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ABSTRACT

RESONANT NEUTRINO FLAVOR CONVERSION IN POST MERGER ACCRETION
DISKS

Liam Schmidt Advisor:
University of Guelph, 2022 Professor Liliana Caballero

Neutrino oscillation is a phenomena that has provided a window into physics beyond the

Standard Model (SM). It has given empirical evidence that the neutrino has mass that is

not generated in the conventional manner of the SM and that efforts need to be made to

fundamentally understand its behaviour. Neutrinos have a great role in astrophysics where

much of their behaviour and impact has been studied in supernova. Less understood is their

role in environments such as the accretion disk formed from a black hole - neutron star

merger. This work goes on to analyze resonant neutrino oscillations through the electron

background of the accretion disk. The matter basis that defines neutrino evolution in an

electron background is derived where exact values are given for the limiting behaviour of

the energy eigenvalues. It is shown that the adiabatic condition for varying interaction

evolution is satisfied for neutrino propagation in the accretion disk. The H-resonant regions

in the accretion disk provide areas for flavor conversion. Dominant neutrino energy resonant

oscillation occurs in the outer regions of the disk. Resonant oscillation in the accretion

disk alters the neutrino flux. Electron neutrino flux may be decreased in resonant regions for

normal ordering mass hierarchy while electron anti neutrino flux may be lowered for inverted

ordering.
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Chapter 1

Introduction

Since their discovery, the role of neutrinos in astrophysics, particle physics, and cosmology has

become ever more prevalent. A mysterious part of their behaviour is their ability to oscillate

between the different flavors. This phenomenon is called neutrino oscillation, also known as

neutrino mixing and neutrino flavor conversion. The three different neutrino flavors are the

electron neutrino, muon neutrino, and the tau neutrino written as νe, νµ and ντ respectively.

As neutrinos propagate through space they oscillate between these different flavors. The

phenomenon of neutrino oscillation in vacuum answered the solar neutrino problem where

the detection of electron neutrinos coming from the sun did not match the predictions of

the standard model [1, 2, 3, 4]. Up until neutrino oscillation was observed, neutrinos were

thought to be massless particles moving at the speed of light. However, to be able oscillate

through time the particles must be able to experience time - a privilege massless particles

don’t have.

The differences of the squares between neutrino masses define the frequencies for the

modes of oscillation. Due to this, only the differences can be measured and not the actual

masses. The mass states are not so cleverly named as the flavor states and are labelled as

ν1, ν2, and ν3 with masses m1,m2 and m3 respectively. Flavor states are made up of different
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mixtures of mass states with each mass state evolving differently in time based on their mass.

As an electron neutrino evolves, its mixture of mass states changes and eventually is has the

mixture that make up a muon or tau neutrino. The Pontecorvo–Maki–Nakagawa–Sakata

(PMNS) mixing matrix U composed of different mixing angles determines the mass mixture

for each flavor and is used to transform between flavor states and mass states. The three

mixing angles, θ12, θ13, and θ23, are the angles of rotation in each plane of the state space for

the transformation between the flavor and mass basis. Using this formalism it was shown

that many of the electron neutrinos emitted from the sun turned into muon neutrinos by the

time we measured them here on earth. Measuring solar neutrinos gave a value for the squared

mass difference ∆m2
21 = m2

2 − m2
1. By measuring neutrinos emitted from the atmosphere,

the absolute squared mass difference |∆m2
32| = |m2

3−m2
2| was determined. In addition to not

knowing the absolute values of the mass, the ordering of the masses is unknown. The mass

m3 is either the heaviest mass or the lightest mass. This problem is called the mass hierarchy

problem. In normal ordering m3 is stated as the heaviest. In the inverted ordering m3 is

stated as the lightest. When studying neutrino oscillation both orderings are investigated.

Shortly after the solar neutrino problem was solved, it was shown that oscillation effects

can be altered when occurring in matter which gave rise to the Mikheyev–Smirnov–Wolfenstein

(MSW) effect [5, 6]. As neutrinos propagate through matter their energy which defines how

they oscillate is changed due to the neutrino interacting with electrons. The oscillation in

matter only occurs when the medium that the neutrinos are moving through has a certain

electron density. This certain value for electron density depends on the neutrino energy.

These densities are called resonant densities and provide resonant oscillation. At these reso-

nant densities oscillation can be enhanced where the amplitude and frequency of oscillation

are greater than they are in vacuum for certain modes. Flavor states are now expressed in

terms of matter states ν
(µ)
1 , ν

(µ)
2 , and ν

(µ)
3 . The matter states evolve with energies determined

by the neutrino’s Hamiltonian comprised of a vacuum term and a interaction term.
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Neutrino mixing in matter has now become an important topic in astrophysics where the

behavior of neutrinos has an important role in the dynamics of systems such as supernovas,

neutron star mergers, and black hole-neutron star mergers [7, 8, 9, 10, 11]. Neutrinos in these

environments are shown to control reactions rates that determine the nucleon abundances.

A review of neutrino oscillations and its formalism in vacuum and in matter are given

by [12, 13, 14, 15, 16] where values for the mixing angles and mass differences are given.

Recent work is being done to understand oscillation in more realistic matter profiles, where

inhomogeneities in the environment allow for mixing between matter states [17, 18, 19, 20].

The understanding of oscillation in complex environments provides information for new

phenomena occurring in supernova and neutron star mergers.

The work presented here focuses on the effects of neutrino oscillation in the accretion

disk formed around a black hole by the merger of a black hole and a neutron star. The

environment of the accretion disk has greater complexities compared to the more well studied

supernova environment and has shown to be a candidate for heavy element nucleosynthesis

[21, 22, 23]. The rapid neutron-capture process, also known as the r-process, allows for

the synthesis of elements heavier than iron. Black hole accretion disk are a popular area

of interest because they may allow for the r-process to occur. The r-process requires a

high neutron to proton ratio or more specifically a low electron fraction. This is because the

nucleus of heavy elements have a higher number of neutrons than protons. Through the weak

force, electron neutrinos and electron anti-neutrinos have the ability to convert neutrons

into protons and protons into neutrons. The rates of the electron neutrino and electron

anti-neutrino capture reactions are determined by the electron neutrino and electron anti

neutrino fluxes present in the disk. To determine these fluxes one must know the neutrino

flavor composition of the disk. The flavor composition is greatly controlled by neutrino

oscillation. The possible change in electron fraction from oscillation effects is what is of

interest. In the pursuit of this, oscillation in the accretion disk environment needs to be well
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understood.

In the following chapters resonant neutrino oscillation is investigated and electron neu-

trino survival probabilities are calculated for neutrino propagation in a accretion disk. In

chapter two and three, an analysis of three flavor resonant oscillation is done where the

matter eigenstates and energy eigenvalues are derived. The form of the eigenstates is shown

to offer a unique and exact value for the limiting behaviour of the energy eigenvalues. Cur-

rently accepted values for the limiting behaviours of the eigenvalues are shown in [13] where

the eigenvalues and the eigenstates are approximated using the smallness of the θ13 mixing

angle and the ratio between ∆m2
21 and ∆m2

31 they call ∆r = ∆m2
21/∆m2

31 ≈ 0.03. The lim-

iting behaviour of the eigenvalues calculated here reproduce the stated values in [13] when

cosθ13 ≈ 1. The off-diagonal elements of the matter Hamiltonian produced from a varying

electron density are calculated. The adiabatic condition is tested for the accretion disk en-

vironment which compares the off diagonal elements to the matter energy eigenvalues. An

adiabatic electron density results in the off-diagonal elements becoming negligible in com-

parison to the eigenvalues and can therefore be ignored. The adiabatic condition is shown

to be satisfied in the accretion disk. Regions where resonance occurs are mapped out for

different neutrino energies. It is shown that dominant energy neutrinos of energy 10-15 MeV

pass through resonant densities at the outer regions of the disk. This results in oscillation

only occurring in the inner regions of the disk for low energy neutrinos on the KeV scale.

Simulated data for the accretion disk environment is from [24]. Most models used to pro-

duce the accretion disk simulation do not input oscillation effects into the neutrino transport

equations and treat the neutrinos as massless [25]. This is because handling the neutrino

transport equations are extremely computationally extensive [25]. This results in most neu-

trino oscillation calculations done in accretion disk to be post processing. However, recent

work by [26] do incorporate dynamical effects of neutrino oscillations in their simulations.

They report a modest change to the electron fraction due to oscillation effects.
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1.1 Neutrino Mass

It is not that it has mass that sparks confusion in the minds of physicist, but rather how

incomparably small its mass is compared to the rest of the fermions in the Standard Model.

This unique property of the neutrino has created the requirement for theoretical and exper-

imental innovation in pursuance of its understanding. The exact reason for its small mass is

still unknown. However, multiple explanations have been proposed. The most well known

and seemingly convincing one is the ”see-saw mechanism”. Its proposal is persuasive but

it may require something that has not and likely can not be detected 1 - the right handed

neutrino. Due to the chiral nature of the electroweak theory, only left handed neutrinos

interact with fermions and thus those are the only ones detected. There stands no good

reason why right handed neutrino’s shouldn’t exist as their existence would align with the

rest of the Standard Model and potentially provide an explanation for other phenomena in

cosmology and astrophysics. The debate on how to formulate the neutrino mass boils down

to whether neutrinos are Dirac or Majorana fermions. Dirac fermions behave as fermions

do in the standard model where they are distinguishable from their antiparticles. On the

contrary, Majorana fermions coincide with their antiparticles 2. One may generate neutrino

mass in the usual manner of the Higgs mechanism by treating them as Dirac fermions and

allow for a coupling between right handed and left handed neutrinos. This coupling is me-

diated by some Yukawa interactions whose coupling along with the vacuum expectation of

the Higg’s field gives the mass. The issue with this is that it offers no explanation for why

the mass is so small and simply imposes the coupling parameters to align with the neutrino

1Right handed neutrinos interact only through gravity so any standard means of detection is relinquished.
Their proposed mass is on the order of 1016GeV . That is 12 order of magnitude higher than the energy
scales reached at the LHC and only 3 orders of magnitude away from the Planck scale. More realistic testing
would come from the implication of their existence.

2Majorana wished to describe massive fermions with only a two component spinor. By breaking the
fermion field into left handed and right handed counter parts forming two coupled Dirac equations, the only
way to decouple the equations reducing it too one is to impose that the field is equal to its charge conjugate
thus its own antiparticle.
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masses. The introduction of a Majorana mass term and the See-Saw mechanism offers the

small neutrino mass and a reasoning for it. A Dirac mass term may be written as follows

[27],

LD = −MDν̄LνR + h.c. (1.1)

Where νL,R represent the left and right handed neutrino fields respectively and mD provides

the neutrino mass. The Dirac mass violates lepton flavor number but conserves total lepton

number3 [27]. This is the most trivial explanation but the least satisfying. The Majorana

mass term is [27]

LM = −1

2
MM ν̄c

RνR + h.c. (1.2)

The difference being that with the neutrino a Majorana particle now, its charge conjugate

denoted νc is equal to itself and changes chirality such that νc
R = νL. The Majorana mass

violates total lepton number 4 [27]. The most general mass term would include both the

Dirac term and the Majorana term

LD+M = −MDν̄LνR − 1

2
MM ν̄c

RνR + h.c. (1.3)

After combing the chiral components,

LD+M = −1

2
ν̄Mνν + h.c. (1.4)

3The violation of lepton flavor number is introduced when demanding the neutrino to be massive with
mass being produced by the Higgs mechanism. The presence of a neutrino mass term along with its kinetic
term no longer allows for the Lagrangian to be invariant under a global phase transformation onto each
flavored lepton. This variance breaks the symmetry for lepton flavor.

