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ABSTRACT 
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A DESIGN GUIDELINE AND ANALYTICAL MODELS  
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University of Guelph, 2022

Advisor: 

William David Lubitz

The Archimedes/Archimedean screw generator (ASG) is a new form of small hydroelectric 

powerplant technology that can operate under a wide range of flow heads and flow rates. ASGs 

have low impacts on wildlife, especially fish, and can generate power from almost any flow, even 

wastewater. Simplicity, low maintenance requirements and moderate costs make ASGs suitable 

even for remote or developing regions. However, there are few analytical methods for designing 

ASGs and almost no general and easy-to-use guidelines to design Archimedes screw power 

plants. This has been a major unanswered problem for about three decades. Therefore, the overall 

goal of this study was to develop design tools and guidelines to facilitate and support the design 

and operation of Archimedean screw hydropower plants. This goal was achieved by developing 

analytical equations and models to design Archimedes screw generators, estimate the volume of 

flow passing through the ASGs, and a guideline for designing Archimedes screw powerplants. In 

addition, methods for developing rapid estimation models were studied to facilitate initial studies 

of ASG hydropower projects, such as determining and evaluating suitable sites. Experimental 

measurements of a grid-connected ASG and five laboratory screws led to characterizing the 

phenomena of supply flow into ASGs and developing new equations for estimating the volumetric 
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flow entering ASGs as a function of the screw geometry, rotation speed, and inlet depth. At most 

ASG installations, water is supplied by an inlet channel and controlled using sluice gates. Five 

analytical models were evaluated using laboratory experiments. New equations and methods are 

proposed to facilitate the design, calibration, modelling and operation of sluice gates. Studying 

worldwide currently operating Archimedes screw power plants led to characterizing the important 

design aspects of ASGs and developing empirical screw sizing equations. An analytical equation 

was developed to estimate Archimedes screw geometry based on the common design 

characteristics of ASGs. These achievements led to the development of a design guideline for 

ASG hydropower plants. This work also helps remediate one of the biggest burdens when 

designing small hydropower projects, the unscalable initial investigation costs, by enabling the 

evaluation of site-specific possibilities of green and renewable Archimedes screw hydropower 

generation. 
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1 Outline 

1.1 Introduction 

This presented thesis outlines the analytical and experimental research that led to introducing new 

equations, models, and a guideline to support the design or operation of Archimedean screws and 

hydropower plants using one or more Archimedes screw generators (ASGs), which had been a 

major unsolved problem for about three decades. In addition, it outlines the process of developing 

new models for estimating the volume of flow passing through the Archimedes screw generators. 

In addition, it presents new equations and methods to facilitate the design, calibration and 

modelling of other ASG hydropower plants’ components, such as sluice gates and studies of easy-

to-implement ANN rapid estimation models. 

The majority of the materials presented in this thesis are adapted from several published peer-

reviewed journal papers, a published peer-reviewed book chapter, and an accepted peer-reviewed 

conference paper. The original publications were modified for this thesis to maintain the best 

continuity as a series of chapters by selectively shortening, updating, or moving some material, as 

well as removing redundancies. References for all chapters are listed in one common reference 

section at the end of the thesis. 

The Archimedes/Archimedean screw generator (ASG) is a new form of small hydroelectric 

powerplant technology that can operate under a wide range of flow heads and flow rates. ASGs 

have low impacts on wildlife, especially fish, and can generate power from almost any flow, even 

wastewater. Simplicity, low maintenance requirements and moderate costs make ASGs suitable 

even for remote or developing areas. However, there are few general and easy-to-use analytical 
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methods for designing ASGs and no such guidelines for designing Archimedes screw hydropower 

plants. This drawback not only affects the feasibility of this technology but also makes ASG hydro 

powerplant designs highly dependent on the experience of the engineer who designs them. 

As a result, the overall goal of this study was to develop design tools and guidelines to facilitate 

and support the design and operation of Archimedean screw hydropower plants. The power output 

of an Archimedes screw hydropower plant depends on the flow of water entering the screw, which 

is generally supplied by an upstream channel, modulated using a sluice gate and affected by losses 

at the screw inlet (Fig. 1.1). The screw must be sized and specified to utilize this available water. 

To model an ASG hydropower plant for a specific site, at least four questions need to be addressed: 

1) How much volumetric flow rate of water is available? 2) What is the possible geometry of the 

Archimedes screw(s) to utilize this flow? 3) How much flow passes through the ASG(s) in 

different scenarios? 4) How to manage and control this flow?  

 

 

Figure 1.1: Overview of Archimedes screw power plant investigation needs. 
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These questions were addressed in this thesis through multiple related studies subsequently 

published in several peer-reviewed papers. The available volumetric flow rate is site-specific. 

Estimations of site-specific volume flow rate could be determined using the river’s historical 

records to develop results such as flow duration curve. In addition, an estimation method is studied 

in Chapter 3 that could be practical for rapid estimations when traditional models and methods are 

limited or infeasible due to the data availability. This method is studied in the context of solving a 

runoff estimation problem using the minimum number and the most general of available 

parameters. Chapter 4 outlines the study of sluice gate depth and flow models as essential 

components for controlling and managing the flow in water delivery channels of Archimedes 

screws in ASG hydropower plants. Chapter 5 documents studies on developing an analytical 

equation to estimate the volume of flow rate passing through the Archimedes screws and 

calibration of this equation for several screws in different scales. Chapter 6 outlines the 

development of an analytical equation and methods to rapidly estimate the design of Archimedes 

screws which was an unsolved problem for about three decades. Finally, a guideline for designing 

Archimedes screw hydropower plants is represented in Chapter 7, which addresses the unsolved 

problem that was identified as one of the biggest disadvantages of ASGs for about three decades.  

Note that in the modeling or optimization of systems, non-iterative and fast analytical calculations 

for each component are essential to maintain the overall efficiency of the multi-component system 

design and initial optimization. Therefore, in this study, models or equations that offer the 

remarkable advantage of low computational costs are referred to as “simple.” In contrast, models 

or equations with the disadvantage of high computational costs (typically from needs for numerical 

or iterative solution methods), which decrease the overall efficiency of models by increasing the 
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processing requirements, and as a result the time and costs, are referred to as “complex.” 

1.2 Introduction, Literature Review, Potentials and Problem Definition 

The second thesis chapter outlines the Archimedes screw generator and provides a comprehensive 

literature review on this topic. This review outlines the characteristics of ASGs, then discusses and 

analyzes how they could benefit the sustainability of hydropower development. This chapter is 

adapted from a peer-reviewed journal paper published in the journal of Sustainability [1]. Some of 

the presented materials were adopted or updated from a peer-reviewed journal paper published in 

the journal of Energies [2] and a peer-reviewed journal paper published in the journal of Processes 

[3]. 

1.3 Estimation of the Available Volumetric Flow Rate 

A realistic and reliable estimation of the available volumetric flow rate is essential for designing 

Archimedes screw hydropower plants. Historical data such as flow duration curves are great tools 

for the initial estimation of available volumetric flow rate for each site and the initial designs of 

Archimedes screw hydropower plants. Then comprehensive studies should be undertaken to 

evaluate different scenarios, such as the climate change effects on the available volume of flow. 

Such deep investigations on flow is a water resources engineering topic that is not in the scope of 

this study. However, developing general and easy-to-implement methods and tools to support such 

studies could improve the feasibility of initial studies on remote, hard-to-access or developing 

regions. 

Analytical solutions and conceptual models are preferable where the required data is available. 
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However, solving complex problems with a few available variables could be almost impossible by 

many traditional models. In fact, the lack of enough data may make many studies infeasible for 

remote, hard to access or developing regions. Furthermore, studying new problems or even new 

cases usually requires a systematic approach that could be costly or time-consuming. A black box 

could be defined as a general or multi-purpose model that maps the inputs of a system to its output 

without the need for knowing the governing rules and phenomena in the system, or details such as 

the dynamics of, or interactions between, the system’s components. Based on this definition, 

developing a multi-purpose black box such as an ANN could be beneficial to speed up studies or 

make them feasible where enough samples are available for training the network, but the number 

of available variables is not enough and utilizing traditional methods is hard, expensive, time-

consuming, or technically infeasible. 

The third chapter provides an easy-to-implement method to develop ANN-based estimation 

models that could assist in finding or evaluating potential sites for ASG hydropower plants. The 

non-scalable initial investigation costs are one of the biggest burdens of small projects. Moreover, 

solving a complex problem with a few parameters is almost impossible by many traditional 

models, and the lack of data may make many studies infeasible for remote, hard to access or 

developing areas. Artificial neural networks (ANNs) could help reduce investigations costs and 

make many projects feasible to study by acting as input-output mapping algorithms. This extra 

study provides an easy to understand and implement method to develop fast ANN-based estimation 

models using the multilayer perceptron (MLP) neural network and Extended Kalman Filter (EKF) 

or Gradient Descent (GD) as the training algorithm. Also, three approaches to feeding training data 

to the models were studied. This method is applied for solving a runoff estimating problem using 
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the minimum number of input parameters, precipitation and temperature, that are easy to measure 

and widely available. This chapter is adapted from a peer-reviewed paper that was submitted to 

the CSCE 2022 annual conference [4]. 

1.4 Control and Management of the Flow Using Sluice Gates 

Sluice gates are essential components in the water delivery channels of Archimedes screw 

Hydropower plants since at most ASG installations water is supplied by an inlet channel that is 

controlled using sluice gates. Generally, each power generation unit could be considered as a 

system of a sluice gate and Archimedes screw installed in a channel: Water enters the delivery 

channel from a small pondage or a water diversion system, passes through a trash rack and is 

controlled and managed using a sluice gate for each ASG. Therefore, it is essential to develop or 

determine fast, reliable and efficient models for modeling sluice gates as a component of the ASG 

hydropower plants. 

As a result, the fourth chapter outlines the study on sluice gates and several common models. A 

laboratory experiment was conducted that led to introducing new data applied for studying several 

sluice gate models. Also, new equations and methods are proposed to facilitate the design, 

calibration and operation of sluice gates as one of the most important water delivery components 

in ASG power plants. This chapter is adapted from a peer-reviewed journal paper that is published 

in the journal of Water [5]. 

1.5 Estimating the Volume of Flow Passing through the Archimedes Screws 

Measuring the volume of flow passing through the ASGs is incredibly hard for large operating 
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screws and requires a small team. Moreover, simple equations to estimate the volume of flow rate 

passing through the screws are essential for studies on hydropower plants, the development of 

models, and management and operation plans. The fifth chapter outlines the conducted research 

on the estimation of the volume of water that can pass through the Archimedes screws, which is 

essential in designing Archimedes screws and ASG hydropower plants as well as for operating 

ASGs and making operation plans. In ASGs, water flows through a helical array of blades wrapped 

around a central cylinder while there is a small gap between the trough and screw in a free-flow 

condition. Screw geometry and rotation speed are two other important factors that intensify the 

scaling difficulties. In this study, experimental measurements of a grid-connected ASG and five 

lab screws at the University of Guelph were used to characterize the phenomena of supply flow 

into ASGs and led to developing a new equation to estimate the volumetric flow rate entering 

ASGs as a function of the governing factors including screw geometry, rotation speed and inlet 

depth. This chapter is adapted from a peer-reviewed book chapter that is published by Springer 

publication [6]. 

 

1.6 Determination of the Archimedes Screw Geometry 

Chapter six outlines the research on the design aspects of ASGs by studying the worldwide 

currently operating ASGs in Archimedes screw power plants designed and installed by different 

manufacturers. The important design aspects of ASGs were studied and categorized, and empirical 

equations were developed. This chapter also outlines the analytical research that led to the 

development of an analytical equation to design Archimedes screws. In designing Archimedes 

screws, determination of the geometry is among the fundamental questions that may affect many 
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aspects of the Archimedes screw powerplant. Most plants are run-of-river and highly depend on 

local flow duration curves that vary from river to river. The ability to rapidly produce realistic 

estimations for the initial design of a site-specific Archimedes screw plant helps to facilitate and 

accelerate the design and optimization of the powerplant. The proposed analytical method 

dramatically facilitates and accelerates estimating the design aspects of Archimedes screws’ 

geometry based on the accepted, proved or reported common designs’ characteristics. This chapter 

is adapted from a peer-reviewed journal paper published in the journal of Energies [2]. Some of 

the presented materials were adopted from the peer-reviewed journal paper published in the journal 

of Processes [3]. 

1.7 A Guideline to Design the Archimedes Screw Hydropower Plants 

The seventh chapter provides a design guideline for Archimedes screw hydropower plants using 

one or multiple Archimedean screw generators based on the results and achievements of this 

research. This guideline remediates one of the biggest burdens when designing small projects, the 

unscalable initial investigation costs, by offering a simple method to evaluate the site-specific 

possibilities of green and renewable Archimedes screw hydropower generation. This chapter is 

adapted from a peer-reviewed journal paper published in the journal of Processes [3]. Some of the 

presented materials were adopted from the peer-reviewed journal paper published in the journal of 

Sustainability [1] and the peer-reviewed journal paper published in the journal of Energies [2]. 

1.8 Conclusion and Future Works 

Chapter eight concludes the results and outcome of the entire research represented in this thesis 
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and provides recommendations for further studies on Archimedes screws.  

1.9 Summary 

 his chapter outlined the overall objective and framing of this thesis. Due to the “thesis by paper” 

nature of this study, each chapter is a published peer-reviewed paper. Therefore, this chapter 

outlined the necessity and relationships between each chapter to ensure that the audience can easily 

understand the importance and coherency of the study.   
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2 Introduction and Literature Review  

 

 

 

2.1 Introduction 

This chapter outlines the characteristics of ASGs, then discusses and analyzes how they could 

benefit the sustainability of hydropower development.  

2.1.1 Sustainable Development 

Sustainable development is described as “the organizing principle for the achievement of human 

development objectives while at the same time preserving the capacity of natural systems to 

provide the natural resources and ecological services on which the economy and community rely” 

[7]. Sustainable development often implies “a development that addresses current needs without 

influencing potential generations’ capacity to fulfill their own needs” [8], [9]. 

Adapted from: 

A. YoosefDoost and W. D. Lubitz, “Archimedes screw turbines: A sustainable development 

solution for green and renewable energy generation-a review of potential and design 

procedures,” Sustain., vol. 12, no. 18, p. 7352, Sep. 2020, doi: 10.3390/SU12187352.  

 

Thesis Author’s Contribution: 

This article is an original literature review on Archimedes screw generators that was written by 

Arash YoosefDoost [1]. Some parts were adopted or updated from original research articles that 

were written by Arash YoosefDoost [2], [3]. The figures are all original, or from explicitly 

referenced sources. 
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In 1979 René Passet proposed a three-sphere framework for sustainable development projects [10] 

(Figure 2.1). According to this framework, a development can be considered sustainable only if it 

simultaneously has positive social, environmental, and economic impacts. If a project satisfies the 

economic and social aspects but fails to satisfy the environmental aspects, it is categorized as 

equitable. If a development project can satisfy the environmental aspects but fails one of the social 

or economic aspects, the development could still be bearable or viable, respectively. If a 

development cannot satisfy at least two of the three mentioned aspects, it cannot be categorized 

anywhere in this definition. Some authors consider a fourth sustainability pillar of culture, 

institutions, or governance [11], or reconfigure the four domains to be social-ecology, economics, 

politics, and culture [12]. Overall, the focus of the modern sustainable development concept is 

simultaneous economic development, social progress, and environmental protection for current 

and future generations [13]. 

 

Figure 2.1: Sustainable development as the confluence of three constituent parts. Adapted from [14]. 

 

2.1.2 Renewable Energy 

Renewable energy is defined as energy that is obtained from resources that are fully replenished 
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on a human time scale. [15]. According to REN21’s year 2019 report, renewable resources 

provided 2378 GW of power capacity, which is more than 33% of the world’s total electrical 

generating capacity. In this list, hydropower capacity (excluding pure pumped storage capacity) is 

1132 GW, which is about half of total renewable energy. In 2018, annual new investment in 

hydropower grew 11% in comparison to the previous year [16]. The majority of hydropower 

investment is in large dams and associated generating stations that inherently include complex 

networks of social, economic, and ecological effects, maybe more than any other large 

infrastructure project [17]. 

2.1.3 Hydropower 

Hydropower is one of the most efficient and reliable sources of renewable energy [18] and offers 

significant value for a sustainable future [19]. By the end of 1999, around 2650 Terawatt hours 

(TWh) (19%) of the world’s total electricity relied on hydropower [20]. It rose to about 3100 TWh 

by 2009, and it was estimated that it would reach 3606 TWh in 2020 [21]. Dams are essential tools 

for controlling, storing, managing, and operating water for humankind. Large dams serve various 

specific purposes for our civilization, including water supply, flood control, navigation, 

sedimentation control, and hydropower [22]. However, they also come with disadvantages, 

including flooding large areas of land, impeding fish migration, and affecting the physical 

characteristics of the dam’s downstream river [23]. Construction of large dams needs significant 

capital, so many large dam projects are national (or even international) in scope. Currently, most 

new large dams are being constructed to provide combinations of energy, irrigation, and flood 

control in developing countries. At the same time, dam decommissioning is an increasing trend in 

developed countries because of environmental impacts and the economic costs of maintaining 
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aging structures [17]. 

Hydropower plants can be classified based on the electrical generating capacity, as in Figure 2.2 

[24]. Typical categories and associated capacities are: large hydro (> 10 MW), small hydro (< 10 

MW), mini-hydro (< 1 MW), micro-hydro (<100 kW), and pico-hydro (< 5 kW) [24]. It is 

estimated that about 10% of global hydropower is generated from powerplants with less than 10 

MW of capacity [24]. 

 

 Figure 2.2: Classification of hydropower plants based on the installation capacity. 

 

In a run-of-river (ROR) configuration, hydropower plants utilize the natural flow of water [25] and 

usually have little or no controlled water storage, meaning that ROR typically has small or no 

reservoirs. The lack of a large, actively controlled reservoir formed by a dam, or significant control 

of river flow, avoids or minimizes the disadvantages associated with large reservoirs, at the cost 

of more variable or poorly timed power generation. It minimizes flooding land and soil destruction, 

greenhouse gas emissions, as well as environmental [26] and social impacts [1]. However, the 

resulting reduction in control of river flow can result in more variable or poorly timed power 

generation [1]. 

Micro hydropower plants can often be considered a sustainable development option for generating 

electricity in both developing and developed countries. There is often no need to build expensive 
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dams and flood massive areas for the reservoir. This minimizes land and soil destruction, threats 

to wildlife, climate change effects, and other environmental impacts, especially on ecosystems 

[26], as well as the social impacts of large hydropower plants. New ROR hydropower technologies 

such as Archimedes Screws Turbines (ASGs) can be particularly advantageous in these regards. 

2.1.4 Archimedes Screw 

The Archimedes screw (also known as an Archimedean or hydrodynamic screw) is considered to 

be one of the earliest hydraulic machines [27]. It is composed of one or more helical arrays of 

blades wrapped around a central cylinder, like a woodscrew [28]. This screw is supported within 

a surrounding fixed trough. There is a small gap between the trough and screw that allows the 

screw to rotate freely while allowing only a small amount of water to leak past the blade edges. It 

is believed that the Archimedes screw was invented by Archimedes of Syracuse (circa 287-212 

BCE), the Greek physicist, mathematician, and inventor [29]. However, there is evidence 

suggesting the invention and use of the screw technology may date back to over three centuries 

before Archimedes under the reign of King Sennacherib (704-681 BCE) in the 7th century BCE 

in the Assyrian Empire [30]. 

 
 

Figure 2.3: Archimedes screw pump (left) and an Archimedes screw hydropower plant (right). 
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2.1.4.1 Archimedes Screw Pump 

Archimedes screws have been used as water pumps for irrigation and de-watering for a long time 

[29], especially for irrigation and dewatering purposes. For example, over 300 Archimedes screws 

were used as drainage pumps in the Netherlands in the early 20th century [31]. Some historical 

sources claim that Archimedes used the device to launch a ship [29]. Archimedes screws are 

commonly used today as high-volume pumps and are particularly adapted to wastewater treatment 

facilities since debris and obstructions in the water usually have minimal or no effect on the 

operating screw [32]. Today Archimedes screws pumps (ASPs) are widely used in wastewater 

treatment plants, for dewatering low-lying regions, irrigation systems, fish conveyors, etc. [33]. 

Figure 2.3 shows that the Archimedes screw can be configured as either a pump or a generator 

[34]. 

2.1.4.2 Archimedes Screw Generator 

Archimedes screws can also be used to produce power if they are driven by flowing fluid instead 

of lifting fluid. Water transiting the screw from high to low elevation generates torque on the 

helical plane surfaces, causing the screw to rotate. This mechanical rotation can be used to produce 

electricity by attaching a generator [35]. In this way, the ASG is a variation of the ancient 

Archimedes screw pump for generating power [36]. ASGs offer a clean and renewable source of 

energy and can be safer than other types of hydroelectric turbines for wildlife and especially fish 

[37]–[44]. The Archimedes screw is theoretically a reversible hydraulic machine, and there are 

several examples of Archimedes screw installations where the screw can operate at different times 

as either pump or generator, depending on needs for power and watercourse flow [45]. 
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In 1862, Ruhlmann categorized Archimedes screw as a kind of water wheel and proposed to use 

it to generate mechanical power [46]. However, it was not until 1992 that the Archimedes screw 

generator was implemented and patented by Radlik [47]. The earliest patent involving using a 

screw in hydro power plants dates back to 1922 [48], but examples of application of Archimedes 

screw generator (ASG) technology date back only to the 1990s [36]. 

The first ASG was installed in the 1990s [32]. Since 1993, at least 400 ASG hydropower plants 

have been installed in Europe [36]. However, there are just two ASG power plants in North 

America [49]. There are only two operational ASGs connected to the grid in North America, the 

first of which was installed near Waterford, Ontario, Canada, in 2013 [49]. 

Generally, modern hydropower turbines could be categorized as impulse turbines and reaction 

turbines. However, work is done by ASGs due to pressure differences across the blades created by 

the weight of the water, so they do not categorize as using either an impulse or reaction mechanism. 

ASGs constitute a third category of hydropower converter that is driven by the weight of water, 

which would also include water wheels. These machines can be considered quasi-static pressure 

machines. 

A water wheel is generally a circular rotor with some form of buckets around the circumference. 

Most turn about a horizontal axis, but there are several different configurations (Figure 2.4). Water 

at a higher elevation fills buckets, which empty at a lower point as the wheel turns [50]. Horizontal 

waterwheels have a vertical rotation axis, and vertical ones have horizontal rotation axes [50]. 

The energy transfer mechanism in an Archimedes screw is similar to a water wheel, although the 

configuration is different. In an ASG, a water bucket is defined as the volume of water entrapped 
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between two adjacent helical plane surfaces. 

 
(a) 

 
(b-1) 

 

(b-2) 

 

(b-3) 

Figure 2.4: Horizontally and (b) Vertically Oriented Water Wheels. (b-1) Undershot, (b-2) Overshot (b-3) 

Centershot From [51] 

 

2.2 Advantages of Archimedes Screw Generators 

2.2.1 Technical Advantages 

The typical river-to-wire efficiency (the theoretically available hydraulic power to the electrical 

power delivers to the grid) of ASGs is as high as 60% to 80% [52]. Depending on the screw design, 

installation, operation condition, as well as the fill height of the screw, its minimum and maximum 

efficiency may differ or happen in different conditions (i.e., fill heights and/or rotation speeds) for 

different designs. For example, measurements of several ASGs indicate hydraulic efficiencies (the 

theoretically available hydraulic power to the exploited shaft power)  higher than 80% full-load 

and as high as 94% in partial-load conditions [53]. Table 2.1 compares the operating conditions 

for the most common energy converters used in hydropower generation. These materials indicate 

that efficient electricity generation with just a few meters of water head and a wide range of 

supported flow rates is a particular advantage of ASGs [28] that could increase the number of 

potentially suitable sites available for micro hydropower development. 
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Table 2.1: Operating conditions of common hydropower technologies. 

Type Turbine 
Head 

(m) 

Flow Rate 

(m3/s) 
Notes 

Impulse 

Pelton [54] 

 

50 *–

1000 

[18] 

<50 

[55] 

A high-pressure jet of water is directed at 

bucket-shaped blades, and nearly all of the flow 

energy is converted to rotational mechanical 

energy [56]. 

Turgo [57] 

 

50 **–

250 

[58] 

<10 

[59] 

A modification of a Pelton, in which the 

incoming water jet is directed at an angle of 20 

degrees to the buckets. A larger jet stream of 

water relative to the turbine diameter for the 

same flow and head produces more power or can 

be constructed smaller [58]. 

Reaction 

Francis [60] 

 

40–600 

[58] 

0.2–1000 

[55] 

(Specific 

Flow) 

Flow enters the turbine radially, then is 

redirected in a direction along the axial length of 

the turbine. The pressure difference across the 

blades is accomplished by changing flow 

direction and can be 90% to 95% efficient [56]. 

Efficiency reduces dramatically in flow rates 

below 75% of the design flow [56] 

Kaplan [61] 

 

<50 

[62] 

0.5–1000 

[55] 

Flowing water pushing past the propeller blades 

creates a pressure difference [56]. Best suited for 

heads less than impulse and Francis turbines for 

the same flow, and for flow rates higher than 

Francis and Pelton turbines for the same head. 

The propeller angle can vary to optimize energy 

extraction. 

Quasi-

static 

Pressure 

Water wheel [51] 

 

 

<10 <5 

Vertical axis Water Wheels rotate due to the 

force exerted on the paddles by the momentum 

of the flow. Horizontal axis Water Wheels rotate 

because of the momentum of the water, as well 

as the weight of water on the small water buckets 

formed between the paddles. So, they are a bit 

more efficient than conventional horizontal ones 

[50]. The efficiency of well-constructed WWs is 

50%–70% [50]. The hydraulic efficiency of 

Vertical Water Wheels is reported to be up to 

85% [63].  

Archimedes Screw 

 

<10  

[52], 

[59] 

<10 

[52], [64] 

Efficiency range between 60% and 80% and 

remains high even as available head approaches 

zero. Produce up to 355 kW [65] of power [36]. 

Practical even in combined low head and low 

flow 

Notes: 

* A Pelton turbine with a flow of 50 m3/s is a very extreme case. 

** Micro-hydro impulse turbines sometimes operate with less than 50 m of the head. 
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To decide about the best option depending on the site properties, there are charts for each turbine 

operation condition. Most of them, even those in general literature, ultimately are made based on 

companies which usually mark the areas of their products. For example, Figure 2.5 represents the 

related water head and flow rate for different power ranges of ASGs made by the ANDRITZ 

company. To deal with this issue, several charts could be combined, such as Figure 2.6 [55], which 

represents the range of head and flow rate corresponding to the generated power of a Pelton, 

Francis, Cross-flow, and Kaplan as well as Water wheels and Archimedes Screws. It is important 

to note that for ASGs, this chart only includes industrial sizes. As mentioned, recently, there have 

been many investigations to utilize ASGs in micro and even pico scales. This includes ASGs such 

as PicoPica 10 and PicoPica500, which change the operation flow rate and head of ASGs from 

0.01 to 10 m3/s and 0.1 to 10 m, respectively. 

 

Figure 2.5: An example of commercial Archimedes Screws operating range [66], [67]. 
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Figure 2.6: The range of head and flow rate corresponding to the generated power of different turbines 

(Adapted from [55]). 

 

In the last decade of the 20th century, initial experimental investigations for using Archimedes 

screws as generators showed that a rather small screw has an efficiency of more than 80% in 

converting hydraulic energy into mechanical energy [33], and even higher efficiencies could be 

obtained by larger screws [68]. It was stated that the largest outer diameter of ASGs usually does 

not exceed 4 m because of technical limitations, especially for fatigue cracking of the flights' weld 

to the central cylinder [69]. However, the largest screw diameter known to the author at the time 

of publication is 5 m, as in the “Widdington Plant” [1]. In terms of length, the Hasselt hybrid 

(pump and turbine) screws are claimed as the largest hybrid Archimedean screws in the world 
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[70]. In terms of power, manufacturers have announced single screws that can pass flow rates as 

high as 15 m3/s and generate up to 800 kW of power [53]. In terms of the largest number of installed 

parallel screw generators, currently, the largest known number is six parallel Archimedes screws 

in hydropower plants such as Marengo (in Goito, Italy) [1], Rosko (in Rosko, Poland) and Steinsau 

(in Alsace, France) which are all listed in Table 6.1. 

2.2.2 Economic Advantages 

2.2.2.1 Capital Costs 

Depending on site specifications, an Archimedes screw may offer cost advantages, especially in 

terms of capital costs. For example, a case study for a specific site in Yorkshire, UK, found that 

the ASG cost would be about 10% less than a Kaplan turbine, while the generated energy was 

estimated to be about 15% more. For this case, in terms of capital cost per MWh per year, the ASG 

was projected to be 22% cheaper than a Kaplan turbine [71]. 

2.2.2.2 Operational and Maintenance Costs 

Overall operation and maintenance costs of ASGs are expected to be lower than other turbines 

[72]. Regular ASG maintenance includes checking fluid levels and replacing grease cartridges at 

the upper bearing and gearbox. The bottom bearings are usually designed to operate without any 

maintenance until replacement [73]. ASGs have few wear points, and their operational speed is 

low, reducing wear and scouring issues. The common types of physical and chemical erosion occur 

only in trough and blade flights. Major maintenance of an ASG is typically required after 20 to 30 
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years for the lower bearing [74]. The screw flights would typically be refurbished when the lower 

bearing and the trough are replaced [72]. 

Since maintenance and operating costs of ASGs are lower than other micro-hydro turbines [75], 

they can be considered one of the best options for undeveloped regions and areas with no easy 

access, such as high elevations of mountains or small communities that are far from facilities and 

infrastructure. This is an important advantage for small communities where connecting to central 

grids is not easy nor cost-effective. 

2.2.3 Environmental and Social Advantages 

Dams block the natural connection of a river between upstream and downstream regions. 

Therefore, river ecosystems may lose their access which causes negative environmental impacts 

such as wide-ranging species extinctions. This has been documented in the temperate areas of the 

Americas due to large hydropower dams [76]. For example, the extinction of 38 species and the 

near-extinction of other 71 species occurred due to dams in the Mobile River basin, Alabama, USA 

[77]. It is important to note that negative effects on ecosystems are not limited only to large dams. 

Any disturbance in natural processes, including the construction of hydraulic structures, such as 

small weirs or diversions, can also have side effects. Studies indicate that even low-head 

hydropower facilities are not risk-free, especially for fish that migrate downstream [38]. 

A novel study was conducted by Boys et al. [38] on the physical stresses that would be experienced 

by fish species passing through a very low head (VLH) turbine, Archimedes screw, and horizontal 

Kaplan turbines. A novel fish-simulating sensor package called Sensor Fish was passed through 

operating turbines and recorded conditions in order to assess potential injury mechanisms reported 



 

 

23 

 

in studies on live fish [38]. This study found that rapid decompression is not significant in VLH 

and ASGs. However, in the low-head horizontal Kaplan turbine, it was so serious that impacts on 

fish could be expected to be comparable to high-head vertical axis Kaplan turbines. It was also 

mentioned that physical strikes are a potential fish injury source in all turbine types. The authors 

suggested that minimizing structures near the tailrace of screw generators and operating VLH 

turbines at higher powers with greater runner blade openings could reduce the possibility of strikes 

[38]. 

Several studies have found that using ASGs could limit impacts on wildlife and aquatic species. 

Archimedes screws are even used as pumps to move fish between holding pens in some fish farms, 

with between 98% and 99% of fish unharmed during passage [39]. The results could be similar in 

ASGs since both systems have slow rotational speeds and large openings that allow the safe 

passage of small objects. 

A British study [40] showed that eels and juvenile salmon passed through an ASG safely with a 

low mortality rate. Further investigations found that applying a rubber bumper to the leading edge 

of the screw blades further reduced injury potential: with this intervention, no salmon sustained 

injuries of any sort, and just minor recoverable damage was reported for less than 1% of eels [40]. 

Another study indicates that fish lighter than 1 kg can safely pass through an ASG that is rotating 

at typical operating speeds [41]. Applying rubber bumpers on the leading edges can increase this 

mass up to 4 kg without being harmed [41]. According to the UK Environment Agency 

Hydropower Good Practice Guidelines, using the compressible rubber bumps is recommended for 

ASGs with a typical speed higher than 3.5 m/s. This guideline also suggests using trash-racks to 

screen larger debris before entering the turbine for a range of ASG diameters in order to block the 
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passage of fish and debris that are larger than the ASG’s buckets and diverting them into a spillway 

or parallel stream with no harm [42]. 

A two-year study on the possibility of second-order effects of ASGs tried to answer additional 

questions about fish behaviour alternation before and after passage as well as long-term survival 

and fitness after-effects [43]. Movement patterns and behaviour analysis indicated that adult eels 

could descend the ASG. However, under high flows, they preferred the faster passage of the 

parallel overshot weir. Passing through the screw caused no immediate eel mortality and no effect 

on their migration behaviour. This study mentioned that adult eels milled about at the entrance to 

the screw outlet and then rejected it as a migration path. Other fish exhibited a startle response to 

the turbine start-up. However, ASGs can be considered a potential downstream passage route for 

both eels and Potadromous species [43]. 

It is also notable that compared to other turbine types, ASGs allow greater downstream passage of 

sediment, floating debris, and other material. This capacity to pass larger materials means that 

trash racks and upstream screens can be coarser and therefore less expensive, with less head loss, 

than those necessary for other turbine types. 

 

2.2.4 Disadvantages of Archimedes Screw Generators 

2.2.4.1 Relatively New Technology 

Looking back to the history of using Archimedes screws as generators shows that this is a relatively 

new technology, and there are many not well-known things about ASGs in comparison to other 

hydropower technologies. Fortunately, ASGs have become increasingly popular in Europe during 
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the past decade because of their robustness, simplicity, and fish friendliness [33], and there is an 

increasing rate of research interest in these machines. 

2.2.4.2 Insufficient General Design Guideline 

The lack of general standards or guidelines makes the hydraulic design of the Archimedes screws 

and ASG hydropower plants highly dependent on the experience of the designers[33]. Reviewing 

the literature indicates that there are not sufficient English guidelines for designing ASGs for 

different sites and flow conditions [49]. Presently, the Rorres [34] and Nuernbergk and Rorres [33] 

are well-known studies for the optimum design of ASGs. However, they are not easy to understand 

and implement. Even the non-English literature, including Brada (1996) [78], Aigner (2008) [79], 

Schmalz (2010) [80], Lashofer et al. (2011) [81], and the new version of “Hydro-power screws - 

Calculation and Design of Archimedes Screws” [82], which is available only in the German 

language, do not provide a comprehensive physics-based design model for ASGs [36], [49].  

2.2.4.3 Technical Limitations 

For very high flow rates or water heads, a single screw may not take advantage of all available 

potential due to material, structural, technical, and physical limitations: bending could be a serious 

issue for very long structures. Increasing the inner diameter of the screw could help to increase the 

ASG length with the cost of making the screw larger or reducing the effective area. However, 

because of the weight of the screw, the bearing limitations is one of the most critical technical 

constraints. The idea of multi-ASG powerplants (parallel or in series) could be considered as a 

solution. However, according to Table 2.1, there are other turbines developed to take advantage of 

such conditions. 
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Archimedes screws operate at low rotation speeds relative to other hydropower turbines. This 

provides environmental advantages such as good ecological behaviour and reduced noise. 

However, a gearbox is required to convert this rotation speed to the required speed of the generator, 

and the losses in the gearbox, as well as in the generator, affect the overall efficiency of the system. 

Muysken proposed a maximum recommended rotation speed (𝜔𝑀) for Archimedes screws as 

follows [83]: 

𝜔𝑀 =
5𝜋

3𝐷𝑜
2/3 

 (2-1) 

It is possible to run an ASG with flow rates less or more than the optimal design volume flow rate. 

Studies show that ASGs can handle flow rates even of up to 20% more than optimal filling without 

a significant loss in efficiency [78].  However, running screws in non-optimal conditions such as 

high filling heights or rotation speeds higher than the Muysken maximum rotation speed (Eq. 

(2-1)) may lead to significant losses due to physical and hydraulic limitations. Fortunately, there 

are some solutions to deal with some of these limitations: when the conditions are not perfect for 

a single screw, utilizing variable-speed ASGs, or installing more than one screw to potentially 

better utilize available flow at a wider range of sites, including those with high seasonal variability. 

2.3 Archimedes Screw Generators and Sustainable Development Approaches 

Based on the discussed advantages of ASGs, they could provide a wide range of opportunities and 

options for developments. In terms of sustainable development, ASGs offer economic, social, and 

environmental advantages and could address or compensate for some of the sustainable 

development components in some of the current water industry developments. This section will 
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propose and analyze some of the ASGs applications that could improve the sustainability of water 

industry developments. 

2.3.1 Site Considerations 

While large dam sites require very special conditions to construct, this is less of an issue in site 

selection for ASG-based run-of-river (ROR) hydropower plants. Even for ROR plants with a 

reservoir, the size of the reservoir is much smaller than traditional hydropower plants. By utilizing 

ASGs, ROR hydropower plants could utilize relatively small heads and flows. 

The size of an ASG can be scaled based on the available volume of flow and site specifications. 

