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ABSTRACT

NUCLEONIC INTERACTION AND NEUTRINO SPECTRA IN NEUTRON STAR MERGER

EVENTS

Rajan Anderson Dornan
University of Guelph, 2021

Advisors:
Professor Liliana Caballero

Nucleonic interactions affect the transport of neutrinos when matter is sufficiently dense. One

such place where matter is very dense are in neutron star mergers. Merger events release large

amounts of neutrinos as a cooling mechanism which drive many important processes. A neutrino

surface can be defined in analogy to the photosphere of stars where an equivalent black body would

radiate the same amount of energy. We investigate how modelling the nucleonic matter using

different methods affects the neutrino surface, as well as the neutrino spectra of ”beyond surface

neutrinos”
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Chapter 1

Introduction

Like us, stars reach the end of their lives. The star dies when it runs out of fuel and can no longer

produce enough thermal pressure to keep it from collapsing in on itself due to the large gravitational

force[1]. What happens next depends on the mass of the star. The lightest stars will become white

dwarf stars, with the gravitational force held back by the fact that the electron gas is a Fermi

gas. Fermions must occupy individual, unique energy states, which becomes harder to find in very

compact matter. This creates an outward pressure called the Fermi pressure which counteracts the

gravitational force inwards. Stars of solar mass greater than 8 solar masses will become neutron

stars. Here, the gravitational force is also counteracted by Fermi pressure, but this time of the

neutrons rather than the electrons. Finally the heaviest stars will collapse into black holes[2, 1].

Note that our neutron stars will and cannot be anywhere close to 8 solar masses, but during the

stellar collapse much of the mass is lost[1].

As it turns out the supermassive stars that lead to neutron stars often have companions [3], and

therefore might be expected to, in some cases, form binary systems where two neutron stars or a

neutron star and a black hole exist concurrently in close proximity. Therefore, though rare, binary

neutron star mergers are expected to occur and are incredibly interesting systems to study for a few

different reasons. From being the potential engines that explain heavy element abundances [4, 5] to

being engines that produce gamma ray bursts[6, 7], there is a lot of interesting physics going on.

In this thesis we focus on the neutrino signal produced as a result of the merger. As the merger

process progresses, the neutron rich matter of the neutron star(s) becomes a bit less neutron rich
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in processes that copiously produce neutrinos. At this time, depending on the initial constituents

of the system, and how much time has passed we have different possibilities. One possibility that is

expected to be commonly produced is a black hole surrounded by a torus of dense nucleonic matter

called the accretion disk, this state is sometimes preceded by a hypermasive neutron star too large

to be stable under normal non-dynamic conditions [8]. The abundant neutrinos provide an excellent

mechanism for the cooling of the system and this results in an expected neutrino signal in the MeV

range. At this energy scale we expect it is possible to detect these neutrinos on Earth via a whole

array of detectors [9]. In this work we investigate the neutrinos involved in this cooling based on

spatial grids obtained from hydrodynamic simulations performed by others. At a given time-slice

we work with spatial grids where each point in the spatial grid contains an electron fraction,a mass

density and a temperature.

Since these binary systems are extremely dense we expect the nuclear force to play a role in their

structure. Thus it is reasonable to expect that the emitted neutrinos are effected by how the nuclear

force is modelled. While much work has been done assuming non-interacting nucleons within the

astrophysical system [9, 10, 11], to date there has not been much investigation of neutrino emission

accounting for nucleonic interaction. In this work we investigate the change induced in how the

neutrinos are released by the nucleonic interaction. In the future, perhaps such systems can even

help us validate different models of nucleonic interaction. Here we work with a few different models

of interaction developed by other groups.

To model the effect nucleonic interaction has on the cross section, in this work we make use of

two distinct methods as well as an intermediary between them. One uses a statistical equation of

state; the virial expansion with virial coefficients fit to phase shifts from experimental data. The

other employs the random phase approximation(RPA) (a Feynman diagram approximation) with

energy density functionals. This second method should be more accurate at higher densities when the

material is truly infinite nuclear matter and does not contain so many bound nuclei, whereas the virial

expansion is more likely to be accurate when many nuclei might be present. As neutrino detectors

become more sensitive, perhaps the differences between different neutrino observables predicted by

different models of interaction, or even different energy density functional parameterizations will

be great enough to induce measurables that can be used to gain valuable insight into near infinite

nuclear matter that is present in the systems we study.
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In order to determine where systems manifesting such a difference may arise, this work inves-

tigates a binary star merger using two different equations of state to map conservative quantities

generated from a relativistic hydrodynamical simulation to quantities we use to evaluate neutrino

cross sections as well as a black hole neutron star merger.

The organization of this thesis is as follows. Chapter two will set up the basic dynamics at play

with regards to neutrino transport and a derivation is provided from electroweak theory to the cross

sections used in conjunction with our virial and random phase approximation (RPA) cross sections.

Chapter three reviews the nucleonic force and presents the Skryme energy density functionals we will

use with our RPA method. of characterizing the matter. Chapter four brings the first two chapters

together by starting from linear response theory and derives the structure factors which modify our

cross sections as presented in chapter two. Our last two chapters present interesting results, discuss

and present ideas for future work.
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Chapter 2

Neutrino Scattering

2.1 Optical Depth and the Neutrino Surface

Neutrinos interact very weakly with matter. This makes them ideal vehicles of cooling in the very

dense matter we might find in neutron star mergers. When a neutron star merges with either itself or

a black hole it will emit large amounts of neutrinos. [12, 13]. The spectra of those emitted neutrinos

depend on which are able to escape the dense system and which are trapped in the dense matter.

In order to gather data on Earth it is helpful to obtain a surface at which point neutrinos are free

to travel outwards. To this end, consider neutrino transport throughout the dense system. It can

be described as follows:

dIν
dz

= −αIν + j, (2.1)

where I is the radiant intensity, α is the adsorption coefficient, and jv is the emissivity. If we

disregard emissivitiy for the moment and only consider the adsorption part, we can solve the first

order differential equation and get the following for the proportion of intensity remaining after

traveling through a distance of z,

Iν(z)

Iν(0)
= e−αz (2.2)

From this we get the cumulative probability of scattering.

Pcumulative = 1− e−αz (2.3)
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To find the probability of scattering at a given point, we must take the derivative with respect to z,

and then take z to zero (since in equation 2.2 our default comparison point was z=0)

Pscatter = lim
z→0

αe−αz (2.4)

And therefore our mean free path can be written as

λ =
1

Pscatter
=

1

α
(2.5)

As we move away from the system, our inverse mean free path should decay as matter becomes less

and less dense until eventually the probability of scattering is near zero. As inhabitants of Earth we

want to peer back into the system; the further we peer back, the further we look into the accretion

disk, the larger the cumulative probability of scattering by the time the neutrinos reach Earth is.

If we are forced to choose a surface at which we assume all neutrinos are released, a reasonable

point to assume they originate from is the point at which the cumulative probability of scattering

is fifty percent. It turns out that this point is also the point at which the effective temperature

(the temperature at which a black body would radiate the same energy of neutrinos) is the same as

the real temperature. In order to find such a surface and connect it with this idea of the effective

temperature being equivalent to the real temperature, it is helpful to define the optical depth

τ =

∫ ∞
z0

1

λ
= ln

(
Iν(z0)

Iν(∞

)
(2.6)

where z0 is some region in the accretion disk and we are approximating Earth as infinitely far

away. Finding the region where the cumulative probability scattering from z0 is around 50 percent

is then equivalent to an optical depth of around 2/3, and in the literature this is how the neutrino

surface (or photosurface is standardly defined). We can recover this 2/3 more precisely by examining

radiative transport (for a short discussion see Appendix A). Before we calculate the optical depth

from equation 2.6 we need a frequency independent mean free path. We get this by taking a thermal

average of the inverse mean free path

〈
λ−1

〉
=

∫∞
0
λ−1
k (Eν)φ (Eν) dEν∫∞
0
φ (Eν) dEν

(2.7)

where we use Einstein implicit summation and the subscript k counts the different inverse mean free

paths stemming from different processes to be examined in the next section, and φ (Eν), the Fermi
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Dirac flux is given by

φ (Eν) =
1

2π2

E2
ν

exp (Eν/T ) + 1
. (2.8)

The inverse mean free path can be related to the cross section of a neutrino colliding with another

particle as follows.

λ−1 = nσ (2.9)

where n is the number density of the particle with which the particle interacts and σ is the cross-

section per particle. Note that since σ is the cross section per particle, the inverse mean free path

is equivalent to the cross-section per volume.

In general the simulation data we work with is a large spatial grid with three values at each

grid point: temperature, mass density, and electron fraction. By using nucleon mass and assuming

charge neutrality we can find the densities of neutrons and protons as

np =
ρ

mn
Ye (2.10a)

nn =
ρ

mn
− np (2.10b)

where ρ is the mass density, Ye is the electron fraction and mn is the nucleonic mass. For neutrino

annihilation events we can use a density based on the aforementioned zero-valued chemical potential.

We find the electron density such that the following equations are consistent

µe− + µe+ = 0 (2.11a)

np = ne− − ne+ (2.11b)

This is the same procedure followed by Caballero et al in their 2009 paper[9]. Here we seek to

investigate how using cross-sections, that more accurately incorporate the effects of surrounding

material, changes our surface. It should also be noted that the surface we define depends on the

path taken towards the system.

With the neutrino surfaces evaluated, important quantities that characterize our system can then

be calculated such as the luminocity and flux. The luminosity is the total energy emission rate and

is given below.

Lν =

∫ 2π

0

dφ

∫ ρmax

ρmin

ρdρ

∫ ∞
0

Eνφ (Eν , Tν) dEν (2.12)
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where the limits depend on the geometry of the stellar medium.The total flux of the system can be

calculated in a similar manner as follows.

f =

∫ 2π

0

dφ

∫ ρmax

ρmin

ρdρ

∫ ∞
0

φ (Eν , Tν) dEν (2.13)

From this, we can calculate the average energy emitted at the neutrino surface as a simple ratio

between the luminosity and flux

〈Eν〉 =
Lν
f

(2.14)

Average energies, immensities and fluxes must be calculated for each distinct flavour of neutrino.

2.2 Cross Sections

In neutron star mergers the maximum temperature will typically be 30 to 50MeV [14]. As the

accretion disk forms, cooling begins to happen; in this work we deal with a maximum tempera-

ture of around 15MeV. At these energies, all flavors of neutrinos will undergo only the following

interactions.[15]

ν + p→ ν + p (2.15a)

ν + n→ ν + n (2.15b)

ν + e− → ν + e− (2.15c)

ν + ν̄ → e+ + e− (2.15d)

We note that here symbols e+ and e could also be replaced by symbols representing muons or tau

particles, with the flavour of neutrino corresponding to the other particle. Electron neutrinos and

anti-neutrinos also undergo the following charged current reactions.

νe + n→ p+ e− (2.16a)

ν̄e + p→ e+ + n (2.16b)

.

These reactions can occur in both directions in the hot thermal matter and are the origin of the

copious amounts of neutrinos needed to cool the system we are studying. From these cross sections,
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it is clear at these energies we will get three separate neutrino surfaces: one for electron neutrinos,

one for electron antineutrinos and and another for other flavors of (anti)neutrinos.

The neutrino surfaces and expected neutrino signal using these cross sections have been evaluated

before [9]. In order to examine the relative importance of such interactions we compare the inverse

mean free paths for each reaction in the figures below based on distance above the plane normal to

the spin of an accretion disk for a typical system

Figure 2.1: Individual Reactions for BH-NS Merger

In figure 2.1, we see that in the regions closer to the plane normal to the axis of spin, where

more density is found, the nucleonic reactions dominate much past where the neutrinos of different

species become free. Eventually neutrino annihilation becomes more important, but in this region

the inverse mean free path is very large and thus does not significantly contribute to our calculation of

the neutrino surface. Since the nucleonic reactions are so prominent in determining where neutrinos

become free and at what temperature they do, it is important to see if in the relatively dense matter

of the accretion disk, nucleonic interactions significantly affect our neutrino surface. This work

focuses on the neutral current nucleonic interactions, which will occur for all species of neutrino.

Crosssections of other reactions can be found in appendix B

2.2.1 Neutral Current Cross sections

This section presents an original derivation of all of the cross sections to be used in our calculations.

In order to find our more accurate, fundamental cross sections we start turn to electroweak theory

and begin with the interaction Hamiltonian at low energies[16, 17]
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Hint =
GF√

2
lµ(x)jµz (x) (2.17)

where lµ represents the leptonic current and jµz represents the hadronic current, and GF . The

hadronic current represents the current from particles which can experience the strong nuclear force

(in this case nucleons) and the leptonic current contains current from those particles which do not

experience the strong nuclear force (in this case neutrinos). The two currents expressed in terms of

individual wave-functions and gamma matrices are expressed as follows

lµ(x) = ψνγµ (1− γ5)ψν (2.18)

jµz (x) =
1

2
ψnγ

µ (CV − CAγ5)ψn (2.19)

where ψ represents the Dirac adjoint ψ = ψ†γ0 , and the subscript n stands for either a neutron

or proton. The gamma matrices are the set of matrices we must use when considering the Lorentz

invariance of spinors. Here you will notice we have coupling constants CV and CA which control the

strength of our vector and axial currents respectively. We have these two separate channels because

the weak nuclear force depends on the handedness of the particles undergoing interaction. The axial

and vector coupling constants will depend on the isospin of the nucleons involved in the reaction.

