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ABSTRACT

HIGH-PRECISION HALF-LIFE AND BRANCHING-RATIO

MEASUREMENTS FOR THE SUPERALLOWED BETA+ EMITTER

26Alm

Paul E. J. Finlay
University of Guelph, 2012

Advisor:
Professor C.E. Svensson

High-precision half-life and branching-ratio measurements for the superallowed

β+ emitter 26Alm were performed at the TRIUMF-ISAC radioactive ion beam facility

located in Vancouver, Canada. The branching ratio measurement was performed with

the 8π Spectrometer, an array of 20 high-purity germanium detectors, in conjunction

with SCEPTAR, a plastic scintillator array used to detect the emitted beta particles.

An upper limit of≤ 12 ppm at 90% confidence level was found for the second forbidden

β+ decay of 26Alm to the 2+1 state at 1809 keV in 26Mg. An inclusive upper limit

of ≤ 15 ppm at 90% confidence level was found when considering all possible non-

analogue β+/EC decay branches of 26Alm, resulting in a superallowed branching ratio

of 100.0000+0
−0.0015%.

The half-life measurement was performed using a 4π continuous-flow gas propor-

tional counter and fast tape transport system. The resulting value for the 26Alm

half-life, T1/2 = 6.34654(76) s, is consistent with, but 2.5 times more precise than, the

previous world average, and represents the single most precisely measured half-life of

any superallowed emitting nucleus to date.

Combining these results with world-average Q-value measurements yields a su-

perallowed β-decay ft value of 3037.58(60) s, the most precisely determined ft value



for any superallowed emitting nucleus to date. Combined with the small, and pre-

cisely quoted, theoretical isospin-symmetry-breaking corrections for this nucleus, the

corrected Ft value for 26Alm of 3073.1(12) s is also the most precisely determined

for any superallowed emitter by nearly a factor of two and now rivals the precision

of all the other 12 precisely measured superallowed β decays combined. The high-

precision experimental ft value for 26Alm superallowed decay reported here provides

a new benchmark to refine theoretical models of isospin-symmetry-breaking effects in

superallowed Fermi β decays.
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Chapter 1

Introduction

Superallowed Fermi β-decay transitions between spin-parity Jπ = 0+ and isospin

T = 1 nuclear isobaric analogue states have proven to be an invaluable probe of the

standard model description of electroweak interactions [1]. The relative insensitivity

of these decays to the effects of nuclear structure make them an ideal laboratory to

study the fundamental parameters of the standard electroweak model. While the

description of β decay in the minimal electroweak model involves both vector and

axial-vector interactions, the absence of any angular momentum transfer in 0+ → 0+

transitions implies that these decays, neglecting radiative corrections for the moment,

are governed entirely by the vector component of the semileptonic weak interaction,

whose strength is GV . The conserved vector current (CVC) hypothesis, put forward

in 1958 by Feynman and Gell-Mann [2], asserts that the value of GV is unmodified

in the presence of the strong nuclear force, and its value should therefore be constant

and independent of the particular nucleus in which it is measured. The fact that the

value of GV extracted from the superallowed data is currently found to be constant

to 1.3 parts in 104 [3] across 13 precisely measured decays spanning atomic numbers

from Z = 6 to Z = 37 is a strong vindication of the CVC hypothesis. In addition

1



to providing the most demanding test of the CVC hypothesis, superallowed decays

also provide stringent limits on many possible extensions to the standard electroweak

model. These data, for example, currently provide the tightest limits on fundamental

weak scalar currents at 13 parts in 104 relative to the vector strength [3], vector

second-class currents at 24 parts in 104 [3] and, when combined with measurements

from muon decay, also provide the most precise value for Vud, the up-down element

of the Cabibbo-Kobayashi-Maskawa (CKM) quark-mixing matrix [1].

Since the first superallowed 0+ → 0+ft-value measurements for 10C and 14O were

performed in 1953 [4], 20 superallowed ft values have been measured, 13 of them

(10C, 14O, 22Mg, 26Alm, 34Cl, 34Ar, 38Km, 42Sc, 46V, 50Mn, 54Co, 62Ga, and 74Rb)

with a precision of ±0.3% or better. It is only recently, however, with the very

high-intensity beams now becoming available from the new generation of radioactive-

ion-beam facilities, that major advances in precision measurements of superallowed ft

values have become possible. For example, despite nearly 100 different measurements

at laboratories around the world, the precision of superallowed Fermi β-decay half-

life measurements progressed relatively slowly for a period of 30 years from a most-

precise single measurement of 0.040% in 1973 [5] to 0.028% in 2004 [6], as illustrated

in Figure 1.1. The advent of high-intensity, high-purity radioactive-ion beams has,

however, enabled rapid advancement in the past 2-3 years from 0.022% in 2008 [7, 8],

to 0.015% in 2010 [9], to the 0.012% precision for the 26Alm half-life [10] presented in

this thesis, which sets a new benchmark for high-precision superallowed Fermi β-decay

half-life measurements. There has been corresponding progress in superallowed QEC

and branching-ratio measurements, and in the 3 years since the most recent survey

of the world superallowed data [3] alone, 18 new measurements spanning 10 different

superallowed emitters have been published. These data, which have not yet been

2
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Figure 1.1: The most precise superallowed half-life measurement as a function of time.
The result for the 26Alm half-life presented in Chapter 4 of this thesis is indicated by
a red circle.

formally evaluated and included in the world superallowed data set, are compiled in

Table 1.1 and demonstrate the high level of activity in superallowed Fermi β-decay

studies that has been made possible by recent advances in experimental techniques

and radioactive ion beam facilities.

The rapid experimental progress in high-precision measurements of superallowed

ft values achieved over the last decade has lead to intense scrutiny of the small the-

oretical corrections required to account for radiative and isospin-symmetry-breaking

effects in these decays, since they now contribute the largest uncertainty to the funda-

mental quantities derived from the superallowed ft values. These corrected ft values,
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Table 1.1: Measurements of superallowed β decays published since the most recent
survey of the world superallowed data in 2009 [3], including the 26Alm half-life reported
in this thesis [10].

Parent QEC value T1/2 Branching Ref.
nucleus (keV) (ms) Ratio (%)
10C 3648.12(8) 19282(11) − [11, 12]
26Si 4840.85(10), 4841.6(29) 2245.3(7) − [13–15]
26Alm − 6347.8(25), 6346.54(76) − [10, 16]
34Cl 5491.662(47) − − [17]
34Ar 6061.83(8) − − [11]
38Ca 6612.12(7) 443.77(36) − [11, 18]
38Km 6044.223(41) 924.46(14) − [9, 17]
42Ti 7016.83(25) 208.14(45) 47.7(12) [19]
46V 7052.44(10) − − [11]
74Rb 10416.8(39) − − [20]

denoted Ft, are given by [1]:

Ft = ft(1 + δR)(1− δC) =
K

2 GV
2(1 + ∆V

R)
, (1.1)

whereK is a collection of constants, δC corrects for isospin-symmetry-breaking effects,

while δR and ∆V
R are the nucleus-dependent and independent radiative corrections, re-

spectively. The transition-independent radiative correction ∆V
R = 2.361±0.038% [21]

currently dominates the uncertainty in GV and Vud, followed by the nuclear-structure-

dependent isospin-symmetry-breaking corrections. While the central value of ∆V
R has

changed little in the last twenty years [21, 22], a recent re-evaluation of hadronic

corrections [21] has led to a reduction of its uncertainty by a factor of two. The cal-

culations of the nuclear-structure-dependent isospin-symmetry-breaking corrections

δC , on the other hand, have undergone significant revisions in the last decade [23, 24],
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leading to shifts as large as 50% of their own values in some cases, and to a gen-

eral increase in their individual quoted theoretical uncertainties. A further re-

duction in the uncertainty assigned to ∆V
R could potentially be achieved via lat-

tice QCD calculations [25], ultimately leading to values of GV and Vud limited by

the nuclear-structure-dependent isospin-symmetry-breaking correction terms. The

isospin-symmetry-breaking corrections in superallowed Fermi β decays have thus be-

come the focus of intense study in recent years from a variety of theoretical ap-

proaches [3, 24, 26–30], as well as semi-empirical analysis [31, 32]. Continued de-

velopment, and refinement, of independent first-principles approaches to the isospin-

symmetry-breaking corrections in superallowed β decay, and the testing of these mod-

els against experimental data, thus remain crucial to the test of the CVC hypothesis

and the extraction of GV and Vud from the superallowed data. Direct experimental

constraints on one component of these calculations have, for example, been set by

measuring the β-decay branching ratios to non-analogue 0+ states in the daughter

nuclei [33–36]. An alternative approach is to improve the precision in the experimen-

tal ft values for particular cases where the theoretical corrections show discrepancies

between different isospin-symmetry-breaking models.

Of the thirteen superallowed β emitters with ft values known to better than

±0.3%, 26Alm has the smallest nuclear-structure-dependent corrections [24]. The

quoted uncertainty assigned to these corrections is also the smallest for any of the

superallowed emitters, yet discrepant values for these corrections are quoted between

the two leading models employed in the evaluation of the world superallowed data [3,

24]. These factors make 26Alm an ideal case to pursue a reduction of the uncertainty in

the experimental ft value. In this thesis, high-precision half-life and branching-ratio

measurements for the superallowed β+ emitter 26Alm are reported. The measurements
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result in the most precise ft and Ft values for any superallowed β emitting nucleus to

date, and set a new benchmark for testing the isospin-symmetry-breaking corrections

in superallowed Fermi β decays.

1.1 Nuclear β Decay

Nuclear β decay is a weak-interaction process whereby one of the Z protons or N

neutrons inside a nucleus of mass number A = N+Z is transformed in order to achieve

an energetically more stable configuration. In β− decay a neutron is converted to a

proton with the emission of an electron and an anti-electron neutrino:

β− decay : A
ZXN → A

Z+1WN−1 + e− + νe . (1.2)

In β+ decay, a proton is converted to a neutron with the emission of a positron and

an electron neutrino:

β+ decay : A
ZXN → A

Z−1YN+1 + e+ + νe . (1.3)

A third weak-interaction process, which competes with β+ decay when both are en-

ergetically possible, is electron capture (EC) decay, whereby the nucleus captures an

electron from one of the atomic orbitals, changing a proton to a neutron and emitting

an electron neutrino:

EC decay : A
ZXN + e− → A

Z−1YN+1 + νe . (1.4)

For β± decay there are 3 bodies in the final state which share the total energy released

in the process. This quantity, known as the Q value, is equal to the difference in rest
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mass-energy between the initial and final particles. Ignoring the small difference in

the atomic-electron binding energies between the parent and daughter atom, as well

as a small possible mass of the electron neutrino (mνe < 2 eV [37]), the Q values for

the three types of β decay can be expressed as

Qβ− = M(AZXN)c
2 −M( A

Z+1WN−1)c
2

Qβ+ = M(AZXN)c
2 −M( A

Z−1YN+1)c
2 − 2mec

2

QEC = M(AZXN)c
2 −M( A

Z−1YN+1)c
2 . (1.5)

where the masses, M , are those of the neutral atoms. The processes of β+ and EC

decay result in the same daughter nucleus, and taking the difference between the QEC

and Qβ+ expressions in Equation 1.5 yields:

QEC −Qβ+ = 2mec
2 = 1022 keV . (1.6)

The β+ decay process is therefore only possible when the rest-mass energy difference

between the parent and daughter states (QEC) is greater than 1022 keV, otherwise

only EC decay will have a positive Q value.

The daughter nucleus will recoil following the decay to conserve momentum, but

since it is much heavier than either the β particle or neutrino, it generally does so

with very little kinetic energy. The conservation of energy and momentum equations

are thus generally well approximated by:

~pβ + ~pνe + ~pD = 0 , (1.7)

Tβ + Tνe ≈ Qβ± . (1.8)
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Equation 1.7 permits only two independent momenta, which are taken to be those of

the emitted β and νe, ~pβ and ~pνe, respectively, with the nuclear recoil momentum ~pD

fixed by conservation of momentum.

1.1.1 Fermi’s Golden Rule

The transition rate, λ, for a given decay mode is determined by the density of final

states, dN/dEf , as well as the square of the matrix element connecting the initial

state i and final state f, |Mf,i|2, according to Fermi’s Golden Rule:

λi→f =
2π

~
|Mf,i|2

dN

dEf

. (1.9)

In general, the number of quantum states accessible to a particle moving in 3 dimen-

sions is given by:

N =
1

(2π~)3

∫

d3x

∫

d3p , (1.10)

where the limits of the first integral span the volume over which the particle’s wave

function has been normalized, and the second is over the volume of a sphere in 3-

dimensional momentum space, 4π
3
p3. For the emitted β and νe, the number of available

states is thus:

N =
1

(2π~)6

∫

d3rβ

∫

d3pβ

∫

d3rνe

∫

d3pνe

=
(4π)2V 2

(2π~)6

∫

p2β dpβ

∫

p2νe dpνe , (1.11)

where the β particle and neutrino wave functions have been normalized in a box of

volume V . Approximating the neutrino as a massless particle gives for its momentum

8



pνe = Eνe/c, and the density of final states for a β particle emitted with momentum

between p and p+ dp is then:

dN(p)

dE
=

1

4π4~6
p2 dp p2νe

dpνe
dE

=
V 2

4π4~6c3
p2(E − Eβ)

2 dp , (1.12)

where E = Eνe + Eβ is the total energy of the emitted particles and p ≡ pβ .

When evaluating the matrix element, the β particle and neutrino are considered

to be emitted as free particles with wave functions normalized in the same box of

volume V used to calculate the density of states above. Due to its charge, the wave

function of the β particle is also distorted through its interaction with the Coulomb

field of the daughter nucleus. This effect is described by the Fermi function F (Z,Eβ),

which can be approximated by [38]:

F (Z,Eβ) = 2L(Z,Eβ)(1 + γ)

(

2pR

~

)2γ−2

eπη
|Γ(γ + iη)|2
|Γ(2γ + 1)|2 , (1.13)

where γ =
√

1− (αZ)2, η = ∓ZαE/pc for β± decay, R is the nuclear radius taken

as 1.25 A1/3 fm, α is the fine structure constant, c is the speed of light, and Z is the

charge of the daughter nucleus. The function L(Z,Eβ) accounts for the integration

of the β particle’s wave function through a finite nuclear charge distribution of radius

R. For small values of Z, L(Z,Eβ) can be approximated by [38]:

L(Z,Eβ)≈
2

1 + γ

(

1 +
13

60
(αZ)2 − ERαZ(41− 26γ)

15~c(2γ − 1)
− αZRm2

ec
4γ(17− 2γ)

30E~c(2γ − 1)

)

, (1.14)

where Z is taken to be positive(negative) for β−(β+) decay, respectively. More precise

numerical evaluations and further corrections to the Fermi function to account for
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screening by the atomic electron cloud, a realistic nuclear charge distribution, higher

order interactions between the outgoing leptons and the nucleus, and the recoil of the

daughter nucleus [38] are, however, required for high-precision superallowed β-decay

studies.

The matrix element |Mf,i| contains the strength of the weak interaction g. It is

customary to explicitly remove this term, leaving the reduced matrix element |Mf,i|

which, when combined with the density of states from Equation 1.12 and the Fermi

function from Equation 1.13, yields the differential decay rate:

dλi→f (p) = g2
|M ′

f,i|2
2π3~7c3

F (Z,Eβ)p
2(E − Eβ)

2 dp , (1.15)

where the “prime” in the matrix element indicates that the volume normalization of

the β particle and neutrino wave functions has already been taken into account and

the Coulomb distortion of the β particle wave function has been accounted for via

the addition of the Fermi function F (Z,Eβ). To obtain the total decay rate λi→f ,

this expression must be integrated over the spectrum of emitted β momenta. This is

facilitated by a change to the dimensionless variables W and ρ:

W =
E

mec2
, ρ =

p

mec
, (1.16)

which results in a dimensionless integral. The relativistic energy-mass relation (E2 =

p2c2 + m2
ec

4) in these variables becomes:

W 2 = ρ2 + 1 , W dW = ρ dρ . (1.17)

Substituting these into Equation 1.15, and making the approximation that the ma-

trix element does not depend on the β particle’s momentum (corresponding to the
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“allowed” β transitions discussed in Section 1.1.2) gives:

λi→f = g2|M ′

f,i|2
m5

ec
4

2π3~7

W0
∫

1

F (Z,W )W
√
W 2 − 1(W0 −W )2 dW . (1.18)

The integral appearing in Equation 1.18 is called the “phase space integral” or “sta-

tistical rate function” (denoted f ) and is a dimensionless quantity that depends only

on the charge Z of the daughter nucleus and the Q value of the decay:

f(Z,W0) =

W0
∫

1

F (Z,W )W
√
W 2 − 1(W0 −W )2 dW . (1.19)

The limits of integration cover the range of possible β-particle total energies in units

of mec
2. The lower limit of 1 corresponds to the case where the β particle has no

kinetic energy, and hence all rest mass energy, while the upper limit corresponds to

the case where its kinetic energy equals the Q value, so that its total energy is given

by:

W0 =
Q

mec2
+ 1 . (1.20)

Once the Q value is determined experimentally, the phase space integral f can be

computed. In the large Q-value and/or low-Z limit, F (Z,W ) ≈ 1 and the statistical

rate function can be very roughly approximated by:

f ≈
W0
∫

1

W 2(W0 −W )2 dW ≈ 1

30
W 5

0 ≈ 1

30

(

Q

mec2

)5

, (1.21)

which indicates that the phase space integral scales roughly as the Q value to the 5th

power, and the relative uncertainty in the f value will be approximately 5 times that
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of the experimental Q-value measurement. Equation 1.21 is, however, only a crude

approximation and precise f -values required in high-precision superallowed Fermi

β-decay studies require numerical integration of Equation 1.19, including all of the

aforementioned refinements in the definition of F (Z,W ).

It is often convenient to express the transition rate in terms of the partial half-life

t for the β-decay branch of interest:

λ =
ln 2

t
, t =

T1/2(1 + PEC)

BR
, (1.22)

where T1/2 is the total half-life, BR is the branching ratio, and PEC is the electron

capture fraction (for the case of β+ decays). Substituting Equations 1.19 and 1.22

into Equation 1.18 yields:

ft =
K

g2|M ′

f,i|2
, (1.23)

for the product of the phase-space integral, f , and the partial half life, t, known as

the β-decay ft value. The constant terms have been amalgamated into K, such that

K/(~c)6 = 2π3
~ ln2/(mec

2)5 = (8120.271± 0.012)× 10−10 GeV−4 s [37].

The fundamental strength g for nuclear β decays can be determined from Equa-

tion 1.23 if the ft value is measured and matrix element |M ′

f,i|2 calculated with

sufficient precision. The β-decay ft values are amenable to precision experimental

study, but the matrix element must generally be calculated from a theoretical nu-

clear model that describes the initial and final nuclear wave functions. In general,

the precision and accuracy of such nuclear-structure models are not sufficient for a

precise determination of a fundamental physical parameter like the weak-interaction

strength g. There does, however, exist a certain class of β decay for which this
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theoretical uncertainty is largely absent.

1.1.2 β decay classification

The matrix element |M ′

f,i|2 governing nuclear β decay will vanish unless the parities of

the wave functions for the parent and daughter nuclear states, πP and πD, respectively,

satisfy the parity selection rule πP = πD(−1)Lβ , where Lβ is the orbital angular

momentum carried by the emitted electron and neutrino pair. In order to satisfy

the conservation of angular momentum the total angular momentum carried by the

emitted electron and neutrino pair, ~Jβ must satisfy the vector sum ~JP = ~JD + ~Jβ,

where ~JP and ~JD are the total angular momenta of the parent and daughter nuclear

states, respectively. In a non-relativistic treatment, the total angular momentum of

the emitted particles can be expressed as ~Jβ = ~Lβ + ~Sβ, where ~Sβ is the combined

spin angular momentum of the β and neutrino, and β transitions can be classified

based on the total orbital angular momentum Lβ (in units of ~) carried by the emitted

particles:

Lβ = 0 “allowed” transitions

= 1 “1st forbidden” transitions

= 2 “2nd forbidden” transitions (1.24)

= 3 “3rd forbidden” transitions

...

The “forbidden” transitions are not absolutely forbidden, so long as the above

angular momentum and parity selection rules are satisfied. However, for each increase

in Lβ by 1, λ
Lβ

i→f typically decreases by ≈3-4 orders of magnitude due to the limited
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ability of the outgoing leptons to carry significant orbital angular momentum. The

transition with the lowest value of Lβ consistent with angular-momentum and parity

conservation thus generally dominates the decay.

All of the particles involved in the β-decay process are spin-1/2 fermions. The β

and neutrino can be emitted with their intrinsic spin angular momentum coupled to

~Sβ = 0 or 1, and the nucleon spin can either remain unchanged or be flipped:

Sβ = 0 (n ↔ p, no spin flip) Fermi β decays (1.25)

Sβ = 1 (n ↔ p, with spin flip) Gamow-Teller β decays .

Experiments indicate that these two processes have different intrinsic strengths,

so the interaction strength g from Equation 1.23 must be broken into separate com-

ponents:

g2|M ′

f,i|2 = G2
V |M ′

f,i(F )|2 +G2
A |M ′

f,i(GT )|2 , (1.26)

where GV is the weak-interaction vector coupling constant, and GA is the axial-vector

coupling constant. The matrix elements for these two cases must be treated separately

as well, since different operators are acting in each case.

In general the extraction of the weak-interaction coupling constants is complicated

by the presence of both Fermi and Gamow-Teller components for a given β decay

transition. However, for the special case of Jπ
P = 0+ → Jπ

D = 0+ β decays, only

an allowed (Lβ = 0) Fermi (Sβ = 0) transition is permitted in leading order by

the angular-momentum and parity selection rules. These decays, with g2|M ′

f,i|2 =

G2
V |M ′

f,i(F )|2, are thus pure Fermi transitions and contain contributions from the

axial-vector coupling only through small higher-order radiative corrections.
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1.1.3 Isospin

The fact that the proton and neutron have nearly identical masses, and behave nearly

identically under the strong nuclear force, lead Heisenberg [39] to the concept of

isospin and its use in the description of nucleons and nuclei. The nucleon is a fermion

with intrinsic isospin t = 1/2. The “down” projection with tz = −1/2 is defined

to be the proton, while the “up” projection with tz = +1/2 is defined to be the

neutron, according to the convention adopted by the nuclear physics community.

The operators responsible for changing a proton into a neutron or vice versa in this

formalism, leaving all other quantum numbers unchanged, are therefore the isospin

ladder operators τ̂±:

τ̂+ |n〉 = 0, τ̂− |n〉 → |p〉 ,

τ̂− |p〉 = 0, τ̂+ |p〉 → |n〉 . (1.27)

For nuclear states the z-projection of isospin is given by TZ = 1
2
(N − Z) and,

to a good approximation, low-energy states of the nucleus have a good total isospin

T ≥ TZ . The Fermi β-decay operator, which converts a proton into a neutron (or

vice versa) without changing any of the other quantum numbers is then just the total

nuclear isospin ladder operator T̂± for β± decay:

T̂± |T, TZ〉 =
√

(T ∓ TZ)(T ± TZ + 1) |T, TZ ± 1〉 . (1.28)

Note that this operator only connects members of an isospin multiplet with the

same total isospin T, but different TZ , known as isobaric analogue states. For the case

relevant to this thesis of superallowed Fermi β+ decay between Jπ = 0+ members of
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a T = 1 isospin multiplet, either from TZ = 0 → TZ = +1 or TZ = −1 → TZ = 0, the

Fermi transition matrix element from Equation 1.26 becomes:

|M ′

f,i(F )|2 = | 〈T, TZ + 1| T̂+ |T, TZ〉 |2

= (T − TZ)(T + TZ + 1)

= 2 . (1.29)

In the limit of isospin symmetry, no knowledge of the complex form of the parent

and daughter nuclear wave functions is required to obtain this result. As noted above,

for the special case of Jπ = 0+ → 0+ transitions, the Gamow-Teller component of

the decay is also zero. These transitions are thus superallowed (pure) Fermi β decays

between isobaric analogue states, and for this particular class of decays, the expression

from Equation 1.23 reduces to that for superallowed T = 1 ft values:

ft =
K

2 GV
2 . (1.30)

A measurement of the ft value for a superallowed Fermi β decay thus, in principle,

provides a direct determination of the fundamental weak vector coupling constant GV

without requiring detailed knowledge of the complex initial and final nuclear wave

functions.

1.2 Superallowed Fermi β Decay

In 1958, Feynman and Gell-Mann postulated that the vector part of the weak inter-

action is universal [2]. In analogy to the coupling strength e from electrodynamics,
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Table 1.2: World-average f , T1/2, branching ratio, PEC, and ft values for the 13 most
precisely determined superallowed decays, formally evaluated in Ref. [3].

Parent f T1/2 Branching ratio PEC ft
nucleus (ms) (%) (%) (s)
10C 2.3004(12) 19308.0(38) 1.4646(19) 0.297 3041.7(43)
14O 42.772(23) 70620(15) 99.374(68) 0.088 3042.3(27)
22Mg 418.39(17) 3875.2(24) 53.16(12) 0.069 3052.0(72)
26Alm 478.237(80) 6345.0(19) 100.000+0

−0.003 0.082 3036.9(9)
34Cl 1995.96(47) 1526.55(44) 100.000+0

−0.012 0.080 3049.4(11)
34Ar 3414.5(15) 843.8(4) 94.45(25) 0.069 3052.7(82)
38Km 3297.88(34) 924.33(27) 99.9670+0.0043

−0.0044 0.085 3051.9(10)
42Sc 4472.24(115) 680.72(26) 99.9941(14) 0.099 3047.6(14)
46V 7209.47(90) 422.50(11) 99.9848+0.0013

−0.0042 0.101 3049.5(9)
50Mn 10745.97(51) 283.21(11) 99.9423(30) 0.107 3048.4(12)
54Co 15766.6(29) 193.271(63) 99.9955+0.0006

−0.0300 0.111 3050.8(13)
62Ga 26400.2(83) 116.121(40) 99.862(11) 0.137 3074.1(15)
74Rb 47300(110) 64.776(43) 99.50(10) 0.194 3084.9(78)

the value of GV measured in a nucleus would be the same as the “free” value, inde-

pendent of the presence of the strong nuclear force due to the surrounding nucleons.

The consequence of the conserved vector current (CVC) hypothesis is that everything

on the right hand side of Equation 1.30 is a fundamental constant, implying that all

superallowed β-decay ft values should be the same, regardless of the particular nuclei

involved in the transition.

The superallowed ft values for the 13 most precisely determined cases, compiled

in the most recent survey of the world superallowed data [3], appear in Figure 1.2 and

Table 1.2. These data do not yet include the most recent measurements reported in

Table 1.1, as their formal evaluation and incorporation into the world superallowed

Fermi β decay data is beyond the scope of this thesis. In general β decay ft values

span ∼ 20 orders of magnitude, so with a spread of only ∼ 2% these data already

support the CVC hypothesis. However, to test CVC more precisely, the approxima-

tions made when deriving the decay rate for superallowed transitions (Equation 1.30)

17



5 10 15 20 25 30 35
Z of the daugter

3040

3050

3060

3070

3080

3090

3100

   
 (

s)

10
C 14

O

22
Mg

26
Al

m

34
Cl

34
Ar

38
K

m

42
Sc

46
V

50
Mn

54
Co

62
Ga

74
Rb

ft

Figure 1.2: Superallowed ft values for the 13 most precisely determined decays from
the most recent survey of the world superallowed data [3]. From left to right: 10C,
14O, 22Mg, 26Alm, 34Cl, 34Ar, 38Km, 42Sc, 46V, 50Mn, 54Co, 62Ga, and 74Rb.

need to be considered, and small theoretical corrections applied to account for these

approximations.

1.2.1 Radiative corrections

Although CVC predicts that the vector coupling constant GV is not renormalized in

the nuclear medium, the β decay takes place in the presence of the Coulomb field

of the nucleus, necessitating the introduction of higher-order radiative corrections in

addition to the Coulomb distortion of the β particle’s wave function described by the

Fermi function F (Z,E). These radiative corrections are separated into two terms; one

which depends on the specific nucleus, δR (∼ 1.4−1.7%), and one which is intrinsic to
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Table 1.3: Nucleus-dependent radiative corrections for the 13 most precisely deter-
mined superallowed decays. Data from Ref. [3].

Parent δ′R δNS δR
nucleus (%) (%) (%)
10C 1.679(4) -0.345(35) 1.334(35)
14O 1.543(8) -0.245(50) 1.298(51)
22Mg 1.466(17) -0.225(20) 1.241(26)
26Alm 1.478(20) +0.005(20) 1.483(28)
34Cl 1.443(32) -0.085(15) 1.358(35)
34Ar 1.412(35) -0.180(15) 1.232(38)
38Km 1.440(39) -0.100(15) 1.340(42)
42Sc 1.453(47) +0.035(20) 1.488(51)
46V 1.445(54) -0.035(10) 1.410(55)
50Mn 1.444(62) -0.040(10) 1.404(63)
54Co 1.443(71) -0.035(10) 1.408(72)
62Ga 1.459(87) -0.045(20) 1.414(89)
74Rb 1.50(12) -0.075(30) 1.425(124)

the β decay of the nucleon and is the same for all nuclei, ∆V
R = 2.361±0.038% [3, 21].

As these corrections are small, it is customary to write the full correction (1+δR+∆V
R)

as multiplicative factors (1 + δR)(1 + ∆V
R), which are conventionally applied to the

ft value and GV in Equation 1.30, respectively. The nucleus-specific term δR can be

further separated into a component, δ′R, that only depends on the Z and β end-point

energy, W0, of the transition, and a component, δNS, that depends on the underlying

nuclear structure. The transition-dependent term δ′R is evaluated from standard QED

and its values are considered to be very reliable [40]. The nucleus-dependent radiative

correction terms for the 13 precision cases are compiled in Table 1.3.

The calculation of ∆V
R involves evaluating (to order α) QED graphs for one-photon

bremsstrahlung emission arising primarily from the emitted β particle, γW-box and

ZW-box diagrams. These two diagrams are evaluated at short distances using free-

quark Lagrangians, and so hadronic QCD corrections must also be included. This

correction term has been a dominant source of uncertainty in the determination of
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GV from the superallowed data, however, a recent re-evaluation of this value by

Marciano and Sirlin [21] has reduced its uncertainty by a factor of two, and further

improvements in precision through lattice QCD calculations may be possible [25].

