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ABSTRACT

SPECTROSCOPY OF 188HG FOLLOWING THE �+/EC DECAY OF 188,188mTl

Andrew Dale MacLean
University of Guelph, 2021

Advisors:
Professor Dr. Carl Svensson

The structure of 188Hg has been studied via the �+/EC decay of 188Tl with the Gamma

Ray Infrastructure For Fundamental Investigations of Nuclei (GRIFFIN) spectrometer at

the Isotope Separator and Accelerator (ISAC) radioactive ion beam facility at TRIUMF.

Combining measurements of internal conversion electrons, � rays, �-conversion electron and

�-� coincidences, a detailed level scheme was constructed involving 280 transitions between

137 excited states. Gamma-gamma angular correlations were measured to assign spins and

determine mixing ratios, �, for transitions of mixed multipolarities. These mixing ratios,

together with the measured internal conversion coe�cients, ↵, allowed the electric monopole,

E0, components of several J⇡ ! J⇡ transitions to be determined. The lowest J⇡ = 3� state

was firmly identified for the first time in the neutron deficient Hg isotopes, and several new

structures with possible “K = 0”, “K = 2” and “K = 4” bandheads also proposed. These

results provide new insights into the mixing of shape coexisting structures in 188Hg.
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Chapter 1

Introduction to Nuclear Models

Nuclear physics is the study of the atomic nucleus and the interactions of the constituent

protons and neutrons that comprise it. The atomic nucleus is a complicated, interacting

many body quantum system. The protons and neutrons forming the nucleus are collectively

known as nucleons and are themselves comprised of more elementary particles called quarks.

This system is held together by the strong nuclear force, which in principle should be de-

scribed by quantum chromodynamics (QCD) [1]. Theoretically, the properties of the atomic

nucleus could be described by precisely modelling quarks and quark interactions, however,

this is an extremely di�cult problem to solve. Rather than trying to model the fundamental

quark interactions, the e↵ective interactions between protons and neutrons are modelled,

assuming they follow the symmetries of QCD [2]. To properly model the physics govern-

ing the proton and neutron interactions the forces between these particles need to be well

understood.

The nuclear landscape contains a range of nuclei from simple systems, as small as a single

nucleon, to large complex systems of three hundred or more nucleons, creating thousands
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of unique combinations of protons and neutrons. Many nuclei are unstable and will emit

radiation to reach a lower energy state. Over decades of experimental studies of nuclei and

the radiation emitted from these nuclei, nuclear models began to explain the experimentally

observed phenomena. Of these models, one of the most successful has been the nuclear shell

model [3]. Following the work of atomic physics, the nuclear shell model arranges nucleons

in the nucleus into a shell structure. While the nuclear shell model performs well for nuclei

near closed shells, moving away from the closed shell regions towards the midshell it becomes

di�cult to model the interactions, which create the observed experimental phenomena, es-

pecially for heavy nuclei. The ability to understand and predict the structures of nuclei far

from stability remains a fundamental question in nuclear physics.

The nuclear shell model is very successful describing nuclear phenomena resulting from

changes in single-particle behaviour. In the midshell regions of the nuclear chart nuclei

exhibit more collective behaviours. Collective excitations are, in general, much more di�cult

to describe with the shell model. The shell model is also limited by the current capabilities

of computing power. For heavy nuclei the valence spaces needed become so large that they

can no longer be exactly diagonalized. These two challenges make heavy-midshell nuclei

which exhibit strongly collective behaviour some of the most important to study.

Systematic studies across isotopic chains illustrate the evolution of collective structure

as nuclei approach the midshell regions. This evolution arises from the competition between

two opposing e↵ects. On one hand, the stabilizing a↵ect of closed shells drives the nucleus to

have a spherical shape. On the other hand, residual interactions among the valence protons

and neutrons in the nucleus can cause a redistribution of the nucleons into a more deformed

shape [4]. The competition between these e↵ects can lead to the nucleus having di↵erent

states with distinct deformations at similar energies, known as shape coexistence.
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The neutron deficient isotopes at and near Z ⇡ 82 exhibit some of the most dramatic

manifestations of shape coexisting structures [5]. Being near the midshell region for neutron

number (N ⇡ 104), these exotic nuclei are unstable, and thus can be di�cult to study ex-

perimentally. The first indication of shape coexistence in this region came from the large

isotopic shifts observed in the mercury isotopes [6–8]. Shortly after, spectroscopy mea-

surements were preformed revealing excited 0+ states that had rotational bands built upon

them. This brought into question the survival of the Z = 82 closed shell in this region

and prompted many studies into the lead isotopes. One of the most cited papers revealed

triple shape coexisting structures in 186Pb [9] in which the lowest three states in the energy

spectrum of 186Pb were found to be spherical, oblate and prolate. After decades of detailed

studies, many properties of nuclei in this region have been measured to explore the evolution

of the coexisting structures [10–30].

Experimentally verifying distinct structures is necessary to benchmark and constrain the-

oretical models. Due to the complicated nature of the interactions in heavy midshell nuclei,

precise measurements are needed from a wide variety of experimental techniques to fully

describe the observed phenomena. Not only is it important to know what shape coexisting

structures exist, but the wave functions of the observed states can become an admixture of

the di↵erent deformations. This is known as configuration mixing and understanding the

extent to which configuration mixing occurs between coexisting structures is important to

comprehend the complex interactions involved.

In this thesis, a detailed spectroscopy study was performed following the �+/EC decay

of 188,188mTl to 188Hg. This analysis greatly expands the spectroscopic information on 188Hg

providing precise values for branching ratios, B(E2) values, mixing ratios, internal conversion

coe�cients and E0 branching ratios of J⇡ ! J⇡ transitions with J 6= 0 for the first time.
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The E0 branching ratios can be combined with the lifetimes of the excited nuclear states

to extract the E0 transition strengths, ⇢2(E0). The ⇢2(E0) values are a model independent

signature of the mixing of configurations with di↵erent mean-square charge radii [31]. The

extent of the configuration mixing is still one of the key unresolved issues in this region and

the importance of preforming these measurements on the neutron deficient mercury isotopes

will be discussed.

1.1 The Nuclear Shell Model

1.1.1 Origins

The concept of the nuclear shell model originated from the shell model used in atomic

theory. The atomic shell model describes quantized electron orbitals being filled in order

of increasing energy. Filling of orbitals must follow the Pauli exclusion principle until all

available electrons are placed to make the lowest energy state. The electrons outside of filled

shells, which are called valence electrons, are primarily responsible for the atomic properties.

The nuclear shell model takes a similar approach arranging nucleons, which like electrons

are fermions and thus must obey the Pauli exclusion principle, into shell structures. Unlike

the atomic shell model, however, the nuclear shell model does not only require Coulomb

potential from the protons in the nucleus, but also the strong attractive potential from the

strong interactions between the nucleons themselves.

One important observable used to describe nuclei is the binding energy of the system.

The binding energy is the amount of energy or mass equivalently, that the system is reduced

by when forming a bound system of protons and neutrons compared to the masses of the

individual components. Conversely, it is also the amount of energy required to separate the
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bound system into its individual components. The total binding energy of the nucleus is

given by:

BE(N,Z) = Zmpc
2 +Nmnc

2 �mN(N,Z)c2 (1.1)

where Z is the number of protons, mp is the mass of the proton, N is the number of neutrons,

mn is the mass of the neutron and mN(N,Z) is mass of the bound nucleus.

Given that the mass and, hence, binding energy is one of the simplest observables to

measure, several models have been developed in order to describe the experimental obser-

vations. The simplest of these models is based on a charged liquid drop [32]. This “liquid

drop” model describes the binding energy of the nucleus as:

BE(Z,A) = aVA� aSA
2/3 � aC

Z2

A1/3
� aA

(N � Z)2

A
+ �aPA

�1/2 (1.2)

where the five terms represent the volume, surface, Coulomb, asymmetry and pairing contri-

butions to the binding energy and Z,N , and A = N+Z are the number of protons, neutrons,

and total nucleons respectively [33]. The parameters aV , aS, aC , aA and aP are typically ex-

tracted from fits to experimental data [33]. In the fifth term � is 1, 0, or -1 for even-even, odd

A or odd-odd nuclei respectively. To determine nuclear masses, Equations 1.1 and 1.2 can

be combined, which comprises what is known as the semi-empirical mass formula (SEMF).

The SEMF does a relatively good job of describing the masses of nuclei with a single smooth

function, as shown in Figure 1.1.

It is observed in Figure 1.1 that there are some discontinuities which create slight dif-

ferences between the experimentally observed data and the predictions of the SEMF. These

discontinuities arise because the nucleus does not behave exactly like a liquid drop but also
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Figure 1.1: Binding energy per nucleon as a function of mass number. Black dots correspond
to experimental data for stable nuclei and the curve shows the semi empirical mass formula
of Equation 1.2. Adapted from Ref. [33].

has quantum-mechanical shell structure. One experimental observable that emphasizes the

nuclear shell structure is the two neutron separation energy, S2n given by:

S2n = BE(Z,N)� BE(Z,N � 2), (1.3)

where S2n is the energy required to remove two neutrons from a given nucleus. It is observed

in Figure 1.2 that discrepancies exist between the SEMF predictions and the experimentally

measured results. Sudden drops in S2n are noticeable at specific neutron numbers known as

the “magic numbers”. The magic numbers correspond to nuclear shell closures at proton
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and neutron numbers Z,N = 2, 8, 20, 28, 50, 82 and 126. These are analogous to the electron

shell closures observed in atomic physics at atomic numbers 2, 10, 18, 36, 54, ... although

the magic numbers are di↵erent due to the di↵erent form of the potential from the strongly

attractive nuclear interactions. The experimental observation of the nuclear magic numbers

was a key factor leading to the development of the nuclear shell model [34].

Figure 1.2: Two-neutron separation energies for di↵erent nuclei as a function of neutron
number. Di↵erences are observed between the experimental data and the predictions of the
SEMF. Magic numbers are indicated with circles and correspond to the sudden changes of
S2n. Figure adapted from Ref. [33].
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1.1.2 Non-interacting Shell Model

The nucleus is a complex many body system involving 2-body, 3-body, and higher order

interactions of the nucleons inside the nucleus. In general, the many-body Schrödinger

equation that should be solved can be expressed as:

H = (T+V ) =

"
AX

i=1

�h̄2

2mi
r2

i+
AX

i,>j

AX

j=1

vij(~ri,~rj)+
AX

i>j

AX

j>k

AX

k=1

vijk(~ri,~rj,~rk)+...

#
 = E ,

(1.4)

where T and V are the total kinetic and potential energy, respectively. Directly solving a

system as complex as this is generally extremely di�cult. This problem is made even more

challenging by the fact that the exact forms of the 2-body, vij, 3-body, vijk, and higher

order interactions are not known. Since we cannot solve the A-body Schrödinger equation

directly, the nuclear interactions are often approximated by nucleons moving in a mean-field

potential:

AX

i,>j

AX

j=1

vij(~ri,~rj) +
AX

i>j

AX

j>k

AX

k=1

vijk(~ri,~rj,~rk) + ... ⇡ V (~ri). (1.5)

The nuclear shell model uses this mean-field approximation that a nucleon in the nucleus is

moving in an average external potential created by the other A� 1 nucleons. This simplifies

the Hamiltonian to a one-body Schrödinger equation and a sum over the occupied single-

particle states:

H =
AX

i=1

hi =
AX

i=1

✓
�h̄2

2mi
r2

i + V (~ri)

◆

hi�i(~ri) = ✏i�i(~ri).

(1.6)
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The energy and the wavefunction of the nuclear state can then be constructed as:

E =
AX

i=1

✏i

 (r1, r2...) = Â
AY

i=1

�i(~ri)

(1.7)

where Â is the antisymmeterization operator.

The majority of the residual interactions between the nucleons in the nucleus are assumed

to occur between the valence nucleons. This can be understood because nucleons, consisting

of protons and neutrons, are fermions that must follow the Pauli exclusion principle. Within

the quantized shell structure there is not a continuum of energies for nucleons to occupy. If

two protons, for example, were to interact and scatter from each other some form of energy

would be exchanged in the interaction. If the protons are part of a fully occupied shell and

all the shells below are also full, then the exchange of energy is not possible because it would

force one proton to move into a lower energy shell. These lower energy shells are, however,

fully occupied and a proton can not go to a lower energy state because of the Pauli exclusion

principle.

The mean-field approximation allows for a great simplification of the many body problem

that can be solved in terms of single-particle states. The choice of the mean-field potential,

however, must be able to maintain the essential physics observed in experiment. For example,

the two nucleon separation energies shown in Figure 1.2 exhibit sharp decreases immediately

after the magic numbers. The ability to predict and reproduce the nuclear magic numbers is

thus one feature that must be explained by the nuclear shell model if it is to be considered

a successful model of the nucleus.
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Choosing a nuclear potential

To choose a mean-field nuclear potential we need to know some information about the

interactions occurring inside of the nucleus. The strong interaction between the protons and

neutrons is mediated by the exchange of massive bosons such as pions, ⇡0/⇡±, which have

a mass of ⇠135 MeV [35, 36]. The relatively large mass of this mediating particle for the

strong nuclear force means the strong interaction must be fairly short ranged, according to

the Heisenberg uncertainty principle, �E�t � h̄/2. Using the rest mass of the ⇡0 this gives

a range of r ⇡ h̄c
mc2 = 197 MeV/135MeV

fm = 1.5 fm, or roughly the size of the nucleon. An

implication of the short range of the nuclear interaction is that nucleons in the nucleus will

only interact with their closest neighbours causing the strength of the nuclear interaction to

saturate at long distances.

As shown in Figure 1.3, the nuclear charge density is roughly constant as a function of

mass number, A. As the nucleus increases in size, the central nuclear density does not change

significantly, but rather the nuclear radius is extended increasing the nuclear volume. The

result is a nuclear volume that is proportional to the mass number, A. Assuming the nucleus

is spherical then, V = 4⇡R3

3 = 4⇡r3�A
3 , with nuclear radius, R = r�A1/3 and r� ⇡ 1.25 fm [38].

The nuclear interaction felt by each individual nucleon can then be approximated by a

roughly flat bottomed potential well with a depth of V� ⇠ 50 MeV [38].

The Harmonic Oscillator Potential

A first approximation for the nuclear potential is given by the 3-dimensional spherical

harmonic oscillator potential:

Vn(r) ⇡ �V�

⇣
1� r2

R2
�

⌘
. (1.8)
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Figure 1.3: Comparison of theoretical charge distributions in spherical nuclei with empirical
charge densities. The saturation of the charge density in the centre of the nucleus is observed
with the central charge densities being approximately independent of the size of the nucleus.
Figure adapted from Ref. [37].

There is, of course, an additional potential experienced due to the Coulomb interaction of

the protons within the nucleus which we can approximate by the potential of a uniformly

charged sphere with radius R�:

V� =

8
>>>>>>><

>>>>>>>:

(Z�1)e2

R�

⇣
3
2 �

r2

2R2
�

⌘
, r  R� for protons,

(Z�1)e2

r , r > R� for protons,

0, for neutrons.

(1.9)
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Combining Equations 1.8 and 1.9 gives the mean field potential:

V (r) =

8
>>>>>>><

>>>>>>>:

r2
⇣

V�
R2

�
� (Z�1)e2

2R3
�

⌘
� V� +

3(Z�1)e2

2R�
, r  R� for protons,

r2
⇣

V�
R2

�
� (Z�1)e2

2r3�

⌘
� V�, r > R� for protons,

r2 V�
R2

�
� V� for neutrons.

(1.10)

This gives a harmonic potential with the first term being 1
2m!

2r2 with ! = 2
m

⇣
V�
R2

�
� (Z�1)e2

2R3
�

⌘

for protons and ! = 2V�
mR2

�
for neutrons, with an e↵ective o↵set for protons of (V

0
� = V� �

3(Z�1)e2

2R�
) and for neutrons of (V

0
� = V�) [39]. The Hamiltonian for the three-dimensional

harmonic oscillator potential has well known energy eigenvalues of the form:

✏n,l = h̄!
⇣
2(n� 1) + l +

3

2

⌘
� V

0

� , (1.11)

with l = 0, 1, 2, ... being the orbital angular momentum quantum number and n = 1, 2, 3, ...

being the radial quantum number. For fermions, this has (N+1)(N+2) degenerate solutions,

where the major shell quantum number is N = 2(n� 1) + l for given values of n and l. The

degeneracies are listed in Table 1.1 for the first seven solutions of the harmonic oscillator

potential. The harmonic oscillator is able to successfully reproduce the first three magic

numbers of N,Z = 2, 8, 20, but begins to deviate from the experimentally observed magic

numbers for major shell quantum numbers greater than 2 and is unable to reproduce the

next major shell gap observed experimentally at N,Z = 28. This means that the harmonic

oscillator is able to successfully model some aspects of the nuclear potential but can not fully

reproduced the experimentally determined magic numbers. One issue with the harmonic

oscillator potential is the fact that it grows continuously with r and this implies unphysical
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infinite nucleon separation energies. This obviously can not be the case for the real nuclear

potential, which is short range and must saturate at a finite radius and then dissipate quickly

for large radial separations.

Table 1.1: The first seven solutions to the 3-dimensional harmonic oscillator potential. De-
generate solutions are shown in spectroscopic notation (nl) in which s, p, d, f, g, ... are used
to represent l = 0, 1, 2, 3, 4, .... The first three nuclear magic numbers are successfully
reproduced, before deviations occur for N > 2.

N Energy nl Degeneracy Sum of Nucleons
0 3/2h̄!� 1s 2 2
1 5/2h̄!� 1p 6 8
2 7/2h̄!� 2s,1d 12 20
3 9/2h̄!� 2p,1f 20 40
4 11/2h̄!� 3s,2d,1g 30 70
5 13/2h̄!� 3p,2f,1h 42 112
6 15/2h̄!� 4s,3d,2g,1i 56 168

Wood-Saxon Potential

A more realistic nuclear potential has to account for the finite range of the nuclear force.

One potential that closely resembles the nuclear density is the Wood-Saxon potential [40].

The potential is a sigmoid function described by:

V (r) =
�V�

1 + e(r�R)/a
, (1.12)

with V� ⇡ 50 MeV the depth of the well [38], R ⇡ 1.25A1/3 fm the mean radius, and

a ⇡ 0.524 fm representing the skin thickness, which is observed to be relatively constant in

Figure 1.3. The Schrödinger equation this potential does not have general analytic solutions

and thus needs to be solved numerically [39]. One result of using the Wood-Saxon potential

is the lifting of the degeneracy within the major shells by separating the di↵erent values of l
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observed in the harmonic oscillator potential, where higher l orbitals are more deeply bound

in the Wood-Saxon potential than in the harmonic oscillator potential. For higher major

shells, the splitting of these ‘subshells’ becomes as large as the major shell gaps themselves,

changing the magic numbers to 2, 8, 20, 40, 58, 92, 112. This still does not match what

is observed experimentally for the magic numbers, even though a realistic central potential

has been used. In order to obtain the correct magic numbers, additional interactions of the

nucleons closer to the Fermi surface must be accounted for.

Spin-Orbit Potential

In order to reproduce the experimentally observed magic numbers, an additional term

was added to the Wood-Saxon potential. The origins of this term again came with help from

analogies with atomic physics. In atomic physics there is a spin-orbit interaction that depends

on the relative spin and orbital angular momentum directions and is a relativistic e↵ect. One

di↵erence from the atomic spin-orbit interaction is that the nuclear spin-orbit interaction is

non-relativistic, but rather is an intrinsic component of the strong nucleon-nucleon interac-

tion. While it has the same functional form as the atomic spin-orbit interaction, it has the

opposite sign.

The nuclear spin-orbit potential is expressed as:

Vl·s(r) = r2�Vls
1

r

dVWS(r)

dr
l̂ · ŝ (1.13)

where VWS(r) is the Wood-Saxon central potential, l̂ and ŝ are the orbital angular momentum

and spin operators, and Vls ⇡ �17 MeV [38]. Since the spin-orbit potential is related to

the derivative of the Wood-Saxon potential, it is most significant where there are larger
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Figure 1.4: A plot of the sigmoid shape, similar to the density distribution, of the Wood-
Saxon potential (blue), the spin-orbit potential (red) being surface peaked and the sum of
the two (green).

slopes of VWS(r). With the Wood-Saxon potential being roughly constant within the central

volume of the nucleus, the spin-orbit potential is negligible in the center of the nucleus. The

spin-orbit potential is thus strongly as shown in Figure 1.4 surface-peaked.

In the spin-orbit potential the l̂ · ŝ term does not commute with the projections of the

orbital angular momentum or spin operators, ml and ms. Thus, the energy eigenstates need

to be labelled with new quantum numbers, j, l, s,mj and n, where the new quantum number

j = l±s, does commute with l̂ · ŝ. This level splitting breaks the degeneracy of the l subshells

even further separating the energies based on the di↵erent values of j = l ± 1/2.

The sign of the nuclear spin-orbit potential has an important e↵ect. It is attractive when

l̂ · ŝ is positive and thus lowers the potential energy of the nucleons with spins aligned with

their orbital angular momentum. Conversely, it is repulsive when l̂ · ŝ is negative and rasies
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the energies of nucleons whose spins and orbital angular momentum are antialigned. The

pushing of levels with j = l+1/2 states into lower major shells is what generates the nuclear

magic numbers 28, 50, 82 and 126 as shown in Figure 1.5. This successfully reproduces all of

the experimental magic numbers while converting the original complex nuclear many-body

problem into a simple one-body problem with a central plus spin-orbit potential. The nuclear

shell model has had tremendous success in describing nuclei near closed shells and is able to

predict many nuclear properties.

1.1.3 Limitations of the Nuclear Shell Model

The nuclear shell model was first introduced in the 1950’s [41], nearly 70 years ago, with

initial conceptual ideas starting nearly 20 years earlier [42]. Over the long history of the

nuclear shell model there has been tremendous progress and successes that have helped with

the comprehension of nuclear structure and nuclear reactions. Early on the focus of the

nuclear shell model was centred around light nuclei and didn’t extend much further than the

oxygen isotopes, but eventually extended its reach to calcium and heavier isotopes [43]. The

shell model’s main use is to provide a means of comparison with experimentally observables,

such as excitation energies, electromagnetic moments, transition rates, etc. Some of the

major successes of the nuclear shell model have been in its ability to precisely calculate

energy levels, spectroscopic factors, E2 observables (especially in the sd shell) and magnetic

moments [44].

There are three facts that determine the success of shell-model calculations [45]:

• The choice of e↵ective interaction.

• The selected valence space.
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Figure 1.5: Single-particle energy levels using the Wood-Saxon potential (left) and with
the addition of the spin-orbit interaction (right). The experimental magic numbers are
reproduced and are circled. Figure adapted from Ref. [33].
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• Algorithms to diagonalize the large matrices involved and extract results.

The e↵ective interaction has the di�cult task of converting the nucleon-nucleon interaction

within the full Hilbert space to an e↵ective interaction between valence nucleons in a smaller

model space and thus must transform the full potential with its repulsive short-distance

behaviour into a smooth pseudopotential [45].

The reason to reduce the overall model space and adopt e↵ective interactions is be-

cause diagonalizing a Hamiltonian with many particles that can exist in a large number of

single-particle orbits creates extremely large matrices that can not be solved with modern

computing technology.

Figure 1.6: Image showing the selection of the valence space of an example nuclear shell
model calculation with the assumption of an inert core. In this case the levels included in
the calculation are blue with levels above and below being either inert or not included.
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The choice of valence space should be large enough to reproduce the most significant

components of the low-lying states of nuclei, yet small enough to be solved numerically.

The low-energy states can often be accounted for by involving the excitations of a subset of

particles in a nucleus to a few orbitals around the Fermi level. Determining the valence space

requires the continuous interplay between experiment and theory to establish its validity.

Currently, the selection of which orbitals to include is limited to one or two neighbouring

major shells [45].

One aspect that the nuclear shell model struggles with is the ability to describe strong

nuclear deformation and highly collective states. While the spherical shell model can indeed

produce deformed nuclei [46, 47], describing heavy deformed nuclei and rotational states

generally involves mutli-particle multi-hole excitations across major shells and is computa-

tionally intensive. It is often simpler to work with a deformed field rather than the spherical

field of the shell model to investigate such collective states [48].

1.2 Collective Model

When performing shell model calculations, the residual interaction matrix elements be-

tween valence nucleons must be diagonalized. These matrices become extremely large as

the number of valence nucleons and the size of the valence space increase and with current

technologies quickly become intractable. Additionally, even if solving these matrices were

possible, the huge number of components in the wave functions would not be informative

in any intuitive sense. As an example, for 154Sm, approximately 3 ⇥ 1014 2+ states can

be constructed with the protons in the Z = 50 � 82 major shell and the neutrons in the

N = 82� 126 major shell [44]. This type of shell model calculation is currently not possible
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and, even if they were, attempting to understand the resultant wave functions would be

e↵ectively meaningless. To understand the physics in these nuclei alternative models are

necessary which truncate the model space in a physically motivated way in order to simplify

the calculations. Of course, a balance has to be considered between simplifying the model

and being able to accurately extract the essential physics.

Alternative models to the nuclear shell model attempt to examine nuclear properties not

necessarily by modelling the microscopic interactions of individual nucleons, but rather by

examining excitations created by the coherent and collective motion of many nucleons. The

excited states generated involve multiple (often many) nucleons and are generally described

as collective excitations.

The residual interactions in nuclei with many valence nucleons tend to drive the nucleus

to be deformed rather than the spherical shapes typical of nuclei near closed shells. These

nuclei can have low-lying excited states that are described by vibrations or rotations of a

nonspherical shape. These collective excitations are similar to those of a rotating or vibrating

drop of liquid [32].

1.2.1 Deformation, Vibrations and Rotations

Deformation

Away from closed shells, the increased number of valence proton-neutron interactions

leads to deviations of the nuclear shape away from spherical symmetry. The deformation of

the nucleus can be represented by:

R(t) = Rav

"
1 +

1X

�=0

�X

µ=��

↵�µ(t)Y�µ(✓,�)

#
(1.14)
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where Rav is the average radius of the nucleus given by Rav = R�A1/3, Y�µ(✓,�) are the spher-

ical harmonics, ↵�µ(t) are expansion coe�cients relating to the (possibly time-dependent)

amplitude of the deformation, � represents the multipole order of the deformation (� = 0,

1, 2,... being monopole, dipole, quadrupole, etc.) and µ representing the magnetic substate

of the multipolarity, µ = ��,�� + 1, ...� � 1,�. The most common form of deformation

is quadrupole deformation. It is also possible for nuclei to exhibit higher order types of

deformation, such as octupole or hexadecapole, for example.

Nonspherical nuclei have characteristics that can not be observed in spherical nuclei.

One such property is undergoing rotations about an axis perpendicular to the symmetry

axis, whereas rotations cannot occur about an axis of symmetry a nucleus possesses as it

would leave the wavefunction unchanged and are not permitted in quantum mechanics. Ad-

ditionally, vibrations can also occur about the equilibrium shape. Combinations of vibrations

and rotations may also be superimposed leading to further excitation modes.

Vibrational Model

One type of collective excitation generating time-dependent deformation of a nucleus is

vibrations. Nuclear vibrations cause the shape of the nucleus to oscillate over time about

its average, or equilibrium shape. Figure 1.7 shows the first four vibrational multipolarities.

The monopole vibration, � = 0, is the “breathing mode”, in which the nucleus expands

and contracts [49]. This excitation is called the giant monopole resonance as it changes

the nuclear volume and requires considerable energy, thus these excitations exist at high

excitation energies, usually around 10-25 MeV [49]. The isoscaler dipole vibration, � = 1,

is not really a form of deformation but rather a translation of the center of mass and thus

does not occur as an internal excitation mode of the nucleus. Inside the nucleus, however,
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the neutrons can move in one direction opposite to the motion of the protons so that there

is no translation of the center of mass. This type of excitation, known as the giant dipole

resonance (GDR), requires large displacements of many nucleons and also exists at high

excitation energy.

Figure 1.7: Vibrational deformation for the lowest four multipole orders. The red dashed
line represents a spherical shape. The blue and green lines represent the compression and
expansion for the monopole, � = 0 case, and a translation of the center of mass for the dipole
vibration, � = 1.

Quadrupole vibrations, having � = 2, appear frequently in nuclei across the nuclear

chart. The quadrupole vibrations conserve the nuclear volume and appear as low-energy

excitations in many nuclei. The oscillations in the shape of the nucleus for a quadrupole

vibration can be described by:

R(t) = Rav

"
1 +

2X

µ=�2

↵2µ(t)Y2µ(✓,�)

#
. (1.15)

22



Given that the nuclear radius must be real, i.e. R(t) = R⇤(t) and that

Y ⇤
�µ(✓,�) = (�1)µY��µ(✓,�), (1.16)

the expansion coe�cients have to fulfil the relation

↵⇤
�µ = (�1)µ↵��µ. (1.17)

This means that the ↵2µ parameters are not all independent since Equation 1.17 implies

↵2µ = (�1)µ↵⇤
2�µ thus removing one degree of freedom [50].

To generate the quadrupole vibrations in the nucleus, creation and annihilation operators,

�̂†
2µ and �̂2µ respectively, are used. These operators create or destroy quadrupole phonons,

which carry two units of angular momentum. The creation and annihilation operators have

the a↵ect:

�̂†
2µ |npi =

p
np + 1 |np + 1i

�̂2µ |npi =
p
np |np � 1i

(1.18)

where |npi is a state containing np quadrupole phonons. Using the relation �̂†
2µ�̂2µ |npi =

np |npi, the operator �+
2µ�2µ counts the number of quadrupole phonons. The Hamiltonian

for a quadrupole harmonic oscillator with five time-dependent variables has the form:

Ĥ = h̄!

 
2X

µ=�2

�̂†
2µ�̂2µ +

5

2

!
(1.19)

where the energy eigenvalues are given by En = h̄!(n + 5/2), with n being the number of

phonons. Higher excited states are generated by adding and coupling additional phonons.
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It is worth noting that the parities of vibrational phonons are given by ⇡ = (�1)�, which is

positive for quadrupole phonons with � = 2. Looking specifically at even-even nuclei (even

numbers of protons and neutrons), where the ground-state spin is always 0+, the addition of

one quadrupole phonon generates an excited state with spin/parity J⇡ = 2+. When adding

multiple phonons to the system the coupling of phonon angular momenta must be considered

to determine the possible spins and parities of the excited states. This can be determined

with the use of the m� scheme, as shown for the 2 and 3-phonon cases in Table 1.2.

Table 1.2: The m � scheme for 2-phonon states (on the left) and 3-phonon states (on the
right) showing the allowed spins by adding two and three quadrupole phonons. Only positive
total M values are shown due to symmetry. Corresponding M values are colour coordinated
for the 3-phonon state.

J1 J2
m1 m2 M J

2 2 4 4
1 3
0 2
-1 1
-2 0

1 1 2 2
0 1
-1 0

0 0 0 0

J1 J2 J3
m1 m2 m3 M J

2 2 2 6 6
2 1 5
2 0 4
2 -1 3
2 -2 2
1 1 4 4
1 0 3
1 -1 2
1 -2 1
0 0 2 2
0 -1 1
0 -2 0
-1 -1 0

1 1 1 3 3
1 0 2
1 -1 1
1 -2 0
0 0 1
0 -1 0

0 0 0 0 0

The excited states can be placed in order of increasing phonon vibrational excitations.
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Since phonons are bosons both J1 and J2 can exist in the same magnetic substate, unlike

fermions which must follow the Pauli exclusion principle. In even-even nuclei the ground

state will have J⇡ = 0+. The addition of one quadrupole phonon creates an excited state

with J⇡ = 2+. For the 2-phonon states in the vibrational model the coupling of the angular

momenta of the quadrupole phonons gives three possible states of J⇡ = 0+, 2+ and 4+. For

the 3-phonon case, the quadrupole phonon couplings allow for J⇡ = 0+, 2+, 3+, 4+ and 6+.

The ordering of these excited states is shown in Figure 1.8 where the energy is in units of

h̄!.

Figure 1.8: Low-lying levels for a quadrupole vibrational phonon model up to 3-phonon
excitations. The energy scale is in units of h̄!.

When a nucleon in the nucleus changes from one orbit to another it will emit radiation.

This is usually the emission of a �-ray. For collective transitions, many nucleons can be

involved in the de-excitation from one state to another, with the wavefunctions of these states
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being represented by linear combinations of two quasi-particle excitations. These collective

transitions can have enhanced transition rates. However, within the vibrational model,

the phonon selection rule, �np = ±1, implies that transitions involving the destruction of

multiple phonons are forbidden. As an example, the 4+ state of the 3-phonon excitation

is forbidden to decay to the 2+ 1-phonon excitation even though this is an E2 transition

that would be allowed by angular momentum and parity selection rules. One notable aspect

about the excited energy levels in an even-even nucleus is the ratio of the excitation energy of

the first excited 4+ state to the first excited 2+ state, R4/2. For vibrational nuclei, this ratio

is predicted to be 2 as the 1 and 2-phonon states are equally spaced, as shown in Figure 1.8.

Rotational Model

As noted in the previous section, nuclei far from closed shells can have su�cient residual

interactions between the large number of valence protons and neutrons to drive the nucleus to

a non-spherical equilibrium deformation. Deformed nuclei have additional excitation modes

corresponding to rotations about an axis perpendicular to the symmetry axis. For an axially

symmetric quadrupole (� = 2) deformation as shown in Figure 1.7 the system as a whole

can rotate about an axis pointing out of the page, while preserving its shape and internal

structure. This type of motion produces a spectrum similar to that of a rigid rotor, since

the internal motion of the nucleons is relatively fast in comparison to the rotation of the

deformed nuclear field. If we assume that the nucleus behaves as a quantum rotor, the

rotational Hamiltonian is given by:

Ĥ =
3X

i=1

Î2i
2Ji

, (1.20)
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where Ji is the moment of inertia about principle axis i, and Îi is the corresponding angular

momentum operator. For a nucleus with axial symmetry, the rotational excitation energy

spectrum is given by E = h̄2I(I + 1)/2J . The accessible quantum states are limited by

reflection symmetry. This implies that the collective rotational motion has even parity so

that the parity of the nuclear state is determined by the internal nuclear structure [51]. For

even-even nuclei, which have a ground-state spin and parity of J⇡ = 0+, the rotational band

structure is then J⇡ = 0+, 2+, 4+, 6+.... Odd nuclear spins are excluded by the symmetry

condition that requires the wave function to be invariant under a rotation of 180�. The

energies of these states scale with I(I + 1) and form what is called a rotational band. A

schematic of the band structure in a deformed even-even nucleus is shown in Figure 1.9, with

the energy spacing in units of h̄2/2J . If the system behaves like a perfect rotor, the energy

ratio of the first excited 4+ state to the 2+ state, R4/2 should be 10/3 = 3.33. This ratio is

very di↵erent than the value of 2 expected for a vibrational nucleus.

Rotational motion does not occur only for the ground state configuration, but can also

be superimposed on intrinsic excitations. For an axially deformed nucleus each of these exci-

tations are characterized by projection, K, of the total angular momentum on the symmetry

axis. The allowed angular momenta are then J = K, K + 1, K + 2, ... with the exemption

of K = 0 for which only J = 0, 24, ... are allowed. These excited states have energies given

by:

E =
h̄2

2J [J(J + 1)�K(K + 1)] . (1.21)

An example of the rotational band structure in a quadrupole deformed even-even nucleus is

shown in Figure 1.9
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Figure 1.9: Schematic level scheme of rotational band structures in a quadrupole deformed
even-even nucleus. Excitation energies in the ground state band are in units of h̄2/2J .

The notation to describe the rotational band structures as built on � and � vibrations can

be attributed to Bohr and Mottelson [51], where a change of variables takes place to describe

the nuclear radius in Equation 1.15. The convention of expressing the time-dependent radius

in terms of the spherical harmonics with coe�cients ↵�µ(t) is rewritten in terms of three Euler

angles that describe the orientation of the nucleus and two shape variables, � and �. In this

notation, the µ = ±1 terms, ↵2±1, are 0 since they only represent changes in the center of

mass [44]. The other expansion coe�cients are given by:

↵20 = �cos�

↵22 = ↵2,�2 =
1p
2
�sin�,

(1.22)

where � is a parameter representing the extent of the quadrupole deformation along the
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symmetry axis and � describes the degree of axial asymmetry [44]. The resulting nuclear

shapes as a function of the � and � parameters are depicted in Figure 1.10. Prolate shapes

(� = 0�, 120�, 240�) have two equivalent short axes and one long axis. Oblate shapes (� =

60�, 180�, 300�) have two equivalent long axes and one short axis. Triaxial shapes with

intermediate � values have 3 di↵erent axis lengths.

Figure 1.10: Nuclear quadrupole deformations described by the parameters � and � [52].

It is important to note that the actual energy spacings of the excited states in nuclei

often have significant deviations from the predictions of the simple vibrational and rotational

models discussed thus far. The individual bands are not completely independent and the

29



energy spacings are modified as the interactions between bands cause the band structures

to mix. The mixing between bands, otherwise known as configuration mixing, plays an

important role in the structure of nuclei.

1.3 Configuration Mixing

Nuclei are complicated many-body interacting quantum systems with energy eigenstates

that are generally admixtures of multiple components within any reasonably tractable model

space. Determining the multistate mixing becomes extremely di�cult as the valence space

and the number of valence nucleons increase. Currently, modern day computers can deter-

mine the lowest energy eigenstates for matrices of the order of 106 ⇥ 106. This corresponds

to performing a calculation for 48
24Cr in the full fp-shell assuming a 40

20Ca core and 8 valence

nucleons [45].

To understand how the mixing of configurations can e↵ect the excitation energy spectrum,

we will first consider an example of two state mixing. We assume two unperturbed states, �1

and �2, with energies E1 and E2, and allow for these states to mix with an interaction strength

V . Because the states interact the wave functions become admixtures of the unperturbed

configurations:

|�0
1i = ↵ |�1i+ � |�2i

|�0
2i = �� |�1i+ ↵ |�2i .

(1.23)

The new energy eigenstates are dependent on the mixing amplitudes, ↵ and �, as determined
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�

1

CA . (1.24)

The shifted energies of the mixed states are determined by solving the determinant:

�������

E1 � E V

V E2 � E

�������
= 0 (1.25)

for the new energy eigenvalues:

EI,II =
1

2
(E1 + E2)⌥

1

2

⇥
(E2 � E1)

2 + 4V 2
⇤1/2

. (1.26)

The energy di↵erence between the two new eigenvalue states, EI and EII , which have been

shifted in energy because of the mixing is.

�E = EII � EI =
⇥
(E2 � E1)

2 + 4V 2
⇤1/2

. (1.27)

This result is always greater than the di↵erence of the two unperturbed states, E2�E1. Thus,

for two state mixing, the mixing matrix element always pushes levels apart independent of

the sign of V . The relative e↵ect is larger when the di↵erence in energy of the unperturbed

levels is small and decreases with larger energy spacing between the unperturbed states.

If there are multiple states mixed together, the situation gets more complicated as indi-

vidual states can be pushed both up and down in energy depending on their proximity to

and interaction with other states, requiring the full mixing matrix to be solved.
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Figure 1.11: Energy shifts of due to two state mixing.

Understanding configuration mixing can give insight into both the interaction strength

and mixing amplitudes (↵ and �) in the wave functions. The mixing of states can, in princi-

ple, be determined experimentally from measurements of electric monopole (E0) transition

strengths, as will be discussed in more detail in Chapter 6.

1.4 Intruder States and Shape Coexistence

In previous sections it has been discussed that the residual interactions of large numbers

of valence protons and neutrons can lead to static deformation in nuclei. This results in

a counter intuitive process. Promoting more nucleons to higher-lying orbitals one might

assume will always lead to higher excitation energies. This idea is correct if one considers

only the unperturbed energies. In reality, the residual interactions of the valence nucleons

can significantly change this picture. The monopole and quadrupole components, which

are the dominant components in the multipole expansion of the p-n interaction, generally

dominate these residual interactions. The monopole component of the p-n interaction creates

a shift in the single-particle energy levels of one type of nucleon with respect to the other.
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The quadrupole component depends on the angular separation of the proton and neutron

orbits and, if viewed in a deformed picture, will be strongest for orbitals with similar angular

momentum values. The additional quadrupole interactions lower the energies of states with

additional valence nucleons relative to their unperturbed energy. This can lead to states

with unique deformations compared to the “normal” states existing at similar energies. This

phonomena has been observed throughout the nuclear landscape and is known as shape

coexistence [4]. A dramatic example of triple shape coexistence in 186Pb [9] is shown in

Figure 1.12.

An orbital that is lowered in energy from one shell to the next is called an intruder state.

Generally, the intruder state is of the opposite parity as the other orbitals in the major shell.

In even-even nuclei intruder states are often populated by exciting pairs of nucleons creating

two particle-two hole (2p-2h) states. The 2p-2h states in even-even nuclei can produce low-

lying excited 0+ states with distinct deformation compared to the “normal” ground state.

The energies of these intruding states can be expressed as:

Eint(0
+) = 2(E2 � E1)��Epair +�EM +�EQ, (1.28)

where E2 and E1 are the unperturbed energies of the excited states involved defined by their

single-particle orbitals, �Epair is the change in pairing energy in the 2p-2h configuration

compared to the normal configuration, �EM is the change in the monopole correction to

the single-particle energies and �EQ is the additional proton-neutron quadrupole interaction

energy [53].

Understanding the evolution of shape coexisting structures and the mixing of their wave

functions are vitally important to be able to understand the complex interactions occurring
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Figure 1.12: Calculated potential energy surface of 186Pb. Spherical, oblate and prolate min-
ima are indicated by thick vertical black lines. Calculations are performed on the Cartesian
mesh. The �2 parameter expresses the elongation of the nucleus along the symmetry axis,
while the � parameter relates to the degree of triaxiality in the deformation (that is, the
relative lengths of the three principal axes of the spheroidal nucleus). The � parameter is
defined such that � = 0 corresponds to a prolate (cigar-like) shape and � = 60 to an oblate
(disk-like) shape. Adopted from Ref. [9].

inside of nuclei.

1.5 Interacting Boson Model

The geometric collective models discussed in Section 1.2 were the predominant method

of studying the collective behaviour of nuclei until the early 1970’s. It was at this time that

algebraic models also joined the theoretical framework providing new techniques to help with
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Figure 1.13: Components contributing to the excitation energy of the lowest proton 2p-2h
0+ intruder state for heavy nuclei. On the right-hand side, a schematic view of the excitation
is given. On the left-hand side, the unperturbed energy, the pairing energy, the monopole
energy shift, and the quadrupole energy shift result in the 2p2h 0+ excitation energy shown
by the solid blue curve. Adapted from Ref. [4].

the comprehension of nuclear structure. One model still used currently is the Interacting

Boson Model (IBM) introduced in 1974 [44,54]. The IBM couples valence nucleons to treat

them as bosons. These coupled pairs can form bosons with angular momentum of 0, called

s-bosons, or angular momentum of 2, called d-bosons. This greatly reduced the number of

basis states in comparison to fermionic shell model calculations. For example, in the case of

154Sm mentioned in Section 1.2, the total number of 2+ basis states is reduced from 3⇥ 1014

to 26. The IBM has, nonetheless, achieved success even though it simplifies the model space
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so drastically. The number of bosons, N , is equal to half the number of valence nucleons

to the nearest closed shell, and nucleons in lower-energy major shells are generally ignored.

Currently there are many adaptations of the IBM. Some of these consider configuration

mixing with np-nh excitations to higher shells while others treat the protons and neutrons

uniquely. The version described here is referred to as the IBM-1.

The Hamiltonian for the IBM can be expressed in multipole form as:

H = ✏nnd + a0P
†P+ a1J

2 + a2Q
2 + a3R

2 + a4T
2 (1.29)

where nd gives the number of d bosons, P is the pairing operator for the s and d bosons, J is

the angular momentum operator, Q is the quadrupole operator, R is the octupole operator,

and T is the hexadecapole operator [55]. Only two of the terms in Equation 1.29 e↵ect

the overall number of bosons. The P†P term will either not change the number of bosons

or change it by ±2. The quadrupole operator Q2 can change the number of bosons by

�nd = 0,±1,±2.