4The violation of total lepton number can be seen in the neutrinoless double beta decay. With neutrinos
equal to their anti particles, a double beta decay in a nucleus allows for the anti neutrinos emitted from both
decays to annihilate leaving two electrons violating lepton number by 2 units.
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with,

ν =

νL

νR

 and Mν =

 0 MT
D

MD MM

 (1.5)

In general any number of right handed neutrinos can be added. Assuming only 3 additional

right handed neutrinos, each M component is a 3 × 3 matrix in the space of the neutrino

flavors. The see-saw mechanism comes from the relationship between MD and MM . Di-

agonalizing Mν gives 6 Majorana neutrinos with eigenvalues giving the masses [27]. With

MM ≫ MD, the eigenvalues and thus the masses for the left handed neutrinos are very light

while the right handed neutrinos are very heavy [27]. It is this see saw behaviour between

the two mass terms that can create the small scale for neutrino masses. Reproducing the

masses for left handed neutrinos puts right handed neutrinos on the energy scale of 1016GeV .

This is only one of the methods to generate neutrino mass as multiple types of see saw mech-

anism exist along with different radiative corrections as well [14]. The means for measuring

parameters of the neutrino sector come from oscillation experiments due to the nature of the

oscillation probabilities only the squared mass difference can be measured. There is however

an upper limit of the neutrino mass with a reported value of 0.8eV [28].

1.2 Vacuum Oscillations

The states of neutrinos can be written in 2 different bases: The flavour states |να⟩ (α = e, µ, τ)

and the vacuum mass states |νi⟩ (i = 1, 2, 3). The two bases can be related by the following

unitary transformation.

|να⟩ =
∑
i

U∗
αi|νi⟩ (1.6)

The unitary PMNS mixing matrix U is a rotation matrix that transforms the mass eigenstate

vector bases into the flavour eigenstate vector basis. It is parameterized by the 3 mixing
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angles θ12, θ23, and θ13 and a CP violating phase δ. The mixing matrix U can be decomposed

into a product of rotation matrices in each ij plane of the vector spaces with their respective

mixing angle θij being the angle of rotation.

U =


1 0 0

0 c23 s23

0 −s23 c23




c13 0 −s13e
−iδ

0 1 0

s13e
iδ 0 c13




c12 s12 0

−s12 c12 0

0 0 1



=


c12c13 s12c13 s13e

−iδ

−s12c23 − c12s23s13e
iδ c12c23 − c12s23s13e

iδ s23c13

s12s23 − c12c23s13e
iδ −c12s23 − s12c23s13e

iδ c23c13

 (1.7)

Where cij = cos θij and sij = sin θij. The neutrino flavour states are determined by the

neutrinos Hamiltonian. In the absence of matter, only the vacuum term is needed and has

the following form,

Ĥvac =
1

2E
diag[m2

1,m
2
2,m

2
3] (1.8)

with neutrino energy E and mass mi. The energy for each neutrino is Ej = E + m2
j/2E.

Since only the differences of neutrino energies enter into the oscillation probability, the E

term can be dropped giving Ej = m2
j/2E. For relativistic neutrinos the transformation t = x

is made [12]. In a vacuum the mass states are simply plane waves with energy E propagating

with a phase dependent on the distance travelled x

|νi(x)⟩ = exp(−i
m2

ix

2E
)|νi(0)⟩ (1.9)
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The probability that the flavour of a neutrino changes from α → β as it propagates through

space is the square of the following amplitude.

A(να → νβ) = ⟨νβ|να(x)⟩

=
∑
i

∑
j

UβjU
∗
αi⟨νj|νi(x)⟩

=
∑
i

∑
j

UβjU
∗
αie

−i
m2

i x

2E ⟨νj|νi⟩

=
∑
i

UβiU
∗
αie

−i
m2

i x

2E (1.10)

The probability for a transition between two flavours of a neutrino travelling some distance

is the absolute value squared of its amplitude.

P (α → β) = |Aαβ|2 =

∣∣∣∣∣∑
i

UβiU
∗
αie

−i
m2

i x

2E

∣∣∣∣∣
2

(1.11)

The electron neutrino survival probability is shown in figure 1.1 and has the following form.

Pee = |U11|4 + |U12|4 + |U13|4 + 2|U11|2|U12|2cos(∆m2
21x/2E)

+2|U11|2|U13|2cos(∆m2
31x/2E) + 2|U12|2|U13|2cos(∆m2

32x/2E) (1.12)

Two modes of oscillation are present in the probability. The larger frequency mode comes

from ∆m2
31 with an amplitude of approximately 0.9. The short range frequency comes from

∆m2
21 and is a weaker mode of oscillation with an amplitude of approximately 0.1. The

values for the mixing angles determine the amplitudes of each mode. The electron neutrino

survival probability is controlled by the θ13 and θ12 mixing angles. The electron neutrino

survival probability is independent on the CP phase δ and the mixing angle θ23. The values

for the mixing angles and mass difference are shown in table 1.1 [14].
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Oscillation Parameter value

∆m2
31 7.58 ×10−5eV 2

∆m2
21 2.47×10−3eV 2

θ12 33.62 ◦

θ13 8.54 ◦

θ23 47.2◦

Table 1.1: Oscillation parameters used throughout analysis

Figure 1.1: Neutrino oscillation probabilities for electron neutrino. Neutrino energy is 8

MeV
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Figure 1.2: Neutrino oscillation probabilities for muon neutrino. Neutrino energy is 8 MeV.
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Figure 1.3: Neutrino oscillation probabilities for tau neutrino. Neutrino energy is 8 MeV.
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Chapter 2

Matter Interactions

Analogous to photons slowing down as they pass through a medium due to the electro-

magnetic interactions, neutrinos also experience a change to their evolution when travelling

through a medium. The difference between the photons and the neutrinos is that the neu-

trinos are interacting through the weak force. The charged current scattering of neutrinos

on electrons as they pass through an electron environment changes the evolution of the neu-

trino. As an electron neutrino is a emitted from some source and travels outward it mixture

of mass states changes. Due to this, the neutrino is no longer purely an electron neutrino.

The neutrino now has some probability of being a muon or tau neutrino. When considering

charged current interactions with a neutrino and an electron, only electron neutrinos may

take part in the interaction. However, the neutrino that is emitted after the reaction is

purely an electron neutrino. What this means is that as an electron neutrino is emitted

from a source and travels through an electron environment, its flavor content will oscillate

between different mixtures of flavor states until it interacts with an electron, at which it will

scatter off in a pure electron state.

In this sense, the electron environment has the ability to restart the oscillation of electron

neutrinos with each scattering event. What we will we see in this chapter and the following
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is that at high densities oscillation is completely dampened by the electron environment.

This is because the density of electron is so great that scattering is occurring on a length

scale smaller than that of the oscillation, effectively restarting the oscillation before the

states can evolve enough to produce different flavors. In chapter 3 resonance is discussed

where the electron density is at value that enhances the oscillation rather than dampening

it. Oscillation only occurs between resonance and vacuum densities, with electron densities

higher than the resonance regions being completely dampened. In this chapter, the evolution

of neutrinos in matter and the eigenstates and eigenvalues of the Hamiltonian describing

matter interactions is derived. These eigenstates make up the matter basis which gives the

basis states for neutrino evolution in matter.

2.1 Interacting Neutrinos

Neutrino oscillation is controlled by the energy eigenvalues of the neutrinos Hamiltonian. The

Hamiltonian controls the evolution of the neutrino and the phase for each neutrino state. In

the vacuum case this just depends on the neutrino mass and energy. Weak interactions of the

neutrino with electrons can be included in the Hamiltonian changing the energy eigenvalues.

This alteration of neutrino oscillation through weak interactions is called the MSW effect

[5, 6]. Only charged current interactions for the electron neutrino need to be considered as

neutral current interactions for all flavors can be cancelled out by a global phase [27]. The

neutral current potential would be the same for each flavor. Including the neutral current

adds an identity matrix proportional to the neutral current potential. Any such matrices are

cancelled out when calculating the amplitudes for oscillation. Therefore, neutral currents

have no affect on the transition probabilities. The resulting interaction potential depends

only on the net electron number density ne = ne−−ne+ and is diagonalized in the flavor basis

as interactions occur between flavor states. The only non zero term is the electron-electron

14



flavor term. For anti-neutrinos the potential is to be negative. This will be shown as negative

electron number density in later analysis.

Ĥ
(f)
matt(r) = diag[Ve(r), 0, 0] =

√
2GFdiag[ne, 0, 0] (2.1)

with a numerical value,

Ve =
√
2Gfne (2.2)

= ℏc
√
2(1.166× 10−5GeV −2)ne (2.3)

=
√
2(0.197GeV fm)3(1.166× 10−5GeV −2)ne (2.4)

= (1.26× 10−7GeV fm3)ne (2.5)

= (1.26× 102eV fm3)ne (2.6)

The electron number density in iron is on the order of 10−16fm−3 which would give an

interaction potential of 1.26 × 10−14eV .This shows the true weakness of the weak force

as electromagnetic interactions in atoms occur on the scale of eV to MeV . For now the

discussion of matter interactions will be done with a constant electron density. A varying

density is discussed in section 2.4. The complete Hamiltonian H for matter interacting

neutrinos in the mass basis is as follows.

H =
M2

2E
+ U †VeU (2.7)

Where U is the PMNS mixing matrix as discussed in the introduction and M2 is the diag-

onal matrix with elements the squares of the neutrino masses. For the discussion of mass

differences and calculating probabilities, the mass squared of the first neutrino mass state

can be subtracted off the diagonal leaving the resulting behaviour unchanged. This changes
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to diagonal of the vacuum term to 1
2E

diag(0,∆m2
21,∆m2

31). This transformation has no ef-

fect on the oscillation probability and allows for known values to be used in the analysis.

However, the original form shown in equation 1.8 will be used in the derivations where as

the transformed form will be used for numerical analysis. The process for solving for the

evolution of neutrinos states is the usual process of solving the Schrodinger equation with

the above Hamiltonian.

i
d

dx
|ν⟩ = H|ν⟩ (2.8)

In the vacuum case, the result was trivial as the vacuum term is diagonalized in the mass

basis. To solve for the evolution of matter states we can diagonalized into a matter basis[17].

