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Estimation strategies aim to extract useful state or parameter information from systems with 

uncertainties and noisy measurements. The sliding innovation filter (SIF) is an estimator based 

on the predictor-corrector methodology that achieves robustness to modeling uncertainties and 

disturbances. The SIF, as originally presented, does not produce the optimal solution to the linear 

estimation problem. Instead, the SIF implements a corrective gain using the innovation and a 

fixed sliding boundary layer based on variable structure techniques. The research presented in 

this thesis expands upon the original SIF formulation to improve its performance and increase 

the number of useful applications. 

Unlike classical model-based filters, the original SIF does not incorporate the state error 

covariance in the calculation of the corrective gain. The first contribution of this research involves 

the derivation of a corrective gain for the SIF based on minimizing the state error covariance. This 

results in a time-varying sliding boundary layer that adapts to changes in the system model. The 

adaptive formulation is applied to an electrohydrostatic actuator (EHA) and demonstrates 

increased accuracy over the original SIF. 
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The second contribution of this research combines the SIF with other estimators such as 

the Kalman filter (KF) and its variants. The time-varying sliding boundary layer is used as a 

criterion for switching between the two filters. This new strategy is applied to a 

magnetorheological (MR) damper setup, which was designed, built, and modelled to support 

these research activities. When the system operates in the presence of faults, the new filters 

demonstrate improved accuracy and robustness when compared with standard Kalman filters 

for nonlinear systems. 

The final contribution of this research is the formulation of the new IMM-ESIF which 

combines the interacting multiple model (IMM) strategy with the SIF (extended for nonlinear 

systems) for fault detection and diagnosis. The IMM-ESIF was applied to the MR experimental 

setup and demonstrates improved estimation accuracy and classification confidence over the 

well-known IMM-EKF and IMM-UKF strategies. The research presented in this thesis expands 

upon the SIF and creates a foundation for further research and advancement. 
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Chapter 1 

 

1 Introduction 

 

This chapter provides on overview of the research performed starting with the problem 

statement. Research contribution and novelty is followed by a list of publications. The 

organization of the thesis is laid out in the final section. 

 

1.1 Problem Statement 

Estimation theory aims to extract information about a state or parameter from systems with 

uncertainties and noisy measurements. Knowledge of the system, whether it be mechanical, 

electrical, biological, astrological, or even financial, is combined with signal processing and 

statistics to improve the accuracy of sensor and observational data. Some of the many 

applications of estimation theory include tracking in an aircraft control system, kinematic 

estimation of a flight surface actuator, force estimation of active dampers, and signal/image 

processing. Estimation theory is particularly important for controlling mechanical and electrical 

systems where accurate knowledge of a system’s states are a part of a control feedback loop. In 

estimation and control theory, linear systems are often represented in state space. 

For implementation in digital systems, the state representation of a system can be 

discretized as follows: 

𝑥𝑘+1 = 𝐴𝑥𝑘 + 𝐵𝑢𝑘 + 𝑤𝑘 (1.1.1) 

where 𝑥𝑘 is the state vector at time step 𝑘, 𝐴 is the linear system matrix, 𝐵 is the input gain 

matrix, 𝑢𝑘 is the system input, and 𝑤𝑘 is the system or environmental noise. The observer of the 

system does not have direct knowledge of the states. Instead, the measurements of the states 

are taken using sensors placed in the environment. Consider an electromechanical system such 
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as a magnetorheological (MR) damper. The position, velocity, and force exerted by the damper 

can be measured using a rotary encoder (for position and velocity) and loadcell (for force). The 

analog or digital signal produced by these sensors undergo a transformation to output the state 

measurement. The relationship between the states and measurement can be written as follows: 

𝑧𝑘+1 = 𝐶𝑥𝑘+1 + 𝑣𝑘+1 (1.1.2) 

where 𝑧𝑘+1 is the measurement vector, 𝐶 is the linear measurement matrix, and 𝑣𝑘+1 is the 

measurement noise. All digital sensors have inherent noise. The process of converting an analog 

signal (which has infinite resolution) into a digital signal (which has finite resolution) results in 

decreased accuracy. In addition, variability in the sensor components can add uncertainty such 

as creep/drift in a load cell reading. 

 Model-based estimators use the knowledge of system dynamics and noise distributions 

to improve the accuracy of sensor measurements. In other words, the goal of the estimator is to 

remove noise from a state measurement. Optimal estimators have been developed for linear 

systems with Gaussian noise with zero mean defined by: 

𝑝(𝑤𝑘)~𝒩(0, 𝑄𝑘) (1.1.3) 

𝑝(𝑣𝑘)~𝒩(0, 𝑅𝑘) (1.1.4)

where 𝑄𝑘 and 𝑅𝑘 are the system and measurement noise covariances, respectively. 

Unfortunately, most systems in the real world such as the MR damper, exhibit nonlinear 

behaviour. For nonlinear systems, the state and measurement equations can be written as 

follows: 

𝑥𝑘+1 = 𝑓(𝑥𝑘, 𝑢𝑘) + 𝑤𝑘 (1.1.5)  

𝑧𝑘+1 = ℎ(𝑥𝑘+1) + 𝑣𝑘+1 (1.1.6)

where 𝑓 and ℎ are the nonlinear system and measurement functions respectively. Current 

research in estimation theory focuses on developing strategies to handle these nonlinearities.  

Another aspect of modern estimation theory is the mitigation of modeling uncertainty. 

Using a physical model and experimentation to solve for parameters or a black box model using 

machine learning can be time consuming and expensive. Furthermore, the fundamental physics 

or mathematical understanding of the system is lost when using a machine learning strategy, 
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which in this case, essentially becomes an input-output mapper. Simplified models are 

sometimes used to reduce the computational cost required to apply filters at a sufficient sample 

rate. Modeling uncertainty can also be introduced through faults in the system. In the case of a 

MR damper, changes in temperature or faults in the power supply will drastically affect the 

damping force.  

In the presence of modeling uncertainty and external disturbances, modern estimators 

seek a compromise between estimation accuracy and robustness. The sliding innovation filter 

(SIF) is an estimation strategy formulated as a predictor-corrector that makes use of a switching 

gain and innovation term [1]. The SIF does not produce the optimal solution to the linear 

estimation problem. Instead, the SIF implements a corrective gain using the innovation (or 

measurement error) and a boundary layer based on slide mode concepts [1]. Stability for the SIF 

was proven in [1] and was applied to a simulated model of an electrohydrostatic actuator (EHA). 

The SIF demonstrated robustness in the presence of modeling uncertainty caused by faults in the 

EHA at the expense of some accuracy when estimating the normal case.  This makes the SIF well 

suited for estimation problems where the system model is not well defined or known. The goal 

of the research in this thesis is to expand the SIF to improve its performance and increase its 

utility for various applications. 

1.2 Research Contribution and Novelty 

The SIF has been proven to be a stable and robust estimator [1]. However, it produces a 

suboptimal state estimate in terms of the estimation error. While many model-based filters use 

the state error covariance when calculating the corrective gain to minimize state error, the 

original formulation of the SIF does not incorporate this parameter. Instead, the SIF only uses the 

innovation and sliding boundary layer with a predetermined (or fixed) width to calculate the 

corrective gain. Thus, the first contribution of this research expands on the original SIF by deriving 

a time-varying sliding boundary layer which incorporates the state error covariance. 

 The state error covariance is used to calculate a time-varying boundary layer that could 

adapt to modeling uncertainties and disturbances. This adaptive boundary layer is calculated at 
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each time step whereas the previous SIF formulation uses a fixed boundary layer. The fixed 

boundary layer often requires knowledge of system behaviour prior to implementation. Several 

trial runs of the use case scenario are often required to tune the fixed boundary layer. In addition, 

the fixed boundary layer would not be able to adapt to any unforeseen disturbances that may 

occur during implementation which results in conservative boundary layer widths. Thus, the 

adaptive boundary layer will increase the overall estimation accuracy of the SIF. 

 The adaptive boundary layer can also be used to combine the SIF with other model-based 

filters. Since the SIF produces a suboptimal solution to the linear estimation problem it may be 

more prudent to use other model-based filters when the system model is well-known or defined. 

The boundary layer itself can be used as a metric to evaluate changes in the system model; it is 

an indicator of modeling uncertainty. Therefore, this research introduces a time-varying 

boundary layer to be used as criterion for switching between the SIF and other model-based 

filters. 

 Multiple model strategies can be used to further increase the accuracy of the SIF. This 

methodology has applications in both state estimation and fault detection and diagnosis 

problems. The multiple model method uses a finite number of models that describe potential 

modes of operation for a given system. These operating modes may be caused by changes in the 

environment, faults in the system, or activated by the user. The results of the research in this 

thesis utilizes the robustness of the SIF in conjunction with the interacting multiple model (IMM) 

method to increase estimation accuracy. The innovation and state error covariance of the SIF are 

used to determine the likelihood that the system is in a certain mode for fault detection.  
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 The previously stated expansions of the SIF provide a significant contribution to the field 

of estimation theory by increasing the accuracy and utility of a proven robust filter. The primary 

contributions of this thesis can be summarized as follows: 

1. Derivation of a time-varying (or adaptive) sliding boundary layer for the SIF (Chapter #3). 

2. Creation of new filtering strategies that have enhanced robustness and accuracy through 

combination of the SIF with Kalman filter (KF) variants. This contribution is made possible 

by utilizing the time-varying sliding boundary layer as a switching criterion (Chapter #4). 

3. Formulation of the IMM-ESIF for state estimation and fault detection and diagnosis of 

systems with different operating modes (Chapter #5). 

 The primary contributions are detailed in the papers presented in this thesis which have 

either been published or submitted for publication at the time the thesis was written. The 

strategies mentioned in the primary contributions were applied to a model of an EHA developed 

at McMaster University (Hamilton, Ontario) as well as an MR damper test bed constructed and 

modeled at the University of Guelph (Guelph, Ontario). The construction and mathematical 

modeling of the MR damper test bed by represents a significant portion of the research and 

provided a repeatable experimental setup to test the developed theories and algorithms. 

1.3 List of Publications 

The main body of this thesis is composed of three journal papers that address the three primary 

contributions. Several other publications have aided in the composition of this thesis and training 

of the author. For completeness, a list of these publications is given as follows. 

1.3.1 Journal Publications 

1. A. S. Lee, S. A. Gadsden, and M. Al-Shabi, “Interacting Multiple Model Estimators for Fault 

Detection in a Magnetorheological Damper,” IEEE/ASME Transactions on Mechatronics, 

2021, In Review. [2] 

2. A. S. Lee, S. A. Gadsden, and M. Al-Shabi, “Combined Kalman and Sliding Innovation 

Filtering: A Robust Estimation Strategy,” Mechanical Systems and Signal Processing, 2021, 

In Review. [3] 
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3. A. S. Lee, S. A. Gadsden and M. Al-Shabi, "An Adaptive Formulation of the Sliding 

Innovation Filter," in IEEE Signal Processing Letters, vol. 28, pp. 1295-1299, 2021, doi: 

10.1109/LSP.2021.3089918. [4] 

4. S. Bonadies, N. Smith, N. Niewoehner, A. S. Lee, A. M. Lefcourt, and S. Andrew Gadsden, 

“Development of Proportional-Integral-Derivative and Fuzzy Control Strategies for 

Navigation in Agricultural Environments,” Journal of Dynamic Systems, Measurement and 
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1.4 Organization of the Thesis 

This thesis is organized as follows. Chapter 2 is a review of relevant background and literature on 

conventional estimation methods such as the KF and KF variants. Multiple model strategies such 

as the static and dynamic multiple model methods are discussed. Literature based on sliding 

mode observers and SIF predecessors such as the smooth variable structure filter (SVSF) are 

mentioned as well. Note in addition that other literature may be found within the beginning of 

Chapters 3 through 5. Chapters 3 through 5 are published and submitted journal papers which 

address the three primary contributions of the thesis, respectively. Chapter 3 derives the time-

varying sliding boundary layer for the SIF by minimizing the state error covariance. The SIF with 
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time-varying boundary layer is applied to a linear model of an EHA under normal and faulty 

operating conditions. Chapter 4 combines the SIF with Kalman filter variants while using the time-

varying sliding boundary layer as condition for switching between the filters. This combined 

strategy is applied to an experimental MR test bed with multiple operating modes. In addition, 

the MR test bed and mathematical modeling are detailed in this chapter. Chapter 5 introduces 

the formulation of the IMM-SIF. This estimator is also applied to the MR damper test bed for 

estimating the damping force as well as fault detection of the MR damper circuitry and power 

source. Concluding remarks and recommendations for future research are considered in the final 

chapter. 
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Chapter 2 

 

2 Background 

 

One of the most popular Bayesian model-based estimators is the Kalman filter (KF). This chapter 

give a background on the original KF as well as KF variants for nonlinear systems. In addition, 

multiple model methods are discussed followed by a brief discussion of sliding mode observers. 

The smooth variable structure filter (SVSF) is a model-based estimator that utilizes sliding mode 

concepts. The sliding innovations filter (SIF) improves upon the SVSF formulation through a 

simpler corrective gain calculation and increased accuracy. Finally, a proof of stability is provided 

for the SIF. 

 

2.1 The Kalman Filter 

Rudolph Kalman presented a new model-based estimator in 1960 that provide the statistically 

optimal solution for linear systems with white noise (or Gaussian distribution with zero mean) 

[27]. There are both continuous and discrete-time versions of the filter. The focus of the research 

presented in this thesis focuses mainly on discrete-time systems. The KF is a Bayesian filter 

designed for system dynamics that are linear with normal noise distributions in the system and 

measurement process. The general predictor-corrector methodology of the KF is as follows: 

1) A priori (predicted prior to observation) state estimates and state error covariances are 

generated using the system model, noise covariance, and input. 

2) The a priori state error covariance and measurement noise covariance are used to 

calculate the corrective gain. 
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3) The corrective gain is applied to the innovation (measurement error) to generate the a 

posteriori (updated after observation) state estimates and a posteriori state error 

covariances. 

The optimality of the Kalman filter is achieved through minimizing the trace of the a posteriori 

state error covariance matrix [27]. The derivation and proof of optimality are well documented 

[27, 28]. The success of the KF is also largely attributed to its simplicity. Since its inception, the 

KF has been used for a variety of applications such target tracking, fault detection, and financial 

analysis [28-31].   

2.1.1 The KF Equations 

The following equations detail the KF algorithm. The prediction stage in which the a priori state 

estimate �̂�𝑘+1|𝑘 and state error covariance 𝑃𝑘+1|𝑘 are given by the following [27]: 

�̂�𝑘+1|𝑘 = 𝐴�̂�𝑘|𝑘 + 𝐵𝑢𝑘 (2.1.1.1) 

𝑃𝑘+1|𝑘 = 𝐴𝑃𝑘|𝑘𝐴
𝑇 + 𝑄𝑘 (2.1.1.2) 

where �̂�𝑘|𝑘 is the previous state estimate,  𝐴 is the system matrix (or state transition matrix), 𝐵 

is the input matrix, 𝑢𝑘 is the system input, and 𝑄𝑘 is the system noise covariance.  

The Kalman gain 𝐾𝑘+1 is defined by (2.1.1.6), and is used to update the state estimate 

�̂�𝑘+1|𝑘+1 as shown in (2.1.1.7). The innovation covariance 𝑆𝑘+1  and  a priori state error 

covariance 𝑃𝑘+1|𝑘 are used to calculate the Kalman gain 𝐾𝑘+1. The Kalman gain is applied to the 

innovation �̃�𝑘+1 to update the a priori state estimate �̂�𝑘+1|𝑘 thus producing the  a posteriori state 

estimate �̂�𝑘+1|𝑘+1. The Kalman gain is also used to calculate the a posteriori state error 

covariance matrix 𝑃𝑘+1|𝑘+1. The update stage is given by the following equations [27]: 

�̃�𝑘+1 = 𝑧𝑘+1 − 𝐶�̂�𝑘+1|𝑘 (2.1.1.4) 

𝑆𝑘+1 = 𝐶𝑃𝑘+1|𝑘𝐶
𝑇 + 𝑅𝑘+1 (2.1.1.5) 

𝐾𝑘+1 = 𝑃𝑘+1|𝑘𝐶
𝑇(𝑆𝑘+1)

−1 (2.1.1.6) 

�̂�𝑘+1|𝑘+1 = �̂�𝑘+1|𝑘 + 𝐾𝑘+1(�̃�𝑘+1) (2.1.1.7) 

𝑃𝑘+1|𝑘+1 = (𝐼 − 𝐾𝑘+1𝐶)𝑃𝑘+1|𝑘 (2.1.1.8)

where  𝑧𝑘+1 is the measurement, 𝐶 is the measurement matrix (that maps the states to their 

corresponding measurements), 𝑇 refers to the transpose of the matrix, and  𝑅𝑘+1 is the 
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measurement noise covariance matrix. The KF continues to be developed for systems that are 

nonlinear, systems with a degree of modeling uncertainty, and systems that are prone to 

disturbances as the original formulation can become unstable under these circumstances [27]. 

2.2 Estimation Strategies for Nonlinear Systems 

While the KF produces the optimal estimate for linear systems with white noise, the majority of 

systems in nature applications exhibit nonlinear behaviour. Such systems cannot be described 

mathematically by a linear transition matrix as in (1.1.1) and (1.1.2). The states and 

measurements are determined by the nonlinear functions as follows: 

𝑥𝑘+1 = 𝑓(𝑥𝑘, 𝑢𝑘) + 𝑤𝑘 (2.2.1) 

𝑧𝑘+1 = ℎ(𝑥𝑘+1) + 𝑣𝑘+1 (2.2.2) 

where  𝑓 and ℎ are the nonlinear system model and nonlinear measurement process 

respectively. Several variants of the KF have been implemented for nonlinear systems such as the 

linearized Kalman filter (LKF), extended Kalman filter (EKF), unscented Kalman filter (UKF), and 

cubature Kalman filter (CKF) [32]. While some methods use partial derivates to form linear 

approximations of the system, others use several sample points to capture the nonlinear 

behaviour.     

2.2.1 The Extended Kalman Filter 

The EKF follows a similar structure to the original KF apart from the system and measurement 

matrices. Since nonlinear systems cannot be represented as a transition matrix, the a priori and 

a posteriori state error covariances cannot be calculated as in the standard KF method. Instead, 

linear approximations of the nonlinear functions 𝑓 and ℎ are generated using a first order Taylor 

series. The resulting Jacobian matrix can then be applied to the state error covariance matrix. For 

highly nonlinear systems, a first order Taylor series does not accurately approximate the 

behaviour which can potentially cause the estimate to go unstable [32].The first order partial 

derivatives of the nonlinear functions are taken with respect to the states. This produces the 

system Jacobian matrix 𝐹𝑘 and measurement Jacobian matrix 𝐻𝑘+1 as follows [32]: 

𝐹𝑘 =
𝜕𝑓(𝑥)

𝜕𝑥
|
𝑥=�̂�𝑘|𝑘,𝑢𝑘

(2.2.1.1) 
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𝐻𝑘+1 =
𝜕ℎ(𝑥)

𝜕𝑥
|
𝑥=�̂�𝑘+1|𝑘

(2.2.1.2) 

The system and measurement function are linearized around the state estimate of the previous 

time step [30]. Since the linearization approximates the system’s behaviour, the EKF no longer 

produces the optimal state estimates [30]. The prediction stage of the EKF consists of calculating 

the a priori state estimate �̂�𝑘+1|𝑘 (which uses the nonlinear system model) and calculating the 

state error covariance 𝑃𝑘+1|𝑘 (which uses the Jacobian of the system model). The prediction stage 

equations are given as follows [32]: 

�̂�𝑘+1|𝑘 = 𝑓(�̂�𝑘|𝑘, 𝑢𝑘) (2.2.1.3) 

𝑃𝑘+1|𝑘 = 𝐹𝑘𝑃𝑘|𝑘𝐹𝑘
𝑇 + 𝑄𝑘 (2.2.1.4) 

The innovation �̃�𝑘+1 is calculated based on the nonlinear measurement function ℎ given by 

(2.2.1.5). The innovation covariance matrix 𝑆𝑘+1, extended Kalman gain 𝐾𝑘+1, and a posteriori 

state error covariance 𝑃𝑘+1|𝑘+1 all utilize the measurement Jacobian 𝐻𝑘+1 as shown in (2.2.1.6), 

(2.2.1.7), and (2.2.1.9). The innovation covariance 𝑆𝑘+1 is used to calculate the extended Kalman 

gain 𝐾𝑘+1. This is applied to the innovation �̃�𝑘+1 to update the a priori state estimate �̂�𝑘+1|𝑘 and 

produce the a posteriori state estimate �̂�𝑘+1|𝑘+1 as shown in (2.2.1.8). The entirety of the update 

stage is given by the following [32]: 

�̃�𝑘+1 = 𝑧𝑘+1 − ℎ(�̂�𝑘+1|𝑘) (2.2.1.5) 

𝑆𝑘+1 = 𝐻𝑘+1𝑃𝑘+1|𝑘𝐻𝑘+1
𝑇 + 𝑅𝑘+1 (2.2.1.6) 

𝐾𝑘+1 = 𝑃𝑘+1|𝑘𝐻𝑘+1
𝑇 𝑆𝑘+1

−1 (2.2.1.7) 

�̂�𝑘+1|𝑘+1 = �̂�𝑘+1|𝑘 + 𝐾𝑘+1�̃�𝑘+1 (2.2.1.8) 

𝑃𝑘+1|𝑘+1 = (𝐼 − 𝐾𝑘+1𝐻𝑘+1)𝑃𝑘+1|𝑘 (2.2.1.9) 

Like the KF, the EKF is relatively easy to implement [32]. However, special consideration should 

be given for nonlinear systems which cannot be approximated accurately by a first order Taylor 

series. The iterative version of the EKF seeks to mitigate this problem by iteratively adjusting the 

point at which system is linearized around.  
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2.2.2 Iterated Extended Kalman Filter 

The iterated Extended Kalman filter (IEKF) reduces the error of the EKF by recursively updating 

the point at which the system is linearized around. Like the EKF, the IEKF first linearizes the 

system around the a priori state estimate �̂�𝑘+1|𝑘 and calculates the first a posteriori state 

estimate �̂�𝑘+1|𝑘+1
1  as in (2.2.1.3). The filter then linearizes the system around  �̂�𝑘+1|𝑘+1

1 . This 

process is repeated until the difference between the current and last iteration |�̂�𝑘+1|𝑘+1
𝑛 −

 �̂�𝑘+1|𝑘+1
𝑛−1  |  meets a certain threshold or the maximum number of iterations 𝑛 has been 

performed [33]. This strategy reduces the error caused by linear approximation at the cost of 

processing time.  