The s and d bosons in the IBM describe a six dimensional space originating from the

number of magnetic substates (2J+1) for the s (J = 0) bosons and the d (J = 2) bosons,

known as the U(6) algebraic group [55]. The U(6) group can be decomposed in multiple

ways, three of which involving SO(3) are shown via the following chains:

I. U(6) � U(5) � SO(5) � SO(3)

II. U(6) � SU(3) � SO(3)

III. U(6) � SO(6) � SO(5) � SO(3).

(1.30)

The U(5) group represents the vibrational limit, SU(3) represents the rotational limit and
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SO(6) irepresents the �-soft or triaxial limit.

U(5) symmetry

The IBM version of a vibrator is found in the U(5) symmetry. For the Hamiltonian given

in Equation 1.29, the energy eigenvalues in this limit are given by:

E(nd, ⌫, J) = ↵nd + �nd(nd + 4) + 2�⌫(⌫ + 4) + 2�J(J + 1) (1.31)

where ↵, �, �, and � are fit parameters, while ⌫ is the boson “seniority”, ie. the number

of bosons not coupled to J = 0. The basis of excitations in the U(5) limit is shown in

Figure 1.14 and can be compared to the geometrical vibrator discussed in Section 1.2.1. It is

observed that the U(5) basis states are identical to the quadrupole phonon excitation states

described in Figure 1.8. Note that the creation (or destruction) of a d boson must involve

the destruction (or creation) of an s boson to conserve the total number of bosons. The

ground state configuration has all of the bosons in the valence space coupled as s bosons,

labelled (000) in Figure 1.14. By creating d bosons (and simultaneously annihilating s

bosons) the excited states are created. As the number of d bosons grows there are fewer s

bosons remaining. Ultimately, the number of phonon excitations that are possible is limited

by the number of bosons in the valence space.

SU(3) symmetry

The SU(3) symmetry is that of a deformed rotor. In the SU(3) limit the J2 and Q2

terms dominate in Equation 1.29. The Q2 operator can alter the total number of d bosons

by �nd = 0,±1,±2 which mixes basis states of the U(5) symmetry. The energy eigenvalues
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Figure 1.14: Basis states up to nd = 3 for the U(5) symmetry of the IBM. Here nd is the
number of d bosons, n� is the number of d bosons coupled to J = 0 and n� is the number
of d boson triplets coupled to J = 0 [44].

in the SU(3) limit are described by:

E(�, µ, J) =
a2
2
(�2 + µ2 + 3�µ+ 3(�+ µ)) + (a1 �

3

8
a2)J(J + 1) (1.32)

where a1 and a2 are the coe�cients from Equation 1.29 and � and µ are the characteristic

quantum numbers for the SU(3) symmetry. Each set of (�, µ) corresponds to a set of

rotational bands. The similarities to the deformed rotor are clear with SU(3) reproducing

the ground-state band, � and � bands, as well as combinations of such band structures such

as �� (K = 0), �� (K = 2), and �� (K = 0, 4) involving bandheads with two phonon

excitations.

An additional characteristic of SU(3) symmetry is equivalent energies between � and

� excited states of the same angular momentum, as shown in Figure 1.15. This makes it

impossible to observe J⇡ ! J⇡ interband transitions in this representation.
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Figure 1.15: Low-lying levels for the SU(3) symmetry group with N = 16.

O(6) Symmetry

The O(6) symmetry describes an axially-asymmetric � soft rotor. The Hamiltonian in

this case is given by:

H = a0P
†P+ a1J

2 + a3R
2 (1.33)

and the energy eigenvalues are given by:

E(�, ⌧, J) =
a0
4
(N � �)(N + � + 4) +

a3
2
⌧(⌧ + 3) + (a1 �

a3
10

)J(J + 1) (1.34)

with the characteristic quantum numbers � for the O(6) group and ⌧ for the U(5) sub-

group [44]. In Figure 1.16 the energy levels of the O(6) symmetry are shown grouped in

terms of the � values, with � = N,N � 2, N � 4, ..., 0. The allowed values of ⌧ go from �
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Figure 1.16: Separation of level degeneracy breaking in the O(6) chain as a function of
symmetry group. The coe�cients are A = a0/2, B = a3/2 and C = a1 � a3/10. Adapted
from [44].

to 0 in integer steps, ⌧ = �, � � 1, ..., 0 and for each value of ⌧ there is a multiplet of states

separated by the J(J + 1) term.

It is through these symmetries that the IBM allows the simplification of calculations to

explore the structures observed experimentally in heavier nuclei. With its success over the

last 50 years, the IBM has been a powerful tool to study nuclear structure in regions of the

chart of nuclides inaccessible to the nuclear shell model.
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Chapter 2

Radioactive Decay

2.1 Nuclear � Decay

Nuclear �± decay is a weak-interaction process in which a nucleus of N neutrons and

Z protons changes into a lower energy state via the emission of a �± particle and the

corresponding neutrino (⌫e) or antineutrino (⌫e). These decays can be expressed as the

following:

�+ decay : A
ZXN !A

Z�1 YN+1 + e+ + ⌫e

�� decay : A
ZXN !A

Z+1 WN�1 + e� + ⌫e

(2.1)

For �+ decay the nucleus converts a proton into a neutron via the emission of a positron

and an electron neutrino, while for �� decay the nucleus converts a neutron into a proton

via the emission of an electron and an electron antineutrino. Both of these processes do not

change the overall number of nucleons in the nucleus and thus the mass number A remains

unchanged. A third decay process is called electron capture, ✏ and competes with �+ decay.
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For electron capture an electron is captured from an atomic orbital and an electron neutrino

is emitted. The electron capture process can be expressed as:

✏ decay : A
ZXN + e� !A

Z�1 YN+1 + ⌫e. (2.2)

For these decays to happen spontaneously, the energy, or mass, of the initial particles must

be higher than the energy of the final particles. The di↵erence in energy between the initial

and final states is referred to as the Q value of the decay. The Q values for the three � decay

processes described above can be expressed as:

Q�� = M(AZXN)c
2 �M(AZ+1WN�1)c

2,

Q�+ = M(AZXN)c
2 �M(AZ�1YN+1)c

2 � 2mec
2, and

Q✏ = M(AZXN)c
2 �M(AZ�1YN+1)c

2,

(2.3)

where the masses, M , are the atomic masses and me is the mass of the electron. We

have made two approximations in these expressions. The first is that there are negligible

di↵erences between the total atomic binding energies of the parent and daughter atoms and

the second is that the mass of the neutrino is negligibly small.

Even though �+ and ✏ decay are competing processes, it is seen in Equation 2.3 that the

Q-values for these decay modes are di↵erent. The di↵erence between Q+
� and Q✏ is twice

the electron rest mass, or 1.022 MeV. This means that some nuclei can decay by electron

capture but may not be able to decay via �+ decay.

Once the decay occurs, the energy that is released appears as either the kinetic energies

of the emitted particles or the excitation energy of the atomic electrons and/or daughter
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nucleus. For the � decay processes, the Q-value can be expressed as:

Q = T� + T⌫ + TD + E⇤
D + E⇤

A (2.4)

where T�, T⌫ and TD are the kinetic energies of the � particle, neutrino and recoiling daughter

atom respectively, and E⇤
D and E⇤

A are the excitation energies of the daughter nucleus and

atomic electrons, respectively. Since the atomic mass is large compared to the other emitted

particles, the recoil kinetic energy given to the daughter atom is generally quite small. An

e↵ective Q-value can thus be considered in which Qeff = Q� � E⇤
D + E⇤

A ⇡ T� + T⌫ . If we

are in the frame of reference of the parent nucleus, the conservation of momentum in the �

decay process is:

0 = pD + p� + p⌫ . (2.5)

The � particle and the neutrino have a continuum of solutions in this 3-body decay process,

with the kinetic energies of each ranging from zero up to the maximum energy, Qeff , of the

e↵ective Q-value.

For the electron capture decay process the Q-value must take into account the atomic

excited state after the atomic electron is “captured”. The captured electron creates a hole

that is rapidly filled by de-exciting electrons from higher shells. The electron capture process

is a 2-body process causing the resulting energies of the outgoing particles to have unique

values for the recoiling nucleus and the emitted neutrino. This makes the energetics of the

electron capture process significantly di↵erent than the continuum observed in �+ decay.
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2.1.1 Fermi Theory of � Decay

Fermi first proposed his theory of � decay in 1934 [56], shortly after the discovery of

the neutron [57] and the positron [58]. From non-relativistic quantum mechanical time-

dependent perturbation theory he was able to determine the transition rate for a given

decay, known as Fermi’s Golden Rule:

�fi =
2⇡

h̄
|Mfi|2

dn

dE
, (2.6)

where �fi is the transition rate from an initial state, i, to a final state, f , |Mfi| is the transition

matrix element connecting the initial and final states and dn/dE is called the density of final

states. If we assume that the emitted � particle and neutrino are free particles then the total

energy of the emitted particles becomes:

E2
⌫ = p2⌫c

2 +m2
⌫c

4

E2
e = p2ec

2 +m2
ec

4,

(2.7)

with the mass of the neutrino being m2
⌫c

4 ⇡ 0. If the wavefunctions of these emitted particles

are normalized in a box of volume, V , then the total number of quantum states accessible is

given by:

n =
V 2

(2⇡h̄)6

Z pmax
e

0

p2edpe

Z pmax
⌫

0

p2⌫dp⌫

Z 4⇡

0

⌦e

Z 4⇡

0

⌦⌫ . (2.8)

If the � particles and neutrinos are considered in every direction, the angular integrals are

equivalent to 4⇡. Di↵erentiating with respect to the total energy and neglecting the recoil

kinetic energy of the daughter, ie. E = Ee + E⌫ , for electron momentum values between pe
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and dpe we obtain:

dn

dE
=

(4⇡V )2

(2⇡h̄)6
p2edpep

2
⌫

dp⌫
dE

. (2.9)

To eliminate the dependence on the neutrino momentum, Equations 2.5 and 2.7 give:

p⌫ =
1

c
[(E � Ee)

2 �m2
⌫c

4]1/2

dp⌫
dE

=
1

c

(E � Ee)

p⌫
,

(2.10)

and thus:

dn

dE
=

V 2

4⇡4h̄6c3
p2e(E � Ee)

2


1� m2

⌫c
4

(E � Ee)2

�1/2
dpe. (2.11)

If we assume the mass of the neutrino is e↵ectively zero, m⌫ = 0, the density of states can be

written in terms of the e↵ective Q-value using the relation E⌫ = Qeff � Te. The di↵erential

decay constant for � particles emitted between momentum pe and pe + dpe then becomes:

d�fi = |Mfi|2
V 2

2⇡3h̄7c3
p2e(Qeff � Te)

2dpe. (2.12)

The full expression is, however, necessary when using the end-point of a � decay spectrum

to search for a non-zero neutrino mass [38].

Converting from electron momentum to kinetic energy, Fermi’s Golden Rule thus gives

the di↵erential decay constant for electrons emitted with energies between Te and Te + dTe
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as:

d�fi(Te) = |Mfi|2
V 2

2⇡3h̄7c5
peEe(Qeff � Te)

2dTe. (2.13)

This provides a basic understanding of the shape of the � spectrum. In particular, as pe ! 0

so does d�(Te) and as Te ! Qeff , d�(Te), also goes to zero, as observed in Figure 2.1.

Figure 2.1: General shape of the kinetic energy spectrum of a � particle following a � decay.

The � decay matrix element depends on the individual wave functions of the initial state

of the parent,  P , and the final wave function of the daughter,  D, as well as the free particle

wave functions of the � particle, ��, and the neutrino, �⌫ . This gives a matrix element of

the form:

Mfi =

Z
�†
��

†
⌫ 

†
DĤint Pdr (2.14)
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where Ĥint is the weak interaction transition operator and is integrated over all spatial

coordinates of the nucleons, � particle and the neutrino.

Because the mediating particle, the W± boson, for the weak interaction is very massive

(80.4 GeV/c2) [59], low energy nuclear � decays can be taken as point interactions to a

very good approximation. This means that the weak interaction transition operator can be

written as:

Ĥint = g�(rp � rn)�(re � rn)�(r⌫ � rn)Ô(p $ n) (2.15)

where g is the weak interaction coupling constant and Ô(p $ n) in the operator that changes

a proton into a neutron (or a neutron into a proton) plus a � particle and a neutrino. The

neutrino wavefunction can be well approximated by a plane-wave:

�⌫(~r⌫) =
1p
V
e

i~p⌫ ·~r⌫
h̄ . (2.16)

The same assumption can not be made however for the charged �± particle, which interacts

with the Coulomb field of the nucleus, causing the wave function to be distorted. The

� particle wave function therefore has a correction applied to the plane wave assumption,

represented by:

�e(~re) =
1p
V
e

i~pe·~re
h̄ [F±(Z,Ee)]

1/2, (2.17)

where F±(Z,Ee) is the relativistic Fermi function which accounts for the Coulomb distortion

of the � particle’s wavefunction. Substituting Equations 2.16 and 2.17 into Equation 2.14

gives a modified matrix element which accounts for the volume normalization and Coulomb

47



e↵ects:

|Mfi|2=
F±(Z,Ee)

V 2
|M 0

fi|2. (2.18)

This gives an overall di↵erential decay constant of:

d�(pe) =
F±(Z,Ee)

2⇡3h̄7c3
|M 0

fi|2p2e(Qeff � Te)
2dpe. (2.19)

In order to determine the total decay constant, Equation 2.19 must be integrated over all

possible electron momenta from pe = 0 to pe = pmax
e . To do so a change of variables is often

performed, introducing dimensionless variables:

⇢ =
pe
mec

, W =
Ee

mec2
=

Te

mec2
+ 1, W� =

Qeff

mec2
+ 1. (2.20)

The relativistic energy-momentum relation is then:

W 2 = ⇢2 + 1, WdW = ⇢d⇢. (2.21)

With this change of variables the total decay constant is given by:

�fi =
m5

ec
4

2⇡3h̄7

Z W�

1

|M 0
fi|2F±(Z,Ee)W

p
W 2 � 1(W� �W )2dW, (2.22)

where the limits of the integration correspond to the maximum and minimum kinetic energy

of the � particle, being the e↵ective Q value and zero kinetic energy. If we remove the

strength of the weak interaction g such that |M 0
fi|2= g2|M̄ 0

fi|2 and further assume that

|M̄ 0
fi|2 is independent of the electron and neutrino momenta, then the matrix element can

48



come out of the integral and we obtain:

� =
g2m5

ec
4

2⇡3h̄7 |M̄ 0
fi|2f(Z,W�) (2.23)

where the phase space integral f(Z,W�) =
RW�
1 F±(Z,Ee)W

p
W 2 � 1(W� �W )2dW . This

leaves the determination of the reduced matrix element, which depends on the parent and

daughter nuclear wavefunctions and can be di�cult to calculate.

Equation 2.23 makes the assumption that the matrix element is independent of the elec-

tron and neutrino momenta. This corresponds to what is called the “allowed approximation”

and results from keeping only the leading term in the expansion of the electron and neutrino

plane wavefunctions, ei~p·~r/h̄ ⇡ 1 + i~p·~r
h̄ + .... The � transitions are classified in terms of the

orbital angular momentum carried by the � particle and neutrino. A transition with L� = 0

is an “allowed” transition, L� = 1 is a “first forbidden” transition, L� = 2 is a “second

forbidden” transition, and so on. Transitions labelled “forbidden” are not actually forbid-

den, but the transition rates decrease rapidly with increasing L�. Each unit increase of L�

decreases the overall transition rate by approximately four orders of magnitude, indicating

that the lowest order L� transitions that are possible will dominate the decay.

The classification of � decay is not only dependent on the orbital angular momentum, but

also the spin carried away by the � particle and neutrino. Both the � particle and neutrino

are spin 1/2 fermions, and their spins can be coupled to either S� = 0 or 1. For decays

with S� = 0 the decay is classified as a Fermi decay, if S� = 1 the decay is classified as a

Gamow-Teller decay. The total angular momentum carried by the �-particle and neutrino

~J� = ~L� + ~S�, is defined as the vector sum of the spin and orbital angular momenta. The
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total angular momentum and parity selection rules for a � decay process thus becomes:

~JP = ~JD + ~J�

⇡P = ⇡D · (�1)L�

(2.24)

where ~JP and ~JD are the total angular momentum of the parent and daughter nuclear states

respectively, and ⇡P and ⇡D are their parities.

2.2 Gamma Decay

Many nuclear reactions and decays will populate excited states in the resulting daughter

nucleus [38]. These excited states generally decay via the emission of one or more � rays,

until they reach the ground state or an isomeric state of the nucleus. Typical �-ray energies

range from tens or hundreds of keV to many MeV. This corresponds to the energy required

to rearrange one or more nucleons between shells and/or subshells inside the nucleus. The

general expression for a nucleus emitting a �-ray is given by:

A
ZX

⇤
N !A

Z XN + �, (2.25)

where the nucleus has started in some excited state labelled with a ⇤ and, by the emission

of a � ray, transitioned into a lower energy state. It is noted that the emission of a � ray

does not change the number of protons or neutrons in the nucleus, but rather changes the

configuration of the nucleons within the nucleus.

Measuring the energy of the emitted � ray gives the di↵erence of the quantized energy

levels of the nucleus. Consider a nucleus at rest, in an excited state at energy, Ei. If this
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nucleus emits a �-ray, with energy E�, to reach a lower energy state at energy, Ef it follows

from conservation of energy that:

Ei = Ef + E� + ER (2.26)

where ER is the energy of the recoiling nucleus. Because the energies of the emitted �-

rays are generally small compared to the rest mass of the nucleus, the kinetic energy of the

recoiling nucleus can be assumed to be non-relativistic (ER = p2R/2M). The conservation of

momentum then gives:

0 = pR + p�. (2.27)

The magnitudes of the momenta are thus equal, pR = p� = E�/c. To determine the energy

of the quantized states in the nucleus we need to determine the energy di↵erence between

the initial and final state. �E = Ei � Ef = E� + E2
�/(2Mc2). Solving for the energy of the

�-ray gives:

E� = Mc2
h
� 1 +

⇣
1 + 2

�E

Mc2

⌘1/2i
. (2.28)

As the energy di↵erence between the initial and final states is generally much less than the

rest mass of the nucleus, �E << Mc2, an expansion of the square root keeping only the

leading order terms gives:

E�
⇠= �E � (�E)2

2Mc2
. (2.29)
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The �-ray energy is thus not exactly equal to the energy di↵erence of the initial and final

states, but is a very good approximation in most cases. For example, for a typical �-ray

of 1 MeV emitted by a nucleus with A ⇠= 100, the recoil energy of the nucleus is only

approximately 5 eV. This is much lower than the energy resolution of most �-ray detectors.

The transitions rates for � decays are also described by Equation 2.6. The main di↵erence

for � decay is that there is only one independent momentum (the � ray) in the two-body

process compared to the three-body process of � decay. For the case of � decay we can

determine the number of available quantum states in a normalized box of volume V to be:

n =
1

(2⇡h̄)3

Z Z
d3xd3p =

V

(2⇡h̄)3
4⇡p3�
3

, (2.30)

where p� = E�/c is the �-ray momentum. From here the density of states is obtained as:

dn

dE�
=

4⇡V E2
�

(2⇡h̄c)3
. (2.31)

To extract the electromagnetic transition rate the matrix element in Fermi’s Golden Rule

needs to be evaluated for the electromagnetic Hamiltonian [38]:

Ĥ = Ĥ0 + Ĥint = mc2 +
p2

2m
+ q�+

pqA

m
+

q2A2

2m
. (2.32)

The Hamiltonian is broken into a free particle in an electromagnetic field, Ĥ0, and an in-

teraction term, Ĥint, where p is the momentum, m is the mass, q is the charge, � is the

electrostatic potential and A is the vector potential. The last term in Equation 2.32 rep-

resents two-photon emission or absorption, which is generally much less probable than the
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case of single photon emission or absorption. Neglecting this term, assuming that the elec-

trostatic potential is zero, and using the relation p = �ih̄r the interaction Hamiltonian

becomes Ĥint = iqh̄r/m.

Noting that the vector potential is the wave function of the photon for a plane wave:

A =

s
2h̄2

✏�V E�
~✏cos(~k · ~r � !t) (2.33)

where ~✏ is the polarization vector for the �-ray, V is the volume in which the wavefunction is

normalized and ✏� is the permittivity of free space. Expanding the cosine function in terms

of exponentials and using the dipole approximation, which retains only the lowest angular

momentum term for the photon (L = 1) we have:

A ⇡ h̄p
2✏�V E�

~✏
h
e

iE� t
h̄ + e

�iE� t
h̄

i
(2.34)

Higher order terms correspond to higher multipole orders of the photon wave function, such

as the quadrupole component, octupole component, and so on.

Within the dipole approximation we can express Fermi’s Golden Rule as:

�fi =
4↵c

3

⇣E�

h̄c

⌘3
|<  f |~r| i > |2 (2.35)

where ↵ = 1
4⇡✏�

e2

h̄c ⇡ 1
137 is the fine structure constant. At this point we can note that the

matrix element is zero unless the initial and final wave functions have opposite parity. This

gives rise to the angular momentum and parity selection rules for electric dipole transitions,
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⇡i = �⇡f

| ~Ji |=| ~Jf | ±~1.
(2.36)

Generalizing this to higher orders, the electromagnetic selection rules become:

⇡i = (�1)L�⇡f Electric transitions

⇡i = (�1)L�+1⇡f Magnetic transitions

| ~Ji |=| ~Jf | ±~L�,

(2.37)

where L� is the angular momentum carried away by the �-ray.

Each excited nuclear state has a definite spin, J , and parity, ⇡. The � ray emitted

from the nucleus must, therefore, have an angular momentum, L�, and parity that allows

conservation of overall angular momentum and parity in the electromagnetic decay process.

Gamma-ray transitions between nuclear states may thus have an angular momentum in the

range of |Jf � Ji| L�  Jf + Ji. All possible angular momenta within this range can, in

principle, contribute to the transition rate. The probabilities of these competing angular

momentum transitions are discussed in Section 2.2.1. If magnetic transitions of order L and

electric transitions of order L+1 are both possible for a given transition, they often compete

and their relative matrix elements are described by the mixing ratio, �, which is discussed

in more detail in Section 2.2.2.
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Figure 2.2: Representation of a � decay from an excited state with spin-parity J⇡i
i to a lower

energy state with spin-parity J
⇡f

f . A range of multipolarities, L, are often possible resulting
in mixed transitions described by the mixing ratio, �.

2.2.1 Electromagnetic Transition Rates

Gamma-ray transition rates can be expressed with respect to the total angular momen-

tum, L, taken away by the �-ray [38]:

�fi(�L) =
8⇡(L+ 1)

h̄L[(2L+ 1)! ! ]2

⇣E�

h̄c

⌘2L+1

B(�L : Ji ! Jf ) (2.38)

where � is the electromagnetic character, ie. either electric (E) or magnetic (M), and B(�L)

is the reduced transition probability given by:

B(�L : Ji ! Jf ) =
1

2Ji + 1
|<  f |�̂L| i > |2 (2.39)

where �̂L is the corresponding transition operator for the specific electromagnetic character

and multipole order of the emitted �-ray. There are distinct transition rates for the E and
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M transitions. For E transitions the matrix element is given by [38]:

|<  f |ÊL| i > |2= e2

2Ji + 1

���
LX

M=�L

Z
 ⇤
fY

M⇤
L (r̂)rL id

3r
���
2

. (2.40)

If it is assumed that a single nucleon is making the transition with wavefunctions  =

Rk(r)Y M
Jk (r̂), with k representing either the initial state, i, or the final state, f , the matrix

element becomes:

|<  f |ÊL| i > |2= e2

4⇡

���
Z

R⇤
f (r)r

L+2Ri(r)dr
���
2

. (2.41)

To calculate the transition rate we need to determine the radial wave functions for the

initial and final states of the nucleon making the transition. In order to obtain an order of

magnitude estimate, the radial wave function can be set to a constant out to the radius R

of the nucleus. The integral of the normalized radial wavefunctions in Equation 2.41 then

becomes 3
L+3R

L. Similar assumptions can be made for ML transitions to obtain order of

magnitude estimates, which together, are known as the Weisskopf single-particle reduced

transition probabilities:

B(EL)W =
e2

4⇡

⇣ 3

L+ 3

⌘2
R2L =

1.22L

4⇡

⇣ 3

L+ 3

⌘2
A

2L
3 [e2 · fm2L]

B(ML)W =
10µ2

N

4⇡

⇣ 3

L+ 3

⌘2
R2L�2 =

1.22L

4⇡

⇣ 3

L+ 3

⌘2
A

2L�2
3 [µ2

N · fm2L�2].

(2.42)
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using R = R�A1/3 with R� = 1.2fm. Substituting Equation 2.42 into Equation 2.38 gives

Weisskopf estimates for the transition rates of the lowest multipole orders of [38]:

�W (E1) = 1.0⇥ 1014A2/3E3
� , �W (M1) = 3.2⇥ 1013E3

�

�W (E2) = 7.3⇥ 107A4/3E5
� , �W (M2) = 2.3⇥ 107A2/3E5

�

�W (E3) = 34A2E7
� , �W (M3) = 10.4A4/3E7

�

�W (E4) = 1.1⇥ 10�5A8/3E9
� , �W (M4) = 3.3⇥ 10�6A2E9

�

(2.43)

where � is in s�1 and E� is in MeV. It is easy to see that lower multipole orders have transition

rates, for a given A and E� that are much larger than higher multipole orders. Therefore,

the lowest multipole order that is allowed by the selection rules will generally be dominant

for �-decays. For intermediate mass nuclei, A ⇡ 100, we observe that the ratio of �W [E(L+

1)]/�W [M(L)] ⇡ 10�3E2
� , while the reverse gives �W [M(L + 1)]/�W [E(L)] ⇡ 10�7E2

� . This

means there can be a significant mixture of E2/M1 multipolarities, for example, which is

observed experimentally, but it is very unlikely for a possible M2/E1 transition to have any

significant contribution from the M2 component.

These Weisskopf estimates are often used as convenient units to express the experimen-

tally measured transition rates:

B(�L) =
�(�L)

�W (�L)
[W.u.] =

TW
1/2BRi

T1/2(1 + ↵i)
[W.u.]. (2.44)

where B(�L) is expressed in Weisskopf units (W.u.), T1/2 is the half-life of the level, BRi

is the total branching ratio for the transition of interest and ↵i is the internal conversion
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coe�cient. From Equation 2.42 we have:

B(EL) =
h̄ ln(2)L[(2L+ 1)! ! ]2BRi

2(1.2)2L(L+ 1)A
2L
3 T1/2(1 + ↵i)

⇣L+ 3

3

⌘2⇣ h̄c

E�i

⌘2L+1

[W.u.]

B(ML) =
h̄ ln(2)L[(2L+ 1)! ! ]2BRi

80(1.2)2L�2(L+ 1)A
2L�2

3 T1/2(1 + ↵i)

⇣L+ 3

3

⌘2⇣ h̄c

E�i

⌘2L+1

[W.u.].

(2.45)

Obtaining an experimental value close to unity in Equation 2.45 implies that the single-

particle estimate for the transition rate was approximately correct, which is suggestive of

a transition occurring with only a single particle. However, collective transitions occur

that have transition rates much larger than 1 W.u.. Electric quadrupole, E2, transitions in

particular are often highly collective. Simplifying Equation 2.45 for an E2 transition gives:

B(E2) =
9.527⇥ 10�9

E5
�iA

4/3

BRi

T1/2(1 + ↵i)
[W.u.] (2.46)

with E� in MeV and T1/2 is in seconds.

2.2.2 Mixing Ratios

Gamma-ray transitions between excited states, for which a range of multipole orders are

allowed, can have mixed electric and magnetic character. In Section 2.2.1, it was shown that

the lowest multipole orders usually dominate these �-ray transitions and thus the majority

of the mixing occurs between the lowest allowed multipoles. Determining the relative mix-

tures of the contributing multipoles plays a vital role in understanding nuclear structure.

The most commonly observed mixed transitions have E2/M1 character. It was shown in

Section 2.2.1 that the crude single-particle expectation for E2 transition rates compared
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to M1 transition rates is roughly 1:1000 for A ⇡ 100 and E� ⇡ 1 MeV. In practice, the

E2 transitions can be highly collective meaning that the single particle assumption gives a

significant underestimation of their transition rates. This can lead to the rates of competing

E2 and M1 transitions being similar, or even E2 dominant in some cases.

To describe the relative contributions to a mixed transition we define a mixing ratio, �:

� =
<  f |E(L+ 1)| i >

<  f |M(L)| i >
(2.47)

which compares the matrix elements for the electric transition of order L+ 1 and magnetic

transition of order L. Evaluating a mixed transition using relative matrix elements of M(L+

1) and E(L) is also viable, but from the magnitudes of the transition rates estimated in

Section 2.2.1 the relative amount of mixing in these cases is usually negligible, of order

10�7E2
� .

The mixing ratio is necessary for an experimental determination of the B(�L) values for

mixed transitions, used to help discern the collective or single particle nature of transitions.

The isolation of the electric and magnetic components to extract the B(�L) values is given

by:

B(EL) =
h̄ ln(2)L[(2L+ 1)! ! ]2BRi

2(1.2)2L(L+ 1)A
2L
3 T1/2(1 + ↵i)

⇣L+ 3

3

⌘2⇣ h̄c

E�i

⌘2L+1⇣ �2

1 + �2

⌘
[W.u.]

B(ML) =
h̄ ln(2)L[(2L+ 1)! ! ]2BRi

80(1.2)2L�2(L+ 1)A
2L�2

3 T1/2(1 + ↵i)

⇣L+ 3

3

⌘2⇣ h̄c

E�i

⌘2L+1⇣ 1

1 + �2

⌘
[W.u.].

(2.48)

Measurements of the B(E2) and B(M1) values are vital pieces of information required to

help constrain theoretical models. This will be discussed in more detail in Section 6.4.
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Measurements of mixing ratios are also essential for the determination of E0 transition

strengths for J⇡ ! J⇡ transitions as will be discussed in Chapter 6 of this thesis.

2.2.3 Angular Correlations

Excited nuclear states populated during decay processes generally have magnetic sub-

states that have equal probabilities of population when there is no external field present.

Although each individual magnetic substate creates an anisotropic spatial distribution for

the emitted � rays, summing up all components from the equally populated magnetic sub-

states generates an isotropic spatial distribution of emitted � rays in the laboratory frame,

as illustrated in Figure 2.3.

Figure 2.3: Anisotropic spatial distribution of depopulating � rays from individual magnetic
substates. The total represents the sum over equally populated substates generating an
isotropic distribution.

If a nucleus sequentially emits multiple �-rays through a �-ray cascade, however, the first

� ray can generate an e↵ective polarization of the nucleus by creating an unequal distribution
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of magnetic substates. The direction of the first emitted �-ray can be used to define the

z-axis and therefore the orientation of the magnetic substates. For example, if a �-ray

cascade occurs for a sequence of states with spin-parities of 0+ ! 1+ ! 0+, by a pair of M1

transitions, the intermediate magnetic substate with J = 1, mJ = 0 cannot be populated

from the initial J = 0 and mJ = 0 state because the � ray has no longitudinal polarization

component. From this specific example, we see that an equal population of magnetic states

does not occur and an anisotropic spatial distribution of the second � ray with respect to

the first will be observed. The exact angular correlations are dependent on the spins of the

nuclear states in the cascade, the multipolarities of the emitted � rays and the multipole

mixing ratios (if applicable).

The general form for � � � angular correlations is given by [60–63]:

W (✓) =
kmaxX

k=0,k=even

akPk(cos✓), (2.49)

where the ak are coe�cients dependent on the nuclear spins of the states involved, angular

momentum carried by the � rays and the multipole mixing ratios, while the Pk(cos✓) are

the Legendre polynomials. The ak coe�cients can be calculated using angular momentum

algebra described in the works of Ref. [60–63]. The sum only includes even values of k to

conserve parity, and has a maximum value kmax equal to twice the lowest of the multipolar-

ities of the � rays and the spin Jint of the intermediate state involved in the cascade. The

values of the coe�cients are not dependent on the parities of the states and thus angular

correlation measurements alone do not determine the parities of the states involved.

The angular correlations of the � rays in a cascade are highly sensitive to the multipole

characters of the individual � rays. An example of the dependence of the ak coe�cients on
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Figure 2.4: Theoretical � � � angular correlations for spin sequences of J+
i ! 2+ ! 0+. All

theoretical correlations are shown for a mixing ratio of � = 0.

the mixing ratio is shown in Figure 2.5 for a 2+ ! 2+ ! 0+ cascade. It is notable that the

ak coe�cients approach similar values for large positive and negative values of the mixing

ratios, ie. pure E2 transitions thus making � � � angular correlations degenerate at large

absolute mixing ratio values.

Experimental ��� angular correlation measurements provide a powerful technique for es-

tablishing spin assignments and multipole mixing ratios for transitions with mixed character.

However, degenerate � � � angular correlations can occur for cascades with di↵erent spin/-

parity sequences. This phenomena is illustrated in Figure 2.6, where unique J⇡
i ! 2+ ! 0+

cascades for various mixing ratios generate ellipses when plotting the a2 coe�cient versus

the a4 coe�cient. The overlap of these ellipses is clearly observed over a range of mixing

ratios for the Ji = 1 and 3 cascades, as well as the Ji = 2 and 4 cascades. For these specific

cases the ability to definitively assign spins and determine the multipole mixing ratios is
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Figure 2.5: Change in the ak coe�cients as a function of the mixing ratio for a 2+ ! 2+ ! 0+

cascade.

not possible with only the use of � � � angular correlations and additional spectroscopic

information is necessary to assign definite spins. Some examples of such circumstances will

be discussed later in this thesis.

2.3 Internal Conversion

Internal conversion is an electromagnetic process that competes with � decay. Instead

of the emission of a � ray, the electromagnetic field interacts with the atomic electrons and

causes an electron to be emitted from the atom [38]. The kinetic energy of the ejected

electron is equal to the energy di↵erence between the initial and final nuclear levels involved

in the transition minus the binding energy of the atomic electron that is ejected and the

small recoil kinetic energy of the atom. This implies that there is a threshold to this process

that is equal to the binding energy of the electron.
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Figure 2.6: Plot of a4 versus a2 coe�cients for J⇡
i ! 2+ ! 0+ cascades with various mixing

ratios, �, for the J⇡ ! 2+ transition.

Unlike � decay, which has a single peak corresponding to a transition between quantized

nuclear levels, internal conversion electrons can be emitted from di↵erent atomic shells, such

as K, L, M , and so on. This leads to multiple peaks in the observed conversion electron

spectra at slightly di↵erent energies. After the electron is emitted from the atom, the vacancy

is rapidly filled by electrons from higher-lying shells via the emission of characteristic X-rays

and/or Auger electrons.

One common measurement in nuclear spectroscopy is to determine the internal conversion

coe�cient:

↵ =
�e
��

, (2.50)
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where �e is the transition rate for internal conversion and �� is the � decay transition rate.

This gives a total transition rate of �T = �e + �� = ��(1 + ↵), where ↵ is the total internal

conversion coe�cient summed over all atomic shells. The transition rates for internal conver-

sion and � decay are both electromagnetic process and thus the transition matrix elements

are quite similar. The main di↵erence is that in internal conversion the initial state includes a

bound electron and the final state has a free electron and no �-ray. Both processes otherwise

involve the same electromagnetic multipole operators. Therefore the nuclear components of

the transition matrix elements e↵ectively cancel in the internal conversion coe�cients mak-

ing these coe�cients approximately independent of nuclear structure [38]. This is a slight

oversimplification but generally is a good approximation on the overall conversion coe�cient.

The conversion coe�cients are, however, strongly dependent on the electric or magnetic

character, as well as the multipole order of the transition. The conversion coe�cients for

each are given approximately by [38]:

↵(EL) ⇠=
Z3

n3

⇣ L

L+ 1

⌘⇣ e2

4⇡✏�h̄c

⌘4⇣2mec2

E

⌘L+5/2

↵(ML) ⇠=
Z3

n3

⇣ e2

4⇡✏�h̄c

⌘4⇣2mec2

E

⌘L+3/2

(2.51)

where Z is the atomic number, n is the principal quantum number of the bound electron

that is ejected, L is the multipole order and E is the energy of the transition. We can note

from Equation 2.51 that the conversion coe�cients are larger for heavier nuclei (increasing

approximately as Z3 ), they decrease rapidly with the energy of the transition, increase as the

multipole order increases and are expected to be larger for smaller values of n. For example,

conversion from the K-shell (n= 1) compared to the L-shell (n= 2) is expected to have a ratio

65



of roughly 1/8. In fact, in many experiments only the K-shell conversion coe�cient, ↵K , is

measured and the total conversion coe�cient is deduced from the theoretical K/total ratio.

The dependence on the electromagnetic character and multipole order of the conversion

Figure 2.7: Plot of theoretical K-shell internal conversion coe�cients determined from
BRICC [64] for Z = 80.

coe�cients means that they can be used to assign transition multipolarities and, hence,

spins and parities of the nuclear states. They can also be used to determine multipole

mixing ratios similar to ��� angular correlation measurements if the conversion coe�cients

can be measured with su�cient precision. The dependence of the K-shell internal conversion

coe�cients as a function of energy and multipolarity is shown in Figure 2.7 for Z = 80.

Another important application for internal conversion spectroscopy is the ability to ob-

serve E0 transitions. E0 transitions between two 0+ states are forbidden to occur by the
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emission of a �-ray because the nuclear charge (the monopole moment) cannot radiate ex-

ternally from the nucleus. This requires any such transition between J = 0 states of the

same parity can occur via the Coulomb coupling of atomic electrons and the nucleus, where

the atomic electron penetrates the nuclear volume resulting in an electric monopole, E0,

transition. Transitions between one 0+ state and another 0+ state are thus only observable

via the emission of conversion electrons (or, in rare cases, 2 photon emission). In this specific

case where there is no � ray emission it is then impossible to define a conversion coe�cient.

Thinking classically, the nucleus can be considered to be a pulsating sphere of charge,

and outside this spherically symmetric region of charge density the field is purely Coulomb.

Because outside of the nuclear volume the nuclear monopole moment is constant, transition

matrix elements involving the nucleus and the atomic electrons vanish everywhere for the

electric monopole except within the nucleus, where the electrons can experience variations in

the proton distribution. Thus the E0 internal conversion process, being purely a penetration

e↵ect, di↵ers substantially from other multipole order internal conversion processes where

the interior region of the nucleus makes a relatively small contribution. The E0 transition

strength thus provides a unique probe of the shape of the nucleus with changes in the charged

particle distributions in the nucleus (ie the excitation of proton pairs) leading to enhanced

decay by E0 transitions [65].

For J⇡ ! J⇡ transitions with J 6= 0 there is, in general a mixture of E0, M1, and E2

components. It has been suggested that large E0 strength can be an indication of significant

mixing between states of di↵erent deformations, and that E0 transition probabilities are

small between unmixed shapes with large di↵erences in deformations [31]. In the neutron

deficient Hg isotopes, there are known prolate and oblate coexisting bands, which have the

typical quadratic dependence of the intruder bands as you move towards mid shell shown in
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Figure 1.13. As the energy di↵erence between the bands decreases the mixing between these

states will increase. Experimentally, the mixing between these states can be determined by

combining measurements of internal conversion coe�cients with mixing ratios for the �-ray

component of the transition deduced from � � � angular correlations, thus allowing for the

isolation of the E0 component of the transition.

Experimentally, the measurements of E0 transition strengths, ⇢2(E0), play a vital role in

the comprehension of nuclear structure. The E0 transition strength is primarily dependent

on two factors. The first is the di↵erence in deformation between the nuclear states and

the second is the mixing between configurations. If we consider a simple two state mixing

example, the E0 transition strength is given by [31]:

⇢fi(E0) =
1

eR2

h
↵�(

⌦
J+
f

�� T̂ (E0)
��J+

f

↵
�
⌦
J+
i

�� T̂ (E0)
��J+

i

↵
) + (↵2 � �2)

⌦
J+
i

�� T̂ (E0)
��J+

f

↵i
,

(2.52)

where ↵ and � describes the mixing between the unperturbed configurations, R is the nuclear

radius, e is the unit of electrical charge, and T̂ (E0) is the E0 operator given by [31]:

T̂ (E0) =
X

k

ekr
2
k, (2.53)

with ek being the e↵ective charge of the kth nucleon and rk its position relative to the center

of mass. If the mixing between configurations is small, ↵� ⇡ 0 and
⌦
J+
i

�� T̂ (E0)
��J+

f

↵
is small

because the wavefunctions are localized at di↵erent points in deformation space, we see from

Equation 2.52 that ⇢2fi(E0) is also small. If the mixing is strong, such that ↵ ⇡ � ⇡ 1p
2
and
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⌦
J+
i

�� T̂ (E0)
��J+

f

↵
remains small, Equation 2.52 simplifies to:

⇢fi(E0) =
1

2eR2

h⌦
J+
f

�� T̂ (E0)
��J+

f

↵
�
⌦
J+
i

�� T̂ (E0)
��J+

i

↵i
. (2.54)

Using the definition [31]:

�2
k =

⌦
J+
k

��
X

|↵µ|2
��J+

k

↵
(2.55)

where �k is the quadrupole deformation and the sum over |↵µ|2 is equivalent to the E0

operator, Equation 2.54 becomes [31]:

⇢fi(E0) =
9

64⇡2
Z2(�2

1 � �2
2)

2. (2.56)

Therefore, if the di↵erence in the quadrupole deformations of the initial and final nuclear

states is large, then the ⇢2(E0) value can be large. In fact, the only way to have a large

⇢2(E0) is by having both large mixing between the configurations and large di↵erences in

quadrupole deformation.
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Chapter 3

Experimental Facilities

3.1 TRIUMF

The data collected for this thesis were obtained at Canada’s national laboratory for

nuclear and particle physics, TRIUMF [66,67]. Established in 1966 and located in Vancouver,

BC, TRIUMF is built around the worlds largest cyclotron, capable of accelerating proton

beams up to 520 MeV. TRIUMF uses a molecular gas of H2 that is released into a chamber,

passing over a hot filament that bombards the H2 gas with electrons, thus breaking the H2

molecular pairs to form a mixture of H+, neutral hydrogen and H�. A positive voltage is

applied at the chamber’s exit to extract the H� ions. The H� ions are then transported

through an electrostatic beam line operating under high vacuum and pass through focusing

elements and are guided to the cyclotron. The cyclotron accelerates the H� ions with a

high-frequency alternating electric field and with the use of large magnets, steers the beam

in an outward spiral trajectory. Thin graphite extraction foils strip the electrons from the

H� ions while allowing the resulting protons, H+, to pass through. The TRIUMF cyclotron
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is thus able to extract four simultaneous proton beams for TRIUMF’s multidisciplinary

research program [68]. The proton beams are transported through beam lines to various

experimental halls, where secondary beams of radioactive isotopes, pions and muons are

created.

Figure 3.1: The main cyclotron at TRIUMF during construction.

3.2 ISAC Halls

The Isotope Separator and ACcellerator (ISAC) halls [69] at TRIUMF contain many

di↵erent experimental stations, as shown in Figure 3.2. ISAC uses the Isotope Separation
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On-Line (ISOL) technique [70]. The ISOL technique consists of the production of a high-

energy primary beam (520 MeV protons in the case of TRIUMF), a target/ion source, in

which radioactive isotopes are produced through spallation and/or fission reactions, a mass

separator to select the isotope of interest, and a secondary beam transport system. The

ISAC facility is separated into two experimental halls, ISAC-I and ISAC-II. In the ISAC-I

facility, the 520 MeV protons impinge onto a thick production target comprised of multiple

foils to produce radioactive ions. The radioactive ions di↵use inside the heated target to

the surface and e↵use to the ion source, where they are ionized and accelerated through a

potential di↵erence of 30-60 kV. After the radioactive ions are extracted from the ion source,

they are sent through a high-resolution mass separator to select a particular isotope to be

delivered as a Radioactive Ion Beam (RIB) to the experimental facilities. These beams are

transported to either a low-energy experimental area at 30-60 keV or through a series of

secondary accelerators to a medium-energy experimental area. In the ISAC-II hall the beam

is deflected to the ISAC-II superconducting linear accelerator for acceleration above the

Coulomb barrier. The experimental research performed for this thesis involved data taken

with a low-energy RIB, at ISAC-I.