Simplifying these currents further, using the identity αi = γ0γi where index i runs from 1 to 3 we

get

jµz (x) =
1

2

(
CV (ψ†nψn + ψ†nα

iψn)− CA(ψ†nγ5ψn + ψ†nα
iγ5ψn)

)
(2.20)

From here, note that in the system of interest the Fermi momentum will always be substantially less

than the effective mass allowing us to restrict ourselves to non-relativistic nucleons. In the Dirac

basis we can then write the non-relativistic spinor as

ω~k =

√
Ek +m

2Ek

 φ

~σ·~k
E~k+mφ

 (2.21)

where k is the momentum of the particle (in this case a nucleon), m is its mass and φ is a standard

spin 1/2 state. In the non-relativistic limit the mass will be much much larger than the momentum

and since the bottom component of the spinor is proportional to a ratio of momentum over mass, we

can approximate this bottom component of the spinor as being zero. From here we can see that off

diagonal matrices such as γ5 and αi will send this spinor to an orthogonal state which will disappear

once an inner product is taken. Given we can fairly assume that our spinor only has one non-zero

9



component in the non-relativistic limit, it makes sense to replace αiγ5 = I ⊗ σ with our standard

Pauli matrices. We can then write our simplified baryonic currents as follows

jµz (x) =
1

2
(CV ψ

†
nψnδ

µ
0 − CAψ†nσiψnδ

µ
i ) (2.22)

or

jµz (x) =
1

2
(CV n̂δ

µ
0 − CAσ̂iδ

µ
i ) (2.23)

where σ̂ is the spin density operator, δ is the Dirac delta operator and n̂ is the number density

operator . Since we have matter that has both neutrons and protons we use the appropriate constants

for the reactions and we write our total baryonic current as

jµz (x) =
1

2

(
(CpV n̂p + CnV n̂n)δµ0 − CA(σ̂ni − σ̂

p
i )δ

µ
i

)
(2.24)

where CA = 1.26/2, CpV = 1
2 + 2 sin2 ΘW and CnV = 1

2 [18].

Using our leptonic and hadronic currents we can find our squared matrix element as the contrac-

tion between the leptonic and hadronic tensors[15, 18, 17]

|M|2 = (
G√

2
)
2
LµνH

µν (2.25)

where our leptonic tensor L contains all the information about our neutrinos and the hadronic tensor

H contains all the information about our nucleons. After a bit of math (see appendix C), we can

decompose the leptonic tensor into the following components.

L
(S)
00 = 2EνE

′
ν (1 + cos θ) (2.26a)

L
(S)
33 = 2EνE

′
ν

(
(1− cos(θ)) +

2

q2
(k′ cos θ − k) (k′ − k cos θ)

)
(2.26b)

L
(S)
11 + L

(S)
22 = 4EνE

′
ν

(
(1− cos(θ)) +

kk′sin2(θ)

q2

)
(2.26c)

. In the next section we look at the hadronic tensor, the one of more interest to us as we want to

examine the effect different models of nuclear interaction have on neutrino scattering.

2.2.2 Hadronic Tensor

The hadronic current consists of the incoming and outgoing nucleon current. This procedure is very

similar to what we is done with the leptonic current in appendix C where we start from the basic
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definition of the hadronic tensor as

Hµν =
∑
i

∑
f

|〈f |jµ|i〉|2 (2.27)

where states f and i are the final and initial states. Here we have a fixed relationship between the

incoming and outgoing particle momenta which we must add to our system via a delta function, to

get the following expression

Hµν =
∑
f

∑
i

e−βEf

Z
〈i(p)|jµ(0)|f(p′)〉〈f(p′)|jν(0)|i(p)〉δ(q + p− p′) (2.28)

where p is the momentum of the initial nucleon, p’ is the momentum of the final nucleon, q is the four

momentum transfer, β is the inverse temperature, and Z =
∑
f e

βEf is the partition function. We

can now replace the delta function that governs the relationship between the incoming and outgoing

nucleonic four momenta with an integrated exponential operator, giving us

Hµν =
1

Z

∑
f

∑
i

e−βEf 〈i|e−ip̂·xjµ(x)eip̂·x|f〉〈f |jν(0)|i〉
∫
dtei(ω+Ef−Ei)·t (2.29)

and finally we do as was done before and write our equation as a trace

Hµν =
1

Z

∫
dteiω·ttr

[
e−βEf jµ(x)jν(0)

]
. (2.30)

Here for simplicity, before we expand hadronic current it is useful to define the correlation function

S(q) as

S(Oi, Oj) =
1

Z

∫
dteiω·ttr

[
e−βEfOi(x)Oj(0)

]
(2.31)

where O represents operators the correlation function seeks to compare. We can also call these

factors structure functions and in terms of these structure functions our hadronic tensor becomes

Hµν = CnV
2S(n̂n, n̂n) + CnV C

p
V (S(n̂p, n̂n) + S(n̂p, n̂n)) + CpV

2
S(n̂p, n̂p)

+ C2
A

∑
i,j

[
S(σ̂ni , σ̂

n
j ) + S(σ̂pi , σ̂

p
j )− S(σ̂pi , σ̂

n
j )− S(σ̂ni , σ̂

p
j )
]

(2.32)

Note that the axial coupling does not have this subscript because it is the same for both species of

nucleon. Since we do not mix isospin states it is easier to write our correlation functions as

SnV (q, ω) = CnV
2S(n̂n, n̂n) + CnV C

p
V (S(n̂p, n̂n) + S(n̂p, n̂n)) + CpV

2
S(n̂p, n̂p) (2.33a)

SnA(q, ω) =
∑
i,j

[
S(σ̂ni , σ̂

n
j ) + S(σ̂pi , σ̂

p
j )− S(σ̂pi , σ̂

n
j )− S(σ̂ni , σ̂

p
j )
]
) (2.33b)
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where here we have separated the four-momentum transfer into ω the energy loss and q, the three

momentum loss. From here, we can use knowledge about the leptonic tensor to make a few simplifi-

cations to the axial structure function. First, from the leptonic tensor we know that i and j must be

equal (since the indices must match equation 2.26). Therefor for a general axial structure function

Snn
′

A , where n and n’ represent either neutrons or protons we have

Snn
′

A (q, ω) = S(σ̂n3 , σ̂
n′

3 ) + S(σ̂n2 , σ̂
n′

2 ) + S(σ̂n1 , σ̂
n′

1 ) (2.34)

In chapter three of this thesis we will relate our structure functions to disturbances or waves cre-

ated when neutrinos perturb the system. In this context it is convenient and informative to map

these i indexed correlation functions to transverse and longitudinal components using a Helmholtz

decomposition of the axial correlation function. This decomposition will leave us with two structure

functions for two different types of density perturbations. The part which is curl-free gives us our

longitudinal wave, and the divergence free part gives us our transverse wave. Remembering that we

have set up our coordinate system in such a way that the only momentum transfer occurs along the

three direction, it is clear that S(σ̂,3σ̂3) is curl-free. We can also see that the remaining components

are divergence-free and thus the transverse part of the axial correlation function. Using the identity

that relates spin ladder operators S+ and S− with the pauli matrices[19]

S+S− = σ1σ1 + σ2σ2 (2.35)

and referring to the definition of the correlation function

S(σ̂,2σ̂2) + S(σ̂,1σ̂1) =

∫
dteiω·ttr

[
e−βEf (σ̂,1σ̂1 + σ̂,2σ̂2)

]
(2.36)

we can see that

S(σ̂,2σ̂2) + S(σ̂,1σ̂1) = S(S+S−) (2.37)

Conveniently this will pair nicely to the L11 + L22 part of the leptonic tensor when we find the

matrix element.

In this work we often label our longitudinal and transverse structure functions with spin 1 and

projection either one or zero. Though the reasoning behind this will become clearer in our chapter

on response functions, an intuitive explanation relating these quantities to our longitudinal and

transverse components is given here.

12



The longitudinal part of the axial correlation function can be thought of as the spin 1 projection

zero channel S(1, 0). Here we measure the density of spin through the z component of the spin

in our structure function. There is no amplitude change so we have projection zero. Similarly for

the transverse part of the wave we have ladder operators which will change the amplitude of our

function as a transverse wave should, therefore we call it the spin 1 projection one structure function

S(1, 1). Finally, since our vector response function does not depend on any spin operators, we call

it spin-projection zero S(0, 0). The nucleon summed response functions are as follows.

S(s,m) = CpV (A)

2
Spp(s,m) + CpV (A)C

n
V (A) (Snp(s,m) + Spn(s,m)) + CpV (A)

2
Snn(s,m) (2.38)

where we use the axial coefficients when s = 1 and the vector coefficients for s = 0

2.2.3 Calculating the cross section and the long wavelength Limit

To find the cross section we first find the squared matrix element as presented earlier in equation

2.25 [15]

|M|2 = (
GF√

2
)
2
LµνH

νµ (2.39)

and get

|M|2 = G2EνE
′
ν

[
(1 + cos θ)S(0, 0) +

(
(1− cos(θ)) +

2

q2
(k′ cos θ − k) (k′ − k cos θ)

)
S(1, 0)

+ 2

(
(1− cos(θ)) +

kk′sin2(θ)

q2

)
S(1, 1)

]
(2.40)

This can be used to get the transition rate as follows [20]

dΓ(α→ β) = 2π |Mβα|2 δ4 (pβ − pα) dβ (2.41)

However, since the leptonic tensor is relativistic this quantity is not Lorentz invariant. Therefore,

when we write out the transition rate, we must divide by
∏
l(2El) (this can be seen by looking at

how a inner product of two relativistic wave functions should be normalized) to get a transition rate

of[20]

dΓ = (2π)4 |Mβα|2

(2Eν)(2E′ν)
δ4 (k + p− k′ − p′) d3k′

(2π)3

d3p′

(2π)3
(2.42)

where we can separate the delta function into a momentum and energy part

dΓ = (2π)4 |Mβα|2

(2Eν)(2E′ν)
δ3 (k + p− k′ − p′) δ

(
ω − (Ep − E′p+q)

) d3k′

(2π)3

d3p′

(2π)3
(2.43)
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This allows us to get rid of the integral over p’ by using the momentum delta function. We see that

the energy part of the delta function has already been incorporated into the hadronic tensor

dΓ = |M |2 d
3k′

16π2
. (2.44)

We can get the cross section by dividing the transition rate by the flux

Φα = ux/V (2.45)

where V is the volume and ux is the relative velocity

uα =

√
(k · p)2 −m2

νM
2
N

EνEnucleon
≈ 1 (2.46)

where MN is the nucleon mass, Enucleon is the energy of the nucleon which we can approximate as

being almost entirely composed of the mass term, and mv is the lepton mass which we approximate

as zero. Rather than divide by the volume, we move it to the other side to get the cross section per

volume or mean free path.

1

V

d2σ (Eν)

dΩk′dω
=
G2
FE

2
v

16π2

{
(1 + cos θ)S(0,0)(q, ω)

+ g2
A

[
2 (Eν′ cos θ − Eν) (Eν′ − Eν cos θ)

q2
+ 1− cos θ

]
S(1,0)(q, ω)

+2g2
A

[
EνEν′

q2
sin2 θ + 1− cos θ

]
S(1,1)(q, ω)

}
(2.47)

This is the cross section we will use in conjunction with structure functions found using the random

phase approximation(RPA) and Skyrme energy density functionals.

In order to understand the next approximation, consider the delta function in equation (2.43) in

the case that the nucleons are free. When we subtract the kinetic energy of Ep from Ep+q we get

something whose largest order term is proportional to q times the thermal velocity
√

T
m . Therefore,

if the nucleons are heavy we can say that | ω |� q and approximate the structure function as [18]

S(q) = δ(ω)

∫ ∞
−∞

dωS(q, ω) (2.48)

where in the non-approximate case, when we integrate over the double differential cross section,

we would integrate ω from -q to q. By integrating from negative infinity to positive infinity we

can decouple the integration of the ω from the integration of the solid angle and write a structure

function that only depends on q. Note that this approximation can only be done in the case where

14



we do not consider non-central nuclear interaction, as is what we might expect at low densities.[21].

Since we are ignoring non-central terms, there will be no difference between the response functions

in different projection channels (i.e. S(1,1)=S(1,0)) [22] and we get the following cross section

1

V

dσ

dΩ
=
G2
FE

2
ν

16π2
(g2
a(3− cos θ)(nn + np)SA + (1 + cos θ)nnSV ) (2.49)

where nn and np are the neutron and proton number densities and we have also taken CpV ≈ 0. Here

we have decoupled the density from the structure function by replacing our old structure functions

with

SV =
Cn2
v Snn + 2Cnv C

p
vSnp + Cp2v Spp

Cnv nn + Cp2v np
(2.50a)

SA =
SApp + SAnn − 2SAnp

nn + np
(2.50b)

.

Integrating this cross section and taking SA = 1 and SV = 1 will give us non-interacting cross

sections we seek to compare against. For a derivation back to cross sections in hot and dense matter

(equation (B.11)) see appendix D.

In this chapter we have derived different cross sections that depend on structure factors. These

structure factors will be calculated using different models and parameterizations of the nuclear force,

which the next chapter details.
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Chapter 3

Nuclear Interaction

When Chadwick discovered the neutron in 1932, it became clear that there was a wider array of

interactions going on inside the nucleus than just coulombic ones[23]. The question for physicists

then became how do we characterize such a multi nucleon system. Three years later, two big steps

were made towards solving this task. Yukawa publishes his theory of interaction based on meson

exchange and Weizscker developed his model of the nucleus as a liquid drop[24, 25]. These two

methods of describing the nuclei and nuclear interactions are still present today. On one hand, we

might try to describe our system using first principles; alternatively, we can try to describe the

system as a whole with some type of model that describes collective behaviours. Many models that

describe collective behaviours, such as the shell model, will not work well for our approximately

infinite matter. So then, must we appeal directly to QCD? While in recent years chiral effective

field theory has shown promise, it has only been able to model small systems[26]. An attractive

option is using density functional theory as has been used with great success in electronic systems

but with an energy density functional that is phenomenological. Using this theory we can adjust our

functional in such a way that it conforms to our expectations of collective behaviour as well as our

expectations about how the details of the nucleonic force should look. Skryme energy functionals

are very common and highly successful, they are also less computationally intensive than Gogny

forces[27]. For this reason they were also chosen above beyond mean field approaches, where one

might model nuclear forces with Monte Carlo techniques. Because of the large grid sizes dealt with

in this work, computational power was an important concern.
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In order to motivate which terms we might include in the energy density functional we examine

the nucleon-nucleon interaction. Each nucleon in the interaction will have a spacetime component,

an isospin component and a spin component to its waveform. For the spin/isospin components

consider channels along which this interaction occurs. Since we are working with spin and isospin-

1/2, we have our standard triplet and singlet states. Charge independence means that all isospin

interaction channels are equivalent. However this is not to say that these isospin channels cannot

affect the interaction. The symmetry of this isospin part of the wavefunction means that given two

spins, the interaction will occur in momentum channels with the appropriate symmetry. For example

at low energies, where we might only expect S wave scattering, pure neutron or proton matter will

only interact in the spin singlet channel in order to not violate Pauli’s exclusion principle.