2.2.3 The Unscented Kalman Filter 

Another method of dealing with nonlinearities involves using statistical linear regression of 

sample points propagated through the nonlinear system [32]. The unscented Kalman filter (UKF) 

is a popular formulation of the sigma-point Kalman filter (SPKF). The UKF generates sigma points 

based on the previous state estimate and covariances. The sigma points are propagated using 

the nonlinear system model to form the a priori state estimate �̂�𝑘+1|𝑘 and state error covariance 

𝑃𝑘+1|𝑘 in a process known as the unscented transform [32]. Additionally, the sigma points are 

also propagated through the nonlinear measurement function. This method removes the need 

for linearization and generally produces a more accurate estimate than a first order Taylor series 

approximation of the nonlinear system [32]. 

The UKF algorithm is detailed in the following equations [32].  Given a state space with 

dimension 𝑛, the state 𝑥𝑘 can be represented with 2𝑛 + 1 sigma points denoted by 𝑋. The sigma 

points have a mean of �̂�𝑘|𝑘 and a covariance of 𝑃𝑘|𝑘. The initial sigma point 𝑋0,𝑘|𝑘 and 

corresponding weight 𝑊0 are given as follows [32]: 

𝑋0,𝑘|𝑘 = �̂�𝑘|𝑘 (2.2.3.1) 

𝑊0 = 𝜅/(𝑛 + 𝜅) (2.2.3.2) 

where 𝜅 is a design parameter. The next 2𝑛 number of sigma points are calculated as follows 

[32]: 
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𝑋𝑖,𝑘|𝑘 = �̂�𝑘|𝑘 + (√(𝑛 + 𝜅)𝑃𝑘|𝑘)
𝑖

(2.2.3.3) 

𝑊𝑖 = 1/[2(𝑛 + 𝜅)] (2.2.3.4) 

where the value 𝑋𝑖,𝑘|𝑘 is the 𝑖𝑡ℎ sigma point and 𝑊𝑖 is the weight that is associated with the 𝑖𝑡ℎ 

sigma point [32]. The sigma points are propagated through the nonlinear system function 𝑓 and 

added together with their corresponding weights to generate the a priori state estimate �̂�𝑘+1|𝑘 

as follows: 

�̂�𝑖,𝑘+1|𝑘 = 𝑓(𝑋𝑖,𝑘|𝑘, 𝑢𝑘) (2.2.3.5) 

�̂�𝑘+1|𝑘 =∑𝑊𝑖�̂�𝑖,𝑘+1|𝑘

2𝑛

𝑖=0

(2.2.3.6) 

The previous calculations are used to calculate the a priori state error covariance 𝑃𝑘+1|𝑘 as 

follows [32]: 

𝑃𝑘+1|𝑘 =∑𝑊𝑖(�̂�𝑖,𝑘+1|𝑘 − �̂�𝑘+1|𝑘)(�̂�𝑖,𝑘+1|𝑘 − �̂�𝑘+1|𝑘)
𝑇

2𝑛

𝑖=0

(2.2.3.7) 

The sigma points are also propagated through the nonlinear measurement function. Unlike the 

KF and EKF, the UKF calculates a predicted measurement �̂�𝑘+1|𝑘 which is used to produce the 

innovation covariance 𝑃𝑧𝑧.𝑘+1|𝑘.  

�̂�𝑖,𝑘+1|𝑘 = ℎ(�̂�𝑖,𝑘+1|𝑘 , 𝑢𝑘) (2.2.3.8) 

�̂�𝑘+1|𝑘 =∑𝑊𝑖�̂�𝑖,𝑘+1|𝑘

2𝑛

𝑖=0

(2.2.3.9) 

𝑃𝑧𝑧.𝑘+1|𝑘 =∑𝑊𝑖(�̂�𝑖,𝑘+1|𝑘 − �̂�𝑘+1|𝑘)(�̂�𝑖,𝑘+1|𝑘 − �̂�𝑘+1|𝑘)
𝑇

2𝑛

𝑖=0

(2.2.3.10) 

The cross-covariance (with respect to the state and measurement) is calculated as follows [32]: 

𝑃𝑥𝑧.𝑘+1|𝑘 =∑𝑊𝑖(�̂�𝑖,𝑘+1|𝑘 − �̂�𝑘+1|𝑘)(�̂�𝑖,𝑘+1|𝑘 − �̂�𝑘+1|𝑘)
𝑇

2𝑛

𝑖=0

(2.2.3.11) 

The cross-covariance 𝑃𝑥𝑧.𝑘+1|𝑘 and 𝑃𝑧𝑧.𝑘+1|𝑘 are combined to produce the corrective gain 𝐾𝑘+1 

as follows [32]: 

𝐾𝑘+1 = 𝑃𝑥𝑧.𝑘+1|𝑘𝑃𝑧𝑧.𝑘+1|𝑘
−1 (2.2.3.12) 
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To conclude the update state of the UKF, the a posteriori state estimate �̂�𝑘+1|𝑘+1 and a posteriori 

state error covariance 𝑃𝑘+1|𝑘+1 are given as follows [32]: 

�̂�𝑘+1|𝑘+1 = �̂�𝑘+1|𝑘 + 𝐾𝑘+1(𝑧𝑘+1 − �̂�𝑘+1|𝑘) (2.2.3.13) 

𝑃𝑘+1|𝑘+1 = 𝑃𝑘+1|𝑘 − 𝐾𝑘+1𝑃𝑧𝑧,𝑘+1|𝑘𝐾𝑘+1
𝑇 (2.2.3.14) 

In the case of the UKF, there is a trade-off between computational cost and accuracy. While the 

EKF only propagates a single state estimate through a nonlinear process, the UKF uses 2𝑛 + 1 

sigma points to achieve a more accurate state estimate and state error covariance The UKF is 

comparable to the EKF for mildly nonlinear systems but has better performance when the nonlinear 

process cannot be approximated by a first order Taylor series [32].   

2.3 Multiple Model Methods 

Real-life systems rarely behave according to a singular static model. Systems such as the EHA and 

MR damper can have faulty operational modes that greatly affect their performance [34]. 

Multiple model (MM) strategies such as the static multiple model (SMM) and interacting multiple 

model (IMM) methods allow estimators to adapt to systems with modeling uncertainties where 

a finite number of modes are present [35]. Like the KF, MM methods are based on Bayesian 

principles in which prior probabilities are updated based on observations. Probabilities (of the 

system being correct) are assigned to each of the systems modes which are updated based on 

new measurements.   

2.3.1 Static Multiple Model Method 

The SMM assumes there is no switching from one mode to another throughout the estimation 

process. However, the estimator does not know with certainty which model is correct. Thus, even 

though the model is static, the SMM estimator is dynamic because the output is based on the 

probabilities of each model [15]. Bayes formula is used to generate the updated probability 𝜇𝑗,𝑘+1 

of model  𝑀𝑗 being correct as follows [15]: 

𝜇𝑗,𝑘+1 =
𝑝(𝑧𝑘+1|𝑍

𝑘 , 𝑀𝑗)𝜇𝑗,𝑘

∑ 𝑝(𝑧𝑘+1|𝑍
𝑘 , 𝑀𝑖)𝜇𝑖,𝑘

𝑟
𝑖=1

   𝑗 = 1,… , 𝑟 (2.3.1.1) 
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where  𝑍𝑘 is the measurement information up to time (or iteration) 𝑘, and  𝑟 is the total number 

of models. The term 𝑝(𝑧𝑘+1|𝑍
𝑘 , 𝑀𝑗) can be rewritten as the likelihood Λ𝑗,𝑘+1 of model 𝑀𝑗 at time 

𝑘 + 1 as follows [15]: 

𝛬𝑗,𝑘+1 ≡ 𝑝(𝑧𝑘+1|𝑍
𝑘, 𝑀𝑗) = 𝒩(𝑒𝑗,𝑧,𝑘+1|𝑘; 0, 𝑆𝑗,𝑘+1) (2.3.1.2) 

where 𝑒𝑗,𝑧,𝑘+1|𝑘 is the  a priori innovation and 𝑆𝑗,𝑘+1 is the innovation covariance matrix from the 

mode-matched filter with respect to model 𝑀𝑗 [15]. As shown by (2.3.1.3), Λ𝑗,𝑘+1 is a probability 

density function of a Gaussian distribution with zero mean and covariance 𝑆𝑗,𝑘+1. 

𝛬𝑗,𝑘+1 =
1

√|2𝜋𝑆𝑗,𝑘+1|𝐴𝑏𝑠

𝑒𝑥𝑝(
−
1
2
𝑒𝑗,𝑧,𝑘+1|𝑘
𝑇 𝑒𝑗,𝑧,𝑘+1|𝑘

𝑆𝑗,𝑘+1
) (2.3.1.3) 

A filter such as the KF is applied to each model and run in parallel. The output from each filter is 

used to update the mode probability 𝜇𝑗,𝑘+1 and consequently determine the overall output from 

the static MM strategy as follows [15]: 

�̂�𝑘+1|𝑘+1 =∑𝜇𝑗,𝑘+1�̂�𝑗,𝑘+1|𝑘+1

𝑟

𝑗=1

(2.3.1.4) 

In addition, the a posteriori state error covariance 𝑃𝑘+1|𝑘+1 also incorporates the mode 

probabilities as follows [15]: 

𝑃𝑘+1|𝑘+1 =∑𝜇𝑗,𝑘+1 {𝑃𝑗,𝑘+1|𝑘+1 + (�̂�𝑗,𝑘+1|𝑘+1 − �̂�𝑘+1|𝑘+1)(�̂�𝑗,𝑘+1|𝑘+1 − �̂�𝑘+1|𝑘+1)
𝑇
}

𝑟

𝑗=1

(2.3.1.5) 

It is important that each filter running in parallel recursively uses their own estimates and not the 

SMM output.  

2.3.2 The Interacting Multiple Model Strategy 

The IMM strategy is one of the most popular MM methods and is the focus of Chapter 5 [35]. 

Unlike the SMM method, the filters in the IMM method calculate a state estimate for each 

possible model using a mixed initial condition [35]. Thus, interaction between the models place 

at the beginning of each estimation recursion. The IMM estimator can summarized in five steps: 

calculation of mixing probabilities, mixing stage, mode-matched filtering, mode probability 

update, and state estimate and covariance combination [35].  
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 The mixing probability 𝜇𝑖|𝑗,𝑘|𝑘 represents the probability of a system in mode 𝑖 switching 

to mode 𝑗 at the next time step as follows [35]: 

𝜇𝑖|𝑗,𝑘|𝑘 =
1

𝑐�̅�
𝑝𝑖𝑗𝜇𝑖,𝑘 (2.3.2.1) 

𝑐�̅� =∑𝑝𝑖𝑗

𝑟

𝑖=1

𝜇𝑖,𝑘 (2.3.2.2) 

where  𝑐�̅� is the mode mixing normalizing constant. Mode switching is assumed to be a Markov 

chain with known mode transition probability 𝑝𝑖𝑗. The mode transition probability is typically a 

design parameter based on knowledge of the system.  The mixing probabilities are then used in 

the mixing stage. The previous iteration’s mode-matched state  �̂�𝑖,𝑘|𝑘, and state error covariance 

𝑃𝑖,𝑘|𝑘 are combined using the mixing probabilities in order to generate the initial conditions 

�̂�0𝑗,𝑘|𝑘 and 𝑃0𝑗,𝑘|𝑘. The initial conditions for the filter for model 𝑀𝑗 are given as follows [35]: 

�̂�0𝑗,𝑘|𝑘 =∑�̂�𝑖,𝑘|𝑘𝜇𝑖|𝑗,𝑘|𝑘

𝑟

𝑖=1

(2.3.2.3) 

𝑃0𝑗,𝑘|𝑘 =∑𝜇𝑖|𝑗,𝑘|𝑘

𝑟

𝑖=1

{𝑃𝑖,𝑘|𝑘 + (�̂�𝑖,𝑘|𝑘 − �̂�0𝑗,𝑘|𝑘)(�̂�𝑖,𝑘|𝑘 − �̂�0𝑗,𝑘|𝑘)
𝑇
} (2.3.2.4) 

The mode-matched filtering stages use the initial conditions from (2.3.2.3) and (2.3.2.4) to 

calculate the a priori sate estimate and a priori state error covariance for each model.  The 

filtering process continues to output the innovation  �̂�𝑗,𝑘+1|𝑘 and innovation covariance 𝑆𝑗,𝑘+1 as 

well as the a posteriori state estimate �̂�𝑗,𝑘+1|𝑘+1 and a posteriori state error covariance 𝑃𝑗,𝑘+1|𝑘+1. 

The likelihood of model 𝑀𝑗  is defined as follows [35]: 

𝛬𝑗,𝑘+1 = 𝒩(𝑧𝑘+1; �̂�𝑗,𝑘+1|𝑘, 𝑆𝑗,𝑘+1) (2.3.2.5) 

Equation (2.3.2.5) can be rewritten as a probability density function of a Gaussian distribution 

with mean  �̂�𝑗,𝑘+1|𝑘 and covariance 𝑆𝑗,𝑘+1 applied to measurement 𝑧𝑘+1 as follows [35]: 

𝛬𝑗,𝑘+1 =
1

√|2𝜋𝑆𝑗,𝑘+1|𝐴𝑏𝑠

𝑒𝑥𝑝(
−
1
2 𝑒𝑗,𝑧,𝑘+1|𝑘

𝑇 𝑒𝑗,𝑧,𝑘+1|𝑘

𝑆𝑗,𝑘+1
) (2.3.2.6) 

The likelihood of each model is then used to update the mode probabilities as follows [35]: 
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𝜇𝑗,𝑘 =
1

𝑐
𝛬𝑗,𝑘+1∑𝑝𝑖𝑗

𝑟

𝑖=1

𝜇𝑖,𝑘 (2.3.2.7) 

where the normalizing constant 𝑐 is given by: 

𝑐 =∑𝛬𝑗,𝑘+1∑𝑝𝑖𝑗

𝑟

𝑖=1

𝜇𝑖,𝑘

𝑟

𝑗=1

(2.3.2.8) 

The final output of the IMM estimator produces the overall state estimate �̂�𝑘+1|𝑘+1 and state 

error covariance 𝑃𝑘+1|𝑘+1 as follows [35]: 

�̂�𝑘+1|𝑘+1 =∑𝜇𝑗,𝑘+1�̂�𝑗,𝑘+1|𝑘+1

𝑟

𝑗=1

(2.3.2.9) 

𝑃𝑘+1|𝑘+1 =∑𝜇𝑗,𝑘+1 {𝑃𝑗,𝑘+1|𝑘+1 + (�̂�𝑗,𝑘+1|𝑘+1 − �̂�𝑘+1|𝑘+1)(�̂�𝑗,𝑘+1|𝑘+1 − �̂�𝑘+1|𝑘+1)
𝑇
}

𝑟

𝑗=1

(2.3.2.10) 

However, the overall state estimates and state error covariance are not used in the filter 

recursion but are for output purposes only. Due to its popularity, the IMM strategy was 

implemented in Chapter 5 of this thesis in conjunction with the SIF.  

2.4 Sliding Mode Observers 

Sliding mode observers (SMOs) are an extension of variable structure control. Variable structure 

systems contain discontinuities in their governing differential equations [36]. Discontinuity 

hyperplanes are used to divide the state space into regions that are continuous [36], [37]. 

Variable structure control uses a discontinuous function of the states to produce an output: the 

most popular form being sliding mode control (SMC) [38], [39].  The SMC method uses a sliding 

surface or discontinuous switching plane along a desired trajectory. The switching gain is used to 

direct the states towards the sliding surface if they deviate too far from it. States that are already 

on the surface continue to move along it known as a sliding mode [39]. While the switching gain 

gives the controller robustness and stability, it also introduces undesirable chattering that can 

excited unmodeled dynamics [36]. In order to mitigate chattering, boundary layers may be 

applied to the sliding surface in order to saturate and smooth out the response [39]. 
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 SMOs were developed based on sliding mode theory to minimize the error between the 

true state and observer model and move the error surface towards zero [40]. Like SMCs, SMOs 

use a switching function to add stability and robustness to the estimates. The SMO defines a 

sliding surface and applies discontinuous adjustments to the estimate to keep the estimated 

bounded within an area of the sliding surface known as the existence subspace [41]. This process 

can be summarized by three phases: reachability, injection, and sliding [40], [41]. In the 

reachability phase, the estimates are forced towards the sliding surface within a finite number of 

time steps [41]. After the estimate enters the existence subspace, the injection and sliding phases 

take effect. In the sliding phase, the estimation errors are forced along the hyperplane towards 

the origin while the injection phase prevents the estimate from leaving the existence subspace 

[41]. This effectively keeps the estimate bounded within an area of the hyperplane which adds 

robustness to modeling uncertainties and disturbances [41-43]. The SMO concept with sliding 

boundary layer forms the basis of the smooth variable structure filter (SVSF) and SIF.   

2.5 Smooth Variable Structure Filter 

The SVSF is similar to the KF but makes uses of a sliding boundary layer in order to calculate the 

corrective gain. It was first presented in 2007 and has since been used in numerous applications 

such as tracking, parameter estimation, robust attitude estimation, and fault detection. For a 

linear system, the prediction stage is identical to the KF in Section 2.1.1 as follows [36]: 

�̂�𝑘+1|𝑘 = 𝐴�̂�𝑘|𝑘 + 𝐵𝑢𝑘 (2.5.1) 

𝑃𝑘+1|𝑘 = 𝐴𝑃𝑘|𝑘𝐴
𝑇 + 𝑄𝑘+1 (2.5.2) 

The predicted measurement  �̂�𝑘+1|𝑘 and measurement error 𝑒𝑧,𝑘+1|𝑘 are given by the following: 

�̂�𝑘+1|𝑘 = 𝐶�̂�𝑘+1|𝑘 (2.5.3) 

             𝑒𝑧,𝑘+1|𝑘 = 𝑧𝑘+1 − �̂�𝑘+1|𝑘 (2.5.4) 

The corrective gain 𝐾𝑘+1 is a function of the previous 𝑒𝑧𝑘|𝑘 and predicted 𝑒𝑧𝑘+1|𝑘  measurement 

error, smoothing boundary layer 𝜓, and memory (or convergence rate) 𝛾. The memory of the 

SVSF is a design parameter. The corrective gain is given as follows [36]: 

     𝐾𝑘+1 = 𝐶𝑘
+𝑑𝑖𝑎𝑔 [(|𝑒𝑧𝑘+1|𝑘| + 𝛾 |𝑒𝑧𝑘|𝑘|) ∘ 𝑠𝑎𝑡 (�̅�

−1𝑒𝑧𝑘+1|𝑘)] 𝑑𝑖𝑎𝑔 (𝑒𝑧𝑘+1|𝑘)
−1

(2.5.5) 
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where ∘ is the Schur multiplication (or element-by-element), 𝐶+ is the pseudoinverse of the 

measurement matrix. The saturation function of the term �̅�−1𝑒𝑧𝑘+1|𝑘 is defined as follows: 

𝑠𝑎𝑡 (�̅�−1𝑒𝑧𝑘+1|𝑘) = {

1, 𝑒𝑧𝑖,𝑘+1|𝑘/𝜓𝑖 ≥ 1

𝑒𝑧𝑖,𝑘+1|𝑘/𝜓𝑖, −1 < 𝑒𝑧𝑖,𝑘+1|𝑘/𝜓𝑖 < 1

−1, 𝑒𝑧𝑖,𝑘+1|𝑘/𝜓𝑖 ≤ −1

 (2.5.6) 

where �̅�−1 is a diagonal matrix constructed from the element-by-element inverses of the 

smoothing boundary layer 𝜓 as shown [36]: 

�̅�−1 =

[
 
 
 
 
1

𝜓1
0 0

0 ⋱ 0

0 0  
1

𝜓𝑚]
 
 
 
 

 (2.5.7) 

The a posteriori state estimate �̂�𝑘+1|𝑘  and a posteriori state error covariance 𝑃𝑘+1|𝑘 are 

calculated in a similar fashion to the KF as follows: 

           �̂�𝑘+1|𝑘+1 = �̂�𝑘+1|𝑘 + 𝐾𝑘+1[𝑧𝑘+1 − 𝐶�̂�𝑘+1|𝑘] (2.5.8) 

        𝑃𝑘+1|𝑘+1 = [𝐼 − 𝐾𝑘+1𝐶]𝑃𝑘+1|𝑘[𝐼 − 𝐾𝑘+1𝐶]
𝑇 + 𝐾𝑘+1𝑅𝑘+1𝐾𝑘+1

𝑇  (2.5.9) 

The updated measurement estimate �̂�𝑘+1|𝑘+1 and measurement error 𝑒𝑧,𝑘+1|𝑘+1 are calculated 

to be used in the next iteration as follows [36]: 

           �̂�𝑘+1|𝑘+1 = 𝐶�̂�𝑘+1|𝑘+1 (2.5.10) 

𝑒𝑧,𝑘+1|𝑘+1 = 𝑧𝑘+1 − �̂�𝑘+1|𝑘+1 (2.5.11) 

Equations (2.5.5) through (2.5.11) detail the update stage of the SVSF. The SVSF has been 

proven to show robustness in presence of modeling uncertainties and disturbances through the 

use of a smoothing boundary layer [36]. The SIF algorithm is an improvement over the SVSF 

formulation as it is slightly more accurate and utilizes a simpler corrective gain calculation. The 

SIF equations and proof of stability are detailed in the next section. 

2.6 Sliding Innovation Filter 

The following section has been included with permission from the authors of the publication 

below. 
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S. A. Gadsden and M. Al-Shabi, "The Sliding Innovation Filter," in IEEE Access, vol. 8, pp. 96129-
96138, 2020, doi: 10.1109/ACCESS.2020.2995345.  © 2021 IEEE [1] 

2.6.1 SIF Equations 

The SIF is a Bayesian, model-based estimator based on sliding mode observers. For a linear 

system, the SIF corrective gain is calculated using the measurement matrix, innovation, and 

sliding boundary layer. The boundary layer represents an upper limit of modeling uncertainties 

and disturbances [1]. The initial estimate is forced towards the sliding boundary layer. However, 

if the estimate is already within the sliding boundary layer, the corrective gain forces the 

estimates to switch around the true state trajectory as shown in Figure 2.1. 

 

Figure 2.1: The sliding innovation filter (SIF) concept illustrating the effects of the switching 
gain and sliding boundary layer [1]. 