Conventional ASGs can operate with heads between 1 m and 6 m, and flow rates between 0.1 m3/s 

and 6 m3/s, producing 1 kW [36] to 300 kW [66], [67] of power generation. However, recent 

development shifted this range dramatically. Currently, there are pico ASGs that can generate 

around 10 watts of power with 0.01 m3/s of flow rate and 0.1 m of water head [64]. The largest 

installed ASG could generate up to 355 kW of power with 3 m of water head and has 14.5 m3/s of 

flow rate capacity [65]. According to Table 2.1, currently ASGs are suitable for sites with head up 

to 10 m [59], [64], [84] and flow rates up to 10 m3/s [52], [55], [64]. Recently, manufacturers have 

announced larger screws that can pass flow rates as high as 15 m3/s and generate up to 800 kW of 

power [53]. Surveying operating ASGs, the length of the operating ASGs varies from about 1 m 

to 17 m. Figure 2.7 shows Cragside (UK) screw, which is a uniquely 17 m long and steep screw 

plant that generated about 21 MWh in 2019 [85]. Figure 2.8 shows several pico hydro-scale ASGs 

in series, each about 1 m long, being used in Japan [86]. 
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Figure 2.7: Cragside Archimedes Screw Generator (ASG), Northumberland, UK (modified from [87], [88]). 

 

ASGs can operate efficiently even at very low heads and flows [36]. Therefore, ASGs could help 

to generate electricity for hard to access or undeveloped regions where connecting them to the 

electricity network is difficult, expensive, or even impossible. Ideally, ASGs could make 

hydropower generation possible almost everywhere flowing rivers are available. In areas of low 

flow but the higher head, this idea could be expanded to a theoretical chain of hydropower plants 

such as what is proposed in Figure 2.8-a. Figure 2.8-b shows an implementation of such a chain 

of ASGs in a roadside irrigation channel. The power output was used to power adjacent street 

lights in Japan [86].  he Yorkshire Water’s Esholt wastewater treatment (in Section 2.3.3) could 

be considered as another example of using several ASGs in series to take advantage of available 

water head alongside a relatively long (here around 30 m) pathway [89]. 

The idea of installing ASGs in series in chains of small hydropower plants could further increase 

the potential of green and renewable hydroelectricity generation in locations where the flow is low, 

and the head is somewhat higher than would be appropriate for a single ASG. In remote areas, the 

modular nature of multiple small ASGs could be a logistical advantage. In appropriate locations, 
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installing chains of ASGs in series could offer several advantages in addition to reducing fossil 

fuels usage and greenhouse gas (GHG) emissions by: 

- Allowing hydroelectricity generation in regions where the construction of large dams is 

not reasonable or feasible. For example, in relatively smooth plains where suitable 

conditions do not exist to support the construction of large dams. 

- Maximizing the hydroelectricity generation even in regions where a large dam exists by 

extracting energy alongside the river downstream. 

- Reducing the electricity power loss alongside the distribution network by generating power 

near where it is required and consumed, which could reduce the length and cost of the 

distribution network (as illustrated in Figure 2.8-b). 

- Generating baseload power with small hydropower plants. Currently, in many locations, 

the majority of electricity baseload is mainly generated by fossil fuel, and nuclear power 

plants and hydropower is used to meet peak demands. However, the proposed theoretical 

chain of ROR powerplants could generate a baseload since most of the ROR plants do not 

store water. 

  
(a) (b) 

Figure 2.8: (a) A theoretical chain of small hydropower plants (b) Application of a chain of small ASGs in an 

irrigation channel to power street lights in Japan [86]. 
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2.3.2 Reducing Erosion and Disturbance of Natural Sedimentation Processes 

Suspended sediments can cause damage passing through traditional turbines, e.g., by eroding the 

component surfaces, especially when sediments are composed of hard materials like quartz and 

feldspar [90]. To prevent sediment-related problems in small hydropower plants, the construction 

of settling basins to remove sediments is possible [91], but it is often uneconomical [92]. In 

addition, even if construction and operating costs are ignored, there is no guarantee of complete 

removal of suspended sediment before the water enters the plant [92]. Unlike many traditional 

turbines, suspended sediments could pass through ASGs with minimal effect because of their lack 

of tight tolerances and their low operational speeds [72]. Letting the sediments pass a hydropower 

plant instead of depositing upstream in reservoirs or settling basins could offer environmental 

advantages by reducing the disturbance of the natural erosion/sedimentation process while also 

reducing operating costs associated with settling basin maintenance. Passing sediment could lead 

to erosion prevention and soil conservation since according to Lane’s law, water transporting 

sediment has less capacity for eroding banks and natural features [93]. Passing sediment through 

the plant could also offer economic advantages since reduced upstream sediment deposition 

increases the effective service life of reservoirs and dams. 

2.3.3 Power Generation from Unconventional Water Resources 

Since Archimedes screw generators run in open channel flow, theoretically, small hydropower 

could be considered as an alternative to the energy dissipator hydraulic structures [94] to make use 

of the flow energy and offer the added value of power generation. Since large living organisms 

such as fish can pass through ASGs, there is no surprise that sediment and small debris can pass 
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through ASGs as well. This advantage enables ASGs to generate power from almost any flow, 

even unconventional sources such as wastewater that are often not appropriate for conventional 

hydro turbines [1], [89], [95], [96]. A recent study on micro hydropower plants using sewage water 

flows indicates that a single ASG with a sewage line with a flow rate of about 0.24 m3/s and 1.5 

m of the head could generate up to 1963 watts of power [95]. This experiment was physically 

implemented at the sewage treatment plant for municipal wastewater of Hayatabad Peshawar, 

Pakistan. It was found that in the worst scenario, a coarse screen can be added to prevent the 

garbage from entering the screw. Increasing the number of screws, flow rate, and head leads to a 

linear increase in generated power [95]. Moreover, theoretically, sediments could be released 

continuously from reservoirs while this flow is used for power generation by ASGs. 

 

Figure 2.9: Yorkshire Water’s Esholt wastewater treatment ASG hydropower plant [89]. 

 

Another example is the Yorkshire Water’s Esholt wastewater treatment upgrade in 2007 that 

enables it to generate hydropower from untreated sewage by installing two Archimedean screw 

generators installed in series (Figure 2.9) between the inlet works and the new primary settlement 
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tanks [97]. This hydropower plant has been switched on since 2009 [89] and could utilize about 

10 m of the head and up to 3.24 m3/s of wastewater passing through a 1.8 m diameter pipe when 

it flows sequentially through the two screws [97]. The diameter and length of each screw are 2.6 

m and 14 m, respectively [89].  his upgrade could provide more than 180 kW of treatment process’ 

required power [97] for the  K’s first energy self-sufficient (neutral) urban sewage plant [98]. 

2.3.4 Upgrade or Retrofit and Power Generation as an Added Value 

ASGs could offer a considerable value add-on for some big projects whose main purpose is not 

power generation [97] for improvement or conservation of current resources. The Yorkshire 

Water’s Esholt wastewater treatment upgrade, which is mentioned in Section 2.3.3, is one of the 

examples. In addition, the wide range of ASG operating feasibility makes it possible to use them 

as an upgrade or retrofitting solution at existing dams. Since the civil work associated with the 

dam already exists, this can reduce the capital costs of installing an ASG hydropower plant. Many 

ASGs have been installed at sites with existing dams. 

Dams and weirs may leave unattended or completely abandoned after ending their service period 

due to removal costs or other reasons. Leaving such obsolete hydraulic structures unattended can 

become a social and environmental hazard since they can threaten public safety. Just in the United 

States, there are over 87,000 registered dams, and some estimations increase this number to about 

two million dams that many of them are no longer used and are considered unsafe [99]. In some 

cases, the repair costs of a dam could be three times higher than dam removal. Therefore, dam 

deconstruction may be economically more reasonable because of maintenance and renovation 

costs [100]. However, dam removal expenses are usually too high to be covered just by one 
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financer [101]. In addition, many existing dams have been in place for a very long time, and it is 

not easy to balance the ecosystem and cultural-historical values of such old and historically 

important structures in communities [102]. The ecosystem and social changes resulting from dam 

construction usually lead to a new balance over several decades of dam operation [103]. In 

addition, the deconstruction of old dams provides a large area of stored sediment that is highly 

suitable to plant colonization. So, native species may fail to survive in competition with aggressive 

plant colonists [104]–[106]. 

Few investigations have focused on the dam deconstruction effects on contaminant distribution, 

especially in the case of small dams with heights of less than 2 m [107]. However, some studies 

about the evaluation of the extent and magnitude of biological and chemical changes caused by 

dam removal documented potential changes, especially in contaminant inventories [108]. As an 

example, after the Ft. Edwards dam removal in 1973, analysis of the displaced sediment 

downstream during 1977–1978 indicated highly contaminated polychlorinated biphenyls (PCBs) 

[109]. Therefore, sometimes the deconstruction of old dams may not be the most effective solution. 

Each dam deconstruction should be evaluated for the potential sedimentary contaminant 

redistribution [108] and other possible consequences. Figure 2.10 is an example of the shock load 

of releasing sediments deposited in a reservoir during the storage restoration process of Manjil 

Dam, Iran, in 1982–1983. This sediment shock load caused massive extinction of aquatic life 

downstream. 

Installing an ASG at an existing dam or weir can offer economic and environmental benefits by 

generating renewable hydroelectricity at a previously unutilized site with a minimum of changes 

to the overall site [35]. An ASG installation can also provide a reason for performing deferred and 
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ongoing maintenance on an otherwise neglected dam, improving the structural stability of dam 

infrastructure [35]. Considering ASGs as a retrofit option could offer environmental advantages, 

especially if the deconstruction of an old dam may threaten aquatic life and wildlife of the 

downstream. Moreover, as detailed in Section 3.2, such upgrades could help reduce the disturbance 

of sediment transport processes and realize environmental and economic advantages by 

implementing renewable hydroelectricity generation. 

  

Figure 2.10: Sediment shock load released from Manjil Dam, Iran, during the storage restoration process in 

1982-1983, which caused an ecological disaster and a massive extinction of aquatic life downstream. 

 

Many sites, such as small weirs or dams without existing hydropower plants, are suitable for 

installing or using ASGs as an upgrade. At existing sites, the dam construction has already been 

completed, the return on investment has been satisfied, and the environmental impacts have been 

incurred for many years [74]. The minimum construction requirements of ASGs and their small 

scale make the environmental impacts and GHG emissions of this upgrade very low [110]. 

Additionally, such upgrades provide green electricity, which could help to reduce fossil fuel usage 

and continuous greenhouse gas emissions. Therefore, upgrading dams for hydroelectricity can not 
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only be a reasonable economic decision but also could partly remediate some prior environmental 

or social impacts. 

For example, within the province of Ontario, Canada, there are approximately 2600, mostly small, 

dams [111] that were primarily constructed for flood control and milling. About 70% of these dams 

were constructed prior to 1970. Since the expected service life of a typical small dam ranges 

between 50 and 70 years, many of these dams will require major restorations or structural repairs 

within 10 to 15 years because of safety and structural quality concerns [112]. Additionally, in the 

United States, the Army Corps of Engineers national inventory estimates there are 18,140 dams 

with heights under 4.6 m that are in need of structural repair due to improper or deferred 

maintenance [113]. 

It is also worth mentioning that in the province of Ontario, Canada, nearly one-quarter of all energy 

production is provided through hydro resources, which are about 90% of all the province’s 

renewable energy supplies [114]. This represents about 8100 MW of hydroelectricity capacity 

from 240 dam sites across 24 river systems [115]. Since the focus of increases in hydropower is 

largely on sites with generating capacity greater than 1 MW [116], sites under 1 MW power 

generating potential were ignored in this study. However, ASGs could be considered a reasonable 

solution for the utilization of these sub-1 MW sites [35]. 

According to Ontario Hydro and the Ministry of Natural Resources Water Potential Site database, 

there are approximately 280 sites within Ontario (Figure 2.11) with less than 200 kW power 

generating capacity and heads less than 5 m [117]. Considering these statistics and typical ASG 

efficiency, the total power generating capacity of ASGs just within Ontario is approximately 16 
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MW [96]. Therefore, such a retrofitting and upgrade approach could be considered a development 

with low impacts that can provide a considerable amount of energy, especially at the local 

community level [35]. 

  

(a) (b) 

Figure 2.11: (a) Current Hydroelectric Plants in Ontario, Canada (Blue); (b) Sites with Hydropower 

Generation Potential (Red), ASG Suitable Sites (Green) [96]. 

 

2.3.5 Future Sustainability 

According to the United Nations Development Program (UNDP), 1.4 billion individuals had no 

access to electricity in the past decade [118], especially in poor regions of developing countries 

[119]. Geographical limitations [120] and uneven population distribution are two important issues 

that affect the effectiveness of the electrical distribution infrastructure [121]. The structural 

simplicity, low operational demands, and modest costs make ASGs an environment-friendly and 

sustainable solution, especially in developing countries. ASGs could be used to generate electricity 

even with unconventional water resources, such as the about 2 kW ASG powerplant that runs by 

sewage water in Hayatabad Peshawar, Pakistan [95]. There have been several investigations 

proposing pico-hydro ASGs as an electrification solution [122], [123] for the 2519 villages in 
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Indonesia that do not have access to electricity because of inaccessible locations [123]. However, 

only around 1.8% of micro-hydro potential (out of 400 MW potential capacity) is currently 

exploited in Indonesia as a developing country [124]. Recent studies have examined applying 

ASGs in small, micro, and even pico scales and also considered methods to simplify the application 

of these ASGs. A recent study in Aceh, Indonesia, found that even a very simple ASG with just 

one blade (𝑁 = 1) with 𝐷𝑂  =  𝑆 =  0.26 m, 𝐷𝑖 =  0.14 m, 𝐿 =  1 m and 𝛽 =  30° could 

generate about 116 Watts of power with 1 m of head at a flowrate of 0.02 m3/s and 24.75 rad/s 

rotation speed [125]. A commercial version of this idea has been developed: currently, the smallest 

all-in-one portable ASG generator from this project weighs just 17.5 kg, and is approximately 1 m 

long and 0.28 m wide [86]. It could be installed in very shallow waters and can generate around 

10 watts of power in a flow of 0.01 m3/s and a head of 0.1 m [64]. Figure 2.12-a shows a diagram 

of this all-in-one ASG generator. This generator could be installed easily, and a 0.15 m tall metal 

plate helps to provide enough water head to generate power from even a very shallow water. It 

provides a wide range of new suitable sites to generate electricity. The turbines have been tested 

in undeveloped regions of Myanmar (Figure 2.12-b) and in urban flows (Figure 2.12-c). The 

generated power of each unit is very low in comparison to larger plants; however, units could be 

used in series (Figure 2.8-b) or in parallel (Figure 2.12-d,e) configured as a multi-ASG powerplant 

almost everywhere alongside any flow. 

Figure 2.13 represents the fixed and larger version of this small commercial ASG that has been 

installed in Nikko City, Japan, since 2017 [126]. It can generate about 500 W with a flow of 0.1 

m3/s and 0.7 m of head [64]. This ASG has a net weight of 250 kg, and it could generate enough 

power for nighttime lighting, refrigerators for preserving food and medicine, and 
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telecommunication equipment such as cellular phones, laptops and televisions [64]. Pico-scale 

ASGs present a flexible and reasonably practical option for improving local economies and welfare 

in remote, developing communities. 

 

 
(a) 

 

    
(b) (c) (d) (e) 

Figure 2.12: Ultra-small all-in-one Archimedes screw generator (PicoPica 10): (a) PicoPica 10’s system 

Schematic [86]; (b) operational test in Myanmar [127]; (c) power Generation from unconventional water 

resources [128]; (d) Multi-ASG (two units) running since 2012 in Ibi-Cho, Gifu, Japan, to supply electricity for 

the security lights and the electric fence [129]; (e) a multi-ASG application for shallow water resources [130]. 

 

  

Figure 2.13: Small commercial all-in-one ASG generator (PicoPica 500), Nikko City, Japan [64], [126]. 
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2.4 Principles of Archimedes Screw Hydro Powerplants Design  

2.4.1 Archimedes Screw Hydropower Plants Configurations 

Most early ASGs were designed to operate at one fixed rotation speed. However, variable speed 

operation is also possible by adding additional electrical equipment and accepting an efficiency 

reduction. Variable-speed ASGs are a practical solution to deal with large seasonal flow 

fluctuations. Increasing the ASG rotation speed increases the volume of flow that can pass through 

the ASG. However, ASG efficiency is reduced when rotation speeds exceed the maximum rotation 

speed suggested by Muysken’s relationship (Eq. (2-1)) [83]. In addition, noise becomes a more 

significant issue at higher rotation speeds. When the volume of flow in a river is so high that an 

excessively large diameter (exceeding 5 m) or high rotation speed ASG (exceeding Eq. (2-1)) 

would be required to utilize the available flow, a multiple screw powerplant can be considered. In 

such cases, two or more ASGs can be installed (typically side by side) instead of a single big screw. 

When flow at the site is large, all ASGs could be turned on to generate power in their most efficient 

condition. The extra ASG(s) could be turned off at times when the flow is reduced, allowing the 

remaining ASG(s) to operate closer to optimum conditions. 

Therefore, at sites where a considerable fluctuation in river flow is anticipated, plant designers 

may consider variable-speed ASGs and multi-ASG plants in order to effectively utilize available 

flow at both low flow and high conditions. Using two or more ASGs in a single site could also 

provide other benefits, including easier maintenance, more flexible operation plans, and even some 

savings in major costs. Currently, ASG design is usually based on the site specifications, regulatory 

limitations, and characteristics of available flow. One possibility is that multi-ASG powerplants 
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could lead to significant capital cost savings by allowing mass production of highly optimized 

ASGs in several specific sizes. 

Figure 2.14 shows a crowd-sourced map maintained by Alois Lashofer of the locations of many 

ASG powerplants across the world [131] as of July 2020. The majority of the mapped ASG 

powerplants are single screw plants. However, there are several plants that benefit from more than 

one screw installation. While most multi-screw installations are in a parallel configuration, there 

are examples of installations of two or more ASGs in series to take advantage of the higher head 

[97], such as the Yorkshire Water’s Esholt wastewater treatment multi-ASG hydropower plant. 

 

Figure 2.14: The map of ASG powerplants across the world [97]. 

 

Figure 2.15 shows some representative multi-ASG powerplants in the United Kingdom. 

Monmouth New Hydro (Figure 2.15-a) is constructed on the site of the Old Monmouth Hydro 

Station, which operated from 1899 to 1953. The new hydro scheme uses two ASGs and has been 
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operating since 2009 [132]. This multi-ASG powerplant on River Monnow could generate 75 

kilowatts of power by each screw, which rotates at only 20 RPM and utilizes 3.4 m of water head 

[133]. Radyr Hydro Scheme (Figure 2.15-b) applies two 200 kW ASGs with a 3.5 m outer diameter 

and 10 m length in order to utilize a site on the River Taff with 3.5 m head and a mean flow of 22 

m3/s. This powerplant can generate 1.8 million kWh of energy annually, which reduces 785 tons 

of CO2 emission [134]. Linton Falls Hydro powerplant (Figure 2.15-c) operated from 1909 to 

1948. Since 2012 it has been retrofitted with two ASGs with a diameter of 2.4 m. With the available 

2.7 m of head and up to 4.5 m3/s of flow rate [97], each screw can pass 2.6 m3/s, which results in 

a combined 100kW of output power at their full capacity [135]. With an annual production of 

about 500 MWh, this powerplant could save more than 210 tons of CO2 emissions per year [135]. 

 

   

(a) (b) (c) 
Figure 2.15: Multi-ASG hydropower plants in the UK: (a) Monmouth New Hydro Scheme, Osbaston [133]; 

(b) Radyr weir hydro, Radyr [136]; (c) Linton Falls Hydroelectric Power Station, Threshfield [137]. 

 

One of the most recent multi-ASG powerplants (Q2, 2019) is the Solvay industrial plant, which is 

installed as a retrofit/upgrade on the small existing weir in Torrevieja, Spain (Figure 2.16). The 

entire project was constructed in just 4 months. This plant diverts part of the Saja River and applies 

two parallel ASGs that are able to produce a total of 70 kW of power (35 kW each) with 2 m of 

water head and 5 m3/s of flow rate for both turbines. The generated energy will be sold to the 
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electrical grid, and the return on investment will be recovered about 7 to 8 years after its start-up 

date [138]. 

   

Figure 2.16: Solvay multi-ASG powerplant project at a glance [138]. 

 

Even current ASG powerplants could upgrade to multi-ASG hydropower. Linton Lock powerplant 

is one of the pioneers in such an approach that benefits from two different sizes screws. Figure 

2.17 shows this powerplant.  he bigger screw is called “Widdington Plant,” and the smaller one 

is called the “Linton Plant.” The first screw was installed in 2012 with a diameter and length of 3 

m and 8.5 m, respectively. With 3.2 m of water head and 4.5 m3/s capacity, this screw could offer 

101 kW of power output. In 2017, the second screw with a 5 m of diameter was installed beside 

it. In terms of flow rate, utilizing up to 14.5 m3/s of flow makes “Widdington Plant” the largest 

screw. With 3 m of the head, this screw could provide 355 kW of power output [65].  

 

  

Figure 2.17: Linton Lock multi-ASG powerplant. 
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Considering the number of installed screws, the Marengo powerplant in Goito, Italy, could be 

considered one of the multi-ASG hydropower’s world records since it utilizes six parallel ASGs. 

Figure 2.18 shows this powerplant which is installed on the Mincio River through the Pozzolo-

Maglio drain channel and has an average potential of 222.7 kW (up to 306 kW [139]) with 1.6 m 

of water head and 1.4 and 22.2 m3/s average and maximum flow rates, respectively [140]. Each 

screw is 3 m in diameter and can pass 3.7 m3/s of flow to generate up to 54 kW of power [139]. 

 

Figure 2.18: Marengo multi-ASG hydropower plant in Goito, Italy [139]. 

 

2.4.2 Components of Archimedes Screw Hydro Powerplants 

Figure 2.19 shows the relationships between ASG and the other parts of a simplified ASG-based 

ROR hydropower system. This figure indicates that an Archimedes Screw generator (ASG) run-

of-river (ROR) hydroelectricity powerplant can be considered as a system with three major 

components: a reservoir, a weir, and the ASG (which is connected to the system by a control gate 

and trash rack). At most real ASG locations, the incoming flow must be divided between the ASG 
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and a parallel weir. Typically, a minimum flow over the weir is mandated for the protection of the 

local environment. Therefore, other outlets, as well as a fish ladder, could be considered as the 

other components of this system. Therefore, in an ASG hydropower plant system, incoming river 

flow is the input, and the weir overflow, ASG outlet flow, and other outlets (i.e., fish ladder flow) 

are the outputs. 

 

 

Figure 2.19: Horizontally A Simple Model of an ASG-based Run-of-River (ROR) System. 

 

2.4.3 Design of Archimedes Screws 

The Archimedes screw itself is a central component in an Archimedes Screw Hydropower Plant. 

Figure 2.20 shows a typical Archimedes screw configured as a hydropower plant and the most 

important dimensions and parameters required to define the Archimedes screw. These are: 
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Figure 2.20: Required parameters to define Archimedes screw geometry [1], [6]. 

 

Table 2.2: Archimedes screws’ geometry and operating variables. 

Parameter Description Unit Variable Description Unit 

L Length of the screw (m) ω Rotation speed of screw * (rad/s) 

DO Outer diameter of the screw (m) hu Upper (inlet) water level (m) 

Di Inner diameter of the screw (m) hL Lower (outlet) water level (m) 

S 

Screw’s pitch or period [34] (The distance 

along the screw axis for one complete helical 

plane turn) 

(m) Q 
Volumetric flow rate 

passing through the screw 
(m3/s) 

N 
Number of helical planed surfaces (also 

called blades, flights or starts [34]) 
(1) 

Ratio Description Unit 

δ 

Inner to outer diameter 

ratio 

δ = Di/DO 

(1) 

β Inclination Angle of the Screw (rad) σ 
Pitch to outer diameter ratio 

σ = S/DO 
(1) 

Gw The gap between the trough and screw. (m) Ξ 
Dimensionless inlet depth 

Ξ = hu/DO cos β 
(1) 

* Note: In the fixed speed Archimedes screws rotation speed is a constant. 

 

The geometry of an Archimedes screw is determined by external (DO, L, and β) and internal (Di, 

N, and S) parameters. The external parameters are generally determined based on the location of 

the screw and the passing flow rate. The internal parameters could be selected in a way that 

optimizes the performance of the screw [34]. Typically, the screw manufacturer should be involved 
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in detailed design. The following process may be useful for the initial planning and preliminary 

design of an ASG site: 

First, determine the overall size and inclination angle of the screw. The inclination angle should 

be determined based on the site slope. If there are minimal constraints on the angle (and installation 

space), a value of 𝛽 = 22° could be considered since many current ASG powerplants are installed 

at a similar inclination angle unless a steeper slope is required. Be careful if considering β values 

in excess of about 30°, since screw capacity will decrease markedly, or less than about 20° due to 

longer screw length. Determine the length (L) of the screw based on site specifications and 

technical limitations. Use information from existing plants and Equations (10) or Equations (11) 

to select an overall diameter Do to accommodate the available flow. 

Check 𝐿/𝐷𝑂  and if it is less than about 2, expect efficiency to be somewhat reduced. If 𝐿/𝐷𝑂   is 

less than about 1.25, the screw will likely be too short for its diameter. Consider two or more 

screws with a smaller diameter, particularly as L/Do gets smaller. Use Equation (10) for screw 

rotation speed , let pitch 𝑆 = 𝐷𝑂 and use 𝐷𝑖 = 𝐷𝑂/2. These values could be reasonable for 

preliminary planning but may not be optimum values for the final design. 

After determination of the geometry of the screw, the algorithm presented by Nuernbergk and 

Rorres [33] can be used to determine the inlet water head required for optimal operation of the 

screw to fill it to its optimum volume capacity without occurring overflow. This is needed to 

vertically position the screw relative to the dam crest or expected reservoir level. The screw must 

be low enough to ensure it fills completely, but not so low that the available head is not utilized. 

The Archimedes screw power generation model that is introduced in Section 5.3 could be used to 



 

 

47 

 

estimate the generated power of the designed powerplant. Finally, the net generated power of the 

Archimedes screw is the difference between the estimated generated power and the power losses 

introduced in Section 2.4.5. 

Note that the process above and in the following two sections should only be used to check the 

feasibility of an ASG at a site. Additional design work will be needed to properly optimize the 

screw plant for a site. 

2.4.4 Estimating the Generated Power of the Archimedes Screws 

Despite the literature on Archimedes screws as pumps, currently, there is little English 

documentation on using them for extracting energy from flow, and a significant portion of it is 

about the case studies of installations, many of which are qualitative [49]. Several researchers have 

worked on developing mathematical models to predict the power output of an Archimedes screw. 

Early ASG power models assumed that the screw was driven by the weight of the water enclosed 

by the screw blades [32], [141]. Essentially, water contained within the buckets of the rotating 

screw produces a static pressure distribution on all submerged surfaces, and this distribution of 

pressures results in a net force in the direction of rotation. 

Müller and Senior (2009) offered a model based on the hydrostatic pressure difference across the 

screw surfaces.  o consider the effect of gap leakage, they used Nagel’s (1968) empirical equation. 

However, their model simplifies the screw geometry to a level that they concluded that, by ignoring 

the bearing and friction losses, theoretically, there is no dependency between the rotation speed 

and the efficiency of an ASG [27], [49]. 
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The main assumption for almost all Archimedes screws models is that the water level in each 

bucket is the highest level at which no water flows to the next bucket over the top of the inner 

cylinder. There is little theory or data for when ASGs run at partially full conditions [49]. Lubitz 

et al. [49] proposed a model to estimate the efficiency of screws for all ranges of possible fill 

levels. Based on the idea of analyzing a single water bucket, Lubitz et al. [49] proposed several 

mathematical models to estimate the flow and power of an ideal screw in a steady flow regime. 

This quasi-static model calculates the volumes of water buckets and the resulting torque on the 

screw by assuming the screw is not rotating and experiencing no internal water flows [49]. 

For an ideal screw operating under steady-state conditions (steady flow, constant rotational speed), 

all the buckets will have the same shape and volumetric size. The shape and size of a bucket are 

determined by the geometry of the screw, the screw rotation speed , and the volume flow rate of 

water through the screw Q [49]. The model determines the forces and flows operating within a 

single bucket for an idealized infinitely long screw. It is assumed that all buckets within the screw 

effectively function identically to this idealized bucket. Then, the forces, torques, and power can 

be scaled up based on the total length of the screw (L) to calculate total screw power [49]. 

2.4.4.1 Bucket Volume Theory 

The Lubitz et al. [49] model requires defining the general positions on the helical plane surfaces 

in cylindrical coordinates (Figure 2.21). A ‘w’ axis is aligned with the rotational axis of the central 

cylindrical shaft, and a vertically oriented Cartesian axis ‘z’ is also defined with positive z 

vertically upwards. This vertical axis is used to calculate local water depths by projecting physical 

locations on the helical plane surfaces onto the vertical axis. It is assumed that the first leading 
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helical plane edge is vertically oriented at the top of the screw. So, for any position along the w 

axis, the radial positions (𝑟(𝜔)) and angular positions (𝛳(𝜔)) on the leading plane are described 

by the geometry of a helicoid of pitch length S. For any given position along the ‘w’ axis [49]: 

 

Figure 2.21: The relationship between the angular and radial positions within the screw in the Lubitz et al. 

(2014) Archimedes Screw model coordinate system. 

 

𝑟(𝑤) = 𝑟 (2-2) 

𝜃(𝑤) = 2𝜋
𝑊

𝑆
 (2-3) 

where r is the radial position, and  is the angular position (Figure 2.21). For a screw with the 

number of blades 𝑁, the vertical position on the leading helical plane surface (𝑍1) and the upstream 

helical plane (𝑍2) at any point like 𝑋(𝑟, 𝜃) could be defined by [49]: 

𝑍1 = 𝑟𝐶𝑜𝑠(𝜃)𝐶𝑜𝑠(𝛽) −
𝑆𝜃

2𝜋 
𝑆𝑖𝑛(𝛽) (2-4) 

𝑍2 = 𝑟𝐶𝑜𝑠(𝜃)𝐶𝑜𝑠(𝛽)– (
𝑆𝜃

2𝜋 
− 

𝑆 

𝑁  
) 𝑆𝑖𝑛(𝛽) (2-5) 

The minimum fill height can be approximated to occur at 𝜃 =  𝜋, 𝑟 = 𝐷𝑂/2 and the maximum 

(100%) fill height occurs at approximately 𝜃 =  2𝜋 and 𝑟 = 𝐷𝑖/2. Therefore, the minimum bucket 
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water depth 𝑍𝑚𝑖𝑛, maximum bucket depth without overflowing 𝑍𝑀𝑎𝑥 and the actual water depth 

within the bucket 𝑍𝑤𝑙 can be defined and related to the nondimensional water fill height (𝑓): 

𝑍𝑚𝑖𝑛 = −
𝐷𝑜
2
𝐶𝑜𝑠(𝛽) −

𝑆

2
𝑆𝑖𝑛(𝛽) (2-6) 

𝑍𝑀𝑎𝑥 =
𝐷𝑖
2 
𝐶𝑜𝑠(𝛽) − 𝑆. 𝑆𝑖𝑛(𝛽) 

(2-7) 

𝑍𝑤𝑙 = 𝑍𝑚𝑖𝑛 +
𝑍𝑤𝑙 − 𝑍𝑚𝑖𝑛
𝑍𝑚𝑎𝑥 − 𝑍𝑚𝑖𝑛

(𝑍𝑀𝑎𝑥 − 𝑍𝑚𝑖𝑛) = 𝑍𝑚𝑖𝑛 + 𝑓. (𝑍𝑀𝑎𝑥– 𝑍𝑚𝑖𝑛) 
(2-8) 

An infinitesimal, cylindrical volume element (𝑑𝑉) can be defined parallel to the ‘w’ axis 

connecting adjacent points of the helical planes on upstream and downstream of the bucket. If only 

the portion of this elemental volume that is submerged below the water line is considered part of 

the overall water bucket volume, the overall volume of a bucket V can be determined as [49]: 

𝑑𝑉 =

{
 
 

 
 

0                                      𝑍𝑙 > 𝑍𝑤𝑙    𝑎𝑛𝑑   𝑍𝑤𝑙 <  𝑍2
 

𝑍𝑤𝑙 − 𝑍1
𝑍2 − 𝑍1

 
𝑆

𝑁
 𝑟 d𝑟 d𝜃                  Z1 ≤ 𝑍2    𝑎𝑛𝑑   𝑍𝑤𝑙 ≤ 𝑍2

 
𝑆

𝑁
 𝑟 d𝑟 d𝜃                           𝑍𝑙 < 𝑍𝑤𝑙    𝑎𝑛𝑑   𝑍𝑤𝑙 > 𝑍2

 
(2-9) 

𝑉 = ∫  
𝑟=
𝐷0
2

𝑟 =
𝐷𝑖
2

∫ 𝑑𝑉
𝜃=2 𝜋

𝜃= 0

 (2-10) 

2.4.4.2 Flow Rate and Leakage Models 

The amount of power generated by an ASG is proportional to the volume flow rate of water 

through it. The total flow (Q) of an ASG can be divided into the following five components: (1) 
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Main flow that is contained with the buckets and causes torque generation (𝑄𝑀), (2) Gap leakage 

flow (𝑄𝐺), (3) Overfilling flow leakage (𝑄𝑂), when water levels within a bucket are so high that 

some water spills over the top of the central cylinder, (4) Friction-leakage (𝑄𝐹), when water 

adheres to the flights and is flung out of the screw, and (5) No guiding plate leakage (𝑄𝑃), which 

occurs when water levels are high enough that water spills out of the top edge of the trough [33]. 

Total flow Q is the sum of all five of these flow components: 

𝑄 = 𝑄𝑀 + 𝑄𝐺 + 𝑄𝑃 + 𝑄𝑂 + 𝑄𝐹 (2-11) 

A relationship to estimate the overall volume of flow passing through the ASGs is developed in 

chapter 4. It can be assumed that generally, only 𝑄𝑀 contributes to meaningful power generation, 

while the other flow components do not contribute useful power and so are ideally minimized or 

eliminated. In modern screws, 𝑄𝑃 is usually eliminated by using a guiding plate to extend the 

trough to enclose more of the rotating screw. For screws running up to the optimal flow rate, 𝑄𝑂 

is zero since overflow only happens above the optimum flow rates. Finally, the effect of 𝑄𝐹 is 

usually negligible in ASGs [33]. 

The gap flow (𝑄𝐺) is of particular interest since it is necessary to include a gap between the blades 

and trough, and so it is not possible to eliminate this component of lost flow. Nagel [142] presented 

an empirical equation for gap leakage flow in Archimedes screw pumps (not turbines) for the case 

of full buckets (f = 1) at normal rotational speeds: 

𝑄𝐺 = 2.5 𝐺𝑊 𝐷𝑜
1.5 (2-12) 
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where the 𝐺𝑊 gap width (in meters) and the diameter (𝐷𝑂) must be entered in meters to get a 

resulting 𝑄𝐺 in m3/s. The gap width is not easy to measure in full-scale screws. Nagel also provided 

an empirical relation to estimate 𝐺𝑊 based on the size of the screw: 

𝐺𝑊 = 0.0045√𝐷𝑂 (2-13) 

Nagel’s model is necessarily an estimate only, as all physical and dynamic properties of the actual 

flow regime, rotational mechanics of the screw, and the fluid mechanics of the flow are neglected 

[142].  Neurnbergk and Rorres proposed a more complex equation attributed to Muysken to 

estimate gap flow leakage by including some additional parameters [33]: 

𝑄𝐺 = 𝜇𝐴𝐺𝑊
𝐷𝑂
2
(1 +

𝐺𝑊
𝐷𝑂
)√1 + (

𝑆

𝜋𝐷𝑂
)
2

(
2

3
(𝛼3 + 𝛼5) + 𝛼4)√2𝑔𝛥ℎ (2-14) 

where 𝜇𝐴 is the contraction discharge coefficient, which is dependent on the edge of the blade’s 

shape and typically is between 0.65 and 1 for the minimum and maximum leakage, respectively. 

The head difference Δh = (𝑆/𝑁)Sinβ and 𝛼3, 𝛼4, and 𝛼5 are wetted angles around the gap (in 

radians) that can be determined from the algorithm proposed in Rorres (2000) [33], [34]. 

Lubitz et al. [49] presented an equation for 𝑄𝐺 that is functionally equivalent to the Muysken 

(1932) [83] and Nuernbergk and Rorres [33] leakage models, but cast in different geometric 

variables. It assumed that the entire gap leakage is driven by the static pressure difference across 

the gap, which is the result of the water height difference between adjacent buckets. 

𝑄𝐺 = 𝐶𝐺𝑤 (𝑙𝑤 +
𝑙𝑒
1.5
)√

2𝑔𝑆

𝑁
𝑠𝑖𝑛 𝛽  (2-15) 
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where C is a minor loss coefficient that is less than or equal to 1 and previously taken to be 0.89; 

g is the gravitational constant (9.81 m/s2); and 𝑙𝑤 and 𝑙𝑒 are wetted lengths along with a single turn 

of one flight, with 𝑙𝑤 being the length of the gap that is submerged on both sides, and le being the 

length of the gap that is submerged on one side and exposed to air on the other (Figure 2.22). 

