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ABSTRACT

A MATHEMATICAL MODEL OF DISCRETE ATTACHMENT TO A CELLULOLYTIC

BIOFILM USING RANDOM DES

Jack M. Hughes Advisor:

University of Guelph, 2021 Dr. Hermann J. Eberl

We propose a new mathematical framework for the addition of stochastic attachment to

biofilm models via the use of random ordinary differential equations. We focus our approach

on a spatially explicit model of cellulolytic biofilm growth and formation that comprises

a PDE-ODE coupled system to describe the biomass and carbon respectively. The model

equations are discretized in space using a standard finite volume method. We introduce

discrete attachment events into the discretized model via an impulse function with a standard

stochastic process as input. We solve our model with an implicit ODE solver. We provide

basic simulations to investigate the qualitative features of our model. We then perform a

grid refinement study to investigate the spatial convergence of our model. We investigate

model behaviour while varying key attachment parameters. Lastly, we use our attachment

model to provide evidence for a stable travelling wave solution to the original PDE-ODE

coupled system.
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Chapter 1

Introduction

This chapter provides the introductory material for this thesis. We start by providing a

basic description of biofilms, various practical uses for biofilms and a short overview of

biofilm modelling. We then describe how biomass from the aqueous phase attaches to pre-

existing biomass and the substratum for which the biomass is attached. We then outline

our modelling objective, which leads to a description of cellulolytic biofilms and how they

fundamentally differ from the traditional biofilms studied in the literature. Next, we examine

previous models that capture the phenomenon we desire and how we seek to improve on some

of their shortcomings. Lastly, we close with an outline of the remaining chapters in this thesis.

1.1 Biofilms

Bacterial biofilms are microbial depositions on immersed solid abiotic or biotic surfaces. Once

attached, they form a self-secreted matrix of extracellular polymeric substance (EPS) that

provides an adhesion mechanism to the surface and structural stability. The EPS is assumed

to be mostly composed of polysaccharides, but it may contain nucleic acids and proteins.

The bacterial cells become sessile and are protected from anti-microbials and mechanical

stress due to the EPS [8, 19, 27].

Like most other microbial colonies, bacterial biofilms can be both harmful and beneficial.

For example, biofilms can cause infectious disease that is hard to treat with antibiotics due

to the EPS matrix. These biofilms can form on medical implants, which, along with the

aforementioned infection issue, can cause these devices to become ineffective or outright

fail [42]. They are also found in the dental field in the form of plaque [28]. In industrial

machinery, biofilms can lead to biocorrosion and biofouling, which reduces the efficiency of
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the equipment [35]. In a food processing context, biofilms can lead to microbial infections.

In terms of beneficial uses for biofilms, biofilm-based technologies have been developed for

wastewater treatment, and more recently, in soil remediation and groundwater protection,

where the biofilms provide the means of contaminant removal [36].

The surface to which the biofilm attaches is called the substratum. Some substrata are

impenetrable and inert such as rocks or plastic. However, we will be considering substrata

that are reactive and can be degraded. These degradable substrata can play a vital role in

the biofilm development cycle as they can provide the nutrients needed for biofilm growth

and proliferation, which is the main focus of the cellulolytic biofilms we will discuss later.

Biofilms require nutrients to grow, which we call substrates. Substrates are either

transported by the substratum or supplied by the surrounding environment through diffusion

or advection. Depending on the availability, rate of delivery, and local concentrations of

substrates, biomass growth may be slow and limited in specific locations, while in other

locations, the biomass may be fast-growing and abundant. If we assume the availability of

substrates is not a growth-limiting factor, then the metabolic growth rate of the biofilm will

determine the generation of biological by-products, and the uptake of substrates [45].

A biofilm community typically consists of many separated sub-colonies, which may merge

and form into colonies. Macroscopically, biofilm communities are homogeneous, meaning

they look like a thin film covering the substratum. However, such structural differences

become apparent at the mesoscopic level (10µm−1mm in this case). At these scales, the

heterogeneity of a biofilm community manifests itself. Factors such as specific growth rate,

maximum cell density, and substrate concentration determine the level of heterogeneity of

the biofilm community. For instance, in situations where the substrate concentration is high,

a thick homogeneous biofilm layer forms, whereas the deficiency of substrate concentration

results in a patchy filament-like heterogeneous colony formation [40] (see Figure 1.1).

1.2 Attachment Phenomenon

The formation of biofilms onto the substratum typically occurs via the physical attachment

of free-floating bacteria in the aqueous phase surrounding the substratum by forming a

firm physiochemical bond. One possible source of free-floating bacteria is from biomass

detachment as a result of shear forces exerted on the biofilm from a fluid [40]. The possibility

of adhesion of bacterial cells to a certain position on the substratum can be influenced by

many factors, including [1]:
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Figure 1.1: Schematic diagram of a biofilm community with filament-like colonies.

� Bacterial characteristics: surface charge, appendages, hydrophobicity, etc.,

� Environment: temperature, bacterial concentration, chemical treatment, etc.,

� Substratum properties: chemical composition, roughness, physical configuration, etc.,

� Hydrodynamics in the aqueous phase and possibly fluid-structure interaction if the

substratum is not rigid.

Hence, the attachment and adhesion of biomass to the substratum depends on numerous

parameters. When modelling attachment, this implies that many model parameters are

required to capture this phenomenon. Including all of these different parameters in a model

will likely make the model too complex. However, one possible mathematical simplification

of this process is to consider the attachment phenomenon as a random event at each location

of the substratum, where all the underlying mechanisms are lumped together into one

driving stochastic process per location on the substratum. In other words, we view the

attachment phenomenon as a random behaviour of the cells in the aqueous phase for which

the underlying mechanisms of attachment are not considered. Thus, whatever processes may
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affect attachment at a given time and with a given set of system parameters are driven by

a stochastic process at each inoculation point of the substratum.

1.3 Modelling Objective and Application

The primary focus of this thesis is the mathematical modelling of discrete stochastic cell

attachment and how this attachment may affect the spatial and temporal evolution of

biofilms. However, we also seek to use our model to investigate random perturbations of

the deterministic system, namely, investigating the stability of travelling wave solutions.

The overall goal is to adapt the mathematical framework presented in [33] (see Section 1.5).

The model presented in [33] had two major shortcomings, difficulty in model analysis and

slow simulation times. The difficulty in model analysis comes from the stochastic differential

equations (SDEs) formalism, while the slow simulation times come from small step-sizes

caused by the explicit method used. Therefore, we use random ordinary differential equations

(RODEs), which allows us to use ODE theory and numerics path-wise (see Section 2.2.1).

Barring computational costs, we want our modelling framework to apply to biofilms of

different types and morphologies and in any number of spatial dimensions. However, for

analysis and simulation purposes, we apply our modelling framework to the case of 2D

cellulolytic biofilms. Cellulolytic biofilms mainly arise in the biofuel production industry,

and they have specific characteristics that we will exploit (see Section 1.4). In experiments

conducted using cellulolytic biofilms, it has been observed that cells in the aqueous phase

randomly attach to the substratum, to produce more colonies, or to the pre-existing biomass

[10, 44]. The attachment phenomenon is assumed to be a discrete process and is characterized

in terms of the adhesion factors discussed in Section 1.2; however, the attachment phenomenon

is not very well-understood. Our approach to modelling discrete stochastic attachment to

cellulolytic biofilms is heavily based on these observations while improving previous work.

1.4 Cellulolytic Biofilms

Biofuels are an alternative fuel source in the transportation sector in place of fossil fuels

and can be implemented in the existing infrastructure. A significant benefit of biofuels is

that it is an abundant renewable resource and has a net-zero carbon dioxide release into the

atmosphere. However, the production of biofuels using food products, such as sugars, starch,

fats, and oils, is not sustainable due to high and increasing demand for food [1]. Therefore,
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it is better to use inedible resources, such as lignocellulose1, to produce biofuels. The annual

production of cellulosic ethanol in the US from lignocellulosic resources was estimated at 53

billion gallons in 2016 [24].

The production of cellulosic ethanol is considered achievable for lignocellulosic biomass.

However, a few difficulties arise, including biomass recalcitrance, which is associated with the

resistance of cell walls to enzymatic deconstruction, and the heterogeneity of the substrate

caused by the complex structure of lignocellulose [26]. Therefore, the lignocellulose biomass

needs to be treated and prepared before it can be extracted. In consolidated bioprocessing

(CBP), cellulolytic bacteria perform fermentation and hydrolysis of the sugars in solid

lignocellulosic substances [26, 34]. CBP requires micro-organisms that are highly efficient at

fermenting the resultant sugars and producing cellulolytic enzymes. The micro-organisms

should also produce little by-product and be able to live in environments with high levels of

ethanol.

Common bacteria used in CBP include Clostridium thermocellum and Caldicellulosiruptor

obsidiansis, which consume cellulosic substrate and form cellulolytic biofilms [10, 30]. These

cellulolytic biofilm colonies are distributed spatially and evolve temporally [44]. Cellulolytic

biofilms form very little EPS, attach directly to the substrate, and are typically monolayers

[10, 44]. These cellulolytic biofilms differ from the traditional biofilms, which grow into the

aqueous phase that contains the substrates. These cellulolytic biofilms carve out crater-like

structures in the substratum, which are referred to as inverse colonies [44]. Cellulolytic

biofilms form and grow through several stages (see Figure 1.2):

1. Initial cell attachment to the substratum,

2. Cell growth and division,

3. Inverted colony formation,

4. Emergence of crater-like structures due to substrate consumption and substratum

degradation,

5. Radial growth of the crater-like depressions and the eventual coalescence of the crater-

like structures,

6. Formation of a uniform-thickness biofilm.

1Lignocellulose is composed of carbohydrate polymers (cellulose, hemicellulose), and an aromatic polymer
(lignin).
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The different stages of the spatiotemporal evolution of biofilms formed by C. obsidiansis

on cellulose chads are captured by a confocal laser scanning microscope and are visualized

in Figure 1.3 [44]. The crater-like structures that form are provided in Figure 1.4 [44].

1

2

3

4

5
6

Figure 1.2: Schematic diagram of the six stages of cellulolytic biofilm formation: 1) initial
cell attachment, 2) cell growth and division, 3) inverted colony formation, 4) emergence
of the crater-like formation, 5) further growth and merging of craters, 6) uniform biofilm
formation [44].

Figure 1.3: Distribution of C. obsidiansis cells on a cellulose chad after a) 0h, b) 8h, c) 16h,
d) 24h, e) 44h, f) 48h, g) 56h, and h) 68h. The radius of the craters is ≈ 40µm [44].
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Figure 1.4: Crater formation by C. thermocellum. a) top view, b) cross-sectional view.
Length scale = 10µm [44].

1.5 Background of Cell Attachment Modelling

The mathematical modelling of stochastic attachment of cells to cellulolytic biofilms has been

addressed in two different works. First in an ad hoc manner by modifying a deterministic

model of cellulolytic biofilms [13]. Secondly, [33] developed a model by first discretizing the

deterministic model from [13] and then applied an additional term to the biomass ODEs using

their attachment factor, which converted their model to an SDE. Therefore, both models

have the same deterministic part that deals with the formation and temporal evolution of

cellulolytic biofilms and is described by a highly nonlinear degenerate coupled system of

a partial differential equation (PDE) and an ordinary differential equation (ODE) for the

biomass density and substrate concentration respectively.

The model in [13] has an ad hoc inclusion of stochastic cell attachment via the addition

of an impulse function to the biomass equation. The modelling mechanism behind the

impulse function works as follows. If a certain quantity (Q) is greater than a uniform

random number over [0, 1], then the impulse function becomes non-zero, and a fixed amount

of biomass is added to the PDE; otherwise, the value of the impulse function is zero, and

hence no biomass is added. The quantity Q is defined based on a few assumptions on the
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likelihood of an attachment event occurring. An attachment event is less likely to occur

if the location has a large quantity of biomass, M, or the substrate concentration, C, is

too low, i.e. Q ∝ (1 − M) × C, where we assume 1 is the upper bound of the biomass.

By formulating the attachment phenomenon in this way, [13] was able to reproduce the

qualitative behaviour of the cellulolytic biofilms with cell attachment. This can be seen from

the graphical visualization taken from [13] (see Figure 1.5) and the comparison with the

experimental observations given in Figure 1.3.

Although the approach taken in [13] reproduces the expected qualitative behaviour, it has

no mathematical framework and is based on no stochastic process. In particular, the model

cannot be written as a stochastic or random (partial) differential equation. Moreover, since

the goals of this thesis are to introduce a mathematical framework for cellular attachment,

this model will not suffice.

Figure 1.5: An example simulation of the PDE-ODE coupled system with random
attachment and a central initial condition presented in [13]. Here M stands for the biomass
concentration (0 ≤ M ≤ 1). Note the inverse colony formation mainly in the center. cf.
Figure 1.3 and Figure 1.4.

The model in [33] seeks to utilize the insight gained from [13] while being able to keep

a mathematical framework. In order to capture cellular attachment [33] added a similar

impulse term to the biomass equation, except they used a mollification of the impulse function

and introduced an attachment factor for each grid cell of the domain. The attachment

factor is a stochastic process based on the construction of Q given above, with no drift

term. The attachment factor was simulated alongside the biomass and substrate equations.

The model given is a stochastic differential equation (SDE) with the necessary regularity
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properties to gain valuable analytical insights. Similar to the model presented in [13], the

model along with the numerical method in [33] reproduced the qualitative behaviour of the

system (see Figure 1.6). However, there are still significant downsides to this approach. The

first being the similar ad hoc nature with the attachment factor, and the second being the

numerical implementation. The idea behind the numerical method for solving this model

was to use the simplest method available. For that reason, [33] used the Euler-Maruyama

method with a time-stepping approach based on an adaptation of the well-known Courant-

Friedrichs-Lewy (CFL) condition. The downside with the numerical method stems from the

fact that the discretized diffusion-reaction equations are typically stiff [38], especially with

the nonlinear diffusion coefficient used in this model. Therefore, the time-step required to

maintain stability is quite small.

Figure 1.6: An example simulation of the SDE random attachment model presented in [33].
Here M stands for the biomass concentration (0 ≤M ≤ 1).

There exist other attachment modelling strategies in the literature. For example, in [7],

attachment was added to their 3D biofilm model via a pre-determined function of time.

In other models, the attachment of biomass is prescribed as a function of the biomass

concentration in the aqueous phase [16, 17, 29] typically the function αu, where α is the

attachment rate and u is the concentration of biomass in the aqueous phase, is used. The

attachment terms in both cases are not related to any underlying mechanism and are just

added to introduce attachment. This is similar to the previous approaches for cellulolytic

biofilms from [13, 33] and to the approach we will present. However, in our models, we

benefit from the stochastic nature of attachment, which might be a more realistic underlying
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mechanism.

1.6 Outline of the Thesis

In chapter 2, we provide a detailed description of the original model introduced in [13].

Included in the description of the original model is a discussion on the validity of a spatial

discretization along with some analysis of the discrete system. We then proceed to the

introduction of our discrete attachment model. We describe random ordinary differential

equations (RODEs) and then introduce our mathematical model and provide similar analysis

to the original deterministic model.

Chapter 3 details the numerical methods and computational implementation of our

model. We elaborate on why we use our specific methods and provide some simulations

of the original deterministic model to illustrate the validity of our numerical methods.

All simulations of our attachment model are presented in Chapter 4. First, we provide

some typical simulations showcasing the 2D transients of our model. We then provide a grid

refinement study, an investigation on key attachment parameters, and an investigation into

the stability of travelling wave solutions to the original PDE-ODE coupled system.

Chapter 5 discusses the shortcomings of our model, along with some further justification

for our simulation choices. Finally, Chapter 6 provides lessons learned and the next steps

for future work with our proposed framework.
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Chapter 2

Mathematical Model

This chapter gives a detailed description of the underlying PDE-ODE coupled model of

cellulolytic biofilm growth developed in [13], which we discretize in space to transform the

PDE-ODE coupled system into an ODE system. We also discuss how a regularization of

the system of ODEs converges to the continuous PDE-ODE model and provide analysis

on the well-posedness and long-term behaviour of this regularized model. We finish by

adding stochastic cell attachment via a mollified impulse function in a similar manner to

[33]. However, instead of a system of SDEs, we convert our model to a system of RODEs

and drop the attachment factor in favour of the standard Wiener process. We finish by

performing basic analysis on a slightly different regularization of the RODE system.

2.1 A Spatially Explicit Continuum Model

Deterministic differential equation models are formulated on the assumption that ensemble

behaviour of the system can be described by the average behaviour of the individuals in

the system [13]. These types of models allow for a more straightforward and concise

formulation of the underlying processes, which can easily lend themselves to modelling large-

scale processes, e.g. reactor scale. The primary purpose of the present deterministic model

is to provide a framework for the qualitative behaviour of cellulolytic biofilm growth and

formation since little quantitative data exists. Using standard visualization techniques, one

can reproduce the qualitative features of the experiments done in [10, 44].

We start by describing the underlying deterministic model introduced in [13], which

includes the model assumptions and governing equations. We then discretize the model in

space using a finite volume scheme. We then finish this section with a regularization to the
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model allowing for some model analysis, including the convergence of the discretized ODE

system to the full PDE-ODE continuum model, well-posedness, and long-term behaviour.

2.1.1 Model Assumptions

The model from [13] is an adaptation of the model described in [14] to the case of cellulolytic

biofilms. The aqueous phase does not explicitly appear in the model formulation. The model

assumptions are given below.

1. The local capacity of the substratum for accommodating biomass is limited.

2. The only growth-limiting substrate is carbon. The carbon is only present inside the

substratum and is assumed to be immobile, i.e. it does not diffuse. The carbon is

consumed for bacterial growth.

3. The spatial distribution, production, and movement of biomass only depends on the

local availability of space and nutrients in the substratum. The biofilm does not exhibit

notable expansion if the local amount of nutrients and available space is adequate.