1.2.2 Isospin-symmetry-breaking corrections

The value of 2 for the square of the transition matrix element for superallowed de-

cays between T = 1 isobaric analogue states was derived in Equation 1.29 under

the assumption of perfect isospin symmetry. This matrix element will, however, be

reduced relative to its ideal value because the Coulomb force, as well as charge-

dependent nuclear forces, break the isospin symmetry between the protons and neu-

trons. The transition-dependent isospin-symmetry-breaking correction δC is thus in-

troduced, such that

|M ′

f,i|2 = |M ′ 0

f,i|2(1− δC) , (1.31)

where |M ′ 0

f,i|2 = 2 for superallowed decays between T = 1 isobaric analogue states is

the matrix element in the limit of perfect isospin symmetry. In principle, to obtain

δC one would compute the Fermi matrix element in a full nuclear shell-model calcula-

tion by introducing Coulomb and other charge-dependent terms into the shell-model

Hamiltonian. This approach is not practical, however, due to the long-range nature of

the Coulomb force, since the model space would have to be far larger than is practical

in order to include all potential states coupled by the Coulomb interaction. Many

methods, of varying sophistication, exist in the literature for performing tractable

calculations of the δC corrections. A number of these are compared in Figure 1.3 and

Tables 1.4 and 1.5, and are briefly described below.
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Figure 1.3: Comparison of calculations for the isospin-symmetry-breaking cor-
rection δC from Damgaard (Damgaard 1969) [41], Ormand and Brown (OB HF
1985/95) [42, 43], Towner and Hardy’s Woods-Saxon (TH WS 2002) [23], (TH WS
2008) [24] and Hartree-Fock (TH HF 2009) [3] calculations, Liang, Van Giai, and
Meng’s RHF-RPA calculation using the PK01 interaction (LVM PK 2009) and HF-
RPA calculation using the DD-ME2 effective interaction (LVM DD 2009) [29], Çalik,
Gerçeklioǧlu, and Salamov’s RPA calculation using Pyatov’s restoration (CGS PR
2009) [30], Auerbach’s Isovector Monopole Resonance model (IVMR 2009) [28], and
the energy-density-functional calculations of Satula, Dobaczewski, Nazarewicz and
Rafalski (SDNR EDF 2011) [44].

A) The Damgaard model

One of the earliest models used to quantify isospin-symmetry-breaking in superal-

lowed decays was due to Damgaard [41]. The main theoretical insight behind the

Damgaard model is that the proton involved in the β+ decay has a different radial

wave function than the neutron into which it transforms, since the proton feels the

influence of the Coulomb force due to the other protons in the nucleus, while the
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Table 1.4: (Part1) Comparison of calculations for the isospin-symmetry-breaking
correction δC from Damgaard (Damgaard 1969) [41], Ormand and Brown (OB HF
1985/95) [42, 43], and Towner and Hardy’s Woods-Saxon (TH WS 2002) [23], (TH
WS 2008) [24] and Hartree-Fock (TH HF 2009) [3] calculations.

δC (%)
Parent Damgaard OB HF TH WS TH WS TH HF
nucleus 1969 1985/95 2002 2008 2009
TZ = −1

10C 0.046 0.15(2) 0.18(2) 0.175(18) 0.225(36)
14O 0.111 0.15(3) 0.32(3) 0.330(25) 0.310(36)
18Ne − − 0.62(3) 0.565(39) 0.360(63)
22Mg 0.153 0.21(2) 0.27(2) 0.380(22) 0.260(56)
26Si − − 0.37(2) 0.435(27) 0.365(56)
30S − − 0.94(4) 0.855(28) 0.695(59)
34Ar 0.285 0.38(4) 0.64(4) 0.665(56) 0.540(61)
38Ca − − 0.73(5) 0.765(71) 0.620(61)
42Ti − − 0.78(11) 0.935(78) 0.635(63)

TZ = 0

26Alm 0.182 0.30(2) 0.27(2) 0.310(18) 0.440(51)
34Cl 0.326 0.57(4) 0.64(4) 0.650(46) 0.695(56)
38Km 0.370 0.59(5) 0.62(5) 0.655(59) 0.745(63)
42Sc 0.414 0.42(4) 0.49(4) 0.665(56) 0.640(56)
46V 0.524 0.38(3) 0.43(3) 0.620(63) 0.600(63)
50Mn 0.550 0.35(4) 0.51(4) 0.655(54) 0.620(59)
54Co 0.613 0.44(4) 0.61(4) 0.770(67) 0.685(63)
62Ga 1.339 1.29(16) 1.38(16) 1.48(21) 1.21(17)
66As − 1.52(16) 1.40(16) 1.56(40) 1.31(35)
70Br − 1.26(21) 1.35(21) 1.60(25) 1.49(25)
74Rb 1.422 0.98(40) 1.43(40) 1.63(31) 1.42(17)

neutron does not. By expanding the proton radial wave function un,ℓ(r) in terms

of a complete set of neutron oscillator functions comprising states of orbital angular

momentum ℓ, but differing numbers of radial nodes, n, the correction δC is obtained

from first order perturbation theory:

δC =
| 〈un+1,ℓ|Vc |un,ℓ〉 |2

∆E2 , (1.32)
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Table 1.5: (Part2) Comparison of calculations for the isospin-symmetry-breaking cor-
rection δC from Liang, Van Giai, and Meng’s RHF-RPA calculation using the PK01
interaction (LVM PK 2009) and HF-RPA calculation using the DD-ME2 effective
interaction (LVM DD 2009) [29], Çalik, Gerçeklioǧlu, and Salamov’s RPA calcula-
tion using Pyatov’s restoration (CGS PR 2009) [30], Auerbach’s Isovector Monopole
Resonance model (IVMR 2009) [28], and the energy-density-functional calculations
of Satula, Dobaczewski, Nazarewicz and Rafalski (SDNR EDF 2011) [44].

δC (%)
Parent LVM PK LVM DD CGS PR IVMR SDNR EDF
nucleus 2009 2009 2009 2009 2011
TZ = −1

10C 0.082 0.149 1.564 0.008 0.559
14O 0.114 0.189 0.853 0.015 0.303
18Ne 0.270 0.424 − − −
22Mg − − − 0.031 0.243
26Si 0.176 0.252 − − −
30S 0.497 0.612 − − −
34Ar 0.268 0.368 − 0.064 0.865
38Ca 0.313 0.431 − − −
42Ti 0.384 0.515 − − −

TZ = 0

26Alm 0.139 0.198 0.448 0.041 0.494
34Cl 0.234 0.302 0.567 0.064 0.679
38Km 0.278 0.363 0.400 0.077 −
42Sc 0.333 0.442 0.503 0.091 0.767
46V − − 0.326 0.106 0.759
50Mn − − 0.161 0.122 0.740
54Co 0.319 0.395 0.475 0.139 0.671
62Ga − − 1.916 0.175 0.925
66As 0.475 0.568 − − −
70Br 1.140 1.232 − − −
74Rb 1.088 1.233 2.016 0.235 2.060

where Vc is the Coulomb interaction for a proton inside a uniform charge distribution.

The result,

δC = 0.2645× Z2A−2/3(n+ 1)(n + ℓ+ 3/2) (1.33)

exhibits the general behaviour δC ∝ A4/3 for light nuclei, with some shell structure
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superimposed.

B) Nuclear Shell Model with Woods-Saxon or Hartree-Fock Radial Wave

Functions

This model, originally introduced in 1977 by Towner, Hardy and Harvey [45], has

been updated several times since [3, 23, 24, 42, 43] and continues to set the standard

for the calculations of isospin-symmetry-breaking corrections in superallowed β de-

cays. The key facet of this model is that the full correction, δC , is divided into two

components [23, 24]:

δC = δC1 + δC2 , (1.34)

where δC2 accounts for the imperfect overlap of the radial wave functions of the initial

and final nucleons due to differences in binding energy and the Coulomb potential

experienced by the proton (similar to the Damgaard model), and δC1 accounts for

different degrees of configuration mixing in the parent and daughter nuclear wave

functions within the valence space due to charge-dependent components of the inter-

action. Each of these terms is calculated using shell-model eigenstates of an effective

Hamiltonian, evaluated in a modest shell-model space, with the model-space limita-

tions arising in the calculation of δC1 being compensated by the calculation of δC2,

such that the sum should be an accurate description of δC .

In 1985, Ormand and Brown [42] adopted the same procedure of separating δC into

two components for their shell-model calculation of the isospin-symmetry-breaking

corrections. However, where Towner and Hardy used eigenfunctions of aWoods-Saxon

plus Coulomb potential when evaluating the mismatch between the radial functions

for the decaying proton and resulting neutron, the radial functions used by Ormand
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and Brown were taken from a self-consistent mean-field Hartree-Fock calculation. In

both cases, the strength of the potential was adjusted so that the asymptotic forms of

the proton and neutron radial functions were matched to their respective separation

energies, providing an experimental constraint on the calculated values of δC2. The

values of δC1 were also constrained in both calculations by adjusting the strength of

the Coulomb interaction among the valence protons so that the measured b coefficient

in the isobaric multiplet mass equation (IMME) was exactly reproduced, while the

charge-dependent nuclear interaction in the shell-model Hamiltonian was tuned to

reproduce the measured c coefficient of the IMME.

Comparing these two sets of shell-model calculations for the isospin-symmetry-

breaking correction δC (Fig. 1.3), both are found to exhibit the same general trend.

However, the δC values calculated by Ormand and Brown were systematically lower

than those of Towner and Hardy. In previous surveys of the world superallowed

data [46], this systematic difference between the two sets of calculations was taken

as an estimate of the model-dependent uncertainty in the isospin-symmetry-breaking

calculations, and was the dominant uncertainty in the world-averaged superallowed

Ft value.

Recently, Towner and Hardy have performed their own Hartree-Fock calcula-

tions [3], pointing out a discrepancy in the asymptotic form of the Coulomb wave

functions in the earlier work by Ormand and Brown, and in the most recent survey [3]

they adopt the smaller difference between their own Hartree-Fock and Woods-Saxon

calculations as an estimate of the theoretical uncertainty in these isospin-symmetry-

breaking corrections.
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C) (Relativistic) Hartree-Fock with Random Phase Approximation

Starting with a Skyrme-Hartree-Fock calculation for each even-even superallowed

parent/daughter, Sagawa, Van Giai and Suzuki [47] treat each odd-odd nucleus as a

particle-hole excitation built on the even-even Skyrme-Hartree-Fock state using the

charge-exchange random-phase approximation (RPA). Isospin-symmetry breaking is

introduced by the presence of a Coulomb interaction, as well as by explicit charge-

symmetry-breaking and charge-independence-breaking interactions included in the

two-body force used in the Hartree-Fock calculation. In 2009 these calculations where

updated [48] using three different effective interactions in a relativistic Hartree-Fock,

and Hartree only, framework. The authors of Ref. [48] only calculate δC values for 9

of the 13 precisely measured superallowed transitions, which are shown in Figure 1.3

and Table 1.5 for the PK01 and DD-ME2 interactions.

D) Isovector Monopole Resonance

The Isovector Monopole Resonance model [49] assumes that isospin-symmetry-breaking

in superallowed decays is due entirely to mixing with the giant monopole state. The

isovector part of the Coulomb interaction is then defined to be the isovector monopole

operator. Under this assumption, the wave functions for the two states involved in the

β decay can be written in terms of components of the monopole state, with amplitudes

expressed in terms of Coulomb matrix elements between the ground state and the

respective components of the isovector monopole state. The final assumption, that

the Coulomb matrix elements of differing isospins are all related via isospin Clebsch-

Gordan coefficients, combined with estimates for several of the model parameters,
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leads to a general expression for δC in terms of the mass number A:

δC = 18.0× 10−7A5/3 . (1.35)

As can be seen in Figure 1.3, this model produces δC values well below all other

calculations.

E) Nuclear Density Functional Theory

Although not a new theoretical technique, self-consistent isospin- and angular mo-

mentum projected nuclear density functional theory (DFT) has only recently been

applied to the calculation of isospin-symmetry-breaking corrections in superallowed

Fermi β decay [44]. A powerful model in principle, free of adjustable parameters

and capable of simultaneously describing symmetry breaking, configuration mixing,

and long-range Coulomb polarization, the main drawback is the current lack of any

regularizable Skyrme energy density functionals (EDFs). At present, the only practi-

cal option is the density-independent Skyrme V [50] interaction, whose spectroscopic

quality is poor, and it is this lack of a reasonable EDF which currently limits the

applicability of this otherwise powerful approach.

1.2.3 Corrected ft Values

Combining all the correction terms, and applying those which are nucleus-dependent

to the left side of Equation 1.30, and those which are nucleus-independent to the right

side of Equation 1.30, yields the expression for the corrected superallowed ft value
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(Ft):

Ft = ft(1 + δ′R)(1 + δNS − δC) =
K

2 GV
2(1 + ∆V

R)
. (1.36)

In 2008, Towner and Hardy refined their isospin-symmetry-breaking calculations

further by incorporating those core orbitals found to have large spectroscopic fac-

tors in single-nucleon pickup reactions, as well as new effective interactions, into

their shell-model calculation. Since the shell-model space used by Towner and Hardy

no longer matched that used by Ormand and Brown, Towner and Hardy mounted

their own Hartree-Fock calculation for the radial wave functions used to evaluate the

radial-overlap correction δC2 [3], taking the difference between the Ft values obtained

from their Woods-Saxon and Hartree-Fock calculations as an estimate of the model-

dependent uncertainty assigned to δC . These two sets of calculations are compared

in Fig. 1.3, and while a systematic difference between the two methods persists, it is

much smaller than before [46]. This systematic difference has no effect on the test

of the CVC hypothesis, which only requires that the corrected Ft values be con-

stant. The isospin-symmetry-breaking corrections of Ormand and Brown [42, 43] and

Towner and Hardy [3, 23, 24] are thus adopted in Fig. 1.4 to illustrate the constancy

of the Ft values, which are compiled in Table 1.6. The recent Woods-Saxon calcu-

lations by Towner and Hardy result in the most consistent set of Ft values, whose

average yields Ft = 3072.08(79) s with χ2/ν = 0.29. The relative uncertainty on this

average Ft value is 2.6 parts in 104, a confirmation of the constancy of GV (the CVC

hypothesis) at the level of 1.3 parts in 104. Before extracting the value of the weak

interaction vector coupling constant GV from these data, the systematic difference

between the Hartree-Fock and Woods-Saxon calculations must be addressed.
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Figure 1.4: Superallowed Ft values for the 13 well measured cases. From left to
right: 10C, 14O, 22Mg, 26Alm, 34Cl, 34Ar, 38Km, 42Sc, 46V, 50Mn, 54Co, 62Ga, and
74Rb. The Ft values have been evaluated using the Hartree-Fock δC corrections of
Ormand and Brown (OB HF) [42, 43] and Towner and Hardy (TH09 HF) [3], as well
as Towner and Hardy’s 2002 (TH02 WS) [23] and 2008 (TH08 WS) [24] Woods-Saxon
δC values, applied to the experimental ft values from Figure 1.2. While each set of
isospin-symmetry-breaking corrections produces Ft values which support the CVC
hypothesis, the recent calculations by Towner and Hardy [3, 24] produce Ft values
that differ by more than 3σ from the Ft value obtained using their 2002 isospin-
symmetry-breaking corrections. This large shift in the world-average superallowed
Ft value was a primary motivation behind the many new isospin-symmetry-breaking
calculations presented in Section 1.2.2.
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Table 1.6: Superallowed ft [3] and Ft values for the 13 well measured cases presented
in Figure 1.4. The Ft values have been evaluated using the Hartree-Fock isospin-
symmetry-breaking corrections of Ormand and Brown (OB HF 1985/95) [42, 43] and
Towner and Hardy (TH HF 2009) [3], as well as Towner and Hardy’s 2002 (TH WS
2002) [23] and 2008 (TH WS 2008) [24] Woods-Saxon δC values from Table 1.4.

Ft (s)
Parent ft (s) OB HF TH WS TH WS TH HF
nucleus 1985/95 2002 2008 2009
10C 3041.7(43) 3077.5(45) 3076.5(45) 3076.7(45) 3075.1(46)
14O 3042.3(27) 3077.0(33) 3071.8(33) 3071.5(32) 3072.1(33)
22Mg 3052.0(72) 3083.3(73) 3081.4(73) 3078.0(73) 3081.7(75)
26Alm 3036.9(9) 3072.7(15) 3073.6(15) 3072.4(15) 3068.4(21)
34Cl 3049.4(11) 3073.1(20) 3071.0(20) 3070.7(21) 3069.3(23)
34Ar 3052.7(82) 3078.5(84) 3070.4(84) 3069.6(85) 3073.5(85)
38Km 3051.9(10) 3074.5(22) 3073.6(22) 3072.5(24) 3069.7(25)
42Sc 3047.6(14) 3080.0(24) 3077.8(24) 3072.4(27) 3073.2(27)
46V 3049.5(9) 3080.7(21) 3079.2(21) 3073.3(27) 3073.9(27)
50Mn 3048.4(12) 3080.4(26) 3075.4(26) 3070.9(28) 3072.0(29)
54Co 3050.8(13) 3080.1(28) 3074.9(28) 3069.9(33) 3072.5(32)
62Ga 3074.1(15) 3077.3(59) 3074.5(59) 3071.5(72) 3080.0(61)
74Rb 3084.9(78) 3098(15) 3084(15) 3078(13) 3084(10)

Ft = 3076.47(75) 3074.64(75) 3072.08(79) 3071.55(89)
χ2/ν = 1.93 1.08 0.29 0.93

While it is tempting to choose the set of isospin-symmetry-breaking corrections

which yield the most consistent set of Ft values [32], the consistency of the Ft values

(the CVC hypothesis) is to be tested by the data, not assumed a priori. As the CVC

hypothesis is satisfied by both the Woods-Saxon and Hartree-Fock calculations for

the isospin-symmetry-breaking correction, averaging the Ft values from their most

recent Hartree-Fock and Woods-Saxon calculations for the thirteen well measured

cases
(

FtWS = 3072.08(79) s and FtHF = 3071.55(89) s
)

is adopted by Towner

and Hardy [3], with a systematic uncertainty assigned as equal to half the difference
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between them:

Ft = 3071.81± 0.79stat ± 0.27syst s

= 3071.81± 0.83 s . (1.37)

This value for Ft can now be inserted into Equation 1.36 and, using the radiative

correction ∆V
R = 2.361(38)%, the vector coupling constant GV can be extracted:

G2
V =

K

2(1 + ∆V
R)Ft

,

G2
V /(~c)

6 = 1.29126(33)stat.(11)δC (48)∆V
R
× 10−10 GeV−4 ,

GV /(~c)
3 = 1.13633(15)stat.(5)δC (21)∆V

R
× 10−5 GeV−2 ,

= 1.13633(26)× 10−5 GeV−2 . (1.38)

where the first uncertainty is from the statistical uncertainty in the experimental ft

values and the quoted theoretical uncertainty in the individual nucleus-dependent ra-

diative and isospin-symmetry-breaking corrections, the second is from the uncertainty

assigned to Ft due to the systematic difference between the two isospin-symmetry-

breaking models, and the third is from the nucleus-independent radiative correction

∆V
R.

The particular value of the vector coupling constant GV is, on its own, of little in-

terest in the framework of the standard electroweak model. However, when combined

with the Fermi coupling constant GF from the purely leptonic decay of the muon, GV

yields the fundamental quantity Vud, the up-down element of the CKM quark-mixing

matrix.
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1.3 The Cabibbo-Kobayashi-Maskawa (CKM)

Quark Mixing Matrix

The first superallowed ft value to be determined with high precision (0.4%) was that

of 14O in 1960 [51], two years after the proposal of the CVC hypothesis by Feynman

and Gell-Mann. Assuming the universality of the vector weak-interaction strength,

the authors of Ref. [51] compared the value of GV obtained from the high-precision

14O ft value with GF , the value obtained from the decay of the muon, only to find

that the two decay strengths did not agree. Further evidence seemingly at odds with

CVC came from the unexplained difference between the weak decay rates of kaons

and pions. These apparent conflicts with the universality of the vector current were

resolved by Cabibbo in 1963 [52], who recognized that there must be mixing between

the first two generations of quarks such that their weak-interaction eigenstates are not

equivalent to their mass eigenstates. The quark mixing was described by the Cabibbo

angle (θC ∼ 13◦) such that GV = GF cos θC , giving cos2 θC and sin2 θC for the relative

strength of the strangeness-conserving and non-conserving decays, respectively, and

the existing discrepancies were thus resolved.

In 1964, one year after the introduction of θC by Cabibbo, the simultaneous vi-

olation of charge conjugation and parity (CP violation) was observed for the first

time in the decay of the longer-lived neutral kaon. It was nearly a decade before

Kobayashi and Maskawa showed [53] that CP violation could not be explained in any

realistic renormalizable theory that included only two generations of quarks. They

then proposed the existence of a third generation of quarks (now known to be the

“top” and “bottom” quarks), replacing Cabibbo’s 2× 2 rotation matrix by the 3× 3

Cabibbo-Kobayashi-Maskawa (CKM) quark mixing matrix:
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where d, s, and b are the mass eigenstates of the “down”, “strange” and “bottom”

quarks, and d′, s′ and b′ are their corresponding weak-interaction eigenstates. The

CKM matrix thus represents a unitary transformation between basis states, and re-

mains a fundamental pillar of the standard electroweak model.

If the three-generation standard model is complete, then the CKM matrix must

be unitary which requires, among other things, that the sum of the squares of the

elements of any of its rows or columns be equal to 1. The values of the individual

elements of the CKM matrix are not prescribed in the standard model and must be

determined experimentally. Although tests of unitarity have been made with other

elements, currently the strictest test comes from the top-row sum:

|Vud|2 + |Vus|2 + |Vub|2 = 1 (1.40)

1.3.1 Vud

By far the most precisely-determined CKMmatrix element is the top-left element, Vud.

It is determined by the ratio of the vector coupling constant GV , observed in β decays

connecting up and down quarks, to the Fermi constant GF . Currently superallowed

nuclear β decays provide the most precise determination of GV , while GF has been

determined to very high precision by measurements of the purely leptonic decay of the

33



muon. Using the value GF/(~c)
3 = 1.16637(1)× 10−5 GeV−2 from the Particle Data

Group [37] and GV /(~c)
3 = 1.13633(26)× 10−5 GeV−2 from Equation 1.38 yields:

|Vud| =
GV

GF

= 0.97425(12)stat.(4)δC (18)∆V
R

= 0.97425(22) , (1.41)

where the three uncertainties arise from: i) the experimental ft values and the quoted

theoretical uncertainties on the transition-dependent corrections, ii) the systematic

uncertainty due to the difference between the two theoretical models of the isospin-

symmetry-breaking corrections δC , and iii) the transition-independent radiative cor-

rection ∆V
R, respectively.

The vector coupling constant GV can be extracted from several other examples of

hadronic decay. Although the precision in GV , and hence Vud, extracted from these

data is currently less precise than the value quoted in Equation 1.41, each provides

distinct advantages, and disadvantages, compared to the value obtained from the

superallowed decays, and thus provide complementary approaches to determining

Vud.

A) Free Neutron β Decay

Although not governed exclusively by the weak vector interaction as in the case for

the 0+ → 0+ superallowed Fermi decays discussed above, free neutron β decay

n → p+ e− + νe (1.42)
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can be used to determine the weak vector coupling constant GV . This Jπ = 1
2

+ →

Jπ = 1
2

+
β decay involves both the vector and axial-vector interactions (Equa-

tion 1.26). It is, however, an attractive option for determining Vud since, being a free

particle, its analysis does not require the application of nuclear-structure-dependent

isospin-symmetry-breaking and radiative corrections. The ft value for neutron decay

can be expressed as [54]:

fτn(1 + δ′R) =
K/ ln 2

G2
V (1 + ∆V

R)(1 + 3λ2)
, (1.43)

where τn is the mean lifetime of the neutron, δ′R = 1.4902(2)% [24] is the same

transition-dependent radiative correction as discussed for the superallowed decays in

Section 1.2.1, K/(~c)6 = 2π3
~ ln2/(mec

2)5 = (8120.271±0.012)×10−10 GeV−4 s [37],

and λ describes the ratio between the effective vector and axial-vector weak-coupling

contributions to neutron decay [54]:

λ2 =
G2

A(1 + ∆A
R)

G2
V (1 + ∆V

R)
. (1.44)

whose adopted value λ = −1.2694(28) [1] comes from the world-average of the five

most precise measurements of the β-asymmetry parameter A.

The relatively long mean lifetime of ∼ 900 s and the difficulty in containing

a well-defined source have made precise, and accurate, neutron lifetime measure-

ments difficult. The two most recent results with the highest claimed precision,

τn = 885.4(10) s [55] and τn = 878.5(8) s [56] differ by 5.6σ, the later deviating from

the former world average by 6.5σ. The Particle Data Group currently recommends
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the value [37]

τn = 885.7(8) s (world average), (1.45)

for the neutron lifetime, which is a weighted average of 7 values but omitting the

recent result of Ref. [56]. Combining this value with λ = −1.2694(28) [1] and the

phase space integral evaluated for neutron decay f = 1.6887(2) [1] yields

GV /(~c)
3(neutron) = 1.13676(52)ft(21)∆V

R
(208)λ × 10−5 GeV−2 ,

= 1.1368(22)× 10−5 GeV−2 , (1.46)

for the vector coupling constant derived from free neutron decay, where the first

uncertainty is obtained from the experimental ft value and radiative correction δ′R,

the second is due to the uncertainty in the radiative correction ∆V
R, and the third

is from the experimental asymmetry parameter λ. This result is in agreement with

that for GV obtained from the superallowed decays (Equation 1.38), but is 8.5 times

less precise, and is dominated by the uncertainty in the ratio λ of the axial and

vector strengths determined from the β-asymmetry measurements. Combined with

the Fermi coupling constant GF this value of GV yields:

|Vud|(neutron) = 0.9741(5)ft(2)∆V
R
(18)λ

= 0.9741(19) , (1.47)

which is consistent with the value Vud = 0.97425(22) from superallowed β decay, but

is nearly 9 times less precise. Although the precision in the value of Vud is currently

dominated by the uncertainty in λ, the large discrepancy between recent precision
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measurements of the neutron lifetime call into question its accuracy as well. It is

imperative that these issues be resolved if the value for Vud from neutron decay is to

be competitive with that obtained from the superallowed data.

B) T = 1/2 Mirror Transitions

It was recently pointed out [57] that Vud can be obtained from the β-decay transitions

between isobaric analogue states in isospin T = 1/2 doublets (mirror nuclei). Unlike

superallowed Fermi β decays, these transitions involve both vector and axial-vector

interactions as in the case of β decay of the free neutron. Unlike neutron decay,

however, the transition rates for mirror decays require nuclear-structure-dependent

corrections for both radiative effects, as well as isospin-symmetry breaking. Nonethe-

less, they provide an important complementary data set to the 0+ → 0+ superallowed

decays.

The extraction of Vud from mirror decays proceeds in analogy to superallowed

0+ → 0+ Fermi β decay, with a corrected ft value defined as [58]:

Ft ≡ fV t(1 + δ′R)(1 + δVNS − δVC )[1 + (fA/fV )ρ
2] =

K

G2
V

1

1 + ∆V
R

(1.48)

where ρ is the Gamow-Teller to Fermi ratio, while fA and fV are the phase-space

integrals for axial-vector and vector transitions, respectively. Theory is used to eval-

uate the nucleus-dependent radiative corrections δ′R and δVNS, in addition to the ratio

fA/fV , while experimental data is required for the half-lives, branching ratios, and Q

values of these decays. The ratio ρ can be determined from measurements of several

correlation parameters, including the β − ν angular correlation a, the β-asymmetry
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Table 1.7: World-averaged data [57] and theoretical corrections [58] used to determine
Ft values for transitions between T = 1/2 mirror nuclei.

Parent fV t δ′R δVC − δVNS Ft
nucleus (s) (%) (%) ρ fA/fV (s)

19Ne 1701.4(30) 1.533(12) 0.520(40) 1.5995(45) 1.0143(29) 6184(30)
21Na 4041(11) 1.514(15) 0.410(30) -0.7136(72) 1.0180(36) 6202(48)
29P 4791(18) 1.453(26) 1.070(60) -0.593(104) 1.0223(45) 6537(606)
35Ar 5638.8(63) 1.421(35) 0.530(50) -0.279(16) 0.9894(21) 6128(49)
37K 4533(28) 1.431(39) 0.790(60) 0.561(27) 1.0046(9) 6006(146)

Ft = 6173(22)
χ2/ν = 0.75

parameter A, and the ν-asymmetry parameter B, which are given for mirror transi-

tions between states of total angular momentum J as [54]:

a =
1− ρ2/3

1 + ρ2
, A(B) =

∓(±)ρ2 − 2ρ
√

J(J + 1)

(1 + ρ2)(J + 1)
, (1.49)

where the upper/lower sign refers to electron/positron emission. The current world

data used to evaluate the mirror Ft values is compiled in Table 1.7.

The current world-average Ft value for mirror decays, obtained using the correc-

tions of Ref. [58], is [57]:

Ft = 6173(6)fV t(21)ρ s

= 6173(22) s, (1.50)

with the error budget being dominated by the uncertainty in the experimental quanti-

ties rather than theory, with the axial-vector to vector ratio ρ being by far the largest

contributor at present. Combining this value with the nucleus-independent radiative
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correction ∆V
R = 2.361± 0.038% [21] yields

GV /(~c)
3(mirror) = 1.1336(6)fV t(19)ρ(2)∆V

R
× 10−5 GeV−2 ,

= 1.1336(20)× 10−5 GeV−2 , (1.51)

which, combined with GF/(~c)
3 = 1.16637(1)× 10−5 GeV−2 yields

|Vud|(mirror) = 0.9719(5)fV t(16)ρ(2)∆V
R

= 0.9719(17) . (1.52)

The values for GV and Vud from the T = 1/2 mirror decays agree with those from

superallowed Fermi β decay at the level of 1.4σ, but are currently a factor of ∼ 8

less precise due primarily to the experimental uncertainties in the angular correlation

parameters.