 

Figure 2.22: Lubitz et al. gap leakage flow model parameters. From [49]. 

 

When the bucket fill level exceeds 100% (f > 1), rising the water above the center cylinder causes 

a secondary flow that lets the water pour over the top of the center cylinder into the downstream 

bucket. Aigner [33] presented a leakage model based on assuming that the overflow could be 

approximated as weir flow through a triangular spillway [79]. The weir is approximated as a simple 

angled, V-notch weir since this is approximately the shape that the central shaft and the planes 

make at the overflow point [35]. 

𝑄𝑂 =
4

15
𝜇√2𝑔 (𝑡𝑎𝑛 𝛽 +

1

𝑡𝑎𝑛 𝛽
)√ℎ𝑢𝑒

5  (2-16) 

where  is a loss coefficient and ℎ𝑢𝑒 is the overflow head, calculated as [35] 
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ℎ𝑢𝑒 = 𝑍𝑤𝑙 − 𝑍𝑚𝑎𝑥 𝑍𝑤𝑙 > 𝑍𝑚𝑎𝑥 (2-17) 

At optimum fill height and below, no spill occures across the central tube, and ℎ𝑢𝑒 and also 𝑄𝑂 

will be zero. 

2.4.4.3 Torque and Power Models 

The torque on the screw is the result of water pressure on the helical planes. The Lubitz et al. 

model determines the hydrostatic pressure p at any point on the plane surfaces at a depth z below 

the water level by assuming static conditions within the buckets [49]: 

𝑝 =  {
𝜌𝑔(𝑍𝑤𝑙 − 𝑍)             𝑍 < 𝑍𝑤𝑙  
0                                  𝑍 ≥  𝑍𝑤𝑙

 (2-18) 

The net pressure on the helical plane surfaces is the difference between the pressure on the up and 

downstream surfaces of the blade. Therefore, if p1 and p2 are assumed as the pressures on each 

side of the plane surface, the net torque on each element area of the helical plane surface (𝑑𝑇) and 

the total torque from a single bucket (T) can be calculated by integrating torque over the entirety 

of the submerged surfaces: 

𝑑𝑇 = (𝑝1 − 𝑝2)
𝑆𝜃

2𝜋 
𝑟 𝑑𝑟 𝑑𝜃 (2-19) 

𝑇 = ∫ ∫ 𝑑𝑇
𝜃=2 𝜋

𝜃=0

𝑟=
𝐷0
2

𝑟=
𝐷𝑖
2

 (2-20) 

The total torque for the full length of screw is related to the total number of buckets and can be 

calculated by: 
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𝑇𝑇𝑜𝑡𝑎𝑙 = 𝑇 (
𝑁𝐿

𝑆
) (2-21) 

Then, the total power will be: 

𝑃𝑜𝑢𝑡 = 𝑇𝑇𝑜𝑡𝑎𝑙𝜔 (2-22) 

2.4.5 Archimedes Screw Power Loss Models 

The discussion above has described the performance of an ideal screw, in which many loss 

mechanisms are neglected. While overflow and gap leakage flow reduce the overall efficiency of 

an ASG [34], [143] and power output can be limited by the amount of water that can enter the 

screw inlet [33], a complete ASG power loss model should consider all possible known head losses 

[35], which include: 

- Inlet losses due to head loss through the screw entrance 

- Internal hydraulic friction between water and moving screw surfaces 

- Outlet losses due to exit effects, geometric head losses, and additional drag torque 

- Friction of bearings 

- Additional mechanical and electrical losses in gearboxes, generators, and electrical controls 

The screw is supported at both ends by a bearing. Friction losses in bearings reduce torque 

available at the ASG shaft. The magnitude of these losses depends on the mechanical properties 

of the bearing, which may vary from one ASG installation to another, and because bearing losses 

are both relatively low in full-scale ASGs and difficult to predict a priori, there is little guidance 

in the literature on this loss mechanism. While there are equations in the literature for predicting 

inlet and hydraulic frictional power losses, most of the outlet power loss calculation attempts are 
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based on adapting equations from related problems [144], [145], such as the Borda-Carnot 

equation for culvert outlet exit power losses. Notably, Nuernbergk presents equations for non-

optimal outlet water level loss [36], and Kozyn and Lubitz developed an empirical equation for 

outlet drag torque power loss [146]. Methods of accurately calculating all of these power losses 

are a current area of ASG research. 

2.5 Conclusions 

Archimedes Screws Turbines (ASGs) are a new form of turbines for small hydroelectric 

powerplants that could be applied even in low head sites. ASGs offer a clean and renewable source 

of energy. They are safer for wildlife and especially fish. The low rotation speed of ASGs reduces 

negative impacts on aquatic life and fish. 

It is important to note that ASGs are not the general solution for all energy generation demands 

and problems. ASGs have their own drawbacks, just like any other technologies: using Archimedes 

screws as generators is a relatively new technology, and in comparison with other hydropower 

technologies, many aspects of ASGs are not well recognized yet. Currently, there are no standards 

for the design of ASGs, and ASG hydro powerplant designs are highly dependent on the experience 

of the engineer who designs them. For very high flow rates or water heads, a single screw may not 

take advantage of all available potential due to material, structural, technical, and physical 

limitations. However, the increasing interest in ASGs, new advancements, and ideas such as multi-

ASG powerplants offer some solutions to extend ASG usability. 

ASGs provide a range of practical advantages for generating electrical energy at suitable locations. 
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For supporting sustainable development, ASGs offer economic, social, and environmental 

advantages. Considering the flexibility and advantages of ASGs, they could be considered one of 

the most practical options for a more sustainable electricity generation: 

1. To increase the number of suitable sites for power generation, even in sites with very low flow 

rates and/or water heads. ASGs can be designed to operate in a wide range of flow rates 

(currently from 0.01–10 m3/s) and water heads (currently from 0.1–10 m), including at sites 

where other types of turbines may not be feasible. This increases the number of potentially 

suitable sites for hydropower. 

2. To maximize hydropower generation even in rivers with high flow rate fluctuations. ASGs 

can handle flow rates even of up to 20% more than optimal filling without a significant loss 

in efficiency [78]. Even when the conditions are not perfect for a single screw, installing more 

than one screw, and utilizing variable-speed ASGs, allows developers to fully utilize available 

flow at a wider range of sites, including those with high seasonal variability. 

3. To retrofit old dams or upgrade current dams or mills to make them economically (power 

generation) and environmentally (renewable energy) reasonable. Using ASGs as an upgrade 

for retrofitting old dams or upgrading operational dams makes it possible to add electrical 

generation with extremely low incremental environmental impact, at reasonable costs and 

with good potential for low social impacts while providing an incentive to maintain aging 

dams and infrastructure. ASGs utilized in this manner could help to reduce fossil fuel usage 

and greenhouse gas emissions by displacing electricity generated by more polluting methods. 

4. To reduce the hydroelectricity major operational and/or maintenance costs: In addition to the 
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advantages of retrofitting/upgrading current dams, the capital costs of ASG hydropower can 

be less than other hydropower technologies at appropriate sites. The overall maintenance 

demands and costs of ASGs are often lower than other turbines. Major maintenance is required 

after 20 to 30 years. 

5. To reduce the disturbance of natural erosion and sedimentation processes which could lead to 

soil and land conservation. 

6. To make hydropower generation safer for aquatic wildlife, especially for fish. 

7. To generate electricity for small communities or regions that are hard to access or connect to 

the power grid, especially because of the low operation and maintenance demands and costs 

of ASGs. These characteristics make ASGs a potential candidate for providing electrical 

power in undeveloped, remote, and small communities that currently lack energy 

infrastructure. 

8. To improve the welfare of the developing countries and regions with limited access to the 

power grid or other infrastructures. Despite many other technologies, ASGs do not require 

high manufacturing capabilities and hi-tech technologies to design, implement, operate, or 

maintain. Simplicity, low operational demands, and moderate costs make ASGs a practical, 

environment-friendly and sustainable solution for supplying energy, especially in developing 

countries. At remote locations with a low head water supply, ASGs may provide a possible 

means of providing electricity that would otherwise be impractical in developing 

communities. Improving the economy and welfare of such communities is a win-win futuristic 

sustainable development approach that could be facilitated by using ASG hydroelectric plants. 
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2.6 Nomenclature 

𝑨𝑬 : Effective cross-sectional water area at the screw’s inlet (m2) 

𝑨𝑴𝒂𝒙 : Maximum cross-sectional water area at the screw’s inlet (m2) 

𝒂 : Coefficient of dimensionless flow rate (-) 

𝒃 : Coefficient of dimensionless area constant (-) 

𝒄 : Coefficient of dimensionless rotation speed constant (-) 

𝑫𝒊 : The inner diameter of the Archimedes screw (m) 

𝑫𝑶 : The outer diameter of the Archimedes screw (m) 

𝒇 : Fill height of water in a bucket of screw (-) 

𝒈 
: 

Gravitational constant 
(9.81 

m/s2) 

𝒉𝒖 : Upper (inlet) water level of the screw (m) 

𝒉𝑳 : Lower (outlet) water level of the screw (m) 

𝑮𝒘 : Gap width (The gap between the trough and screw) (m) 

𝒉𝒖𝒆 : Overflow head (m) 

𝑳 : The total length of the screw (m) 

𝒍𝒆 
: The wetted gap length along with a single turn of one flight that is 

submerged on one side and exposed to air on the other 
(m) 

𝒍𝒘 
: The wetted gap length along with a single turn of one flight that is 

submerged on both sides 
(m) 

𝑵 : Number of helical plane surfaces (-) 

𝒑 
: The hydrostatic pressure at any point on the plane surfaces at a depth z 

below the water level 
(Pa) 

𝑷𝑶𝒖𝒕 : Output power/shaft power of screw (W) 

𝑸 : Total flow rate passing through the screw (m3/s) 

𝑸𝑭 : Friction-leakage (m3/s) 

𝑸𝑮 : Gap leakage flow (m3/s) 

𝑸𝑴 
: The main flow that is contained with the buckets and causes torque 

generation 
(m3/s) 

𝑸𝑴𝒂𝒙 
: The maximum flow rate that could pass through a screw when 𝜔 = 𝜔𝑀 

and 𝐴𝐸 = 𝐴𝑀𝑎𝑥 
(m3/s) 

𝑸𝑶 : Overfilling flow leakage (m3/s) 

𝑸𝑷 : No guiding plate leakage (m3/s) 

r : Radial position (m) 

𝑺 
: Pitch of the screw (Distance along the screw axis for one complete helical 

plane turn) 
(m) 

𝑻 : The torque of a single bucket (Nm) 

V : The overall volume of a bucket (m3) 

𝑽𝑻 : Axial transport velocity (m/s) 

𝑻𝑻𝒐𝒕𝒂𝒍 : Total torque of the entire screw (Nm) 

𝒘 : The location along the screw centerline (m) 

z : Vertical location (m) 
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𝒁𝒎𝒊𝒏 : Minimum bucket water depth of the screw (m) 

𝒁𝑴𝒂𝒙 : Maximum bucket depth of screw without overflowing  (m) 

𝒁𝒘𝒍 : The actual water depth within the bucket (m) 

𝜶𝟑, 

𝜶𝟒, 

𝜶𝟓 

: 

Wetted angles around the gap (rad) 

𝜷 : The inclination angle of the screw (rad) 

𝜟𝒉 : The head difference (m) 

θ : Angular position (rad) 

𝝁 : Coefficient of the loss  

𝝁𝑨 : Contraction discharge coefficient  

𝝆 
: 

Density of water  
(1,000 

kg/m3) 

ω : The rotation speed of the screw (rad/s) 

𝝎𝑴 : The maximum rotation speed of the screw (Muysken limit) (rad/s) 

 

Subscripts 

𝒊 : inner 

𝒎𝒊𝒏 : minimum 

𝑴𝒂𝒙 : Maximum  

O : Outer 

𝑻𝒐𝒕𝒂𝒍 : Total 

𝒘𝒍 : Water surface level 

𝟏 : Surface 1 (downstream side of bucket) 

𝟐 : Surface 2 (upstream side of bucket) 
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3 Artificial Neural Networks and Extended Kalman Filter for Easy-

to-Implement Runoff Estimation Models 

 

 

 

3.1 Introduction 

A realistic and reliable estimation of the available volumetric flow rate is essential for designing 

Archimedes screw hydropower plants. Historical data such as flow duration curves are great tools 

for the initial estimation of available volumetric flow rate for each site and the initial designs of 

Archimedes screw hydropower plants. Then comprehensive studies should be undertaken to 

evaluate different scenarios, such as the climate change effects on the available volume of flow. 

Such deep investigations on flow are water resources engineering topic that is not in the scope of 

this study. However, developing general and easy-to-implement methods and tools to support such 

studies could improve the feasibility of initial studies on remote, hart to access or developing 

regions. 

Adapted from: 

A. Yoosefdoost, S.  .  ahsien, S. A. Gadsden, W. D. Lubitz, and  . Kaviani, “Artificial 

Neural Networks and Extended Kalman Filter for Easy-to-Implement Runoff Estimation 

 odels,” 2022. 

Thesis Author’s Contribution: 

Arash YoosefDoost’s contributions were in conceptualization, development of methodology, 

investigation, visualization, writing, reviewing, and editing. S.  .  ahsien’s contributions were 

in investigation, software, validation and writing. Professor S. A. Gadsden’s contributions were 
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Analytical solutions and conceptual models are preferable where the required data is available. 

However, solving complex problems with a few available variables could be almost impossible by 

many traditional models. In fact, the lack of enough data may make many studies infeasible for 

remote, hard to access or developing regions. Furthermore, studying new problems or even new 

cases usually requires a systematic approach that could be costly or time-consuming. 

A black box could be defined as a general or multi-purpose model that maps the inputs of a system 

to its output without the need for knowing the governing rules and phenomena in the system or 

details such as the dynamics of, or interactions between, the system’s components. Based on this 

definition, developing a multi-purpose black box such as an ANN could be beneficial to speed up 

studies or make them feasible where enough samples are available for training the network, but 

the number of available variables is not enough and utilizing traditional methods is hard, 

expensive, time-consuming, or technically infeasible.  

In the modern world, widely applicable black box models could offer new, faster, or more effective 

solutions or assist in solving complex problems where it is not possible using traditional models. 

For example, ANNs are widely applied for solving complex problems in areas that there are a few 

or no alternatives for them, such as problems such as image processing, natural language 

processing etc.  

Generally, using more samples for training the ANNs could improve the results. For example, a 

long-term dataset of effective variables in the precipitation-runoff phenomenon is required to train 

ANN-based runoff estimation models to achieve reasonable results. However, more training data 

comes at the cost of more training time, particularly for large neural networks. Therefore, 
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optimizing the size of neural networks is very important. In addition, efficient training algorithms 

are essential to reduce the training time of ANNs. Such algorithms could also benefit the 

computational costs by reducing the size of the ANN. 

The non-scalable initial investigation costs are one of the biggest burdens of small projects. 

Artificial neural networks (ANNs) could help reduce investigations costs and make many projects 

feasible to study by acting as input-output mapping algorithms. Due to the proven applicability of 

ANNs in many areas in modern investigations, this study investigates an easy-to-implement and 

understand ANN-based method to develop estimation models when the minimum number of the 

available variables limits the feasibility of the application of traditional models. For this purpose, 

the effects of using the Extended Kalman Filter (EKF) as the training algorithm for MLP neural 

networks were evaluated by solving a runoff estimation problem and comparing the developed 

models with MLP networks using Gradient Descent (GD) as the training algorithm. This method 

is applied for solving a runoff estimating problem using the minimum number of input parameters, 

precipitation and temperature, that are easy to measure and widely available. This easy-to-

implement method to develop ANN-based estimation models could assist in finding or evaluating 

potential sites for ASG hydropower plants.  

 

3.1.1 Artificial Neural Networks 

Artificial intelligence (AI) is the intelligence exhibited by machines taught by humans. This term 

is applied when a machine mirrors cognitive functions such as learning and problem-solving [147]. 

AI research has been divided into subfields [148] that include reasoning, planning, and learning 



 

 

64 

 

[147], [149]–[151]. Machine learning investigates the study and development of algorithms to 

learn from and make predictions on data [152]. Machine learning can accelerate and improve 

investigations by building a model from example inputs to make data-driven predictions instead 

of time-consuming and intensive deterministic analytical or computational approaches. Therefore, 

the quality of data is critical to the success of most AI-based or machine learning models.  

Artificial neural networks (ANN) are biologically inspired neural networks used to estimate or 

approximate functions that can depend on a large number of inputs, which are generally unknown. 

ANNs usually make a correlation between inputs and outputs in a system, effectively acting as an 

input-output mapping algorithm with largely unknown properties [153]. Artificial neural networks 

(ANNs) date back to the idea of threshold logic by Warren McCulloch and Walter Pitts in 1943 

[154], which is a generalization of the logic gates that work by comparing the inputs to a threshold 

[155]. In the 1940s, Hebb developed the so-called 'Hebbian learning,' a learning hypothesis based 

on the mechanism of neural plasticity [156]. Hebbian learning was applied to computational 

models with Turing's B-type machines in 1948. In 1954, Farley and Clark simulated a Hebbian 

network in computational machines [157]. In 1958, Rosenblatt developed the concept of 

Perceptron as a pattern recognition algorithm [158]. Group Method of Data Handling is the first 

functional network with many layers, which Litvinenko and Lapa introduced in 1965 [159]–[161]. 

However, publishing the Minsky and Papert research result in 1969 caused stagnation in ANN 

research [162]. The backpropagation algorithm introduced by Werbos in 1975 effectively solved 

the 'exclusive or' problem by making the training of multilayer networks feasible and efficient. It 

distributed the error term back through the layers and modified the weights at each node [163]. 

The resilient backpropagation (Rprop) algorithm introduced by Riedmiller and Braun in 1993 is 
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an effective learning algorithm for multilayer feedforward networks [164]. Today, many other 

algorithms and new approaches are developed for the optimization of the training process or 

outputs of ANNs. 

3.1.2 Extended Kalman Filter & ANNs 

In signal processing, the Kalman filter is known as the most popular method used to estimate the 

states of a linear system in the presence of white noise [165]. Different versions of the KF have 

been developed for nonlinear systems and measurements, and the most popular include the 

extended Kalman filter (EKF) and the unscented Kalman filter (UKF)  [166]. The EKF estimation 

method has been found to be a fast training technique [167].  

Many investigations studied the effectiveness of utilizing the recursive least squares technique 

(RLS) [168], [169] and EKFs [170], [171] in neural networks. In the 1990s, several studies 

autonomously used an EKF in training a multilayer perceptron and demonstrated that it performs 

better than utilizing a traditional backpropagation training approach [172]–[175]. In 1992, Ruck et 

al. studied the utilization of the EKF and backpropagation techniques as training algorithms [176]. 

In 1994, Puskorius & Feldkamp expanded the idea of training the neural network by applying an 

extended Kalman filter for trained recurrent networks in nonlinear dynamical systems [177]. In 

1995 Plumer used Kalman filtering techniques to train multilayer perceptron neural networks 

(MLPs). Results demonstrated that the sequential-dual extended Kalman filter (DEKF) and batch-

DEKF have fundamentally the same convergence properties and lead to a similar performance of 

the trained networks [178]. In 1998, Pui-Fai SUM [179] studied the possibility of applying the 

EKF in combination with pruning to speed up the learning process and specify the size of a trained 
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neural network. In 1999, Wan & Nelson proposed a dual Kalman filtering strategy for feedforward 

neural network training [180]. 

Williams [181] and Suykens [182] used the EKF to train a recurrent neural network as a state 

estimation problem. In 2002, Puskorius & Feldkamp proposed a decoupled strategy for the EKF 

to accelerate the training rates [183]. Also, in 2002, Leung Chi and Chan Lai studied using a dual-

EKF method in recurrent neural networks to improve the detection and identification of an 

aerospace problem [184]. In 2003, they proposed using a dual-EKF strategy in recurrent neural 

networks. The simulation results demonstrated that the proposed approach is an effective joint-

learning-pruning method for RNNs under online operation [185]. 

Pietruszkiewicz (2010) studied the application of nonlinear Kalman filtering to feedforward neural 

networks as the learning algorithm. This study showed that these filters have a high learning ability 

in the presence of noisy measurements when applied to a popular backpropagation neural network. 

A comparison of results showed that nonlinear Kalman Filers outperformed the classical error 

backpropagation learning algorithm [186]. In 2013, Kurylyak et al. reported that blood pressure 

could be evaluated accurately by combining Kalman filtering and ANNs [187]. The authors 

proposed a regulated KF approach to overcome the drawback of non-stationary impacts of 

breathing and measurement noise. The additional filtering was applied to remove low and high-

frequency noise and accurate blood pressure estimates [187]. Krok (2013) applied KF for ANN 

learning. This study demonstrated that implementing a KF reduced the calculation time by using 

fewer parameters for learning the network [188]. In 2019, Jondhale proposed a KF framework 

based on real-time target tracking in wireless sensor networks (WSN) in an application with 

generalized regression neural networks (GRNNs). The experimental results demonstrated that the 
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proposed GRNN-UKF approach outperformed all other strategies for target tracking [189]. 

3.1.3 ANN- EKF Based Runoff Estimation Model 

Ahmat Ruslan et al. (2013) studied developing flood prediction models for the Sungai Kelang 

basin by comparing a Back Propagation (BPNN) and Elman (ENN) neural networks that use the 

Extended Kalman Filter (EKF). The rainfall at flood location and water level at three upstream 

rivers were defined as model inputs, and the flood location at the downstream river is defined as 

outputs. This study's dataset resolution is for four days with 10 minutes time intervals, leading to 

493 data points for training and validation. The developed networks had a single hidden layer and 

applied Gradient Descent (GD) or EKF with tangent sigmoid as a transfer function in the hidden 

and output layers and evaluated for a maximum of 1000 epochs of training. This study stated that 

using GD leads to reasonable results for the BPNN and ENN models with 10 and 15 neurons in 

the hidden layer, respectively. The researchers reported that using EKF in BPNN led to some 

improvements in tracking and filtering the nonlinearity of the BPN output that helped in reducing 

the RMSE. They also stated that using EKF led to further improvement in ENN and smoother 

flood water level prediction results by filtering out the nonlinearity of output data [190]. 

De Vos (2013) compared a variety of ANNs for forecasting twelve river basins in the Eastern 

United States. This study used time series of daily precipitation, potential evaporation, discharge, 

and the 20-day simple moving average of the precipitation time series as the inputs to the ANN 

models. EKF was applied to three ANNs of Elman recurrent ANN (EL), Williams–Zipser fully 

recurrent ANN (WZ) and Williams–Zipser fully recurrent and fully feedforward ANN (WZFF) as 

training methods. This study indicated that for the EKF models, four neurons in the hidden layer 
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were optimal. It also stated that the EKF training algorithm shows better performance on most 

basins [191].  

Ahmat Ruslan et al. (2017) studied developing flood prediction models for Klang River using 

Neural Network Autoregressive with Exogenous Input (NNARX) and EKF. In these models, 

rainfall and water level were the inputs, and the water level was the output: 120, 78 and 170 data 

samples for training, validation and testing of developed models, respectively. This study does not 

provide information about the details of the models' neural networks. The NNARX converged at 

83 training epochs. The authors stated that cascading the NNARX outputs to EKF helps filter the 

nonlinearity of the output data that led to improvements in the performance of NNARX. The author 

noted that the performance of the NNARX-EKF model is much better [192]. 

Karunasingha et al. (2018) incorporated ANN models in EKF to enhance the prediction of chaotic 

flow river time series. The proposed model was applied to the Lorenz and Mackey Glass series's 

benchmark time series and to the five daily flow time series of the rivers Mississippi river, Wabash 

river, Ciliwung river at Katulampa, Ciliwung river at Ratujaya and Ciliwung river at Sugutamu 

[193]. The ANN model used in this study was previously described in [194]. This single layer 

MLP was used to develop models of up to 100 neurons and 50 training epochs with five sets of 

initial weights. Nguyen–Widrow initialization algorithm was applied to initialize weights and 

biases. The logistic sigmoid transfer function was used for all hidden neurons. Levenberg–

Marquardt optimization method was used as the training algorithm to update weights and biases. 

This study adopted the ANN models as the state-space models in EKF to time delays different 

from 1 unit. The researchers reported that EKF produces an improved prediction for the benchmark 

time series, and for the river flow time series of Ciliwung with low average flows, however, 
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prediction for three other flow series with large average flows did not improve [193].  

Hosseini et al. (2020) compared the Extended Kalman Filter-based Neural Network (EKFNN) and 

the Gene Expression Planning (GEP) in estimating the runoff of the Malayer basin. The dataset 

used for this study had a daily resolution for runoff and rainfall from 2001 to 2013. This study 

does not provide information about the type, structure and topology of the developed EKFNNs. 

This study stated that the EKFNN model was superior to GEP for this case study [195].  

A well-designed neural network can learn and break down complex relationships with adequate 

training [196]. However, designing an efficient ANN is challenging. A faster and/or smaller ANN 

with acceptable accuracy can reduce both the length and costs of scientific investigations. 

Therefore, the training algorithm, the number of neurons in each layer, and the type of topology 

are some of the most important design parameters. Finding the optimal size of a neural network 

for a particular problem is an important concern in neural networks. If this size is too small, it may 

not be possible to train the neural network well to solve the problem. Likewise, overfitting may 

occur if it is too large [197], which may waste resources. Pruning is an approach used to determine 

the optimal size of a neural network [198]. Great generalization capacity and quick training speed 

are two other essential criteria for evaluating the performance of the learning techniques in ANNs 

[179]. Model accuracy and computational costs are two important factors in model development. 

Many different parameters may be included in real phenomena, which increases the complexity of 

the problem. Using traditional methods could be expensive or technically infeasible. Solving a 

complex problem with a few parameters is almost impossible by many common models. The lack 

of data may make many studies infeasible, particularly for remote, hard to access or developing 
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regions. To deal with such limitations, Artificial neural networks (ANNs) could be used as a black 

box that relates the system inputs to the output(s). This approach could help in reducing costs and 

making many projects feasible to study. ANNs have been utilized to solve a wide range of 

problems that are challenging in traditional programming [199]. However, ANNs sometimes 

treated as tools rather than modern, flexible mathematical models. This study provides an easy to 

understand and implement method to develop ANN-based estimation models using the multilayer 

perceptron (MLP) neural network and Extended Kalman Filter (EKF) or Gradient Descent (GD) 

as the training algorithms. Moreover, three methods to feed training data to the models were 

evaluated. Then the feasibility of this method is evaluated by solving a runoff estimation problem 

that uses the minimum number of input parameters. 

The basin used in this study was formerly studied using different ANNs ([200]–[202]). Applying 

a different method for the same case study is a contribution to any study. The value of additional 

studies is to provide additional materials for future works. Moreover, it helps to compare this 

study's method with the previous methods. Previous studies on this basin used advanced temporal 

neural networks such as focused time-delay neural networks (FTDNNs) and FGam [200]–[202]. 

This study aims to develop an easy to implement and fast method to estimate runoff with a 

minimized, simple yet effective model using a minimum number of effective parameters: 

precipitation and temperature. These parameters are easy-to-measure and so basic that they are 

widely available in nearly all climatology or hydrology stations as well as other records. In this 

study, it is assumed that the developed models could estimate runoff efficiently if they could be 

trained well. EKF and GD are applied as the training algorithms, and three approaches are used to 

feed the training data to models. 
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In this study, an artificial neural network (ANNs) is used to model the basin as a BlackBox that 

relates the system inputs (temperature & precipitation) to its output (runoff). The study area 

information is used for training and testing the developed MLP-based models that apply EKF or 

GD as training algorithms. The results are compared using several evaluation criteria to measure 

the performance of each model and approach. This study also investigates the effects of three 

approaches to feed the training data to the developed ANN-based models. Finally, the results of 

the most efficient and effective models have been summarized as well as the models with a 

minimum requirement for training. 

The ANNs and methods used in former studies in this basin ([200]–[202]) were difficult to 

understand and implement due to their complex structures. Additionally, advanced data mining 

techniques were applied to achieve effective results. Moreover, the developed models were highly 

dependent on the time-series continuity as inputs which is a strict assumption for reliable results 

[200]–[202]. The proposed approach in this study is much easier to understand and implement, 

and it does not need data mining techniques or complex temporal ANNs such as FTDNN or FGam 

to solve the same problem. In addition, the final model is not dependent on a continuous long-term 

time series and estimates the runoff with the current data. 

In this study, the developed runoff estimation models use a minimum number of required 

parameters: precipitation and temperature, i.e., just two easy-to-measure and the most accessible 

parameters in nearly all climatology or hydrology stations. Estimating the runoff is among the 

most important and challenging issues in water resources management/engineering, not only for 

development plans but also for operation plans. There are many effective factors in this 

phenomenon, and the lack of adequate data makes many common models impractical. The non-
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scalable initial investigation costs are one of the small projects' biggest burdens [2], [3]. This study 

helps to reduce costs and make it possible to study possible developments in many new potential 

sites in remote, hard to access or developing regions. 

3.2 Materials & Methods 

3.2.1 Multilayer Perceptrons 

The Perceptron is a simplified model of a biological neuron and is a linear model that can mimic 

some behaviour seen in real neurons [203], [204]. This artificial neuron uses the Heaviside step 

function as the activation function. The single-layer Perceptron is a linear classifier and the 

simplest feedforward neural network. It is a binary classifier learning algorithm known as the 

threshold (unit step) function. This function maps a vector of inputs (𝑥) to an output with a single 

binary value (𝛤). A simple perceptron is defined as [205], [206]: 

𝛴 =∑ 𝑤𝑛𝑥𝑛
𝑚

𝑛=1
+ 𝑏 (3-1) 

𝛤 = {
1 𝛴 ≥ 0
0 𝛴 < 0

 (3-2) 

Where 𝑥, 𝛤 and 𝑤 have real values, m is the number of inputs, b is the bias, and w is the vector of 

weights. The bias does not depend on input values and allows for shifting the sigma function 𝛴 

(decision boundary) up or down [205]. The weights could describe the effectiveness of each node 

(here input).  
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Figure 3.1: A Perceptron Neuron. 

The Perceptron is a linear classifier and cannot distinguish data that is not linearly separable [207]; 

however, a multilayer perceptron (MLP) is able to do this [208]. The MLP is a feedforward ANN 

that consists of at least three layers of nodes: an input layer, a hidden layer, and an output layer. 

Except for the input nodes, each node is a neuron that uses an activation function [209], [210]. An 

MLP is distinguished from a linear perceptron by the multiple layers as well as a nonlinear 

activation function [208]. In Perceptron, 𝛤 is an activation (transfer) function called the ‘hard-

limit’ or ‘unit step’ function that maps the 𝛴  values into desired values (here 0 or 1). By replacing 

Γ with other activation functions, 𝑓(𝛴) can map the neuron’s output into desired ranges. Therefore, 

in general form, the output of a neuron (ℵ) with any activation function f could be calculated as: 

ℵ = 𝑓(𝛴) = 𝑓 (∑ 𝑤𝑛𝑥𝑛
𝑚

𝑛=1
+ 𝑏) (3-3) 

Figure 3.2 shows the topology of a simple MLP. In this figure, 𝑥𝑚, 𝑤𝑚,𝑛
𝐿 , 𝑏𝑛

𝐿, 𝛴𝑛
𝐿 and 𝑓 are the 
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input, weight, bias, sigma function, and activation function, respectively; 𝑛 is the number of the 

current neuron, and 𝑚 is the number of the neuron connected to the neuron 𝑛, and 𝐿 is the number 

of layers. 

 

Figure 3.2:A Single Layer MLP. 

Figure 3.2 could be described mathematically in the matrix form if for layer L, the matrixes of 

inputs (𝑋0), weights (𝑊𝐿), biases (𝐵𝐿), sigma function (𝛴𝐿), and the neuron's output (ℵ𝐿) are 

defined as: 

𝑋0 = [𝑥1 𝑥2 ⋯ 𝑥𝑚] (3-4) 

𝑊𝐿 =

[
 
 
 
 
𝑤1,1
𝐿

𝑤2,1
𝐿

⋮
𝑤𝑚,1
𝐿

𝑤1,2
𝐿

𝑤2,2
𝐿

⋮
𝑤𝑚,2
𝐿

⋯ 𝑤1,𝑛
𝐿

⋯ 𝑤2,𝑛
𝐿

⋱
⋯

⋮
𝑤𝑚,𝑛
𝐿 ]
 
 
 
 

 (3-5) 
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𝐵𝐿 =

[
 
 
 
𝑏1
𝐿

𝑏2
𝐿

⋮
𝑏𝑛
𝐿]
 
 
 
 (3-6) 

𝛴𝐿 = 𝑋𝐿 .𝑊𝐿 + 𝐵𝐿 (3-7) 

ℵ𝐿 = 𝑓(𝛴𝐿) (3-8) 

In a feedforward neural network, the output of each layer is the input of the next layer. Therefore, 

for layers after the first hidden layer, the neuron outputs of the former layer will be the input and: 

𝑋𝐿+1 = (ℵ𝐿)′ (3-9) 

3.2.2 Learning Algorithms 

For the neural network’s output 𝛹𝑖 and the desired output 𝐷𝑖, the learning algorithm could be 

defined as a method for optimizing the weights in order to make 𝛹𝑖 ≈ 𝐷𝑖. A supervised learning 

process of MLPs occurs by changing the connection weights after each training epoch. This is 

typically based on the output error (the difference between the output and the desired result). 

3.2.3 Gradient Descent 

 In machine learning, backpropagation (backprop, BP) is a popular algorithm for supervised 

learning widely used to train feedforward neural networks [164], [211]. The basic concept behind 

this approach is to use the chain rule repeatedly to calculate the effect of each weight in the network 

on an arbitrary error function 𝐸 [212]. 
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𝜕𝐸

𝜕𝑤𝑚,𝑛
=
𝜕𝐸

𝜕ℵ𝑛
 
𝜕ℵ𝑛
𝜕𝑤𝑚,𝑛

=
𝜕𝐸

𝜕ℵ𝑛
 
𝜕ℵ𝑛
𝜕𝛴𝑛

 
𝜕𝛴𝑛
𝜕𝑤𝑚,𝑛

    (3-10) 

By knowing the partial derivative for each weight, E could be minimized by using gradient descent 

[164], [213].  

(𝑤𝑚,𝑛)𝑡+1 = (𝑤𝑚,𝑛)𝑡 −  𝜂 (
𝜕𝐸

𝜕𝑤𝑚,𝑛
)
𝑡

 (3-11) 

Where η is the learning rate, which scales the derivative and is an important factor in the required 

time for the convergence and needs to be determined reasonably: too large η values may prevent 

the error from falling below a certain value, and too small ϵ leads to too many iterations to reach 

to acceptable results [212]. It can be shown that:  

𝜕𝐸

𝜕𝑤𝑚,𝑛
= −(𝐷𝑛 −𝛹𝑛)𝑓

′(𝛴𝑛)𝑥𝑛 (3-12) 

Combining Eq. (3-12) and Eq.(3-13) lead to a special form of the backpropagation algorithm called 

the Delta Rule, which is a Gradient Descent (GD) learning algorithm (rule) [214] for updating the 

weights: 

(𝑤𝑚,𝑛)𝑡+1 = (𝑤𝑚,𝑛)𝑡 + 𝜂
(𝐷𝑛 −𝛹𝑛)𝑓

′(𝛴𝑛)𝑥𝑛 (3-13) 

For linear activation functions, the derivative is equal to one, and it makes the delta rule similar to 

the Perceptron's update rule (The delta rule cannot be used directly for the Perceptron since its 

activation function's (Heaviside step function) derivative does not exist at zero, and is equal to zero 

elsewhere.) [215], [216]: 

(𝑤𝑚,𝑛)𝑡+1 = (𝑤𝑚,𝑛)𝑡 + 𝜂
(𝐷𝑛 −𝛹𝑛)𝑥𝑛 (3-14) 
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3.2.3.1 Extended Kalman Filter 

Filters are a type of estimation strategy that is used to accurately extract knowledge of the states 

in the presence of noisy measurements and modelling uncertainties [217]. Kalman-based filters 

are the most well-known filters in estimation theory [218] [219] [220]. The Kalman Filter (KF) is 

applicable for linear systems and yields the optimal estimation solution in the presence of known 

systems and white noise [218] [221]. The extended Kalman Filter (EKF) is formulated the same 

as the KF, except that first-order Taylor series expansions (Jacobian matrices) are used to linearize 

the nonlinearities. The state function 𝑓 and measurement function ℎ are linearized to approximate 

the state and measurement error covariance matrices. Equations (3-15) and (3-16) are used to 

approximate the nonlinear systems [219]. 

