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The numerical range (NR) of a matrix is a concept that first arose in the early 1900’s as
part of efforts to build a rigorous mathematical framework for quantum mechanics and other
challenges at the time. Quantum information science (QIS) is a new field having risen to
prominence over the past two decades, combining quantum physics and information science.
In this thesis, we connect NR and its extensions with QIS in several topics, and apply the
knowledge to solve related QIS problems.
We utilize the insight offered by NRs and apply them to quantum state inference and
Hamiltonian reconstruction. We propose a new general deep learning method for quantum
state inference in chapter 3, and employ it to two scenarios – maximum entropy estimation
of unknown states and ground state reconstruction. The method manifests high fidelity,
exceptional eﬀiciency, and noise tolerance on both numerical and experimental data.
A new optimization algorithm is presented in chapter 4 for recovering Hamiltonians. It
takes in partial measurements from any eigenstates of an unknown Hamiltonian H, then
provides an estimation of H. Our algorithm almost perfectly deduces generic and local

generic Hamiltonians.
Inspired by hybrid classical-quantum error correction (Hybrid QEC), the higher rank
(k : p)-matricial range is defined and studied in chapter 5. This concept is a new extension
of NR. We use it to study Hybrid QEC, also to investigate the advantage of Hybrid QEC
over QEC under certain conditions.
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Chapter 1
Introduction
1.1 Numerical Range and its Extensions in Quantum
Information
The numerical range (NR) W (A) of a squared matrix A with complex entries arises in the
study of quadratic forms and many other mathematical settings [74]. It is a mathematical concept that has a relatively long history and been well studied. In recent years, the
NR community gains new motivations from a rising field – quantum information science
(QIS) [38, 114, 50, 75, 147]. QIS is a interdisciplinary field that researches the information carried in quantum systems, with the potential to provide faster computation [145, 73],
more secure communication [24, 66], and unbreakable cryptography [65]. This thesis studies three questions in QIS. They are related to quantum state tomography, Hamiltonian
reconstruction, and quantum error correction, and we briefly describe them here.
Quantum state tomography is the process of utilizing measurement outcomes from an
unknown quantum state ρ to reveal ρ [42, 172]. It is one of the most fundamental tasks
in QIS, involved in almost all aspects of QIS. The required measurements and copies of ρ

1

grows exponentially with the number of qubits n [57], which makes it almost impossible
even for Noisy Intermediate-Scale Quantum (NISQ) systems [135]. Fortunately, we are
usually not completely blind about the system which produces ρ; the component of the
system, the temperature, and all kinds of prior information can be available. How to
eﬀiciently employ prior information about the quantum system in the task of
state tomography is the problem we are facing [81, 57]. Joint numerical range
(JNR) and joint algebraic numerical ranges (JANR) turn out to offer a clear picture of this
puzzle.
Can partial information about one eigenvector |x⟩ of a Hamiltonian H (given
by a Hermitian, or self-adjoint matrix) encode the whole Hamiltonian? Intuitively,
the answer should be no since many matrices share the same eigenvector. However, with
P
proper prior information, like the components Fi of H =
i ai Fi , the answer is yes for
generic quantum systems [63, 136]. Knowing the two point correlation function of |x⟩, the
algorithm in [136] can accurately reconstruct generic local Hamiltonians. The seemingly
counterintuitive result can be straightforward in the picture of JANR – an extension of
numerical range. What is more, it tells us, one can use even less information to recover H.
Classical error correction relies on redundancy; the same holds for quantum error correction. How large should the Hilbert space be, regardless of the noise type, such
that there are quantum codes to correct a certain number of errors? (Joint)
higher rank numerical ranges provide a answer to this question by connecting to the QEC
criteria [38, 114]. Hybrid classical-quantum error correction motivates a new concept – joint
rank (k : p)-matricial range (JRMR). The non-emptiness bounds for JRMR answer the above
question in the hybrid setting.
The outwardly distant questions in QIS can all find insights or solutions in NR and its
extensions.

