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Theoretical knowledge on the ecological significance of periodic environments is still 

underdeveloped. Despite this, many global periodicities – on a variety of timescales – 

are changing due to climate change and other anthropogenic impacts. Thus, alterations 

in these periodicities may fundamentally restructure species interactions and future 

competitive outcomes, with clear implications for the maintenance of biodiversity under 

global change. We extend a two-species Lotka-Volterra competition model that 

incorporates periodic forcing between two seasons of high and low productivity to 

investigate the effects of changing environmental patterns on species coexistence. 

Towards this, we define coexistence criteria for periodic environments by approximating 

isocline solutions. This analytical approach illustrates that seasonality can mediate 

different competitive outcomes, and that our numerical results and their bifurcations are 

quite general. Importantly, species coexistence may be incredibly sensitive to changing 

periodicities, and therefore, climate change has the potential to drastically impact the 

maintenance of biodiversity in the future. 
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Chapter 1: Coexistence in Periodic Environments 

1.1 Introduction 

Nature is abundant with a diverse array of periodic climate signals (Jackson et al., 2021; 

Pokorný, 2021). The complex variations in temperature over time (Jiang & Morin, 2007; 

Rudolf, 2019), for example, can be decomposed into different lengths of underlying 

periodicities using spectral analysis, revealing a complex mosaic of short (e.g., seconds, 

minutes, hours, days), medium (months, years), long (multi-decadal), and very long 

natural periods (100s to 1000s of years) (Forrest & Miller-Rushing, 2010; Huntly et al., 

2021; Joseph & Kumar, 2021; Pokorný, 2021; Vasconcellos et al., 2011). The regularity 

of these environmental periodicities allows for species to adapt and respond to them 

(Bernhardt et al., 2020; Fretwell, 1972; Shuter et al., 2012; Tonkin et al., 2017), 

meaning that nature has evolved around, and within, these complex temporal abiotic 

signatures (Mathias & Chesson, 2013; Rudolf, 2019; Varpe, 2017). Despite the long-

known recognition of nature’s complex abiotic palette (White & Hastings, 2020), 

surprisingly little ecology has considered the scope of nature’s abiotic variability in 

maintaining species diversity (although see McMeans et al., 2020; Mougi, 2020). 

 

Researchers have cogently argued that temporal variations can promote species 

coexistence via fluctuation-dependent coexistence mechanisms (e.g., storage effect, 

relative nonlinearity, equalizing mechanisms) (Adler et al., 2006; Chesson, 2018; 

Chesson & Huntly, 1997; Johnson & Hastings, 2022; Li & Chesson, 2016; Meyer et al., 

2022; Namba & Takahashi, 1993). With these mechanisms, temporal niche 
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differentiation enables coexistence between species with different competitive 

advantages that would otherwise be impossible in static environments (Chan et al., 

2009; Chesson, 2000; Mathias & Chesson, 2013; Rossi et al., 2017; Scranton & 

Vasseur, 2016; Zielinski et al., 2017). For example, temporal resource conditions may 

favour different species at different times (Armstrong & McGehee, 1980; Hastings, 

2012; Huntly et al., 2021). Regardless of the temporal scales these fluctuating abiotic 

conditions operate on, these temporal periodicities can be characterized as seasons 

with periods of high productivity followed by periods of very little to no productivity 

(Campbell et al., 2008; Fretwell, 1972; Huntly et al., 2021; Suski & Ridgway, 2009). As 

species have developed biological responses to predict and anticipate the timing of 

these changing seasonal conditions (Bernhardt et al., 2020; Tonkin et al., 2017), the 

argument is that temporal abiotic conditions may play a major role in promoting 

biodiversity (Chesson, 2018; McMeans et al., 2020; Shuter et al., 2012). Despite this, 

the influence of these regulating periods (i.e., hot – cold, wet – dry) on the ecology of 

species interactions, is still arguably in its infancy. 

 

While competition theory has primarily focussed on the mechanisms of species 

coexistence in non-periodic environments (e.g., predator-prey competition dynamics 

(Armstrong & McGehee, 1976; Chen et al., 2013); invasion criteria (Chesson, 2018; 

Kang & Chesson, 2010; Mathias & Chesson, 2013)), studies are beginning to suggest 

that periodic environments may have significant implications on species coexistence 

(Chesson, 2018; Mathias & Chesson, 2013; White & Hastings, 2020). The research by 
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McMeans et al. (2020), illustrates how annual seasonal trade-offs promote species 

coexistence by allowing species to thrive during different seasons of the year. Another 

paper, by Mougi (2020), shows that the coupling of differently timed resource 

fluctuations (i.e., polyrhythms) may broaden the range of coexistence between diverse 

species that rely on limited resources. While these recent papers highlight the 

importance of temporal variations, the demand for a more general theoretical 

understanding on the role of periodic conditions – either in isolation or as suites of 

periodicities (i.e., polyrhythms) – remains (White & Hastings, 2020). 

 

The fact that little research has been explored pertaining to the significance of these 

natural periodicities becomes critical as climate change is currently altering the nature of 

these environmental fluctuations (Al-Habahbeh et al., 2020; Chesson, 2018; Dijkstra et 

al., 2011; Shuter et al., 2012; Urban et al., 2012). Northern-hemisphere winters are 

becoming shorter in length and more moderate (Caldwell et al., 2020; Edlund et al., 

2017; Ficker et al., 2017; McMeans et al., 2020; Warne et al., 2020), and weather 

patterns across the globe are becoming more variable and unpredictable (Fang & 

Stefan, 1998; O’Reilly et al., 2015). In response, many ecosystem communities have 

experienced an increase in species extinction (Fung et al., 2020; Moor, 2017; Urban et 

al., 2012) and invasion rates (Atkinson et al., 2020; Cerasoli et al., 2019; Dijkstra et al., 

2011; Sharma et al., 2009; Stachowicz et al., 2002). Therefore, as climate change 

continues to alter the abiotic conditions to which organisms have adapted to, the 

mechanisms regulating species coexistence may be fundamentally altered (Anderson et 
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al., 2015; Bartley et al., 2019; Caldwell et al., 2020; di Paola et al., 2012; Eloranta et al., 

2016; Korpela et al., 2013; Tunney et al., 2014). With all this in mind, developing an 

understanding for the mechanisms behind the maintenance of biodiversity in periodic 

environments becomes even more crucial. 

 

Here, we extend upon the seasonal coexistence model first introduced by McMeans et 

al. (2020), viewing it not only as an annual seasonal forcing model, but also as one that 

more generally considers the role of periodic forcing across all temporal lengths (e.g., 

days to multi-decadal) via different biological parameter combinations. As periodic 

environments may play a major role in species coexistence, we seek to generally 

explore which competitive outcomes may occur in these environments and under what 

biological conditions (i.e., different growth rates). Towards this, we employ an analytical 

approach consistent with the classical Lotka-Volterra phaseplane theory by developing 

a simple approximation that allows us to solve for the isocline solutions of a time-

separated periodic model. Specifically, this approximation allows us to define 

coexistence criteria for periodic environments. We then illustrate how environmental 

periodicities can, in and of themselves, drive bifurcations (i.e., changing invasion 

criteria) that mediate coexistence, competitive exclusion, and contingent coexistence. 

We end by discussing our competition results in light of how climate change is altering 

the nature of key underlying abiotic periodicities. 
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1.2 Methods 

We start by extending our interpretation of McMeans et al. (2020)’s annual seasonal 

model here, but more generally, we define a season as a discrete division in time that 

repeats itself, or is periodic, of any given length. As such, summer (more productive) 

and winter (less productive) seasons in McMeans et al. (2020) repeat themselves with a 

periodicity of one-year but we may also similarly decompose other natural shorter (e.g., 

seconds (Huntly et al., 2021)) and longer (e.g., El-Nino Southern Oscillations (Joseph & 

Kumar, 2021)) periodicities into discrete seasons of more or less productive conditions. 