𝐹𝑘 =
𝜕𝑓(𝑥)

𝜕𝑥
|
𝑥=𝑥

∧
𝑘|𝑘,𝑢𝑘

 (3-15) 

𝐻𝑘+1 =
𝜕ℎ(𝑥)

𝜕𝑥
|
𝑥=𝑥

∧
𝑘+1|𝑘

 (3-16) 

Eq. (3-17) and Eq. (3-18) are used to predict the state estimates and state error covariances, 

respectively  [165]. The state error covariance found in Eq. (3-18) is used to calculate the 

innovation covariance in Eq. (3-19) and calculate the corresponding EKF gain in Eq. (3-20). The 

predicted state estimates in Eq. (3-17) are used in conjunction with the EKF gain found in Eq. 

(3-20) to update the state estimates as per Eq. (3-21). Note that the measurement error is also used 

in Eq. (3-21). Finally, the state error covariance matrix is updated as per Eq. (3-22). 
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𝑥
∧

𝑘+1|𝑘 = 𝑓 (𝑥
∧

𝑘|𝑘 , 𝑢𝑘) (3-17) 

𝑃𝑘+1|𝑘 = 𝐹𝑘𝑃𝑘|𝑘𝐹𝑘
𝑇 + 𝑄𝑘 (3-18) 

𝑆𝑘+1 = 𝐻𝑘+1𝑃𝑘+1|𝑘𝐻𝑘+1
𝑇 + 𝑅𝑘+1 (3-19) 

𝐾𝑘+1 = 𝑃𝑘+1|𝑘𝐻𝑘+1
𝑇 𝑆𝑘+1

−1  (3-20) 

𝑥
∧

𝑘+1|𝑘+1 = 𝑥
∧

𝑘+1|𝑘 + 𝐾𝑘+1 (𝑧𝑘+1 − ℎ (𝑥
∧

𝑘+1|𝑘)) 
(3-21) 

𝑃𝑘+1|𝑘+1 = (𝐼 − 𝐾𝑘+1𝐻𝑘+1)𝑃𝑘+1|𝑘(𝐼 − 𝐾𝑘+1𝐻𝑘+1)
𝑇 + 𝐾𝑘+1𝑅𝑘+1𝐾𝑘+1

𝑇  (3-22) 

Eq. (3-15) through Eq. (3-22) represent the EKF estimation process. The process is iterative, 

meaning that the values found in Eq. (3-21) and Eq. (3-22) are used again in Eq. (3-17) and Eq. 

(3-18). Note that other nonlinear KF variants have been developed, such as the unscented Kalman 

filter (UKF). However, the EKF was found to provide accurate results for this case study [165]. 

In order to use EKF as the training algorithm of the neural network, it is needed to define the 

system's dynamic relationships in the form of state-space by defining the weights as system states 

and the neuron output as the system output as: 

(𝑤𝑚,𝑛)𝑡+1 = (𝑤𝑚,𝑛)𝑡 + 𝑁
(0, 𝑄) (3-23) 

ℵ𝑡+1 = ℵ(𝑥𝑡+1, 𝑤𝑡+1) + 𝑁(0, 𝑅) = 𝑓(𝑦)|𝑦=𝛴𝑡+1 + 𝑁(0, 𝑅) (3-24) 

Where 𝑁(0, 𝑄) is the process noise with the covariance of 𝑄 and 𝑁(0, 𝑅) is the measurement noise 

with the covariance of 𝑅. The weights could be updated by knowing the Kalman gain: 
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𝐾𝑡+1 = 𝑃𝑡𝐻
′(𝐻𝑃𝑡𝐻

′ + 𝑅)−1 (3-25) 

Where 𝑃 and 𝐻 are the covariance matrix and Jacobian vector, respectively, and: 

Where 𝐼 is the identity matrix and elements of vector 𝐻 could be calculated as: 

Therefore, the weights could be updated by the following equation: 

(𝑤𝑚,𝑛)𝑡+1 = (𝑤𝑚,𝑛)𝑡 + 𝐾𝑡+1
(𝐷𝑛 −𝛹𝑛) (3-28) 

3.2.4 Study Area and Parameters 

According to the water master plan of Iran, the great SefidRood (White River) basin is divided 

into 17 sub-basins. The Taleghan upper basin is located in the center of the Alborz Mountains and 

the east of the SefidRood basin. Figure 3.3 shows the Taleghan upper basin location. The basin’s 

area is 960 Km2, representing 2.5% of this basin [202], [222]. The most important feature of this 

basin is the high altitude and steep slope. The slope of about half of this basin is greater than 40%, 

and its general direction is east-west. Its maximum and minimum heights are 4,300 m and 1,390 

m above sea level, respectively. The average elevation is 2,665 m [202], [223]. The length of the 

Taleghan River is about 180 km [202], [224]. Table 3.1 represents the longitude and latitude of 

the Taleghan basin. The Taleghan earth dam is located at the end with a capacity of 420 CMC and 

an area of 12 km2 [202], [225], [226]. 

𝑃𝑡+1 = 𝑃𝑡(𝐼 − 𝐾𝑡+1𝐻
′) + 𝑄𝑡 (3-26) 

(𝐻𝑛)𝑡+1 = 𝑓(𝑦)
𝜕𝑓(𝑦)

𝜕𝑦
|𝑦=𝛴𝑡+1 (3-27) 
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Figure 3.3: Taleghan Upper Basin Location [200]–[202], [223]. 
 

 

Figure 3.4: The Climatological and Hydrometric Stations in the Upstream Basin of Taleghan [200]–[202], [223]. 

 

Over 40 years of hydrometry and climatology records were used for this study. The original records 

were provided by Iran Water Resources Management Company (WRM) and the Committee of 

Dam and Basin Management (CDBM), IRCOLD. For each station, the period of available records 

is represented in Table 3.1. Then the records were analyzed and evaluated to be used for developing 

a long-term dataset. In this dataset, monthly average data of precipitation and temperature were 

gathered from six climatology stations: Gateh Deh, Dizan, Galidar, Jovestan, Sakratchal, and 

Zidasht. Discharge data were collected from a hydrometry station named Galinak. The locations 

of these stations are shown in Figure 3.4. 
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The distribution of precipitation differs from 250 to 1,000 mm/year in different locations of this 

basin. Regarding the precipitation amount and catchment height, the Jovestan, Gateh Deh, and 

Galidar stations have a high impact on average precipitation and on the basin's runoff [202]. 

Table 3.1: Specifications of stations in the upstream basin of Taleghan [200]–[202], [223]. 

Period Elevation (m) Latitude Longitude Station Type Station Name 

1966-2008 2150 36˚:08' 50˚:51' Rain gage Galidar 

1966-2011 2600 36˚:10' 51˚:04' Rain gage Gateh deh 

1969-2011 2000 31˚:45' 51˚:18' Climatology Zidasht  

1967-2011 3200 36˚:16' 50˚:50' Rain gage Dizan 

1966-2011 2200 36˚:17' 50˚:44' Rain gage Sakratchal 

1966-2011 1850 36˚:10' 50˚:41' Rain gage Jovestan 

1958-2011 1783 36˚:10' 50˚:40' Hydrometry Galinak 

 

According to Figure 3.5, the long-term annual average of precipitation of the Taleghan upper basin 

in this period is 600 mm. The maximum precipitation occurs in April and May with an average of 

around 126 mm/year and 119 mm/year, respectively. The minimum precipitation occurs from July 

to September with an average of below 8 mm/year. The precipitation in winter is more than 45 

mm/year in all stations. 

 

Figure 3.5: The Long-Term Average Precipitation in Each Station and Whole of the Basin [200]–[202], [223]. 

The average elevation of the basin is 3,722 m. Since the Zidasht station has a similar elevation 
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(2,000 m), the monthly average data of this station's temperature is considered the basis of 

calculations. The maximum and minimum temperatures are 37°C in July and 18°C in March. This 

basin's long-term monthly average temperature is 7.8°C [202]. By using the temperature gradient 

and height relationship, the long-term average temperature of the basin is calculated and 

represented in Figure 3.6.  

Since the Galinak station is located at the entrance of the Taleghan Dam's reservoir, it could be 

considered as the outlet of the basin. The data of this point could be considered as the representative 

of all basin discharges. Therefore, the runoff of this basin can be calculated by subtracting the 

baseflow from discharge [202]. According to Figure 3.7, the highest runoff occurs from April to 

June, and from September to February, the runoff is at its lowest. The long-term average runoff of 

this basin shows that the maximum and minimum runoff of this basin is about 38 m3/s and 2.4 

m3/s, which occur in May and September, respectively. 

 

Figure 3.6: Long-term Average Temperature [200]–[202], [223]. 
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Figure 3.7: Long-term Average Runoff [200]–[202], [223]. 

3.3 Model Structure 

In order to develop an ANN-based runoff estimation model, the temperature and precipitation were 

considered as inputs and runoff as the output, and the dataset was randomly disturbed. Therefore, 

the 40 years of monthly observed data were randomized and then divided into three datasets: 60% 

for training, 20% for cross-validation (C.V.), and 20% for test. These datasets were saved 

separately to ensure the training, C.V., and test data were the same for all developed models.  

A feedforward MLP neural network was used as the base model. Two sub-models were developed: 

one using EKF for training and one using GD for training. All experiments were completed with 

a single-layer MLP with 1 to 10 neurons and 1,000 training epochs. For evaluation of the training 

and model's performance, three evaluation criteria were used: correlation (𝑅), mean absolute error 

(MAE) and mean square error (MSE).  

The weights were updated by either the EKF or GD algorithms during each training process. After 

each training epoch, cross-validation was completed to check the model performance. New 
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weights were saved based on an increase of 𝑅2 or decrease in error (MAE). The corresponding 

epoch number and evaluation criteria values were saved and considered the 'best epoch.' A unique 

'minimum epoch of the best' (MEB) was recorded for each evaluation criteria, and the related 

weights were used for testing. The following three approaches were considered for the training 

process. 

3.3.1 Approach 1: Single Dataset 

In this approach, all training was completed with a randomized but single dataset. Therefore, the 

order of inputs and desired outputs would be the same in the training queue. 

3.3.2 Approach 2: Single, Randomized Dataset in Case of No Improvement 

In this approach, initial training was completed with a training dataset as per the first approach. 

After each cross-validation, in case of no improvement in the model results, the next training was 

completed using a new randomized version of the training dataset. The randomized datasets were 

the same for all models. Therefore, the results of this approach could be compared with similar 

models. 

3.3.3 Approach 3: Randomized Dataset for Each Training 

In this approach, each training process was completed using a new randomized version of the 

training dataset. To ensure all models were trained in a comparable manner, the number of 

randomized training datasets was equal to the maximum number of training epochs.  
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The combination of the three approaches and evaluation using up to ten neurons in the hidden layer 

resulted in a total of 60 models. 

3.4 Results and Analysis 

An ideal model has a maximum correlation and minimum error between the predicted and 

observed data. The higher values of 𝑅2 and lower values of RMSE and MAE were considered to 

compare and rank the developed models. Also, the number of neurons and computational 

complexity is considered. The comparison of 𝑅2, MAE, and RMSE of the best models are 

represented in Figure 3.8 to Figure 3.10, respectively. 

For Approach 1, an EKF-based ANN with eight neurons and an epoch of the best (EB) equal to 

1,000 was considered the best model. For Approach 2, the best model was EKF-based with ten 

neurons and an EB equal to 116. This was 8.62 times (862%) less than the same EB for the GD-

based model. Finally, for Approach 3, an EKF-based model with nine neurons and an EB equal to 

886 was considered the best model. In addition, this model was considered the best among all of 

the 60 different developed models used to estimate runoff. 

As shown in Figure 3.8, the comparison of the 𝑅2 of the best models demonstrates that for one 

neuron, GD performs better than the EKF method. However, for one neuron, the value of 𝑅2 is 

quite low that no model could be considered effective. For models with three neurons or more, the 

results are nearly the same. However, the EKF demonstrates minor improvements over the GD 

method. Interestingly, for this case, it appears that using more than three neurons does not yield 

substantial improvements in model accuracy. In order to lower computational demand, ANNs 
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could be designed with only three neurons as there appears to be a diminishing return (less than 

4% improvement when using ten neurons). 

According to Figure 3.9, although the differences are small, the MAE of nearly all EKF-based 

ANNs were less than GD-based ANNs. According to the MAE evaluation criteria, this case's 

optimum model could be considered an EKF-based ANN with four neurons.  

As shown in Figure 3.10, the RMSE of EKF-based ANNs were less than GD-based ones for 1 to 

10 neurons for Approaches 1 and 2. The opposite is true for Approach 3. For more than three 

neurons, the difference between the highest and lowest RMSE is less than 5%, and the RMSE of 

all EKF-based ANNs is less than 0.2. Therefore, according to the RMSE evaluation criteria, the 

optimum model was an EKF-based ANN with three neurons. 

 
Figure 3.8: R2 of the Best Models. 

 
Figure 3.9: MAE of the Best Models. 

 
Figure 3.10: RMSE of the Best Models. 

 
Figure 3.11: EB of the Best Models. 
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Figure 3.12:MEB Among All Models. 

 
Figure 3.13: R2 of the Models with MEB. 

 
Figure 3.14: MAE of the Models with MEB. 

 
Figure 3.15: RMSE of the Models with MEB. 

 

According to Figure 3.11, for Approach 1, EKF-based ANNs required 4.48 to 22.72 times (448% 

to 2,272%) fewer training epochs than GD-based ANNs for 4-6, 9, and 10 neurons. For Approach 

2, EKF-based ANNs required 4.65 to 10.52 times (465% to 1,052%) fewer training epochs than 

GD-based ANNs for 3-6, 8, and 10 neurons. For Approach 3, EKF-based ANNs required 3.74 to 

177.2 times (374% to 17,720%) fewer training epochs than GD-based ANNs for 4, 7, and 10 

neurons. Therefore, Approach 2 was the most effective in reducing the number of training epochs 

for the EKF-Based ANNs training process. 

According to Figure 3.12, the minimum epoch of the best (MEB) for the EKF-based ANN models 

were so small that a logarithmic graph is needed. The MEB of EKF-based ANNs was smaller than 

the GD-based ANNs. On average, the MEB of the EKF was 29.37 or 24.44 times (2,444%) fewer 

than GD for Approach 1. For Approach 2, the MEB of the EKF was 8.12 or 83.45 times (8,345%) 
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fewer than GD. Finally, for Approach 3, the MEB of the EKF was 47.37 or 12.43 times (1,243%) 

fewer than GD. Therefore, Approach 2 was considered the best approach for training the EKF-

based ANNs in the fewest number of epochs. In addition, these results indicate that the EKF 

yielded better results in all of the approaches. 

According to Figure 3.13, for the 𝑅2 evaluation criteria, the results for one and two neurons are 

substantially poor and can be dismissed. For three neurons or more, the values are very similar and 

vary between 0.50 and 0.52. However, on average, the EKF has a better performance than GD by 

5.06% and 3.98% in Approaches 1 and 2, respectively. For Approach 3, the results of the EKF and 

GD were nearly identical. In this case, Approach 1 is considered the best approach for training 

EKF-based ANNs when considering 𝑅2 as a validation criterion.  

The results shown in Figure 3.14 for MAE indicate that the use of 3 or more neurons yields similar 

errors (less than 0.15 MAE). Although the overall differences between EKF and GD are minimal, 

on average, the EKF method works better by 3.14% in Approach 1, 2.84% in Approach 2, and 

3.53% in Approach 3. According to the MAE evaluation criteria, the performance of EKF-based 

Approach 3 may be a slightly better choice to train ANNs. 

Furthermore, the results presented in Figure 3.15 show the RMSE for both methods to be about 

0.20 for more than three neurons. The differences between the EKF and GD methods are nearly 

insignificant for Approaches 1 and 2, at about 1% better for EKF. In Approach 3, the EKF works 

slightly better than the GD method by about 3.1%.  

As shown in Figure 3.13 to Figure 3.15, the results of ANNs with three or more neurons are so 

similar that the RMSE, MAE, and 𝑅2 differences are nearly negligible. In this case, an EKF-based 
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ANN with 3 or 4 neurons is considered as the MEB optimum model. Table 3.3: summarizes the 

evaluation criteria for the best, optimum, and MEB optimum models. These results indicate that 

the EKF-based ANN model required a considerably smaller neural network size and fewer training 

epochs, with a reduction of performance by 2% to 4%. 

Table 3.2: The Minimum Epoch of the Best Among All Models. 

#Neurons Approach 1 Approach 2 Approach 3 
 GD - EKF GD/EKF (%) GD - EKF GD/EKF (%) GD - EKF GD/EKF (%) 

1 3 25 2 300 1 150 

2 474 15,900 533 17,867 505 1,783 

3 551 436 695 2,417 683 1,585 

4 707 17,775 641 6,510 609 1,662 

5 569 3,095 681 34,150 632 2,973 

6 674 9,729 683 13,760 658 13,260 

7 706 14,220 556 18,633 553 3,556 

8 778 3,990 749 18,825 498 309 

9 776 6,567 607 8,771 607 6,170 

10 749 18,825 747 18,775 733 24,533 

 

 

Table 3.3:The Best, Optimum and MEB Optimum Models Specifications. 

Model Approach Training Algorithm #Neurons EB R2 MAE RMSE 

Best 3 EKF 9 886 0.544 0.127 0.194 

Optimum 3 EKF 4 237 0.534 0.130 0.198 

MEB Optimum 1 EKF 4 4 0.516 0.138 0.203 

 

According to Table 3.3, the best, optimum, and MEB optimum ANN-based models are using the 

EKF training algorithm. The validation criteria indicate a slight difference between the accuracy 

of all models in this list. The accuracy of the best and optimum models is very close. However, 

comparing the required training epochs to achieve such an accuracy (epoch of the best, EB) 

indicates that a reasonable accuracy was achieved in the optimum model using 3.74 times 

(373.78%) fewer training epochs. Moreover, the optimum model could achieve such accuracy 

using 2.25 times (225%) fewer neurons, which makes this network smaller than the best model. 
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Based on these results, the optimum model offers the most reasonable balance between the training 

epochs, network size and accuracy. 

 

3.5 Conclusions 

This study provides an easy to understand and implement method to develop ANN-based 

estimation models using MLP and EKF or GD as the training algorithm. To study these models 

and the three approaches for feeding training data in optimizing the developed feedforward neural 

networks in reducing the training epochs and size of the network, a runoff estimation problem was 

considered, which is an important and challenging issue in water resources management and 

engineering. Two groups of one-layered feedforward ANNs were developed with 1 to 10 neurons, 

and three approaches for handling the training data were applied, which resulted in 60 models. 

Model estimations were evaluated by 𝑅2, RMSE and MAE. For this study, results indicate that the 

GD method required 11 to 67 percent more neurons than the EKF for a relatively similar 

performance. In terms of training time, the ANNs applied EKF as the training algorithm required 

300 to 34,200 percent fewer training epochs than GD. Based on the results, in comparison to GD, 

using EKF as a learning algorithm improved estimation models by reducing the number of training 

epochs and size of ANNs. Further studies are recommended. 

3.6 Nomenclature 

1. B 2. : 3. Bias 

4. 𝑩𝑳  5. : 6. Biases matrix of the layer L 

7. 𝑫𝒏  8. : 9. Desired outputs (observations/measurements) 

10. 𝑬  11. : 12. Error function 

13. 𝑬𝑩  14. : 15. The epoch of the best 
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16. 𝑬𝑲𝑭  17. : 18. Extended Kalman filter 

19. 𝒇, F 20. : 21. Nonlinear, linear state function/ matrix 

22. 𝑮𝑫  23. : 24. Gradient Descent 

25. 𝒉,𝑯  26. : 27. Nonlinear, linear measurement function/matrix 

28. K 29. : 30. Kalman gain matrix (i.e., EKF) 

31. k+1|k 32. : 33. A priori time step (i.e., before applied gain) 

34. k+1|k+1 35. : 36. A posteriori time step (i.e., after update) 

37. 𝑳  38. : 39. Layer number 

40. 𝒎  41. : 42. The number of the neuron connected to the current neuron (𝑛) 

43. 𝑴𝑬𝑩  44. : 45. The minimum epoch of the best 

46. 𝑴𝑺𝑬  47. : 48. Mean square error 

49. n 50. : 51. Number of Samples/Neuron 

52. 𝑵(𝟎,𝑸)  53. : 54. The noise of the process with the covariance of 𝑄 

55. 𝑵(𝟎,𝑹)  56. : 57. The noise of the measurement with the covariance of 𝑅 

58. 𝑶𝒊  59. : 60. observed data 

61. �̅�  62. : 63. average of observational data 

64. P 65. : 66. State error covariance matrix 

67. 𝑷𝒊  68. : 69. Estimated value 

70. �̅�  71. : 72. Average of estimated data 

73. Q 74. : 75. System noise covariance matrix 

76. R 77. : 78. Measurement noise covariance matrix 

79. 𝑹𝑴𝑺𝑬  80. : 81. Root mean square error 

82. S 83. : 84. Innovation covariance matrix 

85. T 86. : 87. Transpose of vector or matrix 

88. U 89. : 90. Input to the system 

91. 𝒘  92. : 93. Weight 

94. 𝑾𝑳  95. : 96. weight's matrix of the layer L 

97. x 98. : 99. State vector 

100. 𝑿𝟎  101. : 102. Inputs' matrix 

103. 𝑿𝑳  104. : 105. Inputs' matrix of the layer L 

106. 𝒙𝒎  107. : 108. Neuron's inputs 

109. Z 110. : 111. Measurement (system output) vector  

112. Γ 113. : 114. Hard-limit (unit step) function 

115. Σ 116. : 117. Neuron's sum function output 

118. 𝜮𝑳  119. : 120. Sigma function matrix of the layer L 

121. 𝜳𝒏  122. : 123.  odel’s outputs (estimations/predictions) 
124. ℵ 125. : 126. Neuron's ultimate output 𝑓(𝛴) 
127. ℵ𝑳  128. : 129. Neuron output 

130. ̂  131. : 132. Estimated vector or values 
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4 Sluice Gates Design and Calibration: Simplified models to 

Distinguish Flow Conditions, Estimate Discharge Coefficient and 

Flow Rate   

 

 

4.1 Introduction 

Sluice gates are essential hydraulic structures in measuring and regulating flow in Archimedes 

screw hydropower plants. At most ASG installations, water is supplied by an inlet channel that is 

controlled using sluice gates. 

Sluice is a Dutch word for a channel controlled at its head by a movable gate which is called a 

sluice gate. A sluice gate can be considered as a bottom opening in a wall [227] or an undershot 

gate that passes the flow through the bottom, similar to an orifice [228] or a sort of nozzle. The 

simplicity of sluice gate design, construction, and operation, plus good safety and low maintenance 

costs [228], result in them being among the most common hydraulic structures to control or 

measure flow [229].  

Adapted from: 

A. Yoosefdoost, W. D. Lubitz, and W. D. Lubitz, “Sluice Gate Design and Calibration: 

Simplified Models to Distinguish Flow Conditions and Estimate Discharge Coefficient and 

Flow Rate,” Water (Switzerland), vol. 14, no. 8, p. 1215, 2022, doi: 10.3390/w14081215. 

 

Thesis Author’s Contribution: 

This is an original research article that was written by Arash YoosefDoost [5]. The figures are 

all original, or from explicitly referenced sources. 
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The volumetric flow rate passing through a sluice gate can be estimated if the opening of the sluice 

gate (𝑌𝐺) and water depths upstream (𝑌𝑈) and downstream (𝑌𝐷) [228], [229] are known. Low head 

loss and no need for new equipment make sluice gates preferable for measuring the flow rate where 

a device is installed [229]. However, the accuracy of flow rates calculated based on sluice gate 

flows is typically less than weirs, and a complex calibration is needed to account for cases of free 

or submerged hydraulic jumps downstream of the gate [228]–[231]. The flow under sluice gates 

can be categorized as a free hydraulic jump (F), partially submerged hydraulic jump (PS), or 

submerged hydraulic jump (S) [232], [233].  

Figure 1 shows a sluice gate when a free hydraulic jump occurs. Here, 𝑌𝑈 is the upstream depth, 

𝑌𝐺 is the opening of the gate, 𝑌𝑚 is the minimum depth of flow after the sluice gate, 𝑌𝐽1 and 𝑌𝐽2 are 

the initial and secondary depths of the hydraulic jump, respectively, and 𝑌𝐷 is the downstream 

depth.  

 

Figure 4.1:Free Hydraulic Jump  

Many studies focused on characterizing the free (classic) hydraulic jump [234]–[238]. The flow 

after the sluice gate behaves like a stream coming out of an orifice (nozzle) [227]. White (2011) 

proposed that a free discharge is expected for 𝑌𝑈/𝑌𝐺 > 2 (or 𝑌𝑈 > 2 𝑌𝐺) [227]. However, the 
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literature indicates studies that relate the upstream flow depth to the maximum tailwater 

(downstream) depth to define flow regime distinguishing condition curves [239]. To estimate the 

volume of flow, many studies focused on determining the coefficient of discharge (𝐶𝑑). An early, 

significant study is Henry’s 1950 experiment to estimate the 𝐶𝑑 for free and submerged flows 

[240]. Henry developed a relationship between the 𝐶𝑑 and 𝑌𝑈/𝑌𝐺 by neglecting energy losses and 

assuming a uniform velocity and a hydrostatic pressure distribution both upstream and at the vena 

contracta, providing a practical, widely used graph of this relationship represented in Figure 2 

[240]. Swamee (1992) indicated that for free flow 𝐶𝑑 gradually increases until it reaches the 

saturation value of 0.611 [241]. 

 
Figure 4.2: Henry’s 1950 nomograph for the range of Cd  

for free and submerged flow regimes in sluice gates [241]. 

 

In 1967, Rajaratnam and Subramanya used the energy-momentum (E ) method to prove Henry’s 
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(1950) results [236]. In 1992, Swamee developed several relationships for free and submerged 

flows based on Henry’s (1950) graph [241] to help prevent interpretation errors when interpolating 

discharge coefficient curves and to provide an analytical or numerical method for determining the 

discharge coefficient for sluice gates. Lozano et al., Roth and Hager (in 1999) experimentally 

studied the effects of viscosity and surface tension on scaling sluice gate operations in free-flow 

conditions. Their research included studies on the contraction coefficient as well as other 

parameters such as the distribution of velocity and pressure on the gate and the channel bottom 

[242]. 

Lozano et al. (2009) performed field studies on four rectangular sluice gates by measuring the 

water depth and gate opening values [243]. They reported that the EM model resulted in reasonable 

discharge estimations for three of the studied gates by calibrating the contraction coefficient. For 

the case where the EM method estimations were not accurate, the sluice gate had a unique 

nonsymmetric flow condition and was located at the channel’s head [243].  

Habibzadeh et al., 2011, applied a theoretical method based on the EM method to find an equation 

for the discharge coefficient of sluice gates in rectangular channels based on orifice-flow 

conditions, applicable in both free and submerged flow conditions [244]. In most sluice gate 

models, the energy losses are assumed negligible; however, Habibzadeh et al. reported that 

turbulence-related phenomena cause significant energy losses in the submerged-flow condition. 

Additionally, the recirculating region below the gate induces turbulence that results in energy loss 

in the upstream pool. They considered the magnitude of an additional energy-loss factor as a 

function of the sluice gate geometry and proposed that it could affect the discharge coefficient 

[244].  
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Some studies divided submerged flow regime into two subcategories: 1. low and 2. high 

submerged regimes [239]. In 2011, Habibzadeh et al. proposed an equation to calculate a parameter 

called “transitional value of tailwater depth” based on several factors, including the contraction 

coefficient, upstream flow depth, gate opening, and an energy loss factor which was considered to 

be 0.062 [244]. The free-flow regime is expected for downstream water depths less than this value, 

while a submerged flow regime is expected for higher downstream depths. They also proposed a 

measure to distinguish the submergence ratio of the flow as a function of the maximum 

downstream depth for free flow. According to this measure, the flow is considered low submerged 

for submergence ratios between 0 and 20 and considered high submerged for values higher than 

this range [239], [244]. Castro-Orgaz et al., in 2010, proposed that for high submergence situations, 

the common EM method is not accurate. They proposed a new equation for submerged flow based 

on the energy-momentum method principles by applying correction factors on velocity and 

momentum [245]. However, in 2012, Bijankhan et al. showed that this method has significant 

errors when the submergence is not significant [239]. The analysis of the EM method indicates 

that the roller momentum flux and the energy loss could be significant. Therefore, in 2013, Castro-

Orgaz et al. published a revised version of their 2010 research for estimating sluice gate discharge 

in submerged conditions. The new method introduces rationality in the EM equations for 

submerged gate flow. However, the results of this method were similar to the former one [246]. 

Gumus et al. (2016) studied the velocity field and surface profile of the submerged hydraulic jump 

of a vertical sluice gate using 2D CFD modelling. The results of this numerical study were 

compared with experimental data, and they concluded that the accuracy of the Reynolds Stress 
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Model (RSM) is more than other studied turbulence models in predicting horizontal velocities and 

computing the free-surface profile of the hydraulic jump characteristics [247]. 

Rady (2016) applied developed multilayer perceptron (MLP) artificial neural networks (ANNs) to 

predict 𝐶𝑑 of vertical and inclined sluice gates. This study applies the MLP using the steepest 

descent back-propagation training algorithm and one hidden layer. For free flow, ANNs used 

𝑌𝑈/𝐺, the sluice gate’s inclination angle, Froude number and Reynolds number. For submerged 

flow, 𝑌𝐷/𝐺 was used in addition to the former inputs. Rady reported that using this method led to 

reasonable accuracy [248]. 

Silva and Rijo (2017) studied several methods to determine 𝐶𝑑 including EM-bases models, orifice 

flow rate relationships, and dimensional analysis using Buckinghum’s Π-theorem. They concluded 

that the EM-based method led to better results for all free, submerged, and partially submerged 

flows. Additionally, they reported that there were no improvements in discharge estimation results 

of the methods that divide the partially and fully submerged flows for the studied sluice gate 

openings [229]. 

Kubrak et al. (2020) investigated measuring the volumetric flow rate using sluice gates under 

submerged flow conditions. A laboratory experiment on a model made on a 1:2 scale of an 

irrigation sluice gate was conducted to collect the experimental data.  his study utilized Swamee’s 

(1992) model as a basis for the determination of 𝐶𝑑. Using this experimental data and empirical 

methods to adopt corrections, they achieved a reasonable accuracy for estimated discharge 

coefficients of Swamee’s (1992) model for this case study. Based on this and as stated by Boiten 
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(1992) [249], they concluded that this method is useful in estimating flow through the sluice gate 

[250]. 

Nasrabadi et al. (2021) compared the Group Method Data Handling (GMDH) and Developed 

Group Method of Data Handling (DGMDH) machine learning methods to predict the 

characteristics of a submerged hydraulic jump of a sluice gate. Their study indicated a reasonable 

accuracy for both models in estimating relative submergence depth, jump length, and relative 

energy loss [251]. 

Based on the literature, the flow under the sluice gate is a classic problem that has been extensively 

studied experimentally and numerically. Hence, the literature indicates that in recent years the 

advancements in new measurement methods, such as using a laser Doppler anemometer to 

measure velocity fields [247], etc., improved the accuracy and domain of experimental 

measurements on this topic. Beside the classic studies, modern methods such as machine learning 

techniques, AI, and CFD opened new avenues for investigations on this topic. However, in 

practice, modern methods are not easy to implement or cost-effective: the new measurement 

methods are technology-based and require new instruments to be installed, and the application of 

modern techniques is still highly dependent on the operator’s skills and experience. 

It is worth mentioning that in practice, some sluice gate models are available in software packages 

such as SIC and HEC-RAS. The Simulation of Irrigation Canals (SIC) is a one-dimensional 

hydrodynamic model for river and irrigation canal modelling and regulation [232]. This 

commercial software has been released by Cemagref since 1989. SIC utilizes empirical 

relationships [232] based on orifice flow equations [229] to estimate the flow rate under sluice 
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gates. The Hydrologic Engineering Center’s River Analysis System (HEC-RAS) has been released 

since 1995 and supports 1-D steady flow, 1-D and 2-D unsteady flow calculations [233]. However, 

these software packages do not estimate 𝐶𝑑. For SIC, some literature suggests considering 𝐶𝑑 as 

0.6 [252], and the HEC-RAS manual suggests that typically 0.5 ≤ 𝐶𝑑 ≤ 0.  [233]. Such a 

drawback makes the accuracy of results depend on choosing an appropriate value for 𝐶𝑑 and the 

experience of the operators and makes this software not desirable for the design of sluice gates. 

In practice, for existing sluice gates, calibration and determination of the optimum 𝐶𝑑 is performed 

using field or experimental measurements. However, models and tools used to characterize flow 

under sluice gates are essential, especially where the experimental data is not available for 

calibration, such as for design purposes. On top of that, in system optimization, non-iterative and 

fast analytical calculations for a component are important for maintaining the overall efficiency of 

optimizing the whole system of many components. Hence, many available models in the literature 

still require further investigations, require adequate knowledge to apply, and are not simplified 

enough or represented in a standard method for such purposes. The essence of developing standard 

and simple analytical methods is even more significant when sluice gates need to be modelled as 

a component in a complex hydraulic system, especially when there are many scenarios to be 

studied, managed, or optimized.  

As a result, this study focused on analyzing, evaluating, and simplifying models to improve their 

application in the design of sluice gates. Five models were reviewed, analyzed, represented in a 

standard and easy to use form, and their performance was evaluated in distinguishing conditions 

of flow regimes, estimating the 𝐶𝑑 and flow rate. For this purpose, a series of lab experiments were 
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conducted at the University of Guelph to study the flow on different sluice gate openings, flow 

rates, and upstream and downstream conditions. The effects of physical scale on models were 

investigated, and recommendations were provided. Moreover, new analytical equations are 

proposed to improve the accuracy or applicability of some models. The unscalable initial studies’ 

costs are a large burden on small projects [2], [3]. The presented new equations and simplified 

models could facilitate their applicability in the design of sluice gates and initial studies of small 

projects such as the irrigation channels or pico- and micro-hydropower plants. In addition, this 

study contributes to simplifying these models in a standard form to facilitate the application of 

models, particularly for modelling sluice gates as a component in complex hydraulic systems such 

as hydropower plants. The contributions of the analytical equations and models proposed in this 

study facilitate the development of models for such complex hydraulic systems for optimization 

purposes, development of management or operation plans, etc. 

4.2 Methods and Materials 

In order to meet the research goals and to facilitate the application of models for the purposes 

mentioned above, they were modified and represented in a simplified and standard form.  

4.2.1 Hydraulic Background 

This section provides the necessary hydraulic background and fundamental equations used in this 

study. Figure 4.1 represents a classic (free) hydraulic jump. For a specific discharge Q, energy is 

ideally conserved between sections U and m, and momentum is conserved between sections 𝐽1 

and 𝐽2. The parameters 𝑌𝑈 and 𝑌𝑚 are called alternate depths and 𝑌𝐽1 and 𝑌𝐽2 are called conjugate 
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depths. Theoretically, these depths can be estimated using specific energy and momentum 

methods, respectively. The specific energy at cross-section 𝑖 is defined as [253]: 

𝐸𝑖 = 𝑌𝑖 +
𝑄2

2𝑔𝐴𝑖
2 (4-1) 

where 𝑌𝑖 is the depth of flow, 𝐴 is the cross-sectional area, and 𝑔 is the gravitational constant 

(usually taken as 9.81 m/s2). 

In a free hydraulic jump, the jet exiting after the sluice gate rapidly converges until it reaches the 

“vena contracta,” a point with the minimum cross-sectional area; here, the minimum flow depth 

𝑌𝑚 and, as a result, the maximum velocity. This is a region of Rapidly Varied Flow (RVF). For a 

specific flow rate, if friction can be neglected, the energy between the 𝑈 and 𝑚 cross-sections is 

conserved (𝐸𝑈 = 𝐸𝑚) [227], and 𝑌𝑈 and 𝑌𝑚 will be alternative depths, one above the critical depth 

(𝑌𝑈) and the other below it (𝑌𝑚). Therefore, for a specific flow rate, 𝑌𝑈 or 𝑌𝑚 could be estimated 

using Eq.(4-1) by knowing the other. For rectangular channels with the width b and specific 

discharge 𝑞 = 𝑄/𝑏 this equation can be simplified as: 

𝑌𝑈 +
𝑞2

2𝑔𝑌𝑈
2 = 𝑌𝑚 +

𝑞2

2𝑔𝑌𝑚2
 (4-2) 

In free flow, solving Eq.(4-2) for 𝑞 enables calculating the volumetric flow rate using 𝑌𝑈 and 𝑌𝑚: 

𝑄 = 𝑏𝑌𝑈𝑌𝑚√
2𝑔

𝑌𝑈 + 𝑌𝑚
 (4-3) 

In sluice gates, the subcritical upstream flow gradually accelerates to critical near the gate opening 

and goes to supercritical; then, it comes back to subcritical further downstream after a hydraulic 
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jump is formed [227]. A hydraulic jump is defined as a jump or standing wave that forms when 

the flow regime rapidly changes from a supercritical to a subcritical state. During this rapid 

transition, the supercritical upstream flow depth rises quickly to a subcritical depth downstream. 

The jump may be distinguished by surface rollers, mixing or air entrainment, leading to significant 

energy dissipation. 

For any cross-sectional shape, at cross-section 𝑖, the momentum function 𝑀𝑖 is defined as [253]: 

𝑀𝑖 = 𝐴𝑖𝑌�̅� +
𝑄2

𝑔𝐴𝑖
 (4-4) 

The momentum function (𝑀𝑖) is conserved at cross-sections 𝐽1 and 𝐽2 (𝑀𝐽1 = 𝑀𝐽2). The pair of 

depths before (𝑌𝐽1) and after the hydraulic jump (𝑌𝐽2) are known as conjugate depths [253]. 

