, the maximum gap value on
the Fermi pocket, from Fig. 6. All zero-temperature calculations are for a superconducting gap which exists over the
entire Fermi surface and not just on the pocket, as in Eq. 共1兲.
The open red diamonds mark B1g peaks while open black
circles mark B2g peaks. One first notes that the B2g peaks lie
substantially below the input 2⌬sc dome and follow a curved
shape much like the 2⌬sceff共x兲 modified dome. In practice, the
2⌬sceff point should always lie beyond the B2g peak at a point
of inflection 共as mentioned in discussion of Fig. 5兲. Here, if
one were to divide 2⌬sceff共x兲 by the B2g peak values, you
would find a roughly constant value of ⬇1.4. The B1g peaks
show additional features. For dopings above xc = 0.20, the
B1g peaks fall exactly on the 2⌬sceff dome. Just below xc, for
dopings x = 0.17→ 0.19, the B1g peaks lie just above the
2⌬sceff dome, due to the presence of a small pseudogap. For
these dopings, there is still Fermi surface in the antinodal

064504-9

PHYSICAL REVIEW B 81, 064504 共2010兲

LEBLANC, CARBOTTE, AND NICOL
0.8
B2g Peaks

0.6

2∆pg

0.4

2∆sc
2∆sc

0.6

∆/t0

∆/t0

Experimental Data
∆AN
∆N

B1g peaks

eff

YRZ model
∆N
∆AN
∆sc

0.4

eff

0.2

100

∆ (meV)

0.8

50

0.2
0

0

0.05

0.1

0.15

0.2

0.25

Doping x

0

FIG. 13. 共Color online兲 Gaps versus doping. Shown are input
values of 2⌬sc共x兲 共solid black兲 and 2⌬pg共x兲 共dash-dotted green兲
given by Eqs. 共5兲 and 共6兲, respectively. Open red diamonds are the
B1g peaks extracted at zero temperature. Open black circles are the
B2g peaks at zero temperature. The open purple squares give the
effective superconducting gap, 2⌬sceff共x兲, as described in Fig. 6. In
the overdoped region, the B1g peaks fall on the ⌬sceff共x兲 line, while
the B2g peaks fall well below.

region in the form of small “loops,” which are nearest approach surfaces for the Es+ band, as is illustrated in the inset
of Fig. 11 for the x = 0.18 case. There is also a jump in this
curve between x = 0.16 and 0.17. For dopings above x = 0.17,
the B1g spectral peaks coincide with the Es+ energy on the
nearest approach surface in the antinodal direction. For dopings below x = 0.17, the Es+ loops disappear altogether. This
results in a shift from the Es+ band to the Es− band, which
happens to have a higher energy of nearest approach in the
antinodal direction. As a result, the B1g peaks jump up in
energy as x is changed from 0.17 to 0.16. We will refer to
this jump at x = 0.16 as being at the onset doping, xonset, the
doping below which the system is dominated by pseudogapcreated Fermi pockets.
We now have the image of three distinct regions: x
⬍ xonset, which is dominated by the pseudogap and the Fermi
pockets; xonset ⬍ x ⬍ xc, which is a region wherein strong
Fermi surface reconstruction occurs; and finally x ⬎ xc,
where the pseudogap is zero and the system is dominated by
the ⌬sc energy scale with a large tight-binding Fermi surface
described by a Fermi-liquid model. Of these three regions,
the one that is most complicated to understand quantitatively
is the middle range, where the topology of the Fermi surface
becomes particularly complex and includes Fermi pockets as
well as other pieces of Fermi surface with complex geometry
around the antinodal points as seen in the inset of Fig. 11. It
is, however, precisely this region where the B1g Raman scattering cross-section shows the most rapid variation, as seen
in Fig. 8, and has the greatest promise for future experimental investigation. A second interesting feature to note about
the phase diagram traced in Fig. 13 is that the values of the
position of the B1g Raman peaks 共open red diamonds兲 fall
below the input pseudogap values 共green dash-dotted curve兲
in the highly underdoped region near the lower end of the
superconducting dome. These reduced values coincide with
the value of the Es− band on the antinodal nearest approach
surface. The physics behind this reduction in peak position
relates to the shape of the B1g Raman vertex and its overlap
with the Fermi pocket as is seen in Fig. 7共a兲. The Fermi

0
∆AN/∆N (Exp)
∆AN/∆N (Theory)
∆AN/∆sc

3

∆AN/∆N

eff

2

1

QCP
Onset

0

0.1

0.15

0.2

0.25

Doping x
FIG. 14. 共Color online兲 Top frame: the data of Guyard et al.
关Ref. 16, Fig. 2共a兲兴 for ⌬AN and ⌬N is shown in solid points 共righthand axis兲 while the YRZ results for ⌬AN, ⌬N, and ⌬sceff are shown
in open points 共left-hand axis兲. Bottom frame: comparison of the
antinodal-to-nodal-gap ratio ⌬AN / ⌬N for experiment 共solid blue triangles兲 and YRZ model 共open red circles兲 as well as to the YRZ
result for ⌬AN / ⌬sceff 共open black squares兲.

pockets have shrunken so much that the peak in the B1g
Raman cross-section comes from sampling a momentum region, which is displaced from the antinodal direction toward
the nodal direction and in this region, the pseudogap is re0
共x兲, by the modulating facduced from its full amplitude ⌬pg
tor 关cos共kxa兲 − cos共kya兲兴 of Eq. 共2兲.
Figure 14 contains a comparison of the results of our calculations to the experimental data of Guyard et al., taken
from Ref. 16. The top frame contains two y-axis scales. The
left scale is for our calculation with dimensionless quantity
⌬ / t0 and applies to the open points, while the right-hand
scale has units of meV and applies to the experimental data
marked with filled points. The experimental and theoretical
scales are shown with equivalent values for the assumed t0
= 175 meV in the YRZ model. It is clear on first glance that
the energy scale for our calculations agrees well with experiment despite not being rigorously fit to this specific experimental system of Hg-1201. The experimental data sets show
that ⌬N 共solid black upward pointing triangles兲 and ⌬AN
共solid red downward pointing triangles兲 have very similar
values above some doping around x ⬇ 0.16. This feature is
not captured in our calculation for the ⌬N 共open black
circles兲 and ⌬AN 共open red diamonds兲, as ⌬N maintains a
lower value than ⌬AN for all dopings. We note, however, that
⌬sceff共x兲 共open purple squares兲 has similar values to ⌬AN
共open red diamonds兲 in the overdoped region. This illustrates
that the actual ⌬N doping dependence, as seen in experiment,
may not necessarily follow a straightforward superconducting dome, but rather an effective dome, given by ⌬sceff共x兲,
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which includes Fermi surface restructuring effects due to the
pseudogap. Our parameters could be improved by scaling
down our energies, which could equivalently correspond to
t0 being smaller by a factor of ⬇1.1.
In the lower frame of Fig. 14, we plot the experimental
ratio ⌬AN / ⌬N as solid blue triangles. We can clearly see two
doping-dependent regions of behavior in this data: x ⬍ xonset
and x ⬎ xonset, where xonset marks the change in slope around
x = 0.16. We seek to distinguish the difference between xonset
and xc in this data. The antinodal to nodal gap ratio, ⌬AN / ⌬N
共open red circles兲 as well as ⌬AN / ⌬sceff 共shown in open black
squares兲 are shown for the YRZ model. The ⌬AN / ⌬N calculations also show two distinct regions: x ⬍ xonset and x
⬎ xonset, where xonset = 0.17. For dopings above xonset, the ⌬AN
and ⌬N curves do not have the same value, and instead, have
a roughly constant ratio of ⬇1.4. When we instead normalize
⌬AN by ⌬sceff, resulting in a constant ratio of 1 for x ⬎ 0.16,
we find better agreement with the experimental observation
of the ⌬AN / ⌬N ratio.
An important point is that all three data sets 共2 theoretical,
1 experimental兲 in the lower frame of Fig. 14 show only two
distinct regions of doping-dependent behavior: x ⬍ xonset and
x ⬎ xonset. There is virtually no signature of xc in this data. We
can analyze this further, since the xonset marks the dominance
of ⌬pg over ⌬sceff in the phase diagram of Fig. 13, all x
⬍ xonset are dominated by the pseudogap. If we assume that
the pseudogap energy scale maintains linearity, we can trace
a simple linear fit of the points just below xonset and extend
that line above xonset. This will result in an estimate of the
location of the doping at which the pseudogap vanishes, and
hence, the doping where one might look for evidence of a
zero-temperature QCP. Indeed this extrapolation gives xc
⬇ 0.2, as was input into the theory, and it provides an estimate from experiment that xc ⬇ 0.19. It is with this simple
interpretation that we reestablish the existence of three regions of importance in this data: x ⬍ xonset 共where ⌬pg
⬎ ⌬sceff兲, xonset ⬍ x ⬍ xc 共where ⌬pg ⬍ ⌬sceff兲, and x ⬎ xc 共where
⌬pg = 0兲.

shown that if the superconducting gap is only present in the
Fermi pocket region 共nodal direction兲 then the B1g peaks
show no temperature dependence. However, beyond some
critical doping, the Fermi surface reconstructs in the antinodal region of the Brillouin zone resulting in a large change
in the B1g peak temperature dependence over a small change
in doping. We also understand the loss of B1g spectral amplitude in the superconducting state to be an effect of the
presence of a dominant normal-state background in the antinodal direction which grows in strength with underdoping.
Tracing the major peak in each of the B1g and B2g response curves as a function of doping creates an apparent
phase diagram in the YRZ model which illustrates the indirect impact of the presence of the Fermi pocket. The effect is
that the Raman spectra can only sample the largest value of
the gap on the Fermi pocket which is at the edge, toward the
antinodal direction. This results in an effective superconducting dome ⌬sceff共x兲, which can be significantly smaller than
the input gap. This occurs for dopings where the pseudogap
is strong, resulting in Fermi pockets which become smaller
on approach to the antiferromagnetic state. We have also
analyzed the low-frequency slope of the B2g polarization,
taking into account the Fermi surface restructuring 共pocket
size兲 effect by replacing ⌬sc with the effective gap, ⌬sceff.
Through this work we have identified three regions
of doping dependence in the phase diagram: the
underdoped pseudogap-dominated region, the overdoped
superconductivity-dominated Fermi-liquid region and the intermediate mixed region wherein the presence of pseudogap
begins to erode the Fermi surface. In the case of Raman
spectra, this intermediate region may be seen best in the
temperature dependence of the antinodal peaks but also as a
sudden jump of the antinodal peak frequency with doping.
Although our results are largely concerned with the formation of Fermi pockets, we understand that there are similar models of the pseudogap state which result in the formation of Fermi arc segments rather than Fermi pockets. The
qualitative results given here will remain unchanged, as they
require: 共1兲 some disappearance of Fermi surface in the antinodal direction due to the presence of a pseudogap and 共2兲
a dominant superconducting-gap value given by the maximum value on the Fermi surface. These two requirements
should still be present in models which result in arcs rather
than pockets.

V. CONCLUSIONS

The YRZ model provides a formalism whereby a
pseudogap opening up about the AFBZ boundary reconstructs a large Fermi surface into small Fermi pockets as the
doping progresses toward the Mott insulating state. Comparison of the YRZ results to recent Raman spectra on Hg-1201
gives excellent qualitative agreement and establishes that its
quantum critical point, associated with pseudogap formation,
falls at doping x = 0.19 inside the superconducting dome and
is consistent with a zero-temperature transition. We have
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4.3.3

Concluding Remarks

There was experimental work presented at the 2011 APS March Meeting in an abstract by Vishik et al. (Stanford group of Z.-X. Shen) entitled ‘Laser-ARPES studies
on Bi-2212’.[57] That work will be published, but has not been provided on the arXiv.
It was an extension of Fig. 4 in a paper by the same authors, Ref. [4] What they find
is that the nodal gap remains constant as a function of doping in the underdoped
region. At first this appears at odds with Raman spectra, which show a clear dome
in the B2g nodal spectral peak locations vs doping. [56]
The work in our paper addresses this issue. While we assumed a superconducting
dome, even if the superconducting gap remained a constant in the underdoped region
the Raman B2g peaks would have a suppressed value in the underdoped region due
the Fermi surface modification alone, as shown in the inset of Fig. 6 in our paper,
and might account for the discrepancy with ARPES data.
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Chapter 5
Effective Mass

5.1

Mass Renormalization

In the work of Taillefer et al.[58, 59, 60], the amplitudes and frequencies of quantum
oscillations of charge carriers under large magnetic field in the cuprates were determined. Quantum oscillations give an indication of the existence of an orbit at the
Fermi level and the frequency of that orbit around the Fermi surface. The frequency
of the oscillation can be related to the orbital area via Onsager relations.[44] Further, the measurement of the Hall coefficient can be used to determine the sign of
the charge carriers, or rather, indicate whether an orbit is surrounding an occupied
or unoccupied region of phase space, i.e. positive or negative charge carriers. Those
works found evidence for electron-pockets (orbits around occupied electronic states)
which occupy only 2% of the Brillouin zone. While it is difficult to justify the existence of electron pockets at low doping and at such high magnetic fields, nevertheless
the experimental finding leads us to examine at zero magnetic field the effective mass
and pocket size in the YRZ model and in which regions of doping they are present.
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5.2
5.2.1

Published Work
Overview

In this work we studied the evolution of the electronic structure as predicted by the
YRZ model. Particular emphasis is placed on the doping region near the onset of
the pseudogap where a small electron pocket exists near the antinodes. We show the
nearest-approach contours and the gap as a function of angle along those contours.
We identify the presence of electron pockets until doping drops below some critical
doping, xonset , where the pseudogap has completely lifted the electron pocket. The
primary quantity displayed is the effective renormalized mass, written as a function
of angle, shown in Fig.7 of the paper.
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Abstract The phenomenological Green’s function developed in the works of Yang, Rice, and Zhang has been very
successful in understanding many of the anomalous superconducting properties of the deeply underdoped cuprates. It
is based on considerations of the resonating valence bond
spin liquid approximation and is designed to describe the
underdoped regime of the cuprates. Here, we emphasize the
region of doping, x, just below the quantum critical point
at which the pseudogap develops. In addition to Luttinger
hole pockets centered around the nodal direction, there are
electron pockets near the antinodes which are connected to
the hole pockets by gapped bridging contours. We determine
the contours of nearest approach as would be measured in
angular resolved photoemission experiments and emphasize
signatures of the Fermi surface reconstruction from the large
Fermi contour of Fermi liquid theory (which contains 1 + x
hole states) to the Luttinger pocket (which contains x hole
states). We find that the quasiparticle effective mass renormalization increases strongly toward the edge of the Luttinger pockets beyond which it diverges.
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1 Introduction
A first qualitative understanding of the superconducting
properties of the cuprates at optimal and overdoping is provided by BCS theory with the important modification that
the gap has d-wave symmetry, which requires nodes and a
change in sign on crossing the nodal direction, (π, π). In
the underdoped regime, however, anomalous properties are
observed which require new elements [1–12] for their understanding, which fall outside of d-wave BCS [13–16] and go
beyond effects of inelastic scattering [17–22], strong coupling [23–25], and anisotropy [26–28]. Models that might
account for some of the unconventional properties have been
proposed which include the possible role of phase fluctuations [29], locally fluctuating antiferromagnetic order [30],
and the existence of preformed pairs [31]. These pairs are
envisaged to form at a higher temperature, T ∗ (the pseudogap energy scale), than the superconducting Tc where phase
coherence is achieved. There are also models of competing
orders, such as spin or d-density waves [32, 33]. Here, we
consider instead the recent model of Yang, Rice, and Zhang
(YRZ) [1], which is based on a microscopic theory for a resonating valence bond (RVB) spin liquid [34]. YRZ provides
an ansatz for the coherent part of the charge carrier Green’s
function. The proposed self-energy, which describes the formation of a pseudogap on the antiferromagnetic Brillouin
zone (AFBZ) boundary, for doping, x, below a quantum critical point (QCP) at a critical doping of x = xc , has the very
desirable property that it is relatively simple and, therefore,
calculations of properties are often straightforward. Another
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important element of the theory, in its final form, are the
Gutzwiller factors which describe the narrowing of the electronic bands as the Mott transition to an insulating state is
approached with reduced doping. An additional Gutzwiller
factor accounts for a reduction in the magnitude of the coherent part of the Green’s function as the incoherent part
grows.
Many of the superconducting properties of the underdoped cuprates, which were previously considered to be
anomalous, have recently been understood [2–4, 35–38]
qualitatively within the model of YRZ and this encourages
us to explore further its predictions. The properties considered so far include: Raman scattering [5, 6] which shows two
gap scales [2, 35], which in the YRZ model are identified as
combinations of pseudogap and superconducting gap peaks.
The large reduction in the normalized specific heat jump at
Tc as x is decreased [7] is also easily understood [36], as is
the penetration depth data [8] indicating that the slope of the
low temperature, T , linear in T law is much less affected by
doping than is the magnitude of the zero temperature superfluid density [37]. A comparison of Fig. 7(b) of [37] with
data on Bi-2212 for Tc vs. the inverse square of the penetration depth at zero temperature, which is referred to as the
Uemura plot, shows good agreement. A critical element of
this success is the appearance of the square of the Gutzwiller
2x 2
factor, gt (x), in YRZ which goes like ( 1+x
) . The data only
goes down to transitions temperatures of approximately onehalf that of the optimal critical temperature. It may be that
to go closer to the end of the superconducting dome in the
highly underdoped regime, additional effects not included in
YRZ may need to be considered such as phase fluctuations.
Hat-like structures in the optical self-energy which emerge
in the underdoped regime [38] and are not present at optimum and overdoping are explained as is the second energy
scale beyond the superconducting scale, which is seen in the
partial optical sum [39]. The checkerboard pattern [3] observed in Fourier transform scanning tunneling spectroscopy
(FT-STS) [40–42] has been discussed, as have some aspects
of the angular resolve photo-emission (ARPES) data [9–11]
and its relationship to FT-STS [4].
An important success of the YRZ model, among many
others, in addition to those just mentioned, is that the
ARPES results of Kondo et al. [12] for highly underdoped
Bi-2201 are easily understood [35]. What is measured is the
energy of nearest approach to the Fermi level as a function
of angle, θ , in the Brillouin zone. The essential result is that
around the nodal direction in the nonsuperconducting state,
there exists an arc which is ungapped, and thus defines a true
Fermi surface. At angles, θ , smaller than a critical angle, θh ,
which defines the end of the Luttinger pocket, states of zero
excitation energy cease to exist. There is instead an effective pseudogap which continues to increase as the antinodal
direction is approached at small angles. In the superconducting state, a superconducting gap is observed to form
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on the ungapped Luttinger arcs and the pseudogap region
remains relatively unaffected by the superconducting transition. This behavior follows directly in YRZ theory wherein
the pseudogap leads to Fermi surface reconstruction from a
large Fermi liquid (FL) tight binding Fermi surface (TBFS)
to Luttinger pockets. These pockets are centered about the
nodal direction and are bounded on one side by the antiferromagnetic Brillouin zone boundary. However, only the side
of the Luttinger pocket furthest from the AFBZ boundary is
strongly weighted and this forms the well-known Fermi arcs
while the backside has a smaller weight and can be ignored
for many purposes. In fact, it was not until very recently that
this part of the Luttinger pocket was detected in ARPES experiments which previously only found the Fermi arc [43].
In view of the many successes of YRZ theory, as applied
to the underdoped cuprates, it is of interest to examine more
closely a regime which has so far received very little attention from both theory and experiment. When the pseudogap is large, corresponding to deep underdoping, one has a
Fermi arc around θ = π/4 which is followed by a gapped
contour of nearest approach energy. When the doping is increased towards x = xc , corresponding to the QCP of the
theory, the large TBFS of FL theory must be recovered.
It is the transition region between the hole Fermi pockets,
which are characteristic of the approach to the Mott insulating state, and the TBFS of FL theory that we wish to
study. This transition proceeds through the nucleation of
small electron pockets bounded by a surface of zero excitation energies which appear first in the antinodal direction
and are additional to the Luttinger hole pockets. There are no
zero energy states on the bridge connecting these two pockets, but rather there is only a contour of nearest approach
energies on which there is a finite pseudogap. As doping
is increased further, the gapped contour shrinks in size and
eventually, both pockets meet, at x = xc , at which point the
TBFS is recovered. Note that the pockets have two sides,
but the YRZ model transfers weight between the sides as
the pseudogap is reduced, creating a continuous transition
to zero pseudogap. In that limit, the weakly weighted sides
define the AFBZ boundary. It is the detailed study of the evolution of the electronic structure from a large Fermi surface
of Fermi liquid theory to hole Luttinger pockets that is the
topic of this paper. We seek here to provide calculations that
should serve as a guide to experiments. Since ARPES provides us, in principle, with a direct probe of the Fermi surface evolution with doping, we will present our results with
this probe in mind. However, the Fermi surface reconstruction, which is most pronounced in the underdoped region
just below the QCP will have an effect on other properties
as well. In particular, we note the possibility of a connection
with quantum oscillations associated with electron and hole
pockets. Further, it has been shown to be possible [44] to
extract from the electronic density of states, N(ω), which is
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measured in scanning tunneling spectroscopy (STS) information on the partial contribution to N (ω) of each angle, θ ,
in the Brillouin zone. This type of analysis is very similar to
ARPES [45].
Section 2 will describe the relevant theoretical framework
and give the parameters involved in the YRZ calculations.
Section 3 will discuss the electronic structure of the pseudogap onset as it should appear in ARPES and Sect. 4 includes
our description of pocket formation in the context of mass
renormalization. Finally, Sect. 5 will contain a summary of
our conclusions.

which contains the pseudogap in the dispersion of the propagator, see (1). Thus, the chemical potential becomes pseudogap dependent. Values of other parameters in the dispersion were taken from [1] to be: t0 /t0 = −0.3, t0 /t0 = 0.2,
J /t0 = 1/3, and χ = 0.338. While here for simplicity, we
will keep the tight binding parameters introduced in the paper of YRZ; they could be changed to agree better with the
measured dispersions in a particular material of interest.
In the YRZ model, both the superconducting gap, Δsc ,
and the input pseudogap, Δpg , have a d-wave k-space dependence described by:
Δ0sc (x)
(cos kx a − cos ky a),
2

Δsc =
2 Theory
The YRZ model [1, 4] employs, for the coherent piece, a
Green’s function,
G(k, ω, x) =



gt Wkα
,
ω − Ekα − Δ2sc /(ω + Ekα )
α=±

(1)

Δpg =

Δ0pg (x)
2

(cos kx a − cos ky a),

(4)

(5)

where a is the lattice constant. Δ0sc (x) and Δ0pg (x) are described by the well-known superconducting dome and pseudogap line, respectively, the latter vanishing at T = 0 at a
QCP in this model. These are given explicitly as

which has been formulated from studies of an effective
Hamiltonian in an RVB-type, Gutzwiller projected mean
field t-J model. Entering this propagator are the quantities:

Δ0sc (x) = 0.14t0 (1 − 82.6(x − 0.16)2 ),

(6)

Δ0pg (x) = 3t0 (0.2 − x).