For a linear system, the prediction stage is identical to the KF in Section 2.1.1 as follows: 

�̂�𝑘+1|𝑘 = 𝐴�̂�𝑘|𝑘 + 𝐵𝑢𝑘 (2.6.1.1) 

𝑃𝑘+1|𝑘 = 𝐴𝑃𝑘|𝑘𝐴
𝑇 + 𝑄𝑘+1 (2.6.1.2) 

�̃�𝑘+1|𝑘 = 𝑧𝑘+1 − 𝐶�̂�𝑘+1|𝑘 (2.6.1.3) 
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For nonlinear systems, the linear system matrix 𝐴 and measurement matrix 𝐶 are replaced with 

Jacobian matrices 𝐹𝑘 and 𝐻𝑘+1 respectively as shown in Section 2.2.1. The SIF formulation for 

nonlinear systems is referred to as the extended sliding innovation filter (ESIF). The SIF corrective 

gain 𝐾𝑘+1 is calculated using the measurement matrix 𝐶, innovation  �̃�𝑘+1|𝑘  and fixed sliding 

boundary layer 𝛿. The corrective gain is then applied to the innovation stage to calculate the a 

posteriori state estimate in a similar fashion to the KF (Section 2.2.1). In addition, the a posteriori 

state error covariance follows the KF formulation as well. The entirety of the update stage is given 

as follows [1]: 

𝐾𝑘+1 = 𝐶+𝑠𝑎𝑡̅̅ ̅̅ (|�̃�𝑘+1|𝑘| 𝛿⁄ ) (2.6.1.4) 

�̂�𝑘+1|𝑘+1 = �̂�𝑘+1|𝑘 + 𝐾𝑘+1�̃�𝑘+1|𝑘 (2.6.1.5) 

𝑃𝑘+1|𝑘+1 = (𝐼 − 𝐾𝑘+1𝐶
+)𝑃𝑘+1|𝑘(𝐼 − 𝐾𝑘+1𝐶

+)𝑇 + 𝐾𝑘+1𝑅𝑘+1𝐾𝑘+1
𝑇 (2.6.1.6) 

where 𝐶+ refers to the pseudoinverse of the measurement matrix, and 𝑠𝑎𝑡̅̅ ̅̅  refers to the diagonal 

matrix of the saturated vector values, |�̃�𝑘+1|𝑘| refers to the absolute innovation value, and 𝑇 

refers to transpose of a vector or matrix [1].The sliding boundary layer term is tuned manually 

based on knowledge of the system (e.g., noise and modeling uncertainty) or through other 

optimization methods in order to minimize the estimation error [1]. 

 The SIF estimation process can be summarized by equations (2.6.1.1) through (2.6.1.6) 

for linear systems and measurement processes. The current SIF formulation uses a fixed sliding 

boundary layer. Chapter 3 introduces an adaptive formulation of the SIF with a time-varying 

sliding boundary layer as a result of minimizing the state error covariance. Proof of stability for 

the SIF is provided using a Lyapunov function based on the updated innovation as shown in the 

following section.  

2.6.2  Proof of Stability 

A proof of stability for the SIF is given in this section. A Lyapunov function 𝑀𝑘+1 is defined by the 

absolute value of the innovation �̃�𝑘+1|𝑘+1 as follows [1]: 

𝑀𝑘+1 = |�̃�𝑘+1|𝑘+1| (2.6.2.1) 

An estimation process is stable according to Lyapunov stability theory if the following holds true: 

𝑀𝑘+1 ∙ ∆𝑀𝑘+1 < 0 (2.6.2.2) 
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Based on (2.6.2.2), the rate of change of the Lyapunov function must be negative. Thus, the 

magnitude of the innovation must decrease over time. Substituting (2.6.2.1) into (2.6.2.2) yields: 

|�̃�𝑘+1|𝑘+1| (
|�̃�𝑘+1|𝑘+1| − |�̃�𝑘|𝑘|

𝑇
)

𝑇

< 0 (2.6.2.3) 

where 𝑇 is the time step (and the exponential 𝑇 refers to the transpose). Rearranging (2.6.2.3) 

gives: 

|�̃�𝑘+1|𝑘+1||�̃�𝑘+1|𝑘+1|
𝑇
< |�̃�𝑘+1|𝑘+1||�̃�𝑘|𝑘|

𝑇
 (2.6.2.4) 

which can then be reduced to the following: 

|�̃�𝑘+1|𝑘+1| < |�̃�𝑘|𝑘| (2.6.2.5) 

Thus, if the absolute value of the innovation decreases over time, the estimation process is 

considered stable. In order to prove (2.6.2.5), the expectation of the innovation �̃�𝑘+1|𝑘+1 is 

needed. The definition of the updated state error  �̃�𝑘+1|𝑘+1 (or difference between 𝑥𝑘+1 and 

�̂�𝑘+1|𝑘+1) is as follows [1]: 

�̃�𝑘+1|𝑘+1 = �̃�𝑘+1|𝑘 − 𝐶
+𝑠𝑎𝑡̅̅ ̅̅ (|�̃�𝑘+1|𝑘| 𝛿⁄ )�̃�𝑘+1|𝑘 (2.6.2.6) 

In most estimation applications, the measurement is much larger (several magnitudes) than the 

system noise. Thus, the innovation may be rewritten as follows [1]: 

�̃�𝑘+1|𝑘 = 𝐶�̂�𝑘+1|𝑘 + 𝑣𝑘+1 (2.6.2.7) 

After (2.6.2.6) is multiplied by 𝐶, (2.6.2.7) may be used to give [1]: 

�̃�𝑘+1|𝑘+1 = �̃�𝑘+1|𝑘 − 𝑠𝑎𝑡̅̅ ̅̅ (|�̃�𝑘+1|𝑘| 𝛿⁄ )�̃�𝑘+1|𝑘 (2.6.2.8) 

which can then be reduced to the following [1]: 

�̃�𝑘+1|𝑘+1 = (𝐼 − 𝑠𝑎𝑡̅̅ ̅̅ (|�̃�𝑘+1|𝑘| 𝛿⁄ )) �̃�𝑘+1|𝑘 (2.6.2.9) 

For simplicity, the term 𝐷 =  𝑠𝑎𝑡̅̅ ̅̅ (|�̃�𝑘+1|𝑘| 𝛿⁄ ) is defined. The a priori state error and a priori 

innovation are given as follows [1]: 

�̃�𝑘+1|𝑘 = 𝐴�̃�𝑘|𝑘 + 𝑤𝑘 (2.6.2.10) 

�̃�𝑘+1|𝑘 = 𝐶(𝐴�̃�𝑘|𝑘) + 𝑣𝑘+1 (2.6.2.11) 

Substituting (2.6.2.11) into (2.6.2.9) yields: 

�̃�𝑘+1|𝑘+1 = (𝐼 − 𝐷)( 𝐶(𝐴�̃�𝑘|𝑘) + 𝑣𝑘+1) (2.6.2.12) 

which can then be reduced to: 
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�̃�𝑘+1|𝑘+1 = (𝐼 − 𝐷)𝐶𝐴𝐶+�̃�𝑘|𝑘 + η (2.6.2.13) 

where uncertainty vector 𝜂 is defined by the following [1]: 

𝜂 = −(𝐼 − 𝐷)𝐶(𝐴𝐶+𝑣𝑘 − 𝑤𝑘) + (I − D)𝑣𝑘+1 (2.6.2.14) 

Although (2.6.2.14) is unknown, the expectation is zero given that the noise is white (normal 

distribution with zero mean). Thus, 𝐸[𝑤𝑘] = 𝐸[𝑣𝑘] = 0. Taking the expectation of (2.6.2.13) can 

be written as [1]: 

𝐸[�̃�𝑘+1|𝑘+1] = (𝐼 − 𝐷)𝐶𝐴𝐶
+𝐸[�̃�𝑘|𝑘] (2.6.2.15) 

where 𝐸 refers to the expectation of the term inside its brackets. Thus, the estimation process is 

stable as long as |(𝐼 − 𝐷)𝐶𝐴𝐶+| is less than unity. The Lyapunov condition given in (2.6.2.1) and 

(2.6.2.2) is met provided that: 

−1 < (𝐼 − 𝐷)𝐶𝐴𝐶+ < 1 (2.5.2.16) 

If 𝐶𝐴𝐶+ is positive the following must hold true: 

𝐼 + 𝐶𝐴−1𝐶+ > 𝐷 > 𝐼 − 𝐶𝐴−1𝐶+ (2.6.2.17) 

If 𝐶𝐴𝐶+ is negative, then inequality becomes the following: 

𝐼 + 𝐶𝐴−1𝐶+ < 𝐷 < 𝐼 − 𝐶𝐴−1𝐶+ (2.6.2.18) 

Since 𝐷 should be between zero and unity, 𝐷 is contained and defined by [1]: 

𝐷 ∈ [𝑚𝑎 𝑥((𝐼 − [𝐶𝐴−1𝐶+], 0), 𝐼] (2.6.2.19) 

Thus, the Lyapunov function (2.6.2.1) and (2.6.2.2) are satisfied based on (2.6.2.5), (2.6.2.16), and 

(2.6.2.19) which ensures the stability of the SIF estimator. 

The uncertainty vector defined by (2.6.2.14) may be used to tune the sliding boundary 

layer width. To reduce the chattering, the sliding boundary layer width should be constrained as 

follows [1]: 

𝛿 ≥ |�̃�|𝑚𝑎𝑥 + |𝜂|𝑚𝑎𝑥 (2.6.2.20) 

where |�̃�|𝑚𝑎𝑥 is the largest innovation and |𝜂|𝑚𝑎𝑥 is the largest uncertainty vector.  

The largest uncertainty vector can be found by setting 𝐷 = 0  (when the innovation is zero or the 

boundary layer is infinitely large). In this case, the uncertainty vector can be written as: 

|𝜂|𝑚𝑎𝑥 = |𝐶|𝑚𝑎𝑥(|𝐶|𝑚𝑎𝑥|𝐴|𝑚𝑎𝑥|𝐶
+|𝑚𝑎𝑥|𝑣|𝑚𝑎𝑥 + |𝑤|𝑚𝑎𝑥) + |𝑣|𝑚𝑎𝑥 (2.6.2.21) 

Simplifying yields: 

|𝜂|𝑚𝑎𝑥 = (|𝐶|𝑚𝑎𝑥|𝐴|𝑚𝑎𝑥|𝐶
+|𝑚𝑎𝑥 + 𝐼)|𝑣|𝑚𝑎𝑥 + |𝐶|𝑚𝑎𝑥|𝑤|𝑚𝑎𝑥 (2.6.2.22) 
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Equations (2.6.2.20) and (2.6.2.22) are combined to form the initial boundary layer width [1]: 

𝛿 ≥ |�̃�|𝑚𝑎𝑥 + (|𝐶|𝑚𝑎𝑥|𝐴|𝑚𝑎𝑥|𝐶
+|𝑚𝑎𝑥 + 𝐼)|𝑣|𝑚𝑎𝑥 + |𝐶|𝑚𝑎𝑥|𝑤|𝑚𝑎𝑥 (2.6.2.23) 

The above condition can be used as a starting point for tuning the sliding boundary layer width. 

A sliding boundary layer that is wider than the upper limit of uncertainties results in smoother 

estimates while a boundary layer that is narrower would result in chattering due to the SIF gain.  

2.7 Summary 

This chapter provides a background on the estimation strategies implemented in this thesis. 

The KF algorithm is a very popular Bayesian, model-based estimator due to its simplicity and 

optimality for linear systems with white noise. However, since most systems in nature exhibit 

nonlinear behaviour, several extensions and variants of the KF have been developed for 

nonlinear systems. The EKF linearizes the system around the state estimate using a first order 

Taylor series while the UKF uses several sampling points that are propagated to capture the 

nonlinearities. Additionally, systems in nature rarely behave according to one singular static 

model. Multiple model methods such as the SMM and IMM were discussed in this chapter. Due 

its popularity, the IMM algorithm is the only MM method implemented in Chapter 5. The SMM 

method assumes there is no switching between different system models which is often 

unrealistic. A brief overview of sliding mode observers was discussed which forms the basis of 

the SVSF. Finally, an overview of the SIF equations and proof of stability was presented. The SIF 

improves upon the SVSF through a more concise corrective gain calculation. The research 

presented in the following chapters combines the SIF with the nonlinear and multiple model 

strategies presented in this chapter.
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Chapter 3 

 
The work presented in Chapter 3 has been published in IEEE Signal Processing Letters. It is being 
presented in this thesis with permission from the authors.  

© 2021 IEEE. Reprinted, with permission, from [A. S. Lee, S. A. Gadsden, and M. Al-Shabi, “An 
Adaptive Formulation of the Sliding Innovation Filter,” IEEE Signal Processing Letters, vol. 28, pp. 
1295-1299, 2021, doi: 10.1109/lsp.2021.3089918.] 

 

3 An Adaptive Formulation of the Sliding Innovation Filter 

 

Abstract—In this paper, an adaptive formulation of the sliding innovation filter (SIF) is presented. 

The SIF is a recently proposed estimation strategy that has demonstrated robustness to modeling 

errors and uncertainties. It utilizes a switching gain that is a function of the innovation 

(measurement error) and sliding boundary layer term. In this paper, a time-varying sliding 

boundary layer is derived based on minimizing the state error covariance. The resulting solution 

creates an adaptive formulation of the SIF. The adaptive SIF is applied on a linear aerospace 

system, and is compared with the well-known Kalman filter (KF) and the standard SIF. The results 

demonstrate the robustness of the new estimation strategy in the presence of modeling 

uncertainties and system faults. 
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3.1 Introduction 

The objective of estimation theory is to extract useful information on system states in the 

presence of unknown system and measurement noise. The Kalman filter (KF) is the most well-

studied estimation method as it provides an optimal estimate for linear systems in the presence 

of known systems and white noise [28, 29, 44]. The KF has a wide-range of applications such as 

target tracking, signal processing, and fault detection [45-47]. For nonlinear systems, the KF has 

been modified to approximate the nonlinearities. The extended Kalman Filter (EKF) can be used 

to estimate the states of a nonlinear dynamic system. The filter uses local linearization of the 

system model at the operating point in order to calculate the corrective gain [44, 45]. However, 

if the system is highly nonlinear, the EKF solution may diverge from the true state trajectory 

leading to numerical instabilities and poor estimation results  [30, 48, 49]. Another well-known 

nonlinear version is the unscented Kalman filter (UKF) which utilizes sigma-points to formulate a 

weighted statistical linear regression which approximates the nonlinearities [32]. The UKF works 

well for a number of signal processing applications, however it can be resource intensive and can 

be sensitive to modeling uncertainties and disturbances.  

Similar to control theory, a trade-off exists between estimation accuracy and robustness 

to disturbances  [30, 41]. A number of robust strategies have been presented in literature and 

include estimating bounds on the uncertainties or minimizing the maximum estimation error [44, 

50, 51]. Other strategies can be classified as entropy-based, distribution-based, or sliding mode 

type. Entropy-based strategies utilize a different criterion than the KF, which minimizes the well-

known mean square error (MSE) [52], [53]. Both methods attempt to improve robustness to 

heavy-tailed non-Gaussian noises in order to provide a stable estimate. Distribution-based 

strategies typically utilize variational Bayesian methods that provide an approximation to the 

probability density function of estimated states and may also be used to improve robustness to 

non-Gaussian noise [54]. Assumed density filters, which are part of distribution-based methods, 

utilize a tractable parametric distribution in Bayesian network [55]. Note that these types of 

filters are also known as moment matching, online Bayesian learning, and weak marginalization 

[55]. 
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Sliding mode observers were introduced based on sliding mode and variable structure theory 

[41, 42]. The observer gain is calculated based on the innovation and is implemented in order to 

force the error surface to zero  [56]. Sliding mode observers define a hyperplane (i.e., a sliding 

surface) and apply a discontinuous switching force on the estimate to keep the estimate bounded 

within an area of the hyperplane [39, 41] . This strategy provides estimates that are robust to 

modeling uncertainties and external disturbances. 

Based on sliding mode observers, the smooth variable structure filter (SVSF) was 

developed  [36, 41], 45]. This method has demonstrated robustness to modeling uncertainties 

while providing a sub-optimal solution in terms of estimation accuracy [44, 57, 58]. More 

recently, the sliding innovation filter (SIF) was proposed, and it utilizes a simpler gain and yields 

a more accurate solution when compared with the SVSF [1]. A nonlinear version, similar to the 

EKF, was also presented called the extended SIF (ESIF). The SIF and ESIF applied in [1] utilized a 

fixed-width sliding boundary layer which assumes a constant upper limit to modeling uncertainty 

and noise. 

In this study, we propose a time-varying sliding boundary layer that is optimized by 

minimizing the trace of the updated state error covariance with respect to the sliding boundary 

layer at each time step. This method provides an advantage to manually tuned sliding boundary 

layers by adapting to changes in the system dynamics. In addition, significant changes in the time-

varying sliding boundary layer can be used to indicate the presence of faults within the system. 

The motivation of this work is to improve the estimation accuracy of the SIF method, which is 

considered robust but sub-optimal. 

The paper is organized as follows. The SIF estimation process is summarized in Section 

3.2, followed by the proposed time-varying sliding boundary layer derivation in Section 3.3. The 

results of applying the KF, the standard SIF, and the proposed adaptive SIF are shown in Section 

3.4, followed by concluding remarks 
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3.2 The Sliding Innovation Filter 

The sliding innovation filter (SIF) is a predictor-corrector estimator based on sliding mode 

concepts [1]. The difference between the KF and SIF is the structure of the corrective gain matrix. 

The SIF gain is calculated using the measurement matrix, innovation, and sliding boundary layer 

term. An initial estimate is pushed towards the sliding boundary layer which is based on the upper 

limit of uncertainties in the estimation process [1]. If the estimate is within the sliding boundary 

layer, the estimates are forced to switch about the true state trajectory by the SIF gain. Figure 

3.1 illustrates the SIF estimation concept. 

 

Figure 3.1: The sliding innovation filter (SIF) concept illustrating the effects of the switching 
gain and sliding boundary layer [1]. 

This section describes the linear SIF estimation process. The prediction stage is given by 

the following equations: 

�̂�𝑘+1|𝑘 = 𝐴�̂�𝑘|𝑘 + 𝐵𝑢𝑘 (3.2.1) 

𝑃𝑘+1|𝑘 = 𝐴𝑃𝑘|𝑘𝐴
𝑇 + 𝑄𝑘+1 (3.2.2) 

�̃�𝑘+1|𝑘 = 𝑧𝑘+1 − 𝐶�̂�𝑘+1|𝑘 (3.2.3) 
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where 𝑥 refers to the state, �̂� refers to the estimated state, 𝑢 refers to the system input, 𝑧 refers 

to the measurement, �̃� refers to the innovation (or measurement error), and 𝑘 refers to the time 

step. In addition, 𝐴, 𝐵, 𝐶, 𝑃, 𝑄, and 𝑅, are respectively defined as the system matrix, input gain 

matrix, measurement matrix, state error covariance matrix, system noise covariance, and 

measurement noise covariance. Note also that 𝑘 + 1|𝑘 and 𝑘 + 1|𝑘 + 1 refer to predicted and 

updated values, respectively. 

The states are predicted in (3.2.1) before being updated in (3.2.5) using the innovation defined 

in (2.3) which is also used in the gain formulation in (3.2.4). The state error covariance matrix is 

predicted in (3.2.2) before being updated in (3.2.6). Note that the gain (3.2.4) is also used to 

update the state error covariance (3.2.6). The update state is summarized by the following 

equations: 

𝐾𝑘+1 = 𝐶+𝑠𝑎𝑡̅̅ ̅̅ (|�̃�𝑘+1|𝑘| 𝛿⁄ ) (3.2.4) 

�̂�𝑘+1|𝑘+1 = �̂�𝑘+1|𝑘 + 𝐾𝑘+1�̃�𝑘+1|𝑘 (3.2.5) 

𝑃𝑘+1|𝑘+1 = (𝐼 − 𝐾𝑘+1𝐶
+)𝑃𝑘+1|𝑘(𝐼 − 𝐾𝑘+1𝐶

+)𝑇 + 𝐾𝑘+1𝑅𝑘+1𝐾𝑘+1
𝑇 (3.2.6) 

where 𝐶+ refers to the pseudoinverse of the measurement matrix, |�̃�𝑘+1|𝑘| refers to the absolute 

innovation value, 𝑇 refers to transpose of a vector or matrix, 𝛿 refers to the fixed sliding boundary 

layer width, and 𝑠𝑎𝑡̅̅ ̅̅  refers to the diagonal matrix of the saturated vector values. The sliding 

boundary layer term may be tuned based on designer knowledge of the system (e.g., level of 

noise) in an effort to minimize the state estimation error. 

Equations (3.2.1) through (3.2.6) represent the SIF estimation process for linear systems and 

measurements. The SIF proof of stability was discussed in detail in [1]. A Lyapunov function was 

defined based on the updated innovation and was used to prove stability. Note that the nonlinear 

version of the SIF, the extended SIF (ESIF), is similar to the SIF with the main difference being the 

formulation of the gain [1]. Similar to the EKF, the ESIF uses Jacobian matrices to linearize the 

nonlinear system 𝑓(�̂�𝑘|𝑘, 𝑢𝑘) and nonlinear measurement ℎ(�̂�𝑘+1|𝑘) functions, respectively as 

follows: 

𝐹𝑘 =
𝜕𝑓

𝜕𝑥
|
(�̂�𝑘|𝑘,𝑢𝑘)

(3.2.7) 
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𝐻𝑘+1 =
𝜕ℎ

𝜕𝑥
|
(�̂�𝑘+1|𝑘)

(3.2.8) 

In its current formulation, the state error covariance matrix 𝑃 defined in the SIF estimation 

process is not used to update the state estimates. However, as will be shown in Section 3.3, it is 

used to derive a time-varying sliding boundary layer. 

3.3 Derivation of the Sliding Boundary Layer 

This section presents the derivation of the time-varying sliding boundary layer, which forms the 

basis of the adaptive SIF strategy. For simplicity, in the presented derivation, the measurement 

matrix 𝐶 is assumed to be constant. For nonlinear measurements, the derivation would remain 

the same, but the linearized measurement matrix 𝐻𝑘+1 would be used instead as per (3.2.8). The 

adaptive SIF is derived based on minimizing the trace of the updated state error covariance 

𝑃𝑘+1|𝑘+1. The trace is taken as it represents the total amount of state error present in the 

estimation process. 

The updated state error covariance matrix given by (3.2.6) can be expanded to the 

following: 

𝑃𝑘+1|𝑘+1 = 𝑃𝑘+1|𝑘 − 𝐾𝑘+1𝐶𝑃𝑘+1|𝑘 − 𝑃𝑘+1|𝑘𝐶
𝑇𝐾𝑘+1

𝑇 + 𝐾𝑘+1𝑆𝑘+1𝐾𝑘+1
𝑇 (3.3.1) 

where 𝑆𝑘+1 is the innovation covariance defined by: 

𝑆𝑘+1 = 𝐶𝑃𝑘+1|𝑘𝐶
𝑇 + 𝑅𝑘+1 (3.3.2) 

The SIF gain defined by (3.2.4) is rewritten to include a full 𝛿 matrix (a sliding boundary layer term 

for each innovation term and cross-innovation term). We also ignoring the saturation term in 

order to calculate the optimal solution. In this case, the modified SIF gain is defined as follows: 

𝐾𝑘+1 = 𝐶
+|�̃�𝑘+1|𝑘̅̅ ̅̅ ̅̅ ̅̅ |𝛿−1 (3.3.3) 

By substituting (3.3.3) into (3.3.1), the updated state error covariance can be written in terms of 

the boundary layer 𝛿: 

𝑃𝑘+1|𝑘+1 = 𝑃𝑘+1|𝑘 − 𝑃𝑘+1|𝑘𝐶
𝑇𝛿−𝑇|�̃�𝑘+1|𝑘̅̅ ̅̅ ̅̅ ̅̅ |𝐶+𝑇 − 𝐶+|�̃�𝑘+1|𝑘̅̅ ̅̅ ̅̅ ̅̅ |𝛿−1𝐶𝑃𝑘+1|𝑘 …

+𝐶+|�̃�𝑘+1|𝑘̅̅ ̅̅ ̅̅ ̅̅ |𝛿−1𝑆𝑘+1𝛿
−𝑇|�̃�𝑘+1|𝑘̅̅ ̅̅ ̅̅ ̅̅ |𝐶+𝑇 (3.3.4)
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The partial derivative of the trace of the updated state error covariance matrix with respect to 

the sliding boundary layer 𝛿 is the basis for obtaining a time-varying 𝛿, as shown in (3.3.5). 