Theoretically, a hydraulic jump forms where the initial and secondary depths satisfy the condition 

𝑀𝐽1 = 𝑀𝐽2 [254]. For rectangular channels the centroid of a flow at depth 𝑌 is located at 𝑌 ̅ = 𝑌/2, 

and Eq. (4-4) can be simplified to: 

𝑌𝐽1
2

2
+

𝑞2

𝑌𝐽1𝑔
=
𝑌𝐽2
2

2
+

𝑞2

𝑌𝐽2𝑔
 (4-5) 

For a specific flow rate, solving Eq. (4-5) for either 𝑌𝐽1 or 𝑌𝐽2 results in the following equation that 

enables finding the conjugate depths by knowing either of them. 

𝑌𝑎 =
𝑌𝑏
2
(√1 +  

𝑞2

𝑔𝑌𝑏
3 − 1) =

𝑌𝑏
2
(√1 +  𝐹𝑟𝑏

2 − 1) (4-6) 

where 𝑎 and 𝑏 are 𝐽1 and 𝐽2, or vice versa. In practice, the type of hydraulic jump in sluice gates 

is conditioned by the depth of flow downstream, which depends on the channel slope and 
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roughness as well as obstacles [255]. 

The flow under sluice gates can be described analytically using energy-momentum concepts. 

Theoretically, the presence of a sluice gate leads to a hydraulic jump if its opening (𝑌𝐺) is less than 

the critical depth of the flow passing under the gate (𝑌𝐶𝑟). The critical depth occurs where the 

Froude number (𝐹𝑟 = 𝑉/√𝑔𝐷, where 𝐷 = 𝐴/𝑇) is equal to 1. Solving 𝐹𝑟 = 1 for any cross-

section area A and wetted perimeter T leads to the following equation. Therefore, the flow depth 

is critical if it satisfies the following equation: 

𝑄2

𝑔
=
𝐴3

𝑇
 (4-7) 

For rectangular channels, critical flow depth can be calculated by a simplified form of this 

equation: 

𝑌𝐶𝑟 = √𝑞2/𝑔
3

 (4-8) 

4.2.2 Sluice Gate Models 

4.2.2.1 Energy-Momentum Model  

Eq.(4-3) enables calculating the volumetric flow rate 𝑄 using 𝑌𝑈 and 𝑌𝑚. This equation can be 

written as: 

𝑄 = 𝐶𝑑𝑏𝑌𝐺√2𝑔𝑌𝑈 (4-9) 

where 𝑏 is the channel width, g is the gravitational acceleration (9.807 m/s2), 𝐶𝑑 is the sluice gate’s 

coefficient of discharge, and for free flow: 
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𝐶𝑑 =
𝐶𝑐

√1 + Δ
 (4-10) 

where 𝐶𝑐 is the contraction coefficient, which is the ratio of the jet width to the orifice opening 

width [256] or the ratio of the cross-sectional area of the jet at its contraction point (vena contracta) 

to the opening area [257]. Therefore, in rectangular channels: 

𝐶𝑐 = 𝑌𝑚/𝑌𝐺 (4-11) 

In this study, Δ is defined as the ratio of the alternative depths (Δ = 𝑌𝑚/𝑌𝑈) and using Equation 

(3), it could be represented as follows:  

Δ =  c𝑌𝐺/𝑌𝑈 (4-12) 

A free hydraulic jump (Figure 4.1) could be expected after the sluice gate if the downstream’s 

conjugate depth is equal to or more than the sluice gate’s upstream supercritical alternate depth 

(i.e., 𝑌𝑚 ≤ 𝑌𝐽1). In a free hydraulic jump, the jet after the sluice gate rapidly converges to 𝑌𝑚 at the 

contraction point (the vena contracta), which is the minimum possible flow depth. For 𝑌𝑚 < 𝑌𝐽1, 

the flow velocity decreases due to frictional resistance in a Gradually Varied Flow (GVF) regime, 

leading to a gradual increase in flow depth until it reaches the depth where the hydraulic jump 

initiates, which is the conjugated depth of downstream depth [254]. For the case where 𝑌𝑚 = 𝑌𝐽1 

the hydraulic jump forms at cross-section 𝑚. Considering the fact that the vena contracta is the 

minimum possible flow depth, applying Eq. (4-6) to calculate the conjugate depth of 𝑌𝑚 = 𝑌𝐽1, 

and by substituting 𝑌𝑚 from Eq. (4-11) and 𝑞 from Eq. (4-3) the maximum downstream depth for 

which free flow could be expected (𝑌𝐷𝑀𝐹) can be calculated as follows: 
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𝑌𝐷𝑀𝐹 = 0.5𝑌𝑈Δ(√1 +
16

Δ(1 + Δ)
− 1) (4-13) 

Eq. (4-13) could be considered as the distinguishing condition for free and submerged flows [258]. 

Physically, 𝑌𝑚 > 𝑌𝐽1 is not possible, and in practice, a submerged hydraulic jump (SHJ) occurs in 

such a situation. In such a situation, the jump would ordinarily be pushed further upstream, but the 

sluice gate prevents this, so the upstream conjugate depth cannot be reached, and a submerged 

(drowned) hydraulic jump forms [254] (Figure 4.3).  

 

Figure 4.3: Submerged (drowned) hydraulic jump. 

 

For submerged flow, the energy and momentum equations can be re-written by defining the 

piezometric head 𝑌𝑃 as [229], [244]: 

𝑌𝑈 +
𝑞2

2𝑔𝑌𝑈
2 = 𝑌𝑃 +

𝑞2

2𝑔𝑌𝑚2
 (4-14) 

𝑌𝑃
2

2
+

𝑞2

𝑌𝐽1𝑔
=
𝑌𝐽2
2

2
+
𝑞2

𝑌𝐽2𝑔
 (4-15) 

 
 

  

  

  

          



 

 

106 

 

Then,  𝐶𝑑 can be found by solving Eq. (4-14) and Eq. (4-15) interactively [259] and eliminating 

𝑌𝑃 [258]. Therefore, it can be shown that for submerged flow [258]: 

𝐶𝑑 = 𝐶𝑐
Δ

1 − Δ2
√𝜎 − √𝜎2 − (

1

Δ2
− 1)

2

(1 −
1

𝛿2
) (4-16) 

where 

δ = 𝑌𝑈/𝑌𝐷 (4-17) 

𝜎 = (
1

Δ
− 1)

2

+ 2(δ − 1) (4-18) 

4.2.2.2 Energy-Momentum Model with Loss  

The classic Energy–Momentum (EM) method considers the losses between the upstream and vena 

contracta negligible. Habibzadeh et al. (2011) proposed that the energy losses between these 

sections should be considered by adding the loss term 𝑘𝑉𝑚
2/2𝑔 to Eq. (4-2): 

𝑌𝑈 +
𝑞2

2𝑔𝑌𝑈
2 = 𝑌 + 𝐾

𝑞2

2𝑔𝑌𝑚2
 (4-19) 

where 𝑘 is the energy loss factor, 𝑉𝑚 is the average velocity in the vena contracta, and: 

𝐾 = 𝑘 + 1 (4-20) 

Based on the experimental data of Rajaratnam and Subramanya (1967) [260], Habibzadeh et al. 

(2011) determined the value of 𝑘 as: 
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𝑘 = {
0.062,                            f  w
 0.0  , S bm    d f  w

 (4-21) 

For free flow 𝑌 = 𝑌𝑚. Therefore, 𝐶𝑑 could be calculated by substituting Eq. (4-9) in Eq. (4-19) to 

get: 

𝐶𝑑 = 𝐶𝑐√
1 − Δ

𝐾 − Δ2
 (4-22) 

For submerged flow 𝑌 = 𝑌𝑃 and 𝐶𝑑 could be obtained by simultaneously solving Eq.(4-15) and 

Eq.(4-19). Habibzadeh et al. (2011) reported the physically possible root of the resulting equation 

[244]. In the current study, we offer a simpler equation with an emphasis on its considerable 

similarity to Eq.(4-16), which is the result of the EM-based analytical nature of this method: 

𝐶𝑑 = 𝐶𝑐
Δ

𝐾 − Δ2
√𝜆 − √𝜆2 − (

𝐾

Δ2
− 1)

2

(1 −
1

δ2
) (4-23) 

where: 

𝜆 = 𝜎 + 𝑘/Δ2  (4-24) 

Similar to the EM method, substituting Eq. (4-20) in Eq. (4-9), then in Eq. (4-6), leads to finding 

the maximum tailwater depth for which a free flow could be expected after the sluice gate (𝑌𝐷𝑀𝐹) 

that could be used to distinguish free and submerged flow: 

𝑌𝐷𝑀𝐹 =
Δ

2𝑌𝑈
 (√1 +

16(1 − Δ)

Δ(𝐾 − Δ2)
− 1) 

 

(4-25) 
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Finally, Eq. (4-9) is applied to calculate the volumetric flow rate predicted by the EM with the loss 

model. 

In this study, this model, which is proposed by Habibzadeh et al. (2011), is referred to as EML. 

4.2.2.3 Henry’s Model 

Henry (1950) proposed the well-known nomograph based on experimental data to estimate 𝐶𝑑 for 

different flow regimes. Additionally, based on the EM model, Henry proposed that for free flow: 

𝐶𝑑 = 𝛼 𝐶𝑐√1 − 𝛽 (4-26) 

where Henry assumed 𝐶𝑐 = 0.6 and [229], [240]: 

𝛼 =
1

√1 − Δ2
  (4-27) 

𝛽 = {
Δ,                                  f  w
𝑌𝑃/𝑌𝑈, S bm    d f  w

 (4-28) 

𝑌𝑃 = 𝐶𝑐𝑌𝐺

𝛼2 +√𝛼4 + 4𝜂(𝜂(𝑌𝐷/𝑌𝐺)2 − 𝛼2(𝑌𝑈/𝑌𝐺))  

2𝜂
 

(4-29) 

𝜂 = (4𝐶𝑐(1 − 𝐶𝑐𝑌𝐺/𝑌𝐷))
−1

 (4-30) 

Henry’s (1950) model applies Eq.(4-9) to calculate the volumetric flow rate. 

4.2.2.4 Swamee’s Model 

Swamee (1992) applied a nonlinear regression to Henry’s (1950) nomograph and proposed the 



 

 

109 

 

following range for free flow [241]: 

𝑌𝑈 ≥ 0. 1𝑌𝐷 (
𝑌𝐷
𝑌𝐺
)
0.72

 (4-31) 

Therefore, the following equation was proposed as the distinguishing condition for free and 

submerged flows in Swamee’s model based on the maximum downstream depth at which free flow 

could be expected (𝑌𝐷𝑀𝐹):  

𝑌𝐷𝑀𝐹 ≤
√
𝑌𝑈𝑌𝐺

0.72

0. 1

1.72

 (4-32) 

Swamee (1992) considered 𝐶𝑐 = 0.611 and defined 𝐶𝑑 as [241]: 

𝐶𝑑 = 𝜃𝐶𝑐 (
𝑌𝑈 − 𝑌𝐺
𝑌𝑈 + 15𝑌𝐺

)
0.072

 (4-33) 

where 𝜃 = 1 for free flow, and for submerged flow: 

𝜃 =
(𝑌𝑈 − 𝑌𝐷)

0.7

0.32(0. 1𝑌𝐷(𝑌𝐷/𝑌𝐺)0.72 − 𝑌𝑈)0.7 + (𝑌𝑈 − 𝑌𝐺)0.7
 

(4-34) 

To calculate the volumetric flow rate, the Swamee (1992) model applies Eq. (4-9). 

4.2.2.5 HEC-RAS Model 

 he  .S. Army Corps of Engineers’ River Analysis System (HEC-RAS) software is developed for 

open channel flow computation under steady and unsteady conditions [233]. HEC-RAS does not 

provide a method to calculate 𝐶𝑑 for sluice gates and this coefficient needs to be supplied by the 

user. The HEC-RAS manual suggests that typically 0.5 ≤ 𝐶𝑑 ≤ 0.  [233]. In HEC-RAS, the flow 
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regimes of the sluice gates are categorized based on the ratio of 𝑌𝐷/𝑌𝑈. These ranges are 

represented in Table 4.1. 

Table 4.1: HEC-RAS distinguishing range for sluice gate flow regimes [233] 

Flow Regime Free Flow Partially submerged flow Submerged flow 

Condition 𝑌𝐷/𝑌𝑈 ≤ 0.6   0.6 < 𝑌𝐷/𝑌𝑈 < 0. 0 𝑌𝐷/𝑌𝑈 ≥ 0. 0 

 

Therefore, the following equation could be proposed as the distinguishing condition based on the 

maximum downstream depth at which free flow could be expected (𝑌𝐷𝑀𝐹) based on the HEC-RAS 

model’s definition:  

𝑌𝐷𝑀𝐹 ≤ 0.6  𝑌𝑈 (4-35) 

Similarly, the following equation could be proposed as the distinguishing condition based on the 

minimum downstream depth at which a submerged flow could be expected (𝑌𝐷𝑚𝑆) based on the 

HEC-RAS model’s definition:  

𝑌𝐷𝑚𝑆 ≥ 0.  𝑌𝑈 (4-36) 

For other situations (0.6  𝑌𝑈 < 𝑌𝐷 < 0.  𝑌𝑈) partially submerged flow would be expected based 

on the HEC-RAS model definition. 

To calculate the flow rate, HEC-RAS utilizes Eq. (4-9) for free flow, Eq. (4-37) for partially 

submerged flow and Eq. (4-38) for submerged flow [229], [233]: 

𝑄 = 𝐶𝑑𝑏𝑌𝐺√2𝑔3(𝑌𝑈 − 𝑌𝐷) (4-37) 



 

 

111 

 

𝑄 = 𝐶𝑑𝑏𝑌𝐺√2𝑔(𝑌𝑈 − 𝑌𝐷) (4-38) 

4.2.3 Laboratory Flume and Experiment 

Experiments were conducted in the Water Resources (Flume) lab of the University of Guelph. The 

steady-state flow through a sluice gate in a laboratory flume was characterized as a function of 

various upstream and downstream water depths. Figure 4.4 shows a schematic view of this 

laboratory experiment setup. Water is pumped from the main reservoir to a header tank connected 

to a sluice gate that controls the flow that enters the flume. This laboratory flume is a rectangular 

channel 0.15 m wide and 0.3 m deep, with a length of 6.12 m. It is made of plexiglass to enable 

flow visualization. The flume was carefully levelled to produce a channel with zero slope, and an 

adjustable sharp-edged sluice gate was installed near a point 1/3 of flume length downstream of 

the flume inlet. The downstream flow depth was controlled by an adjustable weir installed at the 

outlet of the flume. Water passing over the end weir returns to the main reservoir by gravity 

through a vertical pipe. A valve is installed in this return pipe to allow diversion of the return flow 

to a gauged tank calibrated volumetrically to measure the volumetric flow rate. 

The experiments were performed for target flow rates from 0.5 × 10−3 to 3.0 × 10−3 m3/s. For 

each flow rate, experiments were performed for a set of sluice gate openings from 5 to 100 mm. 

For each flow rate and sluice gate opening, tests were conducted for the weir elevations from 0 up 

to 150 mm. Table 4.2 summarizes the ranges of flow rates, sluice gate openings and weir heights 

tested.  
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Figure 4.4: Schematic of the lab experiment configuration (not to scale) 

Table 4.2: The range of target flow rates, sluice gate openings, and weir heights tested in the experiments 

Flow rate 

(10−3 𝑚3/𝑠) 
Sluice gate opening 

(10−3 𝑚) 

Weir height 

(10−3 𝑚) 

0.5 5 0 

1.0 10 10 

1.5 15 25 

2.0 25 50 

2.5 50 100 

3.0 100 150 

 

These ranges lead to 216 initial combinations of the three variables, which include a wide range 

of flow conditions based on the flume capacity.  To avoid overflow of the flume, a maximum flow 

depth of 0.2 m in the channel was considered as a limit to halt and exclude a combination during 

the experiment. Variable combinations that resulted in excessive water depths in the flume were 

labelled as “overflow” in the records and excluded from testing. Combinations of variables that 

resulted in the sluice gate having no interactions with the flow (i.e., sluice gate opening is more 

than flow depth) were measured and recorded in the main dataset to ensure it includes the full 
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range of the flume capacity, but they were excluded from the final dataset used for testing models 

and study on flow under sluice gates. All other possible combinations in which the sluice gate 

affects the flow were studied and measured. To study flow under sluice gates, excluding the 

combinations that the sluice gate had no effect on flow resulted in a dataset of 54 samples.   

Measurements were collected only once the upstream depth became constant to ensure that the 

system had achieved steady-state flow. The upstream water level was marked periodically to 

ensure that the upstream depth became constant. Upstream depths were measured at the same 

distance before the slice gate. The depths measurements were recorded with a precision of 0.01 

mm. The average of three measurements was recorded to reduce the measurement uncertainties. 

Note that due to the scale of the experiment, water surface interactions, particularly in small depths, 

could be subject to uncertainty in this experiment. For free flow, oscillating jumps and gradually 

variable jump locations could cause uncertainties in the measurements. Such conditions were 

reported and tagged in the dataset. For submerged flows, a floater was utilized to determine the 

location where the recurrent flow of flow surface ended, and the flow direction changed to the 

downstream after an approximate stagnation point. This point was considered for downstream 

depth measurement. During the experiments, fluctuations in the volume of flow were observed 

and noted. The observed fluctuations in the pumped volume of water were more significant in long 

runs and could be considered as an impossible to control uncertainty of this experiment. For each 

experiment, the average of at least three volumetric flow rate measurements was recorded. The 

flows resulting from all the possible variable combinations contains 54 samples of a wide range of 

sluice gate operating conditions, including free and submerged hydraulic jumps.  
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4.3 Results 

4.3.1 Flow Regimes’ Distinguishing Conditions 

Figure 4.5 shows the experiment results, with each point representing a measurement. This figure 

also compares regions of predicted flow regime for each method by providing the distinguishing 

conditions of each method plotted by dotted lines. For example, all points that fall below the 𝑌𝐷𝑀𝐹 

curve of the EM model are considered as free flow by this model.  

 

Figure 4.5: Lab experiment results (markers) categorized by observed flow regime, compared with predicted 

flow regimes by each model (lines). 

 

4.3.2 Discharge Coefficient and Flow Rate 

The coefficients of discharge (𝐶𝑑) and volumetric flow rates for the EM, EML, Henry, and Swamee 

models were estimated using the equations provided in section 4.2.2. In order to examine scaling 
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effects on the energy loss factor k, this study applied the loss factor values in Eq.(4-21) reported 

by Habibzadeh et al. (2011) for the EML. The estimated volumetric flow rate of these models is 

represented in Figure 4.6. The summary of evaluation models in estimating the flow rate in each 

sluice gate operation range is represented in Table 4.3.  

 

Figure 4.6: The estimated volumetric flow rate of methods for free and submerged flows 

 

Table 4.3: The evaluation criteria for estimated flow rates. 

Model Flow ME (m3/s) MAE (m3/s) MPE (%) MAPE (%) 

EM 
F 1.00×10-4 3.15×10-4 12.59 20.38 

S 7.19×10-7 8.32×10-5 -1.65 7.01 

EML 
F 6.39×10-5 3.38×10-4 11.30 21.23 

S -3.39×10-5 8.18×10-5 -3.54 7.25 

Henry 
F 1.31×10-4 3.44×10-4 14.28 21.99 

S 1.72×10-4 2.48×10-4 20.19 25.20 

Swamee 
F -1.15×10-3 1.18×10-3 -53.94 57.70 

S -9.72×10-4 9.72×10-4 -73.59 73.59 
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4.4 Discussion 

4.4.1 Flow Regimes’ Distinguishing Conditions 

Based on Figure 4.5, E , E L and Swamee’s model produced almost identical curves to 

distinguish free and submerged flows. Uniquely, the HEC-RAS model identifies three zones to 

distinguish free flow, partially submerged flow, and submerged flows. 

Comparing the number of cases that a method succeeds in distinguishing a flow regime to the 

cases that it fails could help measure each method’s accuracy in distinguishing the flow regimes. 

The EM, EML, Swamee, and HEC-RAS models accurately predicted the observed flow regime 

83%, 81%, 86%, and 48%, respectively. Note that these results may underestimate the accuracy 

of models that do not distinguish partially submerged flow conditions, and the cases that could not 

be clearly categorized as free flow or submerged flow were considered erroneous predictions. 

These results also suggest that, at least for this laboratory-scale experiment, the HEC-RAS 

estimations for distinguishing the flow regime are not accurate. According to Eq. (4-12), Eq.(4-13), 

Eq. (4-25) and Eq. (4-32), the distinguishing measure of the E , E L and Swamee’s models are 

represented as a function of 𝑌𝑈 and 𝑌𝐺. However, the HEC-RAS model distinguishing flow regime 

is only based on 𝑌𝑈.  

4.4.2 Discharge Coefficient and Flow Rate 

Analysis of the experimental results indicates that the contraction coefficient (Cc) in this 

experiment ranged from 0.576 to 0.623 with an average of 0.591. This range is in good agreement 

with the 0.58–0.63 range reported by Rajaratnam and Subramanya (1967) [236]. Additionally, this 
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average is very close to the suggested value of 0.6 by Henry (1950) [240] and 0.61 by Henderson 

(1966) [259] and Rajaratnam and Subramanya (1967) [236], and the value of 0.611 assumed by 

Swamee (1992) [241]. 

The evaluation results of studied models in estimating volumetric flow rate represented in Figure 

4.6 and Table 4.3 indicate a reasonable performance for E , E L, and Henry’s models in free 

flow. For submerged flow, the performance of EM and EML models were reasonable. The 

performance of Henry’s model was significantly lower than EM-based models for submerged 

flow. Swamee’s model performance was not acceptable for free and submerged flows. 

According to Figure 4.6, Swamee’s model flow rate estimates were significantly lower than other 

models.  he poor results of Swamee’s (1992) model with the experimental data in this study were 

consistent with results reported by Sepulveda et al. (2009), Belaud et al. (2009), and Habibzadeh 

et al. (2011) [244], [261], [262]. Since EM, EML, Henry, and Swamee models use the same 

equation to calculate the volumetric flow rate, 𝐶𝑑 is the only differing factor in these methods’ 

estimations of volumetric flow rate. Therefore, the volumetric flow rates could be used to evaluate 

the efficiency of each method in estimating the coefficient of discharge. Results indicate that the 

Swamee method’s estimated coefficients of discharge for this experiment are significantly lower 

than the other methods. Additionally, in a few cases Swamee’s method estimates some imaginary 

numbers for 𝐶𝑑 that are not reasonable. Similar results were reported by Habibzadeh et al. (2011) 

[244]. Based on these results and considering that the nonlinear regression of Swamee’s (1992) 

model is based on Henry’s (1950) nomogram could raise concerns about the generality of this 

method and the effects of scale on its accuracy. 
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4.4.3 New Analytical Equations and Methods for Design Purposes 

4.4.3.1 Determination of Loss Factor for the EML Model 

Studies such as Silva and Rojo’s (2017) applied the loss factor values in Eq. (4-21) reported by 

Habibzadeh et al. (2011) [229], [244] for the EML model. However, calibrating k using this 

experimental data showed that for this study, the value of k is 0.184 for free flow and 0.0662 for 

submerged flow. These results indicate the importance of determining the loss factor k for different 

scales and cases. 

For submerged flow, k could be determined by substituting Eq. (4-23) into Eq. (4-9) and applying 

numerical methods. For free flow, k could be found by substituting Eq. (4-22) into Eq. (4-9) or 

using Eq. (4-19), which results in the following equation for the determination of k: 

𝑘 = Δ2 (1 + 2
𝑌𝑈
3

𝑌𝐶𝑟
3
(1 − Δ)) − 1 (4-39) 

4.4.3.2 Determination of 𝑪𝒅 for the HEC-RAS Model 

The HEC-RAS model only offers a recommended range for 𝐶𝑑 and does not offer any analytical 

methods to calculate 𝐶𝑑. When experimental data is available, 𝐶𝑑 could be estimated by calibrating 

the model using the experimental data. However, for design purposes, the application and accuracy 

of this model, and the HEC-RAS software for sluice gates, will be highly dependent on the 

operator’s experience and choice.  his study offers and evaluates the application of an analytical 

model based on the EM method to estimate the 𝐶𝑑 dynamically for HEC-RAS since it applies the 

same flow rate equation to the EM method for free flow and relatively similar equations for other 
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conditions.  

In this study, three methods were proposed and evaluated and compared for the estimation of 𝐶𝑑 

for the HEC-RAS model: 1. Calibration, 2. Dynamic method, and 3. Adjusted dynamic method. 

For the calibration (first) method, there is one 𝐶𝑑 for each flow regime range which is calculated 

using the experimental data. For both dynamic methods, a separate 𝐶𝑑 is estimated for each 

calculation based on the EM equations: Eq. (4-10) for free flow, Eq. (4-16) for submerged flow 

and the average of free and submerged flow for partially submerged flow.  

For the adjusted method, the estimated 𝐶𝑑 is adjusted to the closest minimum or maximum value 

of the HEC-RAS recommended range if the calculated value is outside this range. Table 4.4  

represents the calibrated and the average 𝐶𝑑 of dynamic and adjusted dynamic models for the flow 

ranges defined by HEC-RAS. The estimated volumetric flow rate of each method is represented 

in Figure 4.7. The evaluation criteria of these estimations are represented in Table 4.4. 

 

Figure 4.7: The estimated volumetric flow rate of methods to estimate Cd  for HEC-RAS 
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Table 4.4:The estimated Cd for HEC-RAS and the evaluation criteria for estimated flow rates 

Flow regime Free Partially Submerged Submerged 

Method Cd 
MPE 

(%) 

MAPE 

(%) 
Cd 

MPE 

(%) 

MAPE 

(%) 
Cd 

MPE 

(%) 

MAPE 

(%) 

Calibration 0.506 5.6 12.26 0.688 -7.18 15.04 0.363 0.97 13.30 

Dynamic 0.499 3.74 10.53 0.435 3.50 21.59 0.241 -61.49 61.49 

Dynamic (Adj.) 0.527 9.95 12.44 0.5 16.84 26.30 0.50 -19.69 23.00 

 

4.4.3.3 Analysis of Improvements 

The newly proposed equations and methods were applied to calibrate values of 𝑘 for the EML 

model. For the HEC-RAS model, 𝐶𝑑 is calculated using the dynamic model for free flow, and 

partially submerged flow and the adjusted dynamic method is used for the submerged flow. 

Results from using the calibrated loss factor 𝑘 are represented in Table 4.5. The comparison of the 

evaluation criteria results represented in Table 4.3 and Table 4.5 indicates that calibration of loss 

factor 𝑘 led to reasonable improvements in the E L model’s accuracy for both free and submerged 

flow regimes. 

HEC-RAS applies Eq. (4-9) for estimating the volumetric flow rate, which is the same as the EM-

based models. Therefore, Eq. (4-10) seems to be a reasonable analytical method for determining 

𝐶𝑑 for free flow in HEC-RAS model. These results support this hypothesis since, according to 

Table 4.4, the dynamic method outperformed other methods with a lower MAPE = 10.53% for 

free flow. The calibrated 𝐶𝑑 led to better performance in estimating the flow rate for partially 

submerged and submerged flows, resulting in MAPEs of 15.04% and 13.30%, respectively. 

However, the experimental data are required for calibration. Therefore, for the HEC-RAS model, 

it may be reasonable to use the dynamic method to estimate 𝐶𝑑 for partially submerged flow and 
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the adjusted dynamic method for submerged flow.  

Although HEC-RAS applies a similar equation to estimate flow rate in free flow, results could not 

be compared with other models since the flow regime distinguishing conditions of HEC-RAS 

mistakenly considered many submerged flow cases as free flow. It is worth mentioning that for 

submerged flow, in this experiment, the calibrated 𝐶𝑑 =  0.363 is significantly lower than the 

minimum recommended range of 𝐶𝑑 suggested by HEC-RAS. Based on these results, the HEC-

RAS recommended range for 𝐶𝑑 was not practical for this experiment. 

Table 4.5 and Figure 4.8 summarize these results and compare them with the results of other 

studied models. 

 

 

Figure 4.8: The estimated volumetric flow rate of all models compared to corresponding measured flow rates.  
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Table 4.5: Evaluation of models in estimating the flow rate in the full sluice gate operation range 

Model Flow ME (m3/s) MAE (m3/s) MPE (%) MAPE (%) 

EM 
F 1.00×10-4 3.15×10-4 12.59 20.38 

S 7.19×10-7 8.32×10-5 -1.65 7.01 

EML 
F 5.45×10-5 2.76×10-4 5.24 18.00 

S -1.11×10-5 8.13×10-5 -2.00 7.03 

Henry 
F 1.31×10-4 3.44×10-4 14.28 21.99 

S 1.72×10-4 2.48×10-4 20.19 25.20 

Swamee 
F -1.15×10-3 1.18×10-3 -53.94 57.70 

S -9.72×10-4 9.72×10-4 -73.59 73.59 

HEC-RAS 

F 6.60×10-5 1.3×10-4 3.74 10.53 

PS -1.54×10-5 1.57×10-4 3.50 21.59 

S -8.59×10-5 1.16×10-4 19.69 23.00 

 

4.5 Conclusion 

Sluice gates are important components in designing, operating, and maintaining water delivery 

systems and hydropower plants, which are essential elements in the sustainable development of 

water resources and power generation.  his study investigated five models’ performances in 

distinguishing conditions and estimating the coefficient of discharge (𝐶𝑑) and flow rate in sluice 

gates for free flow and submerged flows. Experiments in a laboratory flume at the University of 

Guelph were used to characterize steady-state flow through a sluice gate for different flow rates, 

gate openings, and upstream and downstream depths. New equations were proposed to make them 

easier to analyze and compare and facilitate the application of the studied models.  

For this experiment, analysis of the EM, EML, and Swamee methods indicated relatively similar 

curves and performance in distinguishing the sluice gate flow regimes. However, the HEC-RAS 

model’s estimations of the flow regime were not accurate.  
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Estimating the flow rate results of this experiment indicated a reasonable performance of EM, 

E L, and Henry’s models in free flow. For submerged flow, the performances of E  and E L 

models were reasonable.  he performance of Henry’s model was significantly lower than EM-

based models for submerged flow. Swamee’s models’ performance was not acceptable for free 

and submerged flows. Several other studies report the same issue for this model. The results of 

this experiment, the fact that the nonlinear regression of Swamee’s (1992) method is based on 

Henry’s (1950) nomogram, and similar reports in several studies could raise concerns about the 

generality of this model and the scaling effects on this method’s accuracy.  herefore, it seems that 

Swamee’s (1992) method should be used with extra caution. 

This study results also indicated that the scaling effects on loss factor 𝑘 in the EML model need to 

be considered for different cases. Investigations showed that calibration k using this experiment 

data increases the EML accuracy. In practice, most of the losses will be captured through the 

calibration of 𝐶𝑑 using real field or experiment measurements. For design purposes, the EML 

model could be considered as a model with reasonable accuracy. Further investigations on this 

model are recommended. 

An analytical equation and method were proposed to determine the loss factor 𝑘 due to the 

importance of 𝑘 in the EML model, which makes it easier to use and improved its performance. 

Additionally, a new equation form was proposed for the EML model to determine the discharge 

coefficient in submerged flow.  

In addition, a solution was proposed for the HEC-RAS model drawback in not providing any 

analytical methods to estimate the coefficient of discharge 𝐶𝑑. Technically, 𝐶𝑑 could be calibrated 



 

 

124 

 

when the experimental data is available. However, for design purposes, or when the experimental 

measurements are not available, such a drawback makes the application and accuracy of HEC-

RAS highly dependent on the operator’s experience.  o address this issue, a method is offered to 

estimate 𝐶𝑑 for HEC-RAS, which enables utilizing this model for design purposes where the 

experimental data is not available for calibration. Further studies could reveal more facts about 

this method. 

In system optimization, non-iterative and fast analytical calculations for a component are important 

to maintain the overall efficiency of optimizing the whole system of many components. The new 

analytical equations, methods, and simplified models presented in this study could assist with 

modelling sluice gates as a component of complex hydraulic systems, especially when there are 

many scenarios to be studied, managed, or optimized. Moreover, they could assist where the 

experimental data is not available for calibration, such as for design purposes or where the flow in 

open channels needs to be controlled or measured using the sluice gates. This study could benefit 

the design, optimization, development of management or operation plans, etc., of sluice gates in 

complex hydraulic systems such as water delivery systems and hydropower plants, which are 

essential components in the sustainable development of water resources and power generation. 

Further studies are recommended. 

4.6 Nomenclature 

𝑨 : Area of cross-section (m2) 
𝑨𝒊 : Area of cross-section 𝑖 (m2) 
𝒃 : Width of the channel/sluice gate (m) 
𝑪𝒄 : Coefficient of contraction (𝑌𝑚/𝑌𝐺) (-) 
𝑪𝒅 : Coefficient of discharge (-) 
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𝑬𝒊 : Specific energy of the cross-section 𝑖  
𝑬𝑴 : Energy-Momentum method  
𝑬𝑴𝑳 : Energy-Momentum method by considering losses  
𝑭 : Free flow  
𝑮𝑽𝑭 : Gradually varied flow  

𝒈 : Gravitational constant 
(9.81 
m/s2) 

𝒌 : Loss factor  
𝑴𝒊 : Momentum function of the cross-section 𝑖  
𝑴𝑨𝑷𝑬 : Mean absolute percentage error (%) 
𝑴𝑷𝑬 : Mean percentage error (%) 
𝑸 : Volume flow rate (discharge) (m3/s) 
𝒒 : Unit discharge (𝑞 = 𝑄/𝑏) (m2/s) 
𝑷 : Wetted perimeter (m) 
𝑷𝑺 : Partially submerged flow  
𝑹 : Pearson correlation  
𝑺 : Submerged flow  
𝑺𝑯𝑱 : Submerged hydraulic jump  

𝒀𝑪𝒓 : Critical depth of flow (√𝑞2/𝑔
3

) (m) 

𝒀𝑫 : Downstream depth (m) 

𝒀𝑫𝑴𝑭  : 
The maximum downstream depth that a free flow could be expected; 
the conjugated depth of 𝑌𝑚 = 𝑌𝐽1 

(m) 

𝒀𝑮 : Gate's opening (m) 
𝒀𝒊 : Depth of flow at the cross-section 𝑖 (m) 

𝒀�̅� : 
Depth of the centroid of the cross-sectional area from the top of the 
water surface for the cross-section 𝑖 

(m) 

𝒀𝑱𝟏 : Initial depth of hydraulic jump (m) 

𝒀𝑱𝟐 : Secondary depth of hydraulic jump (m) 

𝒀𝒎 : The minimum depth of flow after the sluicegate (m) 
𝒀𝑷 : The piezometric head (m) 
𝒀𝑼 : Upstream depth (m) 
𝛅 : The upstream to downstream depth ratio (𝑌𝑈/𝑌𝐷) (-) 
𝚫 : The ratio of contraction point depth to the upstream depth ( c𝑌𝐺/𝑌𝑈) (-) 
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5 Development of an Equation for the Volume of Flow Passing 

through an Archimedes Screw Generator 

 

 

 

5.1 Introduction 

In order to design an ASG power plant, it is very important to estimate the volume of flow that can 

pass through the Archimedes screw. In addition, such information is very important for developing 

operation plans and management of the powerplant as well as estimating the generated power and 

power loss. There is no general theory to estimate the volume of water enters to an Archimedes 

screw [69]. In 1932 Muysken proposed the required equations and design parameters for 

Archimedes screw pumps (ASPs) [263]. However, ASGs and ASPs operate differently, especially 

in terms of the direction of flow. Therefore, many of these equations may require further studies 

or are not applicable to ASGs. In 2013, Nuernbergk and Rorres proposed an analytical model for 

the water inflow of an ASG [69]. Khan et al. (2018) proposed that the screw rotation speed and 

Adapted from: 

A. YoosefDoost and W. D. Lubitz, “Development of an Equation for the  olume of Flow 

Passing Through an Archimedes Screw Turbine,” in Sustaining  omorrow, D. S.-K. Ting and 

A. Vasel-Be-Hagh, Eds. Cham, Switzerland: Springer, Cham, 2021, pp. 17–37. doi: 

10.1007/978-3-030-64715-5_2. 

 

Thesis Author’s Contribution: 

This is an original research article that was written by Arash YoosefDoost [6]. The figures are 

all original, or from explicitly referenced sources. 
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volume flow rate would be the dominant dependent variables in inlet depth. They proposed an 

equation for the screw’s inlet depth [264]. They indicate that this equation works for lab-scale 

screws similar to the one that is tested. In fact, changing entrance Reynolds and Froude numbers 

will change with the ASG scale, and effects such as the criticality of the entrance flow are not 

included in their simple model. So, they proposed that their proposed equation should be used with 

caution in differing situations [264]. Later, initial investigations for this research proved their 

prediction: For full-scale screws, the Khan et al. (2018) equation error is considerable and makes 

it impractical. Kozyn and Lubitz identified scaling between lab-scale and full-scale ASGs as an 

issue that requires further studies [146]. 