After the high-energy (520 MeV) and high-intensity (up to 100µA) proton beam im-

pinges on the target, a range of nuclei are created from spallation reactions. Hypothetically,

all bound nuclei with less than or equal to the number of available protons and neutrons in

the target nuclei are produced with some probability. Once the radioactive isotopes e↵use

from the target there are several methods used to ionize the atoms. These include sur-

face ionization, laser ionization, or Force Electron Beam Induced Arc Discharge (FEBIAD)

ionization [71]. For this thesis the discussion will be primarily focused on laser ionization.

In laser ionization, a tunable, pulsed laser located about 30 m from the target generates
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Figure 3.2: The layout of the ISAC experimental halls at TRIUMF, including the target
ion-source, the high resolution mass separator and various detection stations.

laser beams with wavelengths tuned to ionize atoms of a specific element. These laser beams

are reflected by a series of mirrors and hit the rare isotopes in the ion source. The laser

light is absorbed by the valence electrons of an atom exciting them, often through multiple

excitation steps, and ultimately causing the electron to be ejected ionizing the atom [72].

The major advantage of laser ionization is that each element has unique electron energy

levels and thus the lasers can be tuned to selectively ionize atoms of a specific element as

they absorb di↵erent wavelengths of laser light. The laser wavelengths are thus tuned to

excite the electrons of only the element of interest.

For the data presented in this thesis, involving the study of 188Hg following the �+/EC
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Figure 3.3: A schematic of the TRIUMF Resonant Ionization Laser Ion Source (TRILIS)
adapted from Ref. [73].

decay of 188Tl, the combination of a uranium carbide (UCx) production target with the

TRIUMF Resonant Ionization Laser Ion Source (TRILIS) [72–75] was used. TRILIS uses

solid-state lasers for radioactive ion beam delivery, with the main components shown in

Figure 3.3. In addition to the element specificity, an advantage of TRILIS is that the laser

systems are accessible during RIB production, as it is not coupled directly to the production

target as is the general circumstance for most ion sources. Therefore, TRILIS does not

become irradiated and need not be discarded after use. This makes TRILIS an economic

and versatile ion source. In Figure 3.4, the 41 elements that could be ionized using TRILIS

as of September 2020 are shown in green, while 22 additional elements, for which laster

ionization schemes were being developed, were shown in blue.

After ionizing atoms of a specific element in the ionization region selecting the specific

isotope of interest is done by separating the ions based on their charge-to-mass ratio. The

ions are sent through a high-resolution mass separator, which uses a magnetic field to direct
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Figure 3.4: Periodic table of elements showing the ionizing capabilities of TRILIS as of
September 2020. Figure provided by Dr. J. Lassen.

the ions through a 45� bend, as shown in Figure 3.3. The radius of curvature for a given ion

is given by:

R =
1

B

s
2m�V

q
(3.1)

where m is the mass of the ion, q is the charge of the ion, B is the magnetic field strength

and �V is the electric potential di↵erence through which the ions are accelerated. At the

exit of the mass separator there are slits that are adjusted to select a specific radius of

curvature and, hence, a specific m/q for a given B and �V . In the ISAC facility the ions

are separated with a resolution of �m/m ⇡ 1/2000 [69]. In some situations there remains

unwanted contaminants in the RIB. The most common occurrence is when the isobaric

mass separations are less than the resolution of the mass spectrometer. Contamination can,
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however, also occur through the creation of molecular beams which happen to have the right

combined mass. Another possible way for contaminants to be present in the RIB is through

the creation of multicharged ions with the same m/q. For example, if an ion is in a 2+ charge

state and has double the mass of the isotope of interest within the resolution of the mass

separator, it can be present in the beam. In the work presented in this thesis, which used

selective laser ionization of 188,188mTl no contamination of any of these types were observed

in the radioactive beam.

3.3 Radiation Interactions Following � Decay

The radioactive ions created at ISAC will emit di↵erent forms of radiation in order to

reach a stable, lower-energy state. There are many di↵erent types of radiation nuclei can

emit, depending on the specific nucleus. This includes the emission of a � particle, an ↵

particle, a proton, a neutron, � rays, and conversion electrons. For the ISAC-I hall, with

the use of the low-energy RIBs, the majority of nuclei first � decay, followed by the emission

of �-rays and conversion electrons. The following sections will discuss the interactions of

radiated particles following a � decay process as well as the detector materials, geometries,

and other factors necessary to optimize detector set-ups for particular experiments.

3.3.1 Charged Particle Interactions in Radiation detectors

Charged particles that can be emitted from a nucleus/atom include ↵ particles, protons,

� particles and conversion electrons. Charged particles will interact in a detector mate-

rial primarily through the Coulomb interaction. Heavier charged particles can have many

simultaneous interactions with the electrons of the detector material, which will diminish
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the kinetic energy of the incident particle extremely rapidly, giving it a small penetration

depth, while lighter charged particles will lose their energy more slowly by having fewer

simultaneous interactions giving them a larger penetration depth.

In a � decay process, electrons or positrons are emitted which can have energies from keV

up to tens of MeV. Often, after a � decay occurs, the daughter nucleus is left in an excited

state. The primary method for de-excitation of the excited nuclear states is by emitting

a �-ray. High-energy �-rays can undergo pair production in which the �-ray is converted

to an electron-positron pair in the field of a nucleus or electron. The atom can also emit

conversion electrons in the de-excitation of excited nuclear states. No matter the method

of production of the light charged particles, the interactions with a detector medium will

be the same. The emitted light charged particle will undergo many interactions with the

atomic electrons of the detector medium with each interaction reducing the total energy of

the incident particle. The energy loss due to collisions of a light charged particle with the

electrons of a detector medium is generally described by the stopping power given by the

Bethe-Bloch equation [76]:

�
⇣dE
dx

⌘

c
=

2⇡e4NZ

mev2

⇣
ln

mev2E

2I2(1� �2)

⌘
�ln2(2

p
1� �2�1+�2)+(1��2)+

1

8
(1�

p
1� �2)2

⌘

(3.2)

where E is the energy of the particle, x is the distance into the material, v is the velocity of

the particle, Z is the atomic number of the absorbing atoms, me is the electron rest mass,

N is the number density of the absorber atoms, I is the average excitation and ionization

potential of the absorber and � = v/c.

There is also a component of the stopping power from radiative energy loses due to the
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emission of bremsstrahlung radiation. This component is described by [76]:
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� 4
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The factors of E and Z2 indicate that the radiative energy losses are most important for high

energy electrons and for heavy absorbers, with a large Z. For typical electron energies in

�-decay studies the average bremsstrahlung energy is quite low and is normally reabsorbed

quickly in the detector medium. Summing equations 3.2 and 3.3 gives the total stopping

power, as shown in Figure 3.5.

Figure 3.5: The total, radiative and collisional stopping powers for electrons in Silicon.
Figure from Ref. [77].

From equations 3.2 and 3.3, the ratio of the radiative and collisional stopping powers is

given by [76]:

(dE/dX)r
(dE/dX)c

⇡ EZ

700
(3.4)
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where E is in MeV. With typical electron energies in � decay studies being only a few MeV

the radiative loses are in general small compared to the collisional losses.

3.3.2 Gamma-ray Interactions in Radiation detectors

Following a � decay, daughter nuclei will often be left in an excited state, which can

subsequently emit �-rays. The primary �-ray interactions with detectors occur via the

photoelectric e↵ect, Compton scattering and pair production. The probabilities for each

of these processes are dependent on the �-ray energy and the density, atomic number and

binding energy of the electrons in the absorbing material.

Photoelectric Absorption

If a �-ray undergoes an interaction with an atom inside the detector medium and is

absorbed in the process of ejecting an electron from a bound orbital, the �-ray has undergone

photoelectric absorption. The energy of the emitted photoelectron is given by:

Ee = E� � Eb (3.5)

where Eb is the binding energy of the electron and E� is the incident �-ray energy. After

the electron is ejected from the atom the vacancy in the electron shell is quickly filled and

characteristic X-rays and/or Auger electrons are emitted. The ejected electron is generally

absorbed inside the detector after collisional interactions.

Photoelectric absorption is the dominant process for low-energy �-rays (up to a few tens

to hundreds of keV depending on the material). It is also highly dependent on the atomic

number of the absorbing material. The photoelectic absorption process is dependent on the
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structure of the electrons in the atoms and thus no simple analytic expression exists. A

rough approximation, however, is given by:

⌧ ⇠= K ⇥ Zn

E3.5
�

, (3.6)

where ⌧ is the probability for photoelectric absorption per atom, K is a constant, Z is

the atomic number of the absorbing material, E� is the energy of the incident � ray, and

n ranges between 4 and 5 over the �-ray energy region of interest [76]. Because of the

strong dependence on the atomic number, �-ray shielding materials are usually constructed

with high-density, high-Z materials, such as lead for passive shielding or bismuth germanate

(BGO) for active �-ray shielding.

The total absorption cross section is observed to be dominated by photoelectric ab-

sorption for low-energy � rays as shown in Figure 3.6. Discontinuities appear with sharp

increases in the absorption coe�cient corresponding to the binding energies of the electrons

in the atomic shells. Once the energy of the incident � ray is larger than the electron binding

energy it can proceed to eject the electrons from that atomic shell, which increases the overall

cross section. If the �-ray energy is less than the electron binding energy it is impossible to

eject the electrons from that shell and the interaction probability is sharply reduced. The

discontinuities can be observed for each electron shell.

Compton Scattering

Compton scattering takes place when a � ray scatters from an electron and is deflected

while transferring a portion of its original energy to the scattered electron, which is ejected
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Figure 3.6: The linear attenuation coe�cient, and its photoelectric, Compton and pair
production components as a function of �-ray energy for HPGe. Figure adapted from [39]

from the atom. Unlike photoelectric absorption the �-ray is not absorbed, but rather scat-

tered with a fraction of its initial energy. The energy of the scattered �-ray, E 0, can be

related to its initial energy, E, and the scattering angle, ✓, by:

E 0 =
E

1 + E
mec2

(1� cos✓)
(3.7)

where ✓ is the scattering angle of the �-ray. The scattered �-rays therefore have an energy

range from E 0 ⇡ E when ✓ ⇡ 0 to E 0
✓=180 = E

1+ 2E
mec2

when the �-ray is scattered through

180� and the maximum energy is transferred to the electron giving the reflected �-ray its

minimum energy possible following a single Compton scatter event.
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The di↵erence between Equation 3.7 and the full energy E of the incident � ray gives

what is known as the Compton edge. This is the maximum energy that can be transferred to

an electron for a single Compton scattering event. After a Compton scatter, the deflected �

ray will continue on its path until another interaction occurs or the � ray exits the detector

material. Sometimes multiple scatters can occur until the energy is low enough that the � ray

undergoes photoelectric absorption. Other times the deflected � ray may leave the detector

medium and thus only deposit a portion of its energy inside the detector. Events with only

a portion of the total �-ray energy deposited contribute to the Compton background in the

�-ray spectrum. An example of the contributions of Compton scattering to a �-ray spectrum

is shown in Figure 3.7.

The probability for a Compton-scatter event to occur has a direct proportionality to the

density of available electrons in the detecting material. Because Compton scattering events

are the dominant �-ray interaction process from ⇡0.1-10 MeV for most detector materials,

and because the majority of emitted � rays fall inside this range, Compton scattering is

usually the dominant process occurring inside of �-ray detectors. Therefore, having large-

volume detectors with high atomic number and large electron density are important for the

detection of � rays.

Pair Production

For high-energy �-rays above 1.022 MeV, i.e. twice the rest mass of the electron, the �

ray can interact with the Coulomb field of the nucleus and create an electron-positron pair.

The pair of charged particles will undergo further interactions depositing energy inside the

detector. The positron, however, will not simply come to rest inside the detector, but rather

will annihilate with an electron in the detector material creating two 511 keV photons which
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Figure 3.7: A schematic of a �-ray spectrum showing the multiple components that are
attributed to photoelectric absorption, Compton scattering and pair production. The com-
ponents include the Compton edge, the double escape peak, EDE, the single escape peak,
ESE, and the full energy photopeak at the initial �-ray energy, E�.

will often Compton scatter inside of the material. If the detectors are su�ciently large the

511 keV photons will eventually deposit all of their energy in the detector. However if the

detectors are not su�ciently large, or the 511 keV photons are created near the surface of

the detector, there is a probability that one or both of the 511 keV photons can escape the

detector and the energy observed is reduced by the energy of the 511 keV photon(s). In

the case where only a single 511 keV photon escapes the detector, a peak appears at the

energy of the �-ray minus 511 keV. This is called the single escape (SE) peak. If both the

511 keV photons escape the detector, the detected energy will be reduced by 1.022 MeV.

This is called the double escape (DE) peak. The contributions to the �-ray spectrum from

pair production are illustrated in Figure 3.7.
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3.4 Detector Materials and Properties

The choice of materials used for the detection of radiation is dependent on multiple

factors. Some important considerations include:

• The type of radiation, whether it is electrons, � rays, alpha particles, neutrons, etc.

• The properties you want to be able to determine. Is the detector simply a counting

device? Do you need fast timing resolution? Do you need excellent energy resolution?

• Is a high detection e�ciency required?

• Does the detector fit within your budget?

These are only a few of the many considerations necessary for deciding on the choice of a

detector material. In this thesis we will not discuss budgetary concerns, but will consider

aspects of the first three points. As this thesis is focussed on � decay and the particles

emitted in such decay processes, the focus will be on the detection of electrons and � rays.

3.4.1 Detecting � rays With Semiconductors

Understanding the interactions of � rays with matter discussed in Section 3.3.2, we can

establish several characteristics that are beneficial for the detection of � rays:

• The detector material should have a large atomic number with a high density of elec-

trons to obtain a high e�ciency of detection.

• There should be rapid drift velocities of charge carriers in the detector medium to

quickly obtain a signal from the interaction.
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• The interaction should liberate enough charge carriers to produce a detectable output

signal.

• The amplitude of the signal should be linearly proportional to the energy deposited by

the radiation over a large range.

• The collection of charge from the detector medium should be done e�ciently.

• The material should be able to be manufactured with a reasonable volume.

• Good energy resolution to resolve transitions in nuclei with complicated nuclear struc-

ture.

The above criteria are satisfied by semiconducting materials such as silicon and germanium.

Here we focus on High-Purity Germanium (HPGe) detectors.

Semiconductors are one of the main types of detectors used for the detection of �-rays.

A key reasons they are so widely used is their excellent energy resolution. This excellent

energy resolution is achieved because of the large number of charge carriers created per unit

of energy deposited by the incident radiation. The charge carriers (electron-hole pairs) are

easily created because of the band structure of the semiconducting material.

The periodic lattice of the material composing a semiconducting diode detector deter-

mines the electron band structure. The electrons present in the material must exist within

these bands. The outer most electrons generally occupy the valance band. These electrons

can be promoted to the conduction band where they are free to migrate throughout the

material. The energy di↵erence between the valance band and the conduction band is called

the bandgap. The magnitude of the bandgap determines if a material is a conductor, with

overlapping regions, a semiconductor, with a relatively small energy separation between the
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valance and conduction bands, or an insulator having a large energy between the valance and

conducting bands. Ideally, a semiconductor or an insulator would not show any conductive

properties in the absence of incident radiation. In reality, high-resolution semiconductor de-

tectors are often operated at low temperatures to limit the thermal excitation of electron-hole

pairs.

When a � ray enters the semiconducting material it will excite electrons from the valance

band to the conduction band, creating free electrons and holes where the electrons used to be

in the valence band. The electron-hole pairs will move in opposite directions in an externally

applied electric field and generate a current pulse indicating the detection of the radiation.

For a material to be considered an insulator, the bandgap is generally greater than 5 eV,

while for semiconductors the bandgap energy is usually around 1 eV [76].

The electrical properties of semiconducting materials are usually dominated by small

densities of impurities in the material. Trace amount of impurities may be intentionally

added to produce the desired properties. Two types of impurities that can be added to

detectors are donor impurities and acceptor impurities. Donor impurities fill all of the

covalent bonds in the lattice of the semiconductor and have one additional electron remaining.

The extra electron is loosely bound in a normally forbidden energy region inside the lattice,

and, therefore, take very little energy to move into the conduction band, making these

electrons contribute significantly to the overall conductivity. For a HPGe detector an example

of a donor impurity would be the addition of lithium. Semiconductors with trace amounts

of donor impurities are generally called “n-type” semiconductors.

If an impurity is added that has one fewer electron than is required to fill all the covalent

bonds of the periodic lattice, then an electron vacancy will remain leaving a hole. If an

electron in the conduction band fills this hole, it will be less tightly bound, at a previously
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forbidden energy level in the bandgap. These are called acceptor sites. One example of an

acceptor impurity used for HPGe detectors is boron. Semiconducting materials with these

types of impurities are called “p-type” semiconductors.

If a p-type and n-type semiconductor are brought together, then the loosely bound elec-

trons from the n-type semiconducting material can drift over to fill the holes in the p-type

semiconducting material. This will create what is called a depletion zone inside of the detec-

tor region. The creation of a depletion zone changes the individually charge neutral p/n-type

materials to create an electric field gradient, as shown on the left side of Figure 3.8. As the

n-type material loses electrons it becomes positively charged and as the p-type fills up the

holes it becomes net negatively charged. Eventually the field created becomes strong enough

that charges can not di↵use freely across the material, creating an equilibrium with signif-

icantly reduced available electrons or holes. The depletion region creates useful properties

inside the medium for detecting radiation. The depleted region has a much higher resistivity

than the rest of the detector material. If an electron-hole pair is created within the depletion

region by incoming radiation it will be carried out of the depletion region by the electric

field. The flow of electron-hole pairs created in the depletion region is the main component

responsible for generating the output signal due to the radiation interection.

A p-n junction in a semiconductor acts as a diode and when left alone will not behave

well as a radiation detector. One reason is because the depletion zone, with no applied

external field, is generally quite small. If a voltage is applied in a forward direction the p-n

junction will readily conduct current. If a bias is applied in a reverse direction, however, the

electrons from the n-type side of the junction will be attracted to the holes in the p-type

side thus increasing the size of the depletion region, as shown on the right of Figure 3.8. The

applied voltage for a reversed biased p-n junction will act as a rectifying element, allowing
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Figure 3.8: A schematic of a p-n junction for a semiconducting diode. On the left is the
naturally formed depletion zone and on the right is the enlarged depletion zone after applying
a reverse bias.

relatively free flow of current in one direction and highly suppressing current flow in the

opposite direction.

Reverse biasing increases the depletion region, which produces a larger volume for radi-

ation to create electron-hole pairs that produce detectable signals. The thickness, d, of the

depletion zone can be estimated by [76]:

d ⇠=
⇣2✏V
eN

⌘1/2
, (3.8)

where ✏ is the dielectric constant of the detector material, V is the applied voltage across

the junction, e is the electron charge, and N is the concentration of the impurity on the

purest side of the detector, whether it’s a donor or acceptor. If the applied voltage to the

semiconductor diode is too high, then the p-n junction can breakdown. Typical materials

used for creating semiconducting diode detectors are silicon and germanium. For a standard

germanium semiconductor diode a typical depletion depth is around 1-3 mm even after

applying a reverse bias. This is not nearly su�cient for usual radiation detection applications
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for �-rays, as it would simply provide too little e�ciency. To increase the depleted volume

the total amount of impurities needs to be reduced. With current techniques, the impurities

have been reduced to below 109 atoms/cm3. After applying a reverse bias, the depletion

thickness has been increased significantly to several centimeters, su�cient for �-ray detection

purposes [76].

A major advantage of using high-purity semiconductors is the small amount of energy

required to create an electron-hole pair. The ionization energy in a semiconductor is an order

of magnitude less than for typical gas-filled or scintillating detectors [76]. The benefits of

having a smaller ionization energy is the greater number of charge carriers created making

for smaller statistical fluctuations and giving an overall better energy resolution. For a high-

purity germanium (HPGe) detector the energy required to create an electron-hole pair is, on

average, about 3 eV. With �-ray energies generally ranging from a few keV to 10 MeV, this

leads to the creation of thousands to millions of electron-hole pairs when the �-ray deposits

its full energy in the detector. An additional benefit of HPGe is the larger atomic number

and higher density compared to silicon. This provides a greater interaction cross-section for

incoming �-ray radiation. All of these components make the use of HPGe one of the most

powerful tools for high-e�ciency and high-resolution �-ray spectroscopy.

3.4.2 Detecting Electrons

Electrons (or � particles) will interact with the electrons in the detector material via

the Coulomb interaction. Since the Coulomb interaction is long range the incident electron

can interact with many electrons in the detector material and the energy deposition of an

incoming electron can be dispersed quickly, thus making the penetration depth of an electron

relatively short. Additionally, to limit the production of bremsstrahlung radiation and the
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backscattering of incident electrons, materials for detecting electrons should be constructed

with a relatively low atomic number.

One way to detect the charged electrons is with organic scintillators, generally made out

of low-Z plastics. A large branch of organic scintillators uses molecules, which have common

properties associated with the ⇡ electrons in the molecules. The ⇡-electron structure involves

nearly free electrons in the molecular ⇡ orbitals which can interact with incoming radiation

and be promoted into excited ⇡ electron states. Scintillation light is subsequently emitted

in the de-excitation of the excited ⇡ electronic singlet state to the ground-state electron

configuration, called fluorescence. The total time for fluorescence to occur is typically on the

order of nanoseconds [76]. Additionally, interactions between molecules can occur in which

a triplet ⇡-electron state is populated. Triplet states have a forbidden decay process due to

the need to flip the ⇡-electron spin in the decay back to the singlet ⇡-electron state and thus

can have much longer lifetimes than transitions between singlet states. Decay from a triplet

state can take anywhere from miliseconds to hours, in a process called phosphorescence. The

relative amount of triplet state population is dependent on the type of incident radiation with

heavier charged particles tending to produce higher densities of ionization and populating

more triplet states.

Figure 3.9 explains why these types of scintillators are transparent to their own light

emission. The upward pointing arrows indicate the excitation associated with the incoming

radiation and the downward arrows indicate the emitted light from fluorscence. Overall,

there is minimal overlap as the wavelength of the fluoresced light gets shifted to longer

wavelengths by processes involving the dissipation of molecular vibrational and rotational

excitation energy through collisions known as a Stoke’s shift [76]. This reduces the overall

energy of the fluoresced light from the scintillator so that it no longer can be used to excite
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Figure 3.9: Energy levels of an organic molecule with ⇡-electron structure. Figure from
Ref. [78].

a separate molecule, thus making the scintillator transparent to its own light.

The low atomic number makes the plastic detectors fairly transparent to � radiation,

but they will provide a measurable signal when a charged electron (or beta particle) passes

through. This makes them excellent to place in front of a �-ray detector when performing

measurements with radioactive isotopes. At TRIUMF there are two primary plastic scintil-

lators used in the detector set-up pertinent to this work, the Scintillating Electron-Positron

Tagging Array (SCEPTAR) [79] used to tag on � particles during the � decay process and

the Zero Degree Scintillator (ZDS) discussed in Section 3.5.2. Neither of these detectors

were designed for the purpose of providing precise energy spectra with high resolution but
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are rather used for their high-e�ciency � tagging and fast-timing characteristics.

Another type of detector, which is commonly used to detect electrons, is lithium-drifted

silicon (Si(Li)) detectors. Silicon diode detectors use a reverse bias to achieve a large de-

pletion zone as described in Section 3.4. Using the conventional methods discussed in the

previous section a depletion zone of several milimeters can be achieved. The results of interac-

tions of the incoming radiation are similar to the HPGe �-ray detectors discussed previously,

however silicon has a larger bandgap than germanium, which has two main implications.

The first is that a smaller number of charge carriers are created per unit of deposited energy,

which contributes to a worse overall energy resolution. The second is that silicon will have

a lower thermal leakage current than germanium, although for optimal energy resolution

Si(Li) detectors are also operated at cryogenic (liquid nitrogen) temperatures. Although the

energy resolution is not quite as good as HPGe, it is still excellent compared to scintillation

based detectors.

The low atomic number of silicon (Z = 14) means that it has quite a low e�ciency for

�-ray detection and provides the advantage that fewer incident electrons will back scatter

and not deposit their full energy. Figure 3.10 shows the peak height as a function of detector

thickness for monoenergetic electrons at 500 keV. A strong peak is observed sitting on top of

a continuum of lower energy events for detector thicknesses � 1 mm. The peak in the Si(Li)

detectors show they are have su�cient thickness to fully stop the incoming electrons, while

detecting the low-energy bremsstrahlung radiation, compared to the background events,

where some energy was lost from bremsstrahlung or back-scattering events. This indicates

that Si(Li) detectors of around 1-5 mm thickness, are very well suited for the detection

of conversion electron energies. In radioactive decay experiments, the internal conversion

process generally emits electrons with energies from tens of keV to a few MeV. This is
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Figure 3.10: Response functions of silicon detectors for various thicknesses, z, using monoen-
ergetic 500 keV electrons. Figure from Ref. [80].

exactly the suitable range for Si(Li) detectors. Thin Si(Li) detectors can also be placed in

front of a �-ray detector due to their overall low �-ray cross section. At TRIUMF there is

one such detector set-up which uses Si(Li) detectors. The Pentagonal Array for Conversion

Electron Spectroscopy (PACES) which is described in detail in Section 3.5.2.
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3.5 The GRIFFIN Spectrometer and Ancillary Detec-

tors

Large detector arrays for �-ray measurements coupled with auxiliary particle-detection

systems provide a powerful and versatile tool for studying exotic nuclei through nuclear

spectroscopy at radioactive ion beam facilities [79]. This section will focus on the apparatus

used specifically for low-energy decay studies in the ISAC-I facility at TRIUMF.

3.5.1 GRIFFIN

The �-ray spectrometer used for the current research was the Gamma-Ray Infrastructure

For Fundamental Investigation of Nuclei (GRIFFIN). GRIFFIN is a high-e�ciency �-ray

spectrometer composed of 16 large-volume clover-type HPGe detectors located at the ISAC-

I facility at TRIUMF [79, 81, 82]. The spectrometer covers sixteen of the eighteen square

faces of a rhombicuboctahedron with the front faces of the HPGe detectors at a distance

of 11 cm from the beam implantation spot at the centre of the array. One of the vacant

square faces is used for the incoming low-energy RIB from TRIUMF ISAC-I and the other

open square is used for the in-vacuum moving tape collector system to remove long-lived

activity from the chamber at the end of a measurement cycle [79]. Each individual clover

houses four large HPGe crystals, as shown in Figure 3.11, which are facing a tape transport

system where the low-energy RIB’s are implanted. The west hemisphere of the GRIFFIN

spectrometer is shown in Figure 3.12. This figure includes the beamline shown from right

to left, the vaccuum chamber (surrounded by a white Delrin sphere in this figure) and the

yellow lead shielding wall, which the tape is moved behind to prevent the detection of any

long-lived contaminants.
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Figure 3.11: A Geant4 image of the four HPGe crystals within the GRIFFIN clovers detec-
tors.

Each GRIFFIN HPGe clover is surrounded by a set of Compton suppression shields

made of bismuth germanate (BGO). BGO is a high-density scintillating material with a

large atomic number (Z = 83 for Bi), giving it a large �-ray interaction cross-section. This

material is ideal for detecting �-rays that have Compton scattered out of a HPGe detector as

well as escaping 511 keV �-rays created in the pair production process. At the time the data

for this thesis were collected, the BGO shields were not yet implemented in the GRIFFIN

array. Therefore, these data have no Compton suppression from BGO shielding.

The GRIFFIN spectrometer has two operating configurations as shown in Figure 3.13.

The first is the “high-e�ciency” mode in which the GRIFFIN HPGe clover detectors are

pushed forward to 11 cm from the beam implantation spot. Normally in this mode the front

shield plates of the BGO Compton suppressor shields would be pulled back, as shown in the

top panel of Figure 3.13. The second configuration is the “optimized peak-to-total” mode, in
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Figure 3.12: The west hemisphere of the GRIFFIN array of HPGe clover detectors. The
20 mm thick white Delrin absorber shell can be seen around the vacuum chamber and the
yellow Pb wall shielding the tape collection box is on the left. Figure taken from Ref. [79].

which the HPGe detectors are pulled back to 14.5 cm and the front shield plates of the BGO

Compton suppressors are moved to the forward position to form a complete suppression

shield around each HPGe detector, as shown in the bottom panel of Figure 3.13.

In order to stop � particles from entering the HPGe detectors, Delrin absorbers of var-

ious thicknesses can be placed surrounding the vacuum chamber, while being relatively

transparent to � rays. The �-ray energies deposited in the HPGe detectors along with tim-

ing information is recorded on a crystal-by-crystal basis. Additional methods of analysing

the data such as Compton suppression, clover addback, bremsstrahlung suppression and
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Figure 3.13: Two possible configurations of the GRIFFIN spectrometer. In the upper panel
the ‘high-e�ciency’ mode, the HPGe detectors are at 11 cm and the LaBr3(Ce) detectors at
12.5 cm from the implantation point on the tape. In the lower panel, the ‘Optimized peak-
to-total’ mode, the HPGe and LaBr3(Ce) detectors are retracted to 14.5 cm and 13.5 cm,
respectively, in order that they can be fully Compton and background suppressed with BGO
shields. The 20 mm Delrin absorber is also installed in the lower panel. Figure taken from
Ref. [79].

coincidence timing are all performed in the o✏ine analysis. Further discussion of analysis

methods and techniques used with the GRIFFIN HPGe clovers are discussed in Chapter 4

and in Refs [39, 79].

Angular Properties of GRIFFIN

The 16 GRIFFIN clover-type detectors, housing 64 individual HPGe crystals, create 4096

(64⇥64) ordered crystal pairs, including the 64 cases in which a crystals pairs with itself.

Understanding the angular properties of all combinations of crystals is necessary for the

analysis of � � � angular correlation measurements to be discussed in Chapter 5.
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The GRIFFIN spectrometer can be divided into three sections: i) the upstream lamp-

shade with four clover detectors at an angle of 45� relative to the beam axis, ii) the corona,

which has eight clovers at an angle of 90� with respect to the beam axis, and iii) the down-

stream lampshade containing the final four clovers at an angle of 135� with respect to the

beam axis.

Table 3.1: Angular positions in the laboratory frame of the centers of the faces of the
GRIFFIN HPGe clover detectors at 11 cm, relative to the beam direction.

Detector Number ✓lab (degrees) �lab (degrees) Position Description

1 45 67.5 Fore Port Lampshade High
2 45 157.5 Fore Starboard Lampshade Top
3 45 247.5 Fore Starboard Lampshade Low
4 45 337.5 Fore Port Lampshade Bottom
5 90 22.5 Port Corona High
6 90 67.5 Port Corona Top
7 90 112.5 Starboard Corona Top
8 90 157.5 Starboard Corona High
9 90 202.5 Starboard Corona Low
10 90 247.5 Starboard Corona Bottom
11 90 292.5 Port Corona Bottom
12 90 337.5 Port Corona Low
13 135 67.5 Aft Port Lampshade High
14 135 157.5 Aft Starboard Lampshade Top
15 135 247.5 Aft Starboard Lampshade Low
16 135 337.5 Aft Port Lamsphade Bottom

The angular positions of the centers of the front faces of the clover detectors are given in

Table 3.1. The individual crystals within each of the clover detectors are labelled as 0, 1, 2

and 3, corresponding to the “blue”, “green”, “red” and “white” crystals shown in Figure 3.11

The individual angular coordinates for the centers of the crystal faces are given in Table 3.2.
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Table 3.2: Angular positions in the laboratory frame of the centers of the faces of the
individual GRIFFIN HPGe crystals at 11 cm. All values come from Ref. [83].

Detector Number Crystal Number ✓lab (degrees) �lab (degrees)

1 0 36.5 83.4
1 55.1 79.0
2 55.1 56.0
3 36.5 51.6

2 0 36.5 173.4
1 55.1 169.0
2 55.1 146.0
3 36.5 141.6

3 0 36.5 263.4
1 55.1 259.0
2 55.1 236.0
3 36.5 231.6

4 0 36.5 353.4
1 55.1 349.0
2 55.1 326.0
3 36.5 321.6

5 0 90.0 32.0
1 55.1 32.0
2 55.1 13.0
3 36.5 13.0

6 0 90.0 77.0
1 55.1 77.0
2 55.1 58.0
3 36.5 58.0

7 0 90.0 122.0
1 55.1 122.0
2 55.1 103.0
3 36.5 103.0

8 0 90.0 167.0
1 55.1 167.0
2 55.1 148.0
3 36.5 148.0

9 0 90.0 212.0
1 55.1 212.0

Continued on next page
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Table 3.2 – continued from previous page

Detector Number Crystal Number ✓lab (degrees) �lab (degrees)

2 55.1 193.0
3 36.5 193.0

10 0 90.0 257.0
1 55.1 257.0
2 55.1 238.0
3 36.5 238.0

11 0 90.0 302.0
1 55.1 302.0
2 55.1 283.0
3 36.5 283.0

12 0 90.0 347.0
1 55.1 347.0
2 55.1 328.0
3 36.5 328.0

13 0 135.0 79.0
1 55.1 83.4
2 55.1 51.6
3 36.5 56.0

14 0 135.0 169.0
1 55.1 173.4
2 55.1 141.6
3 36.5 146.0

15 0 135.0 259.0
1 55.1 263.4
2 55.1 231.6
3 36.5 236.0

16 0 135.0 349.0
1 55.1 353.4
2 55.1 321.6
3 36.5 326.0

The crystal face angles vary slightly depending on the radial distance of the clover detector

face, which can be pulled back to 14.5 cm. This leads to slight changes in the mapping of
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crystal pairs for ��� angular correlation measurements in the two configuration of GRIFFIN

shown in Figure 3.13. This does not change the populations of angular bins but rather causes

a minor remapping of the location of the data points. For the particular data analyzed in

this thesis, a few HPGe clovers were pulled back between 1-5 mm. The resulting angular

variations are very small for the angular correlation measurements discussed in Chapter 4

which are based on direct comparisons between the experimental measurements and Geant4

simulations that include the full detailed geometry of the GRIFFIN spectrometer used in

this experiment. The coordinates for the �-ray interactions are, of course, not the same

as the centers of the crystal faces because the �-ray interactions will occur at some depth

inside the crystals and this interaction depends on the energy of the incident �-ray. The

energy dependence of the e↵ective opening angle between two crystals was investigated using

Geant4 simulations in Ref. [84], but again does not impact the � � � angular correlation

measurements provided that the Geant4 simulations are performed with the actual �-ray

energies and GRIFFIN geometry used in the experiment.

3.5.2 Inside the Vacuum Chamber

The GRIFFIN spectrometer is not a standalone device. It has a multitude of additional

detectors used to detect a wide range of nuclear radiations. As mentioned previously, GRIF-

FIN is a �-ray detector, however, there are many di↵erent types of particles emitted by

radioactive nuclei. In this section, several ancillary detectors for charged particles located

inside of the GRIFFIN vacuum chamber and the tape transport system will be discussed.
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3.5.3 Tape Transport System

For experiments occurring at the GRIFFIN decay station, the low-energy (⇡30 keV) RIB

is implanted on a tape-transport system. The tape is Mylar having a thin layer of either

aluminium or iron oxide on one side and is 13 mm wide and 50 µm thick. The entire tape-

transport system is kept under vacuum during an experiment. The surrounding detectors

are placed such that the RIB is implanted directly at the center of the detection systems.

The tape collection box of the transport system behind the yellow lead shielding wall is

shown in Figure 3.15.

The tape can be programmed to run in continuous mode or in cycles of varying length as

determined by a Programmable Pattern Generator (PPG). Cycles are broken into four main

components as illustrated, in Figure 3.14. The beginning of a cycle starts with taking room

background to measure background levels before the radioactive beam is implanted in the

array. After taking background there is a “beam on” period, where the RIB is implanted on

the tape and simultaneously radioactive ions will decay. After some period of time the beam

is turned o↵ and the remaining ions implanted on the tape are allowed to decay for a set

amount of time. This is known as the “beam-o↵” or “decay” portion of the cycle. Finally,

the tape is cycled out of the detectors and moved behind a 5 cm thick lead shielding wall to

ensure that any long-lived decay products do not produce additional background signals in

the detectors.

3.5.4 PACES

For the detection of internal conversion electrons and ↵ particles, the Pentagonal Array

for Conversion Electron Spectroscopy (PACES) can be placed inside the GRIFFIN vacuum
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Figure 3.14: The tape-transport system of the GRIFFIN decay station. The tape is moved
behind the lead shield seen in yellow to remove any long-lived decay products or contaminants
in the beam from the view of the detectors.

chamber. PACES is an array of five lithium-drifted silicon (Si(Li)) detectors, each of which is

approximately 5 mm thick and together cover a combined 8% of the solid angle [86]. The five

individual detectors can be seen in Figure 3.16. PACES is used to detect internal conversion

electrons which are emitted during the decay of excited states in daughter nuclei of the �

decaying radioactive beam. They can also be used to detect alpha particles which can be

emitted when heavy nuclei decay. To improve the energy resolution, the crystals and FETs
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Figure 3.15: Example cycle from a GRIFFIN experiment studying 62Ga with several isobaric
and daughter contaminants. Panel a) shows the cycles with the fit to the data, panel b) is
the same plot but on a log scale to observe the contributions of the contaminants and panel
c) is the residuals between the fit (in red) and the data. Figure taken from Ref. [85].

are cooled to liquid nitrogen temperatures by a cold finger inside the beamline through which

the radioactive beam passes as it enters the spectrometer.

For the purpose of this thesis, PACES was used for the detection of conversion electrons.

A conversion electron spectrum following the decay of 198Tl is shown in Figure 3.17. From
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Figure 3.16: The PACES array used with GRIFFIN for the detection of internal conversion
electrons and ↵ particles.

the comparison of the conversion electron intensities to the �-ray intensities the conversion

coe�cients can be determined. As stated in Section 2.3, conversion coe�cients can be a

useful tool to assign the multipolarities of transitions.

3.5.5 SCEPTAR

The Scintillating Electron-Positron Tagging Array (SCEPTAR), shown in Figure 3.18,

is comprised of 20 plastic scintillators that are arranged into two rings of five trapezoidal

pieces and two rings of five rectangular pieces. The total solid angle coverage of SCEPTAR

is approximately 80% of 4⇡. The plastic scintillators are 1.6 mm thick and located ⇡ 4 cm

from the beam implantation location. Each scintillator is wrapped in a thin aluminized

mylar foil that acts as a di↵use reflecting surface. Light is collected from the edge of the

scintillators and transported via ⇡ 35 cm long lucite lightguides to the phototubes located

outside of the main frame of the array [87].
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Figure 3.17: PACES electron energy spectrum obtained during delivery of a 198Tl and 198mTl
beam to GRIFFIN observed in (a) singles and (b) coincidence with a 282 keV (3� ! 7+) �-
ray transition in 198Tl detected in GRIFFIN. Conversion electrons emitted following internal
transitions in 198Tl (marked with an asterisk) and 198Hg are labelled showing the electron
energy in keV, multipolarity and atomic electron sub-shell. Figure taken from Ref. [79].

The relatively thin scintillators stop � particles with energies up to only ⇡500 keV. Thus,

SCEPTAR is a �E detector used primarily for tagging on � particles. It serves to greatly

clean up �-ray spectra by requiring the � ray to be detected in coincidence with a � particle.

This can allow for detailed �-ray spectroscopy of very weak RIBs as it greatly reduces the

signals observed from room background. An example of this is shown in Figure 3.19, where

in the top panel, the � rays of interest are di�cult to observe because they are swamped

by room background. In the middle panel, the peaks from room background are strongly

suppressed by the �-coincidence requirement and the peaks of interest are much more visible.

In the bottom panel the decays of longer-lived daughter activities and contaminants in the
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Figure 3.18: The upstream hemisphere of the SCEPTAR array of plastic scintillators for
�-tagging inside the GRIFFIN vacuum chamber. Figure from Ref. [79].

radioactive ion beam are identified in the “beam o↵” decay period.

The ability to tag on � particles also provides a means to determine the number of

� particles emitted from nuclear � decay during a RIB experiment. This allows for the

determination of � feeding branching ratios to excited nuclear states in the daughter nucleus

and the corresponding ft-values. The total number of � particles is determined by fitting and

integrating the � activity curve, including all of the individual parent, daughter, contaminant

and background components, as illustrated in Figure 3.15. In this case a 62Ga RIB was

implanted in the array and the � activity curve was fit to include contaminants of 62Cu,

62Co and 62Com as well as the daughter activity from 62Zn.

For the data analyzed in the current work, the SCEPTAR array was replaced by PACES

and the Zero Degree Scintillator (see below), and therefore SCEPTAR does not appear in

the analysis presented in this thesis.
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Figure 3.19: Spectra of � rays from a GRIFFIN 62Ga experiment reported in Ref [85]. Panel
a) includes all � rays from room background and the RIB, panel b) includes the � rays in
coincidence with a � particle during the beam on portion (between 2.5 and 32.5 seconds) of
the cycle and panel c) includes the � rays in coincidence with a � particle in the beam o↵
portion of the cycle. Figure taken from Ref. [85].

3.5.6 Zero Degree Scintillator

For fast-timing experiments, a detector with a faster time response than SCEPTAR is

desired. In this case, the downstream half of the SCEPTAR array can be replaced with the

Zero Degree Scintillator (ZDS), shown in Figure 3.20. The ZDS is a 1 mm thick BC422Q

fast plastic scintillator mounted inside the vacuum chamber. The reduced thickness of 1 mm

ensures charged particles will deposit approximately a constant amount of energy nearly

independent of their initial kinetic energy. This allows for a superior timing resolution and

a reduced time-walk [25]. The ZDS is mounted on a rail that allows for movement from
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a position within a few milimeters to ⇡5 cm behind the tape so that the count rate can

be adjusted to an acceptable level without decreasing the deposited beam activity. The

maximum solid angle coverage is ⇡ 25% of 4⇡ [86].

Figure 3.20: The Zero Degree Scintillator behind the beam implantation site on the tape
inside the GRIFFIN vacuum chamber.

In recent experimental work at TRIUMF, the ZDS detector has been used with the

GRIFFIN spectrometer and LaBr3(Ce) �-ray detectors which are observed in the trianglular

holes of the GRIFFIN geometry in Figure 3.18. With the use of Time-to-Analog Converters

(TACs), the detection of a � particle in the ZDS would start a clock and a �-ray detection

in one of the LaBr3(Ce) detectors would be used as the stop [25]. Using the GRIFFIN spec-

trometer to gate on known �-ray transitions in the daughter nucleus the lifetimes of excited

nuclear states could be cleanly isolated and determined down to approximately ten picosec-

onds [25]. The lifetimes of excited nuclear stated are vitally important for the determination

of E0 transition strengths, absolute B(E2) values and other important nuclear properties.

In the current work the ZDS was used only for a contaminant analysis described later in

this thesis. As the 188,188mTl RIB was delivered as a very pure beam, at a very high rate,
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a tag on the � particle was not necessary to clean up the �-ray spectra. The ZDS was also

used for the fast timing portion of the analysis reported in the work of Ref. [25].