Towards this general understanding of periodicities, we extend the Lotka-Volterra 

competition model (Lotka, 1920; Volterra, 1928) into a periodic model that repeatedly 

alternates between two discrete seasons, a productive (𝑓𝑃) and less productive (𝑓𝐿𝑃) 

season. For each species, these functions are modelled with environmentally specific 

parameter combinations to incorporate biological constraints within each season, 

discussed below (Figure 1a). The Lotka-Volterra model is defined as: 

𝑓𝑆,𝑗(𝑡) = 𝑟𝑆,𝑗𝑋𝑗(1 − ⍺𝑆,𝑗𝑗𝑋𝑗 − ⍺𝑆,𝑗𝑘𝑋𝑘) (1) 

where j and k represent two competing species, and S represents a season (either 

productive, P, or less productive, LP). Here, 𝑟𝑆,𝑗 is the intrinsic rate of population growth 

for species j in a season, S, 𝛼𝑆,𝑗𝑗 is the intraspecific competitive coefficient for species j 

in season S, and 𝛼𝑆,𝑗𝑘 is the interspecific competitive coefficient for species k on species 

j in season S. 
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When running simulations, and to maintain the spirit of the model assumptions (i.e., 

productive and less productive season), we assumed the following simple biologically 

realistic assumptions:  

(1) Maximal growth rates are larger in the productive period than the less productive 

period for both species (i.e., 𝑟𝑃,𝑗 > 𝑟𝐿𝑃,𝑗), and; 

(2) Since resources are more available in the productive period compared to the less 

productive period, intraspecific competition will be lower in the productive period 

compared to the less productive period (i.e., 𝛼𝑃,𝑗𝑗 < 𝛼𝐿𝑃,𝑗𝑗). 

Further, to incorporate realistic biological trade-offs between competing species, we 

assumed that species 1 is a better performer in the productive period compared to 

species 2, and vice versa in the less productive period. Keeping in mind the previous 

seasonal constraints, this produces the following realistic parametric trade-offs for the 

two species: 

(1) Species 1 has a higher growth rate in the productive period (i.e., 𝑟𝑃,1 > 𝑟𝑃,2) and a 

lower growth rate in the less productive period (i.e., 𝑟𝐿𝑃,2 > 𝑟𝐿𝑃,1) compared to 

species 2, and; 

(2) Species 1 has a smaller intraspecific competitive coefficient in the productive 

period (i.e., 𝛼𝑃,11 < 𝛼𝑃,22) and a larger intraspecific competitive coefficient in the 

less productive period (i.e., 𝛼𝐿𝑃,11 > 𝛼𝐿𝑃,22) compared to species 2.  

These trade-offs are similar to an empirical case study by McMeans et al. (2020) where 

lake trout are seasonal generalists with moderate growth rates year-round, and 
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smallmouth bass, the lake trout’s competitor, are seasonal specialists with higher 

growth rates during the summer and lower growth rates during the winter. 

 

With the above assumptions taken into consideration, our model is a periodic step 

function (repeats every 1-time unit), that goes through a productive time period (P), and 

a less productive time period (LP), as follows: 

𝑑𝑋𝑗

𝑑𝑡
= {

𝑓𝑃,𝑗(𝑡)          𝑖 < 𝑡 < 𝑖 + 𝑝

𝑓𝐿𝑃,𝑗(𝑡)      𝑖 + 𝑝 < 𝑡 < 𝑖 + 1
 

 
(2) 

where i = 0 to 𝑡𝐸𝑁𝐷 = length of the model run, with an integer step size 1; p is the length 

of the productive interval as a proportion of each time unit (leaving (1-p) as the less 

productive interval); and j represents one of the two competitive species, either species 

1 or 2. These periodic functions of 𝑓𝑃 and 𝑓𝐿𝑃 are defined in equation (1) as 𝑓𝑆. Note, 

that the model as framed does not define the time units on purpose. In this sense, here 

we seek general results that allow us to see how periodicity, of any length, may 

influence coexistence. As an example, if the units are in days, the above model would 

represent a one-day period (e.g., diurnal fluctuations), if the units were in years, the 

model would represent an annual period or seasonal period as in McMeans et al. 

(2020), and so on. Further, we note that once the time units are defined, biological rates 

scale accordingly which influences the parameter estimates of both the growth rates, r, 

and the competitive coefficients, 𝛼 – inter- and intraspecific. For example, a small 

mammal with an instantaneous per capita growth rate of 2 on a scale of years (time 

units year-1) will have a significantly higher growth rate on a timescale of 10 years and a 

much smaller growth rate on a timescale of 1 month. The size of the competitive 
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coefficients, 𝛼, will also be altered by the timescales in a similar manner. In what 

follows, we find results that occur across broad swaths of r and 𝛼 values suggesting that 

our results likely hold for a broad range of natural periodicities (e.g., days to multi-

decadal), consistent with a recent analysis by Mougi (2020) which argued that scales of 

months to years ought to significantly aid species coexistence. 

 

We coded all numerical simulations in Mathematica 12.0. The models are integrated 

over numerous years until an asymptotic state, referred to as an equilibrium state 

despite within-year variation has been reached (i.e., mean value from 900 – 1000 time-

steps) to remove transient influences. However, within each time unit, as discussed 

above, they sequentially follow first productive then less productive parameters 

corresponding to the given productive seasonal fraction, p, within the year. The 

productive seasonal fraction, p, allows us to change the proportion of the year that is 

under our productive conditions versus our less productive conditions, (1-p) (e.g., 

increase 𝑓𝑃) (Figure 1b).  

 

Finally, all model parameterizations for our simulations can be found in our figure 

legends and in the supplement. Below we first walk through our approximation and then 

our general analytical results before using these biologically realistic constraints to show 

that our simulations match our analytical results. For each outcome, we explore how 

changing the periodic lengths, p, influences competitive coexistence and exclusion 

(Figure 1b; Table 1). 
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1a) Model Set Up 

 

1b) Model Experiment 

 

Figure 1.1: Model schematic investigates the projected mean equilibrium density over the length 
of the productive period when species compete under different periodic conditions. a) The model 
set-up investigates two time-separated seasons with different environmental conditions (productive (white 
box) and less productive (gray box)). In numerical simulations, competitive species, X1 (white fish) and X2 
(black fish), exhibit different trade-offs in response to these differing environmental conditions, where 
each species may experience different levels of inter- to intraspecific competitive interactions (thickness 
of arrows) depending on which species may have an overall better performance in one period compared 
to the other. An experiment is projected over an extensive amount of time (say 1000-time units) until it 
reaches an asymptotic state (we refer to this as an equilibrium despite the within-year variation). b) In the 
model experiment, the projected mean equilibrium density, which represents a fluctuating’ species density 
at its asymptote, is calculated as the duration of the productive period (as a proportion of each time unit) 
varies from 0 – 1. 
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1.3 Results 

Here, we present our approximated isocline solutions and investigate the resulting 

coexistence criteria and behaviour under seasonality. Next, we reveal that changing 

seasonal length, p, in response to climate change, mediates coexistence, competitive 

exclusion, and contingent coexistence. Finally, we explore the robustness of our 

seasonally-mediated outcomes with 2-parameter bifurcation diagrams using seasonal 

length and different growth rates as parametric values.  

 

1.3.1 Approximate Isocline Solutions for the Periodic Lotka-Volterra Model 

Although we use a periodically forced system, we can use equilibrium concepts to 

understand the dynamics of our model. Specifically, our model reaches an attractor 

such that the densities fluctuate modestly up and down on a timescale of 1-unit (i.e., the 

periodicity) around a mean that does not change (i.e., an asymptotic state or dynamic 

equilibrium). Given this equilibrium-like dynamic, we are interested in considering this 

asymptotic behaviour in a manner similar to the way we would for a system that reaches 

a true equilibrium. Here, we provide an approximation for our model isoclines and 

equilibria that mirror those of the original Lotka-Volterra competition model. 