Therefore, developing a general relationship for all screw sizes to estimate the volume of flow 

passes through an ASG considering its inlet water level is important but challenging: In ASGs, 

water flows through a helical array of blades that are wrapped around a central cylinder while there 

is a small gap between the trough and screw which could be considered as free flow. The existence 

of this small gap is necessary for allowing free rotation of the screw. This leakage is not 

considerable in full-scale screws, but it is not negligible in lab-scale ASGs. The screw geometry 

and rotation speed are two other important factors that intensify the scaling difficulties. This study 

aimed to address this problem by developing an equation to estimate the volume of water passing 

through ASGs based on the inlet depth.  
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5.2 Methodology 

5.2.1 Genetic Algorithm   

The Genetic Algorithm (GA) is a metaheuristic and evolutionary algorithm which was introduced 

by John Holland introduced in 1960 and extended by David E. Goldberg in 1989. The GA is based 

on the concept of Darwin’s theory of evolution [265] and inspired by the process of natural 

selection. It includes bio-inspired operators such as mutation, crossover and selection [266].  In 

this study, the Genetic Algorithm is used as a tool to find the most optimum coefficients for the 

developed equation. 

5.2.2 Principle Component Analysis 

The relationship between two variables could be represented and studied using 2-D graphs. In 

order to consider the relationship between three variables, a 3-D graph or contour plot could be 

practical. However, it is not easy to plot or analyze more than three variables since representing 

each variable requires one dimension (axis) in a plot. Since the same number of dimensions are 

required to plot the observations, large datasets with more than three variables are hard to plot, 

interpret and understand. Also, it is not easy to discover which dimensions capture the essence of 

the observations or the system as a whole. Using a data reduction technique such as Principal 

Component Analysis (PCA) reduces the dimensionality of the dataset whilst retaining as much of 

the variability in the data as possible [267]. 

PCA is a mathematical technique that reduces dimensionality by creating a new set of variables 

called Principal Components [268]. PCA can uncover facts around data and help to understand 

https://en.wikipedia.org/wiki/Metaheuristic
https://en.wikipedia.org/wiki/Evolutionary_algorithm
https://en.wikipedia.org/wiki/Natural_selection
https://en.wikipedia.org/wiki/Natural_selection
https://en.wikipedia.org/wiki/Mutation_(genetic_algorithm)
https://en.wikipedia.org/wiki/Crossover_(genetic_algorithm)
https://en.wikipedia.org/wiki/Selection_(genetic_algorithm)
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trends [269]. In addition, removes the noise and redundancy from data. The Principal Component 

is a linear combination of the original variables and explains as much variation as possible in the 

original data. The first few Principal Components retain most of the variation in the original 

variables to make interpretation simpler, so they can be used to describe the relationships between 

the original variables and similarities between observations. PCA It is useful to visualize the 

relationships between the variables to display the most important variables that explain the 

variations in a dataset. PCA method identifies correlated variables. The correlation mono plot 

shows vectors pointing away from the origin to represent the original variables. The angle between 

the vectors is an approximation of the correlation between the variables. 

5.2.3 Base Model 

Flow rate (Q) is the volume of fluid per unit time passing through a certain area (A). For a uniform 

state flow with the velocity V, the volumetric flow rate of incompressible fluids could be calculated 

using the continuity equation: 

𝑄 = 𝐴𝑉 (5-1) 

In an ASG, a water bucket is a volume of entrapped water between two adjacent helical plane 

surfaces. For an ideal screw operating under steady-state conditions (steady flow, constant 

rotational speed), all the buckets will have the same shape and volumetric size [49]. Also, it could 

be assumed that the flow has a speed equal to the screw’s axial transition speed ( T), which is 

equal to: 

𝑉𝑇 =
𝑆𝜔

2𝜋
 (5-2) 

The entrance area of the Archimedes screw changes nonlinearly for different inlet water levels. 
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Therefore, a new concept is developed for the maximum available area of the screw entrance for 

any inlet water levels, which has called the Effective Area (AE). Therefore, Eq. (5-1) could be 

modified by applying AE and VT and be represented as follows, which is the base volume flow rate 

equation: 

𝑄 = 𝐴𝐸𝑉𝑇 (5-3) 

This equation represents a basic model for the volume flow rate entering the screw. It is only a 

function of the rotation speed and effective area and does not include any minor entrance losses, 

effects due to the ends of the screw flights interacting with the incoming flow, etc. The total cross-

sectional area of the screw available for flow is 

𝐴𝑀𝑎𝑥 =
𝜋(𝐷𝑜

2 − 𝐷𝑖
2)

4
 (5-4) 

If the screw were able to operate totally full, 𝐴𝐸  will be equal to 𝐴𝑀𝑎𝑥. It is obvious that AE will 

be equal to 
1

2
𝐴𝑀𝑎𝑥 if the screw is half full. Figure 2.20 suggests that the ASG’s inlet water level 

(ℎ𝑢) could be projected on the screw’s entrance surface based on the inclination angle of the screw. 

This new parameter is called the effective water level (ℎ𝐸): 

ℎ𝐸 = ℎ𝑢/𝐶𝑜𝑠(𝛽) (5-5) 

For a known screw geometry defining ℎ𝐸 enables to relate the ASG inlet water level to AE. The 

screw’s effective inlet area is not constant and varies with different inlet water levels. So, it would 

be considered as 𝐴𝐸 = 𝑓(𝐷𝑜 , 𝐷𝑖 , ℎ𝐸). Calculations show that 𝐴𝐸  and ℎ𝐸  follow the trends shown 

in Figure 5.1, which shows this relationship for a range of different 𝐷𝑖/𝐷𝑂 ratios. 
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Figure 5.1: Dimensionless effective inlet area (AE/AMax) as a function of 

dimensionless effective inlet depth (hE/DO) for different Di/Do ratios. 

 

Muysken proposed a maximum recommended rotation speed (𝜔𝑀) for Archimedes screws as 

follows [83]: 

𝜔𝑀 =
5𝜋

3𝐷𝑜
2/3 

 (5-6) 

Applying the 𝐴𝑀𝑎𝑥 and 𝜔𝑀 into Eq. (5-1) leads to defining the maximum possible practical volume 

flow rate: 

𝑄𝑀𝑎𝑥 = (𝐷𝑜
2 −𝐷𝑖

2)
𝑆𝜔𝑚
 

 (5-7) 

This is the flow that would be transported by an imaginary turning screw with the entire screw 

volume completely filled with fluid. Physically, actual Archimedes screws cannot operate with 

this much fluid because water would spill out of the tops of the bucket volumes, and a screw must 

have a defined free surface in each bucket to operate. Therefore, the actual flow that passes through 

the screw is always less than QMax. In this study, the dimensionless volume flow rate is defined as 
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the ratio of measured or estimated volume flow rate over 𝑄𝑀𝑎𝑥: 

𝑄𝑁𝐷 = 𝑄/𝑄𝑀𝑎𝑥 (5-8) 

For optimal design of industrial full-scale Archimedes screws running at a fixed speed near 

 uysken’s maximum recommended rotation speed (ωM) [83], Nuernbergk and Rorres proposed 

an analytical method based on the screw’s water-inflow conditions [33]. This method can be 

simplified to an equation which is a function of the inlet depth, rotation speed and geometry of the 

screw using the concept of the effective cross-sectional area within the screw ( E), and the axial 

transport velocity of Archimedes screws ( T) [6]: 

𝑄

𝑄𝑂
=
𝐴𝐸
𝐴𝑂

 (5-9) 

where  O = π O
2 /4 and QO =  O T.  

Using the similar idea of developing a dimensionless form of parameters could lead to more 

flexible models. Therefore, the base equation (Eq. (5-3)) could be represented in a dimensionless 

form as follows: 

𝑄

𝑄𝑀𝑎𝑥
=

𝐴𝐸
𝐴𝑀𝑎𝑥

𝜔

𝜔𝑀
 (5-10) 

5.2.4 Experimental Data 

The experimental data which will be used to validate and optimize the developed equations were 

measured at the Fletchers hydropower ASG (7.2 kW design capacity), called “101” in Table 5.1. 

Data from five lab-scale screws previously examined at the University of Guelph are also used. 

Table 5.1 summarizes the measured volume flow rate data as well as the geometry details of these 

Archimedes screws. This table represents the ranges of all parameters introduced before. In this 
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table, Qmin, Qmax, ωmin and ωmax are the minimum and maximum of the flow rates and rotation 

speeds in the measured data for each screw. More information can be found in [146].  

Table 5.1: Operating Details of the Archimedes screws studied in this experiment 

Screw 
No. of 

Samples 
DO 
(m) 

Di 
(m) 

L 
(m) 

S 
(m) 

N 
(-) 

β (°) 
Di/Do 

(-) 
Amax 
(m2) 

ωM 
(rad/s) 

QMax 
(m3/s) 

Qmin 
(m3/s) 

Qmax 
(m3/s) 

ωmin 
(rad/s) 

ωmax 
(rad/s) 

2 80 0.32 0.17 1.22 0.32 3 24.5 0.53 0.23 11.28 0.032 0.005 0.01 2.06 8.90 

3 84 0.32 0.17 1.22 0.25 3 24.5 0.53 0.23 11.27 0.026 0.006 0.014 2.09 8.41 

14 22 0.38 0.17 0.48 0.38 4 33.8 0.44 0.36 9.96 0.055 0.01 0.01 1.57 6.29 

15 51 0.38 0.17 0.62 0.38 4 24.4 0.44 0.36 9.96 0.055 0.009 0.011 1.57 6.29 

16 64 0.38 0.17 0.95 0.38 4 24.5 0.44 0.36 9.96 0.055 0.001 0.014 1.05 5.25 

101 37 1.39 0.76 4.54 1.39 3 22.0 0.55 4.26 4.204 0.987 0.348 0.552 4.262 4.262 

 

Table 5.1 shows that the dataset includes Archimedes screws with dimensions in the range of Di/Do 

from 0.44 to 0.55, volume flow rates from 0.001 to 0.552 m3/s and rotation speeds from 1.045 to 

8.9 rad/s. However, the focus of this study is to estimate the volume flow rate passing through 

ASGs using knowledge of the rotation speed and inlet water level when each bucket is optimally 

filled. ASGs can handle extra flow rates, up to 20 percent more than their optimal filling, without 

a significant loss in efficiency [270]. At fill levels above the optimum, some water overflows from 

the top of the bucket over the central cylinder into the lower bucket, which is called overflow 

leakage. The overflow leakage does not result in power generation, so it reduces the overall 

efficiency [69]. In addition, such conditions may lead to unknown phenomena, which are outside 

the scope of this study. In practice, due to the physical design of screws, the effective water levels 

(ℎ𝐸) more than half of the screws’ outer diameter are uncommon and is also not the subject of this 

study. Future experiments are recommended for non-optimum operating conditions. 

5.2.5 Evaluation of the Base Equation 

Evaluating the dimensionless form of Eq. (5-3) (the base equation) represented as Eq.(5-10) with 
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the available experimental data and the validation criteria indicates a reasonable accuracy, 

especially for the full-scale ASG. These results are represented in Figure 5.2. In this figure and all 

similar figures, the “Ideal” line refers to the ideal line in which the estimations are equal to the 

corresponding measured value. Therefore, being closer to this line means better estimations. 

 

Figure 5.2: Predicted flow from Equation (5-3) versus measured flow for all ASG sizes 

 

5.2.6 Development of the Extended Equation 

Figure 5.2 indicates the base equation offers acceptable estimations, especially for the full-size 

screw. The main goal of this study is to develop an equation that is accurate across the full range 

of screw scales (i.e., for both lab and full-size screws). In order to increase the accuracy of the 

model for lab-scale screws and make it more general for all screw sizes, the potential non-

dimensional form of relevant variables were developed and investigated. Table 5.2 represents the 

list of these dimensionless numbers: 
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Table 5.2: Investigated dimensionless groups 

Description Dimensionless Variable 

N.D. Effective Inlet Water Level 𝜁 = ℎ𝐸/𝐷𝑜   

N.D. Wetted perimeter 𝑃𝑁𝐷 = 𝑃𝐸/𝑃𝑀𝑎𝑥  

N.D. Hydraulic Radius 𝑅ℎ𝑁𝐷 = 𝑅ℎ/𝑅ℎ𝑀𝑎𝑥   

N.D. Effective Area 𝐴𝐸𝑁𝐷 = 𝐴𝐸/𝐴𝐸𝑀𝑎𝑥   

N.D. Rotation Speed 𝜔𝑁𝐷 = 𝜔/𝜔𝑀  

Pitch Ratio 𝑃𝑅 = 𝑆/𝐷𝑂  

Reynolds Number  𝑅𝑒 = 𝑉𝑡𝑅ℎ/𝜈  

Froud Number 𝐹𝑟 = 𝑉𝑡
2/𝑔𝑅ℎ  

 

The initial method of expanding the base equation was focused on numerical experiments in 

applying the dimensionless groups in Table 5.2 to the base equation. Several combinations were 

developed and evaluated using the validation criteria. Then they analyzed and compared in order 

to find similarities, governing rules or general terms.  

The effect of the most effective dimensionless variables was evaluated by developing various 

equations based on Eq. (5-3) and as a function of rotation speed, geometry, and fill level of the 

Archimedes screws, such as: 

𝑄 = 𝐴𝐸
𝑆𝜔

2𝜋
× 𝑎 × (

𝑆

𝐷𝑂
)
𝑏

× (
𝜔

𝜔𝑀
)
𝑐

 (5-11) 

Here, a, b and c are dimensionless constants that must be determined. Values for these constants 

were found by applying Genetic Algorithm methods to minimize the difference between the 

predicted values and the experimental data. This process was first done for each screw individually. 

Optimization results indicate that the range of these constants is very similar for all studied screws. 

The resulting native optimum constant values for each screw are shown in Table 5.3. The results 

of Eq. (5-11) for all ASG sizes with native optimum constants for each screw are compared to the 

measured values in Figure 5.3. 
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Table 5.3: Optimum native constants for each individual screw in Eq. (5-11) 

 a b c 

#2 0.852 0.119 -0.292 

#3 0.873 0.100 -0.421 

#14 0.612 0.100 -0.702 

#15 0.689 0.100 -0.489 

#16 0.878 0.100 -0.274 

#101 0.825 0.097 -0.099 

 

Figure 5.3: Estimations of Eq. (5-11) for all ASG sizes with native optimum constants 

 

Figure 5.4: Non-dimensional results of estimations using Eq. (5-11) with general coefficients for all ASG sizes 

(a = 0.839, b = 0.09 and c = -0.306). 

0

0.1

0.2

0.3

0.4

0.5

0.6

0 0.1 0.2 0.3 0.4 0.5 0.6

Q
Es

t.
/Q

M
ax

QMeas./QMax

Ideal
#2
#3
#14
#15
#16
#101

0

0.1

0.2

0.3

0.4

0.5

0.6

0 0.1 0.2 0.3 0.4 0.5 0.6

Q
Es

t.
/Q

M
ax

QMeas./QMax

Ideal
#2
#3
#14
#15
#16
#101



 

 

137 

 

In the next step, the dataset of all screw sizes and the genetic algorithm were applied to find the 

more general values for constants a, b and c. According to Figure 5.4, a = 0.839, b = 0.09 and c = 

−0.306 reasonably improved the accuracy of Eq. (5-11) for all tested screw sizes.  

5.3 Results and Discussion 

Figure 5.2 and Figure 5.3 suggest that the extended equation (Eq. (5-11)) improved the results of 

the Eq. (5-3) for both lab-scale and full-size screws. The native (screw-specific) constants provided 

the best accuracy for each screw, and the general constants made the equation practical for all 

screw sizes. Based on the results, Eq. (5-11) using the general constants could be useful as a base 

for developing a general equation to predict the volume flow rate for all size screws. It would 

suggest that there would be some concerns about the validity of this three constant equation for 

screw #101 based on the fitting data as well as because of the number of samples. There are many 

combinations of a and c that could give equally accurate results. It could either be very accurate or 

completely inaccurate at other rotation speeds. However, similar to many full-scale ASG, screw 

101 rotates at a constant speed near the Muysken proposed a maximum recommended theoretical 

rotation speed (Eq. (5-6)). Since there is no (and maybe cannot be) any data about the different 

rotation speeds of this screw, the validation of this equation for this screw in different rotation 

speeds remains a recommended subject for future studies. 

Figure 5.4 does show that some error remains in the predictions, and it indicates that using global 

constants didn’t lead to the best accuracy for screw 3. In addition, although the dimensionless 

group of S/DO is an important parameter that reflects the screw properties, this ratio is almost the 

same for most modern screws, so it could be assumed as just a constant. Therefore, a deeper 
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analysis was performed to provide a better understanding of the governing phenomenon and the 

relationship between parameters, equation results and errors. 

5.3.1 Error Analysis 

According to Figure 5.5, an analysis of the relationship between each dimensionless variable and 

the error of the base and extended equations (Eq. (5-3) and Eq. (5-11)) indicates that the errors of 

these equations could not be considered a function of these variables. 

 

 

Figure 5.5: Analysis of the relationship between dimensionless variables vs. equations’ errors for predictions 

using the base equation (Eq. (5-3)) (top) and using the extended equation (Eq. (5-11)) (bottom). 

 

Table 5.4 indicates there is a considerable correlation between most of the variables and error for 

Eq. (5-3). This correlation is reduced significantly for rotation speed-related variables (𝜔𝑁𝐷, Re, 

-0.08

-0.06

-0.04

-0.02

0

0.02

0.04

0.06

0.08

0 0.2 0.4 0.6 0.8 1 1.2 1.4

B
as

e 
Eq

. E
rr

. [
-]

Dimensionless Number

ζ

PE_ND

R_h_ND

A_E_ND

ω_ND

Fr

A_E_ND.ω_ND

-0.08

-0.06

-0.04

-0.02

0

0.02

0.04

0.06

0 0.2 0.4 0.6 0.8 1 1.2 1.4

Ex
t.

 E
q

. E
rr

. [
-]

Dimensionless Number

ζ

PE_ND

R_h_ND

A_E_ND

ω_ND

Fr

A_E_ND.ω_ND



 

 

139 

 

Fr) in the extended equation (Eq. (5-11)). It seems there is a meaningful relationship between the 

𝜔𝑁𝐷 and this significant change in the extended equation. According to this assumption, it seems 

to apply a 𝐴𝐸𝑁𝐷 into the base equation (Eq. (5-3)) can have the same effect for area-based errors.  

 

Table 5.4: The Pearson correlation of dimensionless variables and each equation error 

 Eq. No. ζ 𝑃𝐸𝑁𝐷  𝑅ℎ𝑁𝐷  𝐴𝐸𝑁𝐷  𝜔𝑁𝐷 Re Fr 

Base Eq. (5-3) -0.45 -0.41 -0.13 -0.39 0.56 0.36 0.62 

Ext. Eq. (5-11) -0.17 -0.18 -0.15 -0.18 -0.01 0.03 0.04 

 

5.3.2 Application of the Principal Component Analysis 

Due to the number of variables in this study, it is hard to comprehend all of the relationships 

between the variables using the scatter plot or correlation matrix. In order to provide a better 

understanding of the relationship between parameters and the ASG’s flow rate and because of the 

number of variables in the dataset, Principal Components Analysis was used in this study. PCA 

help to visualize the relationship between the formerly studied variables and the new dimensionless 

group of 𝐴𝐸𝑁𝐷𝜔𝑁𝐷. Also, PCA is used to determine the hidden pattern of the dataset. PCA was 

applied to the dataset firstly to reduce the dimension. Secondly, a two-dimensional correlation 

mono plot of the coefficients of the first two principal components was used to visualize the 

relationships between the variables to display the most important variables that explain the 

variations in a dataset. For computing PCA, R software is used. The results of PCA analysis are 

represented in Figure 5.6 and Table 5.5. The influence of each parameter on 𝑄𝑁𝐷 is visualized in 

Figure 5.6. The correlation matrix of the PCA result is represented in Table 5.5.  
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Table 5.5: The correlation matrix of the PCA results 

 𝜻 𝑷𝑬𝑵𝑫  𝑹𝒉𝑵𝑫  𝑨𝑬𝑵𝑫   𝝎𝑵𝑫 𝑹𝒆 𝑭𝒓 𝑨𝑬𝑵𝑫𝝎𝑵𝑫 𝑸 

𝜻 1 0.99 0.57 0.99 0.12 0.18 0.03 0.41 0.53 

𝑷𝑬𝑵𝑫 0.99 1 0.52 0.99 0.16 0.2 0.07 0.44 0.55 

𝑹𝒉𝑵𝑫  0.57 0.52 1 0.63 0.13 0.09 0.04 0.28 0.33 

𝑨𝑬𝑵𝑫  0.99 0.99 0.63 1 0.17 0.19 0.08 0.45 0.55 

𝝎𝑵𝑫 0.12 0.16 0.13 0.17 1 0.84 0.97 0.94 0.87 

𝑹𝒆 0.18 0.2 0.09 0.19 0.84 1 0.81 0.85 0.82 

𝑭𝒓 0.03 0.07 0.04 0.08 0.97 0.81 1 0.89 0.8 

𝑨𝑬𝑵𝑫𝝎𝑵𝑫 0.41 0.44 0.28 0.45 0.94 0.85 0.89 1 0.98 

𝑸 0.53 0.55 0.33 0.55 0.87 0.82 0.8 0.98 1 

 

Figure 5.6: Principal component analysis of dimensionless groups 

 

Figure 5.6 represents the correlation mono plot of the PCA analysis, which describes the 

relationships between the non-dimensional volume flow rate 𝑄𝑁𝐷 and the dimensionless 

parameters for all screws. Component one and component two (the first and second dimensions) 

are a reflection of 58.44 percent and 31.48 percent of the variations in the data, respectively. Since 

they collectively describe up to around 90 percent variance of data that would imply that instead 
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of the initial dataset, they provide a useful approximation of the relationship between the variables 

[271]. Therefore, only the two first Principal Components were used. The PCA plot in Figure 5.7:  

shows vectors pointing away from the origin to represent the original variables. The angle between 

the vectors is an approximation of the correlation between the variables. According to this figure, 

𝑅ℎ𝑁𝐷 , ζ then 𝐴𝐸𝑁𝐷and 𝑃𝐸𝑁𝐷  vectors create a larger angle with the vector 𝑄𝑁𝐷 which indicates that 

these parameters are much less correlated with 𝑄𝑁𝐷. 

Table 5.5 confirms this conclusion numerically and indicates that variables are not related to the 

rotation speed of the screw are not strongly correlated to the flow rate since the correlations of 

𝑅ℎ𝑁𝐷 , ζ, 𝐴𝐸𝑁𝐷and 𝑃𝐸𝑁𝐷 with Q are 0.33, 0.53, 0.55 and 0.55, respectively. 

Table 5.5 indicates that the variables that are related to the rotation speed of the screw have the 

highest correlations with the flow rate. In terms of correlation, 𝐹𝑟 < 𝑅𝑒 < 𝜔𝑁𝐷 < 𝐴𝐸𝑁𝐷𝜔𝑁𝐷 with 

the correlations of 0.8, 0.82, 0.87 and 0.98, respectively. Figure 5.6 indicates that despite the 

relatively good correlation of Re, it could not be considered a very practical representation of 𝑄𝑁𝐷. 

It is worth mentioning that the numerical experiments for developing the equations supported this 

conclusion as well. 

The high correlation of 0.87 between 𝑄𝑁𝐷 and 𝜔𝑁𝐷 suggests that, as was expected, 𝜔𝑁𝐷 is an 

effective variable in this phenomenon. However, the high correlation of 0.98 suggests that 

𝐴𝐸𝑁𝐷𝜔𝑁𝐷  is the most important and correlated parameter to 𝑄𝑁𝐷. Due to this significant 

correlation, development of the extended equation was focused on the application of this 

combination. 



 

 

142 

 

5.3.3 Modified Extended Equation 

Based on the error analysis and principal component analysis, the extended equation is modified 

in a way that reflects the importance of the most effective parameters as: 

𝑄 = 𝐴𝐸
𝑆𝜔

2𝜋
× 𝑎 × (

𝐴𝐸
𝐴𝑀𝑎𝑥

)
𝑏

× (
𝜔

𝜔𝑀
)
𝑐

 (5-12) 

In order to find constants a, b and c genetic algorithm is applied. Results indicate that 𝑎 = 1.266, 

𝑏 = 0.335 and  𝑐 = −0.1   are practical values for these constants to provide enough accuracy 

for Eq. (5-13) to be used as a general equation for all studied screw sizes.  

Eq. (5-12) could be represented in a non-dimensional form if it is divided by the maximum possible 

volume of flow rate (QMax). The screw pitch is a constant number for each screw which is usually 

a ratio of the outer diameter. Analysis of the results of considering 𝑆/2𝜋 as a constant shows a 

very slight increase of error for the studied screws. Therefore, the simplified non-dimensional form 

of this equation could be represented as: 

𝑄

𝑄𝑀𝑎𝑥
= 𝑎 × (

𝐴𝐸
𝐴𝑀𝑎𝑥

)
𝑏

× (
𝜔

𝜔𝑀
)
𝑐

 (5-13) 

The same application of genetic algorithms indicates that 𝑎 = 1.242, 𝑏 = 1.311 and  𝑐 = 0. 22 

are practical values for these constants to provide enough accuracy for Eq. (5-13) to be used as a 

general equation for all studied screw sizes. Figure 5.7 represents the non-dimensional results of 

this equation’s estimations for all ASG sizes. 
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Analysis of the correlation of dimensionless variables and the developed equation errors indicates 

that in the modified extended equation (Eq. (5-12)) and Eq. (5-13), the correlation between 

variables and error is reduced to 3 percent and less for all dimensionless numbers (but Re) so that 

it could be considered as negligible. Further studies are recommended about the effect of the 

Reynolds number on this phenomenon. In addition, it seems that 𝜔𝑁𝐷 and 𝐴𝐸𝑁𝐷are two important 

variables in the volume of flow passes through an ASG. These results are represented in Table 5.6. 

Table 5.6: The Pearson correlation of dimensionless variables and prediction error using each equation 

Eq. Name Eq. No. ζ 𝑷𝑬𝑵𝑫  𝑹𝒉𝑵𝑫  𝑨𝑬𝑵𝑫  𝝎𝑵𝑫 Re Fr 

Base Eq. (5-3) -0.45 -0.41 -0.13 -0.39 0.56 0.36 0.62 

Ext. Eq. (5-11) -0.17 -0.18 -0.15 -0.18 -0.01 0.03 0.04 

Mod. Ext. Eq. (5-12) 0.01 0.02 0.02 0.03 -0.02 -0.21 0.01 

Mod. Ext. Eq. N.D. (5-13) 0.01 0.02 0.02 0.03 -0.02 -0.22 0.01 

 

 

Figure 5.7: Non-dimensional results of Eq. (5-13)’s estimations with general coefficients for all ASG sizes. 

 

Table 5.7 and Table 5.8 compare the accuracy of each equation based on MPE and MAPE, 

respectively. Although developed equations show an acceptable accuracy for almost all studied 
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screw sizes, MAPE suggests that for single or short-term estimations, Eq. (5-11) showed a slightly 

better performance for the full-size screw. However, the modifications of the extended equation 

(Eq. (5-12) and Eq.(5-13)) showed a bit more precision for lab-scale screws. 

According to MPE validation criteria, Eq. (5-12) and Eq. (5-13) could be considered as the most 

practical equations for long-term estimations, especially when the water level and even rotation 

speed of ASGs varies through the operation, just like the real hydropower plans. Therefore, it 

seems that these equations are practical for designing operation plans for full-size ASG-based 

power plants. Most of the full-scale ASGs are operating at a constant rotation speed near the 

Muysken rotation speed. Therefore, further investigations may require using these equations for 

full-scale varying rotation speed ASGs. 

Table 5.7: Comparison of the MPE (%) of developed equations with optimum global constants for each ASG 

        Eq.  Base Eq. Ext. Eq. Mod. Ext. Eq. Mod. Ext. Eq. N.D. 

AST (5-3) (5-11) (5-12) (5-13) 

#2 3.499 % 2.651 % 0.008 % 0.008 % 

#3 -7.655 % -4.989 % -0.008 % -0.008 % 

#14 -14.299 % -4.310 % -0.013 % -0.013 % 

#15 -9.441 % 2.065 % 0.005 % 0.005 % 

#16 -8.546 % 9.527 % 0.019 % 0.019 % 

#101 2.556 % 0.239 % -0.006 % -0.006 % 

 

Table 5.8: Comparison of the MAPE (%) of developed equations with optimum global constants for each ASG 

        Eq.  Base Eq. Ext. Eq. Mod. Ext. Eq. Mod. Ext. Eq. N.D. 

AST (5-3) (5-11) (5-12) (5-13) 

#2 11.007% 10.385 % 8.031 % 8.270 % 

#3 11.476 % 18.662 % 4.540 % 4.712 % 

#14 18.322 % 8.022 % 10.346 % 10.302 % 

#15 11.110 % 3.439 % 3.527 % 3.498 % 

#16 24.040 % 15.468 % 11.428 % 11.584 % 

#101 2.939 % 1.877 % 2.633 % 2.452 % 
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Finding a practical and simple equation that works well for both studied lab-scale and full-scale 

screws is very promising and important for the design, making operation plans and operation of 

Archimedes screw hydropower plants. The proposed equation showed acceptable flexibility and 

performance for almost a wide range of rotation speeds for lab-scale screws. However, it is 

recommended to use it with caution. Also, although most of the full-scale ASGs are operating in 

the same rotation speed, which is near to the Muysken rotation speed, further studies are 

recommended for the ASG powerplants utilizing variable rotation speed Archimedes screws. 

5.4 Conclusions 

The Archimedes screw is an ancient but effective technology which recently modified to be 

utilized for power generation. ASGs are safer for aquatic life and a more sustainable solution that 

offers clean and renewable energy. Although ASGs are using widely in Europe, there is only one 

operating ASG in North America. This study investigated the development of a model to estimate 

the volume of flow passing through ASGs, considering their inlet water level and rotation speed. 

The experimental measurements of five lab-scale and the only operating ASG power plant in 

Canada are used to find a general equation for all studied screw sizes. The size of investigated 

ASGs in this study has a variety of 0.17 m to 1.8 m and 0.32 m to 3.6 m for the inner and outer 

diameters, respectively. In this study, the new concept of the Archimedes screw’s effective area 

(AE) is proposed, which is a function of the inlet water level and geometry of the Archimedes 

screw. Investigations proved that there is a strong relationship between the screw’s effective area, 

rotation speed and the volume of flow passing through the screw. Although the base proposed 

equation (Eq. (5-3)) and its dimensionless form (Eq. (5-10)) showed a reasonable accuracy for the 
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full-scale screw, investigations continued to develop a general relationship that could be broadly 

applicable to all studied Archimedes screw sizes. Therefore, new related dimensionless groups 

were developed and combined with the base equation (Eq. (5-3)). These equations are optimized 

by the Genetic Algorithm and the experimental measurements to find the optimum value for the 

constants. Although it is obvious optimizing the equation’s coefficients for each screw could lead 

to the highest accuracy, general constants have been represented for the proposed equation in a 

way that the final model could be broadly applicable for both studied lab-scale and full-scale 

screws. Results indicate that modifying the base equation (Eq. (5-3)) with a combination of 𝜔𝑁𝐷 

and 𝐴𝐸𝑁𝐷leads to achieve reasonable accuracy for all studied screw sizes. According to MPE 

validation criteria, Eq. (5-12) and Eq. (5-13) could be considered as the most practical equations 

for long-term estimations, especially when the water level and even rotation speed of ASGs varies 

through the operation time, just like the real hydropower plans. Therefore, it seems that these 

equations are practical for developing operation plans for full-size ASG-based power plants. Most 

of the full-scale ASGs are operating at a constant rotation speed near the Muysken rotation speed. 

Therefore, further investigations may require using these equations for full-scale varying rotation 

speed ASGs. Also, it is recommended to evaluate the developed equation’s accuracy and 

applicability for Archimedes screws with different sizes, which may lead to determinate even more 

general coefficients. Finding a practical equation that works well for both studied lab-scale and 

full-scale screws is very promising and important for the design, development of the operation 

plans and operation of Archimedes screw hydropower plants. The proposed equation showed 

acceptable flexibility and performance for almost a wide range of rotation speeds for lab-scale 

screws. However, it is recommended to use it with caution. Finally, although most of the full-scale 
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ASGs are operating at the same rotation speed, which is near to the Muysken rotation speed, further 

studies are recommended for variable rotation speed Archimedes screws.  
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6 Archimedes Screw Design: An Analytical Model for Rapid  

Estimation of Archimedes Screw Geometry 

 

 

 

6.1 Introduction 

Estimation of the Archimedes screw geometry is a fundamental necessity in designing ASG 

hydropower plants. The screw geometry affects many aspects of an Archimedes screw powerplant 

design. Each site has different specifications and limitations, including head, flow and available 

locations for the power plant installation. Most ASG installations are run-of-river, with small or 

no reservoirs, and plant performance is directly dependent on the local flow duration curve, which 

varies from river to river. The lack of active water storage in run-of-river (ROR) powerplants 

makes the importance of the temporal distribution of volumetric flow rate an important design 

parameter. This means that ASG designs must be highly site-specific, requiring different designs 

to account for site-specific characteristics. 

Adapted from: 

A. YoosefDoost and W. D. Lubitz, “Archimedes Screw Design: An Analytical  odel for Rapid 

Estimation of Archimedes Screw Geometry,” Energies, vol. 14, no. 22, p. 7812, Nov. 2021, doi: 

10.3390/en14227812. 

 

Thesis Author’s Contribution: 

This is an original research article that were written by Arash YoosefDoost [2]. The figures are 

all original, or from explicitly referenced sources. 
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Recently there has been an emerging interest in utilizing computational fluid dynamics (CFD) for 

modelling Archimedes screw generators to measure and visualize the fluid and forces within the 

screw. Simmons [272], [273] and Shahverdi have completed CFD studies modelling several case 

studies to study ASG performance [94], optimize screw performance [274], or assess and predict 

the design parameters of the Archimedes screw generator [275]. However, these studies 

demonstrate that successful CFD modelling requires significant time, resources and, experienced 

practitioners, software and hardware infrastructures. Proper CFD models must be carefully 

developed, validated and analyzed for each case. 

Archimedes screw pumps (ASP) could be considered among the well-studied hydraulic machines, 

and some analytical methods have been developed for ASPs [276]. However, in practice, even 

some design aspects of ASPs still remain in experience. In designing Archimedes screw generators 

(ASG), the lack of analytical guidelines is so serious that usually listed among the important ASGs 

disadvantage [1]. The literature shows that there are still no general analytical standards for 

designing ASGs [1], and the designs are still highly dependent on the designer’s experience [33]. 

Important non-English language ASG design literature includes the works of Brada (1996) [78], 

Aigner (2008) [79], Schmalz (2010) [80], Lashofer et al. (2011) [81], and Nuernbergk’s (2020) 

book [82]. The papers by Rorres [34] and Nuernbergk and Rorres [33] are among the well-known 

studies in English literature. However, the proposed methods in these works require considerable 

computation costs [1], even for the initial estimations and the early stages of designing the ASG 

hydropower plants. 

Dragomirescu (2021) proposed a method to estimate the required screw outer diameter based on 

the volume of filled buckets [276]. However, there was no analytical equation to calculate this 
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volume. To deal with this issue, Dragomirescu used regression to estimate correction factors based 

on a list of ASGs that were all designed by the same manufacturer (Rehart Power) [277] and 

selected based on their high overall plant efficiencies (more than 60%) [276]. Using regression 

analysis for such limited case studies may affect the generality of the model and limit it to these 

case studies. However, in comparison to the former studies, this method could speed up estimating 

the required screw size and is easier to understand and implement. 

Currently, there is no generally accepted and easy to understand and implement method to rapidly 

determine the preliminary size and operating characteristics of ASG designs. Obviously, each 

design requires deep studies, evaluation, modelling and optimization, which is costly and time-

consuming. However, the first step of optimizing a design is to develop realistic estimates of the 

primary variables for the initial designs. Therefore, a model is needed for the purpose of rapidly 

estimating initial design parameters. This study focused on developing an analytical method to 

estimate site-specific Archimedes screw geometry properties that offers the remarkable advantage 

of significantly low computational costs. 

 

6.2 Materials and Methods 

6.2.1 Theoretical Basis 

The most important dimensions and parameters required to define the Archimedes screws are 

represented in Figure 2.20 and described in Table 2.2. Archimedes screw design parameters can 

be categorized as external (DO, L, and β) and internal (Di, N, and S) parameters. Generally, the 

screw installation site location properties and the passing volumetric flow rate determine the 
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external parameters, and the screw performance can then be optimized by adjusting the internal 

parameters [34]. 