4. Carbon is consumed by the bacteria and converted into new cells. We assume that

biomass growth and carbon degradation are governed by standard saturation kinetics.

5. Cells are lost from the biofilm either by detachment or cell lysis. Both processes are

combined into one process and are proportional to the local biomass density. Once

carbon becomes depleted, biofilm growth ceases, and the loss of cells becomes the

dominant process.

6. No cellular attachment occurs from the aqueous phase.

2.1.2 Governing Equations

The dependent variables in the model are the local biomass density M = M(t, x) and the

carbon substrate concentration C = C(t, x). The model is a coupled system of a PDE

describing the spatiotemporal evolution of the biomass density and an ODE describing the

evolution of the carbon concentration. We formulate the model in a rectangular spatial
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domain Ω ⊂ Rd for d = 1, 2, 3. The model is given by

∂tM = ∇ · (D(M)∇M) + F (C)M, (t, x) ∈ (0,∞)× Ω, (2.1)

∂tC = −G(C)M, (t, x) ∈ (0,∞)× Ω. (2.2)

Here D(M) is the biomass diffusion coefficient, F (C) is the net biomass growth rate, and

G(C) is the uptake rate of the carbon substrate. The substrate uptake rate is the only

driving factor in (2.2) since there is no transport of carbon by model assumption 2. This is

in contrast to the modelling framework presented in [14]. The actual biofilm consists of the

sub-region of the domain Ω defined by

ΩM(t) := {x ∈ Ω |M(t, x) > 0}.

Following [13, 14, 33], we define the biomass density dependent diffusion coefficient by

D(M) := δ
Mα

(M∞ −M)β
, α, β ≥ 1, (2.3)

where δ > 0 is the motility coefficient and M∞ > 0 is the maximum biomass density described

by model assumption 1.

The diffusion coefficient exhibits two distinct cases of behaviour: (i) if the local biomass

density is low, then little diffusion will occur, meaning the substratum can accommodate

additional biomass (in accordance with model assumption 1); (ii) if the local biomass density

is high, then the biomass will approach super diffusion behaviour and the biomass will travel

quickly to neighbouring locations (in accordance with model assumption 3). These diffusion

effects are caused by the underlying behaviour of the nonlinear diffusion coefficient. For

0 ≤ M � M∞, the diffusion coefficient can be approximated by a degenerate power law,

which is known from the porous medium equation, i.e. D(M) ≈ Mα, which approaches 0

as M → 0. From [12], we know that if the initial data have compact support, then so does

the solution. Therefore, the degenerate power-law creates an expanding biofilm colony with

a sharp front. The exponent α in the diffusion coefficient controls how much biomass can be

accommodated locally before a noticeable expansion into neighbouring regions occurs. When

0 � M < M∞, the biomass density approaches the singularity in the diffusion coefficient

and super diffusion dominates, i.e. D(M) ≈ (M∞ − M)−β. The exponent β determines

the severity of the super diffusion. Both diffusion modes are required to ensure expansion

with finite speed (due to the degenerate power-law) and to have the local volume filling
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effect (due to the super diffusion), as neither expression alone can accurately describe both

of these effects [13].

The net biomass growth rate is composed of the biomass growth rate and the cell loss rate.

By model assumption 5, the cell loss rate includes both cell lysis and detachment of viable

bacteria into the aqueous phase. By model assumption 2, carbon is the only growth-limiting

substrate in the system, and by model assumption 4 we have that the biomass growth rate

is described using Monod kinetics [31]. Therefore, the net growth rate is given by

F (C) = µ
C

κ+ C
− λ, (2.4)

where µ > 0 is the maximum specific growth rate, κ > 0 is the half-saturation constant, and

λ > 0 is the cell loss rate.

The uptake rate of the carbon substrate is modelled using the standard Monod saturation

kinetics [31] by model assumption 4 and is given by

G(C) = Υ
C

κ+ C
, (2.5)

where Υ > 0 is the maximum specific consumption rate. The Monod kinetics used in both

the net biomass growth rate and the uptake rate of the carbon substrate satisfy model

assumption 4 since, they are both roughly constant whenever C � κ and are roughly

proportional whenever 0 ≤ C � κ.

Biomass is restricted to the domain Ω and it is thus natural to impose homogeneous

Neumann conditions on (2.1), i.e.

∂nM(t, x) = 0, x ∈ ∂Ω, (2.6)

where ∂n denotes the outward normal derivative and ∂Ω the boundary of Ω. We also impose

the initial condition

M(0, x) = M0(x). (2.7)

We assume that M0(x) > 0 in small pockets of Ω and M0(x) = 0 everywhere else. Lastly,

we impose the initial carbon concentration

C(0, x) = C0(x), (2.8)
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where we assume C0(x) > 0 in Ω. In general, C0(x) can depend on the spatial position x;

however, in most of our simulations we restrict ourselves to the case where C0(x) = C∞ =

const as in the experiments conducted in [10, 9, 44], which used homogeneous paper chads.

In preparation for numerical simulations, we non-dimensionalize (2.1) and (2.2) similar

to [33]. To do this we introduce the dimensionless parameters for M,C, x, t these parameters

become

x̃ :=
x

L
for i ≤ d, (2.9a)

t̃ := µt, (2.9b)

M̃ :=
M

M∞
, (2.9c)

C̃ :=
C

C∞
, (2.9d)

where L is the characteristic length of the domain Ω. 1/µ is the characteristic time scale

for biomass growth and is used as our time scale for the dimensionless model, this coincides

with the work done in [33]. This leads to the dimensionless parameters

κ̃ :=
κ

C∞
, (2.10a)

Υ̃ :=
M∞Υ

C∞µ
, (2.10b)

λ̃ :=
λ

µ
, (2.10c)

δ̃ :=
δM

(α−β)
∞

µL2
. (2.10d)

Therefore, our dimensionless model becomes

∂t̃M̃ = ∇̃ · (D̃(M̃)∇̃M̃) + F̃ (C̃)M̃, (2.11)

∂t̃C̃ = −G̃(C̃)M̃, (2.12)
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where

D̃(M̃) = δ̃
M̃α

(1− M̃)β
, (2.13)

F̃ (C̃) =
C̃

κ̃+ C̃
− λ̃, (2.14)

G̃(C̃) = Υ̃
C̃

κ̃+ C̃
. (2.15)

The boundary data remains the same; however, the initial data becomes

M̃(0, x̃) = M̃0(x̃), C̃(0, x̃) = 1. (2.16)

To simplify notation, we drop the tildes.

2.1.3 Spatial Discretization

For simulation purposes and to introduce our attachment term, we follow the Method of

Lines approach and convert our PDE into a system of ODEs by spatial discretization. We

use the standard finite volume method as introduced in [18] for use on this model.

We place an N × K uniform grid onto the rectangular domain1 Ω = [0, L] × [0,W ].

Equation (2.1) is integrated over each grid cell νi,j, and using the Divergence Theorem we

obtain

d

dt

∫
νi,j

MdV =

∫
∂νi,j

JndS +

∫
νi,j

F (C)MdV, for i = 1, ..., N, j = 1, ..., K, (2.17)

where the area integral of ∇ · (D(M)∇M) is converted to a surface integral of the outward

normal vector and Jn is the corresponding flux out of the grid cell νi,j. We evaluate the

biomass and carbon concentration at the center of each grid cell, i.e. with our N ×K grid

and the grid indices i, j we have

Mi,j(t) := M(t, xi, yi) ≈M

(
t,

(
i− 1

2

)
∆x,

(
j − 1

2

)
∆x

)
, (2.18)

Ci,j(t) := C(t, xi, yi) ≈ C

(
t,

(
i− 1

2

)
∆x,

(
j − 1

2

)
∆x

)
, (2.19)

1Here we focus on the two dimensional case.
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where ∆x := L/N = W/K is the side lengths of the grid cell. The area integrals and the

flux integral in (2.17) at each cell are evaluated using the midpoint rule. The fluxes need

to be computed at the edge of the grid cell, which means we need to evaluate the diffusion

coefficient at these positions. To do this, we follow the approach done in [12, 33] where the

flux across two adjacent cells is computed as the arithmetic mean of the diffusion at the

center of each cell. The spatial derivatives of M are approximated using the central finite

difference formula. For notational convenience, we define the set

Ni,j :=

{(
i+

1

2
, j

)
,

(
i− 1

2
, j

)
,

(
i, j +

1

2

)
,

(
i, j − 1

2

)}
, (2.20)

which gives the discretization approximation of (2.11) as

dMi,j

dt
=

1

∆x

∑
σ∈Ni,j

Jσ + Fi,jMi,j, (2.21)

where Fi,j = Ci,j/(κ+ Ci,j)− λ. Using the boundary conditions (2.6), the flux terms Jσ are

given by

Ji+ 1
2
,j =

 1
2∆x

(D(Mi+1,j) +D(Mi,j))(Mi+1,j −Mi,j) for i < N,

0 for i = N,
(2.22)

Ji− 1
2
,j =

0 for i = 1,

1
2∆x

(D(Mi,j) +D(Mi−1,j))(Mi−1,j −Mi,j) for i > 1,
(2.23)

Ji,j+ 1
2

=

 1
2∆x

(D(Mi,j+1) +D(Mi,j))(Mi,j+1 −Mi,j) for j < K,

0 for j = K,
(2.24)

Ji,j− 1
2

=

0 for j = 1,

1
2∆x

(D(Mi,j) +D(Mi,j−1))(Mi,j−1 −Mi,j) for j > 1.
(2.25)

Applying the same discretization to (2.12) gives

dCi,j
dt

= −Gi,jMi,j, (2.26)

where Gi,j = ΥCi,j/(κ+Ci,j). Since the carbon is immobile in the substratum, there are no
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fluxes across grid cells. We also introduce the lexicographical ordering

π : {1, ..., N} × {1, ..., K} → {1, ..., NK}, π(i, j) = (i− 1)K + j. (2.27)

With this ordering we can compactly write our model as a system of 2NK ODEs. We first use

the notation that M = (M1, ...,MNK)T and C = (C1, ..., CNK)T where Mp = Mπ(i,j) := Mi,j

and Cp = Cπ(i,j) := Ci,j. Therefore, our discretized system is given by

dM

dt
= D(M)M + F (C)M ,

dC

dt
= −G (C)M .

(2.28)

D(M ), F (C), and G (C) are NK × NK matrices. The entries of D(M ) are the entries

corresponding to the discretized diffusion coefficient and thus, are calculated using the first

term of (2.21). The entries of F (C) and G (C) are calculated using the net growth rate and

uptake rate for each Cp, respectively.

Remark 2.1.1. The matrix D(M) is symmetric and weakly diagonally dominant with non-

negative off-diagonal entries and non-positive diagonal entries [33]. Therefore, D(M ) is

negative semi-definite. The matrices F (C) and G (C) are diagonal matrices with diagonal

entries fpp = f(Cp) and gpp = G(Cp). If Cp = 0, then fpp = −λ, the natural cell loss rate,

and gpp = 0.

2.1.4 Regularization of the Model Equations

The standard results from ODE theory that are used to prove existence, uniqueness, and

boundedness of solutions, are not applicable to our model because of the singularity in the

diffusion coefficient. Therefore, similar to [15, 18], we regularize the diffusion coefficient.

Our regularized diffusion coefficient is given by

Dε(M) =

δ
(M+ε)α

(1−M)β
, 0 ≤M ≤ 1− ε,

δε−β, M > 1− ε.
(2.29)

with regularization parameter 0 < ε � 1. The regularized diffusion coefficient allows us to

re-write our PDE-ODE coupled system (2.1) and (2.2) and the spatially discretized version
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(2.28) as

∂tM
ε = ∇ · (Dε(M

ε)∇M ε) + F (Cε)M ε, (2.30)

∂tC
ε = −G(Cε)M ε, (2.31)

and

dM ε

dt
= Dε(M

ε)M ε + F (Cε)M ε, (2.32)

dCε

dt
= −G (Cε)M ε, (2.33)

respectively. Here, the superscript ε is used to illustrate that the solution is to the regularized

system.

It has been shown that the solutions of (2.30) and (2.31) with diffusing substrates and

homogeneous Dirichlet boundary conditions converge to the solutions of the original PDE-

ODE system (2.1) and (2.2) as ε → 0. Furthermore, the biomass density of the regularized

problem, again with diffusive substrate and homogeneous Dirichlet boundary conditions, is

bounded above, namely M ε ≤ 1 − η for some η > 0 [15]. The existence, uniqueness, non-

negativity, and boundedness of the solutions to the regularized problem (2.32) and (2.33)

with diffusing substrate, mixed boundary conditions, initial data in [0, 1] and sufficiently

small ε has been shown in [18]. It was also shown in [18] that as ε → 0 the solutions of

(2.32) and (2.33) converge to (2.28). Therefore, we have sufficient evidence to suggest that

our underlying discretized deterministic model will adequately capture system behaviour.

To cement our argument, we perform some of the analysis done on the model presented in

[18], on our version of the model. We present global existence and uniqueness, boundedness

by a constant for all time, and long-term behaviour. For the following results, we denote by

1 ∈ RNK and 0 ∈ RNK the vectors 1 = (1, ..., 1)T and 0 = (0, ..., 0)T . Furthermore, we write

U ≤ V for vectors U, V ∈ RNK if the inequality holds component-wise, i.e. Up ≤ Vp for all

p ∈ {1, ..., NK}.
We start with two lemmas that will be useful in both the analysis of this deterministic

model and the analysis of our attachment model.

Lemma 2.1.2. Consider the vector ODE

du

dt
= −A (u)ρ(t) (2.34)
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with non-negative initial data, ρ(t) ≥ 0 for all t ≥ 0, and A (u) diagonal with non-negative

entries for all u ≥ 0 with the additional properties that A (u) is Lipschitz continuous, and

if up = 0, then (A (u))pp = 0. Then every solution u = u(t) converges to a non-negative

constant and satisfies

lim
t→∞

du

dt
= lim

t→∞
−A (u)ρ(t) = 0. (2.35)

Proof. Since

dup
dt

∣∣∣
up=0

= 0, (2.36)

for all p and A is Lipschitz continuous, we know by the tangent criterion [43] that u(t) ≥ 0

for all t ≥ 0.

Therefore,

du

dt
= −A (u)ρ(t) ≤ 0. (2.37)

So, we know that u either tends to −∞ or converges monotonically to a constant from

above2. Since u(t) ≥ 0 for all t > 0 we see that u converges to a non-negative constant.

Therefore, we must have

lim
t→∞

du

dt
= lim

t→∞
−A (u)ρ(t) = 0. (2.38)

Lemma 2.1.3. Consider the scalar ODE

du

dt
= −au+ ρ(t) (2.39)

with a > 0, and ρ(t) ≥ 0 and continuous for all t ≥ 0 with ρ(t)→ ρ∞ as t→∞. Then

lim
t→∞

u(t) =
ρ∞
a
. (2.40)

Proof. To show the long-term behaviour of this system we directly solve the system and take

2We could also have the case where A (u(0)) = 0; however, this case is included in the converges
monotonically to a constant condition.

20



the limit. This is a first order, linear, scalar ODE and so we proceed with the integrating

factor. To this end, we multiply (2.39) through by eat, which gives

d(eatu)

dt
= eat

du

dt
+ aeatu = eatρ(t). (2.41)

Integrating both sides from 0 to t and rearranging gives the solution

u(t) = e−at

 t∫
0

easρ(s)ds+ u(0)

 . (2.42)

As t → ∞, e−at → 0 while
t∫

0

easρ(s)ds + u(0) → A, where A ∈ [u(0),∞]. We know the

integral converges in the extended real line since eatρ(t) ≥ 0. If A < ∞, then since eat is

strictly increasing and ρ(t) converges to a constant, we must have eatρ(t)→ 0, which implies

ρ(t)→ 0 since eat →∞. Therefore, if A <∞ we have

lim
t→∞

u(t) = lim
t→∞

e−at

 t∫
0

easρ(s)ds+ u(0)

 = 0 =
ρ∞
a
. (2.43)

If A =∞, then by the Fundamental Theorem of Calculus and L’Hôpital’s rule we have

lim
t→∞

u(t) = lim
t→∞

e−at

 t∫
0

easρ(s)ds+ u(0)

 (2.44)

= lim
t→∞

eatρ(t)

aeat
(2.45)

= lim
t→∞

ρ(t)

a
(2.46)

=
ρ∞
a
. (2.47)

With these two lemmas, we now move onto the analysis of (2.32) and (2.33). We present

two propositions; the first establishes global existence, uniqueness, and boundedness for all

time, while the second establishes the long-term behaviour of the system.

Proposition 2.1.4. Let M ε and Cε be solutions to (2.32), (2.33) and suppose that the

initial data satisfy 0 ≤M ε(0) ≤ ζ1 with ζ ∈ (0, 1) and 0 ≤ Cε(0) ≤ 1. Then M ε and Cε
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exist, are unique, and they satisfy

0 ≤M ε ≤ µ1 for all t ≥ 0,

0 ≤ Cε ≤ 1 for all t ≥ 0,

where the constant µ ≥ 0 depends on the initial data and the model parameters.

Proof. The RHS of (2.32) and (2.33) are continuously differentiable barring the diffusion

coefficient at M = 1− ε. However, the function is continuous there with bounded one-sided

derivatives; thus, (2.32) and (2.33) satisfy a Lipschitz condition implying the local existence

and uniqueness of a solution.

To show the non-negativity of M ε and Cε, we invoke the tangent criterion [43]. We start

by considering the equations for the substrate concentration. From Remark 2.1.1, we have

that the matrix G (Cε) is diagonal and thus the pth component of the substrate equation is

given by

−(G (Cε)M ε)p = −Υ
Cε
pM

ε
p

κ+ Cε
p

.