(7)

ξk − ξk0
± Ek ,
2

Ek = ξ̃k2 + Δ2pg ,

We have used the well-known empirical expression of (6)
for the Tc dome with the assumption that twice the gap to
Tc ratio is 6. Recently, Schachinger and Carbotte [46] have
solved a BCS equation for gap and critical temperature in
the YRZ model and have found that the opening of a pseudogap has the effect of increasing this gap to Tc ratio as the
doping is reduced. This implies that the superconducting gap
remains large in underdoped cuprates, consistent with their
small coherence length.
From the YRZ Green’s function of (1), one can extract
the spectral function, A(k, ω), given by

 2 
gt Wkα uα δ ω − Esα
A(k, ω) =

Ek± =

(ξk + ξk0 )
ξ̃k =
,
2


ξ̃k
1
.
1±
Wk± =
2
Ek

(2)

The energy dispersion, ξk = −2t (cos kx a + cos ky a) −
4t  cos kx a cos ky a − 2t  (cos 2kx a + cos 2ky a) − μp , is
the third nearest-neighbor tight-binding energy dispersion,
while ξk0 = −2t (cos kx a + cos ky a) is the first nearestneighbor term. These energy dispersions contain doping dependent coefficients: t (x) = gt (x)t0 + 3gs (x)J χ/8,
2x
t  (x) = gt (x)t0 , and t  (x) = gt (x)t0 , where gt (x) = 1+x
4
and gs (x) = (1+x)
2 are the energy renormalizing Gutzwiller
factors for the kinetic and spin terms, respectively. gt (x) also
appears in (1) as a weighting factor for the coherent part of
the Green’s function which acts to statistically remove or
project out doubly occupied states. The dispersion, ξk , uses
μp as a chemical potential determined by the Luttinger sum
rule in the form,

2
1−x =
d 2 k,
(3)
(2π)2 G(k,ω=0)>0

α=±

 2 
+ v α δ ω + Esα ,
where
Esα =



(Ekα )2 + Δ2sc ,

(8)

(9)



Ekα
1
1+ α ,
(u ) =
2
Es

(10)



Eα
1
1 − kα .
2
Es

(11)

α 2

(v α )2 =

Here, Esα represents the pair dispersion and (uα )2 and (v α )2
are standard Bogoliubov quasiparticle amplitudes for their
respective α energy branches.
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3 ARPES
Central to the YRZ model is the existence of electron and
hole pockets. These regions of occupied or unoccupied
states overlap in the YRZ model with weighting factors of
W ± which enter much the same as in BCS theory (Bogoliubov u2 and v 2 hole–particle weightings), but here, Δsc is
replaced with Δpg and ξ̃k replaces the quasiparticle energy
as in (2). While u2 and v 2 are centered about the Fermi
level, the W + and W − are centered about the zeros of a
different energy, (ξk + ξk0 ), whose zeros acts as the origin of
the pseudogap. This origin corresponds to the TBFS, given
by ξk = 0, being shifted by an effective particle kinetic energy [47], which near half filling corresponds to the AFBZ.
In the Δpg → 0 limit, we therefore establish two boundary
energies in this system, that of the TBFS, and that of the
AFBZ, wherein W ± have values dependent upon the sign of
ξk + ξk0 . In this limit, the TBFS has a weight (W ± ) of 1 and
the AFBZ a weight of zero; thus, it is the weighting factors
which provide the agency whereby the AFBZ drops out of
the quasiparticle energy in this limit, as we know it must.
A fundamental aspect of the work presented here is the
determination of nearest approach contours and energies.
We define these quantities by marking local minima of the
Ek+ and Ek− energies in the Brillouin zone, which we will
± , and that occur at locations k . Often it is
refer to as Ena
na
convenient to display the energies as a function of angle, θ ,
as measured from the corner point at (π, π). This allows us
to compare to a simple d-wave superconducting gap such
as Δsc (θ ) ≈ cos(2θ ). The angle and magnitude of k defines
the momentum in the first Brillouin zone. For some angles,
there are multiple local minima due to the hole and electron pockets; but also, there are local minima which bridge
the pockets. These connections, or “bridges,” neither appear
in other contours such as constant energy surfaces nor in
the Luttinger surfaces. In fact, it is for angles along these
bridges that the pseudogap has a finite, effective pseudogap
value. Such a set of contours is shown in Fig. 1.
+ energies, which are ≥ 0 for all angles, there
On the Ena
exists a zero energy Fermi surface for angles θ < θe , which
surrounds a region of filled electron states (the “electron
pocket”) near (0, π ) and (π, 0) and is shown along with
− enerthe nearest approach contours in Fig. 2. For the Ena
gies, which are ≤ 0 for all angles, there exists a zero energy
Fermi surface for angles θ > θh , which surrounds the region of unoccupied states (the “hole” or Fermi pocket) along
the AFBZ boundary. Important evidence of a Fermi pocket
has been obtained experimentally by Meng et al. [43] on
Bi2 Sr2−x Lax CuO6+δ , which revealed not only the presence
of a Fermi pocket but also its coexistence with an additional
gapped surface extending the Fermi arc beyond the corners
of the Fermi hole pocket. This experimental observation is
an expected feature of the YRZ model as the manifestation
of these bridge contours in ARPES data.

Fig. 1 (a) Example of heavily weighted nearest approach contours for
x = 0.12 and x = 0.18. The influence of the E + band can be seen
in the x = 0.18 case near (π, 0) and (0, π ) as the appearance of electron pockets. (b) Full nearest approach contours for E + and E − in the
lower right portion as well as the zeroes of ξ̃k in the upper left portion.
(c) Nearest approach pockets for E + and E − (here equivalent to Luttinger surfaces) for a single doping of x = 0.18 for varied input Δ0pg .
The pseudogap, Δopg = 0.06t0 , corresponds to YRZ fitted parameters
for x = 0.18 as described in the text

We depict this behavior in Fig. 1(a) where we have shown
the most strongly weighted nearest approach contour with
energy ≤ 0. For angles near 45◦ , we display the back of the
Fermi pocket. For angles θ < θh , which marks the corner of
the hole pocket, we display the contour of nearest approach
for the E − band, which has negative energies, as shown in
Fig. 2. In this region, the nearest approach energy is a local
minima only, caused in the YRZ model by proximity to a
zero in (ξk + ξk0 ) which corresponds to a zero valued minima
in ξ̃k2 . This choice of contour is maintained until θ < θe at
which point the zero energy contour of the E + band (shown
in Fig. 2) becomes the more strongly weighted contour of
nearest approach. One will notice that the contour may have
kinks when crossing either of θe or θh .
The choice of contours in Fig. 1(a) is justified on the criteria that the energies are: 1) a local minima in the absolute
value of energy, 2) of negative (or zero) energy, 3) have the
largest weighting W + or W − . The full set of contours, for
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Fig. 2 E + and E − energies vs θ along their individual contours of
nearest approach. Shown for x = 0.19, 0.195, 0.199 and 0.20

x = 0.18, as well as the (ξk + ξk0 ) = 0 surface are shown
in Fig. 1(b). It is precisely this effective kinetic energy contour given by ξ̃k = 0 which forms the bridged regions between the pockets and, therefore, dominates in the well underdoped, when the hole pockets have become very small,
and behaves as an effective Fermi surface in that case.
It can be seen in Fig. 1(c) that changing the magnitude
of the pseudogap directly modifies the size of the Fermi
pocket. However, there are two “hard” barriers in the structure of the hole pocket. The first is the AFBZ boundary.
The second is, in fact, the normal state Fermi liquid TBFS.
As the pseudogap value decreases, the pocket attempts to
stretch out to merge with the TBFS. However, for small
pseudogap, the hole pocket is restricted to the bounded region created by the AFBZ and the TBFS. Further expansion
in area is not allowed, as the Luttinger sum rule dictates, in
essence, a conservation of the ratio of hole/electron pocket
areas. Therefore, beyond some pseudogap value, for a given
doping, electron pockets must emerge in the corner regions
(which are also bound by the TBFS and AFBZ) which extend into the upper antiferromagnetic Brillouin zone. The
area of these electron pockets balances the increased area of
the hole pocket, finally merging at the intersection of the
AFBZ and TBFS for Δpg → 0. We note that the heavily
weighted hole and electron pockets for Δ0pg = 0.06 evolve
into the solid red contours for Δ0pg = 0.01 with the lightly
weighted sides collapsing onto the antiferromagnetic Brillouin zone. In the limit of Δ0pg = 0, this part has zero weight.
This shows how the energy ξk0 , which plays a role in YRZ,
drops out of consideration in the dispersion curves in the
limit of the Fermi liquid, where only ξk plays a role.
Examples of the weighting factors along nearest approach contours are shown in Fig. 3. The top frame is for
x = 0.12, where there are no electron pockets, and the bottom frame is for x = 0.18 which lies between xonset and xc ,

Fig. 3 (Color online) Weighting factors along nearest approach contours. For the cases with no superconductivity, the weightings are W +
and W − . The inclusion of superconductivity adds an additional factor
of (v − )2 which represents the occupied state weighting of the Bogoliubov quasiparticles
+ is
and thus has electron pockets. For the x = 0.12 case, Wna
single valued, while for x = 0.18, the presence of an electron
pocket splits the contour at small angles. The dashed black
line, θ < θe , represents the side of the electron pocket near− weightings are double-valued for
est to the AFBZ. The Wna
both dopings and are shown in red, where the dashed curve
is now representative of the side of the hole pocket nearest
to the AFBZ. It is only at θ = π/4 that the solid red line
reaches its Fermi liquid value of exactly one. This occurs
even though there exists states of zero excitation energy on
the entire hole Luttinger Fermi surface just as in an ordinary
Fermi liquid. Here, W ± < 1 represent a departure from FL
theory. This departure increases particularly quickly as the
end of the hole pocket is approached where W − (θ ) has already dropped below 1/2 in value for both dopings shown.
To understand how this comes about, we note that on the
hole Luttinger surface Ek−na = 0 and that the weighting fac− on this contour simplifies to
tor Wna

Wk−na

⎤
⎡
ξ̃k
1⎣
⎦
=
1− 
2
2
ξ̃k + Δpg (k)
=

0 )2
(ξna
.
0 )2 + Δ2 (k )
(ξna
pg na

(12)
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On the front part of the hole Luttinger pocket, k na is away
from the antiferromagnetic zone boundary, which is defined
by ξk0 = 0, but on the opposing side, we are close to the
AFBZ boundary and so we can expect ξk0na to be small. This
means that on the front side Wk−na of (12) is of order 1, but
is reduced due to the presence of the gap, Δpg (k na ), which
is squared in the denominator. Right at θ = π/4 the value of
Wk−na reaches exactly one as shown in Fig. 3 (solid red curve)
and Wk−na has dropped to a little less than 1/2 its value for
θ = θh , marking the end of the hole pocket. On the other
hand, the weight on the backside (dashed red curve) rapidly
drops from its maximum at θ = θh as θ is increased toward
the nodal direction. As the nodal direction is approached, the
contour k na shifts closer and closer to the AFBZ boundary
and ξ 0 (k na ) becomes smaller and smaller and so Wk−na of
(12) rapidly drops to a value near zero. On the gapped contour beyond θh for x = 0.12 (top frame) and in the bridging
region between θh and θe for x = 0.18 (bottom frame) the
last equality in (12) no longer holds, but numerical evaluation shows that Wk−na continues to drop, reaching a value
≈ 0.3 in both cases. These behaviors are quite distinct from
the Fermi liquid case of a large Fermi surface for which the
weight would remain 1 at all angles.
The behavior of Wk+na associated with the nearest approach contour of the Ek+ (solid black line) is most interesting for x = 0.18 (bottom frame). In this case, for θ between 0 and θe we have two more zero energy contours; one
with large weight (solid line) and one with smaller weight
(dashed line). The weights on these surfaces, however, remain intermediate, well above 0 and well below 1. It is in
this respect that these electron pockets maintain continuous
electronic states which support closed orbits within a single
band unlike the hole pocket, which has no continuous state
in the nodal direction near the AFBZ.
There are complications involved in the inclusion of superconductivity. In this case, we must also include the Bogoliubov vk2 weightings, which take the form of (11). We
+ v + 2 (solid green curve in top frame of Fig. 3)
show the Wna
na
− v − 2 (solid blue curve in bottom frame of Fig. 3),
and Wna
na
along the contours shown in Fig. 1(a). On the surfaces defining the hole and electron pockets, Ek− and Ek+ are respectively zero, so that on both the front and back side of these
2
surfaces, the Bogoliubov v − is precisely 1/2. This is shown
as the green and blue solid lines in Fig. 1(a). For θ < θh and
θ in the interval θh to θe for x = 0.12 and x = 0.18, re2
spectively, the reduction in W v − from W alone is less than
1/2 because on these contours Ek−na is negative and finite.
Hence, v − in (11) is greater than 1/2. For the specific case
of x = 0.12 (top frame), the solid red and solid green contours have practically merged at θ = 0 while in the lower
frame, the solid blue contour increases toward the solid red
until θ = θe at which point we change from the bridging con2

Fig. 4 (Color online) One quarter of Brillouin zone displaying: Top
row: Ek+ and Ek− in (a) and (b), respectively, for the x = 0.18 case
where the color scale has units of t0 . Bottom row: Wk+ and Wk− ,
(c) and (d), respectively, also for the x = 0.18 case

tour to the new electron surface associated with the electron
pockets.
For completeness, we illustrate the E ± energies and their
weighting factors in the full Brillouin zone in Fig. 4. The
electron pockets are shown in white near the antinodes of
Fig. 4(a), while the hole pocket is located in the nodal region
and is shown in orange in Fig. 4(b). The spectral functions of
the two dispersions are overlaid with their respective weighting factors shown in Fig. 4(c) and (d). It should be clear that
the weighting of the E − bridges should be reduced as compared to the Fermi pocket itself.
Recent experimental determination of gap values in Bi2201 using ARPES [12] have been qualitatively described
by the YRZ model for the well underdoped case where the
pseudogap dominates the system [35]. Here, we present similar calculations over a full doping range and demonstrate
the additional features created by electron pockets in the
small pseudogap case. Figure 5(a) shows this effect in the
absence of superconductivity. For x = 0.20, we would obtain a full zero energy, gapless Fermi surface. For small dopings, say x = 0.05, we have a strong pseudogap which follows a modified cos(2θ ) function, terminating at θh ≈ 35◦ .
This qualitative structure is maintained until the doping
xonset where the electron pocket has now formed a zero energy TBFS with strong weighting at small angles, θ < θe ,
+ energies shown in Fig. 2. Therefore, for
similar to the Ena
dopings where xonset < x < xc , the curve appears as a modified cosine function for angles θ > θe , and drops to zero
for θ < θe . This leads to the “Russian doll” type arrangement of dashed curves covering the four largest values of x
considered in the figure. This feature is still present when
including a superconducting gap, as is shown in Fig. 5(b).
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Fig. 6 Progression of hole and electron pockets, defined by their angles of onset, θe and θh as a function of doping converging to θ ∗ ≈ 10◦
at x = xc = 0.20

Fig. 5 Top frame: Δeff
pg are the nearest approach energies of the most
strongly weighted of E − or E + bands, for various dopings. For large
pseudogap, the system is dominated by the E − band. At x = 0.17,
the E + band provides an E = 0 Fermi surface at small angles with a
± . This gives
strong weighting. Bottom frame: Same as above but for Esc
an additional contribution from Δsc . Note for comparison to ARPES
plots, we have taken the absolute value of these energies

The extreme cases of Δsc = 0 or Δpg = 0 produce what can
be approximated as cosine functions terminating at θh and
45◦ respectively. Again, there is a narrow region of doping
between xonset and xc wherein the behaviors of these curves
are modified.
For θ < θe and θ > θh , the behavior is that of the superconducting gap. This corresponds to the contour of the
normal state Fermi surface where the superconducting gap
is dominant. For θe < θ < θh the behavior is that of the finite
valued, but negative, E − band energy which is interpreted as
an effective pseudogap value. This corresponds to the pseudogapped out region between the hole and electron pockets which follows along the nearest approach bridges where
there is no Fermi surface in the normal pseudogapped state
(see Fig. 1(b)).
Of primary interest for this work is the behavior of the
pocket edges. Figure 6 depicts the calculated θe and θh critical angles across all dopings and their convergence to the
value θ ∗ at x = 0.20. This figure is separated into two regions for θ < θ ∗ and θ > θ ∗ for the electron and hole pocket

angles, respectively. The angle θe , which is always less than
θ ∗ , maintains a zero value corresponding to the absence of
an electron pocket until x = xonset above which θe is finite,
while θh , which is always greater than θ ∗ , has finite value
at all relevant dopings. The angles θh and θe converge at
x = xc = 0.20 to a value of θ ≈ 10◦ , which corresponds to
the intersection of the TBFS and the AFBZ. The doping dependence of θh is nearly linear away from xonset , showing
two distinct regions, x < xonset and x > xonset , which differ
in slope as illustrated by the black dashed lines which intersect at xonset . The modification to the slope coincides with
the onset of electron pockets. Experimental verification of
the modification of this slope would be evidence of the presence of shallow electron pockets forming as dictated by the
Luttinger sum rule. We hope our work will stimulate such
experiments.

4 Effective Mass
We wish to discuss the effective electronic mass on the
Luttinger surfaces in the pseudogapped state. In the normal pseudogap state, one can reformulate (1) as it was presented in [1] by using the pseudogap self-energy which is
given by: pg (k, ω) = Δ2pg (k)/[ω + ξk0 ], which depends on
momentum k as well as on energy, ω. The inclusion of a
pseudogap self-energy acts to directly renormalize the energy of the quasiparticles. These renormalized quasiparticles will behave as if having a new renormalized effective
mass, which we now calculate. To begin this, for ω → 0, the
Green’s function has a simple pole at
ω = ξk +

Δ2pg (k)
ξk0

1+

Δ2pg (k)
(ξk0 )2

−1

.