By investigating the deuterium we can learn something about the nucleon-nucleon interaction as

it is a case where we have only two nucleons in the system. For example, extracting a cross section

from deuterium yields a much smaller cross section than we see experimentally. [28]. The reason for

this difference can be explained by spin dependence. If we consider a neutron proton interaction we

expect the cross section to take the following form

σnp =
1

4
σ(S = 0) +

3

4
σ(S = 1). (3.1)

. The larger than average cross section at low energies clearly motivates the need for a spin dependent

interaction and at low energies a stronger spin 0 channel. We also see that the interaction has some

non-central properties. Because we know the interaction to be rotationally invariant in coordinate

space the interaction will take the form [28]

S12 =
3

r2

(
σ(1)r

)(
σ(2)r

)
− σ(1)σ(2). (3.2)

The second set of terms are subtracted in order to enforce a value of zero if we integrate over all

directions. This way our tensorial component of the force contains no residual central components.

Another important aspect of the nucleon-nucleon interaction is that it is attractive, at least at

long range. This can clearly be seen from the bound nature of nuclei. In contrast to this attractive

long range nature, the nucleon has a hard core.[28] This makes it hard to find self consistent field

theories and is partially why we look to model an effective interaction vs. a bare interaction.

The nucleon-nucleon interaction will also have a spin-orbit component, L ·S that will be relevant

at higher energies.
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In the end though, our discussion of a purely two-body force is artificial. It has been shown that

nucleons exhibit three-body forces by examining different helium-3 in kinematic regions in which

two-body forces are expected to be suppressed[29].

3.1 Motivating the Nuclear Energy Density Functional

Density functional theory was first utilized extensively with much success in electronic systems. In

both the electronic and nuclear cases we start with a system of many interacting Fermions, that is

extremely hard to solve without making any approximation. In the 30s, the Hartree-Fock method

emerged[30]. The basic approximation we make is the independent particle approximation where

we assume that there exists some basis in which an anti-symmetrized wavefunction is described by

a single Slater determinant of one particle wave functions. The Hartree-Fock method allows us to

find basis that best approximates our system.

In the Hartree-Fock approximation, we start with the second quantified many body Hamiltonian

Ĥ =
∑
αβ

tαβa
†
αaβ +

1

2

∑
αβγδ

vαβγδa
†
αa
†
βaδaγ (3.3)

where a†and a are creation/annihilation operators for individual nucleons, tαβ is the kinetic coupling

matrix and vαβγδ is the tensor that tells us how our particles interact with each other. Now consider

a change of basis with creation/annihilation operators a and a† transforming according to matrix D

as aα =
∑
aDaαca. Based on this, we can rewrite our Hamiltonian as

Ĥ =
∑
ij

tijc
†
i cj +

1

4

∑
ijkl

(vijkl − vijlk)c†i c
†
jckcl. (3.4)

From this, based on commutation rules for Fermions and the definition of the one particle density

matrix of the Slater determinant Φ (ρab =< Φ|c†acb|Φ >), we can get an energy density functional

that looks like this

EHF [ρ] = 〈Φ|Ĥ|Φ〉 =
∑
ij

Tijρji +
1

2

∑
ijkl

ρkiv̄ijklρlj . (3.5)

The Hartree-Fock method utilizes single particle densities rather than sets of orthogonal wave

functions because the single particle density functions, where ρ2 = ρ and all eigenvalues are either 0

or 1, is unique to a specific Slater determinant[31]. A set of wavefunctions however is not, and any

unitary transform that does not mix particle and wave states will keep the same Slater determinant.
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Using the variational principle we can then set up an eigenvalue problem that can determine the

coefficients D that describe the basis for the best description of our interacting system using a single

Slater determinant. Some difficulties arise from using this schema, such as pairing energy but they

can be handled by a Bogoliubov transformation we will not discuss here as we will not look at the

effects of pairing correlations in this work.

When we try to solve our system using the variational principle we get solutions that blow up

with singular potentials such as the hard core of the nuclei. By using effective density dependent

interactions we eliminate the problem of singularity. However, unlike in electronic systems we

cannot derive these effective interactions easily from a fundamental theory. This is where Skyrme

interactions come into play.

Density functional theory is about forgetting the individual wavefunctions and instead focusing

solely on the density matrices as the generating functions of the Hamiltonian. A key approximation

to this end is the local density approximation first introduced by Kohn and Sham in 1965 for an

electric system and later used for nuclear systems of interest to us[32]. Consider our Hamiltonian

from equation 3.3. In coordinate space we can describe the effective potential coming from local

zero ranged particle interactions as a direct interaction that would be present for all particles and

also an exchange term present because we are dealing with identical Fermionic particles

Edir =
1

2

∫∫
d3rd3r′ρ(r, r)v̄ (r, r′) ρ (r′, r′) (3.6a)

Eex =
1

2

∫∫
d3rd3r′ρ (r, r′) v̄ (r, r′) ρ (r′, r) (3.6b)

where for now we ignore spin and isospin and focus on the part of the interaction that does

not depend on these two quantum numbers. The Local Density Approximation helps simplify the

exchange energy by approximating it as a functional of only local energy densities just like the direct

energy [33]. In nuclear systems, this can be done by using a Taylor expansion around the center of

mass to get the following[34]

ρ (x, x′) ≈ ρ(x̄) (x− x′) · j(x̄) +
1

2
(x− x′)2

(
τ(x̄)− 1

4
∆ρ(x̄)

)
(3.7)

where we have introduced two new local densities j and τ and x̄ = x1+x2

2 . j(x̄) is the current

density, and τ(x̄) is the kinetic density and they can be described by the equations below

jT (x̄) =
i

2
(∇′ −∇) ρT (x,x′)

∣∣∣∣
x=x′

(3.8)

τT (x̄) = ∇ · ∇′ρT (x,x′)|x=x′ (3.9)
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where we have included an isospin index T. The isoscalar density (T=0) is the density irregardless

of isospin (ρn + ρp = ρT=0) and the isovector density(T=1) is the difference between proton and

neutron densities (ρp − ρn = ρT=1).

We define a spin density in order to describe spin dependent parts of the interaction as

σ(r) =
∣∣v2
α

∣∣ϕ+
α (r)σ̂ϕα(r) (3.10)

where the term v here comes from either our Bogoliubov or Hartree-Fock basis change. Expanding

the spin density in a similar manner will require two additional local spin densities; the spin-current

density tensor, J and the spin kinetic energy density

JT (r) =
i

2
(∇′ −∇)⊗ σT (r, r′)

∣∣∣∣
r=r′

(3.11)

TT (r) = ∇ · ∇′σT (r, r′)|r=r′ (3.12)

Note for exchange energy the two densities are equivalent. That means that our potential energy

should be proportional to the square of the expansion in equation 3.7 or an equivalent expansion for

spin density.

3.2 Skyrme Energy Density Functional Approach

The Skyrme interaction was first formulated as a zero ranged momentum dependent two-body force

with the following form [35]

V12 =t0 (1 + x0Pσ) δ +
1

2
t1 (1 + x1Pσ)

(
k†2δ + δk2

)
+ t2 (1 + x2Pσ) k† · δk

+
1

6
t3 (1 + x3Pσ) ργδ + iW0 (σ1 + σ2) ·

(
k† × δk

) (3.13)

where k2 and k2 are the momenta of each individual nucleon, k = k1 − k2 , δ = δ(r1 − r2) , t, γ

and W are parameters to be adjusted (based on experimental evidence) and Pσ = 1
2 (1 + ~σ1 · ~σ2) is

the spin exchange operator. Note that this two-body force incorporates density. This is there to

account for three-body forces in some way.

In order to find the energy density functional we can take the Hartree-Fock expectation value

EHF
Sk = 〈HF |v̂Sk|HF〉 . (3.14)
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It can also be characterized directly as an energy density functional. Constructing it in this way

is especially important if pairing energy is important; this is better because the two-body force is

known to produce inaccurate pairing correlations. Pairing correlations are when lower energy states

can be achieved if two nuclei are more likely to be observed together than would be expected based

on their individual frequencies. If working directly from the effective two-body force must be added

afterwards. In order to see what form the energy density functional will take, consider the following

limitations upon the decomposed local density terms:[33]

1. Based on how we see the potential in equations 3.6 and 3.7, we should enforce all terms in the

functional be of quadratic order in local density.

2. In order to preserve the spatial and time reversal nature of the overall Hamiltonian, we require

each term to have time even and parity even symmetry

For the standard Skyrme interaction we only consider local density terms that have at most

second order with respect to differentiation, meaning that we do not have more than two derivative

operations per term. Additionally some of the quadratic terms that are possible under the schema

just described are redundant because they are equivalent. Dealing with the spin-current tensorial

term, Jµν also first requires decomposition as follows.

Jµν =
1

3
J (0)δµν +

1

2
εµνκJκ + J (2)

µν (3.15)

and

J (0) =
∑
u

Jµµ (3.16)

Jκ =
∑
µν

εκµνJµν (3.17)

J(2)
µν =

1

2
(Jµν + Jνµ)− 1

3
δµν

∑
κ

Jκκ (3.18)

It is important to do this because of the difficulty taking derivatives of tensors. This is because

the vector component can be combined with the number density ρ in a way that the scalar and

tensor components of the spin current tensor cannot be. After considering symmetry conservation

and that all terms should be quadratic in density we get
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Eeven
T = CρT ρ

2
T + C∆ρ

T ρT∆ρT + CτT ρT τT + CJT J2
T + C∇JT ρT∇ · JT (3.19)

Eodd
T = CsT s2

T + C∆s
T sT ·∆sT + CsTT sT ·TT + C∇sT (∇ · sT )

2
+ CjT j2T + C∇jT sT · ∇ × jT (3.20)

ESkyrme = Eodd
T + Eeven

T (3.21)

where JT is the vector part of the spin current, we have used s rather than σ here to represent spin

density and here the Skryme energy functional is expressed as a sum of two time even densities;

one of which is a functional of time-even densities and the other a functional of time-odd densities.

In principle, all of the coefficients can be functions of density. For the standard Skyrme density

however, it is usually just the zeroth order coefficients CρT and CsT that are density dependent[27].

The degree of freedom can also be reduced by considering a gauge transformation of the Hartree

Fock state and the one body density[36]

|Ψ′〉 = exp

i
A∑
j=1

φ (rj)

 |Ψ〉 (3.22)

ρ′ (r, r′) = exp {i (φ(r)− φ (r′))} ρ (r, r′) (3.23)

.

Now consider that the Skyrme force is zero ranged and thus can be decomposed into a direct and

exchange energy as in equations 3.6a and 3.6b. In both cases the gauge transform will disappear

and the energy will be gauge invariant. If we apply our gauge transform to the local densities we

use to describe our functional, a series of relations between the different local densities emerge. As

an example, take the kinetic energy density τ and apply the gauge transformed matrix.

τ ′T (r) = ∇ · ∇′ exp {i (φ(r)− φ (r′))} ρT (r, r′)|r=r′ (3.24)

taking the derivatives and expanding we get

τ ′T (r) = τT (r) +
i

2
(∇′ −∇) ρT (r, r′)∇φ+ ρT (r) (∇φ)2 (3.25)

finally subbing in for the current density we get

τ ′T (r) = τT (r) + jT (r)∇φ+ ρT (r) (∇φ)2 (3.26)

. By doing this for all local densities and examining our quadratic densities, it can be seen that

some of these quadratic terms are no longer independent. For the standard second order Skyrme
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functional this means that we have the following set of relations between coefficients

CjT = −CτT (3.27a)

CJT = −CSTT (3.27b)

C∇jT = +C∇JT (3.27c)

.

Note that the first relation here is Galilean invariance.
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Chapter 4

Structure Factors

In chapter one we introduced a differential and double differential form for the neutral current cross

sections but left out a detailed discussion of a key component used to calculate these cross sections:

the structure factor. In the structure factor, the density functionals introduced in chapter two will

come to play a role in the differential cross sections and thus the neutrino surfaces. To this end,

structure factors are introduced in the context of linear response theory and these response are

then resolved either in the random phase approximation for use with the Skyrme energy density

functionals or by using the virial expansion. So what is linear response theory? Linear response

theory is the study of weak perturbations on a system and how different expectation values of

observables change with time. Perturbations can be described in terms of sources and the observable

operators by which they couple to our system. Such a perturbation can be described as[37]

Hsources (t) =

∫
d3~xφi(~x, t)Oi(~x, t) (4.1)

where φi(~x, t) are the sources, and Oi(~x, t) is some observable. In our case the sources come from

our neutrino probe, and the observables by which they couple to the many nucleon system are the

density and spin density operators. Given this additional source term we can describe the linear

change in a different observable as

δ 〈Oi(~x, t)〉 =

∫
d3~x′dt′χij (~x, t; ~x′, t′)φj (~x′, t′) (4.2)

where χij (~x, t; ~x′, t′) is the response function for a given source-observable pair. Now note that if

our system is time and space invariant the response function should only be dependent upon the
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differences. So χij (~x, t; ~x′, t′) becomes χij (t− t′, ~x− ~x′). If we then take the Fourier transform and

look at how the system responds we get the rather simple form

δ 〈Oi(q, ω)〉 = χij(q, ω)φj(q, ω). (4.3)

In this form something interesting is revealed: a linear perturbation induces only frequency responses

at the same frequency. So for a probe with a given energy we expect our system to respond at the

same energy. In order to evaluate this response function it is useful to work in the interaction picture

with the time evolution operator

U (t, t0) = exp

(
−i
∫ t

t0

Hsource (t′) dt′
)
. (4.4)

Then the expectation value of the observable in question can be described as

〈Oi(t)〉|φ = Tr ρ(t)Oi(t). (4.5)

where our density matrix ρ(t) has been evolved from the unperturbed ρ0 using the time evolution

operator

ρ(t) = U(t,−∞)ρ0U
−1(t,−∞). (4.6)

Then using the cyclical property of the trace and perturbation theory the operator is given by

〈Oi(t)〉|φ = 〈Oi(t)〉|φ=0 + i

∫ t

−∞
dt′ 〈[Hsource (t′) ,Oi(t)]〉+ . . . (4.7)

Then the change in the observable to first order in perturbation theory is given by

δ 〈Oi〉 = 〈Oi〉φ − 〈Oi〉φ=0

= i

∫ t

−∞
dt′ 〈[Oj (t′) ,Oi(t)]〉φj (t′)

= i

∫ +∞

−∞
dt′θ (t− t′) 〈[Oj (t′) ,Oi(t)]〉φj (t′)

(4.8)

From this, we see that the response function is given by the following.