2

1.2 Thesis Organization and Contribution

Numerical Range
Joint Rank
(k, p)-Matricial
Range

Joint Algebraic
Numerical Range

Internal Points

Boundary Points

Quantum State Inference
Chapter 3

Non-emptiness

Nested Structure

Reconstructing Hamiltonian
Chapter 4

Hybrid Classical-Quantum
Error Correction
Chapter 5

Figure 1.1: The thesis structure.
The structure of this thesis is showing in Figure 1.1.
We introduce the necessary amount of concepts and results of QIS and NR for understanding this thesis in chapter 2.
In chapter 3, we develop a deep learning method for a generalized quantum state tomography problem – quantum state inference. We apply this method on Maximum Entropy
Estimation of quantum states from partial measurements (section 3.2), and reconstruct
ground states from minimal amount of measurements (section 3.3). The method shows high
fidelity, exceptional eﬀiciency, and noise tolerance in both cases. This chapter is based on
two of our publications [28, 173].
In chapter 4, inspired by JANR, we propose an optimization algorithm for reconstructing
Hamiltonians without correlation functions. Our algorithm significantly reduces the required
input, and recovers generic and local generic H almost perfectly. The algorithm is published
3
1

in [82].
Chapter 5 develops a new concept termed Joint rank (k : p)-matricial range, and study
the non-empty condition on its dimensions. Then, we apply the results on Hybrid QEC, and
discuss the advantage of Hybrid QEC. This part of results is published in [27].
Chapter 6 provides a summary and outlook for future work.

4

Chapter 2
Preliminary
This chapter introduces concepts and results in quantum information science and numerical
range, which will be used later in this thesis. The first section contains the minimal amount of
knowledge in quantum information and quantum error correction for understanding the tasks
dealt within this thesis. The second section presents numerical range related definitions and
well-known results, and then provides the interpretation of numerical range related concepts
in quantum information science.
In this thesis, for consistency, we will adapt the braket notation from quantum mechanics.
We mainly consider finite dimensional Hilbert Spaces. The notation |x⟩ represents a vector
in a Hilbert space H, ⟨x| is the conjugate transpose of |x⟩ and ⟨y |x⟩ is the inner product
of |y⟩ and |x⟩ (usually written as ⟨x, y⟩). Generally we will use F for a linear operator
acting on H, which can be viewed as a matrix when represented in a given basis, and F ∗
is then its complex conjugate. Consequently, the sandwich structure ⟨x| F |x⟩ denotes the
inner product ⟨F x, x⟩ in mathematical literature. We denote MN as the set of all N by N
matrices, and HN represents all N by N Hermitian matrices.

5

2.1 Quantum Information and Quantum Error Correction
Quantum information (QI) science, in general, is the science of studying information carried
by quantum states. It is an interdisciplinary research field which has a wide range of applications, including computation, communication, cryptography etc. The foundation of QI is
quantum physics.

2.1.1 Quantum Information Basics
The mathematical characterization of the state of a quantum system is so called a quantum
state. And the quantum analog of physical quantities in classical system is called observables.
Quantum states represent the probability of measurement outcomes of the given system
according to any observables.
There are different ways to characterize quantum systems, in this thesis, we mainly use
the Schrödinger Picture. That is, the quantum state carries the dynamics of the system and
observables remain unchanged.
More precisely, a quantum state is a N × N squared matrix ρ ∈ MN which fulfills the
following conditions:
1. ρ is Hermitian, i.e. ρ = ρ∗ ;
2. Trace one, Tr(ρ) = 1;
3. Positive semi-definite, ⟨x| ρ |x⟩ ≥ 0 for any |x⟩.
Denote the set of all density matrix of size N as ΩN . When the matrix ρ is rank-1, it can
be written as |ψ⟩ ⟨ψ|, where |ψ⟩ ∈ CN is a unit vector and ⟨ψ| is its complex conjugate. In
this case, we call it a pure quantum state (or pure state), otherwise it is a mixed state. The
6