The exponential form for the solution is still used and the diagonalization of the Hamiltonian

will result in an exponential of matter interacting eigenvalues that can evolve the neutrino

state once transformed into the matter interacting basis. The general solution for the flavor

state is as follows.

|ν(f)
α (x)⟩ =

∑
j

∑
i

U∗
αiS

(m)
ij (x)|ν(m)

j ⟩ (2.9)

Where S is the evolution operator for the neutrino written in the mass basis.

S(m)(x) = Te−ixH̃T † (2.10)

Where T is the matrix of eigenvectors rotating the matter basis to the mass basis and H̃ is

the diagonal matrix of matter eigenvalues.

H = TH̃T † (2.11)
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The eigenvalues that make up the diagonal of H̃ and its eigenvectors that define T are derived

in the next section. The probability of flavour transition is the following.

P(α → β) =
∣∣∣S(f)

βα

∣∣∣2 (2.12)

Where,

S(f) = US(m)(x)U † = UTe−ixH̃T †U † (2.13)

2.2 The Matter Basis

The Hamiltonian in equation 2.7 must be diagonalized to find the eigenvalues and eigenvec-

tors used to from the S matrix. The interaction potential Ve is written as v similar as done

in [17]. The eigenvalues λ of the Hamiltonian in equation 2.7 can be found as follows.

∣∣∣∣∣∣∣∣∣∣
m2

1

2E
+ v|U11|2 − λ vU∗

11U12 vU∗
11U13

vU∗
12U11

m2
2

2E
+ v|U12|2 − λ vU∗

12U13

vU∗
13U11 vU∗

13U12
m2

3

2E
+ v|U13|2 − λ

∣∣∣∣∣∣∣∣∣∣
= 0 (2.14)

Let σi = λ−m2
i /2E and yi = |U1i|2

0 = (vy1 − σ1)(vy2 − σ2)(vy3 − σ3) + v2 [y2y3σ1 + y1y3σ2 + y1y2σ3]− v3y1y2y3

0 = σ1σ2σ3 − v [y1σ2σ3 + y2σ1σ3 + y3σ1σ2] (2.15)

As one can see with v = 0, the characteristic equation returns the vacuum energy eigenvalues.

Now expanding out in terms of λ, we get the following equation whose three roots will give

the three energy eigenvalues.

λ3 + aλ2 + bλ+ c = 0 (2.16)
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Where,

a = −(M1 +M2 +M3)− v (2.17)

b = M1M2 +M1M3 +M2M3 + v(y1(M2 +M3)

+y2(M1 +M3) + y3(M1 +M2)) (2.18)

c = −M1M2M3 − v (y1M2M3 + y2M1M3 + y3M1M2)

Mi = m2
i /2E (2.19)

With these being energy eigenvalues all three roots are real and the trigonometric solution

for the cubic equation can be used. A similar form for matter eigenvalues is shown in [17].

However, their interaction potential includes interactions for muon and tau flavors. The

matter eigenvalues have the following form.

λk = 2
√
−Qcos

(
α + 2πnk

3

)
− a

3
(2.20)

where,

Q =
3b− a2

9
(2.21)

cosα =
R√
−Q3

(2.22)

R =
9ab− 27c− 2a3

54
(2.23)

The integer nk = 0, 1 or 2 depending on the mass ordering. For normal ordering λ1 : n =

1, λ2 : n = 2, λ3 : n = 0 as shown in Fig. 2.1. For inverted ordering λ1 : n = 2, λ2 : n =

0, λ3 : n = 1 as shown in Fig. 2.2 in agreement with [13]. Also shown in the figures below are

the vacuum energy eigenvalue differences and the interaction potential. The vacuum values
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are independent of electron density giving constant values and the interaction potential is

linearly dependent on electron density with proportionality defined by equation 2.6. The

limiting behaviour of the eigenvalues seemingly follow the vacuum values but are slightly

different and are derived in the next chapter. As a reminder the negative electron density

represents anti neutrinos and positive density is for neutrinos. The energy eigenvalues can

be thought of as effective neutrino mass differences equaling the vacuum mass difference at

zero density. To continue the analogy, when photons travel through a medium their speed

changes depending on the index of refraction for that medium. Similarly, the mass of the

neutrino effectively changes when oscillating in an electron environment and the matter

energy eigenvalues are often referred to as effective masses [15]. Negative energy for the

eigenvalues signifies that the differences of the effective masses in matter become negative.
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Figure 2.1: Matter interaction energy eigenvalues for normal ordering.
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Figure 2.2: Matter interaction energy eigenvalues for inverted ordering
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We now look to the eigenvectors of H to solve for the T matrix.


vy1 − σ1 vU∗

11U12 vU∗
11U13

vU∗
12U11 vy2 − σ2 vU∗

12U13

vU∗
13U11 vU∗

13U12 vy3 − σ3



w

x

z

 = 0 (2.24)

After row reducing,


−U∗

12σ1 U∗
11σ2 0

vy1U
∗
12U11 U∗

13U
∗
11(vy2 − σ2) vy3U

∗
12U11

0 U∗
13σ2 −U∗

12σ3



w

x

z

 = 0 (2.25)

To solve for (w, x, z) we must assume σi ̸= 0 when dividing. Therefore this solution is

restricted from being in the vacuum. When solving for the eigenvectors for equation 2.25

we see that z is a free variable. This allows us to choose a z such that the vacuum case is

allowed1. Therefore setting z = U∗
13σ1σ2,


w

x

z

 =


U∗
11σ2σ3

U∗
12σ1σ3

U∗
13σ1σ2

 (2.26)

T =


U∗
11(λ1−M2)(λ1−M3)

n1

U∗
11(λ2−M2)(λ2−M3)

n2

U∗
11(λ3−M2)(λ3−M3)

n3

U∗
12(λ1−M1)(λ1−M3)

n1

U∗
12(λ2−M1)(λ2−M3)

n2

U∗
12(λ3−M1)(λ3−M3)

n3

U∗
13(λ1−M1)(λ1−M2)

n1

U∗
13(λ2−M1)(λ2−M2)

n2

U∗
13(λ3−M1)(λ3−M2)

n3


(2.27)

1To get exactly the identity matrix when v equals the second eigenvector must be negated and the third
must be multiplied by U13. These changes however make no difference in the oscillation probabilities as
unitarity is kept by the normalizations.
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Where ni are normalizations for the eigenvectors. The evolution operator in the matter basis

is as follows.

S(µ)(x) = e−ixH̃ =


e−ixλ1 0 0

0 e−ixλ2 0

0 0 e−ixλ3

 (2.28)

The evolution matrix in the flavor basis provides the transition probabilities and is trans-

formed from the mass basis with the U matrix. We can define a unitary matrix that trans-

forms from the matter basis to the flavor basis as a product of U and T .

Um = UT (2.29)

This transformation is usually parameterized as an effective mixing matrix in matter denoted

Um where mixing angles in matter can be defined.

Um =


c̃12c̃13 s̃12c̃13 s̃13e

−iδ

−s̃12c̃23 − c̃12s̃23s̃13e
iδ c̃12c̃23 − c̃12s̃23s̃13e

iδ s̃23c̃13

s̃12s̃23 − c̃12c̃23s̃13e
iδ −c̃12s̃23 − s̃12c̃23s̃13e

iδ c̃23c̃13

 (2.30)

Where c̃ij = cos(θ̃ij) and s̃ij = sin(θ̃ij) with θ̃ij are mixing angles in matter. Equation

2.29 will allow the effective mixing angles in matter to be defined in terms of the matter

eigenvalues. Both the mixing angle and eigenvalue parameterizations of the transformation

between the matter basis and the flavor basis will be useful in the analysis of the oscillation

probabilities which is now written in terms of Um.

P(α → β) =
∣∣∣S(f)

βα

∣∣∣2 (2.31)

S(f) = UmS(µ)(x)Um† (2.32)
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2.3 Oscillation Probabilities

To calculate oscillation probabilities for different flavor transitions, equations 2.31 can be

used. To properly study the oscillation pattern, the probabilities are calculated at different

potentials over 500 Km. The range of potentials needed depends on the neutrino energy.

Below are the contour probability plots for different possible neutrino flavor transitions with

an energy of 8 MeV- a typical energy for astrophysical neutrinos.

Figure 2.3: Electron neutrino survival probability dependent of electron number density and

propagation distance with normal ordering.
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Figure 2.4: Electron neutrino to muon neutrino transition probability dependent of electron

number density and propagation distance with normal ordering.
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Figure 2.5: Electron neutrino to muon neutrino transition probability dependent of electron

number density and propagation distance with normal ordering.
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Figure 2.6: Muon neutrino to tau neutrino transition probability dependent of electron

number density and propagation distance with normal ordering..
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Figure 2.7: Electron neutrino survival probability dependent of electron number density and

propagation distance with inverted ordering.
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Figure 2.8: Electron neutrino to muon neutrino transition probability dependent of electron

number density and propagation distance with inverted ordering.
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Figure 2.9: Electron neutrino to muon neutrino transition probability dependent of electron

number density and propagation distance with inverted ordering.
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Figure 2.10: Muon neutrino to tau neutrino transition probability dependent of electron

number density and propagation distance with inverted ordering.

Figures 2.3 to 2.10 show oscillation probabilities for different flavor transitions and differ-

ent mass orderings. Negative electron density corresponds to anti neutrinos. All the above

figures exhibit enhanced oscillation at two different peak locations. These peaks correspond

to the resonant densities and will be looked at more in the next chapter. The above fig-

ures show that for electron neutrino transitions, oscillation is only occurring at the resonant

densities. The reason for and the meaning of these resonant densities will be looked at in

chapter 3. As discussed in the beginning of this chapter, at high enough densities the elec-
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tron neutrino scattering occurs too often for oscillation to occur. For mu-tau transitions

oscillation occurs outside of resonance but it still altered at these regions. This is because

the high frequency mode is not altered by the matter interactions for these flavor transitions

with out electron neutrinos. Simply stated, the mu and tau neutrinos are not interacting

with the electron environment.

2.4 Varying Matter Density

To accurately model neutrino oscillation in the accretion disk of a black hole, a more realistic

description of the matter density profile is needed. The model for the accretion disk used,

which will be discussed more in chapter 4, has electron densities calculated along a radial

range of 500km and a height of 250km. The densities in the disk range from 10−17 −

10−5fm−3. This is however only a snapshot of an accretion disk taken at 20ms post merger,

the densities and ranges vary at different times of the merger. Accounting for the variance

of the electron densities in the disk will provide a more realistic oscillation pattern.

A positional dependence in the interaction potential immensely complicates the analysis

of transition probabilities. This comes from the fact the any attempt to diagonalize the

Hamiltonian will result in the unitary transformation that does such being dependent on

position. This dependence must be accounted for in the evolution equation which creates

derivative terms that produce non-diagonal elements in the Hamiltonian. The analysis of

these non diagonal elements is required to make any statements on the evolution of flavor

states. Methods can be used that allow for approximations of these non-diagonal elements

which will simplify the S-matrix that evolves the neutrino state. The evolution of matter

states is derived below where non-diagonal elements of the Hamiltonian allow for transi-

tions between matter states. A mass state is written as a superposition of matter states
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transformed by the unitary matrix T.

|ν(m)⟩ = T (x)|ν(µ)⟩ (2.33)

Where (m) denotes mass states and (µ) matter states. The unitary matrix T (x) has the

following form as discussed in section 2.2.