For Cε
p = 0, the above vanishes and since −G (Cε)M ε satisfies a Lipschitz condition, we

know that the substrate equations satisfy the tangent criterion. Therefore, Cε ≥ 0.

The equation for the biomass density consists of two components, biomass diffusion

Dε(M
ε)M ε and net biomass growth F (Cε)M ε. From Remark 2.1.1 we have

� pth component of F (Cε)M ε

fmp =

(
Cε
p

κ+ Cε
p

− λ
)
M ε

p,

� pth component of Dε(M
ε)M ε

dmp =
1

2∆x2
[(Dε(M

ε
p−K) +Dε(M

ε
p))M

ε
p−K + (Dε(M

ε
p−1) +Dε(M

ε
p))M

ε
p−1

− (Dε(M
ε
p−K) +Dε(M

ε
p−1) + 4Dε(M

ε
p) +Dε(M

ε
p+1) +Dε(M

ε
p+K))M ε

p

+ (Dε(M
ε
p+1) +Dε(M

ε
p))M

ε
p+1 + (Dε(M

ε
p+K) +Dε(M

ε
p))M

ε
p+K ],

where M ε
i = 0 and Dε(M

ε
i ) = 0, whenever we are dealing with boundary grid cells. If
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M ε
p = 0, then fmp = 0, and

dmp =
1

2∆x2
[(Dε(M

ε
p−K) +Dε(0))M ε

p−K + (Dε(M
ε
p−1) +Dε(0))M ε

p−1

+ (Dε(M
ε
p+1) +Dε(0))M ε

p+1 + (Dε(M
ε
p+K) +Dε(0))M ε

p+K ],

which is non-negative if M ε
p−M , M

ε
p−1, M

ε
p+1, M

ε
p+M are all non-negative. Therefore, M ε is

non-negative, which implies the upper bound on Cε since a non-negative M ε and Cε implies

Cε is decreasing.

We finish by proving the upper bound forM ε. LetM tot =
∑NK

p=1 M̂
ε
p andCtot =

∑NK
p=1 Ĉ

ε
p.

Then,

d

dt

(
M tot +

1

Υ
Ctot

)
= −λM tot ≤ 0, (2.48)

and consequently (
M tot(t) +

1

Υ
Ctot(t)

)
≤
(
M tot(0) +

1

Υ
Ctot(0)

)
. (2.49)

Therefore, M ε is bounded above by a constant that depends on the initial data and model

parameters. The existence and uniqueness of a local solution along with the boundedness

by constants for all time implies global existence and uniqueness [43].

Remark 2.1.5. By Proposition 2.1.4, we see that the hypotheses of Lemma 2.1.2 are satisfied

by the vector differential equation governing the carbon concentration, C, with ρ(t) := M (t).

Therefore, we know that as t→∞

dC

dt
= −G (C)M → 0. (2.50)

Remark 2.1.6. The proof of Proposition 2.1.4 only required the regularization of the diffusion

coefficients to be continuous, bounded, non-negative, and continuously differentiable on the

pieces of the function. Therefore, any diffusion coefficient regularization that satisfies these

conditions is adequate for this proposition to hold. This will be useful when discussing our

model with attachment, as we do not have the parabolicity concerns and hence the need for

Dε > 0.
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Proposition 2.1.7. All solutions to (2.32) and (2.33), with non-negative initial data, satisfy

lim
t→∞

M ε(t) = 0 and lim
t→∞

Cε(t) = C̃, (2.51)

where 0 ≤ C̃ ≤ C(0) with C̃ depending on model parameters and initial data.

Proof. For notational simplicity, we denote by M = M (t) and C = C(t) the solutions

to (2.32) and (2.33) respectively. By Remark 2.1.5 and the fact that M is bounded by a

constant, we know that MTG (C)M → 0 as t→∞. Since we have the existence of a unique

solution to (2.32) and (2.33) by Proposition 2.1.4, we know that MTG (C)M is continuous.

To this end we define

η(t) := MTG (C)M (2.52)

where we know η(t) is continuous for all t > 0 and η(t) converges to η∞ := 0 as t→∞. Let

E(t) : = ‖M (t)‖2
2 . (2.53)

Then if we multiply (2.32) by 2MT on the left we get

dE

dt
= 2MT dM

dt
= 2MTDε(M )M + 2MTF (C)M . (2.54)

By Remark 2.1.1, we know D(M ) is negative semi-definite. The same reasoning applies

to the regularized diffusion matrix and so Dε(M ) is also negative semi-definite. Therefore,
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MTDε(M )M ≤ 0. So,

dE

dt
= 2MTDε(M)M + 2MTF (C)M

≤ 2MTF (C)M

= 2
NK∑
i=1

(
Ci

κ+ Ci
− λ
)
M2

i

= −2λE + 2
NK∑
i=1

Ci
κ+ Ci

M2
i

= −2λE +
2

Υ

NK∑
i=0

G(Ci)M
2
i

= −2λE +
2

Υ
MTG (C)M

= −2λE +
2

Υ
η(t).

(2.55)

From this we define the barrier ODE

dE

dt
+ 2λE =

2

Υ
η(t), (2.56)

which we know is an upper bound on (2.54) by comparison theorems [43]. By Lemma 2.1.3,

we know that

lim
t→∞

E(t) =
η∞
λΥ

= 0. (2.57)

Since, by definition, E is non-negative, we know that E → 0 as t→∞. Therefore,M (t)→ 0

as t→∞ since E(t) = ‖M (t)‖2
2 = 0 if and only if M (t) = 0.

Remark 2.1.8. Similar to Proposition 2.1.4, Proposition 2.1.7 does not depend on the

specific regularization. For our proof, we need the diffusion coefficient to be continuous,

bounded, non-negative, and continuously differentiable, as in the previous Proposition 2.1.4

and we need Dε(M) to be negative semi-definite, which holds for any regularized diffusion

coefficient Dε(M) ≥ 0.

Remark 2.1.9. We have no result that says the biomass is strictly bounded by 1, which is an

underlying assumption of the model. For generic parameters and initial data, we can have

M ≥ 1 in finite time. This issue is due to the homogeneous Neumann boundary conditions,

25



which means no biomass can leave the domain and implies biomass decays if and only if

C is sufficiently small. Since we do not have a diffusive substrate in our model, we can

determine the critical substrate concentration for a given grid cell, such that biomass loss

will start dominating locally. This occurs when C < λκ/(1− λ) =: Ccrit. We always assume

λ < 1; otherwise, cell loss would always dominate growth. Strictly speaking, our model is

only valid when M < 1. However, during all of the simulations that we will present, the

biomass concentration never reached 1, i.e. C dropped below Ccrit before M could reach

unity. Therefore, the restriction of our model to the case where M < 1 has no practical

effect.

We are now finished with our description of the spatially explicit continuum model as

proposed in [13]. In the next section, we introduce our new approach for modelling the

addition of cellular attachment via random ordinary differential equations.

2.2 A Spatially Explicit Model with Discrete Random

Attachment Events

As mentioned in the introduction, we have developed a new approach, using random ordinary

differential equations (RODEs) instead of stochastic differential equation (SDEs) as used in

[33] to model the discrete random attachment of cells to the substratum or pre-existing

biomass from the aqueous phase. We discard the model assumption 6 in Section 2.1.1 to

allow for cell attachment. We start by providing an overview of random ordinary differential

equations. Then we follow by adding an impulse function to the biomass equation to model

the discrete random attachment events. We then introduce a regularization to the diffusion

coefficient and perform simple analysis to establish the solutions’ existence, uniqueness,

boundedness, and long-term behaviour.

2.2.1 Random Ordinary Differential Equations and the Wiener

Process

Here we focus on giving a sufficient description of random ordinary differential equations,

which is the mathematical formalism we will use for our model. We follow the description

given in [20].
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Let (S,F ,P) be a probability space, where S is the set of outcomes, F is a σ-algebra on

S, and P is a probability measure, and let η : [0, T ] × S → Rm be an Rm-valued stochastic

process with continuous sample paths. In addition, let g : Rd × Rm → Rd. A random

ordinary differential equation in Rd is given by

dx

dt
= g(x, ηt(s)), x ∈ Rd. (2.58)

Equation (2.58) can be viewed as a non-autonomous ordinary differential equation

dx

dt
= Gs(t, x) := g(x, ηt(s)) (2.59)

for almost every realization s ∈ S [20]. Since RODEs are just non-autonomous ODEs, we

can apply results from ODE theory path-wise (for a given realization s ∈ S) to gain insight

into the dynamics of an RODE, as long as our Gs still satisfies the regularity requirements.

Fortunately, the results we wish to use only require continuity in t and hence still apply.

As we can see from (2.58), an RODE depends on some stochastic process. One of the

simplest, yet useful, stochastic processes is the Wiener process Wt (see Figure 2.1). The

Wiener process is a Gaussian process with the following properties [25]

1. W0 = 0 almost surely.

2. Wt has independent increments, namely Wt1 − Wτ1 and Wt2 − Wτ2 are independent

random variables for all 0 ≤ τ1 < t1 ≤ τ2 < t2.

3. The increments Wt−Wτ are normally distributed with E(Wt−Wτ ) = 0 and V ar(Wt−
Wτ ) = t− τ for all 0 ≤ τ < t.

4. The sample paths are continuous almost surely.

We will be using the Wiener process in our model.

2.2.2 Mathematical Formulation of Random Cell Attachment

Similar to the extension of this model presented in [33], we seek to add discrete attachment

events to our model. Attachment is the process by which cells in the aqueous phase attach

to either the substratum or the pre-existing biomass. In many controlled experiments, no

bacteria are present at the inflow, and thus, bacteria are only present in the aqueous phase

27



0 10 20 30 40 50 60 70 80

t

-12

-10

-8

-6

-4

-2

0

2

4

W
t

Figure 2.1: A representation of a sample path of a standard Wiener process, Wt.

if it has been previously detached from the biofilm. This is an example of the experiments

done in [10, 11], on which the model presented in [13] is based. Similar to [33], we make

the simplifying assumption that attachment and detachment can be modelled independently,

which is supported by [10] where they found that the availability of cells in the aqueous phase

was not a limiting factor for attachment. Therefore, we assume that there is an unlimited

supply of available cells for attachment. We also assume that cells generally do not attach

to areas that have low carbon concentration or areas with high biomass density. This is

consistent with the assumptions in [13, 33].

We start by adding a mollified impulse function to each biomass equation (2.21), in

order to devise a mechanism for discrete attachment events. The argument for the mollified

impulse function for each grid cell is the Wiener process Wt, where each grid cell will have a

different mutually independent Wiener process. We use the same mollified impulse that was

used in [33], namely the Fermi-Dirac distribution. The reason for using this distribution is
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that we can easily and independently control the location of the impulse, the height of the

impulse, and how well the mollification approximates a true discontinuous impulse function.

The Fermi-Dirac distribution with parameters a, b, σ is given by

f(φ) =
1

e
φ−b
σ + 1

− 1

e
φ−a
σ + 1

. (2.60)

The parameters a < b control the location of the impulse, namely the interval for the impulse

is given by [a, b], while the parameter σ controls how close the approximation is to the true

impulse function. In particular, as σ → 0 the Fermi-Dirac distribution converges to an

impulse function turning on at φ = a and off at φ = b (see Figure 2.2).

Figure 2.2: The Fermi-Dirac (impulse) function, f(φ), plotted with different values for the
parameter σ where [a, b] = [0.5, 1.0].

With our choice of an impulse function, we propose to add to each biomass equation the

term

γg(Mi,j)h(Ci,j)f
(
W

(i,j)
t

)
, (2.61)

where 0 < γ � 1 controls the intensity of bacterial attachment per unit time. W
(i,j)
t is

an independent standard Wiener process for each grid cell (i, j). The functions g and h

are constructed to satisfy the attachment assumptions on carbon concentration and biomass

density, i.e. g(1) = 0 = h(0), both g(0), h(1) ≤ 1, g is decreasing and h is increasing, and

these functions are sufficiently smooth. For our work we assume the functions are of the
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form

g(M) =

(1−M)ν1 , M < 1,

0, M ≥ 1,
(2.62)

h(C) = Cν2 . (2.63)

Equations (2.62) and (2.63) were both presented in [33]. The positive constant exponents ν1

and ν2 are included for generality. The biomass equation with discrete random attachment

for the (i, j) cell is given by:

dMi,j

dt
=

1

∆x

∑
σ∈Ni,j

Jσ + Fi,jMi,j + γg(Mi,j)h(Ci,j)f
(
W

(i,j)
t

)
. (2.64)

Using the mapping (2.27), we define W t :=
(
W 1
t , ...,W

NK
t

)
, where W p

t = W
π(i,j)
t :=

W
(i,j)
t . Since W t is a stochastic process, our system is now comprised of 2NK RODEs. The

model is given below.

dM

dt
= D(M)M + F (C)M + T (M ,C)F (W t) ,

dC

dt
= −G (C)M ,

(2.65)

where D(M), F (C), and G (C) are the same as in (2.28). T (M ,C) is an NK × NK

matrix with entries calculated based on (2.61). F (W t) is an NK vector with components

equal to the impulse function after being mapped by (2.27).

Remark 2.2.1. The matrix T (M ,C) is a diagonal matrix with diagonal entries ipp =

γ1g(Mp)h(Cp). These entries vanish if either Mp = 1 or Cp = 0 and attain their maximum

value if both Mp = 0 and Cp = 1. Therefore, 0 ≤ ipp � 1. The pth entry of F is given by

Fp(W t) = f(W p
t ) =

(
e
W
p
t −b
σ + 1

)−1

−
(
e
W
p
t −a
σ + 1

)−1

. Finally, by construction, 0 ≤ Fp ≤ 1.

Similar to the regularization of the diffusion coefficient (2.29), we introduce a slightly

modified version that we will use for analysis of our full model with random attachment.
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The proposed regularized diffusion coefficient is given by

Dε(M) =


0, M < 0,

δ Mα

(1−M)β
, 0 ≤M ≤ 1− ε,

δε−β(1− ε)α, M > 1− ε.

(2.66)

The main difference between the two regularized diffusion coefficients is that the coefficient

given in (2.29) defines Dε > 0 to maintain parabolicity in the biomass equation, which is not

necessary for our setting as we are not relying on the original PDE-ODE coupled system.

The regularized diffusion coefficient (2.66) allows us to rewrite our system as

dM ε

dt
= D ε(M ε)M ε + F (Cε)M ε + T (M ε,Cε)F (W t) ,

dCε

dt
= −G (Cε)M ε.

(2.67)

Here, the superscripts denote the solution to the regularized system.

2.2.3 Model Analysis of the Regularized System with Attachment

Here we perform analysis on the regularized system (2.67). Since our model is an RODE,

we perform analysis pathwise, i.e. for a given realization of the Wiener processes. As is

standard in biological modelling, we will show that our model is non-negative and bounded.

To do this, we will use comparison theorems and the tangent criterion from [43]. We will

also show the long-term behaviour of our system.

Proposition 2.2.2. Let M ε and Cε be path-wise solutions to (2.67) and suppose that the

initial data satisfy 0 ≤ M ε(0) ≤ ζ1 with ζ ∈ (0, 1) and 0 ≤ Cε(0) ≤ 1. Then for almost

every realization of the Wiener processes there exists a unique solution and the corresponding

solution satisfies

0 ≤M ε ≤ µ1 for all t ≥ 0,

0 ≤ Cε ≤ 1 for all t ≥ 0,

where the constant µ ≥ 0 depends on the initial value and model parameters.

Proof. To prove the non-negativity, we invoke the tangent criterion [43]. We start by

considering the equations for the substrate concentration. From Remark 2.1.1, we have
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that the matrix G (Cε) is diagonal and thus the pth component of the substrate equation is

given by

−(G (Cε)M ε)p = −Υ
Cε
pM

ε
p

κ+ Cε
p

.

For Cε
p = 0, the above vanishes and since −G (Cε)M ε satisfies a Lipschitz condition, we

know that the substrate equations satisfy the tangent criterion. Therefore, Cε ≥ 0.

The equation for the biomass consists of three components biomass diffusion D ε(M ε)M ε,

net biomass growth F (Cε)M ε, and cell attachment T (M ε,Cε)F (W t). From Remarks

2.1.1 and 2.2.1 we have

� pth component of T (M ε,Cε)F (W t)

ifp = γg(M ε
p)h(Cε

p)f(W p
t ),

� pth component of F (Cε)M ε

fmp =

(
Cε
p

κ+ Cε
p

− λ
)
M ε

p,

� pth component of D ε(M ε)M ε

dmp =
1

2∆x2
[(Dε(M ε

p−K) +Dε(M ε
p))M

ε
p−K + (Dε(M ε

p−1) +Dε(M ε
p))M

ε
p−1

− (Dε(M ε
p−K) +Dε(M ε

p−1) + 4Dε(M ε
p) +Dε(M ε

p+1) +Dε(M ε
p+K))M ε

p

+ (Dε(M ε
p+1) +Dε(M ε

p))M
ε
p+1 + (Dε(M ε

p+K) +Dε(M ε
p))M

ε
p+K ],

where M ε
i = 0, whenever the grid cell does not exist. If M ε

p = 0, then ifp ≥ 0, fmp = 0, and

dmp =
1

2∆x
[Dε(M ε

p−M)M ε
p−M +Dε(M ε

p−1)M ε
p−1 +Dε(M ε

p+1)M ε
p+1 +Dε(M ε

p+M)M ε
p+M ],

which is non-negative if M ε
p−M , M

ε
p−1, M

ε
p+1, M

ε
p+M are all non-negative. Therefore, M ε is

non-negative, which implies the upper bound on Cε since a non-negative M ε and Cε implies

Cε is decreasing.