(13)
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We evaluate (13) on the Luttinger surface which defines a
contour in momentum space k ≡ [kF , θ ] where kF is the
magnitude of k at fixed angle θ . In the case of multiple kF
for a given θ , we are interested in only the strongly weighted
portion, as displayed in Fig. 3. However, on this contour, Ek−
of (2) is zero and, therefore,
−ξkF ,θ ξk0F ,θ = Δ2pg (kF , θ ).

(14)

For k near kF at fixed θ we use k = kF + δk. As a result, ω
in (13) can be rewritten as

ω=



Δ2pg (k)
Δ2pg (k)
d
ξk +
1
+
dk
ξk0
(ξk0 )2

−1 

δk,
k=kF ,θ

(15)
where use was made of (14).
In the underlying Fermi liquid state, where Δ2pg (k) = 0,
the corresponding quasiparticle pole with which we wish to
k
compare would be at ω = dξ
dk |k=kF ,θ δk. The ratio of these
poles gives the ratio of renormalized to unrenormalized electronic mass coming from the pseudogap formation as
m∗θ =

m∗θ (Δpg )
m∗θ (Δpg = 0)

= 1+

Δ2pg (kF , θ )
(ξk0F ,θ )2


1+

 2
d Δpg (k)
dk
ξk0
dξk
dk

−1
.

(16)

k=kF ,θ

Here, we have made the approximation that the underlying Fermi liquid band structure varies only slowly with k
around the Fermi energy and have evaluated ξk at the pseudogap nearest approach contour rather than the Fermi liquid contour. This is expected to be a good approximation
as the two contours do not differ much on the strongly
weighted side. Fundamentally, we are restricted from evaluating this quantity in this simple manner on the opposing
lightly weighted side of the pocket as the regions in k-space
differ completely for the two cases, with and without pseudogap, causing the approximations here to break down. Results for the effective mass ratio of (16) are presented in
the lower frame of Fig. 7 for three values of doping. Before describing these in detail, we note two limits of (16).
First, in the nodal direction, Δpg (k) = 0 and all energies
reduce to the Fermi liquid unrenormalized band structure,
in which case m∗θ (Δpg )/m∗θ (Δpg = 0) = 1. Also, when the
hole pocket ends at θ = θh the derivative of Ek− on the Luttinger contour with respect to |k| at fixed θ vanishes, i.e.
d −
dk E (k, θh ) = 0 for fixed θ = θh . This leads to the relation

d  0
ξk ξk + Δ2pg (k) = 0
dk

Fig. 7 (a) The slope of Ekαna crossing k = kF as a function of θ .
The solid curves have pseudogap, while the dashed curves are the
slopes across the underlying TBFS of ξ(k). Here, α is determined as
in Fig. 4(a), as the energy branch that maintains coherent quasipartid
d
cles. (b) The ratio of slopes in (a), dk
[Ekαna (Δpg )]/ dk
[Ekαna (Δpg = 0)],
which is also given precisely by the effective mass ratio of (16)

(17)

from which we can conclude, making use of (14), that the
quantity in the denominator of (16) vanishes and so the effective mass renormalization is infinite. The quasiparticles
at the termination of the Luttinger hole pocket have become
infinitely sluggish to continued progression in θ . To treat the
case when electron pockets are present is a straightforward
generalization of the above to their respective contours.
In Fig. 7, we summarize our numerical results for three
values of doping x = 0.05 (heavily underdoped) x = 0.12
and x = 0.18 (which is near our chosen quantum critical
point at x = xc = 0.2). In the top frame, we show the slopes
of the electron dispersion curves across the Luttinger contour at ω = 0. The Fermi liquid case corresponds to the
dashed curves and the renormalized YRZ pseudogap case
corresponds to the solid curves. The shaded region helps
to see at a glance the difference between these two cases.
As we have already discussed, at θ = π/4 (nodal direction)
there is no slope renormalization. Away from this point,
however, the mass renormalization increases and at the end
point of the Luttinger pocket it diverges as we have already
demonstrated on the basis of (16) and (17). For any doping
exhibiting electron pockets (xonset < x < xc ), there is an additional region about the antinodal direction which starts at
θ = θe and ends at θ = 0. At θ = θe the mass is again infinite, as we have zero slope for the quasiparticle dispersions
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after which it gradually decreases and has its minimum of
about 1.7 at θ = 0, in the case shown (x = 0.18), normalized
to the Fermi liquid case. The value of m∗ (θ = 0) will shift
continuously to 1 as the pseudogap is reduced in magnitude
or x approaches xc . On the other side of xonset , the physics
of the approach to the Mott insulating state at half filling
proceeds with a loss of electron states which have a zero
excitation gap. These reside on the significantly weighted
Luttinger arc which decreases in length as doping, x, is decreased. In addition, the quasiparticle effective mass (m∗ )
increases above its Fermi liquid value as the end of the arc
is approached where m∗ diverges.
In all cases, however, there remain coherent quasiparticles, granted fewer and fewer, as the Mott transition is approached, as is also observed in the work of Lee et al. [48]
These authors find a coherent optical response which remains down to the lowest dopings considered, well past
the end of the superconducting dome in the underdoped
cuprates. A second observation long considered anomalous,
which finds a natural but very robust explanation in the
YRZ model, is the work of Zhou et al. [49] who found that
the slope of the dispersion curves in the nodal direction in
LSCO are only very weakly dependent upon doping. We see
here that this slope remains unaffected by the formation of
a pseudogap, and hence it is dependent only on the underlying band structure. The energy scale involved in this case
is the bandwidth scale or, more precisely, the effective first
nearest neighbor hopping scale (t0 ). Modification of doping
only involves small changes in the position of the Fermi momentum with respect to its value at half filling, and this will
not change the corresponding nodal direction Fermi velocity much, as is observed. There also exists evidence [9–11]
that the length of the ungapped arcs about the nodal direction increases in a roughly linear fashion with temperature.
This could be due to a reduction in pseudogap amplitude
with increasing temperature, T , which can be justified with
the inclusion of scattering. It could also be modeled with an
input pseudogap which opens more slowly with angle out of
the nodal direction as one raises the temperature.
Although not rigorously explored here, we take note of
the consistency of the antinodal effective mass results along
the small electron pocket in the x = 0.18 case. The value of
m∗ ≈ 1.7 at θ = 0 agrees well with the results of de Haasvan Alphen (dHvA) and Shubnikov-de Haas (SdH) quantum oscillation experiments. These experiments have reported values of m∗dHvA = 1.76 ± 0.07 and m∗SdH = 1.9 ± 0.1
[50, 51], consistent with electron pockets [52]. Further, the
area of the electron pockets is restricted in YRZ by the underlying TBFS, and AFBZ to a value of at most 2–3% of
the Brillouin zone, also in reasonable agreement with experiment. Of course, the weightings of Fig. 3 results in a reduction of coherent states on the hole pocket near AFBZ which
could suppress the signal of oscillation from the hole pocket.
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By contrast, the weighting along the electron pocket always
remains significant in magnitude. There may be conditions
under which the hole pocket can sustain coherent oscillations, consistent with a hole area (Ah ) of percent given by
the Luttinger sum rule to be Ah = x2 + Ae where subscripts e
represents the emerging electron pocket. Otherwise, it may
be that with loss of fully weighted pockets, oscillations in
YRZ should revert to a Fermi arc picture where it has been
shown that quantum oscillations could still arise but with
the frequency of oscillation related to the arc length, rather
than to the area enclosed by the pockets [53]. Clearly, the
full calculation of quantum oscillations in the YRZ model
would produce interesting results.

5 Conclusions
We have studied how the electronic structure in the cuprates
evolves due to the opening of a pseudogap in the model of
Yang, Rice, and Zhang. The pseudogap is associated with
the antiferromagnetic Brillouin zone boundary and has its
microscopic origin in a RVB spin liquid. While we considered the entire underdoped region of the phase diagram, an
emphasis has been placed on the region near the quantum
critical point at doping x = xc below which the pseudogap
becomes finite. We also emphasize how the large Fermi surface of Fermi liquid theory progressively transforms into a
small Luttinger hole pocket centered about the nodal direction, a characteristic feature of the loss of metallicity on the
approach to a Mott insulating state at half filling. Just below xc (QCP), important modifications occur at the point of
crossing between the TBFS and the AFBZ, where there is
no longer a zero energy contour. This breaks the large Fermi
surface into two pieces separated by a bridging region. Both
pieces are able to sustain zero energy excitations, but the
bridging region, between a large hole pocket, in the nodal
direction, and the small electron pocket near the antinodal
direction, is gapped. Each pocket has two sides, one with
a weighting factor near one and the other with a smaller
weighting closer to zero. The strongly weighted piece is
close to the large TBFS while the weakly weighted piece
is close to the AFBZ line associated with half filling which
corresponds to a Mott insulating state. As the doping is further reduced, the hole pocket shrinks in size as does the
electron pocket which eventually disappears entirely leaving only a hole pocket (in each quadrant). When it exists,
the electron pocket is limited to angles in the interval from
θ = 0 to θ = θe in the antinodal region. A similar situation
holds for the hole pocket which extends from θh to π/4.
The behavior of the effective pseudogap as a function of
angle along the bridging contour is particularly interesting.
Its value starts from zero at θ = θh and grows until θ = θe
at which point it shows a discontinuous drop to zero as we
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move to the electron pocket piece of the Fermi surface which
is not continuously connected to the bridging contour. When
superconductivity is present, there is a superconducting gap
on the ungapped parts of the normal state Fermi contour, but
in the region between θe and θh , there remains an enhancement, over its superconducting state value, of the effective
gap measured in ARPES. Of course, when we approach half
filling the electron pocket ceases to exist and θe = 0. We
find that θe is nonzero only above x = xonset ≈ 0.167, a
value which depends somewhat on the assumptions made
for the angular dependence of the input pseudogap that enters the YRZ model, as well as details of the band structure
parameters of the model. These authors also use the lowest dx 2 −y 2 harmonic, 5, for the momentum variation of the
pseudogap in the Brillouin zone. If this assumption is relaxed and this harmonic is taken to power n, then variations
in the exponent, n, can change the shape of the Luttinger
contours as well as the onset doping, xonset . These are, however, secondary considerations and the results we have just
described remain almost unmodified for large variations in
the input pseudogap angular profile, for example, a k independent pseudogap. Thus, the physics described here is
robust.
On the Luttinger part of the nearest approach contours,
the effective pseudogap is zero. Nevertheless, the energies
in this region are modified from those associated with the
underlying TBFS. A measure of these changes is the change
in effective mass at fixed angle, θ , that is brought about by
the presence of the input pseudogap. The effective mass is
unchanged from its tight binding value only in the nodal direction. As we move toward the end of the Luttinger hole
pocket the effective mass increases and has a divergence
right at the corner where we go from linear in momentum,
away from the Fermi momentum, to a gapped behavior for
the renormalized dispersion curves at fixed angle, θ . A similar effect applies when the doping is sufficiently close to
the QCP at x = xc that an electron pocket also exists. In this
case, the renormalized mass is larger than the bare mass everywhere and diverges at θ = θe .
The picture that emerges for low doping, near half filling,
is an approach to the Mott transition where the number of
ungapped quasiparticles available becomes greatly reduced,
residing only on the Luttinger surface around the nodal direction. In addition, as the size of the Luttinger hole pocket
shrinks the effective mass of the few remaining quasiparticles on the heavily weighted Fermi arc retains its tight binding value only at θ = π/4 but increases as the end of the
Luttinger pocket is approached where there is a divergence.
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5.2.3

Concluding Remarks

Originally this work contained additional calculations using other gaps of the d-wave
type for the pseudogap in the form of
∆pg ∝ [cos(kx ) − cos(ky )]n .

(5.1)

Such an order parameter could be justified in some recent work where there are nonlinearities in the nodal gap as a function of | cos(kx ) − cos(ky )|.[4] The primary impact
of this was to shift the value of xonset to higher or lower values.
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Chapter 6
Effects of Particle-Hole Asymmetry

6.1
6.1.1

Photoemission
Experimental Motivation

Recent work by Hashimoto et al.[61] showed experimental evidence for particle-hole
(p-h) asymmetry in the progression of the energy bands near the antinodal direction
in the pseudogapped state for varied temperature. The evidence for this broken
symmetry is best illustrated by examining the opening of a particle-hole symmetric
gap, such as the superconducting gap, shown in Fig. 6.1(a). In that case, the new
structure has a backbending peak (nearest approach point or minimum gap locus)
which coincides with the Fermi momentum, kF , in the ungapped system. This idea
has been shown to be valid in the overdoped cuprates where there is no pseudogap.[62]
The violation of this in data for the underdoped cuprates [Fig. 6.1(b)] points to broken
particle-hole symmetry in the pseudogapped state.
On a theoretical level, the asymmetry of the pseudogap is not a surprise, since most
models of the pseudogap break particle-hole symmetry. The reason for this is that a
particle-hole asymmetric gap is the simplest way to gap out only part of the Fermi
surface which will leave the Fermi arc or pocket structure seen in the cuprates. Nat73

Figure 6.1: Taken from Ref. [61]. (a) Schematic illustration of the coincidence of
the backbending point with the normal state Fermi momentum, kF . (b) Experimental data showing the shift of the backbending peak away from kF , suggesting that
particle-hole symmetry is broken. (c) Data demonstrating the increased broadening
at low temperatures.
urally, since this is a primary feature in the literature, many models incorporate
asymmetric gaps. Perhaps most interesting is the observation of anomalous thermal
broadening in the Hashimoto data, for decreasing temperature, shown in Fig. 6.1(c).
Normally, an ARPES experiment expects to see a coherence peak which narrows as
temperature is decreased, reflecting a reduction in thermal broadening. Addressing
this issue is the primary focus of this work.

6.2

Thermal Broadening Due to New Spectral Peaks

There remains debate as to precisely how the pseudogap closes for temperatures approaching T∗ . The temperature evolution of the dispersions are key to understanding
the details of the pseudogapped state. In the Hashimoto work, they present data in
a small region around the antinodal direction, where the pseudogap forms, for varied
temperatures. The observation of a particle-hole asymmetric pseudogap in conjunction with BCS-like superconductivity results in the appearance of new Bogoliubov
quasiparticles (BQPs) which form below the superconducting transition temperature.
In the superconducting state the particle-hole symmetry of the band is restored. However, in the superconducting state the resulting energy dispersion will show four peaks
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Figure 6.2: Schematic of A(k, ω). (a) Three frames illustrating temperature ranges:
T > T ∗ , Tc < T < T ∗ and T < Tc , for a pseudogap opening at energy Ec . The result
is two peaks at negative energy separated by ≈ 2Ec . (b) The presence of incoherent
tails would serve to merge these two peaks.
in the spectral function at a given momentum for varied energies; two asymmetric
peaks due to the pseudogap which are then mirrored across the Fermi level below
Tc . What is clear is that the pseudogap particle-hole asymmetry is quite small, in
that the energy of the surface at which the pseudogap opens is close to the Fermi
level. This will result in the new spectral peaks seen below Tc being very close to
the original peaks above Tc . This process is shown schematically in Fig. 6.2(a) for
a particle-hole asymmetric pseudogap opening at some energy Ec . There we can see
that for temperatures below Tc , the shift in Bogoliubov weights will create a second
peak at negative energies. If Ec is sufficiently small, then this second peak will merge
with the first, effectively contributing to the width of the first peak. Further, this
new peak allows one to see the energy of the unoccupied band, mirrored across the
Fermi level. We expect that the inclusion of scattering and incoherent processes on
each band would result in very strongly overlapping peaks so long as Ec is small [see
Fig. 6.2(b)].
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6.3
6.3.1

Published Work
Overview

This paper contains a simple description of how a two-band pseudogapped system
which is particle-hole asymmetric behaves with the inclusion of a superconducting
gap. This analysis has allowed us to explain the existence of an anomalous spectral broadening and shoulder feature seen in the ARPES work of Hashimoto et al.,
Ref. [61]. These features are caused by additional Bogoliubov quasiparticle peaks
which appear in the superconducting state to reestablish particle-hole symmetry.
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We show that in the presence of a pseudogap, the spectral function in the superconducting state of the
underdoped cuprates exhibits additional Bogoliubov quasiparticle peaks at both positive and negative energy
which are revealed by the particle-hole asymmetry of the pseudogapped energy bands. This provides direct
information on the unoccupied band via measurement of the occupied states. When sufficiently close, these
Bogoliubov peaks will appear to merge with existing peaks leading to the anomalous observation, seen in
experiment, that the carrier spectral density broadens with reduced temperature in the superconducting state.
Using the resonating valence bond spin liquid model in conjunction with recent angle-resolved photoemission
spectroscopy data allows for an empirical determination of the temperature dependence of the pseudogap,
suggesting that it opens only very gradually below the pseudogap onset temperature T ∗ .
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Over the history of high-temperature superconductivity in
the cuprates, many fundamental questions have been posed
and some have been answered. It is now known that the charge
carriers form in Cooper pairs,1 with a pairing symmetry that
is described as spin-singlet2 dx 2 −y 2 wave3 and the mechanism
might be spin fluctuations,4 although the latter issue is still a
subject of considerable debate. Even the applicability of standard BCS theory has been questioned although experiments
have been presented that give overwhelming evidence for a
BCS description. One such experiment, which is both relevant
to this paper and demonstrates the impact of the high-Tc field to
encourage experimental innovation and improvements in technique, has been angle-resolved photoemission spectroscopy
(ARPES). In ARPES, not only has the superconducting energy
gap sc (k) been determined as a function of momentum
k,5 but also the √
predicted Bogoliubov quasiparticle (BQP)
bands ±Ek = ± k2 +2sc (k) and BQP amplitudes u2k and vk2
have been observed and verified to agree with d-wave BCS
theory.6–8 While this has provided important advances to our
understanding of the cuprates at optimal and overdoping, it was
quickly noted that for underdoped cuprates, the picture was
less clear. Indeed many properties of the superconducting state
appear non-BCS-like and the normal state harbors a not-yetunderstood energy-gap-like feature termed the “pseudogap.”9
The proximity to the antiferromagnetic Mott insulator suggests
strong correlation effects with possibly some competing order
and hence the major questions in the cuprates revolve around
understanding the source of the pseudogap and its relation
to superconductivity. Indeed, interest in these issues extend
more broadly to the cold atom field of research where a
pseudogap has been seen in a strongly interacting Fermi gas
using a momentum resolved radio-frequency spectroscopy as
an analog to ARPES.10
At present two general points of view exist. One is that
the pseudogap is simply an image of the superconducting
gap related to the existence of phase incoherent preformed
pairs above Tc .11 This is a one-gap scenario and argues
for the pseudogap to open symmetrically about the Fermi
1098-0121/2011/83(18)/184506(5)

surface. The second point of view treats the pseudogap as
a manifestation of competing order with a second energy scale
which, along with the superconducting gap, presents a two-gap
scenario.12,13 Key to this latter vision is that the pseudogap
opens up on a surface in the Brillouin zone that is different
from the Fermi surface. For instance, in the case of competing
magnetic order, the pseudogap should be associated with the
antiferromagnetic Brillouin-zone boundary. Regardless of the
details of specific models, the two-gap scenario suggests that
the pseudogap will be particle-hole asymmetric. Consequently,
experimental evidence of symmetry or asymmetry would allow
for the elimination of a number of models and provide a
significant advancement to the field. In this paper, we discuss
the effect that a particle-hole asymmetric pseudogap has on
the observation of BQPs and propose that the anomalous
broadening of the spectral function seen in ARPES14 results
from particle-hole asymmetry.
In this work, we focus on ARPES and measurements of
the spectral function A(k,ω). In an ordinary Fermi liquid, the
spectral function is a simple peak or δ function that tracks the
single-particle energy dispersion k as a function of energy
ω and momentum k as shown schematically in Fig. 1(a). As
ARPES only measures the occupied states at zero temperature
due to a Fermi function cutoff at the Fermi level EF , the peaks
above EF are not detected. At finite T , some information
on the bands above EF can be obtained via analysis of
the thermal tails.7 In the presence of superconductivity, the
elementary excitations are the BQPs, which mix electron and
in the dispersion
hole states. This leads to a gap of 2sc √
and introduces two BQP bands ±Ek = ± k2 +2sc (k), which
show backbending from the Fermi energy and about the Fermi
momentum kF , which coincides with the position kp of the
peak in the backbending of the occupied states. The two
BQP branches also acquire weighting of u2k = (1 + k /Ek )/2
and vk2 = (1 − k /Ek )/2, as illustrated in Fig. 1(b). These
pictures and their manifestation in experiment on an overdoped
cuprate material were published by Matsui et al.7 providing
a confirmation of the applicability of d-wave BCS theory.
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one, as would the two above EF . It is the combination of
the particle-hole asymmetric pseudogap with the symmetric
superconducting gap that allows the extra hidden BQP peaks
to be revealed and displayed separately. Therefore information
on the unoccupied band above EF can now be obtained from
analysis of its reflected BQP band on the occupied side,
avoiding, in principle, the need for analysis of thermal tails
above EF .
To facilitate our discussion, it is necessary to adopt a
particular model. For this purpose we use a model proposed by
Yang, Rice, and Zhang (YRZ),15,16 who developed an ansatz
for the electronic Green’s function based on a resonating
valence bond (RVB) spin liquid state. This model has a
particle-hole asymmetric pseudogap and explains a large
amount of anomalous data from the underdoped cuprates.17–23
Indeed, we will show here that it is more effective at explaining
recent ARPES data14 than a prominent and extensively studied
competing model, the d-density wave (DDW) model.12,13,24–27
While the YRZ model is phenomenological, it has a base in the
microscopic theory of arrays of two-leg Hubbard ladders in a
doped spin liquid including long-range interladder hopping.
Comparison with numerical results of Troyer et al.28 for
t-J ladders additionally support the YRZ choice of Green’s
function, which is initially based on considerations of the
weak-coupling case. For a detailed discussion, see Ref. 15. A
closely related model is the algebraic charge liquid described
by Qi and Sachdev.29 It is based on a fluctuating twodimensional antiferromagnet and provides a Green’s function
that has a similar form to that of YRZ.
Within the ansatz for the RVB state proposed by Yang et al.,
the coherent part of the spectral function is given as
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FIG. 1. (Color online) Schematic diagram of spectral function
intensity, A(k,ω), as a function of energy and momentum for a single
Fermi-liquid band, (a) and (b), and two asymmetric pseudogapped
bands, (c) and (d), as described in the text. (b) and (d) show the
formation of BQP bands in the superconducting state. In the presence
of superconductivity, extra spectral peaks in the pseudogapped case
at fixed k are revealed that would not be separately resolved for a
pseudogap opening symmetrically about the Fermi level.