𝜕 (𝑡𝑟𝑎𝑐𝑒(𝑃𝑘+1|𝑘+1))

𝜕𝛿
= 0 (3.3.5) 

The partial derivative of each term in (3.3.5) yields the following: 

𝜕 (𝑡𝑟𝑎𝑐𝑒(𝑃𝑘+1|𝑘))

𝜕𝛿
= 0 (3.3.6) 

𝜕 (𝑡𝑟𝑎𝑐𝑒(−𝑃𝑘+1|𝑘𝐶
𝑇𝛿−𝑇|�̃�𝑘+1|𝑘̅̅ ̅̅ ̅̅ ̅̅ |𝐶+𝑇))

𝜕𝛿
= 𝛿−𝑇|�̃�𝑘+1|𝑘̅̅ ̅̅ ̅̅ ̅̅ |𝐶+𝑇𝑃𝑘+1|𝑘𝐶

𝑇𝛿−𝑇 (3.3.7) 

𝜕 (𝑡𝑟𝑎𝑐𝑒(−𝐶+|�̃�𝑘+1|𝑘̅̅ ̅̅ ̅̅ ̅̅ |𝛿−1𝐶𝑃𝑘+1|𝑘))

𝜕𝛿
= 𝛿−𝑇|�̃�𝑘+1|𝑘̅̅ ̅̅ ̅̅ ̅̅ |𝐶+𝑇𝑃𝑘+1|𝑘𝐶

𝑇𝛿−𝑇 (3.3.8) 

𝜕 (𝑡𝑟𝑎𝑐𝑒(𝐶+|�̃�𝑘+1|𝑘̅̅ ̅̅ ̅̅ ̅̅ |𝛿−1𝑆𝑘+1𝛿
−𝑇|�̃�𝑘+1|𝑘̅̅ ̅̅ ̅̅ ̅̅ |𝐶+𝑇))

𝜕𝛿
=

−2𝛿−𝑇|�̃�𝑘+1|𝑘̅̅ ̅̅ ̅̅ ̅̅ |𝐶+𝑇𝐶+|�̃�𝑘+1|𝑘̅̅ ̅̅ ̅̅ ̅̅ |𝛿−1𝑆𝑘+1𝛿
−𝑇 (3.3.9)

 

Combining (3.3.5) with (3.3.6) through (3.3.9) yields the following expression: 

2𝛿−𝑇|�̃�𝑘+1|𝑘̅̅ ̅̅ ̅̅ ̅̅ |𝐶+𝑇𝑃𝑘+1|𝑘𝐶
𝑇𝛿−𝑇 − 2𝛿−𝑇|�̃�𝑘+1|𝑘̅̅ ̅̅ ̅̅ ̅̅ |𝐶+𝑇𝐶+|�̃�𝑘+1|𝑘̅̅ ̅̅ ̅̅ ̅̅ |𝛿−1𝑆𝑘+1𝛿

−𝑇 = 0 (3.3.10) 

Simplifying the terms yields: 

𝐶𝑃𝑘+1|𝑘𝐶
𝑇𝑆𝑘+1

−1 − |�̃�𝑘+1|𝑘̅̅ ̅̅ ̅̅ ̅̅ |𝛿−1 = 0 (3.3.11) 

Finally, simplifying (3.3.11) yields the following time-varying sliding boundary layer: 

𝛿𝑘+1 = 𝑆𝑘+1(𝐶𝑃𝑘+1|𝑘𝐶
𝑇)
−1
|�̃�𝑘+1|𝑘̅̅ ̅̅ ̅̅ ̅̅ | (3.12) 

Equation (3.12) represents the time-varying sliding boundary layer 𝛿𝑘+1 that is used by the 

proposed adaptive SIF. The width of 𝛿𝑘+1 is found to be a function of the innovation covariance 

matrix 𝑆𝑘+1, the measurement matrix 𝐶, the state error covariance matrix 𝑃𝑘+1|𝑘, and the 

absolute magnitude of the innovation �̃�𝑘+1|𝑘. Note that (3.12) may be simplified even further 

using (3.3.2) as follows: 

𝛿𝑘+1 = 𝑆𝑘+1(𝑆𝑘+1 − 𝑅𝑘+1)
−1|�̃�𝑘+1|𝑘̅̅ ̅̅ ̅̅ ̅̅ | (3.13) 

The adaptive SIF strategy remains the same as the standard SIF strategy presented in Section 3.2, 

except that 𝛿 in (3.2.4) is no longer fixed and is calculated at each time step as per (3.13). 
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3.4 Simulation Setup and Results 

To demonstrate the effectiveness of the proposed adaptive SIF strategy, a linear aerospace 

system with noise is simulated and discussed in this section. An electrohydrostatic actuator (EHA) 

is a type of flight surface actuator used in aerospace and has been studied extensively in [6]. The 

linear form of the EHA system and measurements are described as per the following equations, 

respectively: 

𝑥𝑘+1 = [
1 𝑇 0
0 1 𝑇

−557 −28.6 0.94
] 𝑥𝑘 + [

0
0
557

] 𝑢𝑘 + 𝑤𝑘 (3.4.1) 

𝑧𝑘+1 = 𝐶𝑥𝑘+1 + 𝑣𝑘+1 (3.4.2) 

where the sample rate 𝑇 is defined as 1 𝑚𝑠, 𝐶 is an identity matrix of dimension 3 × 3, and 𝑢 is 

the controller input for the system (a square wave with amplitude 0.5 𝑟𝑎𝑑/𝑠 and frequency 2𝜋). 

The values in the system and input gain matrices of (3.4.1) were found experimentally as per the 

linear model in [6]. The system and measurement noises (𝑤 and 𝑣) are normally distributed with 

zero mean and covariance’s 𝑄 and 𝑅 defined by (3.4.3) and (3.4.4), respectively. 

𝑄 = 𝑑𝑖𝑎𝑔([10−5 10−3 0.1]) (3.4.3) 

𝑅 = 𝑑𝑖𝑎𝑔([10−4 10−2 1]) (3.4.4) 

The states in (3.4.1) represent the kinematic states of the EHA (e.g., position, velocity, and 

acceleration). The initial states, measurements and estimated states were set to zero. The initial 

state error covariance values were set to 𝑃0|0 = 10𝑄. The sliding boundary layer width for the 

SIF was manually tuned to yield the smallest estimation error and was found for this simulation 

to be 𝛿 = [0.05 0.5 3]𝑇. The simulation was coded in MATLAB. A total of 100 Monte Carlo 

simulations were run, and the results were averaged. 

The KF, SIF, and proposed adaptive SIF (ASIF in the legend of the figures) were applied on 

the EHA. The estimated positions for one run are shown in Fig. 3.2. Note that all three estimation 

strategies were able to yield relatively good estimates, as the lines appear overlapping in the 

figure. 
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Figure 3.2: The position estimation results for the linear EHA case under normal operating 
conditions. Note that the lines appear overlapping as the results are quite similar. 

The root mean square error (RMSE) metric was used to measure and compare the estimation 

performance of the KF, SIF, and adaptive SIF, and is defined as: 

𝑅𝑀𝑆𝐸 = √
∑ (𝑥𝑖 − �̂�𝑖)2
𝑛
𝑖=1

𝑛
(3.4.5) 

where 𝑛 in (3.4.5) is the number of time steps (total samples). 

The RMSE results for these simulations are shown in Table 3.1. As expected, the KF yields 

the best estimation result in terms of accuracy as it is the optimal solution for linear, known 

systems under the presence of white noise. The SIF yielded acceptable results but was not as 

accurate as the KF. This was expected as the SIF is a sub-optimal yet robust filtering strategy. The 

proposed adaptive SIF yielded exactly the same result as the KF. This was due to the optimal 

sliding boundary layer derived in Section 3.3. The sliding boundary layer defined in (3.3.13) 
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changes with time based on the innovation covariance, measurement noise covariance, and 

innovation; essentially collapsing the SIF estimation process to an optimal gain (KF). 

 

Table 3.1: RMSE Results: Normal EHA Operation 

State KF SIF ASIF 

Position (𝑚) 3.698 × 10−3 5.723 × 10−3 3.698 × 10−3 

Velocity (𝑚/𝑠) 4.821 × 10−2 5.298 × 10−2 4.821 × 10−2 

Acceleration (𝑚/𝑠2) 8.510 × 10−1 9.386 × 10−1 8.510 × 10−1 

For the adaptive SIF, the improved accuracy does not come at a loss of robustness to 

modeling uncertainty and disturbances. Consider the case where a fault is injected half-way 

through the simulation (at 1 second). At this point, the system equation used by the filters is 

changed to (3.4.6). 

𝑥𝑘+1 = [
1 𝑇 0
0 1 𝑇

−240 −28 0.94
] 𝑥𝑘 + [

0
0
557

] 𝑢𝑘 + 𝑤𝑘 (3.4.6) 

The results of injecting a fault into the system half-way through the simulation are shown in Fig. 

3.3. At 1 second, the KF fails to provide a good estimate of the position (as well as the other 

states). However, both the SIF and proposed adaptive SIF are able to keep a relatively good track 

of the true position. 
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Figure 3.3: The position estimation results for the linear EHA case under the presence of a fault 
introduced at 1 second. Note that the KF fails to provide a reliable estimate, whereas both the 
SIF and proposed adaptive SIF yield relatively good results. 

Table 3.2 summarizes the RMSE results for the second case, where a fault was injected 

half-way through the simulation. In this case, the KF fails to provide a reliable estimate of any 

state which could have yielded catastrophic control performance for the aerospace system. 

However, the SIF and proposed adaptive SIF still provide relatively good estimates, with the 

adaptive formulation yielding better results (approximately 17% more accurate position 

estimates than the standard SIF). 

Table 3.2: RMSE Results: Faulty EHA Operation 

State KF SIF ASIF 

Position (𝑚) 1.513 × 10−2 6.173 × 10−3 4.912 × 10−3 

Velocity (𝑚/𝑠) 1.721 5.802 × 10−2 5.378 × 10−3 

Acceleration (𝑚/𝑠2) 8.849 1.034 0.986 
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Figure 3.4 shows the time-varying sliding boundary layer (3.3.13) for the position state for 

the faulty case. For the first half of the simulation, the value was largely based on the amount of 

noise present in the system and measurements and was relatively small. Once a fault was injected 

into the system as per (3.4.6), the magnitude of the sliding boundary layer grew significantly to 

account for the uncertainties in the estimation process. The time-varying sliding boundary layer 

was used as a secondary indicator for performance. For example, in this case, the term was able 

to detect a change in the system. To maintain robustness, once the change was detected, the 

adaptive SIF utilized the fixed sliding boundary layer terms in order to maintain robustness of the 

estimation process. 

 

Figure 3.4: The sliding boundary layer for the position state is shown in this figure. It represents 
the first row and first column of (3.13), which is a 3-by-3 matrix that changes with time. Note 
that the magnitude of 𝜹𝟏,𝟏 increases significantly when the fault is injected at 1 seconds. The 

sliding boundary layer can be used as another indicator of performance or to detect a change 
in the system. 
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3.5 Conclusions 

In this paper, an adaptive formulation of the sliding innovation filter (SIF) was presented. A time-

varying sliding boundary layer was derived based on minimizing the state error covariance, which 

resulted in an adaptive formulation of the SIF estimation process. The proposed strategy was 

applied on a simulated linear aerospace system, and the results were compared with the well-

known KF and standard SIF. Under normal operating conditions, the adaptive SIF yielded the 

same results as the KF. However, during the presence of a system fault, the KF failed while the 

adaptive SIF maintained a good estimate of the system states. Future work will look at 

implementing the adaptive SIF on a nonlinear experimental setup and perform a comprehensive 

comparison and study with other well-known robust estimation strategies.
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Chapter 4 

 
The work in this chapter is presented as a manuscript under review in Mechanical Systems and 
Signal Processing 2021. 

 

4 Combined Filtering Strategies 

 

Abstract—This paper proposes an estimation strategy for a nonlinear system with modeling 

uncertainties. The system consists of a magnetorheological (MR) damper with a constant current. 

Modeling uncertainties are introduced as faults in the power supply. The extended Kalman filter 

(EKF) and unscented Kalman filter (UKF) have been used extensively for state estimation in 

literature and industry. While the EKF uses a first order Taylor series expansion to approximate 

nonlinearities, the UKF uses sigma points from the projected probability distribution of states. 

The estimation strategy proposed in this paper uses a recently introduced extended sliding 

innovation filter (ESIF) with a time-varying sliding boundary layer and is combined with the EKF 

and UKF methods. These new methods are referred to as the EKF-ESIF and UKF-ESIF, respectively. 

The time-varying sliding boundary layer is used to set the criteria for switching between the EKF 

or UKF and the ESIF. The robustness of the EKF-ESIF and UKF-ESIF was validated for force 

estimation exerted by the MR damper and the results were compared with the standard EKF and 

UKF. 
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4.1 Introduction 

The goal of estimation theory is to extract information from systems with uncertainty.  This 

uncertainty may stem from noise, disturbances, or inaccuracies in the system model. In control 

systems, accurate estimates are vital for feedback loops. The Kalman filter (KF) produces the 

optimal estimate for systems with white noise (or normal distribution with zero mean) [44]. 

Optimality is achieved through minimizing the trace of the state error covariance matrix which is 

a measure of state estimation error [28], [29], [44]. Due to its optimality and simple corrective 

gain calculation, the KF is very popular estimator with numerous applications such as fault 

detection, tracking, and system parameter estimation [47]. However, most systems in nature 

exhibit nonlinear behaviour or have non-Gaussian noise distributions. In addition, it is possible 

that an estimator does not have full knowledge of the system resulting in modeling uncertainty 

[44]. Thus, current research in estimation theory seeks to improve estimation accuracy in these 

scenarios.  

As with control theory, there exists a trade-off between estimation accuracy and 

robustness. While the KF is optimal under certain conditions, disturbances can cause the 

estimates to become unstable. Modern estimation theory aims to increase estimation accuracy 

while simultaneously achieving robustness to noise, disturbances, and modeling uncertainty.  

Several strategies for approximating nonlinearities in systems models have been 

proposed in literature. One of the most popular methods, the extended Kalman filter (EKF), 

linearizes the system around the a priori (predicted) state estimate [44]. Specifically, a first-order 

Taylor series approximation of the system model is calculated to produce a Jacobian matrix. This 

matrix is used to generate the a priori state error covariance matrix. For highly-nonlinear systems, 

the Jacobian matrix is not an appropriate approximation and may cause the EKF estimates to 

diverge from the true state trajectory which can lead to poor estimates and numerical instability 

[46]. 

Another way to the capture nonlinear behaviour of a system is through sample points. 

The sigma point Kalman filter (SPKF) uses weighted statistical linear regression to approximate 
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the nonlinearities [42]. The sigma points are generated from a projected probability distribution 

of the states that are propagated through the nonlinear system model [42]. This method does 

not require local linearization and generally produces more accurate estimates when compared 

to the EKF [30].  

The unscented Kalman filter (UKF) is a popular variant of the SPKF. A deterministic 

sampling approach known as the unscented transform is used to select a minimal number of 

sampling points around the previous state estimate [42]. Monte Carlo sampling can be used to 

approximate the mean and covariance of the updated states. The UKF can approximate the 

statistical mean and covariance for any nonlinearity up to the third order [46]. This generally 

makes the UKF superior to the EKF which uses a first-order approximation. The tradeoff for 

increased accuracy in this case is increased computational cost which may result in lower sample 

rates for real-time systems.  

Sliding mode observer (SMOs) are based on variable structure control and systems 

introduces in the 1950s [46]. The observer gains are produced as a function of the innovation 

(measurement error). The error surface moves towards the origin in an ideal scenario [39]. SMOs 

define a sliding surface (or hyperplane) to apply a discontinuous switching force that keeps the 

estimates within an area of the sliding surface [39]. The smooth variable structure filter (SVSF) is 

a model-based estimator formulated on SMO concepts [8]. 

The corrective gain for the SVSF is calculated using the measurement error and a 

switching term. The corrective gain forces the estimates to remain in an area of the hyperplane 

[8]. While the switching structure of the gain adds stability and robustness, the state estimates 

can be prone to chatter when the smoothing boundary layer is too narrow. Since its original 

formulation in 2007, the SVSF has been expanded to incorporate an adaptive smoothing 

boundary layer [8]. Further improvements have been made on SVSF that include the use of a 

chattering function for multi-target tracking, higher order solutions, and fault detection [59]. 

The sliding innovation filter (SIF) was first presented in 2020 and is based on SMOs like 

the SVSF [1]. The SIF improves upon the SVSF formulation through a more concise gain calculation 
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and produces more accurate state estimates [1]. The originally formulation of the SIF uses a fixed 

sliding boundary layer and was expanded to incorporate the state error covariance in the 

corrective gain calculation. An adaptive formulation of the SIF was presented in [4] and minimizes 

the state error covariance which results in a time-varying sliding boundary layer. This boundary 

layer is a function of the innovation, its covariance, and the state error covariance and can be 

used as a metric for measuring modeling uncertainty. 

In this paper, the time-varying sliding boundary layer is used to propose two new 

estimation strategies that combine the EKF and UKF with an extended version of the SIF for 

nonlinear systems called the ESIF. This paper presents a method for switching between the 

EKF/UKF and ESIF when a system model is well-defined or contains modeling uncertainties 

respectively.  

A magnetorheological (MR) damper test bed with an operating current of 60 mA was used 

to test the new filtering strategies. The time-varying sliding boundary layer was calculated at each 

time-step in order to determine when the system deviated sufficiently from the original 

operating mode due to faults introduced into the MR power supply. The criteria for switching 

between the EKF/UKF and ESIF is detailed in subsequent sections.  

Estimation strategies aim to strike a balance between accuracy and robustness. The 

proposed estimation strategies, known as the EKF-ESIF and UKF-ESIF, demonstrate robustness to 

the injected system faults, while maintaining reasonable estimates of the states. The paper is 

organized as follows. An overview of the estimation methods used in this paper are provided in 

Section 4.2. The new estimation strategies are proposed in Section 4.3, followed by details on 

the experimental setup in Section 4.4. A discussion of the results may be found in Section 4.5, 

followed by concluding remarks. 
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4.2 Estimation Methods 

4.2.1 Extended Kalman Filter 

The EKF is an extension of the KF for nonlinear dynamic systems. The system is linearized around 

the predicted (or a priori) state estimate in order to calculate the a priori state error covariance, 

innovation, and corrective Kalman gain [44]. A first order Taylor series expansion of the nonlinear 

system model and measurement process are used to generate respective Jacobian matrices. This 

is done because the nonlinear equations cannot be applied directly to the state error covariance 

terms. The Jacobian matrices 𝐹𝑘+1 (system) and 𝐻𝑘+1 (measurement) are calculated as follows 

[30]: 

�̂�𝑘+1|𝑘 = 𝑓(�̂�𝑘|𝑘, 𝑢𝑘) (4.2.1.1) 

�̂�𝑘+1|𝑘 = ℎ(�̂�𝑘+1|𝑘) (4.2.1.2) 

𝐹𝑘+1 =
𝜕𝑓

𝜕𝑥
|
�̂�𝑘+1|𝑘,𝑢𝑘

,  𝐻𝑘+1 =
𝜕ℎ

𝜕𝑥
|
�̂�𝑘+1|𝑘

(4.2.1.3) 

where 𝑓 and ℎ are the nonlinear system model and measurement process respectively, 𝑘 is the 

time step, �̂�𝑘|𝑘, is the previous state estimate, �̂�𝑘+1|𝑘 is the a priori nonlinear state estimate 

function, and �̂�𝑘+1|𝑘 is the predicted measurement. The system input is given by 𝑢𝑘. The 

prediction stage is stage is completed by calculating the a priori state error covariance matrix  

𝑃𝑘+1|𝑘, as follows [30]: 

          𝑃𝑘+1|𝑘 = 𝐹𝑘+1𝑃𝑘|𝑘𝐹𝑘+1
𝑇 + 𝑄𝑘 (4.2.1.4) 

where 𝑃𝑘|𝑘 is the previous sate error covariance, 𝑄𝑘 is the system noise covariance matrix and 𝑇 

is the matrix transpose operator. 

In the update stage, the Kalman gain, 𝐾𝑘+1 is used to calculate the a posteriori estimate, 

 �̂�𝑘+1|𝑘+1, and a posteriori state error covariance 𝑃𝑘+1|𝑘+1 using the following equations [30]: 

       𝐾𝑘+1 = 𝑃𝑘+1|𝑘𝐻𝑘+1
𝑇[𝐻𝑘+1𝑃𝑘+1|𝑘𝐻𝑘+1

𝑇 + 𝑅𝑘+1]
−1

(4.2.1.5) 

           �̂�𝑘+1|𝑘+1 = �̂�𝑘+1|𝑘 + 𝐾𝑘+1[𝑧𝑘+1 − 𝐻𝑘+1�̂�𝑘+1|𝑘] (4.2.1.6) 

        𝑃𝑘+1|𝑘+1 = [𝐼 − 𝐾𝑘+1𝐻𝑘+1]𝑃𝑘+1|𝑘[𝐼 − 𝐾𝑘+1𝐻𝑘+1]
𝑇

+ 𝐾𝑘+1𝑅𝑘+1𝐾𝑘+1
𝑇  (4.2.1.7)
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where 𝑧𝑘+1is the measurement, 𝑅𝑘+1 is the measurement noise covariance matrix and 𝐼 is the 

identity matrix. Implementing the EKF can be problematic if the Jacobian matrix cannot be 

derived easily. In addition, the EKF can only handle a limited level of nonlinearities. The UKF is 

generally better suited for higher order nonlinear systems. 

4.2.2 Unscented Kalman Filter 

The UKF uses the unscented transform to approximate nonlinear processes. This deterministic 

sampling approach selects a minimal number of sample points around the previous state 

estimate [44]. The points are propagated through the nonlinear system model and measurement 

process. The mean and covariance density can also be approximated using Monte Carlo sampling 

techniques. Means and covariances can be determined up to the third order for any nonlinearity 

making it generally superior to the EKF which uses a first order Taylor series approximation [44].  