3.5.7 Lanthanum Bromide (LaBr3) Detectors

The rhombicuboctahedral geometry of GRIFFIN has eight triangular faces that can be

filled with additional �-ray detectors comprised of the fast scintillator LaBr3(Ce). A few

of the lanthanum bromide detectors can be seen in Figures 3.13 and 3.18. The GRIFFIN

HPGe detectors provide excellent energy resolution with a full width at half maximum of

1.87(1) keV for the 1.33 keV � ray following 60Co � decay and can provide timing information

as precise as approximately 1 ns [82]. The energy resolution of the lanthanum bromide

detectors is not nearly as good as GRIFFIN, as shown in Figure 3.21.

In some circumstances the energy resolution may not be as important as having a detector

with fast timing capabilities. This is especially critical when trying to determine the lifetimes

of nuclear excited states, which can be very short lived, on the order of picoseconds or less.

For such fast-timing measurements GRIFFIN includes eight cylindrical lanthanum bromide

crystals doped with 5% cerium, which have dimensions of 5.1 cm in diameter by 5.1 cm

length, that are placed in the ancillary triangular positions. The cylindrical LaBr3(Ce)

detectors are placed inside triangular BGO shielding units to reduce the amount of scattered

� rays detected.

The fast-timing portion of the analysis from the presented experiment was performed

in the work of Ref. [25] and those results play an important role in the analysis of 188Hg

structure reported in this thesis.
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Figure 3.21: Energy spectra of the LaBr3(Ce) (red) and HPGe GRIFFIN (black) arrays for
the decay of 190mTl. Some of the most intense transitions in 190Hg have been labeled. Figure
from Ref. [25].

3.5.8 DESCANT

Neutron rich nuclei can sometimes decay by the emission of a neutron from the nucleus

following �-decay in the process of by �-delayed neutron emission. Detecting neutrons re-

quires energy deposition in a detector medium by collisions with nuclei in the detector, unlike

�-rays which will scatter o↵ of electrons. To detect neutrons the DEuterated SCintillator Ar-

ray for Neutron Tagging (DESCANT) [88,89] can be coupled to the GRIFFIN spectrometer.

DESCANT consists of up to 70 detectors, each filled with approximately two liters of deuter-

ated benzene, as shown in Figure 3.22. DESCANT requires the downstream lampshade of

GRIFFIN, comprised of four HPGe clovers, to be removed in order to be installed.

DESCANT is a scintillator detector which o↵ers pulse-shape discrimination to distinguish

between neutrons and �-rays that interact in the scintillator material. In addition, the

anisotropic nature of the scattering between neutrons and deuterons provides information
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Figure 3.22: The photo on the left shows the DESCANT detectors mounted on the GRIFFIN
spectrometer with the array open. The di↵erent colours of the detectors denote their di↵erent
shapes. The right photo is the backside of the DESCANT array with all detectors present
and the array closed.

about the neutron energy directly from the pulse height, complementing the traditional time-

of-flight information. With the detectors being 15 cm thick, the energy resolution from the

time-of-flight is approximately 30% [89]. DESCANT is generally used not to measure the

neutron energies, but rather as a neutron tagger. This allows for di↵erent species in the

radioactive sample following possible complicated � and �-delayed neutron decay paths to

be isolated, and for the determination of �-delayed neutron-emission branching ratios.

The analysis for this thesis involves proton-rich nuclei as opposed to neutron-rich nuclei,

and thus DESCANT was not used in the experiment reported in this work.

3.6 The GRIFFIN Data Acquisition System

The GRIFFIN Data Acquisition (DAQ) uses the Maximum Integrated Data Acquisition

System (MIDAS) [91] adopted to interface with the GRIFFIN electronics. The signals from
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Figure 3.23: Pulse-shape discrimination employing time to zero-crossover versus pulse height
for 5 MeV neutrons in a white DESCANT detector. Figure taken from Ref. [89].

GRIFFIN and all ancillary detectors are processed by custom built GRIFFIN digital elec-

tronics modules that were designed with a particular focus on having the ability to operate

at high data throughput with each HPGe crystal counting at a rate of up to 50 kHz, as

well as to achieve a level of accountability and deadtime/event traceability consistent with

half-life and branching ratio measurements to a precision better than 0.05% [90].

Each event is assigned a timestamp from a GRIF-Clk Clock module which houses a

Symmetricom Model SA.45s Chip-Sized Atomic Clock (CSAC) which produces a precision

10 MHz reference signal. A 50 MHz primary clock signal derived from this reference is

then fanned-out through GRIF-Clk secondary modules to all collectors and digitizers in the

system [90].

The signals from the GRIFFIN HPGe and ancillary detectors are continuously digitized
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Figure 3.24: An example of the hit detection filters a) A digitized HPGe preamplifier wave-
form, b) the resulting signal of the hit detection algorithm, c) the di↵erentiated signal at the
intermediate stage of the pulse-height evaluation algorithm and d) the final waveform. The
shaded red region indicates the integration region, where the final pulse-height evaluation
result occurs. Figure adapted from [90].
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at 100 MHz in GRIF-16 Digitizer Modules, where the digitized signals are sent through a

set of Finite Impulse Response (FIR) digital filters that act as hit detection algorithms [90].

The FIR algorithms uses a moving average of a derivative called the di↵erentiation window.

The moving average is taken over a short time interval which typically has a 320 ns du-

ration. When a signal generates an increase of the derivative above a detection threshold,

it is registered as a physics event to be processed and assigned a timestamp. The hit de-

tection threshold distinguishes low-energy physics events from random baseline fluctuations

occurring in the electronics and other sources of noise.

The preamplified signal is linearly related to the energy deposited in the detector. A

pulse- height evaluation algorithm transforms the digitized signal into a trapezoidal pulse

using a set of four FIR digital filters. The filters are applied sequentially to the signal, with

the first filter being a di↵erence filter that removes the DC o↵set, shifting the baseline of the

signal to zero. To compensate for the decaying baseline from the negative pole, the deficit is

determined by a second filter and added to the original signal to produce a trapezoidal signal,

as shown in panel d) of Figure 3.24. Once the trapezoidal signal is created a low-pass filter

is used to integrate the flat portion of the signal. The resulting height is then determined by

taking a ratio of the total area integrated for the flat portion of the trapezoid and dividing

it by the time the integration took place.

For the large HPGe crystals in GRIFFIN there is significant time-walk associated with the

di↵erent rise times of signals depending on the energy deposited. For low-energy, and hence

low amplitude, signals the time-walk e↵ects have been seen to be as large as 300 ns [90]. To

correct for the amplitude dependent time-walk, observed with leading-edge discrimination

(LED), a digital implementation of a Constant-Fraction Discriminator (CFD) is used.

When multiple hits occur in a single detector in rapid succession, such that the second
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Figure 3.25: A series of plots similar to Figure 3.24, however in this scenario three hits are
recorded. The three recorded hits are deconvoluted during the signal processing, two signals
occur within the pile-up window showing the structure of hits which are piled up. After the
deconvolution the three signals are integrated separately, to determine the energy and time
of each hit. Figure from Ref. [90].
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signal occurs before the first has had time to fully process, the signals will be combined

causing pile-up. An example of this is shown in Figure 3.25. With GRIFFIN recording hits

independently on each crystal, the DAQ e↵ectively behaves as a trigger-less system allowing

GRIFFIN to achieve very high rates of up to 50 kHz per crystal. If the rates exceed this,

many signals will be piled up, having signals overlapping with one another. The duration of

time to integrate a signal, however, is required to be roughly 1 µs in order to provide a precise

determination of the energy. This means that if two signals occur within the integration time

window such that the flat tops of the trapezoidal signals overlap, the signals are combined.

While two hits occurring within the integration time are summed, two events which are

piled up at longer times can be detected and the individual components de-convoluted. This

requires shortening the duration of the integration window to remove the fraction of the

pulse where the integrated ADC signal becomes the sum of the two signals. This decrease

in integration time reduces the precision of determining the energy and introduces a trade

o↵ between increased statistics and decreased energy resolution. When a hit is registered

the event is assigned an integration time or “K-Value”. If hits are piled up, the K-Value is

reduced compared to nominal value. To ignore piled up hits in the data, a selection can be

made to use only the nominal K-Value to select events that are not piled up.

The hardware of the GRIFFIN DAQ system is arranged into three levels, as shown in

Figure 3.26. The lower level consists of the 100 MHz GRIF-16 and 500 MHz digitizer modules

that process the raw signals. Once the signals are processed they are sent to the middle level,

consisting of the GRIF-C Secondary collector modules that collect the data and transmit

it to the top level consisting of the GRIF-C Primary collector which filters the data and

subsequently sends the accepted events to be read out by the MIDAS frontend and stored

to disk. Additionally, the GRIF-C Primary module is responsible for communicating with
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Figure 3.26: Schematic layout of the data and clock paths within the GRIFFIN DAQ system.
Figure from Ref. [90].

the GRIFFIN PPG, controlling signals for the moving tape collector and electrostatic beam

kicker [90].

118



Chapter 4

Analyzing GRIFFIN Data

There are multiple steps required to connect GRIFFIN data into a form where the analysis

can proceed. Many of these steps, including gain matching, ADC non-linearity corrections,

time walk and summing corrections are, discussed in this Chapter and are also described in

further detail in Reference [39]. Rather than restating all of the details given in Ref. [39],

this thesis will give a shortened introduction to these topics and focus on the implications of

these procedures for the � � � angular correlation measurements to be discussed in Chapter

5.

4.1 Gain Matching

When interactions of � rays occur inside the GRIFFIN HPGe crystals, the electrons

and holes liberated by the deposited energy are swept to the inner and outer electrical

contacts creating an output signal. Following a charge-sensitive preamplifier the output

signal is continuously digitized at 100 MHz by the GRIF-16 analog-to-digital converters

(ADC) [90]. Ideally, every crystal and pre-amplifier with all the accompanying circuitry
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would have the exact same response to a given deposited energy. In an actual experiment,

however, di↵erences in electronic responses and amplification gains produce small di↵erences

in the resulting signals. This causes crystals with the same amount of initial deposited energy

from an incident � ray to give di↵erent signals resulting in di↵erent pulse heights from the

GRIF-16 modules. The raw output energies from the digitizers thus need to be aligned

not only with one another, but also at the proper �-ray energies. To first-order, a linear

calibration is performed:

E = a0 + a1P, (4.1)

with E being the energy of the �-ray, P being the ADC pulse-height output, and a0 and

a1 are coe�cients, which represent the o↵set and gain for a particular crystal, respectively.

The linear calibration is applied on a crystal-by-crystal basis for all of the 64 crystals in

the GRIFFIN spectrometer. As discussed in Reference [39], one challenging issue with gain

matching, especially in some of the first data sets taken with GRIFFIN, is that the gain of

the original ADC’s used in the first GRIF-16 modules were found to be highly temperature

sensitive. If the data rate is low, as it can be for exotic RIBs, the time it takes to write a

subrun (usually a 2 Gb file) can be several hours. In such cases a linear calibration needs

to be applied to each subrun individually as the gains can drift even within a sub-run. To

be safe, even if the data rate is high, such that a subrun lasts only several seconds, meaning

the gains do not have time to drift significantly, a linear calibration should be applied to

each individual subrun. An example is shown in Figure 4.1 for the energies from 60 of the

64 crystals in GRIFFIN for the 344 keV � ray from a 152Eu calibration source. The drifting

of the gains can be seen to shift the energy by as much as ⇠10 keV over the course of a
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roughly 2 hour calibration run with this source.

Figure 4.1: The energy for each of the 64 HPGe crystals in GRIFFIN for the 344 keV �-
ray following the � decay of 152Eu. Each subrun uses the same calibration and was not
‘re-gainmatched’ between subruns. The top panel shows data from the last subrun while
the bottom panel is the first subrun taken for this source, gain matched to the correct
energies. These two subruns were taken 2 hours apart. In this particular experiment clover
13, corresponding to HPGe crystals 49-52, was not present.

The main reason for the drifting of the gains (and hence the peak centroids) is the

varying temperature in the electronics shack. Although the temperature is moderated to

keep the electronics cool, the variation caused by air conditioning cycles can cause a heating
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and cooling inside the electronics shack. This temperature sensitivity of the gains has been

diagnosed and greatly reduced in the second generation GRIF-16 modules, but the gain

shift from the individual cards nonetheless continues to cause slight energy shifts related to

the air conditioning cycles, as shown in Figure 4.2, that must be corrected for with gain

matching sub-run by sub-run. Fortunately, for the present experiment studying the decay of

188,188mTl, the collection occurred over only an eight hour period during the night, causing

the temperature variances of the gains did not play a significant role in the overall energy

resolution.

Figure 4.2: A plot of the centroid energy of the 1173 keV �-ray from the � decay of 60Co as
a function of the start time of the subrun. The alternating green and blue sections represent
the daily cycles for the temperature variance. These data were taken in September 2019.

The accurate gain matching of � rays is exceedingly important when studying nuclei

with complicated and high level density. Any misalignment of photopeaks from crystal to

crystal can cause an overlap of � rays of similar energy. The poorer resolution would also

require the gates necessary for coincidence analysis of � rays to become wider. Peaks with

worse resolution not only increases the amount of background included in the gate, but also
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increases the probability of having additional peaks inside of the gate. Additionally, the

identification of weak transitions requires the statistics from all of the crystals in the array

to be properly aligned and summed together in order to be observed at all.

Figure 4.3: A plot showing the di↵erence in peak shape from the projection of Figure 4.1.
Blue is the properly gain matched peak while the red is improperly gain matched and uses
the calibration from the earlier subrun.

For � � � angular correlation measurements it is also crucial to properly gain match the

peaks from the individual crystals. If the energy of a crystal is not aligned and a gate is

set too narrow on a peak, then a fraction of the counts from the misaligned crystal will

not be included. With each individual crystal making unique contributions to the various

opening angle combinations in the GRIFFIN geometry, the di↵erent opening angle data

points do not all scale uniformly if a narrow gate misses counts from a misaligned crystal. In

this situation some opening angles will be preferentially biased against compared to others

and individual points in the angular correlation measurement will be perturbed from the

expected distribution. This will both increase the reduced chi squared of the fit to the
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angular correlation data and possibly bias the spin assignment and/or mixing ratio deduced

from the measurement.

If the case arises in which two peaks are close together in energy and some crystals are

not gain matched properly, setting a gate could accidentally cause an unwanted peak to be

encompassed in the gate. In this case, performing an angular correlation measurement would

not give the desired distribution but a sum of the distributions of the two � rays included

in the gate. A toy model example of this is shown in Figure 4.4. The bottom left plot and

the bottom middle plot show a � ray originating from a state with J⇡
i = 2+, which is easily

resolved from another � ray originating from a state with J⇡
i = 1+. The plots above them are

theoretical � � � angular correlations when gating on the respective � rays. In the bottom

right plot the energy resolution is worse (as would happen with poor gain matching) causing

the gate to encompass both �-rays. This makes the angular correlation a combination of

those originating from the J⇡
i = 1+ and 2+ states, as shown above in the top right panel. In

this example, it is assumed that the gate includes 80% of the � ray from the 2+ state and

20% from the � ray of the 1+ state. The black curve represents the expected distribution if

the � ray from the 2+ state was isolated. The blue curve is the angular correlation of the

combination of the mixed � rays inside the gate, while the red dotted line which generates an

almost exactly identical distribution is representative of a � ray originating from a J⇡
i = 2+

state with a mixing ratio of � = 0.13. This toy model shows how obtaining the best possible

�-ray energy resolution is crucial for the proper determination of mixing ratios as well as

spin assignments from � � � angular correlation measurements.
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Figure 4.4: A schematic model showing how energy resolution can impact an angular cor-
relation measurement. The bottom plots show two �-rays with gates shown by the dashed
green lines. The top plots show the corresponding � � � angular correlation measurements
for the respective gates.

4.2 ADC Non-Linearity Corrections

The gain matching discussed in the previous section used a two point linear calibration

ensuring that the two � rays used in the calibration are placed at the exact energies. It does

not ensure that any other � rays at energies not used in the linear calibration must also

be either gain-matched between crystals or at their correct energies. If the ADC’s have a

linear response, then the rest of the � ray spectrum would be gain-matched from the initial

calibration. If the ADC response is non-linear, an energy correction is necessary in the

calibration to get to the final spectrum. The individual ADC’s may also respond di↵erently,

which makes the ADC non-linearity corrections necessary for each individual ADC. For
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the data collected in this work, the ADC response from the GRIF-16 digitizers was found

not only to exhibit a non-linear response, but the response from one ADC to another was

di↵erent. Therefore, in this work, the ADC non-linearity corrections were applied on a

crystal-by-crystal basis.

Figure 4.5: Examples of the non-linearity residuals obtained from the comparison of the
measured photopeak centroids in the 188Hg decay data compared to known �-ray energies.
The two di↵erent lines represent the non-linearities obtained from two di↵erent crystals.
These crystal specific residuals were applied to each measured �-ray energy in order to
correct the non-linearities observed in the data. Not every point was used in each channel
due to statistics. The line represents the interpolation used between each point in order to
estimate the correction for each channel as a function of energy.

To correct for the ADC non-linearities in � rays following the decay of 188Tl to 188Hg,

a selection of �-rays covering a wide energy range from ⇠100 keV-⇠3.5 MeV were used

from source data. The accurately known energies of these peaks allowed for a peak-by-peak

alignment of the �-ray spectrum for each individual crystal in GRIFFIN. For the � rays
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emitted from the daughter, 188Hg, there were not many transitions with significant intensity

above 2 MeV. Examples of the ADC corrections for two crystals in GRIFFIN are shown in

Figure 4.6. If a � ray had an energy between two of the points shown in Figure 4.6, a linear

interpolation between the neighbouring points was used to correct the energy value.

Figure 4.6: A series of plots of the �-ray energy for each crystal at various energy ranges in
188Hg following the �+/EC decay of 188Tl. One GRIFFIN clover was removed in order to
include the PACES array causing the missing crystal numbers 49-52.

After the ADC non-linearity corrections are applied, the calibrations will have properly

aligned �-ray energies to the appropriate positions and the �-ray spectra for the individual

crystals are then properly gain matched. This will provide the best achievable energy reso-

lution for the GRIFFIN spectrometer for a given experiment providing the ability to resolve

possible doublets and cleanly isolate �-ray transitions which can simplify the analysis of ���

angular correlation measurements.
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Detector Energy Resolution at High Rates

Even after the calibrations and non-linearity corrections have been completed and the

energy spectra are properly gain matched as shown in Figure 4.6, the energy resolution will

not be identical from crystal-to-crystal. There are many things that can a↵ect the resolution

of a crystal including the e�ciency of collection of the charge carriers, imperfections in the

crystal lattices and electronic noise [76]. At the high rates at which the current experiment

was performed, the energy resolution is also highly sensitive to proper adjustment of the

pole zero parameter in the processing of the di↵erentiated waveforms [90]. As an extreme

example, Figure 4.7 compares the energy resolution for a well (crystal 35) and poorly (crystal

28) adjusted detector. If a gate was set using the resolution of crystal 35, a significant portion

of the events involving crystal 28 would be missed. As stated previously, if gates are narrowly

set on a peak without taking into account the range of crystal resolutions, a biasing can occur

that will cause the � � � angular correlation measurement to populate some opening angle

combinations with lower intensities than would be expected. As an example, in Figure 4.8

the 592-413 keV, 4+ ! 2+ ! 0+ cascade in 188Hg was analyzed using two di↵erent gates on

the 592 keV � ray. The first gate, shown by the red data points, uses the full peak width

from the crystals with the worst resolutions, while the black data points used a very narrow

gate around the centroid of ±1 keV. The larger uncertainties of the black data reflect the

reduction in statistics, but the observed scatter of the black data points (with �2/⌫ = 5.14)

reflects the opening angle bias from the narrow gate. This is a drastic example with the

very narrow gate set in this case. However, it does illustrate the importance of ensuring the

selected gate encompasses the entire peak of interest.

After completing the calibrations for the 188Hg � ray data it was observed that the energy

resolution in the summed spectra was worse than what is generally observed for GRIFFIN by
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Figure 4.7: A plot of the 413 keV � ray in 188Hg following the decay of 188Tl from two
di↵erent crystals. The two selected crystals show the best and worst resolution observed in
the experiment.

approximately 15-20%. The source of this was investigated by analyzing the data in several

di↵erent ways that are known to e↵ect the resolution [76]. In the first analysis the standard

event build window of 2µs was used to construct the detected events. The full-width at half

maximum (FWHM) was determined from fitting a peak at 905 keV in the 188Hg data under

di↵erent conditions as shown in Figure 4.9.

1. Standard analysis and no additional conditions placed on the data.

2. Data were selected early in the cycle before the saturation of the beam intensity when

the counting rate was relatively low.

3. Events happening in rapid succession in one crystal (Pile-up) were rejected.
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Figure 4.8: The measured � � � angular correlation for the 592-413 keV 4+ ! 2+ ! 0+

cascade in 188Hg. In red is a gate set to cover the full width of all crystal resolutions, while in
black the gate was the centroid ±1 keV. The blue curve is the expected angular correlation
from a high statistics Geant4 simulation.

4. There could only be one hit in a clover detector to eliminate cross-talk.

5. Both early in the cycle and rejecting pile-up.

6. Both early in the cycle and having only one hit in a clover detector.

7. Both rejecting pile-up and having one hit in the clover detector.

8. Early in the cycle, rejecting pile-up and having only one hit in a clover detector.

After sorting the data with each of the above conditions the same peak was fit to extract

the FWHM. Additionally, the data were analyzed with a 7µs event build window and a
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10µs build window to further reduce the overall amount of cross-talk resulting from �-rays

from di↵erent events interacting in di↵erent crystals of the same clover detector. The results

of these investigations showed that the dominant contribution to the peak widths was the

counting rate as by selectively looking at data early in the cycle more typical energy resolution

for GRIFFIN was obtained. The issue was that a number of GRIF-16 ADC channels did not

have finely adjusted pole zero parameters for the high counting rates in this experiment due

to the intensity of 188,188mTl beam. In order to significantly improve the energy resolution by

only taking data early in the cycle approximately, 80% of the data would have to be rejected

limiting the statistics significantly. The decision was thus made to analyze the data with

the resolution of the peaks somewhat worse than in normal GRIFFIN experiments at lower

rates but with the full statistics of the 8 hour data set.

Figure 4.9: Measured energy resolution for a 905 keV �-ray from the decay of 188Tl to 188Hg
under di↵erent data selection conditions. The 2 µs, 7 µs and 10µs groups refer to the event
“build window” and the amount of cross talk due to �-rays from di↵erent events interacting
in di↵erent crystals of the same HPGe clover detector. The numerical categories for the
analysis conditions are described in the text.
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4.3 Cross-Talk

When interactions occur close in time in neighbouring crystals inside a single clover

detector, whether from the same nuclear decay or due to pile-up with a previous or subsequent

event, the signals from the di↵erent crystals distort each other, altering the output energies.

It has been discussed in detail in Reference [39] how to correct for the crystal cross talk

and that the extent to which the energy signals are distorted is dependent on the energy

deposited in the neighbouring crystal, the time between the events, and the extent to which

the particular crystals are coupled.

Figure 4.10: The 413 keV �-ray in coincidence spectra gated on the 1477 keV �-ray in 188Hg.
In blue neighbouring crystals (✓ = 18.8�) without correcting for cross talk, while in red
crystals making an angle of 60.2� having crystals in di↵erent clovers. The centroid when
neighbouring crystals in a clover are hit is shifted by ⇠1 keV.

Figure 4.10 shows that the resolution when neighbouring crystals in the same clover

detector are hit is degraded significantly, giving a FWHM for the blue peak of 3.1(1) keV
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while for the red peak it is 2.6(1) keV. More importantly, the crosstalk causes a shift of the

centroid shown in Figure 4.10 that must be corrected for to obtain the best possible energy

resolution.

To observe the extent to which the resolution is decreased even after the crosstalk correc-

tion the data were examined requiring only one crystal inside the clover was hit per event.

By analyzing the data using three di↵erent event build windows of 2µs, 7µs and 10µs, any

long time cross talk e↵ects from piled-up events could be excluded. The improved resolution

under these conditions can be observed by comparing columns 2 and 6 in each panel of

Figure 4.9.

4.4 Cross Transition Compton Scattering “Peaks” in

Coincidence Spectra

When analyzing � � � cascades, there are many instances in which a level can decay by

multiple paths. One example, shown in Figure 4.11, is two paths to populate level C from

level A. The first path is to feed intermediate level, B, then decay to level C in a two step

decay process involving �1 and �2. Additionally, a transition can occur populating level C

directly from level A in one a step decay process involving �3. The one step process crosses

over level B and the �-ray doing so can be called a crossing transition. Crossing transitions

provide a challenging source of background in � � � coincidence decay studies, particularly

in arrays such as GRIFFIN with closely packed HPGe detectors.

It is important to remember when setting a gate on a photopeak that not only are you

gating on one specific transition, but you are also gating on the Compton background for

all higher energy transitions. As an example, in Figure 4.11, the red dashed line is a gate
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Figure 4.11: A schematic of the individual contributions of three �-rays to a �-ray spectrum.
Dashed lines show typical �-ray gates with the underlying Compton components.

set on �1, but you will not only see the true � � � coincidences between �1 and �2 but also

coincidences from the Compton scattering of �3 with energy E�1 deposited in one crystal

and and E�3 �E�1 = E�2 in another crystal. The general background from Compton events

can be subtracted by setting an additional gate on the background just above or below the

peak of interest and subtracting that from the peak gate. There are specific cases, however,

where the normal Compton-background subtraction is insu�cient. At low angles, meaning

crystals in close proximity, an incident � ray can scatter and deposit part of its energy in one

crystal and the rest of its energy in a neighbouring crystal. As Compton scattering produces

a continuum of energies, the energy deposited in the first detector and that deposited in the

second can take any values such that the sum is equal to the initial energy of the � ray. For

example, �3 in Figure 4.11, can deposit an energy of roughly �2 in one crystal, scatter into a

neighbouring crystal and deposit the energy of �1. For this particular case, the scattered �
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rays originating from �3 are in prompt coincidence and this source of background is correlated

under the gated peaks and not in a traditional Compton background gate. Therefore, the

normal Compton background gate set on the background just above or below the photopeak

does not remove this contamination from the cross transitions in the coincidence spectra.

The Compton scattering events in the GRIFFIN spectrometer can be dominate for crys-

tals that are close together (at low angles), as observed by the diagonal lines in Figure 4.13.

When performing a � � � angular correlation analysis and determining � ray intensities

using coincidences, the background from scattered cross transitions at low angles can form a

dominant portion of the peak if the cross transition is strong compared to the intensities of

the parallel ��� cascade of interest. An example of this is the 592-203 keV cascade in 188Hg

which has a strong cross transition at 795 keV. Time random and Compton background

subtracted spectra, gated on the 592 keV transition are shown in Figure 4.12 for crystal

pairs at ✓ = 18.8� (top) and 103.6� (bottom). There is a large component of the coincidence

“peak” at 203 keV coming from the scattered 795 keV cross transition observed in the blue

spectrum in the top panel of Figure 4.12. A similar observation, but with a stronger coinci-

dence peak, is observed with the 292 keV transition. The magnitudes of the cross transition

scatter peaks are observed to quickly decrease as the crystals are separated spatially, and

become e↵ectively negligible when the opening angle between the crystals is above 40�.

The method used to correct for the scattered cross transition background is illustrated in

Figure 4.12. The blue spectrum contains counts at 203 keV from the actual coincident �-ray

in the cascade and from the contamination “peak” from the scattering of the 795 keV cross

transition. The red and green spectra only have the contamination from the cross transition

because the gate was shifted several keV above and below the 592 keV photopeak. Assuming

that the magnitude of the Compton scattered “peak” changes in a linear fashion with small
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Figure 4.12: Coincidence spectra gated on the 592 keV � ray in 188Hg following the decay
of 188Tl. The blue spectra correspond to a gate set on the 592 keV � ray, the red spectra to
shifting the get to higher energy just above the 592 keV photopeak and the green spectra
to moving the gate to be at slightly lower energy below the 592 keV photopeak. The top
spectra is for neighbouring crystals with an opening angle of 18.8�, while the bottom spectra
is for crystals at an angle of 103.6�.

shifts in the gate, corresponding to small changes in the angle of scatter of the � ray between

the crystals, an estimate of the scatter contribution to the peak of interest can be made

from the average integrated counts of the corresponding scatter peaks in the red and green
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Figure 4.13: Plot of a � � � coincidence matrix with crystals at an opening angle of 18.8�.

spectra. The remainder gives the total number of counts in the true 203 keV coincident �-ray.

The subtraction of the cross transition Compton scatter events can significantly increase the

magnitude of the uncertainty at small opening angles and depends on the intensity of the

cross transition compared to the �-ray cascade of interest.

4.5 Summing Corrections

One major benefit of the GRIFFIN spectrometer is its high �-ray detection e�ciency.

The e�ciency is directly related to the large volume and solid angle coverage of the GRIF-

FIN HPGe crystals. With this high e�ciency GRIFFIN is able to detect �-ray transitions

from very weak decay branches of radioactive nuclei. Excited nuclei with complicated level

structures can emit many �-rays in rapid succession before reaching the nuclear ground state.

It is, of course, possible that some of these decay chains emit �-rays that interact in the same

crystal. These events are known as coincident summing events. Coincident summing can
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a↵ect the measured �-ray intensities in several ways, either falsely increasing or decreasing

the measured �-ray intensities.

To correct for summing e↵ects multiple methods have been developed [92–97]. Most

of these methods require the level structure to be precisely known in advance in order to

determine the summing corrections through either simulations or other methods. When

studying radioactive ion beams of exotic nuclei, the decay schemes are generally not well

known in advance and determining the summing corrections requires a di↵erent solution.

Summing Out

If multiple � rays are emitted in rapid succession in a single nuclear decay event, there is

a possibility that more than one �-ray will interact and deposit energy in the same crystal.

The � rays involved can deposit their energy in di↵erent ways inside the crystal. If neither �

ray deposits its full energy inside the crystal, the e�ciency is not a↵ected. Another possible

outcome is that one of the two � rays deposits its full energy inside a crystal, while the other

deposits a fraction (or all) of its energy inside the same crystal, as shown in Figure 4.14. In

this case, the photopeak e�ciency for the �-ray that deposited its full energy in the crystal is

diminished because the energy deposited by the second � ray shifts the total energy deposited

out of the photopeak. Of course, it does not matter which � ray deposits its full energy since

it can happen either way, thus both � rays will have their e�ciencies reduced, but potentially

by di↵erent amounts depending on the two �-ray energies. This is called “summing out” in

this thesis.

The extent to which the e�ciency is e↵ected does have an energy dependence as low

energy �-rays are less likely to scatter (having some energy escape a crystal) than high energy

�-rays. The probability of “summing out” also depends on the multiplicity of other � rays
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Figure 4.14: A schematic of �-ray “summing out” for HPGe detectors. The intensities of
both �1 and �2 would be measured to have values lower than the true values.

in cascade with the �-ray of interest. Therefore, the summing out correction for each �-ray

must be evaluated individually. For the analysis of data from the GRIFFIN spectrometer,

a technique has been developed that requires no prior knowledge of the decay scheme [39,

79]. This technique uses the fact that the angular correlation for any two cascading �-rays

has a distribution that is symmetric about 90�. This results directly from the fact that

electromagnetic transitions conserve parity and the angular correlations at ✓ and 180 � ✓

are therefore equal. Taking advantage of this symmetry, the number of �-rays of interest

that had their energies a↵ected by other �-rays that interact in the same crystal (ie the

crystal at 0�) is equivalent to the number of coincident �-rays detected in the crystal at

180�. Therefore, by constructing a � � � coincident matrix for pairs of detectors separated

by 180�, the amount of summing out for any �-ray of interest in the singles spectrum is given

by measuring the integrated counts in the 180� matrix in coincidence with a gate set on the

�-ray of interest.
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Summing In

For the situation in which both �-rays deposit their full energy inside of a single crystal,

the energies will get summed to create a sum peak. If there is a crossover transition con-

necting the initial and final states of the �1 � �2 cascade, as shown by �3 in Figure 4.15, the

�1 + �2 sum peak will provide false counts at the energy of �3 thus appearing to increase the

intensity of that transition. Additionally, the �3 transition may be either highly suppressed

due to conservation of angular momentum, or completely forbidden as a �-ray transition as

in the case of a 0⇡ ! 0⇡ E0 transition. In these cases, the �1 + �2 sum peak may create

the impression of a transition at the energy of �3, which does not in reality exist. Without

knowing the spins or parities of the states before hand, incorrect assumptions can be inferred

leading to improper spin assignments.

Figure 4.15: A schematic of �-ray summing in HPGe detectors. The intensity of �3 would
be measured to have a value higher than the true value due to the summing of the �1 + �2.

In order to perform the �-ray “summing in” correction, the symmetry of the ��� angular

correlations is once again used. The same � � � coincident matrix is constructed for �-rays

detected in crystals at 180�. A gate is set on one of the �-rays in the �1��2 cascade and the
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integrated counts in the other �-ray from the coincidence spectrum in the crystal at 180�

provides the correction to the area of �3 due to the summing of �1 + �2 in a single crystal.

Doublets and Gamma-Gamma Coincident Summing Corrections

For nuclei with complicated structures there may be hundreds of �-ray transitions in the

deduced level scheme and it is possible that di↵erent �-ray transitions will have overlapping

energies compared to the energy resolution of the detectors. If there are two di↵erent tran-

sitions with energies such that there is significant overlap in the peaks, it creates what is

called a doublet. Determining the individual �-ray intensities of doublets usually requires

setting gates on coincident transitions to cleanly isolate the individual components.

In some cases the intensities of the doublet components can be independently determined

from a �-ray singles spectrum if there is separation of the �-ray energies by roughly the

FWHM. An example of this is shown in Figure 4.16, where the peaks are separated by

approximately 3 keV, slightly more than the FWHM. In this case, the peaks can be separately

identified in the a �-ray singles spectrum even with the overlap of the energies.

In some cases, however, the �-ray energies may be so similar that the two transitions

appear to form a single peak, as shown in Figure 4.17. To isolate the intensities of these

transitions from the singles spectrum is e↵ectively impossible. In this case, the �-ray inten-

sities for the 2092/2093 keV doublet could only be determined from a coincidence analysis.

When measuring �-ray intensities in a coincidence analysis, both the gating �-ray and

the coincident �-ray will experience summing e↵ects as described previously. For summing

corrections in the singles spectra, a ��� matrix for crystals at 180� was used. To correct for

the summing e↵ects on coincidence intensities a ����� cube was constructed. By setting a

double gate on a particular �1��2 coincidence, the integrated counts detected by the rest of
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Figure 4.16: The �-ray singles spectrum for 188Hg following the decay of 188Tl. In this
particular case there are five �-ray transitions in the vicinity of 880 keV with each transition
separated by at least ⇠3 keV.

the crystals in the array represents a factor of Ndet�2
2 times the number of �1��2 coincidences

lost to summing. These events lost to summing are then added to the measured coincident

counts to determine the total �-ray intensity. By integrating the coincidence counts over all

triplets of detectors any angular correlations between the �-rays are integrated over and thus

strongly attenuated if not completely eliminated in determining the coincidence summing

corrections. The case where three �-rays deposit all of their energy in one crystal is also

possible as a “summing in” correction but this rare possibility has a very small overall e↵ect

on the intensities, and is only necessary to correct for in the most high-precision analyses.
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Figure 4.17: The spectrum of �-ray energies in 62Zn following the � decay of 62Ga. A true
doublet is observed at 2092/2093 keV. In this particular case there are two �-ray transitions
separated by less than 1 keV. In the top left corner are two coincidence spectra where the
slight centroid shift is visible, isolating the doublet components.

4.6 Pile-Up Corrections

When more than one � ray from di↵erent decay events interact within the same detector

before the total charge collected is integrated by the ADC the event is considered to be

piled-up and is flagged in the GRIFFIN DAQ. For the GRIFFIN DAQ this time corresponds

to 8µs, after the imposed fixed deadtime on the hit-detection algorithm, being 1.2µs in the

current work. In the o✏ine analysis the events which do not experience pile-up are given

an integration “KValue” of 700 in the current data. When a pile-up occurs for an event

this value gets reduced and can be used to select data which do not experience pile-up. A

spectrum of the “KValues” recorded in this experiment is shown in Figure 4.18

Just as summing e↵ects can alter �-ray intensities from their true values, pile-up can

also cause deviations and therefore needs to be taken into account when determining �-ray

143



Figure 4.18: The KValues for the data taken in the 188Tl decay to 188Hg. A KValue of
700 indicates events which do not experience pile-up, while smaller values indicate piled-up
events.

intensities. Because the probability that any hit in a detector is piled-up is independent of

energy, pile-up will a↵ect the absolutely e�ciency of a detector, but not the relative e�ciency

because each energy is reduced by the same amount.

When a detector is experiencing a constant rate, R, of events over a given time interval,

�t, the expected mean number of events is given by R�t. The Poisson distribution describes

the probability of observing n events over this time interval:

P (n;�t) =
(R�t)ne�R�t

n!
. (4.2)

For detector pile-up one or more events are assumed to be recorded within the pile-up

window, ⌧p, of the event of interest and will ruin the determined energy of both events [98]

unless the pile-up recovery algorithms described in Section 3.6 are implemented. Pile-up
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events can be caused by events occurring either before or after the event of interest. When

events arrive after the event of interest, they will be classified as “post-pile up”, where the

event of interest occurs at time t = 0. The probability that the event of interest is not

post-piled-up, Pp̄, corresponds to the probability that there are exactly zero events recorded

in the time interval ⌧p after the event and is given by

Pp̄ = P (0; ⌧p) = e�R⌧p . (4.3)

The probability of the event of interest being post-piled-up then becomes Pp = 1 � Pp̄ =

1� e�R⌧p using a normalized Poisson distribution.

The events of interest can, of course, also be piled-up by events occurring earlier in time.

These cases are defined as “pre-pile-up” events, Pp̄r. Symmetry arguments can be made to

show that the probability of pre-pile-up is the same as the probability of post-pile-up.

Pp̄r = e�R⌧p ,

Ppr = 1� e�R⌧p .

(4.4)

To get the probability that the given hit of interest is not piled-up then becomes a product

of the not-pre-piled-up and not-post-piled-up probabilities, given by

P̄ = Pp̄rPP̄ = e�2R⌧p (4.5)

and the probability of any form of pile-up is P = 1� P̄ = 1� e�2R⌧p . Because of the finite

resolving time ⌧r of the hit-detect algorithm, a pile-up may occur without being flagged as

pile-up in the DAQ as illustrated by the absence of events with K values 50 in Figure 4.18.
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The probability that pile-up is not labelled in the data stream for a post-pile-up event, is

the probability that zero events occur within the pile-up window, but after the hit detect

resolving time ⌧r given by:

P o
p̄ = P (0; ⌧p � ⌧r) = e�R(⌧p�⌧r). (4.6)

Similarly for pre-pile-up occurring within the resolving time window

P o
p̄r = P (0; ⌧p � ⌧r) = e�R(⌧p�⌧r). (4.7)

Thus, giving the probability that a hit is flagged as a pile-up event to be

Po = 1� P o
p̄rP

o
p̄ = 1� e�2R(⌧d�⌧D). (4.8)

A detailed example of pile-up e↵ects with source data can be found in Ref. [39]. In the

current work, all events that were flagged as pile-up events were rejected, consisting of 8.8%

of the overall data.

4.7 E�ciency Calibrations

To determine �-ray intensities it is necessary to measure the e�ciency of the spectrometer

as a function of the �-ray energy. To do this multiple sources are placed in the centre of

the array at the location where the implanted radioactive beam decays. The sources should

have precisely known �-ray intensities for multiple transitions, the emitted �-rays need to

cover a wide range of �-ray energies, and the sources need to have a reasonable activity so
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as to provide su�cient statistics while not generating unacceptable levels of pile up. For the

purpose of this work, four standard �-ray sources of 56Co, 60Co, 133Ba and 152Eu were used

to determine the e�ciency curve. These four sources provide a wide range of �-rays with

precisely measured intensities that extend from less than 100 keV to 3.5 MeV.

Relative E�ciency

Not all of the sources had a precisely measured activity. Without precisely knowing the

total number of decays from a particular source during the measurement time, the e�ciency

can only be found by relating one peak area to another for a given source. The relative

e�ciency gives the likelihood of detecting one �-ray relative to another and is given by

✏rel� =
N�

I�
, (4.9)

where N� is the integrated counts in the �-ray photopeak and I� is the precisely known

�-ray intensity per decay of the source. The counts in the photopeak must be corrected for

summing e↵ects as discussed in Section 4.5, which are di↵erent for di↵erent �-ray transitions

from the same source.

For this work the relative e�ciency curve was determined using 56Co (T1/2 = 77.236(26)

days), 133Ba (T1/2 = 10.551(11) years) and 152Eu (T1/2 = 13.517(9) years) [99] sources. The

unit for the relative e�ciency curve is arbitrary and thus the relative e�ciencies of the 56Co

and 133Ba sources were scaled to overlap with the curve determined with the 152Eu source.

The reason for the scaling to the 152Eu source was because it provides �-ray transitions from

120 keV to 1408 keV and has significant overlap with both the low energy transitions from

133Ba and the high energy transitions from 56Co.
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Figure 4.19: The relative photopeak e�ciency of GRIFFIN in arbitrary units as a function
of the �-ray energy from the 133Ba (red), 152Eu (blue) and 56Co (orange) sources.

For this experiment, which was focused on the decay of 188Tl to excited states in the

daughter, 188Hg, the observed �-ray energies ranged from 150 keV to 2 MeV. The majority

of the �-ray transitions above 1.5 MeV had very low intensities. Because the majority of the

observed transitions were not high energy, the data were analyzed in single-crystal mode,

meaning there was no summing crystal energies to create addback spectra, which increases

the overall e�ciency for high-energy � rays but also increase � ray summing and pile-up

e↵ects.

Absolute E�ciency

The 60Co source (T1/2 = 1925.28 days) [99] had a precisely measured activity of 38.18 kBq

with a ±1% uncertainty, measured on May 1st, 2016. At the time of the experiment the
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activity was 33.38(33) kBq. Using this activity, the number of decays during the calibration

run could be determined. With the known �-ray intensities, the number of emitted �-rays

could be determined and was given by:

N� = As ⇥ t⇥ I�, (4.10)

where As is the activity of the source (33.38(33) kBq), t is the run time of the source (273 s)

and I� is the intensity of the �-ray of interest per decay. For 60Co there are two �-rays

used for the absolute e�ciency calibration at 1173.2 keV and 1332.5 keV with intensities of

99.85(3)% and 99.9826(6)% respectively [99].

The absolute e�ciency of the spectrometer at these energies was determined by taking

the ratio of the number of detected counts, C�, to the number of �-rays emitted following

the decay of 60Co, N�, after applying summing corrections and pile-up to the peak areas as

described in Section 4.5 and 4.6:

✏abs� =
C�

N�
(4.11)

For the � rays emitted from the 60Co source, the absolute e�ciencies determined for the

1173.2 keV and 1332.5 keV were 9.35(10)% and 8.67(9)% respectively in single-crystal mode

with 15 of the 16 GRIFFIN clover detectors in the array. These two absolute e�ciencies

are then anchor points that the relative e�ciency curve in Figure 4.19 is scaled to. The

scaling was performed by minimizing a fit function to the entire e�ciency curve, with the fit

149



function being described by

ln(✏) =
8X

i=0

ai[ln(E�)]
i, (4.12)

where the ai are fit coe�cients and E� are the �-ray energies in MeV. The absolute e�ciency

with the fit function is shown in Figure 4.20, and the fit coe�cients are given in Table 5.3.

Figure 4.20: Absolute � ray detection e�ciency of the GRIFFIN spectrometer operated in
single crystal mode with 15 of the 16 HPGe clover detectors, PACES, and the ZDS in place
as determined with 56Co, 60Co, 133Ba, and 152Eu calibration sources. The black line is the fit
to the data points using methods described in Ref. [100] and the light blue band represents
the uncertainty in the absolute e�ciency calibration.