 

Note that the isoclines can be solved by recognizing that each integer step of 1-time unit 

would necessarily have to result in a zero net growth (i.e., no overall changes in density 

between time steps, as in a classical Lotka-Volterra zero-growth isocline). That is, from 

System (2), the Xj-isocline zero-growth condition occurs when: 
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𝑑𝑋𝑗

𝑑𝑡
= {

𝑓𝑃,𝑗(𝑡)       𝑖 < 𝑡 < 𝑖 + 𝑝

𝑓𝐿𝑃,𝑗(𝑡)       𝑖 + 𝑝 < 𝑡 < 𝑖 + 1
 

=  0 
(3) 

Biologically, this occurs when the dynamics of Xj over the productive period (i.e., the 

population dynamics driven by 𝑓𝑃,𝑗(𝑡)) over the time interval i to i+p are identically 

negated by the change over the less productive period from i+p to i+1 (i.e., the 

population dynamics driven by 𝑓𝐿𝑃,𝑗(𝑡)).  This logic holds for both species, and we can 

therefore solve for both the X1 and X2 zero-growth isocline solutions accordingly. In 

other words, this approach means that given any X1-X2 points on the phaseplane, then 

this X1-X2 point will be on one of the isoclines when System (3) is satisfied for a given 

species. Additionally, an X1-X2 point will be at an equilibrium when System (3) is 

satisfied for both species.  

 

From System (3), the isocline solution follows as: 

𝑓𝑃,𝑗(𝑡) |

𝑝

0
= 𝑓𝐿𝑃,𝑗(𝑡) |

1

𝑝
 

(4) 

This isocline solution (4) is not analytically tractable (note that each season has 

dynamics over a time interval), making it seem as though an isocline approach appears 

infeasible.  

 

Towards solving for an approximate isocline, we note that on the phaseplane for 

System (2), any (X1, X2) co-ordinate on the phaseplane at time i is part of the isocline if 

at time i+1 it is back at the same (X1, X2) co-ordinate. Thus, there is a productive 
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trajectory over p during the interval from the initial value, (X1, X2), followed by a less 

productive trajectory over (1-p) that brings the trajectory back to the initial co-ordinate 

(X1, X2). For simplicity, by assuming that the instantaneous growth rates (starting at the 

X1, X2 co-ordinate) are linear, we approximate the productive trajectory over the time 

period, p, and solve the equations using the Fundamental Theorem of Calculus over the 

interval of a single time unit (see Supplementary Material S1) such that over the interval 

fraction, p, the productive trejectory necessarily scales linearly as: 

𝑑𝑋𝑗

𝑑𝑡
= 𝑝𝑓𝑃,𝑗(𝑋𝑗 , 𝑋𝑘) 

(5) 

and the less productive trajectory over the interval fraction (1-p) scales linearly as: 

𝑑𝑋𝑗

𝑑𝑡
= (1 − 𝑝)𝑓𝐿𝑃,𝑗(𝑋𝑗 , 𝑋𝑘) 

(6) 

Here, for simplicity, we first ignore the movement of the solution off the initial value over 

the interval p. Thus both approximations (i.e., the productive (5) and less productive 

period (6)) operate on the same initial value.  

Given Equations (5) and (6), then the Xj-isocline occurs when: 

𝑝𝑓𝑃,𝑗(𝑋𝑗 , 𝑋𝑘) = −(1 − 𝑝)𝑓𝐿𝑃,𝑗(𝑋𝑗 , 𝑋𝑘) (7) 

This approxmation (Equation (7)), if it works, can be solved symbolically as done 

elegantly for the classical Lotka-Volterra model and thus, such an approximation allows 

an entry point into well-known coexistence analyses and interpretations.  
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Substituting the productive and less productive models of Equation (1) for either species 

into Equation (7), the resulting isocline solutions, for both species, follow the following 

form: 

𝑋𝑗 =
𝑝𝑟𝑃,𝑗𝛼𝑃,𝑗𝑘 − (1 − 𝑝)𝑟𝐿𝑃,𝑗𝛼𝐿𝑃,𝑗𝑘

𝑝𝑟𝑃,𝑗𝛼𝑃,𝑗𝑗 − (1 − 𝑝)𝑟𝐿𝑃,𝑗𝛼𝐿𝑃,𝑗𝑗
𝑋𝑘 +

𝑝𝑟𝑃,𝑗 + (1 − 𝑝)𝑟𝐿𝑃,𝑗

𝑝𝑟𝑃,𝑗𝛼𝑃,𝑗𝑗 − (1 − 𝑝)𝑟𝐿𝑃,𝑗𝛼𝐿𝑃,𝑗𝑗
 

(8) 

 

The geometry of the approximated isoclines (Equation (8)) resembles that of the original 

Lotka-Volterra isoclines, which therefore allows us to identify general rules for 

coexistence in periodic environments akin to the original coexistence criteria (Figure 

2a). Here, the isocline approximation solutions (and therefore coexistence criteria) are 

now based on temporal-growth-scaled inter- versus intra-specific competition rates 

(whereas the original Lotka-Volterra conditions are not dependent on growth rates; see 

Table 1 for Lotka-Volterra vs. Seasonal Coexistence Criteria). We found numerically 

that this approximation works extraordinarily well (see Supplementary Material S2 for 

examples) and was, for example, able to repeatedly and accurately calculate the 

transcritical bifurcation points (e.g., where the isoclines meet the axial intersections 

such that one species is locally extinct). However, when the rates of change become 

nonlinear with incredibly large growth rates, the approximation may fail to accuratley 

follow numerical simulations (see Supplementary Material S5). Finally, the 

approximation enables us to generally determine and graphically explore how 

periodicities and biological rates may interact in regulating competitive outcomes 

(Figure 2b). Immediately, based on these conditions, we can see that the duration of 

each season, and the corresponding biological conditions within them, play a critical 
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role in regulating competitive outcomes in periodic environments. That is, our parameter 

p may drive bifurcations, and therefore alter competitive outcomes under changing 

climatic conditions (Figure 2b).  
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Figure 1.2: Isocline approximation of X1 density on X2 density. a) Stable coexistence isocline 
approximation on phaseplane of X1 (dashed line) and X2 (solid line) densities. Approximate isocline 
solutions for a given species occur when the instantaneous rate of change (represented by vector arrows) 
in each season, scaled by seasonal duration, are equal and opposite of each other (i.e., they “cancel” 
each other out such that the net change over a full period is null). Refer to Table 1 for similarities to 
Lotka–Volterra coexistence conditions. b i-iii) illustrates a p-driven bifurcation, showing the movement of 
the isoclines as the productivity period travels from i) p = 0.5; coexistence, to ii) p = 0.6; transcritical 
bifurcation, to iii) p = 0.7; competitive exclusion. Parametric values: αP,11=0.44, αP,22=0.66, αP,12=0.25, 
αP,21=0.53, αLP,11=1.11, αLP,22=0.83, αLP,12=1.83, αLP,21=0.48, rP,1=1.7, rP,2=1.2, rLP,1=0.3, rLP,2=1. 
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Table 1.1: Lotka-Volterra Coexistence Conditions vs. Seasonal Coexistence Conditions. 

 

 

1.3.2 General outcomes of changing environments 

Given that changing seasonal lengths may have powerful implications for species 

coexistence, we now ask how changing seasonal length, p, can alter competitive 

outcomes. To do this we vary the seasonal length from p=0 (i.e., all less productive) to 

p=1 (i.e., all productive). We note that these endpoints are constant (i.e., no seasonality) 

and thus reduce to the classic Lotka-Volterra conditions (Table 1). 