T =


U∗
11(λ1−M2)(λ1−M3)

n1

U∗
11(λ2−M2)(λ2−M3)

n2

U∗
11(λ3−M2)(λ3−M3)

n3

U∗
12(λ1−M1)(λ1−M3)

n1

U∗
12(λ2−M1)(λ2−M3)

n2

U∗
12(λ3−M1)(λ3−M3)

n3

U∗
13(λ1−M1)(λ1−M2)

n1

U∗
13(λ2−M1)(λ2−M2)

n2

U∗
13(λ3−M1)(λ3−M2)

n3


(2.34)

Where λi are the energy eigenvalues in the matter basis that carry the positional dependence,

Mi are the energy eigenvalues in the vacuum mass basis, and ni are normalizations for each

eigenvector required to satisfy the unitarity of T. Beginning with the evolution of mass states,

i
d

dx
|ν(m)⟩ = H(m)|ν(m)⟩ (2.35)

Where H(m) is the Hamiltonian in the mass basis.

H(m) =
M2

2E
+ U †VeU (2.36)
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Inserting equation 2.36 into the evolution equation gives the following.

i
d

dx
|ν(m)⟩ = H(m)|ν(m)⟩

i
d

dx

(
T |ν(µ)⟩

)
= H(m)T |ν(µ)⟩

i
dT

dx
|ν(µ)⟩+ iT

d

dx
|ν(µ)⟩ = H(m)T |ν(µ)⟩

iT
d

dx
|ν(µ)⟩ =

(
H(m)T − i

dT

dx

)
|ν(µ)⟩

i
d

dx
|ν(µ)⟩ =

(
T †H(m)T − iT †dT

dx

)
|ν(µ)⟩

i
d

dx
|ν(µ)⟩ =

(
H(µ) − iT †dT

dx

)
|ν(µ)⟩

i
d

dx
|ν(µ)⟩ = H̃(µ)(x)|ν(µ)⟩ (2.37)

Therefore, the positional dependence in the eigenvalues of the matter basis creates non-

diagonal derivative terms that define the new Hamiltonian for the matter basis. Similar

derivations are done in [17, 13]. The first term H(µ) is the diagonal matrix of energy eigen-

values in the matter basis. The form of the derivative term iT † dT
dx

will provide the information

on transitions between matter states and will depend on the rate of change of the electron

density. The matter states are evolved by the S-matrix.

|ν(µ)(x)⟩ = S(x)|ν(µ)⟩ (2.38)

In general The S-matrix is written out as an integral expansion with the time evolution

operator. Inserting it into the evolution equation for matter states shows that it obeys the

same equation.

i
d

dx
S(x) = H̃(µ)(x)S(x) (2.39)

In general, the above equation gives nine coupled differential equations whose solution gives
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the S-matrix. The complexity of the derivative term in equation 2.37 defines the complex-

ity of the coupled equations. In practice approximations and assumptions are made that

reduce this complexity making the S-matrix easier to solve. The most popular one being

the adiabatic approximation which gets rid of the non-diagonal terms on the grounds that

the electron density is slow varying [17, 13]. The validity of this approximation will be in-

vestigated in chapter 4. It is expected that given the long range of the accretion disk, the

variance of the electron density will be small enough for the approximation to be valid. The

non-diagonal elements are as follows,

dT1i

dx
=

d

dx

U∗
11σi2σi3

n1

(2.40)

dT2i

dx
=

d

dx

U∗
11σi1σi3

n2

(2.41)

dT3i

dx
=

d

dx

U∗
11σi1σi2

n3

(2.42)

(2.43)

Where σij = λi −Mj and i = 1, 2, 3. Using this notation the derivative term is as follows,

(
T †dT

dx

)
ij

= y1
σi2σi3

ni

d

dx

σj2σj3

nj

+ y2
σi1σi3

ni

d

dx

σj1σj3

nj

+y3
σi1σi2

ni

d

dx

σj1σj2

nj

(2.44)

redefining for simplicity,

(
T †dT

dx

)
ij

= y1τ1i
dτ1j
dx

+ y2τ2i
dτ2j
dx

+ y3τ3i
dτ3j
dx

(2.45)
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Where,

yi = |U1i|2 (2.46)

τ1i =
σi2σi3

ni

(2.47)

τ2i =
σi1σi3

ni

(2.48)

τ3i =
σi1σi2

ni

(2.49)

The unitarity of T will be used to simplify equation 2.45. To clarify T is now defined as the

following,

T =


U∗
11τ11 U∗

11τ12 U∗
11τ13

U∗
12τ21 U∗

12τ22 U∗
12τ23

U∗
13τ31 U∗

13τ32 U∗
13τ33

 (2.50)

(2.51)

First looking at the diagonal terms such that i = j,

(
T †dT

dx

)
ii

= y1τ1i
dτ1i
dx

+ y2τ2i
dτ2i
dx

+ y3τ3i
dτ3i
dx

(2.52)
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The integration of the equation above will allow us to invoke the unitarity of T.

∫ x

0

(
T †dT

dx

)
ii

dx =

∫ x

0

[
y1τ1i

dτ1i
dx

+ y2τ2i
dτ2i
dx

+ y3τ3i
dτ3i
dx

]
dx

= y1

∫ x

0

τ1i
dτ1i
dx

dx+ y2

∫ x

0

τ2i
dτ2i
dx

dx+ y3

∫ x

0

τ3i
dτ3i
dx

dx

= y1

∫ τ1i(x)

τ1i(0)

τ1idτ1 + y2

∫ τ2i(x)

τ2i(0)

τ2idτ2i + y3

∫ τ3i(x)

τ3i(0)

τ3idτ3i

=
1

2

(
y1τ

2
1i(x) + y2τ

2
2i(x) + y3τ

2
3i(x)− (y1τ

2
1i(0) + y2τ

2
2i(0) + y3τ

2
3i(0)

)
=

1

2

(
T †(x)T (x)

)
ii
− 1

2

(
T †(0)T (0)

)
ii

=
1

2
− 1

2

= 0 (2.53)

The unitarity of T allows for the cancellation of any positional dependence reducing the

integral to zero. Therefore the diagonal elements of the derivative term must be zero as well.

Unfortunately the non-diagonal elements don’t disappear as easy. However, the orthogonality

of the columns of T allows for an expected symmetry which will ease the process.

(
T †dT

dx

)
ij

= y1τ1i
dτ1j
dx

+ y2τ2i
dτ2j
dx

+ y3τ3i
dτ3j
dx

=
d

dx
(y1τ1iτ1j + y2τ2iτ2j + y3τ3iτ3j)− y1τ1j

dτ1i
dx

− y2τ2j
dτ2i
dx

− y3τ3j
dτ3i
dx

= y1τ1j
dτ1i
dx

− y2τ2j
dτ2i
dx

− y3τ3j
dτ3i
dx

= −y1τ1j
dτ1i
dx

− y2τ2j
dτ2i
dx

− y3τ3j
dτ3i
dx

= −
(
T †dT

dx

)
ji

(2.54)
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Therefore the matrix elements of the full term iT † dT
dx

are the following.

(
T †dT

dx

)
ij

=


0 iΓ12 iΓ13

−iΓ12 0 iΓ23

−iΓ13 −iΓ23 0

 (2.55)

With,

Γij = y1τ1i
dτ1j
dx

+ y2τ2i
dτ2j
dx

+ y3τ3i
dτ3j
dx

(2.56)

Therefore the Hamiltonian in the matter basis for a varying electron density is as follows,

H̃(µ)(x) =


λ1 −iΓ12 −iΓ13

iΓ12 λ2 −iΓ23

iΓ13 iΓ23 λ3

 (2.57)

Thus far, things have been done rather differently then the usually approach that is seen in

the literature [17, 13]. Conventionally, one talks about a unitary transformation between the

matter basis and the flavor basis where an effective mass matrix is defined with a new matrix

replacing the PMNS mixing matrix where mixing angles in matter are defined [17, 13]. One

then has non-diagonal elements defined by the effective mixing matrix where the derivative of

the matter mixing angles define the elements. Here the PMNS mixing matrix is left alone and

a unitary transformation between mass basis and matter basis is defined which creates the

non-diagonal elements of the Hamiltonian. These non-diagonal elements of the Hamiltonian

are defined by the eigenvalues and their respective derivatives in the matter basis. These

derivatives boil down to derivatives of the electron density with respect to position. It is at

this stage where conventionally conditions are imposed that drop the non-diagonal elements

based on their adiabaticity. Simply stated, if the derivatives are small compared to the energy

scale of the diagonal eigenvalues then they may be neglected. This allows for the Hamiltonian
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to be diagonal leaving the solution to the S-matrix trivial. However, a positional dependence

is still kept in the transform of the S-matrix to the flavor basis [17, 13]. This transformation

is usually defined by the effective mixing matrix, but here it must be transformed to the

mass basis and then the flavor basis.

One may ask at this point why define the transformation into the matter basis from

the mass basis instead of directly to the flavor basis which is the final basis to calculate

oscillation probabilities. The literature will show that defining an effective mass matrix with

matter mixing angles is rather complex in its parameterization [17]. This method can also

be argued from the fact that only electron neutrino interactions are considered. This allows

for simplicity in the transformation of the interaction term of the Hamiltonian from the

flavor basis to the mass basis, as opposed to transforming the vacuum term into the flavor

basis (It should be stated that if one includes interactions of mu and tau neutrinos then the

interaction term contains just as many components as the vacuum term and no difference

is made between transforming the vacuum term or the interaction term).Transforming the

Hamiltonian this way also reduces the dependence on the PMNS mixing matrix as the

diagonalized Hamiltonian has no dependence on the θ23 mixing angle as only the top row is

selected by the matrix Ve. Having the eigenvalue dependence in the transformation matrix

will serve useful when analyze the resonance behaviour in the next chapter. Using the

eigenvalues for the matter basis, the non-diagonal elements can now be analyzed in further

detail.

Γij = y1τ1i
dτ1j
dx

+ y2τ2i
dτ2j
dx

+ y3τ3i
dτ3j
dx

(2.58)

After some working through the derivatives the following form is reached for each term.

y1τ1i
dτ1j
dx

=
y1λ

′
jσi2σi3

nin3
j

(
y2σ

3
j3(σ

2
j1 − σj1σj2) + y3σ

3
j2(σ

2
j1 − σj1σj3)

)
(2.59)
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y2τ2i
dτ2j
dx

=
y2λ

′
jσi1σi3

nin3
j

(
y1σ

3
j3(σ

2
j2 − σj1σj2) + y3σ

3
j1(σ

2
j2 − σj2σj3)

)
(2.60)

y3τ3i
dτ3j
dx

=
y3λ

′
jσi1σi2

nin3
j

(
y1σ

3
j2(σ

2
j3 − σj3σj1) + y2σ

3
j1(σ

2
j3 − σj2σj3)

)
(2.61)

Putting these all together gives the following expression for Γij.