Although the �-ray e�ciency is not vitally important for � � � angular correlation mea-

surements because they involve the comparison of the intensity of a specific ��� coincidence
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Table 4.1: Fit parameters for the absolute �-ray e�ciency of GRIFFIN using Equation 4.12.

Parameter Fit Value Uncertainty

a0 -2.281 0.005
a1 -0.551 0.014
a2 -0.131 0.020
a3 -0.213 0.024
a4 0.061 0.017
a5 0.116 0.013
a6 -0.012 0.006
a7 -0.0290 0.0015
a8 -0.0056 0.0004

at multiple opening angles which all have the same e�ciency, the e�ciency is vitally impor-

tant for determining the �-ray intensities which provide information necessary for compre-

hending nuclear structure.

4.8 Analyzing PACES Data

To detect internal conversion electrons the PACES array [101] of 5 liquid-nitrogen cooled

Si(Li) detectors was placed inside the GRIFFIN vacuum chamber. Conversion electrons

detected with PACES provide not only transition multipolarity information from measured

internal conversion coe�cients, but can also be used to reveal electric monopole, E0, transi-

tions [87]. For 0⇡ ! 0⇡ transitions there can be no �-ray emission between states and these

pure E0 transitions occur exclusively by internal conversion. For J⇡ ! J⇡ transitions, with

J 6= 0 there are, in general, E2 and M1 as well as E0 components. If the E0 component of

these transitions can be determined, it provides crucial information about shape coexisting

structures and the mixing of their wavefunctions [31].

Several crystals in the PACES array showed significant in this experiment degradation
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producing poor energy resolution. An attempt was made to perform the analysis on a crystal-

by-crystal basis, but with the high density of transitions in 188Hg the disentanglement of

doublet and triplet transitions was not possible with the poor resolution detectors and in

the end only two crystals with the best energy resolution were retained in the final analysis.

In the current work, transitions of known pure multipolarity, primarily pure E2 and E1

transitions, were used to determine the e�ciency of these two PACES detectors as a function

of energy using conversion coe�cients calculated with the BRICC program [64]. In order

to extrapolate the e�ciency curve to cover the full energy range where conversion electrons

were observed, the current data was combined with results from Ref. [102] and fit using a

function from the work of Ref. [103].

ln(✏) = Aln(E) + B[ln(E)]2 � C

E3
+D, (4.13)

where A, B, C, and D are fit parameters and E is the conversion electron energy in keV.

Following the methods used in Ref. [102] the parameter C was fixed to be 1, as it did not

e↵ect the overall fit function. A plot of the absolute e�ciency for the two PACES crystals

used in this experiment is shown in Figure 4.21. The values obtained for the fit parameters

are given in Table 4.2.

Table 4.2: Fit parameter values for the PACES e�ciency curve.

Coefficient Value Uncertainty

A 1.11 0.16
B -0.091 0.013
C 1.0 fixed
D -8.16 0.47

The majority of the analysis for the conversion electron data was performed with the
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Figure 4.21: The absolute e�ciency for the two crystals used in the PACES using data
from this work combined with data from Ref [102]. The blue line is the resulting e�ciency
determined from the fit to Equation 4.13 and the red dotted lines represent the uncertainty
band associated with the e�ciency curve.

PACES singles spectrum and unfortunately with only two crystals implemented in the anal-

ysis the statistics for e� � e� coincidences were significantly. However, there were su�cient

statistics to perform � � e� coincidences which helped solidify the placement of transitions

in the level scheme. In order to perform the coincidence analysis, timing gates are required

to distinguish the prompt coincidences and to subtract the time random coincidences. The

GRIFFIN-PACES time di↵erence spectrum is shown in Figure 4.22. A 300 ns coincidence

window was used for the � � e� coincidences in this analysis and a time-random window

from 500-1500 ns.
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Figure 4.22: The GRIFFIN-PACES time di↵erence spectrum.
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Chapter 5

Gamma-Gamma Angular Correlation

Measurements With GRIFFIN

Gamma-gamma angular correlation measurements are a powerful tool for assigning spins

to excited nuclear states by determining the angular momentum carried away by a � ray in

a � ray cascade, as described in Section 2.2.3. From a theoretical standpoint, the coe�cients

describing the angular correlations of �-rays are exactly calculable from first principles. How-

ever, when performing an experiment, there are additional factors that need to be carefully

considered for the coe�cients to provide definitive results with regard to spin assignments

and mixing ratios.

The individual angular positions of the crystals in the GRIFFIN spectrometer were given

in Section 3.5.1. However, for � � � angular correlation measurements, the angles between

two pairs of crystals are necessary to determine the emission angles between the two � rays

in a cascade. The methodology for the determination of the interaction points inside the

crystals which lead to the 52 unique opening angles between pairs of HPGe crystals in the
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GRIFFIN spectrometer given in Table 5.1 is described in Ref [84].

Table 5.1: The 52 unique opening angles and number of occurrences for each angle (weighting
factors) for the GRIFFIN spectrometer with the clover detectors at a distance of 11 cm.

Opening Angle (�) Weight Opening Angle (�) Weight

0.0 64 91.5 128
18.8 128 93.8 48
25.6 64 93.8 64
26.7 64 97.0 64
31.9 64 101.3 64
33.7 48 103.6 96
44.4 128 106.9 64
46.8 96 109.1 96
48.6 128 110.1 64
49.8 96 112.5 64
53.8 48 113.4 64
60.2 96 115.0 96
62.7 48 116.9 64
63.1 64 117.3 48
65.0 96 119.8 96
66.5 64 126.2 48
67.5 64 130.2 96
69.9 64 131.4 128
70.9 96 133.2 96
73.1 64 135.6 128
76.4 96 146.3 48
78.7 64 148.0 64
83.0 64 152.3 64
86.2 64 154.4 64
86.2 48 160.2 128
88.5 128 180.0 64

As discussed in Section 2.2.3, the theoretical � � � angular correlation is described by

Equation 2.49. There are additional terms that generalize this for a specific orientation of

the nucleus, if it is polarized in some way [104] and if there are time-dependent perturbation

factors [105] that allow the nucleus enough time to experience external interactions that

disturb the correlation. For the cases presented in the current work, the nuclei are implanted
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on a tape and experience no net external field. Therefore, they do not have a polarization

of the initial state. The �� � cascades also generally occur in rapid succession, not allowing

for a significant perturbation from one transition to the next. Therefore, these additional

factors are unnecessary for the purposes of this work.

Figure 5.1: Possible interactions of two �-rays from a cascade showing how the finite solid
angle coverage of the detectors can a↵ect the measurement of the continuous angular corre-
lation.

Not only can a � � � angular correlation be distorted from the theoretical expectation

because of e↵ects involving the nuclear orientation, but experimental considerations can

also have e↵ects that need to be accounted for. Theoretical angular correlations provide a

continuous distribution in which the angle between the successive � rays can take any value

from 0�  ✓  180�. In a real experimental set-up, however, measuring angles continuously
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is e↵ectively impossible. To do so would require detectors that cover e↵ectively zero solid

angle, which is not feasible. As detectors in experiments have non-negligible solid angle

coverage, the detectors e↵ectively integrate the continuous angular correlation over a finite

angular range, as illustrated in Figure 5.1. With this inevitable limitation, a correction for

the solid angular coverage of the detectors must be applied to the experimentally measured

angular correlations.

In the past the granularity of the detectors was often accounted for by the addition of a

quality factor [106]. This correction alters Equation 2.49 to become:

W (✓) =
kmaxX

k=0,k=even

QkakPk(cos✓), (5.1)

where Qk corrects for the finite sized detector allowing for direct comparisons with the

theoretical distributions [107]. This correction was relatively simple to estimate when the

detectors were of a simple geometry, such as a cylinder. The individual crystals used in the

GRIFFIN clovers, however, have a more complicated geometry which makes setting up and

solving the integrals necessary to estimate the Qk correction factors more di�cult.

5.1 Simulations and Analysis Methods

To account for the finite solid angles of the detectors, several methods have been imple-

mented to analyze the experimental ��� angular correlation measurements with GRIFFIN.

All of these techniques rely on high-statistics simulations of � � � angular correlations us-

ing the precise GRIFFIN geometry implemented in the Geant4 [108,109] simulation toolkit.

Making direct comparisons between simulations that use the exact GRIFFIN geometry and

the experimental data allows for the e↵ects of the finite detector sizes to be accounted for
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directly and precisely.

Within Geant4, there are three input files necessary to include in a run macro to perform

� � � angular correlation simulations with the GRIFFIN geometry. Two of these are data

files which are included in the Geant4 download, and the other file needs to be created by

the user. The first file is the radioactive decay file. This file gives information about the

decay from the parent nucleus to the daughter nucleus. It includes information on the parent

excitation in keV, the half-life in seconds, the type of decay (generally �±), the daughter

excitation in keV, the population intensity in percent, and the Q-value in keV. A simplified

and modified example file for the �� decay of 60Co, causing it to no longer represent the true

decay branching ratios, looks like the following: The reason for doing this is because in the

simulation we only care about populating the initial level of interest. Decay branches to other

levels not feeding the level populating the � ray cascade of interest complicate the simulation

and increase the number of decays needed to be simulated by requiring simulations to include

unnecessary events to decay branches not used in the analysis. Hence, the decays patterns of

nuclei are generally modified and extra decay paths removed for these types of simulations.

The second input file describes the transitions between excited states in the daughter

nucleus. This is called the photon evaporation file. This file includes information on the

energy of the initial excited state in keV, the energy of the transition in keV, the � ray

transition probability in percent, the transition multipolarity, the level lifetime, the angular

momentum of the initial state, the total conversion coe�cient, and the partial conversion
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probabilities. A simplified example file for the cascading � rays in the daughter 60Ni of 60Co

decay is shown below. This includes the first seven columns of the decay file, excluding some

of the information about conversion coe�cients, which is not relevant to the � � � angular

correlation simulations. From this file the spin of the final nuclear states is determined by

the input value of column 6. Column 4 is not used in these simulations.

The third input file gives the multipolarity of the transition and the mixing ratio, if

applicable. This file is generally referred to as the multipole file and has inputs of excitation

energy in keV, the transition energy in keV, the multipolarity of the first � ray, the next

lowest multipolarity (if necessary), and the multipole mixing ratio. A simplified example

of the multipole file for the 4+ ! 2+ ! 0+ cascade in 60Ni is shown below. Although,

in the case of the 4+ ! 2+ transition, the �-ray can have an admixture of E2/M3, the

contribution from the M3 component makes a negligible contribution omitted and is in the

above example. In any case, if the input line read 2 3 0 instead of 2 0 0 the simulation gives

identical output due to the mixing ratio value of zero.

These files are used in a run macro that contains commands to include essential physics

packages, the detector volumes to be included in the simulation, the spin of the ground state
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of the daughter, the type of initial beam and the number of events. An example run macro

for 60Co radioactive decay is shown below. Note that the path to the location for the three

input files needs to be corrected for each user.

In the example run macro provided, all 16 GRIFFIN clovers are included in the “high-

e�ciency” mode at 11 cm distance, as well as the vacuum chamber with the entire SCEPTAR

array and the 20 mm Delrin shell around the vacuum chamber. The ground state of the

daughter nucleus 60Ni is set to zero and a radioactive ion particle gun allows for the 60Co

to begin inside the array and decay. The input from the three previously described files will

control the decay properties of the 60Co nuclei.

When running these simulations, there will be output at the bottom of the screen that

will provide the energy of the initial excited level populated in the � decay, the emitted

�-rays in a cascade, the spin sequence of the excited states involved in the cascade, the

multipolarity of the �-ray transitions, the mixing ratios and the theoretical ak coe�cients

for the provided inputs. It is at this point that the user can double check all of the input

parameters and ensure that the proper simulation is being performed.

5.1.1 Sorting The Simulated Data

Once the simulations have completed, the data need to be sorted from the raw simulation

output file into useable histograms. It is important to note that there are many ways this

can be done and the user is free to do so however they please. In this section a brief

description will be provided for one method using NTuple. NTuple requires two inputs,

one being the output file of the completed simulation, the other being a settings file. The

simulation file contains all of the information output by the Geant4 simulation, including

timing information and the exact energies deposited inside specific detectors on an event
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by event basis. The settings file is responsible for setting the detector resolutions, detector

thresholds, bins allocated to the axes of the histograms and so on. An example of a settings

file is shown in Figure 5.2.

NTuple iterates through the events in the simulation file, applies the settings from the

settings file, and generates the desired histograms. For � � � angular correlations a three-

dimensional histogram is created as a THnSparse in the root framework which has the

detected energies of the cascading �-rays on the x and y-axes and the opening angle between

the two HPGe crystals on the z-axis, as shown in Figure 5.3. With this 3D histogram created,

the Geant4 angular correlation template for the two �-rays of interest can be extracted by

looping over the opening angles, gating on one of the �-rays in the cascade and fitting the

area of the other �-ray detected in coincidence at that opening angle.

The final step to extract the Geant4 template is to normalize the counts at each opening

angle by their respective weighting factors, given in Table 5.1. The weighting factors are the

number of occurrences of each opening angle between crystal pairs. Once the coincidence

peak areas from the 3D histogram are normalized to their respective weighting factors, the

Geant4 template is completed, as shown in Figure 5.4.

The simulated template includes all of the finite detector size e↵ects in the complex
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Figure 5.2: An example of a settings file used for sorting Geant4 simulations into histograms.

GRIFFIN geometry and can be compared directly with the experimental data. An example

of this is shown in Figure 5.5, where the blue line represents the angular correlation calcu-

lated using the theoretical a2 and a4 coe�cients and the magenta line is the same correlation

but including the finite size e↵ects from the GRIFFIN detectors. The e↵ects on the corre-

lation from the finite detector size are obvious and must be accounted for to reproduce the

experimentally measured data (black points). There have been multiple techniques estab-

lished for the assignment of spins and the determination of mixing ratios after the Geant4

templates have been created. In the following sections a detailed description will be given
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Figure 5.3: Plot of the 3D histogram created from NTuple for a � � � angular correlation
analysis. The x and y-axes correspond to the energies of the �-rays detected in two crystals
of GRIFFIN, and the z-axis is the opening angle between the crystals.

for each method used with the GRIFFIN spectrometer.

5.1.2 Method 1: Direct Comparison with Geant4 Simulations

With Geant4 simulations performed using the full geometry of GRIFFIN, the actual

�-ray transition energies, and various possible spins, multipolarities and mixing ratios, high-

statistics templates are created that can be compared directly to the experimental data to

assign spins and determine mixing ratios.

By determining the reduced chi squared, �2/⌫, between the simulated templates for a

variety of di↵erent spin assumptions and the experimental data, spin assignments can often
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Figure 5.4: High-statistics simulation of 109 events for the � � � angular correlation of the
4+ ! 2+ ! 0+ cascade in 60Ni compared to experimental data. The blue line is the Geant4
simulated template and the black points are the correlation measured from the collection
of experimental data with GRIFFIN. The simulation includes 51 distinct opening angles in
the GRIFFIN geometry. The zero degree opening angle, consisting of both �-rays hitting
the same crystal, is generally not used as “sum” peaks within a single crystal are often
contaminated by cross-over transitions, although this is negligible in the case of 60Co decay.

be made directly. The reduced chi squared is given by

�2 =
NX

i=1

(Y data
i � Y sim

i )2

(�2
i,data + �2

i,sim)
, (5.2)

where i is an index over the N = 51 opening angles (assuming the 0� angle is not used),

and Y data
i is the experimentally measured area of the � � � coincidence peak at the specific

angular index, i, and Y sim
i is the corresponding area of the � � � correlation peak in the
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Figure 5.5: The �2/⌫ between a full Geant4 simulation of the 66Zn 0+ ! 2+ ! 0+ cascade
(magenta line) and the measured experimental data (black points) is 1.01. The blue solid
line is the angular correlation that would be expected from theoretically calculated a2 and
a4 coe�cients without corrections for finite detector size e↵ects. Figure take from Ref. [110].

Geant4 simulation at the same angular index, i, with the simulated values normalized by the

ratio of the total integral of the experimental data over all angles to the total integral of the

simulation over the same opening angles. Finally, �i,data and �i,sim are the uncertainties for

the experimental and the simulated data respectively, with the uncertainties of the simulated

data also scaled appropriately.

For all of the methods described in this section, the number of events required in a

simulation is determined by the contribution of the simulation to the overall uncertainty. The

simulation statistics should ideally make a negligible overall contribution to the uncertainty

in the final experimental result. Ideally, the number of simulated events would thus be at
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least an order of magnitude larger than the experimental data. There are, however, limits to

CPU and computing time. The number of simulated events is up to the user in the end, but

generally at least an order of magnitude more statistics than detected in the experimental

data set is used.

To assign nuclear spins and determine mixing ratios we follow the recommendations of

Ref. [111] for all methods presented in this thesis. These guidelines suggest that all nuclear

spins with a �2/⌫ minimum within the 99% confidence interval be considered possible spin

assignments. To determine mixing ratios with this method requires many Geant4 simulations

assuming di↵erent mixing ratios, which are a continuous variable that can have any value

between ±1. When running these simulations you control the assumed mixing ratio and

simulate one discrete � value at a time. This becomes especially daunting when the time to

run a single simulation takes on the order of days to weeks to achieve the statistics required.

If one does adopt this approach, it is advisable to first locate a rough minimum for the

�2/⌫ as a function of � for a specific spin sequence. Additional simulations can then be

highly focused around the � value that produces the minimum �2/⌫ to map out the region of

interest and refine the location of the minimum. The �2/⌫ values in this narrow region can

then be fit to obtain the true minimum and the best-fit mixing ratio. The uncertainty for

the mixing ratio is determined by taking the �2
min + 1 value on either side of the minimum.

The uncertainty on the mixing ratio may be asymmetric and thus each direction needs to

be determined independently.

Due to the high computational cost of producing Geant4 templates for many di↵erent

mixing ratios Method 1 is generally most practical when analyzing cascades in which both

emitted �-rays are of pure multipolarity. Examples include J⇡ ! (J � 2)⇡ ! (J � 4)⇡

cascades which are pure E2 � E2 for both �-rays, J⇡ ! (J ± 2)⇡ ! J⇡ which are again
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pure E2 � E2 cascades and J⇡0 ! (J � 1)⇡ ! (J � 3)⇡ which are E1 � E2 cascades. Of

course more situations can arise where both �-rays have pure multipolarity but all of these

circumstances require only one simulation to confirm whether the assumed J⇡ values are or

are not consistent with the experimentally measured � � � angular correlation.

5.1.3 Method 2: The Z-Distribution

Method 2 was developed with the purpose of reducing the computing time required to

determine mixing ratios for mixed �-ray transitions. The Z-distribution takes advantage of

the fact that angular correlations can be expressed mathematically as the sum of Legendre

polynomials given in Equation 2.49. By simulating the response of the GRIFFIN spectrom-

eter for � � � angular correlations corresponding to pure Legendre polynomials, the Geant4

templates for any assumed spin sequence and mixing ratios of the transitions can be obtained

from a linear combination of only a few simulations. This is a very e�cient way to determine

the Geant4 simulated angular correlation templates for specific �-ray energies over a wide

range of mixing ratios and spin assumptions [110].

Because angular correlation functions must always be positive the Z-distributions are

expressed as:

Z0(✓) = 1

Z2(✓) = 1 + P2(cos ✓)

Z4(✓) = 1 + P4(cos ✓).

(5.3)

For each Zn(✓) a high-statistics simulation is run for the �-ray energies of interest in which

the user controls the theoretical ak coe�cients as given in Table 5.2. This is accomplished
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Figure 5.6: A set of Geant4 simulations that characterize the Zdistributions described by
Eq. 5.3 for �-ray energies of E�1 = 1172 keV and E�2 = 1333 keV. (a) The Z0 distribution
and fit. (b) The Z2 distribution and fit. (c) The Z4 distribution and fit. Figure from
Ref. [110].
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by adding the command /grdm/setAngularCorrelationCoe�cients a2 a4 a6 to the run macro

(with a2, a4 and a6 being numerical values) after the three input files are read in, and

overrides the theoretical calculation for the ak coe�cients. An example set of Z-distributions

from Geant4 simulations of the response of the GRIFFIN spectrometer for �-ray energies

E�1 = 1172 keV and E�2 = 1333 keV is shown in Figure 5.6. There is the possibility to

also include a Z6 simulation, but is generally not necessary unless �-ray multipolarities with

L� � 3 are involved in the cascade.

Table 5.2: Input values necessary to run the three unique Z-distribution simulations.

Zn(✓) a2 a4 a6

Z0(✓) 0.000 0.000 0.000
Z2(✓) 1.000 0.000 0.000
Z4(✓) 0.000 1.000 0.000

To compare the Z-distribution simulations to the experimental data the three simula-

tions, Z0, Z2 and Z4, and scaled by the theoretical a2 and a4 coe�cients determined by the

assumed spin sequences and mixing ratios and then summed to give:

Zsum = xZ0 + yZ2 + zZ4

= N [(1� a2 � a4)Z0 + a2Z2 + a4Z4],

(5.4)

where N is an overall scale factor to the integrated counts of the experimentally measured

� � � angular correlation data. From Equation 5.4, the angular correlation coe�cients, ak,

can be directly extracted and compared to theoretical values by fitting the Z-distributions

to the experimental data. These ak coe�cients can then be compared to the theoretical

coe�cients for specific spin sequences and mixing ratios or to previously measured values

(if previously measured). An alternative approach, following Ref. [111], is to calculate the
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theoretical ak coe�cients for a wide range of assumed spins and mixing ratios. The calculated

coe�cients can then be used to scale and sum the simulated Z-distributions according to

Eq. 5.4 which is then directly compared to the experimental data and a �2/⌫ is calculated

for each assumed spin sequence and mixing ratio. An example is shown for a 0+ ! 2+ ! 0+

cascade in 66Zn in Figure 5.7.

For the Z-distribution method there are again usually 51 opening angles used and 49

degrees of freedom once the mixing ratio and the overall scale factor are accounted for.

Similar to Method 1, the spin assignments are considered possible if they fall within the

99% confidence limit of a �2/⌫  1.53. If a specific spin sequence has a �2/⌫ below this

threshold for any specific mixing ratio, it is considered a possible spin assignment and the

corresponding mixing ratio is given by the value of the �2/⌫ minimum with the uncertainty

determined by �2
min + 1.

By iterating through a large number of mixing ratios and di↵erent possible spin values

for an initial nuclear state, Ji, fixing the other two (generally known) spins, Jm and Jf , the

�2/⌫ can be plotted against the arc tangent of the mixing ratio, atan(�). An example of

this is shown in Figure 5.8 for a 0+ ! 2+ ! 0+ cascade in 66Zn. For this case the assumed

spin of the initial state was varied between Ji = 0 and Ji = 4 and the only agreement with

the measured � � � angular correlation data shown in Figure 5.7 is when Ji = 0. All other

possible values of Ji give a �2/⌫ >> 1.53 and therefore can be definitively excluded.

The Z-distribution method requires only three simulations to span the entire space of

nuclear spins and �-ray mixing ratios (or 4 simulations if the Z6 distribution is also required

for �-ray multipolarities of L� � 3). In comparison, Method 1 requires dozens or more

simulations even to begin to narrow down mixing ratios. The Z-distribution method is

slightly less e�cient than Method 1 for cascades, in which both � rays are known to have pure
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Figure 5.7: The Method 2 simulated Geant4 template for the 66Zn 0+ ! 2+ ! 0+ cascade
(red line) compared to the measured experimental data (black points) has a �2/⌫ = 0.98.
The residuals for the comparison are shown in the lower panel. Figure from Ref. [110]. Note
that this is not a fit to the data but a direct comparison of the Geant4 simulations for a
0+ ! 2+ ! 0+ cascade to the experimental measurement.

multipolarity and thus only one simulation is required. However, as soon as the determination

of a mixing ratio is required, the Z-distribution is by far the more e�cient method. Both

Method 1 and 2 have been found to give the same level of precision in their measurements,

and thus e�ciency in computing time should be the guide to choosing one method over the

other and almost always favours the Z-distribution, or Method 2.

5.1.4 Method 3: Parameterization of �-ray Energy Dependence

Although Method 2 reduces the number of simulations per � � � cascade to 3, it does

require new simulations to be run for each pair of �-rays of interest. A third technique is

to use simulations to determine the attenuation coe�cient corrections to the � � � angular
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angular correlation for the 0+ ! 2+ ! 0+ cascade in 66Zn with Geant4 simulations assuming
Ji = 0 � 4, with Ji being the spin of the initial state, and all possible mixing ratios. A
definitive Ji = 0 spin assignment can be made. Figure taken from Ref. [110].

correlations, given in Equation 5.1, for the GRIFFIN detectors as a function of the energies

of both �-rays. The methodology begins with running simulations identical to Method 2.

The simulations for the Z0 distribution will have no real �-ray energy dependence as they

produce an overall flat distribution, however, the Z2 and Z4 distributions will experience

a �-ray energy dependent attenuation e↵ect. After running simulations with the a2 and a4

coe�cients set to unity the resulting distributions are fit with the functional forms:

L0 = ↵

L2 = ↵(1 + �P2(cos✓))

L4 = ↵(1 + �P4(cos✓)),

(5.5)

where � and � are coe�cients describing the extent of the attenuation of the angular cor-

relation and are functions of the �-ray energies. By running numerous simulations varying
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the energies of both �-rays a surface of the � and � coe�cients can be mapped and fit.

The general form of the �-ray attenuation coe�cients is sigmoidal in shape. For the case

of �� � angular correlations the sigmoidal shape is dependent on both �-ray energies and is

described by:

f(E1, E2) = g(E1)⇥ g(E2), (5.6)

where g(E) describes the attenuation observed for a given energy of each individual �-ray,

given by:

g(E) = A⇥ 1

1 + e��s(E�E0)
+B ⇥ arctan([k(E � E0)]

�t) + C (5.7)

where E0 is a parameter that describes where the sigmoidal portion of Equation 5.7 reaches

half of its maximum amplitude. The parameters A and B scale the functions which define

the shape of the surface, and C is a constant o↵set. The rate at which the function rises is

determined by �s, the multiplicative constant k and the exponent �t [110].

The best-fit surfaces for the � and � coe�cients are shown in Figure 5.9, for the GRIFFIN

detectors at 11 cm. In Figure 5.9, it is di�cult to see the uncertainty in the individual �

Table 5.3: Fit parameters for the � and � surfaces.

Parameter � Fit Value � Uncertainty � Fit Value � Uncertainty

A 0.0588 0.0029 0.0953 0.0012
B 0.0199 0.0007 0.0296 0.0007
C 30.00 0.67 42.24 0.18
�s 0.0931 0.0041 0.1314 0.0023
k 0.0348 0.0024 0.0069 0.0003
�t 0.669 0.038 0.837 0.027
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Figure 5.9: Behaviour of the � and � angular correlation attenuation coe�cients as a function
of the two �-ray energies involved in the cascade. Figure from Ref. [110].

and � coe�cients. To get a sense for these uncertainties, a projection was taken with one

� ray being kept at 68 keV and shown in Figure 5.10. The uncertainty in the fit values are

represented by the band widths determined from the 68.3% confidence interval of the best-fit

surface in Equation 5.6. To generate the fit parameters with the level of precision shown in

Figure 5.10, 25 sets of simulations for unique �-ray energy pairs were performed.
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Figure 5.10: � and � coe�cients as a function of the �-ray energy of one transition for
cascades with the other transition fixed at 68 keV. The red bands indicate the projections
of Equations 5.6 and 5.7 and the confidence interval at these energies. Figure take from
Ref. [110].

Generating the � and � surfaces requires many simulations over a wide range of �-ray

energies to su�ciently map out the entire space. Therefore, Method 3 should not be used

for a new detector configuration to determine the spin assignment from a specific � � �

angular correlation measurement. However, after many such measurements and simulations
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have been performed over a wide range of energies for a given detector configuration the �

and � coe�cients from the simulations can be combined to create the surface. At this time,

when the map is su�ciently populated with enough data points and can be fit to provide a

high level of precision in the coe�cients, a fit to the surface can directly extract the � and �

coe�cients for any pair of �-ray energies. The advantage to this is that it is then no longer

necessary to perform CPU intensive simulations in order to analyze ��� angular correlation

measurements for di↵erent pairs of �-ray energies. This method requires a large amount of

work (and CPU time) initially but will eventually save users time and make performing ���

angular correlation measurements with GRIFFIN even more e�cient.

A summary of the total number of simulations and CPU time required for each method

can be found in [110]. It is important to note that “Method 3” in this thesis is referred to

as “Method 4” in Reference [110]. An additional technique referred to as “Method 3” in

Reference [110] requires the same amount of simulations and simulation time as Method 2,

but was found to be less precise than Method 2. Therefore, the user should not use “Method

3” from Reference [110] but should simply proceed with Method 2 or, once the � and �

surfaces have been fully mapped the “Method 3” described here and referred to as “Method

4” in Ref. [110].
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Chapter 6

Nuclear Structure Study of 188Hg via

�-ray and Conversion Electron

Spectroscopy

The low-lying excited states of 188Hg were studied via �-rays and conversion electron

spectroscopy following the �+/EC decay of 188,188mTl. The 188,188mTl radioactive ion beam

was produced with a 479-MeV proton beam of 9.8 µA intensity delivered by TRIUMF’s

main cyclotron [112] impinging on a 10.7 g/cm2 uranium carbide (UCx) production target.

The TRIUMF Resonant Ionization Laser Ion Source (TRILIS) [72] was used to ionize both

the J⇡ = 7+ and J⇡ = 2� isomeric/ground states of 188,188mTl, which were delivered to the

experimental station at an energy of 20 keV. Other than the daughter and grand daughter

decay products, no other isobaric contaminants were observed in the experiment. Due to the

high primary beam intensity, the radioactive beam was attenuated to ⇠ 106 ions per second

to limit the count rate in the detectors. Data were collected for a total of approximately

179



Figure 6.1: Model decay scheme of 188Tl showing the population of both high-spin and
low-spin excited states in the daughter 188Hg from allowed �+/EC decays.

8 hours.

The PACES array was installed inside the GRIFFIN vacuum chamber. The cooling

system for PACES required the removal of one GRIFFIN clover. Therefore, only 60 of the

64 GRIFFIN crystals were used in this analysis. The PACES array was found to have three

crystals giving poor energy resolution in this experiment and rendering them unusable for

this analysis. Therefore, the final analysis was performed using only two of the five PACES

crystals.

The beam in this experiment was delivered at a high rate, ⇠ 106 ions per second, and

high purity. Because of this, requiring a coincidence with a � particle detected in the ZDS

did not drastically clean up the �-ray spectra, as shown in Figure 6.2. Therefore, the �
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Figure 6.2: A portion of the �-ray energy spectrum with the blue spectra being a scaled �
singles spectra and the red being the �-rays in coincidence with the ZDS.

particle coincidence was not necessary to observe weak transitions in the current work.

6.1 Level Scheme

The GRIFFIN spectrometer paired with the high beam rates provided by TRIUMF

allowed for a high-statistics study of the �+/EC decay of 188,188mTl to be performed signifi-

cantly expanding knowledge of the �-ray transitions and the excited states in the daughter,

188Hg. In the previous study of Ref. [17], 50 � rays were observed and 33 �-ray transitions

were placed between 16 excited states in the level scheme of 188Hg. Another study reported

in Ref. [16] observed and placed 61 �-ray transitions, with four transitions being tentative,

involving 30 excited states in the level scheme of 188Hg. Both articles had similar energy
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ranges for the �-rays, up to 1.5 MeV and also observed a pure E0 transition from the 0+2

state, at 824.5 keV, to the 0+1 ground state.

Overall there was reasonable agreement between the two previous studies, but several

inconsistencies did exist. The spin of the 1240 keV excited state was tentatively labelled as

(4+) in Ref. [17], and as a 2+ state in Ref. [16]. Additionally, a � ray at 714 keV was observed

in Ref. [17], but was unable to be placed in the level scheme. This transition was observed

to be strongly converted with a K-shell conversion coe�cient of ↵K > 0.12(3). In Ref. [16]

the 714 keV transition had no observed � ray and had been placed as originating from a

tentative level at 1538 keV having J⇡ = 0+. These examples and others will be discussed in

detail later in this thesis with clarifications to resolve these discrepancies and help to show

a clearer picture of the overall structure of 188Hg.

In the current work, 280 �-ray transitions were identified and placed in the level scheme

of 188Hg belonging to 137 excited states. Of these, 220 transitions and 106 excited states were

newly observed. Several important spin assignments were determined using � � � angular

correlations and internal conversion coe�cients and K-shell internal conversion coe�cients.

6.1.1 Identifying and Comparing �-ray Transitions

In order to understand the complicated level structure of 188Hg, � ray singles and � � �

coincidences were examined to identify transitions. With a large number of transitions in a

relatively small energy range of 100 keV-2 MeV, and the majority of the strong transitions

being between 400-1500 keV, it is inevitable that transitions that are similar enough in

energy that they cannot be distinguished with the resolution of the detectors will create

doublets or even triplets making it di�cult to cleanly determine the intensities in a � ray

singles analysis. The � ray singles spectrum is shown in Figure 6.3. The density of peaks
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observed in this rich data set is obvious, providing a powerful example as to why coincident

gates are vital in such a dense spectrum.

Figure 6.3: Spectrum of � rays emitted from the 188�188mTl beam implanted into a mylar
tape at the center of the GRIFFIN spectrometer. The strongest peaks in the spectrum are
labelled by their energies rounded to the nearest keV.

As a starting point, the level schemes of Refs. [16, 17] were scrutinized to check the

placements of transitions in those works. From the � ray singles we can confirm the existence

of the transitions and from the � � � coincidences we can confirm their placement in the

level scheme. When comparing with Ref. [17] there was excellent agreement, however, the

269 keV transition from the 1509 keV, 6+1 , state to the 1240 keV state, which was previously

discussed as having discrepant spin assignments of J⇡ = 2+/(4+), was not observed in the

183



current work. This transition was not reported in Ref. [16] and it may also be important to

note that this is the same transition energy as the decay of the 9� isomer of 188,188m2Tl to

the 7+ isomer shown in Figure 6.1. Every other �-ray transition placed in the level scheme

of Ref. [17] was verified to be placed correctly. All observed transitions from Ref. [17] which

were not placed in the level scheme were also confirmed with the exception of one at 746 keV.

When examining the level scheme reported in Ref [16], we do observe a �-ray transition at

714 keV but disagree with their assignment of this transition to the decay of a tentative level

at 1538 keV. Instead, we observe this transition from a 4+ level at 1718 keV to the 4+1 level at

1005 keV. Further support of this placement is shown in Figure 6.9 and will be discussed in

Section 6.3. Additionally, a tentative level was given a label of 1695 keV in Ref. [16], which

should have been 1685 keV (1686 keV in the current work). From this level a tentative

147 keV �-ray with an intensity of 0.6% relative the the 413 keV 2+1 ! 0+1 was reported in

Ref. [16] but was not observed in the current work. A 280 keV transition from a level at

2250 keV was also unobserved in the current work, and the 711 keV transition, assigned to

the decay of at a level at 2680 keV in Ref. [16] was, rather coming from a level at 2913 keV in

the current work. All other transitions from the work of Ref. [16] were confirmed, providing

a solid foundation for the rest of the level scheme.

6.1.2 Construction of Level Scheme Using � � � Coincidences

To properly establish the level scheme, � � � coincidence analysis must be performed to

observe which �-rays are in coincidence. For these decays �-rays occur in rapid succession,

assuming the excited nuclear states have very short lifetimes and are not isomeric states.

Time-random coincidences must be subtracted, as well as coincidences with Compton back-

ground from other transitions, as shown in Figure 4.11. A plot of the � � � time di↵erences
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is shown in Figure 6.4, and for the purpose of this analysis a gate was requiring when the

time di↵erence between coincident �-rays to be less than 400 ns. The prompt peak sits on

the time random background which was scaled and subtracted by setting a gate on the time

randoms from 500 ns to 1000 ns. To properly subtract the time random events from the data

several clean peaks were checked for self-coincidences when varying the factor that scaled

the background in comparison to the prompt data. For each transition the background was

varied from being under subtracted, and thus self coincidences were present in the spectrum,

to being over subtracted where the peak was being over subtracted. By comparing multiple

clean (non-doublet) peaks the background scale factor was determined and used to remove

the time random �-ray coincidences.

Figure 6.4: GRIFFIN � � � time di↵erence spectrum. The time di↵erence is shown as
|t�2 � t�1|, where t�1 indicates the �-ray which occurred first. A gate was set at 400 ns in
order create � � � coincidences.

The Compton background must also be removed from � ray coincident spectra. This

was done by projecting the entire � � � matrix, scaling the spectrum and then subtracting
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the spectra obtained in the background gate from the gate on the peak of interest. As an

example, Figure 6.5 contains spectra with a gate on the 413 keV transition and a gate on

the background. The background spectrum was normalized and subtracted from the gate

on the 413 keV transition to obtain the background subtracted coincidence spectrum shown

in Figure 6.6.

Figure 6.5: Spectra of time-random subtracted �-rays gated on the 413 keV 2+1 ! 0+g.s. transi-
tion (top panel) and time random subtracted �-rays with a wide gate set on the background,
above 413 keV �-ray (bottom panel).

In Figure 6.6, the observed � rays are in true coincidence with the 413 keV transition.

It is clear that the transitions in the ground state band observed in Refs. [16, 17] are also

observed here. These transitions include the 592 keV transition from the 4+1 ! 2+1 , the

772 keV transition from the 6+2 ! 4+1 , and the 645 keV transition from the 8+2 ! 6+2 . The
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Figure 6.6: The �-ray spectrum in coincidence with a gate on the 2+1 ! 0+1 413 keV transition.
Prominent transitions in 188Hg are labelled with their energies in keV. The * indicates the
511 keV annihilation peak.

transitions from the intruding shape coexisting band are also observed starting with the

468 keV transition from the 2+2 ! 2+1 states, the 327 keV transition from the 4+2 ! 2+2 , the

301 keV transition from the 6+1 ! 4+2 , the 461 keV from the 8+1 ! 6+1 and the 521 keV

transition from the 10+1 ! 8+1 .

All of the previously observed cross transitions between the two shape coexisting bands

are also observed. These include the 468 keV � ray from the 2+2 ! 2+1 , a 203 keV transition

from the 4+2 ! 4+1 , the 795 keV transition between the 4+2 ! 2+1 , the 504 keV transition from

the 6+1 ! 4+1 , the 569 keV transition from the 6+2 ! 4+2 , the 913 keV transition from the
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Figure 6.7: A partial level scheme of the ground state band and shape coexisting band
in 188Hg following the �+/EC decay of 188,188mTl. Arrow widths are proportional to the
observed transition intensities. The 193 keV transition labelled with red text is a newly
observed transition.

8+2 ! 6+1 and a newly observed transition with 193 keV �-ray energy from the 8+1 ! 6+2 . All

of the transitions within and between the ground state band and the shape coexisting band

are shown in Figure 6.7. The level scheme plots in this thesis were created using the Radware

package [113], with newly observed transitions, or transitions with corrected placements in

the level scheme, shown with red text labels and newly placed levels having blue text labels.

Otherwise, previously observed transitions and levels will be given black labels.
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6.1.3 Positive Parity Band Structures

From the previous work of Ref. [16], several additional bands were proposed. Two ad-

ditional positive parity bands, one being a K = 2 band with the 1240 keV 2+3 state as

the bandhead. The spin of this state was later disputed in the work of Ref. [17] as having

J⇡ = (4+). Additional states proposed for this band included the 3+, (4+), (5+), (6+) and

(7+) members consisting of the 1455 keV, 1775 keV, 1908 keV, 2274 keV and 2351 keV levels.

Only the 1455 keV 3+1 excited state had a definite spin assignment and agreement between

the works of Refs. [16, 17].

The spin assignment of the 1240 keV state is resolved in the current work and definitively

established as 2+ by performing a � � � angular correlation measurement that is discussed

in Section 6.2. Evidence for this band structure is observed in Figure 6.8 where a gate was

placed on the 827 keV �-ray from the 1240 keV 2+3 state to the 2+1 state. Strong coincidences

are observed with the 535 keV and 499 keV transitions from the 4+ and 6+ members of this

band. From the current work six new �-ray transitions were observed from levels in the

K = 2 band, shown in Figure 6.10.

Another band was suggested with a J⇡ = 0+ bandhead at 1538 keV in Ref. [16] and

the 2+ band member was suggested to be the 1685 keV (mistakenly labelled 1695 keV)

state. There was no evidence of this suggested structure in the current work, as the 714 keV

transition assigned as a transition from the tentative 1538 keV state in Ref. [16] was found

to be misplaced in the previous work. This 714 keV transition is actually in coincidence

with the 592 keV transition from the 1005 keV 4+1 state and originates from a 4+ level

at 1718 keV. A coincidence �-ray spectrum is shown in Figure 6.9 with a gate on the K-

shell conversion electron of the 714 keV transition. The strong coincidence with the 592 keV

transition solidifies the placement of this transition. The weak 772 keV peak observed in this
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Figure 6.8: The �-ray spectrum in coincidence with a gate set on the 827 keV transition
from the 2+3 state at 1240 keV excitation energy showing the strong coincidences with the
499 and 535 keV transitions.

spectrum arrises from the fact that the K-shell conversion electron of the 714 keV transition

is degenerate with the L-shell conversion electron between the 645 keV transition from the

8+2 state and the 6+2 state. This also produces counts in the 592 keV and 413 keV transitions,

but there is a large excess of counts in the 592 keV transition coming from the 714 keV K-

shell gate. Four additional transitions from the 1718 keV 4+ excited state have also been

placed in the level scheme, as shown in Figure 6.10. The 1718 keV state was suggested in

Ref. [16] with a spin of J⇡ = (1, 2, 3)�, but, is confidently assigned to be a J⇡ = 4+ state

in the current work. The assignment of the 1718 keV state in this work suggests that this

state may actually be the 4+ bandhead for a “K = 4” band. However, the strong conversion

electron strength of the 714 keV 4+3 ! 4+1 transition is suggestive of strong mixing of this

state with nearby 4+ states with di↵erentK values indicating significant deviation from axial

symmetry and thus not truly a K = 4 band. The 5+ and (6+) members of this band are
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suggested in the current work to be at 2136 keV and 2558 keV excitation energies. In total,

ten new �-ray transitions were observed involving members of this band including newly

observed in-band transitions that have been observed to be nearly degenerate in energy, at

418 keV and 420 keV.

Figure 6.9: Spectrum of � rays with a gate on the 714 keV conversion electron detected in
PACES. The top right panel is a zoomed in portion of the spectrum to show the 413 keV
and 418 keV coincident transitions.

In the current work an additional positive parity band structure is proposed as a possible

new “K = 0” band with the bandhead being unobserved in the current work. The J⇡ = 2+

member of this band is suggested to be newly observed 2+4 level at 1437 keV excitation

energy. For this band, the J⇡ = 4+ and (6+) members are suggested as being the 1890 keV

and 2337 keV states, respectively. Ten new � rays were observed involving members of this

band including two in band transitions from the (6+) ! 4+ and 4+ ! 2+ band members at

453 keV and 446 keV respectively. Additionally, the 2+ and 4+ members of the “K = 0”

band were definitively assigned spins and parities.
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Figure 6.10: Partial level scheme showing the positive parity band structures proposed in
the current work and transitions between the positive parity states. The two left most band
structures are being proposed for the first time in this work.
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The newly proposed positive parity band structures are shown in Figure 6.10, with the

new transitions labelled with red text and new levels with blue text. Further information

pertaining to the definitive spin assignments of the states is discussed in detail in Section 6.7.