In addition, there is no need to calculate the partial derivatives of the system or measurement 

functions. Other forms of the UKF include the spherical unscented, simplex unscented, and 

general unscented [44].  

Similar to the Monte Carlo method, the UKF uses several sample points to approximate 

the system mean and covariance. However, the UKF deterministically selects a small number of 

points as randomly generated points would add more computational cost [44]. Convergence of 

the UKF estimator is highly dependent on the chosen sigma points [44]. While the UKF is better 

able to account for nonlinearities and arbitrary distributions, it is more computationally 

expensive than the EKF. The UKF algorithm is detailed below. 

The 𝑖th sigma point 𝜒𝑘|𝑘
𝑖  is calculated as follows [44]: 

{
 
 

 
 

𝜒𝑘|𝑘
0 = �̂�𝑘|𝑘,        𝑖 = 0

𝜒𝑘|𝑘
𝑖 = �̂�𝑘|𝑘 +√(𝑛 + 𝜅)(𝑃𝑘|𝑘)𝑖,  𝑖 = 1,… , 𝑛

𝜒𝑘|𝑘
𝑖+𝑛 = �̂�𝑘|𝑘 −√(𝑛 + 𝜅)(𝑃𝑘|𝑘)𝑖,  𝑖 = 1,… , 𝑛

 (4.2.2.1) 

where 𝑛 is the dimension of the state vector and 𝜅 is a scaling factor and design parameter. The 

associated weight 𝑤𝑖 of the samples determined as follows [44]: 
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𝑤𝑖  = {   

𝑤0 =𝜅

𝑛+𝜅
,   𝑖 = 0

𝑤𝑖 =1

2(𝑛+𝜅)
,   𝑖 = 1, … ,2𝑛

 (4.2.2.2) 

 

The a priori state estimate �̂�𝑘+1|𝑘 and a priori state error covariance 𝑃𝑘+1|𝑘 are calculated by 

propagating the sigma points as follows [44]:  

𝜒𝑘+1|𝑘
𝑖 = 𝑓(𝜒𝑘|𝑘

𝑖 ) (4.2.2.3) 

�̂�𝑘+1|𝑘 =∑𝑤𝑖𝜒𝑘+1|𝑘
𝑖

2𝑛

𝑖=0

 (4.2.2.4) 

𝑃𝑘+1|𝑘 = 𝑄𝑘 +∑𝑤𝑖[𝜒𝑘|𝑘
𝑖 − �̂�𝑘+1|𝑘][𝜒𝑘|𝑘

𝑖 − �̂�𝑘+1|𝑘]
𝑇

2𝑛

𝑖=0

(4.2.2.5) 

The prediction stage measurements are also propagated as follows [44]: 

  𝝃𝑘+1|𝑘
𝑖 = ℎ(𝝌𝑘+1|𝑘

𝑖 ) (4.2.2.6) 

�̂�𝑘+1|𝑘 =∑𝑤𝑖𝝃𝑘+1|𝑘
𝑖

2𝑛

𝑖=0

 (4.2.2.7) 

The update stage is calculated using the following equations: The innovation covariance 𝑃𝑧𝑧,𝑘+1|𝑘  

and cross-covariance 𝑃𝑥𝑧,𝑘+1|𝑘 are used to calculate the UKF corrective gain 𝐾𝑘+1 as follows [44]: 

  𝑃𝑧𝑧,𝑘+1|𝑘 =∑𝑤𝑖[𝜉𝑘+1|𝑘
𝑖 − �̂�𝑘+1|𝑘]

2𝑛

𝑖=0

[𝜉𝑘+1|𝑘
𝑖 − �̂�𝑘+1|𝑘]

𝑇
 (4.2.2.8) 

𝑃𝑥𝑧,𝑘+1|𝑘 =∑𝑤𝑖[𝜒𝑘+1|𝑘
𝑖 − �̂�𝑘+1|𝑘]

2𝑛

𝑖=0

[𝜉𝑘+1|𝑘
𝑖 − �̂�𝑘+1|𝑘]

𝑇
 (4.2.2.9) 

𝐾𝑘+1 = 𝑃𝑥𝑧,𝑘+1|𝑘𝑃𝑧,𝑘+1|𝑘
−1 (4.2.2.10) 

Finally, the a posteriori state estimate �̂�𝑘+1|𝑘+1 and a posteriori state error covariance 𝑃𝑘+1|𝑘+1 

are updated as follows [44]: 

�̂�𝑘+1|𝑘+1 = �̂�𝑘+1|𝑘 + 𝐾𝑘+1(𝑧𝑘+1 − �̂�𝑘+1|𝑘) (4.2.2.11) 

               𝑃𝑘+1|𝑘+1 = 𝑃𝑘+1|𝑘 − 𝐾𝑘+1𝑃𝑧𝐾𝑘+1
𝑇 (4.2.2.12) 
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4.2.3 Extended Sliding Innovation Filter 

The sliding innovation filter (SIF) is a Bayesian, model-based estimator formulated on SMO 

concepts. While similar to the KF, the SIF features a different corrective gain that incorporates a 

sliding boundary layer [1]. The SIF gain is a function of the measurement matrix (or measurement 

Jacobian), the innovation (measurement error), and sliding boundary layer widths. The sliding 

boundary layer widths are a user defined parameter based on the upper limit of uncertainties in 

the estimation process due to modeling uncertainty and noise [1]. Previous state estimates are 

forced towards the sliding boundary layer by the corrective gain. However, if the estimates are 

already within the boundary layers limits, the estimates switch about the true state trajectory 

[1]. The SIF estimation concept is depicted in Fig. 4.1.  

 

Figure 4.1: The sliding innovation filter (SIF) concept depicting the effect of the sliding boundary 
layer and SIF switching gain [1]. 

 For system models and measurement processes that are nonlinear, the extended sliding 

innovation filter (ESIF) may be used. The ESIF has an identical prediction stage to the EKF. 
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Nonlinear behaviour is also approximated by first order Taylor series. The prediction stage of the 

ESIF is given as follows [1]: 

�̂�𝑘+1|𝑘 = 𝑓(�̂�𝑘|𝑘, 𝑢𝑘) (4.2.3.1) 

          𝑃𝑘+1|𝑘 = 𝐹𝑘+1𝑃𝑘|𝑘𝐹𝑘+1
𝑇 + 𝑄𝑘 (4.2.3.2) 

While the system used in this paper is nonlinear, the measurement process is linear and constant. 

For simplicity, the measurement matrix is denoted by 𝐶. The update stage is given by the 

following [1]: 

|�̃�𝑘+1|𝑘| =  |𝑧𝑘+1 − 𝐶�̂�𝑘+1|𝑘| (4.2.3.3) 

𝐾𝑘+1 = 𝐶+𝑠𝑎𝑡̅̅ ̅̅ (|�̃�𝑘+1|𝑘| 𝛿⁄ ) (4.2.3.4) 

�̂�𝑘+1|𝑘+1 = �̂�𝑘+1|𝑘 + 𝐾𝑘+1�̃�𝑘+1|𝑘 (4.2.3.5) 

𝑃𝑘+1|𝑘+1 = (𝐼 − 𝐾𝑘+1𝐶)𝑃𝑘+1|𝑘(𝐼 − 𝐾𝑘+1𝐶)
𝑇

+𝐾𝑘+1𝑅𝑘+1𝐾𝑘+1
𝑇 (4.2.3.6)

 

where |z̃k+1|k| refers to the absolute value of the innovation, 𝐶+ is the pseudoinverse of the 

measurement Jacobian, 𝑠𝑎𝑡 refers to the diagonal matrix of the saturated vector values, and 𝛿 

refers to the sliding boundary layer width [1]. The SIF gain  𝐾𝑘+1 is applied to the innovation 

�̃�𝑘+1|𝑘 and the a priori state estimate �̂�𝑘+1|𝑘 in the same fashion as the KF. The calculation of the 

a posteriori state error covariance 𝑃𝑘+1|𝑘+1 is also identical to the KF. The fixed sliding boundary 

layer may be tuned based on knowledge of the system (such as modeling uncertainty and noise) 

[1]. Tuning can also be performed based on the average time-varying boundary layers widths if 

the system is well-defined.  

4.3 Proposed Combined Kalman and Sliding Innovation Filtering Strategies 

A time-varying sliding boundary layer 𝛿𝑣𝑏𝑙 was derived in [4]. This boundary layer forms 

the basis of the adaptive SIF strategy and is given by the following [4]: 

𝑆𝑘+1 = 𝐶𝑃𝑘+1|𝑘𝐶
𝑇 + 𝑅𝑘+1 (4.3.1) 

𝛿𝑣𝑏𝑙 = 𝑆𝑘+1(𝐶𝑃𝑘+1|𝑘𝐶
𝑇)
−1
|�̃�𝑘+1|𝑘̅̅ ̅̅ ̅̅ ̅̅ | (4.3.2) 

where 𝑆𝑘+1 is the innovation matrix and |�̃�𝑘+1|𝑘̅̅ ̅̅ ̅̅ ̅̅ | is the absolute magnitude of the innovation. To 

improve the SIF results for a well-defined system, the averaged smoothing boundary layer for 
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can be used set the fixed boundary layer width, 𝛿 as discussed in Section 4.2.3. This results in a 

well-tuned existence subspace [4]. 

The proposed estimation strategy uses the EKF and UKF estimators when the time-varying 

boundary layer is below a certain threshold, 𝛿𝑙𝑖𝑚. When the sliding boundary layer exceeds the 

threshold, the ESIF gain is used instead to compensate for the increased modeling uncertainty. 

In this paper, the experimentally determined 𝛿𝑙𝑖𝑚 represents a significant change in the system 

model due to faults in the power supply. This results in a deviation in the MR damper behaviour. 

However, if the measurement noise is too high, the threshold may not represent a clear boundary 

between the normal and faulty modes.  

For well-defined system models, the corrective gain is calculated using the EKF or UKF 

algorithm. If the time-varying boundary layer width exceeds a certain threshold, the boundary 

layer requires saturation and uses the SIF corrective gain. This process effectively combines the 

EKF/UKF and ESIF estimation strategy. For implementation, the a priori state estimate and a priori 

state error covariance matrix are calculated first. The time varying boundary layer, 𝛿𝑣𝑏𝑙, is then 

calculated and compared with the experimentally determined threshold value, 𝛿𝑙𝑖𝑚. If the time 

varying boundary layer is smaller than the threshold, the EKF or UKF gain is used to update the 

state estimates and state error covariance. However, if the boundary layer value is larger than 

the threshold, the ESIF gain is implemented using the fixed boundary layer width, 𝛿. 

4.4 Experimental Setup 

4.4.1 Description 

The primary component in the experimental setup used in this paper is the RD-8041-1 MR 

damper acquired from LORD. MR dampers have numerous applications in the automotive and 

aerospace industry such as isolating vibrations to passengers using adaptive suspension systems 

[37]. A typical MR damper consists of the MR fluid itself, housing, piston, diaphragm, and 

magnetic coil [38]. An electrical current is supplied to the damper in order to increase the 

viscosity of the MR fluid which in turn, increases the damping force. The change in viscosity is 

attributed to the rearrangement of the ferromagnetic particles suspended in the fluid. In the 
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presence of a magnetic field, the particles align to form linear chain structures [38]. As the MR 

damper is driven, the MR fluid moves between different chambers via small orifices in the piston 

assembly and converts mechanical energy into friction losses [38]. 

The experimental setup was developed at the University of Guelph by the primary author. 

In order to mathematically model the MR damper, an A1 series linear actuator from Ultramotion 

was used to drive the damper. A RAS1-500S-S resistive load cell acquired from Loadstar was used 

to measure the damping force and a Korad programmable power supply was used to supply 

current to the MR damper. Data acquisition and commands were delivered using RS232 serial 

communication on a laboratory computer. The components were mounted together using an 

extruded t-slotted aluminum frame as seen in Fig. 4.2. 

 

Figure 4.2: Magnetorheological Test Bed 

The RD-8041-1 is a linear MR damper with continuous variable damping force determined 

by the yield strength of the MR fluid (which in turn is determined by the magnetic field) [38]. The 

MR fluid responds in less than 15 milliseconds to changes in the magnetic field and can operate 

at 1 A continuously or 2 A intermittently at 12 V DC. The RD-8041-1 is a monotube shock 

containing high pressure nitrogen gas (300 psi) which fully extends the piston under no load. At 
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ambient temperatures the resistance of the coil is 5 Ω and at 71° C the resistance increases to 7 

Ω. Extreme temperature changes can drastically alter the performance of the MR damper [39] 

The Ultramotion linear actuator used to drive the MR damper is a standard servo cylinder 

with an acme screw to prevent backdrive and operates at 180 W. The actuator is capable of 445 

N of continuous force and 1001 N at its peak with a maximum speed of 178 mm/s. There are 

several onboard sensors to measure states such as position, torque, temperature, and humidity. 

The position of the linear actuator is measured using the phase index absolute position sensor. 

This sensor is a multi-turn batteryless magnetic encoder with a resolution of 1024 counts per 

revolution used for absolute position feedback and commutation. The measurement noise 

covariance of the sensor is discussed in subsequent sections. The torque feedback is calculated 

using closed loop current feedback on each motor phase. This is then translated into actuator 

output force. Since using current feedback is not an accurate method of calculating output force 

resulting in high error and noise.  

In general, there is a direct relationship between motor torque and actuator output force. 

However, there are some complicating factors that can significantly impact this relationship. 

Rotational inertial loads, lubricant viscosity, and seal friction can all contribute to output force 

variability. Factory test data was used in order to convert motor torque into actuator output 

force. The data is collected on each actuator during the acceptance test procedure (ATP) before 

leaving the factory [40]. The current-force curves that are generated are unique to each actuator. 

However, there is still significant noise in force output.  In order to reduce some of the noise in 

the torque sensor, a first order Butterworth filter was applied with a normalized cutoff frequency 

between 0 and 0.3. 

The RAS1-500S-S is a resistive S-Beam load cell capable of measuring both compressive 

and tensile force measurement. The load cell is made from tool steal and has a capacity of 2224 

N and a sample rate of 1000 Hz. The calibration measurement equipment is traceable to NIST via 

Pacific Calibration Services. This sensor was used to test the efficacy of applying adaptive filtering 

strategies on the motor torque sensor of the linear actuator. While the noise covariance of the 

loadcell is 26.535 N, the noise covariance of the Ultramotion motor torque sensor is 622.407 N. 
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The comparatively high noise distribution of the onboard Ultramotion motor torque sensor 

makes it a suitable candidate for applying adaptive filtering strategies.  

Force-velocity hysteresis curves have been modeled extensively by [41] and [42]. 

However, at low velocities over long stroke lengths, the force of the diaphragm and compressed 

nitrogen gas is not negligible. Thus, a force-position curve was modeled by driving the MR damper 

at a constant velocity over one full stroke. For the MR model used in this paper, the actuator 

speed was set to 41.5 mm/s and the damping force was recorded by the loadcell over a stroke 

length of 57 mm. Approximately 200 strokes (extension and retraction) were used to model the 

behaviour at each operational mode (normal, overcurrent, undercurrent). The conditions of the 

operational modes are discussed below.  

 

Figure 4.3: Sample of experimental data used to model the MR damper under normal operating 
conditions. 

There are several different types of faults that can be experienced during MR damper 

operations. The viscosity of the MR fluid is sensitive to extreme temperatures [38] and the 

particles in the MR fluid are also subject to degradation over time [43]. However, this paper 

focuses on faults introduced in the current supplied to MR damper through minor temperature 
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changes or faulty power supplies. Undercurrent and overcurrent fault modes were modeled in 

addition to the normal operating current.  The undercurrent, normal, and overcurrent 

operational modes are denoted by a supply current of 20 mA, 60 mA and 100 mA respectively.  

A sample of experimental data used to model the MR damper is shown in Fig 4.3. The 

figures show the actuator extending and retracting at a constant speed with the MR force being 

recorded by the loadcell and actuator motor torque sensor. The figures also show the application 

of a first order Butterworth filter on the actuator current sensor in order to reduce some of the 

noise before applying adaptive filtering strategies. 

4.4.2 Magnetorheological Damper Model 

The force-velocity hysteresis of an MR damper has been described in literature using many 

different mathematical models such as the nonlinear hysteretic biviscous model, polynomial 

function model, generalized sigmoid hysteresis model, and Bouc-Wen hysteresis model [41]. 

However, at low velocities and long stroke lengths, the force applied by the diaphragm and 

compressed nitrogen gas is not negligible. Thus, the relationship between MR damper force and 

position was incorporate.  

 

Figure 4.4: MR force during extension with respect to position and velocity 
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Figure 4.5: MR force during retraction with respect to position and velocity 

 

 

Figure 4.6: Full MR force model with extension and retraction 
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The full mathematical model of the MR damper calculates force as a function of velocity, 

position, and current applied to the damper. Assuming the current is kept constant, the force 

becomes a function of position and velocity and can be modeled as a polynomial surface as seen 

in Figs. 4.-4.6. Since the experiments were conducted using constant the velocity, the model was 

further reduced to the equation (4.4.2.2).  

A sixth order polynomial model was chosen for this experiment because it was the least 

computationally expensive for implementing model-based filters such as the EKF, UKF, and ESIF 

without sacrificing significant model accuracy. The basic polynomial hysteresis function is as 

follows [41]: 

𝑓ℎ =∑𝑎𝑘𝑦
𝑘

𝑛

𝑘=0

;   𝑛 = 6 (4.4.2.1) 

where 𝑦 is the position of the MR piston, 𝑎𝑘 is the polynomial coefficient which is experimentally 

obtained, 𝑘 represents the polynomial exponent, and 𝑛 represents the polynomial order [41]. 

The velocity (direction) of the piston determines whether the damping force follows the upper 

or lower hysteresis curve as shown as follows [41]:  

𝑓𝑑 =

{
  
 

  
 ∑ 𝑎𝑢𝑘𝑦

𝑘
6

𝑘=0
;  �̇� < 0

∑ 𝑎𝑑𝑘𝑦
𝑘

6

𝑘=0
;  �̇� > 0

∑
1

2
(𝑎𝑢𝑘 + 𝑎𝑑𝑘)𝑦

𝑘
6

𝑘=0
;  �̇� = 0

(4.4.2.2) 

where 𝑎𝑢𝑘 and 𝑎𝑑𝑘 are the lower and upper polynomial coefficients respectively. Convergence 

of the two polynomial functions near the extremities is ensured through averaging the lower and 

upper polynomial functions when the piston velocity changes direction or is equal to 0 mm/s 

[41].  The coefficients of the polynomial model are given in Table 4.1. 
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Table 4.1: Experimental Coefficients for Polynomial MR Model 

Polynomial 

Coefficient 

Undercurrent 

(20 mA) 

Normal 

(60 mA) 

Overcurrent 

(100 mA) 

au0 -2.467 · 102 -2.851 · 102 -3.488 · 102 

au1 6.476 1.673 19.770 

au2 -0.692 -1.213 -1.909 

au3 3.581 · 10-2 6.132 · 10-2 9.053 · 10-2 

au4 -1.022 · 10-3 -1.675· 10-3 -2.305 · 10-3 

au5 1.440 · 10-5 2.306 · 10-5 2.972 · 10-5 

au6 -7.943 · 10-8 -1.248 · 10-7 -1.518 · 10-7 

ad0 53.347 52.975 94.000 

ad1 -7.858 -1.067 -4.528 

ad2 0.909 0.184 0.578 

ad3 -5.358 · 10-2 -1.660 · 10-2 -3.88 · 10-2 

ad4 1.604 · 10-3 6.375· 10-4 1.278 · 10-3 

ad5 -2.364 · 10-5 -1.118 · 10-5 -2.028 · 10-5 

ad6 1.352 · 10-7 7.303 · 10-8 1.232 · 10-7 
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Figure 4.7: MR damping force with respect to position when piston velocity is set to 41.5 mm/s. 

The models shown in Fig. 4.7 depicts the force-position relationship of the MR damper at 

a velocity of 41.5 mm/s. This represents a cross section of Fig. 4.6 at the specified velocity. The 

data points were fitted using (4.4.2.2) to obtain the polynomial coefficients in Table 1. The norm 

of the residuals for each data set to their polynomial models are [12.086, 8.1279], [6.794, 8.070], 

and [7.367, 13.693] for the under current, normal, and over current modes respectively. The first 

number represents the upper polynomial curve residual while the second represents the lower 

polynomial curve residual. The discretized state space equations can be written as follows: 
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𝑥1,𝑘+1 =  𝑥1,𝑘 + 𝑇 ∙ 𝑥2,𝑘 (4.4.2.3) 

𝑥2,𝑘+1 = 𝑥2,𝑘 (4.4.2.4) 

𝑥3,𝑘+1 =

{
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;  𝑥2,𝑘 = 0

 (4.4.2.5) 

where 𝑥1, 𝑥2, 𝑥3, are the position, velocity, and force of MR damper and T is the sampling rate. 

The system and measurement noise covariance matrices are given by the following: 

𝑄 =  𝑅 ∙ 10−1 (4.4.2.6) 

𝑅 =   [
5.5134 ∙ 10−4 0 0

0 7.797 ∙ 10−4 0
0 0 622.407

] (4.4.2.7) 

The system noise was not measured directly but was assumed to be one magnitude smaller than 

the measurement noise. 

4.5 Experimental Results and Discussion 

The linear actuator drove the MR damper for a total of 8 seconds with a constant velocity during 

extension and retraction (or triangle wave). The position and velocity profile captured by the 

actuator encoder can be seen in Fig. 4.8. The initial current of 60 mA was applied to MR damper 

which represents normal operation. The MR damper was allowed to fully extend and retract 

before an overcurrent fault (100 mA) was introduced at 2.66 seconds. After another full period 

of motion, an undercurrent fault (20 mA) was introduced to the MR damper at 5.3 seconds before 

completing a final extension and retraction.  

The time varying boundary layer was recorded in order to determine the threshold for 

switching between the EKF and ESIF as well as UKF and ESIF. The boundary layer width over the 

course of the experiment can be visualized in Fig. 4.9. A threshold of 𝛿𝑙𝑖𝑚 = 200 was chosen for 

the boundary layer width of the third state. Under normal operating conditions, the boundary 

layer width is normally below the threshold. The boundary layer width exceeds this threshold far 
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more frequently in the faulty cases. The fixed constant boundary layer applied in the ESIF is given 

by the following: 

𝛿 =   [
5.5134 ∙ 10−4 0 0

0 7.797 ∙ 10−4 0
0 0 60

] (4.5.1) 

The EKF and UKF both estimate the true force exerted by the MR damper accurately for the 

normal case by relying heavily on the model of the system. The EKF-ESIF and UKF-ESIF have 

moderate performance in the normal case and deviate from the true state when measurements 

noise is high. The RMSE (root mean squared error) was calculated as follows: 

𝑅𝑀𝑆𝐸 = √
∑ (𝑥𝑖 − �̂�𝑖)2
𝑛
𝑖=1

𝑛
 (4.5.2) 

where 𝑖 is the time step, 𝑛 is the number of steps, 𝑥𝑖  is the true damping force, and �̂�𝑖  is the 

estimated damping force. Table 4.2 shows the RMSE for the normal case. Twenty separate trials 

were conducted and the RMSEs for each test were averaged to form the following tables. 