χij (t− t′) = −iθ (t− t′) 〈[Oi(t),Oj (t′)]〉 (4.9)
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This is called the Kubo formula. In this form the response function is reminiscent of the correlation

or structure functions introduced in our derivation of neutrino scattering cross sections in chapter

one. We can rewrite the correlation function in equation (2.31) in position space as

S (Oi, Oj) = 〈Oi(x, t)Oj(0)〉 (4.10)

where the trace has been collapsed back into the simpler bracket notation denoting the expectation

value and ensemble average. In this simpler form it is easy to see that the structure function is

the correlation between the two observables at a given point in space-time. If they are the same

at any point in space-time then the correlation function will be equal to one in position space. In

momentum space, however some basic math leads us to the result that S = δ(ω). This means that

only states with ω = 0 will be correlated.

The correlation functions we are interested in are the density-density correlation operators. These

density-density perturbations are proportional to the cross section because of the following. If we

introduce a density perturbation, when we see that it is highly correlated to the density following

the perturbation we know that a larger degree of interaction has occurred. Since we get our density-

density correlation functions in terms of energy transfer ω and momentum transfer q, what we are

looking for in the double differential cross sections is for energy momenta combinations whereby

introducing a density perturbation (our incoming particle) makes a lasting change in the system.

The degree of lasting change or excitation in a given momentum and energy channel is measured by

the correlation function.

In order to get these momentum space correlation functions from the response functions described

earlier we employ the fluctuation-dissipation theorem

− 1

π
Imχ(q, ω) =

(
1− e−βω

)
S(q, ω) (4.11)

where β is the inverse thermal energy as per usual. The imaginary part of the response function

contains information only about dissipative processes this can be seen in the following way. The

response function in momentum space will have a real and imaginary part

χ(q, ω) = χ′(q, ω) + χ′′(q, ω) (4.12)
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where χ′ is the real part and χ′′ is the imaginary part. We can write the imaginary part of the

response function as

χ′′(q, ω) =
−i
2

[χ(q, ω)− χ?(q, ω)] (4.13)

where χ? is the complex conjugate. Taking the Fourier transform we get

χ′′(q) = − i
2

∫ +∞

−∞
d4xeiqt[χ(x)− χ(−x)] (4.14)

where q is the four momentum and x is the space time vector. From this we can see that by

decomposing the momentum space response functions into real and imaginary parts, we are selecting

for parts of the response that are time-odd, those responses which create excitation in our system.

At this point it should be clear that these response functions are very similar to retarded green’s

propagators and the structure function their spectral function. By inserting complete states into the

Kubo formula and transitioning into momentum space we get.

χij(q, ω) =
∑
nm

Pnm

( Onmi Omnj
ω − Enm + iη

−
Onmj Omni

ω + Enm + iη

)
(4.15)

where Onm are the matrix elements that make up the second quantized operator O =
∑
ψ†nOnmψm.

These matrix elements can be represented by one body operators as

Onm = 〈n |Q|m〉 (4.16)

where Q are the one body operators. Enm is the energy difference difference between states n and

m and Pnm is the thermal probability given by

Pnm =
eβEnm

Z
(4.17)

where Z is the partition function. As seen in section 1.2.3 the one body operators with which we

are dealing always have matching indices of either Q = 1 or Q = σ. Simplifying based on this we

get the following response function

χ(α)(q, ω) =
∑

n,m 6=n

Pnm

{∣∣〈n ∣∣Q(α)
∣∣m〉∣∣2

ω − Enm + iη
−
∣∣〈n ∣∣Q(α)

∣∣m〉∣∣2
ω + Enm + iη

}
. (4.18)

Where we have switched the indices ij for the singular index α . Note that here the operators Q, act

simply to select allowed combinations of states n and m for the given channel. From here we begin
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our derivation of the response functions for the double differential cross section in equation 2.47. A

more detailed treatment of linear response theory can be found in many condensed matter physics

texts [38, 37, 39]

4.1 Random Phase Approximation Response Functions

The random phase approximation has been used with success to obtain response functions in order

to calculate neutrino paths in neutron matter [40, 41, 42, 22]. We use the code developed by Pastore

in order to find the relevant response functions and so in this section we summarize the formalism

developed by Pastore et al [22] to examine asymmetric matter.

Since the two observables we are dealing with in equation 4.10 are (spin) density operators, we

look for solutions from the two particle retarded greens functions. Or more precisely the retarded

particle-hole propagator which in the Lehman representation can be represented as

Gph
(
α, β−1; γ, δ−1; t− t′

)
=

∑
n,m6=n

Pnm


〈
m
∣∣∣a†
β̄
aα

∣∣∣n〉 〈n ∣∣a†γaδ̄∣∣m〉
ω − Enm + iη

−

〈
m
∣∣a†γaδ̄∣∣n〉 〈n ∣∣∣a†β̄aα∣∣∣m〉
ω + Enm + iη


(4.19)

where α and γ are the particle states, β−1 and δ−1 are the hole states. Bars over the states indicate

that they are time reversed. The bar over the hole states indicate that they are time reversed states.

A time reversed state can be defined in terms of forward facing states as follows [43]

T |p,ms〉 ≡ |p,ms〉 = (−1)
1
2 +ms |−p,−ms〉 (4.20)

where T is our time reversal operator, p is our momentum state, and ms is our spin-projection state.

Now consider the numerator in equation 4.18. We can decompose such terms as follows

|〈n|Q|m〉|2 =
∑
αβ

∑
γδ

〈γ|Q|δ̄〉〈α|Q|β̄〉∗
〈
n
∣∣a†γaδ̄∣∣m〉 〈n ∣∣a†αaβ̄∣∣m〉∗ . (4.21)

We can now start to understand the connection between response function and the particle-hole

propagator. The Q operators select allowed particle-hole combinations. For example take the case

where Q is the identity operator. There are two combinations of particles and holes that are allowed:

〈↑ |1| ↓̄〉 = 1

〈↓ |1| ↑̄〉 = −1

(4.22)
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Now consider the particle-hole excitations allowed by this combination, ↑ ↓̄− ↓ ↑̄ , the spin singlet

state, which makes sense. A spin wave should not come from this part of the wavefunction. Now

consider the other three one body operators introduced in section 1.2.3. We have the third Pauli

matrix and the spin raising and lowering operator matrices. The allowed particle-hole states are

listed below.

〈↑ |σz| ↓̄〉 = 1

〈↓ |σz| ↑̄〉 = 1

〈↓ |σ−| ↓̄〉 = −1

〈↑ |σ+| ↑̄〉 = 1

(4.23)

We can clearly see that the Pauli matrix in the z direction corresponds to the spin one projection

0 triplet state, and the (lowering) raising operators correspond to projection (minus) plus one, just

as discussed in section 1.2.3. If we write the particle-hole propagator in the total spin basis, we see

that our response functions will correspond to particle-hole propagators of specific total particle-hole

spin with one crucial difference. Unlike the response function the particle-hole propagator has two

independent momenta: the momenta of the particle and hole together (or our momentum transfer)

and the difference in momenta between the particle and the hole. Since this second momenta does

not matter to us we integrate over all possible values as follows

χSM (q, ω) = nd

∫
d3k

(2π)3
GSM (k,q, ω) (4.24)

where k is the particle-hole difference momenta, q is the momenta transfer and nd is the degeneracy

factor which for the asymmetric nuclear matter of interest to us is 2. Now we begin to solve for the

particle-hole propagator.

At zeroth order we can represent the particle-hole propagator as described by the Feynman

diagram in figure 4.1

G
(0)
ph

(
pαmα,

(
pβmβ

)−1
;pγmγ , (pδmδ)

−1
;ω
)

= δmα,mγ δmβ ,mδδpα,pγ δpβ ,pδGsp(pα)Gsp(p
−1
β )

(4.25)

We call this the Hartree-Fock response and note that it is independent of choice of particle-hole

spin or spin-projection, so will be the same for each of our spin/spin-projection channels selected by
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Figure 4.1: Zeroth order particle-hole propagator GHF

the Q operators. Rewriting this in our basis of momentum transfer and difference and expanding

we can arrive at the following equation

GHF (k,q, ω) =
n(k)− n(q + k)

ω + ε(k)− ε(q + k) + iη
(4.26)

where n(k) is the Fermi-Dirac distribution given by

n(k) =
{

e(ε(k)−µ)/T + 1
}−1

(4.27)

and the energy of the particle or hole is given in chapter two as equation (E.5).

At first order perturbation theory we will see a difference between different channels based on

the residual particle-hole pairs. The Feynman diagram for this first order correction is shown in

Figure 4.2.

As can be seen from the diagram, there are two parts that we may consider: the direct part of

the interaction where the incoming particle and hole meet at a vertex and the exchange part where

they do not. Mathematically this is encompassed in the following equation

Gph (k) = GHF (k, q, ω) 〈SM |Vph|S′M ′〉GHF (k, q, ω) (4.28)

where we have changed into the coupled particle-hole spin basis. From here, rather than write out

more Feynman diagrams and get increasingly complex interactions, we can write our particle-hole

interaction by an effective interaction. This is done by making the following approximation for the

effective interaction

30



Figure 4.2: Direct (left) and exchange (right) parts of the 1rst order perturbation

Ṽ
(α,α′)
ph = V

(α,α′)
ph + V

(α,α′)
ph GHF Ṽ

(α,α′)
ph (4.29)

where α(′) denotes the incoming (outgoing) states of momentum and spin/spin-projection. This is

the effective interaction according to the generalized random phase approximation(RPA); so called

because the phase of higher order terms wherein the response is not in phase with the force inducing

it are assumed to be random and thus cancel out [44]. Standard RPA however does not include the

exchange interactions important for the nuclear interaction. When these terms are included it is

called the generalized RPA [43, 22]. With our effective interaction given by the generalized RPA,

we can write our RPA particle-hole propagator as.

G
(α)
RPA (k1,q, ω) = GHF (k1,q, ω)

+GHF (k1,q, ω)
∑
(α′)

∫
d3k2

(2π)3
V

(α,α′)
ph (k1,k2)G

(α′)
RPA (k2,q, ω)

(4.30)

This is called the Bethe-Salpeter equation. Ignoring the exchange interaction leads to a very simple

analytic form of the solution

χ
(α)
RPA(q, ω) =

χHF (q, ω)

1− V (α)
ph (q, ω)χHF (q, ω)

(4.31)
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The particle-hole interaction itself V
(α)
ph , can be described using our the energy density functionals

described in chapter two as [45, 46]

〈
a′,b′

∣∣∣V̂ph∣∣∣a,b〉 =
δ2E[ρ]

δρ̂ (a′,a) δρ̂ (b′,b)
(4.32)

Based on this we can see that the only terms in the Skyrme parameterization will be based solely

on tensorial terms of equation 3.18 where the order of a and b matter (see 4.23) . Up to this point

we have ignored isospin, but since we are working in asymmetric nuclear matter it is important that

our states a and b also include isospin. From here if the potential is density independent we can

derive our RPA response functions and/or the residual interaction based on a system of equations

that relates the momentum averages of the bare Hartree-Fock responses and RPA responses [47, 22].

The details of this are left out of this thesis. The reader can refer to Pastore’s 2015 paper Linear

response of homogeneous nuclear matter with energy density functionals[22] for details as we have

used a program provided by him to calculate the response functions needed for calculation of our

cross sections.

4.2 Response from Classical Fluctuations

As mentioned in chapter 1, in the limit of heavy nucleons we may write the correlation function

purely in terms of q (2.48). In position space we expect (4.10) to go to zero as x → ∞. The point

at which the correlation function begins to drop off rapidly is called the correlation length. For one

particle density density correlation functions, this correlation length will be the average interparticle

separation. Now examine the correlation function in momentum space

Si(q) =

∫
eiq·x〈Oi(x)Oi(0)〉d3x (4.33)

Now since

q2 = (k1 − k2)2 = E′v
2

+ E2
v − E′vEv cos(θ) = ω2 + E′vEv(1− cos θ) (4.34)

when ω = 0 the highest q our system can respond to is 2E2
v . So when our neutrinos are not very

energetic we may make an expansion in the exponential in (4.33). It turns out that as long as

neutrinos have energies less than 3T , where T is the temperature of our system, we can neglect the
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first order term and just deal with the zeroth ordered term [48, 49]. Given these conditions are met,

let’s examine our correlation function in the limit that q goes to zero.