6.1.4 Negative Parity Band Structures

One negative parity band was suggested in Ref. [16]. The 5� member was reported to

be at 1910 keV and the 7� and 9� band members at 2201 keV and 2470 keV excitation

energy. In the current work, there was firm confirmation of these levels placements. A new

224 keV transition was also observed from the 1910 keV 5� level populating the 1686 keV

state. Further discussion about the spin assignment of the 1686 keV state as the J⇡ = 3�

state can be found in Section 6.7. The 6� member is confirmed to be the 2295 keV excited

state and the possible (8�) band member is suggested as the 2449 keV level. A new 219 keV

transition has been observed from the 6� state at 2295 keV populating the 2077 keV (4�)

state. The 2449 keV state has no new additional transitions, and this data analysis is in

agreement with the previous (8�) spin assignment of Ref. [16]. The definitive assignment

of the 3� state at 1686 keV is the first firm assignment of a J⇡ = 3� state below A = 198

for the Hg isotopes. Additionally, the 3� state in 198Hg is higher in excitation energy then

the 5�, 7� and 9� states, meaning it likely has a very di↵erent structure in comparison to

the 3� state observed here in 188Hg. A partial level scheme of the negative parity band with

observed �-ray transitions is shown in Figure 6.11.

A detailed discussion of the observed positive and negative parity bands observed in

188Hg relating to the the structure of the neutron deficient nuclei in the Z ⇡ 82 region

will be given in Section 6.7. Comparisons with theoretical calculations will also be used to

guide the interpretations and provide further insights into possible mixings between states
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Figure 6.11: Partial level scheme showing the negative parity band structures observed in
the current work.

in Section 6.8.

6.1.5 Additional Levels and Transitions

Many transitions were observed in this work and firmly placed in the level scheme through

��� coincidence analysis but not placed into band structures. In total, 280 �-ray transitions

were observed involving 137 excited states. From the current work 220 �-ray transitions are

newly observed and 109 levels were added to the level scheme. All observed levels and �-

ray transitions are shown in the order of the energy of the excited states in Figures 6.12

to 6.25. For the level schemes, all �-ray transitions, which are newly observed, have their

energies labelled with red text and all newly observed levels are shown having blue text. If a

transition occurs in many level schemes, such as those in the ground state or intruder bands,

it will be shown with black text or without the emitted �-ray transitions from the level.

For 188Hg, the single proton separation energy is approximately 4.5 MeV. In the current

work we have observed six weakly populated states above the proton separation energy that

194



Figure 6.12: Partial level scheme showing non band levels below 2350 keV. Levels with blue
labels are new levels and �-rays with red energy labels are new �-ray transitions.
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Figure 6.13: Partial level scheme showing levels between 2350 keV and 2485 keV. Levels
with blue labels are new levels and �-rays with red energy labels are new �-ray transitions.
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Figure 6.14: Partial level scheme showing levels between 2485 keV and 2615 keV. Levels
with blue labels are new levels and �-rays with red energy labels are new �-ray transitions.
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Figure 6.15: Partial level scheme showing levels between 2615 keV and 2720 keV. Levels
with blue labels are new levels and �-rays with red energy labels are new �-ray transitions.
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Figure 6.16: Partial level scheme showing levels between 2720 keV and 2805 keV. Levels
with blue labels are new levels and �-rays with red energy labels are new �-ray transitions.
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Figure 6.17: Partial level scheme showing levels between 2805 keV and 2915 keV. Levels
with blue labels are new levels and �-rays with red energy labels are new �-ray transitions.
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Figure 6.18: Partial level scheme showing levels between 2915 keV and 3065 keV. Levels
with blue labels are new levels and �-rays with red energy labels are new �-ray transitions.
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Figure 6.19: Partial level scheme showing levels between 3065 keV and 3125 keV. Levels
with blue labels are new levels and �-rays with red energy labels are new �-ray transitions.
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Figure 6.20: Partial level scheme showing levels between 3125 keV and 3225 keV. Levels
with blue labels are new levels and �-rays with red energy labels are new �-ray transitions.
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Figure 6.21: Partial level scheme showing levels between 3225 keV and 3440 keV. Levels
with blue labels are new levels and �-rays with red energy labels are new �-ray transitions.
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Figure 6.22: Partial level scheme showing levels between 3440 keV and 3535 keV. Levels
with blue labels are new levels and �-rays with red energy labels are new �-ray transitions.
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Figure 6.23: Partial level scheme showing levels between 3535 keV and 3865 keV. Levels
with blue labels are new levels and �-rays with red energy labels are new �-ray transitions.
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Figure 6.24: Partial level scheme showing levels between 3865 keV and 4530 keV. Levels
with blue labels are new levels and �-rays with red energy labels are new �-ray transitions.
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Figure 6.25: Partial level scheme showing levels above 4530 keV. Levels with blue labels are
new levels and �-rays with red energy labels are new �-ray transitions.
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Figure 6.26: Partial level scheme of 188Hg deduced in the current work showing all band
structures. The widths of the arrows are proportional to the �-ray plus conversion electron
intensities observed in the current work. The dotted transition is a pure E0 transition
observed through conversion electrons. Level energies are written with bold text.
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decay via �-ray emission. These states can provide information about the �-proton branching

ratios if in fact these are � delayed proton emitting states in competition with � decay.

6.2 Spin Assignments and � � � Angular Correlations

In the current experiment several clover detectors were pulled back by a few milimeters in

order to fit the LaBr3(Ce) detectors into place. Pulling back these detectors was replicated

in the simulations to match the experimental geometry of the GRIFFIN array to that of the

simulation, thus excluding angular correlation Method 3 for this analysis. The HPGe clover

detector distances for GRIFFIN in this particular experiment are shown in Table 6.1. With

the clovers pulled back angular correlation, Method 2 was run for each of the �-ray cascades

analyzed in order to make spin assignments and to determine the �-ray multipole mixing

ratios.

Table 6.1: GRIFFIN clovers that had unique radial distances for this particular experiment.
All clovers not listed in this table were located at 11 cm from the center of the vacuum
chamber. The numbering of the clovers in this table follows the numbering of the clovers in
the Geant4 simulations, where the first clover starts with one.

CloverNumber Distance Pulled Back (mm)

1 3.7
2 4.8
3 2.5
4 5.5
14 3.3
15 3.5

The ability to assign spins and determine multipole mixing ratios plays an important role

in understanding the structure of 188Hg. The multipole orders and multipole mixing ratios

of numerous �-ray transitions were determined in the current work through � � � angular

correlation measurements. One such � � � angular correlation measurement is shown in
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Figure 6.27: Comparison of experimental data to Geant4 simulations (red line) for the 468-
413 keV �-ray cascade of 2+2 ! 2+1 ! 0+1 . The multipole mixing ratio for the 468 keV
M1/E2 transition was determined to be � = 0.44(2).

Fig. 6.27 for the 2+2 ! 2+1 ! 0+1 cascade involving the 468 keV and 413 keV � rays. When

comparing the experimental data points (with uncertainties) to Geant4 simulations [108]

(red) using Method 2 described in Section 5.1.3, following the methods described in Ref. [114],

excellent agreement is obtained for a mixing ratio of � = 0.44(2) for the 2+2 ! 2+1 transition.

For this analysis, the 2+1 first excited state and 0+1 ground state spins were fixed while various

possibilities were considered for the spin of the 881 keV excited state, as well as the mixing

ratio of the 468 keV �-ray. The �2/⌫ was calculated as a function of this mixing ratio for

the range of possible spins shown in Fig. 6.28. For the case of the 468-413 keV cascade the

211



only assignment in agreement with the experimentally measured � � � angular correlation

is a spin of J = 2 for the 881 keV excited state. The �2/⌫ minimum yields a mixing ratio
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Figure 6.28: A plot of the �2/⌫ versus atan of the mixing ratio, �, for the 468 keV transition
in the 468-413 keV �-ray cascade. The black line indicates the 3� confidence interval in
which spin assignments are accepted.

of � = 0.44(2) for the 468 keV transition, indicating mixed E2/M1 character and hence

positive parity (as a strongly mixed 468 keV E1/M2 transition is highly improbable) for the

J⇡ = 2+2 881 keV state.

In the previous work of Ref. [17], the 1240 keV state was tentatively assigned as the (4+)

state. Using the � � � angular correlation analysis procedure detailed above, the current

experiment was able to definitively assign this state as the 2+3 state in agreement with the

assignment suggested in Ref. [16]. The � � � angular correlation measurement for this case

is shown in Fig. 6.29. From the full �2/⌫ analysis, shown in Fig. 6.30, the only possible spin-

parity assignment is J⇡ = 2+3 with a multipole mixing ratio of � = 0.51(2) for the 827 keV

2+3 ! 2+1 �-ray transition. Although the spin assignment of J = 4 has a value close to the
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confidence limit, the mixing ratio for the J = 4 assignment would require significant E2/M3

mixing. There is no reason to think that such an M3 component would have significant

strength. The 2+3 assignment of this state is also supported by the conversion electron data

discussed in Section 6.5, which conclusively demonstrate that the 827 keV � ray is not a

pure E2 transition, and also by the observation of the 1240 keV � ray depopulating the

2+3 state directly to the 0+ ground state with an intensity that is incompatible with an E4

transition from a 4+ state. Corrections for the summing of the 827 keV and 413 keV � rays

were included in the analysis of the 1240 keV intensity.
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Figure 6.29: Comparison of experimental data (points) to a Geant4 simulation (red line)
for the 827-413 keV 2+3 ! 2+1 ! 0+1 �-ray cascade. The mixing ratio for the 827 keV �-ray
determined from this analysis was � = 0.51(2).
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Setting a gate on the 827 keV �-ray from the 2+3 level at 1240 keV reveals strong �-ray

coincidences at 535 keV and 499 keV, as shown in Figure 6.8. The 535 keV and 499 keV

transitions are suggested as transitions from the J⇡ = 4+ and 6+ members of a K = 2 band

built on the 1240 keV 2+3 bandhead. Performing a ��� angular correlation measurement for

the 535-827 keV cascade, the statistics were insu�cient to definitively distinguish between

two nearly degenerate �2/⌫ minima of J⇡ = 3+ and 4+. Thus only a tentative assignment of

J⇡ = (3, 4+) could be made for the 1775 keV state purely from the �� � angular correlation

measurement. Additional details on the J⇡ = 4+ spin assignment of the 1775 keV state and

the interpretation this structure are discussed in Section 6.7.
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Figure 6.30: �2/⌫ versus atan(�) for the 827 keV �-ray in the 827-413 keV cascade. For this
particular sequence the �2/⌫ minimum allows a definitive spin assignment of J = 2 for the
1240 keV state, and establishes the mixing ratio of the 827 keV transition to be � = 0.51(2).

The 203 keV �-ray is the known 4+2 ! 4+1 transition from the 1208 keV 4+2 level. Using

the 203-592 keV ��� cascade an angular correlation measurement was performed. However,

due to low statistics, two nearly degenerate minima with �2/⌫ = 0.89 were found for 4+ !

214



4+ ! 2+ cascades with possible multipole mixing ratios of � = 0.89(22) and � = �12.7781

for the 203 keV transition. These values are used to set lower and upper limits B(E2)

value and E0 transition strength of the 203 keV 4+2 ! 4+1 transition. The � � � angular

correlation measurement for this cascade is shown in Figure 6.31 and the �2/⌫ versus atan(�)

for J⇡ = 4+ is shown in Figure 6.32.

Figure 6.31: Comparison of experimental data (points) to a Geant4 simulation (red line)
for the 203-592 keV 4+2 ! 4+1 ! 2+1 �-ray cascade. The mixing ratio for the 203 keV �-ray
determined from this analysis was � = 0.89(22).

Several other � � � angular correlation measurements were performed, including for the

885 keV 4+ ! 4+1 transition from the 1890 keV 4+ state. From the ��� angular correlation

measurement for the 885-592 keV cascade, good agreement (�2/⌫ = 1.15) was obtained

with J⇡ = 4+ for the initial state and a mixing ratio of � = 0.55(5) was obtained for the
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Figure 6.32: �2/⌫ versus atan(�) for the 203 keV �-ray in the 203-592 keV cascade. For this
particular sequence the spin of the initial state is known to be the Ji = 4+2 state, but it can
not clearly establish the mixing ratio of the 203 keV transition.

885 keV transition. All results for mixing ratios determined via � � � angular correlation

measurements in the current work are listed in Table 6.2 and additional plots � � � angular

measurements are shown in Appendix A.

In the current work 27 mixing ratios were determined, with the 27 transitions coming from

17 unique excited states. Of the measured mixing ratios, 19 came from levels with previously

determined spins and 16 were determined for pure E2 or E1 transitions. Many of the pure

E2 inter-band and intra-band transitions for the ground state band and intruder band have

been confirmed as pure transitions. Also, E1 transitions arising from the negative parity

band support the previous assignments of these states. Mixed transitions, containing E2/M1

components, were determined for the first time for 11 transitions. These mixing ratios allow

the determination of the absolute and relative B(E2) values for the E2 components of the

mixed E2/M1 transitions, as discussed in Section 6.4. For several transitions, the mixing
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Table 6.2: Experimental multipole mixing ratios determined using � � � angular correla-
tion measurements. If the spin assignment was newly determined purely from the � � �
angular correlation measurements in the current work the level is labelled with †. Other
levels required additional information such as feeding/draining �-ray transitions or internal
conversion coe�cients to provide a definitive spin assignment. These levels are labelled with
a ‡.

Eleveli (keV) E�i!m (keV) Cascade Ji ! Jm ! Jf Mult.i!m ��� �2/⌫
881.0 468.1 468-413 2+2 ! 2+1 ! 0+1 E2 +M1 0.44(2) 1.05
1004.8 591.9 592-413 4+1 ! 2+1 ! 0+1 E2 -0.009(6) 0.91
1207.9 203.1 203-592 4+2 ! 4+1 ! 2+1 E2 +M1 0.89(22) 0.89

203.1 203-592 4+2 ! 4+1 ! 2+1 E2 +M1 12.8781 0.89
1207.9 326.7 327-881 4+2 ! 2+2 ! 0+1 E2 -0.03(3) 1.07
1207.9 795.1 795-413 4+2 ! 2+1 ! 0+1 E2 0.010(7) 0.95
1239.5† 826.7 827-413 2+3 ! 2+1 ! 0+1 E2 +M1 0.51(2) 1.02
1436.9‡ 1024.5 1025-413 2+4 ! 2+1 ! 0+1 E2 +M1 0.04(3) 1.08
1454.7 573.7 574-881 3+1 ! 2+2 ! 0+1 E2 +M1 3.07(17) 1.07
1454.7 1041.9 1042-881 3+1 ! 2+1 ! 0+1 E2 +M1 2.84(8) 0.99
1509.2 301.2 301-795 6+1 ! 4+2 ! 2+1 E2 0.01(2) 1.11
1509.2 504.2 504-592 6+1 ! 4+1 ! 2+1 E2 -0.014(10) 1.20
1685.6‡ 1272.4 1272-413 3�1 ! 2+1 ! 0+1 E1 -0.010(19) 1.09
1774.5‡ 534.9 535-827 4+4 ! 2+3 ! 2+1 E2 -0.02(3) 1.13
1777.2 569.2 569-795 6+2 ! 4+2 ! 2+1 E2 -0.03(2) 1.08
1777.2 772.3 772-592 6+2 ! 4+1 ! 2+1 E2 -0.015(12) 0.96
1890.2 885.4 885-592 4+ ! 4+1 ! 2+1 E2 +M1 -0.55(5) 1.15
1890.2 1477.5 1478-413 4+ ! 2+1 ! 0+1 E2 0.02(2) 0.92
1909.6 904.7 905-592 5�1 ! 4+1 ! 2+1 E1 0.007(5) 0.96
1969.7 460.5 461-504 8+1 ! 6+1 ! 4+1 E2 0.002(6) 1.04
2136.1‡ 417.5 418-1306 5+2 ! 4+3 ! 2+1 E2 +M1 �1.4+9

�58 1.09
2136.1† 627.1 627-504 5+2 ! 6+1 ! 4+1 E2 +M1 -0.018(14) 0.92
2136.1† 928.5 928-795 5+2 ! 4+2 ! 2+1 E2 +M1 3.75+36

�24 1.03
2201.3 291.8 292-905 7�1 ! 5�1 ! 4+1 E2 0.02(3) 1.10
2201.3 424.1 424-772 7�1 ! 6+2 ! 4+1 E1 -0.02(3) 0.88
2201.3 692.2 692-504 7�1 ! 6+1 ! 4+1 E1 0.00(3) 1.07
2295.3† 385.5 386-905 6�1 ! 5�1 ! 4+1 E2 +M1 -6.17+54

�64 0.89
2422.7 645.5 646-772 8+2 ! 6+2 ! 4+1 E2 -0.01(2) 1.11
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ratios were combined with the measured internal conversion electron coe�cients to determine

the E0 components of J⇡ ! J⇡ transitions. These results are discussed in Section 6.5. If the

combination of the �� � angular correlation and conversion coe�cient measurements in the

current work did not provide a definitive spin assignment the previously adopted assignments

from Ref. [17] were used unless a strong argument could be made against that assignment

by newly identified �-ray transitions. Further discussion of these spin assignments using

additional information from the decay patterns of the excited states in 188Hg is included in

Section 6.7.

6.3 Gamma Ray Intensities

To determine the �-ray intensities relative to the 413 keV transition, if a strong transition

from a level of interest could be fit in singles, the ratio to the 413 keV transition was

determined directly. The branching ratios for the other transitions from the level of interest

were then used to determine the intensities of the other �-ray transitions relative to the

413 keV transition. If a peak could not be fit in the singles spectrum, a gate from below

was used to determine the intensity of one transition from the level, the branching ratio

of the gating transition having been previously determined. Corrections for the branching

ratio and the �-ray e�ciency of the gate were taken into account. Summing corrections were

applied to the intensities of all transitions following the methods described in Ref. [115].

Data were rejected for pile-up if successive hits within the same crystal occurred within an

8 µs integration time window. All intensities reported in Table 6.3 have been corrected for

both summing e↵ects and pile-up losses [115]. The intensities of the � rays observed in the

current work relative to the 413 keV 2+1 ! 0+1 transition are presented in Table 6.3 and
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are compared to the previous work of Ref. [17]. It should be noted that in the work of

Ref. [17], the 188,188mTl ions were produced via heavy-ion fusion-evaporation reactions. The

relative population of the 7+ and 2� ground/isomeric states of 188Tl thus need not be the

same as in the current work and this will impact the �-ray intensities relative to the 413 keV

transition. Despite di↵erent 188,188mTl production methods, there is good agreement in the

overall relative �-ray intensities between the current work and that of Ref. [17], and also with

Ref. [16], although Ref. [16] did not include uncertainties on the quoted intensities and is not

listed in Table 6.3. Perhaps surprisingly, the intensities of the strong �-ray transitions from

high-spin states relative to the 413 keV 2+1 ! 0+g.s. transition are observed to be very similar

in the three experiments. For example, the 461 keV 8+1 ! 6+1 transition was measured

to have a relative intensity of 8.03(14)% in the current work and 8.2(5)% in the work of

Ref. [17]. This indicates that the ratio of 188Tl to 188mTl was, in fact, similar in all these

experiments. Several gated �-ray spectra with gates on strong �-ray transitions are shown

in Figures 6.33 to 6.35.

One particularly challenging case in the current work was the 700/702 keV �-rays, both

of which feed into the 1208 keV 4+2 level. To cleanly separate the intensities of these two

transitions, a gate was placed on the 292 keV transition from the 2201 keV 7� level to the

1910 keV 5� level to isolate the 702 keV component of this �-ray doublet. To correct for

feeding into the 1910 keV state from other levels, the 905 keV transition from the 1910 keV

level was fit in singles and in coincidence with the 292 keV transition. The ratio of the

feeding from the 2201 keV level into the 1910 keV level (via the 292 keV transition) to the

total intensity of the 905 keV transition was used to determine the ratio of feeding from

other levels. This ratio, determined for the 905 keV transition, is, of course the same for all

transitions emitted from the 1910 keV level, and was used to determine the intensity of the
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Figure 6.33: The �-ray spectrum in coincidence with a gate on the 413 keV 2+1 ! 0+1
transition. Prominent transitions in 188Hg are labelled with their energies in keV. The *
indicates the 511 keV annihilation peak.
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Figure 6.34: The �-ray spectrum in coincidence with a gate on the 592 keV 4+1 ! 2+1
transition. Prominent transitions in 188Hg are labelled with their energies in keV. The *
indicates the 511 keV annihilation peak.

221



Figure 6.35: The �-ray spectrum in coincidence with a gate on the 772 keV 6+1 ! 4+1
transition. The peak with a * is the 511 keV annihilation radiation and the 1005 keV peak,
labelled with “b”, results from the coincidence summing of the intense 592 keV and 413 keV
transitions in the same HPGe crystal.
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702 keV �-ray. The 702 keV intensity was then subtracted from the sum of fitting both the

700/702 keV transitions in coincidence with the 795 keV 4+2 ! 2+1 transition, to determine

the intensity of the 700 keV component of the doublet.

Table 6.3: Gamma rays observed in 188Hg in this work. Ei is the initial level energy, E� is
the �-ray energy. The spin assignments and mixing ratios were determined primarily via
� � � angular correlations. In some cases these assignments had additional support from
the conversion coe�cients listed in Table 6.5. If the multipole mixing ratio was determined
from the internal conversion coe�cients, which are insensitive to the sign of �, it is put in
absolute value brackets. I� is the measured intensity of the �-ray relative to the 413 keV
2+1 ! 0+g.s. transition. If the last column is blank it indicates that the transition was not
observed in the previous work of Ref. [17].

Ei (keV) E� (keV) J⇡
i ! J⇡

f �exp � Mult. BR�(%) I�(%) I�(%) [17]

412.8(1) 412.8(1) 2+1 !0+1 |0.030+15
�30| E2 100 100 100

881.0(1) 468.1(1) 2+2 !2+1 0.44(2) E2 +M1 41.8(6) 5.69(11) 5.7(3)

881.0(1) 2+2 !0+1 |< 0.09| E2 58.2(6) 7.91(14) 8.6(11)

1004.8(1) 591.9(1) 4+1 !2+1 -0.009(6) E2 100 71.8(15) 69.1(31)

1207.9(2) 203.1(2)3 4+2 !4+1 0.89(22) E2 +M1 1.82(10) 0.35(2) 1.3(1)

12.8+78
�1

326.7(1) 4+2 !2+2 -0.024(26) E2 42.9(6) 8.2(2) 10.7(5)

795.1(1) 4+2 !2+1 0.010(7) E2 55.3(6) 10.5(2) 11.3(6)

1239.5(3)2 359.2(2) 2+3 !2+2 E2 +M1 2.1(6) 0.071(22)

826.7(2) 2+3 !2+1 0.51(2) E2 +M1 87.2(7) 2.89(6) 2.7(2)

1239.5(2) 2+3 !0+1 E2 10.6(5) 0.352(12)

1436.9(2)1 556.3(3) 2+4 !2+2 E2 +M1 0.64(4) 0.0108(5)

1024.5(2) 2+4 !2+1 0.04(3) E2 +M1 16.4(7) 0.279(12)

1436.9(2) 2+4 !0+1 E2 83.0(7) 1.41(2)

1454.7(3) 215.4(3) 3+1 !2+3 E2 +M1 0.023(6) 0.0018(4) 0.6(1)

247.8(2) 3+1 !4+2 |> 2.6| E2 +M1 5.0(5) 0.40(2) 1.9(1)

450.2(2) 3+1 !4+1 E2 +M1 4.9(15) 0.39(12) 0.50(5)

573.7(2) 3+1 !2+2 3.07(17) E2 +M1 54.9(12) 4.32(9) 4.5(3)

1041.9(1) 3+1 !2+1 2.84(8) E2 +M1 35.1(9) 2.76(5) 3.5(2)

1509.2(4) 301.2(1) 6+1 !4+2 0.01(2) E2 11.0(2) 3.48(6) 5.5(3)

504.2(2) 6+1 !4+1 -0.014(10) E2 89.0(2) 28.3(5) 26.5(16)

Continued on next page
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Table 6.3 – continued from previous page

Ei (keV) E� (keV) J⇡
i ! J⇡

f �exp � Mult. BR�(%) I�(%) I�(%) [17]

1685.6(2)1 804.6(2) 3�1 !2+2 E1 0.63(4) 0.0069(4)

1272.4(2) 3�1 !2+1 0.010(19) E1 99.37(4) 1.09(3)

1718.0(3)2 264.4(2) 4+3 !3+1 E2 +M1 9.6(3) 0.267(7)

281.8(2) 4+3 !2+4 |2.9+1
�13| E2 6.3(7) 0.18(2) 0.80(8)

713.7(2) 4+3 !4+1 E2 +M1 0.19(4) 0.0071(9) 0.40(5)

837.9(2) 4+3 !2+2 E2 49.8(10) 1.39(4) 1.3(1)

1306.2(2) 4+3 !2+1 E2 34.0(8) 0.95(2)

1774.5(4)2 534.9(2) 4+4 !2+3 -0.02(3) E2 40.4(10) 1.22(2) 1.3(1)

769.2(2) 4+4 !4+1 E2 +M1 52.7(11) 1.59(6) 2.0(2)

892.6(2) 4+4 !2+2 E2 6.9(4) 0.209(9)

1777.2(3) 569.2(1) 6+2 !4+2 -0.03(2) E2 26.4(6) 4.69(9) 3.9(3)

772.3(2) 6+2 !4+1 -0.015(12) E2 73.6(6) 13.1(3) 13.5(6)

1836.6(3)1 1423.6(2) (0� 4) !2+1 100 0.320(11)

1858.6(3)1 1445.7(3) (0� 4) !2+1 100 0.561(12)

1890.2(3) 381.3(2) 4+ !6+1 E2 10.4(7) 0.41(3)

436.1(2) 4+ !3+1 |< 0.65| E2 +M1 13.1(6) 0.52(2)

453.1(3) 4+ !2+4 E2 3.4(2) 0.156(9)

649.8(2) 4+ !2+3 E2 11.6(9) 0.46(6)

682.7(3) 4+ !4+2 E2 +M1 12.6(5) 0.50(2)

885.4(3) 4+ !4+1 0.55(5) E2 +M1 24.4(12) 0.97(5)

1009.5(3) 4+ !2+2 E2 7.7(4) 0.307(12)

1477.5(2) 4+ !2+1 0.02(2) E2 16.7(5) 0.665(15)

1908.0(4)2 398.4(3) 5+1 !6+1 E2 +M1 4.6(3) 0.276(15) 0.60(6)

453.0(3) 5+1 !3+1 |0.03(3)| E2 45.7(13) 2.77(12) 2.8(2)

699.9(3) 5+1 !4+2 |6.6+1
�28| E2 +M1 49.8(13) 3.01(12) 3.3(3)

1909.6(2) 224.2(3) 5�1 !3�1 |0.035+55
�35| E2 0.10(3) 0.013(3)

701.9(2) 5�1 !4+2 |0.13+24
�13| E1 5.75(14) 0.733(14) 0.9(2)

904.7(1) 5�1 !4+1 0.007(5) E1 94.15(14) 12.0(2) 12.3(7)

1969.7(4) 193.1(3) 8+1 !6+2 E2 0.36(12) 0.029(7)

460.5(1) 8+1 !6+1 0.004(6) E2 99.64(12) 8.03(14) 8.2(5)

1981.8(3)1 545.1(2) (2,3,4+) !2+4 E2 +M1 27.3(15) 0.251(13)

742.6(2) (2,3,4+) !2+3 E2 +M1 12.5(5) 0.115(3)

Continued on next page
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Table 6.3 – continued from previous page

Ei (keV) E� (keV) J⇡
i ! J⇡

f �exp � Mult. BR�(%) I�(%) I�(%) [17]

774.1(2) (2,3,4+) !4+2 E2 +M1 12.9(13) 0.119(12)

976.7(4) (2,3,4+) !4+1 E2 +M1 21.8(19) 0.201(19)

1568.7(4) (2,3,4+) !2+1 E2 +M1 25.6(18) 0.236(18)

2076.5(5) 167.1(2) (4�) !5�1 E2 +M1 13(5) 0.20(9)

391.2(2) (4�) !3�1 E2 +M1 9.8(7) 0.151(3)

621.9(2) (4�) !3+1 E1 56(4) 0.87(3)

1071.6(2) (4�) !4+1 E1 20.9(15) 0.322(10)

2136.1(5)2 359.3(3) 5+2 !6+2 |2.1+6
�4| E2 +M1 8.1(5) 0.38(2)

417.5(3) 5+2 !4+3 �1.4+9
�58 E2 +M1 28.6(7) 1.33(3) 1.1(1)

627.1(2) 5+2 !6+1 -0.018(14) E2 +M1 34.2(6) 1.60(3) 1.7(1)

928.5(2) 5+2 !4+2 3.75+36
�24 E2 +M1 29.1(7) 1.36(4) 1.6(1)

2175.7(4)1 285.1(3) (5�) !4+ E1 12.7(8) 0.42(2)

490.1(2) (5�) !3�1 E2 2.8(4) 0.091(12)

967.5(2) (5�) !4+2 E1 18.9(7) 0.62(2)

1170.8(2) (5�) !4+1 |< 0.33| E1 65.7(9) 2.17(4)

2201.3(6) 291.8(2) 7�1 !5�1 0.02(3) E2 28.3(5) 2.65(5) 4.0(3)

424.1(2) 7�1 !6+2 -0.02(3) E1 45.7(6) 4.28(8) 3.9(3)

692.2(1) 7�1 !6+1 0.00(3) E1 25.9(5) 2.42(4) 2.5(2)

2239.2(3)1 1031.1(3) (3,4+) !4+2 E2 +M1 28(4) 0.114(19)

1234.5(2) (3,4+) !4+1 E2 +M1 50(4) 0.202(8)

1826.0(3) (3,4+) !2+1 E2 +M1 21.8(14) 0.088(3)

2259.8(7)1 482.8(3) (4,5+) !6+2 E2 48.1(9) 0.94(3)

540.5(4) (4,5+) !4+3 E2 +M1 16.7(4) 0.328(7)

804.9(2) (4,5+) !3+1 E2 +M1 17.2(4) 0.340(7)

1254.9(4) (4,5+) !4+1 E2 +M1 18.0(4) 0.354(7)

2273.7(6) 499.4(3) 6+3 !4+4 |< 0.11| E2 61.7(15) 1.36(4)

764.6(4) 6+3 !6+1 E2 +M1 29.4(15) 0.65(4) 0.80(8)

1066.4(3) 6+3 !4+2 E2 5.3(3) 0.116(6)

1268.8(4) 6+3 !4+1 E2 3.6(8) 0.079(17)

2295.3(4)2 218.8(3) 6�1 !(4�) |0.09+4
�5| E2 3.29(8) 0.150(5)

385.5(3) 6�1 !5�1 -6.17+54
�64 E2 +M1 88.4(10) 3.98(7) 3.7(3)

387.8(2) 6�1 !5+1 |0.17+9
�17| E1 8.3(12) 0.43(7) 0.30(5)

Continued on next page
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Table 6.3 – continued from previous page

Ei (keV) E� (keV) J⇡
i ! J⇡

f �exp � Mult. BR�(%) I�(%) I�(%) [17]

2295.5(3) 404.8(2) (2-5+) !4+ 30.4(4) 0.294(18)

840.6(2) (2-5+) !3+1 69.6(3) 0.801(17)

2299.5(5)1 224.0(3) (4+) !(4�) E1 0.80(2) 0.0035(3)

613.7(3) (4+) !3�1 E1 15.0(5) 0.262(6)

1294.6(3) (4+) !4+1 E2 +M1 84.2(5) 1.45(3)

2336.5(5)1 445.8(2) (6+) !4+ E2 46(4) 0.79(10) 1.0(1)

559.7(2) (6+) !6+2 E2 +M1 28(2) 0.476(15)

827.3(3) (6+) !6+1 E2 +M1 18.6(16) 0.315(10)

1128.8(2) (6+) !4+2 E2 2.5(3) 0.042(3)

1331.4(4) (6+) !4+1 E2 4.4(45) 0.07(8)

2350.8(6) 380.9(2) (7+) !8+1 E2 +M1 0.61(5) 0.0210(13)

442.9(3) (7+) !5+1 |< 0.08| E2 39.6(19) 1.35(9) 1.9(2)

573.7(2) (7+) !6+2 E2 +M1 9.9(4) 0.338(8)

841.7(2) (7+) !6+1 E2 +M1 49.9(16) 1.71(4)

2391.4(6)1 503.1(4) (4,5,6+) !4+ 86.1(10) 1.36(3)

673.2(4) (4,5,6+) !4+3 13.9(10) 0.219(16)

2422.7(3) 645.5(1) 8+2 !6+2 -0.01(2) E2 88.4(9) 2.18(5) 2.4(2)

913.4(2) 8+2 !6+1 E2 11.6(9) 0.29(2) 0.3(1)

2424.0(4)1 738.3(2) (2, 3, 4+) !3�1 8.9(3) 0.0696(17)

1216.8(3) (2, 3, 4+) !4+2 33.4(10) 0.261(8)

1418.8(3) (2, 3, 4+) !4+1 57.8(10) 0.452(11)

2434.5(3)1 997.6(2) (2, 3, 4+) !2+4 100 0.0095(12)

2438.0(5)1 661.0(3) (6, 7, 8+) !6+2 100 0.294(7)

2449.0(5) 153.7(3) (8�) !6�1 E2 30(11) 0.38(12)

247.7(2) (8�) !7�1 |1.60+25
�20| E2 +M1 65(7) 0.827(14)

479.2(3) (8�) !8+1 E1 5.6(7) 0.071(4)

2449.9(5)1 675.5(2) (6+) !6+2 E2 +M1 3.5(11) 0.015(4)

1445.1(3) (6+) !4+1 E2 96(8) 0.857(15) 1.1(1)

2455.7(5)1 736.9(4) (3, 4, 5+) !4+3 E2 +M1 15.7(7) 0.087(3)

1451.2(3) (3, 4, 5+) !4+1 E2 +M1 84.3(7) 0.467(11)

2464.0(7)1 286.7(3) (4, 5, 6+) !(5�) E1 28.5(10) 0.171(4)

687.4(2) (4,5,6+) !6+2 71.5(10) 0.430(15)
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Ei (keV) E� (keV) J⇡
i ! J⇡

f �exp � Mult. BR�(%) I�(%) I�(%) [17]

2470.6(6) 269.2(2) 9�1 !7�1 |< 0.05| E2 100 1.29(7) 1.4(1)

2481.3(5)1 280.0(3) (6�) !7�1 |0.7(2)| E2 +M1 13.2(5) 0.397(7)

571.7(3) (6�) !5�1 E2 +M1 28.2(15) 0.84(3)

704.1(4) (6�) !6+2 E1 22.3(11) 0.67(2)

972.2(2) (6�) !6+1 E1 36.4(25) 1.10(11)

2485.8(4)1 2072.8(4) (4+) !2+1 E2 100 0.116(3)

2490.5(5) 520.8(2) 10+1 !8+1 E2 100 0.426(9)

2502.9(5)1 725.7(4) (6,7,8+) !6+2 100 0.046(2)

2547.4(3)1 1542.7(3) (4,5,6+) !4+1 100 0.010(1)

2557.8(4)1 422.1(2) (6+) !5+2 E2 +M1 9.0(4) 0.182(5)

588.4(2) (6+) !8+1 |< 2.2| E2 35(3) 0.70(7)

647.9(2) (6+) !5�1 |0.05+11
�5 | E1 10(2) 0.20(2)

780.7(3) (6+) !6+2 E2 +M1 9.7(6) 0.195(10)

1048.8(2) (6+) !6+1 E2 +M1 23(2) 0.45(3)

1349.5(3) (6+) !4+2 E2 14.0(8) 0.283(11)

2566.9(5) 789.7(2) (6,7,8+) !6+2 30(3) 0.40(6)

1057.7(4) (6,7,8+) !6+1 70(3) 0.957(17) 1.1(1)

2583.7(5)1 898.1(3) (2-5+) !3�1 100 0.0276(9)

2587.4(5)1 810.3(2) (6,7,8+) !6+2 52.2(19) 0.265(14)

1078.4(4) (6,7,8+) !6+1 47.8(19) 0.242(9)

2592.8(5)1 1083.7(2) (6,7,8+) !6+1 100 0.539(12)

2614.5(6)1 478.4(2) (6,7+) !5+2 23.6(8) 0.183(6)

644.9(2) (6,7+) !8+1 76.4(8) 0.592(11)

2627.4(6)1 327.8(2) (2,3,4+) ! (4+) 86.6(16) 0.289(6)

2214.9(4) (2,3,4+) !2+1 13.4(16) 0.043(5)

2635.5(5)1 725.7(3) (6,7�) !5�1 100 0.078(27)

2655.4(4)1 519.3(2) (6,7+) !5+2 21.2(9) 0.48(2)

685.9(2) (6,7+) !8+1 8.4(2) 0.188(4)

877.8(3) (6,7+) !6+2 9.1(4) 0.206(7)

1146.2(2) (6,7+) !6+1 61.2(9) 1.37(3)

2662.4(5) 692.9(4) 10+2 !8+1 E2 100 0.054(3)

2680.3(5) 1171.9(4) (6,7,8+) !6+1 |0.3+1
�3 | 100 0.42(3)
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Ei (keV) E� (keV) J⇡
i ! J⇡

f �exp � Mult. BR�(%) I�(%) I�(%) [17]

2699.1(9)1 141.8(3) (4,5,6+) !(6+) 38(28) 0.47(24)

523.0(2) (4,5,6+) !(5�) E1 28.3(11) 0.220(5)

921.7(3) (4,5,6+) !6+2 71.7(11) 0.56(2)

2714.8(5)1 539.3(3) (4,5,6)+ !(5�) 48(3) 0.105(4)

937.5(3) (4,5,6)+ !6+2 23(4) 0.049(11)

1710.0(3) (4,5,6)+ !4+1 29(3) 0.063(7)

2717.8(6)1 827.3(3) (4,5,6)+ !4+ 21(2) 0.125(6)

1208.5(4) (4,5,6)+ !6+1 60(3) 0.36(4)

1712.8(2) (4,5,6)+ !4+1 19(2) 0.115(8)

2725.6(4)1 948.7(2) (4+) !6+2 E2 59(2) 0.663(17)

1215.7(3) (4+) !6+1 E2 40(2) 0.45(3)

2725.6(4) 1286.0(3) (4+) !2+4 E2 0.92(10) 0.0121(12)

2732.1(4)1 1727.1(4) (4, 5, 6+) !4+1 100 0.078(3)

2735.5(5)1 958.3(4) (4, 5, 6+) !6+2 100 0.213(7)

2742.1(5)1 540.7(2) (5, 6, 7�) !7�1 17.5(15) 0.059(5)

835.6(2) (5, 6, 7�) !5+1 70.1(15) 0.280(7)

2770.0(5)1 861.5(3) (5,6+) !5�1 60.8(14) 0.311(14)

993.4(2) (5,6+) !6+2 7.5(8) 0.0387(4)

1261.5(3) (5,6+) !6+1 31.7(12) 0.163(5)

2781.7(5)1 605.6(2) (5,6+) !(5�) 52.3(13) 0.497(15)

812.4(3) (5,6+) !8+1 29.0(9) 0.275(6)

2781.7(5) 1328.6(4) (5,6+) !3+1 4.0(4) 0.039(3)

1572.6(4) (5,6+) !4+2 5.4(5) 0.051(4)

1777.9(4) (5,6+) !4+1 9.2(14) 0.091(13)

2793.3(5)1 1016.1(4) (4,5,6+) !6+2 28.3(18) 0.101(6)

1284.0(2) (4,5,6+) !6+1 49(2) 0.177(7)

1788.7(4) (4,5,6+) !4+1 22(3) 0.090(11)

2801.5(5)1 1024.5(3) (6, 7, 8+) !6+2 52.2(15) 0.314(17)

1292.2(3) (6, 7, 8+) !6+1 47.8(15) 0.287(4)

2804.0(3)1 1799.6(3) (2, 3, 4+) !4+1 100 0.134(7)

2819.6(5)1 1310.2(3) (4,5,6+) !6+1 71(2) 0.41(4)

1611.4(4) (4,5,6+) !4+2 21.3(17) 0.124(5)

Continued on next page

228



Table 6.3 – continued from previous page

Ei (keV) E� (keV) J⇡
i ! J⇡

f �exp � Mult. BR�(%) I�(%) I�(%) [17]

1814.4(2) (4,5,6+) !4+1 7.9(17) 0.046(9)

2824.3(5)1 854.5(3) (6,7,8+) !8+1 100 0.159(7)

2843.3(5)1 874.0(2) (6+) !8+1 E2 3.6(3) 0.027(2) 0.6(1)

1066.4(4) (6+) !6+2 E2 +M1 9.6(6) 0.071(4)

1334.1(3) (6+) !6+1 E2 +M1 74.9(11) 0.558(15)

1838.8(2) (6+) !4+1 E2 11.9(9) 0.088(6)

2849.4(5)1 400.0(2) (6,7,8+) ! (6+) 100 0.215(6)

2863.6(8) 661.4(3) (6,7,8+) !7�1 60.1(12) 0.421(9)

1086.9(2) (6,7,8+) !6+2 9.3(7) 0.065(5)

1355.4(4) (6,7,8+) !6+1 30.5(12) 0.213(9)

2886.9(4)1 916.6(4) (6,7,8+) !8+1 10(4) 0.051(19)

1377.7(2) (6,7,8+) !6+1 90(4) 0.457(16)

2913.0(6)1 464.2(3) (7�) !(6+) E1 62.5(12) 0.144(5)

711.3(2) (7�) !7� E2 +M1 34.1(11) 0.129(4)

736.8(4) (7�) !(5�) E2 3.3(5) 0.0126(17)

2932.6(5)1 1155.2(3) (6,7,8+) !6+2 100 0.114(8)

2952.5(5)1 496.5(2) (2-6+) !(3-5+) 100 0.0210(11)

2978.7(5)1 1009.1(4) (6+) !8+1 E2 13(2) 0.019(3)

1469.2(4) (6+) !6+1 E2 +M1 57(4) 0.083(6)

1974.0(3) (6+) !4+1 E2 29(4) 0.042(8)

3011.4(5) 540.9(4) (8+) !9�1 E1 3.98(16) 0.0143(4)

1041.6(2) (8+) !8+1 E2 +M1 83.2(12) 0.298(6)

1502.9(3) (8+) !6+1 E2 12.8(13) 0.046(5)

3027.9(5)1 1250.6(3) (6,7,8+) !6+2 100 0.099(4)

3041.4(4)1 1071.7(2) (6,7,8+) !8+1 74(4) 0.099(4)

1531.9(2) (6,7,8+) !6+1 26(4) 0.035(6)

3058.3(7)1 636.4(3) (6,7,8+) !8+2 33(2) 0.031(2)

1280.4(3) (6,7,8+) !6+2 67(2) 0.063(5)

3060.6(5)1 1090.8(2) (6,7,8+) !8+1 100 0.055(4)

3067.7(4)1 1096.7(2) (6,7,8+) !8+1 13(5) 0.011(4)

1558.7(2) (6,7,8+) !6+1 87(5) 0.074(18)

3071.3(6)1 1101.5(3) (6,7,8+) !8+1 21(6) 0.012(3)
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Ei (keV) E� (keV) J⇡
i ! J⇡

f �exp � Mult. BR�(%) I�(%) I�(%) [17]

1562.0(4) (6,7,8+) !6+1 79(6) 0.046(11)

3076.7(4)1 1106.2(2) (6,7,8+) !8+1 40(3) 0.055(5)

1302.2(2) (6,7,8+) !6+2 60(3) 0.085(8)

3095.3(5)1 1123.5(3) (6+) !8+1 E2 8.2(18) 0.033(7)

1185.2(2) (6+) !5�1 E1 9.6(11) 0.038(3)

1586.4(3) (6+) !6+1 E2 +M1 82(2) 0.33(3)

3099.1(5)1 676.0(2) (6,7,8+) !8+2 27(5) 0.026(2)

1129.4(2) (6,7,8+) !8+1 73(5) 0.071(15)

3110.1(6)1 1600.6(4) (6,7,8+) !6+1 100 0.128(14)

3114.3(6)1 1144.6(4) (6,7,8+) !8+1 100 0.088(4)

3120.0(6)1 1150.4(4) (6,7,8+) !8+1 100 0.134(4)

3141.8(5)1 1172.1(3) (6,7,8+) !8+1 100 0.059(5)

3146.4(4)1 1176.8(3) (6,7,8+) !8+1 33(2) 0.112(8)

1636.9(2) (6,7,8+) !6+1 67(2) 0.226(14)

3160.2(8)1 738.9(2) (6,7,8+) !8+2 15(4) 0.008(2)

1383.0(4) (6,7,8+) !6+2 85(4) 0.047(5)

3169.1(5)1 1391.3(3) (6,7,8+) !6+2 27(3) 0.033(3)

1659.9(3) (6,7,8+) !6+1 73(3) 0.087(9)

3183.6(5)1 1214.0(3) (6,7,8+) !8+1 100 0.167(5)

3191.9(4)1 2186.9(4) (2-6+) !4+1 100 0.041(5)

3193.6(4)1 1224.3(2) (6,7,8+) !8+1 55(10) 0.0219(19)

1415.5(3) (6,7,8+) !6+2 45(10) 0.017(7)

3217.3(6)1 1247.5(2) (6,7,8+) !8+1 100 0.042(3)

3231.0(6)1 808.4(2) (8+) !8+2 25.2(18) 0.0217(11)

1261.0(3) (8+) !8+1 74.8(18) 0.064(4)

3348.5(4)1 1378.6(4) (6,7,8+) !8+1 35(3) 0.088(3)

1571.4(4) (6,7,8+) !6+2 21(2) 0.052(4)

1839.1(4) (6,7,8+) !6+1 43(4) 0.108(16)

3353.6(5)1 1383.5(4) (6,7,8+) !8+1 2.8(12) 0.0031(11)

1844.4(3) (6,7,8+) !6+1 98.2(12) 0.108(19)

3377.6(6)1 1407.8(4) (6,7,8+) !8+1 100 0.0492(16)

3394.0(5)1 1424.0(2) (6,7,8+) !8+1 26(4) 0.027(5)
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Ei (keV) E� (keV) J⇡
i ! J⇡

f �exp � Mult. BR�(%) I�(%) I�(%) [17]

1616.5(3) (6,7,8+) !6+2 74(4) 0.079(7)

3419.9(5)1 1450.1(3) (6,7,8+) !8+1 100 0.071(3)

3430.1(5)1 1652.9(3) (6,7,8+) !6+2 100 0.032(7)

3439.1(5)1 1469.2(3) (6,7,8+) !8+1 100 0.030(3)

3446.2(5)1 1476.4(3) (6,7,8+) !8+1 100 0.041(3)

3454.9(6)1 1484.9(4) (6,7,8+) !8+1 100 0.051(4)

3459.9(5)1 1490.0(3) (6,7,8+) !8+1 100 0.034(4)

3472.8(5)1 1502.0(3) (6,7,8+) !8+1 100 0.019(4)

3482.1(5)1 1512.2(3) (6,7,8+) !8+1 100 0.049(5)

3488.5(5)1 1518.6(3) (6,7,8+) !8+1 100 0.022(4)

3509.4(5)1 1086.5(3) (6,7,8+) !8+2 100 0.0239(13)

3533.0(5)1 1110.1(2) (6,7,8+) !8+2 100 0.009(2)

3557.4(5)1 1587.1(3) (6,7,8+) !8+1 60(4) 0.056(3)

2048.7(4) (6,7,8+) !6+1 40(4) 0.038(6)

3573.8(5)1 1151.1(3) (6,7,8+) !8+2 57(3) 0.0158(13)

1603.7(3) (6,7,8+) !8+1 43(4) 0.0119(17)

3607.5(5)1 1184.5(3) (6,7,8+) !8+2 100 0.0150(12)

3712.2(5)1 1742.4(3) (6,7,8+) !8+1 100 0.0319(19)

3753.3(6)1 1783.5(4) (6,7,8+) !8+1 100 0.009(3)

3764.2(5)1 1794.3(3) (6,7,8+) !8+1 100 0.027(2)

3850.5(5)1 1428.6(3) (6,7,8+) !8+2 100 0.0073(11)

3860.5(5)1 1437.5(3) (6,7,8+) !8+2 100 0.0162(11)

3898.6(5)1 1928.9(3) (6,7,8+) !8+1 100 0.010(3)

3916.9(5)1 1946.8(3) (6,7,8+) !8+1 100 0.019(3)

3991.7(5)1 1569.3(3) (6,7,8+) !8+2 26(4) 0.0080(10)

2021.8(3) (6,7,8+) !8+1 74(4) 0.023(3)

4474(1)1 2503.8(10) (6,7,8+) !8+1 100 0.008(2)

4489(1)1 2519(1) (6,7,8+) !8+1 100 0.012(3)

4493(1)1 2523.4(10) (6,7,8+) !8+1 100 0.013(2)

4507(1)1 2537.4(10) (6,7,8+) !8+1 100 0.009(4)

4528(1)1 2558.2(10) (6,7,8+) !8+1 100 0.010(3)

4542(1)1 2571.9(10) (6,7,8+) !8+1 100 0.011(4)
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Ei (keV) E� (keV) J⇡
i ! J⇡

f �exp � Mult. BR�(%) I�(%) I�(%) [17]

4562(1)1 2591.6(10) (6,7,8+) !8+1 100 0.009(3)

4579(1)1 2609.3(10) (6,7,8+) !8+1 100 0.009(3)

4634(1)1 2664.4(10) (6,7,8+) !8+1 100 0.020(2)

1 Newly observed level from the present work.

2 New spin/parity assignment determined in the present work.

3 Agreement observed with multiple � values.

6.4 Absolute and Relative B(E2) Values

Lifetimes of excited states in neutron deficient Hg isotopes have been measured in several

studies [25,26,28–30,116]. These lifetimes provide important information about the collectiv-

ity and deformation through the determination of the absolute B(E2) values provided that

the branching ratios, multipole mixing ratios, and conversion coe�cients of the transitions

are known. For pure E2 transitions, the absolute B(E2) values (in Weisskopf units W.u.)

can be determined from:

B(E2) =
9.527⇥ 106

E5
�A

4/3

BR

T1/2(1 + ↵)
, (6.1)

where E� is the �-ray energy in keV, T1/2 is the half-life of the level in seconds, BR is the total

branching ratio of the transition including both �-ray and internal conversion components,

↵ is the internal conversion coe�cient, and A is the mass number of the nucleus.