Table 4.2: RMSE for Normal Operation 

Estimation Strategy RMSE (Newtons) 

EKF 2.74 

UKF 2.81 

EKF-ESIF 6.79 

UKF-ESIF 6.89 

 

Table 4.3: RMSE for Mixed Operation 

Estimation Strategy RMSE (Newtons) 

EKF 18.36 

UKF 20.39 

EKF-ESIF 13.22 

UKF-ESIF 13.71 
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The filter performance of mixed operation in which the MR damper experiences normal, 

overcurrent, and undercurrent modes is shown in Fig. 4.10. In this case, combining the ESIF with 

the EKF and UKF results in significantly improved state estimation as shown by Table 4.3. While 

the EKF performed better than the UKF, the EKF-ESIF and UKF-ESIF performed comparatively. The 

combined ESIF strategy shows more robustness in the presence of modeling uncertainty caused 

by faults in the system. The standard EKF and UKF are unable to compensate for the modeling 

uncertainty which results in estimates that are very close to the system model for the normal 

case. In. Fig. 4.11, the estimation error for each filtering strategy is depicted. When sensor noise 

is high in the normal case, the combined estimation strategies occasionally use the SIF gain which 

is suboptimal for well-defined systems. However, the SIF consistently performs better than the 

UKF when modeling uncertainties are introduces. In addition, the high-frequency switching 

behaviour of the SIF gain can be seen as well.  

 

Figure 4.8: Sample of experimental data used to model the MR damper under normal operating 
conditions 
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Figure 4.9: Time varying boundary layer and boundary layer threshold for determining 
switching between Kalman filter variants and ESIF 

 

Figure 4.10:  Force estimation of the MR damper undergoing mixed operation with normal, 
overcurrent, and undercurrent modes. 
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Figure 4.11:  Force estimation error for an MR damper undergoing mixed operation in Fig. 10. 

4.6 Conclusions 

In this paper, a combined Kalman and sliding innovation filtering (SIF) strategy is presented. The 

criterion for switching between the filters was based on the time-varying sliding boundary layer 

that is utilized by the SIF. A trade-off exists between robustness to uncertainties and estimation 

accuracy. In this case, the proposed EKF-ESIF and UKF-ESIF strategies sacrifice some estimation 

accuracy for robustness to uncertainties such as system faults. The experiment described in this 

paper is a challenging estimation scenario and may be used for future research as it serves as a 

highly repeatable benchmark. For and MR damper undergoing mixed operation (which adds 

modeling uncertainty), the proposed EKF-ESIF and UKF-ESIF strategies demonstrated improved 

estimation performance over their standard counterparts by about 28% for the EKF and 33% for 

the UKF on average (for force estimation). The ESIF can be expanded further to improve 

estimation performance as it currently uses a first order Taylor series approximation of the 

nonlinear system model and measurement process. The iterative extended Kalman filter (IEKF) 
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recursively updates the point at which the system is linearized around. This method could also 

be implemented for the ESIF to better approximate nonlinear dynamics. Future work will 

examine and compare other robust estimation strategies as well as apply fault detection and 

diagnosis methods as the time-varying sliding boundary layer serves as a measure of modeling 

uncertainty. 
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Chapter 5 

 
The work in this chapter is presented as a manuscript under review in IEEE/ASME Transactions 
on Mechatronics, 2021. 

 

5 Interacting Multiple Model Estimators for Fault Detection in a 
Magnetorheological Damper 

 

Abstract— This paper proposes a novel estimator for the purpose of fault detection and 

diagnosis. The interacting multiple model (IMM) strategy is effective for estimating the behaviour 

of systems with multiple operating modes. Each mode is defined by a different mathematical 

model and undergoes a filtering process. This paper uses several different model-based filters in 

conjunction with the IMM strategy. One of estimators uses a recently introduced extended 

sliding innovation filter (ESIF) known as the IMM-ESIF. The ESIF is an extension of the sliding 

innovation filter for nonlinear systems based on the sliding mode concept. In the presence of 

modeling uncertainties, the ESIF has been proven to be more robust compared to methods such 

as the extended Kalman filter (EKF). The novel IMM-ESIF strategy is also compared with the IMM-

UKF in this paper which incorporates the unscented Kalman filter. While EKF uses Taylor series 

approximation to linearize the system model, the UKF uses sigma point to calculate the system’s 

mean and covariance. The IMM filters are applied to magnetorheological (MR) damper in which 

the different operating modes are determined by the MR damper’s operating current. The results 

show that the IMM-ESIF outperforms the IMM-EKF and IMM-UKF in both estimation accuracy 

and mode classification. 
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5.1 Introduction 

Electromechanical systems often have different operational modes whether it be through design, 

environmental factors, or fault. If each operation mode can be modeled, certain adaptive 

estimation strategies can be used to improve estimation and aid in fault detection. In the case of 

magnetorheological damper, changes in temperatures and faults in the power supply can 

drastically change the behaviour of the system. These abrupt and unpredictable changes to the 

system result in a large degree of uncertainties. When designing filtering strategies to predict the 

output force, adaptive algorithms can incorporate multiple models to minimize estimation error.  

Multiple model (MM) algorithms operate on a Bayesian framework for adaptive 

estimation. Various forms of the algorithm include static MM, dynamic, generalized pseudo-

Bayesian, and the interacting MM (IMM) [30, 44-50]. The Bayesian premise of the MM methods 

involves updating the probability of a system existing in a certain mode after a new measurement 

is taken. The algorithms incorporate a finite number of modes and use state estimates to 

calculate the probability of each mode.   

The IMM-KF is a very popular MM method which features a number of Kalman filters (KFs) 

equal to the number of systems models running in parallel. The KF is popular due to its optimality 

and simple corrective gain calculation. However, the optimal state estimate is only produced or 

accurately modeled linear systems with white noise (or zero mean with normal distribution) [44]. 

The Kalman gain is calculated by minimizing the trace of the a priori (predicted) state error 

covariance (which is a measure of the estimation error distribution) [28, 29, 44]. The KF has been 

used in several applications such as signal processing, fault detection, and target tracking [44]. 

However, disturbances, nonlinearities, and modeling uncertainties can cause the estimates to 

become unstable.  

In nature, most systems exhibit some form of nonlinear behaviour. The extended Kalman 

filter (EKF) approximates the nonlinear process through local linearization around the a priori 

state estimate [44]. A first order Taylor series of the nonlinear system model and measurement 

process is used to generate respective Jacobian matrices. The Jacobians can then be applied to 
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the states and their covariance to calculate the corrective Kalman gain. However, the EKF 

estimates may diverge from the true state trajectory if the system is highly nonlinear [46].  

Another method of capturing nonlinear behaviour is through sampling. The unscented 

Kalman filter (UKF) generates samples from a probability distribution of states propagated 

through the system model known as sigma points [42]. The unscented transform is a 

deterministic sampling method that selects a minimal number of sample points around a mean 

(in this case, the previous state estimate) [44]. The mean and covariance of the projected points 

can be approximated using Monte Carlo sampling. Unlike the EKF, the UKF can approximate the 

updated statistical state mean and state error covariance up to the third order for nonlinear 

processes [46]. In addition, the UKF does not require taking partial derivatives of the system 

model or measurement process. However, the unscented transform generally comes at higher 

computational cost when compared to the EKF [44].  

Variable structure control and sliding mode controller framework were used in the 

formulation of sliding mode observers (SMOs) [42]. The innovation is used to determine the 

observer gain which ideally forces the error surface towards the origin [42]. SMOs define a sliding 

surface (or hyperplane) in order to apply a discontinuous switching force [39]. This keeps the 

estimates bounded within in an area of the sliding surface. In 2007, the smooth variable structure 

filter (SVSF) was presented based on SMO concepts [57]. 

The measurement error and a switching term are used to calculate the SVSF gain [57]. 

The states estimates are bounded to the trajectory of the true state values by the switching term 

which adds stability to the estimation process. While classical model-based filters incorporate 

the state error covariance in the corrective gain calculation, the original formulation of the SVSF 

did not. The corrective gain was later expanded through minimizing the state error covariance. 

This optimization process results in a time-varying smoothing boundary layer [57]. The boundary 

layer widths vary according to the level of uncertainty in the estimation process. In addition, the 

SVSF has been improved by using a chattering function for higher-order solutions and fault 

detection [42, 59, 72]. 
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The sliding innovation filter (SIF) was first presented in 2020 based on SMOs as an 

improvement over the SVSF [1]. The SIF retains robustness to uncertainties but uses a more 

concise gain structure and higher estimation accuracy. This paper proposes a novel MM strategy 

that uses an extension of the SIF for nonlinear systems known as the extending sliding innovation 

filter (ESIF). Like the EKF, the ESIF uses the Jacobian matrix for linear approximation of the system 

to calculate the a priori state error covariance. The IMM algorithm is combined with the ESIF to 

form the IMM-ESIF. The efficacy of this proposed estimation strategy is compared with the IMM-

EKF and IMM-UKF. These filters are applied to a highly nonlinear polynomial model of an MR 

damper to estimate the force exerted by the damper.  

The paper is organized as follows. The estimation methods used in this paper are provided 

in Section 5.2, followed by the IMM algorithm in Section 5.3. Details about the experimental 

setup are described in Section 5.4. The mathematical model of the MR damper is provided in 

Section 5.5, followed by experimental results in Section 5.6. 

5.2 Estimation Methods 

5.2.1 Extended Kalman Filter 

While the KF produces the optimal estimate for linear systems with white noise, the majority of 

systems in nature exhibit nonlinear behaviour. The states and measurements are determined by 

the nonlinear functions as follows: 

𝑥𝑘+1 = 𝑓(𝑥𝑘, 𝑢𝑘) + 𝑤𝑘 (5.2.1.1) 

𝑧𝑘+1 = ℎ(𝑥𝑘+1) + 𝑣𝑘+1 (5.2.1.2) 

where  𝑓 and ℎ are the nonlinear system process and measurement functions respectively, 𝑢𝑘 is 

the input, and 𝑤𝑘 and 𝑣𝑘+1 are the system and measurement noise respectively. 

The EKF follows a similar structure to the original KF apart from the system and measurement 

matrices. The nonlinear systems and measurement functions cannot be applied to the 

covariances directly. Instead, linear approximations of the nonlinear functions 𝑓 and ℎ are 

generated using a first order Taylor series. The resulting Jacobian matrix can then be applied to 

the state error covariance matrix. For highly nonlinear systems, the first order Taylor series may 

not accurately approximate the system behaviour which can potentially cause the estimate to go 
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unstable [33, 54]. The first order partial derivatives of the nonlinear functions with respect to the 

states produces the Jacobian of the system function 𝐹𝑘 and the Jacobian of the measurement 

process 𝐻𝑘+1 as follows: 

𝐹𝑘 =
𝜕𝑓(𝑥)

𝜕𝑥
|
𝑥=�̂�𝑘|𝑘,𝑢𝑘

 (5.2.1.3) 

𝐻𝑘+1 =
𝜕ℎ(𝑥)

𝜕𝑥
|
𝑥=�̂�𝑘+1|𝑘

 (5.2.1.4) 

The system and measurement function are linearized around the state estimate of the previous 

time step [55]. Since the linearization approximates the system’s behaviour, the EKF no longer 

produces the optimal state estimates [55]. The prediction stage of the EKF consists of the a priori 

state estimate �̂�𝑘+1|𝑘 which uses the nonlinear system model and state error covariance 𝑃𝑘+1|𝑘 

which uses the Jacobian of the system model. The prediction stage equations are given as follows: 

�̂�𝑘+1|𝑘 = 𝑓(�̂�𝑘|𝑘, 𝑢𝑘) (5.2.1.5) 

𝑃𝑘+1|𝑘 = 𝐹𝑘𝑃𝑘|𝑘𝐹𝑘
𝑇 + 𝑄𝑘 (5.2.1.6) 

where �̂�𝑘|𝑘 is the previous state estimate,  𝑢𝑘 is the system input, 𝑃𝑘|𝑘 is the previous state error 

covariance, and 𝑄𝑘 is the system noise covariance. The matrix transpose operator is denoted by 

𝑇. The innovation �̃�𝑘+1 is calculated based on the nonlinear measurement function ℎ given by 

(5.2.1.7). The innovation covariance matrix 𝑆𝑘+1, extended Kalman gain 𝐾𝑘+1, and a posteriori 

state error covariance 𝑃𝑘+1|𝑘+1 all utilize the Jacobian of the measurement function 𝐻𝑘+1 as 

shown in (5.2.2.1.8), (5.2.2.1.9), and (5.2.2.1.11). The innovation covariance 𝑆𝑘+1 is used to 

calculate the extended Kalman gain 𝐾𝑘+1. This is applied to the innovation �̃�𝑘+1 to update the a 

priori state estimate �̂�𝑘+1|𝑘 and produce the a posteriori state estimate �̂�𝑘+1|𝑘+1 as shown in 

(5.2.1.10). The entirety of the update stage is given by the following [55]: 

�̃�𝑘+1 = 𝑧𝑘+1 − ℎ(�̂�𝑘+1|𝑘) (5.2.1.7) 

𝑆𝑘+1 = 𝐻𝑘+1𝑃𝑘+1|𝑘𝐻𝑘+1
𝑇 + 𝑅𝑘+1 (5.2.1.8) 

𝐾𝑘+1 = 𝑃𝑘+1|𝑘𝐻𝑘+1
𝑇 𝑆𝑘+1

−1  (5.2.1.9) 

�̂�𝑘+1|𝑘+1 = �̂�𝑘+1|𝑘 + 𝐾𝑘+1�̃�𝑘+1 (5.2.1.10) 

𝑃𝑘+1|𝑘+1 = (𝐼 − 𝐾𝑘+1𝐻𝑘+1)𝑃𝑘+1|𝑘 (5.2.1.11) 
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where 𝑅𝑘+1 is the measurement noise covariance and 𝐼 is the identity matrix. Like the KF, the 

EKF is relatively easy to implement [30]. However, special consideration should be given for 

nonlinear systems which cannot be approximated accurately by a first order Taylor series.  

5.2.2 Unscented Kalman Filter 

Another method of dealing with nonlinearities involves using statistical linear regression of 

sample points projected using the nonlinear system model [56]. The unscented Kalman filter 

(UKF) is a popular formulation of the sigma-point Kalman filter (SPKF). The UKF generates sigma 

points based on the previous state estimate and covariances. The sigma points are then projected 

using the nonlinear system model to form the a priori state estimate and state error covariance 

in a process known as the unscented transform [57, 58]. Additionally, the points are also 

projected using the nonlinear measurement function as well. This method removes the need for 

linearization and generally produces a more accurate estimate than the Jacobian approximation 

of the nonlinear system [73, 76-78].   

The UKF algorithm is detailed in the following equations [79].  Given a state space with 

dimension 𝑛, the state 𝑥𝑘 can be represented with 2𝑛 + 1 sigma points denoted by 𝑋. The sigma 

points have a mean of �̂�𝑘|𝑘 and a covariance of 𝑃𝑘|𝑘. The initial sigma point 𝑋0,𝑘|𝑘 and 

corresponding weight 𝑊0 are given as follows: 

𝑋0,𝑘|𝑘 = �̂�𝑘|𝑘 (5.2.2.1) 

𝑊0 = 𝜅/(𝑛 + 𝜅) (5.2.2.2) 

where 𝜅 is a design parameter. The next 2𝑛 number of sigma points are calculated as follows: 

𝑋𝑖,𝑘|𝑘 = �̂�𝑘|𝑘 + (√(𝑛 + 𝜅)𝑃𝑘|𝑘)
𝑖

 (5.2.2.3) 

𝑊𝑖 = 1/[2(𝑛 + 𝜅)] (5.2.2.4) 

where the value 𝑋𝑖,𝑘|𝑘 is the 𝑖𝑡ℎ sigma point and 𝑊𝑖 is the weight that is associated with the 𝑖𝑡ℎ 

sigma point [62]. The sigma points are projected (�̂�𝑖,𝑘+1|𝑘) through the nonlinear system function 

𝑓  and added together with their corresponding weights to produce the a priori state estimate 

�̂�𝑘+1|𝑘 as follows [44]: 
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�̂�𝑖,𝑘+1|𝑘 = 𝑓(𝑋𝑖,𝑘|𝑘, 𝑢𝑘) (5.2.2.5) 

�̂�𝑘+1|𝑘 =∑𝑊𝑖�̂�𝑖,𝑘+1|𝑘

2𝑛

𝑖=0

 (5.2.2.6) 

The previous calculations are used to calculate the a priori state error covariance as follows [44]: 

𝑃𝑘+1|𝑘 =∑𝑊𝑖(�̂�𝑖,𝑘+1|𝑘 − �̂�𝑘+1|𝑘)(�̂�𝑖,𝑘+1|𝑘 − �̂�𝑘+1|𝑘)
𝑇

2𝑛

𝑖=0

 (5.2.2.7) 

The sigma points are also propagated through the nonlinear measurement function. Unlike the 

KF and EKF, the UKF calculates a predicted measurement �̂�𝑘+1|𝑘 which is used to produce the 

innovation covariance 𝑃𝑧𝑧.𝑘+1|𝑘.  

�̂�𝑖,𝑘+1|𝑘 = ℎ(�̂�𝑖,𝑘+1|𝑘 , 𝑢𝑘) (5.2.2.8) 

�̂�𝑘+1|𝑘 =∑𝑊𝑖�̂�𝑖,𝑘+1|𝑘

2𝑛

𝑖=0

(2.2.9) 

𝑃𝑧𝑧.𝑘+1|𝑘 =∑𝑊𝑖(�̂�𝑖,𝑘+1|𝑘 − �̂�𝑘+1|𝑘) ∗ (�̂�𝑖,𝑘+1|𝑘 − �̂�𝑘+1|𝑘)
𝑇

2𝑛

𝑖=0

(5.2.2.10) 

The cross-covariance (with respect to the state and measurement) is calculated as follows [44]: 

𝑃𝑥𝑧.𝑘+1|𝑘 =∑𝑊𝑖(�̂�𝑖,𝑘+1|𝑘 − �̂�𝑘+1|𝑘) ∗ (�̂�𝑖,𝑘+1|𝑘 − �̂�𝑘+1|𝑘)
𝑇

2𝑛

𝑖=0

(5.2.2.11) 

The cross-covariance 𝑃𝑥𝑧.𝑘+1|𝑘 and innovation covariance 𝑃𝑧𝑧.𝑘+1|𝑘 are combined to produce the 

corrective gain 𝐾𝑘+1 as follows: 

𝐾𝑘+1 = 𝑃𝑥𝑧.𝑘+1|𝑘𝑃𝑧𝑧.𝑘+1|𝑘
−1  (5.2.2.12) 

To conclude the update state of the UKF, the a posteriori state estimate and a posteriori state 

error covariance are given as follows [44]: 

�̂�𝑘+1|𝑘+1 = �̂�𝑘+1|𝑘 + 𝐾𝑘+1(𝑧𝑘+1 − �̂�𝑘+1|𝑘) (5.2.2.13) 

𝑃𝑘+1|𝑘+1 = 𝑃𝑘+1|𝑘 − 𝐾𝑘+1𝑃𝑧𝑧,𝑘+1|𝑘𝐾𝑘+1
𝑇  (5.2.2.14) 

In the case of the UKF, there is a trade-off between computational cost and accuracy. While the 

EKF only propagates a single state estimate through a nonlinear process, the UKF uses 2𝑛 + 1 

sigma points to achieve a more accurate state estimate and state error covariance The UKF is 
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comparable to the EKF for mildly nonlinear systems but has better performance when the 

nonlinear process cannot be approximated by a first order Taylor series [29].    

 

5.2.3 Extended Sliding Innovation Filter 

The SIF is a Bayesian, model-based estimator based on SMO concepts. The SIF corrective gain is 

calculated using the measurement matrix, innovation (measurement error), and sliding boundary 

layer (which is fixed for the standard SIF formulation). The fixed boundary layer represents an 

upper limit of potential noise/disturbances and modeling uncertainty [1]. The initial estimate is 

forced towards the sliding boundary layer (or hyperplane). However, if the estimate is already 

within the hyperplane layer, the corrective gain forces the estimates to switch around the true 

state trajectory as shown in Figure 5.1. 

 

Figure 5.1: The SIF concept depicting the effects of the switching gain structure [1]. 

For a linear system, the prediction stage is identical to the EKF in Section 5.2.1 as follows: 
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�̂�𝑘+1|𝑘 = 𝑓(�̂�𝑘|𝑘, 𝑢𝑘) (5.2.3.1) 

𝑃𝑘+1|𝑘 = 𝐹𝑘𝑃𝑘|𝑘𝐹𝑘
𝑇 + 𝑄𝑘 (5.2.3.2) 

�̃�𝑘+1|𝑘 = 𝑧𝑘+1 − 𝐶�̂�𝑘+1|𝑘 (5.2.3.3) 

However, the measurement process ℎ was considered to be linear and constant for the 

purpose of this paper. Thus, measurement matrix 𝐶 was used instead of the Jacobian 𝐻𝑘+1. The 

extended sliding innovation filter (ESIF) is a formulation of the SIF for nonlinear system models 

and measurement processes. The ESIF corrective gain 𝐾𝑘+1 is calculated using the measurement 

matrix 𝐶, innovation  �̃�𝑘+1|𝑘 and fixed sliding boundary layer 𝛿. The corrective gain is applied to 

the innovation stage to calculate the a posteriori state estimate in a similar fashion to the EKF. In 

addition, the a posteriori state error covariance follows the EKF formulation as well. The entirety 

of the update stage is given as follows [1]: 

𝐾𝑘+1 = 𝐶+𝑠𝑎𝑡̅̅ ̅̅ (|�̃�𝑘+1|𝑘| 𝛿⁄ ) (5.2.3.4) 

�̂�𝑘+1|𝑘+1 = �̂�𝑘+1|𝑘 + 𝐾𝑘+1�̃�𝑘+1|𝑘 (5.2.3.5) 

𝑃𝑘+1|𝑘+1 = (𝐼 − 𝐾𝑘+1𝐶
+)𝑃𝑘+1|𝑘(𝐼 − 𝐾𝑘+1𝐶

+)𝑇 + 𝐾𝑘+1𝑅𝑘+1𝐾𝑘+1
𝑇 (5.2.3.6) 

where 𝐶+ is the pseudoinverse of the measurement matrix, and 𝑠𝑎𝑡̅̅ ̅̅  is the diagonal matrix of the 

saturated vector values, |�̃�𝑘+1|𝑘| refers to the absolute innovation value [1]. The sliding boundary 

layer term is tuned manually based on knowledge of the system (e.g., noise and modeling 

uncertainty) or through other optimization methods in order to minimize the estimation error 

[1]. The SIF estimation process can be summarized by equations (5.2.3.1) through (5.2.3.6). Proof 

of stability for the SIF is provided in [1]. The updated innovation was used to define a Lyapunov 

function in order to prove that the estimation error is bounded. 