 

Since McMeans et al. (2020) found the intriguing case of seasonally-mediated 

coexistence, we were interested in using our analytical results to unpack other 

examples of how seasonal change could fundamentally alter competitive outcomes. In 
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McMeans et al. (2020), they noted that where the boundary conditions yielded 

competitive exclusion (i.e., exclusion at p=0 and p=1), a seasonal model could produce 

coexistence for intermediate p-values. This is intriguing as it immediately suggests that 

alterations in p (say from climate change) can drive exclusion. Importantly, our 

analytical solutions (Table 1) suggest that seasonality can mediate all possible 

competitive outcomes (Figure 3). Indeed, we found seasonally-mediated coexistence, 

competitive exclusion, and contingent coexistence (i.e., alternative states) (Figure 3a-c 

respectively).  

 

For these seasonally-mediated outcomes, when the qualitative competitive outcome 

changes with p, there is a series of p-driven transcritical bifurcations that move the 

system between different conditions in Table 1 (shifts between shaded and clear zones 

indicate transcritical bifurcations that alter the qualitative nature of the attractor in Figure 

3). Given that competitive outcomes at intermediate p-values are fundamentally 

different from both of the extremes (i.e., p=0 or 1) for these seasonally-mediated 

outcomes, changing p always drives a series of two bifurcations (Figure 3). Clearly, not 

all parameter combinations are sensitive to p-driven bifurcations – in this case p may 

simply drive changes in species’ densities rather than shifts in the equilibrium structure 

(e.g., as seen in McMeans et al. (2020)). Additionally, we note that these transcritical 

bifurcations can be considered as changes in the invasion criteria as they are commonly 

referred to in competition theory. For example, in Figure 3a, the gray shaded regions 

indicate that one species cannot invade from small densities while in the white or 
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unshaded zone, it suddenly can invade from small densities. While we broadly unpack 

these p-driven bifurcations to explore the generality of these outcomes, we note that all 

results below have nearby solutions that are qualitatively continuous.  

Figure 1.3: Numerical simulations of 
mean densities over length of 
productive period (p) for seasonally-
mediated outcomes. White zone 
represents stable coexistence, light gray 
zone represents competitive exclusion, 
and dark gray zone represents contingent 
coexistence where the equilibrium is 
unstable and multiple attractors exist 
between the two species. a) Seasonally-
mediated coexistence. Parametric values: 
αP,21=0.53, αP,12=0.25, αP,11=0.5, 
αP,22=0.66, rP,1=1.7, rP,2=1.2, αLP,21=0.583, 
αLP,12=1.22, αLP,11=1.11, αLP,22=0.83, 
rLP,1=0.3, rLP,2=1. b) Seasonally-mediated 
competitive exclusion. Parametric values: 
αP,21=0.4, αP,12=0.3125, αP,11=0.625, 
αP,22=0.66, rP,1=4, rP,2=1.2, αLP,21=1.14, 
αLP,12=0.8, αLP,11=2, αLP,22=1.43 rLP,1=0.3, 
rLP,2=1. c) Seasonally-mediated contingent 
coexistence. Parametric values; 
αP,21=0.83, αP,12=0.5, αP,11=0.5, αP,22=0.55, 
rP,1=1.7, rP,2=1.2, αLP,21=2, αLP,12=2.86, 
αLP,11=2.5, αLP,22=1, rLP,1=0.3, rLP,2=1.  
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1.3.3 Robustness of Seasonally-Mediated Competitive Outcomes 

To fully understand how robust the different seasonally-mediated outcomes are we 

looked at the bifurcation structure in 2-dimensional parameter space, by using both 

periodic seasonal length, p, (as in Figure 3) and different growth rates, 𝑟𝑆,𝑗, as 

bifurcation parameters. As discussed above, we note that if seasonally-mediated 

outcomes exist across a broad range of growth rate values, r, then this suggests that 

seasonally-mediated competitive outcomes may occur for a range of natural 

periodicities. Indeed, in all cases, we find that these different seasonally-mediated 

outcomes are quite general as the outcomes are found across a wide range of species’ 

growth rates (Figures 4-6, S3.1.1, S3.2.1, S3.3.1). Here, we demonstrate the generality 

of these results using a single growth rate value (i.e., for one species in one season), 

but see Figure S3 for additional parameter ranges. Note that, to explore the bifurcation 

structure generally for each parameter, some of the initial biological constraints have 

been relaxed. 

 

In Figure 4a, we document cases where a lack of periodicity (i.e., at p=0 or 1) drives 

competitive exclusion while for a broad range of r’s (in this case, 𝑟𝑃,1), we have species 

coexistence at intermediate p-values. Our analytical solutions allow us to track the 

“mean equilibrium” through each transcritical bifurcation from competitive exclusion of 

species 1 to species coexistence and finally to competitive exclusion of species 2 as the 

length of the productive period, p, increases (Figures 4bi-iii, S4.1). The robustness of 

this pattern implies that for any given r, periodicity alone can mediate coexistence at 
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intermediate seasonality (i.e., changing p moves from competitive exclusion to stable 

coexistence conditions in Table 1). As 𝑟𝑃,1 grows, this coexistence region travels from 

occurring at high p-values to low p-values, suggesting that the bifurcation structure may 

be sensitive to species’ growth rates (which is also suggested by the seasonal 

coexistence criteria shown in Table 1), but the result is nonetheless general. This result 

is also seen across all other growth rates for each species in both productivity periods 

for seasonally-mediated coexistence (Figure S3.1.1). Thus, we see that seasonally-

mediated coexistence occurs very broadly suggesting that periods of high and low 

productivity may be powerful drivers of coexistence. 

 

Similarly, in Figure 5a, we document cases where species coexistence occurs in static 

environments (i.e., at p=0 or 1), while competitive exclusion occurs at intermediate p-

values over a broad range of r’s (here, 𝑟𝑃,1). Following McMeans et al. (2020)’s naming 

convention, we refer to this as seasonally-mediated competitive exclusion. As in the 

above case, with increasing p, our analytical approximation tracks the isoclines and the 

“mean equilibrium” from stable coexistence, to competitive exclusion of species 2 

through a transcritical bifurcation on the X2=0 axis, and finally back through the axis (via 

another bifurcation) to stable coexistence (Figures 5b, S4.2). The 2-dimensional 

parameter sensitivity analysis again shows a broad range in r-values that yield 

competitive exclusion; however, it does not stretch across all r-values (i.e., small r’s). 

While the exact range of parameter space that this seasonally-mediated competitive 

exclusion occurs at is clearly dependent on other parameters (including the 𝑟𝑃,1 value at 
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which it manifests), this result is still quite general over a wide range of r-values, 

suggesting that periodicities may also be powerful drivers of competitive exclusion. 

Here, as 𝑟𝑃,1 grows, this tongue of competitive exclusion widens across intermediate 

values of p. This seasonally-mediated outcome can be found across all other growth 

rate values (Figure S3.2.1). Again, this is an interesting result suggesting that simple 

alterations in seasonal length may fundamentally alter competitive outcomes.  

 

Finally, in Figure 6a, similar to the above seasonally-mediated coexistence case with 

competitive exclusion at the boundaries (i.e., p=0 or 1), we now document cases where 

contingent coexistence (i.e., alternative states) occurs at intermediate p values across a 

broad range of r’s (here, 𝑟𝐿𝑃,2). Although this outcome is quite similar to seasonally-

mediated coexistence as competitive exclusion is located at each boundary (i.e., p=0 or 

1), its isocline geometry, based off of biological conditions, results in seasonally-

mediated contingent coexistence at intermediate p-values (Figures 6bi-iii, S4.3). Our 

approximation tracks the non-trivial (interior) equilibrium, which in this case is unstable 

while in positive (X1, X2) state space (Figure 6bii). Here initial densities determine which 

species will dominate and which species will become extinct with time (i.e., which of the 

two stable axial solutions, shown in Figure 6bii, the system will end up at; Namba & 

Takahashi, 1993). The robustness of this pattern also implies that for a given r, 

periodicity may be a powerful driver of contingent coexistence (i.e., changing p moves 

from competitive exclusion to contingent coexistence conditions in Table 1). As 𝑟𝐿𝑃,2 

grows, this contingent coexistence region also moves from occurring at high p-values to 
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low p-values. This result is found across all other growth rates for each species in both 

productivity periods for seasonally-mediated contingent coexistence (Figure S3.3.1).  