When a pseudogap exists in the normal state, the picture
alters and the energy dispersion will be split into two bands,
as shown in Fig. 1(c). Furthermore, in the presence of a
particle-hole asymmetric pseudogap pg , the bands do not
open about EF but rather about some other energy Ec and
the backbending peak position kp = kF , as shown. In the
presence of superconductivity, each band now splits into two
BQP bands positioned symmetrically about EF [shown as the
dashed blue (dark gray) curve and quasiparticle peaks for the
upper band and dashed red (light gray) for the lower band in
Fig. 1(d)]. This gives rise to four BQP peaks as a function
of energy, at fixed k, with two positioned at negative energy
and two at positive energy for EF taken as 0. Note that if
the pseudogap opens in a particle-hole symmetric fashion,
the two BQP peaks at negative energy would merge into

where the energy of the gapped
excitations in the super
α
conducting state is Esc
= (E α )2 + 2sc , with Bogoliubov
α
α
)/2 and vα2 = (1 − E α /Esc
)/2,
amplitudes u2α = (1 + E α /Esc
which are applied to the pseudogapped bands indexed by α =
√
± and given as E ± = 1 ± 22 +2pg . Here, 1 = (ξk − ξk0 )/2
and 2 = (ξk + ξk0 )/2, where ξk = −2t(cos kx a + cos ky a) −
4t  cos kx a cos ky a − 2t  (cos 2kx a + cos 2ky a) − μp , is a
third nearest-neighbor tight-binding dispersion and ξk0 =
−2t(cos kx a + cos ky a) is that for first nearest neighbor,
which for ξk0 = 0 defines the antiferromagnetic Brillouin-zone
√
boundary. W ± = (1 ± 2 / 22 +2pg )/2 are weighting factors for
the pseudogapped bands in analogy with the u’s and v’s, and
gt is a Gutzwiller factor that reflects a reduction in the coherent
part of the spectral function due to strong correlations. 21 These
energy dispersions contain doping dependent coefficients:
t(x) = gt (x)t0 + 3gs (x)J χ /8, t  (x) = gt (x)t0 , and t  (x) =
2x
4
and gs (x) = (1+x)
gt (x)t0 , where gt (x) = 1+x
2 are the energy
renormalizing Gutzwiller factors for the kinetic and spin terms,
respectively. These factors account for the narrowing of the
bands with increased correlations. The pseudogap is taken to
have the same d-wave symmetry as the superconducting gap
and to be nonzero only for doping x below a quantum critical
point at x = xc = 0.2. A detailed statement of our parameters
and the model’s doping dependence is given in Ref. 20. Here,
we will show generic results for that set of parameters with
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a doping x = 0.16. It is only in our final figure of this paper
where we compare directly with experimental data and for that
case we adjust the parameters to match the Fermi surface of
the material under investigation. A finite pseudogap leads to
Fermi-surface reconstruction from the large contours of Fermiliquid theory to small holelike Luttinger pockets confined
to the vicinity of the nodal direction. As the pseudogap first
opens, there are, as well, electron pockets in the antinodal
region but these progressively shrink to zero as the Mott transition is approached. The dispersion ξk uses μp as a chemical
potential determined by the Luttinger sum rule in the form

2
d 2 k,
(2)
1−x =
(2π )2 G(k,ω=0)>0
where the Green’s function is in the normal state with finite
pseudogap for x < xc . Thus the chemical potential becomes
dependent on both the value of the pseudogap and doping. It
will also change at finite temperature.
In Fig. 2, we show how the bands change with temperature.
As in the experiment that we compare to (Ref. 14) the
dispersions are presented as a function of k = (π,ky ), with
ky varying about zero. This is a momentum cut in the
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FIG. 2. (Color online) The band dispersions about the point
k = (π,0) for a momentum cut along ky . (a) Fermi-liquid state at
T = T ∗ . The pseudogap state for (b) T = 0.8T ∗ where the upper
band still shows below the Fermi level and (c) T = 0.5T ∗ . (d) The
superconducting state shows four BQP bands that arise from the two
particle-hole asymmetric pseudogap bands. (e) gives the case of (d)
now presented as a color map of I = A(k,ω)f (ω). (f) Same as (e)
except I is now convoluted with a Gaussian of σ = 0.04t0 .

antinodal region of the Brillouin zone where the pseudogap
is maximal. In Fig. 2(a), the Fermi-liquid state at T = T ∗
gives a single band which dips below the Fermi level as seen
in the experiment. As the pseudogap develops in (b) and (c),
the gap opens about a line below the Fermi level, breaking
particle-hole symmetry. Initially, a double dip feature appears
in the upper band positioned near the Fermi level [Fig. 2(b)]
as is also seen in experiment14 (we do not find such a feature
in the DDW model). In the superconducting state shown in
(d), the secondary BQP bands appear, shown with the dashed
curves, which are mirror reflections about the Fermi energy of
the original pseudogapped bands. An image of the original
unoccupied band [solid blue (dark gray)] is now seen on
the occupied side [dashed blue (dark gray)]. Figure 2(d) is
shown again in (e) as a color map representing the intensity,
I = A(k,ω)f (ω), where the cutoff due to the Fermi function
f (ω) is applied and the quasiparticle weights are included. One
sees the two bands at negative energy clearly separated, but not
far apart. To represent instrument resolution, in (f) we show
the convolution of (e) with a Gaussian of standard deviation
σ = 0.04t0 , which would correspond to roughly 5–15 meV,
depending on the value of t0 . The two bands now appear
as one broadened band, particularly around the point of the
backbending peak, near kF , where the experiments reported
anomalous broadening.14 Indeed, as the temperature is lowered
and sc increases, the extra BQP band gains weight and the
net result appears as though there is an anomalous increase
in broadening at low temperature. We are not including
incoherent processes here. In reality, there will be a large
incoherent background associated with the carrier spectral
function, which will give tails that additionally fill in the region
between the two peaks and consequently less broadening than
we have used here will be needed to make them overlap and
appear as a single line with a shoulder.
This is further brought out in Fig. 3 where the intensity
is shown for several temperatures below Tc at fixed ky = kF
and for varying ω/t0 . At Tc , the intensity contains two peaks
that are not symmetric about EF . Recent experiments indicate
that a minimum in the spectral intensity occurs at the Fermi
level.14,30 One suggestion for this effect might be the existence
of regions of spatially inhomogeneous superconductivity
which persist above Tc .31 While our pseudogap model is
intrinsically asymmetric, superconductivity, which opens on
the Fermi surface, restores particle-hole symmetry on an
energy scale of the order of the superconducting gap. In the
superconducting state there is a second weaker BQP peak
at negative energy which, due to the convolution, appears
as a shoulder on the main peak. This shoulder-type feature
(which is traced by the arrows) exists in the experimental
data of Hashimoto et al.14 and disappears above Tc and, while
unexplained in the experimental work, it acquires a natural
explanation here as the BQP band arising from the second
pseudogap band at positive energy.
Much of our discussion to this point has been generic to
any model displaying particle-hole symmetry breaking. Now
we address more specifically the issue of the temperature
dependence of the pseudogap, which can be inferred from
experiment, and demonstrate that the model used here is able
to explain the distinct qualitative features of the data that a
competing model, the DDW, cannot.
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FIG. 3. (Color online) Intensity I versus energy at kF [convoluted
as in Fig. 2(f)] for various temperatures. Each subsequent curve
is offset for clarity. Arrows track the extra BQP peak emerging at
negative energy for T < Tc .

In Fig. 4(a) we plot the energy of the lower band at (π,0)
and at (π,kp ) (the position of the peak in the backbending) as
a function of temperature. The curve for (π ,kF ) is similar
to (π,kp ). To obtain a good fit to the data of Hashimoto
et al.,14 we have adjusted the band-structure parameters to
fit the antinodal region of the normal-state Fermi surface and
have used a pseudogap value of 84 meV and a superconducting
gap on the Fermi surface of 24 meV. Along with t0 = 300 meV,
these values are close to those obtained by Yang et al.18 in their
consideration of Andreev reflection in an underdoped Bi-based
sample of similar Tc , which provides support to both of our fits.
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FIG. 4. (Color online) (a) Temperature-dependent energy of
lower band at (π,0) and (π ,kp ), with and without superconductivity
(solid and dashed lines, respectively). Data from Ref. 14, scaled by
T ∗ in the x axis, are shown as dots. Using 3MF (T ) (see inset) for the
temperature dependence of the pseudogap gives a good fit to the data
with the RVB model, whereas MF (T ) does not. (b) The DDW model
differs from the RVB model and cannot explain the data at T ∗ .

Additional fits with smaller gap values, for example 12 meV,
give no significant changes to the results of Fig. 4(a) except
in the superconducting state where the additional increase
(hatlike structure) is considerably reduced. In our prior figures,
we used a mean-field temperature dependence, MF (T ), for
both sc and pg . The actual temperature dependence of pg
is still open to debate. Some argue for the pseudogap feature
in the density of states to fill but not close,9,32 suggesting a flat
T dependence with a sudden drop at T ∗ . With a mean-field
temperature dependence for the two gaps (dashed line in
the inset) we were not able to agree with the nearly linear
temperature dependence observed in the data between Tc and
T ∗ . However, choosing pg (T ) to have a 3MF (T ) behavior
we find good agreement with experiment, suggesting that
the pseudogap may open more gradually in temperature than
previously thought.
In Fig. 4(b) we compare this RVB model and a DDW
model. These two models differ in that the pseudogap opens
on the antiferromagnetic Brillouin-zone boundary, ξk0 = 0, and
hence at (π,0) for the DDW and on a surface ξk + ξk0 = 0 for
the RVB model, which is offset from the region of (π,0).
Keeping the band-structure parameters the same, along with
the temperature dependence of the gaps, we find a qualitative
difference between the two models. The two curves for the
DDW model merge to the same point at T ∗ as kp goes
continuously to zero, i.e., the backbending peak closes to
an energy that is the bottom of the Fermi-liquid band, Ebot ,
shown in Fig. 2(a) and located at ky = 0. The (π,0) curve of
the RVB model also merges to this point but the kp curve
does not as the backbending peak in RVB closes at Ec ,
as can be seen in Fig. 2(b). The lack of separation of the
two curves for T = T ∗ in the DDW model excludes it as
a candidate for the pseudogap in comparison with the RVB
model.
In summary, the anomalous broadening and shoulder
feature seen in ARPES measurements has a natural explanation
in a second peak due to a BQP band in the superconducting
state, which can only appear in the case of particle-hole
asymmetry in the pseudogap state. Further, we find that the
pseudogap closes rather gradually with increasing temperature
toward T ∗ . We have also ruled out the DDW model as an
alternative competing order, as it cannot explain the present
ARPES data. As a general final comment, the existence of
BQPs is fundamental to our understanding of the nature
of the many-body coherence in the superconducting state.
The observation and measurement of their spectral weight
in ARPES was a significant milestone. In the underdoped
cuprates, the BQP peaks may be further split by a particle-hole
asymmetric pseudogap leading to a richness in BQP structure,
which has only been hinted at in recent experiments. This
effect also allows for the unoccupied bands to be studied in the
occupied region of the spectral intensity. It would be important
to find other systems where this phenomenon would reveal
itself more clearly.
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6.3.3

Concluding Remarks

Subsequent to this work being placed on the arXiv preprint server, more work similar
to Ref. [61] was published. These results were published in Ref. [63]. In this newer
work they find the locations of the additional spectral peaks. Primarily they find
that below Tc there exists a well-defined shoulder which does not continue to the
nodal direction and is only seen near the antinode, and state that the peak intensity
is strongly temperature dependent like a coherence peak.
These observations are completely consistent with the existence of BQP peaks due to
the asymmetry of the pseudogap. The fact that this peak is not seen away from the
antinode is because the energy at which the pseudogap opens, Ec (see Fig. 6.2), shifts
from negative to positive energies. When this shift occurs, the peak feature is now
located at higher binding energies and falls within the incoherent background signal
as one could infer from Fig. 6.2(b) but for a case where the blue peak is to the left of
the red, and also strongly suppressed in amplitude.
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Chapter 7
Graphene
The Mermin-Wagner theorem[64] states that in d ≤ 2 dimensions, long-range fluctuations can be created at low energies. Thus, a 2-dimensional material, at any finite
temperature, would become unstable to these fluctuations. Until recently, graphene,
a single layer of carbon atoms on a honeycomb lattice, was thought to be unstable
to the formation of some other allotrope of carbon, such as rolling into a carbon
nanotube. It is often attributed to this that, despite the early identification of novel
electronic properties,[65] graphene was not isolated until 2004[66] using the technique
of mechanical exfoliation. The researchers responsible, Andre Geim and Konstantin
Novoselov were awarded the Nobel Prize in Physics in 2010. This observation of
graphene was made possible by an interference effect produced by graphene on a Si02
substrate.
The band structure in graphene is such that there are two regions of low energy
excitations with opposing chiralities, known as Weyl fermions.[67, 68] Together, these
Weyl fermions (with their pseudospin degree of freedom) combine to form the typical
Dirac spinor, leading to the identification of these excitations as Dirac fermions.
The Dirac spectrum can be obtained as an expansion of a nearest-neighbour tightbinding model on the hexagonal lattice. There are two non-equivalent corners of the
Brillouin zone, K and K0 , about which the obtained dispersion is linear. The energy-
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momentum relationship near these points is not free electron-like, where E =

~2 k2
,
2m

but

rather Dirac-like. At small energies relative to these points the dispersion simplifies
to k = ±~vF |k|, where k is measured relative to the K or K0 point, as is shown in
Fig. 7.1, and thus the Hamiltonian at low energies can be mapped onto the Dirac
Hamiltonian for massless fermions.
This form of dispersion leads to interesting properties. For example, Dirac particles
are capable of penetrating large potential barriers; referred to as Klein tunnelling,
wherein the chirality suppresses backward scattering. The electrons in graphene near
these Dirac points therefore behave as if they have no mass and have very high carrier
mobility.
Of interest to this thesis is the recent angle-resolved photoemission work of Bostwick
et al. [69]. There it is found that the Dirac-like dispersion is modified when placed
on certain substrates. Particularly they note the occurrence of sidebands which they
attribute to plasmarons, a resonance which would arise from strong electron-plasmon
coupling. Key to electronic coupling to photons in quantum electro-dynamics (QED)
is the fine structure constant αQED =

e2
(4π0 )~c

≈

1
.
137

The Dirac-like nature of fermions

in graphene replaces the speed of light, c, with the Fermi velocity, vF , resulting in
an effective fine structure constant αef f =

e2
(4π)~vF

≈ 2.2, roughly 300 times larger

than the QED equivalent. Further, due to its 2-dimensional nature, the dielectric
constant, , of graphene takes on a value dependent upon its substrate. Specifically,
as graphene is the 2-dimensional interface, it takes the average value of the materials
above and below it. Thus, switching substrates allows one to probe variation in the
effective fine structure constant.
In this chapter we consider the impact of variation of the effective fine structure
constant on the renormalization effects of electron-electron interactions. These affect
the electronic dispersions as well as the density of states of doped graphene. The
effect of electron-phonon interactions is also featured prominently in the attached
published work in Sec. 7.4.
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7.1
7.1.1

Cone Approximation
Green’s Function

In Fig. 7.1 (left frame) we show the energy dispersions of the nearest-neighbour tight
binding calculation. From this one can identify the Brillouin zone as the boundary
defined by the six cone shaped features where the upper and lower bands touch. This
results in only two distinguishable cones referred to as K and K0 shown schematically
in the right hand portion of Fig. 7.1. In this work we do not examine any magnetic
interactions which would distinguish these points, and therefore we assume that, in
the linear band approximation, the two cones together contribute a valley degeneracy factor, gv = 2, when summing over momentum states. Ignoring prefactors, the
Hamiltonian for the K point is Ĥ = σ · k which gives in two dimensions

Ĥ = 

kx − iky

0
kx + iky

0


(7.1)



where kx and ky are momenta relative to the K point. For the K0 point, ky → −ky .
Note that we ignore the prefactor ~vF which provides the correct units to the energy.
We can rewrite this in terms of a magnitude and phase of a complex vector k as

Ĥ = 

|k|e−iθk

0
|k|e

iθk

0





=

0
k

∗

k
0


,

(7.2)

where θk = arctan( kkxy ) is the phase. In general, the non-interacting Green’s function
can be expressed as
Ĝ−1 = ω Iˆ − Ĥ
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(7.3)

Figure 7.1: Schematic of the Dirac-like dispersion of graphene near the K and K0
points.
where Iˆ is the appropriately sized unit matrix, and Ĥ is the Hamiltonian. Using this
Hamiltonian, and a 2x2 identity matrix in equation (7.3) we find


G0 (k, ω) =

7.1.2

ω2

ω

k



1

.
− k 2 k∗ ω

(7.4)

Wavefunction and Band Overlaps

Often, quantities such as finite frequency optical conductivity which involve multiple
bands will be broken into components of inter- and intra- band contributions. For
some quantities, this can be achieved through the overlap of the wavefunctions. One
might have, for example, the simple eigenvalue problem,
H0 Fsk (r) = k Fsk (r)

(7.5)

where the Hamiltonian, H0 , is given by

H0 = 

0

kx − iky

kx + iky

0
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(7.6)

One then finds an acceptable solution, within some phase shift, to be
Fsk (r) =

Fsk ik·r
e
L 

(7.7)

e−iθk



1

Fsk = √ 
2
s

(7.8)

where s has a value of +1 for positive values of k and -1 for negative values of k. It
is in this way that s acts as a band index, separating the upper cone from the lower
cone.
We are generally interested in scattering from k to k + q either in the same band,
or in different bands. So we might have two band indices, s and s0 , where they each
equal ±1. In general, the overlap results in,
Fs†0 ,k+q · Fs,k =

1
2




eiθk+q s0 

−iθk

e

s




1
= (ei(θk+q −θk ) + ss0 ).
2

(7.9)
(7.10)

In essence, each momentum transfer event can be described by an angle θkk0 = θk0 −θk .
The overlap of interest is then
1
Fss0 (θkk0 ) = |Fs†0 k0 Fsk |2 = [1 + cos(θkk0 )ss0 ].
2

(7.11)

This amplitude comes out naturally when one separates the Green’s function into
separate bands, as done in the preamble leading up to Eq. (A.60) in the appendix.