C) Pion β Decay

Pion β decay:

π+ → π0 + e+ + νe , (1.53)

is one of the most basic semi-leptonic electroweak processes. It is analogous to super-

allowed Fermi β decay as it is a 0− → 0− pure vector transition between two members

of an isospin triplet. Unlike superallowed Fermi β decay, however, its decay rate is

free from nuclear-structure-dependent correction terms. It is also free of a correlation

parameter λ, which currently limits the precision in the value of Vud obtained from

free neutron decay, since it is a pure vector transition, and is thus a very attractive
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candidate for the determination of Vud from a theoretical perspective. Unfortunately,

the branching ratio for this decay mode of the pion is on the order of 10−8, and thus

extremely difficult to measure with the required precision in order to be competitive

with Vud derived from the superallowed data. The ft value for pion β decay can be

expressed as [54]:

ft(1 + δ′R) =
K

2G2
V (1 + ∆V

R)
. (1.54)

Substituting the product of the statistical rate function evaluated for pion β decay

and the radiative correction f(1 + δ′R) = 1770.4(28) [59], the pion mean lifetime

τπ = 2.6033(5)×10−8 s [37], and the most precisely determined value for the branching

ratio BR = 1.040(6)× 10−8 [60] yields

GV /(~c)
3 = 1.13655(91)fτπ(21)∆V

R
(350)BR × 10−5 GeV−2 ,

= 1.1366(36)× 10−5 GeV−2 , (1.55)

and

|Vud| = 0.9728(8)fτπ(2)∆V
R
(30)BR

= 0.9728(30) . (1.56)

The value for Vud obtained from the β decay of the pion is in agreement with, but

an order of magnitude less precise than, that obtained from the superallowed Fermi

β decay data, and is currently limited by the precision in the pion β-decay branching

ratio.

The values for Vud from superallowed Fermi β decay, free neutron decay, isospin
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Figure 1.5: Comparison between the values for Vud obtained from left to right: super-
allowed Fermi β decay, 0.97425(22), free neutron β decay, 0.9741(19), isospin T = 1/2
mirror β decay, 0.9719(17), and β decay of the pion, 0.9728(30).

T = 1/2 mirror β decay, and pion β decay are compared in Figure 1.5. It is worth

noting that, while free neutron and pion β decay are uncomplicated by nuclear-

structure-dependent effects, the second most precise value for Vud is currently obtained

from the mirror β decays. The difficulties associated with the measurements required

to extract Vud from neutron and pion decay may ultimately limit the precision with

which Vud may be obtained via these methods. While the uncertainty in Vud derived

from the mirror decays is also currently limited by experimental precision rather than

theory, it is only recently that their potential to deliver a precise value for Vud has been

fully appreciated, leaving much scope for future experimental improvements towards

this goal.

Currently, the value Vud = 0.97425(22) obtained from the superallowed decays is

by far the most precise, and it is thus this value which is taken forward to test the

unitarity of the CKM matrix.
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1.3.2 Vus

The second top-row element, Vus, has historically been determined from the semi-

leptonic K+/0 → πℓνℓ (Kℓ3 decays), where the leptons ℓ are either electrons or

muons [61]. It was recently pointed out [62], however, that an independent determi-

nation of the ratio |Vus|/|Vud| is obtained from the ratio of the inclusive decay widths

of K+ → µ+νµ(γ) (Kℓ2 decays) and π+ → µ+νµ(γ) decays. The adopted value for

Vus, when testing the unitarity of the CKM matrix, is drawn from the combination

of these sources and yields [1]

|Vus| = 0.22521± 0.00094 . (1.57)

1.3.3 Vub

The third element of the top row of the CKM matrix, Vub, is principally drawn from

semi-leptonic decays. The most precise value for Vub currently comes from inclusive B

meson decays, B → Xuℓν, where Xu represents an integral over all possible hadronic

states that contain the up quark but not the charm quark. The exclusive B → πℓν

decay provides an independent, though less precise, determination of Vub which, when

combined in a weighted average with the value for Vub determined from the inclusive

B meson decays yields [37]

|Vub| = (3.89± 0.44)× 10−3 . (1.58)

This value is negligible when squared in the unitarity sum compared to the current

uncertainties in Vud and Vus.
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1.3.4 Unitarity of the CKM matrix

Combined with the values for Vus from Equation 1.57 and Vub from Equation 1.58,

the value for Vud from the superallowed data (Equation 1.41) yields:

|Vud|2 + |Vus|2 + |Vub|2 = 0.99990(43)Vud
(42)Vus

= 0.99990(60) , (1.59)

and unitarity is currently satisfied to a precision of 0.06%. The value of Vud is currently

determined to an impressive precision of 0.02%, twenty times more precise than Vus

at 0.4%. However, since Vud contributes 95% to the unitarity sum, its contribution

to the uncertainty in the unitarity sum is, in fact, larger than Vus, and the reduction

of the uncertainty in Vud thus remains an active pursuit.

1.4 Improving tests of the standard electroweak

model

The unitarity of the CKM matrix remains a crucial test of the standard electroweak

model. Further improvement in the precision of the CKM unitarity sum will either i)

expose a violation of unitarity, necessitating the introduction of new physics into the

standard model, or ii) continue to place more stringent limits on possible candidates

for new-physics should the unitarity of the CKM matrix continue to be satisfied.

Currently it is theory, rather than experiment, that limits the precision in both

Vud and Vus, and hence the unitarity sum. The form factor f+(0), which accounts for

SU(3) symmetry breaking in the Kℓ3 decays, and the ratio of pseudoscalar decay con-

stants fK/fπ, which is required to extract the ratio |Vus|/|Vud| from theKℓ2 decays, are
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currently the largest sources of uncertainty in Vus. The nucleus-independent radiative

correction ∆V
R currently dominates the uncertainty in Vud, however, its uncertainty

has recently been reduced to half that of its previous value [21] and a further reduction

of its uncertainty is anticipated [25], which could ultimately lead to the uncertainty

in Vud being dominated by the nuclear-structure-dependent theoretical corrections,

particularly the isospin-symmetry-breaking corrections δC .

The small “systematic” uncertainty assigned to Vud, associated with the isospin-

symmetry-breaking models and adopted in the latest survey of the world superallowed

data [3], arises because of a close agreement between 2 sets of isospin-symmetry-

breaking calculations (“TH WS 2008” and “TH HF 2009” from Table 1.4) by the

same authors, whereas a number of the individual δC values differ by as much as

50% from the previous calculations by the same authors (“TH WS 2002” from Ta-

ble 1.4), resulting in a shift in the world average Ft value by more than 3σ, the

largest such change in 20 years. The recent wealth of theoretical interest in calcu-

lations of isospin-symmetry-breaking in superallowed β decays has been a welcome

result of these changes. However, it is not presently clear whether the systematic

uncertainty associated with the isospin-symmetry-breaking models can safely be as-

sumed to be as small as has been adopted in Ref. [3]. Thus, while the experimental

ft values from superallowed nuclear β decay currently contribute only a small frac-

tion of the uncertainty in the determination of Vud, improving the precision in the ft

values for particular cases can serve to highlight inconsistencies between the various

isospin-symmetry-breaking models.

High-precision half-life and branching-ratio measurements for the superallowed β+

emitter 26Alm are reported in Chapters 4 and 5 of this thesis, and result in the most

precisely determined superallowed ft value for any nucleus to date. In Chapter 6,
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high-precision superallowed Ft values for 26Alm are calculated, and the consequences

for the inconsistency between the most recent theoretical calculations of the isospin-

symmetry-breaking corrections for 26Alm, as well as their impact on the precision of

GV , and subsequently Vud, are discussed.
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Chapter 2

Experimental Facilities

2.1 Tri-University Meson Facility (TRIUMF)

Since its inception in 1968 by three universities as a local facility for intermediate-

energy nuclear physics, the Tri-University Meson Facility (TRIUMF) has grown to

include 11 member and 6 associate-member universities across Canada, and has ex-

panded its fields of research to include nuclear physics with radioactive ion beams,

particle physics, molecular and materials science, and nuclear medicine. Located on

the campus of the University of British Columbia in Vancouver, B.C., TRIUMF is

recognized as Canada’s national laboratory for nuclear and particle physics research.

The TRIUMF main cyclotron is the largest in the world and is capable of accel-

erating H− ions to energies of 520 MeV [63]. The cyclotron is capable of accelerating

H− currents up to ∼ 400 µA, with multiple simultaneous beam extraction at currents

of up to 100 µA. The unique feature of accelerating H− ions, rather than protons,

allows for the efficient extraction of multiple proton beams of variable energy and in-

tensity by passing the negative ions through a thin carbon or aluminum foil, stripping
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Figure 2.1: TRIUMF staff posing on the six lower sectors of the TRIUMF cyclotron
magnet during construction in Spring 1972 (Photo courtesy of TRIUMF).

the two electrons, leaving the positively charged protons which then curve away from

the cyclotron. These protons can then be distributed to different experimental halls

where they are either used directly or collided with a stationary target to produce

secondary beams of muons, pions, or radioactive ions.

2.2 Isotope Separator and Accelerator (ISAC)

Radioactive-ion-beam studies are carried out at TRIUMF’s Isotope Separator and

ACcelerator (ISAC) facility, which has been operational since November 1998. The

production of radioactive nuclei occurs mainly through spallation reactions in the
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target following bombardment by the high-intensity proton beam from the main cy-

clotron. Two target stations are located two floors below the ISAC experimental hall,

and are shielded by approximately 2 m of steel and an additional 2-4 m of concrete.

The targets are contained inside a 20 mm-diameter and 20 cm-long Ta tube. When

running with low-intensity proton beams of a few µA, not enough power is deposited

into the target by the proton beam to maintain the high temperature (∼ 2200◦C)

required for efficient diffusion of the reaction products. In this situation the target

must be actively heated, and the target container is wrapped in several layers of thin

Ta foil, which acts as a heat shield and increases the heating efficiency [64].

Several types of target material, including metal foil disks as well as compound

target materials, are used depending on the experiment. The compound targets

(primarily carbide) are operated at higher proton-beam intensities of 40-50 µA, and

for these targets the Ta foil heat shield is removed from the target container and

the active heating is reduced. To go above 50 µA radiative cooling of the target is

required to prevent melting. These high-powered targets [65] have 90 Ta fins, each

55× 55mm2 and 400-µm-thick, mounted onto the outside of the Ta target container,

which help dissipate a substantial fraction of the beam power. One disadvantage of

this design, however, is that the target is dependent upon the proton beam to heat

it to its optimal operating temperature. Any interruption in the delivery of protons

from the main cyclotron results in rapid cooling of the target, which then takes 3-4

minutes to reach the optimum temperature once the proton beam is restored [64].

In principle, any isotope having mass number A, proton number Z, and neutron

number N less than or equal to that of the target material can be produced and

extracted, though in reality the production of more exotic neutron-to-proton ratios

in the spallation products is less probable and the release efficiency from the target
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Figure 2.2: The ISAC-I experimental hall (Courtesy of TRIUMF). The proton beam
from the cyclotron (bottom right) impinges on a primary target, inducing spallation
reactions, the products of which diffuse from the target and are extracted to the high-
resolution mass separator, before being sent up two floors to the ISAC experimental
hall.

is element specific. Ideally, selection of a single isotope for study is achieved by

selectively ionizing that element with an on-line ion source (Section 2.3), though

in practice many species often become ionized due to the high temperature of the

target. The 1+ ions are extracted from the target/ion source, and pass through a

pre-separator magnet which transmits only isotopes of a particular mass number A

to the dedicated mass separator (Figure 2.2).

If every isotope that emerged from the target were ionized, the burden of isotope

selection would fall entirely on the mass separator. The discrimination between iso-

bars would then require high-resolution (∆m : m ∼1:10000) operation of the ISAC

mass separator. However, this mode of operation suffers from a reduced transmission
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efficiency, and the mass separator is thus generally operated in its higher transmis-

sion efficiency, lower resolution mode with ∆m : m ∼1:1000, with the burden of

isobar separation being transferred, at least partly, to dedicated, element-specific

ion sources. A surface ionization source, utilizing a Ta surface or Re foil inside the

Ta target container, is highly efficient in producing beams of alkali metals, alkaline

earth elements, and some lanthanides with relatively high ionization efficiency [66]. A

2.45 GHz electron-cyclotron resonance (ECR) source has been tested [64] to provide

the higher energy required to ionize noble gases. A Forced Electron Beam-Induced

Arc Discharge (FEBIAD) ion source was also developed [67] for radioactive ion beam

production for volatile elements. Finally, a highly efficient and isotope-specific laser

ion source was developed for those cases where the species of interest is not efficiently

ionized by the other sources and/or other ionization schemes successfully ionize the

species of interest, but also ionize its isobars as contaminants. This laser ion source

is described in the section below.

2.3 TRIUMF Resonant Ionization Laser Ion Source

(TRILIS)

Resonant laser excitation and ionization is one of the most successful tools for the

selective production of radioactive ion beams at isotope separator on-line (ISOL)

facilities like TRIUMF. Isotope selectivity is achieved by tuning the frequency of a

laser to match the energy difference between the valence electron’s ground state and

a specific excited state unique to that element [68]. Precision matching of the photon

energy to the excitation energy ensures that the laser light is resonantly absorbed,

leading to a large population of this particular atomic-electron orbital in the element of
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interest. Ionization is then achieved with a second laser tuned to a separate frequency,

which either imparts enough energy to eject the electron from the atom if it lies close

to the continuum, or excites it to another higher-lying orbital through resonant photon

absorption, where the electron may then be removed through the application of an

electric field. The uniqueness of the atomic-electron energy-level structure for each

isotope, combined with multi-step excitation as opposed to direct photo-ionization,

leads to both high ionization efficiency and element selectivity. In practice, several

atomic physics effects can lead to a reduction in the ionization efficiency of a laser ion

source. Many elements have a split electronic ground state, or exhibit many low-lying

electronic states, and the thermal distribution in the hot target will spread the atomic

population over several of these states. In this case, only that fraction of the atomic

population that is in the ground state will resonantly absorb the laser light, and the

ionization efficiency will be reduced accordingly. To overcome this effect the TRILIS

system employs three tunable TiSa lasers with frequency doubling and tripling [69],

allowing for the simultaneous excitation from two of the occupied electronic states to

a single intermediate level, with ionization being achieved via the third laser.

Following mass-separation of the ionized spallation-reaction products, the beam

can be transported at 30-60 keV to one of several experimental stations located in the

ISAC low-energy experimental hall, or accelerated to higher energies for experiments

with accelerated radioactive beams. Both of the experiments described in this thesis

were performed with low-energy (30 keV) radioactive beams.
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2.4 The 8π γ-ray Spectrometer

The 8π γ-ray spectrometer, reconfigured for a research program in weak-interaction

and nuclear structure physics and currently installed in the low-energy ISAC-I hall

at TRIUMF [70], has become the world’s most powerful device dedicated to β-decay

studies of short-lived radioactive beams since its commissioning at ISAC in the spring

of 2002 [71]. The 8π spectrometer consists of 20 Compton-suppressed high-purity

germanium (HPGe) detectors, each with a relative efficiency of 20-25% compared to

a 3” × 3” cylindrical NaITl crystal, mounted in a close-packed configuration about

the beam-implantation site at a source-to-detector distance of ∼ 12.8 cm. The 20

HPGe detectors occupy the positions of the 20 hexagons of a truncated icosahedron

(a soccer ball), while two of the 12 pentagonal spaces define the axis through which

the beam enters the array [72]. The remaining 10 pentagonal spaces can house an

auxiliary array of barium fluoride (DANTE) [73, 74] and/or LaBr3 scintillators used

in nuclear fast-timing experiments. A photograph of one hemisphere of the 8π array

is shown in Figure 2.3, and a schematic diagram of a single 8π detector, with its

associated components, is shown in Figure 2.4.

The aluminum cylinder housing the germanium crystal is surrounded by an annu-

lar bismuth germanate (BGO) Compton-suppression shield, including a BGO “back-

plug” immediately behind the cylinder. BGO is characterized by a high density (7.13

g/cm3) and large Z (from the bismuth component), and has the largest probability

per unit volume for the photoelectric absorption of γ rays among the commonly avail-

able scintillators [75]. It is thus an ideal material for detecting photons leaving the

germanium following a Compton-scattering event. Coincidences between the BGO

and germanium of a given detector enable the vetoing of these events which do not

deposit their full energy, and thus reduces the Compton background appearing in the
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Figure 2.3: One hemisphere of the 8π γ-ray spectrometer. The free inner volume has
a diameter of ∼ 18 cm and can house a variety of auxiliary detection systems such as
SCEPTAR and PACES.

γ-ray energy spectrum.

To prevent the false vetoing of events where a γ ray deposits all of its energy in the

germanium crystal while a separate γ ray simultaneously strikes the BGO, 2.54-cm-

thick Hevimet collimators (denoted “HM” in Figure 2.4) are placed directly in front

of the BGO suppressors to limit the γ-ray flux from the source. Having such a high-

Z material (primarily tungsten) in front of the HPGe detectors, however, introduces

another source of background radiation in the form of bremsstrahlung from the β

particles emitted following the nuclear decay. To minimize this effect, 1.27-cm-thick

“delrin” absorbers are placed in front of the Hevimet collimators on each detector,

as well as directly in front of the HPGe crystals. These plastic absorbers have little
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Figure 2.4: Cross-sectional schematic diagram of a single 8π germanium detector
(courtesy of G.F. Grinyer). Each HPGe crystal has a 20-25% efficiency relative to
that for a 3”× 3” cylindrical NaI(Tl) crystal.

effect on the γ rays of interest, but cause the β particles to lose energy primarily

through collisional processes rather than by emitting bremsstrahlung radiation due

to the low Z of the material.

The energy and time of each γ-ray event is determined by taking two identical

signals from the 8π detector preamplifiers. Ortec 572 spectroscopy amplifiers amplify

the energy signals, which are then digitized using Ortec AD114 14-bit analog-to-

digital converters (ADCs). The timing signals from the preamplifiers are amplified

by fast timing-filter amplifiers, then discriminated with Ortec 583b constant-fraction
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discriminators (CFDs). The timing signals are further processed by LeCroy 3377

16-channel multi-hit time-to-digital converters (TDCs), providing timing of the γ-ray

interactions relative to the master trigger with 0.5 ns precision. Separate LeCroy 3377

TDCs are used for the BGO times to provide Compton suppression, as well timing

of any pile-up signals from the 572 spectroscopy amplifiers.

Event-by-event time stamps with 100 ns precision relative to the start of the run

are provided by a LeCroy 2367 universal logic module (ULM). The first of three 32-

bit latching scalars in this module counts pulses from a Stanford Research Systems

high-precision 10 MHz ± 0.1 Hz temperature-stabilized oscillator, which provides a

global time stamp relative to the start of the run for every γ-ray event with 100 ns

precision. The second scalar counts only those pulses, generated by the same 10 MHz

oscillator, that survive a veto by the acquisition dead time following a master trigger

event, while the third counts the number of master trigger events. By comparing

the differences between the recorded number of pulses in the first two scalar counters

between consecutive events, the system dead time can be determined on an event-by-

event basis with 100 ns precision.

2.5 The SCEPTAR Plastic Scintillator Array

The Scintillating Electron-Positron Tagging Array (SCEPTAR) is comprised of 20

plastic organic scintillators, each 1.6 mm thick and mounted inside a spherical Delrin

vacuum chamber which is divided into two hemispheres for easy access [76]. The

SCEPTAR scintillating material is BC-404 [77], composed of approximately 52.4%

hydrogen and 47.6% carbon, and characterized by a rise time of 0.7 ns and a decay

time of 1.8 ns. The lack of any high-Z material in BC-404 ensures that it is highly
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Figure 2.5: Cutaway of a schematic diagram of the upstream half of the SCEPTAR
array, showing 6 of the 20 scintillators surrounded by 1/4 of the Delrin sphere (bottom
left). The lucite light guides which transport the scintillation light to an array of 20
photomultiplier tubes outside the array are shown, but not their intricate connections
to the edges of each scintillator.

transparent to γ radiation. A schematic diagram of one half of the SCEPTAR array

is presented in Figure 2.5.

The 20 scintillators are arranged into four pentagonal rings and the array is close-

packed so as to cover ≈ 90% of the solid angle around the beam implantation site.

Accounting for small gaps between neighbouring detectors to accommodate their

wrapping with aluminized mylar, this leads to a β particle detection efficiency of

∼ 80%, enabling the high-efficiency identification of β-γ coincidences which helps to

suppress those γ-ray transitions originating from “room background” isotopes, such

as 40K and the U-Th decay chains. Additionally, the geometry of the SCEPTAR array

is such that the center of the face of every scintillator corresponds with the center of
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Figure 2.6: Photograph of one half of the SCEPTAR array in position at the end of
the ISAC beam line, flanked by one hemisphere of the 8π spectrometer.

the face of an HPGe detector in the 8π. This feature allows for efficient suppression

of bremsstrahlung events. Since the bremsstrahlung yield is strongly peaked in the

direction of travel of the β particle, a photon which is detected in an HPGe crystal

located immediately behind a scintillator that simultaneously registers a hit from a β

particle is likely to be bremsstrahlung radiation rather than a γ ray of interest from

the source. Vetoing these events offline greatly reduces the overall level of background

in the γ-ray spectra.

SCEPTAR acts primarily as a ∆E detector, since β particles with kinetic energy

in excess of ∼ 500 keV pass through the thin scintillator paddles, and all such β

particles deposit approximately the same average amount of energy (∼ 500 keV).
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Each scintillator is wrapped in an aluminized mylar tape (≈0.2 mm thick) to provide

diffuse reflection of the light signal back into the scintillator at the boundaries. Plastic

(lucite) light guides transport the light from the detectors to the photomultiplier

tubes, which are located outside the array due to the spatial limitations within the

8π chamber. The signal from each of the 20 photomultiplier tubes is sent to a Phillips

Scientific 776 amplifier, whose output signal is delayed then sent to a LeCroy 4300

fast encoding read-out amplifier (FERA) for charge-to-digital conversion. A second

timing signal is taken from each amplifier and sent to Ortec 935 CFDs, whose outputs

are routed to the inputs of a 32-channel SIS3801 virtual machine environment (VME)

multi-channel scaler (MCS) module. The signals from the CFD outputs are also fed

into a 16-channel multi-hit LeCroy 3377 TDC for β timing relative to the master

trigger, while an independent LeCroy 2367 Universal Logic Module (ULM) scaling

the same Stanford Research Systems 10 MHz ±0.1 Hz oscillator as the γ-ray stream

provides a global time stamp relative to the start of the run for every β event with

100 ns precision.

2.6 The Moving Tape Collector System (MTC)

The moving tape collector system [78] is connected to the downstream half of the

SCEPTAR array, as illustrated in Figure 2.7. The low-energy radioactive-ion beam

is implanted directly onto the face of a 12.7 mm wide and 40 µm thick continuous

loop of mylar-backed iron-oxide collector tape at the mutual centers of the 8π and

SCEPTAR. To minimize the effects of long-lived contaminants and daughter activities

on the measurement of interest, the portion of tape containing the beam spot can be

moved out of the array at the end of every counting cycle to a collection box where
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Figure 2.7: (Top) A photograph of the moving tape collector system and (bottom) a
close up of the downstream half of SCEPTAR showing the tape threaded through the
center of the chamber, including the removable Kapton shield which prevents stray
neutralized beam particles from being deposited on the surface of the SCEPTAR
detectors or chamber.
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it sits loosely at the bottom (Figure 2.7). The aluminum vacuum box which collects

the tape is located approximately 2 m downstream of the array behind a large, 5-

cm-thick lead wall which shields the detectors from any long-lived contaminant or

daughter activity. The tape is approximately 150 m in length, sufficient that the

contamination will have decayed away by the time an exposed section of tape is fed

back out of the bottom of the vacuum chamber through a thin slit to be reused. It is

also unlikely that the same spot on the tape would ever occupy the center of the array

twice during the course of an experiment. In addition to the removal of long-lived

contamination, a further advantage of this system is that it allows the experiment to

operate continuously, since there is no need to stop in order to rewind the tape, and

the absence of high tension in the system minimizes the occurrence of tape breaks.

The movement of the tape system is controlled by a Jorway timing and sequencing

unit, driven by a precision 1 MHz± 2 Hz Stanford Research System oscillator. All

aspects of the counting cycle sequenced by the Jorway unit, including the beam-on

and off times, measurement time, time of the tape movements, etc. are independently

controllable from the main data acquisition computer, providing a very flexible and

versatile data collection system.

2.7 General Purpose Station (GPS)

A dedicated decay station is used for high-precision half-life measurements at TRIUMF-

ISAC, consisting of a fast-tape-transport system and a 4π continuous-flow gas propor-

tional β counter. A schematic representation of the GPS setup is shown in Figure 2.8.

The low-energy radioactive-ion beam is implanted under vacuum into a 25-mm-wide

aluminized mylar tape. The portion of tape containing the sample can then be rapidly

60



Figure 2.8: Schematic of the 4π gas-proportional counter and fast tape transport
system at GPS (Courtesy of G.F. Grinyer).

(2 or 4 m/s) moved to the center of the 4π gas counter located ∼ 36 cm from the

beam implantation location or, if there is a significant amount of contamination from

a short-lived isobar, the beam can first be deflected at the mass separator and the de-

posited sample can be allowed to “cool” at the implantation site before being moved

to the center of the counter where the β decays are registered. In contrast to the MTC

at the 8π, only the beam implantation site is under vacuum at GPS, while the rest

of the tape system is at atmospheric pressure, and the tape passes from atmosphere

to vacuum and back to atmosphere through a series of narrow slits with differential
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Figure 2.9: The 4π continuous-flow gas-proportional β counter used for high-precision
half-life measurements at GPS (Adopted from Ref. [79]).

pumping maintaining the vacuum gradient.

The 4π proportional counter was machined out of low-background copper [79].

The active volume consists of two right cylinders, each ∼2.5 cm long with an in-

ner diameter of ∼3.7 cm, mounted on the same horizontal axis and separated by a

0.25 mm slot through which the transport tape passes (Figure 2.9). Methane, which

has very low sensitivity to γ rays, is continuously pumped through the cells at a rate

of ∼ 0.5 cc/min under atmospheric pressure. Air, which is known to alter the gas

gain of the detector, is prevented from entering the chamber by 1 mg/cm2 Ni foil

windows which hermetically seal each of the two active volumes and also isolate the

counter from electrical noise transmitted by the aluminized mylar tape. Each cylinder

contains a 0.013 mm diameter Au coated W anode wire installed along the diameter

of the cylinder body, positioned half way along the cylinder’s length, such that the
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wires run perpendicular to the direction of the tape movement [80].

The signals from each active volume are fanned into a Phillips 6950 300 MHz

bipolar amplifier, which provides a fixed factor of 10 gain. Pulses from the amplifier

are fed into an Ortec 436 100 MHz discriminator, whose output is split into two data

streams. Fixed, non-extendable dead times, chosen to be much longer than the total

series dead time of the system are applied to each stream using two LeCroy 222N

non-retriggerable gate-and-delay generators. The dead-time-affected pulses are then

registered using two independent multichannel scalar (MCS) modules into 250 bins

of adjustable bin-time width. The first MCS is a Data Design Corporation IS10A

integrating MCS, while the second is a LeCroy 3521A MCS. The pulses registered

by the two independent MCS units are also registered in parallel by two independent

single-channel scalar modules, which provide an integrated number of β events per

cycle primarily for diagnostic purposes. The beam-on, tape movement, and MCS

dwell times are all controlled via a Jorway timing and sequencing module, with a

Stanford Research Systems DS335 1 MHz ± 2 Hz temperature-stabilized precision

laboratory clock providing the time standard.

In measurements with gas-proportional counters it is necessary to establish an

operating point that provides stability over long periods of time, such that any small

change in the operating voltage, and hence the recorded pulse height, will have a

negligible influence on the measured number of counts [75]. This ideal operating

range, known as the “voltage plateau”, is established for the 4π proportional counter

at GPS by recording the count rate for a 90Sr source as a function of the applied

voltage. The ideal operating range is then identified for those voltages over which

the observed count rate remains approximately constant with voltage. A plot of the

observed count rate versus the applied detector voltage for a 90Sr source placed at
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Figure 2.10: Measured voltage plateau for the GPS 4π continuous flow proportional
gas counter with a 90Sr source. Off-center is a measurement with the source 6.4 mm
upstream (towards implantation site) of the center of the gas counter window. The
count rate is approximately constant over the “voltage plateau” from 2700 V to
2900 V.

the center, and 6.4 mm upstream of the counter center is shown in Figure 2.10. The

voltage plateau is determined to start at 2700 V and end at 2900 V from these data,

and voltages in this range were therefore used in the analysis of the 26Alm half-life

measurements presented in Chapter 4.

64



Chapter 3

Dead Time Measurements

In all detector systems there exists some minimum amount of time between events

such that the detector is able to resolve them. This resolving time may be limited due

to processes in the detector itself or due to the associated electronics, but regardless

of where in the signal chain it occurs, the stochastic nature of radioactive decay

guarantees some finite probability of a true event being lost because it occurs too

quickly following a preceding event. Any counting measurement performed under

these conditions must therefore include a correction for these “dead time” losses.

The dead-time behaviour of a counting system is typically of either the extendable

or non−extendable type [75], each of which is illustrated in Figure 3.1. At the center

of the figure six sequential random events in the detector are depicted, with time

running left to right, while the dead-time behaviour of the detector is depicted at the

top and bottom of the figure assuming it is of the extendable and non-extendable type,

respectively. In each case, any event occurring when the detector is “live” is recorded

as a count, and is immediately followed by a fixed dead time τ . In the extendable

case, events that occur during the period when the system is dead extend the dead

time by another period τ following the lost event. In the depiction of Figure 3.1, the
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Figure 3.1: Schematic depiction of two dead-time models. See text for details.
(Adapted from Ref. [75])

six “true” events would thus be recorded as three counts for the case of an extendable

system dead time. For the case of non-extendable dead time, events that occur during

the dead time of a recorded event are lost and have no effect on the dead time of the

detector. The six “true” events in Figure 3.1 would thus be recorded as four counts

for the case of a non-extendable system dead time.