We finish by proving the upper bound for M ε. Since dCε/dt ≤ 0, 0 ≤ Cε ≤ 1, and
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−G (Cε)M ε satisfies a Lipschitz condition, we can conclude that

lim
t→∞

dCε

dt
= 0. (2.68)

Therefore, each component of dCε/dt ≤ 0 must converge to 0. Let

η(t) := G (Cε)M ε = −dC
ε

dt
, (2.69)

and define η1(t) := 1Tη(t). By (2.68), we know η1(t) → 0 as t → ∞. Now we can consider

the ODE system

dM̂ ε

dt
= D ε(M̂ ε)M̂ ε + F (Ĉε)M̂ ε + γ1,

dĈε

dt
= −G (Ĉε)M̂ ε.

(2.70)

LetM tot =
∑NK

p=1 M̂
ε
p. Then, we can construct a DE forM tot by summing up all components

of the M ε DE in (2.70). This gives

dM tot

dt
=

NK∑
p=1

F (Ĉε
p)M̂

ε
p +NKγ (2.71)

=
NK∑
p=1

[
Ĉε
p

κ+ Ĉε
p

− λ

]
M̂ ε

p +NKγ (2.72)

≤ −λM tot +
η1(t)

Υ
+NKγ. (2.73)

From this we define the barrier ODE

dM tot

dt
+ λM tot =

η1(t)

Υ
+NKγ, (2.74)

which we know is an upper bound on M tot by comparison theorems [43]. By Lemma 2.1.3,

we know

lim
t→∞

M tot(t) =
NKγ

λ
. (2.75)

ODE (2.74), is a standard linear ODE, and thus the solution does not tend to infinity in
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finite time and since M tot ≥ 0, we have

M tot ≤ µ (2.76)

for some µ ≥ 0 that depends on model parameters and initial data. Since

ifp = γg(M ε
p)h(Cε

p)f(W p
t ) ≤ γ, (2.77)

we observe that the solutions to (2.70) are upper bounds for the solutions to our RODE

model (2.67), which implies the biomass density is bounded.

Since the Wiener process is pathwise continuous and the right-hand side of (2.67) is locally

Lipschitz continuous, we have a unique local solution, and by the boundedness condition,

we have a unique global solution [43].

We now move on to showing the long-term behaviour of (2.67).

Proposition 2.2.3. All solutions to (2.65), with non-negative initial data, satisfy

lim
t→∞

M ε(t) = 0 and lim
t→∞

Cε(t) = C̃, (2.78)

where 0 ≤ C̃ ≤ 1.

Proof. For notational simplicity, we denote by M = M (t) and C = C(t) the solutions to

(2.67). By Lemma 2.1.2, we know that

lim
t→∞
−C (C)M = 0. (2.79)

We also know that

(G (C)M)p = Υ
Cp

κ+ Cp
Mp, (2.80)

and hence, G (C)M = 0 if and only if CpMp = 0 for all p = 1, ..., NK. Therefore, since we

know M is bounded by a constant, we have

(MTT (M ,C)F (W t))p = γg(Mp)MpC
ν2
p f(W p

t )→ 0 (2.81)

as t → ∞ for all p. Therefore, MTG (C)M/Υ + MTT (M ,C)F (W t) → 0 as t → ∞.

Since we have the existence of a unique solution to (2.32) and (2.33) by Proposition 2.1.4,
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we know MTG (C)M/Υ +MTT (M ,C)F (W t) is continuous. To this end we define

η(t) :=
1

Υ
MTG (C)M +MTT (M ,C)F (W t), (2.82)

where we know η(t) is continuous for all t > 0 and η(t) converges to η∞ := 0 as t→∞. Let

E(t) : = ‖M (t)‖2
2 . (2.83)

Then if we multiply (2.32) by 2MT on the left we get

dE

dt
= 2MT dM

dt
= 2MTDε(M )M + 2MTF (C)M + 2MTT (M ,C)F (W t). (2.84)

By Remark 2.1.1, we know D(M ) is negative semi-definite. The same reasoning applies

to the regularized diffusion matrix and so Dε(M ) is also negative semi-definite. Therefore,

MTDε(M )M ≤ 0. So,

dE

dt
= 2MTDε(M )M + 2MTF (C)M + 2MTT (M ,C)F (W t)

≤ 2MTF (C)M + 2MTT (M ,C)F (W t)

= 2
NK∑
i=1

(
Ci

κ+ Ci
− λ
)
M2

i + 2MTT (M ,C)F (W t)

= −2λE + 2
NK∑
i=1

Ci
κ+ Ci

M2
i + 2MTT (M ,C)F (W t)

= −2λE +
2

Υ

NK∑
i=0

G(Ci)M
2
i + 2MTT (M ,C)F (W t)

= −2λE +
2

Υ
MTG (C)M + 2MTT (M ,C)F (W t)

≤ −2λE + 2η(t).

(2.85)

From this we define the barrier ODE

dE

dt
+ 2λE = 2η(t), (2.86)

which we know is an upper bound on (2.84) by comparison theorems [43]. By Lemma 2.1.3,
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we know that

lim
t→∞

E(t) =
η∞
λ

= 0. (2.87)

Since, by definition, E is non-negative, we know that E → 0 as t→∞. Therefore,M (t)→ 0

as t→∞ since E(t) = ‖M (t)‖2
2 = 0 if and only if M (t) = 0.

Remark 2.2.4. Just like in the deterministic case, we have no result that says the biomass is

strictly bounded by 1, which is an underlying assumption of the model. There exists parameter

values and initial data, such that M ≥ 1 in finite time. We still have the same condition on

when cell loss dominates (see Remark 2.1.9); however, we cannot use this in a meaningful

way. However, during all of the simulations that we will present, the biomass concentration

never reached 1, i.e. C dropped below Ccrit before M could reach unity. Therefore, the

restriction of our model to the case where M < 1 has no practical effect.
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Chapter 3

Numerical Methods and

Computational Implementation

In this chapter we present the numerical methods and computational implementation used

in our simulations of the model (2.65), along with some simulations of the deterministic

model (2.28) (i.e. (2.65) with T (M ,C)F (W t) = 0) for method validation. The numerical

method used is based on the trapezoid method for ODEs, except we solve the non-linear

problem for M k+1 with a linear fixed point iteration similar to [22]. We discuss the reasons

for our numerical method choice, along with stating and proving the well-posedness of the

method and the boundedness of state variables.

3.1 Reasoning for Numerical Method

After we developed our model (2.65), we started with the pre-built solvers in the Julia

programming language’s [4] Differential Equations package. Due to the large variations in

the non-linear diffusion coefficient and the relatively small variations in the growth and

attachment terms, our RODE model is stiff. Therefore, we looked to use implicit solvers.

Also, since our model is only continuous in time and the underlying PDE-ODE coupled

system does not have sufficient regularity, we seek to use low order methods. With these

ideas in mind, we tried some of the lower-order implicit methods, including the Implicit

Euler, Trapezoid, and Midpoint method. We also tried some other lesser-known methods;

however, all of the methods led to negative state variables and were not quickly rectified by
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common methods found in [37]. We tried defining the monod consumption term as

G(C) := max

(
0,Υ

C

κ+ C

)
(3.1)

to avoid negative values and also suitably defined the RHS of the ODE to stop negative

values from continuing to decrease. We believe the negative values were caused by Newton’s

method and either G(C) being negative for small negative C or the lack of regularity with the

newly defined G(C) in (3.1). We also tried some stiff SDE and RODE solvers [2, 3]; however,

all methods ran into instability or negative values. Therefore, we seek to build a numerical

method for which larger step sizes can be used, and non-negativity can be guaranteed.

3.2 Solution Technique

We use the Trapezoid method [5] to solve both the biomass and substrate equations. If M k

and Ck are the values at time-step k, then the Trapezoid method to solve for M k+1 and

Ck+1 is given by

M k+1 −M k

∆t
=

1

2

(
D(M k+1)M k+1 + F (Ck+1)M k+1 + T (M k+1,Ck+1)F

(
W tk+1

)
+D(M k)M k + F (Ck)M k + T (M k,Ck)F (W tk)

)
,

(3.2)

Ck+1 −Ck

∆t
=− 1

2

(
G (Ck+1)M k+1 + G (Ck)M k

)
. (3.3)

To solve for the values of M k+1 and Ck+1 we utilize a fixed point iteration that evaluates

the non-linear components at the previous iterate and the linear parts at the current iterate.

Therefore at each time step we iterate

M (p+1) −M k

∆t
=

1

2

(
D(M (p))M (p+1) + F (C(p))M (p+1) + T (M (p),C(p))F

(
W tk+1

)
+D(M k)M k + F (Ck)M k + T (M k,Ck)F (W tk)

)
,

(3.4)

C(p+1) −Ck

∆t
=− 1

2

(
G (C(p+1))M (p+1) + G (Ck)M k

)
, (3.5)
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where (p) denotes the previous iterate and (p+ 1) the next iterate. An initial guess for the

fixed point iteration is given by

M (0) := M k, C(0) := M k. (3.6)

The fixed point iteration is stopped when convergence is achieved. This is when the difference

in successive iterations is less than some pre-specified tolerance, i.e.∥∥∥M (p+1) −M (p)
∥∥∥

1
+
∥∥∥C(p+1) −C(p)

∥∥∥
1
< tol. (3.7)

Once convergence is achieved and given P iterations, we set

M k+1 = M (P ), Ck+1 = C(P ). (3.8)

We choose to solve our system in this fixed point format as (3.4) is a linear system for the

next iterate, and (3.5) can be rearranged and solved for the unique next iterate. We show

both of these in this section.

We can rearrange (3.4) as[
I − 1

2

(
∆tD(M (p)) + ∆tF (C(p))

)]
M (p+1) =M k +

∆t

2

(
T (M (p),C(p))F

(
W tk+1

)
+ D(M k)M k + F (Ck)M k

+T (M k,Ck)F (W tk)
)
,

(3.9)

which gives a linear system for M (p+1) with all other values known. We now show that our

matrix
[
I − 1

2

(
∆tD(M (p)) + ∆tF (C(p))

)]
is symmetric positive definite.

Proposition 3.2.1. If ∆t < min
l

{
2
(
F (C

(p)
l )
)−1
}

, then

A :=

[
I − 1

2

(
∆tD(M (p)) + ∆tF (C(p))

)]
(3.10)

is a symmetric positive definite matrix.

Proof. Symmetry follows immediately from the construction of the diffusion matrix D and

net growth matrix F by Remark 2.1.1.
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A can be shown to be positive definite if all the eigenvalues are positive using Gershgorin’s

Circle theorem [41]. Gershgorin’s Circle theorem roughly states that each eigenvalue must

be contained in the union of all the Gershgorin discs, which exist in the complex plane [41].

There exists one disc for each row of A, with radius equal to the sum of the absolute values

of the off-diagonals and with center located at the main diagonal. Therefore, if we can show

that each row of A satisfies the property that the main diagonal is greater than the sum

of the absolute values of the off-diagonal entries, then all eigenvalues must be positive real

numbers as A is symmetric. The main diagonal of A is given by

1 +
∆t

2

∑
σ∈Nπ−1(l)

D
(
M

(p)
π(σ)

)
+D

(
M

(p)
l

)
2∆x2

− ∆t

2
F
(
C

(p)
l

)
, (3.11)

and the sum of the absolute values of the off-diagonal elements is given by

∆t

2

∑
σ∈Nπ−1(l)

D
(
M

(p)
π(σ)

)
+D

(
M

(p)
l

)
2∆x2

 . (3.12)

So, if ∆t < 2(F (C
(p)
l ))−1, then the main diagonal elements given in (3.11) are positive. Now,

a sufficient condition for all eigenvalues to be positive is

∑
σ∈Nπ−1(l)

D
(
M

(p)
π(σ)

)
+D

(
M

(p)
l

)
2∆x2

 <
∑

σ∈Nπ−1(l)

D
(
M

(p)
π(σ)

)
+D

(
M

(p)
l

)
2∆x2


+

2

∆t
− F

(
C

(p)
l

)
,

(3.13)

which is satisfied if ∆t < 2(F (C
(p)
l ))−1.

The Conjugate Gradient Method is the preferred method for solving linear systems if we

have a symmetric positive definite matrix on the left-hand side [39].

The following proposition tells us that our numerical method is well-defined.

Proposition 3.2.2. Suppose 0 ≤M k < 1, 0 ≤M (p) < 1, and 0 ≤ C(p), then the following

are true

1. For sufficiently small ∆t, 0 ≤M (p+1) < 1 and M (p+1) is unique,

2. 0 ≤ C(p+1) exists and is unique.
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Proof. We prove each part individually.

1. To show the non-negativity and boundedness of M (p+1) we use the properties of M -

matrices [32]. For both inequalities we use the property that the inverse of an M -matrix

preserves positivity [32]. To do this we must show that

A :=

[
I − 1

2

(
∆tD(M (p)) + ∆tF (C(p))

)]
(3.14)

is an M -matrix and

b : = Mk +
∆t

2

(
T (M (p),C(p))F

(
W tk+1

)
+ D(M k)M k + F (Ck)M k

+T (M k,Ck)F (W tk)
) (3.15)

consists of only non-negative entries.

According to [32], the matrix A is a non-singular M -matrix if it has positive real

eigenvalues and negative off-diagonal entries. From Proposition 3.2.1 we have positive

real eigenvalues of A if

∆t < min
`

{
2
(
F (C

(p)
l )
)−1
}
, (3.16)

and since the only matrix that contributes to off-diagonal entries is −∆tD(M (p))/2 we

see that the off-diagonal entries of A are negative. Therefore, A is an M -matrix if (3.16)

holds. All terms of b are non-negative, except ∆t(D(M k)M k + F (Ck)M k)/2. This

term could have negative entries depending on the values of M k and Ck. However,

we can always choose ∆t sufficiently small such that M k dominates; thus, b ≥ 0.

Therefore, by M -Matrix properties we have

M (p+1) = A−1b ≥ 0, (3.17)

for sufficiently small ∆t > 0.

To show the upper bound on M (p+1), we define the vectors, Z(p+1) := 1−M (p+1) and

Zk := 1−M k and use the M -matrix properties to show that Z(p+1) is positive, since,

if Z(p+1) is positive, then M (p+1) < 1. Rewriting AM (p+1) = b with the new vectors
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gives

AZ(p+1) = bZ , (3.18)

with

bZ : = Zk − ∆t

2

(
T (M (p),C(p))F

(
W tk+1

)
+ D(M k)M k + F (Ck)M k

+T (M k,Ck)F (W tk) + D(M p) · 1 + F (Cp) · 1
)
.

(3.19)

Given the initial assumption that 0 ≤ M k < 1, we have 0 < Zk ≤ 1; thus, the

positivity of Z(p+1) is guaranteed if A is a non-singular M -matrix and bZ > 0. For

the same reasons as above A is a non-singular M -Matrix, and since all negative terms

of bZ are multiplied by ∆t, we can pick ∆t sufficiently small such that bZ is positive.

Therefore, Z(p+1) = A−1bZ > 0 and thus, M (p+1) < 1 for sufficiently small ∆t > 0.

2. To show the non-negativity of C(p+1) we explicitly solve for it. To do this, we consider

a fixed arbitrary component l of equation (3.5), namely

C
(p+1)
l − Ck

l

∆t
=− 1

2

(
G(C

(p+1)
l )M

(p+1)
l +G(Ck

l )Mk
l

)
. (3.20)

We can rearrange (3.20) into a quadratic equation for C
(p+1)
l ,

(
C

(p+1)
l

)2

+

(
κ− Ck

l +
∆t

2
ΥM

(p+1)
l +

∆t

2

ΥCk
l M

k
l

κ+ Ck
l

)
C

(p+1)
l

+

(
−κCk

l +
∆t

2

ΥκCk
l M

k
l

κ+ Ck
l

)
= 0.

(3.21)

Using the quadratic formula we have

C
(p+1)
l =

−b±
√
b2 − 4c

2
, (3.22)
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where

b = κ− Ck
l +

∆t

2
ΥM

(p+1)
l +

∆t

2

ΥCk
l M

k
l

κ+ Ck
l

,

c = −κCk
l +

∆t

2

ΥκCk
l M

k
l

κ+ Ck
l

.

(3.23)

Unless b2 − 4c = 0 we will have two possible solutions for C
(p+1)
l . We will show that

there is always exactly one positive solution.

To simplify notation, we consider C := C
(p+1)
l , M := M

(p+1)
l , Ck := Ck

l , and Mk := Mk
l

for the rest of this proof. We can rearrange (3.21) to separate the terms with and

without ∆t namely

fl + fr = 0, (3.24)

where

fl = C2 + (κ− Ck)C − κCk,

fr = (b̄+ āC)∆t,

ā : =
ΥM

2
+

ΥCkMk

2(κ+ Ck)
,

b̄ : =
ΥCkMk

2(κ+ Ck)
.

(3.25)

The equation for fl in (3.25) is a quadratic equation with positive concavity and y-

intercept at −κCk < 0. fr is a line with slope ā∆t and a y-intercept at b̄∆t > 0.

Therefore, fr(0) > fl(0) for non-negative parameters. We also know that exactly two

solutions exist to fl + fr = 0 and fl is positive for |C| sufficiently large. Hence, by the

Intermediate Value Theorem, there must exist two points C = C1 ≤ 0 and C = C2 > 0

such that fl + fr = 0. Therefore, we always have exactly one positive C-value.