vector |ψ⟩ can also be used to represent a pure state. A qubit system is a C2 system, the
density matrix of a 1-qubit system is a 2 by 2 complex matrix, and this naturally extends to
n-qubit space, which is (C2 )⊗n . Generic is a terminology often used by quantum physicists
for items of probability one, i.e. exceptions only dense on some measure zero sets. For
example, generic quantum states [57, 120, 85] are measure one in the set of all quantum
states.
Observables are Hermitian matrices. They represent any physical quantities, such as
position, momentum, energy. The eigenvectors of F are called eigenstates, they can possibly
be quantum states of the system. The way of extracting information about an observable F
of the particular quantum system ρ is by taking measurements. Physicists usually consider
projective measurement [130]. Here we present the generalized but straightforward form.
It is well known that uncertainty is widely embedded in quantum systems. The measurement outcome may vary when taking measurement only on one copy of unknown ρ according
to an observable A. That is to say, a single shot measurement result does not mean too
much. The expectation value EF of many identical copies of ρ carries the real information.
Mathematically, EF = Tr(ρF ), and EF = ⟨ψ|F |ψ⟩ when ρ = |ψ⟩ ⟨ψ| is a pure state. In this
thesis, the terminology measurement outcome of F is referring to the expectation value EF .
Measurements means the measured observable or a set of them. Theoretically, one can measure any Hermitian operator F , no matter whether it carries a classical physical meaning.
A special case of measurement is called positive-operator-valued measure (POVM) [130]. A
P
POVM is a set of positive semi-definite operators {Fi } such that i Fi = I.
A very important observable is termed Hamiltonian H. It represents the energy of a
quantum system and also governs its dynamics. Its eigenvalues are called energy spectrum,
the expectation values Tr(ρH) are the system energy. The eigenstates of H are crucial
in quantum physics. The eigenstate corresponding to the smallest eigenvalue is called the
Ground State, which are widely used in QI and quantum physics in general [177].
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The Pauli operators {σx , σy , σz } are 2 by 2 traceless Hermitian matrices, where












 0 1 
 0 −i 
 1 0 
σx = 
 , σy = 
 , σz = 
.
1 0
i 0
0 −1
For simplicity, they can be written as {X, Y, Z} when there is no confusion. Together with
the 2 by 2 identity I2 , they form a basis for single qubit systems. Any single qubit state ρ
can decompose into ρ = 12 (I2 + xσx + yσy + zσz ), where (x, y, z) ∈ R3 and ∥(x, y, z)∥ ≤ 1.

2.1.2 Introduction to Quantum Error Correction
Quantum error correction (QEC) is an inevitable requirement, whether in quantum communication or quantum computation, to protect information encoded in quantum states from
Noise. Without QEC, no communication or computation results are reliable. Classical error
correction relies on repetitions and majority votes. Because of the no-cloning theorem of
quantum states, the noise on qubits are continuous, and measurements may destroy quantum states [130], at first, QEC was believed to be impossible [78]. Shor’s nine qubit codes
shed a light on QEC study [143]. Later, many QEC codes have been developed, such as
stabilizer codes [70], topological codes [46], etc.
In quantum information, a quantum channel corresponds to a completely positive and
trace preserving (CPTP) linear map Φ : MN → MN . By the structure theory of such
P
maps [35], there is a finite set E1 , · · · ∈ MN with j Ej∗ Ej = In such that for all ρ ∈ MN ,

Φ(ρ) =

X

Ej ρEj∗ .

(2.1)

j

These operators are typically referred to as the Kraus operators for Φ [130], and the minimal
number of operators Ej required for this operator-sum form of Φ is called the Choi rank of
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Φ, as it is equal to the rank of the Choi matrix for Φ [35]. In the context of QEC, Ej are
viewed as the error operators for the physical noise model described by Φ.
A quantum code C is a subspace of the Hilbert space of which encodes the quantum
information. In the language of quantum channels, C is correctable under a noise channel
N if and only if there exists another channel R such that
ρ = (R ◦ N )(ρ)

(2.2)

for any ρ supported on C In [101], an actionable criteria, later known as the Quantum Error
Correcting Criteria, is proposed.
Theorem 1 (Quantum Error Correcting Criteria [101]). Let C be a quantum code, and let
P be the projector onto C. Suppose E is a quantum operation with operation elements {Ei }.
A necessary and suﬀicient condition for the existence of an error-correction operation R
correcting E on C is that
P Ei∗ Ej P = αij P

(2.3)

for some Hermitian matrix α = (αij ) of complex numbers.