Because the dead periods are not of a fixed length in the extendable case, recover-

ing the true interaction rate from knowledge of the recorded count rate and the dead

time is less straightforward than for the non-extendable case, and will not be dis-

cussed further. For a non-extendable dead time, the fraction of time that the system

is dead is simply given by the product of the observed source rate Ro
S and the dead

time τ , Ro
Sτ . The rate at which true source events RS are lost is then RSR

o
Sτ , which
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must be equivalent to the difference between the true rate and the observed rate:

RS − Ro
S = RSR

o
Sτ

RS(1− Ro
Sτ) = Ro

S

RS =
Ro

S

1− Ro
Sτ

. (3.1)

At the ISAC GPS facility fixed, non-extendable dead times are imposed on the

system by inserting two LeCroy 222N non-retriggerable gate-and-delay generators

immediately before the two MCS units, with the widths of the gates set to ∼ 3µs and

∼ 4µs, much longer than the total series dead time of the system. This ensures that

the pulses registered by the two MCS units have been subject to fixed non-extendable

dead times, and thus the true count rate can be recovered using Equation 3.1 along

with an appropriately determined value for the dead time τ .

3.1 Measuring non-extendable dead times

The most common techniques for measuring non-extendable dead times exploit the

fact that the observed counting rate varies non-linearly with the true rate [75]. The

Paired Source Method involves observing the counting rate from two sources individ-

ually and in combination. Because the dead-time losses are nonlinear, the observed

rate due to the combined sources will be less than the sum of the individual dead-

time-affected rates, and the dead time can be calculated from this difference [81].

The main drawback of this method, however, is ensuring a reproducible geometry

for each source when counted individually and together. To overcome this difficulty,

A.P. Baerg introduced a variation on the Paired Source Method, the Source Plus
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Table 3.1: Rate symbols, and their descriptions, used in the source plus pulser method
for determining system dead time.

Rate Symbol Description
RS The true source rate, in the limit of zero dead time.
RP The true pulser rate, in the limit of zero dead time.
Ro

S The observed source rate, affected by dead time.
Ro

P The observed pulser rate, affected by dead time.
R′

S The dead-time-affected source rate in the presence of the pulser.
R′

P The dead-time-affected pulser rate in the presence of the source.
Ro

SP The observed source plus pulser rate, affected by dead time.

Pulser Method [81]. Baerg suggested that the difficulties associated with reproducing

the geometry of the two sources could be overcome by substituting artificial periodic

pulses for one of the random sources at the amplifier input. Thus, only one random

source need be mounted in the detector, with the geometry remaining unperturbed

for the duration of the measurement, while the non-linear effects due to the dead time

are probed by turning the fixed-rate pulser on and off. The symbols which will be

used to denote various random-source and periodic-pulser rates for the derivations

that appear throughout this Chapter, along with their descriptions, are compiled in

Table 3.1.

An important consequence of substituting periodic pulses for one of the random

sources is that when the remaining random source and periodic pulser are counted

together, the probability of recording either type of pulse is, to a very good approx-

imation, determined only by the event distribution of the random source. With the

introduction of the periodic pulser, the dead-time-affected source rate from Equa-

tion 3.1 is further reduced by those periodic pulser signals which themselves generate

triggers, such that the dead-time-affected source rate in the presence of a pulser is

68



given by:

R′

S = Ro
S(1− R′

P τ) . (3.2)

Provided the period of the pulser is greater than the dead time, the only way to miss a

count from the periodic pulser is if it occurs while the system is dead from registering

a random source pulse. According to Baerg, the probability of recording a periodic

pulse is then given by (1− Ro
Sτ), such that [81]:

R′

P = RP (1− Ro
Sτ) . (3.3)

The observed count rate for the source plus pulser, Ro
SP , is given by the sum of

the dead-time-affected source and pulser rates, R′

S +R′

P . This expression can then be

rearranged to provide an expression for the dead time τ in terms of observable count

rates:

Ro
SP = R′

S + R′

P

= Ro
S [1− RP (1− Ro

Sτ) τ ] + RP (1− Ro
Sτ)

0 = τ 2 − 2

Ro
S

τ +
Ro

S + RP − Ro
SP

RPRo
S
2

τ =
1

Ro
S

−
√

1

Ro
S
2 −

(

Ro
S + RP − Ro

SP

RPR
o
S
2

)

=
1

Ro
S

(

1−
√

Ro
SP − Ro

S

RP

)

. (3.4)

The dead-time-affected pulser rate from Equation 3.3 is, however, only an approx-

imation that neglects higher-order effects in which 3 or more signals occur with a dead

time interval τ , and the commonly-used expression for the dead time in Equation 3.4
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Table 3.2: Names and descriptions of the Monte Carlo simulations used to test the
various dead time expressions presented in this Chapter. The source code for these
simulations is provided in Appendix A.

Name Description
pulser onlyMonte Determines the observed dead-time-affected pulser rate Ro

P

as a function of the dead time τ .
source onlyMonte Determines the observed dead-time-affected source rate Ro

S

as a function of the dead time τ .
source pulserMonte Determines the dead time affected source and pulser rates,

R′

S and R′

P , respectively, which combine to give the total
observed rate Ro

SP as a function of the dead time τ .

is thus also only an approximation, whose validity must be checked in the context of

the very high-precision half-life measurement presented in this thesis.

3.2 Dead time simulations

To investigate the accuracy of the Baerg expressions for the dead time, a series of

Monte Carlo simulations, as listed in Table 3.2, were performed. These Monte Carlo

simulations generate time intervals between successive events until a predefined “run

time” has elapsed. Only those events that occur at a time greater than τ since the

previous trigger are themselves counted as triggers, with the time of the first trigger,

as well as the type of trigger for the combined source plus pulser simulation, being

randomly generated. The results for the periodic pulser only and random source only

appear in Figures 3.2 and 3.3, respectively. The behaviour of the dead-time-affected

pulser and source are precisely as expected, validating the Monte Carlo simulations

and supporting the accuracy of the results from the more complicated process of

combining a random source and periodic pulser.

The results from the combined source and pulser Monte Carlo simulation are dis-

played in Figures 3.4, 3.5, and 3.6. For the source plus pulser simulation the trigger
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type, either source or pulser, is also tracked so the simulation can determine not

only the total observed rate Ro
SP from the sum of all triggers, but also the individual

components R′

S and R′

P , so that they may be compared with the expressions from

Equations 3.2 and 3.3. The scatter seen in Figure 3.4 for R′

S is due to statistical

fluctuations and indicates that the expression for the primed source rate in Equa-

tion 3.2 is correct, and so the expression for R′

P in Equation 3.3 is the only possible

source of discrepancy between Equation 3.4 and the true dead time. This becomes

obvious upon inspection of the shapes of Figures 3.5 and 3.6, where it can be seen

that Baerg’s expression for R′

P , and hence τ , begins to break down significantly for

τ > 1/3RP and fails dramatically beyond τ > 1/2RP , where multiple pulses within

the period τ become common. In the following section an improved expression for

the dead-time-affected pulser rate, R′

P , in the presence of a random source is derived.

3.2.1 Derivation of R′
P

A) τ ≪ 1
RP

In the regime where the dead time is much less than half the period of the pulser,

the only way a pulser event can be vetoed is if a source event has generated a trig-

ger within a time window τ previous to this pulser event. Since the previous pulser

event occurred sufficiently far in the past that the intermediate source events are

effectively unperturbed by its presence, this situation can be described by an equi-

librium process [82]. The dead-time-affected pulser rate in the presence of a random

source is reduced by the probability of obtaining a source trigger in the time window

τ prior to the pulser signal. This probability is Ro
Sτ when τ ≪ 1/RP , which yields
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Figure 3.2: Monte Carlo results for the dead-time-affected rate of a 10 kHz periodic
pulser as a function of dead time. The appropriate behaviour in the two regimes
1/RP > τ and 1/RP < τ , namely Ro

P = RP and Ro
P = 2/RP , are observed, respec-

tively. Every other data point has been suppressed for clarity.

the dead-time-affected pulser rate in the presence of a random source of

R′

P = RP (1− Ro
Sτ) ,

(

τ ≪ 1

RP

)

(3.5)

which is the expression given by Baerg in Equation 3.3. The reason this expression

breaks down when τ approaches 1/(2RP ) (Figure 3.5) is that the probability of ob-

taining a source trigger in the time window τ prior to a pulser signal is no longer

Ro
Sτ , because the distribution of source triggers in time is perturbed by the preceding

pulser signal which, when τ = 1
2RP

, occurred only 2τ earlier in time.
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Figure 3.3: Monte Carlo results for the dead-time-affected source rate as a function
of dead time. The Monte Carlo reproduces the expected “source only” behaviour
according to Equation 3.1. Every other data point has been suppressed for clarity.

B) τ > 1/(2RP )

If the previous pulser event was itself a trigger then the time window during which

a source event could be detected, generating a trigger and vetoing the current pulser

event, is no longer τ but τP − τ , where τP = 1/RP . Since this time interval occurs

immediately after a trigger (the last pulser event), this is a shifted process [82]. The

mean number of source events within a time interval ∆t is µ = RS∆t. The probability

of obtaining identically zero source events during a time interval ∆t is thus obtained
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Figure 3.4: Differences between the dead-time-affected source rate R′

S in the presence
of a periodic pulser as determined by Equation 3.2 and that from the Monte Carlo
simulated data, as a function of the dead time.

from the Poisson probability distribution as:

Pn (∆t) =
µn

n!
e−µ

P0 (∆t) = e−µ = e−RSt

So, in a time interval τP − τ one has

P0 (τP − τ) = e−RS(τP−τ)

74



0 10 20 30 40 50 60 70 80 90 100 110 120

τ (µs)

-6000

-4000

-2000

0

2000

4000

  D
iff

er
en

ce
 b

et
w

ee
n 

pr
ed

ic
te

d 
an

d 
si

m
ul

at
ed

 p
ul

se
r 

ra
te

 (
H

z)

A.P. Baerg

R
P
 = 10 kHz

R
S
 = 13 kHz

Figure 3.5: Differences between the dead-time-affected pulser rate R′

P in the presence
of a random source, as given in Equation 3.3, and that from the Monte Carlo simulated
data, as a function of the dead time.

and thus

R′

P = RP e
−RS(τP−τ) . (3.6)

Expressions 3.5 and 3.6 for R′

P appear in Figure 3.7. While expression 3.6 does

improve the Baerg formula for τ > 1/(2RP ), disagreement with the Monte Carlo

remains due to the neglect of higher order processes in which the previous pulser

event was not a trigger because it was itself vetoed by a preceding source trigger.

According to Muller [82], who has performed extensive studies of the interval

distributions for dead-time-distorted Poisson processes, there is no analytic expression

for the dead time τ in terms of the observed source and source plus pulser rates that
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dead time, using data generated via Monte Carlo simulation.

is valid for all 0 < τ ≤ 1/RP . It is therefore necessary, when attempting to extract

τ via the source plus pulser method of Baerg, that the random-source and periodic-

pulser rates chosen for the measurements are such that Equation 3.4 retains the

desired level of accuracy. To this effect, the Monte Carlo simulations presented in

this Chapter have been modified to test the validity of Equation 3.4 over a large

range of source rates, pulser rates, and dead times. The results of these detailed

Monte Carlo simulations appear in Appendix B. Here, it is noted only that the inset

of Figure 3.6 demonstrates that for the dead times (3−4 µs), pulser rates (∼ 10 kHz),

and source rates (∼ 13 kHz) used in this work, the Monte Carlo simulations confirm

the accuracy of the Baerg expression for the extracted dead time τ to a precision of

0.002 µs, or ∼ 0.07%.
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Figure 3.7: Deviations from the true rate for a dead-time-affected pulser in the pres-
ence of a random source, determined from Equation 3.3 (black circles) and Equa-
tions 3.5 and 3.6 (blue diamonds).

3.3 Dead-time measurements at GPS

Measurements of the non-extendable dead times imposed at GPS by two LeCroy 222N

non-retriggerable gate-and-delay generators were carried out before, during, and after

the 26Alm half-life experiment. Since the Monte Carlo simulations presented in Sec-

tion 3.2 verify that A.P. Baerg’s expression for the system dead time τ (Equation 3.4)

is effectively exact over the range of dead times typically encountered (2 − 5µs) for

half-life measurements at GPS, the source plus pulser method described in Ref. [81]

was used for these measurements.

A 90Sr source, originally deposited in solution onto a short section of aluminized

mylar tape identical in width and thickness to that used in the GPS tape system, was
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Table 3.3: Measurements of the dead time imposed by two LeCroy 222N gate-and-
delay generators via the source plus pulser technique.

Run number Dead time 1 Dead time 2 Discriminator Voltage
(µs) (µs) (mV) (V)

1 2.9946(62) 4.0170(61) 100 2800
2 2.9900(56) 4.0121(56) 100 2800
3 3.0130(62) 4.0344(62) 75 2700
4 2.9814(73) 4.0010(72) 75 2800
5 3.0137(74) 4.0349(73) 75 2900
6 3.0106(75) 4.0329(74) 125 2700
7 2.9845(76) 4.0077(76) 125 2800
8 2.9986(74) 4.0222(73) 125 2900
9 2.9963(50) 4.0177(49) 100 2700
10 2.9950(52) 4.0155(52) 100 2800
11 2.9934(53) 4.0148(53) 100 2900
12 2.9843(76) 4.0018(76) 100 2600
13 2.9839(73) 4.0027(73) 100 2600
14 2.9917(68) 4.0137(67) 100 2650
15 2.9794(70) 4.0024(70) 100 2650
16 2.9957(76) 4.0160(75) 100 2750
17 3.0042(72) 4.0239(72) 100 2750
Avg: 2.9949(16) 4.0162(16)
χ2/ν 2.31 2.39

placed at the center of the two halves of the 4π gas counter, yielding an observed source

rate of ∼13 kHz. A Stanford Research Systems DS335 1 MHz ± 2 Hz temperature-

stabilized precision laboratory clock was used to provide a periodic pulse at a rate of

10 kHz, with the pulses being fed into the Ortec 436 100 MHz discriminator which

sits in the signal chain between the gas-counter amplifier and the gate-and-delay

generators (see Section 2.7). With a pulser/source ratio of ∼0.77 and a maximum

dead fraction for the source of ∼ 5%, these values fall on the middle panel of Figure B

in Appendix B, where the Baerg formula has been shown to be valid. The dead time

measurements and their associated settings are presented in Table 3.3.

When analyzing these data, it was discovered that one of the 2 MCS units which
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Figure 3.8: Cycle-by-cycle counts in the LeCroy 3521A MCS (top) alternating be-
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run 10 in Table 3.3. The source rate was ∼ 13 kHz, the pulser rate was 10 kHz, and
each cycle had a duration of 25 s (0.1 s/bin). Note the suppressed zero in the top
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registers the pulses from the gas counter was occasionally dropping counts. The

fraction of events dropped in a cycle was very small, at most ∼ 0.1%, and occurred

only in a small fraction of the cycles. As can be seen in the top panel of Figure 3.8,

this effect is not visible in the raw MCS data. The scalars which count the pulses

in parallel with the MCS units were thus used to identify these cycles, by comparing

the cycle-by-cycle difference between the number of counts registered by the LeCroy

3521A MCS and its associated scalar (bottom panel of Figure 3.8). This random

loss of counts was not observed in the Data Design Corporation IS10A MCS. After

rejecting those cycles from the LeCroy MCS data which were found to have lost

counts, the source and source plus pulser rates were determined for each run by

averaging the rates cycle-by-cycle. An uncertainty was assigned to the average rate

equal to the square root of the variance of the data according to [83]

s2 =
1

N − 1

∑

(xi − x̄)2 , (3.7)

where s2 is the variance, N is the number of cycles, xi are the rates from each cycle,

and x̄ is the average rate. With a calculated value for the variance in the data, a

second process of cycle rejection was applied using Chauvenet’s criterion [83], which

states that if one expects less than half an event to be as far as or further from the

mean than a suspect data point, then it is safe to reject that data point and recalculate

the mean and standard deviation. Only 6 cycles among 10108 cycles during the 17

dead-time-measurement runs were rejected using this method, primarily in runs which

had already had cycles rejected due to lost counts in the LeCroy MCS.

As a further consistency check, the variance in the measured source rates Ro
S, and

source plus pulser rates Ro
SP , were compared with the variances from the Monte Carlo
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data for these two processes. This is not strictly necessary for the variance in the

dead-time-affected source rate Ro
S, which can be obtained analytically from σ2(No) =

No(1−No τ
tbin

)2 for the dead-time-affected counts No per cycle. The variance in Ro
SP

is less trivial. Alone, the variance in the observed pulser rate is zero, with or without

any dead time (provided τ < 1/2RP ). In the presence of a random source subjected

to a non-extendable dead time, however, the pulser rate will deviate from the true

rate since there exists a finite probability of a random source event triggering the

system within a time window τ prior to a given periodic pulse. The variance in the

dead-time-affected pulser rate in the presence of a random source, R′

P , and hence

the variance in the dead-time-affected source plus pulser rate Ro
SP , was therefore

determined from the Monte Carlo simulation. This comparison appears in Figure 3.9.

The agreement between the variances extracted from the data and those from the

Monte Carlo simulations verifies that the data remaining after the rejection criteria

described above display the expected level of statistical fluctuations.

The run-by-run dead times measured for each gate-and-delay generator, as well as

their difference, are plotted in Figure 3.10. Even after taking the observed variance

of the data into account a variation between the run-to-run dead time measurements

greater than expected statistically remains. However, the measured difference be-

tween the two dead times, shown in the bottom panel of Figure 3.10, is constant,

indicating that the dead times themselves were not changing during the experiment.

Since the 17 dead-time runs listed in Table 3.3 encompass all of the different detector

settings used during the half-life measurement reported in the next Chapter, taking

the average of these measurements provides the best estimate of the system dead time.

The run-to-run variation in the individual dead-time measurements is taken into ac-

count by inflating the statistical uncertainty in the average of the deduced dead times
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Figure 3.9: Comparison between the square root of the variance associated with the
measured dead-time-affected rate of a 90Sr source alone (top) and combined with a 10
kHz pulser (bottom) at GPS, with the expected variances in these quantities from the
Monte Carlo simulations. These results confirm the expected statistical distribution
of the data.
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well as their difference, run-by-run.
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by the square root of the χ2/ν as per the Particle Data Group’s prescription [37],

resulting in the adopted values for the two system dead times of

τ1 = 2.9949± 0.0016stat. ± 0.0018syst. µs

= 2.9949(24) µs .

and

τ2 = 4.0162± 0.0016stat. ± 0.0019syst. µs

= 4.0162(25) µs . (3.8)

These dead times were used in the analysis of the 26Alm half-life measurements

described in Chapter 4.
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Chapter 4

Half-life of 26
Al

m

The superallowed β+ decay of 26Alm proceeds via a ∼ 100% branch to the ground

state of 26Mg with a half-life of ∼ 6.3 s. Direct counting of the β particles emitted

following the superallowed decay of 26Alm is thus the best method for making a high-

statistics, and hence high-precision, measurement of the half-life for this nucleus.

The direct β counting technique does, however, have some drawbacks. Since the

β+ particles are emitted with a broad spectrum of energies ranging from zero up to

the β-decay Q value, the energies of the β particles cannot, in general, be used to

discriminate one decay from another. The inability to preferentially select β particles

from a particular decay can lead to backgrounds in the β activity curve which can

complicate the extraction of the half-life of interest.

A benefit of not requiring a determination of the energies of the β particles,

however, is that corrections for the rate-dependent effects of pulse pile-up are absent.

In a fast gas-proportional β counter such as the one at GPS, any pulse that exceeds

a threshold set by the discriminator is counted as a single β event, and if this pulse is

larger or skewed due to a second β particle arriving within a very short time interval

afterwards, the first event is not lost because no energy gate is required to be satisfied
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in order to accept this event. The second β particle is not counted and this is, in fact,

the desired outcome as the dead-time correction procedure discussed in Chapter 3

requires that all pulses that occur within the dead-time window immediately after a

registered event NOT be counted. Thus, while isotope selectivity is sacrificed, the

gains in statistics, and the lack of rate-dependent pile-up corrections, make direct

β counting a powerful tool for high-precision half-life measurements, provided that

any contaminant activities have half-lives that differ significantly from the isotope of

interest.

4.1 Experiment

The 26Alm half-life measurement was performed at the TRIUMF-ISAC facility. A

40µA beam of 500 MeV protons from the TRIUMF main cyclotron impinged on a

14.35 g/cm2 SiC target, inducing spallation reactions whose products diffused from

the target. The TRIUMF Resonant Ionization Laser Ion Source (TRILIS) [68] was

used to selectively ionize aluminum isotopes, enhancing the abundance of 26Alm rela-

tive to the dominant isobaric contaminant 26Na by an order of magnitude compared

to the rates for these nuclei obtained previously at TRIUMF using a rhenium-foil sur-

face ion source [84]. Following laser ionization and mass separation, the A = 26 beam

was delivered as 1+ ions at a rate of approximately 106 26Alm/s, 107 26Na/s, and 109

26Alg/s to the fast tape-transport and 4π continuous-flow gas-proportional counter

system (GPS) located in the low-energy ISAC experimental hall (see Section 2.7).

The 30 keV beam was implanted under vacuum into the 25-mm-wide aluminized

mylar tape for between 6 s and 14 s, or approximately 1 to 2.5 26Alm half-lives.

Following the collection period, the beam was deflected at the ISAC mass separator
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(2 floors below the experimental hall), and the sample was allowed to “cool” at the

implantation site for between 26 s and 34 s to reduce the activity of the contaminant

26Na (T1/2 = 1.07128(25) s [85]) to a negligible level. The sample was then moved to

the centre of the 4π gas counter, where the β decays were registered.

The gas counter was operated within its voltage plateau region between 2700 V and

2900 V. The signal from the preamplifier was sent through a discriminator and then

split into two data streams. Fixed, non-extendable dead times, chosen to be much

longer than the total series dead time of the system, were applied to each stream using

two LeCroy 222N nonretriggerable gate-and-delay generators whose widths were set

to be approximately 3µs and 4µs, respectively. The dead-time-affected pulses were

then registered using two independent multichannel scalar (MCS) modules; a LeCroy

3521A (LC) and a Data Design Corporation IS10A (DDC), each capable of registering

pulses into 250 time bins of variable width. Dwell times of 500, 600, and 700 ms per

bin were used in this experiment, corresponding to counting times of 125 s, 150 s,

and 175 s, or between 20 and 28 26Alm half-lives, with a Stanford Research Systems

1 MHz ± 2 Hz precision laboratory clock providing the time standard for the system.

Following the counting period, a new sample was implanted on the tape and this

cycle was repeated approximately 40 times per experimental run.

The discriminator level, dwell time, and detector voltage were altered run-by-

run to investigate potential systematic effects associated with the measurement pa-

rameters, and the outputs of the two gate-and-delay generators providing the fixed

dead times were interchanged regularly between the inputs of the two MCS modules

to provide an additional systematic check. These dead times were measured to be

τ1 = 4.0162(25)µs and τ2 = 2.9949(24)µs via the source plus pulser technique [81], as

described in Section 3.3.
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Table 4.1: Run-by-run summary of the settings used in the 26Alm half-life measure-
ment at GPS. The columns titled “τLC” and “τDDC” give the approximate dead time
applied to the pulses being scaled by the LeCroy MCS and Data Design Corporation
MCS, respectively. The column titled “Implant/Cool” refers to the implantation, and
subsequent decay time, of the sample at the implantation site, while the “Cycles” col-
umn gives the number of cycles for each run that passed the cycle selection criteria,
as discussed in the text.

Run Voltage Discriminator Dwell Time τDDC τLC Implant/Cool Cycles
(V) (mV) (ms) (µs) (µs) (s)

1 2750 100 500 4 3 8/32 41
2 2800 100 500 4 3 8/32 41
3 2700 125 500 3 4 8/32 40
4 2750 125 500 4 3 8/32 41
5 2800 125 500 3 4 8/32 41
6 2800 75 500 4 3 8/32 41
7 2900 75 500 3 4 6/34 41
8 2900 100 500 4 3 6/34 37
9 2900 125 500 3 4 6/34 41
10 2850 125 500 4 3 6/34 41
11 2850 100 500 3 4 6/34 41
12 2850 75 500 4 3 6/34 38
13 2750 75 500 3 4 6/34 41
14 2700 75 500 4 3 6/34 42
15 2700 50 500 3 4 6/34 41
16 2850 50 500 4 3 6/34 41
17 2900 50 500 3 4 6/34 41
18 2850 50 500 4 3 6/34 41
19 2800 50 500 3 4 8/32 41
20 2750 50 500 4 3 8/32 41
21 2900 125 700 3 4 8/32 39
22 2850 125 700 4 3 8/32 36
23 2800 125 700 3 4 8/32 41
24 2750 125 700 4 3 8/32 41
25 2700 125 700 3 4 8/32 41
26 2900 125 700 4 3 8/32 35
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Table 4.2: Run-by-run summary of the settings used in the 26Alm half-life measure-
ment at GPS. The columns titled “τLC” and “τDDC” give the approximate dead time
applied to the pulses being scaled by the LeCroy MCS and Data Design Corporation
MCS, respectively. The column titled “Implant/Cool” refers to the implantation, and
subsequent decay time, of the sample at the implantation site, while the “Cycles” col-
umn gives the number of cycles for each run that passed the cycle selection criteria,
as discussed in the text.

Run Voltage Discriminator Dwell Time τDDC τLC Implant/Cool Cycles
(V) (mV) (ms) (µs) (µs) (s)

27 2900 100 700 3 4 8/32 41
28 2800 100 700 4 3 8/32 23
29 2800 100 700 3 4 8/32 40
30 2850 100 700 4 3 9/31 34
31 2750 100 700 3 4 9/31 30
32 2700 100 700 4 3 9/31 39
33 2900 75 700 3 4 9/31 41
34 2850 75 700 4 3 9/31 39
35 2800 75 700 3 4 9/31 40
36 2750 75 700 4 3 8/32 41
37 2700 75 700 3 4 8/32 39
38 2900 50 600 4 3 14/26 41
39 2850 50 600 3 4 14/26 40
40 2800 50 600 4 3 14/26 40
41 2750 50 600 3 4 14/26 28
42 2750 50 600 3 4 12/28 41
43 2700 50 600 4 3 12/28 41
44 2900 125 600 3 4 12/28 39
45 2850 125 600 4 3 12/28 41
46 2800 125 600 3 4 12/28 40
47 2750 125 600 4 3 12/28 41
48 2700 125 600 3 4 12/28 41
49 2900 100 600 4 3 12/28 41
50 2700 100 600 3 4 12/28 41
51 2800 100 600 4 3 12/28 41
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A total of 2059 implantation-cool-transport-count cycles were collected over 51

runs with different experimental conditions. The parameters specific to each run are

listed in Tables 4.1 and 4.2. A lower limit, unique to each run, was set during the

analysis on the number of counts in each cycle to remove those cycles during which

the primary proton beam incident on the production target had tripped off prior to,

or during, the implantation phase of the cycle. This is illustrated for a typical run in

Figure 4.1. An additional check of the data quality was performed by fitting every

cycle individually and investigating those cycles for which the fits resulted in either a

large χ2/ν, or which exhibited any unexpectedly large residuals. Only one such cycle

was identified which, as can be seen in Figure 4.2, has a single channel with a much

larger number of counts than would be reasonably expected statistically, and was thus

rejected. A total of 50 cycles were removed by the cycle-threshold analysis, with the

one additional cycle removed due to the noise burst in the gas counter (Figure 4.2),

leaving 2008 good cycles that were included in the analysis. The rejected cycles

represented only 0.7% of the counts in the entire data set.

4.2 Analysis

The 2008 cycles remaining following the application of the cycle-selection criteria

were corrected for dead-time losses [80, 85] cycle-by-cycle, then summed for each

run. At the rates observed in this experiment, the dead times reported in Section 3.3

represented reductions in the counting rate at the beginning of the counting period

that varied between 1% and 8% depending on the initial β activity.

The dead-time-corrected decay data were fit using a Levenberg-Marquardt χ2-

minimization routine [86] that employs a direct application of maximum likelihood
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Figure 4.1: Counts registered by the DDC MCS versus cycle from run 21 in Table 4.1
(a) before imposing the cycle-selection threshold and (b) after imposing the cycle-
selection threshold, indicated by the dashed red line.

to the Poisson probability distribution [87]. This procedure has become standard for

superallowed β-decay half-life measurements [3], as it has been shown to introduce

negligible bias in counting experiments with small numbers of counts per bin [87].

In addition to a component to describe the activity of 26Alm, the fitting routine also

included a component for the 26Na activity, as well as a constant background term,

which represented the constant background rate in the gas counter as well as any

decay of the very-long lived 26Alg
(

T1/2 = 7.17(24) × 105 years [88]
)

, although the

latter was expected to be only ∼0.0003 counts/cycle based on the 26Alg beam intensity

and implantation times. The total activity A at time t relative to the start of the
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Figure 4.2: The one cycle from the 26Alm half-life measurement that was rejected due
to excessive counts in a single bin (red oval). Note the logarithmic scale.

counting portion of the cycle was thus described in the fitting routine by:

A(t) = A(bkg.) + A(26Na)e−λ26Na
t + A(26Alm)e−λ26Alm t , (4.1)

with λ = ln 2/T1/2. The total activity from Equation 4.1 was integrated to obtain the

expected β counts in the ith time bin:

yi =

∫ ti+1

ti

A(t)dt . (4.2)

The data, fit, and residuals for a typical run (run 11 from Table 4.1) are displayed

in Figure 4.3. In addition to the excellent χ2/ν = 0.81, the residuals are a good

indicator of the goodness of fit, with values of the mean µ = 0.002(57) and standard

deviation σ = 0.90 consistent with a normal distribution. The best-fit results for all

runs obtained from the Data Design Corporation MCS and LeCroy MCS are compiled

92



0 10 20 30 40 50 60 70 80 90 100 110 120 130

Time (s)

10

10
2

10
3

10
4

10
5

C
ou

nt
s 

pe
r 

50
0 

m
s

0 20 40 60 80 100 120
Time (s)

-3

-2

-1

0

1

2

3

R
es

id
ua

l (
y i-y

fit
)/

σ i

µ = 0.002(57), σ = 0.90

T
1/2

 = 6.344(4) s

χ2/ν = 0.81

Figure 4.3: Typical dead-time-corrected decay curve, with fit overlaid. The data is
from run 11 in Table 4.1, and the fit yields a χ2/ν of 0.81 and a value for the 26Alm

half-life of 6.344(4) s. The residuals from the fit are shown in the inset.

in Tables 4.3 and 4.4, and Tables 4.5 and 4.6, respectively.