For states where no lifetime information is currently available, the relative intensities of

each �-ray transition from a state of interest can nonetheless be used to determine relative
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B(E2) values. For transitions of pure E2 character, the relative B(E2) values are given by:

B(E2)rel = 100
⇣ BRi

BRref
j

⌘⇣Eref
�j

E�i

⌘5⇣1 + ↵j

1 + ↵i

⌘
, (6.2)

where the superscript ref denotes the reference transition from the level of interest and the

reference transition is defined to have a relative B(E2) value of 100.

In previous studies of the neutron deficient Hg isotopes, B(E2) values for pure E2 J⇡ !

(J � 2)⇡ transitions were studied both experimentally [26,29,116,117], and theoretically [5,

118]. Without information about �-ray mixing ratios, however, the B(E2) values could not

be experimentally determined for the mixed J⇡ ! J⇡ transitions between the ground state

band and the shape coexisting band. In the theoretical study of Ref. [5], the B(E2) values

were calculated along a chain of light mercury isotopes from A = 180 � 188. Many of the

experimental absolute and relative B(E2) values for the J ! J�2 pure E2 transitions were

well reproduced in Ref. [5] throughout the 180�186Hg chain, but the relative B(E2) values

for 188Hg exhibited significant disagreement with the experimental data due, in part, to

di�culties in constraining parameters in the calculations. The absolute and relative B(E2)

values in 188Hg determined in the current work are compared with the recent theoretical

study of Ref. [5] in Figures 6.36 and 6.37. The di↵erences between the current experimental

B(E2) values for the J ! J � 2 transitions and the results of the previous work reported in

Ref. [117] primarily arise from di↵erences in the branching ratios measured for the low energy

in-band transitions, as listed in Table 6.3. The newly determined branching ratios for the

203 keV transition from 4+2 ! 4+1 and the 301 and 327 keV transitions in the intruder band

do bring the experimental B(E2) values closer to those predicted theoretically in Ref. [5], but
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theory continues to overestimate the experimentally observed inter-band transition B(E2)

values.

The � � � angular correlation measurements from the current work provide new insight

about the B(E2) values for �J 6= 2 transitions. In the case of transitions with mixed

multipolarites, the multipole mixing ratios are necessary to determine relative B(E2) values

via:

B(E2)rel = 100
⇣ BRi

BRref
j

⌘⇣Eref
�j

E�i

⌘5⇣ �2i
1 + �2i

⌘
⇥
⇣1 + �2ref

�2ref

⌘⇣1 + ↵j

1 + ↵i

⌘
(6.3)

where �ref and �i are the mixing ratios for the reference transition and the transition of

interest, respectively. If the reference transition is a pure E2 transition, which is often the

case, then �ref = 1 and
1+�2ref
�2ref

= 1. Prior to the current work, there was no information on

mixing ratios known for Hg isotopes lighter than 196Hg. The current work thus provides the

first data on multipole mixing ratios and relative B(E2) values for J⇡ ! J⇡ transitions in

188Hg. The B(E2) values for both mixed and pure E2 transitions between the ground-state

band, the shape coexisting band, and the K = 2 band built on the 2+3 state are shown in

Table 6.4.
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Table 6.4: Experimentally measured absolute and relative B(E2) values compared to the
IBM calculations of Ref. [5]. B(E2) values were calculated with Eq. 6.2 for pure E2 tran-
sitions and with Eq. 6.3 for transitions with mixed multipolarities. The lifetimes, ⌧ , were
taken from weighted averages of the results reported in Refs. [25,26,29,30,116]. If the vari-
ous measurements were inconsistent (�2/⌫ > 1), the uncertainty of the weighted average was
inflated by a factor of

p
�2/⌫. For the lifetime of the 2+2 state, only the result from Ref. [25]

was used as discussed in Section 6.5. The branching ratios, BR, in the sixth column include
both �-ray and internal conversion components.

State Experimental Theoretical IBM [5]

Eex(keV) E�(keV) J⇡
i ! J⇡

f ⌧(ps) BR(%) B(E2)[W.u.] B(E2)rel B(E2)[W.u.] B(E2)rel

413 413 2+
1 !0+

1 23.8(15) 100 43(3) 100 53.7 100

824 411 0+
2 !2+

1 15 100

881 57 2+
2 !0+

2 <21 138 100

468 2+
2 !2+

1 <21 44.0(15) >1.74 100 28 20

881 2+
2 !0+

1 <21 56.0(15) >0.63 36(18) 0.76 0.55

1005 124 4+
1 !2+

2 2.28(19) 58 79

592 4+
1 !2+

1 2.28(19) 100 76(6) 100 74 100

1208 203 4+
2 !4+

1 8(3) 3.2(8) 52(27) 26(14) 65 43

327 4+
2 !2+

2 8(3) 44(5) 175(66) 100 151 100

795 4+
2 !2+

1 8(3) 53(2) 2.6(10) 1.51(6) 7.6 5

1240 359 2+
3 !2+

2 6.3(2) <7601

827 2+
3 !2+

1 83.7(7) 100 35 100

1240 2+
3 !0+

1 10.0(5) 7.8(8) 0.4 1.1

1509 301 6+
1 !4+

2 5.3(3) 11.4(17) 103(7) 100 126 100

504 6+
1 !4+

1 5.3(3) 89(4) 64(4) 62(3) 130 103

1777 268 6+
2 !6+

1 <10 26 43

569 6+
2 !4+

2 <10 26.5(21) >5.6 165(7) 25 41

772 6+
2 !4+

1 <10 73(7) >3.4 100 61 100

1970 193 8+
1 !6+

2 2.7(2) 0.50(17) 61(21) 28(9) 2.2 0.8

Continued on next page
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Table 6.4 – continued from previous page

State Experimental Theoretical IBM

Eex(keV) E�(keV) J⇡
i ! J⇡

f ⌧(ps) BR(%) B(E2)[W.u.] B(E2)rel B(E2)[W.u.] B(E2)rel

461 8+
1 !6+

1 2.7(2) 99(6) 221(17) 100 268 100

2422 452 8+
2 !8+

1 36 52

645 8+
2 !6+

2 88(11) 100 70 100

913 8+
2 !6+

1 11.6(10) 2.3(2) 0.06 0.09

2491 521 10+
1 !8+

1 2.1(3) 100 155(15) 100 100

1 Limit on the B(E2)rel corresponds to assuming a pure E2 �-ray transition.

The 193 keV �-ray transition from the 1970 keV 8+1 level to the 1777 keV 6+2 level

was newly observed in the current work with a weak �-ray branching ratio of 0.36(12)%.

This pure E2 transition has an absolute B(E2) value of 61(21) W.u., vastly exceeding the

theoretical predictions of 2.2 W.u. for the 8+1 ! 6+2 inter-band transition.

All of the relative B(E2) values for the mixed J⇡ ! J⇡ transitions are newly determined

in the current work. The 468 keV transition from the 2+2 state to the 2+1 state was deter-

mined to have a multipole mixing ratio of � = 0.44(2) from the � � � angular correlation

measurements and a branching ratio of 44.0(15)%. With only an upper limit of <21 ps for

the lifetime of the 2+2 state [25], only a lower limit of 1.74 W.u. could be set on the absolute

B(E2) value. The B(E2) value for the 468 keV 2+2 ! 2+1 transition was determined to be

roughly 3 times larger than that of the 881 keV 2+2 ! 0+1 transition to the ground state

compared to approximately a factor of 40 larger predicted in the theoretical calculations of

Ref. [5]. The low-energy 57 keV, 2+2 ! 0+2 in-band transition was, however, not observed in

the current work and thus the relative B(E2)’s for the inter and intra-band transitions from

the 2+2 level cannot be compared with theory. The 203 keV transition between the 4+2 and the
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Figure 6.36: Comparison of absolute B(E2) values from a) the current work and b) the
IBM-CM calculations of Ref. [5]. The thickness of the arrows represent the magnitude of the
absolute B(E2) values. If only a limit is set for the B(E2) then the thickness of the arrow
is shown as the lower limit.

4+1 states had two possible multipole mixing ratios of � = 0.89(22) and -12.8+78
�1, a branching

ratio of 3.2(8)% and a lifetime of 8(3) ps for the 4+2 state [26]. Using the lower and upper

limits on the mixing ratio for the 203 keV transition to establish minimum and maximum

E2 contribution from mixing ratios in agreement the absolute B(E2) value for the 203 keV

transition was determined to be 52(27) W.u.. This is approximately one third of the B(E2)

= 175(66) W.u. value for the in-band 327 keV transition and in good agreement with the

theoretically predicted value of 65 W.u. from Ref. [5]. For the 827 keV transition from the 2+3

state to the 2+1 state no lifetime information is available for the 2+3 state and thus only the

relative B(E2) values could be determined. The 827 keV transition was measured to have

a multipole mixing ratio of � = 0.51(2). Combined with the branching ratio of 87.2(7)%,

the 827 keV 2+3 ! 2+1 transition was used as the reference state, with B(E2)rel = 100. The
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Figure 6.37: Comparison of relative B(E2) values from a) the current work, and b) the
IBM-CM calculations of Ref. [5]. The thickness of the arrows represent the magnitude of the
relative B(E2) values. If only a limit is set for the B(E2) then the thickness of the arrow is
shown as the lower limit.

1240 keV transition determined to have a relative B(E2) value 7.8(8), 7 times larger than

theoretical calculations [5].

The absolute and relative B(E2) values determined in the current work will help to

constrain theoretical calculations attempting to understand the change in the wave functions

between the ground state and intruder configurations as one moves alone the chain of neutron

deficient Hg isotopes from A = 180 to A = 188 [5].

6.5 Internal Conversion Coe�cients

After determining the absolute e�ciency of the PACES array, described in Section 4.8,

and determining the �-ray intensities, the internal conversion coe�cients were determined
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Figure 6.38: Conversion electron spectrum from PACES. The 265 K-shell electron is from
the decay of the 2+1 state in the granddaughter nucleus 188Pt.

from the intensity of the conversion electron transitions. The majority of the intensities were

determined by using the integrated peak areas from the PACES singles spectrum shown in

Figure 6.38. The K-shell internal conversion coe�cients determined in the current work are

listed in Table 6.5. These conversion coe�cients are in good agreement with the previous

results of Ref. [17] for most transitions above E� ⇠ 350 keV, but show a systematic disagree-

ment at lower energies. This discrepancy is attributed to the di↵erence in �-ray intensities

reported for the low energy transitions in Ref. [17] compared to the current work. For ex-

ample, in the case of the 292 keV transition, which is a known pure E2 transition from a

7� to a 5� state, BRICC predicts a K-shell conversion coe�cient of ↵K = 0.067. This is in

excellent agreement with the value of ↵K = 0.064(5) measured in the current work, but not

with the value of 0.021(5) reported in Ref. [17].
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Table 6.5: Experimental conversion coe�cients in 188Hg compared with previous results from
Ref. [17]. The multipolarity for a given transition is determined by the spins of the levels
involved, if the spin assignments are definitive, otherwise if the multipolarity is labelled with
a † it is assigned a multipolarity from the measured conversion coe�cient. It should be
noted that the systematic underestimation of the low-energy pure E2 transition conversion
coe�cients arises from the underestimation of the low-energy �-ray e�ciency of Ref. [17],
discussed later in the text.

BRICC [64] Experiment

E� (keV) Ei (keV) Mult. ↵K (E2) ↵K (M1) ↵K (E1) This Work Ref. [17]

203.1 1207.9 E2 +M1 + E0 0.163(3) 0.869(13) 0.0582(9) 0.89(15) 0.99(11)

218.8 2295.5 E2† 0.136(2) 0.706(10) 0.0485(7) 0.21(6)

224.2 1909.6 E2 0.129(2) 0.660(10) 0.0457(7) 0.14(4)

228.8 E2 +M1† 0.122(2) 0.624(9) 0.0435(7) 0.42(8)

247.7 2449.0 E2 +M1† 0.101(2) 0.501(7) 0.0360(5) 0.21(2)

247.8 1454.7 E2 +M1 0.101(2) 0.501(7) 0.0360(5) 0.09(3) 0.13(2)

261.3 E2 +M1 0.088(1) 0.432(6) 0.0316(5) 0.23(4)

269.2 2470.6 E2 0.082(1) 0.398(6) 0.0295(5) 0.080(7)

280.0 2481.3 E2 +M1 0.074(1) 0.358(5) 0.0269(4) 0.26(3)

281.8 1718.0 E2 0.073(1) 0.352(5) 0.0265(4) 0.10(5)

291.8 2201.3 E2 0.067(1) 0.320(5) 0.0244(4) 0.064(4) 0.021(5)

301.2 1509.2 E2 0.0625(9) 0.293(5) 0.0227(4) 0.068(5) 0.083(15)

326.7 1207.9 E2 0.0514(8) 0.235(4) 0.0188(3) 0.052(3) 0.040(4)

327.8 2627.4 E2 +M1(+E0) 0.0510(8) 0.233(4) 0.0186(3) 0.31(4)

359.2 1239.5 E2 +M1 + E0 0.0411(6) 0.182(3) 0.0151(2) 1.8(7)

359.3 2136.1 E2 +M1 0.0411(6) 0.182(3) 0.0151(2) 0.068(10)

385.5 2295.3 E2 +M1 0.0348(5) 0.151(2) 0.01292(19) 0.039(3) 0.036(9)

387.8 2295.3 E1 0.0344(5) 0.148(2) 0.01276(19) 0.025(15)

412.8 412.8 E2 0.0298(5) 0.1254(18) 0.01112(16) 0.0305(12) 0.0305(30)

424.1 2201.3 E1 0.0280(4) 0.1168(17) 0.01049(15) 0.008(2) 0.02(1)

436.1 1890.2 E2 +M1 0.0264(4) 0.1087(16) 0.00990(14) 0.112(14)

442.9 2350.8 E2† 0.0254(4) 0.1039(15) 0.00954(14) 0.024(3) 0.032(7)

453.0 1908.0 E2 0.0242(4) 0.0981(14) 0.00910(13) 0.025(3)1 0.029(5)

460.5 1969.7 E2 0.0233(4) 0.0938(14) 0.00878(13) 0.0231(12) 0.026(4)

468.1 881.0 E2 +M1 + E0 0.0225(4) 0.0899(13) 0.00849(12) 0.091(4) 0.087(6)

Continued on next page
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Table 6.5 – continued from previous page

E� (keV) Ei (keV) Mult. ↵K (E2) ↵K (M1) ↵K (E1) This Work Ref. [17]

499.4 2273.7 E2 0.0195(3) 0.0756(11) 0.00739(11) 0.017(4)

504.2 1509.2 E2 0.0191(3) 0.0739(11) 0.00726(11) 0.0188(7) 0.019(2)

534.9 1774.5 E2 0.0168(2) 0.0632(9) 0.00642(9) 0.017(2)

556.3 1436.9 E2 +M1 + E0 0.0155(2) 0.0571(8) 0.00592(9) 1.7(4)

559.7 1777.2 E2 +M1(+E0) 0.0153(2) 0.0562(8) 0.00585(8) 0.095(16)

569.2 1777.2 E2 0.0148(2) 0.0538(8) 0.00565(8) 0.0135(12) 0.017(4)

573.7 1454.7 E2 +M1 0.0146(2) 0.0528(8) 0.00558(8) 0.016(2) 0.024(4)

588.4 2557.8 E2 +M1 0.0138(2) 0.0492(7) 0.00528(8) 0.06(2)

591.9 1004.8 E2 0.0136(2) 0.0485(7) 0.00522(8) 0.0134(6) 0.0137

627.1 2136.1 E2 +M1 0.0121(2) 0.0418(6) 0.00466(7) 0.038(5)

645.5 2422.7 E2 0.0114(2) 0.0388(6) 0.00440(7) 0.012(2) 0.023(9)

647.9 2557.8 E1† 0.0113(2) 0.0384(6) 0.00436(7) 0.0046(8)

699.9 1908.0 E2 +M1 0.00968(14) 0.0314(5) 0.00375(6) 0.010(2) 0.019(3)

701.9 1909.6 E1 0.00962(14) 0.0312(5) 0.00373(6) 0.005(8)

713.7 1718.0 E2 +M1 + E0 0.00931(13) 0.0299(5) 0.00361(5) 8.0(12) >0.12(3)

764.6 2273.7 E2 +M1 + E0 0.00812(12) 0.0250(4) 0.00317(5) 0.066(11)

769.2 1774.5 E2 +M1 + E0 0.00803(12) 0.0246(4) 0.00313(5) 0.039(6)

772.3 1777.2 E2 0.00796(12) 0.0244(4) 0.00311(5) 0.0078(7) 0.0065(11)

795.1 1207.9 E2 0.00752(11) 0.0226(4) 0.00294(5) 0.0074(4) 0.0073(8)

826.7 1239.5 E2 +M1 + E0 0.00697(10) 0.0205(3) 0.00273(4) 0.019(2) 0.018(5)

881.1 881.1 E2 0.00617(9) 0.0174(3) 0.00243(4) 0.0060(4) 0.0065(7)

885.4 1890.2 E2 +M1 + E0 0.00611(9) 0.0172(2) 0.00241(4) 0.040(4)

904.7 1909.6 E1 0.00586(9) 0.0163(2) 0.00231(4) 0.0023(2) 0.0020(4)

928.5 2136.1 E2 +M1 0.00558(8) 0.0152(2) 0.00221(3) 0.007(2)

1024.5 1436.9 E2 +M1 + E0 0.00463(7) 0.01184(17) 0.00183(3) 0.100(8)

1041.6 3011.4 E2 +M1(+E0) 0.00449(7) 0.01137(16) 0.00179(3) 0.008(4)

1041.9 1454.7 E2 +M1 0.00449(7) 0.01135(16) 0.00179(3) 0.0054(7) 0.0047(24)

1170.8 2175.7 E1† 0.00361(5) 0.00845(12) 0.00145(2) 0.0013(10)

1171.9 2680.3 E2 +M1 0.00361(5) 0.00843(12) 0.00145(2) 0.008(6)

The measured K�shell internal conversion coe�cients allow for the determination of the
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absolute values of the multipole mixing ratios for transitions that are not between states

of the same spin and parity that are independent of and complement, the mixing ratios

determined through � � � angular correlation measurements. To determine the absolute

values of the multipole mixing, the K�shell conversion coe�cients were reproduced using

BRICC [64]and are shown in Table 6.6. If the mixing ratio of a transition was also determined

by a � � � angular correlation measurement, which is sensitive to the sign of the mixing

ratio, the sign from the � � � angular correlation measurement was adopted, otherwise, the

value of the mixing ratio is shown in absolute value brackets. If the uncertainty in one

measurement was at least three times larger than the other measurement, then the more

precise measurement was adopted as the mixing ratio in Table 6.6. If the uncertainties were

within a factor of three, a weighted average was used to determine the final mixing ratio.

As shown in Figure 6.39, several of the measured K-shell internal conversion coe�cients

are significantly larger than what is predicted based on the multipolarity of the �-ray tran-

sition determined from the combination of the spin sequences for the specific nuclear states

and the measured multipole mixing ratios. The only way to have higher conversion electron

intensity, compared to what is expected for known E2/M1 transitions is to have an E0

component for the transition. This means that the transitions where the K-shell internal

conversion coe�cient is larger than the theoretical value for an M1 transition are likely

J⇡ ! J⇡ transitions with additional E0 conversion electron strength. In the current work

there are seven clear candidates that have strong E0 components, which are labelled by a *

in Figure 6.39 and an additional 3 transitions (at 203, 468, and 827 keV) that have internal

conversion coe�cients that appear to be consistent with pure M1 transitions, but are known

from the � � � angular correlation measurements to have significant E2 components, must
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Figure 6.39: Experimentally measured K�shell internal conversion coe�cients in 188Hg ver-
sus �-ray energy. The coloured theoretical K-shell curves for pure E1 (blue/bottom), M1
(red/top), and E2 (green/middle) transitions were determined using the BRICC calcula-
tor [64]. Labelled transitions include the 8+2 ! 6+2 , 6

+
2 ! 4+1 , 4

+
1 ! 2+1 and 2+1 ! 0+1 pure

E2 transitions in the ground state band, as well as all J⇡ ! J⇡ transitions, labelled with a
⇤, identified in the current work, which include E0 internal conversion components.

also have E0 contributions to this internal conversion electron decay. Of the seven transi-

tions observed in the current work to have ↵K > ↵K(M1), one (the 714 keV transition) was

observed in the work of Ref. [17] and four were observed in Ref. [16]. These included the

714 keV transition, which was assumed to be pure E0 in Ref. [16], the 765 keV transition,

the 769 keV transition and the 885 keV transition. The current work adds and additional

three transitions (359 keV, 556 keV and 1025 keV) with ↵K > ↵K(M1). The current work

has also been able to place all of these transitions in the level scheme, solidifying the spin

assignments of the states and confirming that all are J⇡ ! J⇡ transitions. In the previous

works only the 769 keV and 885 keV transitions were placed in the level scheme.
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With the K-shell internal conversion coe�cients determined and the mixing ratios mea-

sured by � � � angular correlations the E0 components of the mixed multipolarity J⇡⇡

transitions can be cleanly isolated to extract the E0 branching ratios.

Table 6.6: Multipole mixing ratios, �↵K , in
188Hg from the current work determined from the

K�shell internal conversion coe�cients. Comparisons are made with multipole mixing ra-
tios, ���, determined from the ��� angular correlation measurements, listed in Table 6.2.The
adopted mixing ratio, �exp, is determined by a weighted average of the two measurements if
the uncertainty in each measurement is within a factor of three, otherwise the more precise
measurement was adopted.

E� (keV) Ei (keV) Mult. �↵K ��� �exp

203.1 1207.9 E2 +M1 + E0 0.89(22)

12.8+78
�1

218.8 2295.5 E2 |0.09+4
�5| |0.09+4

�5|

224.2 1909.6 E2 |0.035+55
�35| |0.035+55

�35|

228.8 E2 +M1 |0.8(3)| |0.8(3)|

247.7 2449.0 E2 +M1 |1.60+25
�20| |1.60+25

�20|

247.8 1454.7 E2 +M1 |> 2.6 | |> 2.6 |

261.3 E2 +M1 |1.20(25)| |1.20(25)|

269.2 2470.6 E2 |< 0.05 | |< 0.05 |

280.0 2481.3 E2 +M1 |0.7(2)| |0.7(2)|

281.8 1718.0 E2 |2.9+1
�13| |2.9+1

�13|

291.8 2201.3 E2 |< 0.04 | 0.02(3) 0.02(3)

301.2 1509.2 E2 |0.04+2
�3| 0.02(2) 0.03(2)

326.7 1207.9 E2 |0.02(2)| -0.03(3) -0.024(26)

359.3 2136.1 E2 +M1 |2.1+6
�4| |2.1+6

�4|

385.5 2295.3 E2 +M1 |5.6+16
�110| -6.17+54

�64 -6.175464

387.8 2295.3 E1 |0.17+9
�17| |0.17+9

�17|

412.8 412.8 E2 |0.030+15
�30| |0.030+15

�30|

417.5 2136.1 E2 +M1 1.4+9
�58 1.4+9

�58

Continued on next page
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Table 6.6 – continued from previous page

E� (keV) Ei (keV) Mult. �↵K ��� �exp

424.1 2201.3 E1 |< 0.08 | -0.02(3) -0.02(3)

436.1 1890.2 E2 +M1 |< 0.65 | |< 0.65 |

442.9 2350.8 E2 |< 0.08 | |< 0.08 |

453.0 1908.0 E2 |0.03(3)| |0.03(3)|

460.5 1969.7 E2 |< 0.06 | 0.004(6) 0.004(6)

468.1 881.0 E2 +M1 + E0 0.44(2) 0.44(2)

499.4 2273.7 E2 |< 0.11| |< 0.11|

504.2 1509.2 E2 |< 0.05| -0.014(10) �0.014(10)

534.9 1774.5 E2 -0.02+5
�2 -0.02(3) -0.02(3)

569.2 1777.2 E2 |< 0.06| -0.03(2) �0.03(2)

573.7 1454.7 E2 +M1 |4.8+1
�18| 3.07(17) 3.07(17)

588.4 2557.8 E2 +M1 |< 2.2| |< 2.2|

591.9 1004.8 E2 |< 0.06| -0.009(6) -0.009(6)

627.1 2136.1 E2 +M1 |0.36+36
�29| -0.018(14) -0.018(14)

645.5 2422.7 E2 |0.06(6)| -0.01(2) -0.01(2)

647.9 2557.8 E1 |0.05+11
�5 | |0.05+11

�5 |

692.2 2201.3 E1 0.00(3) 0.00(3)

699.9 1908.0 E2 +M1 |6.6+1
�2.8| |6.6+1

�2.8|

701.9 1909.6 E1 |0.13+24
�13| |0.13+24

�13|

772.3 1777.2 E2 |< 0.1| -0.015(12) -0.015(12)

795.1 1207.9 E2 |< 0.08| 0.010(7) 0.010(7)

826.7 1239.5 E2 +M1 + E0 0.051(2) 0.051(2)

881.1 881.1 E2 |< 0.09| |< 0.09|

885.4 1890.2 E2 +M1 + E0 0.55(5) 0.55(5)

904.7 1909.6 E1 |< 0.1| 0.007(5) 0.007(5)

928.5 2136.1 E2 +M1 |2.8+1
�13| 3.753624 3.753624

Continued on next page
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Table 6.6 – continued from previous page

E� (keV) Ei (keV) Mult. �↵K ��� �exp

1024.5 1436.9 E2 +M1 + E0 0.04(3) 0.04(3)

1041.9 1454.7 E2 +M1 |2.5+25
�7 | 2.84(8) 2.84(8)

1170.8 2175.7 E1 |< 0.33| |< 0.33|

1171.9 2680.3 E2 +M1 |0.3+1
�3 | |0.3+1

�3 |

1272.4 1685.6 E1 0.010(19) 0.010(19)

1477.5 1890.2 E2 0.02(2) 0.02(2)

6.6 E0 Branching Ratios and Transition Strengths

For the J⇡ ! J⇡ transitions a more complex analysis is required to disentangle the E2,

M1, and E0 components. Firstly, the multipole mixing ratios, �, were determined from the

��� angular correlation measurements to extract the ratio of E2 and M1 components of the

�-ray transitions. The theoretical K�shell internal conversion coe�cients for E2 and M1

transitions calculated from BRICC [64] were then used to determine the expected K�shell

conversion electron peak intensity from the corresponding �-ray intensities. Any di↵erence

compared with the experimentally observed conversion electron intensity arises from the E0

component of these transitions, which occur entirely through conversion electrons. For a

J⇡ ! J⇡ transition of mixed E0/M1/E2 multipolarity, the K�shell E0 conversion electron
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intensity was thus determined from:

IKe (E0) = IKe � IKe (M1)� IKe (E2)

= IKe � [I�/(1 + �2)][↵K(M1) + �2↵K(E2)],

(6.4)

with IKe being the total K�shell conversion electron intensity, IKe (M1) and IKe (E2) being

the contributions of the M1 and E2 components to this intensity, I� is the �-ray intensity

and � is the multipole mixing ratio.

The E0 branching ratio was then determined from [119]:

BRK(E0) =
IKe (E0)P

i
(I�i + Iei)

, (6.5)

where I�i and Iei are the �-ray and total conversion electron intensities from all shells for

the ith decay branch from the level of interest. If the lifetime of the level is known, then the

E0 transition strength, ⇢2(E0), can be determined from [119]:

⇢2(E0) =
BRK(E0)

⌧ ⌦K
, (6.6)

where ⌧ is the mean lifetime of the state and ⌦K is a calculable electronic factor [64]. Large

⇢2(E0) values result from coexisting configurations with di↵erent shapes and strong mixing,

in a two-state mixing model, and are approximately given by [31]:

⇢2(E0) =
Z2

R4
0

a2(1� a2)[�hr2i]2, (6.7)
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where �hr2i is the di↵erence in the mean-square charge radii of the unperturbed configura-

tions, a describes the mixing between the unperturbed configurations, and R0 is the nuclear

radius. Results for the BRK(E0) and ⇢2(E0) values of J⇡ ! J⇡ transitions in 188Hg deduced

in the current work are presented in Table 6.7. A large value of ⇢2(E0) is a strong indication

of significant mixing between states of di↵erent deformation [31]. In the case of the 2+2 state

in 188Hg, the lifetime has been measured twice, with a large discrepancy between the results

reported in Refs. [25, 28]. The measurement performed in Ref. [28] reported the lifetime of

the 2+2 state to be ⌧ = 141(31) ps, while the more recent work of Ref. [25] yielded an upper

limit of ⌧ < 30 ps. Following a re-analysis of the experimental data from Ref. [25] we were,

in fact, able to set an even tighter limit on the lifetime of the 2+2 state as ⌧ < 21 ps. The

absence of any observable exponential decay component in the lifetime data shown in Fig-

ure 6.40 completely excludes the value of ⌧ = 141(31) ps reported in Ref. [28]. In the current

work, the E0 branching ratio for the 468 keV 2+2 ! 2+1 transition was determined to be

BRK(E0) = 0.48(20)%. With the electronic factor ⌦K = 2.336⇥1011 from BRICC [64], and

the lifetime of <21 ps determined in the current work, a lower limit of ⇢2(E0)⇥ 1000 > 0.98

is obtained for the 2+2 ! 2+1 transition in 188Hg.

The lifetime of the 4+2 state in 188Hg has recently been measured to be 8(3) ps [26]. In

the current work, it was found that the branching ratio for the E0 component of the 203 keV

4+2 ! 4+1 transition is BRK(E0) = 1.0(5)%. The dominant sources of uncertainty in this

measurement arises from the total conversion electron intensity and the uncertainty in the

mixing ratio required to determine the E2/M1 contributions. With the electronic factor

⌦K = 1.516 · 1011 [64] the ⇢2(E0)⇥ 1000 value is determined to be 8.1(65).

For the 827 keV 2+3 ! 2+1 transition there is currently no information regarding the life-

time of the 2+3 state. Therefore, the absolute E0 transition strength could not be determined.
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Figure 6.40: Centroid shift (�C) between the delayed (red curve, start 4+2 ! 2+2 stop
2+2 ! 2+1 ) and anti-delayed (green curve, start 2+2 ! 2+1 stop 4+2 ! 2+2 ) time distribution,
data from Ref. [25]. In both cases an additional gate on the 2+1 ! 0+1 transition was selected
on the HPGe array to greatly reduce the Compton background. The measured �C corrected
by the time-walk of the LaBr3(Ce) array (PRD) and the background contribution yielded an
upper limit of ⌧(2+2 ) < 21 ps. The dashed blue and orange lines represent the result expected
if the lifetime was that determined in Ref. [28]. Further details on the experimental analysis
methods are discussed in Ref. [25].

When measuring the internal conversion coe�cient for the 827 keV transition however, the

result agreed well with the expectations for a mixed M1/E2 transition with the measured

mixing ratio of � = 0.51(2) leaving a negligible E0 branching ratio of BRK(E0) = 0.09+18
�9 %
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for the 2+3 ! 2+1 transition.

The 885 keV transition from the 1890 keV 4+ state to the 1005 keV 4+1 was previously [16]

considered to be strongly M1 dominant based on the measured conversion coe�cient. The

��� angular correlation analysis in the current work, however, determined the mixing ratio

to be � = 0.55(5), indicating a significant E2 component. The remainder of the conversion

electron intensity arises from an E0 component with a branching ratio of BRK(E0) =

0.59(14)%. Without any information on the lifetime of the 1890 keV state, however, the

⇢2(E0) value for this transition could not be determined.

The 1024.5 keV �-ray is a newly observed transition to the 2+1 state from a new level

at 1437 keV excitation energy that has been assigned as the 2+4 state. The 1024.5 keV

transition is, however, a doublet, as a second �-ray transition of 1024.5(3) keV energy was

observed feeding the 1777 keV 6+2 level from a state at 2801 keV excitation energy. To

isolate the component of the 1024.5 keV internal conversion electron peak arising from the

1437 keV 2+4 state a gate was set on the 1024.5 keV conversion electron and the areas of

the 772 keV and 413 keV �-rays determined. After correcting for the �-ray and conversion

electron e�ciencies and the �-ray branching ratios the integrated counts from the 772 keV

�-ray was subtracted from the 413 keV counts. From this analysis the E0 branching ratio

for the 1024.5 keV 2+4 ! 2+1 transition was determined to be BRK(E0) = 1.40(38)%. This is

a large E0 branching ratio for this transition and, depending on the lifetime of the 2+4 state,

may indicate a large ⇢2(E0) value and mixing between the 2+4 and the 2+1 states.
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Table 6.7: Experimentally measured E0 branching ratios, BRK(E0), and transitions
strengths, ⇢2(E0), for J⇡ ! J⇡ transitions in 188Hg. The BRK(E0) values were deter-
mined by subtracting the calculated electron intensities for the M1+E2 components of the
transitions from the total K�shell conversion electron intensities measured in the current
experiment.

E� J⇡
i ! J⇡

f BRK(E0) ⌧ ⌦K(E0) ⇢2(E0)⇥ 103

(keV) (%) (ps) ⇥1011 Exp. Theo.

203.1 4+2 ! 4+1 1.0(5) 8(3) 1.516 8.1(65) 264

359.2 2+3 ! 2+2 3.4(18)1 1.981 46.0

468.1 2+2 ! 2+1 0.48(20) 21 2.336 �0.98 21.7

556.3 2+4 ! 2+2 1.0(3)1 2.639

713.7 4+3 ! 4+1 1.44(36)1 3.218

764.6 6+3 ! 6+1 1.40(30)1 3.416

769.2 4+4 ! 4+2 1.15(47)1 3.436

826.7 2+3 ! 2+1 0.09+18
�9 3.660 8.1

824.5 0+2 ! 0+1 3.652 3.8

885.4 4+ ! 4+1 0.59(14) 3.900

1024.5 2+4 ! 2+1 1.40(38) 4.487

1 BRK(E0) value was obtained assuming � = 1 for the competingM1/E2 �-ray transition. Uncertainties

for these cases account for the full range of possible � values from � = 0 to � = 1.

Several other newly observed J⇡ ! J⇡ transitions observed in the current work were

determined to have significant E0 components. These transitions include the 359 keV 2+3 !

2+2 transition, the 556 keV 2+4 ! 2+2 transition, the 714 keV 4+3 ! 4+1 transition, the 765 keV

6+3 ! 6+1 transition and the 769 keV 4+4 ! 4+1 transition. All five of these transitions

were determined to have internal conversion coe�cients larger than a pure M1 transition,

as shown in Fig 6.39, indicating appreciable E0 strength. Because the statistics for these
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transitions were insu�cient to perform ��� angular correlation measurements, the E2/M1

mixing ratios for the �-ray components of the transitions could not be determined. For these

transitions, the central value for BRK(E0) was determined by assuming the mixing ratio for

the �-ray transition to be � = 1, i.e. having equal E2 and M1 contributions. To encapsulate

the uncertainty from the unknown mixing ratio, lower and upper limits were determined

by assuming the �-ray transitions were either pure M1 or pure E2. Half the di↵erence

between these lower and upper limits was added in quadrature to the uncertainty from the

experimentally measured quantities in order to obtain the BRK(E0) values. In most cases

the uncertainty contribution to BRK(E0) from the lack of information about the mixing ratio

was, in fact, negligible compared to the uncertainty in the measured Ike (E0) values. Results

for these E0 branching ratios are given in Table 6.7. With several E0 branching ratios for

J⇡ ! J⇡ transitions in 188Hg determined for the first time in the current work, additional

lifetime measurements for low-lying excited states of 188Hg would clearly be valuable to

determine absolute E0 transition strengths.

6.7 Discussion

The levels and transitions in 188Hg populated in the �+/EC decays of 188,188mTl are listed

in Table 6.3. The energies of the levels were determined by weighted averages of the draining

�-ray energies corrected for small recoil e↵ects. Of the �-rays reported in the previous work

of Ref. [17], all but two were confirmed in this work. From the current work 220 additional

� ray transitions involving 109 levels were added to the level scheme [120].

The 1240 keV state is firmly assigned in the current work as the 2+3 level. In the work

of Ref. [17] this state was given a tentative (4+) assignment due to the observation of a
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Figure 6.41: A comparison of the a) �-ray spectrum and the b) conversion electron spectrum
in coincidence with the 327 keV 4+2 ! 2+2 �-ray transition.

feeding transition from the 1509 keV 6+1 state. In Ref. [16], the 1240 keV state was assigned

as J⇡ = 2+ in agreement with the current work. In both Ref. [16] and this work, a direct

transition was observed from the 1240 keV level to the J⇡ = 0+ ground state and the feeding

transition from the 6+1 state reported in Ref. [17] was not observed. To firmly assign the spin

of this state as J⇡ = 2+3 , the ��� angular correlation measurement, shown in Figure 6.30, was

combined with the internal conversion coe�cient, shown in Fig. 6.39, confirming the mixed

M1/E2 characteristic of the 827 keV 2+3 ! 2+1 transition and eliminating the possibility of

this being a pure E2 transition as suggested in Ref. [17]. Strong coincidences between the
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827 keV transition and the 535 keV and 499 keV transitions were observed in the current

work, as shown in Figure 6.8. These two transitions are identified as arising from the possible

J⇡ = 4+ and 6+ members of a K = 2 band built on the 2+3 state, as shown in Figure 6.26.

Due to the weak population of these states in the decay of 188,188mTl, it was not possible to

firmly assign their spins from �� � angular correlation measurements. However, the feeding

and draining radiation from these levels combined with the measured internal conversion

coe�cients provides confidence in these spin assignments, as well as their placement in the

level scheme. The assignment of the K = 2 band built on the 2+3 level was also suggested in

the work of Ref. [16] based on the 2+3 and 3+1 levels. With the additional observed transitions

and spin assignments reported in the current work, the J⇡ = 4+, 5+, 6+ and (7+) members

of this band structure have been identified.