In the limit of heavy nucleons (ω → 0 ) and we can write the correlation functions as[48]

S(q) =

∫
d3p

(2π)3
n(p)[1− n(p + q)] (4.35)

Where n(p) is the Fermi-Dirac distribution. We can also think of this as the average particle density

〈n〉. Getting rid of the integral over momentum and taking q going to zero we can write the structure

function as

S(q→ 0) = 〈n〉[1− 〈n〉] = 〈n〉 − 〈n〉2 (4.36)

Now since the state can either be occupied or not occupied, n = n2 and we get

S(q→ 0) = 〈n2〉 − 〈n〉2 = 〈δnδn〉 (4.37)

A form which can be easily evaluated using statistical mechanics, described briefly here.

Our goal is to find the second cumulant or variance of density in our system. It turns out that

the probability of the system being in a given state can be written as a multivariate Gaussian. To

see how this emerges, note that the probability of a given quantity is proportional to the entropy of

the system in the following way. [50]

P ∝ exp(∆S) (4.38)

where S is the entropy total entropy of the system and reservoir. Because all heat and work gained

or lost by the system will be taken from the reservoir we can replace the change in entropy by the

negative change in thermodynamic potential divided by temperature. Using the Gibbs free potential

we get

P ∝ exp

(
−∆E − T∆S + P∆V

T

)
(4.39)

where E is the internal energy of the system, T is the temperature, S is the entropy, P is the pressure,

and V is the volume. By expanding the energy in terms of entropy and volume we can simplify too.

P ∝ exp

(
∆P∆V −∆T∆S

2T

)
(4.40)
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where the change and pressure and entropy can be expanded as

∆S =

(
∂S

∂T

)
V

∆T +

(
∂S

∂V

)
T

∆V (4.41)

∆P =

(
∂P

∂T

)
V

∆T +

(
∂P

∂V

)
T

∆V (4.42)

Noting that
(
∂S
∂V

)
T

=
(
∂P
∂T

)
V

and expanding we get our multivariate Gaussian distribution

e

(
1

2σ2
T

(∆T )2− 1

2σ2
V

(∆V )2
)

(4.43)

where

σ2
T =

T 2

(∂S/∂T )V
(4.44)

σ2
V = − T

(∂P/∂V )T
(4.45)

From this we can get the average volume fluctuation

〈
(∆V )2

〉
= −T (∂V/∂P )T (4.46)

If volume fluctuations are considered for a fixed particle number then the inverse volume fluctuation

will be proportional to density. With simple calculus we replace ∆V with −V 2∆ 1
V and multiply by

the number of particles and get the following

〈
(∆n)2

〉
= −n

2T

V 2

(
∂V

∂P

)
T

(4.47)

where n is the number density. Replacing the volume derivative by a density derivative analogously,

we get 〈
(∆n)2

〉
=

T

(∂P/∂n)T
(4.48)

Now our structure function is a form such that, if we have heavy nucleons and the long wavelength

limit applies, all we need to do is find an expression for the pressure of an interacting gas.

4.3 Virial Expansion

In the accretion disks of interest, density reaches a maximum of 1×10−3fm−3. At these relatively low

densities (nuclear saturation density is 0.16fm−3) we can model the accretion disk as an interacting
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gas, and this has been employed successfully previously to study neutrino interactions in similarly

dense supernovas in a paper by Horowitz et al [51]. One way to model this is with the cluster

expansion. The cluster expansion assumes only two-body interactions occur and expands the grand-

cannonical ensemble in terms of linked clusters of interacting particles enumerated in the following

equation by ` [52]

Q = exp

[ ∞∑
`=1

( z
λ3

)` b`
`!

]
(4.49)

where λ is the thermal wavelength, and z is the fugacity given by

z = eβµ (4.50)

and µ is the chemical potential. At second order or `, the virial coefficient just describes one two-

body interaction and can be derived from scattering phase shifts [53, 54]. Before we derive the

equation of state from this partition function, consider the density fluctuations we are interested in.

Since the vector structure factor is the spin zero channel, and the axial structure factor is the spin

one channel, we write the vector and axial densities we are interested in as follows. [48]

n̄p,n = n̄↑p,n + n̄↓p,n (4.51)

n̄Ap,n = n̄↑p,n − n̄↓p,n (4.52)

Similarly the chemical potentials are written as.

µp,n =
1

2

(
µ↑p,n + µ↓p,n

)
µAp,n =

1

2

(
µ↑p,n − µ↓p,n

) (4.53)

Now we derive two different equations of state based on the densities of interest for each structure

factor. Here we will just present the equation of state and details of the vector structure factor

derivation, for details on the axial structure factor refer to Horowitz et al’s paper [51]. The equation

of state needed for the vector structure factor can be written as.

P

T
=

lnQ

V
=

2

λ3

[
zn + zp +

(
z2
n + z2

p

)
bn + 2zpznbpn

]
(4.54)

Note that we only have one virial coeficient for the non-mixed terms because as discussed in chapter

2, the nucleonic interaction is isospin independent. Now to find the vector structure factor we need

the density as per 4.48. Using the grand potential we can express the density in terms of pressure

and fugacity as
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ni = zi
∂

∂zi

(
lnQ

V

)∣∣∣∣
V,T

. (4.55)

From here it becomes easier to re-express equation (4.48) in terms of fugacity and density as

〈
(∆n)2

〉
=

1

n
z
∂n

∂z
. (4.56)

So then we have our three component structure factors given by

Snn = zn
∂nn
∂zn

= nn +
4

λ3
z2
nbn (4.57)

Snp = zp
∂nn
∂zp

=
4

λ3
zpznbpn (4.58)

Spp = zp
∂np
∂zp

= np +
4

λ3
z2
pbn (4.59)

and the total vector structure factor from equation (2.50a) is

SV = 1 +
4

λ3

Cn2
v z2

nbn + 2Cnv C
p
vznzpbpn + Cp

2

v z
2
pbn

Cn2

v nn + Cp
2

v np
(4.60)

Through a similar process the axial structure factor is found as

SA = 1 +
4

λ3

(
z2
p + z2

n

)
ba − 2zpznb

a
pn

nn + np
(4.61)

4.3.1 Fit Between the Virial and RPA Axial Structure Factors

The residual interaction of equation (4.32) can be described in terms of Landau coefficients. Then

using the true RPA (as opposed to the extended one) and taking the long wavelength limit a relatively

simple form of the random phase approximation solely depending on the effective mass emerges (for

a discussion of the effective mass with regards to Skyrme parameters see appendix E) [48]

Snn(q, ω) = 2 Im
[
Π(0)
n D−1

V

] (
1− e−βω

)−1
(4.62)

with DV given by

DV = 1− (v1 + v2) Π(0)
n − (v1 − v2)

2
Π(0)
n Π(0)

p

[
1− 4πe2

(
q2 + q2

TF

)−1
Π(0)
p − (v1 + v2) Π(0)

p

]−1

(4.63)

Note that here the polarization tensors Π are equivalent to the the response functions we introduced

earlier except for up to a symmetry. The coefficients vi are based on landau coefficients and are
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taken from [55, 56, 48] as

v1 = −7.4× 10−6MeV−2

v2 = 2.5× 10−5MeV−2

v3 = 0

v4 = 4.5× 10−5MeV−2

(4.64)

In order to account for regions where fugacity becomes large (z ≈ 0.5 ), an interpolated function

between a simple RPA response and the virial response developed by Horowitz et al is used [51].

SfA (n, T, Yp) =
1

1 +A (1 +Be−C)
(4.65)

with A, B and C given by

A (n, T, Yp) = A0

n
(
1− Yp + Y 2

p

)
T 1.22

B(T ) =
B0

T 0.75

C (n, T, Yp) = C0
nYp (1− Yp)

T 0.5
+D0

n4

T 6

(4.66)

and A0 = 920, B0 = 3.05, C0 = 6140 and D0 = 1.5 × 1013. Note that this was developed to be

accurate from 5 to 10 MeV and electron fraction under 0.3. The effective mass of the polarization

tensors in equation (4.62) were taken to be equal to the normal nucleonic mass. While these con-

ditions are not exactly ideal for our simulations it also has the potential to be more accurate than

either the RPA or virial expansion by virtue of incorporating nuclei interactions captured by the

virial equation and denser nucleonic fluid interactions captured by the static RPA approximation.
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Chapter 5

Results

Neutrinos trying to escape the system will couple to the dense nucleonic system via the electroweak

force. This generates three different density waves or perturbations: the overall density perturbation,

the spin transverse perturbation, the spin longitudinal perturbation, which each act to modify our

cross section. This section will examine the importance of each of these responses with regard to

the neutrino spectra emitted by our simulated system and the importance the method we use to

calculate these structure factors play. For the RPA based method, we examine the effects of using

different parameterizations of the Skyrme energy density functional as described in chapter 3.

We investigate two different neutron star mergers. These merger events are based on hydrody-

namical simulations. The system is set up in terms of conservative quantities that are allowed to

evolve and then afterwards, using a specific equation of state, the non-conserved variables of interest

to us with regard to neutrino emission can be evaluated [8]. The equation of state used is based

on a partition function that can be divided into coulombic, nuclear, nuclei, and electron parts[57].

The neutrinos are not included in the equation of state because they are not necessarily coupled

to the thermal matter. The nuclear partition function is defined via a Lagrangian mean field and

what effective interaction we choose to employ can greatly affect the results of our simulation [8]. In

the following section we investigate the merger of two 1.35 solar mass neutron stars. [11]. For the

equation of state, one simulation uses the NL3 parameterization [58] and the other uses the DD2

parameterization [59]. Equations of state can be classified by the length of radius for a given mass,

with smaller radii being classified as soft and larger radii described as stiff. NL3 is the stiffer of the
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two equations of states[11]. In this thesis we work with the same simulations as used in Caballero’s

2016 paper [11]. We plot the temperature and density profiles of these mergers in figures (5.1,5.2,5.4)

and (5.7,5.8). Looking at the DD2 system in figures 5.1 and 5.4 we can see that as it evolves, the

density becomes more concentrated in a spherical shape. The temperature is larger (5.2,5.5) and

more spread out. We see the NL3 simulation is both cooler and less dense in figures 5.7 and 5.8.

The effect of the response functions using a virial equation are also investigated for a black hole

merger. We investigate the same simulation that has been worked on before [60, 10], where similar

hydrodynamical methods used to create the neutron star mergers we work with have been used

to simulate the collision [61]. We work with data from timesteps where a stable accretion disk of

three solar masses, a spin coefficient of a=0.8 and Schwarschild radius of 18.5km has been formed.

Compared to the neutron neutron star mergers, the stable accretion disk formed from the black

hole neutron star merger has much lower temperatures and densities (5.10,5.11). Since this system

is so much less dense we expect it to behave less like infinite nuclear matter and thus model the

interacting nature of the system with the virial expansion and virial fit which work better at lower

densities.

5.1 Energy Dependence of RPA interactions

Recalling the temperature average procedure introduced in chapter one, we observe that equation

2.7 can be solved analytically when the inverse mean free path scales with energy squared

〈
λ−1

〉
=

∫∞
0
λ−1
k (Eν)φ (Eν) dEν∫∞
0
φ (Eν) dEν

=

(
45ζ(5)

3ζ(3)
T 2

)
λ−1. (5.1)

If we observe the RPA cross section of equation (2.47), we see that there is a double integral with

integration limits that depend on the incoming neutrino energy, potentially leading to a breakdown

in the nice energy squared dependence seen in simpler elastic schemes. This energy squared depen-

dence is important for computational power because if we cannot do a nice analytic integral for the

temperature average, we add another layer to our already many layered nested integral, substantially

increasing computational speed.

Though we expect it to behave similarly [49] as we are in a region that is close to the classical

limit, this is not necessarily a given. In order to determine how well we can rely on our system having

an energy squared dependence, we take a grid of standard temperatures and densities present in our
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Figure 5.1: Density profile of the DD2 equation of state merger at 3.5ms

Figure 5.2: Temperature profile of the DD2 equation of state merger at 3.5ms

Figure 5.3: Electron fraction profile of the DD2 equation of state merger at 3.5ms
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Figure 5.4: Density profile of the DD2 equation of state merger at 4.5 ms

Figure 5.5: Temperature profile of the DD2 equation of state merger at 4.5 ms

Figure 5.6: Electron fraction profile of the DD2 equation of state merger at 4.5 ms
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Figure 5.7: Density profile of the NL3 equation of state merger at 2.5 ms

Figure 5.8: Temperature profile of the NL3 equation of state merger at 2.5ms

Figure 5.9: Electron fraction profile of the NL3 equation of state merger at 2.5ms
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Figure 5.10: Density profile of stable accretion disk around black hole

Figure 5.11: Temperature profile of the Stable accretion disk around black hole

Figure 5.12: Electron fraction profile of the Stable accretion disk around black hole
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system and evaluate a number of cross sections at those points at many different energies. Then

we perform a linear fit on the energy cubed over the cross section and plot the R-squared values as

a measure of how well an energy squared dependence is valid for this point in the grid. Presented

in figure 5.14 and 5.13 are the results of such calculations for RPA with a typical Skyrme energy

density functional (the specific parameterization we label SLY4). Our grid goes up to a density of

1×10−3fm−3 and a temperature of 15 MeV, regions deeper and denser we don’t expect our neutrinos

to escape from, as will become apparent in the remainder of this chapter.

In figure 5.14 and 5.13 we note that all points in our grid show very good energy squared depen-

dence, but notice a clear trend of higher temperatures showing a lower energy squared correlation.

It is possible this is in part due to inaccuracies in the numerical integration, as this same trend is

seen when we plot the bare Hartree-Fock responses (the RPA cross sections where interactions are

set to zero). We therefore can safely eliminate the need for an extra layer to the nested integration

required by the RPA method, greatly improving computational time. Additionally, by making this

approximation we confirm that in these situations the static structure function approximation that

was used to create the fit between the virial structure factors and the static RPA structure functions

is reasonable.