Remark 3.2.3. Figure 3.1 is an illustration of the four qualitative cases for fl + fr = 0 that

arise in the proof of Proposition 3.2.2 case 2. Since we know two real solutions exist we know
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Figure 3.1: Graph of fl = C2 +(κ−Ck)C−κCk and fr = (b̄+ āC)∆t for the four qualitative
cases of intersection. Since b̄∆t > 0 and −κCk < 0 for all positive parameter values, we
have that fl will intersect fr for positive C. The top-left graph is for ā < 0 and κ−Ck < 0.
The top right graph is for ā < 0 and κ− Ck > 0. The bottom right graph is for ā > 0 and
κ− Ck < 0. The bottom right graph is for ā > 0 and κ− Ck > 0.

b2 − 4c > 0 and thus
√
b2 − 4c > 0. This implies the positive solution to C

(p+1)
l is given by

C
(p+1)
l =

−b+
√
b2 − 4c

2
. (3.26)

Remark 3.2.4. Proposition 3.2.2 tells us that our numerical method is well-defined and that

we can always choose ∆t at each time step such that M k and Ck remain bounded by their

physical limits. However, the choice of ∆t at each time step may tend to 0. Even though

we could dynamically choose our time step ∆t, we instead fix ∆t = 10−2, which does not

introduce any noticeable errors as seen in Section 3.4 and is small enough to avoid negative

values or values greater than 1. Unfortunately, we do not have any convergence result for

the fixed point iteration, but this does not seem to be an issue. In all simulations, we found

that convergence, under our specified tolerance, was always achieved.

44



The details are given in Algorithm 1.

Algorithm 1: Algorithm for the fixed point iteration used to generate the solution

value at the next time step of (2.65) via the Trapezoid method.

Data: M k,Ck are vectors with values from the previous time step.

begin

p = 0;

Let M (p) = M k and C(p) = Ck;

while Convergence is not achieved do

Solve (3.9) for M (p+1);

Solve C(p+1) = (−b+
√
b2 − 4c)/2 based on (3.23);

Let p = p+ 1;

end

Let P := p;

Let M k+1 = M (P ) and Ck+1 = C(P );

end

3.3 Computational Setup

The implementation of Algorithm 1 was done in Julia 1.5.3. The matrix

[I − 0.5∆t (D(M ) + F (C))] (3.27)

in (3.9), which is an NK ×NK matrix, is stored in the Compressed Sparse Column (CSC)

format available in Julia’s Sparse Arrays package. For each fixed point iteration step, the

linear system is solved using the Conjugate Gradient method [39] found in the Iterative

Solvers package in Julia. We use the default function parameters for the conjugate gradient

method with an initial estimate M (p), except we specify an absolute tolerance equal to

double precision machine epsilon, which differs from the zero absolute tolerance used by

default. We specify an absolute tolerance because the Conjugate Gradient method built into

Julia with default tolerances can lead to division by zero. This happens if the initial residual

in the Conjugate Gradient method is sufficiently small. During certain simulations with

clean initial domains, i.e. M ≡ 0 and C ≡ 1, we can have attachment occur but with the

Wiener process outside the impulse interval [a, b], which can occur because we use a mollified

impulse function. The initial residual, in this case, can be on the order of 10−300. Since the
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default tolerances only include a relative tolerance, the Conjugate Gradient method proceeds,

and we end up with a residual squared in the denominator of one of the calculations. This

leads to NaNs in the solution vector. However, if we have an absolute tolerance, we will not

perform any iterations and thus avoid the division by zero.

In order to simulate the independent Wiener processes, we use the fact that a Wiener

process is a solution to a stochastic differential equation (SDE) and simulate this SDE

using the Euler-Maruyama method. The Euler-Maruyama method is the SDE analogue to

the Euler method for ordinary differential equations. The Wiener process is the simplest

stochastic equation, which allows us to simulate the Wiener process as follows. Let Wtk be

the value of the Wiener process at time point tk, then to generate the next value Wtk+1
we

use the formula

Wtk+1
= Wtk + ∆Wk, (3.28)

where ∆Wk is a normally distributed random variable with mean 0 and variance tk+1− tk =

∆t. In order to generate the random variable, we use the built-in randn function in Julia.

randn generates a normally distributed random variable with mean 0 and variance 1. We

then scale our random number by
√

∆t in order to force the variance to ∆t. We also control

the seeding of the random number generation by the Random.seed!(n) function, where n is

the seed.

We parallelize the construction of the matrix [I − 0.5∆t (D(M) + F (C))] and vector

0.5∆t [D(M )M + F (C)M ], the pseudo-random number generation (PRNG), the vector

calculations of C(p+1), the 1-norm convergence calculation, and the array copying. We used

two different parallelization techniques in Julia. The first is the macro @threads, which

is placed in front of for loops, while the second is the vmapntt function, which provides

vectorized parallel execution of a scalar function. For both methods, the ’-t n’ runtime flag

was used to control the number of threads available, where n is the number of threads.

We ran all of our simulations on two separate computers. The first is a custom-built

workstation with an AMD Ryzen Threadripper 3955WX (3.9 GHz, 16 cores, 32 threads)

and 64 GB RAM running Ubuntu 20.10 (Groovy Gorilla). The second workstation is a

custom-built Intel Xeon E5-1660 v4 (3.2 GHz, 6 cores, 12 threads) with 32 GB RAM running

Ubuntu 16.04.7 LTS (Xenial Xerus). The computational speed up due to parallelization was

investigated with both machines on a 2048 × 2048 grid and run until t = 2. Results are
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summarized in Figure 3.2. The speedup was calculated as

speedup =
1
tn
ts

(3.29)

where tn is the elapsed time for n threads to execute the task and ts is the elapsed time

in serial (single thread). The ratio tn/ts is thus the fraction of time taken by n threads to

execute the same block of code.
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Figure 3.2: Computational speed up as a function of the number of threads used. The
threadripper based machine is on the left while the Xeon based machine is on the right. The
simulations were run for 2 units of time.

Given the data in Figure 3.2, we chose to run our simulations using 4 threads each.

3.4 Method Validation of the Deterministic Model

Since we do not have a convergence result for our numerical method, we provide a few

deterministic simulations1 to illustrate that our numerical method reproduces certain model

behaviour. All simulations given in this section, unless stated otherwise, use the relevant

parameters from Table 4.1 except with γ = 0.

3.4.1 Preservation of 1D Structure

The first of our simulations is to test whether or not a 1D initial condition could be preserved

throughout a simulation. We propose to use an initial condition of the form

1Simulations of the model (2.28).
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Time maxi ‖M1 −Mi‖1 maxi ‖C1 − Ci‖1

0.0 0.0 0.0

10.0 3.96×10−13 2.73×10−13

20.0 7.84×10−13 4.56×10−13

30.0 1.54×10−12 9.41×10−13

40.0 1.65×10−12 9.40×10−13

50.0 2.06×10−12 1.21×10−12

Table 3.1: Illustration of the 1D nature of the simulation of (2.65) with initially M as given
in (3.30) and C = 1 everywhere. M1 represents the solution at a given time-step along the
first column (see Figure 3.3). Therefore, we are reporting the maximum deviation in the
solution through the various columns of the simulation at the specified time-steps.

M(0, x, y) =

− h
d4
y4 + h, if y ≤ d,

0, otherwise,
(3.30)

where h = 0.1 and d = 5/127. Here h and d represent the height and depth of the inoculation

site. This initial condition is only present on the bottom of the domain, i.e. along the y = 0

boundary. Figure 3.3 provides a summary of the simulation. Table 3.1 gives the maximum

1-norm error between the solution along the first column of the grid compared to the other

N − 1 columns at times 0, 10, 20, 30, 40, and 50.

As we can see from Table 3.3, the associated errors give sufficient evidence to suggest

that our numerical methods do indeed preserve 1D initial conditions.

3.4.2 Preservation of Radial Symmetry

Another characteristic of the original PDE-ODE coupled system (2.1) and (2.2), is the

preservation of radial symmetry. Meaning if we start with a radially symmetric initial

condition, i.e. if M(0, x, y) = M0(r) with r2 = x2 + y2, then M(t, x, y) = M(t, r) for

all t > 0. To test this we use the initial condition

M(0, x, y) =

− h
d2

((x− 0.5)2 + (y − 0.5)2) + h, if (x− 0.5)2 + (y − 0.5)2 < d2,

0 otherwise,
(3.31)
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t = 0

t = 20

t = 40

Figure 3.3: Simulation of (2.28) with initially M as given in (3.30) and C = 1 everywhere.
The biomass densities (left) with their corresponding substrate concentrations (right) are
provided at the different time points listed.
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with h = 0.1 and d = 5/127. Here h and d are the maximum height and radius of the circular

inoculation. Figure 3.4 provides a summary of the simulation. Unfortunately, due to the

spatial discretization, we have no simple way of measuring how well our method actually

preserves radial symmetry. Therefore, we rely strictly on graphical evidence. Due to the

rectangular domain and grid we cannot expect radial symmetry to be preserved unless our

grid is fine enough. For that reason, this simulation is conducted on a 1024 × 1024 grid.

The solution shown in Figure 3.4 shows that radial symmetry is maintained throughout the

simulation.

3.4.3 Mass Conservation

The mass conservation of our method may be lost from possible sinks or sources introduced

in both the spatial and temporal discretizations. To investigate this, we can calculate the

total amount of biomass produced in the simulation at each time step against the theoretical

value. However, the total biomass cannot be exactly calculated with the current definition

of F (C). For this reason, we let F (C) = µ = const. Let

TM(t) =

∫
Ω

M(t, x)dx. (3.32)

Then using the Divergence Theorem and our homogeneous boundary conditions, we can find

the total biomass via integrating (2.1) over the domain Ω as follows. Let n be the outward

normal vector to ∂Ω. Then

∂M

∂t
= ∇(D(M) · ∇M) + µM, (3.33)

=⇒
∫

Ω

∂M

∂t
dx =

∫
Ω

[∇ · (D(M)∇M) + µM ] dx, (3.34)

=⇒
∫

Ω

∂M

∂t
dx =

∫
∂Ω

(D(M)∇M) · ndS +

∫
Ω

µMdx, (3.35)

=⇒
∫

Ω

∂M

∂t
dx =

∫
Ω

µMdx, (3.36)

=⇒ ∂

∂t

∫
Ω

Mdx = µ

∫
Ω

Mdx, (3.37)

=⇒ ∂TM
∂t

= µTM , (3.38)

=⇒ TM(t) = TM(0)eµt. (3.39)
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t = 0

t = 20

t = 45

Figure 3.4: Simulation of (2.28) with initially M as given in (3.31) and C = 1 everywhere.
The biomass densities (left) with their corresponding substrate concentrations (right) are
provided at the different time points listed.
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Given the uniform grid we placed on the domain Ω, we approximate TM as

TM(tk) ≈ ∆x2

NK∑
p=1

Mp. (3.40)

The simulation setup is identical to Section 3.4.2 with µ = 0.01 and run until t = 800, which

is when the entire domain has biomass. This allows us to investigate if the boundaries have

any sinks or sources. We need µ to be relatively small because we have no natural cell die

out. Therefore once the domain is full of biomass, or at least around certain grid cells, little

diffusion will occur, and the biomass will continue to grow. Figure 3.5 shows the relative

error

RelError =
|f1 − f2|
|f2|

, (3.41)

where f1 is the computed total biomass and f2 is the theoretical value for the time series of

the simulation. As we can see, the error is on the order of 10−4. Given the associated error

from the uniform grid over the domain Ω and the error from the numerical time integrator,

we conclude there are no notable sinks or sources generated by our numerical methods and

spatial discretization.
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Figure 3.5: Plot of the relative error, |f1−f2||f2| , between the computed total biomass f1 = TM(t)

and the theoretical total biomass, f2 = TM(0)eµt.

Therefore, it seems that our numerical method does not introduce egregious errors into

the simulations. Therefore, we will continue to use this method in Chapter 4, which outlines

our main computational results of the model (2.65).
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Chapter 4

Simulation Results and

Computational Analysis

With our complete mathematical model of discrete stochastic attachment to cellulolytic

biofilms and a numerical/computational framework, we begin investigating our model’s

characteristics via computational simulations. We first illustrate the efficacy of our model

(2.65) and computational set-up by conducting two-dimensional simulations to see if our set-

up captures critical qualitative characteristics. Then we will perform a grid refinement study

to draw some important conclusions on the numerical convergence of our state variables M

and C. We follow with an investigation on the effects of the attachment interval on key

quantities of interest. Then we finish with an investigation of travelling wave solutions

and use our attachment model to investigate the stability of such solutions. The default

parameters for our model (2.65) are given in Table 4.1.

We often run an ensemble of simulations with the same parameter values but varying

seeds for the PRNG throughout this chapter. Whenever we run such simulations, we use

integer seed values 1-n where n is the number of different simulations.

4.1 2D Simulations

We begin by showcasing a couple of sets of simulations to illustrate the efficacy of our model

and numerical method. The first set is with an initially clean domain, i.e. the initial biomass

density is zero everywhere. The second set investigates the model with an initially colonized

domain, which starts with a small circular inoculation of biomass to see how the random

attachment events interact with pre-existing biomass.
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Table 4.1: Model parameters used for the simulations of (2.65). All values in the table are
dimensionless.

Parameter Symbol Value Reference

Motility Coefficient δ̃ 10−6 [13]

Diffusion Coefficient Exponent 1 α 4.0 [13]

Diffusion Coefficient Exponent 2 β 4.0 [13]

Maximum Consumption Rate Υ̃ 0.4 [13]

Half Saturation Concentration κ̃ 0.01 [13]

Cell Loss Rate λ̃ 0.42 [13]

Control Parameter of f σ 0.000001 assumed

Shift Parameters of f a & b Varied assumed

Density of an Attached Cell per Time Step γ 0.01 assumed

Biomass Attachment Exponents ν1/2 2.0 assumed

Domain Length L 1.0 assumed

Domain Width W 1.0 assumed

Grid Size N ×K 29 × 29 assumed

Step Size ∆t 10−2 assumed

Fixed Point Iteration Tolerance tol 10−6 assumed

Seed − 1 assumed

4.1.1 Case 1: Initially Clean Domain

Here we simulate (2.65) with the initial conditions M = 0 and C = 1 everywhere. Between

the two simulations, we controlled the emerging characteristics of the biomass by controlling

the impulse interval [a, b]. With a larger interval, we expect more attachment events to

occur. We also expect attachment events to occur earlier if a is closer to 0. Both simulations

use the parameter values given in Table 4.1 with simulation 1 having an attachment interval

[a, b] = [0.99999, 1.0] (see Figure 4.1) while simulation 2 has an attachment interval [a, b] =

[0.9999, 1.0] (see Figure 4.2). At the start, we can easily verify that the initial conditions

do hold at t = 0 (the plotted time points for these figures differ after t = 0). As the

simulations progress temporally, we see small colonies form across the domain; in both

simulations, this occurs at around t = 20. These colonies grow rapidly, and once they reach

saturation, they diffuse over to neighbouring colonies. These colonies manifest the crater-like

features (see Figure 1.2) resembling the colonies formed in cellulolytic biofilms (see Figure

1.3). As the colonies continue to spread, some colonies coalesce and form communities.
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These communities continue to coalesce and form until the substratum is too degraded.

Once the substrate in the substratum becomes too limited, the biomass begins to decay

until no substrate is present and, in turn, no biomass.

The morphological features of the biomass development are reflected in the substrate

distribution. One can easily spot where the biomass colonies are (or were) by seeing where

the substrate has been degraded, which is a consequence of the bacteria always depleting

the substrate around it for growth and proliferation.

Looking at Figures 4.1 and 4.2 we can see subtle differences in the colony and community

formations. In Figure 4.1, we have fewer attachment events taking place, which is expected

due to the decreased interval. We also see that at time t = 20 we have slightly more

established attachment events in Figure 4.2 compared to Figure 4.1. This is caused by the

impulse interval [a, b] having its left endpoint closer to 0, which is the initial condition of

the Wiener processes. Therefore, if an attachment event occurs in the simulation depicted

in Figure 4.1, then it must occur in the simulation depicted in Figure 4.2 since [0.99999, 1] ⊂
[0.9999, 1] and Wiener processes are continuous. The other major consequence of having a

slightly larger attachment interval is that the simulation finishes sooner. By finishing, we

mean the substrate and biomass reaching zero (or close to 0) everywhere. From Figure 4.1

we see that the simulation finishes shortly after t = 50, while in Figure 4.2 the simulation

is complete by t = 45. The two processes that cause this are the slightly sooner attachment

events and the larger total biomass resulting from more attachment events. More biomass in

the system, especially spread out across more grid cells, means quicker substrate degradation.

More substrate degradation means faster biomass death and detachment, as discussed in

Remark 2.1.9.

Lastly, although it is hard to tell by these simulations, the attachment events that

contribute to substantial additional biomass, i.e. when γg(M)h(C)f(Wt) ≈ γ, cease in

the grid locations that have high biomass concentration or low substrate concentration.
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t = 0

t = 20

t = 30

Figure 4.1: Simulation of (2.65) with initially M ≡ 0 and C ≡ 1 everywhere. The biomass
densities (left) with their corresponding substrate concentrations (right) are provided at the
different time points listed. The interval of attachment is [0.99999, 1.0].
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t = 35

t = 40

t = 50

Figure 4.1: Simulation of (2.65) with initially M ≡ 0 and C ≡ 1 everywhere. The biomass
densities (left) with their corresponding substrate concentrations (right) are provided at the
different time points listed. The interval of attachment is [0.99999, 1.0].
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t = 0

t = 20

t = 25

Figure 4.2: Simulation of (2.65) with initially M ≡ 0 and C ≡ 1 everywhere. The biomass
densities (left) with their corresponding substrate concentrations (right) are provided at the
different time points listed. The interval of attachment is [0.9999, 1.0].
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t = 30

t = 35

t = 45

Figure 4.2: Simulation of (2.65) with initially M ≡ 0 and C ≡ 1 everywhere. The biomass
densities (left) with their corresponding substrate concentrations (right) are provided at the
different time points listed. The interval of attachment is [0.9999, 1.0].
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4.1.2 Case 2: Initially Colonized Domain

Here we simulated (2.65) with the initial biomass given by (3.31)1 and C = 1 everywhere.

The main goal of these simulations is to examine the effects of attachment when a substantial

bacterial colony is already present in the system.