As the two MCS units, each scaling the same data but with different imposed

dead times, provide completely consistent results, an unweighted average half-life

between the two MCS units was taken for each run. The weighted average of these

results for all 51 runs is shown in Figure 4.4 and yields a value for the 26Alm half-life

of 6.34649(46)stat s and a χ2/ν = 1.020, indicative of statistical consistency among

the 51 runs with different experimental discriminator, high-voltage, dwell-time, and

dead-time settings, as well as different implant/cool times.
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Table 4.3: (Part 1) Run-by-run summary of the best-fit values obtained in the 26Alm

half-life measurement for the DDC MCS. The activities for 26Alm and the constant
background (Bkg) have been scaled by the number of good cycles for each run.

Data Design Corporation MCS

Run T1/2

(26
Alm

)

(s) Initial Activity
(26

Alm
)

(Hz) Activity(Bkg) (Hz) χ2/ν

1 6.3478(33) 10151(7) 0.673(21) 0.95
2 6.3424(31) 11727(8) 0.752(23) 0.94
3 6.3448(29) 13706(9) 0.698(23) 1.19
4 6.3489(29) 12980(8) 0.704(22) 1.07
5 6.3453(30) 12218(8) 0.693(22) 0.92
6 6.3439(31) 11704(8) 0.793(23) 1.15
7 6.3444(38) 7973(7) 0.767(22) 1.02
8 6.3474(40) 7923(7) 0.733(23) 1.12
9 6.3502(38) 7998(7) 0.704(21) 1.00
10 6.3489(38) 7720(7) 0.674(21) 1.06
11 6.3444(40) 6915(6) 0.686(21) 0.80
12 6.3526(45) 6080(6) 0.729(22) 0.90
13 6.3526(43) 6107(6) 0.687(20) 1.00
14 6.3522(43) 6045(6) 0.701(20) 0.94
15 6.3450(42) 6510(6) 0.710(21) 0.91
16 6.3435(43) 6181(6) 0.870(22) 1.11
17 6.3440(43) 6190(6) 0.899(23) 0.95
18 6.3507(43) 6201(6) 0.910(23) 1.11
19 6.3431(33) 10107(7) 0.830(23) 1.02
20 6.3457(35) 9278(7) 0.800(23) 1.04
21 6.3446(35) 9535(7) 0.743(15) 1.18
22 6.3503(39) 8336(7) 0.653(14) 1.20
23 6.3468(37) 7997(7) 0.654(13) 1.05
24 6.3501(35) 9109(7) 0.670(14) 1.07
25 6.3514(35) 9309(7) 0.677(14) 0.97
26 6.3484(37) 9305(8) 0.738(16) 1.13
...

...
...

...
...
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Table 4.4: (Part 2) Run-by-run summary of the best-fit values obtained in the 26Alm

half-life measurement for the DDC MCS. The activities for 26Alm and the constant
background (Bkg) have been scaled by the number of good cycles for each run.

Data Design Corporation MCS

Run T1/2

(26
Alm

)

(s) Initial Activity
(26

Alm
)

(Hz) Activity(Bkg) (Hz) χ2/ν

...
...

...
...

...
27 6.3469(35) 9241(7) 0.798(15) 0.99
28 6.3400(52) 7335(8) 0.734(19) 0.92
29 6.3457(32) 11399(8) 0.683(14) 1.15
30 6.3502(35) 11024(9) 0.692(15) 0.96
31 6.3440(36) 11697(9) 0.668(16) 0.98
32 6.3485(31) 11849(8) 0.625(14) 1.05
33 6.3442(31) 11617(8) 0.765(15) 1.06
34 6.3477(31) 12547(9) 0.716(15) 1.03
35 6.3456(29) 13484(9) 0.699(14) 1.02
36 6.3456(32) 11094(8) 0.699(14) 0.94
37 6.3457(34) 10234(8) 0.689(14) 1.04
38 6.3507(30) 12251(8) 0.845(18) 0.90
39 6.3442(28) 14231(9) 0.841(19) 1.16
40 6.3470(27) 15587(9) 0.776(18) 1.13
41 6.3396(33) 14890(11) 0.796(22) 1.01
42 6.3438(29) 13624(9) 0.784(18) 1.08
43 6.3436(28) 14126(9) 0.714(17) 1.16
44 6.3460(30) 13358(9) 0.730(18) 0.94
45 6.3533(29) 13431(9) 0.702(17) 1.05
46 6.3446(29) 13604(9) 0.703(17) 1.04
47 6.3543(30) 12756(8) 0.688(17) 1.14
48 6.3470(28) 13708(9) 0.648(17) 1.10
49 6.3475(27) 15320(9) 0.752(18) 1.07
50 6.3479(27) 15302(9) 0.660(17) 1.05
51 6.3404(27) 15490(9) 0.683(17) 0.95
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Table 4.5: (Part 3) Run-by-run summary of the best-fit values obtained in the 26Alm

half-life measurement for the LC MCS. The activities for 26Alm and the constant
background (Bkg) have been scaled by the number of good cycles for each run.

LeCroy MCS

Run T1/2

(26
Alm

)

(s) Initial Activity
(26

Alm
)

(Hz) Activity(Bkg) (Hz) χ2/ν

1 6.3479(35) 10152(8) 0.674(22) 0.87
2 6.3429(33) 11729(8) 0.755(24) 0.87
3 6.3452(30) 13704(9) 0.698(24) 1.07
4 6.3488(31) 12979(9) 0.704(23) 0.97
5 6.3453(32) 12217(9) 0.692(23) 0.83
6 6.3436(33) 11708(8) 0.796(24) 1.03
7 6.3441(40) 7968(7) 0.764(23) 0.93
8 6.3473(42) 7926(7) 0.737(24) 1.02
9 6.3500(40) 7996(7) 0.703(22) 0.90
10 6.3491(40) 7720(7) 0.675(22) 0.97
11 6.3445(43) 6912(6) 0.686(22) 0.73
12 6.3525(47) 6083(6) 0.731(23) 0.83
13 6.3526(45) 6106(6) 0.686(21) 0.91
14 6.3521(45) 6045(6) 0.701(21) 0.86
15 6.3452(44) 6508(6) 0.709(22) 0.83
16 6.3435(45) 6184(6) 0.876(24) 1.02
17 6.3438(45) 6185(6) 0.895(24) 0.85
18 6.3508(45) 6205(6) 0.917(24) 1.03
19 6.3431(35) 10102(8) 0.827(24) 0.91
20 6.3456(37) 9281(7) 0.803(24) 0.95
21 6.3442(37) 9532(8) 0.741(15) 1.06
22 6.3502(41) 8338(8) 0.652(15) 1.10
23 6.3470(39) 7996(7) 0.653(14) 0.96
24 6.3503(37) 9108(7) 0.670(14) 0.98
25 6.3514(36) 9309(8) 0.677(14) 0.88
26 6.3484(39) 9308(8) 0.740(16) 1.03
...

...
...

...
...

96



Table 4.6: (Part 4) Run-by-run summary of the best-fit values obtained in the 26Alm

half-life measurement for the LC MCS. The activities for 26Alm and the constant
background (Bkg) have been scaled by the number of good cycles for each run.

LeCroy MCS

Run T1/2

(26
Alm

)

(s) Initial Activity
(26

Alm
)

(Hz) Activity(Bkg) (Hz) χ2/ν

...
...

...
...

...
27 6.3470(36) 9236(7) 0.797(16) 0.89
28 6.3405(55) 7335(9) 0.735(20) 0.84
29 6.3454(33) 11397(8) 0.682(15) 1.04
30 6.3502(37) 11027(9) 0.694(16) 0.88
31 6.3434(38) 11697(10) 0.667(17) 0.89
32 6.3486(33) 11848(9) 0.625(14) 0.95
33 6.3440(32) 11609(8) 0.763(15) 0.95
34 6.3477(32) 12553(9) 0.718(15) 0.96
35 6.3460(31) 13477(9) 0.697(15) 0.93
36 6.3453(33) 11097(8) 0.699(15) 0.87
37 6.3454(35) 10233(8) 0.689(15) 0.94
38 6.3508(32) 12260(9) 0.849(19) 0.84
39 6.3442(30) 14221(9) 0.837(20) 1.03
40 6.3474(28) 15592(10) 0.778(19) 1.03
41 6.3396(35) 14883(12) 0.792(23) 0.93
42 6.3436(30) 13619(9) 0.781(19) 0.97
43 6.3435(29) 14129(9) 0.714(18) 1.06
44 6.3460(31) 13353(9) 0.727(19) 0.86
45 6.3533(30) 13433(9) 0.704(18) 0.96
46 6.3446(30) 13602(9) 0.702(18) 0.94
47 6.3541(31) 12757(9) 0.688(18) 1.02
48 6.3468(30) 13708(9) 0.648(17) 1.00
49 6.3479(28) 15324(10) 0.753(19) 0.98
50 6.3480(28) 15301(10) 0.660(18) 0.96
51 6.3406(28) 15490(10) 0.683(18) 0.86
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Figure 4.4: Run-by-run 26Alm half-life measurements averaged between the two inde-
pendent MCS units. The weighted average of all 51 runs, T1/2 = 6.34649(46) s, yields
a χ2/ν of 1.020 and is displayed as a solid line with ±1σstat limits shown as dotted
lines.

4.3 Systematic Uncertainties

The value for the 26Alm half-life of 6.34649(46) s, reported in Section 4.2, has been

measured with a statistical precision of 0.007% and is, by far, the most precise su-

perallowed β decay half-life measurement ever reported. Potential systematic effects

associated with particular aspects of the GPS system, and their impact on the accu-

racy, and precision, in the 26Alm half-life must therefore be scrutinized in detail.

4.3.1 Lost counts in LeCroy 3521A MCS

As mentioned previously in Section 3.3, the LeCroy 3521A multichannel scalar was

found to have dropped a small number of counts when the total number of events

registered in each cycle was compared with the values registered by a single-channel
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scalar. As can be seen in Figure 4.5, the discrepancy was always < 10−4, but with

a statistical precision of 0.007% in the half-life measurement this effect needs to be

understood, specifically if it has an associated rate dependence, as this would bias

the measurement of the 26Alm half-life.

The dropped counts in the LC MCS vs. cycle number, summed for all runs, appear

in Figure 4.6. The low values for cycle numbers greater than 40 are due to the different

number of cycles per run, which on average is approximately 40. This plot clearly

indicates that the lost counts are uniformly distributed over the cycles, and not merely

occurring when the run is started or stopped, for example.

Checking the uniformity of the loss of counts over the 250 bins of the LC MCS by

comparing with the scalar counter is not possible, since the scalar counter contains

only one channel into which it registers β events during the entire cycle. This effect

was thus investigated by comparing the half-life for 26Alm obtained when using all

bins against the value obtained when the first and last MCS bins are omitted, as these

are the bins most likely to be affected by a loss of counts due to the starting/stopping

of the cycle. The value obtained for the half-life of 26Alm when omitting the first and

last MCS bins was found to be identical to the value obtained when using all 250

bins, suggesting that the loss of counts is, in fact, occurring throughout the cycle.

To investigate any possible rate dependence of this effect, the difference between

the LC MCS and its associated scalar was divided by the total number of counts

registered by the MCS for each run, which is presented in Figure 4.7. The slope of this

plot, (−5.2± 6.0)× 10−7, is consistent with zero, as expected for a rate independent

effect, while the intercept of (5.6± 0.2)×10−5 establishes its frequency of occurrence

at 0.006%. Since this effect has been shown to be rate independent, it will have no

effect on the slope of the β activity curve used to derive the 26Alm half-life, and thus
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Figure 4.5: Difference between the number of β events registered by (top) the DDC
MCS and (bottom) the LC MCS and their associated single-channel scalar counters,
run-by-run. A typical run contains approximately 4 million events.

100



0 5 10 15 20 25 30 35 40 45

Cycle

0

50

100

150

200

250

300

350

400

D
iff

er
en

ce
 b

et
w

ee
n 

co
un

ts
 in

 s
ca

la
r 

an
d 

LC
 M

C
S

Figure 4.6: Difference between the number of β events registered by the LC MCS and
its associated scalar counter cycle-by-cycle, and summed for all runs. A typical run
contains approximately 40 cycles, and summed over all runs, a typical cycle contains
3 million events.

does not affect the determination of the 26Alm half-life.

Finally, it is noted that the missed MCS counts only affected the LeCroy MCS and

not the Data Design Corporation MCS (Figure 4.5). The 26Alm half-lives determined

from the 2 independent MCS units were T1/2(LC) = 6.34650(46) s and T1/2(DDC) =

6.34648(46) s, which agree at the 0.04σ level, again indicating that the small number

of lost counts in the LC MCS were occurring in a rate-independent way and thus did

not introduce any bias in the deduced half-life for 26Alm.

4.3.2 Contaminants

With a half-life of 7.17(24)×105 years [88], the β decays from 26Alg are effectively

emitted at a constant rate over the time scale of the ∼ 150 s cycles in this experi-

ment, and are thus accommodated by the constant background term present in the
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Figure 4.7: Fractional difference between the number of β events registered by the
LC MCS and its associated scalar, versus the number of counts registered by the
single-channel scalar. The slope of (−5.2 ± 6.0) × 10−7 is consistent with zero, and
the intercept of (5.6± 0.2)×10−5 establishes this as a 0.006% rate-independent effect.

fitting routine. In principle, however, this very high-precision measurement could be

sensitive to the time-dependence of those β particles emitted by 26Alg. Although with

a measured beam intensity of 109/s, the contaminant 26Alg activity was expected to be

∼ 0.0003 counts/cycle, corresponding to only approximately 0.001% of the observed

background rate in the detector, to quantify the sensitivity of this experiment to the

time-dependence of the 26Alg decays, the extreme scenario of attributing the entire

“background” rate to decays of 26Alg was investigated by fixing the “background”

slope in the fit function to the very long half-life of 26Alg rather than taking a truly

constant background (corresponding to an infinite half-life). This was found to yield

an identical half-life for 26Alm, indicating that for the cycle times used in this ex-

periment there is no sensitivity to the time-dependence of the long-lived 26Alg decay,

and the background was thus treated as a constant parameter in the final analysis

presented in Tables 4.3 through 4.6, and Figure 4.4.

102



The contribution to the β activity from the short-lived 26Na (T1/2 = 1.07128(25) s

[85]) was limited by allowing the sample to cool at the implantation site for between

26 s and 34 s (24-32 26Na half-lives) before moving the sample to the center of the

4π gas counter, thus ensuring a very pure sample of 26Alm for the counting portion

of the cycle. In principle, if the beam rate of 26Na was sufficiently high, there could

have been enough residual 26Na activity following the cooling period that neglecting it

during the fit would bias the result for the 26Alm half-life. The decay of 26Na was thus

included in the fit function with its intensity as a free parameter, while its half-life

was fixed to the value measured previously at GPS of 1.07128 s [85]. The resultant

best-fit values for the 26Na intensity, for all cycles and runs, appear in Figure 4.8.

The negative values for the 26Na intensity are clearly unphysical, but are not

anomalous. Even if the true intensity of 26Na were identically zero, statistical fluc-

tuations in the data will sometimes result in negative best-fit values for the 26Na

intensity. For many measurements, however, 67% (1σ) will be consistent with zero

within their quoted uncertainty, while the remaining 33% will yield best fit values for

the 26Na intensity, both positive and negative, which do not agree with zero to within

their quoted uncertainties. A histogram of the measured 26Na intensities should thus

yield a Gaussian distribution, with a mean equal to the true rate.

Since the absolute beam intensity varied from run to run during the course of

the experiment due to variations in the temperature of the primary target, as well as

the use of several implant/cool times, the best-fit results for the 26Na intensity were

taken as a fraction of the best-fit results for the 26Alm intensity, as the ratios between

these two beam components were less likely to have varied significantly cycle to cycle

and run to run. Histograms of the best-fit values for the ratio of the 26Na to 26Alm

initial intensities were fit with a Gaussian distribution to determine the mean 26Na
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Figure 4.8: Best-fit results for the initial activity of 26Na from the fits to the individual
cycles (top) and runs (bottom). The weighted average of the best-fit intensities is
indicated by the solid red line, with ±1σ limits shown by dashed red lines, and yielded
4.1±3.5 Hz and 4.5±3.6 Hz with χ2/ν values of 0.98 and 1.3 for the cycles and runs,
respectively.
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intensity, which appear in Figure 4.9. The value of 0.041(43)%, obtained for the ratio

of 26Na to 26Alm initial intensities from the fit to the histogram of the run-by-run

data, is consistent with zero at the 1σ level. The value of 0.047(38)% obtained from

the fit to the histogram of the cycle-by-cycle data, however, is only consistent with

zero at the level of 1.2σ.

While these fits with free 26Na activity establish a very small, if any, contribution

from 26Na decay, even more stringent limits on this contaminant can be set from

the yield of 26Na measured at the beginning of the experiment. The yields of 26Na

and 26Alm from the production target were measured prior to the experiment to be

8.7×106/s and 1.1×106/s, respectively. During the implantation phase of the cycle,

the activity A′ of either species is described at time t by

A′(t) = R
(

1− e−λt
)

, (4.3)

where R is the rate of implantation and λ = ln 2/T1/2 is the decay constant of the

particular species. Once the beam is deflected at a time toff , the remaining activity

will decay exponentially, and the activity of either species during the cooling phase

of the cycle is thus described by

A(t) = A′(toff )e
−λ(t−toff )

= R
(

1− e−λtoff
)

e−λ(t−toff ) . (4.4)

Having waited for a period tcool following implantation, the remaining activity is

transported quickly to the gas counter, leading to an initial activity at the beginning
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Figure 4.9: Frequency histogram of the best-fit results for the ratio of initial intensity
of 26Na to 26Alm from fits to the individual cycles (top) and runs (bottom). A
Gaussian fit to the frequency distribution (red) yields µ = 0.047(38)%, σ = 1.61(3)%,
and µ = 0.041(43)%, σ = 0.32(3)%, with χ2/ν of 1.01 and 1.01 for the cycles (top)
and runs (bottom), respectively.
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of the counting phase of the cycle for either species of

A
(

t = 0
)

= R
(

1− e−λtoff
)

e−λtcool. (4.5)

On average the initial activity of 26Alm, as measured in the gas counter, was ∼ 10 kHz.

With an implantation time of toff = 6 s and a cooling time of tcool = 34 s, the beam

rate R for 26Alm is thus deduced as:

R
(26

Alm
)

=
A
(

t = 0
)

eλ26Alm tcool

1− e−λ26Alm toff

=
(10000/s)e0.10923×34

1− e−0.10923×6

= 8.5× 105/s , (4.6)

in good agreement with the value 1.1×106/s as measured at the yield station prior

to the experiment. If the 26Na activity at the beginning of the β counting period

was indeed ∼ 0.05% of the 26Alm activity, as suggested by the central value from the

cycle-by-cycle fits with free 26Na intensity, then this would correspond to a 26Na rate

at the beginning of the counting period of 5 Hz, and thus the beam rate for 26Na

would need to have been:

R
(26

Na
)

=
A
(

t = 0
)

eλ26Na
tcool

1− e−λ26Na
toff

=
(5/s)e0.64703×34

1− e−0.64703×6

= 1.8× 1010/s , (4.7)

which is more than three orders of magnitude greater than the 26Na beam intensity

measured at the yield station. This intensity is highly improbable given that the
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highest-intensity beam of 26Na ever attained at TRIUMF was 3.9×107/s from a high-

powered SiC target with a proton intensity of 70 µA [84]. This analysis indicates that

the true rate of 26Na at the beginning of the counting period in this experiment must

have been much less than 5 Hz.

A realistic upper limit for the ratio of 26Na to 26Alm following the cooling of the

sample is obtained by taking the measured yields of 26Na and 26Alm, and using the

shortest cooling time utilized in this experiment (14 s beam on and 26 s cooling), to

obtain a ratio for the activities of 26Na and 26Alm at the start of the counting period

of:

A
(26

Na
)

A
(26

Alm
)

∣

∣

∣

∣

∣

t=0

=
R
(26

Na
)

(1− e−λ26Na
toff )e−λ26Na

tcool

R
(26

Alm
)

(1− e−λ26Alm toff )e−λ26Alm tcool

=
8.7× 106(1− e−0.64703×14)e−0.64703×26

1.1× 106(1− e−0.10923×14)e−0.10923×26

= 8.5× 10−6

≤ 0.0009% . (4.8)

Fixing the initial activity of 26Na to this maximum value for all cycles was found to

have no effect on the deduced 26Alm half-life compared to fixing the 26Na activity to

zero, confirming that any remaining 26Na activity at the beginning of the β counting

period had no effect on the 26Alm half-life at the level of precision achieved in this

experiment. The activity of 26Na was thus fixed to zero in the fit routine for the final

analysis of the 26Alm half-life, presented in Tables 4.3 through 4.6, and Figure 4.4.
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Figure 4.10: The best-fit 26Alm half-life versus the cycle-averaged detector rate at
t = 0 for the 51 runs from Tables 4.1 and 4.2. While these data give a χ2/ν =1.020
assuming a constant rate-independent half-life, a weighted linear regression yields a
slope of -2.8(17)×10−7 s2, which confirms rate independence only at the 1.6σ level.

4.3.3 Rate-dependence

Any dependence of the deduced 26Alm half-life on the rate in the gas counter was

investigated by plotting the cycle-averaged detector rate at the beginning of the

counting period in the cycle versus the half-life obtained for each of the 51 runs,

as shown in Figure 4.10. A weighted linear regression of these data yields a slope of

-2.8(17)×10−7 s2, confirming rate independence only at the 1.6σ level.

Rate-dependent effects were thus further investigated by removing leading chan-

nels from the data set in 1-channel increments up to a maximum of 30 channels, or

approximately 2.5 to 3.5 26Alm half-lives. The results of this analysis for the entire

data set, as well as the three dwell-time subsets, are presented in Figure 4.11. It must

be noted that the data points in Figure 4.11 are highly correlated, with each point
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Figure 4.11: The 26Alm half-life as a function of the number of leading channels
removed from the analysis for (a) all runs, (b) runs with 500 ms dwell time, (c)
runs with 600 ms dwell time, and (d) runs with 700 ms dwell time. The half-life
and statistical uncertainty obtained from the weighted average of the entire data set,
with zero leading channels removed, is overlayed for comparison. The lack of random
scatter about the mean is due to the highly-correlated nature of the data points, since
each data point to the right is a subset of those to the left.
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to the right being a subset of each point to the left, and this results in an absence

of scatter, unlike the independent data of Figure 4.10. The agreement of all four

sets of “chop plots” with the weighted average, for both small and large numbers of

channels chopped, and in particular the agreement with the weighted average of the

entire set for any number of channels chopped, demonstrates the consistency of the

26Alm half-life values, and provides further support for the rate independence of the

half-life result.

A further complementary approach to investigate the dependence of the deduced

26Alm half-life on the detector rate was developed, which combines the key features

of the two approaches presented in Figures 4.10 and 4.11. The 2008 cycles were fit

repeatedly, with an additional leading channel removed after each iteration, until the

26Alm activity had reached 0.1% of the initial activity. Those half-life values for which

the 26Alm rates at the start of the fit were equal to within ±250 Hz were combined in

a weighted average, and these values are plotted versus the rate at the start of the fit,

as shown in Figure 4.12. If, upon chopping a subsequent leading channel, the 26Alm

activity was not reduced by more than 250 Hz, then the half-life obtained following

the channel chopping was not included in the data. In this way, an individual cycle

cannot contribute more than once to each data point in Figure 4.12. For example,

if the 26Alm activity at the beginning (zero channels removed) of a particular cycle

was 10 kHz, then this cycle could contribute to every data point in Figure 4.12 whose

x-value is less than or equal to 10 kHz.

In order to produce reliable results for the half-life averages, it had to be estab-

lished that the cycles contained enough counts such that they could be fit and the

half-lives averaged without introducing a significant bias in the result. This is known

not to be the case when many low-statistics half-life measurements are averaged
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Figure 4.12: Weighted-averages of the 26Alm half-life values, obtained from the fits to
the cycles with leading channels removed, where the 26Alm activity at the beginning
of the fit was equal, to within ± 250 Hz, to the value indicated on the x-axis. The
data points are strongly correlated, since individual cycles contribute to multiple data
points. However, no cycle contributes more than once to any individual data point.

together as Gaussian, rather than Poisson, statistics are assumed in the weighted av-

eraging process [79]. The average of the half-lives obtained from fitting the individual

cycles, with no leading channels removed, is presented in Figure 4.13 for each run, and

was found to be in good agreement with the value obtained from first summing the

cycles in each run, and then fitting the individual runs, indicating that for the typical

number of counts (∼ 6×104) per cycle in this experiment, the known bias introduced

by averaging cycle-by-cycle half-lives rather than summing the dead-time-corrected

cycle data before fitting was at the level of 0.002% or 0.3σ. Note, however, that this

cycle-by-cycle fitting was only performed as a check for a rate-dependent systematic
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Figure 4.13: The best-fit 26Alm half-life values versus run obtained by fitting cycle-
by-cycle and then averaging (red squares), and summing the individual cycles in each
run and then fitting (black circles). The final points represent the weighted averages,
6.34649(46) s and 6.34637(46) s for the run-by-run and cycle-by-cycle analysis, re-
spectively. Note that all final results are based on the run-by-run analysis, as the
averaging of the cycle-by-cycle half-lives is known to introduce the small, but finite,
bias indicated here.

effect, while all of the final results (Figure 4.4) are based on the run-by-run analysis.

In order to generate the data points with initial activities below 2 kHz in Fig-

ure 4.12, many channels had to be removed from the contributing cycles to reach

such a low initial activity, and so, for the first three data points in Figure 4.12, the

contributing cycles had to first be summed prior to being fit in order to avoid the

aforementioned bias in averaging low-statistics half-life results.

The data presented in Figure 4.12 provides a check for the rate-dependence of

the 26Alm half-life, complementary to those presented in Figures 4.10 and 4.11, which
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combined demonstrate that there is no systematic bias in the 26Alm half-life for both

large and small values of the initial rate in the gas counter.

4.3.4 Electronic settings

The dead-time affected decay data were binned using two separate and independent

multichannel scalars, with the only difference between the two data streams being the

fixed, non-extendable dead times of either 3µs or 4µs, which were swapped between

the two MCS units periodically as an additional systematic check. The two 26Alm half-

lives obtained from the MCS data, TMCS1
1/2 = 6.34648(46) s and TMCS2

1/2 = 6.34650(46) s,

are not independent measurements since the MCS units bin the same decay data.

However, they provide an important systematic check of each of the units themselves,

in particular the rate-independence of the small number of dropped events in the

LeCroy MCS unit discussed in detail in Section 4.3.1. Because the 26Alm half-life

values from the two MCS units are consistent, the unweighted average of T1/2 =

6.34649(46) s is adopted as the best measure of the 26Alm half-life.

To further explore possible systematic effects associated with the experimental

apparatus, several of the electronic settings were varied throughout the measurement

run-by-run. The detector voltage was varied between 2700 V and 2900 V, within its

plateau region, the threshold for the discriminator was adjusted between 50 mV and

125 mV in 25-mV steps, while the dwell time for the MCS bins, and hence the total

length of the counting period of the cycle, was varied between 0.5 s/bin, 0.6 s/bin, and

0.7 s/bin, or 125 s, 150 s, and 175 s of counting, respectively. The half-life measure-

ments were also carried out using different combinations of implant/cooling times,

and so the data were also grouped according to these parameters as an additional

systematic check. The 26Alm half-life values obtained for each of these parameter
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Figure 4.14: Weighted averages of the 26Alm half-life measurements presented in
Tables 4.1 and 4.2, grouped according to the electronic and experimental settings. All
of the independent groupings have a χ2/ν less than unity, except for the discriminator
and detector voltage groupings, which have χ2/ν of 2.67 and 2.36, respectively. These
somewhat large χ2/ν values could be symptomatic of a systematic uncertainty, as yet
unidentified, and are used to estimate its impact on the deduced 26Alm half-life.

settings is shown in Figure 4.14.

The two fixed dead times of 3 µs and 4 µs, which each represent all of the data

recorded under different dead time conditions, yield consistent results for the 26Alm

half-life of T 3µs
1/2 = 6.34653(46) s and T 4µs

1/2 = 6.34646(46) s, indicated by the purple

triangles in Figure 4.14. Breaking the data into the 3 different dwell times also leads to

a statistically consistent grouping, as indicated by the χ2/ν of 0.095. A χ2/ν this large

or larger would be expected for a statistically consistent set of data with 2 degrees

of freedom 91% of the time. Similarly, the 5 different combinations of implant/cool

time yield consistent results, with a χ2/ν of 0.463 for this grouping. A χ2/ν this large

or larger would be expected for a statistically consistent set of data with 4 degrees
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of freedom 76% of the time. Grouping the data into the 4 discriminator settings

and 5 voltage settings, however, yield χ2/ν values of 2.67 and 2.36, respectively. For

3 and 4 degrees of freedom, χ2/ν values this large or larger have probabilities of

only 4.6% and 5.1%, respectively. According to the method adopted by The Particle

Data Group when evaluating independent measurements of a single quantity, those

measurements are considered to be free of systematic effects if the χ2/ν for the set is

less than or equal to unity. It is unlikely that there is a significant systematic effect

associated with either of these experimental settings, as any significant systematic

effect would manifest as a large χ2/ν for the entire data set. The observed χ2/ν

of 1.020 for the entire 26Alm data set (Figure 4.4) indicates the absence of such

significant systematic effects. To be conservative, however, the procedure of the

Particle Data Group is adopted, whereby the statistical uncertainty of the half-life

measurement, ±0.46stat. ms, is inflated by the square root of the largest χ2/ν of the

systematic groupings shown in Figure 4.14,
√

χ2/ν =
√
2.67 = 1.63, leading to an

overall uncertainty in the 26Alm half-life of ±0.75 ms. A systematic uncertainty of

±0.59syst. ms associated with the experimental parameters is thus adopted such that,

when it is added in quadrature with the statistical uncertainty of ±0.46stat. ms, the

combined uncertainty in the 26Alm half-life measured in this work is ±0.75 ms.

4.3.5 Other sources of uncertainty

While the half-lives obtained for the two different dead times were found to be consis-

tent, the dead-time values are measured quantities with associated uncertainty, and

this uncertainty needs to be reflected in the uncertainty in the 26Alm half-life. The

contribution to the error budget from the uncertainty in the measured dead times was

determined by fitting the data with the dead times fixed at their ±1σ limits. This
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resulted in 26Alm half-life values of T +1στ
1/2 = 6.34645(46) s and T −1στ

1/2 = 6.34654(46) s.