The installation level (position) of the screw(s) relative to the dam crest or expected level of 

poundage (reservoir) should be defined considering the determined geometry and optimum inlet 

level of the Archimedes screw(s). The inlet depth of the Archimedes screw can be represented in 

a dimensionless form as: 

Ξ =  ℎ𝑢(𝐷𝑂 𝑐𝑜𝑠 𝛽)
−1  (6-1) 

The available head (H) and volumetric flow rate (Q) and are two important parameters in ASG 

hydropower plants. In Archimedes screws, the flow always has a free surface (exposed to 

atmospheric pressure). In addition, the cross-sectional areas at the inlet and outlet of a screw are 

equal. Applying continuity and the Bernoulli equation, it can be shown that ideally, the available 

head at an ASG is the difference of free surface elevations at the upstream (ZU) and downstream 

(ZL) of the ASG, where ZU and ZL are both measured from the same datum: 

𝐻 = 𝑍𝑈 − 𝑍𝐿  (6-2) 

The inclination angle of the Archimedes screw (β) is sometimes restricted based on slope or 

geometry. Considering Figure 2.20, for a known head (H), the screw length (L) is: 

𝐿 = 𝐻/ 𝑠𝑖𝑛 𝛽 (6-3) 

 For developing the current predictive model, the application of the continuity equation suggests 

that the flow rate passing through the screw (Q) is dependent on the flow depth at the entrance 

(hu), overall (outer) diameter ( O) and the rotation speed (ω) of the screw.  his assumption has 
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been applied and evaluated formerly in studies such as Nuernbergk and Rorres [33] and 

YoosefDoost and Lubitz [6]. 

In Archimedes screws, a water bucket is a volume of entrapped water between two adjacent helical 

plane surfaces. For an ideal screw operating under steady-state conditions (steady flow, constant 

rotational speed), all buckets will have the same shape and volumetric size [49]. Moreover, it could 

be assumed that the flow has a speed equal to the screw axial translation speed ( T) which is equal 

to: 

𝑉𝑇 =
𝑆𝜔

2𝜋
 (6-4) 

In 1932 Muysken proposed the required equations and design parameters for Archimedes screws 

used as pumps [83]. Muysken proposed a maximum recommended rotation speed (ωM) for 

Archimedes screws [83], and Lashofer et al. [36] confirmed that many current industrial ASGs are 

designed with this rotation speed which is close to: 

𝜔𝑀 =
5𝜋

3𝐷𝑜
2/3 

 (6-5) 

Based on the concept of the effective cross-sectional area within the screw ( E), and using the 

axial transport velocity of Archimedes screws ( T) [6] the volume of flow passing through the 

Archimedes screws could be expressed as an equation which is a function of the inlet depth, 

rotation speed and geometry of the screw: 

𝑄 = 𝐴𝐸𝑉𝑇 (6-6) 

The effective area (𝐴𝐸) is calculated using the following equations, with the definitions of 

additional variables defined in Figure 6.1. 
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𝐴𝐸 =
1

 
[𝐷𝑂

2(2𝜃𝑂 −  in 2𝜃𝑂) − 𝐷𝑖
2(2𝜃𝑖 −  in 2𝜃𝑖)] (6-7) 

𝜃𝑂 = 𝜋 −       (
𝑦𝑂
𝑟𝑂
− 1) (6-8) 

𝜃𝑖 = 𝜋 −       (
𝑦𝑖
𝑟𝑖
− 1) (6-9) 

 

Figure 6.1: Required parameters to define the effective area. 

 

Using the concept of effective area (𝐴𝐸) with Eq. (6-4) and Eq. (6-6) and defining 𝛿 = 𝐷𝑖/𝐷𝑂 and 

𝜎 = 𝑆/𝐷𝑂 results in the following analytical equation for the volume of flow passing through the 

Archimedes screw: 

𝑄 = 𝐷𝑂
3
𝜎𝜔

16𝜋
(2𝜃𝑂 −  in 2𝜃𝑂 − 𝛿

2(2𝜃𝑖 −  in 2𝜃𝑖)) (6-10) 

The overall (outer) diameter of the screw ( O) can then be determined based on the flow rate 

passing through the screw. Solving for the outer diameters results in the following equation that 

enables estimation of the required Archimedes screw outer diameter to accommodate the specified 
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flow rate passing through the screw: 

𝐷𝑂 = √
16𝜋

𝜎𝜔(2𝜃𝑂 −  in 2𝜃𝑂 − 𝛿2(2𝜃𝑖 −  in 2𝜃𝑖))
𝑄

3

 (6-11) 

These equations could be simplified for industrial full-scale Archimedes screws running at a fixed 

speed near to the  uysken’s maximum recommended rotation speed (ωM) as: 

𝑄 =
5

4 
𝜎𝐷𝑂

7/3
(2𝜃𝑂 −  in 2𝜃𝑂 − 𝛿

2(2𝜃𝑖 −  in 2𝜃𝑖)) (6-12) 

𝐷𝑂 = (
4 

5𝜎(2𝜃𝑂 −  in 2𝜃𝑂 − 𝛿2(2𝜃𝑖 −  in 2𝜃𝑖))
𝑄)

3/7

 (6-13) 

It is notable that for a specific screw at a specific fill level, the variables other than 𝑄 are constant. 

Therefore, Eq. (6-13) could be represented as a power function with two constants of 𝜂 and 𝜓: 

𝐷𝑂 = 𝜂 𝑄𝜓 (6-14) 

The inner diameter of the screw (𝐷𝑖) has an important effect in 𝐴𝐸  and the flow rate passing through 

the screw. In smaller screws, it is possible to deal with technical constraints such as permissible 

deflection by increasing the thickness of the shaft tube wall. However, to maximize the shaft 

length, it may be necessary to increase the outer diameter. Nagel in 1968 indicated that reasonable 

filling of ASPs would be achieved for 𝛿 = 𝐷𝑖/𝐷𝑂 between 0.4 and 0.6 [31]. Theoretical studies 

and experimental investigations on models and full-scale ASPs indicate that maximizing the water 

volume in the screw occurs with δ between 0.45 and 0.55. This ratio is reported as the 

economically optimum ratio as well, due to optimum the usage of material [31]. Lashofer et al. 

[36] confirmed that for most ASG powerplants, 𝛿 is usually very close to 0.5. 
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Nagel in 1968 indicated the ratio of 𝜎 = 𝑆/𝐷𝑂 is related directly to the number of blades (𝑁) and 

reversely to the inclination angle (𝛽) of the ASPs (higher β or lower N results in lower δ, and vice 

versa). From the hydraulic point of view, Nagel recommends [36]: 

𝜎 = {

1.2, 𝛽 < 30°
1,            𝛽 = 30°
0. , 𝛽 > 30°

 (6-15) 

Figure 6.2 visualizes Eq. (6-14) results for these 𝜎 values across the full range of dimensionless 

fill heights (Ξ) of screws with δ = 0.5. An analysis of this result indicates that ησ=0.8/ησ=1 ≈ 1.1 

and ησ=1.2/ησ=1 ≈ 0. 25 . Due to manufacturing considerations, Nagel proposed to consider σ =

1 as a fixed ratio (constant) and the inclination angle as a parameter to optimize [36]. The σ = 1 

is proven as a correct ratio for ASPs with three blades and inclination angles up to 35° [31]. 

Lashofer et al. confirmed that two-thirds of ASG installations follow this ratio and the rest utilized 

larger variations, most likely as a result of the installation conditions [36]. 

As a general analytical method to estimate the Archimedes screw outer diameter based on the 

volumetric flow rate for all ASG inlet depths, Eq. (6-14) could be applied for 𝛿 = 0.5, 𝜎 = 1,    

𝜃 = 3/  and the corresponding 𝜂 value of each dimensionless inlet depth. 

The observations above can be used to determine an overall relationship between volume flow rate 

and outer diameter for a screw. The general form of Eq. (6-15) is: 

𝐷𝑂 = 𝜂 𝑄
3/7 (6-16) 

where 𝜂 is a constant accounting for screw geometry and fill level. Assuming the commonly used 

values of δ = 0.5 and σ = 1, a value of 𝜂 can be determined for each dimensionless inlet depth, 



 

 

156 

 

which is turn is related to volume flow rate. 

 

Figure 6.2: Comparison of Eq. (6-14) results for δ = 0.5 and different σ values. 

 

The resulting analytical equation eliminates a considerable amount of design steps, required 

calculations and iterative processes, which results in significantly lower computational costs for 

designing Archimedes screws. For example, for the desired flow rate 𝑄, Eq. (6-16) could be used 

for Archimedes screws with 𝛿 = 0.5, and Figure 6.2 could be used to determine the corresponding 

𝜂 value of each dimensionless inlet depths. 

For the common Archimedes screw designs (𝛿 = 0.5 and 𝜎 = 1), Eq. (6-12) and Eq. (6-13) could 

be simplified even more and represented as: 

𝑄 =
5

1 2
( 𝜃𝑂 − 4  in 2𝜃𝑂 − 2𝜃𝑖 +  in 2𝜃𝑖)𝐷𝑂

7/3
 (6-17) 

𝐷𝑂 = (
1 2

5 ( 𝜃𝑂 − 4  in 2𝜃𝑂 − 2𝜃𝑖 +  in 2𝜃𝑖)
)
3/7

𝑄3/7 (6-18) 
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Solving the same problem for different ASG inlet fill heights leads to results that are in complete 

agreement with Eq. (6-16). As an analytical test, using Eq. (6-18) for Ξ = 50% and Ξ =  5% 

leads to the following results, respectively: 

𝐷𝑂50% = (
64 

5𝜋
𝑄)

3/7

≈ 1. 25  𝑄3/7 (6-19) 

𝐷𝑂75% = (
2  

5(3√3 + 5𝜋)
𝑄)

3/7

≈ 1.5440 𝑄3/7 (6-20) 

6.2.2 Case studies 

The evaluation criteria are presented in appendix. Table 6.1 provides a detailed list of the 

Archimedes screw hydro powerplant installations that are used for evaluation purposes in this 

paper. Table 6.1 is a compilation of published data from multiple sources. References for each 

plant are listed in this table. 

Table 6.1: Details of Archimedes screw hydropower plants used for model evaluation. 

ID Name DO (m) H (m) Q (m3/s) P (kW) Note Ref. 

1 Haddo 1.4 5 0.5 15.9 * [276], [277] 

2 Indore 1.4 5.3 0.6 19 * [276], [277] 

3 Mühlen 1.5 3 1 21 * [276], [277] 

4 Bischofsmais 1.6 3.16 1 21 * [276], [277] 

5 Gennkikungou 1.6 1.05 0.99 7.3 * [276], [277] 

6 Herrenhof 1.6 2.1 0.9 13.9 * [276], [277] 

7 Schnaittach 1.6 1.35 0.8 7.5 * [276], [277] 

8 Vierhöfen 1.6 1 1.2 8 * [276], [277] 

9 St. Michael 1.7 3.2 1.2 26.92 * [276], [277] 

10 Vadodara 1.7 5 1 33 * [276], [277] 

11 Eitting 1.8 3.57 1.2 29 * [276], [277] 

12 Erding 1.8 1.75 1.2 13.9 * [276], [277] 

13 Flatford Mill 1.9 1.1 1.6 12.6 * [276], [277] 

14 Niedermühle 1.9 3.17 1.5 33 * [276], [277] 

15 Gescher 2 3.45 1.8 46 * [276], [277] 

16 Yvoir 2.1 1.8 2 26 * [276], [277] 
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17 Colditz 2.2 3 1.5 33 * [276], [277] 

18 Ahornweg 2.3 1.45 2 21  [278] 

19 Solvay 2.3 2 2.5 35  [138] 

20 Stimpfach 2.3 2.55 2.3 44 * [276], [277] 

21 Linton Falls  2.4 2.7 2.6 50  [135] 

22 Untermünkheim 2.4 1.8 2.5 31 * [276], [277] 

23 Turbury Mill 2.5 2.1 2.8 43 * [276], [277] 

24 Dautphetal 2.6 2.55 2.5 45.8 * [276], [277] 

25 
Hannoversch-

Münden 
2.8 2.6 2 35.455  [279] 

26 Wiener Neustadt 2.8 4.05 3.5 98 * [276], [277] 

27 Pilsing 2.9 3.6 3.2 8 * [276], [277] 

28 Linton Plant 3 3.2 4.5 110 ☆ [1], [65] 

29 Low Wood 3 7.2 4 200  [135] 

30 Marengo 3 1.6 3.7 51  [139], [140] 

31 Baiersdorff 3.2 1.5 4.5 48.1 * [276], [277] 

32 Crescenzago 3.2 2.1 5 75  [278] 

33 Hausen 3.4 5.8 6 250 * [276], [277] 

34 Hausen III Neumatt 3.4 5.8 5.5 235  [278] 

35 Kirchberg 3.4 2.97 6 130 * [276], [277] 

36 Shanes Castle 3.4 5 5.5 192 * [276], [277] 

37 Radyr 3.5 3.5 11 200  [134] 

38 Maple Durham 3.6 1.73 8 99 * [276], [277] 

39 Wien 3.6 1.7 7.1 84 * [276], [277] 

40 Totnes 3.7 3.45 6.5 160  [280] 

41 Künzelsau 4.1 1.72 8.95 132  [278] 

42 Plana 4.1 3.5 8.73 220  [278] 

43 Gunthorpe Weir 4.3 2.03 14.15 165  [281] 

44 Ham 4.3 10 5 360  [278], [282] 

45 Höllthal 4.3 2.22 10.5 220  [278], [283] 

46 Olen 4.3 10 5 360  [278], [282] 

47 Hasselt 5 10 5 400  [45], [70] 

48 Widdington Plant 5 3 14.5 335 ☆ [1], [65] 

Notes: * Used in Dragomirescu [276]; ☆. Two different Archimedes screws installed in Linton Lock hydropower 

plant. 

 

6.3 Results and Analysis 

To find the most representative dimensionless fill height for the current Archimedes screw 

installations (Table 6.1), Eq. (6-16) was used to compute all η values for the full range of 
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dimensionless fill heights (Ξ).  hen a numerical experiment was performed to estimate the overall 

diameter of the Archimedes screw hydro powerplant installations that are represented in Table 6.1 

by using Eq. (6-16). Technically, the highest agreement of the studied cases with the equation 

results where there is the minimum difference between the estimations and the actual observations. 

As shown in Figure 6.3, the minimum relative difference of MAPE = 2.31% occurs when Ξ = 

69%, with a resulting value of η of 1.61.  herefore, this η value was used for the rest of the 

investigation. 

 

Figure 6.3: Results of Eq. (6-16) for the whole range of the dimensionless inlet depth of the screw (Ξ) values 

in comparison with the currently installed ASG designs of Table 6.1. 

 

Figure 6.4 shows the outer diameter for each plant in Table 6.1 compared to the corresponding 

outer diameter predicted using Eq. (6-16) with 𝜂 =  1.61. The evaluation of the proposed 

analytical equation indicates a reasonable accuracy for the developed equation by a correlation 

high as high as R = 91.80% and a relative difference as low as MAPE = 6.58% on average. In 

these results, the point with highest relative difference is the Hannoversch Münden multi-ASG 

hydropower plant which has a unique design allowing 0 to 28 adjustable inclination angle for 
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operation with variable tailwater levels: it is possible that the data published for this plant is not as 

representative of operation in conventional conditions. 

 

Figure 6.4: Comparison of Eq. (6-16) results with Dragomirescu [276] 

and the other Archimedes screw installations (Table 6.1). 

 

Figure 6.4 also compares the accuracy of predictions using the Dragomirescu method [276] with 

Eq. (6-16) results. According to this figure, both methods indicate a good agreement for these 

Archimedes screw designs. For Dragomirescu’s specific cases and method, analysis the evaluation 

criteria indicate a high correlation (R = 96.96%) and low relative difference (MAPE = 5.72%) for 

this method. For the same cases, Eq. (6-16) produced a higher correlation (R = 98.63%) and lower 

relative difference (MPAE = 4.54%) than the Dragomirescu method results. 

In summary, the results of both methods are arguably good given the assumptions and small 

number of variables used in both methods. However, considering the analytical nature of Eq. 
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(6-16), the slightly better performance in term of some evaluation criteria, as well as its significant 

ease of use may make Eq. (6-16) more practical. Eq. (6-16) is developed based on a strong theorical 

basis that makes it a general equation. Moreover, evaluation of Eq. (6-16) with a wide range of 

different cases indicates a reasonable accuracy. Finally, using the Dragomirescu method requires 

predefining the number of blades (𝑁) and length (𝐿) or the inclination angle (𝛽) of screw even for 

initial estimations while Eq. (6-16) may be used without requiring these variables as outlined 

below. 

6.4 Analytical Method for Designing Archimedes Screws 

This section proposes a rapid and simple method to estimate the design properties of Archimedes 

screw generators based on the analytical equations that are proposed in this study. The step-by-

step design process for the Archimedes screw is: 

(1) Determine the site properties: available volumetric flow rate (𝑄), head (𝐻) and the 

inclination angle of the Archimedes screw (β). Lashofer et al. [36] confirmed that many 

current industrial ASGs are installed at β = 22° [36]. 

(2) Use Eq. (6-3) to determine the Archimedes screw’s length. 

(3) Use Eq. (6-11) to determinate the overall (outer) diameter DO of the Archimedes screw 

based on the desired 𝜔, 𝛿, 𝜎 and Ξ values. Or,  

Use Eq. (6-16) to design Archimedes screw similar to the current installed ASGs in 

hydropower plants (𝛿 = 0.5, 𝜎 = 1, Ξ = 6 %, 𝜂 ≈ 1.61 and 𝜓 = 3/ ). For example, for 
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𝑄 =   𝑚3/𝑠 using Eq. (6-16) results 𝐷𝑂 = 1.61 ×  3/7 ≈ 4.12  𝑚. Comparison of the 

calculated 𝐷𝑂 with Table 6.1 indicates that this is a very close outer diameter to the 

Künzelsau hydropower plant Archimedes screw (𝐷𝑂 = 4.1𝑚) with is designed for almost 

the same flow rate. Or, for 𝑄 = 1𝑚3/𝑠, Eq. (6-18) gives 𝐷𝑂 = 1.61 𝑚 which is almost 

the same as the average of Bischofsmais, Mühlen and Vadodara ASGs’ outer diameters 

(1.6 m, 1.5 m and 1.7 m respectively). 

(4) Determinate the inner diameter ( i) and screw pitch (S) based on the estimated  O using 

the following equations: 

𝐷𝑖 = 𝛿𝐷𝑂 (6-21) 

𝑆 = 𝜎𝐷𝑂 (6-22) 

This method is summarized in the represented flow chart in Figure 6.5. 

 

 

 

Figure 6.5: The analytical method for designing Archimedes screws. 
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6.5 Conclusions 

This study developed an analytical method to produce a rapid initial estimate of the geometry of 

an Archimedes screw power plant. Analytical equations were developed based on mathematical, 

physical and hydraulic facts from the literature. Finally, a general analytical equation is proposed 

to estimate the overall diameter of the ASG, and a method is proposed to estimate the other design 

properties of the geometry of the Archimedes screws. 

The developed analytical equation has been evaluated by 48 industrial Archimedes screws 

designed by different manufacturers and currently installed and operating in hydropower plants. 

For this process, the values of parameters were chosen based on the accepted, proved, reported or 

observed common aspects of Archimedes screws (𝛿 =  0.5, 𝜎 =  1, Ξ =  6 % and ψ =  3/ ). 

This process also led to simplifying the general analytical equation (Eq. (6-12)) into a much 

simpler form, resulting in a considerably easier and faster to use equation (Eq. (6-16)) that could 

be used to design Archimedes screw generators in a similar basis of current Archimedes screw 

installations in hydro powerplants. 

The evaluation of the proposed analytical equation indicates a reasonable accuracy for the 

developed equation with a correlation as high as 91.80% and a MAPE as low as 6.61%. 

 oreover, results using this equation were compared with Dragomirescu’s method results. Both 

methods are arguably good given the assumptions and small number of variables used in both 

methods. However, considering the slightly better performance in terms of the evaluation criteria 

besides the single-equation nature of Eq. (6-16) as well as its significant ease of use, it seems that 
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Eq. (6-16) is more practical. The strong theoretical basis of Eq. (6-16) results in a general and 

potentially more reliable method. Moreover, evaluation of Eq. (6-16) with a wide range of different 

cases indicates a reasonable accuracy. Eq. (6-16) does not require to predefining of the number of 

blades (𝑁) and length (𝐿) or the inclination angle (𝛽) of screw for initial estimations, which makes 

it easier to use for initial estimates. 

The proposed analytical equation not only showed a reasonable accuracy based on the evaluations 

but also simplifies and could eliminate several design steps and loops and accelerate the design of 

Archimedes screws. 

6.6 Nomenclature 

𝑨𝑬 : Effective cross-sectional area at the screw’s inlet (m2) 

𝑨𝑴𝒂𝒙 : Maximum cross-sectional water area at the screw’s inlet (m2) 

𝑨𝑶 :  he outer diameter’s cross-sectional area  (m2) 

𝒂 : Coefficient of dimensionless flow rate (-) 

𝒃 : Coefficient of dimensionless area constant (-) 

𝒄 : Coefficient of dimensionless rotation speed constant (-) 

𝑫𝒊 : The inner diameter of the Archimedes screw (m) 

𝑫𝑶 : The outer diameter of the Archimedes screw (m) 

𝑬𝒊 : The estimated value  

𝑬 : The average of the estimations  

𝒇 : Fill height of water in a bucket of screw (-) 

𝑮𝒘 : Gap width (The gap between the trough and screw) (m) 

𝒉𝒖 : Upper (inlet) water level of the screw (m) 

𝒉𝑳 : Lower (outlet) water level of the screw (m) 

𝑯 : The available head (m) 

𝑳 : The total length of the screw (m) 

𝑴𝑨𝑷𝑬 : The mean absolute percentage error (%) 

n : The number of data points in the dataset  

𝑵 : Number of helical plane surfaces (-) 

𝑶𝒊 : The observed value  

𝑶 : The average of the observed data  

PE : The percentage (percent) error (%) 

𝑸 : Total flow rate passing through the screw (m3/s) 
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𝑸𝑴𝒂𝒙 
: The maximum flow rate that could pass through a screw when 𝜔 = 𝜔𝑀 and 

𝐴𝐸 = 𝐴𝑀𝑎𝑥 
(m3/s) 

𝑸𝑶 
: The volumetric flow rate that passes through the cross-sectional area of  O 

at the speed of 𝑉𝑇. 
(m3/s) 

r : Radios (m) 

R : Pearson correlation (%) 

𝑺 
: Pitch of the screw (Distance along the screw axis for one complete helical 

plane turn) 
(m) 

𝑽𝑻 : Axial transport velocity (m/s) 

y : The cross section fill height (rad) 

𝒁𝑼 : The free surface elevations at the upstream (m) 

𝒁𝑳 : The free surface elevations at the downstream (m) 

𝜷 : The inclination angle of the screw (rad) 

𝜹 : The screw’s inner to outer diameter ratio (𝐷𝑖/𝐷𝑂) (-) 

𝜼 
: The constant accounting for screw geometry, rotation speed and fill level in 

the power function form of the diameter equation 
(s3/7m−2/7) 

θ : Angle of sector (rad) 

𝝈 :  he screw’s pitch to outer diameter ratio (𝑆/𝐷𝑂) (-) 

𝚵 : The dimensionless inlet depth of the screw (-) 

𝜓 : The value of power in the power function form of diameter equation (-) 

ω : The rotation speed of the screw (rad/s) 

𝝎𝑴 : The maximum rotation speed of the screw (Muysken limit) (rad/s) 

 

Subscripts 

i : inner  

min : minimum  

Max : Maximum  

O : Outer  
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7 Design Guideline for Hydropower Plants Using One or  

Multiple Archimedes Screws 

 

 

 

7.1 Introduction 

Operating ASGs at their most mechanically efficient operating condition is not necessarily the 

most financially efficient solution since it may not essentially lead to generating the highest 

amount of overall energy [49]. When there are large fluctuations in flow rate, or when the 

conditions are not perfect for a single fixed speed screw, using variable-speed ASGs or installing 

more than one screw are ways to potentially better utilize available flow at a wider range of sites. 

Using more than one ASG may lead to easier maintenance, more flexible operation plans and 

utilize the available volume of flow more efficiently. However, there are still no general guidelines 

Adapted from: 

A. YoosefDoost and W. D. Lubitz, “Design Guideline for Hydropower Plants  sing One or 

 ultiple Archimedes Screws,” Processes, vol. 9, no. 12, p. 2128, 2021, doi: 10.3390/pr9122128. 

 

Thesis Author’s Contribution: 

This article is an original research article that were written by Arash YoosefDoost [3]. Some 

parts of this chapter are adapted from an original literature review article that was written by 

Arash YoosefDoost [1]. The figures are all original, or from explicitly referenced sources. 
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with minimal computational costs for designing Archimedes screw power plants utilizing one or 

more than one Archimedes screws. 

This study focuses on addressing this important concern by offering a simple method for quick, 

rough estimations of the number and geometry of Archimedes screws in considering the 

installation site properties, river flow characteristics, and technical considerations. It provides an 

update to the YoosefDoost and Lubitz (2021) analytical method for designing ASGs by 

introducing slightly different equations based on the same concept to offer a simpler graphical 

approach that accelerates and eases the design of single and multi-ASG hydropower plants’ initial 

design estimations. The new graph offers three times more ASG design combinations that not only 

cover standard designs but also simplifies custom designs. Then a simple method for quick rough 

estimations of the number and geometry of Archimedes screws is proposed considering the 

installation site properties, river flow characteristics, and technical considerations. This study also 

provides an update to the new ASG records to provide a better understanding of the advancements 

and the current possibilities in this technology. A list of currently operating industrial multi-

Archimedes screw hydropower plants is compiled to support the exploration of the common design 

properties that are used by different manufacturers. This study helps us to improve one of the 

biggest burdens of small projects, the unscalable initial investigation costs, by enabling everyone 

to evaluate the possibilities of green and renewable Archimedes screw hydropower generation 

where a flow is available. 
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7.2 Methods and Materials 

7.2.1 Design Parameters of Archimedes Screws 

For Archimedes screw generators, it can be shown that the head (H) is the difference of free surface 

elevations upstream (𝑍𝑈) and downstream (𝑍𝐿) of the screw relative to the same datum (𝐻 = 𝑍𝑈 −

𝑍𝐿) [2]. Therefore, the screw length (L) will be:  

𝐿 = 𝐻/ 𝑠𝑖𝑛 𝛽 (7-1) 

The inclination angle of the Archimedes screw (β) may be limited by the geometry or slope of the 

installation site. However, Lashofer et al. [36] confirmed that many current industrial ASGs are 

installed at β = 22° [36]. Inclination angles less than about 20° increase the length of screw and 

more than 30° considerably decrease the capacity of the screw [1]. 

Increasing the inclination angle also leads to a faster occurrence of the overflow leakage and 

increasing gap leakage. These issues could be managed by increasing the number of blades [284]. 

Based on CFD simulations in conjunction with laboratory-scale experiments, Dellinger et al. 

proposed that for their particular setup, the optimal inclination angle for 𝑁 = 3 is about 15.5°. The 

maximum efficiency of the four- and five-bladed screws occur in inclination angles between 20° 

and 24.5°, and the highest power was achieved for 𝑁 = 5, although it was only marginally higher 

than 𝑁 = 4 [284]. However, due to the thickness of the blades, more blades come at the cost of 

reducing the bucket sizes as well as increasing manufacturing costs and challenges. Modern ASGs 

usually utilize three or four helical blades (N=3 or 4). A survey of operating ASG power plants in 

the UK found that 𝑁 = 4 was the most common configuration [285]. Lashofer (2012) observations 
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indicate that for most of Archimedes screw installations N = 3 [36]. Based on Lyons (2014) 

experimental observations, there is a considerable reduction in ASGs’ performance for 𝑁 = 2 

[286]. Rosly et al. (2016) based on CFD simulations of non-rotating screws reported that the 

number of helix turns (lower is better) are more important than the number of blades so that, the 

screws with three helix-turns and 𝑁 =  3 showed the highest efficiency [287]. Lyons (2014) and 

Songin (2017) reported that experimental observations showed no significant increase in the 

Archimedes screw generators’ efficiency for 𝑁 > 3 [286], [288]. Based on these observations, 

Dragomirescu (2021) concluded N = 3 as the optimal number of blades [276]. 

7.2.2 Archimedes Screws Configurations in Hydropower Plants 

It is most common to have only one Archimedean screw installed in a power plant. However, two 

or more Archimedes screws can be installed in series or parallel to deal with technical limitations, 

increase the overall energy generation, easier maintenance, or more flexible operation plans. 

Multiple screws can be configured in series or parallel. 

7.2.2.1 Archimedes Screws in Series Configuration 

The idea of installing Archimedes screw pumps (ASPs) in series to pump the fluids into higher 

levels has been used in practice for a long time (e.g., [31, p. 18]). However, installing ASGs in 

series to take advantage of low flow rate but high heads is not very usual. For higher heads, it is 

most common to utilize other hydropower technologies, often in combination with a long penstock. 

However, most hydropower turbines cannot safely pass sediment or larger objects such as living 

organisms, especially fish. Therefore, one can see Archimedes screws as long as 30 m [70] that 

are currently installed and in operation (Table 7.1). However, technical limitations such as bending 
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of long shafts, weight limits of bearings, etc., can limit the maximum length of Archimedes screws. 

For example, for the two 19 m-long Archimedes screws in the Low Wood project, there is a 

significant engineering challenge supporting the considerable length and weight of the screw (40 

tons) just with bearings at two contact points, one at the top and one at the bottom of the screw 

[135]. To deal with such limitations, theoretically, several ASGs could be installed in series instead 

of a very long screw, potentially as a chain of hydropower plants alongside a river or channel [1]. 

Such a configuration allows utilization of Archimedes screws at locations with an available high 

head when the available volume of flow rate is low. 

Table 7.1: Hydropower plants using several parallel Archimedes screw generators. All screws at a plant are 

identical unless otherwise noted. Power and flow values are for a single screw at the plant: multiply by the 

number of screws for total plant flow and power. 

Name 
No. of 

ASGs 

𝑫𝑶 

(m) 

𝑯 

(m) 

𝑸 

(m3/s) 

𝑷 

(kW) 
Location (River) Ref. 

Totnes 2 3.7 3.45 6.5 160 Dart, UK [280] 

Hannoversch-Münden 2 2.8 2.6 2 35.455 Werra, DE [289] 

Low Wood 2 3 7.2 4 200 Leven, UK [135] 

Radyr 2 3.5 3.5 11 200 Taff, UK [134] 

Künzelsau 2 4.1 1.72 8.95 132 Kocher, DE [278] 

Ahornweg 2 2.3 1.45 2 21 Mühlbach, DE [278] 

Linton Falls 2 2.4 2.7 2.6 50 Trent, UK [135] 

Niklasdorf/Birgl and Bergmeister 2  3.9 3.6 106 Mur, AT [278] 

Hausen III Neumatt 2 3.4 5.8 5.5 235 Wiese, DE [278] 

Höllthal 2 4.3 2.22 10.5 220 Alz, DE [283] 

Gunthorpe Weir 2 4.3 2.03 14.15 165 Trent, UK [281] 

Solvay 2 2.3 2 2.5 35 Saja, ES [138] 

Linton Lock 
Linton Plant 

2 
3 3.2 4.5 110 

Ouse, UK [1], [65] 
Widdington Plant 5 3 14.5 335 

Plana 3 4.1 3.5 8.73 220 Vltava, CZ [278] 

Crescenzago 3 3.2 2.1 5 75 Lambro, IT [278] 

Olen 3 4.3 10 5 360 Albert Canal, BE [278], [282] 

Ham 3 4.3 10 5 360 Albert Canal, BE [278], [282] 

Hasselt 3 5 10 5 400 Albert Canal, BE [45], [70] 

Rosko 6  1.7 4.5 60 Noteć, PL [278], [290] 

Steinsau 6  1.4 3 30 Ill, FR [278] 

Marengo 6 3 1.6 3.7 51 Goito, IT [139], [140] 
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7.2.2.2 Archimedes Screws in Parallel Configuration 

The parallel installation of ASGs is the most common configuration in multi-ASG hydropower 

plants, especially where the volume of flow in a river is so high that a large ASG is required to 

make use of that amount of water or when the fluctuations in river volumetric of flow rate are 

considerable. Using several screws in parallel could lead to preventing the technical limitations of 

a large screw and offers easier maintenance, as well as more flexible operation plans besides taking 

advantage of a wider range of flow rates that could lead to an increase in the overall energy 

generation. 

7.2.3 Case Studies 

Analysis of current ASG power plants could help in finding common patterns, governing rules and 

important design points to make guidelines. Table 7.1 details current hydro power plants using 

more than one Archimedes screw installed in parallel. Based on the available data of the operating 

industrial screws, the relationships between the overall diameter of the screws, flow rate, available 

hydraulic power and the claimed power by the manufactures were analyzed and the results 

represented graphically and as empirical equations. 

7.3 Results and Discussion 

7.3.1 Volumetric Flow Rate and Diameter of Archimedes Screws 

According to Table 7.1, current multi-ASG hydropower plants were identified that are designed 

for the minimum, maximum, and average total flow rates of 4, 28.3 and 14.5 (m3/s), respectively, 

for a wide range of hydraulic heads between 1.4 m to 10 m. Also, the minimum, maximum and 
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average diameter of installed Archimedes screws in these plants ranges from 2.3 m to 5 m, with 

an average of about 3.58 m. This is a wide range of diameters per cubic meter of flow rate (between 

0.3 m/m3/s to 1.4 m/m3/s and 0.71 m/m3/s on average). Studies showed that in addition to the screw 

diameter, the inlet depth and rotation speed are also important factors in the volumetric flow rate 

of ASGs [6]. 

Figure 7.1 compares the volumetric flow rate and diameter of installed screws in hydropower 

plants listed in Table 7.1. The same size screws are installed in all these hydropower plants except 

at Linton Lock, where the two screws are different sizes. It is worth mentioning that, as discussed, 

ASGs could be used to upgrade or retrofit the current developments. The Linton Lock power plant 

is an example of a second ASG installed later as an upgrade. 

 

Figure 7.1: Comparison of the volumetric flow rate and diameter of installed screws in hydropower plants 

listed in Table 7.1. All values above are for a single screw. 

 

According to Figure 7.1, many multi-ASG designs follow a relatively similar trend. For the current 

multi-ASG hydropower designs, the relationship between the flow rate (Q) and diameter of the 
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screw (DO) can be described linearly as follows. In this relationship, the coefficients are optimized 

using genetic algorithm and the represented case studies in Table 7.1:  

𝐷𝑂 = 0.2 𝑄 + 2.2 (7-2) 

where 𝐷𝑂 must be in meters, and 𝑄 must be in m3/s. This equation relates the Archimedes screw 

outer diameter (𝐷𝑂) and passing volumetric flow rate (𝑄) with reasonable accuracy ( = 6 . 1%, 

   E = 10.5 %). 

The relationship between the flow rate (𝑄) and diameter of the screw (𝐷𝑂) can also be described 

as the following power function. In this relationship, the constants are optimized using Generalized 

Reduced Gradient (GRG) algorithm [291], [292] and the represented case studies in Table 7.1: 

𝐷𝑂 = 1. 6 𝑄0.386 (7-3) 

This equation relates the Archimedes screw outer diameter (𝐷𝑂) and passing volumetric flow rate 

(𝑄) with reasonable accuracy ( =  4.6 %,    E =  .52%). 

7.3.2 Power and Diameter of Archimedes Screws 

The available hydraulic power could be calculated by the following equation: 

𝑃𝐻 = 𝛾𝐻𝑄 (7-4) 

Figure 7.2 compares the potential available hydraulic power that is calculated using equations with 

the power that manufacturers estimated that their Archimedes screw designs could generate (Table 

7.1). In this figure, all values are for a single screw, which are determined by dividing plant power 

by the number of screws, except at Linton Lock, where the two screws are different sizes. 
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Figure 7.2: The theoretical available power vs. the power of installed screws published by manufacturers in 

current Archimedes screws hydropower plants represented in Table 7.1. 

 

 he efficiency of ASGs depends on many variables, including but not limited to the screw’s 

design, installation, operation condition, fill height, rotation speed, etc. [1]. Typically, ASG water-

to-wire efficiency is reported between 60% to 80% [52]. However, some studies reported hydraulic 

efficiencies of more than 80% in full-load and as high as 94% in partial-load situations [53]. 

Nonetheless, with reference to Figure 7.2, many of the studied designs follow a relatively similar 

trend that could be described as: 

𝑃 = 𝜂𝛾𝐻𝑄 (7-5) 

where γ is the specific weight of water and H is the available hydraulic head. Using GRG algorithm 

and the represented case studies in Table 7.1 to optimize the η as a coefficient indicates that for 

η = 0. 36 the Eq. (7-5) results are in good agreement with the case studies (R = 97.78%, MAPE 

= 7.90%). Since the available hydraulic power at a site is the product of head and flow (Eq. (7-4)), 

the coefficient η = 0. 36 in Eq. (7-5) suggests that the average efficiency of the plants based on 

the manufacturer’s specifications in Table 7.1 is 73.6%, which is consistent with expectations from 
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the literature. These results of estimated power by Eq. (7-5) in comparison with the reported power 

by the manufacture that also visualized in Figure 7.3. In this figure, all estimated values are 

computed for a single screw, and the actual power is determined by dividing plant power by the 

number of screws except at Linton Lock, where the two screws are in different sizes. 