Γij =
λ′
j

nin3
j

[
y1y2σi3σ

3
j3

(
σi2σ

2
j1 − σj2σj1σi1 + σi1σ

2
j2 − σj1σj2σi2

)]
(2.62)

+
λ′
j

nin3
j

[
y1y3σi2σ

3
j2

(
σi3σ

2
j1 − σj3σj1σi1 + σi1σ

2
j3 − σj1σj3σi3

)]
(2.63)

+
λ′
j

nin3
j

[
y2y3σi1σ

3
j1

(
σi2σ

2
j3 − σj2σj3σi3 + σi3σ

2
j2 − σj3σj2σi2

)]
(2.64)

In the above with i = j we get zero as previously shown. Throughout our efforts we are

still left with a complicated equation for the off diagonal elements. The derivative of the

eigenvalue λj determines the energy scale of Γij and it is where adiabatic conditions can

be argued. However, other simplifications can be used based on the selective mixing of

the resonances zones [17]. The resonances zones show that only mixing between 2 matter

states occurs at a time as it was shown in figures 2.1 and 2.2 and discussed in the literature

[17, 13]. The states that mix depend on the resonance and is defined by the matter profile

where oscillation is occurring. If only the L resonance is present in the oscillation then λ3

may be taken as constant thus providing zeros for the j = 3 components of the Hamiltonian

in equation 2.57. Similarly, if only the H resonance is present, the j = 1 components can be

made zero. This reduces the problem to two neutrino mixing dependent on the background

density profile [17]. The probabilities for flavor transitions are the squared elements of the
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S-matrix in the flavor basis. Its transformation is as follows,

Pα→β(x) =
∣∣∣S(f)

βα

∣∣∣2 (2.65)

S(f)(x) = UT (x)S(µ)(x)T †(x)U † (2.66)
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Chapter 3

Resonance

3.1 Modal Dominance

Neutrino oscillation resonance corresponds to peaks in the oscillation pattern where oscil-

lation effects are enhanced [13, 17]. These peaks are seen clearly in figures 2.3-2.10. To

fully understand these resonant peaks an analysis of the eigenvalues, effective mixing matrix

and oscillation probability must be done. The electron neutrino survival probability using

equation 2.31 has the following form.

Pee = Um + 2Um
1 Um

2 cos(∆λ21x) + 2Um
1 Um

3 cos(∆λ31x) + 2Um
3 Um

2 cos(∆λ32x) (3.1)

Where,

Um = Um
1

2 + Um
2

2 + Um
3

2 (3.2)

Um
i = |Um

1i |2 (3.3)

The Um matrix is the effective mixing matrix in matter shown in equation 2.29. The elec-

tron neutrino survival probability is composed of three modes each with different frequency
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defined by ∆λij. The coefficients 2Um
i Um

j for each mode will be referred to as the dominance

of the mode and controls when enhancement occurs. The modes are the same modes seen in

the vacuum case in figure 1.1 but now the mixing matrix has been generalized to an effective

mixing matrix and the eigenfrequencies changing to that of the matter basis. When the

electron density is zero, equation 3.1 returns to the electron neutrino survival probability in

vacuum stated in equation 1.12. The dominance for each mode along with the probability

constant Um is shown in figure 8.

Figure 3.1: Coefficients of oscillation modes for electron neutrino survival probability depict-

ing resonance enhancement for normal ordering. E=8MeV.
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Figure 3.2: Coefficients of oscillation modes for electron neutrino survival probability depict-

ing resonance enhancement for inverted ordering. E=8MeV.

In figure 3.1 and 3.2, the resonance peaks are shown where the modal dominance meets

with the probability constant allowing for absolute flavor conversion. This behaviour also

signifies which frequency is present at each resonance. The wider peak occurring at a higher

density is referred to as the H- resonance where ∆λ32 is the dominant frequency. The sharper

peak is the L resonance referring to low density and it is controlled by the ∆λ21 frequency.

The positions of the peaks is closely related to the eigenvalue differences ∆λij. In Figure

3.1, ∆λ32 is minimized close to the region where the resonance is occurring. Therefore, the
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peaks of the modal dominance may depend on the minimization of the eigenvalue differ-

ences. The resonance of interest for accretion disk propagation is the H resonance for several

reasons. The H resonance has a greater width allowing for enhancement to be present over

a larger range of densities. It also has a greater dominant frequency. The magnitude of the

∆λ32 frequency will allow for flavor conversion faster than vacuum. The length over which

oscillation can occur is given by the oscillation length L32.

L32 =
2π

∆λ32

(3.4)

Figure 3.3: 3-2 mode frequency and vacuum mode frequencies for an 8 MeV neutrino energy.
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When at H- resonance with a neutrino energy of 8MeV , ∆λ32 is at a value of approx-

imately 0.046neV 1 The dominant frequency in vacuum oscillations at the same neutrino

energy is ∆m2
31/2E ≈ 0.0047neV . Therefore, in H-resonance the dominant oscillation fre-

quency is approximately ten times greater than the dominant frequency in vacuum. The

oscillation length L32 ≈ 26.9km at 8MeV when the electron density is in the center of the H

resonance. This means complete flavor conversion happens with in just 13 km of propaga-

tion at 8MeV neutrino energy in comparison to vacuum oscillation where only approximately

90% conversion happens within approximately 130 km. When comparing vacuum oscillation

at a zero density, to oscillation at the H-resonant density, it is important to point out that

vacuum oscillation from ∆m2
31 does occur at a higher frequency than H resonant oscillation

and thus converts at a faster rate, but due to the θ13 mixing angle being so small the domi-

nance of that vacuum mode is very weak and only produces conversion with approximately

10% probability. The dominant modes are the modes of interest as they control the majority

of the oscillation. In figure 3.8, the oscillation pattern is shown over a range of densities.

The distance of propagation is 5L32/2 so that complete conversion occurs at the resonance

peak. The blue curve is the resonance envelope defined by the maximum oscillation.

1Energy eigenvalues with neutrino energy on the MeV scale are expressed in nano electron volts: neV =
10−9eV
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Figure 3.4: 8 MeV electron neutrino survival probability over electron number density. The

blue curve shows the resonance envelope defined by the total modal dominance and the

probability constant.

3.2 Maximal Mixing and Minimal Energy Splitting

The reason for complete conversion at H resonance is that the 3-2 dominance is maximal

and equal to the probability constant. This is because maximal mixing is reached with the

effective mixing angle θ̃13 = π/4 [13]. This is easily seen in the mixing angle parameterization

of Um shown in equation 2.30. Recognizing that the 3-2 and the 3-1 dominance sum together
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to form a smooth peak representative of the H resonance peak, the maximization of RH =

2Um
3 Um

2 + 2Um
3 Um

1 can be done which allows for dependence on a single effective mixing

angle.

RH = 2sin2(θ̃13)sin
2(θ̃12)cos

2(θ̃13) + 2sin2(θ̃13)cos
2(θ̃12)cos

2(θ̃13) (3.5)

=
1

2
sin2(2θ̃13)

(
sin2(θ̃12) + cos2(θ̃12)

)
(3.6)

=
1

2
sin2(2θ̃13) (3.7)

The value for 2RH = sin2(2θ̃13) is plotted below for both orderings depicting a clear resonance

peak.

48



Figure 3.5: The 1-3 effective mixing angle in matter showing where resonance occurs. Normal

ordering. E=8MeV.
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Figure 3.6: The 1-3 effective mixing angle in matter showing where resonance occurs. In-

verted ordering. E=8MeV.

Therefore, RH is maximum when θ̃13 = π/4. The behaviour of the mixing angle going

to π/4 is what is of interest and to find what drives this we must look to the behaviour of

the eigenvalues through the comparison of the mixing angle parameterization of R and its

eigenvector form. By doing so, the meaning of resonance in terms of the matter conditions

may be investigated. Whats expected, and known from the two neutrino case, is that the

value for the interaction potential coincides with the vacuum energies [13]. What this means

is that the eigenfrequency of the vacuum coincides with the eigenfrequency of the interaction
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potential. However, they are not equal at resonance as some dependence on the mixing angles

is present.

Um
1 = c̃212c̃

2
13 =

(
c212c

2
13τ11 + s212c

2
13τ21 + s213τ31

)2
(3.8)

Um
2 = s̃212c̃

2
13 =

(
c212c

2
13τ12 + s212c

2
13τ22 + s213τ32

)2
(3.9)

Um
3 = s̃213 =

(
c212c

2
13τ13 + s212c

2
13τ23 + s213τ33

)2
(3.10)

The eigenvalue difference, also known as the energy splitting [13], ∆λ32 is shown in figure 3.3.

The behaviour of this energy splitting suggest that its minimization causes the maximization

of the effective mixing angle θ̃13.This is seen as λ3 and λ2 approach each other at seemingly

the same density at which H-resonance occurs. A resonance condition containing derivatives

of the energy splitting can be formed by maximizing RH in its eigenvector form. First, we

establish the following relation with the total derivative of RH . The variable v denotes the

interaction potential.

dRH

dv
=

∂RH

∂λ1

dλ1

dv
+

∂RH

∂λ2

dλ2

dv
+

∂RH

∂λ3

dλ3

dv
(3.11)

0 = Um
3

∂Um
1

∂λ1

dλ1

dv
+ Um

3

∂Um
2

∂λ2

dλ2

dv
+ (Um

1 + Um
2 )

∂Um
3

∂λ3

dλ3

dv
(3.12)

0 =
Um
3

Um
1 + Um

2

∂Um
1

∂λ1

dλ1

dv
+

Um
3

Um
1 + Um

2

∂Um
2

∂λ2

dλ2

dv
+

∂Um
3

∂λ3

dλ3

dv
(3.13)

0 = tan2(θ̃13)
∂Um

1

∂λ1

dλ1

dv
+ tan2(θ̃13)

∂Um
2

∂λ2

dλ2

dv
+

∂Um
3

∂λ3

dλ3

dv
(3.14)

At H-resonance θ̃13 = π/4. Therefore, tan2(θ̃13) = 1,

0 =
∂Um

1

∂λ1

dλ1

dv
+

∂Um
2

∂λ2

dλ2

dv
+

∂Um
3

∂λ3

dλ3

dv
(3.15)

The above equation is always zero regardless of the potential being at resonance. This is
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clearly seen from the unitarity of Um

0 =
∂Um

1

∂λ1

dλ1

dv
+

∂Um
2

∂λ2

dλ2

dv
+

∂Um
3

∂λ3

dλ3

dv
(3.16)

0 =
d

dv
(Um

1 + Um
2 + Um

3 ) (3.17)

0 =
d

dv

(
|Um

11|2 + |Um
12|2 + |Um

13|2
)

(3.18)

0 = 0 (3.19)

Therefore, the maximization of RH is due to Um
3 = Um

1 + Um
2 as the derivative terms cancel

through unitarity properties with no condition of resonance. To understand the apparent

minimization of ∆λ32, equation 3.15 is slightly manipulated.