7.2

Plasmons

Plasmons are collective charge density oscillations of the electron gas density. To
solve for the plasmon dispersion, we search for peaks in the inverse dielectric function
ε−1 (q, ω)[see Eq. (A.76)]. Put most generally, this implies that ε(q, ωp − iΓ) = 0,
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where Γ is the scattering rate of the plasmons. We define the normalized plasma
frequency scaled by the bare chemical potential, ω̄p = ωp /µ0 , as the frequency where
this zero occurs. In our normalized formulas for the dielectric function, this results
in solving for zeroes of
q̄ − αReΠ̄(q̄, ω̄p ) = 0,
where q̄ = q/µ0 and α =

ge2
ε0 vF

(7.12)

is the effective fine structure constant in which e is the

electronic charge, g = gs gv = 4 is the spin and valley degeneracy factor and ε0 is the
bare dielectric function. Π̄(q̄, ωp ) is the polarization function for a given q̄ evaluated
at the plasmon dispersion frequency, ωp . The definition of Π̄ can be found in the
appendix Sec. A.3.1.1.
The low q expansion of the polarization function (Eq. (22) of Wunsch et. al. [70])
results in a plasma frequency which goes as
ω̄p =

 α 1/2
q̄
.
2

(7.13)

Fig. 7.2 (left frame) displays solutions for plasmon dispersions in the G0 W-RPA
calculation (described in Appendix A) for variation in values of α along with the
small-q square root behaviour. For verification, the data from Ref. [70] [their Fig. 5(a)]
has been digitized for the α = 10 case and is shown as red circles. Fig. 7.2 (right
frame) displays the α = 2 case, but here the imaginary part of the inverse dielectric
function is shown. Here the space of q and ω is separated into four regions. In region
(I) the nearly undamped plasmon dispersion of Fig. 7.2(left frame) can be seen. This
dispersion becomes damped once it enters the region of interband transitions labelled
(III). Region (II) contains possible intraband transitions and approaches zero value
as the boundary between (II) and (IV) is reached. In the 2DEG, the plasmons also
√
demonstrate a q behaviour, only there, the intraband boundaries [boundaries of (II)]
of the imaginary part of the inverse dielectric function are not linear but quadratic,
similar to the bilayer graphene system, and also have no interband scattering [(I)
extends into (III)].[72]
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Figure 7.2: Left Frame: Plasmon dispersion, ωp (q). The solid lines are the RPA
calculation for varied values of α. The dashed lines are the low frequency limit
1/2
similar to Ref. [70]. Also included is digitized data from that reference’s
ω̄p = α2 q̄
Fig. 5(a), which agrees precisely. Right Frame: Colour plot of the imaginary part
of the inverse dielectric function. This has been colour formatted to precisely agree
with the colour scales of a similar figure, Fig.2(left panel), from Ref. [71]. Note that
this is identical to a frame in Fig. A.4 of this thesis but here including the plasmon
dispersion with a finite width.

7.3

Electron-Electron Interaction Self Energy

While the theory for calculating the electron-electron interaction self-energy is entirely
included in Appendix A, included here is a check against digitized data from an
existing paper. This is shown in Fig. 7.3 for k = 0. The primary purpose of this check
is to verify the application of Eq. (A.82), the residue component of the calculation,
which provides the imaginary contribution the self energy. More importantly, it is
the component of the calculation which depends on the evaluation of the inverse
dielectric function (and hence the polarization function) at real frequencies, rather
than imaginary frequencies as written in Eq. (A.74). Here the calculation is performed
using an analytic continuation of iΩ = ω + iΓ, while in Ref. [71] it is performed using
a formula written explicitly for real frequencies in Ref.[70].1 This therefore verifies
the form of the polarization function with the alternate form provided in Ref. [70].

1

This information was obtained through private communication with M. Polini.
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Figure 7.3: Imaginary part of the G0 W-RPA self energy (black curve) compared to
results from [71], shown as red circles.

7.4
7.4.1

Published Work
Overview

In this paper we examine the effects on single particle properties of the electronelectron (EE) and electron-phonon (EP) interactions (EEI and EPI, respectively). In
the case of a lone EPI, the particles are expected to have an effective mass which
EP I
I
increases as Zω = [1 + λEP
ω=0 ] where λω=0 is the renormalization parameter at the

Fermi level (given by Eq. (7) in the paper to follow). The impact of this on the energy
dispersion in graphene is to reduce the Fermi velocity, vF . The EEI however has a
renormalization which is dependent on both k- and ω (Zk and Zω , respectively). As a
result, at the Fermi level, the velocity actually increases. This is highly problematic
I
as it becomes difficult for experiments to extract an EPI renormalization, λEP
, if the
ω

observed Fermi velocity includes other, possibly k-dependent, factors.
We begin the paper by describing the strong renormalizations to the electronic structure caused by the EEI, which splits the Dirac point, and creates additional plasmaron sidebands. We then present density of states curves for cases of EEI, EPI and
EEI+EPI. One interesting result is that the derivative of such curves show zeroes
associated with the plasmaron features of the spectral function. Additionally these
curves limit towards a value significantly less that 1 near ω = 0. Using the expansion
90

in Eq. (8) of the following paper, we suggest a method for extracting the EPI renorI
, through knowledge of mN and m , the slopes at the Fermi
malization factor λEP
ω

level of the density of states and energy dispersion respectively.
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Electronic screening strongly renormalizes the linear bands that occur near the Dirac crossing in graphene.
The single bare Dirac crossing is split into two individual Dirac-like points, which are separated in energy but
still at zero momentum relative to the K point. A diamond-like structure occurs in between as a result of the
formation of plasmarons. In this work, we explore the combined effect of electron-electron and electron-phonon
couplings on the renormalized energy dispersion, the spectral function, and the electronic density of states. We
find that distinct signatures of the plasmaron structure are observable in the density of states with the split Dirac
points presenting themselves as minima with quadratic dependence on energy about such points. By examining
the slopes of both the density of states and the renormalized dispersion near the Fermi level, we illustrate how
one can separate k- and ω-dependent renormalizations and suggest how this might allow for the isolation of the
renormalization due to the electron-phonon interaction from that of the electron-electron interaction.
DOI: 10.1103/PhysRevB.84.165448

PACS number(s): 73.22.Pr, 79.60.−i, 73.40.Gk

I. INTRODUCTION

Graphene, a monolayer of carbon atoms, has been studied
extensively since it was isolated in 2004.1 Discoveries such
as a giant Faraday rotation2 and large strain fields, which are
mathematically equivalent to electrons under 300-T magnetic
fields,3 identify graphene as a playground for studying fundamental physics. Not least among these discoveries is the
recent observation of plasmaronic peaks in the experimental
angle-resolved photoemission spectroscopy (ARPES) data of
Bostwick et al.4 for graphene epitaxially grown on H-SiC.
Plasmarons5,6 are generally long-lived quasiparticles arising
from the coupling of the particle-hole continuum to charge
density oscillations (plasmons).7 They had not previously
been observed in ARPES, but had been seen through other
techniques in massive electron systems such as GaAs thin
films and single-crystal bismuth.8,9
In the most recent ARPES work on graphene, the system is
doped by the addition of potassium giving rise to a diamondshaped feature characterized by three energies labeled E0 , E1 ,
and E2 (see Fig. 1), which, for positive doping, we take as
being implicitly negative as measured from the Fermi level.
These structures were shown to be described by calculations
of electron-electron interactions (EEI) in graphene via a
dynamically screened10 random phase approximation (G0 WRPA).11,12 Indeed the G0 W-RPA results show good agreement
with experiment with the exception of a disagreement at high
binding energies where G0 W-RPA predicts two separate bands,
while the experiment shows these bands merging. A discussion
of plasmarons in bilayer graphene is given in Ref. 13.
Of course there are other possible interactions that could
affect the electronic structure of graphene. Perhaps the most
obvious is the electron-phonon interaction (EPI), which has
been calculated from first principles, and is found to be
dominated by optical phonons which occur near 200 meV.14
In Fig. 1, we illustrate schematically the primary modulations

1098-0121/2011/84(16)/165448(11)

of the Dirac cone surface due to various renormalizations
discussed in this paper, in order to introduce the characteristic
energy scales and essential change in the Dirac cone structure.
The renormalization feature of a phonon at energy ωE
and also the renormalization expected from a G0 W-RPA
calculation of the screened Coulomb interaction are shown.
Here, rather than a simple renormalization, which would
modify the effective Fermi velocity in the case of the EPI, the
plasmaronic side bands (not fully shown) create a dominant
diamond-shaped feature that signifies new band crossings.
The inclusion of both interactions has a subtle influence on
the observable plasmaronic structures. The EPI results in
(1 + λ) renormalizations, including one causing a chemical
potential shift, where λ is the electron-phonon renormalization
parameter.15,16 While for an ordinary metal, this (1 + λ) factor
modifies the effective mass, in graphene, the apparent result
is a modification of the velocity of charge carriers, directly
seen as a change in slope of the dispersion at the Fermi
level. Electron-phonon effects provide other signatures beyond
(1 + λ) renormalization factors. For coupling to an Einstein
phonon of energy ωE , there are structures in the density of
states and kinks (illustrated in Fig. 1) in the renormalized
dispersion curves corresponding to this energy.15,16 There is
also a background in the optical conductivity with sharp onset
at ωE due to phonon-assisted absorption, separately revealed
when twice the chemical potential is larger than ωE .16 This
is quite distinct from other possible effects such as band
structure changes due to, for example, bilayers17 or from
Landau quantization under an external magnetic field.18 In
this last case, the phonon peaks in the density of states become
further modified.19
While it is straightforward to identify features of individual
interactions, it is often not clear, even to the lowest order,
what joint impact they have on the system. Experimental
examination of the electronic structure of graphene provides
information as to the overall renormalizations but there is
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FIG. 1. (Color online) Schematic illustration of the renormalizations of the Dirac cone
by the electron-phonon, electron-electron, and
the combined electron-phonon and electronelectron interactions. The EPI creates a feature
at ωE . The screened EEI produces two crossing
features at E0 and E2 with a plasmaron ring
between at E1 . Here, ωd is the energy of the
Dirac point and εF is the Fermi level.

generally no method to disentangle the impact of different
interactions. The issue becomes what “knobs” exist in the
system that can be controlled to distinguish these interactions.
In the case of the EEI, the coupling strength (denoted by α,
analogous to the fine structure constant of quantum electrodynamics) is directly dependent on the substrate dielectric
material. Also, the self-energy itself scales with doping. The
EPI instead has a fixed energy scale (an Einstein frequency
ωE ) resulting in distinct features when the chemical potential
is tuned above or below ωE . Here, we show additional ways
of extracting information on the EPI and EEI in graphene.
In the following, we relegate to the Appendix the presentation of the details of the G0 W-RPA theory,10,11,20–22
which sums the polarization bubble to obtain the EEI selfenergy. There, we also present the self-energy for an electron
interacting with a 200-meV phonon within a simple model.14
In Sec. II, we apply these self-energies and show both
the renormalized energy dispersion as well as the spectral
function for a variety of EEI and EPI coupling strengths. In
the absence of the phonon interaction, for strong α values,
the G0 W-RPA theory shows a strongly displaced band as
compared to the bare band at high binding energies (ω < E2 ).
At energies above the crossing at E1 (ω > E1 ), the band shows
much more modest changes. As α is reduced, the strongly
displaced band at high energies moves rapidly toward its
noninteracting value. Further, we find that the dispersion and
spectral function are modified substantially by the addition
of the phonon self-energy. In particular, the phonon coupling
appears to restore weight to the bare band at high binding
energies due to the fact that its self-energy has the opposite sign
to that of the EEI in this region, which is more in agreement
with what is seen in experiment.
In Sec. III, we calculate the electronic density of states
(DOS) with a focus on signatures of the plasmaronic diamond
structure in this quantity. We find that the Dirac-like crossings
produce parabolic features similar to those expected for a Dirac
point when damping is included in the calculations.15,16 These
features shrink in amplitude for decreasing bare chemical
potential, μ0 , and are subject to broadening due to the EPI
for |μ0 | > |ωE |. Thus there is a narrow region of doping in
which one might hope to see features of the renormalized
Dirac crossings in DOS-based measurements.
In Sec. IV, we identify that the value of the density of
states at the Fermi level is renormalized from its bare value
due to the k dependence of the electron-electron self-energy.
The renormalized dispersion and DOS have slopes near the
Fermi level with dependence on both k and ω derivatives
of the self-energy. We show that there is a factor difference
between these two slopes, which allows for the separation

of k and ω dependencies of these renormalizations given
one has information about both the DOS and renormalized
dispersion near the Fermi level. It also allows us to separate,
approximately, these two renormalization effects. It should
be noted that, in this work, we restrict our discussion of
renormalizations to the screened Coulomb interaction (which
has both k and ω dependencies) and the phonon interaction
(which is taken to have only ω dependence).
II. PLASMARON FEATURES IN A(k,ω) AND
RENORMALIZED DISPERSIONS

ARPES allows one to probe the charge-carrier spectral
density A(k,ω) for a given momentum k and energy ω. The
total spectral function in graphene can be defined as the sum of
two components: one for the upper band, s = +1, and one for
the lower band, s = −1. We denote these contributions as A+
and A− , respectively. This results in a total spectral function
about a K point:

A(k,ω) =
As (k,ω)
s=±

1
−Ims (k,ω)
=

2
π
ω − Res (k,ω) − ks + [Ims (k,ω)]2
s=±
(1)
where s (k,ω) is the self-energy of cone s [we absorb the
shift in chemical potential due to renormalization into the
Res (k,ω)], ks = svF k − μ0 is the bare dispersion and μ0
is the bare chemical potential. Note that we have taken h̄ = 1.
Also, we have removed the explicit vector notation from
the momentum, k, in Eq. (1). In the cone approximation,
the dispersions, and therefore the spectral function are not
dependent upon the direction of k, only on its magnitude k.
We consider in this work two contributions to the selfenergy, which we detail fully in the Appendix. There, we
introduce the electron-electron coupling strength, α, and the
electron-phonon coupling strength, A, and take the total selfenergy for a given band, s, as the sum of these two interactions.
Thus the total self-energy for the band s is s (k,ω) =
sEEI (k,ω) +  EPI (ω,ωE ), where sEEI is the contribution of
the EEI for the s band, which is dependent on both k and ω,
and  EPI is the contribution from the EPI, which depends only
on the frequency ω and assumes an Einstein phonon mode at
energy ωE . The electron-electron coupling strength is given by
α = ge2 /(ε0 vF ), where g = gs gv is the combined spin-valley
degeneracy factor, e is the electron charge, ε0 is the effective
dielectric constant, and vF is the Fermi velocity.
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FIG. 2. (Color online) (a) The bare dispersion, k (solid black
lines), and EEI renormalized energies Ek+ (blue) and Ek− (red) for
the case of α = 2. The upper half cone is well approximated by a
simple renormalized cone (dotted line). (b) The total spectral density
A(k,ω) = A+ (k,ω) + A− (k,ω) with (c) A+ (k,ω) and (d) A− (k,ω)
shown separately.

As has been noted in the literature,4 for the case of the
EEI, there exists a diamond-shaped feature in the renormalized
dispersion, which has two band energy crossings, replacing
the single Dirac point of the bare case, plus a plasmaron
ring. Clearly, in the limit of α → 0 (no EEI), the G0 W-RPA
calculation must produce the bare conical dispersions. This is
pertinent since the effective α goes as ε0−1 , the inverse of the
effective substrate dielectric constant, which is the average of
that of the materials above and below the 2D graphene sheet.
In this way, the EEI in graphene becomes tunable through the
substrate.
The renormalized lines are obtained from solutions to the
equation
ω − Res (k,ω) − ks = 0,

(2)

which corresponds to the poles in the spectral density,
As (k,ω), in the limit of damping going to zero. We define the
renormalized dispersion as Eks = ks + Res (k,ω) for a given
band, s, such that ω − Eks = 0 as in Eq. (2). In Fig. 2(a), we
compare the bare and EEI renormalized bands for the case of
α = 2. Here, the solid blue (grey) curve applies to s = +1, the
upper modified Dirac cone, and the red (light grey) curve to
s = −1, the lower one. Note that the axes are dimensionless
and scale with doping, here described through the chemical
potential μ0 and the Fermi momentum kF .
For most momenta, Ek+ is reasonably well represented by
a new cone (dotted line) with a single scaled renormalization
corresponding to a slightly steeper slope with the new Dirac
point displaced to slightly lower energies, denoted by E0 . This
is an energy regime of weak renormalizations resulting in a
dispersion which is close to the bare one. In addition, the k
dependence of  EEI provides multiple solutions to Eq. (2) for a
given ω, the results of which form a complicated bat-ears-like
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structure in Ek+ in the range −1.5 < ω/μ0 < −1.0. These have
been identified in the literature as representative of plasmaronic
effects.4,11 The bottom of this structure ends in a point that
matches the top of the red curve corresponding to the lower
band, Ek− , together forming a second Dirac crossing at k = 0
and energy E2 , below which the red curve again roughly has
a conical shape, but this cone is far displaced from the bare
cone for s = −1 (solid black curve) an indication of strong
Coulomb renormalizations. This band, Ek− , also provides an
additional feature that peaks at E0 .
Figure 2(b) shows the spectral function and Figs. 2(c) and
2(d) its subcomponents. The full spectral function, shown
in Fig. 2(b), shows more clearly the appearance of new
plasmaronic side peaks extending between ω = 0 and E2 , and
then beyond but very broadened. Primarily one notes that the
Dirac point has split along k = 0 into two separate energies
at E0 and E2 . Comparing the renormalized dispersions of
Fig. 2(a) to the color plot of Fig. 2(b) we note the familiar
diamond shape. This diamond is formed as a joint feature
of the renormalized and plasmaronic bands. Below E2 ,
the cone is strongly renormalized as this is an energy regime
where transitions occur through coupling with the particle-hole
continuum and plasmons. In this energy range, the spectral
function again shows an additional peak not present in the
renormalized energy band. However, comparison with the
energy dispersions suggests that these peaks at larger k are
the residual spectral weight along the simply-renormalized
Dirac cone (dotted black).
An interesting aspect of the color plots of Fig. 2 is to
be found in the detailed examination of the variation in the
spectral intensity as a function of k for fixed ω. For frequency
just above E0 , for instance, it is clear in Fig. 2(a) that there
are three zeros from Eq. (2) yet the intensity at these three
values is quite different for each zero. This is a result of the
k dependence of the imaginary part of the self-energy. This is
characteristic of the EEI and is in contrast to the EPI where the
self-energy has no k dependence, only an energy dependence.
That the damping varies with k is clearly seen in Fig. 2(b)
where we note a solid black “x” shape, plus wings that are
green, indicating an increase in smearing.
We now consider the case of including the EPI. In Fig. 3, we
display Ek dispersions and A(k,ω) color map plots for the α =
0.5 case for varied EPI coupling strengths, A = 0, 0.2, and 0.25
[(a) → (c)]. The black lines define the usual Dirac cone without
interactions. In Fig. 3(a), by comparing the solid blue curve
with Coulomb correlations for α = 0.5 with the similar curve
in Fig. 2(a), we see that reducing α has significantly changed
the shape of the plasmaron structures of Ek in the energy region
around the two Dirac crossings but more importantly, below
this region the bare and renormalized dispersions differ less in
energy, in comparison to the α = 2 case, reflecting the reduced
effect of the Coulomb interaction. In Figs. 3(b) and 3(c), we
show how the bands are modified by the additional inclusion
of the 200 meV phonon for increasing coupling strength. We
see the usual ARPES “kinks” at ω = ±ωE , representative of
coupling to a boson.23 We can see that the plasmaronic bands
have changed shape rather significantly, but most noteworthy
is the now nearly unrenormalized band in the lower half cone.
The electron-phonon interaction acts to merge these at larger
binding energies. The renormalizations and chemical potential
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FIG. 4. (Color online) Spectral function and self energies for the
α = 0.5 case as in Fig. 3. (a) Variation with k at ω = −0.8μ0 for
A+ (k,ω) including only EEI. The corresponding real and imaginary
parts of the self-energy are also shown. The value of ω − Re − k
from Eq. (2) is plotted (black circles) and shows three zeros, while
the spectral function has only two obvious peaks. (b) Variation with
ω at fixed k = kF of the self-energies for EEI (solid red), EPI (dashed
purple), and EEI + EPI (solid blue) cases for the s = −1 band as in
Figs. 3(c) and 3(f) as well as the values of the left side of Eq. (2) with
and without the EPI (blue and red circles, respectively).