In these simulations, as with the initially clean domain simulations, we present two

separate simulations. Both simulations use the default simulation parameters given in Table

4.1 with an attachment interval [a, b] = [0.99999, 1.0] (see Figure 4.3) and the other with

attachment interval [a, b] = [0.9999, 1] (see Figure 4.4).

From Figures 4.3 and 4.4 we see that before the attachment events start taking place, the

central colony expands radially outward, sweeping out the domain. Then, at around t = 20

in both simulations, we see attached colonies start to form, which is consistent with the

initially clean domain simulations as we use the same seeding for the stochastic processes.

However, unlike the previous simulations, we see that no attachment occurs on or inside the

central colony, which is caused by the lack of substrate or high biomass densities at these

locations.

Like in the previous simulations, we see that when the impulse interval is larger, we have

more attachment events occurring, and when the impulse interval is closer to 0, we have

attachment events occurring slightly sooner. In both cases, the colonies that form due to

attachment have ample time to grow and diffuse before they merge with the central colony.

This causes the attachment events to consume the majority of the substrate in the sections of

the domain for which they occupy. As a result, we see that the central colony cannot reach

the edges of the domain before becoming completely distorted by the attached biomass.

Unsurprisingly, the simulation with the larger attachment interval (see Figure 4.4) consumes

the domain quicker, distorts the central colony much sooner and to a greater degree when

compared to the simulation with the smaller attachment interval (see Figure 4.3).

When comparing our simulations illustrated in Figures 4.1, 4.2, 4.3, 4.4 to the empirical

imaging in Figure 1.3 we see that Figures 4.1, 4.3, which both use the attachment interval

[a, b] = [0.99999, 1.0], best capture the amount of biomass deposited onto these domains.

1Here we used the same parameters h = 0.1 and d = 5/127 as in Figure 3.4
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t = 0

t = 20

t = 30

Figure 4.3: Simulation of (2.65) with initially M given by (3.31) and C ≡ 1. The biomass
densities (left) with their corresponding substrate concentrations (right) are provided at the
different time points listed. The interval of attachment is [0.99999, 1.0].
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t = 35

t = 40

t = 50

Figure 4.3: Simulation of (2.65) with initially M given by (3.31) and C ≡ 1. The biomass
densities (left) with their corresponding substrate concentrations (right) are provided at the
different time points listed. The interval of attachment is [0.99999, 1.0].
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t = 0

t = 20

t = 25

Figure 4.4: Simulation of (2.65) with initially M given by (3.31) and C ≡ 1. The biomass
densities (left) with their corresponding substrate concentrations (right) are provided at the
different time points listed. The interval of attachment is [0.9999, 1.0].
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t = 30

t = 35

t = 40

Figure 4.4: Simulation of (2.65) with initially M given by (3.31) and C ≡ 1. The biomass
densities (left) with their corresponding substrate concentrations (right) are provided at the
different time points listed. The interval of attachment is [0.9999, 1.0].
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4.2 Grid Refinement Study

One of the most basic tests in numerical analysis is to verify whether the numerical solution

to a problem (assuming existence and uniqueness) converges to a particular value or set of

values as the computational precision increases. For our model, we can naturally increase

the number of grid points to increase our model’s spatial precision. Therefore, for our work,

we investigate whether or not we can attain convergence of our model (2.65) while refining

our grid resolution.

Since we are dealing with a random differential equation, it is better to investigate the

effects of specific statistics related to the system rather than quantities calculated over one

simulation. This is caused by the stochastic process, which has many different possible

realizations. Therefore, we ran an ensemble of simulations with fixed parameter values but

varying starting integer seeds in our grid refinement study. For our purposes, we use the

generally accepted notion that 30 samples are sufficient to apply the Central Limit Theorem2

and thus, we perform 30 simulations for each grid size [21].

In our grid refinement study, we generate 3 statistics, the sample mean (expectation),

sample standard deviation, and the standard error of the sample mean. To generate these

statistics we use the following formulae

sample mean := E[X] =
1

n

n∑
i=1

Xi, (4.1)

sample standard deviation := SD[X] =

√√√√ 1

n− 1

n∑
i=1

(Xi − E[X])2, (4.2)

standard error of the sample mean := SEM [X] =
SD[X]√

n
. (4.3)

where X = (X1, ..., Xn) denotes the samples and n is the number of realizations (samples).

The number of attachment events that occur in a given simulation scales with the number

of grid cells used. This is due to the increase in the number of Wiener processes involved;

more Wiener processes imply more possibilities for attachment events to occur. So, if we

have the same amount of biomass added to a given grid cell, we will have more total energy

in the system. Therefore, we need to be careful when looking to compare data across

2The use of the Central Limit Theorem will become more apparent when we discuss the stability of
travelling wave solutions. We kept the number of simulations the same across different experiments for
consistency sake.
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simulations with different grid resolutions. Hence, we need to devise a method for mitigating

the fluctuations in attachment across different grid resolutions. Three methods could be used:

1. Scale the amount of biomass deposited per attachment event with the size of a grid

cell,

2. Dynamically change the attachment rates by resizing the attachment interval [a, b],

3. Fix the size of an attachment site a priori for all grid sizes.

Of these three methods, we chose to adopt method 3. We think this method best captures

the underlying mechanism we wish to capture, as we are looking at discrete attachment both

in time and space. If we fix the size of an attachment event, we assume that the attached

biomass has a common size. Since bacterial cells have an inherent size, we believe this method

best suits our system. As with any compromising method, fixing the size of an attachment

site does come with its disadvantages. For example, when picking the size of an attachment

site, we need to pick the size no larger than L/N ×W/K for the coarsest N × K grid in

our study. If we were to pick the attachment site smaller, we would have discrepancies over

where to attach the biomass and how much to attach. Due to computational costs coming

from both the individual simulations with fine grids and the ensemble simulations needed

to generate the appropriate sample statistics, we need to pick relatively large attachment

sites to illustrate convergence. Having larger attachment sites means that if we wished to

use our results to pick an appropriate grid resolution, we could not be sure that different

results would not occur if the attachment sites were closer to the size of the corresponding

grid cells.

In order to adapt our model (2.65) to have a different spatial size for the attachment

events, we need to change the attachment term T (M ,C)F (W t). To do this, we place a

N0 ×K0 grid over the existing N ×K grid, with N0 ≤ N and K0 ≤ K, and use the same

Wiener process for all grid cells in the N ×K grid that share a grid cell in the N0×K0 grid.

Therefore, any attachment event that occurs in a specific grid cell will occur in all other grid

cells in the N0 ×K0 grid, which will create an attachment event of size L/N0 ×W/K0.

Since the biomass density and carbon concentration values follow a different trajectory

through time for each grid cell and can vary due to attachment, we propose to study three

different quantities that convert data on our spatial grid into a scalar. This is a more

efficient and much less complex approach as we reduce the degrees of freedom in the solution

components, which means our convergence results are much more amenable in both numerical
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and graphical modes. The quantities of interest we will use are the spatial integration of the

biomass density and carbon concentration (total mass),

MTOT (t) :=

∫
Ω

M(t, x)dx = ∆x2

NK∑
p=1

Mp(t), (4.4)

CTOT (t) :=

∫
Ω

C(t, x)dx = ∆x2

NK∑
p=1

Cp(t), (4.5)

where Ω is the spatial domain, NK is the number of grid cells, and Mp(t), Cp(t) denote the

pth component of the vectors M(t) and C(t). The occupancy of the biomass and carbon,

MA(t) :=

∫
ΩM (t)

dx = ∆x2

NK∑
p=1

UM
p (t), (4.6)

CA(t) :=

∫
ΩC(t)

dx = ∆x2

NK∑
p=1

UC
p (t), (4.7)

where ΩM/C(t) denote the domains ΩM(t) := {x ∈ Ω | M(t, x) > 0} and ΩC(t) := {x ∈
Ω | C(t, x) > 0}, and the points UL

p (t) for L = M,C are 1 if Lp(t) ∈ ΩL(t) and zero

otherwise. Lastly, we propose to investigate the number of distinct biofilm colonies and

depleted substrate colonies, which we denote by MCC = MCC(t) and CCC = CCC(t) for

biomass and carbon respectively. To calculate the number of distinct colonies, we use the

label components function from the Images package in Julia. The label components function

takes in a 2D binary array representing the pixel layout of a 2D image. The entry in the array

is 1 if the corresponding pixel corresponds to a piece of an object and 0 if the corresponding

pixel is a background pixel. For us, that means pixels in ΩM/C(t) are given the label 1, and

all other pixels receive the label 0. This function then determines all the subdomains in an

image (or connected components [6] in the image analysis space) by labelling each entry in

the pixel array with a number corresponding to the connected component for which the pixel

belongs. We use the near-nearest neighbour formulation for our purposes, which means we

say pixels are connected to all of the eight surrounding pixels on the square grid. To apply this

formulation to the label components function we pass in the additional argument trues(3, 3).

Once we have the array of labels, we determine how many connected components there are

and report that quantity. For both the occupancy and the number of colonies calculation,

we use a threshold of 10−2 to approximate ΩM/C(t), which means we instead use the sets
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Ω′M(t) := {x ∈ Ω |M(t, x) > 10−2} and Ω′C(t) := {x ∈ Ω | C(t, x) > 10−2}.
For all grid refinement simulations, we used the default parameter values given in Table

4.1 and an attachment interval of [a, b] = [0.99, 1.0]. We use a wider impulse interval for

the grid refinement study since we have significantly less Wiener processes compared to the

simulations presented in Section 4.1. The grid resolutions used in our study are {64×64, 128×
128, 256×256, 512, 1024×1024}, which gives the natural spatial size of the attachment event

equal to 1
64
× 1

64
.

To provide a measure of the degree of convergence for the expectations, we also provide a

summary of the relative distances of the sample means between the grid resolution and our

true solution, which we approximate by the finest grid resolution 1024× 1024. The relative

distance between the expectation curves is calculated via the formula

distN =
‖UN − U1024‖p
‖U1024‖p

(4.8)

with p = 1, 2,∞ denoting the usual p-norms and UN denoting the expectation time series

for the N × N grid with U1024 being the 1024 × 1024 grid resolution. We also provide the

grid refinement ratio (GRR) for the various grid resolutions. This is calculated as

GRR =
distN/2
distN

. (4.9)

For all simulations, we set the initial conditions to M ≡ 0 and C ≡ 1 in order to simulate

an initially clean domain. Attachment events start to show notable colonies at around t = 5.

After the initial attachment events occur, they form larger colonies, which grow and consume

the substrate and eventually form into large communities. These communities consume the

entire domain until the substrate is fully degraded, for which the biomass quickly follows.

The full decay of biomass occurs at around t = 35. See Figures 4.1 and 4.2 for visual

representations of these scenarios.

4.2.1 Total Mass

Figure 4.5 shows the sample mean of the spatially integrated biomass density and carbon

concentration over 30 realizations while Figure 4.6 gives the associated standard error of the

sample mean throughout the time series. Table 4.2 provides numerical values calculated via

(4.8) and (4.9).
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Figure 4.5: The time evolution of the expectation of total biomass (left) and substrate (right)
for several grid sizes averaged over 30 realizations. The spatial size of an attachment event
is 1

64
× 1

64
of the domain area.

Table 4.2: Relative distance between the expectations of the total biomass density (M) and
total carbon concentration (C) for various grid resolutions. All distances are calculated
relative to the 1024 × 1024 grid resolution. The grid refinement ratio (GRR) is calculated
via the ratio of the relative distance of the previous grid resolution over the current grid
resolution.

Biomass Density (M)

Grid Resolution ‖·‖1 GRR ‖·‖2 GRR ‖·‖∞ GRR

64× 64 0.0757 0.0861 0.1135

128× 128 0.0491 1.5418 0.0542 1.5886 0.068 1.6691

256× 256 0.0255 1.9255 0.0277 1.9567 0.0338 2.0118

512× 512 0.0095 2.6842 0.0102 2.7157 0.0123 2.748

Substrate Concentration (C)

Grid Resolution ‖·‖1 GRR ‖·‖2 GRR ‖·‖∞ GRR

64× 64 0.01 0.0222 0.0648

128× 128 0.0067 1.4925 0.0144 1.5417 0.0401 1.616

256× 256 0.0036 1.8611 0.0075 1.92 0.0204 1.9657

512× 512 0.0014 2.5714 0.0028 2.6786 0.0075 2.72

We see that for finer grid resolutions, the mean of MTOT reaches a smaller peak value

and decays slower as a result. The degradation of substrate also decays slower with a finer
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Figure 4.6: The total biomass SEM (left) and total substrate SEM (right) for several grid
sizes obtained over 30 realizations. The spatial size of an attachment event is 1

64
× 1

64
of the

domain area.

grid. This is interesting since ∆x only appears in the diffusion coefficient, which plays no

role in the total biomass as seen in (3.33). We also see that the standard error in the sample

mean is almost always lower with finer grid resolutions for the biomass density except when

the biomass is decaying, which is consistent with the carbon concentration. Implying that

when the mean biomass density or carbon concentration is higher, the standard error is

larger when comparing grid resolutions. Lastly, we see this interesting two-peak behaviour

of the standard error time series for the biomass density while the expectation has only one

node. If we look at the time axis, we see that the two peaks in the standard error plot occur

while the mean biomass density is increasing and decreasing, and the valley occurs around

the peak of the expectation plot. This suggests that when the total biomass is not at its

max, there is more variability in the total biomass, and likely the spatial distribution of the

biomass, but the total biomass hits its peak at roughly the same value and at roughly the

same time across the different realizations.

4.2.2 Occupancy

Figure 4.7 shows the sample mean of the occupancy of biomass and carbon over 30 realizations

while Figure 4.8 gives the associated standard error of the sample mean throughout the time

series. Table 4.3 provides numerical values calculated via (4.8) and (4.9).

Similar to the spatially integrated case in Subsection 4.2.1, we see that the different curves

in the biomass and carbon graphs agree up until around t = 15. Once there is sufficient
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Figure 4.7: The time evolution of the expectation of occupancy of biomass (left) and
substrate (right) for several grid sizes averaged over 30 realizations. The spatial size of
an attachment event is 1

64
× 1

64
of the domain area.

Table 4.3: Relative distance between the expectations of the occupancy of biomass (M)
and substrate (C) for various grid resolutions. All distances are calculated relative to the
1024× 1024 grid resolution. The grid refinement ratio (GRR) is calculated via the ratio of
the relative distance of the previous grid resolution over the current grid resolution.

Biomass Density (M)

Grid Resolution ‖·‖1 GRR ‖·‖2 GRR ‖·‖∞ GRR

64× 64 0.0508 0.0932 0.2535

128× 128 0.0328 1.5488 0.058 1.6069 0.1483 1.7094

256× 256 0.0174 1.8851 0.0299 1.9398 0.0692 2.1431

512× 512 0.0067 2.597 0.0113 2.646 0.0249 2.7791

Substrate Concentration (C)

Grid Resolution ‖·‖1 GRR ‖·‖2 GRR ‖·‖∞ GRR

64× 64 0.0125 0.0309 0.107

128× 128 0.0081 1.5432 0.0187 1.6524 0.0606 1.7657

256× 256 0.0042 1.9286 0.0094 1.9894 0.0294 2.0612

512× 512 0.0016 2.625 0.0035 2.6857 0.0106 2.7736

time for the colonies formed via cell attachment to start expanding, we see a deviation

from the true (1024×1024) solution, which is caused by the spatial expansion of the biofilm

and, in turn, the degradation of substrate. The occupancy of both biomass and carbon
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Figure 4.8: The occupancy of biomass SEM (left) and occupancy of substrate SEM (right)
for several grid sizes obtained over 30 realizations. The spatial size of an attachment event
is 1

64
× 1

64
of the domain area.

increase/decrease quicker with coarser grids. At around t = 20, the entire domain is flooded

with biomass, and the domain is experiencing significant substrate degradation. Shortly

after, the substrate becomes fully degraded; however, the occupancy of biomass starts to

decrease quite rapidly after t = 30. The rapid decay is caused by the dominance of the

−λM term in (2.65). Once little substrate is available, the biomass will start to die out

exponentially until no biomass is present in the system, which occurs just before t = 35.

Thus, we see that the biomass occupancy for the coarser grids decays quicker and starts

decaying later on.

When inspecting the SEM plots (Figure 4.8), we see that both graphs have an initial

hump, which corresponds to the deviation in occupancy as the attached biomass begins to

consume the domain; however, we see that when the domain is fully occupied the error is 0,

implying all simulations shared this trend. Afterwards, the carbon curves stay at 0, while the

biomass plots have another spike in error, corresponding to the rapid decrease in occupancy.

We see that for coarser grids, the spike in standard error is higher and narrower, implying

more variation in the occupancy as the biomass begins to die out.

4.2.3 Number of Colonies

Figure 4.9 shows the sample mean of the number of biomass and depleted carbon colonies

over 30 realizations while Figure 4.10 gives the associated standard error of the sample mean

throughout the time series. Table 4.4 provides numerical values calculated via (4.8) and
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(4.9).
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Figure 4.9: The time evolution of the expectation of the number of biomass colonies (left)
and depleted substrate colonies (right) for several grid sizes averaged over 30 realizations.
The spatial size of an attachment event is 1

64
× 1

64
of the domain area.

Table 4.4: Relative distance between the expectations of the number of biofilm colonies (M)
and depleted substrate colonies (C) for various grid resolutions. All distances are calculated
relative to the 1024 × 1024 grid resolution. The grid refinement ratio (GRR) is calculated
via the ratio of the relative distance of the previous grid resolution over the current grid
resolution.