Figure 7.4 compares the theoretical available hydraulic power (PH) and the diameter of the 

Archimedes screw designs represented in Table 7.1. Since the size of screws is the same in almost 

all power plants, each point represents an ASG hydropower plant, and the number of installed 

screws is represented in the parentheses in front of each power plant. The only exception is for 

Linton Lock, where the size of two installed screws is different. Therefore, these screws are 

distinguished by marking them as (1 of 2). 

 

 

Figure 7.3: Comparison of the estimated power of each screw vs. the power of each installed screws in ASG 

hydropower plants. 
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Figure 7.4: The theoretical available power vs. the diameter and number of installed screws in current 

hydropower plants represented in Table 7.1. 

 

According to Figure 7.4, the relationship between the available power and diameter of these 

Archimedes screws could be defined in the form: 

𝐷𝑂 = 𝜆(𝛾𝐻𝑄)𝜓 (7-6) 

By using the genetic algorithm (GA) and Table 7.1 to optimize the constants 𝜆 and 𝜓 results in 

values of 𝜆 = 0.213 and 𝜓 = 0.232 providing reasonable accuracy for these cases ( =  3.2 %, 

   E = 10.64% and   E = 1.52%). 

7.3.3 Analytical Equation 

YoosefDoost and Lubitz (2021) developed a concept to define the maximum available area of the 

screw entrance for any inlet water level, which was called the effective area (AE) [6]. The required 

parameters to define AE are represented in Figure 6.2. 

Plana (3)

Hausen III Neumatt (2)

Hannoversch-Münden (2)

Höllthal (2)

Totnes (2)

Crescenzago (3)

Olen (3)

Ham (3)

Künzelsau (2)

Ahornweg (2)

Radyr (2)

Linton Falls  (2)

Low Wood (2)

Gunthorpe Weir (2)

Solvay (2)

Linton Lock (Linton Plant (1 of 2))

Linton Lock (Widdington Plant (1 of 2))

Marengo (6)

Hasselt (3)

0

1

2

3

4

5

6

0 50 100 150 200 250 300 350 400 450 500

D
O

(m
)

PH (kW)



 

 

177 

 

 Using the concept of effective inlet cross-section area [6], YoosefDoost and Lubitz (2021) offered 

an analytical equation to estimate the overall (outer) diameter of the screw (DO) based on the 

volumetric flow rate (Q) for the desired rotation speed (ω) [2]: 

𝐷𝑂 = √
16𝜋

𝜎𝜔(2𝜃𝑂 − 𝑠𝑖𝑛2𝜃𝑂 − 𝛿2(2𝜃𝑖 − 𝑠𝑖𝑛2𝜃𝑖))
𝑄

3

 (7-7) 

The simplicity, efficiency and lower cost per watt of single-speed screws make them advantageous 

in a steady flow [1]. Single-speed Archimedes screws can operate in a partially full condition even 

if the flow rate is not sufficient to fill the screw at its operation speed [49]. The variable-speed 

screws are recommended to increase the power generation when the flow varies, as well as if 

hydropower is the sole source of electricity or for off-grid power plants [1]. Lashofer et al. studies 

[36] showed that many current industrial ASGs are designed with a rotation speed close to the 

maximum rotation speed recommended by Muysken (ωM) [83]:  

𝜔𝑀 =
5𝜋

3𝐷𝑜
2/3 

 (7-8) 

Therefore, for full-scale Archimedes screws running at a fixed rotation speed near ωM, Eq. (7-7) 

could be simplified as: 

𝐷𝑂 = (
4 

5𝜎(2𝜃𝑂 − 𝑠𝑖𝑛 2𝜃𝑂 − 𝛿2(2𝜃𝑖 − 𝑠𝑖𝑛 2𝜃𝑖))
𝑄)

3/7

 (7-9) 

Eq. (7-9) could be represented in the form of a power function such as  O = λ Q
ψ. Studies showed 

that for most ASG power plants δ = 0.5 and σ = 1 [2], [31], [36]. By defining Θ =
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5σ(2θO −  in 2θO − δ
2(2θi −  in 2θi))/4  the values of λ and ψ will be equal to Θ−3/7 and 3/  

respectively and Eq. (7-9) could be represented in a much simpler form: 

𝐷𝑂 = 𝛩
−3/7𝑄3/7 (7-10) 

𝑄 = 𝛩𝐷𝑂
7/3

 (7-11) 

The Θ values for different δ and σ for a full range of dimensionless inlet depths (Ξ) could be 

determined by using Figure 7.5. Studies indicates that Eq.(7-10) has the minimum relative 

difference with the current operating industrial ASG installations (𝛿 = 0.5 and 𝜎 = 1 [2], [31], 

[36]) for Ξ = 69% [2] where 𝛩 = 0.32 1 . 

 

 

Figure 7.5: The corresponding Θ of different δ and σ for a full range of Ξ. 
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7.3.4 Evaluation of the Developed Equations 

Eq. (7-6) and Eq. (7-10) could be represented in a simplified form by applying the represented 

values of λ and ψ constants in Equation (8) and Θ in the analytical Eq. (7-10). The simplified 

version of the developed empirical Eq. (7-2) and Eq. (7-6), as well as the analytical Eq. (7-10), 

besides the evaluation results for Archimedes screws based on the evaluation criteria, are 

summarized in Table 7.2. Results of each equation for these cases are also visualized in Figure 7.6. 

Table 7.2:Evaluation of equations based on the evaluation criteria. 

Equation No. Equation R (%) MAPE (%) 

(7-12) 𝐷𝑂 = 0.2 𝑄 + 2.2 69.81 10.59 

(7-13) 𝐷𝑂 = 1. 6 𝑄0.386 74.68 7.52 

(7-14) 𝐷𝑂 ≈ 1.  6(𝐻𝑄)
0.232 83.28 10.64 

(7-15) 𝐷𝑂 ≈ 1.61 𝑄
3/7 74.38 9.69 

 

 

Figure 7.6: Graphical comparison of Eq. (7-2), Eq. (7-6) and Eq. (7-10) estimations vs. actual overall diameter 

of ASG installations. 
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According to Table 7.2, Considering the small number of variables required for these equations, 

all of them indicate arguably reasonable results. The empirical Eq. (7-6) shows the highest 

correlation with the case studies. In term of relative difference, empirical Eq. (7-16), then analytical 

Eq. (7-10) shows the highest agreement with the current ASG installations. However, empirical 

Eq. (7-2), Eq. (7-17) and Eq. (7-6) are optimized for the case studies and it may affect the generality 

of these equations and limit them to these case studies. In contrast, the analytical Eq. (7-10)’s 

strong theoretical basis makes it presumably more reliable and also general.  

According to Table 7.2, Eq. (7-10) estimations have the lowest relative difference with the case 

studies represented in Table 7.1. In addition, Figure 7.6 indicates many of these estimations are in 

the range of ±5% of the relative difference. However, in several cases, the estimations fall beyond 

±10% of the relative difference: according to this figure, the relative difference of Eq. (7-10)’s 

estimation for Hannoversch Münden multi-ASG hydropower plant seems considerable. More 

investigations indicate that this ASG has a unique flood protection design that enables it to have a 

0° to 28° adjustable inclination angle to operate under variable tailwater levels. Therefore, it is 

probable that the published data for this ASG is not under a conventional operation condition [2], 

[289]. For the Radyr, the manufacturer published details are roughly [134]. For Gunthorpe Weir 

Hydro Scheme, Q95 is reported as 28.33, which is according to the published data used in Table 

7.1. However, reviewing the Fisheries and Geomorphology Assessment documents indicates that 

each screw is designed for 10 m3/s [281]. Using this flow rate and Eq. (7-5) results in much less 

relative difference for this power plant (PE = 0.44%). 

The unique design could be considered as one of the important reasons for the high relative 

differences between Eq. (7-10) estimations for the Ham and Olen hydropower plants. These screws 
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are installed on the Albert Channel in Ham and Olen in Belgium. These screw designs are unique 

not only because of their length (21.6 m) but also because they are compact, switchable 

Archimedes screws. These screws have a unique design to operate as ASPs (780 kW pumping 

operation) and ASGs (360 kW power generating operation) [282]. 

The highest relative difference of Eq. (7-10) estimations is for the longest hybrid Archimedean 

screws in the world, installed on the Albert Canal in the Hasselt hydropower plant. With the 

remarkable length of 30 m, these ASGs have the most unique designs in the case studies. A 

hydraulically operated jacket valve is used to switch from pump and turbine mode. In ASP mode, 

each of these hybrid Archimedes screws can pump 5 m3/s over a head of more than 11 m (installed 

power 800 MW) during dry seasons and drain 5 m3/s over a head of 10 m to generate 400 MW of 

energy in wet seasons [70]. 

7.4 A Quick Design Guideline for Archimedes Screw Power Plants 

In developing hydropower plants, the site and connection assessment expenses, geotechnical, 

electrical, and civil engineering costs, as well as licensing or approval fees, are among the fixed or 

semi-fixed soft costs. Many of these activities are carried out just as larger projects. Therefore, 

regardless of the amount of power that could be generated, these costs are almost the same and so 

become disproportionate for small projects. For example, these costs are almost the same for 7.2 

kW and 150 kW ASG hydropower power plants [293]. However, there are situations that some or 

several costs could be reduced, at least for initial investigations. For example, when a small dam 

or weir exists (i.e., upgrade retrofit). Moreover, the results of the analysis of the current multi-ASG 
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hydropower plants help to make some rough estimations. Here are some guidelines for rough 

estimations of Archimedes screw hydropower plants: 

7.4.1 Design Assessments of Archimedes Screw Hydro Powerplants 

In order to design an Archimedes screw hydro powerplant, three important assessments should be 

done: (1) electricity needs assessment and (2) site assessments. Then, the type of screw 

(fixed/variable speed) should be determined in (3) plant design assessment. 

For the electricity needs assessment, it is recommended to: 

- Estimate the required power as well as predict the possible future changes in demand. 

- Determine whether the powerplant will be connected to the grid or will be off-grid. 

- If the ASG powerplant is designed to be off-grid, it would be important to: 

- Consider the comparison of the value of reliable baseload power versus maximizing the 

annual production of the powerplant in making decisions for the design. 

- Define and consider the needed voltages and/or currents. 

For the site assessment: 

- Permitting requirements, restrictions on access or water use should be determined. 

- The flow duration curve of the river should be used to determine the baseload and other 

options for the operation of the powerplant. This information also helps to make decisions in 

the plant design step. 
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- Ecological assessments should be done, and the water needs of other users or ecological 

functions should be determined. For example, the required flow for fish passage or installing 

a fish ladder should be determined. 

- The potential plant location should be selected based on the following considerations: 

- Accessibility for construction, operation, and maintenance. This is important for civil 

works and installation of the screw, especially for larger powerplants that have big and 

bulky screw(s) that need cranes for installation 

- Geotechnical concerns, particularly stability and suitability for plant foundations 

- Supply channel and outlet channel routing 

- Conflicts with other site use considerations. 

In plant design assessment, the type of plant should be selected based on previous assessments: 

- For steady flow, a single-speed plant could be considered as a simpler and more efficient 

option. On average, the cost per watt of these systems is less than the variable-speed ones. 

Even if the available flow is not sufficient to fill the screw at its operating speed, fixed speed 

screws can still generate power in a partially full condition [49]. 

- For large surplus flow, variable-speed screws could be recommended to generate partial power 

at low flow times. It would be particularly important if the powerplant will be off-grid, or 

other power sources (like diesel generators) are not available or are expensive. Generally, 

variable-speed screws are recommended when there is an excess flow that could be used to 

generate more power from an available flow of when the flow varies. The main reason is that 

although operating ASGs at the full capacity may be the most mechanically efficient operating 
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condition, it will not definitely lead to the highest overall energy generation. Therefore, it may 

not be the most economically efficient operating condition [49]. 

For all plant designs: 

- A sluice gate to control flow to the plant, and trash racks to prevent large debris from entering 

the plant, must be planned upstream of the screw. Ease of trash rack cleaning is important. 

- Provision to dry out the top and bottom of the screw for bearing inspection, maintenance 

should be included in the plant design. The sluice gate should be able to shut off all flow. At 

the outlet, build vertical grooves to hold stop logs to allow drying out of the screw outlet. 

- Be sure to plan for flooding water levels, and be sure to protect electrical components from 

water damage. This could be done by elevating the generator, sealing the powerhouse, and/or 

putting control equipment on the bank at a higher level. 

7.4.2 Determination of the ASG Configuration 

‑ For the known available average flow rate and head, Eq. (7-5) could be used for rough 

estimations about the possible amount of power that could be generated. 

‑ If the estimated power is less than the requirements, site properties could be checked to 

evaluate the possibilities of the series configuration of ASGs. e.g., to take advantage of low 

flow rates but reasonable available heads, ASGs could be installed in series to deal with 

technical considerations of a very long ASG. 
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‑ To take advantage of high flow rates, instead of a very large (in diameter) and heavy ASG, 

it is possible to install ASGs in parallel. This approach could help to reduce the challenges 

of technical limitations and offers several advantages. 

‑ For very low flow rates and heads, using industrial pico-ASGs available in the market may 

facilitate the process or even save some costs. For example, currently, pico-ASGs can 

generate up to 500 W with a flow rate as low as 0.1 m3/s and 0.7 m of the head (more 

information is available in [1]). Obviously, several units of such screws could be used in 

parallel or in series to take advantage of higher flow rates or available heads. For higher flow 

rates and heads, custom ASGs designs could be more efficient options. For example, 

Fletcher’s Horse World Archimedes Screw can generate up to 7.2 kW using a design flow 

rate, head and outer diameter of 0.536 m3/s, 1.7 m [294], [295] and 1.39 m [145], 

respectively. 

7.4.3 Estimation of Archimedes Screws Design Properties 

1. Determine the site properties: the river’s historical data or hydrograph for the volumetric flow 

rate (𝑄) and the site geometry to find the appropriate head (𝐻) and the Archimedes screw 

inclination angle (𝛽). Studies show that many ASGs are installed at 𝛽 = 22° [36]. 

2. Determine the maximum and minimum overall diameter of the screw (𝐷𝑀𝑎𝑥, 𝐷𝑚𝑖𝑛) based on 

the site properties and the Archimedes screw hydro power plants design assessments proposed 

in Section 5-1 of [1]. 

3. Use Eq. (7-1) to determine the screw(s) length. 
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4. Use the historical dataset of the river’s flow rate to determine the flow duration curve (FDC). 

The probability that a system will take on a particular value or collection of values could be 

described by a mathematical expression which is known as a distribution function. The 

cumulative distribution function (CDF) of a variable for a value is the probability that this 

variable will take values less than or equal to this value [296]. Therefore, for a time series with 

n items, for item i with m items equal or bigger than it: 

𝑝𝑖 =
𝑚

𝑛
× 100 (7-18) 

In an FDC, the horizontal axis  i represents the percentage of the period that the flow rate is more 

than or equal to its corresponding flow rate represented in the vertical axis. Usually, the flow 

exceeding for 95% of the period (Q95) is considered as minimum river flow rate. It is important to 

note that considering the regulations, hydropower plants may need to bypass a portion of flow for 

aesthetic, ecological, environmental, or other purposes. This flow is called reserved, residual, 

compensation, prescribed or hands-off flow and should be deducted from the available flow rates. 

5. Use the volume of flow rate that is provided on the flow duration curve (e.g., 𝑄95) and use Eq. 

(7-10) to estimate the corresponding diameter of the screw for this flow rate (𝐷𝑂). 

6. Check the estimated diameter: 

‑ If 𝐷𝑚𝑖𝑛 ≤ 𝐷𝑂 ≤ 𝐷𝑀𝐴𝑋, go to step 7. 

‑ If 𝐷𝑂 < 𝐷𝑚𝑖𝑛, use a higher volume of flow rate (e.g., Q90) and repeat step 6. 

‑ If 𝐷𝑂 > 𝐷𝑀𝑎𝑥, several approaches could be considered: 
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o Identical screws: divide the volume of flow rate by 𝑖 = 2 and follow the process from 

step 6. If it ends to 𝐷𝑂 > 𝐷𝑀𝐴𝑋 again, repeat it for 𝑖 = 𝑖 + 1 until the condition passes. 

Then use the analytical Archimedes screw design method that is offered in [2] to 

design the screw. In this approach, “𝑖” Archimedes screw generators with the same 

geometry will be designed to handle this flow rate. The advantage of this approach is 

that similar screws are easier to build, operate and maintain. 

o Design based on the maximum diameter: design the screw for 𝐷𝑂 = 𝐷𝑀𝑎𝑥 and use 

the analytical Archimedes screw design method that is offered in [2] to design the 

Archimedes screw generator. Then use Eq. (7-11) to estimate the volumetric flow that 

passes through this screw and design the next Archimedes screw by following the 

process from step 6 for the remaining volume of flow rate. This approach could lead 

to reducing the number of Archimedes screws. 

o Trial and error: consider a higher probability that means a lower flow rate (e.g., 

Q97.5 instead of Q95) and do and follow the process from step 6 and perform a trial 

and error. This approach could lead to an increase in the design of Archimedes screw 

generators with higher reliability in generating power. 

7. To utilize the remaining available volumetric flow rate, more Archimedes screws could be 

designed (parallel ASG power plants). The next flow rate to design the screw could be selected 

from the FDC based on the desired step size (𝛥). For example, for the previous design flow 

rate of 𝑄𝑛 choose the next flow rate 𝑄𝑛−𝛥 which is the flow exceeding for 𝑛 − 𝛥 % of the 

period and continue the design starting from step 5. 
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8. The design process should be halted based on logical constraints. For example, for economic 

reasons designing screws for volumetric flow rates less than the certain probability (e.g., 

QLimit) is not reasonable. Or, due to site limitations, there may be some restrictions such as the 

total area of the power plant (the minimum required area to install the Archimedes screw 

generators is equal to the sum of the diameter times to the length of each screw. If it goes 

beyond the installation site limitations, some of the screws designed for flow rates with lower 

probabilities could be cancelled. In such conditions, an optimized larger screw for the flow 

rates with the highest probabilities or using variable speed screws could be considered as 

alternative solutions to utilize more flow rate). 

9. Use Eq. (7-5) to estimate the possible amount of power that each ASG can generate. Then, 

estimate the ideal overall power that the Archimedes screw hydropower plant could generate. 

𝑃𝑂𝑣𝑒𝑟𝑎𝑙𝑙 =∑𝑝𝑖𝑃𝑖 (7-19) 

Figure 7.7 summarizes this guideline as a flow chart. 
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Figure 7.7: The guideline for quick estimations of Archimedes screw power plants design. 
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7.5 Conclusions 

This study focuses on offering a simple method to address the important lack of a general and 

easy-to-use guideline for designing Archimedes screw power plants using more than one ASG. 

Then, a detailed design study should be undertaken on the ASGs suggested by this process’s 

estimations. In addition, this study helps to address one of the significant burdens of small projects, 

the unscalable initial investigation costs. 

Moreover, this study updates the records of the currently installed Archimedes screw generators 

and provides a better understanding of the advancements and the current possibilities in this 

technology. It also provides a list of currently installed and operating industrial multi-Archimedes 

screw hydropower plants in order to review and explore the common design properties between 

different manufacturers. Therefore, several empirical equations are proposed and optimized using 

the genetic algorithm and generalized reduced gradient. Moreover, this study provides an updated 

version of a new analytical method for designing Archimedes screws and offers a new graph that 

not only supports standard designs but also accelerates and simplifies custom designs. The 

evaluation of these equations with the list of industrial ASG installations provided indicates they 

have reasonable accuracy. 

The proposed method enables everyone to evaluate the possibilities of green and renewable 

Archimedes screw hydropower generation where a flow is available and helps to make many 

potential sites feasible to study for this. 
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7.6 Nomenclature 

𝑨𝑬 : Effective cross-sectional area at the screw’s inlet (m2) 

𝑫𝒊 : The inner diameter of the Archimedes screw (m) 

𝑫𝑶 : The outer diameter of the Archimedes screw (m) 

𝒉𝒖 : Upper (inlet) water level of the screw (m) 

𝒉𝑳 : Lower (outlet) water level of the screw (m) 

𝑯 : The available head (m) 

𝑮𝒘 : Gap width (The gap between the trough and screw) (m) 

𝑳 : The total length of the screw (m) 

MAPE : The mean absolute percentage error (%) 

n : The number of data points in the dataset  

𝑵 : Number of helical plane surfaces (-) 

𝑶𝒊 : The observed value  

𝑶 : The average of the observed data  

𝑷𝒊 : The estimated value  

𝑷 : The average of the estimations  

PE : The percentage (percent) error (%) 

𝑸 : Total flow rate passing through the screw (m3/s) 

r : Radius (m) 

R : Pearson correlation (%) 

𝑺 
: Pitch of the screw (Distance along the screw axis for one complete helical 

plane turn) 
(m) 

𝒚𝒊 : The fill height of the inner diameter of the screw at the inlet (m) 

𝒚𝑶 : The fill height of the screw at the inlet (m) 

𝒁𝑼 : The free surface elevations at the upstream (m) 

𝒁𝑳 : The free surface elevations at the downstream (m) 

𝜷 : The inclination angle of the screw (rad) 

𝜸 : The specific weight of water (N/m3) 

𝜹 :  he screw’s inner to outer diameter ratio ( i/ O) (-) 

𝜼 
:  he average efficiency of the ASGs based on manufacturer’s specifications in 

Table 7.1 (η =  3.6%) 
 

𝚫 : Step size (%) 

𝚯 : A constant accounting for screw geometry and fill level (m2/3s−1) 

θ : Angle of sector (rad) 

𝝀 : The constant value in the power function form   

𝝈 :  he screw’s pitch to outer diameter ratio (S/ O) (-) 

𝚵 : The dimensionless inlet depth of the screw (-) 

𝝍 : A constant in the power function form of diameter equation (-) 

ω : The rotation speed of the screw (rad/s) 

𝝎𝑴 : The maximum rotation speed of the screw (Muysken limit) (rad/s) 
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Subscripts 

𝒊 : inner 

𝒎𝒊𝒏 : minimum 

𝑴𝒂𝒙 : Maximum 

O : Outer 
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8 Conclusion 

 

The lack of analytical models and methods to design Archimedes screws and guidelines to support 

the design of Archimedean screw hydropower plants were major unsolved problems for about 

three decades. The presented thesis outlined the analytical and experimental research that led to 

solving this important problem by introducing analytical equations, models, and a guideline to 

support the design or operation of ASGs and ASG hydropower plants. In addition, it outlines the 

process of developing new models for estimating the volume of flow passing through the 

Archimedes screw generators. Moreover, it presents new equations and methods to facilitate the 

design, calibration and modelling of such as sluice gates as an essential component of ASG 

hydropower plants. The presented analytical equations and models are remarkably efficient due to 

significantly low computational costs. The non-iterative and fast analytical calculations for each 

component are essential to maintain the overall efficiency of the multi-component systems, and it 

makes these equations significantly important for modelling the complex hydraulic system of ASG 

hydropower plants, studying in different scenarios such as climate change, development of 

management plans and operation plans, etc. 

The characteristics of ASGs were investigated, and their pros and cons were analyzed to learn the 

potentials of ASGs in the sustainability of hydropower development and determine what is 

required to facilitate the use of this technology.  

Investigations of potential tools to support initial water resource studies of hydropower sites led to 

the discovery of the potential of EKF and the importance of methods to feed training data in 



 

 

194 

 

improving ANN-based estimation models to solve an estimation problem with the minimum 

number of available parameters.  

The geometry, rotation speed and inlet depth of the Archimedes screw were confirmed as the most 

important factors of supply flow into ASGs during investigations on experimental measurements 

of a grid-connected Archimedes screw generator and five lab screws at the University of Guelph. 

The concept of the effective inlet area, and the required analytical equations, were developed based 

on these findings, which later became the foundation of developing the ASG design analytical 

equation. Moreover, it led to the development of equations that, despite the complexities of flow 

through the ASGs, can estimate the volume of flow passing through the screw easily using the 

minimum number of variables: the inlet depth and rotation speed for variable speed screws and 

the inlet depth for fixed speed screws.  

In addition, studying the governing factors of supply flow into ASGs showed the importance of 

measuring and regulating flow to ASGs using sluice gates. The laboratory experiment to study 

sluice gate models resulted in improving the understanding of these models’ performance, 

similarities, advantages and disadvantages. Learning the concepts and general governing factors 

in these models enabled the development and proposition of new equation forms that made them 

simpler to implement and easier to compare and analyze. Scaling effects were observed in the loss 

factor in the modified energy-momentum model that considers losses. Therefore, new equations 

and methods were developed to reflect the scaling effects on this factor, which improved the 

generality and performance of this model. Furthermore, lessons learned about the sluice gate 

models aided in developing a method to estimate the discharge coefficient for the HEC-RAS 



 

 

195 

 

model, which enables utilization of the HEC-RAS model for design purposes or when 

experimental measurements for calibrating discharge coefficient are not available.  

General trends and rules in ASG designs were discovered, characterized, and utilized by surveying 

and analyzing worldwide currently operating ASGs in hydropower plants that are designed and 

installed by different manufacturers. These findings were utilized to develop empirical equations 

to estimate several aspects of Archimedes screw hydropower plants. These discoveries, besides 

the results of the development of ASGs' flow rate concepts and models, facilitated research that 

led to developing an analytical equation to design site-specific Archimedes screws. This analytical 

equation requires a minimum number of variables and does not require complex mathematics like 

iterative methods to estimate the Archimedes screws' geometry. 

Investigation of some ASGs that are not in good agreement with this analytical model led to 

learning about ASGs with unique designs, such as extra-long ASGs using new materials, 

switchable pump-generator Archimedes screws, and ASGs with adjustable inclination angels. 

Investigations on such screws led to learning about advancements in manufacturing ASGs to 

overcome technical concerns led to expanding the feasible operation range of ASGs. 

Some manufacturing design considerations were identified for determining the geometry of 

screws. Observations indicated that some ASP manufacturing recommendations are common in 

ASG designs. For ASPs, δ values between 0.4 to 0.6 are recommended to optimize the fill of 

screws and use of materials. Also, the screw's inner to outer diameter ratio (σ) is related directly 

to the number of blades (N) and reversely to the inclination angle (β); higher β or lower N results 

in lower σ, and vice versa.  hree σ values are offered based on the range of β (Eq. (6–15)). For 
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ASPs with N = 3 and inclination angles up to 35°, the literature recommended considering σ = 1 

and adjusting 𝛽 for optimizing the screw. [31]. Reviewing the literature and studies on currently 

operating ASG designs led to results similar to such recommendations. Also, it suggests N = 3 as 

a reasonable number of blades [36], [276], [286]–[288]. For the majority of ASGs 𝛿 = 0.5, 𝛽 ≃

 22°, and 𝜎 = 1 is common and larger variations of 𝜎 are most likely due to the installation 

conditions [36]. The developed analytical method for estimating the ASG geometry, represented 

in chapter 6, is flexible to support different 𝛿 and 𝜎 values for custom designs or optimization 

purposes. Based on what is learned, pre-computed data is represented in the form of graphs to 

support and facilitate custom ASG designs based on various 𝜎 and 𝛿, which are represented in 

chapter 7 (section 7.3.3).  

Guidelines were developed to support the design of Archimedes screw hydropower plants using 

one or multiple Archimedean screw generators. Methods were proposed to estimate the number 

and geometry of ASGs in hydropower plants considering that many ASG power plants are run-of-

river, which makes them highly dependent on local flow duration curves, that vary from river to 

river. These methods significantly reduce the computational costs of the initial design of the site-

specific Archimedes screws and facilitate the design and optimization of ASG powerplants. This 

guideline provides several important factors that allow more accurate predictions than just looking 

at similar examples of existing installations, require a minimum of input data, and do not require 

mathematical complexity such as iterative methods. A detailed ASG design study could be 

undertaken using the results of this process as the design starting point. 
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Using Archimedes screws as generators is relatively new, and in comparison with other 

hydropower technologies, there are many not well-known aspects about ASGs, from the 

phenomenon at the inlet, though, and outlet of ASGs and their effect on the screws' performance 

to manufacturing details and considerations. Also, the author believes further studies may be 

required even on some of the widely evaluated and applied information. For example, a large 

portion of current Archimedes screws literature, including this study, and the majority of full-scale 

ASGs designs are based on a constant speed close to Muysken's maximum rotation speed. 

Observations showed that this speed is too fast for small-scale screws, and it is also not constant 

in variable speed screws. Further studies are recommended to characterize effective parameters in 

determining the maximum rotation speed of screws and find an analytical alternative for 

Muysken's empirical equation that is not subjected to scaling effects. In addition, considering the 

emerging interest in small ASGs and the potentials of variable speed screws, further investigations 

of this study's models and equations are suggested for such screws.  

There are some optimization recommendations that are adopted from ASPs. For example, 

literature proposes that reasonable filling of ASPs would be achieved for δ between 0.4 to 0.6, and 

theoretical studies and experimental investigations narrowed this range down to 0.45 and 0.55 [1]. 

Also, due to manufacturing considerations and optimum use of materials, it is proposed to consider 

σ = 1 as a fixed ratio (constant) and the inclination angle as a parameter to optimize [1]. Increasing 

inclination angle leads to higher overflow and gap leakages that could be managed by increasing 

N [41]. However, due to the thickness of the blades, more blades come at the cost of reducing the 

bucket sizes as well as increasing manufacturing costs and challenges. Modern ASGs usually 

utilize three or four helical blades (N = 3 or 4). These recommendations are considered in designs 
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suggested by the methods offered in this thesis. These designs are in reasonable agreement with 

the currently operating industrial ASGs that are probably optimized by the manufacturers. They 

can be used as a basis for the optimization process, especially in studies that use methods that 

could be accelerated or improved by better initial guesses, such as heuristic or metaheuristic 

algorithms. Dedicated investigations are recommended to develop analytical models to determine 

the optimum values of δ, σ, β and N and other effective parameters in optimizing ASGs. There are 

few analytical studies and methods for optimizing the ASG designs. For example, some studies 

focused on optimizing Di and S to maximize the volume of flow passes per screw turn [34]. 

However, this study showed that the passing flow rate through the screws is not just a function of 

the screw's geometry. Moreover, due to the concepts discussed in chapter 5, for a specific 

discharge, the flow depth could be different in open channels and based on the Lubitz et al. (2012) 

power model, it could be concluded the higher volume of flow passing through a screw does not 

essentially lead to more power. There are experimental studies about the effects on inclination 

angle and the generated power of screws that reinforce this hypothesis by indicating shallower 

inclination angles led to generating more power [297], [298]. Therefore, this author recommends 

studies to study optimizing ASGs considering such effective factors. Moreover, ASGs could 

operate in a wide range of flow rates and optimizing the screw for the design flow rate does not 

essentially lead to optimally supporting all operation conditions. Therefore, optimization studies 

could focus on topics such as the optimum range of operating screws or optimizing ASGs to 

operate near optimum for a wider range of operating conditions. Many optimization studies are 

focused on the application of CFD, which is highly dependent on the knowledge and skills of the 

user. At any rate, case optimizations may limit the results to specific cases or scales. Therefore, 
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further studies are recommended to characterize the effective parameters and general rules in 

optimizing ASGs and develop general analytical methods or guidelines to optimize ASG designs. 

Determination of the optimum or most effective size and combination screws in multi-ASG 

powerplants is recommended to take advantage of the available flow rate in high flow sites. This 

study proposed three methods for determining the size of screws based on the flow duration curve. 

The identical screws method could be advantageous for remote locations, mass production of 

screws, and ease the maintenance, while the trial-and-error method could result in higher reliability 

in generating power. Further investigations on the proposed methods are recommended to 

understand their pros and cons better and find the optimum methods for this purpose. Such 

investigations may help find general rules or recommendations that benefit the development of 

analytical methods or algorithms to develop guidelines, models or supporting tools for this 

purpose. 

Optimizing operation plans require defining constraints for upper and lower limits. The maximum 

filling of screws could be estimated using physical constraints, and there are methods to determine 

the optimum filling of screws. Some studies reported that ASGs could utilize up to 20% more flow 

than their optimal filling without considerable loss in their efficiency [2]. However, there are no 

analytical measures to define the minimum reasonable flow to operate ASGs (MRFO). It is 

important to note that this theoretical construct is not associated just with the flow. In real plants, 

the MFRO depends on bearings, generators and electrical aspects of the plant. For single screw 

powerplants, MRFO could help more realistic and reliable operation plans and estimations of 

overall power generation. Determination of MRFO is even more important in optimizing operation 

plans of powerplants using more than one ASG since deciding between overloading the operating 
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ASGs or running the next ASG based on available flow could affect the overall power generation. 

Observation of experimental measurements showed that the efficiency of an ASG varies at 

different rotation speeds or flow rates. Even for constant rotation speeds, observations showed that 

the efficiency of ASGs varies at different flow rates. More efficiency does not essentially mean 

more overall power generation, and it needs to be considered in optimizing operation plans. For 

example, based on the available flow and MRFO, the optimization models should be able to 

estimate whether overfilling ASGs or running an extra ASG will lead to more power generation. 

To define MRFO, further research is recommended to identify and characterize effective factors 

which running a screw is feasible and efficient enough mechanically and reasonable economically, 

then develop proper measures to determine this condition. 

This thesis outlined the author's laboratory experiments, analytical research, numerical 

investigations, and studies on Archimedes screw generators and ASG hydropower plants' 

components to develop new equations, models, and guidelines to support ASG hydropower plants' 

design and operation. The developed equations, tools and design guidelines enable the estimation 

of design aspects of ASG hydropower plants rapidly and easily, using the minimum number of 

required parameters. The author hopes that the outlined research in this thesis facilitates the design 

and operation of green and renewable Archimedes screw hydropower plants and serves future 

research. 
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APPENDICES 

 

A.   Evaluation Criteria 

 A correlation refers to any statistically significant relationship between two variables [299]. 

According to the definition, to compare the results of model outputs (predictions) with observed 

data (observations or measurements) for a statistical sample with 𝑛 couples (𝑂𝑖, 𝑃𝑖), the correlation 

could be calculated by the following equation: 

𝑅 =
∑ (𝑂𝑖 − �̅�)(𝑃𝑖 − �̅�)
𝑛
𝑖=1

√∑ (𝑂𝑖 − �̅�)2
𝑛
𝑖=1 √∑ (𝑃𝑖 − �̅�)2

𝑛
𝑖=1

 
(A-1) 

Note that 𝑂𝑖 is the observed data, 𝑃𝑖 is the estimated value, 𝑂 is the average of observational data, 

𝑃 is the average of estimated data, and 𝑛 is the number of data. The correlation coefficient values 

could be in a range between −1 to +1. Correlation close to +1 means a good and direct correlation 

between two datasets. Correlations close to −1 mean a good but reverse relation between datasets. 

A correlation close to zero implies a lack of correlation. The range of R2 is between 0 and 1. 

Therefore, a higher value indicates better relation between datasets. 

The mean error (ME) is defined as the average difference between the model estimations and the 

experimentally measured value:  

 E =
1

𝑛
∑(𝑃𝑖 − 𝑂𝑖)

𝑛

𝑖=1

 (A-2) 

The mean absolute error (MAE) is a criterion that compares the predicted results to the desired or 
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actual results. This criterion is calculated using the following equation [300]: 

𝑀𝐴𝐸 =
1

𝑛
∑|𝑂𝑖 − 𝑃𝑖|

𝑛

𝑖=1

 (A-3) 

The mean squared error (MSE) or mean squared deviation (MSD) of an estimator measures the 

average of the squares of the errors. It is the average squared difference between the estimated 

values and desired or actual values. The MSE is a measure of the quality of an estimator. It is 

always non-negative, and smaller values indicate better performance [301]. 

𝑀𝑆𝐸 =
1

𝑛
∑(𝑂𝑖 − 𝑃𝑖)

2

𝑛

𝑖=1

 (A-4) 

Root mean square deviation (RMSD) or root mean square error (RMSE) is a common measuring 

criterion calculated from the difference between the predicted values by a model or estimator and 

the observed data. It indicates the sample standard deviation from the predicted values and the 

experimental data. These differences are called residual when calculations are estimated from 

samples and are called forecast error when they are predicted out of sample. RMSE is an acceptable 

measure to compare the prediction errors of a special variable and is calculated using the following 

equation [301]: 

𝑅𝑀𝑆𝐸 = √
1

𝑛
∑(𝑂𝑖 − 𝑃𝑖)2
𝑛

𝑖=1

 (A-5) 

The percentage (percent) error (PE) is a dimensionless error measure defined as the difference 

between the model estimations and the experimentally measured value: 
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 E =
𝑃𝑖 − 𝑂𝑖
𝑂𝑖

× 100 (A-6) 

The mean percentage error (MPE) is the average of percentage errors (the difference between 

predicted and measured values) [302] and represents errors in a dimensionless form which is easier 

to analyze and compare: 

 PE =
100

𝑛
∑

𝑃𝑖 − 𝑂𝑖
𝑂𝑖

𝑛

𝑖=1

 (A-7) 

The mean absolute percentage error (MAPE) is the average of absolute percentage errors and one 

of the most common accuracy measures [303] that is recommended in many textbooks (e.g. [302], 

[304]). MAPE considers errors regardless of their sign, so positive and negative errors cannot 

cancel each other. MAPE is calculated as: 

 APE =
100

n
∑ |

Ei − Oi
Oi

|
n

i=1
 (A-8) 

 