These values are consistent with one another, and are well within the statistical un-

certainty in the half-life. Thus, as an estimate of the uncertainty in the 26Alm half-life

due to the uncertainty in the measured dead-times, half this difference, ±0.045 ms,

was add in quadrature with the ±0.59 ms systematic uncertainty discussed in Sec-

tion 4.3.4.

An independent analysis [89] of these data was also carried out in parallel with

that reported in this thesis, which involved independent data selection and analysis

procedures as well as fitting routines. The accuracy of the fitting routines employed

in both analyses were verified with a precision 5 times higher than the statistical

precision of this data set via extensive Monte Carlo simulations which encompassed,

and exceeded, the range of the experimental conditions spanned by this data set. The

half-life deduced from this independent analysis, T1/2 = 6.34659(48)stat. s, was found

to be in excellent agreement with the value T1/2 = 6.34649(46)stat. s presented in this

thesis. The small 0.10 ms difference between the two results was further found to be

entirely attributable to the cycle-selection criteria discussed in Section 4.1, which was

unique to each analysis, and not to differences associated with the fitting routines

which yielded identical results when applied to the same data sets. The half-lives

determined from these two independent analyses were thus averaged, and a systematic

uncertainty of ±0.05 ms, half their difference, was assigned as an estimate of the

uncertainty in the 26Alm half-life associated with the difference in cycle selection,

yielding a final result for the half-life of 26Alm of

T1/2 = 6.34654(46)stat.(60)syst. s

T1/2 = 6.34654(76) s . (4.9)
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Table 4.7: All high-precision half-life measurements for 26Alm to date. The new
world-average half-life for 26Alm, T1/2 = 6.34643(68) s, is obtained from a weighted
average of these values.

Reference Year T1/2 (ms) σ (ms)
This work 2011 6346.54 0.76
R.J. Scott et al. [16] 2011 6347.8 2.5
R.J. Scott et al. [90] 2005 6345 14
V.T. Koslowsky et al. [79] 1983 6346.2 2.6
D.E. Alburger et al. [91] 1977 6339.5 4.5
G. Azuelos et al. [92] 1975 6346 5
J.M. Freeman et al. [93] 1969 6346 5
World Average (χ2/ν = 0.45) 6346.43 0.68

4.4 Comparison with previous measurements

The 26Alm half-life reported above, T1/2 = 6.34654(76) s, has a precision of 0.012%,

and represents the single most precisely measured half-life for any superallowed emit-

ting nucleus to date. This value is in excellent agreement with the world average from

the most recent review of the superallowed data, T1/2

(26
Alm

)

= 6.3450(19) s [3], but

is 2.5 times more precise.

This result is compared with all other existing high-precision half-life measure-

ments for 26Alm in Figure 4.15 and Table 4.7. The value reported here is found to be

in excellent agreement with the previous determinations of the 26Alm half-life, with

the exception of Ref. [91], which deviates from this result by 0.11%, or 1.6σ. The

result reported here is more than a factor of 3 more precise than the next two most

precise measurements (Ref. [16] and Ref. [79]), and 6 times more precise than any of

the other previous determinations of this half-life [90–93]. Taking a weighted average

of all the values for the 26Alm half-life, shown in Figure 4.15 and Table 4.7, yields the

world average:

T1/2 = 6.34643(68) s (new world average), (4.10)
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Figure 4.15: Comparison of all high-precision 26Alm half-life measurements to date,
with the result reported in this work shown as a blue open circle. The weighted
average of these 7 measurements, T1/2 = 6.34643(68) s, is overlayed for comparison.
and is dominated by the high-precision result reported in this work.

with a χ2/ν = 0.45 indicating a highly consistent set of world data for this quantity.

The precision of 0.011% in the new world average following the results presented

here represents an improvement in the precision of the previously determined world

average by nearly a factor of 3, and establishes the half-life of 26Alm as the most

precisely determined for any superallowed decay.
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Chapter 5

Branching Ratios for 26
Al

m Decay

The superallowed decay of 26Alm proceeds via a ∼ 100% branch to the 0+ isobaric ana-

logue ground state of its even-even daughter 26Mg. A schematic of the superallowed

decay, including other potential decay branches of 26Alm, is depicted in Figure 5.1.

Of the possible non-superallowed decay branches open to 26Alm, the theoretical

estimate of the transition rate for the internal γ decay to the Jπ = 5+ ground state

of 26Alg via an M5 transition of 1 Weisskopf unit (W.u.) is [95]:

λ(ML) =
20(L+ 1)

L[(2L+ 1)!!]2

(

~

mpc

)2(
e2

4πǫ0~c

)(

Eγ

~c

)2L+1(
3

L+ 3

)2

c(R0A
1/3)2L−2

λ(M5) = 7.4× 10−13 E11
γ A8/3

λ(M5) = 3.8× 10−16 s−1 , (5.1)

where R0 = 1.2 fm, A = 26, and Eγ = 0.228 MeV. The branching ratio estimate for
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Figure 5.1: Low-lying level structure of 26Mg with possible 26Alm non-analogue decay
paths indicated by the dashed arrows. Data from Refs. [3, 10, 88, 94].

this transition is thus

BRM5 =
λ(M5)

λ26Alm
× (1 + α)

= 5× 10−15 , (5.2)

where α = 0.35 [96] is the calculated internal conversion coefficient for this transi-

tion. Even a strongly enhanced M5 transition would thus yield an entirely negligible

branching ratio for the internal γ decay of 26Alm. There are, however, four excited

states in 26Mg that lie within the QEC window
(

QEC = 4232.66(12) keV [3, 94]
)

of

26Alm which are illustrated in Figure 5.1; the 2+1 state at 1809 keV, the 2+2 state at

2938 keV, the 0+1 state at 3589 keV, and the 3+1 state at 3942 keV.
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For the 2nd-forbidden non-unique 0+ → 2+ transitions, to which both Fermi and

Gamow-Teller matrix elements can contribute, there are no general tables of f values

since a detailed nuclear structure calculation is required on a case-by-case basis. Fol-

lowing convention for theoretical branching-ratio estimates to the 2+1 and 2+2 states,

the f values have been calculated [97] assuming these transitions have the “allowed”,

L = 0, shape factor and the empirical rule that 2nd-forbidden non-unique transitions

have log ft ≥ 10.6 [98] is adopted. This results in fβ+/EC values for the 2+1 and 2+2

states at 1809 keV and 2938 keV of 12.82 and 0.054, respectively, giving theoretical

upper-limit estimates for the β-decay branching ratios of 2 × 10−9 and 1 × 10−11 to

the 2+1 and 2+2 states, respectively.

In a similar fashion, assuming an “allowed” transition for the 2nd-forbidden unique

pure EC decay to the 3+1 state at 3942 keV gives f = 0.0018 [97], and following the

recommendation of Raman and Gove that such 2nd-forbidden unique transitions have

log ft ≥ 12.8 [99], the upper limit for this EC branch to the 3+1 state at 3942 keV is

expected to be a meagre 2× 10−15, and therefore completely negligible.

The electron capture decay to the excited 0+1 state at 3589 keV is, in principle, an

“allowed” 0+ → 0+ transition and, if it were suppressed relative to the superallowed

branch to the 26Mg ground state only by the ratio of phase-space factors, would

have a branching ratio on the order of f1/f0 ≈ 2 × 10−5. However, as an isospin

ladder operator, the Fermi transition operator connects only members of an isospin

multiplet and, in the limit of pure isospin symmetry, would concentrate all of the decay

strength on the 26Mg ground state (the isobaric analogue of 26Alm), with vanishing

matrix elements to the excited 0+ states of 26Mg. The branching ratio to the 0+1

state of 26Mg is thus expected to be suppressed by an additional factor, δ1C1 [24],

that describes the small component of the 26Alm isobaric analogue state mixed into
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this excited 0+1 state due to isospin symmetry breaking. If we assume that all of

the strength that is predicted to be removed from the superallowed transition due

to isospin mixing (δC1 = 0.030(10)% [24]) were concentrated in this first excited 0+1

state at 3589 keV, the EC decay to this state is predicted to have a branching ratio

of (f1/f0)× δC1 ≈ 6(2)× 10−9.

There are therefore good theoretical reasons to expect that the total non-superallowed

branching of 26Alm should not exceed the 10−8 level. The largest component of this

theoretical estimate (the non-analogue Fermi decay to the excited 0+1 state) does, how-

ever, rely directly on the theoretical calculations of isospin symmetry breaking [24]

that one is attempting to constrain by high-precision measurements of superallowed

β-decay ft values [31, 32]. It thus remains useful to establish a direct experimen-

tal upper limit on the total non-superallowed branching in 26Alm decay that can be

adopted without reference to theoretical expectations, and which renders the branch-

ing ratio uncertainty negligible in comparison to the uncertainties in the experimental

half-life and f -value determinations. An upper limit of < 0.007%, established as a

byproduct of an 26Alm Q-value measurement [96], is currently the best experimental

upper limit for the total non-superallowed β+/EC decay branches of 26Alm. While this

limit is already smaller than the current uncertainties in the world-average half-life

(±0.011%) reported in Section 4.4 and f value
(

±0.017% [3]
)

, it is not entirely negli-

gible. Given the significance of 26Alm in determining the world-average superallowed

Ft value (Chapter 6), and in anticipation of further high-precision half-life [100] and

Q-value measurements for this nucleus that could lead to world-average half-life and

f values approaching, or even exceeding, the current experimental upper limit on the

non-superallowed branching ratio, an improved experimental upper limit on the pos-

sible non-superallowed decay branches of 26Alm is highly desirable. Such an improved
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experimental branching ratio limit for 26Alm non-superallowed decay is presented in

this chapter.

5.1 Experiment

The experiment was performed at TRIUMF’s Isotope Separator and Accelerator

(ISAC) facility in Vancouver, Canada. A 40µA beam of 500 MeV protons bombarded

a 14.35 g/cm2 SiC target, inducing spallation reactions whose products diffused from

the heated target. The TRIUMF Resonant Ionization Laser Ion Source (TRILIS) [68]

was used to selectively ionize aluminum isotopes, enhancing their abundance relative

to the isobaric contaminant 26Na following mass-separation of the reaction prod-

ucts. The A = 26 beam was delivered as a low-energy (30 keV) beam of 1+ ions

at a rate of approximately 106 26Alm/s (T1/2 = 6.34643(68) s), 107 26Na/s (T1/2 =

1.07128(25) s [85]), and 109 26Alg/s (T1/2 = 7.17(24)×105 yrs [88]) onto a 12.7-mm-

wide, 40-µm-thick, and 120-m-long continuous-loop of mylar-backed iron-oxide tape

located at the mutual centres of the 8π spectrometer [71], an array of 20 Compton-

suppressed HPGe detectors, and SCEPTAR [70, 76], an array of 20 1.6-mm-thick

plastic scintillators. SCEPTAR was used to tag the β± particles emitted following

the decay of the sample, while the 8π spectrometer was used to detect the emitted γ

rays. To reduce the sensitivity to the very long-lived 26Alg, the portion of the tape

containing the previous sample was moved out of the array to a collection box, located

approximately 1.5 m behind the array and shielded by a 5.1-cm-thick lead wall, prior

to the start of a new counting cycle.

The measurement cycles were characterized by a 2 s tape move followed by 4 s

of background counting before the beam was implanted on the tape for 21 s so as to
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Figure 5.2: Total recorded β activity for a typical cycle. The beam, comprised of
∼ 106/s 26Alm (T1/2 = 6.34643(68) s), ∼ 107/s 26Na (T1/2 = 1.07128(25) s [85]), and
∼ 109/s 26Alg (T1/2 = 7.17(24)×105 yrs [88]), is turned on at t = 6 s following a 2 s
tape move and 4 s of background counting. The beam is on for 21 s, and then allowed
to decay for 47 s before the cycle is repeated. These data are from an MCS unit that
recorded β events from SCEPTAR throughout the cycle, while the list mode event
data used in the detailed analysis was vetoed between cycle times of 6.4 s and 30 s
when the activity was dominated by the short-lived 26Na contamination. Two analysis
windows for 26Alm decay are shown from cycle times of 35.1 s to 73.5 s (starting 8.1 s
after beam off) when analyzing the time structure of the 1809 keV photopeak, and a
“late times” analysis window from cycle times of 55 s to 73.5 s, starting 28 s after the
beam was turned off when the 26Na contaminant activity had decayed to a negligible
level.

saturate the activity of 26Alm (T1/2 = 6.34643 s). The beam was then deflected at the

ion source (two floors below the experimental hall) by an electrostatic kicker, and the

sample at the centre of the arrays was allowed to decay for 47 s before the tape was

moved and the process was repeated. The β activity from a typical cycle, recorded in

a multichannel scalar (MCS) that was active throughout the entire cycle, is depicted

in Figure 5.2.

A total of 2188 such cycles were registered over the course of the experiment. A

125



0 5 10 15 20 25 30 35 40 45 50 55
Cycle

0

2×10
6

4×10
6

6×10
6

8×10
6

β 
co

un
ts

 in
 M

C
S

0 5 10 15 20 25 30 35 40 45 50 55
Cycle

0

2×10
6

4×10
6

6×10
6

8×10
6

β 
co

un
ts

 in
 M

C
S

Figure 5.3: MCS spectrum of the number of β counts per cycle before (left) and after
(right) removing cycles with a much lower number of counts than the average. The
cycle threshold for this particular run is indicated by the dashed red line.

lower limit, unique to each run, was set during the analysis on the number of counts

in each cycle to remove those during which the primary proton beam incident on the

production target had tripped off prior to, or during, the implantation phase of the

cycle. This is illustrated for a typical run in Figure 5.3. Additionally, the cycle-by-

cycle decay curves were fit for the remaining good cycles, and any large χ2/ν was

investigated. Of these, five cycles were missing data at the beginning of the decay

portion of the cycle due to issues with the DAQ, while three cycles had noise spikes

in their decay curves, and were thus removed (Fig 5.4). A total of 2134 good cycles,

which contained > 99% of the data, were retained for the final analysis. A summary

of all the data runs, including the total number of cycles and those that passed the

cycle selection criteria, is presented in Tables 5.1 and 5.2.

Full list-mode event data, including β and γ energies and times relative to the

start of the cycle, were recorded during the first 6.4 s and the last 44 s of each cycle,

but were vetoed between cycle times of 6.4 s and 30 s when the activity was dominated

by the short-lived 26Na (T1/2 = 1.07128 s [85]) beam contaminant. For the list mode

data, master triggers were generated by γ-singles, γγ-coincidences, βγ-coincidences,

and scaled down β-singles (scale down factor of 100) events. The individual detector
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Figure 5.4: Example cycle decay curves removed due to missing data at the beginning
of the decay (left) and a noise spike (right).

times were recorded relative to the master trigger in TDCs with 0.5 ns precision,

and in addition the trigger times for all β and γ events were recorded relative to the

start of the cycle using separate LeCroy 2367 universal logic modules (ULMs) scaling

a 10 MHz ± 0.1 Hz Stanford Research Systems SRS-SC10 temperature stabilized

precision oscillator, giving an event time stamp with 100 ns precision.

5.2 Analysis of the SCEPTAR β data

A low-energy threshold, unique to each detector, was placed on the SCEPTAR en-

ergies in order to discriminate against noise in the photomultiplier tubes. A typical

SCEPTAR ADC spectrum for a single paddle is shown in Figure 5.5. While the ener-

gies of the SCEPTAR events are not used in this analysis, introducing this low-energy

threshold prevents random coincidences between the γ-ray events in the 8π and the

low-energy noise in SCEPTAR from being included in the analysis, thus reducing the

background in the β coincident γ-ray energy spectra. This comes at a cost, since very

low-energy β events will inevitably fall below threshold, thus reducing the sensitivity

of this measurement to those potential non-superallowed branches of 26Alm with low
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Table 5.1: (Part 1) Total number of cycles and cycles that survive the β count
threshold and cycle-by-cycle fitting for each run (continued in Table 5.2).

Run number Number of cycles Number of good cycles
1 42 39
2 46 45
3 44 42
4 44 44
5 46 46
6 47 47
7 47 47
8 45 45
9 46 46
10 44 44
11 53 45
12 50 46
13 45 45
14 44 44
15 44 44
16 45 39
17 40 40
18 41 41
19 42 41
20 41 40
21 41 41
22 42 42
23 42 42
...

...
...

Qβ+ values. To further reduce background and random β-γ coincidence correlations,

gates were also placed on the SCEPTAR TDC times relative to the master trigger,

shown for a typical run in Figure 5.5.

During the offline analysis of the SCEPTAR data, 2 of the 20 scintillator paddles

were found to have malfunctioned intermittently during the measurement. In order to

combine all of the analysis data, it is essential that the β efficiency remain constant run

to run. Since removing these detectors only for those runs in which they malfunctioned
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Table 5.2: (Part 2) Total number of cycles and cycles that survive the β count
threshold and cycle-by-cycle fitting for each run.

Run number Number of cycles Number of good cycles
...

...
...

24 43 43
25 43 43
26 43 41
27 43 43
28 43 40
29 44 44
30 42 42
31 40 40
32 40 40
33 20 15
34 23 23
35 63 63
36 63 61
37 63 62
38 63 62
39 63 63
40 63 57
41 50 45
42 63 62
43 63 61
44 63 63
45 63 63
46 63 63

Total 2188 2134

would alter the solid angle coverage of SCEPTAR, and hence its efficiency, all of the

data from these two detectors was removed and was not used in the final analysis.

Coincidences between β and γ events were determined offline by comparing the

event time stamps as recorded by the two LeCroy 2367 ULMs, which independently

scale the pulses from the Stanford Research Systems 10 MHz oscillator. A histogram

of the difference between the β and γ ULM clocks is shown for a typical run in

Figure 5.6. There is a slight delay between the two data streams of ∼ 1 µs, and the
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Figure 5.5: Typical SCEPTAR ADC spectrum for a single paddle (left), with the
adopted low-energy threshold used to define good SCEPTAR energies shown in red,
and typical SCEPTAR TDC spectrum for the sum of all SCEPTAR detectors (right),
with acceptance gates overlaid. Overflows of the SCEPTAR ADC are recorded in
channel 2047 and are included in the acceptance gate.

true coincidences thus appear around 0.5-1.5 µs. The satellite peaks appear at ±16

channels from the main peak, and arise due to a single bit being dropped occasionaly

by the ULMs. As these represent good coincidence events, they are included in the

coincidence gate. Note the logarithmic scale of Figure 5.6, with these two satellite

peaks representing only ∼ 7% of the β-γ coincidences.

5.2.1 Determining the number of β particles

To determine the total number of 26Alm β+ particles detected in this experiment,

the scaled down β-singles and γ-coincident β activity curves from the ULM data had

to be properly reconstructed. The type of trigger, i.e. β singles or γ-coincident β

particle, is determined in hardware where the master trigger generates a gate of fixed

width, and whether or not an event from a separate data stream is also detected

within this gate determines if these two events where in coincidence. The distinction

between singles β particles, and those in coincidence with a γ ray, arises due to the

scale down factor which is applied to the β singles. If a β particle is flagged as a
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Figure 5.6: ULM time difference between β and γ events for a typical run, with
acceptance gate overlaid (red). The satellite peaks appear at ±16 channels from the
main peak, and are a result of a bit being dropped occasionaly by each of the ULM
streams. As these peaks do represent good coincidences, they are included in the
coincidence gate. Note the logarithmic scale.

singles trigger, only every 100th event of this type will trigger the scale-down module.

These come primarily from the superallowed decay of 26Alm and, while it is crucial to

count them in order to properly normalize the limits on the non-superallowed decays

of 26Alm, in order to keep the data acquisition dead times at a reasonable level, only

every 100th β singles event is passed on by the scale-down unit and recorded in the

list-mode data. Because the β singles must be rescaled by 100 in order to determine

the true number of β events, it is imperative that the type of β event be distinguished

prior to the reconstruction.

In the offline analysis coincidences are determined by comparing the ULM time

stamps of events, which allows for more flexibility than that afforded by the fixed

hardware coincidence window. Additionally, many conditional gates are placed on

the data in the offline analysis, including TDC gates as well as Compton and pile-up

suppression of the γ-ray data. The impact of this is that, at the hardware level,
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an event may be flagged as a β-γ coincidence, but during the offline analysis the γ

ray could be rejected due to it being piled up or Compton suppressed etc., in which

case the β, originally flagged in hardware as a “coincidence”, would be treated as

a “singles” and would end up being incorrectly inflated by 100 even though it was

never subject to the scale-down factor. To avoid this scenario each type of β event

as determined in the offline analysis by comparing ULM time stamps was sorted by

its original trigger condition, which is encoded in the ULM data streams. In this

experiment the β singles with a coincidence trigger and the β coincidences with a

singles trigger represent 0.08% and 0.5% of the singles and γ-coincident β particles,

respectively. The β events were combined according to their trigger type, then dead-

time corrected and summed over all good cycles (Figure 5.7), before being fit to

determine the total number of detected β particles.

Both curves were fit using a maximum-likelihood routine [85, 87] based on a

Levenberg-Marquardt algorithm. The fit function included components of 26Na,

26Alm, and a constant component which accounted for both background and the

decay of the very long lived 26Alg. The half-lives of 26Alm (T1/2 = 6.34643(68) s) and

26Na (T1/2 = 1.07128(25) s [85]) were fixed to their previously measured values, while

the activities of both species, as well as the background activity, were free parameters.

The resulting fit to the SCEPTAR data is shown in Figure 5.7 and yielded a total of

2.944(29)×109 26Alm β+ particles detected between cycle times of 35.1 s and 73.5 s,

and 3.024(42)× 108 26Alm β+ particles detected during the “late time” analysis win-

dow between cycle times of 55 s and 73.5 s, once corrected for the scale-down factor

of 100 applied to the β singles data.
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Figure 5.7: Fit to the singles (scaled down by 100) and γ-coincident β activities,
summed over all 2134 good cycles. For clarity, the error bars have been suppressed
and only every third data point is displayed in the β activity curves.

5.2.2 SCEPTAR efficiency

When analyzing β-coincident γ-ray data to determine branching ratios for particular

transitions, it is not necessary to determine the absolute efficiency of SCEPTAR,

as this efficiency affects both the detected number of β-coincident γ rays and the

detected number of β particles, and cancels in the ratio. The β γ-coincidence data

from this experiment, however, will not include any potential contribution to the total

non-analogue decay strength of 26Alm arising from electron captures, including to the

0+1 state at 3.6 MeV, which lies outside the Qβ+ window of 26Alm and is thus not in

coincidence with detected β particles. The SCEPTAR efficiency must therefore be

determined to establish limits on the branching ratios for such EC decay branches
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Figure 5.8: Calculated energy spectra for each of the possible β+ branches in 26Alm, as
well as the total β− energy spectrum summed over all branches for 26Na. These data
were used as input to the Geant4 simulation which generated the data in Figure 5.9.

through the γ-ray singles data.

The SCEPTAR efficiency was determined by taking the ratio of the β-coincident

1809 keV γ-ray photopeak area to the 1809 keV peak area in γ singles run-by-run. As

the 1809 keV γ ray in this experiment arises almost entirely from the β− decay of 26Na

either directly to, or feeding through, the first excited state of 26Mg, a Geant4 [101]

Monte Carlo simulation, including detailed representations of both the 8π and SCEP-

TAR, was performed to compare the efficiency of SCEPTAR for β+ transitions from

26Alm decay to the β− decay of 26Na for the three possible β+ decay branches of

26Alm. The calculated β± energy spectra used as input to the simulations are shown

in Figure 5.8, and the results from the Monte Carlo are shown in Figure 5.9.
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Figure 5.9: Geant4 simulation of the number of detected counts vs. SCEPTAR
deposited-energy threshold for each of the possible β+ branches in 26Alm, normalized
to the number of counts detected for 26Na β− decay. The deposited energy threshold
in the current experiment was below 100 keV. These simulations verify that the β+

detection efficiency for 26Alm decays to the ground state of 26Mg is the same as for
26Na β− decays to within ∼2% for all deposited energy thresholds below 300 keV.

These simulations verify that for the superallowed β+ transitions from 26Alm to

the ground state of 26Mg (effectively 100% of 26Alm decays) the SCEPTAR efficiency

is the same as for the 26Na β− decays feeding through the 1809 keV level to within

±2% for all deposited energy thresholds in the scintillators below 300 keV. The actual

β thresholds in the experiment are between 50-100 keV, and thus a ratio of 1.00(2)

between the 26Na and 26Alm β efficiencies was adopted to obtain an efficiency for

26Alm ground state β+ decays of 76.8 ± 1.6%, yielding a total of 3.83(9)×109 26Alm

β+ particles emitted between 35.1 s and 73.5 s in the decay portion of the cycle, and

3.94(10)×108 emitted during the “late time” window from 55 s to 73.5 s.
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Figure 5.10: Example HPGe (left) and BGO (right) TDC spectra for a single detector,
with acceptance gates overlaid (red). The gap in the BGO spectrum is due to the
hardware Compton suppression window of 0.5µs, which has already suppressed those
events in hardware.

5.3 Analysis of the 8π γ-ray data

As in the case of the SCEPTAR data, software gates were placed on the prompt

HPGe and BGO times relative to the master trigger in order to reduce the number

of random coincidences and ensure the suppression of Compton scattered events,

respectively (Figure 5.10).

With active Compton suppression there is the possibility to falsely veto otherwise

good events, where one γ ray deposits its energy in the HPGe crystal while a second

γ rays strikes the suppression shield, leading to the suppression of the first γ-ray

event. Because the probability to false-veto good events is rate dependent, it could

bias the photopeak-gated decay curves used in this analysis (Sections 5.3.2 and 5.3.4).

While this effect is greatly minimized in the 8π spectrometer by the addition of the

Hevimet collimators which prevent γ rays from directly striking the BGO suppression

shields, in order to estimate the impact of false suppression on the determination of

the 26Alm branching ratio two HPGe detectors were utilized in an “unsuppressed”

mode, where no Compton suppression was implemented in hardware. The BGO time
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Figure 5.11: Unsuppressed (top, red) and Compton-suppressed (top, black) 1809 keV
photopeak-gated γ-ray singles decay curves, with all other parameters (time gates
etc.) the same. This data represents all good runs, but only two HPGe detectors.
The ratio between these two decay curves is shown in the bottom panel and verifies
that there is no significant rate-dependent effect introduced to the decay curve by the
use of Compton suppression.
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information was recorded for these two detectors such that Compton suppression

could be implemented in software, and the suppressed and unsuppressed results from

these two HPGe detectors could be compared in order to quantify the effect on the

measured branching ratio due to false-veto effects. This comparison is presented in

Figure 5.11. The monotonically increasing nature of this ratio, which leads to the large

differences at late times, arises due to the increased Compton background level present

in the non-suppressed decay curve. The lack of any curvature in this plot at early

times when the rates are highest, verifies that there is no significant rate-dependent

effect introduced in this measurement by the use of Compton suppression, which

would appear as an upward curvature of the ratio in the lower panel of Figure 5.11

at early times.

5.3.1 Efficiency of the 8π

Gamma-ray photopeak efficiency data were collected immediately following the 26Alm

branching ratio measurement. Decays from sealed sources of 133Ba, 152Eu, and 56Co

placed sequentially at the centre of the array were measured over a period of several

hours to provide a relative efficiency calibration from Eγ ∼ 0.1 MeV to Eγ ∼ 3.2 MeV.

The specific transitions, as well as their relative intensities, used to construct the

relative efficiency curve are listed in Table 5.3. The measured peak areas for the

transitions in Table 5.3 were corrected for summing effects using a Monte Carlo

algorithm which simulates the decay scheme for each source [103], and the corrected

intensities were combined using the program ‘effit’, which is included as part of the

RadWare software analysis package [104]. The relative efficiency curve was then fit
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Table 5.3: Data used in the efficiency calibration of the 8π spectrometer. The relative
intensities are taken from the NNDC [102].

Source γ-ray Energy (keV) Relative Intensity
56Co

846.772(8) 100000(100)
1238.282(7) 67600(400)
1360.215(12) 4330(40)
1771.351(16) 15700(150)
2015.181(16) 3080(30)
2034.755(15) 7890(70)
2598.5(13) 16900(150)

3009.5911(22) 1000(10)
3201.9619(16) 3040(30)
3253.503(15) 7410(65)
3272.99(15) 1750(20)

133Ba
223.116(35) 71(2)
276.404(7) 1130(20)
302.858(5) 2920(30)
356.014(9) 10000(30)
383.859(9) 1450(20)

152Eu
121.783(2) 13620(160)
244.692(2) 3590(60)
295.939(8) 211(5)
344.276(4) 12750(90)
367.789(5) 405(8)
411.115(5) 1070(10)
488.661(39) 195(2)
586.294(6) 220(5)
678.578(3) 221(4)
688.678(6) 400(8)
778.903(6) 6190(80)
867.388(8) 1990(40)
964.131(9) 6920(90)
1089.7(15) 820(10)
1112.116(17) 6490(90)
1212.95(12) 670(8)
1299.124(12) 780(10)
1408.011(14) 10000(30)
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Table 5.4: Best-fit values for the ai parameters from fitting the relative efficiency
curve using the function defined in Equation 5.3. Parameters a5, a7, and a8 were
fixed at zero because their uncertainties were larger than their absolute values.

Efficiency Fit Parameter Best-Fit Value Uncertainty
a0 6.1482 0.0016
a1 -0.634 0.005
a2 -0.074 0.013
a3 -0.029 0.006
a4 0.057 0.013
a5 0 −
a6 -0.0172 0.0023
a7 0 −
a8 0 −

χ2/ν = 1.47

using the function [105]

ln(ǫ) =
8
∑

i=0

ai(lnE)i , (5.3)

where ǫ is the efficiency of the 8π array at γ-ray energy E (in MeV), and ai are the

parameters of the fit, whose best-fit values are given in Table 5.4.

Calibrated γ-ray sources of 60Co (±1.9% and ±3.1%) and 137Cs (±3.7%) were

used to provide an absolute normalization to the relative efficiency curve. Using

these three sources, the absolute efficiency of the 8π spectrometer was determined to

be 1.45(4)%, 1.010(16)%, and 0.930(15)% at 661 keV, 1172 keV, and 1332 keV, respec-

tively. Adopting a weighted-average scaling of the relative efficiency curve to these

values results in the absolute γ-ray detection efficiency curve shown in Figure 5.12.