∂Um
1

∂λ1

(
dλ2

dv
− dλ1

dv

)
=

∂Um
3

∂λ3

d∆λ32

dv
(3.20)

This equation may be understood with further analysis of the behaviour of Um
i . In figure

3.7, Um
i is plotted against its eigenvalue. The curve is the same for each Um

i as they share

the same functional form with respect to their eigenvalue, what differs is the ranges in which

there eigenvalues are restricted to. The eigenvalue dependent form of Um
i is denoted Um

λ .

This is best understood with a comparison between the Um
i values and their eigenvalues as

functions of electron density shown in figures 3.8 and 2.1 .The peaks in figure 3.7 define the

limiting behaviour of the eigenvalues and divide Um
λ into regions of which define the electron

density dependent Um
i values in figure 3.8. The value for λ1 is bounded below with an upper

bound defined by the low energy of Um
λ slightly smaller than the vacuum eigenvalue with

∆m2
21. This is seen in figure 3.8 as the Um

1 curve mimics that of Um
λ from energy values less

than the first peak. The λ2 and λ3 eigenvalues follow a similar behaviour with λ2 defined

in between the two peaks and λ3 defined to the right of the second peak. They also mimic

their defined regions in figure 3.8. The severity of the differences between the peak energy
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and the vacuum energies is controlled by the vacuum mixing angles. As the electron density

approaches that of the H-resonance, λ1 bounds Um
1 to the low energy peak while Um

3 is to

the right of the ∆m2
31 vacuum energy where the derivative is a maximum (This is seen as

H-resonance occurs the inflection point of Um
3 in figure 3.8). This makes ∂Um

1 /∂λ1 ≈ 0 at

H-resonance which creates the apparent minimization of ∆λ32 at H-resonance from equation

3. 20 with ∂Um
3 /∂λ3 at maximum. Note, though equation 3.20 is true in general for all

values of the interaction potential (electron density), it only carries any meaning around

resonance as both sides of the equation quickly fall to zero elsewhere - granted those are

the only regions of interest anyway. Equation 3.20 merely serves as a relationship between

the changes in energy splittings and Um
i values near resonance and by no means offers a

general description of ∆λ32. The maximization of RH does not offer any minimization of

∆λ32. However, further analysis of the functional form of the eigenvalues with respect to

interaction potential is required to further test if minimizing ∆λ32 maximizes mixing. Thus

far we have established that the modal dominance at the front end of the oscillation causes

resonance. It was the behaviour of the terms that made up that modal dominance that

caused the resonance peaks to occur. These terms involve the effective mixing angles in

matter and can be expressed as functions of the eigenvalues in the matter, the vacuum

eigenvalues, and vacuum mixing angles. Ultimately, it must be the behaviour of the matter

eigenvalues which drive oscillation and create resonance. As just stated, the peaks in figure

3.7 define the limiting behaviour. These peaks are also located at the zeros of the curve Um
λ

which has the following form.

Um
λ =

(c212c
2
13(λ−M2)(λ−M3) + s212c

2
13λ(λ−M3) + s213λ(λ−M2))

2

c212c
2
13(λ−M2)2(λ−M3)2 + s212c

2
13λ

2(λ−M3)2 + s213λ
2(λ−M2)2

(3.21)
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The zeros of which satisfy the following quadratic,

0 = c212c
2
13(λ−M2)(λ−M3) + s212c

2
13λ(λ−M3) + s213λ(λ−M2) (3.22)

0 = λ2 −
(
(1− s212c

2
13)M2 + c213M3

)
λ+ c212c

2
13M2M3 (3.23)

The limiting values are thus,

λ =
1

2

(
(1− s212c

2
13)M2 + c213M3 ±

√
((1− s212c

2
13)M2 + c213M3)

2 − 4c212c
2
13M2M3

)
(3.24)

Through the approximation of cosθ13 ≈ 1, these limiting values agree with the limiting values

stated in [13].
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Figure 3.7: Eigenvalue dependent components of effective mixing matrix. E=8MeV.
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Figure 3.8: Interaction potential dependent components of effective mixing matrix.

E=8MeV.
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Chapter 4

The Accretion Disk

As a neutron star comes in contact with a black hole, the black hole rips apart the matter of

the neutron star and it forms an accretion disk around the black hole that has a torus like

shape [29]. In the initial conditions of the accretion disk, the matter is very rich in neutrons

coming from the neutron star. The disk is hot enough that neutrons and protons move freely

in the disk converting into each other through neutrino and anti neutrino captures reactions

[30].

νe + n → p+ e− (4.1)

ν̄e + p → e+ + n (4.2)

The energies of the neutrinos in accretion disk are on the order of 10 MeV. Depending on

the density of the matter in the accretion disk, neutrinos can be trapped and are unable to

propagate freely. The regions of the accretion disk where the matters density becomes small

enough for the neutrino to propagate freely is called a neutrino surface [29]. The neutrino

surface defines the source of neutrino emission in the accretion disk as the neutrino flux is

directed outward from the surface. These surfaces define torus like regions around the black

hole where neutrinos are trapped. The analysis of neutrino oscillation will be done outside

57



of the neutrino surfaces where neutrino propagation can be defined. The temperature of the

disk at the neutrino surface define the neutrino energy. The model used to simulate the disk

from [24] uses a 3 solar mass black hole with spin parameter a = 0.8. The data used here is

taken at t = 20ms after the merger

To perfectly model neutrino oscillation in an accretion disk requires more attention than

varying electron densities. In practice one must study the oscillation of a collective of neu-

trinos, where oscillation probabilities can alter the flavor fluxes of the neutrino medium

[31, 32, 33, 34, 35, 36, 10]. In the very high neutrino densities, neutrino-neutrino inter-

actions, also called neutrino self interactions, would be present. These interactions create

mixing between neutrino flavors at a faster rate then vacuum mixing [35, 31, 34, 11]. Neu-

trino mixing from self interactions occurs on the cm scale, is important for short range

oscillation effects, and offers its own resonance [31, 33]. However, in this work neutrino self

interactions are ignored as the emphasis is on the mixing created from the electron density

profile. Figure 4.1 shows the net electron number density for a steady state accretion disk.

These densities range from 10−17 − 10−5fm−3. As shown in section 2.3, the resonant densi-

ties for MeV neutrinos occur around 10−12fm−3- ten thousand time denser than the electron

number density in iron. Also shown is the electron neutrino, tau neutrino, and electron

anti neutrino surfaces. The muon and non electron anti neutrinos have the same neutrino

surface as the tau. This is where the neutrinos are to be emitted from and is analogous to

the neutrino sphere in a supernova [18, 9]. The temperatures of the neutrino surfaces are

shown in figure 4.2 which are used along with Fermi-Dirac statistics to calculate the energy

spectrum of the neutrinos.
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Figure 4.1: Electron density positron density difference (ne− − ne+) of BH accretion disk

with 3 solar mass, spin parameter a = 0.8 at t = 20ms with neutrino surfaces defined by

opacity of the medium. The red curve is the electron neutrino surface, the green curve the

anti electron neutrino surface, and the blue surface is the tau neutrino surface which is equal

to the muon surface and their anti particle surfaces as well. Simulation data from [29, 24]
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Figure 4.2: Temperature along different neutrino surfaces [29]

4.1 H- Resonant Zones

The oscillations of neutrinos in the accretion disk are largely governed by the electron density

profile. As a neutrino propagates through an electron medium, oscillation will occur if the

density is near the resonance density for that neutrino energy as shown in section 2.3. Regions

of the accretion disk are mapped to show where H - resonance is occurring for a given energy.

The width of the resonance is defined by the width of the resonance peak created by the

modal dominance shown in figure 3.1. The density at the peak of equation 3.7 that is shown
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in figure 3.5 is found numerically. This density defines the center of H-resonance. The edge of

H-resonant zones are defined by the width of the peak in figure 3.1 at different probabilities.

Figure 4.3: H-resonance regions in accretion disk at 3MeV and 1MeV defined at a 50%

probability width.
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Figure 4.4: H- resonance regions for different probability widths. The blue region is defined

with electron neutrino survival probability greater than 10% and the black region defined by

electron neutrino survival probability greater then 50%. The neutrino energy is 0.01 MeV
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Figure 4.5: H- resonance regions for different probability widths. The blue region is defined

with electron neutrino survival probability greater then 50% and the black region defined by

electron neutrino survival probability greater then 70%. The neutrino energy is 0.1 MeV
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Figure 4.6: H- resonance regions for different probability widths. The blue region is defined

with electron neutrino survival probability greater then 50% and the black region defined by

electron neutrino survival probability greater then 95%. The neutrino energy is 1 MeV

The H-resonant regions mapped in the figure above agree with the morphology of the

accretion disk. As energy increases, the vacuum energies decreases. This is simply seen by

the vacuum Hamiltonian in equation 1.8. With the matter interaction energies constrained

by the vacuum energies, the same inverse relation is true for the matter interaction energies.

Due to this, the resonant density increases as neutrino energy decreases. Therefore, the

resonant regions in the accretion disk will occur closer to the black hole for smaller neutrino
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energy. The regions follow the torus like shape of the accretion disk. With a greater data

set providing electron densities further away from the black hole, high energy regions could

be mapped along with complete regions conveying the torus behaviour. Neutrino oscillation

governed by a Hamiltonian dependent on electron neutrino forward scattering only occurs in

the accretion at regions close to the black hole for low energy neutrinos as shown in figures

4.4 - 4.6. Flavor independent flux calculations from black hole accretion disk show that

the dominant neutrino energy peaks around 10 MeV [29]. Oscillation controlled by electron

interactions for neutrinos of this energy would occur only at the edge of the accretion disk

where electron density is small enough to be in the resonant density of this energy. As a

neutrino is emitted from the neutrino surface travelling outward its oscillation is dampened

by the electron environment. Only until it travels through the resonant region may it convert

to another flavor with probability varying as it travels through the resonance. The frequency

of oscillation at H - resonance is defined by ∆λ32 at that density. The value for ∆λ32 increases

as neutrino energy decreases making oscillation occur at a quicker rate. The oscillation length

L32 at H - resonance for a 1MeV neutrino is approximately 3.37Km. As shown in figure

4.6, this length is well within the width of the resonance region that is shown in black with

a width of approximately 25km.