 

These three seasonally-mediated outcomes suggest that seasonal alterations, due to 

climate change, may drive precipitous changes in competitive systems. All of these 

seasonally-mediated outcomes may be highly general and found across various 

ecosystems that experience periodic fluctuations. However, depending on parametric 

values, not all instances of periodic variation will drive these series of bifurcations. 

Under some conditions, there are simply p-driven changes in species densities between 

the boundary conditions where only one bifurcation (Figures S2.1e, S2.1f) or no 

bifurcation (Figure S2.1d) is found under changing periodicities.  
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Figure 1.4: Two-dimensional bifurcation diagram of seasonally-mediated coexistence. a) 
seasonally-mediated coexistence expanding over a wide range of possible growth rate values. Black 
arrow represents species 1’s productive growth rate value (rP,1=1.7) which tracks the numerical trajectory 
displayed in Figure 3a. Black dashes on this arrow indicate different qualitative competitive outcomes as 
changing p moves the isocline approximation (in b)) from one competitive outcome to another. Half 
shaded, half open circles represent transcritical bifurcations at p=0.115 and p=0.68 (see Figure S4.1 for 
complete transition across p). b) isocline approximation tracks the approximate equilibrium, which 
represents the mean asymptotic behavior, as the productive season decreases from i) p=0.8; competitive 
exclusion, to ii) p=0.4; stable coexistence, to iii) p=0.1; competitive exclusion. Shaded circles are stable 
equilibrium points, and open circles are unstable equilibrium points. Parametric values: αP,21=0.53, 
αP,12=0.25, αP,11=0.5, αP,22=0.66, rP,2=1.2, αLP,21=0.583, αLP,12=1.22, αLP,11=1.11, αLP,22=0.83, rLP,1=0.3, 
rLP,2=1. 
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Figure 1.5: Two-dimensional bifurcation diagram of seasonally-mediated competitive exclusion. a) 
seasonally-mediated competitive exclusion expanding over a wide range of possible growth rate values. 
Black arrow represents species 1’s productive growth rate value (rP,1=4) which tracks the numerical 
trajectory displayed in Figure 3b. Black dashes on this arrow indicate different qualitative competitive 
outcomes as changing p moves the isocline approximation (in b)) from one competitive outcome to 
another. Half shaded, half open circles represent transcritical bifurcations at p=0.17 and p=0.55 (see 
Figure S4.2 for complete transition across p). b) isocline approximation tracks the approximate 
equilibrium, which respresents the mean asymptotic behaviour, as the productive season decreases from 
i) p=0.8; stable coexistence, to ii) p=0.4; competitive exclusion, to iii) p=0.1; stable coexistence. Shaded 
circles are stable equilibrium points, and open circles are unstable equilibrium points. Parametric values: 
αP,21=0.4, αP,12=0.3125, αP,11=0.625, αP,22=0.66, rP,2=1.2, αLP,21=1.14, αLP,12=0.8, αLP,11=2, αLP,22=1.43 
rLP,1=0.3, rLP,2=1. 
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Figure 1.6: Two-dimensional bifurcation diagram of seasonally-mediated contingent coexistence. 
a) seasonally-mediated contingent coexistence expanding over a wide range of possible growth rate 
values. Black arrow represents species 2’s less productive growth rate value (rLP,2=1) which tracks the 
numerical trajectory displayed in Figure 3c. Black dashes on this arrow indicate different qualitative 
competitive outcomes as changing p moves the isocline approximation (in b)) from one competitive 
outcome to another. Half shaded, half open circles represent transcritical bifurcations at p=0.07 and 
p=0.68 (see Figure S4.3 for complete transition across p). b) isocline approximation isocline 
approximation tracks the approximate equilibrium, which respresents the mean asymptotic behaviour, as 
the productive season decreases from i) p=0.8; competitive exclusion, to ii) p=0.4; contingent 
coexistence, to iii) p=0.0; competitive exclusion. Shaded circles are stable equilibrium points, and open 
circles are unstable equilibrium points. Parametric values; αP,21=0.83, αP,12=0.5, αP,11=0.5, αP,22=0.55, 
rP,1=1.7, rP,2=1.2, αLP,21=2, αLP,12=2.86, αLP,11=2.5, αLP,22=1, rLP,1=0.3.  
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1.4 Discussion 

Here, we have used a simple linear approximation to analytically solve for a periodic 

Lotka-Volterra competition model (see Table 1 for seasonal coexistence criteria). 

Importantly, this analytical approach produces approximate isoclines and equilibrium 

conditions that are remarkably similar to our numerical simulation results (e.g., predicts 

invasion criteria accurately; Figure S2.1). Akin to the longstanding classical Lotka-

Volterra coexistence conditions, we derive a parallel set of coexistence conditions for 

periodic environments. With the inclusion of temporal periodicities, we find that species 

coexistence depends on seasonal-growth-scaled inter- versus intra-specific competition 

strengths (Table 1). That is, where classical stable coexistence requires intraspecific 

competition to be greater than interspecific competition, for both species, we show that 

intraspecific competition, scaled by seasonal growth, must be greater than interspecific 

competition, scaled by seasonal growth, for both species.   

 

These seasonal coexistence conditions importantly suggest that species’ coexistence 

may be incredibly sensitive to changes in seasonal length, seasonal growth rate trade-

offs, and seasonal competitive trade-offs (both inter- and intraspecific). While McMeans 

et al. (2020) found seasonally-mediated coexistence through empirically-motivated 

numerical simulations, our results show that seasonality can mediate coexistence, 

competitive exclusion, and contingent coexistence (Figure 3). That is, seasonality, in 

and of itself, can drive all possible competitive outcomes (i.e., Table 1). As these 

seasonally-mediated outcomes appear across a vast range of species’ per capita 
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growth rates (Figures 4-6, S3.1.1, S3.2.1, S3.3.1) and inter- and intraspecific 

competitive coefficients (Figures S3.1.2, S3.2.2, S3.3.2), this suggests that these 

seasonally-mediated outcomes are quite robust. While not fully explored here, given 

that all competitive outcomes seem to occur for a majority of growth rates, it is plausible 

that these outcomes occur across a wide range of environmental periodicities and life 

history strategies (i.e., fast vs. slow life history strategies). 

 

Our seasonally-mediated outcomes suggest that species coexistence may be incredibly 

sensitive to changes in seasonal length, p, (Figure 3). Climate change is altering 

environmental periodicities across a range of temporal scales (Al-Habahbeh et al., 

2020; Chesson, 2018; Dijkstra et al., 2011; Shuter et al., 2012; Urban et al., 2012), and 

our results suggest that this could have sudden and drastic – sometimes unpredictable 

– effects on coexistence. Often the responses to changing periodicities are nonlinear, 

and some of these outcomes are unexpected based on the classical Lotka-Volterra 

conditions under non-seasonal environments (e.g., nonlinear paths between the 

boundary conditions at p = 0 and 1; Figures 3b, 5, S2.1b and d). As an example, we find 

cases where competitive exclusion occurs under intermediate periodicities, even though 

coexistence is expected under the same non-seasonal conditions (i.e., coexistence 

occurs for entirely low- or entirely high-productive conditions; Figure 3b). Alarmingly, 

these strong nonlinear effects of changing seasonal length, p, suggest that precipitous 

changes in species density and composition may unexpectedly occur as climate change 

alters the nature of seasonality. 
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Although simple, the McMeans et al. (2020)’s seasonal Lotka-Volterra competition 

model we examined here is based on biologically realistic assumptions about 

competitive species in seasonal environments. First, periodic environments are 

commonly reflected by times of high and low productivity, where species tend to flourish 

during the productive periods, and decline (e.g., mortality-dominated) during the less 

productive periods as resource availability becomes sparse (Fretwell, 1972; Hastings, 

2012; Lyu et al., 2016; Mutze, 2009; Vihtakari et al., 2016). These periodicities therefore 

impact species’ growth rates, but also offer the potential for differential responses of 

competing species to seasonally-driven environmental variation (Chesson, 2018; 

Chesson & Huntly, 1997; Forrest & Miller-Rushing, 2010; Gao et al., 2016; Huang et al., 

2019; Shuter et al., 2012). It is well known that competing species can display temporal 

trade-offs in stochastic environments that can promote coexistence (Angert et al., 2009; 

Mougi, 2020; Shuter et al., 2012). More recently, and consistent with our theoretical 

results here, empirical evidence is beginning to suggest species may show trade-offs to 

regular periodic fluctuations that might promote coexistence (McMeans et al. 2020).  