2.2 Numerical Range and its Extensions
Numerical ranges (NR) are useful tools to study the properties of operators. Most research
concentrates on the geometry properties and relation with spectrum of NR and its extensions.
In recent years, they also have been studied in the context of quantum physics [38, 50, 75,
147]. New perspectives motivate new questions and new studies.
In the first subsection, we will present basic definitions and results of NR and its extensions. The second subsection links the properties of NRs with tasks in QI.
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2.2.1 Definitions and Geometry properties
Definition 1 (Numerical Range). The numerical range W (F ) of an operator F acting on
CN is a subset of C, given by
W (F ) = {⟨x| F |x⟩ : |x⟩ ∈ CN , ⟨x|x⟩ = 1}
Proposition 2 (basic properties of NR [74]). The numerical range W (F ) has the following
properties:
1. W (αI + βF ) = α + βW (F ) for α, β ∈ C;
2. W (U ∗ F U ) = W (F ) , for any unitary U ;
3. W (F ∗ ) = {λ̄ : λ ∈ W (F )}.
The first important result of NR is called Toeplitz-Hausdorff theorem. It is been conjectured in 1918 [159] and proved in the following year [79, 74].
Theorem 3 (Toeplitz-Hausdorff theorem). The numerical range W (F ) of an operator F is
convex.
The closure of W (F ) contains the spectrum of F [154]. For a normal operator F (i.e.
F ∗ F = F F ∗ ), W (F ) is the convex hull of its spectrum [154].
Three examples of NRs are showing in Figure 2.1. The red line segment is W (F1 ); the
green line segment is W (F2 ); and the blue ellipse with the shaded area is W (F3 ), where












 0 1 
 i 0 
 i 1 
F1 = 
 , F2 = 
 , and F3 = 
.
1 0
0 −i
0 −i
Joint numerical range (JNR) is a straightforward extension of NR by simply change
from one operator to a set of operators F = {F1 , · · · , Fm }. Since any operator F can
10
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Figure 2.1: Three examples of numerical ranges.
be decomposed as F1 + iF2 , where F1 , F2 are Hermitian operators, we consider Fi ’s to
be Hermitian. Without loss of generality, we also assume {IN , F1 , · · · , Fm } are linearly
independent, where IN is the identity operator of size N .
Definition 2 (Joint Numerical Range). For a set of operators F = {F1 , · · · , Fm } where
Fi ∈ MN , the Joint Numerical Range of F is

W (F) = (⟨x| F1 |x⟩ , ⟨x| F2 |x⟩ , · · · , ⟨x| Fm |x⟩) : |x⟩ ∈ CN , ⟨x|x⟩ = 1 .
In contrast with NR, JNR is usually not convex [12, 112]. When N > 1 and m ≥ 4, W (F)
can be non-convex. The following theorem is a simple case of Theorem 2.3 in Ref [112].
Theorem 4 (non-Convexity of Joint Numerical Range [112]). F = {F1 , · · · , Fm } is a m-tuple
Hermitian matrices of size N by N , if F is such that

dim(span{IN , F1 , · · · , Fm }) > 2N − 1,
then W (F) is not convex.
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However, if N is suﬀicient large, then the JNR W (F) is star-shaped (i.e. there is a subset
S of W (F) s.t. the line segment of every point s ∈ S and x ∈ W (F) is contained in W (F),
and S is called the star center of W (F)) [113, 114].
In 1979, Au-Yeung and Poon [12] studied a generalized JNR, so called Joint k-Numerical
Range (JkNR). When k = 1, it reduces to a JNR.
Definition 3 (Joint k-Numerical Range). The joint k-Numerical Range W (k) (F) of F =
{F1 , · · · , Fm } is defined by
(
W (k) (F) =

k
X
i=1

⟨xi | F1 |xi ⟩ ,

k
X

⟨xi | F2 |xi ⟩ , · · · ,

i=1

k
X

!
⟨xi | Fm |xi ⟩

i=1

k
X

)
⟨xi |xi ⟩ = 1, |xi ⟩ ∈ CN

i=1

(2.4)