5.2 Vector vs Axial in the Virial Approximation

Since for all simulations we use the virial and virial fit structure factors, this section will focus solely

on them. By doing this we can gain an understanding of the effect of the vector and axial channels

of interaction.

Remembering that for energy transfer independent structure factors, a value one represents the

non-interacting system, in Figures 5.15, 5.16, 5.17 and 5.18 we plot one minus the structure factor.

One minus the structure factor will be a measure of how far that structure factor pulls the cross

section away from the non-interacting elastic case of Appendix D.

As can be seen from all figures, the axial structure factor has the opposite effect of the vector

structure factor on the cross section. We also note that here the axial virial approximation produces

a much greater change than the RPA fit. In fact, if we look closely we can see that the numbers on

the virial axial scale go beyond one. In these inner regions of the merger, the RPA or RPA fit model

is expected to be much more accurate and the fit does not have the effect of lowering the probability
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Figure 5.13: Grid at electron fraction of 0.3

Figure 5.14: Grid at electron fraction of 0.6
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of interaction.

We can also make sense of why there is a greater difference between the virial and virial-RPA fit

in the neutron star - neutron star mergers of Figures (5.15,5.16,5.17) as opposed to the black hole

neutron star merger of figure 5.18, as at these lower densities the fit was developed to more closely

model the virial expansion, taking into account the formation of individual nuclei.

Here the contrast between Figure 5.15 and Figure 5.16 tracks the evolution of the density where

the tail regions compact into a more spherical shape. These tail regions, as will be seen in the

following sections are where many differences emerge. Comparing the two timesteps in Figures 5.1

and 5.4 versus Figures 5.15 and 5.16, we can see that at the earlier timestep temperatures are much

lower but the density is about the same in similar regions. In general, as can be seen from Figure

5.19, for the virial-RPA fit, lower temperatures and higher densities lead to a greater divergence

from the non-interacting elastic cross section as more nucleons (greater densities) are competing for

a more limited amount of energy states (temperature). In this work we therefore look at the earlier

timesteps of these mergers; if differences emerge between models of nucleonic interaction it is likely

to be here that we see the change most pronounced.

By comparing the DD2 equation of state in Figure 5.15 and the stiffer NL3 equation of state in

Figure 5.17, we note that two different types of ”tail” region on the periphery of the disk emerge

where the cross section is substantially different from the non-interacting case. The stiffer NL3

simulation generates larger, more distinct tails versus the more compact DD2 system which just has

tails that fan out from its denser more divergent region. These tail regions are interesting because

it is here that much of the divergence might occur as the densities are high enough for significant

interaction to occur but not so high that the neutrinos cannot escape.

The same plots can be created for the accretion disk formed based on the neutron star black

hole merger[61]. We can see that here there is substantially less divergence from the non-interacting

case, as could be expected from the much lower densities shown in Figure 5.10

As mentioned earlier, we expect lower temperatures and higher densities to induce more change

from the non-interacting elastic case. To see this more clearly we visualize the virial RPA fit. Because

the virial RPA is computationally simple to calculate and may tell us a bit about the behaviour

of our other two functions since it is a fit between them, the ratio between the interacting and

non-interacting cross sections is plotted for a variety of temperatures and densities in Figure 5.19. A
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Figure 5.15: Heatmaps of 1-S with DD2 EoS at 3.5ms
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Figure 5.16: Heatmaps of 1-S in our DD2 merger at 4.5ms
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Figure 5.17: Heatmaps of 1-S in NL3 merger at 2.5ms
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Figure 5.18: Heatmaps of 1-S in our Blackhole Neutron Star merger at 60ms
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Figure 5.19: Map of differential cross section based on temperatures and density

few regions are cut out of this plot to highlight the sweet spot of temperature/density combinations

that will produce the greatest changes to the neutrino surface and thus measurable neutrino signal.

Because anything beyond optical depth 2/3 does not contribute to our calculation of neutrino output

this is the first region we eliminate. We also eliminate regions where the cross section is extremely

small as since our simulations are finite at some point these cross sections will not be able to add up

to the 2/3 and the region will not be considered a source of emission. The limit we set is any inverse

mean free path lower than one five hundredth of 2/3, as our grid size in one direction is typically less

than 500. These sections we cut out could conceivably also have an effect and we investigate this in a

later chapter. Figure 5.19 shows us the importance of temperature on our system. In fact if we look

at the tail regions earlier in Figures 5.15,5.16 and 5.17 and compare with the temperature plots of

5.2, 5.5 and 5.8 we can see that these tail regions clearly emerge where temperature drops drastically

compared to the surrounding region. Based on this observation and Figure 5.19, colder systems will

vary much more when interactions are introduced as compared to the elastic non-interacting case.

5.3 Neutrino Surfaces

In this section we investigate the changes induced in the neutrino surfaces described in chapter

2. Figure 5.20 shows the bare Hartree-Fock dynamic response, along with the virial-RPA fit, the

fully virial picture and the non-interacting elastic picture. Interestingly here, the virial fit and the
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Hartree-Fock response are relatively close together. This is somewhat expected given that we fit to

the RPA response with effective mass being unchanged equal to the standard nucleon mass. While

the antineutrino and mu and tau neutrinos show differences in results, the electron neutrino surfaces

remained unchanged as expected due to the dominating nature of the charged current interactions,

over the neutral current interactions we are playing with. We also note that all significant differences

in the surfaces occur in the tail regions.

We now look at any potential difference between any of our random phase approximation based

techniques. This includes the bare random phase approximation approach and as well as series of

different parameterizations of the Skyrme energy density functional. Here three different parame-

terizations have been used: SLY4[62, 63, 64], SLY4T[65], and FIT3B[66]. SLY4 is a very well used

standard Skyrme parameterization, SLY4T just adds tensorial interaction between nucleons based

on observed properties in nuclei. A comparison between these two parameterizations will tell us

if the splitting of the spin channel into longitudinal and transverse parts will have any effect on

the neutrino spectra of our system for this parameterization. FIT3B is a Skyrme parameterization

infinite nuclear matter with some additional three-body terms. The parameters of these interactions

in terms of force contents and a scheme to convert them into functional constants can be found

in Appendix F. Looking at Figure 5.21, it can be seen that while there is some difference between

interactions it is very minimal.

For the NL3 cross sections, instead of FIT3B we employ a different parameterization called f0,

which fixes the isovector effective mass to be zero [67]. Looking at the NL3 equation of state system

we see something interesting happen. There appears to be a greater divergence between the RPA

based methods and the virial based methods (including the fit). However, no difference can be

detected between the bare Hartree-Fock response and the one that includes Skyrme interactions,

perhaps suggesting that the virial approximation in this situation mostly just takes into account the

effects of Fermi blocking not accounted for in our elastic approximation. There is also no discernible

difference between the virial and virial fit equations when looking at our black hole neutron star

merger in Figure 5.23. It makes sense that the virial fit is very close to the virial here as it was

built in such a way that at these lower densities it would more closely resemble the virial interaction

than the RPA one. However, it was optimized for much higher temperature ranges than the ones

determining where the surfaces will be in Figures 5.23 and 5.22.
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Figure 5.20: Neutrino Surfaces at different Temperatures
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Figure 5.21: RPA parameterizations compared for the DD2 EoS at 3.5ms
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Figure 5.22: Neutrino Surfaces for NL3 EoS
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Figure 5.23: Neutrino Surfaces of Black Hole Neutron Star merger at 60ms
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Many of the differences observed in this section are very small, and the differences in neutrino

surface generally are what might be expected from Figure 5.19 along with the average densities of

each system. The next section takes another approach to evaluating when relatively small differences

appear in the figures presented in the section; they still might be significant to the spectra of neutrinos

released by these merger events.

5.4 Probing Different Parts of the System

Let us recall the two different ways in which we defined the neutrino surface in chapter 2. The more

formal version being; it is the surface at which an equivalent black body would radiate the same

amount of energy, and less formally as the point at which roughly fifty percent of neutrinos will

escape the system unobstructed. Neutrinos deeper in the system will still have a chance of escaping

the system. We also miss potential contributions from neutrinos, for which along the measured

investigated axis of emission, optical depth never reaches the critical value of 2/3. If there is a large

difference in neutrino spectra just a bit deeper (or shallower) than the neutrino surface, we could

potentially see significant effects in what signal we are able to observe on Earth or the predicted

action of neutrinos in nucleosythesis, etc. So how do we look beyond the neutrino surface? With the

optical depth being proportional logarithmic escape probability (2.6) it is as simple as evaluating

surfaces defined in the same way as in chapter two, except this time with optical depths different

than 2/3. At a given optical depth, the same proportion of neutrinos are expected to escape. For

example at optical depth 2/3, e−2/3× 100% or around 50 percent of neutrinos are expected to reach

the observer unchanged. Other optical depths or surface lines we draw in this section correspond to

different percentage of neutrinos escaping the system unchanged.

We start by considering the virial fit surfaces as compared to the non-interacting ones in Figure

5.24. Here we compare the plot of differences in neutrino cross sections observed in all areas of

the simulation for the DD2 equation of state at 3.5ms with neutrino surfaces defined at a variety

of optical depths. For the original electron neutrino surface at optical depth 2/3, we did not see

much difference across different models of interaction or between turning interaction on or off at

all. Here we can see however that with an increase in optical depth, differences might emerge in

some cases where there was none before (in the electron neutrino cases). Despite some differences

emerging at higher optical depths, we must keep in mind that at even slightly higher optical depths
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not many neutrinos will escape. For instance at optical depth 4 only around two percent of neutrinos

are expected to escape. Looking at the surface plot without regard to our optical depth lines, the

maximal height of the electron plot also shows us that deep within the system the effect of nucleonic

interactions does not play a very big role in their transport, as the cross section is only ever 1.03 times

different even in the most extreme regions of the merger. This provides motivation to investigate

the efffect of interacting matter on the charged current reactions, as the charged current reactions

are expected to dominate in the case of electron neutrino transport. For the case of mu, tau and

anti-electron surfaces this is not the case, as we see that neutrinos will be expected to interact with

nucleonic matter three times less than if that matter was modelled as non-interacting. However,

to actually probe any of these regions where extreme differences in cross section occur, we need to

probe very deeply, as can be seen in Figure 5.24.

The NL3 surfaces showed an even smaller difference between the virial and axial fit at our

standard neutrino surface. In figure 5.25 we see something similar with regards to the electron

neutrino potential difference, but it takes a much larger optical depth to even probe that far. Again,

for the electron surface we really need to look at the charged current reactions to see significant

differences. The anti electron and mu and tau surfaces look like we might be able to see some more

substantial changes to the overall neutrino spectra. Looking at neutrinos deeper than the neutrino

surface we can start to see somewhat of a difference, but as with the DD2 simulation at these higher

optical depths, neutrinos are unlikely to escape. Perhaps a more considerable difference can be

seen by examining those regions where optical depth of 2/3 is never reached. By considering these

regions we now probe the tail regions of the merger event which shows great difference between the

non-interacting and virial cross sections. By doing this analysis we also gain some insight into what

may happen along other axes. For example along an axis of emission flipped 90 degrees, these tail

regions will be probed much much more and optical depth 2/3 will be reached along a trajectory

that includes the tail region. Note that these tail regions are also where we saw differences emerge

in the standard neutrino surface of the DD2 simulation.

In Figure 5.26, the black hole neutron star merger has begun to probe a region where cross

section is beginning to diverge, but no matter how deep or shallow we probe, the differences never

become too large. Here we only make the plot for the mu and tau surface because it is here that

the neutral current reactions are expected to make the most difference, and even there for the black
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hole neutron star merger we cannot see too much difference no matter where in the merger we look,

as the maximal difference is 1.012, even less than the electron neutrino plots of Figures 5.24 and

5.25. In general we know deeper neutrinos will have a significant impact when we see a sharp rise

in cross section ratio that we can probe easily by ever so slightly altering the optical depth from our

standard value of 2/3.

We can also use this method to investigate whether or not there are differences between different

types of Skyrme energy density parameterizations in Figure 5.27. Here we can see that though

a difference does eventually manifest between the SLY4 and FIT3B parameterizations, adding or

subtracting tensorial interactions from the SLY4 interaction produces little but noise in the entire

system. This indicates that introducing tensorial interactions into the SLY4 parameterization does

not change much for our system and provides some evidence that the complete RPA structure

factors where we calculate separate the spin responses into transverse and longitudinal waves may

be unnecessarily complicated. In addition to this, though not shown in this thesis, comparisons of

many different Skyrme energy density functionals in the NL3 simulation produce plots similar to

our SLY4 vs SLY4T plot, indicating for this system choice of parameterization matters very very

little, even in dense parts of the disk. In the DD2 simulation, even where we do see a difference in

parameterizations, the optical depths required to probe this structure are enormously high (in the

thousands) and these neutrinos are virtually guaranteed to remained trapped in the system.

Ultimately though, for the purpose of determining outgoing neutrino spectra differences in surface

don’t matter as much as differences in average energies, or emitted fluxes. The next section of this

chapter investigates this.

5.5 Average Energy Splitting

Average energies can be calculated for neutrinos at our modified surfaces, using the same equation

as given in (2.14). This is done to give us an idea of how neutrino energies in deeper regions of the

merger might differ based on the model of nuclear force used. We do this because we will be making

our measurements on earth and therefore will be measuring the energies, flavours and intensities

at which they are released from the system. In Figure 5.28, we plot the ratio of average energy

generated by each method of nuclear interaction compared to the base elastic non-interacting cross

sections. Here, as expected, the ratio of the electron neutrino surfaces stays almost entirely at one
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Figure 5.24: Neutrino Surfaces at different depths compared to the divergence between non-
interacting and interacting (via the virial fit method) cross sections (DD2 at 3.5ms)
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Figure 5.25: Neutrino Surfaces at different depths compared to the divergence between non-
interacting and interacting (via the virial fit method) cross sections (DD2 at 3.5ms)
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Figure 5.26: Mu and Tau Neutrino Surface at different optical depths compared to divergence
between non-interacting and interacting (via the virial fit method) cross sections (Black Hole Neutron
Star Merger at 60ms

(indicating no effect from the incorporation of nuclear force in the neutral current channel). The

anti-electron and mu/tau neutrino pictures however, show that, even though the RPA and virial fit

appeared to be much closer together when plotting the neutrino surface, when we look at the average

energies the virial fit is much closer to the full virial interaction. This is exactly why it is useful to do

this type of analysis, as the neutrino surfaces may give a false impression of which interactions are

closest to each other. This happens because when displaying plots of the neutrino surface, gradients

of temperature/density are hidden, and therefore two close surfaces may release neutrinos of much

different energies, and/or two surfaces relatively far away may release neutrinos similar in energy.