FIG. 3. (Color online) Energy renormalizations and spectral
functions for EEI with a fixed α = 0.5 and varied EPI coupling, A, for
μ0 = 1 eV. (a)–(c) As the phonon strength increases, the renormalized
band merges with the bare band (solid black) at high energy. The real
part of the self-energy due to EPI is large in this energy region and
has opposite sign from that due to the EEI. Plasmaron structures are
also modified. (d)–(f) The spectral function for the corresponding
dispersions in the region of the plasmaron feature.

change of the EPI counteracts that of the EEI. For negative
values of ω, the real part of the phonon self-energy is positive
while the EEI contribution is negative. Thus one expects that,
for sufficiently strong phonon coupling, the joint EPI and EEI
will result in energy bands nearly identical to the bare case.
This issue is further illustrated in Figs. 3(d)–3(f), where
we display the spectral function for the cases shown in
Figs. 3(a)–3(c) for a doping of μ0 = 1 eV and α = 0.5. The
diamond-shaped feature is still present in the spectral function.
The height of peaks, which do not appear in the renormalized
dispersion, will appear lighter or darker as ω − Ek gets further

or closer from zero, while not being a pole, and therefore not
appearing in frames (a) through (c).
We emphasize the k dependence of the EEI self-energy
in Fig. 4(a) where we show variations with k of some
quantities for a given frequency ω = −0.8μ0 , which is in the
region where the dispersion Ek+ has additional plasmaronic
peaks [as shown in Fig. 3(a)]. We also include the quantity
ω − Re − k , the left-hand side of Eq. (2), shown as black
circles. This quantity has three zeros at this frequency, which
corresponds to three distinct lines of zeros of Eq. (2) in the
curves of Fig. 3(a) on either side of k/kF = 0. The zero for
smallest k, leads to the sharp peak in A+ (k,ω) because the
imaginary part of the self-energy, shown as the solid black line
in Fig. 4(a), is also small. This is not the case for the other two
zeros, the last of which has been identified as the plasmaronic
side band, here appearing as a rather disperse peak in the
spectral function near k = 0.35kF . The second zero occurs at
a point of large damping and does not show up as a peak in
A+ (k,ω). The rapid variation of Im+EEI (k,ω) in this region
is also the reason that the second broad peak in the spectral
density (solid red curve) is shifted from the position in k of
the third zero. The partial cancellation between EEI and EPI
self-energy effects is detailed in Fig. 4(b) where we see that
in the region of interest, the real parts carry opposite sign. In
this case, the self-energy depends not only on ω but also on
momentum. − (k = kF ,ω) is shown (red) for the EEI only
case as well as the sum of EEI and EPI contributions (blue).
We see that below ω = −1.5, the sum is rather small and
this explains why the renormalized and unrenormalized curves
approach each other. Further, at these large binding energies
there is only a single zero of Eq. (2) (solid red points), which
shifts location with increasing electron-phonon coupling (solid
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FIG. 5. (Color online) Imaginary part of the s = 1 band selfenergy for α = 0.5, A = 0.25 eV, and μ0 = 1 eV as in Fig. 3(c). The
EEI is shown in red (light grey), EPI in dark blue (dark grey), and the
sum is shown as the dashed curve. Inset: enlargement of the region
around ω/μ0 = −1 with arrows indicating the locations of the three
Dirac-like crossings at k = 0 in Fig. 3(c).

blue points) toward positive energies. While this is true for
smaller values of α, larger electron-electron coupling may
favor multiple zeros even at higher binding energy despite the
presence of phonons. This result of the G0 W-RPA calculation
deviates from experimentally observed ARPES spectra across
a wide range of α values.24 The exact source of this deviation
or required additional interaction has yet to be understood.
The imaginary part of the self-energy and how it is
changed with the introduction of an electron-phonon contribution can also provide additional important information
on the plasmaron structure. In Fig. 5, we show results for
−Im+ (k = 0,ω) for varied ω along the k = 0 line, which
defines the Dirac points. The figure applies to the case α = 0.5
and A = 0.25 eV, which is shown in Figs. 3(c) and 3(f). The
solid red (light grey) is the EEI contribution, while the solid
blue (dark grey) is the EPI contribution. The sum of the two
is represented by the dashed black curve. Note that the EPI

N(ω)
=
N0


0

Wc
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provides no damping in the interval from −ωE to ωE relative
to the Fermi energy at ω = 0. The physics behind this feature
is that at zero temperature an electron of energy ω (assume
ω > 0 for definiteness) cannot decay by the emission of a
phonon if ω < ωE . Thus, around ω = 0, only electron-electron
interactions contribute to the damping. Another important
feature of the EPI is that it gives, on its own, a zero in
−Im+ (k = 0,ω) at ω = −ωE − μ0 , which occurs at −1.2
eV in the case shown. The imaginary part is proportional to
the density of states, which has been shifted away from the
Fermi level by ±ωE [see Eq. (A15)] and therefore the zero in
the bare quasiparticle density of states at −μ0 appears as a zero
in Im at −ωE − μ0 . In this region of energy, the EPI adds
little to the damping, which is mainly provided by the EEI,
which shows a strong peak just below ω = −μ0 . This peak
damps out structure in this region of the energy dispersion as
seen in Fig. 3(c) where there appear to be three Dirac-like
crossings at k = 0 but the middle one does not appear as a
Dirac point in Fig. 3(f). This is further illustrated by the inset
of Fig. 5, which locates with arrows the positions of the three
Dirac-like crossings from Fig. 3(c) and shows that the middle
one lies at the energy of large damping as compared to the
other two arrows that occur in a region of low damping.
III. PLASMARON FEATURES IN THE DENSITY
OF STATES

The electronic density of states at a frequency ω is given in
terms of the charge carrier spectral function by

A(k,ω),
(3)
N (ω) = gs gv
k

where gs and gv are the spin and valley degeneracies,
respectively, and A(k,ω) is given by Eq. (1). While the EPI is
strongly dependent on the value of μ0 , in the absence of the
EPI (A = 0), the resulting density of states including EEI is
nearly independent of the value of the bare chemical potential
with only a very weak dependence at large ω approaching the
band cutoff, Wc . In general, we can write the density of states
as




1
−Ims (,ω)
d
,
π [ω − Res (,ω) − s + μ0 ]2 + [Ims (,ω)]2
s=±

where N0 = 2/(π h̄2 vF2 ).
We present the results of Eq. (4) for the density of states
using the G0 W-RPA in the absence of the EPI in Fig. 6, for
varied α. The bare DOS (green dashed line) is a wedge shape
pointing to the chemical potential, with a value of zero at
μ0 in the absence of scattering. For nonzero α, this point
is lifted due to the finite lifetime at this energy provided
by |Im|.16 Additionally, the slope of the DOS is modified;
reduced in magnitude with increasing α over a broad energy
scale. Furthermore, in Fig. 6(b) we examine the region near
the Dirac point and observe distinct features in the range

(4)

ω ∈ [−1.6μ0 , −μ0 ]. In the DOS, the Dirac crossings of Ek
at E0 and E2 result in a parabolic minima located at those
energies as well as a similar feature at E1 associated with
the plasmaron ring. It is these minima in the DOS that we
use in this paper to identify the energies E0 , E1 , and E2
rather than the corresponding features in the renormalized
dispersion curves. Plasmaron structures, while small in the
DOS, are in principle imprinted on N (ω) between the two
minima associated with the split Dirac points at k = 0. For
variation in α, we observe that these energies are modified.
This is plotted in the inset of Fig. 6(b). The energies scale
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FIG. 6. (Color online) DOS for EEI only. (a) Increasing α results
in reduced slope far from the Dirac point. (b) Closeup of upper
frame. Increasing α results in distinct parabolic features with the
minima positioned at the energies corresponding to the features seen
in Fig. 2(b), which are denoted as E0 , E1 , and E2 . Inset: E0 , E1 , and
E2 versus α.

FIG. 7. (Color online) DOS with EEI + EPI for α = 2 and
A = 0.25: (a) μ0 > ωE , (b) μ0 < ωE . Phonon interaction shifts
plasmaronic and Dirac features toward positive energy due to the
shift in chemical potential. Inclusion of additional phonon scattering
acts to fill between these features making them less apparent in the
DOS. Insets: larger field of view of DOS. For reference, we include
the bare DOS (dashed line).

with μ0 for a given α. The energies, E0 , E1 , and E2 and
their variation with α are of importance for the experimental
community, as different substrates can modify α through
several orders of magnitude, from 2.0 for H-SiC to 10−3 for
SrTiO3 . In the latter case, there is evidence for strong variation
of the substrate dielectric constant with temperature, creating
a scenario where the value of alpha is modified by an order of
magnitude as temperature is changed from room temperature
to liquid helium temperature.25
In Fig. 7, we display for the α = 2 case the DOS with
[blue(dark grey)] and without [red(light grey)] a 200-meV
phonon for chemical potential above (a) and below (b) ωE .
For too large a chemical potential, the DOS becomes smeared
in the region of E0 , E1 , and E2 due to additional broadening
provided by the |Im EPI | resulting from electron-phonon
scattering. This is similar to the lifting of the Dirac point
in the EPI only case for μ0 > ωE .16 Decreasing the chemical
potential to avoid this smearing, however, will weaken the
plasmaronic features in the DOS due to the scaling with μ0 .
As a result, there is perhaps a region of doping values just

less than the phonon frequency where one might look for
plasmaronic features in tunneling.
Several features in Fig. 7 are to be noted. The introduction
of coupling to a phonon has shifted the structures in N(ω)
corresponding to Coulomb renormalizations (E0 , E1 , E2 )
toward positive energy, though the distance between the three
energies remains fairly constant. There are also additional
structures introduced that correspond to pure phonon peaks
seen at ω = ±ωE = ±0.2 eV. We note also that while the
slope of the DOS curve at the Fermi energy, ω = 0, has
changed, the value of the DOS at this point is unchanged
by the introduction of the EPI. However, its EEI renormalized
value is quite different from the bare density of states (dashed
line).
Taking a derivative with respect to ω acts to accentuate
features of the parabolic minima and has been shown in the
past to be an effective way to bring out subtle structures
for
in general.15,26 In Fig. 8(a), we show N  (ω) = N10 dN(ω)
dω
three values of μ0 for the EEI with α = 2. Also shown are
the derivatives of the bare DOS, shown with dashed lines,
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FIG. 8. (Color online) N  (ω) = N10 dN(ω)
for α = 2, A = 0.25
dω
with (a) EEI and (b) EEI + EPI, for μ0 = 0.25 (black), 0.15 (red),
and 0.1 eV (blue). Also shown are the bare cases (dashed lines).

FIG. 9. (Color online) Renormalizations for EEI in G0 W-RPA
for a range of α values shown at (a) the Fermi level and (b) E2 .
(c) Energy dispersion for α = 2 (solid line) compared to the simple
renormalizations at ω = 0 (red dashed) and E2 (blue dashed). The
ω = 0 renormalization, shown schematically by the line with rise and
run given by Zk and Zω , respectively, roughly agrees with the full
calculation until nearly E1 .

We introduce the notation
which are smeared step functions at μ0 . In the EEI case, one
immediately notes the suppressed value of N  (ω) at ω = 0.
Further, there are new features below −μ0 . These features
include several zeros and shrink in magnitude with reduced
μ0 but do not change their relative shape, which reflects the
scaling of the self-energy with μ0 noted for the pure EEI case.
Seen most clearly for μ0 = 0.25 eV (black), there are five
zeros below −μ0 . The zeros, which cross from negative to
positive (having positive second derivative), correspond to the
local minima in the DOS, which are caused by the features
in the spectral function at energies E2 , E1 , and E0 . Thus
these zeros describe these special energies and represent a
clear image in the quasiparticle density of states of Coulomb
renormalizations and particularly of plasmarons in graphene.
If one includes the EPI as in Fig. 8(b), there are now two new
features, one occurring at ω = −ωE and another at −μ0 − ωE .
This latter energy is where the |Im EPI | goes to zero. As a
result of the EPI, the value of N  (ω) is brought closer to the
bare case both at ω = 0 and especially so at large negative ω
due to the feature at −μ0 − ωE . While in the EEI case, the
energies of the zeros of these curves scale with μ0 , in the EPI
case, this is not so.

IV. RENORMALIZATIONS IN Ek AND THE DOS

The observed impact of the EEI and EPI on slopes of
the dispersion, Ek , and the DOS at the Fermi level as well
as their variation with coupling parameters, motivates the
detailed study of these renormalizations. To do this we start
by expanding the self-energy about a given momentum k = k ∗
and energy ω = ω∗ to lowest order. We write the real part as
Re(k,ω) ≈ Re(k ∗ ,ω∗ ) +
+

∂
Re(k,ω∗ )|k∗ (k − k ∗ )
∂k

∂
Re(k ∗ ,ω)|ω∗ (ω − ω∗ ).
∂ω

(5)

1 ∂
Re(k,ω∗ )|k∗ ,
vF ∂k
∂
= − Re(k ∗ ,ω)|ω∗ .
∂ω

λk=k∗ =

(6)

λω=ω∗

(7)

From these, we define k- and ω-dependent renormalization
factors as Zk = 1 + λk and Zω = 1 + λω . At the Fermi level,
Eq. (2) now becomes ωZω − k Zk = 0. From this we can
approximate the renormalized energy in terms of the bare
dispersion and the renormalization factors as Ek = k Zk /Zω .
We show details for two points on the dispersion curves,
the Fermi surface (k ∗ = kF , ω∗ = 0) and the lower Dirac
crossing (k ∗ = 0, ω∗ = E2 ). The slopes of Ek at these two
points are indicated in Fig. 9(c) [for α = 2] as dashed red and
dashed blue, respectively. The slope of Ek at the Fermi surface
defines quite well the variation of the Coulomb renormalized
dispersion curves over the entire range down to the first Dirac
point at E0 . The dashed blue line, which defines the slope of the
renormalized dispersions at the second Dirac point, E2 , begins
to deviate somewhat from the solid blue curve for energies
away from E2 . Thus the extent over which this approximation
scheme is valid is limited near the vicinity of E2 . It is worth
noting that in general, the slope of this blue dashed line is not
the same as that of the red dashed line.
Figure 9(a) and 9(b) show slopes at the Fermi energy, ω = 0,
and E2 , respectively, as a function of α. The solid (black)
curve gives Zk , the dashed-dotted (red), Zω and the dashed
(blue) Ek /k . We define this ratio to be Ek /k = m = Zk /Zω ,
which is rather close to one for all values of α even though for
α = 2, Zk=kF ≈ 1.7, and Zω=0 ≈ 1.5. At ω = 0, the Zω and Zk
renormalizations both grow in tandem for increasing α. This is
not the case for other energies, such as E2 , where above some
coupling strength the renormalization values cross. This is a
consequence of the fact that the EEI energy renormalization
limits to zero at the Fermi energy, not at E2 . To illustrate
EEI
this point, we define a quantity β = λEEI
ω=0 /λk=kF plotted as the
dotted black line of Fig. 9(a). It is clear that β is essentially
constant for all values of α and in fact has a value of roughly
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2/3. If one defined a similar quantity at E2 , or any other
energy, this behavior would not be observed. In this light,
β has a universal value for varied α, or to put it in a more
experimentally relevant context, β is substrate independent.
This is an important result, which needs to be kept in mind
when analyzing ARPES data with a view at understanding the
role of Coulomb interactions. Also shown, for completeness, is
the chemical potential shift, μ/μ0 , due to the EEI. Note that
the Zs begin at a value of 1 for α = 0. The lower part of the left
frame gives similar results for the Dirac point at ω = E2 . For
the well-known case of the electron-phonon interaction, Zk =
1 and we recover the known result that Ek = k /(1 + λEPI
ω ).
With this idea of slope renormalizations near the Fermi
level, we draw the reader’s attention back to the DOS
calculations of Fig. 7. We can understand both the DOS value
and slope change at the Fermi level. One must rewrite the delta
function δ(Zk − ωZω ) = δ( − ω ZZωk )/|Zk |. Thus the density
of states is subject to this Zk renormalization.
Further, in the limit ω → 0,

N bare ω ZZωk
N (ω → 0)
N bare (0)
Zω=0
∼
+ sgn(μ0 ) 2 ω,
=
N0
ZkF
ZkF
ZkF
(8)
where N bare (ω) = |ω + μ0 |. We conclude from Eq. (8) that,
for example, in the case of α = 2 where ZkF = 1.63, the EEI
provides about a 40% reduction to the DOS as seen in Fig. 6(a)
at ω = 0. This is to be contrasted to the well-known effect
in metal physics that the electron-phonon interaction leaves
the DOS at ω = 0 unaltered (ZkEPI
= 1). Further, while the
F
variation in N (ω) for small ω remains linear in ω, its slope
is changed by the factor mN = Zω=0 /Zk2F , which is to be
contrasted with our previous result for the dispersion curve
renormalization where the renormalized quasiparticle energy
Ek = (ZkF /Zω=0 )k = m k . We now have slope renormalization factors for the DOS and dispersion given by mN
and m , respectively. Measuring mN in scanning tunneling
spectroscopy (STS) and m in ARPES, we can separate the
renormalization factor, ZkF ≡ (m mN )−1 . If we include both
the EEI and the EPI, we have that
Zk = 1 + λEEI
k ,
EEI
Zω = 1 + λω + λEPI
ω .