5.3 The IMM-ESIF 

The interacting multiple model (IMM) method incorporates a finite number of models and 

filtering strategies that run in parallel. Each filter associated to a particular model produces its 

own state estimate, sate error covariance, and likelihood that the model is correct. The likelihood 

is a function of the innovation (measurement error) and its covariance. This in turn is used to 

calculate the mode probabilities which represent the probability of the system existing in a 

particular mode based on the current information.  
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The IMM method’s access to additional modeling information presents a clear advantage 

over single model strategies. Combining the IMM with the ESIF adds stability and robustness 

while increasing accuracy with access to multiple models. In this paper, the efficacy of this 

strategy is tested against previous IMM strategies such as the IMM-EKF and IMM-UKF when 

applied to a highly nonlinear MR damper system.  

 

Figure 5.2: Overview of the IMM-ESIF algorithm. 
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The IMM-ESIF algorithm is shown in Fig. 5.2. The green arrows indicate measurement 

input, the blue arrows indicate recursion, and the red arrow indicates the overall IMM-RSIF 

output. A number of SIFs equivalent to the number of models are run in parallel. While Fig 5.2. 

shows two models for conciseness, there is no limit to the number of models that can be 

incorporated. However, it should be noted that processing time scales linearly with each 

additional model. The IMM-ESIF estimator consists of five steps: mixing probability calculation, 

ESIF mode-matched filtering, mode probability update, and combination of the state estimate 

and covariance.  

The mixing probabilities 𝜇𝑖|𝑗,𝑘|𝑘 represent the probability of the system in mode 𝑖 and switching 

to mode 𝑗 at the next time step. The mixing probabilities are calculated as follows [8]: 

𝜇𝑖|𝑗,𝑘|𝑘 = 
1

𝑐�̅�
𝑝𝑖𝑗𝜇𝑖,𝑘 (5.3.1) 

𝑐�̅� = ∑𝑝𝑖𝑗𝜇𝑖,𝑘

𝑟

𝑖=1

 (5.3.1.2) 

where 𝑝𝑖𝑗 is the mode transition probability, which is a design parameter, 𝜇𝑖𝑘 is the probability 

of the system existing in mode 𝑖, and 𝑟 is the number of system modes.  The previous mode 

matched state �̂�𝑖,𝑘|𝑘 and covariance 𝑃𝑖,𝑘|𝑘 are used to calculate the mixed initial conditions (state 

�̂�0𝑗,𝑘|𝑘 and covariance 𝑃0𝑗,𝑘|𝑘) for the filter matched to mode 𝑗 as follows [50]: 

�̂�0𝑗,𝑘|𝑘 =∑�̂�𝑖𝑗,𝑘|𝑘𝜇𝑖|𝑗,𝑘|𝑘

𝑟

𝑖=1

 (5.3.3) 

𝑃0𝑗,𝑘|𝑘 = ∑𝜇𝑖|𝑗,𝑘|𝑘

𝑟

𝑖=1

{𝑃𝑖,𝑘|𝑘 + (�̂�𝑖,𝑘|𝑘 − �̂�0,𝑘|𝑘)(�̂�𝑖,𝑘|𝑘 − �̂�0,𝑘|𝑘)
𝑇
} (5.3.4) 

These mixed initial conditions are then fed into the filters matched to mode 𝑗. Each ESIF uses the 

measurement 𝑧𝑘+1 as well as any system inputs 𝑢𝑘 to calculate the updated states and 

corresponding state error covariance.  The initial state estimate �̂�0𝑗,𝑘|𝑘 and corresponding state 

error covariance 𝑃0𝑗,𝑘|𝑘  for each mode 𝑗 are used to calculate the a priori states �̂�𝑗,𝑘+1|𝑘  error 

covariance 𝑃𝑗,𝑘+1|𝑘 as follows: 

�̂�𝑗,𝑘+1|𝑘 = 𝑓𝑗(�̂�0𝑗,𝑘|𝑘 , 𝑢𝑘) (5.3.5) 

𝑃𝑗,𝑘+1|𝑘 = 𝐹𝑗𝑃0𝑗,𝑘|𝑘𝐹𝑗
𝑇 +𝑄𝑘 (5.3.6) 
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where 𝑓𝑗 is the nonlinear system state equations of mode 𝑗 and 𝐹𝑗 is the Jacobian matrix of said 

equations. 

 The mode-matched innovation covariance 𝑆𝑗,𝑘+1|𝑘 and mode-matched a priori 

measurement error 𝑒𝑗,𝑧,𝑘+1|𝑘  are calculated as follows [50]: 

𝑆𝑗,𝑘+1|𝑘 = 𝐶𝑗𝑃𝑗,𝑘+1|𝑘𝐶𝑗
𝑇 + 𝑅𝑘+1 (5.3.7) 

𝑒𝑗,𝑧,𝑘+1|𝑘 = 𝑧𝑘+1 −  𝐶𝑗�̂�𝑗,𝑘+1|𝑘 (5.3.8) 

where the measurement matrix  𝐶𝑗 is considered linear and constant for the purposes of this 

paper.  

 The update stage is described by the following four equations. The mode-matched ESIF 

gain 𝐾𝑗,𝑘+1 is calculated via (5.3.9) and used to update the state estimate �̂�𝑗,𝑘+1|𝑘+1 (5.3.10). 

 

𝐾𝑗,𝑘+1 = 𝐻𝑗
+𝑠𝑎𝑡̅̅ ̅̅ (|𝑒𝑗,𝑧,𝑘+1|𝑘| 𝛿⁄ ) (5.3.9) 

�̂�𝑗,𝑘+1|𝑘+1 = �̂�𝑗,𝑘+1|𝑘 + 𝐾𝑗,𝑘+1𝑒𝑗,𝑧,𝑘+1|𝑘 (5.3.10) 

 The updated state error covariance matrix 𝑃𝑗,𝑘+1|𝑘+1 is generated via (5.3.11) and is used 

to produce the a posteriori measurement error 𝑒𝑗,𝑧,𝑘+1|𝑘+1 (5.3.12). 

𝑃𝑗,𝑘+1|𝑘+1 = (𝐼 − 𝐾𝑗,𝑘+1𝐶𝑗)𝑃𝑗,𝑘+1|𝑘(𝐼 − 𝐾𝑗,𝑘+1𝐶𝑗)
𝑇
+  𝐾𝑗,𝑘+1𝑅𝑘+1𝐾𝑗,𝑘+1

𝑇 (5.3.11) 

𝑒𝑗,𝑧,𝑘+1|𝑘+𝑘+1 = 𝑧𝑘+1 −  𝐻𝑗�̂�𝑗,𝑘+1|𝑘+1 (5.3.12) 

Using the mode-mode matched innovation matrix 𝑆𝑗,𝑘+1|𝑘 and the mode-matched updated 

measurement error  𝑒𝑗,𝑧,𝑘+1|𝑘, a corresponding likelihood function Λ𝑗,𝑘+1 is calculated as follows 

[50]: 

Λ𝑗,𝑘+1 =  𝒩(𝑧𝑘+1; 𝑒𝑗,𝑧,𝑘+1|𝑘, 𝑆𝑗,𝑘+1|𝑘) (5.3.13) 

The likelihood is calculated by applying measurement 𝑧𝑘+1 to a Gaussian probability density 

function with mean 𝑒𝑗,𝑧,𝑘+1|𝑘 and covariance 𝑆𝑗,𝑘+1|𝑘. The likelihood can be rewritten as the 

following equation [50]. 

Λ𝑗,𝑘+1 =
1

√|2𝜋𝑆𝑗,𝑘+1|𝑘|

exp(
−
1
2 𝑒𝑗,𝑧,𝑘+1|𝑘

𝑇 𝑒𝑗,𝑧,𝑘+1|𝑘

𝑆𝑗,𝑘+1|𝑘
) (5.3.14) 
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The mode-matched likelihood function Λ𝑗,𝑘+1 is then used to update the mode probability 𝜇𝑖,𝑘 

as shown [50]: 

𝜇𝑖,𝑘 = 
1

𝑐
Λ𝑗,𝑘+1∑𝑝𝑖𝑗𝜇𝑖,𝑘

𝑟

𝑖=1

 (5.3.15) 

where the normalizing constant 𝑐 is defined as follows [50]:  

𝑐 =∑Λ𝑗,𝑘+1

𝑟

𝑗=1

∑𝑝𝑖𝑗𝜇𝑖,𝑘

𝑟

𝑖=1

 (5.3.16) 

Finally, the IMM-ESIF outputs the overall state estimates �̂�𝑘+1|𝑘+1 and corresponding state error 

covariance 𝑃𝑘+1|𝑘+1 which are calculated as follows [50]: 

�̂�𝑘+1|𝑘+1 =∑𝜇𝑖,𝑘+1

𝑟

𝑗=1

�̂�𝑗,𝑘+1|𝑘+1 (5.3.17) 

𝑃𝑘+1|𝑘+1 = ∑𝜇𝑖,𝑘+1

𝑟

𝑗=1

{𝑃𝑖,𝑘+1|𝑘+1 + (�̂�𝑗,𝑘+1|𝑘+1 − �̂�𝑘+1|𝑘+1)(�̂�𝑗,𝑘+1|𝑘+1 − �̂�𝑘+1|𝑘+1)
𝑇
} (5.3.18) 

The formulation of the IMM-ESIF can be summarized by (5.3.1) – (5.3.18). Note that the 

estimator’s overall output �̂�𝑘+1|𝑘+1 from (5.3.17) and 𝑃𝑘+1|𝑘+1 from (5.3.18) are not used in the 

algorithm recursions [50]. The IMM-EKF and IMMU-UKF follow similar a similar process with the 

main difference being their respective corrective gain calculations. 

5.4 Experimental Setup 

The primary component of the experimental setup used in this paper is the RD-8041-1 MR 

damper acquired from LORD. MR dampers have numerous applications in the automotive and 

aerospace industry such as isolating vibrations to passengers using adaptive suspension systems 

[37]. A typical MR damper consists of the MR fluid itself, housing, piston, diaphragm, and 

magnetic coil [38]. An electrical current is supplied to the damper in order to increase the 

viscosity of the MR fluid which in turn, increases the damping force. The change in viscosity is 

attributed to the rearrangement of the ferromagnetic particles suspended in the fluid. In the 

presence of a magnetic field, the particles align to form linear chain structures [38]. As the MR 

damper is driven, the MR fluid moves between different chambers via small orifices in the piston 

assembly and converts mechanical energy into friction losses [38]. 
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The experimental setup was developed at the University of Guelph by the primary author. 

In order to mathematically model the MR damper, an A1 series linear actuator from Ultramotion 

was used to drive the damper. A RAS1-500S-S resistive load cell acquired from Loadstar was used 

to measure the damping force and a Korad programmable power supply was used to supply 

current to the MR damper. Data acquisition and commands were delivered using RS232 serial 

communication on a laboratory computer. The components were mounted together using an 

extruded t-slotted aluminum frame as seen in Fig. 5.3.  

 

Figure 5.3: Magnetorheological Testing Setup 

The RD-8041-1 is a linear MR damper with continuous variable damping determined by 

the yield strength of the MR fluid in response to a magnetic field. The damper responds in less 

than 15 milliseconds to changes in the magnetic field and can operate at 1 A continuously or 2 A 

intermittently at 12 V DC. The RD-8041-1 is a monotube shock containing high pressure nitrogen 

gas (300 psi) which fully extends the piston under no load. At ambient temperatures the 

resistance of the coil is 5 Ω and at 71° C the resistance increases to 7 Ω. Extreme temperature 

changes can drastically alter the performance of the MR damper [39]. 

The Ultramotion linear actuator used to drive the MR damper is a standard servo cylinder 

with an acme screw to prevent backdrive and operates at 180 W. The actuator is capable of 445 
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N of continuous force and 1001 N at its peak with a maximum speed of 178 mm/s. There are 

several onboard sensors to measure states such as position, torque, temperature, and humidity. 

The position of the linear actuator is measured using the phase index absolute position sensor. 

This sensor is a multi-turn magnetic encoder with a resolution of 1024 counts per revolution used 

for absolute position feedback and commutation. The measurement noise covariance of the 

sensor is discussed in subsequent sections. The torque feedback is calculated using closed loop 

current feedback on each motor phase. This is then translated into actuator output force. Since 

using current feedback is not an accurate method of calculating output force this results in 

significant error and noise.  

In general, there is a direct relationship between motor torque and actuator output force. 

However, there are some complicating factors that can significantly impact this relationship. 

Rotational inertial loads, lubricant viscosity, and seal friction can all contribute to output force 

variability. Factory test data was used in order to convert motor torque into actuator output 

force. The data is collected on each actuator during the acceptance test procedure (ATP) before 

leaving the factory [40]. The current-force curves that are generated are unique to each actuator. 

However, there is still significant noise in force output.  In order to reduce some of the noise in 

the torque sensor, a first order Butterworth filter was applied with a normalized cutoff frequency 

between 0 and 0.05. 

The RAS1-500S-S is a resistive S-Beam load cell capable of measuring both compressive 

and tensile force measurement. The load cell is made from tool steal and has a capacity of 2224 

N and a sample rate of 1000 Hz. The calibration measurement equipment is traceable to NIST via 

Pacific Calibration Services. This sensor was used to test the efficacy of applying adaptive filtering 

strategies on the current feedback of the linear actuator. While the noise covariance of the 

loadcell is 26.535 N, the noise covariance of the Ultramotion motor torque sensor is 622.407 N. 

The comparatively high noise distribution of the onboard Ultramotion motor torque sensor 

makes it a suitable candidate for applying adaptive filtering strategies.  

Force-velocity hysteresis curves have been modeled extensively by [41] and [42]. 

However, at low velocities over long stroke lengths, the force of the diaphragm and compressed 
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nitrogen gas is not negligible. Thus a force-position hysteresis curve was modeled by driving the 

MR damper at a constant velocity over one full stroke. For the MR model used in this paper, the 

actuator speed was set to 30 mm/s and the damping force was recorded by the loadcell over a 

stroke length of 57 mm. Approximately 200 strokes (extension and retraction) were used to 

model the behaviour at each operational mode (normal, overcurrent, undercurrent). The 

conditions of the operational modes are discussed below.  

There are several different types of faults that can be experienced during MR damper 

operations. The viscosity of the MR fluid is sensitive to extreme temperatures [38] and the 

particles in the MR fluid are also subject to degradation over time [43]. However, this paper 

focuses on faults caused by minor temperature changes or faulty power supplies which alters the 

current supplied to the MR damper. Undercurrent and overcurrent fault modes were modeled 

in addition to the normal operating current.  The undercurrent, normal, and overcurrent 

operational modes are denoted by a supply current of 0 mA, 120 mA and 220 mA respectively.  

A sample of experimental data used to model the MR damper can be seen in Fig 5.4. The 

figures show the actuator extending and retracting at a constant speed with MR force being 

recorded by the loadcell and actuator current sensor. The figures also show the application of a 

first order Butterworth filter on the actuator current sensor in order to reduce some of the noise 

before applying adaptive filtering strategies. 
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Figure 5.4: Sample of experimental data used to model the MR damper under normal operating 
conditions 

 

5.5 Magnetorheological Damper Model 

The force-velocity hysteresis of an MR damper has been described in literature using many 

different mathematical models such as the nonlinear hysteretic biviscous model, polynomial 

function model, generalized sigmoid hysteresis model, and Bouc-Wen hysteresis model [41]. 

However, at low velocities and long stroke lengths, the force applied by the diaphragm and 

compressed nitrogen gas is not negligible. Thus, the relationship between MR damper force and 

position was incorporated into existing models.  
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Figure 5.5: MR force during extension with respect to position and velocity 

 

Figure 5.6: MR force during retraction with respect to position and velocity 
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Figure 5.7: Full MR force model with extension and retraction 

The full mathematical model of the MR damper calculates force as a function of velocity, 

position, and current applied to the damper. Assuming the current is kept constant, the force 

becomes a function of position and velocity and can be modeled as a polynomial surface as seen 

in Figs. 5.5-5.7. Since the experiments were conducted using constant the velocity, the model 

was further reduced to the equation (5.5.2). 

A ninth order polynomial model was chosen for this experiment because it was the least 

computationally expensive for implementing model-based filters such as the EKF, UKF, and ESIF 

without sacrificing significant model accuracy. The basic polynomial hysteresis function is as 

follows: 

𝑓ℎ =∑𝑎𝑘𝑦
𝑘

𝑛

𝑘=0

;   𝑛 = 9 (5.5.1) 

where 𝑦 is the position of the MR piston, 𝑎𝑘 is the polynomial coefficient, which is experimentally 

obtained, 𝑘 represents the polynomial exponent, and 𝑛 represents the polynomial order [41]. 
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The velocity (direction) of the piston determines whether the damping force follows the upper 

or lower hysteresis curve as shown as follows [41]: 

𝑓𝑑 =

{
  
 

  
 ∑ 𝑎𝑢𝑘𝑦

𝑘
9

𝑘=0
;  �̇� < 0

∑ 𝑎𝑑𝑘𝑦
𝑘

9

𝑘=0
;  �̇� > 0

∑
1

2
(𝑎𝑢𝑘 + 𝑎𝑑𝑘)𝑦

𝑘
9

𝑘=0
;  �̇� = 0

(5.5.2) 

where 𝑎𝑢𝑘 and 𝑎𝑑𝑘 are the lower and upper polynomial coefficients respectively. Convergence 

of the two polynomial functions near the extremities is ensured through averaging the lower and 

upper polynomial functions when the piston velocity changes direction or is equal to 0 mm/s 

[41].  The coefficients of the polynomial model are given in Table 5.1. 
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Table 5.1: Experimentally obtained polynomial coefficients for MR model 

Polynomial 

Coefficient 

Undercurrent 

(0 mA) 

Normal 

(120 mA) 

Overcurrent 

(220 mA) 

au0 -362.5338 -402.2871 -455.7308 

au1 55.6247 46.6965 29.2484 

au2 -8.3330 -7.2734 -4.2088 

au3 0.6791 0.6116 0.3078 

au4 -0.0333 -0.0309 -0.0125 

au5 0.0010 9.7782e-04 2.8271e-04 

au6 -2.0429e-05 -1.9756e-05 -3.2121e-06 

au7 2.5395e-07 2.4911e-07 9.3169e-09 

au8 -1.8183e-09 -1.7990e-09 1.3375e-10 

au9 5.7430e-12 5.7019e-12 -9.3501e-13 

ad0 -27.3674 47.9106 167.3362 

ad1 28.4778 30.7247 24.0020 

ad2 -7.1661 -7.5816 -6.1759 

ad3 0.8976 0.9404 0.8009 

ad4 -0.0633 -0.0663 -0.0587 

ad5 0.0027 0.0028 0.0026 

ad6 -6.8046e-05 -7.1970e-05 -6.7311e-05 

ad7 1.0341e-06 1.1028e-06 1.0519e-06 

ad8 -8.5880e-09 -9.2442e-09 -8.9620e-09 

ad9 3.0007e-11 3.2615e-11 3.2055e-11 
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Figure 5.8: MR damping force with respect to position when piston velocity is set to 30 mm/s. 

The models shown in Fig. 5.8 depicts the force-position hysteresis relationship of the MR damper 

at a velocity of 41.5 mm/s. This represents a cross section of Fig. 5.6 at the specified velocity. The 

data points were fitted using (5.2) to obtain the polynomial coefficients in Table 5.1. The norm of 

the residuals for each data set to their polynomial models are [12.086, 8.1279], [6.794, 8.070], 

and [7.367, 13.693] for the under current, normal, and over current modes respectively. The first 

number represents the upper polynomial curve while the second represents the lower 

polynomial curve. The discretized state space equations can be written as follows: 

𝑥1,𝑘+1 =  𝑥1,𝑘 + 𝑇 ∙ 𝑥2,𝑘 (5.5.3) 

𝑥2,𝑘+1 = 𝑥2,𝑘 (5.5.4) 

𝑥3,𝑘+1 =

{
  
 

  
 ∑ 𝑎𝑢𝑘𝑥1,𝑘

𝑛
9

𝑛=0
;  𝑥2,𝑘 < 0

∑ 𝑎𝑑𝑘𝑥1,𝑘
𝑛

9

𝑛=0
;  𝑥2  𝑘 > 0

                   ∑
1

2
(𝑎𝑢𝑘 + 𝑎𝑑𝑘)𝑥1,𝑘

𝑛
9

𝑛=0
;  𝑥2,𝑘 = 0

 (5.5.5) 
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where 𝑥1, 𝑥2, 𝑥3, are the position, velocity, and force of MR damper and T is the sampling rate. 

The system and measurement noise covariance matrices are given by the following based on 

factory testing: 

𝑄 =  𝑅 ∙ 10−1 (5.5.6) 

𝑅 =   [
5.5134 ∙ 10−4 0 0

0 7.797 ∙ 10−4 0
0 0 622.407

] (5.5.7) 

The system noise was not measured directly but was assumed to be one magnitude smaller than 

the measurement noise.  

5.6 Experimental Results 

The linear actuator drove the MR damper for a total of 11.62 seconds with constant velocity (30 

mm/s) during extension and retraction. The position and velocity profile captured by the actuator 

encoder can be seen in Fig. 5.9. The initial current of 120 mA was applied to MR damper which 

represents normal operation. The MR damper was allowed to fully extend and retract before an 

overcurrent fault (220 mA) was introduced at 3.86 seconds. After another full period of motion, 

an undercurrent fault (0 mA) was introduced to the MR damper at 7.73 seconds before 

completing a final extension and retraction. 

 

Figure 5.9: Sample of experimental data used to model the MR damper under normal operating 
conditions 



 

87 

 

 

The fixed boundary layer applied in the ESIF was tuned based on minimizing the force state 

estimation error. The smoothing boundary layer widths are given by the following: 

𝛿 =   [
5.5134 ∙ 10−4 0 0

0 7.797 ∙ 10−4 0
0 0 80

] (5.6.1) 

For all estimation strategies, the initial conditions were set to the following: 

�̂�0 = [4.2788      30.2792    − 303.0187]
𝑇 (5.6.2) 

𝑃0|0 = 10 ∗ 𝑄 (5.6.3) 

For the experiments conducted in this paper, it is assumed that the MR damper operates 

normally 65% of the time and has an equal likelihood of experiencing an undercurrent or 

overcurrent fault. The initial mode probability 𝜇𝑖,0 is given as follows: 

𝜇𝑖,0 = [0.65     0.175     0.175]𝑇 (5.6.4) 

 Based on experimental procedures, the mode transition matrix 𝑝𝑖,𝑗 is defined by a 3 by 3 

diagonal matrix with 0.65 on the diagonal and 0.175 on the off-diagonal. This transition matrix 

signifies that there is a 65% probably that the system will remain in the current mode. For 

example, if the system is experiencing normal operation, there is a 65% chance the system will 

continue to undergo normal operation in the next time step.  