Biomass Density (M)

Grid Resolution ‖·‖1 GRR ‖·‖2 GRR ‖·‖∞ GRR

64× 64 0.0853 0.1148 0.1761

128× 128 0.0526 1.6217 0.0763 1.5046 0.1179 1.4936

256× 256 0.0274 1.9197 0.0417 1.8297 0.0651 1.8111

512× 512 0.0111 2.4685 0.0174 2.3966 0.0282 2.3085

Substrate Concentration (C)

Grid Resolution ‖·‖1 GRR ‖·‖2 GRR ‖·‖∞ GRR

64× 64 0.577 0.6319 0.7099

128× 128 0.4011 1.4385 0.4203 1.5034 0.4707 1.5082

256× 256 0.2106 1.9046 0.2175 1.9324 0.2442 1.9275

512× 512 0.0829 2.5404 0.0822 2.646 0.0916 2.6659

73



 0

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

 0  5  10  15  20  25  30  35  40  45  50

S
E

M
[M

C
C

]

t

64
128
256
512

1024

 0

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

 0  5  10  15  20  25  30  35  40  45  50

S
E

M
[C

C
C

]

t

64
128
256
512

1024

Figure 4.10: The number of biofilm colonies SEM (left) and depleted substrate colonies SEM
(right) for several grid sizes obtained over 30 realizations. The spatial size of an attachment
event is 1

64
× 1

64
of the domain area.

As with the other two quantities of interest, we see that each curve in the biomass plot

and each curve in the carbon plot coincide with each other up until around t = 15. This is

to be expected since this corresponds to the attachment events, which are consistent across

the grid resolutions3. Afterwards, we see deviations in the expected number of colonies as

the number of colonies reaches one in the biomass case and begins to spike in the carbon

case. The biomass plots deviate as the number of colonies reaches one as this is when biofilm

expansion occurs, while the carbon curves deviate when the number of colonies spikes as this

is when lots of small depleted colonies form due to the expansion of the biofilm. After the

initial spike, all carbon curves settle to the value of 0 colonies. However, the biomass sees

another spike in the number of colonies between t = 30 and t = 35. This spike in colonies

corresponds to the biomass dying in some grid cells but not others. Therefore, breaking the

connection the other biomass had with their surrounding colonies. We see that for coarser

grids, the peak in newly formed colonies is smaller and reached sooner before all grids decay

to 0.

When inspecting the SEM plots (Figure 4.10), we see a similar trend to the occupancy

case. When the expectation curves between each grid resolution coincide, we also see that

manifesting in the SEM plots. When the plots start to deviate, we see a similar deviation

in SEM plots. Once the expected number of colonies reaches 0 or 1, we see that the error

also decays to 0, suggesting that there is variability in the growth and decay of the biomass

across realizations but not when the domain is fully saturated or fully decayed.

3We use the same seeding for the PRNG, and the spatial size of the attachment event are all 1
64 ×

1
64 .
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4.2.4 Discussion of Convergence

From all the figures and tables presented in this section, we can see that as the grid resolution

is refined, we have the expectation graphs and the standard error graphs approaching the

1024×1024 more closely. However, we do not see the graphs converging as closely as we may

wish, but due to the computational cost of simulating 30 realizations on a 2048× 2048 grid,

we cannot include any more grid refinement. Nevertheless, we still get relatively adequate

convergence results, as seen in the figures and tables. In addition, we see that the GRR

increases as we refine the grid indicating that the relative distances between successive grid

resolutions decreases or, in other words, indicates convergence. Unfortunately, the GRR

does not seem to converge, so we cannot estimate the order of convergence for the various

quantities of interest as we refine the grid.

4.3 Attachment Interval Sensitivity Analysis

In this section, we investigate the effects of the attachment interval on the three quantities of

interest given in Section 4.2, namely the total mass of biomass and carbon, the occupancy of

biomass and carbon, and the number of biofilm colonies and fully depleted carbon colonies.

In order to examine the effects of the attachment interval, we perform sensitivity analysis

by varying the location of the attachment interval on the real line while keeping the length

of the interval the same. For our purposes, we fix the length of the attachment interval

as 0.00001 and translate the interval by an amount of ξ. We assume the base interval is

[0.99999, 1.0] and generate our new interval as

[a, b] = [0.99999 + ξ, 1.0 + ξ]. (4.10)

We note that since the initial value for each Wiener process is 0, we expect that as [a, b]

deviates from 0 (or in our case ξ increases, since we investigate positive values of ξ), the

number of attachment events will decrease and the first attachment events will occur later

due to the continuity of the Wiener process.

For all simulations, we set the initial conditions to M ≡ 0 and C ≡ 1 in order to

simulate an initially clean domain. All the simulations conducted in this section have random

attachment events starting to occur at some time T > 0. After the initial attachment events

occur, they form small colonies, which grow and consume the substrate and eventually form

into large communities. After around t = 80 for all simulations, the biomass and carbon has
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completely vanished from the system4 (see Figures 4.1 and 4.2 for visual representations of

these scenarios).

We use 30 realizations to generate the same test statistics as in Section 4.2. However,

since we are not interested in investigating the convergence of the sample statistics, we only

include a plot of the expectation time-series and include error bars at each point equal to

± one standard deviation. We opt to use the standard deviation in this setting since the

standard error in the sample mean is too small to detect at the current image size.

The simulation results are summarized in Figures 4.11, 4.12, and 4.13.
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Figure 4.11: The time evolution of the expectation of total biomass (left) and substrate
(right) for several attachment intervals averaged over 30 realizations. The vertical bars
represent the mean ± one standard deviation.

In all three figures, we can see that increasing ξ leads to slower initial changes in the three

quantities of interest, smaller peak values and slower decay. This is caused by the longer

time required for attachment events to occur and the lower number of attachment events

when increasing ξ. We see from Figures 4.11 and 4.12 that the spatially integrated and

occupancy plots follow each other quite closely in terms of shape, which is unsurprising due

to the similarity of what they measure. The number of colonies graph, however, differs quite

greatly from the other two. We see that the number of depleted carbon colonies increases

rapidly shortly after the number of biomass colonies starts to decrease. This corresponds to

the dominance of the −λM term in the biomass equation, which occurs once the carbon has

become significantly depleted.

Although it is hard to see in the plots of the total mass and occupancy, as we increase ξ,

we see that the error bars in the mass and occupancy plots increase in length, which suggests

4Based on our small tolerance for 0 of 10−2.
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Figure 4.12: The time evolution of the expectation of occupancy of biomass (left) and
substrate (right) for several attachment intervals averaged over 30 realizations. The vertical
bars represent the mean ± one standard deviation.
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Figure 4.13: The time evolution of the expectation of the number of biomass colonies (left)
and depleted substrate colonies (right) for several attachment intervals averaged over 30
realizations. The vertical bars represent the mean ± one standard deviation.

there is more variability across the given realizations. This observation of increasing error

bars is following what was found in [33]. Therefore, when more attachment events occur,

the deviation in how much biomass is present and how much total biomass is occupying

the domain decreases. However, when we look at the colonies’ plots, we typically see more

variability in the biomass plots when more attachment occurs. This indicates that the

number of colonies can vary more greatly when we have a higher chance of attachment

events occurring.
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4.4 Travelling Wave Analysis

In this section, we investigate the stability of a 1D travelling wave solution to (2.1) and (2.2).

Evidence of the existence of a travelling wave solution has been given in [22]. However, there

has been no numerical investigation into the stability of such a travelling wave solution.

We start by first showing that our numerical methods can accurately reproduce a travelling

wave solution for the deterministic model (2.65) with T (M ,C)F (W t) = 0. We then use

our random attachment model to introduce random perturbations into the system, which

we use to provide evidence for the stability of the travelling wave solution. All simulations

presented in this section use the parameter values in Table 4.1 unless otherwise stated.

4.4.1 Travelling Wave Solution of the Deterministic Model

Classical travelling wave solutions are solutions that propagate with an a priori unknown

fixed speed without any change in shape. This means the solution can be written as

u(t, x) = u(x− ct). (4.11)

where c is the wave speed of the travelling wave.

The simulation that we will be investigating in this section is described in Section 3.4 and

visualized in Figure 3.3. From Section 3.4, we see that the model (2.1) and (2.2) with our

numerical method, preserves the one-dimensional structure with the initial condition (3.30).

Therefore, to show that we indeed have a travelling wave solution, we are left to show that

the solution propagates at a fixed wave speed and does not change shape. We can do this

graphically by horizontally translating the solution at different time points by c(t0 − ti),

where c is the wave speed, t0 is the reference time point, and ti is the time where that

solution exists pre-translation. If the translated solutions coincide, then we can conclude

that there is evidence of a travelling wave solution. Therefore, we need first to estimate the

wave speed of our simulation. To do this, we calculate the interface of the biomass wave

at the time points generated throughout the simulation. To calculate the wave interface,

we take the largest y-coordinate that has a positive biomass density. Remember, we only

need to deal with the largest y-coordinate for a specific x-coordinate as we know the solution

maintains its one-dimensional structure. Once we have the wave interface, we can estimate

the wave speed by fitting a linear function through the data points corresponding to the

wave interface. To fit a linear model to the data set, we use the built-in function, fit, from
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GNUPLOT. This fits the model f(x) = cx + b to our data, where c is the estimate of the

wave speed. The initial data used in the simulation (3.30) is not the profile for the wave.

Therefore, we fit the model to the data once the proposed travelling wave has formed. In

this case, the travelling wave seems to form at around t = 35. The results are plotted in

Figure 4.14.
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Figure 4.14: The location of the wave peak as a function of t for the simulation summarized
in Figure 3.3. The red line is the wave peak location taken from the simulation result. The
green line is the function f(x) = cx+b, with c as the wave speed, taken from the GNUPLOT
fitting with the wave interface values after t = 35. The title shows the wave speed.

With our calculated wave speed, we can now investigate whether or not the shape of the

wave is preserved. To do this we plot the solutions M(x− c(t0− tn)), where t0 = 45.0 is the

reference time point, for which we translate the waves onto (see Figure 4.15). The values

of tn are the time points for the other solutions. By translating the solutions by a factor of

c(t0− tn), we see that the solutions agree almost exactly, barring the thickness of the plotted

lines. Therefore, we have sufficient evidence to suggest that the deterministic model, with

our numerical method, can produce a travelling wave solution.

4.4.2 Stability of the Travelling Wave Solution

In order to investigate the stability of our one-dimensional travelling wave solution, we use

our newly developed attachment model to induce random perturbations to the wave and

study whether or not the wave speed and profile remain after the attachment.

To start, we investigate one simulation with attachment to illustrate that the wave speed

likely persists and the wave profile remains unchanged. Due to the small spatial domain

and time scale required for a travelling wave to establish, we start our simulation with the
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Figure 4.15: Solutions of M in the form M(x − ct) a priori taken from the simulation
summarized in Figure 3.3. The multiple time steps are translated on top of each other by
horizontal translations of c(t0 − tn) for each time step shown. The values of ti are given by
[45, 47.5, 50, 42.5, 40, 37.5]. The title shows the wave speed.

initial wave profile both for the biomass density and the carbon concentration. To do this,

we took the wave profile from the data in Figure 4.15 along with the associated substrate

concentration and translated the wave back to Y = 0. To show that the travelling wave

persists with this new initial condition, we simulate this initial wave profile case, calculate

the associated wave speed, and show that the solution is indeed a travelling wave. A summary

of the simulation is given in Figure 4.16.

Figure 4.16 shows a substantial amount of the domain is covered initially corresponding

to the initial travelling wave. The main advantage of using the wave profile as the initial

condition is computing the wave speed and the wave profile. Since we start with the wave

profile fully established, we do not need to wait for the travelling wave to establish itself.

Therefore, we can compute the wave speed much sooner and ensure that our attachment

events do not interfere with the initial creation of the travelling wave.

To calculate the wave speed, we proceed in the same fashion as in Section 4.4.1, i.e. we

fit a linear model to the wave interface to extract the wave speed. We fit our linear model

to all interface values after t = 5. Figure 4.17 illustrates the calculation of the wave speed.

With the wave speed, we can investigate whether we have the same wave profile across

multiple time steps. We proceed in the same fashion as before. For this setting, we use a

reference time step t0 = 25.0. Figure 4.18 illustrates the translated wave profiles.

We can see from Figure 4.18 that we have ample evidence to suggest that our simulation

with the wave profile initial condition still produces a travelling wave. Furthermore, as
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t = 0 t = 15

t = 25 t = 35

Figure 4.16: Simulation of the biomass density M from (2.28) with initially M and C given
as the wave profile (see Figure 4.15). The biomass densities are provided at the different
time points listed.

expected, we have our travelling wave emerging much quicker. The time points used in Figure

4.18 are much closer to the initial time t = 0 when compared to Figure 4.15. Therefore,

we do not need to wait as long before the travelling wave has fully formed. Using our wave

profile as the initial condition allows for a more straightforward computation of the wave

speed and profile while also minimizing errors associated with attachment events disrupting

the formation of the travelling wave.

To simulate random perturbations of the wave, we apply attachment events only to the

section of the domain where y ∈ [256dx, 341dx], which corresponds to the y grid cells between

K/2 and (2K − 1)/3, where K = 512. The impulse interval used in this next simulation
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Figure 4.17: The location of the wave peak as a function of t for the simulation summarized
in Figure 4.16. The red line is the wave peak location taken from the simulation result. The
green line is the function f(x) = cx+ b with c as the wave speed, taken from the GNUPLOT
fitting with the last half of the wave location. The title shows the wave speed.
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Figure 4.18: Solutions of M in the form M(x − ct) a priori taken from the simulation
summarized in Figure 4.16. The multiple time steps are translated on top of each other by
horizontal translations of c(t0 − tn) for each time step shown. The values of ti are given by
[25, 30, 35, 20, 15, 10]. The title shows the wave speed.

is given by [a, b] = [0.499, 0.5]. We chose this impulse interval and the specified grid cells

as we still get lots of attachment, but the attachment sites do not form enough biomass to

destroy the wave completely. Figure 4.19 illustrates this simulation. The colours chosen in

the 2D colour map are different from the previous simulations to give a higher contrast for

the attachment events.

From the snapshots given in Figure 4.19, we see that our travelling wave seems to persist

through the attachment events. Therefore, we have reason to investigate these effects further.
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t = 0 t = 10

t = 15 t = 30

Figure 4.19: Simulation of (2.65) with initially M and C given by the translated wave profile
and attachment only occurring in the region where y ∈ [256dx, 341dx]. The biomass densities
are provided at the different time points listed. The interval of attachment is [0.499, 0.5].
We use a different color map to better show the attachment events in front of the wave.
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We investigate how the wave speed, interface, and profile changes after the attachment events

for this given simulation. The calculation of the wave speed and the wave profile is the

same as before. To generate the wave interface, we find the largest y-coordinate such that

M > 10−2 for each x-coordinate at certain times throughout the simulation. The reason

we use M > 10−2 instead of M > 0 is due to the numerical approximations, diffusion, and

attachment events. Throughout the simulations, we get very small biomass density values

close to 10−200, which are not an accurate representation of the wave interface.

We fit our linear model to all interface values after t = 30. Figure 4.20 illustrates the

calculation of the wave speed.
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Figure 4.20: The location of the wave peak as a function of t for the attachment travelling
wave simulation. The red line is the wave peak location taken from the simulation result.
The green line is the function f(x) = cx + b with c as the wave speed, taken from the
GNUPLOT fitting with the last half of the wave location. The title shows the wave speed.

With the wave speed, we can investigate whether we have the same wave profile across

multiple time steps. We proceed in the same fashion as before. For this setting, we use

a reference time step t0 = 33.0. Figure 4.21 illustrates the translated wave profiles. The

translation of wave profiles gets slightly more complicated as the attachment does jump the

wave profile forward, which means if we take the fitted line before and after the attachment

sites, the y-intercepts are not the same. Therefore, if we translate the waves by the same

factor c(t0 − tn), our wave profiles will not necessarily coincide.

The plot of the time vs. wave interface given in Figure 4.20 gives the t vs. x plots of

the wave. Under the assumption that the wave speeds are the same, we can determine

the translation factor. Given the initial translation of c(t0 − tn), this gives us the rise, or

the difference in x-value of the wave over the time interval [tn, t0]. Then to find the full
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factor, we need to account for the vertical distance between the two lines. Since they share

the same slope, this is given by the differences in the y-intercept values. Taking the line

of best fit over the interface points up to t = 15 gives us a y-intercept value for the pre-

attachment wave of b1 = 0.310066602465034 while the y-intercept value post attachment

is b2 = 0.309871013918572. If we translate the first set of points 33, 34, 35 which are post-

attachment by a factor of c(t0−tn) while translating the pre-attachment time points 5, 10, 15

by a factor of c(t0 − tn) + b2 − b1 we get the plots given in Figure 4.21.
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Figure 4.21: Solutions of M in the form M(x − ct) a priori for the attachment travelling
wave simulation. The multiple time steps are translated on top of each other by horizontal
translations of c(t0 − tn) + b2 − b1 or c(t0 − tn) for each time step shown depending on if
the time point is pre or post attachment. The values of ti are given by [33, 34, 35, 5, 10, 15].
b1 = 0.310066602465034 is the y-intercept value of the wave interface pre-attachment while
b2 = 0.309871013918572 is the value post attachment. The title shows the wave speed.

As with our previous deterministic travelling wave simulations, we see that the profiles

coincide completely across the time points, barring the thickness of the plotted curves, which

suggests that the travelling wave is stable. We lastly provide a plot of the wave interface

at various time points to illustrate that the interface returns to one dimension after re-

establishing itself. The wave interface at various time points is given in Figure 4.22.

To give a more rigorous investigation into the stability of the travelling wave, we ran a

hypothesis test to investigate whether or not the wave speed changes significantly. We ran

30 simulations with different initial seeds for the pseudo-random number generation used in

the updates of the Wiener process.