We also see that slightly deeper in the mu/tau and anti-electron picture, a larger average energy

divide is present, which has the potential to be substantial when making final measurements on

Earth. Overall though, at these low optical depths it is a very noisy picture, and we even see the all

methods converge back around one towards an optical depth of 4.

Analysis of the NL3 equation of state simulation is done in Figure 5.29. Here we see that this

simulation generates much lesser differences in average energy as might have been predicted by

numerous other results presented previously in this chapter.

Given that in Figure 5.27 we saw differences in neutrino surface at extremely large optical depth

based on Skyrme parameterization, we also investigate the average energies at much higher optical

depths for both the NL3 and DD2 equations of state in Figure 5.30. We see that in the DD2

equation of state, just as expected from Figure 5.27 at optical depth of around 1000 we begin to
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Figure 5.27: Neutrino surfaces at different depths compared to divergence between different Skyrme
parameterizations
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Figure 5.28: Average Energies for DD2 EoS at 3.5ms
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Figure 5.29: Average Energies for NL3 EoS

see a significant splitting between Skyrme parameterizations, with the significant exception, that

the SLY4 and SLY4T parameterizations remain indistinguishable. This lends extra credence to the

conclusion that the tensorial splitting of spin response does not matter in such merger events. In

the NL3 merger, where we found high noise levels in all comparisons of Skyrme parameterizations

(similar to SLY4 vs SLY4T in the DD2 simulation), little difference in average energy was observed

even at high optical depth.
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Figure 5.30: Divergence from base average energies by optical depth for the NL3 (Lower) and DD2
equation of State (Upper)
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Chapter 6

Conclusion

This work builds upon other similar works that have investigated the neutrino surface and the

neutrino spectra being produced by neutron star merger events (be they binary star mergers or

black hole neutron star mergers) [9, 10, 11]. We ask the question: are these surfaces and the spectra

of neutrinos associated with them dependent upon how we model dense nuclear matter that makes

up these systems? To this end, we investigated three different merger simulations. Through the

examination of these three simulations we try to determine which systems might be more influenced

by the inclusion of more detailed cross sections.

We include details of interaction through the use of structure factors, which are defined in

accordance to various density waves that will be generated by perturbing the system with a neutrino.

These structure factors are incorporated into cross sections which we derive from electroweak theory

in chapter two. Fundamentally, three different types of structure function are calculated: one

based on the random phase approximation, another based on classical fluctuation theory, and finally

one that is a fit between them. For the random phase approximation cross sections we use code

developed by Pastore et al [22] in conjunction with a variety of Skyrme energy density functionals.

The classically constructed structure factors are calculated based on a virial expansion with virial

parameters tuned in accordance to observed phase shifts. The third structure factor used was

developed by Horowitz et al[68] and attempts to create a fit between the RPA response function

(although a static, or zero energy transfer RPA response unlike what we use in this work) and the

virial structure function.
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In section 5.2, we examine the virial structure factors in our three different simulations and

examine two separate timeslices from one of these simulations. We note here that in the binary

star merger, as the event transpires, the effects of nucleonic interaction on the system diminish.

We also note that the merger events with softer equations of state have neutrino transport that

is more sensitive to nucleonic interaction as a whole. Neutrino surfaces are then compared, and

some difference is found when using the RPA response functions as compared to the virial or elastic

picture, but it does not seem to matter whether they interact with each other or not, as there

is little divergence between different parameterizations of the Skyrme Force and the bare Hartree

Fock response function. This might indicate that the most significant effect may come from the

elimination of energy levels not accessible because they are already filled. This would explain why

the regions where the greatest difference in neutrino surface emerged were the colder tail regions.

Colder regions will lead to less available energy levels for our nucleons to scatter into, as the nucleons

will occupy more similar energy states. As we know fermions cannot occupy the same energy state

so some transitions will be blocked. We also see, as might be expected, in the denser system, the

structure function that is fit to be an intermediary between the virial and the RPA approach tracks

closer to the RPA approach and than in the system that is less dense. This fit is not optimized for

the conditions under which we were examining and future work would develop lower temperature

optimized fits between RPA and virial structure factors.

Given that the neutrino surface is not an impermeable wall that nothing enters or exits, we also

introduce a novel form of analysis to probe deeper into the system by asking the question ”what

if the neutrino surface was defined at an optical depth other than two thirds?”. In this way we

might gain insight into what is going on if different regions of the system. At each of these new

surfaces, we calculate the average energy of neutrinos emitted. Based on these figures, we see that

the difference according to model might be suppressed in the stiffer equation of state as we don’t

account for the tail regions when looking only at optical depth 2/3. These tail regions appear to

manifest the largest differences in cross section and it is thus essential to include them in our analysis

if we want to measure any type of difference between different models of interaction. Differences

in parameterization of the Skyrme forces are not found to matter with regards to average energy

until extremely large optical depths of order 1000. In some cases though, especially with regards to

the softer EoS merger, there is potential for the divergence in these beyond surface neutrinos to be
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noticeable. Again we see that the electron neutrinos of all flavours demonstrate barely any divergence

in average energy when we change our neutral current reactions from the base non-interacting elastic

case. This is because the electron neutrino cross sections are heavily dominated by charged current

reactions and thus any changes we do see in our figures will likely be drowned out by the much

larger effect the charged current reactions unaltered by nucleonic interactions have on the average

energy. As we have seen some differences depending on the model used to calculate neutral current

reactions, future work should investigate charged current reactions. Frameworks have already been

developed in order to solve for the RPA responses [69]

Though we introduced beyond surface neutrinos in this work, in order to perform further pro-

cessing specific to our interest in these neutrinos as has been done in previous work [9, 10, 11],

new statistical post-processing frameworks are needed. We leave this, along with any other post-

processing to future work.
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Appendix A

Neutrino Surface Optical Depth

2/3 Justification

The radiant intensity we have just seen is the amount of radiant flux per solid angle for a neutrino

with a given frequency ν. For a perfect black body, the radiant flux is solely a function of temperature

and radiation will be emitted at a wavelength determined by the Planck function. In our systems we

assume neutrinos can be created or destroyed without any cost (chemical potential µ = 0) and thus

can be emitted as black body radiation. Now to define the surface we choose the point at which the

temperature of the system will be equivalent to the temperature of an equivalent blackbody. Here

we sketch the derivation which can be found in full in many textbooks [70, 71].

Since these intensities are given per solid angle, they depend on how aligned the beam is with the

flux we are measuring or cosθ. For simplicity we assume a gray atmosphere, where the absorption,

and thus mean free path is independent of frequency. From there, using the moments of radiant

intensity with respect to cosθ we can set up a system of equations modelling radiative transfer,

where J ,H and K are the 0th to 2nd moments of cosθ and S is the source function.

cosθ
dI

dτ
= I − S (A.1)

dH

dτ
= J − S (A.2)

dK

dτ
= H (A.3)
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In terms of quantities more meaningful to us, J is proportional to the mean energy density, H is

proportional to the flux, and K is proportional to the pressure. In optically thick regions, where

matter is very hot and dense, we will have radiative equilibrium. Radiative equilibrium is the

condition that energy is fully transmitted by radiation and that the energy entering a volume is the

same as that leaving it since it is not being produced within this volume. This is equivalent to the

mean intensity J being equal to the source S. The result of this is that the second moment, H has

no optical depth dependence and we can write the second moment K as follows

K = H(τ + C) (A.4)

.

If we also assume that intensity is a linear function of cos(θ) of the form Iν(µ, z) = a(z)+cosθb(z)

and then by examining

Jν = 1
2

∫ 1

−1
Iνdcosθ) = a (A.5)

Hν = 1
2

∫ 1

−1
cosθIνdcosθ = b

3 (A.6)

Kν = 1
2

∫ 1

−1
cos2θIνdcosθ = a

3 (A.7)

It can be clearly seen that J=3K. So

J = 3H(τ + C) (A.8)

where C is a constant of integration which, by looking at H at an optical depth of zero can be found

as C=2/3. According to Boltzmann’s law, a black body should produce a radiant flux of energy

equivalent to H = 1
4πσT

4
eff , and since we have assumed radiative equilibrium, J = B(T ) = σT 4 since

J must be equivalent to the source. Note that here σ is different from the σ used for electromagnetic

radiation because we are dealing with Fermionic particles rather than bosonic photons. However,

since this constant term will cancel out, we do not need to concern ourselves with it. From this we

get the following relationship between the effective temperature and the temperature

T 4(τ) =
3

4
T 4

eff

(
τ +

2

3

)
(A.9)

where it can be seen that an optical depth of 2/3 gives an equivalence relation between the effective

temperature and the actual temperature. As seen in equation (2.6), we seek z0 such that the opacity

is equal to 2/3.

71



Appendix B

Cross sections

For the neutrino annihilation events we can write a cross section in the region where energies of both

neutrinos are much more than the mass of the electron as [72, 73].

σνν̄→ee+ (Eν) =
4

3
Kνν̄σ0Eν 〈Eν̄〉 (B.1)

σν̄ν→ee+ (Eν) =
4

3
Kνν̄σ0Eν̄ 〈Eν〉 (B.2)

where

σ0 =
G2
Fm

2
e

π
(B.3)

for neutrinos and antineutrinos respectively, where me is the electron mass, Kνν̄ is a constant derived

from electroweak theory, and the triangle brackets represent a thermal average over the Fermi-Dirac

flux of equation 2.8. Constant Kνν̄ is different depending on whether we are looking at electron

neutrino annihilation or another flavour of neutrino annihilation. Since this cross-section describes

two neutrinos annihilating to create two electrons, for electron neutrino, we do not have to worry

about flavour conservation at the vertices of Feynman diagrams and lowest order Feynman diagrams

include the W boson.

Kνν̄ =
(C2

A − C2
V )

6π
(B.4)

where our vector and axial coupling constants are determined by CV = 1
2 + 2 sin2 ΘW and CA = 1

2

respectively. When the W boson cannot be included in lowest order interactions the axial coefficient

becomes CA − 1 and CV − 1.
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The neutrino-electron scattering cross-section can be expressed as an integral over the kinetic

energy of the recoil electron. After integrating allowed energies we get the following cross section

[74, 75]

σνe =
σ0E

2
ν

4me

[
E2
ν(C2

A + CACV + C2
V )

3
+ 8Eν(2C2

A + CACV + C2
V ) +

6me(3C
2
A + C2

V )

(2Eν +me)3

]
(B.5)

here the coupling coefficients have the same definition and shift as they had in the other lepton-

lepton scattering case, but for anti neutrinos the sign of the axial coefficient is flipped (CA = −CA)

because the anti-neutrinos will have opposite helicity.

The nucleonic interactions at lowest order can be described as follows.

dσ

dΩ
=
G2E2

ν

4π2

[
c2v(1 + cos θ) + c2a(3− cos θ)

]
(B.6)

where cv and ca vary depending on the interaction we are describing. Note here we have used

lower case for the axial and vector coupling constants. This is because throughout this section the

upper case CV and CA are fixed values defined earlier. For charged current reactions we can make

improvements at lowest order, where interactions are not accounted for by adding in effects from the

weak magnetic coupling and the proton neutron mass difference. After doing this and integrating

over the solid angle we get the following four non-interacting cross sections.[76]

σνen→pe− =
σ0

4m2
e

(
1 + 3g2

A

)
(Eν + ∆)

2 ×

[
1−

(
me

Eν + ∆

)2
]1/2

W+
M (B.7)

σν̄ep→ne+ =
σ0

4m2
e

(
1 + 3g2

A

)
(Eν −∆)

2
W−M (B.8)

with

W+
M =

(
1 + 1.1

Eν
mn

)
(B.9)

W−M =

(
1− 7.1

Eν
mn

)
(B.10)

where W±M is the adjustment for weak magnetic coupling, ga = 1.23, mn is the neutron mass, and

∆ is the neutron-proton mass difference.

Finally after integrating over the solid angle and inputting the correct coupling coefficients we

get the following cross sections for the neutral current cross sections.

σνp→νp =
σ0

[
(CV − 1)

2
+ 3g2

A (CA − 1)
2
]

4m2
e

E2
ν (B.11)

σνn→νn =
σ0

(
1 + 3g2

A

)
16m2

e

E2
ν (B.12)
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As with the neutrino electron interaction, we can modify these cross sections for antineutrinos by

setting CA = −CA .
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Appendix C

Leptonic Tensor

The leptonic tensor can be expressed in terms of the leptonic current as follows[15, 77]

Lµν =
∑
i

∑
f

|〈f |lµ|i〉|2 (C.1)

where states f and i are the final and initial states. Substituting in for our leptonic current (equation

(2.18)) and decoupling the initial and final momentum from the f and i states we get

Lµν =
∑
ss′

〈s′|ψν(k′)γµ (1− γ5)ψν(k)|s〉〈s|ψν(k)γµ (1− γ5)ψν(k′)|s′〉 (C.2)

where k and k’ are the initial and final momentum states respectively, and s and s’ represent the

initial and final spin states. Recognizing this sum of two sets of matrix elements as the definition of

the trace and the cyclic property of the trace we get

Lµν = Tr

(
ψν(k)ψν(k)γµ (1− γ5)ψν(k′)ψν(k′)γµ (1− γ5)

)
(C.3)

We now examine the product: ψν(k)ψν(k′) . Here we make the false assumption that neutrinos are

massless and use the following result.