Here, as an example, a species may be a seasonal specialist (e.g., display a very high 

growth rate during one period and a low growth rate during the other period) while its 

competitor may be more of a temporal generalist, who’s able to maintain roughly the 

same growth rate year-round (Abrams et al., 2013; Chan et al., 2009; Korpela et al., 

2013; McMeans et al., 2020; Meyer et al., 2022; Niiyama, 1990).  
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While we concentrate on temporal forcing in our model, seasonal temporal signals may 

often be related to spatial-temporal and behavioural patterns that govern species’ 

competitive outcomes (McMeans et al., 2020). As an example, in some cases, species 

may migrate (Holt & Fryxell, 2011; le Corre et al., 2020; Moorter et al., 2021; Tavecchia 

et al., 2016; Teitelbaum et al., 2015) or hibernate (Campbell et al., 2008; Giraldo-Perez 

et al., 2016) during less productive periods, opting out of competition when resources 

are scarce (Suski & Ridgway, 2009). These behavioural strategies, which may 

counteract potential negative effects of periodic variations to some extent, can also 

promote coexistence by reducing competitive interactions during unfavourable times. 

More empirical research is needed to further understand these spatial and behavioural 

strategies, and seasonal trade-offs between competitive species in order to understand 

their mechanistic role in maintaining biodiversity with climate change. 

 

As nature abounds with temporal variations and periodicities, grasping a better 

understanding for coexistence mechanisms in these fluctuating environments is now 

even more crucial with climate change. We have provided an analytical solution to begin 

understanding these effects. Our research has uncovered three competitive outcomes 

that could be found across all periodic environments. As species coexistence appears 

to be incredibly sensitive to periodic variation, climate change has the potential to 

drastically impact future competitive outcomes in the natural world.  
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SUPPLEMENTARY MATERIAL 

 

S1: A Linearization of the Periodic Lotka-Volterra Dynamics 

If we consider any point on the phaseplane (Xj,Xk) due to the productive season that 

lasts from 0 to p where p is a fraction, then we know: 

𝑋𝑃,𝑗(𝑝) = 𝑋𝑃,𝑗(0) + ∫
𝑑𝑋𝑃,𝑗

𝑑𝑡

𝑝

0

𝑑𝑡 
 

(1) 

𝑋𝑃,𝑘(𝑝) = 𝑋𝑃,𝑘(0) + ∫
𝑑𝑋𝑃,𝑘

𝑑𝑡

𝑝

0

𝑑𝑡 
 

(2) 

These dynamics follow the differential equation over the trajectory from 0 to p starting at 

the values XP,j(0). We linearize the trajectory over 0 to p by assuming the 
𝑑𝑋𝑃,𝑗

𝑑𝑡
 remains 

constant (e.g., we calculate the instantaneous 
𝑑𝑋𝑃,𝑗

𝑑𝑡
 for a point in the phaseplane, say for 

time (0)). As this is now a constant, we can use the Fundamental Theorem of Calculus 

to solve for Equations (1) and (2) above yielding:  

𝑋𝑃,𝑗(𝑝) − 𝑋𝑃,𝑗(0) =
𝑑𝑋𝑃,𝑗

𝑑𝑡
  𝑡  |

𝑝

0  

 

(3) 

𝑋𝑃,𝑗(𝑝) − 𝑋𝑃,𝑗(0) = 𝑝
𝑑𝑋𝑃,𝑗

𝑑𝑡
− 0

𝑑𝑋𝑃,𝑗

𝑑𝑡
 

 

(4) 

𝑋𝑃,𝑗(𝑝) − 𝑋𝑃,𝑗(0) = 𝑝
𝑑𝑋𝑃,𝑗

𝑑𝑡
 

 

(5) 

Similarly, we solve for the less productive season between p and 1, giving us: 
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𝑋𝐿𝑃,𝑗(1) − 𝑋𝐿𝑃,𝑗(𝑝) = (1 − 𝑝)
𝑑𝑋𝐿𝑃,𝑗

𝑑𝑡
 

 

(6) 

Thus, the linearization estimates the trajectory as a linear scale movement following the 

length of the time interval (either p, or (1 – p)). We can take this simple estimate as a 

way to estimate the within seasonal dynamics and use them to estimate the periodic 0-

isoclines. 

 

Given Equations (5) and (6), the Xj isocline occurs when: 

𝑝
𝑑𝑋𝑃,𝑗

𝑑𝑡
= −(1 − 𝑝)

𝑑𝑋𝐿𝑃,𝑗

𝑑𝑡
 

(7) 

 

With this approximation, and for simplicity assuming no time dependency, we substitute 

the productive and less productive Lotka-Volterra models into equation (7): 

𝑝 𝑟𝑃,𝑗𝑋𝑗(1 − ⍺𝑃,𝑗𝑗𝑋𝑗 − ⍺𝑃,𝑗𝑘𝑋𝑘) = −(1 − 𝑝) 𝑟𝐿𝑃,𝑗𝑋𝑗(1 − ⍺𝐿𝑃,𝑗𝑗𝑋𝑗 − ⍺𝐿𝑃,𝑗𝑘𝑋𝑘) (8) 

 

We can now solve for the isocline solutions: 

𝑋𝑗 =
𝑝𝑟𝑃,𝑗𝛼𝑃,𝑗𝑘 − (1 − 𝑝)𝑟𝐿𝑃,𝑗𝛼𝐿𝑃,𝑗𝑘

𝑝𝑟𝑃,𝑗𝛼𝑃,𝑗𝑗 − (1 − 𝑝)𝑟𝐿𝑃,𝑗𝛼𝐿𝑃,𝑗𝑗
𝑋𝑘 +

𝑝𝑟𝑃,𝑗 + (1 − 𝑝)𝑟𝐿𝑃,𝑗

𝑝𝑟𝑃,𝑗𝛼𝑃,𝑗𝑗 − (1 − 𝑝)𝑟𝐿𝑃,𝑗𝛼𝐿𝑃,𝑗𝑗
 

(9) 

 

This isocline approximation, for both species, allows us to determine coexistence 

criteria for seasonal environments.  
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S2: Isocline Approximation and Numerical Simulation Comparison 

 