This analysis of the resonant regions in the accretion shows that for low energy neutrinos

oscillation occurs in torus like regions around the disk. Given the trend of the data, it

seems reasonable to assume the same behaviour occurs for higher energy neutrinos at greater

distances. However, to study the dominant neutrino energy and its oscillation patterns a

data set with a larger range of distances is needed that provides the edge of the accretion

disk where the electron density is low enough to be in the resonant density. Remarks on the

L-resonance are to be made for the accretion disk. To reiterate the sole examination of H -

resonance only: L- resonance occurs at low densities very close to vacuum. The frequency of

oscillation at the L-resonance is much smaller than the H- resonant frequency, offering flavor
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conversion on a similar rate to vacuum oscillation. H resonant oscillation provides flavor

conversion on a length scale influential for accretion disk propagation. Of course, with low

enough neutrino energy, L- resonant oscillation does occur at shorter length scales but this is

only seen with in the disk data at around E = 0.1MeV where H resonance starts to appear

around E = 5MeV . H-resonant regions most likely exist outside of the given data for higher

energies in similar distributions but the corresponding L- resonance for the same energy

would be at an even greater distance away and carry an oscillation length greater than the

width of the resonance. The L- resonance is better described as a transition into vacuum

oscillations where the H -resonance is a defined region separated from vacuum oscillations.

For these extremely low neutrino energies where H -resonance is occurring closer to the black

hole, the transition into vacuum oscillation occurs quicker as the width of resonant peaks

increases with lower energy. Therefore, flavor conversion in the accretion disk is dominantly

controlled by H - resonant oscillation.

4.2 Adiabatic Electron Density

In section 2.4 we saw that variation of the electron density causes off - diagonal elements

in the matter basis Hamiltonian providing another source for neutrino flavor conversion.

These off - diagonal elements were partly defined by the positional derivative of the matter

eigenvalues. As mentioned, these derivatives boil down to derivatives of the electron density.

In most cases, the variance of the electron density is not strong enough to create off - diagonal

elements with a magnitude comparable to the eigenvalues. The adiabatic approximation

ignores these elements in the Hamiltonian on the condition that they are much smaller

then the eigenvalues. However, a positional dependence is still kept in the transformation

matrix. This means the effective mixing angles that are dependent on the matter eigenvalues

still varying over space. The adiabatic condition is tested for multiple trajectories in the
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accretion disk. Doing so will show the validity of the adiabatic approximation used for

calculating neutrino evolution. The previous section showed that flavor conversion from

resonant oscillation occurs in the accretion disk. As previously mentioned in section 2.4,

The Hamiltonian containing the off - diagonal components can be reduced to containing

block matrices for certain eigenvalue pairs depending on the resonant region of interest.

With only the H-resonance in mind, only the Γ32 component needs to be calculated for

normal ordering. This term is governed by the spacial derivative of λ3. At densities greater

than the H-resonance, λ3 behaves as Ve. The adiabatic parameter is defined as the following,

γ32 =
Γ32

∆λ32

(4.3)

The adiabatic condition is satisfied for γ32 ≪ 1.
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Figure 4.7: Off-diagonal for near H-resonant oscillation along a radial propagation at a height

of zero. The neutrino energy is 1 MeV. Normal ordering
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Figure 4.8: Off-diagonal for near H-resonant oscillation along a radial propagation at a height

of zero. The neutrino energy is 1 MeV. Inverted ordering

In figure 4.7, the Γ32 component along with λ3 and the interaction potential is plot-

ted along a radial trajectory emitted from the neutrino surface at a height of zero with

E = 1MeV . The same is shown in figure 4.8 for inverted ordering. For inverted order-

ing the dominant mode of oscillation at H-resonance is the 3-1 mode. This results in the

eigenfrequency coming from ∆λ31 where as for normal ordering it is ∆λ32The eigenvalue

difference follows the interaction potential until resonance is reached where they differ by

the tail shown at distance of 450km. This is the same region shown in figure 4.3 where
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H-resonance is mapped out. The value for Γ32 peaks where sharp changes in the eigenvalue

difference occurs. This is clear due to the dependence of the derivative of λ3 in Γ32. Though

the change in the electron density is logarithmic, it is occurring over hundreds of kilometers

and thus at a scale too small to be dominant in comparison to ∆λ32.

Figure 4.9: Adiabatic parameter for near H-resonant oscillation along a radial propagation

at a height of zero. The neutrino energy is 1 MeV

Along the radial trajectory, the adiabatic condition for H-resonant oscillation is satisfied

as shown in figure 4.9. The adiabatic parameter γ32 is much less than 1 along the trajectory

and is maximum at resonance. The linear trajectory for a neutrino emitted at 45◦ from the
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horizontal satisfies the adiabatic condition at a higher degree shown in the figure 4.10.

Figure 4.10: Adiabatic parameter for near H-resonant oscillation along a radial propagation

at 45◦ . The neutrino energy is 1 MeV

With the adiabatic condition satisfied for these two trajectories and by looking at the

general variance in the accretion disk electron density in comparison to these trajectories it

is safe to say that the adiabatic approximation may be taken for neutrino evolution in the

disk. The general variance of the electron density shown in figure 4.1 shows that a horizontal

trajectory contains the greatest gradient in electron density. The gradient for trajectories

at 45◦ and 90◦ is less than a horizontal trajectory. This justifies the statement that the
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adiabatic condition is satisfied in the disk as it is satisfied in the trajectory with the greatest

gradient in electron density.

4.3 Probabilities in the Disk

The only presence of flavor conversion is coming from resonant oscillations. The electron

survival probability for a 1MeV neutrino through a radial trajectory at a height of zero is

shown in the figure 4.11. The muon neutrino to electron neutrino transition probability and

tau neutrino to electron neutrino transition probability are shown in figures 4.12 and 4.13

respectively. A horizontal trajectory is also used in figures 4.12 and 4.12. The 3 probability

plots show that oscillation is occurring but only when resonance is reached. This agrees with

figure 2.3 where oscillation is only occurring centered around resonance.
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Figure 4.11: Electron neutrino survival probability along a radial trajectory of height zero.

The neutrino energy is 1 MeV
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Figure 4.12: Muon to electron transition probability along a radial trajectory of height zero.

The neutrino energy is 1 MeV
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Figure 4.13: Tau to electron transition probability along a radial trajectory of height zero.

The neutrino energy is 1 MeV

Note, the data is restricted to points separated by 0.5Km creating the lack of definition

in the curve. However, the presence of the H - resonance is clear and is peaked at the

same distance mapped out in figure 4.6. At radii below the H -resonance, the oscillation

is dampened and electron neutrino survival is almost certain. This further verifies that

oscillation effects are present in the outer regions of the accretion disk as described in section

4.1. The peak probability for figures 4.12 and 4.12 are lower than the peak probability in

figure 4.11. This agrees with the probability plots shown in section 2.3. The reason for this
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is that at resonance complete conversion occurs for electron neutrinos. This means that the

electron neutrino is either a muon or tau neutrino at peak resonance. The probability for

transitioning into a muon neutrino is lightly greater than the transition to a tau neutrino

as shown in figures 4.12 and 4.13. To understand the significance of oscillation over the

spectrum of neutrino energies the electron neutrino survival probability can be average over

the energy spectrum of the neutrino emitted from the neutrino surface defined by the Fermi

Dirac flux ϕ(E)

ϕ(E) =
gvc

2π2(ℏc)3
E2

exp(E/Tavg) + 1
(4.4)

Where Tavg is the average temperature of the neutrino surface. The average temperature

of the electron neutrino surface for example is 3.47 MeV. The spectrum for the different

neutrino surfaces in natural units is given in figure 4.14. The average probability is defined

as follows.

⟨Pee⟩ =
∫∞
0

Pee(E)ϕ(E)dE∫∞
0

ϕ(E)dE
(4.5)
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Figure 4.14: Fermi Dirac energy spectrum of neutrino surface.
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Figure 4.15: Energy averaged electron neutrino survival probability along a radial trajectory

of height zero.. The average temperature of the electron neutrino surface is 3.47 MeV

The plot of the energy averaged neutrino survival probability in figure 4.15 reiterates

and reinforces the fact that resonant oscillation is only occurring for low energy neutrinos.

In the regions between resonance and the neutrino surface the electron neutrino survival

probability is 100%. Only once resonance is approached for the low energy values of the

neutrino energy spectrum may neutrino oscillation occur. As radial propagation distance

increases the density will decreases into dominant energy resonant zones where the effects of

oscillation will be more dominant and present in the averaged survival probability.
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4.4 Implications on Neutrino Flux and Nucleosynthe-

sis

The accretion disk formed around a black hole serves as a promising candidate from heavy

element nucleosynthesis [29]. The free neutrons and protons in the higher temperature

regions of the disk flow outward and combine into nuclei. One of the main contributing

factors in the nucleosynthesis is the ratio between protons and neutrons described by the

electron fraction. The electron is controlled by the weak reactions taking place in the disk.

With a low enough electron fraction, rapid neutron capture can occur and heavy elements

can be synthesized. The rates for these reactions are determined by the flux of neutrinos

and anti neutrinos. Therefore, neutrino oscillations which alters the flux after emission has

the potential to reduce reaction rates and change the ratio between protons and neutrons.

The ordering of the neutrino mass hierarchy has undoubtedly the greatest effect in the

oscillation and neutrino flux. With normal ordering the H- resonance occurs for neutrinos in

the 1-3 mixing channel at relatively high densities with the L- resonance at lower densities

transitioning into vacuum oscillation. In this ordering no oscillation occurs for anti neutri-

nos that alters electron neutrino flux. Due to matter interactions only taken for electron

neutrinos, oscillation still occurs between tau and muon flavors for anti-neutrinos in normal

ordering. The decrease in survival probability for electron neutrinos shown in figure 4.15 will

lower the electron neutrino flux on average about 4% at a distance of 500 km in the horizontal

direction. Any significant decrease in flux else where in the disk occurs at distances beyond

that of the simulated data for the disk. This is why only the horizontal direction is analyzed

and that is where the highest energy resonant zone occurs. The conversion from tau and

muon neutrinos to electron neutrinos may have the reverse effect of increasing the electron

neutrino flux and thus favoring production of protons. The net electron neutrino flux ϕνe

may be given by the sum of all neutrino fluxes weighted by their probability of converting
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into the electron flavor[22].

ϕνe = peeϕ
0
νe + pµeϕ

0
νµ + pτeϕ

0
ντ (4.6)

The above equation works for one point of emission on the neutrino surface. The true flux at

some point rob would have to account for the entire neutrino surface. In practice computing

these flux is complicated and always done numerically. The flux of each flavor would be

the Fermi Dirac flux integrated over the neutrino surface and would vary depending on the

point of observation rob. In each step of the integration the path between the neutrino surface

and the point of observation would vary and thus the oscillatory evolution of the neutrino

changes with each point of emission. Therefore the contribution to the net electron neutrino

flux ϕνeνx from each flavor x is the following.

ϕνeνx(E, rob) =

∫
Pxe(E, rob, θ, φ)ϕ

0
νx(E, T )sinθdθdφ (4.7)

Where the net electron neutrino flux would be,

ϕνe =
∑
x

ϕνeνx (4.8)

The initial flavor flux ϕ0
νx(E, T ) is the Fermi Dirac flux in equation 4.2 whose temperature

varies along the neutrino surface. Any points rob between the black hole and the H-resonant

zone will experience no change in flux from oscillation and thus net flux is just the Fermi Dirac

flux integrated over the neutrino surface. This would also be the case for anti-neutrinos in

normal ordering with no resonance occurring. However, in inverted ordering, the H-resonance

occurs for anti-neutrinos at the same electron density in the normal ordering neutrino case.