In addition to the uncertainty in the absolute efficiency due to the uncertainty

associated with the activities of the calibrated sources, the fit parameters from Ta-

ble 5.4 were fixed at their ±1σ limits and the relative efficiency curve was refit, with
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Figure 5.12: Absolute γ-ray photopeak efficiency curve for the 8π spectrometer. The
absolute efficiency at 1809 keV was determined to be 0.750(15)%.

half the difference between the resulting efficiency at 1809 keV taken as an additional

uncertainty associated with the extrapolation from the last calibrated efficiency point

at 1332 keV to 1809 keV. The absolute efficiency for the 1809 keV γ-ray was thus

determined to be 0.750(15)%.

5.3.2 The β-coincident γ-ray data

As can be seen from Figure 5.1, only the 2+1 and 2+2 levels in 26Mg, at 1809 keV and

2938 keV, respectively, have positive Qβ+ values. Since the 2+2 level at 2938 keV γ

decays with a 90% branch to the 2+1 level at 1809 keV, the 2+1 level (in principle) acts

as a collector state for both possible non-superallowed β+ decay branches of 26Alm.

As shown in Figure 5.9, the β+ detection efficiency is significantly lower for the low

Qβ+ = 272 keV to the 2+2 state. Furthermore, the phase space integral for the 2+2 state
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is more than 2 orders of magnitude smaller than for the 2+1 state, and any decay to

the 2+2 state with QEC = 1294 keV and Qβ+ = 272 keV is also expected to be mostly

by electron capture. A limit on the detection of 1809 keV γ rays in coincidence with

β+ particles from 26Alm decay is thus primarily a limit on the direct β+ decay branch

to the 2+1 state at 1809 keV. Three separate analyses of the β-coincident γ-ray data

were performed to establish this upper limit on the 2nd-forbidden β+ decay of 26Alm

to the 2+1 state in 26Mg at 1809 keV.

A) β-coincident 1809 keV γ-ray peak area at late times

The approach of using the 1809 keV γ-ray to quantify the non-superallowed decay

strength of 26Alm is complicated by the large contaminants of 26Na and 26Alg present

in the beam, since more than 88% of 26Na decays, and approximately 100% of 26Alg

decays, proceed through the 2+1 level in 26Mg at 1809 keV, and thus also emit the

1809 keV γ-ray of interest. Fortunately, the half-lives for 26Na, 26Alm, and 26Alg,

∼ 1 s, ∼ 6 s, and ∼ 700,000 yrs, differ significantly and can be exploited to identify

each isotope’s contribution to the 1809 keV γ-ray photopeak.

A matrix of β-coincident γ-ray energies vs. time relative to the start of the cycle

was generated cycle-by-cycle and summed over all good cycles. A gate was placed on

cycle times between 55 s and 73.5 s, 28 s (26 26Na half-lives) after beam-off, and the γ-

ray energy spectrum associated with these late times was projected. The resulting γ-

ray energy spectrum around 1809 keV appears in Figure 5.13a). The expected location

of the 1809 keV photopeak was fit using the germanium-peak-fitting program ‘gf3’

included as part of the RadWare software package [104]. The peak-shape parameters

and centroid were constrained to the values determined from the fit to the 1809 keV

peak from the full projection of the matrix, with only the background level and slope,
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Figure 5.13: Portion of γ-ray energy spectra for cycle times between 55 s and 73.5 s
for (a) β-coincident γ rays, (b) β-anti-coincident γ rays, and (c) all γ rays.
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Figure 5.14: Activity curve, with fit components overlaid, for the 16-channel-wide
energy gate (inlaid) on the 1809 keV photopeak derived from the β-coincident γ-ray
data. The number of γ-rays in this gate associated with the half-life of 26Alm is
2561(140), during the analysis time window from 35.1 s to 73.5 s.

and the peak area left free when fitting the time-gated spectrum in Figure 5.13a),

yielding an area of 0(13) counts. Based on the beam rates of 26Na and 26Alg and

the 8π efficiency, these contaminants are expected to contribute 0.7 and 1.0 counts to

the 1809 keV photopeak over this time region, respectively. Subtracting these counts

from the fitted peak area yields -2(13) counts in the 1809 keV photopeak attributable

to 26Alm decays. Correcting for γ-ray efficiency and dividing by the total number of

26Alm β+ decays detected over this portion of the cycle
(

3.024(42)× 108 β+ decays
)

yields a branching ratio to the 2+1 level of −0.9± 5.7 ppm.
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B) Time structure of the β-coincident 1809 keV γ-rays

For the same matrix of γ-ray energy vs. cycle time described in Section 5.3.2 A),

a 16-channel-wide energy gate (0.5 keV/channel) was placed about the 1809 keV

photopeak. The activity curve derived from the times associated with the γ-ray

events within this gate was dead-time and pile-up corrected [106], then fit using

the same function as was used to fit the β activity described in Section 5.2. The

energy gate, dead-time and pile-up corrected activity curve, and fit components for

the 1809 keV photopeak appear in Figure 5.14. Correcting for the γ-ray efficiency

at 1809 keV
(

0.750(15)%
)

yields a total of 3.41(20)×105 photons in the 1809 keV

gate associated with the 26Alm half-life. While it appears that there is a large 26Alm

component to the activity curve for the 1809 keV γ ray, one must account for the

background underneath the photopeak due to bremsstrahlung photons arising from

the β+ particles emitted in the superallowed decay of 26Alm, which will have the same

time structure as any real 1809 keV γ rays emitted following non-analogue decay of

26Alm. The β-coincident γ-ray data has not been bremsstrahlung suppressed (see

Section 2.5) since false vetoing of events could introduce a rate dependence to the

γ-ray detection efficiency.

To quantify the bremsstrahlung contribution to the 1809 keV-gated activity curve,

a second energy gate 112 channels wide was placed on the background region immedi-

ately above the 1809 keV photopeak. The energy gate, dead-time-corrected activity

curve, and fit components for the background region above the 1809 keV photopeak

appear in Figure 5.15.

Scaling to the number of channels used in the photopeak gate, and correcting for

the ratio of the yield of, and detector response to, the 26Alm bremsstrahlung spectrum

over the two regions (Figure 5.16) of 95(5)% as determined from the Geant4 simulation
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Figure 5.15: Activity curve, with fit components overlaid, for the 112-channel-wide
energy gate (inlaid) on the background region above the 1809 keV photopeak derived
from the β-coincident γ-ray data. The number of γ-rays in this gate associated with
the half-life of 26Alm is 17163(202), during the analysis time window from 35.1 s to
73.5 s.

described in Section 5.2, yields 3.44(16)×105 26Alm bremsstrahlung photons in the

1809 keV gate. Subtracting these from the photopeak gate, and dividing by the total

number of detected 26Alm β+ particles from Section 5.2, yields a branching ratio to

the 2+1 level of −1.0± 10.0 ppm.

C) β-coincident 1809 keV γ-ray peak area vs. time

For the same matrix of γ-ray energies vs. times described in Section 5.3.2 A), suc-

cessive 2 s time gates were placed on the γ-ray activity curve, and the associated

γ-ray energy spectra were projected. The 1809 keV photopeak in each 2 s gate was

then fit with the peak-shape parameters constrained as discussed in Section 5.3.2 A),

generating the 1809 keV photopeak area vs. time curve that appears in Figure 5.17.
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Figure 5.16: The Geant4 simulated Compton-suppressed β-coincident bremsstrahlung
spectrum due to 26Alm superallowed β+ decays, including the background and
1809 keV photopeak analysis gates (inset). The ratio of the yield of, and detec-
tor response to, the 26Alm bremsstrahlung over the background gate to the 1809 keV
photopeak gate used in the β-coincident “time structure” analysis is 95(5)%.

This curve was dead-time and pile-up corrected, then fit using the same fitting rou-

tine as described in Section 5.2. The advantage of this method over that described in

Section 5.3.2 B) is that by fitting the 1809 keV γ-ray peak areas the bremsstrahlung

due to the 26Alm β+ decays, which will have the same time structure as 1809 keV

γ-rays emitted following non-superallowed decay of 26Alm, is removed by considering

only the 1809 keV peak area above the smooth background.

The total number of 1809 keV γ rays attributed to 26Alm from the fit to the peak

area vs. time curve in Figure 5.17 is 112(121). Correcting for efficiency and dividing

by the total number of detected 26Alm β+ particles from Section 5.2 yields a branching

ratio to the 2+1 level of 5.1± 5.5 ppm.
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Figure 5.17: The pile-up and dead-time-corrected β-coincident 1809 keV γ-ray peak
area, measured over successive 2 s time bins, and plotted vs. time over the decay
portion of the cycle. The total number of counts attributed to 26Alm from the fit is
112(121) during the analysis time window from 35.1 s to 73.5 s. A constant offset of
10 has been added to the data plotted here for clarity, as the constant background
level in these β-γ coincidence data at late times is consistent with zero.

5.3.3 The β-anti-coincident γ-ray data (β-γ)

Gamma rays emitted following the potential non-superallowed decay branches of

26Alm that would proceed by electron capture (to the 0+1 , 3
+
1 , and the majority of

the branch to the 2+2 state), as well as the internal M5 γ decay, would not be in co-

incidence with β particles, and are thus individually searched for most sensitively in

the β-γ spectrum. Experimental limits were placed on all possible decay paths open

to 26Alm by fitting the expected locations of γ rays that would be emitted following

26Alm non-superallowed decay (Figure 5.18). In each case the peak shape parameters

and centroid were constrained to the values determined from fits to the large number
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Figure 5.18: Portion of the β-γ spectrum between 55 s and 73.5 s in the cycle. The
expected locations of γ rays that would be emitted following 26Alm non-superallowed
decay are indicated.
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of γ rays from 26Na decay [85] in the full projection of the matrix, with only the back-

ground shape and peak area left free when fitting the time-gated γ-ray spectra. This

analysis is complicated for the 1780 keV transition that would arise from EC decay

to the 0+1 state of 26Mg, due to the presence of a background γ ray at 1779 keV
(

see

Figure 5.19d)
)

arising from the decay of 28Al (T1/2 = 2.2414 min [88]) produced in

27Al (n,γ) capture reactions by neutrons emitted from the primary production target.

To determine the contribution to the 1780 keV photopeak from this background, a

gate was placed on the 4 s before the beam was implanted onto the tape, during the

“background counting” portion of the cycle. The resulting γ-ray energy spectrum

appears in Figure 5.19b). The 1780 keV peak was fit subject to the same constraints

described above, yielding a peak area of 81(14), which was then scaled to the same

number of time channels as the gate between 55 s and 73.5 s, and subtracted from

the measured peak area in Figure 5.13b). Table 5.5 contains peak areas for the γ-

ray transitions listed in Figure 5.1, as well as upper limits on the individual level

branching ratios at the 90% confidence level. The combination of probability density

functions (P.D.F.s) for those levels with more than one γ-ray transition is discussed

in Section 5.4.
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Figure 5.19: Portion of (a) β-coincident, (b) β-anti-coincident, and (c) singles γ-
ray energy spectra for the 4 s before beam on, summed over all 2134 good cycles,
and (d) a γ-ray singles spectrum recorded for the ∼12 hours immediately following
the experiment. The relative intensities of the γ-rays in spectra b) through d) are
consistent, and verify that they do not arise from short-lived components of the
radioactive beam.
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Table 5.5: Upper limits for the individual γ-ray transitions that could be emitted
following non-superallowed decays of 26Alm, derived from the β-γ data. The peak
areas are for cycle times between 55 s and 73.5 s, and have been efficiency corrected.
The deduced upper limit on the branching ratio to each level at 90% confidence limit
is based on the renormalized probability density function for positive peak areas as
discussed in Section 5.4. For each of those levels with more than one γ-ray transition,
the renormalized P.D.F.s have been combined, weighted by the γ-ray branching ratio,
to give a single upper limit on the branching ratio to that level.

Level γ ray Peak area γ-ray branching Upper limit on BR to
(Jπ, E) (keV) (ppm) ratio (%) level (90% C.L., ppm)
3+1 , 3942 keV 1003 11(12) 62 16

2133 -10(6) 38
0+1 , 3589 keV 1780 -12(25) 100 34
2+2 , 2938 keV 1130 3(10) 90 21

2938 4(6) 10
5+, 26Alg 228 3(15) 100 27

5.3.4 The γ-ray singles data

While the 1809 keV γ ray in the β-γ coincidence data sets a limit on the direct β+

decay to the 2+1 state, and analysis of the β-γ data listed above places experimental

limits on the individual EC decay branches and M5 internal γ decay, a more sensitive

limit on the total non-superallowed β+/EC decay of 26Alm can be obtained by noting

that decay of the 2+2 , 3
+
1 , and 0+1 states feed the 2+1 1809 keV level with 90%, 94%, and

100% probabilities, respectively. The 1809 keV level thus acts as an effective collector

of all non-superallowed β+/EC decays of 26Alm, and measurement of the 1809 keV γ

ray without any conditions on whether or not a β particle is detected in coincidence

(i.e. the γ-ray singles data) thus provides a limit on the total non-superallowed β+/EC

decay of 26Alm.
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A) 1809 keV γ-ray-peak area at late times

A matrix of all γ-ray energies vs. time relative to the start of the cycle was generated

cycle-by-cycle and summed over all good cycles. A gate was placed on cycle times

between 55 s and 73.5 s, and the γ-ray energy spectrum associated with these late

times was projected. The resulting γ-ray energy spectrum around 1809 keV appears

in Figure 5.13c). The 1809 keV photopeak was fit following the same procedure

outlined in Section 5.3.2 A), yielding a peak area of 170(29) counts. Based on the

beam rate of 26Na and 26Alg, they are expected to contribute 0.9 and 1.2 counts to

the 1809 keV photopeak over this time region, respectively. Subtracting these counts

from the fitted peak area yields 168(29) counts remaining in the 1809 keV photopeak.

This analysis is also complicated by the presence of a background γ ray at 1809 keV

(

see Figure 5.19d)
)

, that is only observed when the primary proton beam is on and is

believed to arise from neutrons emitted from the primary production target populat-

ing the first excited state of 26Mg in surrounding materials through reactions such as

25Mg(n, γ), 26Mg(n, n′γ) and/or 29Si(n, α). To determine the number of background

decays contributing to the 1809 keV photopeak in Figure 5.13c), a gate was placed

on the 4 s of background counting before the 26Alm beam was implanted onto the

tape. The resulting γ-ray energy spectrum summed over all 2134 good cycles appears

in Figure 5.19c). The 1809 keV γ-ray from this spectrum was fit with the same con-

straints described above, yielding a total of 38(10) counts in the photopeak arising

from neutron induced background radiation. Scaling to the same number of time

channels used in the decay gate yields 184(48) counts which, when subtracted from

the peak area measured between cycle times of 55 s and 73.5 s, leaves -16(56) counts

attributed to 26Alm decay. Correcting for γ-ray efficiency and dividing by the total

number of 26Alm β+ decays emitted over this portion of the cycle
(

3.94(10)×108 β+
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decays
)

yields a total non-superallowed β+/EC decay branching ratio for 26Alm of

−5± 19 ppm.

B) Time structure of the 1809 keV γ-rays

For the same matrix of γ-ray energy vs. time described in Section 5.3.4 A), a 16-

channel-wide energy gate (0.5 keV/channel) was placed about the 1809 keV pho-

topeak. The activity curve derived from the times associated with the γ-ray events

within this gate was dead-time and pile-up corrected, then fit using the same function

as described in Section 5.2. The energy gate, dead-time and pile-up corrected activity

curve, and fit components for the 1809 keV photopeak appear in Figure 5.20. Cor-

recting for the γ-ray efficiency yields a total of 5.14(31)×105 photons in the 1809 keV

gate associated with the half-life of 26Alm. A second energy gate 112 channels wide

was placed on the background region immediately above the 1809 keV photopeak to

quantify the bremsstrahlung contribution to the 1809 keV gated activity curve. The

energy gate, dead-time corrected activity curve, and fit components for the back-

ground region above the 1809 keV photopeak appear in Figure 5.21.

Scaling to the number of channels used in the photopeak gate, and correcting for

both the energy-dependence of the bremsstrahlung spectrum between the two regions

as well as the detector response to the bremsstrahlung over this energy region
(

94(4)%,

see Figure 5.22
)

yields 5.15(59)×105 26Alm bremsstrahlung photons in the 1809 keV

gate. Subtracting these from the photopeak gate, and dividing by the total number of

emitted 26Alm β+ particles from Section 5.2, yields a total non-superallowed β+/EC

branching ratio for 26Alm of 0± 17 ppm.
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Figure 5.20: Activity curve, with fit components overlaid, for the 16-channel-wide
energy gate (inlaid) on the 1809 keV photopeak derived from the γ-ray singles data.
The number of γ-rays in this gate associated with the half-life of 26Alm is 3858(217),
during the analysis time window from 35.1 s to 73.5 s.

C) 1809 keV γ-ray peak area vs. time

Successive 1 s time gates were placed on the γ-ray activity curve, and the associated

γ-ray energy spectra were projected from the matrix described in Section 5.3.4 A).

The 1809 keV photopeak in each 1 s gate was then fit with the peak-shape parameters

constrained as discussed in Section 5.3.4 A), generating the 1809 keV photopeak area

vs. time curve that appears in Figure 5.23. This curve was dead-time and pile-up

corrected, then fit using the same fitting routine as described in Section 5.2. The

activity of the 1809 keV peak area does not go to zero at late times due to the presence

of the neutron-induced background radiation at 1809 keV in the γ singles spectrum

(

see Figure 5.19d
)

. This activity is, however, constant in time and is thus accounted

for by the background parameter in the fit function. The rate for the constant activity
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Figure 5.21: Activity curve, with fit components overlaid, for the 112-channel-wide
energy gate (inlaid) on the background region above the 1809 keV photopeak derived
from the γ-ray singles data. The number of γ-rays in this gate associated with the
half-life of 26Alm is 25405(292) during the analysis time window from 35.1 s to 73.5 s.

component of the fit was determined to be 3.7(9)× 10−3/s, consistent with the value

of 4.7(14)×10−3/s from the 1809 keV peak area in the 4 s background counting region

of the cycle prior to beam on shown in Figure 5.19c).

The total number of 1809 keV γ-rays attributed to 26Alm from the fit to the peak

area vs. time is 158(186). Correcting for γ-ray efficiency and dividing by the total

number of emitted 26Alm β+ particles from Section 5.2 yields a total non-superallowed

β+/EC branching ratio for 26Alm of 5.5± 6.5 ppm.

5.4 Results

The total non-superallowed β+/EC branching ratios calculated in Sections 5.3.4 A),

5.3.4 B), and 5.3.4 C), −5±19 ppm, 0±17 ppm, and 5.5±6.5 ppm, respectively, are
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Figure 5.22: The Geant4 simulated Compton-suppressed singles bremsstrahlung spec-
trum due to 26Alm superallowed β+ decays, including the background and 1809 keV
photopeak analysis gates (inset). The ratio of the yield of, and detector response to,
the 26Alm bremsstrahlung over the background gate region to the 1809 keV photopeak
gate region used in the γ singles “time structure” analysis is 94(4)%.

all consistent with zero. These values are also in agreement with the upper limit for

the non-superallowed decay of 26Alm of 7× 10−5 reported in Ref. [96], but provide a

lower (1σ) upper limit by nearly an order of magnitude.

Of the three limits presented above, the most precise is that obtained from the

measured 1809 keV peak area vs. time. However, the value 5.5±6.5 ppm allows for a

negative total non-superallowed β+/EC 26Alm branching ratio, which is unphysical. If

we assume that this measurement can be described by a Gaussian probability density

function (P.D.F.) [83]

pG (x;µ, σ) =
1

σ
√
2π

exp

[

−1

2

(

x− µ

σ

)2
]

(5.4)
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Figure 5.23: The pile-up and dead-time corrected 1809 keV γ-ray singles peak area,
measured over successive 1 s time bins, and plotted vs. time over the decay portion
of the cycle. The total number of counts attributed to 26Alm from the fit is 158(185)
during the analysis time window from 35.1 s to 73.5 s.

with mean µ = 5.5 and σ = 6.5, the negative component of the branching ratio can be

removed by renormalizing this P.D.F. to unity over only positive values. The Gaussian

P.D.F. with mean µ = 5.5 and σ = 6.5, as well as that with the same µ and σ but

renormalized to give unit probability integrated over only positive values, is shown in

Figure 5.24a). The renormalized P.D.F., which no longer contains unphysical values,

gives upper limits for the total non-superallowed β+/EC 26Alm branching ratio of 10

ppm at 67% (1σ) confidence level (C.L.), and 15 ppm at 90% (3σ) C.L.

Of all the individual non-superallowed decay branches open to 26Alm, only β+

decay to the 2+1 level at 1809 keV could be experimentally constrained more tightly

than the inclusive non-superallowed β+/EC branching ratio. The branching ratios,

calculated in Sections 5.3.2 A), 5.3.2 B), and 5.3.2 C) to be −0.9± 5.7 ppm, −1.0±
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Figure 5.24: The Gaussian P.D.F. and the renormalized P.D.F. for (a) the total
non-superallowed β+/EC branching ratio of 26Alm calculated in Section 5.3.4 C) and
(b) the 26Alm β+ branching ratio to the 2+1 state at 1809 keV calculated in Sec-
tion 5.3.2 A). The renormalized P.D.F.s yield upper limits of (a) 10 ppm and 15 ppm
at 67% and 90% C.L., respectively, and (b) 5 ppm and 12 ppm at 67% and 90% C.L.,
respectively.
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Figure 5.25: The Gaussian and renormalized P.D.F.s for the EC branching ratio of
26Alm to the 3+1 state at 3942 keV, calculated from the intensities of the 1003 keV
and 2133 keV γ-ray transitions in the β-γ data at late times and the γ-ray branching
ratios for these transitions. The combined, renormalized P.D.F. yields an upper limit
of 16 ppm at 90% C.L.
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Figure 5.26: The Gaussian and renormalized P.D.F.s for the EC branching ratio of
26Alm to the 0+1 state at 3589 keV, calculated from the intensity of the 1780 keV γ-ray
transition in the β-γ data at late times. The renormalized P.D.F. yields an upper
limit of 34 ppm at 90% C.L.
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Figure 5.27: The Gaussian and renormalized P.D.F.s for the β+/EC branching ratio
of 26Alm to the 2+2 state at 2938 keV, calculated from the intensities of the 1130 keV
and 2938 keV γ-ray transitions in the β-γ data at late times and the γ-ray branching
ratios for these transitions. The combined, renormalized P.D.F. yields an upper limit
of 21 ppm at 90% C.L.
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at late times. The renormalized P.D.F. yields an upper limit of 27 ppm at 90% C.L.
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10.0 ppm, and 5.1 ± 5.5 ppm, respectively, are also all consistent with zero. In this

case, where a β-γ coincidence analysis could be used, the “late time” window analysis

of Section 5.3.2 A) provides the most stringent limit. The Gaussian P.D.F. for the

branching ratio from Section 5.3.2 A), along with the renormalized P.D.F., is shown

in Figure 5.24b). The renormalized P.D.F. gives upper limits for the 2nd forbidden

26Alm β+ branching ratio to the 2+1 state at 1809 keV of 5 ppm at 67% C.L., and 12

ppm at 90% C.L.

For completeness, experimental upper limits for the other individual decay branches

were also determined although they are less stringent than the limit on the total

non-superallowed β+/EC decay of 26Alm. These are 16 ppm (Figure 5.25), 34 ppm

(Figure 5.26), 21 ppm (Figure 5.27), and 27 ppm (Figure 5.28) at 90% C.L. for non-

superallowed decay to the 3+1 , 0
+
1 , 2

+
2 , and for the internal M5 transition, respectively.

As the M5 internal γ decay of 26Alm can safely be assumed to be entirely negligi-

ble on theoretical grounds (Equation 5.2), the experimental upper limit on the total

non-superallowed β+/EC decay of 15 ppm at 90% C.L. is adopted as a limit on the

total non-superallowed branching of 26Alm. This establishes a precise experimental

superallowed branching ratio for 26Alm of 100.0000±0
0.0015%. This experimental limit

on the non-superallowed decay of 26Alm is a factor of 5 more precise than the previous

limit set in Ref. [96] and, with a precision of 0.0015%, the experimental uncertainty

on the 26Alm superallowed branching ratio is now rendered entirely negligible in com-

parison to the current experimental uncertainties in the half-life (0.011%) and f value

(

0.017% [3]
)

for this decay.
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Chapter 6

Results and Discussion

6.1 The 26
Al

mft value

Combining the new world-average half-life for 26Alm reported in Chapter 4 of T1/2 =

6.34643(68) s with the superallowed branching ratio presented in Chapter 5 of BR =

100.0000±0
0.0015 %, the calculated probability of electron capture PEC = 0.082% [3],

and the world-average phase space integral f = 478.237(80) [3] yields:

ft =
f T1/2

BR
(1 + PEC)

= 3037.58± 0.05BR ± 0.32T1/2
± 0.51f s

= 3037.58(60) s (6.1)

for the 26Alm superallowed ft value. This result has a precision of 0.02% and, due to

the factor of three improvement in the precision of the world-average half-life reported

in this thesis, is now the most precisely determined ft value for any superallowed

decay, as shown in Figure 6.1. As shown in Equation 6.1, the precision of the 26Alm

superallowed ft value is now limited by the precision in the phase space integral f ,
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Figure 6.1: The 13 precision superallowed ft values from Ref. [3], including the
updated 26Almft value 3037.58(60) s from this work (blue open circle).

and hence the Q value.

6.2 The 26
Al

m Ft value

The experimental ft values plotted in Figure 6.1 have a spread of approximately 2%,

and exhibit an increasing trend with increasing Z of the daughter nucleus. This is

because the experimental superallowed ft values are only approximately transition

independent, and in order to precisely test the CVC hypothesis these data must

be corrected for the small (∼1-2%) radiative and isospin-symmetry-breaking effects

discussed in Chapter 1.

The corrections δ′R = 1.478(20)% [24] and δNS = 0.005(20)% [24] are applied to the

26Almft value in order to account for radiative effects such as bremsstrahlung emission
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and the exchange of virtual photons and Z-bosons [1]. Similarly, the violation of

isospin symmetry due to the presence of Coulomb and charge-dependent nuclear

forces necessitates the introduction of isospin-symmetry-breaking corrections, δC .

6.2.1 The Woods-Saxon isospin-symmetry-breaking correc-

tions

The correction for differences in the configuration mixing in the parent and daughter

nuclei, δC1 = 0.030(10)% [24], is combined with the correction for the imperfect

overlap of the radial wave functions of the decaying proton and resulting neutron,

δC2 = 0.280(15)% [24], giving a total isospin-symmetry-breaking correction of δC =

0.310(18)% and a corrected ft value for 26Alm of

FtWS

(

26Alm
)

= ft (1 + δ′R) (1 + δNS − δC)

= 3073.1± 0.6ft ± 0.6δ′R ± 0.8δC−δNS
s

= 3073.1(12) s , (6.2)

whose uncertainty is now dominated by the nuclear-structure-dependent corrections

δC − δNS. Nonetheless, the precision of the 26Alm Ft value, 0.04%, is now the most

precisely determined of all the superallowed decays by nearly a factor of two. The Ft

value for 26Alm is compared with the other twelve precision cases in Figure 6.2a) and

Table 6.1, and the thirteen cases combined result in a new world-average superallowed

Ft value of FtWS = 3072.40(75) s.

The 26Alm Ft value carries by far the largest weight in this average and, with a

precision of 1.2 s, rivals that of the other twelve precision cases combined
(

Ftother =

3072.0(10) s
)

, setting a new benchmark for high-precision superallowed Fermi β-decay
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Figure 6.2: Superallowed Ft values for the thirteen precision cases, calculated using
the Woods-Saxon δC2 corrections of Ref. [24]. The weighted average of (a) all thirteen
Ft values, Ft = 3072.40(75) s, and (b) the other 12 Ft values, excluding 26Alm,
Ft = 3072.0(10) s, are shown as solid red lines with ±1σ limits shown by dotted red
lines. The updated 26Alm Ft value from this work, Ft = 3073.1(12) s, is indicated
by a blue open circle.

studies. The 26Alm Ft value is compared with the weighted average of the other twelve

precision cases in Figure 6.2b), and the two values are found to be in excellent agree-

ment. The Ft values obtained using the Woods-Saxon isospin-symmetry-breaking

corrections of Towner and Hardy thus continue to form an impressively consistent

set, lending strong support to the CVC hypothesis at the new level of 1.2 parts in

104.
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Table 6.1: Superallowed ft [3] and Ft values, calculated using both the Woods-Saxon
(WS) and Hartree-Fock (HF) δC2 corrections of Towner and Hardy [3, 24], for the
13 well-measured cases and updated to include the 26Almft value 3037.58(60) s from
this work.

Parent ft (s) FtWS (s) FtHF (s)
nucleus
10C 3041.7(43) 3076.7(45) 3075.1(46)
14O 3042.3(27) 3071.5(32) 3072.1(33)
22Mg 3052.0(72) 3078.0(73) 3081.7(75)
26Alm 3037.58(60) 3073.1(12) 3069.1(19)
34Cl 3049.4(11) 3070.7(21) 3069.3(23)
34Ar 3052.7(82) 3069.6(85) 3073.5(85)
38Km 3051.9(10) 3072.5(24) 3069.7(25)
42Sc 3047.6(14) 3072.4(27) 3073.2(27)
46V 3049.5(9) 3073.3(27) 3073.9(27)
50Mn 3048.4(12) 3070.9(28) 3072.0(29)
54Co 3050.8(13) 3069.9(33) 3072.5(32)
62Ga 3074.1(15) 3071.5(72) 3080.0(61)
74Rb 3084.9(78) 3078(13) 3084(10)

Ft (all) = 3072.40(75) 3071.60(87)
χ2/ν = 0.32 0.87

Ft (no 26Alm) = 3072.0(10) 3072.3(10)
χ2/ν = 0.30 0.74

6.2.2 The Hartree-Fock isospin-symmetry-breaking correc-

tions

To test for model dependence in their isospin-symmetry-breaking calculations, a new

set of radial-overlap components δC2 was calculated by Towner and Hardy [3] using a

Skyrme-Hartree-Fock mean field in place of the Woods-Saxon potential used to derive

the radial wave functions. The isospin-mixing correction δC1 = 0.030(10)% [24],

combined with the radial-overlap correction δC2 = 0.410(50)% [3] derived using this

Hartree-Fock mean field, gives a total isospin-symmetry-breaking correction of δC =
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0.440(51)% for 26Alm and a corrected ft value of:

FtHF

(

26Alm
)

= ft (1 + δ′R) (1 + δNS − δC)

= 3069.1± 0.6ft ± 0.6δ′R ± 1.7δC−δNS
s

= 3069.1(19) s . (6.3)

The uncertainty assigned to the radial-overlap correction from the Hartree-Fock cal-

culation is more than a factor of 3 larger than that assigned to the δC2 value from the

Woods-Saxon calculation, and now completely dominates the precision of this 26Alm

FtHF value of 0.06%. Due to the high-precision in the experimental 26Almft value,

however, this Ft value for 26Alm is also the most precise for any superallowed decay

within the Hartree-Fock δC2 framework.