The 1455 keV level assigned to this band is compatible with either a J⇡ = 1+ or 3+

assignment based on the ��� angular correlation measurement due to the near degeneracies

of the angular correlations for 1+ ! 2+ ! 0+ and 3+ ! 2+ ! 0+ cascades. The lack of

a direct transition to the ground state, however, together with a previous assignment of

3+ [16, 17], favours the J⇡ = 3+ assignment. The current work determined the mixing ratio

for the 1042 keV transition from the 1455 keV to the 2+1 state to be � = 2.84(8), assuming

J⇡ = 3+ indicating that this transition is E2 dominant. This is in reasonable agreement

with the measured internal conversion coe�cient for this transition of ↵K = 0.0060(7). If

a J⇡ = 1+ assignment was assumed, the resulting multipole mixing ratio of � = �0.025(7),

would yield a conversion coe�cient of ↵K = 0.0110(3), in disagreement with the experimental

value. We thus firmly assign the 1455 keV state as J⇡ = 3+.

Several new levels have been placed in the low energy portion of the 188Hg level scheme.

At 1437 keV there is a newly identified level that decays directly to the ground state. This
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level also has a transition to the 2+1 state at 413 keV excitation energy via the emission of a

1025 keV �-ray. The � � � angular correlation for the 1025-413 keV cascade is compatible

with all of J = 1, 2 and 3 for the 1437 keV state, but excludes J = 0 and 4, consistent with

the observation of a direct �-ray transition to the ground state. The ��� angular correlation

also excluded a multipole mixing ratio of � = 0 for J = 3, which would be expected for an

E1 transition to the 2+1 state if the 1437 keV state had J⇡ = 3�. Additionally, a J = 3

assignment is disfavoured by the strong decay directly to the J⇡ = 0+ ground state of 188Hg.

Likewise, the 1437 keV state is fed from the J⇡ = 4+ 1718 keV state via a 282 keV transition

and from the J⇡ = 4+ 1890 keV state via a 453 keV �-ray transition. These decays to the

1437 keV state via low-energy �-ray transitions strongly disfavour a J = 1 spin assignment.

Finally, as seen in Fig. 6.39, the measured internal conversion coe�cient for the 1025 keV

transition is much larger than expected for any of pure E1, M1, or E2 revealing the strong

E0 component of this transition, which can only occur in the case of a J⇡ ! J⇡ transition.

The combination of this information leads to a firm spin-parity assignment of J⇡ = 2+ for

the newly identified level at 1437 keV.

A 1686 keV level was observed through transitions to the 2+1 and 2+2 states via 1272 keV

and 805 keV �-rays, respectively. This state was reported in the work of Ref. [16] and

assigned as a tentative (2+) state. In the current work, feeding transitions into the 1686 keV

level from the 1910 keV 5�, 2077 keV 4+, 2176 keV, 2295 keV and 2424 keV levels were

observed, giving strong confidence in its placement in the level scheme. A � � � angular

correlation measurement for the 1272-413 keV cascade was compatible with J = 1, 2, or 3

spin assignments for the 1686 keV state but ruled out J = 0 and 4. In addition, the known

1910 keV J⇡ = 5� state decays to this level. The observation of the 224 keV transition

feeding into the 1686 keV level from the J⇡ = 5�1 state is suggestive of a spin assignment of
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J⇡ = 3� or 4+. To determine the spin and parity of the state, theK�shell internal conversion

coe�cient was investigated for the 1272 keV transition from the 1686 keV level to the 2+1

level. The non-observation of a conversion electron peak for the 1272 keV transition allowed

only a limit to be set on the conversion coe�cient. By gating on the 224 keV transition,

fixing the centroid as well as the expected width of the peak, the integrated peak area plus

one sigma set an upper limit of ↵K  0.0019. Using the BRICC [64] program, the K�shell

internal conversion coe�cient for an E2 transition of 1272 keV assuming that the 1686 keV

state has J⇡ = 3+ or 4+ is ↵K = 0.00310(5), in disagreement with the experiment upper

limit of ↵K < 0.0019. Conversely, if the 1686 keV state is assigned J⇡ = 3�, the transition to

the 2+1 would be an E1 transition with a conversion coe�cient of ↵K = 0.00126(2) consistent

with the experimental upper limit. This indicates that the 1272 keV transition is an E1

transition from a J⇡ = 3� state. Additional support for this spin-parity assignment is

obtained from the � � � angular correlation measurement. A J = 3 assignment yielded a

multipole mixing ratio of � = 0.010(19), consistent with zero as would be expected for a pure

E1 transition. Therefore, with the supporting evidence of the feeding and draining �-ray

transitions, internal conversion coe�cient and � � � angular correlation measurement, the

firm assignment of J = 3� is adopted for the 1686 keV state. This firm assignment is the

first definitively assigned J⇡ = 3� state to be observed in the neutron deficient Hg isotopes

below A= 198 [121]. The placement of the 1686 keV level is consistent with the J⇡ = 3�

bandhead of the negative parity band comprised of the previously known J⇡ = 5�, 7� and

9� states at 1910 keV, 2201 keV and 2470 keV respectively. It is noted that the J⇡ = 3�

state in 198Hg is at a higher excitation energy than the J⇡ = 5�, 7�, and 9� members,

thus indicating that the structure of these states is quite di↵erent in 198Hg compared to the

current observations in 188Hg.
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The state at 1718 keV excitation energy was observed in Ref. [16] and tentatively assigned

J⇡ = (1, 2, 3)�. In the current work, the 1718 keV state is observed to be fed from the

2136 keV state via a 418 keV �-ray transition. The 2136 keV state is determined to have

J = 5 in the current work from the ��� angular correlation measurement of the 627-504 keV

5+ ! 6+1 ! 4+1 cascade. The parity assignment is determined to be positive from the � � �

angular correlation measurement of the 929-795 keV 5+ ! 4+ ! 2+ cascade, which has a

multipole mixing ratio of � = 3.75+36
�24, consistent with a 5+ spin assignment. In addition

the measured ↵K conversion coe�cients of both the 627 keV and 929 keV transitions are

consistent with mixed E2/M1 decays. With the firm J⇡ = 5+ assignment for the 2136 keV

level, it is unlikely that the 1718 keV state is either a J = 1 or 2 state. Additionally, the

tentative J⇡ = (3)� assignment from the previous work would also not be fed with significant

strength from a J⇡ = 5+ state, thus ruling out the previous tentative assignments. In

previous studies [16,17], a highly converted transition was observed at 714 keV. In the work

of Ref. [17], a weak � ray was reported at 714 keV with an intensity of 0.40(5)% relative to

the 413 keV transition and only a lower limit was set on the conversion coe�cient. This led

the authors of Ref. [17] to speculate that the 714 keV transition was E2 +E0 or that the �

ray was a doublet making the prominent 714 keV electron peak a pure E0 transition. The

� ray transition was not observed in Ref. [16], leading the authors of that work to conclude

that it was a pure E0 transition. This transition in the level scheme was tentatively assigned

in the work of Ref. [16] to a level at 1538 keV excitation energy, and was not placed in the

188Hg level scheme in the work of Ref. [17]. In the current work, a very weak � ray transition,

with an intensity of 0.0071(9)% of the 413 keV transition, was observed at 714 keV while

a strong conversion electron peak was observed as shown in Figure 6.39. The 714 keV

K�shell conversion electron energy is degenerate with the L-shell conversion electron of the
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645 keV 8+2 ! 6+2 transition. Gating on the conversion electron of the doublet, the �-ray

spectrum shows all of the transitions expected in coincidence with the 645 keV transition;

also observed is the transition at 418 keV which feeds the 1718 keV state, as shown in

Fig. 6.42. There is also an excess of counts in the 592 keV and 413 keV transitions compared

to the 772 keV transition that results entirely from the coincidence with the 645 keV L-

shell conversion electron. The coincidences and intensities in the current work establish the

714 keV transition as linking the 1718 keV and 1005 keV states. The 714 keV transition

has a very large conversion coe�cient of ↵K = 8.0(12), which is only possible with a strong

E0 component. Additionally, the K�shell internal conversion coe�cient of the 282 keV

transition to the 2+4 state was determined to be 0.10(5), in agreement with the expected pure

E2 conversion coe�cient of 0.073(1) coming from a J⇡ = 4+ state, but in disagreement with

a calculated 0.0265 calculated for an E1 transition from a J⇡ = 3� state. Thus, in the current

work we are able to provide a firm assignment of J⇡ = 4+ for the 1718 keV state. With the

firm spin-parity assignment, the BRK(E0) was determined to be BRK(E0) = 1.44(36)% for

the 714 keV transition, using the previously described method for transitions with unknown

mixing ratios.

The 1775 keV state was tentatively assigned J⇡ = (3, 4+) in the work of Ref. [16]. In

this work, one new 893 keV transition to the 2+2 state was observed. The K�shell internal

conversion coe�cients for the 535 keV transition to the 1240 keV 2+3 state and the 769 keV

transition to the 1005 keV 4+1 state were determined to be 0.017(2) and 0.039(6) respectively.

The 535 keV transition is in excellent agreement with ↵K = 0.0169 predicted for a pure E2

transition, as would be expected from a J⇡ = 4+ level. The 769 keV transition has a

significant E0 component, as shown in Figure 6.39, which can only occur if the 1775 keV

state has J⇡ = 4+. Because of this strong E0 component in the 769 keV transition and the
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indication of the 535 keV transition being pure E2, we assign a firm spin -parity of J⇡ = 4+

to the 1775 keV state.

The 1908 keV state was tentatively assigned J⇡ = (3, 4, 5)+ in the work of Ref. [17] and

J⇡ = (5, 6)+ in the work of Ref. [16]. In Ref. [16], the 1908 keV state was proposed as a

candidate for the 5+ band member of the K = 2 structure built on the 2+3 state at 1240 keV

excitation energy. A � � � angular correlation measurement for the 700-795 keV cascade

from the 1908 keV level to the 4+2 and 2+1 levels was performed in the current work. This

measurement was complicated by the fact that the 700 keV transition is a doublet with the

702 keV 5�1 ! 4+2 transition from the 1910 keV level, and both members of this doublet are

in coincidence with the 795 keV 4+2 ! 2+1 transition. To isolate the ��� angular correlation

of the 700-795 keV component of the doublet, a high-statistics Geant4 simulation of the pure

E1� E2, 702-795 keV cascade was subtracted from the measured doublet correlation. The

subtracted correlation was then analyzed to determine if a firm spin assignment could be

made for the 1908 keV level. Unfortunately, the �� � angular correlation measurement was

compatible with both J = 4 and J = 5. However, given the fact that the 1908 keV level is

not observed to decay to any of the lower-lying 2+ states, the 453 keV transition to the 3+1

state at 1455 keV has a conversion coe�cient consistent with that of a pure E2 transition,

and this state is fed by a low-energy 388 keV transition from the J⇡ = 6� state at 2295 keV

which has a conversion coe�cient in agreement with the expected E1 value, we firmly assign

J⇡ = 5+ to the 1908 keV level.

The 2295 keV state, which emits the 386/388 keV doublet of �-rays to the 5�1 and 5+1 ,

was previously assigned as a J⇡ = (6)� state [16, 17, 122]. Setting a gate on the 905 keV

transition from the 5�1 state to the 4+1 state the 386 keV transition from the 2295 keV level

was cleanly isolated allowing a � � � angular correlation measurement to be made. This
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measurement agreed with the assignment of J = 6, but with two possible mixing ratios,

� = �0.229(17) and �6.17+54
�64, both giving �2/⌫ values within the accepted limit. There

was also agreement with a possible J = 5 assignment for the 2295 keV state with a mixing

ratio of � = 0.645(17) for the 386 keV transition. However, the measured internal conversion

coe�cient for the 386 keV transition listed in Table 6.5 indicates that the transition is

dominated by an E2 component. The experimentally determined value of ↵K = 0.039(3) is

consistent with the theoretical E2 K�shell internal conversion coe�cient of ↵K = 0.0348(5),

and much smaller than the expected ↵K = 0.1502 for a pure M1 transition. If the J⇡ = 5�

spin assignment was assumed for the 2295 keV state, the expected conversion coe�cient

would be ↵K = 0.1169(18) based on the experimentally measured mixing ratio, in strong

disagreement with the experiment value of ↵K = 0.039(3). It is thus confirmed that the

2295 keV level has J⇡ = 6� with a multipole mixing ratio of � = �6.17+54
�64 for the 386 keV

6�1 ! 5�1 transition.

The 2274 keV state was tentatively assigned as a J⇡ = (5, 6)+ state in the work of

Ref. [16], with only the 499 keV transition to the 1775 keV state being observed. In the

current work, three additional transitions of 765 keV, 1066 keV and 1269 keV have been

observed from this level. The 765 keV transition to the 6+1 state has a measured K�shell

internal conversion coe�cient of ↵K = 0.066(11), compared to the largest possible conversion

coe�cient of ↵K = 0.0250 for a pure M1 transition, suggesting a strong E0 component in

this transition. An E0 component can only occur if the spin-parity of the 2274 keV state

is J⇡ = 6+. The internal conversion coe�cient for the 499 keV transition to the 4+4 state

is in agreement with a pure E2 transition, providing additional support of this assignment.

Therefore we assign J⇡ = 6+ to the 2274 keV state, solidifying its position as the 6+ member

of the K = 2 structure built on top of the 1240 keV 2+3 state.
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Figure 6.42: A comparison of the a) �-ray spectrum and the b) conversion electron spectrum
in coincidence with the 592 keV 4+1 ! 2+1 �-ray transition.

In the current work, the ground state band and shape coexisting band are in full agree-

ment with the previous work of Refs. [16,17] and we have, for the first time, determined the

�-ray multipole mixing ratios and E0 internal conversion branching ratios for the 2+2 ! 2+1

and 4+2 ! 4+1 inter-band transitions. As was initially suggested in Ref. [16] the 2+3 state

at 1240 keV forms the bandhead of a K = 2 structure, which has been extended in the

current work to include the 3+, 4+, 5+, 6+ and (7+) states at 1455 keV, 1775 keV, 1908 keV,

2274 keV and 2351 keV, respectively. Strong �J = 2 E2 transitions between the even and
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odd spin states of this band have been observed in the current work. Additionally, a weak

215 keV transition connecting the 3+ and 2+ members of the band was observed. The E0

branching ratio between the 2+3 bandhead and the 2+1 ground state band member was deter-

mined to be consistent with zero. The 2+, 4+ and (6+) states at 1437 keV, 1890 keV, and

2337 keV are connected by strong �J = 2 E2 transitions and are proposed as members of

a new band structure, labelled in Figure 6.26 as Band 2. This is a possible “K = 0” band

for which the J⇡ = 0+ bandhead was not observed in the current work. The 2+4 ! 2+1 and

4+ ! 4+1 transitions from this band to members of the ground state band were observed to

have substantial E0 components, suggesting both a di↵erence in deformation and significant

mixing with the ground state band. A final positive parity structure, labelled as Band 1

in Figure 6.26, involving the 4+3 state at 1718 keV, the 5+2 state at 2136 keV, and a (6+)

state at 2557 keV was identified. The 714 keV 4+3 ! 4+1 transition connecting this band to

the ground state band was observed to have an exceptionally large conversion coe�cient of

↵K = 8.0(12), implying a large E0 component to this transition. This is made clear when

observing the intensity di↵erences between the 692 keV transition and the 714 keV transition

observed in the � � � and � � e coincidence spectra shown in Figure 6.42.

Among the negative parity states, the J⇡ = 3�1 state was firmly established at 1686 keV

excitation for the first time in any neutron deficient Hg isotope below A = 198 and we

suggest a J⇡ = (4�) state at 2077 keV excitation energy. The J⇡ = 5�, 6�, 7�, 8�, and 9�

members of the negative parity band observed in the current work are in good agreement

with previous studies [16, 17, 122]. To additionally support the spin and parity assignment

of these states several pure E1 transitions were confirmed through the combination of � � �

angular correlation and internal conversion coe�cient measurements.
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6.8 Interpretations From Comparisons With Theoret-

ical Calculations

There is significant evidence supporting shape coexistence around Z = 82. One of the

most striking examples is the observation of three closely spaced 0+ states, at similar energies,

in 186Pb. These 0+ states are associated with spherical, prolate and oblate shapes [9]. In the

neutron deficient Hg isotopes, a combination of ↵-particle [10,11], �-ray spectroscopy [12–17],

conversion electron spectroscopy [18, 19], lifetime measurements [20–28], and Coulomb ex-

citation [29, 30] yielded a consistent picture of two distinct structures. The first structure

is a weakly-deformed ground-state configuration with elongation �2 ⇡ 0.1, and a more de-

formed (�2 ⇡ 0.3) intruding structure appearing at low excitation energy. Insight into their

wave functions comes from ↵-decay studies [10, 11], where the former corresponds to nor-

mal filling of orbitals and the latter involves a promotion of two protons across the Z = 82

shell gap. The shape-coexistence scenario is further supported by ground-state properties

of the light Hg isotopes, including the distinct odd-even staggering of their mean-square

charge radii [6,8,123]. Also, the intruding states excitation energies coming from ⇡(2p� 2h)

excitations display a characteristic parabolic trend (see, e.g. Ref. [124]) centered at the

midshell region with N=104. Due to the close proximity in excitation energy, the normal-

order and intruder configurations can experience significant mixing in their wavefunctions,

as evidenced by the distortion of the rotational bands at low spin [24] and observation of

enhanced 0+2 ! 0+1 [14–17] and 2+2 ! 2+1 E0 decays [18, 19, 28, 125] that arise from mixing

of configurations with di↵erent deformations [31]. The prevalent interpretation is that the

ground-state structures are oblate deformed, while the bands built on the 0+2 states have

axial prolate shapes. Indeed, Ref. [30] demonstrated that almost all measured E2 matrix
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elements between the 0+1,2, 2
+
1,2 and 4+1 states in 182�188Hg can be explained assuming a simple

two-level mixing of unperturbed structures with intrinsic quadrupole moments Qt of �4.8

eb and 10.6 eb. One should note, however, that the limited precision of the measured tran-

sition probabilities, in particular involving states outside the ground state bands, may easily

conceal more subtle indications of the limitations of such a simplified picture. Comparisons

of energy spectra of nuclei in the neighbouring odd-Z isotopic chains with the particle-plus-

triaxial-rotor model (PTRM), which point to triaxiality of the Hg cores has suggested such

limitations in this region. As an example, excitation energies in bands built on the 9/2�

isomeric states in 183,185,187Tl, interpreted as resulting from coupling of a 1h9/2 proton to

the ground-state configurations in 182,184,186Hg, are best reproduced assuming � = 15� for

the cores [126]. Similar analysis for the two structures in 187Au, understood as being due

to coupling of a proton hole in 1h11/2 to the ground state and to the deformed 0+2 state in

188Hg, yielded core � parameters of 32� and 20�, respectively [127]. Moreover, suggestions

have appeared recently that the shapes observed at low excitation energy in Hg nuclei are

more diverse than initially imagined. Notably, the lifetimes of the 14+1 and 16+1 states in

188Hg [26] translate into Qt values that are significantly lower than those observed for lower-

spin states (2.7(3) eb and 1.2(2) eb, respectively). The spectroscopic quadrupole moment

of the 12+1 state [128] corresponds to a Qt of 1.16(14) eb, consistent with that determined

from the B(E2; 16+1 ! 14+1 ) value. This suggests that these states belong to a di↵erent,

almost spherical structure, hence providing a first indication of multiple shape coexistence

in 188Hg. On the other side of the N = 104 mid-shell, ground state lifetimes in 178Hg [27]

indicate that the elongation of the deformed band, �2, exceeds 0.4, which is considerably

higher than the deformations deduced for the intruder structures in heavier Hg isotopes.

Contrary to the usual interpretation of deformed structures in Hg nuclei as being due to
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two-proton excitations across the Z=82 shell, the authors of Ref. [27] attribute the observed

increase of the deformation in 178Hg to the neutron contribution, in line with Monte-Carlo

shell-model (MCSM) calculations [123], which successfully describe the even-odd shape stag-

gering in 177�187Hg. These results suggest that shape coexistence in the light Hg nuclei is far

from being fully understood, and the initial interpretation of normal-order oblate structures

coexisting with prolate ⇡(2p�2h) intruder states may be significantly overly simplified. Un-

fortunately, the guidance provided by theoretical calculations, in particular with respect to

the role of the triaxial degree of freedom, is currently rather limited due to their prohibitive

computational cost. It was shown that 188Hg was out of reach of the triaxial symmetry-

conserving configuration-mixing approach [26], and the pioneering MCSM calculations for

heavy nuclei [123] also had to be severely restricted to selected states and properties.

To interpret the results presented in this thesis, configuration-mixing calculations based

on the triaxial Hartree-Fock-Bogolyubov approach with the Gogny D1M e↵ective interac-

tion [129] have been performed by colleagues at the Université Paris-Saclay. The method

determines the configuration mixing in a variational way and provides excitation spectra and

matrix elements. Within the generator coordinate method (GCM) framework, the Gaus-

sian overlap approximation allowed the derivation of a Bohr-type Hamiltonian dealing with

quadrupole degrees of freedom only, i.e. two vibrations and three rotations. The formalism

is described in detail in Refs. [130,131] and the so-called five-dimensional collective Hamilto-

nian (5DCH) has been shown to reproduce properties of nuclei exhibiting shape coexistence

in various regions of the nuclear chart [26, 132–134]. It should be noted that in the 5DCH

approach band structures do not appear naturally, as states are calculated in groups of

the same spin. The excited states obtained from the calculations are grouped according to

the evolution of their spectroscopic quadrupole moments with spin and reduced transition
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strengths between states. A graphical method can be found in Ref. [134]. Some results on

188Hg obtained within the same approach have already been presented in Ref. [26]. Under-

lying constrained HFB calculations have been performed using a triaxial harmonic oscillator

basis including 13 major shells, which is a su�ciently large model space to ensure energy

convergence.

Fully triaxial calculations for 188Hg were recently attempted [26] within the SCCM ap-

proach of Ref. [135], one of the most recent GCM development. However, these calculations,

due to computational cost when avoiding the GOA approximation, had to be restricted to

Nh.o.=11. The key features of the shape coexistence phenomenon were observed to be very

sensitive to the number of major shells used in the underlying HFB calculations of SCCM,

and reproduction of the ordering of oblate and prolate band heads required Nh.o.=17 needed

for the numerical convergence. However, this implied a limitation to axially symmetric

shapes, resulting in a lower mixing of the two structures [26].

In view of the newly observed bands, experimentally determined branching ratios, relative

and absolute B(E2) values and mixing ratios determined for the first time in 188Hg, results

from this study were compared to theoretical calculations within the self-consistent beyond-

mean-field framework, i.e. with the five-dimensional collective Hamiltonian [131]. Results

for B(E2) values from these calculations are shown in Figure 6.43. With these calculations

the energy systematics are generally not well reproduced, but, they do reproduce properties

of nuclei exhibiting shape coexistence in various regions of the nuclear chart. In Figure 6.43

the corresponding bands between experiment and theory are aligned vertically on top of

each other. In the calculations the energy of the ground state band and intruder band are

inverted with respect to what is seen experimentally. The in-band transitions for the ground

state band and intruder band have relatively good agreement but are slightly overestimated

266



46

88

121

142

135

33

44

48

74

102

69

107

131

40

70

45

61

60

20

33
20

27

15

23

56

76

0.3

67
19

1.8

37

1.2

0.1

2
30

21

76

12 3419

24
15

14

17

17
6

0.4

64

24

13 64

39

2418

19

86

10

3317

12

191036

12

10
37

11

39

5433

11

14 52

0 0

2 331

4 712

6 1168

8 1718

10 2496

0

674

2 1251

4 1943

3

1170

2 694

4 1187

6 1776

8 2431

51639

72187

92831

0

1507

22062

42646

63206

41623

5

2245

6 2643

8 3365

6

2201

82917 72875

43(3)

76(6)

175(66)

103(7) >3.4
>5.6

221(17)

155(15)

61(21)

64(4)

>0.63

>1.74

65(46)

2.6(10) [100]

[7.8(8)]

[100]

[3.2(6)]

[100]
[2.3(2)]

[100]

[0.17(2)]

[100]

[5.8(6)]

[1.3(1)]

[100]

[100]

[100]
[100] [100]

[100]

[100]

[0.25(3)]

[3.4(4)]

[100]

[1.3(1)]

[0.05(1)]
[0.19(2)]

[0.05(1)]
[0.04(4)]

0 0

2 413

4 1005

6 1777

8 2422

10 2662

0
825

2 881

4 1208

6 1509

8 1970

21240

41775

62274

31455

51908

(7 )2351

21437

41890

(6 )2337

41718

62558
10 2491

52136

Figure 6.43: Comparison of absolute B(E2) values between theoretical calculations (top) and
experimentally measured (bottom) results. Additional levels placed into band structures are
shown, but without lifetimes the absolute B(E2) values could not be determined. The B(E2)
values surrounded by square brackets are relative B(E2) values.

in the calculations. All the values shown in square brackets in Figure 6.43 are relative B(E2)

values since the lifetimes of the states are currently unknown. Two states (2+2 and 6+2 ) have

only upper limits on the lifetimes producing lower limits on the absolute B(E2) values.

For each band observed in the calculations there are several transitions with significant
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Figure 6.44: Theoretical ⇢2(E0) ⇥ 1000 values determined from calculations using the five-
dimensional collective Hamiltonian.

E0 strength. Looking at the 4+ states the relative E0 strengths for the K = 0, 2 and 4 bands

are seen to be fairly consistent observed consistent around ⇢2(E0)⇥1000 ⇡ 70. This is similar

to what was observed in the experimental BRK(E0) values for these transitions, indicating

the possibility of significant mixing with similar E0 branches. Due to the lack of lifetime

measurements for excited states in 188Hg, the ⇢2(E0) values could not be compared directly

to the experimental data for many of the transitions in the calculations. One definitive E0

strength was determined for the 4+2 ! 4+1 transition, at ⇢2(E0) = 8.1(65) compared to 133

determined in the calculations. Here the calculations seem to significantly overestimate the

mixing E0 strength for this transition. For the other J⇡ ! J⇡ transitions lifetimes are the

last necessary piece of the puzzle to extract the E0 transition strength. The presence of

these significant E0 strengths indicates that there are �K = 0 components in the transition

and is a strong indication of mixing of the wave functions of the states. The mixing of states

can lead to a deviation from axial symmetry making K no longer a good quantum number.
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Additionally, the significant E0 branching ratios observed for these states could point to a

new level of complexity occurring with the mixing of wave functions for these bands. Shape

coexistence in the neutron deficient Hg isotopes is thus far from being understood, and the

initial interpretation of normal-order oblate structures coexisting with prolate ⇡(2p - 2h)

intruder states may be a significant over simplification. To understand the shape coexisting

structures of nuclei in this region a more complex picture involving triaxial degrees of freedom

may be necessary.
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Chapter 7

Conclusions

The study presented in this thesis has dramatically expanded information on the structure

of 188Hg. The level scheme has been greatly expanded from the previous work and many new

branching ratios have been determined from both previously known and newly established

levels. Firm spin-parity assignments for numerous levels were made based on � � � angular

correlation and internal conversion coe�cient measurements, allowing the determination

of mixing ratios and giving insight into the multipole character of several key J⇡ ! J⇡

transitions. With the combination of �-ray intensities and mixing ratios, both relative and

absolute B(E2) values have been determined not only for pure E2 transitions but also for

transitions of mixed multipolarity.

The first low-lying 3� state in the neutron deficient Hg isotopes below A = 198 was firmly

assigned with the combination of � � � angular correlation and internal conversion electron

measurements in this work. The 3�1 state is determined to be at 1686 keV excitation energy,

and with the observation of the 224 keV pure E2 transition from the known 5�1 state, the

1686 keV 3�1 state is placed as the bandhead in the negative parity band. The placement of
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this bandhead makes it unlike that of the 3� state observed in 198Hg, where the 3� state is

observed to be located at a higher excitation energy than the 5� state.

New positive parity band structures were proposed in the current work, including a

previously suggested [16] K = 2 band built on the 1240 keV 2+3 state that was extended

from J⇡ = 2+ to (7+). A new structure, Band 2, is a possible “K = 0” band involving the

1437 keV 2+4 state and suggested 4+ and (6+) members, while the J⇡ = 0+ bandhead was

unobserved in the current work. The 2+4 and 4+ members of this band are observed to have

large BRK(E0) values for the 2+4 ! 2+1 and 4+ ! 4+1 transitions to the ground state band.

Also a new structure, labelled as Band 1, is a possible “K = 4” band built on the 4+3 state

at 1718 keV excitation energy with the 5+ and (6+) members identified in the current work.

By simultaneously measuring �-ray intensities and � � � angular correlations with the

GRIFFIN spectrometer and internal conversion electrons with the PACES array, the E0

branching ratios were determined for ten J⇡ ! J⇡ transitions in 188Hg for the first time.

Based on currently available lifetime data for the 2+2 [25] and 4+2 [26] states, ⇢2(E0)⇥ 1000

values of > 0.98 and 8.1(65) were determined for the 2+2 ! 2+1 and 4+2 ! 4+1 transitions

in 188Hg respectively. These are both transitions from the intruder configuration to the

ground state band. The 1718 keV state has a 714 keV 4+ ! 4+ transition with a very

large K�shell internal conversion coe�cient of ↵K = 8.0(12) and an E0 branching ratio of

BRK(E0) = 1.44(36)%, which is the second largest measured BRK(E0) value in the current

work. The largest BRK(E0) observed in this work is for the 359 keV transition, albeit with

large uncertainty, from the 2+3 state to the 2+2 state with BRK(E0) = 3.4(18)%. With five

transitions having BRK(E0) values greater than 1%, it is likely that all of these states have

significant mixing. The presence of significant E0 branching ratios could be an indication of

large ⇢2(E0) values, which would be a strong confirmation of di↵erent deformation and of
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significant mixing between the shape coexisting structures. With a number of E0 branching

ratios in 188Hg determined in the current work, further lifetime measurements of low-lying

excited states in this nucleus would be highly desirable to determine absolute ⇢2(E0) values.
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Appendix A

In this section the plots for � � � angular correlation measurements performed with

various �-ray cascades in 188Hg are shown. Although many of the spins of the states were

previously known, the � � � angular correlation measurements are an a�rmation of the

spins of these states. The states which were previously known and for which � � � angular

correlation measurements were performed in this work include the J⇡ = 2+� 8+ states from

the ground-state and intruder band, the J⇡ = 5� � 7� states in a negative parity band and

the J⇡ = 3+ and 4+ states from the K = 2 band.

Purely from ��� angular correlation measurements alone, only one spin was definitively

assigned. This was the J⇡ = 2+ state at 1240 keV as the bandhead for the K = 2 band.

For the rest of the ��� angular correlation measurements a combination of the results with

knowledge of internal K-shell internal conversion coe�cients feeding and draining transitions

of the states of interest were required to definitively assign spins and parities.

Figure A3 panel a) shows the ��� angular correlation for the 1024-413 keV �-ray cascade.

The 413 keV transition is a pure E2 transition between the 2+1 ! 0+1 states. The 1024 keV

transition comes from the 1437 keV excited state with previously unknown spin. The � � �

angular correlation measurement for this cascade has agreement with J = 1 � 4, however,

the large K-shell internal conversion coe�cient of ↵K = 0.100(8), for this transition could
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only be explained by the enhancement from an E0 component, thus the spin of this state

was firmly assigned to be J⇡ = 2+.

Figure A5 panel a) shows the � � � angular correlation for the 1272-413 keV �-ray

cascade. The 1272 keV transition comes from the 1686 keV excited state with previously

unknown spin. The � � � angular correlation measurement for this cascade has agreement

with J = 1� 4, however, a lower limit was set on the K-shell internal conversion coe�cient

of ↵K  0.0019. This limit excludes the possibility of the transition being E2 or M1, but

is consistent with an E1 transition. Additionally, the � � � angular correlation yields a

result for the mixing ratio consistent with zero, as would be expected for an E1 transition.

Therefore, the spin of this state was assigned to be J⇡ = 3�. Also in the same figure is

the 535-827 keV cascade. The 827 keV transition is a mixed E2/M1 between the 2+3 ! 2+1

states and the 535 keV �-ray comes from the 1775 keV level. The � � � angular correlation

has possible spin assignments of J = 1 � 4, but the conversion coe�cient of ↵K = 0.017(2)

excludes the J = 1 and 2 assignments. The assignment could thus be either a J = 3 or

4 state having a large E2 component, however, a firm indicator of this state being J = 4

comes from the 769 keV transition from this level to the 1005 keV state having a significant

E0 component. This can only occur for a J = 4 state.

There are three � � � angular correlation measurements from the 2136 keV state, shown

in Figures A9 and A10. From the 929-795 keV cascade, the J = 2, 3, 4 and 6 assignments can

be disregarded by making comparisons with determined conversion coe�cients. The J = 2,

3 and 4 assignments give mixing ratios that yield K-shell conversion coe�cients significantly

larger than the experimentally determined value of ↵K = 0.007(2). If the transition was

J = 6 it would be expected to be a pure E2 transition, and the mixing ratio for J = 6 is

inconsistent with 0. Thus, the spin of this state was assigned to be J⇡ = 5+.
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The spin assignment of the 2295 keV state was also determined from the � � � angu-

lar correlation measurement of the 905-385 keV cascade combined with the experimentally

determined K-shell internal conversion coe�cient, shown in Figure A12. From the � � �

angular correlation measurement only the J = 4 and 6 spins are in agreement. The K-shell

internal conversion coe�cient for the 385 keV transition was measured to be ↵K = 0.039(3).

This is an E2 dominant transition, which is possible for both J = 4 and 6, with reasonable

agreement. For this state the observed �-ray feeding was necessary to discern the spin. The

2295.3 keV state is fed by a 154 keV transition from the 2449 keV state. This 2449 keV state

feeds only the J⇡ = 6�1 , 7
�
1 and 8+1 states and the observed feeding to these states indicates

this is likely a J = 7 or 8 state. A J⇡ = 6+ assignment is unlikely because the 248 keV

transition from the 2449 keV state to the 2201 keV J⇡ = 7� state conversion coe�cient

is significantly di↵erent from an expected E1 transition and a J⇡ = 6� is unlikely to have

significant strength, as was observed via a 479 keV transition, to the 8+1 state being a mixed

M2/E3 transition. Therefore, J = 6 can be disregarded. The 154 keV transition from a

J = 7 or 8 state is very unlikely to feed the 2295 keV state if it had a J = 4 assignment.

Therefore, J⇡ = 6� was assigned to this state.

All results from � � � angular correlation measurements, including spin assignments

and measured mixing ratios, are shown in Section 6.2. A detailed discussion of the spin

assignments, mixing ratios and implications for the structure of 188Hg is in Section 6.2.
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Figure A1: Plots for the 188Hg 4+ ! 2+ ! 0+ 592-413 keV cascade (left) and 327-881 keV
cascade (right). (a) The best Method 2 fit (red filled line) to the data (black points) has a
�2/⌫ of 0.91. The residual of the fit is shown in the lower panel. (b) The best Method 2 fit
(red line) to the data (black points) has a �2/⌫ of 1.07. The residual of the fit is shown in
the lower panel. (c) A comparison of �2/⌫ values for potential Ji = 0 � 4 and all possible
mixing ratios (�) shows that the best fit to the data using Method 2 is made with J = 2
and 4 with � of 0.201(5) and -0.009(6), respectively. (d) A comparison of �2/⌫ values for
potential Ji = 0 � 4 and all possible mixing ratios (�) shows that the best fit to the data
using Method 2 is made with J = 2 and 4 with � of 0.30(3) and -0.03(3), respectively.
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Figure A2: Plots for the 188Hg 4+ ! 2+ ! 0+ 795-413 keV cascade (left) and 3+ ! 2+ ! 0+

881-574 keV cascade (right). (a) The best Method 2 fit (red filled line) to the data (black
points) has a �2/⌫ of 0.95. The residual of the fit is shown in the lower panel. (b) The best
Method 2 fit (red line) to the data (black points) has a �2/⌫ of 1.07. The residual of the fit
is shown in the lower panel. (c) A comparison of �2/⌫ values for potential Ji = 0� 4 and all
possible mixing ratios (�) shows that the best fit to the data using Method 2 is made with
J = 2 and 4 with � of 0.18(6) and 0.10(7), respectively. (d) A comparison of �2/⌫ values
for potential Ji = 0 � 4 and all possible mixing ratios (�) shows that the best fit to the
data using Method 2 is made with J = 1, 3 and 4 with � of -0.25(8), 3.07(17) and 2.03(16),
respectively.
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Figure A3: Plots for the 188Hg 2+ ! 2+ ! 0+ 1024-413 keV cascade (left) and 1042-413 keV
cascade (right). (a) The best Method 2 fit (red filled line) to the data (black points) has a
�2/⌫ of 1.08. The residual of the fit is shown in the lower panel. (b) The best Method 2 fit
(red line) to the data (black points) has a �2/⌫ of 1.09. The residual of the fit is shown in
the lower panel. (c) A comparison of �2/⌫ values for potential Ji = 0 � 4 and all possible
mixing ratios (�) shows that the best fit to the data using Method 2 is made with J = 1, 2, 3
and 4 with � of -0.37(3), 0.04(3), 0.49(7) and 0.21(6), respectively. (d) A comparison of �2/⌫
values for potential Ji = 0 � 4 and all possible mixing ratios (�) shows that the best fit to
the data using Method 2 is made with J = 1, 3 and 4 with � of -0.27(3), 2.84(8) and 1.93(7),
respectively.
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Figure A4: Plots for the 188Hg 6+ ! 4+ ! 2+ 504-592 keV cascade (left) and 301-327 keV
cascade (right). (a) The best Method 2 fit (red filled line) to the data (black points) has a
�2/⌫ of 1.20. The residual of the fit is shown in the lower panel. (b) The best Method 2 fit
(red line) to the data (black points) has a �2/⌫ of 1.11. The residual of the fit is shown in
the lower panel. (c) A comparison of �2/⌫ values for potential Ji = 2 � 6 and all possible
mixing ratios (�) shows that the best fit to the data using Method 2 is made with J = 4
and 6 with � of -0.37(3) and -0.014(10), respectively. (d) A comparison of �2/⌫ values for
potential Ji = 2 � 6 and all possible mixing ratios (�) shows that the best fit to the data
using Method 2 is made with J = 2, 3, 4, 5 and 6 with � of -0.27(3), 2.84(8) and 0.01(2),
respectively.
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Figure A5: Plots for the 188Hg 3� ! 2+ ! 0+ 1272-413 keV cascade (left) and 4+ ! 2+ !
2+ 827-535 keV cascade (right). (a) The best Method 2 fit (red filled line) to the data (black
points) has a �2/⌫ of 1.09. The residual of the fit is shown in the lower panel. (b) The best
Method 2 fit (red line) to the data (black points) has a �2/⌫ of 1.13. The residual of the fit
is shown in the lower panel. (c) A comparison of �2/⌫ values for potential Ji = 0� 4 and all
possible mixing ratios (�) shows that the best fit to the data using Method 2 is made with
J = 1� 4. (d) A comparison of �2/⌫ values for potential Ji = 0� 4 and all possible mixing
ratios (�) shows that the best fit to the data using Method 2 is made with J = 1� 4.
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Figure A6: Plots for the 188Hg 6+ ! 4+ ! 2+ 772-592 keV cascade (left) and 795-569 keV
cascade (right). (a) The best Method 2 fit (red filled line) to the data (black points) has a
�2/⌫ of 0.96. The residual of the fit is shown in the lower panel. (b) The best Method 2 fit
(red line) to the data (black points) has a �2/⌫ of 1.08. The residual of the fit is shown in
the lower panel. (c) A comparison of �2/⌫ values for potential Ji = 2 � 6 and all possible
mixing ratios (�). (d) A comparison of �2/⌫ values for potential Ji = 0� 4 and all possible
mixing ratios (�).
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Figure A7: Plots for the 188Hg 4+ ! 4+ ! 2+ 885-592 keV cascade (left) and 4+ ! 2+ ! 0+

1477-413 keV cascade (right). (a) The best Method 2 fit (red filled line) to the data (black
points) has a �2/⌫ of 1.15. The residual of the fit is shown in the lower panel. (b) The best
Method 2 fit (red line) to the data (black points) has a �2/⌫ of 0.92. The residual of the fit
is shown in the lower panel. (c) A comparison of �2/⌫ values for potential Ji = 2 � 6 and
all possible mixing ratios (�). (d) A comparison of �2/⌫ values for potential Ji = 0� 4 and
all possible mixing ratios (�).
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Figure A8: Plots for the 188Hg 5� ! 4+ ! 2+ 905-592 keV cascade (left) and 8+ ! 6+ ! 4+

461-504 keV cascade (right). (a) The best Method 2 fit (red filled line) to the data (black
points) has a �2/⌫ of 0.96. The residual of the fit is shown in the lower panel. (b) The best
Method 2 fit (red line) to the data (black points) has a �2/⌫ of 1.04. The residual of the fit
is shown in the lower panel. (c) A comparison of �2/⌫ values for potential Ji = 2 � 6 and
all possible mixing ratios (�). (d) A comparison of �2/⌫ values for potential Ji = 4� 8 and
all possible mixing ratios (�).
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Figure A9: Plots for the 188Hg 5+ ! 6+ ! 4+ 637-504 keV cascade (left) and 5+ ! 4+ ! 2+

1306-418 keV cascade (right). (a) The best Method 2 fit (red filled line) to the data (black
points) has a �2/⌫ of 0.92. The residual of the fit is shown in the lower panel. (b) The best
Method 2 fit (red line) to the data (black points) has a �2/⌫ of 1.09. The residual of the fit
is shown in the lower panel. (c) A comparison of �2/⌫ values for potential Ji = 4 � 8 and
all possible mixing ratios (�). (d) A comparison of �2/⌫ values for potential Ji = 2� 6 and
all possible mixing ratios (�).
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Figure A10: Plots for the 188Hg 5+ ! 4+ ! 2+ 928-795 keV cascade (left) and 7� ! 5� !
4+ 905-292 keV cascade (right). (a) The best Method 2 fit (red filled line) to the data (black
points) has a �2/⌫ of 1.03. The residual of the fit is shown in the lower panel. (b) The best
Method 2 fit (red line) to the data (black points) has a �2/⌫ of 1.10. The residual of the fit
is shown in the lower panel. (c) A comparison of �2/⌫ values for potential Ji = 2 � 6 and
all possible mixing ratios (�). (d) A comparison of �2/⌫ values for potential Ji = 3� 7 and
all possible mixing ratios (�).
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Figure A11: Plots for the 188Hg 7� ! 6+ ! 4+ 772-424 keV cascade (left) and 7� ! 6+ !
4+ 692-504 keV cascade (right). (a) The best Method 2 fit (red filled line) to the data (black
points) has a �2/⌫ of 0.88. The residual of the fit is shown in the lower panel. (b) The best
Method 2 fit (red line) to the data (black points) has a �2/⌫ of 1.07. The residual of the fit
is shown in the lower panel. (c) A comparison of �2/⌫ values for potential Ji = 4 � 8 and
all possible mixing ratios (�). (d) A comparison of �2/⌫ values for potential Ji = 4� 8 and
all possible mixing ratios (�).
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Figure A12: Plots for the 188Hg 8+ ! 6+ ! 4+ 772-424 keV cascade (left) and 6� ! 5� !
4+ 905-385 keV cascade (right). (a) The best Method 2 fit (red filled line) to the data (black
points) has a �2/⌫ of 1.11. The residual of the fit is shown in the lower panel. (b) The best
Method 2 fit (red line) to the data (black points) has a �2/⌫ of 0.89. The residual of the fit
is shown in the lower panel. (c) A comparison of �2/⌫ values for potential Ji = 4 � 8 and
all possible mixing ratios (�). (d) A comparison of �2/⌫ values for potential Ji = 3� 7 and
all possible mixing ratios (�).
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