ψν(k)ψν(k′) =
/k

2
PRL (C.4)

where PRL = 1±γ5
2 is the chirality projection operator and we use Feynman slash notation /k = γµkµ.

Using this relationship we get

Lµν = Tr

(
/k

4
(1± γ5)γν (1− γ5)

/k′

4
(1± γ5)γµ (1− γ5)

)
(C.5)
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this simplifies to:

Lµν =
1

16
Tr

(
/k(1± γ5)γν (1− γ5) /k′(1± γ5)γµ (1− γ5)

)
(C.6)

Lµν =
1

4
Tr

(
/k/I /k′/I ± γ5/k2/I/I /k′

)
(C.7)

Lµν = 2
[
kµk′ν + k′µkν − gµνk · k′ ± iεµναβkαk′β

]
(C.8)

In order to facilitate the calculation of the matrix element, we separate the leptonic tensor into

a symmetric and antisymmetric component.

L(S)
µν = 2 (kµk′ν + k′µkν − gµνk · k′) (C.9a)

L(A)
µν = 2ihεµναβkαk

′
β (C.9b)

Now, keeping in mind our hadronic tensor does not mix zero and non-zero components, we can

reduce our anti-symmetric and symmetric tensors. For reasons soon to become apparent, let’s start

with the symmetric part of the leptonic tensor. In order to transform some of the component wise

variables in equation C.9b to more intuitively meaningful quantities, such as the angle of deflection

induced by the interaction or the total incoming and outgoing momenta, we can use the following

identity

k · k′ = kk′ − kk′cos(θ) (C.10)

where θ is the angle, and k(′)is the total momentum of the neutrino, and since we are assuming they

are massless, the total momentum is equivalent to the neutrinos incoming(Eν) and outgoing(E′ν)

energy. For the symmetric tensor then we arrive at the following form.

L(S)
µν = 2EνE

′
ν

[
(1 + cos(θ))δ00 +

(
(1− cos(θ))δij + k̂′ik̂j + k̂ik̂

′
j

)]
(C.11)

For the next step in our derivation, let’s examine the remaining components of k and k′ that we

tried to move away from using the identity in equation C.10 [78].

In order to simplify this task, an appropriate coordinate system is chosen such that all momentum

change occurs along the third positional direction (q = (0, 0, q)). In order to accomplish this, the

proportion of momentum in the three direction of the incoming neutrino should be the same as

the proportion of momentum loss in the direction of the incoming neutrino and the proportion of

momentum in the three direction of the outgoing neutrino must be the same as the proportion of

momentum gain in the direction of the outgoing neutrino. In this way the total momentum change
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is encapsulated by the change in three direction momentum. The mathematical result of this is the

following

k3 =
k

q
(k′ cos θ − k) (C.12a)

k′3 =
k′

q
(k′ − k cos θ) (C.12b)

To find the other components, consider figure C.1, where we have labeled a section that is

proportional to k3

Figure C.1: Change of coordinates visual aide

From this it is evident that √
k2

1 + k2
2 =

kk′

q
sin θ (C.13)

.

Then choosing k1 = k2, we get

k1 = k2 =
kk′

q

sin θ√
2

(C.14)

.

Using these new coordinates, we get the following symmetric components of the leptonic tensor,
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and all antisymmetric leptonic tensor components disappear.

L
(S)
00 = 2EνE

′
ν (1 + cos θ) (C.15a)

L
(S)
33 = 2EνE

′
ν

(
(1− cos(θ)) + 2k̂′3k̂3

)
(C.15b)

L
(S)
33 = 2EνE

′
ν

(
(1− cos(θ)) +

2

q2
(k′ cos θ − k) (k′ − k cos θ)

)
(C.15c)

L
(S)
11 + L

(S)
22 = 4EνE

′
ν

(
(1− cos(θ)) +

kk′sin2(θ)

q2

)
(C.15d)

.
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Appendix D

Derivation Back to

Non-Interacting Picture

We begin with our heavy nucleon cross section

1

V

dσ

dΩ
=
G2
FE

2
ν

16π2
(g2
a(3− cos θ)(nn + np)SA + (1 + cos θ)nnSV ) (D.1)

Since our structure factors are not a function of the solid angle we take the integral∫
1

V

dσ

dΩ
dΩ =

∫
G2
FE

2
ν

16π2
(g2
a(3− cos θ)(nn + np)SA + (1 + cos θ)nnSV )dΩ (D.2)

where dΩ = sin θdθdϕ

1

V
σ =

∫ ∫
G2
FE

2
ν

16π2
(g2
a(3− cos θ)(nn + np)SA + (1 + cos θ)nnSV ) sin θdθdϕ (D.3)

Since non-interaction equations used in previous work [9] include the term σ0 =
4G2

Fm
2
e

πh̄2 we

integrate over ϕ and write

1

V
σ =

∫
(2π)

σ0E
2
ν

64πm2
e

(g2
a(3 sin θ − cos θ sin θ)(nn + np)SA + (sin θ + cos θ sin θ)nnSV dθ (D.4)

Finally after integrating over θ and rearranging we get

1

V
σ =

σ0E
2
ν

16m2
e

((3g2
aSA + SV )nn + 3g2

aSAnp) (D.5)

Taking SA → 1 , SV → 1

1

V
σ =

σ0E
2
ν

16m2
e

((3g2
a + 1)nn + 3g2

anp) (D.6)

1

V
σ = (σνn→νn)nn +

σ0E
2
ν

16m2
e

3g2
anp (D.7)
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and since this form already approximates the proton vector coupling component as Cpv ≈ 0 and

CpA = −1/2 we get

1

V
σ = (σνn→νn)nn +

σ0E
2
ν

4m2
e

(Cpv + 3g2
aC

p
A)np) (D.8)

1

V
σ = (σνn→νn)nn + (σνp→νp)np (D.9)

Noting that the cross section per volume is equivalent to the inverse mean free path we can see that

this corresponds to the non-interacting cross sections used in previous work[9].
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Appendix E

Effective Mass

The Skyrme parameters described in the previous section are adjusted based on experimentally

observed quantities and ab initio constraints based on more fundamental theories. In this section

one variable is examined, the effective mass. The effective mass is the mass a particle appears to

have when present in a mean field. If kinetic energy increases in proportion to momentum squared

times mass in a non-interacting system, we define the effective mass as the factor by which energy

increases in the system for a given increase in momentum squared. It is also important for the

evaluation of some of our response functions in the next section, and thus, will effect our neutrino

scattering.

First examine the Hamiltonian. It is a functional of the particle-hole one body density

hij =
δE

δρji
. (E.1)

After decomposing the one body density into the local densities used in earlier sections, we can

represent it as a function of various different mean fields

lUq =
δE

δρq
, Bq =

δE

δτq
, Wq =

δE

δJq
(E.2)

Aq =
δE

δjq
, Sq =

δE

δsq
, Cq =

δE

δTq
(E.3)

here q represents either a proton or a neutron. Of interest to us in this section is the field B,

because it gives us the amount the degree to which energy of the single particle varies vs kinetic

energy density (which in the case of non-interacting particles would be exactly the mass). Grouping
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all other fields together in mean field Γ we get the following one body Hamiltonian

hq = −∇ ·Bq∇+ ΓT (E.4)

and applying this to our wave function we get

εq = Bqp
2 + Uq (E.5)

.

From this we can see that the field B is equal to 1
2m∗q

, where m? is the effective mass. In equations

E.2 through E.5 we could also use the indices T=0 and T=1. Using the T=0 index will give the

isoscalar effective mass. We also have an isovector mass that describes the effective mass of a nucleon

in pure neutron matter(PNM). These effective masses are related to each other as follows .[67]

1

2m?
isoscalar

= BT=0 (E.6a)

1

2m?
isovector

= BT=0 −
ET=1
Skyrme

δτ
(E.6b)

1

2m?
q

=
1

2m?
isoscalar

±np I(
1

2m?
isoscalar

− 1

2m?
isovector

) (E.6c)

and here

I =
ρp − ρn
ρp + ρn

(E.7)

Effective mass can be an important tool to constrain our Skyrme energy density functionals.

For example, a common constraint is that the isoscalar effective mass be 0.8M when the system

is at saturation density. This density of 0.8M has experimental backing from the examining deep

nucleons in heavy even nuclei. By using this constraint, we produce more accurate nuclei mass

results[79]. Isovector mass however is much harder to constrain and for asymmetric systems, like

the astrophysical ones of interest to us, it is potentially important. Constraints upon the isovector

mass can be based upon theoretical expectations of how pure neutron matter should behave. In

the Figure E.1 we plot the effective masses of neutrons in pure neutron matter for a select group

of Skyrme parameterizations. As can be seen, there is much variation depending on which Skyrme

parameterization we use.
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Figure E.1: We have plotted Isoscalar effective mass in SNM(symetric nuclear matter) and the
Isovector/neutron effective mass in PNM up to typical saturation density of 0.16fm−3
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In the standard Skyrme model the isovector and isoscalar effective masses would simply be

h̄2

2m?
scalar

=
h̄2

2m
+ Cτ0 ρ0 (E.8a)

h̄2

2m?
vector

=
h̄2

2m
+ ρ0(Cτ0 − Cτ0 ) (E.8b)

This relationship can get more complex and needs to account for to explain certain instabilities

in nuclear matter, that appear when investigating RPA response functions[67]. These are the same

RPA responses that we use to calculate cross sections.
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Appendix F

Skyrme Parameterizations

This section gives the parameters for all Skyrme parameterizations used in this thesis and a way to

convert them from force parameters to functional to functional parameters we presented in chapter

three.
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F.1 Converting to functional constants from force constants

Cρ0 =
3

8
t0 +

3

48
t3ρ

γ
0(r)

Cρ1 = −1

4
t0

(
1

2
+ x0

)
− 1

24
t3

(
1

2
+ x3

)
ργ0(r)

C∆ρ
0 = − 9

64
t1 +

1

16
t2

(
5

4
+ x2

)
,

C∆ρ
1 =

3

32
t1

(
1

2
+ x1

)
+

1

32
t2

(
1

2
+ x2

)
Cτ0 =

3

16
t1 +

1

4
t2

(
5

4
+ x2

)
Cτ1 = −1

8
t1

(
1

2
+ x1

)
+

1

8
t2

(
1

2
+ x2

)
Cs0 = −1

4
t0

(
1

2
− x0

)
− 1

24
t3

(
1

2
− x3

)
ργ0(r),

Cs1 = −1

8
t0 −

1

48
t3ρ

γ
0(r)

C∆s
0 =

3

32
t1

(
1

2
− x1

)
+

1

32
t2

(
1

2
+ x2

)
+

3

32
(te − to)

C∆s
1 =

3

64
t1 +

1

64
t2 −

1

32
(3te + to) ,

CT0 = −1

8
t1

(
1

2
− x1

)
+

1

8
t2

(
1

2
+ x2

)
− 1

8
(te + 3to)

CT1 = − 1

16
t1 +

1

16
t2 +

1

8
(te − to)

CF0 =
3

8
(te + 3to)

CF1 = −3

8
(te − to)

C∇s0 =
9

32
(te − to)

C∇s1 = − 3

32
(3te + to) ,

C∇J0 = −3

4
W0

C∇J1 = −1

4
W0
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F.2 SLY4

t0 = −2488.913

t1 = 486.818

t2 = −546.395

t3 = 13777.000

x0 = 0.834

x1 = −0.344

x2 = −1.000

x3 = 1.354

W0 = 123.000

te = 0

to = 0

γ = 1/6

F.3 SLY4T

t0 = −2488.913

t1 = 486.818

t2 = −546.395

t3 = 13777.000

x0 = 0.834

x1 = −0.344

x2 = −1.000

x3 = 1.354

W0 = 123.000

te = 249.1928

to = −149.4288

γ = 1/6
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F.4 FIT3B1

This parameterization makes use of a whole bunch of extra three-body terms that we do not expand

upon in this thesis but if the reader is interested we refer them to Sadoudi’s thesis [66]. There the

formalism behind these extra parameters are discussed and a fitting procedure to infinite nuclear

matter is provided, as well as the new form of the energy density functional.

t0 = −1206.3433

t1 = 564.88391

t2 = −52.52855

x0 = 0.2839922

x1 = −0.2337787

x2 = 0.213154

te = 0

to = 0

u0 = 5589.4920

u1 = −2181.1193

u2 = −1562.119

y1 = −0.5378501

y21 = −1.024167

W0 = 127.08765
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F.5 f0

t0 = −1849.0818033659534

t1 = 477.27674917690479

t2 = −412.82454851349831

t3 = 14035.191900705635

t4 = −4331.2353220116838

x0 = 0.8243494587414779

x1 = −0.1374687095277159

x2 = −0.9155803001719892

x3 = 1.7804744217219679

x4 = 3.2957554942715306

W0 = 129.19039119593694

γ = 0.3333333333333333

β = 0.6666666666666666

where β is meaningful in an expanded form of the Skyrme interaction as given as

v′i,j = vi,j +
1

2
t4 (1 + x4Pσ)

1

h̄2

{
p2
ijρ(r)βδ (rij) + δ (rij) ρ(r)βp2

ij

}
+ t5 (1 + x5Pσ)

1

h̄2pij · ρ(r)γδ (rij)pij
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[56] S.-O. Bäckman, G.E. Brown, and J.A. Niskanen. The nucleon-nucleon interaction and the

nuclear many-body problem. Physics Reports, 124(1):1–68, 7 1985.

[57] Matthias Hempel and Jrgen Schaffner-Bielich. A statistical model for a complete supernova

equation of state. Nuclear Physics A, 837(3-4):210–254, 2010.

[58] G. A. Lalazissis, J. König, and P. Ring. New parametrization for the Lagrangian density of

relativistic mean field theory. Physical Review C - Nuclear Physics, 55(1):540–543, 1997.
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