Figure S2.1: Comparison of Isocline Approximation against Numerical Simulations. White zone 
represents stable coexistence, light gray zone represents contingent coexistence, and dark gray zone 
represents contingent coexistence. a) Seasonally-mediated coexistence. Parametric values: αP,21=0.53, 
αP,12=0.25, αP,11=0.5, αP,22=0.66, rP,1=1.7, rP,2=1.2, αLP,21=0.583, αLP,12=1.22, αLP,11=1.11, αLP,22=0.83, 
rLP,1=0.3, rLP,2=1. b) Seasonally-mediated competitive exclusion. Parametric values: αP,21=0.4, 
αP,12=0.3125, αP,11=0.625, αP,22=0.66, rP,1=4, rP,2=1.2, αLP,21=1.14, αLP,12=0.8, αLP,11=2, αLP,22=1.43, 
rLP,1=0.3, rLP,2=1. c) Seasonally-mediated contingent coexistence. The equilibrium is unstable in the dark 
gray zone and multiple attractors exist between the two species. Parametric values; αP,21=0.83, αP,12=0.5, 
αP,11=0.5, αP,22=0.55, rP,1=1.7, rP,2=1.2, αLP,21=2, αLP,12=2.86, αLP,11=2.5, αLP,22=1, rLP,1=0.3, rLP,2=1. d) 
Counterintuitive mean density change. Parametric values; αP,21=0.4, αP,12=0.31, αP,11=0.63, αP,22=0.67, 
rP,1=1.7, rP,2=1.2, αLP,21=1.14, αLP,12=0.8, αLP,11=2, αLP,22=1.43, rLP,1=0.3, rLP,2=1. e) Mean density change 
with competitive exclusion in the less productive season. Parametric values; αP,21=0.48, αP,12=0.25, 
αP,11=0.56, αP,22=0.67, rP,1=1.7, rP,2=1.2, αLP,21=0.59, αLP,12=1.25, αLP,11=1.11, αLP,22=0.77, rLP,1=0.3, rLP,2=1. 
f) Mean density change with competitive exclusion in the productive season. Parametric values; 
αP,21=0.53, αP,12=0.25, αP,11=0.5, αP,22=0.67, rP,1=1.7, rP,2=1.2, αLP,21=0.43, αLP,12=1.25, αLP,11=1.11, 
αLP,22=1.43, rLP,1=0.3, rLP,2=1.  
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Figure S2.2: Time Series at p = 0.5 for the comparison of isocline approximation against numerical 
simulations. a) Seasonally-mediated coexistence. Parametric values: αP,21=0.53, αP,12=0.25, αP,11=0.5, 
αP,22=0.66, rP,1=1.7, rP,2=1.2, αLP,21=0.583, αLP,12=1.22, αLP,11=1.11, αLP,22=0.83, rLP,1=0.3, rLP,2=1. b) 
Seasonally-mediated competitive exclusion. Parametric values: αP,21=0.53, αP,12=0.25, αP,11=0.5, 
αP,22=0.66, rP,1=4, rP,2=1.2, αLP,21=0.583, αLP,12=1.22, αLP,11=1.11, αLP,22=0.83, rLP,1=0.3, rLP,2=1. ci) 
Seasonally-mediated contingent coexistence. X1 competitively excluded X2. Parametric values; 
αP,21=0.83, αP,12=0.5, αP,11=0.5, αP,22=0.55, rP,1=1.7, rP,2=1.2, αLP,21=2, αLP,12=2.86, αLP,11=2.5, αLP,22=1, 
rLP,1=0.3, rLP,2=1. cii) Seasonally-mediated contingent coexistence. X2 competitively excluded X1. 
Parametric values; αP,21=0.83, αP,12=0.5, αP,11=0.5, αP,22=0.55, rP,1=1.7, rP,2=1.2, αLP,21=2, αLP,12=2.86, 
αLP,11=2.5, αLP,22=1, rLP,1=0.3, rLP,2=1. d) Counterintuitive mean density change. Parametric values; 
αP,21=0.4, αP,12=0.31, αP,11=0.63, αP,22=0.67, rP,1=1.7, rP,2=1.2, αLP,21=1.14, αLP,12=0.8, αLP,11=2, αLP,22=1.43, 
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rLP,1=0.3, rLP,2=1. e) Mean density change with competitive exclusion in the less productive season. 
Parametric values; αP,21=0.48, αP,12=0.25, αP,11=0.56, αP,22=0.67, rP,1=1.7, rP,2=1.2, αLP,21=0.59, αLP,12=1.25, 
αLP,11=1.11, αLP,22=0.77, rLP,1=0.3, rLP,2=1. f) Mean density change with competitive exclusion in the 
productive season. Parametric values; αP,21=0.53, αP,12=0.25, αP,11=0.5, αP,22=0.67, rP,1=1.7, rP,2=1.2, 
αLP,21=0.43, αLP,12=1.25, αLP,11=1.11, αLP,22=1.43, rLP,1=0.3, rLP,2=1.  
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S3: Generality of Results for all Seasonally-Mediated Competitive Outcomes 
Usining Isocline Approach 

 

Figure S3.1.1: Two-dimensional bifurcation diagrams of seasonally-mediated coexistence across 
other growth rate parameters. Seasonally-mediated coexistence expending over a wide range of 
possible growth rate values. a) Species 2’s productive growth rate. b) Species 1’s less productive growth 
rate. c) Species 2’s less productive growth rate. Parametric values: αP,21=0.53, αP,12=0.25, αP,11=0.5, 
αP,22=0.66, rP,1=1.7, rP,2=1.2, αLP,21=0.583, αLP,12=1.22, αLP,11=1.11, αLP,22=0.83, rLP,1=0.3, rLP,2=1. 
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Figure S3.1.2: Seasonally-mediated coexistence bifurcation diagrams for inter- and intraspecific 
competition coefficients: Seasonally-mediated coexistence expending over a wide range of possible 
inter- and intraspecific competitive coefficients. White zone represents stable coexistence, light gray zone 
represents competitive exclusion, and dark gray region represents contingent coexistence. a) Species 1’s 
productive intraspecific competitive coefficient. b) Species 2’s productive intraspecific competitive 
coefficient. c) Productive interspecific competitive coefficient of species 2 on species 1. d) Productive 
interspecific competitive coefficient of species 1 on species 2. e) Species 1’s less productive intraspecific 
competitive coefficient. f) Species 2’s less productive intraspecific competitive coefficient. g) Less 
productive interspecific competitive coefficient of species 2 on species 1. g) Less productive interspecific 
competitive coefficient of species 1 on species 2. Parametric values: αP,21=0.53, αP,12=0.25, αP,11=0.5, 
αP,22=0.66, rP,1=1.7, rP,2=1.2, αLP,21=0.583, αLP,12=1.22, αLP,11=1.11, αLP,22=0.83, rLP,1=0.3, rLP,2=1. 
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Figure S3.2.1: Two-dimensional bifurcation diagrams of seasonally-mediated competitive 
exclusion across other growth rate parameters. Seasonally-mediated competitive exclusion 
expending over a wide range of possible growth rate values. a) Species 2’s productive growth rate. b) 
Species 1’s less productive growth rate. c) Species 2’s less productive growth rate. Parametric values: 
Parametric values: αP,21=0.4, αP,12=0.3125, αP,11=0.625, αP,22=0.66, rP1j=4, rP,2=1.2, αL,P21=1.14, αLP,12=0.8, 
αLP,11=2, αLP,22=1.43 rLP,1=0.3, rLP,2=1. 
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Figure S3.2.2: Seasonally-mediated competitive exclusion bifurcation diagrams for inter- and 
intraspecific competition coefficients: Seasonally-mediated competitive exclusion expending over a 
wide range of possible inter- and intraspecific competitive coefficients. White zone represents stable 
coexistence, light gray zone represents competitive exclusion, and dark gray region represents contingent 
coexistence. a) Species 1’s productive intraspecific competitive coefficient. b) Species 2’s productive 
intraspecific competitive coefficient. c) Productive interspecific competitive coefficient of species 2 on 
species 1. d) Productive interspecific competitive coefficient of species 1 on species 2. e) Species 1’s less 
productive intraspecific competitive coefficient. f) Species 2’s less productive intraspecific competitive 
coefficient. g) Less productive interspecific competitive coefficient of species 2 on species 1. g) Less 
productive interspecific competitive coefficient of species 1 on species 2. Parametric values: αP,21=0.4, 
αP,12=0.3125, αP,11=0.625, αP,22=0.66, rP,1=4, rP,2=1.2, αLP,21=1.14, αLP,12=0.8, αLP,11=2, αLP,22=1.43 rLP,1=0.3, 
rLP,2=1. 
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Figure S3.3.1: Two-dimensional bifurcation diagrams of seasonally-mediated contingent 
coexistence across other growth rate parameters. Seasonally-mediated contingent coexistence 
expending over a wide range of possible growth rate values. a) Species 1’s productive growth rate. b) 
Species 2’s productive growth rate. c) Species 1’s less productive growth rate. Parametric values; 
αP,21=0.83, αP,12=0.5, αP,11=0.5, αP,22=0.55, rP,1=1.7, rP,2=1.2, αLP,21=2, αLP,12=2.86, αLP,11=2.5, αLP,22=1, 
rLP,1=0.3, rLP,2=1.  
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Figure S3.3.2: Seasonally-mediated contingent coexistence bifurcation diagrams for inter- and 
intraspecific competition coefficients: Seasonally-mediated contingent coexistence expending over a 
wide range of possible inter- and intraspecific competitive coefficients. White zone represents stable 
coexistence, light gray zone represents competitive exclusion, and dark gray region represents contingent 
coexistence. a) Species 1’s productive intraspecific competitive coefficient. b) Species 2’s productive 
intraspecific competitive coefficient. c) Productive interspecific competitive coefficient of species 2 on 
species 1. d) Productive interspecific competitive coefficient of species 1 on species 2. e) Species 1’s less 
productive intraspecific competitive coefficient. f) Species 2’s less productive intraspecific competitive 
coefficient. g) Less productive interspecific competitive coefficient of species 2 on species 1. g) Less 
productive interspecific competitive coefficient of species 1 on species 2. Parametric values; αP,21=0.83, 
αP,12=0.5, αP,11=0.5, αP,22=0.55, rP,1=1.7, rP,2=1.2, αLP,21=2, αLP,12=2.86, αLP,11=2.5, αLP,22=1, rLP,1=0.3, 
rLP,2=1.  
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S4: Tracking Isocline Approximation across Productivity Length for all 
Seasonally-Mediated Competitive Outcomes 