 As described previously, the experiment consisted of a test in which all three modes 

(normal, overcurrent, undercurrent) were experienced. After 1 period of actuation in a certain 

mode, the system transitioned to a different one until all modes were introduced. Fig. 5.10 shows 

the results of the IMM-EKF, IMM-UKF, and IMM-ESIF for estimating the force exerted by the MR 

damper during testing.  
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Figure 5.10: Force estimation of the MR damper undergoing mixed operation with normal, 
overcurrent, and undercurrent modes. 

 The RMSE (root mean squared error) for each estimator was calculated as follows: 

𝑅𝑀𝑆𝐸 = √
∑ (𝑥𝑖 − �̂�𝑖)2
𝑛
𝑖=1

𝑛
 (5.6.5) 

where 𝑛 is the number of steps. The values shown in Table 5.2 and 5.3 are the average RMSE of 

the 20 separate trials similar to the one shown in Fig. 5.10. The order in which the modes were 

experienced were randomized for each trial.  

The IMM-EKF, IMM-UKF, and IMM-ESIF perform comparatively well when the MR is 

normal operation. As shown in Table 5.2, the IMM-ESIF performs slightly better than the IMM-

EKF and IMM-UKF under normal operation. However, the benefit of the increased robustness 

demonstrated by Table 5.3 which shows the RMSE for mixed operation. In the presence of faults 

and modeling uncertainty, the IMM-ESIF shows a clear advantage over its counterparts. There is 
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an 83.7% improvement over the IMM-EKF and 89.4% improvement over the IMM-UKF. It is 

interesting to note that while the UKF generally performs better than the EKF for highly nonlinear 

system, the EKF outperformed the UKF during mixed operation. 

Table 5.2: RMSE for Normal Operation 

Estimation Strategy RMSE (Newtons) 

IMM-EKF 2.37 

IMM-UKF 2.36 

IMM-ESIF 1.97 

 

Table 5.3: RMSE for Mixed Operation 

Estimation Strategy RMSE (Newtons) 

IMM-EKF 17.52 

IMM-UKF 19.20 

IMM-ESIF 2.04 

The IMM-EKF, IMM-UKF, and IMM-ESIF were all able to properly detect the mode 

probabilities with varying degrees of confidence. Fig. 5.11-5.13 shows the mode probabilities 

calculated by each estimation strategy. In order to clear depict the mode probabilities, the overall 

trends are shown as solid lines while spikes in the mode probability are represented as dots. The 

mode probabilities show that the IMM-ESIF misclassifies the correct mode when the velocity of 

the MR damper changes direction. However, the overall classification accuracy of the IMM-ESIF 

is higher than its counterparts. 

A value “1” for a mode probability refers to a 100% confidence that the system is 

experiencing that mode while a “0” refers to a probability of 0%. Tables IV-VI show confusion 

matrices for each estimator which are commonly used in fault detection and diagnosis. The 

vertical axis typically represents the predicted mode while the horizontal axis represents the 
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actual mode being experienced by the MR damper. For Tables 5.4-5.6 mode 1 represents normal 

operation, mode 2 represents an overcurrent fault, and mode 3 represents an undercurrent fault.  

 

Figure 5.11: Normal operation mode probability 

 

 

 

Figure 5.12: Overcurrent fault mode probability 
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Figure 5.13: Undercurrent fault mode probability 

 

 

Table 5.4: IMM-EKF Confusion Matrix 

Actual 

 

Predicted 

 

1 

 

2 

 

3 

1 88.75 % 4.86 % 5.62 % 

2 4.49 % 90.58 % 5.08 % 

3 6.76 % 4.55 % 89.30 % 
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Table 5.5: IMM-UKF Confusion Matrix 

Actual 

 

Predicted 

 

1 

 

2 

 

3 

1 88.99 % 4.84 % 5.43 % 

2 4.48 % 90.61 % 5.07 % 

3 6.53 % 4.55 % 89.50 % 

 

Table 5.6: IMM-ESIF Confusion Matrix 

Actual 

 

Predicted 

 

1 

 

2 

 

3 

1 93.78 % 2.66 % 2.09 % 

2 1.26 % 94.58 % 1.55 % 

3 4.97 % 2.76 % 96.36 % 

 

The confusion matrices show that the IMM-EKF, IMM-UKF, and IMM-ESIF were all able to 

predict the correct mode of operation with relatively high confidence. In general, the 

classification accuracy of normal operation was the lowest. This is because the damping force of 

normal operation falls between the overcurrent and undercurrent modes as shown in Fig. 5.8.  

Likewise, the classification overcurrent fault had the highest accuracy because it has greater 

separation from the normal operation than the undercurrent fault.  The IMM-UKF had slightly 

higher classification accuracy than the IMM-EKF. However, the IMM-ESIF shows a 4-5% higher 

accuracy when classifying the correct mode when compared to the IMM-EKF and IMM-UKF.  

Overall, the IMM-ESIF showed significant improvement in both estimation accuracy (RMSE) and 

classification (confusion matrix) when compared to the IMM-EKF and IMM-UKF. 
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5.7 Conclusions 

This paper introduced a novel model-based estimator that combined the IMM strategy with the 

ESIF. The SIF was introduced in [1] and is based on a sliding mode concept formulated in a 

predictor-corrector form. The ESIF is an extension of the SIF for nonlinear systems that uses the 

Jacobian of the system equations. The MR damper is a good candidate for testing the ESIF due to 

its highly nonlinear behaviour represented in this paper by a piecewise polynomial function. For 

systems with modeling uncertainties and disturbances, the ESIF is shown to be more robust than 

the EKF and UKF.  

The novel estimator, referred to as the IMM-ESIF, was applied to an MR damper for force 

estimation and fault detection. The modes of operation discussed in this paper include normal 

operation, an overcurrent fault, and an undercurrent fault. The current supplied to the MR 

damper significantly impacts the damping behaviour. Thus, faults to the power supply should be 

quickly identified. The IMM-ESIF performed comparatively to the other estimation strategies 

during normal operation. However, the IMM-ESIF greatly outperformed the IMM-EKF and IMM-

UKF when the MR damper experienced mixed operation (normal operation and faulty operation). 

The IMM-ESIF showed approximately 80-90% reduction in estimation error when compared to 

its counterparts. Furthermore, the IMM-ESIF performed 4-5% better than the other estimators 

in terms of correct mode classification. Thus, the IMM-ESIF presents a good alternative to current 

popular MM estimation strategies.  Future work will consider other faults in the MR damper such 

as MR fluid degradation. In addition, the ESIF estimation accuracy can be improved as it uses a 

first order Taylor series to approximate the nonlinearities. Iterative methods used in the iterative 

extended Kalman filter can also be applied to the ESIF to better capture nonlinear behaviour.  
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Chapter 6 

 

6 Concluding Remarks 

 

This chapter summarizes the results of the research discussed in Chapters 3, 4, and 5. 

Recommendations for future work to expand the research and develop additional experimental 

setups is also summarized. 

 

6.1 Summary of Research 

The original formulation of the SIF used the innovation (or measurement) and a sliding boundary 

layer with a predetermined (or fixed) width to calculate the corrective gain. The stability and 

robustness of the SIF to modeling uncertainties and external disturbances was demonstrated and 

proven in [1]. 

To align the SIF with more classical model-based filters, a time-varying sliding boundary 

layer was derived based on minimizing the state error covariance. Chapter 3 detailed the 

derivation and application of the new formulation on an experimental setup known as the 

electrohydrostatic actuator (EHA). The adaptive SIF (ASIF) with time-varying boundary layer was 

first applied to a linear model of the EHA with a square wave input over 2 periods of motion. The 

Kalman filter (KF) and SIF with fixed sliding boundary layers were also applied to the system and 

was used as a benchmark setup. The root mean square error (RMSE) of each filter was used as 

the performance metric. Under normal EHA operation, the ASIF performed slightly better than 

the SIF but identical to the well-studied KF. This was expected as the KF provides the optimal 

solution for the linear estimation problem. In this ideal scenario, the ASIF does not provide a 

more accurate solution than the KF, and additionally, may reduce the sample rate for real-time 

filtering applications due to the additional calculations required by the ASIF. When a fault was 
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introduced halfway through simulation, the ASIF performed significantly better than the KF and 

moderately better than the standard or original SIF (approximately 17% more accurate position 

estimates). The RMSEs for position tracking for the KF, SIF, and ASIF were 1.513 x 10-2, 6.173 x 

10-3, and 4.912 x 10-3 meters, respectively. The KF was unable to compensate for the modeling 

uncertainty introduced into the estimation problem by the system fault. In addition, the SIF did 

not perform as well as the ASIF as the previously tuned sliding boundary layer did not account 

for the possibility of faulty operations. The ASIF does not require any tuning as its sliding 

boundary layer width is calculated at each time step and naturally adapts to changes in modeling 

uncertainty. Removing the tuning process reduces the implementation time of the ASIF when 

compared with the SIF in real world applications. 

The standard SIF produces a robust yet suboptimal estimate to the linear estimation 

problem. Thus, it may be prudent to use other model-based filters such as the KF when the 

system model is well-known or defined. The time-varying sliding boundary layer derived in 

Chapter 3 can be used as a metric to evaluate changes in the system model. In other words, the 

sliding boundary layer is an indicator of modeling uncertainty and estimator performance. 

Chapter 4 proposed using the time-varying sliding boundary layer as a criterion for switching 

between the SIF and other methods such as the KF, extended KF (EKF), and unscented KF (UKF). 

The filters were applied to a magnetorheological (MR) experimental setup with a highly nonlinear 

model consisting of piecewise polynomial functions. This MR setup was designed, built, and 

modelled for application of new estimation methods and control strategies. The extension of the 

SIF for nonlinear systems (e.g., ESIF) was used. The proposed filters, the EKF-ESIF and UKF-ESIF, 

were compared with the standard EKF and UKF. In the experiment, the MR damper was extended 

and retracted at constant velocity for a total of three periods. The MR damper experienced 

normal operation during the first period. An overcurrent fault was introduced at the start of the 

second period and an undercurrent fault was introduced at the start of the third period. For 

normal operation, in terms of estimation error, the EKF-ESIF and UKF-ESIF did not perform any 

better than the standard EKF and UKF. Due to the high noise covariance of the force sensor, the 

time-varying sliding boundary layer occasionally exceeded the threshold for switching to the ESIF, 

even during normal operation. Under mixed operation (where the MR damper experienced 
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normal operation, an overcurrent fault, and an undercurrent fault) the EKF-ESIF and UKF-ESIF 

performed significantly better than their standard counterparts (28% and 33% improvement 

respectively). The RMSEs for damping force estimation for the EKF, UKF, EKF-ESIF, and UKF-ESIF 

were 18.36, 20.39, 13.22, and 13.71 Newtons, respectively. Chapter 4 demonstrated the benefit 

of combining the SIF with the KF and its nonlinear variants. The proposed estimation strategies 

are particularly useful for systems that experience faults intermittently with normal operation 

and combines elements of optimality (for linear systems) and robustness. 

In Chapter 4, the estimators did not have knowledge of the faulty operational models. Thus, 

multiple model strategies may be used to further increase the accuracy of the SIF. This 

methodology also has applications in fault detection and diagnosis problems. Chapter 5 

introduced the formulation of the IMM-ESIF which incorporated the interacting multiple model 

(IMM) methodology with the ESIF. The innovation and state error covariance of the ESIF were 

used to calculate the likelihood that the system is behaving in a certain mode (operation). The 

IMM-ESIF was applied to an MR damper experimental setup and was compared with the IMM-

EKF and IMM-UKF. Similar to the experiment conducted in Chapter 4, the MR damper was 

extended and retracted at constant velocity for a total of three periods. The MR damper 

experienced normal operation during the first period. An overcurrent fault was introduced at the 

start of the second period and an undercurrent fault was introduced at the start of the third 

period. In terms of estimation accuracy, the IMM-ESIF performed significantly better than the 

IMM-EKF and IMM-UKF (84% and 89% improvement respectively). The RMSEs for damping force 

estimation for the IMM-EKF, IMM-UKF, and IMM-ESIF were 17.52, 19.20, and 2.04 Newtons, 

respectively. For fault detection and diagnosis, a confusion matrix was generated to determine 

the confidence of each estimator in determining the system’s actual operating mode. Overall, 

the IMM-ESIF showed 4-5% higher confidence than the other estimators when identifying the 

correct operational mode. In this scenario, the IMM-ESIF presented itself as a strong candidate 

for identifying faults in the MR damper power supply. 

The Kalman filter produces the optimal estimate for accurate linear system models with 

white noise distributions. However, mathematical models of electromechanical systems such as 
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the magnetorheological (MR) damper are rarely 100% accurate. For real-world applications of 

model-based filters, there is often a degree of modeling uncertainty. Environmental influences 

such as temperature change and fluid degradation can also cause model parameters to drift over 

time. Thus, the sliding innovation filter’s robustness to modelling uncertainty is beneficial for real 

world applications. The adaptive sliding innovation filter with time-varying boundary layer 

improves estimation accuracy while maintaining robustness. For scenarios where the true system 

and mathematical model coincide, the SIF can be combined with other filters. Since the time 

varying boundary layer is a measure of modeling uncertainty, it can be used a switching criterion 

between filters. While the boundary layer may be able to detect if a fault is present, it is not a 

sufficient means of fault diagnosis. Combining the SIF with the interacting multiple model 

algorithm (IMM-ESIF) increases fault diagnosis accuracy over the popular IMM-EKF and IMM-

UKF. The work presented in this thesis improves upon the robustness and accuracy of the SIF and 

validates its performance for real world applications as demonstrated on the MR damper test 

bed. 

6.2 Recommendations and Future Work 

The research presented in this thesis expands upon the relatively new SIF which was introduced 

in 2020. In Chapter 4, the ESIF was combined with the EKF and UKF. However, there are various 

other model-based filters that can be paired with the SIF to tailor the estimator for specific 

scenarios. For example, high order particle filters (PF) and the cubature Kalman filter (CKF) could 

also be used when accuracy is favoured over computational cost. Similar to the EKF, the ESIF uses 

a first-order Taylor series expansion of the nonlinear system to create a linear approximation at 

the operating point. However, this method of dealing with nonlinearities may not be the most 

appropriate for systems such as piecewise polynomial functions used to model an MR damper 

system which contains sharp discontinuities. The iterated extended Kalman filter (IEKF) linearizes 

the system around the a posteriori (updated) state estimate. The first iteration is identical to the 

EKF. In the second iteration, the filter linearizes the system functions around the output of the 

previous iteration. This process is repeated until the difference between the current and previous 

iteration falls below a certain threshold or the maximum number of iterations is reached. The 



 

98 

 

linear regression Kalman filter (LRKF) uses sigma points similar to the UKF and linearizes the 

system through statistical linear regression of the points. Either of these methods could be used 

to improve the linear approximations of the ESIF and may be explored by future researchers. 

 The MR experimental setup developed and presented in this thesis has the potential for 

several improvements that will make it more suitable for applying estimation methods like the 

SIF. The construction of the frame could be made more rigid with smaller tolerances. It was 

noticed during experimentation that there was some backlash and slight bending during 

retraction and extension. Thus, the behaviour was modeled using a general polynomial function 

rather than a physical model which does not account for any backlash and consequently 

introduces some uncertainties.  A more rigid frame would allow for the use of a physical model 

such as the extended Bouc-Wen hysteresis model. Experimentation would then be conducted to 

determine the model parameters. The actuator used to the drive the MR damper had a maximum 

continuous load capacity of approximately 450 Newtons and a maximum speed of approximately 

180 mm/s. The MR damper was rated for up to 8,896 Newtons and velocities over 200 mm/s. 

Therefore, only a small region of the MR damper’s operating range was modeled. Future setups 

could incorporate a high-powered actuator to fully characterize the MR damper’s behaviour. 

Finally, the sensor used to measure the damping force had a detrimentally high noise covariance. 

The measurements frequently overlapped with other operating modes which caused chattering 

in the SIF estimates (due to high-frequency switching caused by the SIF gain). To mitigate this, 

the faulty operating modes were designed to maximize their difference with respect to the 

normal operating mode. In other words, the undercurrent fault produces significantly lower 

damping force while the overcurrent fault produces a significantly higher damping force. Another 

solution may involve the use of a higher quality sensor with a lower noise covariance. This would 

allow for more subtle differences in the faulty operational modes and closer operating regions. 

 The research presented in this thesis greatly expands upon the original SIF formulation 

with the derivation of a time-varying sliding boundary layer, combination of the SIF with the 

Kalman filter and its nonlinear variants, and integration of the SIF with the interacting multiple 

model (IMM) methodology for fault detection and diagnosis. This work provides a strong 
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foundation for future advances of the SIF to further increase its accuracy, robustness, and the 

number of useful applications. 
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APPENDICES 

A.1 Magnetorheological Fluids 

A.1.1 Magnetorheological Fluid Properties 

Magnetorheological (MR) fluids are a class of smart fluids that significantly change their viscosity 

when a magnetic field is applied. This intelligently controllable fluid allows for smooth force 

adjusting and repeatability [80]. Jacob Rabinov discovered the MR fluid effect in the 1940s and 

commercial MR products have recently attained low viscosities and high yield stresses [81]. MR 

fluids consist of micron-scale (1 to 10 μm) magnetically polarizable particles suspended in a 

carrier medium such as mineral or silicon oil [82]. Surfactants are often used in the non-colloidal 

mixture in order to prevent settling of the suspended particles [83]. The magnetic particles 

typically make up between 20 and 60 percent of the MR fluid’s volume [82].  

When a magnetic field is applied to the MR fluid, the ferromagnetic particles rearrange 

to form linear structures and chains as shown in Figure A.1 [83]. The formation of these structures 

results in a change in the fluid’s viscosity. The effect is almost instantaneous; a 100 kPa yield 

stress can be achieved within a few milliseconds [84].  

 

(a)                                                                      (b) 

Figure A.1: Suspended particles without an applied magnetic field (a). Parallel chains of 
carbonyl iron after a magnetic field has been applied (b). 

1 μm 
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The non-Newtonian behaviour of MR fluids is described by the Bingham law such that the fluid 

has a non-zero shear stress as shown in Figure A.2 [83].  

 

Figure A.2: Newtonian and Bingham models 

The shear stress at which the shear rate is zero is known as the yield stress of the MR fluid 

[83]. Increasing the strength of the magnetic field increases the yield strength of the MR fluid. 

This property has three main engineering application modes: flow (valve) mode, shear mode and 

squeeze mode as shown in Figure A.3 [83].  

 

 

                        (a)                                               (b)                                         (c) 

Figure A.3: MR fluid modes: flow (a), shear (b), and squeeze (c) 

In flow mode, the magnetic field is normal to the flow of the MR fluid and is typically used 

for linear dampers [83]. In shear mode, the magnetic field is normal to the displacement of the 

shear walls and is used for rotary dampers, breaks, and clutches [83]. Finally, squeeze mode 
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utilizes a magnetic field that is parallel to the desired displacement of the containing walls. The 

squeeze mode provides large forces for relatively small displacements [83].   

A.1.2 Magnetorheological Systems 

The quick response time of MR fluid behaviour when exposed to a magnetic field is ideal for 

electromechanical devices such as actuators and dampers. Semi-active MR control devices have 

the versatility of active dampers while retaining the reliability of passive ones [83]. The two main 

engineering applications of MR fluids are linear and rotary dampers. 

The main advantage of linear MR dampers is the controllability of the system damping by 

changing the input current. By changing the current, the magnetic induction in an orifice between 

two separated MR fluid chambers is regulated [83]. Linear MR dampers use the MR fluid in flow 

mode to treat the orifice as a valve for the MR fluid.  Actuators can be single ended as shown in 

Figure A.4 or double ended. One of the first applications of linear MR dampers in the automotive 

industry is its use as a secondary suspension element for on and off highway vehicles [81]. By 

controlling the damping arrangement, the excitation frequency and vibration transmission can 

be adjusted as desired [81].  

 

Figure A.4: Diagram of a single ended linear MR damper 
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Rotary MR devices can be used for clutch and braking systems. The controllability of the 

MR fluid viscosity allows for precise control of the transmitted torque or breaking torque without 

the use of a gear system [83]. This method can be used to achieve continuous variable 

transmission. This technology is not used in automotive power transmission but rather in low 

power and high precision applications [83]. Figure A.5 shows a schematic of a typical MR brake 

in which the magnetic field is applied to the MR fluid which is sheared between the chassis 

(housing) and disk (rotor). 

 

Figure A.5: Diagram of a MR brake 

A.1.3 Magnetorheological Haptic Feedback 

The controllability and quick response of MR fluid systems provides solutions to many modern 

engineering problems. MR clutches can be used for precision force and torque control in robotics 

[84].  They present a high torque-to-mass ratio and have a quick transient response in position 

and torque modes [84]. The use of the MR clutch improves the robot’s performance while 

reducing impedance for more human-friendly actuation [84], [85].  
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MR fluid technology is also being researched for haptic feedback for controllers using a human 

interface. Tae-Heon Yang et al. have developed a miniature MR impedance sensing mechanism 

as shown in Figure A.6 [86]. The haptic sensation is produced by the varying resistive force of the 

actuator at different plunger depths. MR based haptic feedback can potentially be used for 

surgical devices where pressure sensitivity is important.  

 

Figure A.6: Diagram of miniature MR haptic feedback actuator 

Another application for MR technology in the biomedical sector is prosthetics. Rheoknee 

is a prosthetic knee developed by Ossur which gives an amputee normal leg motion even when 

climbing and descending stairs [83]. The prosthetic knee exhibits low torque when it is not active 

allowing smooth, free motion when elevating the foot to the next step. The MR knee then 

actuates within a few milliseconds and exhibits high torque in order to carry the full weight of 

the amputee in order to complete the step [83]. 
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A.2 Magnetorheological Test Bed   

 

Figure A.7: Isometric view of MR test bed CAD model 

 

 

 

 

Figure A.8: Top view of MR test bed CAD model 
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Figure A.9: Side view of MR test bed CAD model 

 
 

 

Figure A.10: Ultramotion actuator Test Sheet 
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Figure A.11: Ultramotion actuator encoder accuracy analysis 

 
 

 

Figure A.12: Ultramotion actuator motor torque feedback to force conversion 
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Figure A.13: Loadstar loadcell calibration (tension) 

  
 
 
 

 

Figure A.14: Loadstar loadcell calibration (compression) 
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Figure A.15: Loadstar loadcell engineering drawing 

 
 
 
 
 
 
 

 

Figure A.16: Loadstar loadcell specifications 
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Figure A.17: Lord MR damper electrical properties 

 

 

 

 

Figure A.18: Lord MR damper typical properties 
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Figure A.19: Lord MR damper force-velocity curve 
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Figure A.20: Lord MR damper engineering drawing 