With the calculation of the wave speed by linear model fitting, we get an error with

the model and the associated parameters, along with the associated errors that arise from

the numerical method and spatial discretization. We can also get differing wave speeds
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Figure 4.22: Wave interface of the biomass density M for time values 2n+1 with n = 1, ..., 17
for the attachment travelling wave simulation. The wave interface is calculated as the y-
coordinate that is the closest to Y = 1 and has M > 0.01.

depending on which values we use for our linear fitting. If we start fitting at t = 30 for

the simulation described in Figure 4.17, then we get a wave speed of c = 0.01958, which

differs from the speed calculated from Figure 4.17. Therefore, we cannot expect more than

4 digits of accuracy in our wave speed calculations. Furthermore, the travelling wave in

an attachment simulation typically re-establishes itself at around t = 30. Therefore, for

consistency sake, we choose c = 0.01958 as our true wave speed5 and calculate all post-

attachment wave speeds for time points after t = 30 and round to the nearest 10−5. The

resulting wave speeds are given in Table 4.5.

With these data, we can conduct a hypothesis test to determine if there is a significant

statistical difference between computed post-attachment wave speeds and the deterministic

wave speed. We assert the null hypothesis that the true mean wave speed post attachment is

the same as the true wave speed, and we use a two-sided alternative hypothesis. To generate

the statistics, we use the OneSampleTTest function from the Hypothesis Tests package in

5The wave speed of the deterministic simulation calculated for interface values after t = 30 and rounded
to the nearest 10−5.
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Table 4.5: Post attachment wave speed values calculated over 30 realizations. The wave
speeds were calculated over all interface points after t = 30 in the simulations.

Seed Wave Speed Seed Wave Speed Seed Wave Speed

1 0.01959 11 0.01958 21 0.01958

2 0.01959 12 0.01957 22 0.01958

3 0.01957 13 0.01959 23 0.01957

4 0.01959 14 0.01958 24 0.01959

5 0.01958 15 0.01958 25 0.01957

6 0.01959 16 0.01958 26 0.01959

7 0.01959 17 0.01957 27 0.01957

8 0.01959 18 0.01958 28 0.01959

9 0.01957 19 0.01958 29 0.01956

10 0.01959 20 0.01959 30 0.01957

Julia. Given our computed post attachment wave speeds ci, we get the following statistics:

c =
30∑
i=1

ci = 0.0195813,

SEM(c) =
SD(c)√

30
≈ 1.64235× 10−6,

tc ≈ 0.811844,

p = 0.4235.

(4.12)

Given our large p-value of 0.4235, we fail to reject the null hypothesis that the true mean

wave speeds are the same post attachment. Constructing a 95% confidence interval about

the sample mean gives (0.019578, 0.019585). Given our previous discussion on the associated

errors from the numerical methods and the linear fitting, we conclude that our calculated

post attachment wave speeds are within the margin of error of the deterministic wave speed.

Thus, concluding that we have significant evidence in favour of a stable travelling wave

solution.
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Chapter 5

Discussion

The main objective of this thesis was to develop a new mathematical modelling framework

for discrete stochastic attachment that improved on the drawbacks of the previous attempts

done in [13, 33], which were a lack of a rich mathematical framework in [13] and expensive

simulation runtime in [33]. Through applying our framework to the PDE-ODE coupled

system for cellulolytic biofilm growth, inverse colony formation, and nutrient uptake, we

have shown that we can gain more theoretical insight into our model while also greatly

improving the simulation runtime when compared to the model presented in [33].

The nature of stochastic cellular attachment, along with the lack of experimental data,

makes it difficult to propose a cellular attachment framework based on underlying mechanisms

in the system. This makes the stochastic approach used here adequate for now. However, if

future experiments and analyses can provide a mechanism for cellular attachment in a fully

deterministic way, the resulting model will likely capture the system behaviour in a more

concise manner.

The use of the RODE framework lent itself better to capturing attachment events when

compared to the Itô SDE framework used in [33]. Our framework did not require the addition

of an extra NK DEs used to model the attachment signal; we were able to lump that into a

stochastic process for each grid cell. The lack of the extra NK DEs does not change how we

simulate our model in a meaningful way, although it does give more freedom into how you

generate the values of the Wiener process. However, from a mathematical modelling point

of view, we have a simpler mathematical theory we can rely on since RODEs are path-wise

ODEs. We were able to show the global existence and uniqueness of a regularized version of

our model, which was unattainable with the SDE framework.
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The elimination of the extra NK DEs from the model1 does come with some notable

disadvantages, mostly related to the control of the model. The attachment factor used in [33]

had additional parameters along with a dependence on state variables that allowed for more

tweaking of the model behaviour and a mechanism that is not present in our formulation. In

our model, if the biomass was close to unity or the substrate was close to zero, the Wiener

process was still simulated and thus, could still cause an attachment event to take place.

Now, since the biomass and substrate would hinder the amount of biomass attached (by a

factor of g(M)h(C)), we would not have much biomass attached; however, there would still

be some. However, with the model from [33], the attachment factor was also controlled by

the state variables in a similar manner as the attachment term in our model. Therefore,

when the biomass and carbon were inhibiting attachment, they were also inhibiting the

attachment factor, which for most realizations meant no attachment would occur instead of

the possibility for small attachment events.

In Chapter 3 we gave reasons for our numerical method choice along with rigorous proofs

of our claims. However, we are still left without any formal proof of the convergence of

the fixed point iteration. Throughout all of our simulations, we never had any issues with

our fixed point iteration terminating with our tolerance of 10−6. We did notice that the

number of fixed-point iterations required to attain convergence was quite high for certain

simulations. The number of iterations seemed to increase as the value of the diffusion

coefficient increased, which makes sense as that contributes the most to the stiffness of the

model. Therefore, simulations where M is close to unity or simulations conducted on a

fine grid often required considerably more fixed-point iterations per time step. We provide

two different illustrations to demonstrate our claims. The first is a table (see Table 5.1)

that includes the average number of iterations, simulation runtime, and maximum achieved

biomass density for 12 different convergence tolerances2. The second is a figure (see Figure

5.1), which shows a time series of the average number of iterations needed when conducting

the grid refinement study in Section 4.2.

The use of an implicit time integrator for our model allowed us to get drastically lower

simulation times when compared to the explicit solver used in [33] (by a factor of over

300%). Unfortunately, some of the traditional disadvantages of an implicit method became

more apparent in our situation. The major issue that arises is with larger time steps; we

can lose out on some of the stochasticity in the system if the computed values of the Wiener

1Compared to the model presented in [33].
2We used the model parameters given in Table 4.1 with [a, b] = [0.99999, 1.0].

89



TOL Average Number of Iterations Time (HH:MM:SS) Maximum Biomass Density

100 1.6645 00:35:39 0.90505

10−1 1.9889 00:42:11 0.90505

10−2 2.4112 00:53:57 0.90506

10−3 2.8495 01:04:54 0.90677

10−4 3.2408 01:11:40 0.90505

10−5 3.6526 01:23:08 0.90505

10−6 4.0425 01:35:59 0.90505

10−7 4.2941 01:38:18 0.90505

10−8 4.7019 01:47:15 0.90505

10−9 5.3338 02:10:16 0.90505

10−10 5.8058 02:18:28 0.90505

10−11 6.7048 02:44:40 0.90691

Table 5.1: Results from running simulations with different fixed point iteration tolerances.

 0

 50

 100

 150

 200

 250

 0  5  10  15  20  25  30  35  40  45  50

N
u

m
b

e
r 

o
f 

It
e

ra
ti
o

n
s

t

64

128

256

512

1024

Figure 5.1: The average number of fixed-point iterations performed at each time step for the
simulations conducted in the grid refinement section (see Section 4.2).

process bracket the impulse interval without being in the interval. This means we lose an

attachment event and hence introduce more errors with our method. The lengths of the

attachment intervals used in Section 4.1 are 0.0001 and 0.00001. When we simulate the

Wiener process, we use the formula Wk+1 = Wk +
√

∆t∆Wk where ∆Wk is a standard

normal random variable. The probability that |∆Wk| > 1 is roughly 31.8%. Therefore, to

avoid missing attachment events 68.2% of the time, we need ∆t to be either 10−8 or 10−10,

which is way too low for an implicit time step and is much closer to the time step used
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in [33]. This is the main reason why changing the impulse interval in Section 4.1 lead to

significantly more attachment events since the Wiener Processes were more likely to reach

a value within the interval when the interval is larger. To mitigate this issue, we could use

a different stochastic process, preferably one with less variance, so that the increments are

scaled by a smaller number, which would lower the likelihood of missing attachment events.

From a practical standpoint, the large time step does not affect our model in a meaningful

way. Since we have no experimental data to calibrate our model to, we cannot currently

use our model to predict quantitative behaviour. However, if more experimental data were

available or in cases where we wished to use our framework in a more sophisticated system, we

may have concerns with missing attachment events. These concerns also manifest themselves

when we consider the reduced control we have over the rate of attachment events. Since we

have less control over the attachment rate, we have less chance of properly calibrating our

model or properly capturing system behaviour in complex systems. A more complex system

where these concerns will likely manifest themselves is any system where we have bulk liquid

surrounding the biofilm such that the availability of free cells is determined by this liquid.

Since we investigated the effects of the attachment interval, knowing that we likely missed

attachment events, we provide some validation to our methods here. We chose to fix the

length of the attachment interval and vary its position on the real line as we conjectured that

preserving the length of the attachment interval would lead to roughly the same proportion

of missed attachment events. So, here we investigate that claim. We took twelve different

attachment intervals of the form

[a, b] = [0.49999 + ξ, 0.5 + ξ] (5.1)

with an integer ξ in the range 0-11 and simulated 512 × 512 Wiener process over 200 time

units with a time step of 10−2. We counted the number of attachment events along with the

number of missed attachment events3 and took the ratio of missed attachment events over

counted attachment events. The data are presented in Table 5.2. As we can see, we roughly

miss 8000 attachment events for every 1 attachment event we count. However, across all

twelve ξ values, we see that the proportion of missed events is roughly equal, which suggests

that our investigation into qualitative effects of the attachment interval is justified.

Throughout Chapter 4 we often ran 30 simulations with the same parameter values to

3Missed attachment events are when the current and next value of the Wiener process bracket the impulse
interval.
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Table 5.2: Ratio of missed attachment events over counted attachment events for 12 different
impulse intervals.

ξ Ratio

0.0 7915.35

1.0 7946.69

2.0 7903.99

3.0 7921.85

4.0 8280.92

5.0 8030.46

6.0 8085.27

7.0 7709.58

8.0 8176.43

9.0 8178.81

10.0 8177.22

11.0 7821.86

generate different sample statistics or to run hypothesis tests. As outlined in that chapter,

we chose 30 simulations as that is the unwritten rule to apply the Central Limit Theorem.

However, the Central Limit Theorem only applies when we are interested in hypothesis

testing, but we chose to keep 30 simulations for consistency’s sake. Here we provide further

justification for the use of 30 realizations, which is summarized in Figures 5.2, 5.3, and 5.4.

To generate these plot we ran 100 simulations with the parameter values in Table 4.1 with

[a, b] = [0.99999, 1.0] and calculated the 1-norm of the standard deviation time-series for

each quantity of interest in Chapter 4. The simulations were run until t = 70. We see that

the standard deviation does not change drastically after 30 samples, hence why we used 30

samples for our statistics.

In theory, we have two separate deterministic models. The conventional definition of the

deterministic version of a stochastic model is the stochastic model where the noise term is

equal to 0. Therefore, in our case, the deterministic model is the spatial discretized PDE-

ODE coupled system (2.28). However, we are dealing with the spatial discretization of a

PDE; we could argue that our deterministic model is the PDE-ODE coupled system (2.1),

(2.2). The reason why we chose to work with the spatially discrete ODE in lieu of the PDE

was the discrete nature of attachment. PDEs work under the assumption of infinitesimals,

which obviously does not lend well to the spatially discrete attachment. However, if we fixed
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Figure 5.2: The 1-norm of the standard deviation times series using standard deviations
calculated with different sample counts. The x-axis represents the number of samples used
to calculate the standard deviation. The biomass curve is on the left and the carbon curve
is on the right. We used the numerical data for the spatially integrated variables here. The
simulations parameters are given in Table 4.1 with [a, b] = [0.99999, 1.0].
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Figure 5.3: The 1-norm of the standard deviation times series using standard deviations
calculated with different sample counts. The x-axis represents the number of samples used
to calculate the standard deviation. The biomass curve is on the left and the carbon curve is
on the right. We used the numerical data for the occupancy variables here. The simulations
parameters are given in Table 4.1 with [a, b] = [0.99999, 1.0].

the size of an attachment event, similar to our grid refinement study, we likely could generalize

our model to a PDE via the use of non-local effects. We could take the original PDE-ODE

coupled system and add some linear combination of convolutions to add attachment to all

locations in a grid cell via the influence of a Wiener process. This construction was outside

the scope of this thesis; however, it would be very interesting to develop and analyze to see
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Figure 5.4: The 1-norm of the standard deviation times series using standard deviations
calculated with different sample counts. The x-axis represents the number of samples used
to calculate the standard deviation. The biomass curve is on the left and the carbon curve
is on the right. We used the numerical data for the colonies variables here. The simulations
parameters are given in Table 4.1 with [a, b] = [0.99999, 1.0].

how this new model behaves and if our spatially discrete system (2.65) converges as ∆x→ 0.
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Chapter 6

Conclusion

Here we point out a couple of extra observations we made while conducting this research

and finally provide some preliminary ideas for future work within our proposed modelling

framework.

6.1 Lessons Learned

� Discretized deterministic continuous biofilm models can be converted into RODEs in

order to capture discrete stochastic attachment events via an impulse function with

a standard stochastic process as input. We see that this formulation preserves the

non-negativity of the system, lends itself well to extending results on the deterministic

model, and improves simulation runtime greatly when compared to earlier formulations.

� Our attachment model (2.65) along with the proposed numerical methods, can be used

to investigate the model behaviour of the underlying deterministic model. Namely, we

gave evidence to suggest that there exists a stable 1D travelling wave solution to the

PDE-ODE coupled system (2.1) and (2.2).

6.2 Future Work

� A major underlying assumption of our deterministic model, which in turn affects our

RODE model, is that the biomass remains below unity at all locations in the domain.

However, at this point, there has been no formal proof to confirm our claim. The

95



difficulty comes from the homogeneous Neumann boundary conditions in the PDE-

ODE coupled system, which translates down into the spatially discretized system.

Therefore, a formal result outlining the boundedness is necessary to show that the

model is, in fact, sufficient to describe system behaviour. One less rigorous result that

may be more attainable could be to show that even if the biomass reaches unity in

finite time, that the time is sufficiently large such that we know we have die out before

then.

� A full rigorous analysis of the travelling wave solution should be conducted, including

the existence of a travelling wave solution, the wave speed given the model parameters,

and a stability result. Likely, the analysis will require a similar regularization of the

model to eliminate the degeneracy and singularity caused by the diffusion coefficient.

� A rigorous proof showing that the fixed point iteration used to solve for the solution at

the next time step always converges or at least derive the necessary assumptions that

are required for convergence to occur.

� Possible extensions of our model and framework should be considered. This could

include extending our model to three dimensions or placing our model in a reactor

setting.

� Investigations into different stochastic processes as function arguments in the impulse

function. Namely, stochastic processes that have less variance, which should mitigate

the number of missed attachment events.
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cellulolytic biofilm modeled by an Itô stochastic differential equation. Mathematical

Biosciences and Engineering 17, 3 (Jan 2020), 2236–2271.

[34] Schuster, B. G., and Chinn, M. S. Consolidated bioprocessing of lignocellulosic

feedstocks for ethanol fuel production. BioEnergy Research 6, 2 (Dec 2012), 416–435.

[35] Schwermer, C. U., Lavik, G., Abed, R. M., Dunsmore, B., Ferdelman,

T. G., Stoodley, P., Gieseke, A., and de Beer, D. Impact of nitrate on the

structure and function of bacterial biofilm communities in pipelines used for injection

of seawater into oil fields. Applied and Environmental Microbiology 74, 9 (May 2008),

2841–2851.

[36] Shahot, K., Idris, A., Omar, R., and Yusoff, H. M. Review on biofilm processes

for wastewater treatment. Life Science Journal 11, 11 (Nov 2014), 1–13.

[37] Shampine, L., Thompson, S., Kierzenka, J., and Byrne, G. Non-negative

solutions of odes. Applied Mathematics and Computation 170, 1 (Nov 2005), 556–569.

[38] Trefethen, L. N. Finite difference and spectral methods for ordinary and partial

differential equations. Cornell University Dept. of Computer Science and Center for

Applied Mathematics, 1996.

[39] Trefethen, L. N., and Bau, D. Numerical linear algebra. SIAM Society for

Industrial and Applied Mathematics, 2000.

[40] Van Loosdrecht, M. C., Heijnen, J. J., Eberl, H., Kreft, J., and

Picioreanu, C. Mathematical modelling of biofilm structures. Antonie van

Leeuwenhoek, International Journal of General and Molecular Microbiology 81, 1-4 (Dec

2002), 245–256.

[41] Varga, R. S. Gersgorin and his circles. Springer, 2011.

100



[42] Veerachamy, S., Yarlagadda, T., Manivasagam, G., and Yarlagadda,

P. K. Bacterial adherence and biofilm formation on medical implants: A review.

Proceedings of the Institution of Mechanical Engineers, Part H: Journal of Engineering

in Medicine 228, 10 (Nov 2014), 1083–1099.

[43] Walter, W. Ordinary Differential Equations, 1 ed. Springer, New York, 1998.

[44] Wang, Z.-W., Lee, S.-H., Elkins, J. G., and Morrell-Falvey, J. L.

Spatial and temporal dynamics of cellulose degradation and biofilm formation by

Caldicellulosiruptor obsidiansis and Clostridium thermocellum. AMB Express 1, 1

(2011), 1–10.

[45] Wanner, O., Eberl, H., Morgenroth, E., Noguera, D. R., Picioreanu,

C., Rittmann, B., and VanLoosdrecht, M. Mathematical Modeling of Biofilms,

vol. 18. IWA Publishing, 2006.

101