(9)
(10)

EPI
If we note that (mN m2 )−1 = Zω=0 = 1 + λEEI
ω=0 + λω=0 , we
EEI
EPI
can obtain both λEEI
kF and the sum of λω=0 and λω=0 , separately.
EEI
Now the value found for λkF can be used to deduce [from

Fig. 9(a)] the value of the coupling constant involved (α)
and consequently, the substrate dielectric constant. Also from
examination of Fig. 9(a), we see that for a given α we can
EEI
EEI
EEI
relate λEEI
kF to λω=0 through β such that λω=0 ∼ βλkF .
To continue this example, we would find that (mN m2 )−1 ∼
EPI
1 + βλEEI
kF + λω=0 from which we conclude that

2 −1
− β(mN m )−1 − (1 − β).
(11)
λEPI
ω=0 = mN m

This analysis should allow a direct experimental estimate of the
strength of the electron-phonon interaction given m measured
by ARPES and mN by STS.
As we have seen, when only Coulomb effects are considered
in the G0 W-RPA approximation, there is a single curve for the

1
0.8

α=2 A=0.25 eV

0.6
0.4
mε
mN

0.2

EPI

λω=0 Eq. (7)

Eq. (11) for β=2/3

0
0

0.5

μ0

1

1.5

FIG. 10. (Color online) DOS and EkF slope renormalizations, mN
and m at the Fermi level due to the EPI and EEI. Manipulation
of these slopes using Eq. (11) allows the extraction of the EPI
contribution λEPI
ω=0 given knowledge of the factor β in the EEI. The
result of Eqs. (7) and (11) match precisely due to the independence
of the EEI on μ0 .

density of states whatever the value of chemical potential. As
a consequence, the contribution to the renormalization at the
Fermi surface from the EEI is constant for variation in μ0 .
On the other hand, the electron-phonon mass renormalization
increases with increasing μ0 .16,17 As a result, when both the
EEI and EPI are considered, m and mN will vary as seen
in Fig. 10. While in this theoretical work, the evaluation
of Eq. (11) is trivial, we include the case for β = 2/3 to
emphasize that the knowledge of m and mN is sufficient to
obtain the EPI renormalization, λEPI
ω=0 , shown in Fig. 10. This
analysis should be an experimentally realizable task, given one
performs ARPES and STM on a sample with the same α.
V. CONCLUSIONS

We have studied how Coulomb interactions change the
density of states in graphene within the dynamically screened
G0 W-RPA. As was previously found for the dispersion curves,
a single universal function scaled by the chemical potential
N (ω/μ0 )/μ0 can describe all doping values for a given value
of the coupling strength α. The Dirac point of the bare case
splits into two as predicted and seen in ARPES experiments
and these show up in the DOS as two minima at E0 and E2
with a quadratic behavior. The plasmaronic ring presents itself
as a further additional minimum at energy E1 between E0
and E2 . These structures can serve to identify plasmarons in
the DOS as measured in STS experiments. Application of a
first derivative to N (ω) further enhances these signatures. We
describe how the three energies vary with coupling α, which
is inversely proportional to the substrate dielectric material.
We find that Coulomb coupling reduces the value of the
interacting DOS at the Fermi surface below its bare value by a
factor of ZkF , independent of doping. This is a radical departure
from the well-known result that the electron phonon interaction
itself does not renormalize the DOS at ω = 0. This difference
is understood as a result of the fact that Coulomb interactions
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provide a self-energy that depends on both momentum, k, and
energy, ω, while the EPI depends only on ω. The factor ZkF
comes directly from the derivative with respect to k of the
self-energy. On the other hand, the slope of the renormalized
dispersion curves at kF is given by a ratio ZkF /Zω=0 , where
Zω is related to the derivative of the self-energy with respect
to ω. Both factors have similar magnitudes, which results in
the ratio ranging from a value of 1 at α = 0 to 1.2 at α = 2.
In a similar fashion, we show that the slope of the linearin-ω dependence of the DOS at the Fermi surface is given
by the factor Zω=0 /Zk2F . Consequently, a joint measurement
of the slope of the dispersion curves by ARPES and that of
the DOS by STS allows one to measure directly the Coulomb
renormalization factor ZkF as the ratio of these two slopes.
We have also studied the effect of additionally including
the electron-phonon interaction. This second interaction can
significantly affect the plasmaron structure in both renormalized dispersions and density of states. In particular, the EPI
causes the energies E0 and E2 to move toward the Fermi
level as does E1 , which remains roughly at the same relative
position between the quadratic minima associated with the
split Dirac points. For the set of parameters examined, an
important effect of including both EPI and EEI is that well
below the second Dirac point, the real part of the self-energy
of each interaction separately carries the opposite sign, and so
partially cancel against each other. This leads to a reduction
of the difference between renormalized and bare dispersion in
the high-binding-energy region than would arise from the EEI
alone.
We also establish a procedure whereby the EEI and
EPI renormalizations at the Fermi surface can be separately
determined from combined measurements of the DOS in STS
and dispersion curves in ARPES.
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APPENDIX: THEORETICAL BACKGROUND
A. Electron-electron interaction (EEI)

One can calculate the self-energy within random phase
approximation (RPA) through a procedure that is standard
for a 2D electron gas (2DEG)20 and modified to include
the issue of chirality in a chiral 2D electron gas (C2DEG).
The electron-electron interaction is assumed to be due to
an effective potential W , which accounts for the screened
Coulomb repulsion. The form of the self-energy then includes
a Green’s function G, and the effective screened potential W ,
leading to the G0 W-RPA expression in terms of a sum over
Matsubara frequencies, given by
sRPA (k,ω)
= −T



Gos (k + q,ω + i

m )Fss  (θ kk )W (q,i

m ).
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Here, the noninteracting Green’s function in the s  band is
given by
Gos (k + q,ω + i

m)

=

1
ω+i



m

s
− k+q

,

(A2)

where i m = i2π m, m = 0, ±1, ± 2, . . . are the bosonic

Matsubara frequencies and ks  is the energy, relative to the
Fermi level, of the s  band at final momentum k = k + q. Due
to the symmetry of the cone approximation, the k direction can

define the coordinate system, such that ks  is a function of the
magnitudes of k and q and the angle between them, θkq . This

results in ks  = vF s  k 2 + q 2 + 2kq cos θkq − μ0 .
In addition to an effective potential, the G0 W-RPA calculation for a chiral system includes a scattering amplitude, which
is the overlap of the state k in the s band with the state k  in
the s  band. This factor acts to remove backscattering, and is
given by
Fss  (θkk ) = 12 [1 + cos(θkk )ss  ],

(A3)

where θkk is the angle between the vectors k and k . Again, if
one defines k  relative to the direction of k, we can write the
angle between as
θkk = arctan

q̄ sin θkq
,
k̄ + q̄ cos θkq

(A4)

where q̄ and k̄ are dimensionless quantities as defined below.
We note that in calculations, it is important to correct for the
nonprincipal value of the arctan function.
The final piece to Eq. (A1) is the effective potential given
by
W (q,i

m)

=

Vq
1 − Vq 0 (q,i

m)

,

(A5)

where Vq is the 2D Coulomb potential, Vq = 2π e2 /(ε0 q),
where ε0 is the effective dielectric constant of the medium
and 0 is the polarization function for doped graphene.10,21
All necessary quantities can be written in a dimensionless
form by scaling the energies by the bare chemical potential, μ0 ,
and scaling the momenta by the bare Fermi momentum. We
denote these dimensionless quantities with a bar notation. With
¯
this in mind, we define Vq o = q̄ α, where α = ge2 /(ε0 vF )
(g = gs gv is the combined spin and valley degeneracy factor)
¯ is given for a given q̄ and i ¯ as21
and 
¯ q̄,i ¯ ) = −1 − π
(
8

q̄ 2

¯ 2 + q̄ 2

q̄ 2
1
2+i¯
+
Re arcsin
q̄
4 ¯ 2 + q̄ 2


2+i¯
2+i¯ 2
.
+
1−
q̄
q̄

(A6)

Alternate polarization functions have been explored such as,
for example, the case of gapped graphene,26 which maps onto
Eq. (A6) as the gap goes to zero. In this case, we can write the
effective potential as

s  =±,q,m

(A1)
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W (q̄,i ¯ ) =

1
2π α vF
.
¯ q̄,i ¯ )
g kF q̄ − α (

(A7)
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Evaluation of the self-energy of Eq. (A1) is generally
performed in two parts, identified as the line and residue
(RES) portions.20 The line component is completely real,
¯ sRES (k̄,ω̄) =

and
¯ sline (k̄,ω̄) = −


 

∞

s  =±1 0

 

∞



s  =±1 0

0

2π



2π
0



 
d q̄dθkq α −1 
s
s
s
ε q̄,ω̄ − ¯ k+q
Fss  (θkk )  ω̄ − ¯ k+q
−  − ¯ k+q
,
2π g

d q̄dθkq α
Fss  (θkk )
2π g



∞

−∞

where ε−1 is given by
ε−1 =

1
q̄
.
=
¯
1 − Vq o
q̄ − α 

(A10)

Here, we have also written the band energies for general k
and q in a dimensionless form:
s

k+q
s
¯ k+q =
= s  k̄ 2 + q̄ 2 + 2k̄ q̄ cos θkq − 1, (A11)
μ0
which is the energy in the Dirac cone approximation.
The integral over ¯ in Eq. (A9) contains two terms, the
first has a Lorentzian shape, which provides a natural cutoff,
while the second term is odd and vanishes over the ¯ integral.
¯ for purely imaginary frequencies is completely real.21
Also, 
The evaluation of real frequencies in, for example, ε−1 (q̄,ω̄)
requires that one includes a finite lifetime for the plasmons.
This can be done in the form ε−1 (q̄,ω̄) → ε−1 (q̄,ω̄ + i),
where  is the plasmon scattering rate.10,28 Failure to include
such a term results in infinitely long lived plasmons, which
cannot scatter with electrons. Thus such a rate controls
electron-plasmon coupling (plasmarons).
Previous work12 has shown that the q integrals of Eqs. (A8)
and (A9) suffer from a divergence at large q. This ultraviolet
divergence is an artifact of the assumed linear dispersion in
graphene, which allows for arbitrarily large q scattering. A
detailed calculation would include a band cutoff at an energy
Wc 7 eV, which corresponds to the energy that maintains the

ReμEPI
(ω,ωE ) =
0 >0

while the residue portion has both real and imaginary parts.
These are given by


s
ω̄ − ¯ k+q
d ¯ −1
¯
ε (q,i )

2π
¯ 2 + ¯ s  − ω̄

2

−

k+q



i¯


¯ 2 + ¯ s  − ω̄
k+q

2

,

(A9)

number of states in the Brillouin zone. Hence, this is important
for density of states calculations, such as Eq. (4) where we
include a normalized ultraviolet cutoff of  = ±Wc /μ0 . A
similar cutoff is required in the self-energy calculation itself.
It has been established28 that the value of  lies in the range
of 10 → 100 for experimentally relevant values of chemical
potential. Thus we have chosen a fixed cutoff of  = 50 in
the self-energy formulas, independent of the value of μ0 . This
fixed cutoff removes any μ0 dependence in the EEI self-energy.
If one seeks to compare directly to experiment, then  can be
modified for a given doping. The precise variation due to the
choice of  was thoroughly explored in Ref. 28.
We define the total self-energy for band s due to the
electron-electron interaction as
¯ sEEI (k̄,ω̄) = 
¯ sRES (k̄,ω̄) + 
¯ sline (k̄,ω̄).

(A12)
One can reinstate units of energy by writing sEEI (k,ω) =
¯ sEEI (k̄,ω̄).
μ0 
B. Electron-phonon interaction (EPI)

We take the total self-energy to be the sum of the EEI and
EPI contributions such that the total is s = sEEI +  EPI −
μ, where μ is the correction to the chemical potential
(given by the real part of the self-energies evaluated at k =
kF and ω = 0). While the electron-electron contribution is
dependent on k, the electron-phonon interaction is not. The
EPI self-energy is given by16


(Wc + ωE − ω − μ0 )(μ0 + ω + ωE )2
A

ωE ln
Wc
ω2 − ωE2 (Wc + ω + ωE + μ0 )
− (μ0 + ω) ln

(A8)

(Wc + ωE − ω − μ0 )(Wc + ω + ωE + μ0 )(ω + ωE )
(ω − ωE )(ω + μ0 + ωE )2


(A13)

for the real part, where
EPI
ReμEPI
(ω,ωE ) = −Re|μ
(−ω,ωE ).
0 <0
0|

The imaginary part is given by
−Im

EPI

 πA
(ω,ωE ) =

|ω − ωE + μ0 |, for ωE < ω < Wc − μ0 + ωE ,

Wc
πA
|ω
Wc

+ ωE + μ0 |, for −ωE > ω > −Wc − μ0 − ωE ,

(A14)

(A15)

and is zero outside these intervals. We see that this self-energy is a function of frequency, ω, and also dependent upon the choice
of Einstein frequency, ωE . We assume a model where ωE = 200 meV as has been done previously,16 which was proposed by
Park et al.14 on the grounds of fitting density functional theory calculations within the local density approximation (LDA).
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7.4.3

Concluding Remarks

An original goal of this work was to use the spectral function to calculate the optical
conductivity in order to understand the interactions responsible for extra absorption
seen between the low frequency Drude contribution and interband universal plateau
[ω = 0 and ω = 2µ, respectively], as reported in Ref. [73]. However, the strong
renormalization of the band structure and density of states in the absence of vertex
correction modifies the size of the universal plateau which has been experimentally
verified to the correct universal value. The conductivity, being a two-particle process,
requires the associated vertex corrections. Much of this was done midway through
this project by another group.[74] Thus we have restricted this work to single particle
properties like the density of states. Subsequent to the publication of this work in
Physical Review B, that same group published a paper[75] which verifies the density
of states calculation and extends to larger values of α.
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Chapter 8
Concluding Remarks
We have employed an ansatz for the pseudogap self energy, provided by Yang, Rice
and Zhang[36], to calculate both nodal and antinodal properties of the hole doped
cuprates. Of primary note is the ability of this ansatz to describe the breakdown
of the Fermi surface in the antinodal region. Further, the inclusion of a Luttinger
sum rule, which provides a doping dependent chemical potential, has been essential
in describing the nodal Fermi surface, in the form of a pocket, across a wide range of
doping.[76] This work, and others, [77] suggests that the pseudogap originates from
Mott physics and also that the electronic system must be treated as a Luttinger liquid.
In order to move forward in the application of a YRZ-like phenomenology, one should
attempt to address certain features which are currently lacking in the YRZ ansatz:
 Scattering - While the YRZ ansatz provides a real part for the electronic self

energy, there is no clear way to introduce an imaginary scattering contribution
to the self energy.
 Magnetic Field - The ansatz does not provide a Hamiltonian, making the pro-

cedure for introducing a magnetic field in the theory unclear.
 Phase Diagram - The ansatz takes the phase diagram as input, rather than

fundamentally determining the input gap values. Here they are taken from
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experiment, rather than being theoretically predicted.
However, even with in the absence of these features, this phenomenological model
has several strong advantages. The analytic form of the energy dispersion makes
calculations fairly straightforward. This combined with the ease of adding a d-wave
BCS theory to the normal (pseudogap) state makes the YRZ ansatz an ideal starting
point for experimentalists examining physical properties of the underdoped cuprates.
It is important to note, however, that there is still no consensus as to the mechanism behind the pairing in the high-Tc cuprates. The works presented in this thesis
lend support to the assertion that superconductivity in the cuprates can be treated
effectively by using BCS-like equations on an anomalous normal (pseudogap) state.
This is successful despite not knowing the mechanism responsible for the pairing.
Identification of the mechanism would allow for more precise theories (comparable to
Eliashberg theory for phonon-mediated pairing) which could help provide theoretical
predictions as to how one constructs a material with an even higher superconducting
transition temperature.
The final paper presented in this thesis is on graphene. The number of papers
published in scientific journals of graphene currently numbers in the thousands per
year.[78] Technological applications of graphene are numerous and include: room
temperature distillation, single-molecule gas detection, field-effect transistors (particularly for application in frequency multiplier circuits where the poor on-off ratio is an
advantage), transparent conducting electrodes and organic LED technology.[79, 80,
81] Further exploration of theoretical avenues is essential and will lead to new discoveries in graphene technology. The paper presented in this thesis addresses the observation of plasmaron features and energy renormalizations in single-layer graphene
and explores the variation of these features with the substrate dependent effective
coupling strength, α. Understanding these features will be key to the creation of
hypothesized plasmonic and plasmaronic devices (which are anticipated to improve
photo-voltaic cells) and will provide guidance regarding which materials may be used
in their construction.[82, 83]
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Appendix A
Electron-Electron Interactions in
Graphene - Derivation
Included here is a derivation of the electron-electron interaction according to a random
phase approximation, as well as G0 W approximation for the self energy.

A.1

1

Calculation of Π in the Bubble Approximation

Fig. A.1 shows that the polarization function, Π, contains two Green’s functions,
G0 (k, ω) and G0 (k + q, ω + Ω) defined in Eq. (7.4). In the notation of Matsubara
frequencies, where we take ω → iωn and Ω → iΩm and the Matsubara frequencies are

~k + ~q

Π

~k

Figure A.1: Diagram of Polarization Bubble

1

The main references for this material: [84, 85, 70, 86, 19]
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ωn = πT (2n + 1) and similarly Ωm = T π(2m), the polarization function is defined as
Π(q, iΩm ) = T

XX
ωn

Tr[G0 (k + q, iωn + iΩm )G0 (k, iωn )].

(A.1)

k

Multiplying the Green’s functions and taking the trace one finds
Π(q, iΩm ) = T

XX
ωn

k

2iωn (iωn + iΩm ) + 2k · (k + q)
.
((iωn )2 − k2 )((iωn + iΩm )2 − (k + q)2 )

(A.2)

To evaluate the ωn summation, for fermions, we use that
T

X
ωn

F (z) =

X

F (z)nF (z)

(A.3)

{RF (z) }

where {RF (z) } is the set of residues of the function F (z), and nF is the Fermi function.
For a fully detailed explanation of this result, see Mahan, page 160.[19] To be explicit,
we now have that
F (z)nF (z) = nF (z)

2z(z + iΩm ) + 2k · (k + q)
. (A.4)
(z + |k|)(z − |k|)(z + iΩm + |k + q|)(z + iΩm − |k + q|)

We can see the set of residues of the function F (z). We will examine the T=0 case,
where the functions nF (z) collapse to various Heaviside functions as
z = +|k|
z = |k + q| − iΩm
z = −|k|

⇒ nF (|k|) = Θ(µ − |k|)
⇒ nF (|k + q| − iΩm ) = Θ(µ − |k + q|)
⇒ nF (−|k|) = Θ(µ + |k|)

z = −|k + q| − iΩm ⇒ nF (−|k + q| − iΩm ) = Θ(µ + |k + q|).

A.1.1

Θ(µ − |k|) Terms

For z = +|k| define the residue,
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(A.5)
(A.6)
(A.7)
(A.8)

A = Θ(µ − |k|)

[|k|(|k| + iΩ) + k · (k + q)]
.
|k|(|k| + iΩ − |k + q|)(|k| + iΩ + |k + q|)

(A.9)

Note that we will drop the Matsubara subscripts on Ω in the Residue results. This
subscript only determines the behaviour of the nF functions, and serves no further
purpose.
For z = |k + q| − iΩm we have
B = Θ(µ − |k + q|)

[(|k + q| − iΩ)(|k + q|) + k · (k + q)]
|k + q|(|k + q| − iΩ + k)(|k + q| − iΩ − k)

(A.10)

which we modify by shifting k → k − q to obtain
B = Θ(µ − |k|)

[|k|(|k| − iΩ) + (k − q) · k]
.
|k|(|k| − iΩ + |k − q|)(|k| − iΩ − |k − q|)

(A.11)

I work now with the denominators of A and B. I will ignore the |k| as it gets cancelled
R
R
R
by the jacobian of the 2D k-space integration ie. d2 k ⇒ kdk dφ. I will also drop
the explicit absolute-value notation as we treat k as a radial component and only take
positive values. In this case, all phase information is transferred to the angle between
k and q. Simplifying the denominators of Eq. (A.10) and Eq. (A.11) we obtain
Denominator(A) ⇒ (k 2 + (iΩ)2 − |k + q|2 + 2iΩk)

(A.12)

= (−Ω2 − q 2 − 2kq cos φ + 2iΩk)
Denominator(B) ⇒ (k 2 + (iΩ)2 − |k − q|2 − 2iΩk)

(A.13)

= (−Ω − q 2 + 2kq cos φ − 2iΩk),
where φ is the angle between the vectors k and q.
Up to this point, we have neglected all factors of the Fermi velocity, vF , which accompany the momenta. We need to do the same for the integration over k-space,
R
R
which results in dk ⇒ vdkF . We also require a factor of 1/(2π)2 for the switch from
discrete summation to integration. Further, it is extremely helpful for the remaining
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derivation that we shift the angle φ in the B term, such that φ → φ + π. This results
in − cos φ → cos φ. This modification is correct in full integration of φ = 0 → 2π.
The reason for this modification is apparent, that now, in the integration, the terms
A and B are complex conjugates, ie A = B ∗ .
Combining the A and B terms, we now need to compute the integral

1
vF

Z

µ

Z
dk

0

0

2π



dφ
2k 2 + qk cos φ + iΩk
2k 2 + qk cos φ − iΩk
+
,
2π (ω 2 + q 2 ) − 2iΩk + 2kq cos φ (ω 2 + q 2 ) + 2iΩk + 2kq cos φ
(A.14)

where we have invoked the Heaviside function, Θ(µ − |k|), to cutoff the k integral at
µ.