 

Figure S4.1: Seasonally-mediated coexistence isocline approximation. Isocline approximation 
tracking the interior equilibrium as the productive season increases in length from a) p=0.1; competitive 
exclusion, to b) p=0.115; transcritical bifurcation, to c) p=0.4; stable coexistence, to d) p=0.68; transcritical 
bifurcation, to e) p=0.8; competitive exclusion. Parametric values: αP,21=0.53, αP,12=0.25, αP,11=0.5, 
αP,22=0.66, rP,1=1.7, rP,2=1.2, αLP,21=0.583, αLP,12=1.22, αLP,11=1.11, αLP,22=0.83, rLP,1=0.3, rLP,2=1. 
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Figure S4.2: Seasonally-mediated competitive exclusion isocline approximation. Isocline 
approximation tracking the interior equilibrium as the productive season increases in length from a) p=0.1; 
stable coexistence, to b) p=0.17; transcritical bifurcation, to c) p=0.4; competitive exclusion, to d) p=0.55; 
transcritical bifurcation, to e) p=0.8; stable coexistence. Parametric values: αP,21=0.4, αP,12=0.3125, 
αP,11=0.625, αP,22=0.66, rP,1=4, rP,2=1.2, αLP,21=1.14, αLP,12=0.8, αLP,11=2, αLP,22=1.43 rLP,1=0.3, rLP,2=1. 
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Figure S4.3: Seasonally-mediated contingent coexistence isocline approximation. Isocline 
approximation tracking the interior equilibrium as the productive season increases in length from a) p=0.0; 
competitive exclusion, to b) p=0.07; transcritical bifurcation, to c) p=0.4; contingent coexistence, to d) 
p=0.68; transcritical bifurcation, to e) p=0.8; competitive exclusion. Parametric values; αP,21=0.83, 
αP,12=0.5, αP,11=0.5, αP,22=0.55, rP,1=1.7, rP,2=1.2, αLP,21=2, αLP,12=2.86, αLP,11=2.5, αLP,22=1, rLP,1=0.3, 
rLP,2=1.   
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S5: Approximation Breakdown 
 

Our results hold for a very broad range in growth rates (e.g., r = 0.0 to 10.0). However, 

recognizing that linear assumptions may be weekend when numerical assumptions 

become nonlinear, we push growth rates to see if the approximation becomes 

inaccurate. Below we show that indeed it can breakdown but occurs when all growth 

rates become incredibly larger (i.e., all r’s x10 units) compared to the inter- and 

intraspecific competition coefficients. Even here, the approximation remains to be a 

reasonably good qualitative predictor of steady state behaviour for seasonally-mediated 

coexistence and contingent coexistent (Figure S5bi and ci respectively), except for 

cases of seasonally-mediated competitive exclusion (Figure S5ai).  

 

In Figure S5ai, the approximation still assumes seasonally-mediated competitive 

exclusion, even when species coexist throughout the entire length of the productive 

period (p). When species growth rates are multiplied by 10 units, these faster growth 

rates result in densities spending more time at or near each seasonal equilibrium and 

therefore, there are more nonlinear changes within each season – causing the linear 

assumption to fail. At lower r’s, the densities remain in phase space between the two 

seasonal equilibria (since there is less rapid movement), and in these cases, the 

coupling of seasonal non-local dynamics can drive the system away from either 

equilibrium and towards competitive exclusion (i.e., as seen in Figure S5ai).  
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For seasonally-mediated coexistence (Figure S5bi) and contingent coexistence (Figure 

S5ci), when growth rates are multiplied by 10 units, the approximation still accurately 

calculates the qualitative behaviour and bifurcations remarkably well. In both cases, as 

the rates of change become faster and more nonlinear with larger growth rates, species’ 

densities reach their seasonal equilibrium much quicker and therefore spend more time 

at these specific densities (Figures S5bii and S5cii). Here, the asymptotic mean 

densities may skew closer toward a specific seasonal equilibrium and away from the 

approximation which can only calculate the average densities from the linear 

movements between the two seasons.  
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Figure S5: Isocline approximation breakdown. All growth rates for each of the seasonally-mediated 
outcomes are multiplied by 10 units to test the approximation’s accuracy. In all mean density plot’s over 
the length of the productive period (p), white zones represent coexistence, light gray zones represent 
competitive exclusion, dark gray zones represent contingent coexistence. In all time series, white zones 
represent the productive period (p) and gray zones represent the less productive period (1-p). ai) Isocline 
approximation inaccurately assumes seasonally-mediated competitive exclusion when mean densities 
remain at coexistence throughout the entire productive period length. aii) Time series of nonlinear rates of 
change at mean asymptotic density when p=0.5. Parametric values: αP,21=0.4, αP,12=0.3125, αP,11=0.625, 
αP,22=0.66, rP,1=40, rP,2=12, αLP,21=1.14, αLP,12=0.8, αLP,11=2, αLP,22=1.43 rLP,1=3, rLP,2=10. bi) Isocline 
approximation tracks qualitative behaviour and bifurcation points fairly well for seasonally-mediated 
coexistence. bii) Time series of nonlinear rates of change at mean asymptotic density when p=0.5. 
Parametric values: αP,21=0.53, αP,12=0.25, αP,11=0.5, αP,22=0.66, rP,1=17, rP,2=12, αLP,21=0.583, αLP,12=1.22, 
αLP,11=1.11, αLP,22=0.83, rLP,1=3, rLP,2=10. ci) Isocline approximation accurately tracks qualitative behaviour 
and bifurcation points for seasonally-mediate contingent coexistence. cii) Time series of nonlinear rates of 
change at mean asymptotic density when p=0.7. Parametric values; αP,21=0.83, αP,12=0.5, αP,11=0.5, 
αP,22=0.55, rP,1=17, rP,2=12, αLP,21=2, αLP,12=2.86, αLP,11=2.5, αLP,22=1, rLP,1=3, rLP,2=10.  
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