The Ft values obtained using the new Hartree-Fock isospin-symmetry-breaking

corrections [3], including that for 26Alm, are presented in Figure 6.3a) and Table 6.1,

and combined result in a new world-average superallowed Ft value of FtHF =

3071.60(87) s.

The 26Alm Ft value is compared with the weighted average of the other twelve

precision cases in Figure 6.3b), however, it is not found to be in agreement with the

other 12 precision cases at the 1σ level, despite an assigned theoretical uncertainty

that is more than 1.5 times larger than that assigned to the 26Alm Ft value derived

using the Woods-Saxon δC2 corrections. The overall agreement between the data

and the average is also markedly poorer for the Hartree-Fock δC2 corrections than

in the Woods-Saxon case. This is illustrated in Figure 6.4, which compares the

theoretical δC corrections from the Woods-Saxon and Hartree-Fock calculations with

the corresponding “experimental” δC values [32] that can be extracted for each of
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Figure 6.3: Superallowed Ft values for the thirteen precision cases, calculated using
the Hartree-Fock δC2 corrections of Ref. [3]. The weighted average of (a) all thirteen
Ft values, Ft = 3071.60(87) s, and (b) the other 12 Ft values, excluding 26Alm,
Ft = 3072.3(10) s, are shown as solid red lines with ±1σ limits shown by dotted red
lines. The 26Alm Ft value from this work, Ft = 3069.1(19) s, is indicated by a blue
open circle.

the other 12 precision cases using the new high-precision 26Alm Ft value and the

assumption of the CVC hypothesis:

δC = 1 + δNS − Ft (26Alm)

ft (1 + δ′R)
. (6.4)

While testing CVC is a primary objective of these studies, and its assumption in

Equation 6.4 and Figure 6.4 must be performed with caution, Figure 6.4 does serve to

illustrate the impressive consistency of the Woods-Saxon calculations across the full

set of superallowed emitters from Z = 6 to Z = 37, while highlighting the apparent

lack of this consistency in the Hartree-Fock δC calculations.
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6.3 Comparing theWoods-Saxon and Hartree-Fock

corrections

While the average of the twelve other precision superallowed Ft values, excluding

26Alm, obtained using the Woods-Saxon-derived δC2 corrections of Ref. [24] (Ft =

3072.0(10) s), is found to be in excellent agreement with both the Woods-Saxon-

derived Ft value for 26Alm, 3073.1(12) s, as well as the average of the other twelve

precision cases obtained using the Hartree-Fock-derived δC2 corrections of Ref. [3]

(Ft = 3072.3(10) s), the Hartree-Fock-derived Ft value for 26Alm of 3069.1(19) s is

fully 3.2 s (1.7σ) below the average of the other twelve precision cases obtained with

the Hartree-Fock corrections, and 4.0 s (2.1σ) lower than the 26Alm Ft value obtained

using the Woods-Saxon isospin-symmetry-breaking corrections. This large difference

in the Ft values for 26Alm is associated entirely with the δC2 = 0.410(50)% obtained

in the most recent Hartree-Fock calculations. As can be seen in Figure 6.5, this value

is significantly larger than the value of δC2 = 0.280(15)% [24] obtained in Towner

and Hardy’s most recent Woods-Saxon calculations, and is also noticeably larger

than their older Woods-Saxon value δC2 = 0.230(10)% [23], as well as Ormand and

Brown’s Hartree-Fock-derived δC2 = 0.29% [43]. However, it was the systematically

lower values of the isospin-symmetry-breaking corrections obtained by the Hartree-

Fock method (green squares in Figure 6.5) which originally prompted the averaging

of the Woods-Saxon and Hartree-Fock-derived Ft values.

The difference between the complete sets of δC2 corrections calculated by Towner

and Hardy in the Woods-Saxon and Hartree-Fock models is shown in Figure 6.6.

There is a clear Z dependence in the differences between these two sets of calculations,

indicating the presence of a Z-dependent systematic effect in one, or potentially
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Figure 6.5: Comparison between several Hartree-Fock and Woods-Saxon-derived δC2

corrections for isospin-symmetry-breaking in superallowed decays. The latest Hartree-
Fock calculation by Towner and Hardy for 26Alm (inset, black circles) is nearly a factor
of two larger than previous Hartree-Fock [43] and Woods-Saxon [23, 24] calculations.

both, of the models. Thus, while the discrepancy between these two sets of isospin-

symmetry-breaking calculations for the specific case of 26Alm is primarily responsible

for the difference between the Hartree-Fock and Woods-Saxon-derived world-average

Ft values (Table 6.1), there appears to remain a broader model-dependent and Z-

dependent systematic associated with these isospin-symmetry-breaking calculations

that has not yet been understood from the theoretical perspective.

6.4 Impact of the δC2 calculations for 26
Al

m

In their most recent review of the world superallowed β-decay data [3], Towner and

Hardy average the Ft values obtained using their Woods-Saxon and Hartree-Fock
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Figure 6.6: Difference between the radial overlap corrections δC2 in superallowed β
decay, calculated using a Hartree-Fock mean field and a Woods-Saxon potential, sep-
arated according to the TZ of the parent. A residual Z dependence in the calculations
is apparent. Data from Ref. [3].

isospin-symmetry-breaking corrections when extracting GV , and hence Vud, with half

the difference assigned as an estimate of the model-dependent systematic uncertainty.

Prior to the measurements for 26Alm reported in this thesis, the difference between

the the Woods-Saxon and Hartree-Fock Ft values was 0.55 s [3], approximately 30%

smaller than the statistical uncertainty in the world-average Ft value of 0.79 s. How-

ever, since the new high-precision 26Alm Ft value reported here carries by far the

largest weight in each of the two Ft averages, and there is a particularly large dis-

crepancy between the two calculations for the radial overlap correction δC2 for
26Alm,

the improved precision in the experimental ft value for 26Alm reported in this the-

sis increases the discrepancy between the Woods-Saxon and Hartree-Fock-derived
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world-average Ft values to 0.80 s, a value that now exceeds the statistical uncer-

tainty in the weighted average, 3072.40(75) s, resulting from all of the experimental

uncertainties, all of the theoretical uncertainties in the nucleus-dependent radiative

corrections δ′R, and all of the assigned theoretical uncertainties in the Woods-Saxon

isospin-symmetry-breaking corrections combined.

Following the prescription of Ref. [3] and taking the average of the Woods-Saxon

and Hartree-Fock-derived Ft values of 3072.40(75) s and 3071.60(87) s, respectively,

results in a new world-average Ft value of:

Ft = 3072.00± 0.75stat. ± 0.40syst. s

= 3072.00(85) s , (6.5)

where the adopted uncertainty in δC − δNS has been taken from the Woods-Saxon-

derived δC2 values, as per Ref. [3]. The systematic uncertainty, 0.40 s, due to model

dependence in the δC2 calculations is now 1.5 times larger than that quoted in Ref. [3],

and more than 2.5 times larger than would be the case if the 26Alm Ft values were

omitted and the Ftother values of 3072.0(10) s and 3072.3(10) s were averaged in-

stead. These results clearly highlight the discrepancy between the Woods-Saxon and

Hartree-Fock isospin-symmetry-breaking corrections for the specific case of 26Alm, a

discrepancy that must be resolved if the very high precision experimental ft value for

this decay is to be fully exploited.

6.4.1 The error budget of GV and Vud

The Ft value of 3072.00(85) s from Equation 6.5 is taken forward in the calculations

of the standard model parameters GV and Vud. Inserting this value into Equation 1.36
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and using the radiative correction ∆V
R = 2.361(38)% gives:

G2
V /(~c)

6 = 1.29118(32)
Ftstat.

(17)
Ftsyst.

(48)∆V
R
× 10−10 GeV−4 ,

GV /(~c)
3 = 1.13630(14)

Ftstat.
(8)

Ftsyst.
(21)∆V

R
× 10−5 GeV−2 ,

= 1.13630(27)× 10−5 GeV−2 (6.6)

for the vector coupling constant GV which, combined with the value of GF/(~c)
3 =

1.16637(1)× 10−5 GeV−2 [37] yields:

|Vud| =
GV

GF

= 0.97425(12)stat.(7)δC(18)∆V
R

= 0.97425(22) , (6.7)

and a unitarity sum:

|Vud|2 + |Vus|2 + |Vub|2 = 0.99990(43)Vud
(42)Vus

= 0.99990(60) . (6.8)

While the values of GV , Vud, and the unitarity sum remain effectively unchanged

from the values presented in Chapter 1 following the improved precision in the 26Almft

value reported in this thesis, the uncertainty in GV due to the systematic difference

between the Woods-Saxon and Hartree-Fock δC2 calculations is now more than 1.5

times larger due to the improved experimental ft value for 26Alm reported in Sec-

tion 6.1. It seems a pathological fault that future improvements in the precision of

the experimental quantities which contribute to the determination of GV , and hence
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Vud, may in fact result in an increase in the uncertainty with which these quantities

are quoted, particularly as a reduction in the uncertainty assigned to ∆V
R, currently

the dominant source of uncertainty in GV and Vud, is anticipated [25]. This results

from the high-precision in the experimental data highlighting particular discrepancies

in the theoretical correction terms, and the fact that the small systematic uncertainty

in Ft associated with the model-dependence of the isospin-symmetry-breaking cor-

rections adopted in Ref. [59] may, in fact, be significantly underestimated. In order

to take full advantage of the precision not only in the results presented in this thesis

for 26Alm, but also of future experimental superallowed ft values, the issues raised in

this Chapter associated with the isospin-symmetry-breaking corrections will need to

be resolved.

6.5 Future Work: T = 1/2 Mirror Transitions

Tests of the standard model description of electroweak interactions complimentary to

those afforded by measurements of superallowed Fermi β-decay transitions between

spin-parity Jπ = 0+ and isospin T = 1 nuclear isobaric analogue states are achievable

via measurements of β-decay transitions between isobaric analogue states within T =

1/2 multiplets known as “mirror” nuclei.
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6.5.1 Non-standard model contributions to the weak inter-

action

Assuming the universality of the vector coupling constant GV (the CVC hypothe-

sis [2]), the corrected Ft values for mirror decays can be expressed [58]:

Ft (mirror) ≡ ft (1 + δ′R) (1 + δNS − δC) =
2Ft (0+ → 0+)
(

1 + fA
fV
ρ2
) (6.9)

where fA/fV is the ratio between the statistical rate functions for the axial and vector-

axial components of the transition, and ρ is the ratio between Fermi and Gamow-Teller

contributions to the decay strength. The quantity ρ is related to several correlation

coefficients in β decay [107] that are of interest to searches for physics beyond the

standard electroweak model [54]. Combining high-precision experimental ft values for

mirror transitions with values from the theoretical calculations of the ratio fA/fV , the

nuclear-structure-dependent and independent components of the radiative correction,

δNS and δ′R, respectively, and the isospin-symmetry-breaking corrections δC , a value

for ρ can be extracted from Equation 6.9 and the standard-model values for the

correlation coefficients in β decay can be determined (Equation 1.49).

The correlation coefficients from Equation 1.49 are themselves amenable to experi-

mental study, and comparison between their measured values and the standard-model

values derived from ρ in Equation 6.9 can be used to constrain extensions to the stan-

dard electroweak model.

The dominant uncertainty in the value of ρ derived from Equation 6.9 for the

majority of cases is due to the uncertainty in the experimental mirror ft values, with

the largest contributor to the ft-value uncertainty being due to the uncertainty in the

half-life [58] for the majority of the mirror β decays. Precision half-life measurements
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for T = 1/2 mirror transitions, particularly those for which one or more of the cor-

relation coefficients have been measured, or are expected to be measured, with high

precision, are thus desirable.

Recently the correlation coefficient a for the decay of the mirror nucleus 21Na

was measured [108] to address several systematic effects associated with a previous

measurement of this quantity that was found to deviate from the standard model value

by ∼ 3σ [109]. A relative precision in a of 1% was achieved in this new measurement,

and it is anticipated that a precision of 0.1% for this quantity will be achieved in the

near future [108]. The standard model value for the β − ν correlation parameter a

currently has a precision of 0.5% [58], and is dominated by the precision in the 21Na

half-life
(

T1/2 = 22.487(54) s [58]
)

of 0.2%. In anticipation of upcoming precision

measurements of the correlation coefficient a for this nucleus, an improvement in

the precision of the 21Na half-life to 0.05% or better is desirable. The β decay of

21Na proceeds via a ∼95% branch to the isobaric analogue ground state of the stable

daughter nucleus 21Ne, and with a demonstrated yield of 1×1010 from a high-powered

SiC target at TRIUMF-ISAC [84] the desired 0.05% precision in the 21Na half-life is

readily achievable using the techniques described in Chapter 4.

6.5.2 Vud from T = 1/2 mirror β decays

It was recently pointed out by Naviliat-Cuncic and Severijns [57] that a value for

the up-down element of the CKM matrix, Vud, could be obtained from measurements

of β-decay transitions in T = 1/2 mirror nuclei
(

see Section 1.3.1 B)
)

. Five nuclei

(19Ne, 21Na, 29P, 35Ar, and 37K) are included in the world-average Ft(mirror) =

6173(22) s value [57], which currently provides a value for Vud more precise than

that obtained from either neutron β decay or pion β decay, and is second in terms
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of precision only to the value of Vud obtained from the superallowed Fermi 0+ →

0+ transitions (Figure 1.5). This result is remarkable considering that none of the

experimental inputs included in the analysis of the world-average Ft(mirror) value

were obtained from a measurement explicitly motivated by the determination of Vud.

Since the uncertainty in the world-average Ft(mirror) value is currently dominated

by experiment, rather than theory, there is a strong motivation to pursue a reduction

in the uncertainties in the ft(mirror) values.

The dominant experimental uncertainty in the world-average Ft(mirror) value

is due to the Fermi/Gamow-Teller ratio ρ, and improvement in the precision of

this quantity is thus highly desirable. The second largest contributor to the un-

certainty in Vud determined from mirror decays is the uncertainty in the ft val-

ues (see Equation 1.52) which, as discussed in Section 6.5.1, is generally dominated

by the uncertainties in the β decay half-lives. In particular, the half-life for 37K

(

T1/2 = 1.2248(73) s [58]
)

, with a precision of 0.6%, is the least precise among the five

mirror decays currently included in the world-average. The β decay of 37K proceeds

via a ∼ 98% branch to the ground state of the daughter 37Ar
(

T1/2 = 35.04 days [88]
)

,

and with a measured yield at TRIUMF-ISAC of 6 × 107/s [84] the precision in the

half-life could readily be improved by an order of magnitude from the current value

of 0.6% to beyond the 0.05% level with the techniques described in Chapter 4. This

would yield a substantial improvement in the precision of the Ft value in this par-

ticular case, on par with what has been achieved already for 35Ar whose mixing ratio

ρ = −0.279(16) has a precision 1.2 times that of 37K
(

ρ = 0.561(27)%
)

, but whose

ft value is a factor of 6 more precise (see Table 1.7) due to the superior precision of

0.1% in the 35Ar half-life.
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6.6 Summary and Conclusions

Since the early experiments nearly 60 years ago [4], superallowed Fermi β decays

between isobaric analogue states have provided tremendous insight into the standard

model of electroweak interactions. These nuclei have proven to be an ideal laboratory

for studying the underlying parameters of the standard electroweak model, as the

theory describing their decay depends only minimally on the complications of nuclear

structure. The assertion, put forward by Feynman and Gell-Mann in 1958 [2], that the

value of the vector coupling constant GV is not renormalized in the nuclear medium,

is presently vindicated by the superallowed data to 1.2 parts in 104, while these data

also currently provide the strictest limits on fundamental scalar currents at 13 parts

in 104 [3], vector second-class currents at 24 parts in 104 [3] and, when combined with

measurements from muon decay, also provide the most precise value for Vud, the up-

down element of the Cabibbo-Kobayashi-Maskawa (CKM) quark-mixing matrix [1].

Although superallowed Fermi β decays have been studied for more than half a cen-

tury, it is only recently, with the very high-intensity beams becoming available at the

new generation of radioactive-ion-beam facilities such as TRIUMF-ISAC, that major

advances in precision measurements of superallowed ft values have become possible.

The rapid progress achieved over the last decade in superallowed ft-value measure-

ments has lead to intense scrutiny of the theoretical corrections required to account

for radiative and isospin-symmetry-breaking effects in these decays, since they now

contribute the largest uncertainty to the fundamental quantities derived from the su-

perallowed ft values. Cases where the theoretical corrections are predicted to be large

are attractive from an experimental point of view [110, 111]. Alternatively, improving

the precision in the experimental ft values for particular cases where the theoretical

corrections show significant model dependence can serve to expose deficiencies in the
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different isospin-symmetry-breaking models. Of the thirteen superallowed emitters

with ft values known to better than ±0.3%, 26Alm has the smallest, and most pre-

cisely quoted, nuclear-structure dependent corrections [24], but a large discrepancy

in the radial-overlap isospin-symmetry-breaking correction between the Woods-Saxon

and Hartree-Fock model made it an ideal case to pursue a reduction of the uncertainty

in the experimental ft value.

To this end, high-precision half-life and branching-ratio measurements for the su-

perallowed β+ emitter 26Alm were performed at the Isotope Separator and Accelerator

(ISAC) facility at TRIUMF in Vancouver, Canada. The branching ratio measurement

was performed with the 8π Spectrometer, an array of 20 high-purity germanium de-

tectors, in conjunction with SCEPTAR, a plastic scintillator array used to detect the

emitted β particles. An experimental upper limit of 12 ppm at 90% confidence level

was placed on the direct β+ decay of 26Alm to the first excited 2+ state in the daugh-

ter 26Mg. Although less stringent than the limits established on the direct decay to

the 2+1 and the total non-superallowed β+/EC decay of 26Alm, experimental upper

limits were determined for all individual decay branches of 26Alm of 16 ppm, 34 ppm,

21 ppm, and 27 ppm at 90% C.L. for non-superallowed decay to the 3+1 , 0
+
1 , and 2+2

states in the daughter 26Mg, as well as for the internal M5 γ transition, respectively.

The upper limit for the total non-superallowed β+/EC branching ratio of 15 ppm at

90% C.L. establishes a precise experimental superallowed branching ratio for 26Alm

of 100.0000±0
0.0015 %.

The half-life measurement was performed using a 4π continuous-flow gas propor-

tional counter and fast tape transport system. The value determined for the 26Alm

half-life, T1/2 = 6.34654(75) s, has a precision of 0.012%, and represents the sin-

gle most precisely measured half-life of any superallowed emitting nucleus to date.

181



This value was found to be in excellent agreement with the world average from the

most recent review of the superallowed data, T1/2 = 6.3450(19) s [3], but is 2.5 times

more precise. The new world average half-life for 26Alm including this measurement,

T1/2 = 6.34643(68) s, has a precision of 0.011% and represents an improvement in the

precision of the previously determined world average by nearly a factor of 3, estab-

lishing the half-life of 26Alm as the most precisely determined for any superallowed

decay.

Combining these results with the calculated probability of electron capture PEC =

0.082% [3] and the world-average phase-space integral f = 478.237(80) [3] yields

the most precisely determined ft value for any superallowed β-emitting nucleus to

date, ft =3037.58(60) s, with a precision of 0.02%. Due to the small, and precisely

quoted, isospin-symmetry-breaking corrections for this nucleus, the Ft value for 26Alm

is also the most precisely determined for any superallowed emitter. The improved

precision in the experimental ft value for 26Alm highlights the large discrepancy

between different models for the radial-overlap component of the isospin-symmetry-

breaking corrections, and results in an increase in the uncertainty in the world average

superallowed Ft value used to extract the vector coupling constant GV , and the up-

down element of the Cabibbo-Kobayashi-Maskawa quark-mixing matrix, Vud. In order

to take full advantage of the high-precision measurements reported in this thesis, as

well as future high-precision superallowed ft values, the remaining deficiencies in

these models of the isospin-symmetry-breaking corrections in superallowed Fermi β

decays must be understood and resolved.
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Appendix A

Source Plus Pulser Monte Carlo

/*****************************************************************************************

* *

* source_pulserMonte.c: Monte Carlo simulation to investigate the expressions *

* derived for the deadtime given in terms of pulser, *

* observed source plus pulser and observed source only *

* rates. *

* *

*****************************************************************************************/

Rsprime = 0.0; //Affected and observed rates that determine deadtime

Rpprime = 0.0;

Rspobs[step] = 0.0;

T = 0.0; //Total run time, set to zero at start of each Tau

countS = 0;

countP = 0;

Ts = 0.0; //Time of the source events

Tp = 0.0; //Time of the pulser events

Tp_next = 0.0; //Need next pulser time to sort out triggers

Ttrig = 0.0;

seed = abs((old_seed/1000000.0)*pow(3.0-4.0*old_seed/1000000.0,2.0)*1000000.0-(float)step);

old_seed = seed;

srand48((unsigned int)seed); //seed random for first pulser event

random = drand48();

Tp += random/Pulser;

Tp_next = Tp + 1.0/Pulser;

/* Seed random for first source event. Need to seed again so we don’t */

/* corelate start of first pulser and start of first source events */

seed = abs((old_seed/1000000.0)*pow(3.0-4.0*old_seed/1000000.0,2.0)*1000000.0-(float)step);

old_seed = seed;

srand48((unsigned int)seed);

random = drand48();

Ts += -log(random)/(double)RS;
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/************************************************************************/

/* Now determine which of these events came first to define our first */

/* trigger. We need to leave the following if/else statements having */

/* dealt with both of these events, having determined what time our */

/* last trigger was, and ready to sart throwing source events until we */

/* hit the next pulser event. */

/************************************************************************/

if(Tp > Ts)

{

/* The first random source event happened before the pulser so make it our trigger */

Ttrig = Ts;

T = Ttrig; //Set the elapsed run time whenever we get a trigger

if(T < (double)TBIN) //Only count this event if its before the end of the run

{

countS++; //Count this towards the primed source rate

}

/* Now we still have the first pulser event to deal with */

/* Since it happens after the source, which is our trigger, */

/* see if it is vetoed by the dead time of this trigger */

/* If it is vetoed by the dead time, then make a next pulser */

/* event and throw source events until we hit the next pulser*/

/* If it is not vetoed, then it is the next pulser so start */

/* throwing source events until we hit this "next" pulser */

if(Tp > Ttrig + Tau)

{

/* This first pulser is not vetoed by the dead time of */

/* our source trigger, so this is our next pulser event */

Tp_next = Tp;

/* Now go to our "while before next pulser" loop */

}

}//End if first source event is first trigger

else

{

/* Then the first pulser event is our first trigger */

Ttrig = Tp;

T = Ttrig; //Set the elapsed run time whenever we get a trigger

if(T < (double)TBIN) //Only count this event if its before the end of the run

{

countP++; //Count this towards the primed pulser rate

}

/* Now we still have the first soure event to deal with */

/* Since it happens after the pulser, which is our trigger, */

/* see if it is vetoed by the dead time of this trigger */

/* If it is vetoed by the dead time, and is before the next */

/* pulser event, then start throwing source events until we */

/* hit the next pulser. If it is not vetoed by the dead time */

/* but is before the next pulser, then it is our next trigger*/

/* The tricky cases are if it is after the next pulser event */

/* In that case we need to keep making pulser and "next" */

/* pulser events until this event is before our next pulser */

/* event, then proceed according to whether it is vetoed by */

/* the dead time of the last pulser trigger or is itself the */

/* next trigger. */
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if((Ts > Ttrig + Tau)&&(Ts < Tp_next))

{

/* This first source event is not vetoed by the dead time of */

/* our first trigger and is before the next pulser event, so */

/* it is our next trigger. */

Ttrig = Ts;

T = Ttrig; //Set the elapsed run time whenever we get a trigger

if(T < (double)TBIN) //Only count event if its before the end of the run

{

countS++; //Count this towards the primed source rate

}

/* Now go to our "while before next pulser" loop */

}//If it is vetoed then just proceed to "while before next pulser" loop

else if(Ts > Tp_next)

{

/* This first source event is after our next pulser event so we */

/* keep making pulser and next pulser events until we have a */

/* next pulser event that is after this first source event. */

while(Ts > Tp_next)

{

Tp = Tp_next;

Tp_next += 1.0/Pulser;

/* We need to assign triggers as we make these pulser */

/* events and keep track of the elapsed run time */

if(Tp > Ttrig + Tau)

{

/* Then this new pulser event is also a trigger */

Ttrig = Tp;

T = Ttrig; //Set the elapsed run time

if(T < (double)TBIN) //Count event if before end of run

{

countP++; //Count towards primed pulser rate

}

}

}

if(Ts > Ttrig + Tau)

{

/* This first source event is not vetoed by the dead time of */

/* our last trigger and is before the next pulser event, so */

/* it is our next trigger. */

Ttrig = Ts;

T = Ttrig; //Set the elapsed run time

if(T < (double)TBIN) //Count event if before end of run

{

countS++; //Count this towards the primed source rate

}

/* Now go to our "while before next pulser" loop */

}

/* else it is vetoed by the dead time, so discard and */

/* go to our "while before next pulser loop" */

}//End if source time greater than next pulser

}//End if first pulser event is first trigger
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/********************************************************************************/

/* End of assigning the first triggers. */

/* We should always get here with the time of the first source event before the */

/* next pulser event and either equal to the last trigger time, i.e. it was the */

/* last trigger, or greater than the last trigger time by less than Tau, i.e. */

/* it was vetoed or else it would have been the last trigger. Check these out. */

/********************************************************************************/

exitflag = 0;

if(Ts > Tp_next)

{

printf("ERROR! First source time is after next pulser event time");

exitflag = 1;

}

if(Ts < Ttrig)

{

printf("ERROR! First source time is less than the trigger time");

exitflag = 1;

}

if(Ts > Ttrig + Tau)

{

printf("ERROR! First source time is greater than trigger time plus Tau");

exitflag = 1;

}

if(exitflag == 1)

exit(1);

/********************************************************************************/

/* Now that the first trigger has been established it should be straightforward */

/* to loop over the source events between subsequent pulser events, keeping */

/* track of the run time and triggers as we go. */

/* First throw a new source event before looping over "before next pulser" */

/********************************************************************************/

random = drand48();

Ts += -log(random)/(double)RS;

while(T < (double)TBIN) //Looping over time

{

while(Ts < Tp_next)

{

if(Ts > Ttrig + Tau)

{

/* This source event is not vetoed by the dead time of */

/* our last trigger and is before the next pulser event,*/

/* so it is our next trigger. */

Ttrig = Ts;

T = Ttrig; //Set the elapsed run time

if(T < (double)TBIN) //Count event if before end of run

{

countS++; //Count this towards primed source rate

}

}

/* Else it is vetoed by the dead time, so ignore and throw */

/* another as long as we are still before the next pulser */

random = drand48();

Ts += -log(random)/(double)RS;

}//end while source event time is before next pulser event time
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/********************************************************************************/

/* Our last source event time happened after our "next pulser" so now make the */

/* "next pulser" our current pulser and see if it is vetoed by the dead time of */

/* the last trigger. Also make a new "next pulser" and go back into the loop */

/********************************************************************************/

Tp = Tp_next;

Tp_next += 1.0/Pulser;

if(Tp > Ttrig + Tau)

{

/* This pulser event is not vetoed by the dead time of */

/* our last trigger, so it is our next trigger. */

Ttrig = Tp;

T = Ttrig; //Set the elapsed run time

if(T < (double)TBIN) //Count event if before end of run

{

countP++; //Count this towards the primed pulser rate

}

}

/* Else it is vetoed by the dead time, so ignore and go back */

/* into our loop as long as we are within the run time. */

}//end while over run time

/************************************************************************/

/* Our run time has elapsed so now we take all of our triggers and work */

/* out our primed source and pulser rates, and compute the dead time. */

/************************************************************************/

Rsprime = (double)countS;

Rpprime = (double)countP;

Rspobs[step] = Rsprime + Rpprime; //Observed total rate

totalcounts += Rspobs[step];
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Appendix B

The Source Plus Pulser Method

The following plots can be used to determine the appropriate values for the source

and pulser rates when measuring the non-extendable dead time of a system, τ , via

the Source Plus Pulser Method of A.P. Baerg, which relates the observed dead-time-

affected counting rate of a random source, Ro
S, the observed dead-time-affected count-

ing rate of a random source in combination with a periodic pulser, Ro
SP , and the true

pulser rate, RP to the system dead time according to [81]:

τ =
1

Ro
S

(

1−
√

Ro
SP − Ro

S

RP

)

. (B.1)

As noted in Chapter 3, this expression is only an approximation valid for dead

times that are small in comparison to 1/RS and 1/RP , and thus the region of accuracy

of this expression must be considered when determining τ for high-precision half-life

measurements.

Assuming a fixed, nominal value for the non-extendable system dead time, the

“percent dead” in each Figure refers to the product of the nominal dead time and

the true source rate, while the x-axis gives the true pulser rate as a fraction of the
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source rate. Any point which overlaps with zero indicates an appropriate pulser rate

to source rate ratio for that particular “percent dead”, while the size fo the error

bar indicates the statistical precision with which the dead time will be determined

relative to a measurement of equal duration at another pulser/source ratio.
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Figure B.1: Source plus pulser Monte Carlo results for 1-5% dead time
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Figure B.2: Source plus pulser Monte Carlo results for 10-30% dead time
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Figure B.3: Source plus pulser Monte Carlo results for 1% dead time
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Figure B.4: Source plus pulser Monte Carlo results for 3% dead time
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Figure B.5: Source plus pulser Monte Carlo results for 5% dead time
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Figure B.6: Source plus pulser Monte Carlo results for 10% dead time
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Figure B.7: Source plus pulser Monte Carlo results for 15% dead time
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Figure B.8: Source plus pulser Monte Carlo results for 20% dead time
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Figure B.9: Source plus pulser Monte Carlo results for 30% dead time
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