Theorem 5 (Convexity of Jk-NR [12]). If 1 < k < N − 1 and m < (k + 1)2 − δN,k−1 , where
the δN,k−1 is the Kronecker delta, then, for all F1 , · · · , Fm ∈ HN , the Joint k-Numerical
Range is convex.
Inspired by the study of QEC, authors define and study Rank-k Numerical Range (or
Higher Rank Numerical Range, HRNR) in Ref [38, 37]. HRNR reduces to NR when k = 1.
Definition 4 (Rank-k Numerical Range). The Rank-k Numerical Range of F is

Λk (F ) = {λ ∈ C : P F P = λP, P ∈ Pk }
where Pk is the set of rank k projection.
It is shown that Λk (F ) is convex [168, 117, 116, 36].
Theorem 6 (Non-Emptyness of HRNR [116]). The rank-k numerical range of every N -by-N
complex matrix is non-empty if
k<

N
+ 1.
3
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HRNR can also be extended to a joint form, it is been studied in [114].
Another related concept introduced in [21] is the Joint algebraic numerical range (JANR).
Definition 5 (Joint Algebraic Numerical Range). The joint algebraic numerical range L(F)
of a m-tuple operators F is defined by


L(F) = (Tr(F1 ρ), Tr(F2 ρ), · · · , Tr(Fm , ρ)) ρ ∈ ΩN ,

(2.5)

where ΩN is the set of trace 1, positive semi-definite Hermitian operators (i.e. all N by N
quantum states).
Clearly, L(F) = Cov(W (F)), where Cov(W (F)) is the convex hull of W (F). People also
use JNR instead of JANR in some literature [156], but we distinguish them for avoiding
confusion.
In this thesis, we mainly consider finite dimensional Hilbert Spaces. In infinite dimensional Hilbert space, the JNR and Joint HRNR are all star-shaped, and the joint essential
numerical range [114] is their star-center. Interested reader can refer to [112, 114, 29].
We summarize the convexity and starshapeness of NRs in Table 2.1. In the table, N is
the dimension of Hilbert Space, m is the number of independent operators in F, k is defined
in Eq. (2.4).

Numerical Range (NR)
Joint NR
Joint k-NR
Higher Rank NR
Joint HRNR
Joint Algebraic NR

Convex
Yes
May not, when N > 1,m ≥ 3;
No, when m > 2N − 1
Yes, when m < (k+1)2 −δN,k−1
Yes

Star-shaped
when N suﬀiciently large

when N suﬀiciently large
Yes

Table 2.1: Convexity and starshapeness of NR and its extensions.

13

2.2.2 Interpolations in Quantum Information
Measuring Quantum Systems
As introduced in the last subsection, Numerical Range (NR) W (F ) of a N × N matrix F is

⟨x| F |x⟩ , |x⟩ ∈ CN , ⟨x|x⟩ = 1 . In the context of quantum physics, we are generally more
interested in the case of F being a Hermitian matrix, i.e. F = F ∗ . It is straightforward to
observe that W (F ) is the set of expected outcomes by measuring the observable F with pure
quantum states.
JNR of F = {F1 , · · · , Fm } is the measurement outcomes of measuring more observables.
The JNR of {F1 , F2 } can be merged into NR since it equals to the NR of F = F1 + iF2 .
Therefore, people usually consider m ≥ 3 while studying JNR. From Theorem 4 and Theorem 5, we know the JNR are usually not convex. In other words, the measurement outcome
set that uses only pure states to measure a set of observables is likely to be non-convex.
The next problem is how to characterize measurements under mixed states. The Joint
k-Numerical Range (JkNR) W (k) (F) defined in Eq. (2.4) can serve us this purpose, where
k denotes the largest degree of quantum states used to measure the operator set F. Notice
that |xi ⟩ in Eq. (2.4) is not normalized. The probability pi of each component pure state has
P
√
been absorbed in |xi ⟩. Rewrite |xi ⟩ as pi |x′i ⟩, where ⟨x′i |x′i ⟩ = 1 and i pi = 1. We can
reformulate W (k) (F) as