A.1.2

Θ(µ + k) Terms

For z = −k the residue becomes,
Ā = Θ(µ + k)

[k(−k + iΩ) − k · (k + q)]
k(−k + iΩ + |k + q|)(−k + iΩ − |k + q|)

(A.15)

For z = −|k + q| − iΩ the residue becomes, after a shift k → k − q,
B̄ = Θ(µ + k)

[k(−k − iΩ) − (k − q) · k]
|k|(−k − iΩ + |k − q|)(−k − iΩ − |k − q|)

(A.16)

After again shifting angles φ → φ + π, one quickly notes that save for the Heaviside
functions A = Ā and B = B̄. Θ(µ + k) = 1 for µ > 0. Therefore the integrals
over the Ā and B̄ terms do not have a µ cutoff, and instead the bound extends to
infinity. We would like to compute the integral in the finite µ case, and then use that
R
R
Ā + B̄ = limµ→∞ A + B.
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A.1.3

Evaluation of Eq. (A.14)

A.1.3.1

φ integration

Eq. (A.14) contains two terms, which are complex conjugates. We therefore only
directly evaluate the first term, and then simply conjugate it for the second term
contribution. We are working with the finite µ terms. The integration over φ will
require the following integrations
Z

2π

0

Z

2π

0

dθ
2π
= −√
2
a cos θ + b
b − a2
2π 2πb
1
cos θdθ
√
=
+
.
a cos θ + b
a
a
b2 − a2

(A.17)
(A.18)

We therefore have that the first term of Eq. (A.14) gives
Z
I1 =
0

2π


2k 2 + iΩk
kq cos φ
dφ
+
,
a cos φ + b a cos φ + b


(A.19)

where we have a = 2kq and b = Ω2 + q 2 − 2iΩk, resulting in

"

#

qk
kq
Ω2 + q 2 − 2iΩk
p
+
+
I1 = − p
2kq (Ω2 + q 2 − 2iΩk)2 − 4k 2 q 2 2kq
(ω 2 + q 2 − 2iΩk)2 − 4k 2 q 2
2k 2 + iωk

(A.20)
"

=

#

2k 2 − (Ω2 + q 2 )/2 + 2iΩk
1
p
.
− p
2
Ω2 + q 2 Ω2 + q 2 − 4k 2 − 4ikΩ

(A.21)

p
Note the factor of 1/ Ω2 + q 2 which I have explicitly factored out of the denominator
of the second term in the above equation. This term has been similarly removed in
the literature, and will be helpful when comparing answers to the literature later.
The second term in Eq. (A.14) will of course be the complex conjugate of I1 .
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A.1.3.2

Momentum Integration

The first term in Eq. A.21 is trivial and gives
1
2πvF

µ

Z

dk =
0

µ
2πvF

(A.22)

where µ is in units of vF (replace µ with µ/vF to put them back).
Further k integrations require the following integral results
dx
−1
2ax + b
= √
arcsin( √
)
−a
b2 − 4ac
+ bx + c
√
Z
Z
b
xdx
ax2 + bx + c
dx
√
√
−
=
a
2a
ax2 + bx + c
ax2 + bx + c
Z
Z
2
2
2ax − 3b 3b − 4ac
dx
x dx
√
√
+
=
.
2
2
4a
8a
ax2 + bx + c
ax2 + bx + c

Z

√

ax2

(A.23)
(A.24)
(A.25)

We therefore just need to separate powers of k in Eq. (A.21). The k 2 powers give two
terms (T1 and T2 )
Z
2
0

µ

k2
(4k 2

− 4iΩk +


Ω2

+

1
q2 ) 2

=
+

2

−8k + 12iΩ
64

p

−4k 2 − 4iΩk + Ω2 + q 2

−6(Ω2 ) + (Ω2 + q 2 )
8

Z

µ

0

µ

(A.26)
0

dk
p

−4k 2 − 4iΩk + Ω2 + q 2

(A.27)
.

The k 1 terms are (T3 and T4 )
Z
2iΩ

µ

k
1

0

p
−4k 2 − 4iΩk + Ω2 + q 2 µ
=
−4
0
Z µ
dk
p
,
− (iΩ)2
2
−4k − 4iΩk + Ω2 + q 2
0
2iΩ

(4k 2 − 4iΩk + Ω2 + q 2 ) 2

(A.28)
(A.29)

and the zeroth order term (term T5 )
"
Ω2 + q 2 1
−
arcsin
2
2

p

−8k − 4iΩ

−16Ω2 + 16Ω2 + 16q 2
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!#
.

(A.30)

We now need to evaluate the T1→5 integration limits explicitly. This results in
T1 =
T2 =
T3 =
T4 =
T5 =

1
1
1
1
(−8µ + 12iΩ)(−4µ2 − 4iΩµ + Ω2 + q 2 ) 2 − (12iΩ)(Ω2 + q 2 ) 2
32
32




q 2 − 2Ω2
−8µ − 4iΩ
−4iΩ
arcsin
− arcsin
8
4|q|
4|q|
p
−iΩ p
[ −4µ2 − 4iΩµ + Ω2 + q 2 − Ω2 + q 2 ]
2




−8µ − 4iΩ
−4iΩ
Ω2
arcsin
− arcsin
2
4|q|
4|q|





2
2
q +Ω
−8µ − 4iΩ
−4iΩ
−
arcsin
− arcsin
4
4|q|
4|q|

(A.31)
(A.32)
(A.33)
(A.34)
(A.35)

The above terms are from Eq. (A.14), which contains only the A part. The full result
is A + B = 2Re[A] since A and B are complex conjugates. Therefore, any purely
imaginary terms in T1→5 can be dropped. Further, since arcsin(−x) = arcsin(x),
all such terms with purely imaginary arguments will cancel as well. At this point,
summing over T terms involves the summation of square-root terms and arcsin terms.
The square-root terms give
−q 2
8



2µ + iΩ
|q|


s
2
2µ + iΩ
1−
|q|

(A.36)

which is formatted specifically to match the similar result from Ref. [86].
The arcsin terms results in
q2
arcsin
8



2µ + iΩ
|q|


.

(A.37)

Therefore, the final result from Eq. (A.14), which includes only the finite µ part, is




 
s
2 

µ
1
2µ + iΩ
2µ + iΩ
2µ + iΩ


I=
−
arcsin
+
1−
1 ·2Re

2πvF 2πvF (Ω2 + q 2 ) 2
8 
|q|
|q|
|q|
(A.38)


q2
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Limit of µ → ∞

A.1.4

These terms correspond to the lower half of the cone (for −k values). We want to
simply take the limit µ → ∞ of Eq. (A.38). Again, there are arcsin and square root
terms.

A.1.4.1

Square Root Term

In the large µ limit we expand the real part of the square root,

⇒ −
≈ −
≈ −

q2
1

8πvF (Ω2 + q 2 ) 2
q2
1

8πvF (Ω2 + q 2 ) 2
q2

8πvF (Ω2 + q 2 )
µ
≈ −
2πvF

1
2


 21
p
· 2 q 2 + Ω2 − 4µ2 + (q 2 Ω2 − 4µ2 )2 + (4µΩ)2 (A.39)
 21
p
2
2
· 2 q + Ω − 4µ + (4µ )


·

2

2

2

1
2µ + iΩ
2
2 2
·
2
q
+
Ω
q2

(A.40)
(A.41)
(A.42)

Which fortunately cancels with the otherwise runaway first term in Eq. A.38.

A.1.4.2

Arcsin Term

The arcsin limit is quite challenging. A good approach here is to write the arcsin
function in terms of a logarithmic function, and then define the interior functions as
sets of imaginary numbers zi = ri eiθi . In this form, it is easy to take the logarithm
and limit involved. We write
√
arcsin(x) = −i ln(ix + 1 − x2 )
2µ + iΩ 1 p 2
= −i ln(i
+
q − (2µ + iΩ)2 ).
q
q
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(A.43)
(A.44)

The 1/q factor in the logarithm produces a purely imaginary term, and can therefore
be dropped. We begin defining zi complex numbers
⇒ i ln(z2 +

√

z1 )

(A.45)

= i ln(z2 + z3 )

(A.46)
(A.47)

where z2 = 2µi − Ω , z1 = q 2 − 4µ2 + Ω2 − 4iΩµ and z3 =

√

z1 . We can then break up

z2 and z3 into cos and sin real and imaginary parts, and define the combination as a
fourth and final complex number z4 = r2 cos θ2 + r3 cos θ3 + i(r2 sin θ2 + r3 sin θ3 ) =
a + ib = r4 eiθ4 . The original function is now reduced to,
arcsin(x) = −i ln(r4 ) − i(iθ4 ).

(A.48)

The real part of this function is just θ4 or ARG(z4 )

θ4 = arctan

r2 sin θ2 + r3 sin θ3
r2 cos θ2 + r3 cos θ3


.

(A.49)

We require

θ1 = arctan

−4Ωµ
2
q − 4µ2 + Ω2



= 2θ3


2µ
θ2 = arctan
−Ω

(A.50)
(A.51)

which in the large µ limit gives simply θ1 = θ3 = 0 and θ2 = π2 . It results that
θ4 = arctan(

r2
π
) = arctan ∞ =
r3
2

(A.52)

and therefore, including prefactors, we find the final contribution,
q2
1

16vF (Ω2 + q 2 ) 2
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,

(A.53)

ΣRP A ⇒

+

=

×

+

+

+

+

···

···

=G×W

Figure A.2: RPA Self Energy Diagrams
which is the correct half filling term, where µ falls at the Dirac point. Naturally, this
term is independent of µ. This is the only term added by the limit of µ → ∞

A.1.5

Final Result

The final expression for the polarization function is,
Π(q, iΩ) =

−

q2
µ
+
(A.54)
1
2πvF
16vF (Ω2 + q 2 ) 2

 

 
s
2 

2 
1
2µ
+
iΩ
q
2µ
+
iΩ
2µ
+
iΩ

,
arcsin
+
1−
1 · 2Re

8 
|q|
|q|
|q|
2πvF (Ω2 + q 2 ) 2

which has been formatted to verify the result of Ref. [86].

A.2

Self energy

The self energy is shown diagrammatically in Fig. A.2. We see that the self energy is
a single particle green’s function, multiplied by a complex series of diagrams, which
are combinations of the potentials, V , and of the bubble diagram, Π. In equation
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form this would read,
W = V ΠV + V ΠV ΠV + V ΠV ΠV Π + · · ·
= V Π(V + V ΠV + V ΠV ΠV + · · ·)
= V Π(V + W )
and therefore, replacing dependencies
W (q, iΩm ) =

Vq2 Π(q, iΩm )
1 − Π(q, iΩm )Vq

(A.55)

Note that we have not included the Hartree-Fock clam-shell diagram, which would
contribute an additional, Vq , term to W .
The self energy is trivial to write down with respect to this effective interaction
potential, W , and is given by
ΣRP A = −T

X

W (q, iΩm )G(k + q, iωn + iΩm )

(A.56)

m,q

This is not the most common form seen in the literature. Generally the Green’s function is broken into separate poles. The way this occurs is the inclusion of both interband and intraband transitions into a complete green’s function, by the summation
of propagators with appropriate overlaps. F ++ is the intraband overlap, which equals
1
[1 + cos θ],
2

while the interband overlap is given by F +− = 12 [1 − cos θ]. We then write

a Green’s function assuming one starts in the s = +1 band as G+ = F ++ G0+ +F +− G0− ,
where we have the simple Green’s functions,
G0s0 =

1
iωn + iΩm − s0 |k + q|
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(A.57)

One would therefore discuss the self energy relevant to s = 1 as
d2 q X
W (q, iΩm )G+
(2π)2 m
Z
d2 q X
[iω + iΩm + (k + q) cos θ]
= −T
W
(q,
iΩ
)
.
m
(2π)2 m
(iω + iΩm )2 − (k + q)2

Σ+ (k, iωn ) = −T

Z

(A.58)
(A.59)

It is not difficult to show that this form of the Green’s function is fully reconcilable
with what I’ve previously used in Eqn. (7.4). Naturally we define the full self energy
in a similar way by writing,[84]
A
ΣRP
= −T
s

A.2.1

XX

G0s0 (k + q, iωn + iΩm )Fss0 W (q, iΩm ).

(A.60)

s0 =± m,q

Evaluating Matsubara Sum

This is almost a completely standard treatment of a general problem, which can be
found (discussed in detail) in Mahan.[19] In the low T limit the Ωm poles get close
together and form a continuous line of integrable poles. We will use:
iωn = ω + i0+
0

sk+q = s0 |k + q|
X Z ∞ dΩ
=
T
−∞ 2π
iΩ

(A.61)
(A.62)
(A.63)

m

Further, the only imaginary function is the Green’s function itself, and we can therefore break it into its real and imaginary parts but with principal part aligned instead
along the imaginary Ωm axis. We use the standard trick to break into real and
imaginary parts,

1



P
s0
=
− iπδ iΩm − (k+q − ω) .
0
0
iΩm − (sk+q − ω) + i0+
iΩm − (sk+q − ω)
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(A.64)

We define then ΣRP A = Σline + ΣRES , where the line contribution is along the continuous line of Matsubara poles, the principal part and the residue contribution are
from the remaining poles. Therefore, the line portion is
line

=−

Σ

X

∞

Z
Fss0 P

−∞

s0 ,q

dΩ
1
W (q, iΩ)
0
s
2π
iΩ − (k+q − ω)

(A.65)

which requires no further work but to be numerically evaluated. The residue is
different, and results in
Σ

RES

Z

∞

=
−∞

dΩ
W (q, iΩ)
2πi



1
1
−
Ω − i(ω − k+q ) Ω + ωn + ik+q


(A.66)

Getting to this point is not straightforward, and actually represents the difference between using, or not using, analytic continuation. These are however, straightforward
to evaluate, having poles at Ω = i(ω − k+q ) and Ω = −ωn − ik+q . We simply choose
to close in the upper half plane, where we see that we either get a pole, or don’t get a
pole dependent upon the sign of the pole energies. This produces Heaviside functions,
Θ(ω − k+q ) and Θ(−k+q ). The residue theorem provides an additional factor of 2πi
as well as the delta functions to produce,
integrand = W (q, k+q − ω)Θ(ω − k+q ) − W (q, −iωn + k+q )Θ(−k+q )

(A.67)

then setting iωn = ω we obtain the final result, reinstating s and s0 notation throughout gives
ΣRES
=
s

X
s0 ,q

0

0

0

Fss0 W (q, sk+q − ω)[Θ(ω − sk+q ) − Θ(−sk+q )].

(A.68)

Simply summing the line and residue parts gives the full self energy, for clarity,
reproduced here as

Σs (k, ω) = −

X

+

X

s0 ,q

s0 ,q

Z

∞

Fss0 P
−∞

dΩ
1
W (q, iΩ)
0
s
2π
iΩ − (k+q − ω)
0

0

0

Fss0 W (q, sk+q − ω)[Θ(ω − sk+q ) − Θ(−sk+q )].
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(A.69)

A.3

Numerical Evaluation of Polarization and Self
Energy Terms

A.3.1

Polarization Function

A.3.1.1

Normalization

The final form of Eq. (A.69) is very compact, but contains a slew of parameters which
on first blush make this a difficult computation. We can simplify these calculations
in a number of ways, the first of which is a switch to dimensionless variables in
the polarization function. Secondly, for numerical purposes we can scale a number
of factors out of the polarization function. Although these factors reappear in the
effective potential, W , they will combine there with other factors to produce simple
expressions.
To begin, define dimensionless frequency and momentum transfer, Ω̄ and q̄ as
Ω
vkF
q
q̄ =
.
kF

Ω̄ =

Next, we scale out the chemical potential term of Eq. (A.55), ν =

(A.70)
(A.71)
F
2
2πvF

. This removes

the explicit doping dependence from the polarization function. We can define the full
polarization, Πo , in terms of this scaled polarization, Π̄, ν and the spin and valley
degeneracy g = 4. These combine such that Πo = ν Π̄g where Π̄ = Π/ν. Recall that
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Figure A.3: Polarization function evaluated for q̄ and imaginary frequencies iΩ̄ as in
Eq (A.74). Reproduction of Fig. 3 of Ref.[84].
Π is given in Eqn (A.55). Thus, with these modifications,
2πvF
2πvF
q2
q2
p
p
+
× < [· · ·]
(A.72)
kF 16 Ω2 + vF2 q 2
kF 8π Ω2 + vF2 q 2
1
π q̄ · q kF
= −1 − q 2
+···
(A.73)
8 Ω2 + q 2 1
kF
vF



 
s

2
2
2
2 + iΩ̄
π
q̄
1
q̄
2 + iΩ̄
2 + iΩ̄ 
Π̄(q̄, iΩ̄) = −1 − p
+ p
· < arcsin
+
1−
8 Ω̄2 + q̄ 2 4 Ω̄2 + q̄ 2
q̄
q̄
q̄

Π̄(q̄, iΩ̄) = −1 −

(A.74)
This expression is plotted in Fig. A.3.

A.3.2

Potential Terms

We commonly wish to evaluate the multiplication of the bare potential, Vq , and the
polarization function where Vq =

2πe2
εq

=

2πe2
,
εq̄kF

is the 2D Coulomb potential. We write

this in a dimensionless form as
Vq Πo = Vq ν Π̄g =

Π̄ kF 2πe2 g
Π̄ ge2
Π̄
=
= ·α
q̄ 2πvF εkF
q̄ εvF
q̄
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(A.75)

Figure A.4: Π(q, ω) and ε−1 (q, ω). Top row is replicated from Figure 1 of [70]. Bottom
row replicated from Fig. 2 of [85].
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where α =

ge2
εvF

= 2 is commonly taken.

This manipulation is useful in writing down the dielectric function
ε−1 =

q̄
1
.
=
1 − Vq Πo
q̄ − αΠ̄

(A.76)

This function, along with variations of Π̄, is plotted in Fig. A.4 for real q̄ and ω̄.

A.3.3

Effective Potential, W

With the inclusion of an additional Vq from a Hartree direct coulomb potential, the
effective potential is now
W =

Vq
.
1 − Vq Πo

(A.77)

Note that the inclusion of an additional potential in the numerator (versus the dielectric function of Eq. (A.76)) creates some additional constants which hang around
the problem. Similar analysis as in the previous subsection shows that
W =

2πα vF
1
.
g kF q̄ − αΠ̄

(A.78)

This makes W the only non-dimensionless quantity in the self energy equation (A.69).
We can, however, easily justify the final units, by noting that the integration over
scattering q vectors provides additional units. We can write a proportionality of the
self energy to such an integration as
Z
d2 q
d2 q 2πα vF kF
1
W
=
Σ∝
2
2
2
(2π)
(2π) g kF q̄ − αΠ̄
Z 2
d q̄
α 1
=
vF kF
(2π)
g q̄ − αΠ̄
Z

(A.79)
(A.80)

which if we write in polar coordinates, we can put in terms of the dielectric function
as
Σ
∝
Σ̄ =
vF kF

Z
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dq̄dθ α −1
ε .
2π g

(A.81)

εk+q

k+q

εk

k+q

q
k

q

k
Figure A.5: Allowed q transitions for a given k and clarification of θkq integration
variable.
Clearly we wish to calculate the normalized self energy Σ̄ which is scaled by the Fermi
energy. The self energy has 2 parts, the residue and the line components. Rewriting
the summation over q as an integral with normalized variables, one writes

Σ̄RES
(k, ω̄)
s

∞ 2π
X Z Z dq̄dθkq α

=

s0 =±1 0

2π

g

0

ε−1 (q̄, ω̄ − ¯sk+q )Fss0 (θkk0 )×

0
0

0

[Θ(ω̄ − ¯sk+q ) − Θ(−¯sk+q )].

(A.82)

0

I’ve also written the energy dispersions sk+q = vF s0 |k + q| − µ in a normalized form,
by scaling out µ = F to obtain
0
¯sk+q

p
0
sk+q vF s0 k 2 + q 2 − 2kq cos θkq
=
−1
=
F
vF kF
q
=s0 k̄ 2 + q̄ 2 − 2k̄ q̄ cos θkq − 1.

(A.83)

Note the subscript on θkq describes the angle between the vectors k and q which
is not the same angle which appears in the function Fss0 . The integration variable
in Eq. (A.82) is equivalent to θkq , thus dθ = dθkq which runs from 0 to 2π. The
geometry of the integration angle and the angle which appears in Fss0 can be related
by

θkk0 = arctan

q sin θkq
k + q cos θkq

123

!
(A.84)

which replaces θkk0 in Fss0 , since θkq is the integration θ (for numerical evaluation,
the atan2 function should be used to obtain the correct quadrant of θkk0 , see Fig. A.5
for clarification).
As quoted in Eq. (A.69), the line portion of the self energy is given by
Σs (k, ω)

line

=−

X

Z

∞

Fss0 P
−∞

s0 ,q

dΩ
1
W (q, iΩ)
0
2π
iΩ − (sk+q − ω)

(A.85)

Since W (q, iΩ) is completely real, we can write this in real and imaginary parts in a
normalized form as

Σ̄line
=−
s
Z

∞ 2π
X Z Z dq̄dθkq α
s0 =±1 0
∞

−∞

2π

g

Fss0 (θkk0 )

0

"
#
0
−(¯sk+q − ω̄)
dΩ̄ −1
iΩ̄
ε (q̄, iΩ̄) 2
−
.
0
0
2π
Ω̄ + (¯sk+q − ω̄)2 Ω̄2 + (¯sk+q − ω̄)2

(A.86)

This result would be compared to the expressions of Eqn.(7) and (8) of Ref.[84]. Although not immediately obvious, the dielectric function along the imaginary frequency
axis is an even function with respect to the integration variable Ω̄. The result is that
the integration of the imaginary term is the integration of an odd function over all frequencies, which results in zero. In other words, if ImΣline = 0, then ImΣtot = ImΣRES ,
which is the expression given in Eq. (2) of Ref.[85] for the imaginary part of the self
energy.
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