The L-resonance remains the same occurring only for neutrinos at low densities.Therefore,

the net electron neutrino flux has a greater change from oscillations in the normal ordering
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mass hierarchy while the inverted hierarchy results in anti-neutrino flux being altered.Only

one of the beta reactions in equations 4.4 and 4.5 are altered by oscillation and it changes

for the neutrino ordering. The reaction rates are the product of neutrino (anti neutrino) flux

and the reaction cross section integrated over all possible energies. The cross sections for

the beta reactions are the following.

σνen =
σ0

4m2
e

(1 + 3g2a)(E +∆)2

(
1−

(
me

E +∆

)2
)1/2

Wm (4.9)

σν̄ep =
σ0

4m2
e

(1 + 3g2a)(E −∆)2

(
1−

(
me

E −∆

)2
)1/2

W̄m (4.10)

with reaction rates,

λνen =

∫ ∞

0

ϕνeσν̄endE (4.11)

λν̄ep =

∫ ∞

∆+me

ϕν̄eσν̄epdE (4.12)

The lower limit of the energy for the ν̄ep reaction given by ∆ + me where ∆ = 1.23 is

the neutron-proton mass ratio excludes neutrino energy’s below approximately 1.74MeV .

This lower limit of the neutrino energy for the scattering of anti-neutrinos and protons will

exclude much of the oscillation occurring as the H- resonant region analysis showed most

of the resonant zones occur for energy less than 1 MeV for within the given data. Figure

4.3 shows that a 3 MeV electron neutrino that oscillates with 50 % flavor conversion occurs

at the very edge of the data for the disk. Any presence of higher energy oscillation would

occur only for a greater survival probability giving an extremely low chance of conversion.

Therefore, with the majority of the oscillation in the disk occurring for low energy neutrinos,

the energy cut off from the anti-neutrino cross section reduces the effects from inverted

ordering neutrino oscillation within this region of the disk. To reiterate, this analysis and

these results are confined to the data of the disk and only make statements about the inner
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part of the accretion at a maximum horizontal radius of 500 km and a height of 250km. As

the electron density must approach that of the vacuum, higher energy resonant zones will be

present and oscillation effects within the dominant energy of neutrino spectrum will occur

at the outer regions of the disk. This is purely an analysis of the inner regions of the disk

and the oscillation effects with in.
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Chapter 5

Conclusion

Modern physics as it stands seems to be stuck behind the veil hiding that of which is beyond.

The Standard Model has a achieved unprecedented success in describing the natural world.

Nevertheless, we are in need of a window into that very beyond. The understanding of

neutrinos and their bizarre properties brings forth new physics that extends the Standard

Model. Though their mass is small, their role in the universe may be great. Neutrino wind

in supernova can determine energy conditions and attribute to nucleosynthesis. They play

a role in the Big Bang where relic neutrinos may be detected. The heavy right handed

neutrinos have even been questioned to be a candidate for dark matter. These are just

some of the roles they may take part in. The role of interest here is the environment of the

accretion disk formed around a black hole after its merger with a neutron star. This extremely

hot and dense environment, with temperatures between 2 − 8MeV and densities between

10−17−10−5fm−3, is an important candidate for heavy element nucleosynthesis. It also offers

an environment where strong gravitational effects are present in bulk nuclear behaviour. This

is of interest as any phenomena on which quantum and gravitational effects may take place

is important in bringing closer the two very different fields. The neutrino flux coming from

the inner accretion disk drives the electron fraction which controls nucleosynthesis and limits
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its elemental range. The neutrino emission may also serve as a source of detection for black

hole - neutron star mergers with the accretion disk producing a distinctive neutrino flavor

flux. The neutrino flavor flux is strongly dependent on the oscillation neutrinos exhibits

through the accretion disk. The phenomena of neutrino oscillation in matter is the basis for

the work presented here, with its application to neutrino physics around black holes.

As neutrinos propagate through matter their oscillation pattern is altered and flavor con-

version only occurs in regions of resonance electron density. With charged current forward

scattering of electron neutrinos defining the interaction potential, only two resonant locations

exist that exhibit enhanced oscillation. These are the L-resonance and H-resonance for low

and high electron density respectively. The width of the L-resonance is very small with the

vacuum density contained within its peak. The L-resonance is seen as a transition from vac-

uum to slightly enhanced oscillation. For this reason the oscillation pattern at L-resonance

is very similar to vacuum oscillation. The region of greater interest is the H-resonance. The

width of the H-resonance is greater with an increase frequency of oscillation from that of

vacuum. It also offers complete flavor conversion at its peak with a zero electron neutrino

survival probability at distances of half its oscillation length defined by its frequency. The

frequency of oscillation at H-resonance is approximately 10 times greater than that of vac-

uum oscillation. H-resonant neutrino oscillation offers faster and complete flavor conversion.

This enhancement of oscillation serves as a controlling factor for neutrino propagation in

astrophysical mediums. Where the electron density for H-resonance occurs depends on the

neutrino energy. Higher energy neutrinos resonate at lower electron densities. The resonance

is present in the equation for transition probability through the modal dominance defined

by the effective mixing matrix in matter. The effective mixing matrix transforms the matter

basis into the flavor basis and is built from effective mixing angles in matter. The behaviour

of the effective mixing angles controls where resonance occurs. For H-resonance mixing is

maximal in the 1-3 channel with θ̃13 = π/4.
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In section 3.2 the exact values for the limiting behaviour of the matter eigenvalues were

calculated which agree with those stated in [13] when approximating cosθ13 ≈ 1. The exact

form derived here shows the dependence of the mixing angles and vacuum energies on the

limiting behaviour of the eigenvalues. The limiting behaviour of the eigenvalues are of interest

because for many cases of neutrino oscillation in matter, the electron number density is more

likely to be at a non resonant value. Outside of the resonant ranges of electron density the

matter energy eigenvalues approach their limiting value rapidly.

When the electron density becomes space dependent the matter basis no longer remains

diagonal as off-diagonal elements are created by derivatives terms of the now space depen-

dent effective mixing matrix. This space dependence in the electron densities creates another

source of flavor conversion as the off-diagonal elements create coherence between the mat-

ter states. The form of these off -diagonal elements were derived and are dependent on

derivatives of the matter eigenvalues.

Simulated data of a black hole accretion disk was used to investigate the presence of H-

resonant oscillation in such an environment. The accretion disk has a torus like shape with

the black hole at its center. The energy spectrum of the neutrinos emitted from the disk

define at which density resonance may occur. The neutrino surface at the inner region of

the accretion disk emits neutrinos and is typically around 1 − 10MeV . Using Fermi-Dirac

statistics, the dominant neutrino energy emitted from the disc is approximately between

10−20MeV [29]. The H-resonant regions in the disk were torus like shells following the shape

of the accretion disk. The radii of these shells increased with higher energy. The simulated

data was constrained to 500km horizontally and 250km vertically. The highest energy H-

resonance peak occurring within the data was approximately 3MeV and only provided a

small region at a horizontal distance of 500km. With a neutrino energy of 0.01MeV , the

resonance shell occurred at a horizontal radius of 300km. This shows that neutrino oscillation
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only occurs in the inner region of the accretion disk for extremely low energy neutrinos 1.

H-resonant regions for the dominant neutrino energies occur at densities below the lower

limit of the simulation and thus outside of the given data. Though the higher energy regions

were not mapped, it is safe to say that dominant energy neutrino oscillation occur at the

outer edge of the disk. The electron neutrino survival probability was averaged over the

neutrino energy spectrum and showed that on average electron neutrino survival probability

only decreases by at most 4% at the lowest densities. This was done using a horizontal

neutrino propagation at a height of zero so that the highest energy resonant region would be

included. Therefore, this puts a maximum on the effects of oscillation in the accretion disk

region defined by the dimensions of the data. The adiabatic parameter which defines the

ratio between the off diagonal elements and the eigenvalues was calculated in the accretion

disk. It was shown that the adiabatic condition is satisfied for neutrino propagation in the

disk resulting in the validity of the adiabatic approximation.

Electron neutrino flux from the disk can be written in terms of the flavor transition

probabilities and the initial flux defined by the neutrino surface. At resonance, the muon

to electron and tau to electron transitions are less enhanced and only offer a 40% and 50%

probability respectively. Therefore, at H-resonance, the majority of the electron neutrino

flux is coming from muon and tau emission-given that the distance of propagation is close

to a factor of half the oscillation length. Resonance simply changes the maximum of the

oscillation and enhances the frequency. However, these positional difference seem to be

averaged out when considering all energy values. The electron fraction which determines

a maximum on the nuclear size of the nucleosynthesis is determined by the beta reaction

rates dependent on neutrino flux. In the inner regions of the disk no oscillation is occurring

and the electron fraction is dependent on the initial fluxes. In the outer regions of the disk

1This is solely based on a neutrino evolution defined by its vacuum term and a matter interaction term
where only charged current electron neutrino forward scattering is included. The inclusion of neutrino self
interactions in the Hamiltonian has shown to provide additional fast flavor conversion.
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dominant energy oscillation occurs and the electron fraction is altered. The comparison

between neutrino and anti neutrino flux is what sways the electron fraction. With a greater

neutrino flux neutron capture is favored and the proton abundance increases. Similarly,

with a greater anti neutrino flux proton capture is favored and the neutron abundance

increases. In this aspect, the manner in which fluxes are changed by oscillation are strongly

influenced by the ordering of the mass hierarchy. The ordering determines which particle

experience oscillation. In normal ordering neutrinos experience resonant oscillation and

neutrino flux may be lowered while anti neutrino flux remains unchanged. The opposite

occurs for inverted ordering. Therefore, normal ordering of the neutrino mass hierarchy will

lower proton production in resonant regions of the accretion disk while inverted ordering

lowers neutron production. The strength of the change in the reaction rates is greater at the

outer region of the disk where resonance occurs for dominant energies.

A more realistic profile of the accretion disk like those given in [26, 37] will offer a

more in depth description of the neutrino phenomena occurring. A complete analysis of the

neutrino wind in black hole accretion disk is extremely computationally extensive and out

of reach for the work that is capable in this thesis. Nonetheless, the analysis present in this

thesis explores the formalism for neutrino oscillation offering a unique take on the theory for

neutrino matter resonance where exact limiting values for the matter interaction energies

are derived. The analysis of resonant regions in the accretion disk depicts the importance

of oscillation in neutrino flux calculations. Much is still to be understood about neutrinos.

Their existence gifts us with a key into potentially new physics beyond the standard model.

Understanding how they interact with matter in regions where they are extremely abundant

will help us unlock the reason behind their mysterious behaviour.
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