W (k) (F) ={(Tr(F1 ρ), Tr(F2 ρ), · · · , Tr(Fm ρ)) :
ρ=

k
X
i=1

pi |x′i ⟩⟨x′i |,

k
X

pi = 1, ⟨x′i |x′i ⟩ = 1, |x′i ⟩ ∈ CN , pi ∈ [0, 1]}.

i=1

A lower bound for W (k) (F) to be convex has been provided in [12] (Theorem 5). For
example, consider qutrit systems (N = 3) with three linearly independent observables (m =
14

3), the measurement results of pure states (JNR of F, W (F)) is convex. Moreover, in qutrit
systems, if we allow the use of mixed states up to degree 2, then W (k) (F) is convex whenever
|F| < 8. The JANR (Eq. (2.5)) is the set of expectation values that uses quantum states of
all rank to measure F; it is always convex. It turns out that the convexity of NRs and the
quantum state distinguishing problem are related; we will discuss the relation in chapter 3.
Joint Algebraic Numerical Range
2.0

Ground States
1st Excited States
2nd Excited States
eigen0
eigen1
eigen2
H
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2.0
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Figure 2.2: The joint algebraic numerical range (JANR) of two randomly generated Hermitian matrices {F1 , F2 }.
Figure 2.2 is an example of JANR. The matrices F1 and F2 are two 9 × 9 randomly
generated Hermitian matrices (using the function rand_herm in Qiskit). The light yellow
colored region is the JANR. A JANR of F naturally associates with a class of Hamiltonians
P
H = i ai Fi where Fi ∈ F.
A few things are worth noting:
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(1) The boundary of JANR is formed by ground states of H =

P
i

ai Fi where Fi ∈ F.

(2) Denote a point ⃗x = (x1 , x2 ) on the boundary, its pre-image as |ψ⟩x . The tangent line
through ⃗x represents the Hamiltonian Hx , where |ψ⟩x is Hx ’s ground state. And the
normalized parameter ⃗ax = (ax1 , ax2 ) of Hx is the inward pointing normal vector of the
tangent line.
(3) The image of other eigenstates also rarely has cross-points. And they form a primarily nested structure. E.g., the image of second excited states (the third smallest
eigenstates) lives in the image of first excited states.
We will utilize the first and second insights in chapter 3 to deal with the quantum
state inference problem. The second and third ones will help us in chapter 4 to tackle the
Hamiltonian reconstructing problem. Similar figures will appear several times in this thesis
to illustrate the picture offered by JANR.
Quantum Error Correction
For more than a decade, NR tools and techniques have been applied to problems in quantum error correction, starting with the study of higher rank numerical ranges [38, 37] and
broadening and deepening to joint higher rank numerical ranges (JHRNR) and beyond
[168, 115, 36, 117, 116, 106, 114, 108]. These efforts have made contributions to coding
theory in quantum error correction and have also grown into mathematical investigations of
interest in their own right.
There are mainly two ways two connecting NRs and QEC. First, from Theorem 1,
P Ei∗ Ej P = αij P , one can directly related to the definition of Joint HRNR (JHRNR). In this
approach, the non-emptiness of the corresponding JHRNR is equivalent to the existence of
QEC codes [114] for the given channel with Kraus operators {Ei }.
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Second, many topological codes are degenerate ground states of certain many-body system Hamiltonians, such as toric codes [97]. We know that the images of ground states are on
the boundary of JANRs, and if the ground states are degenerate, it will likely appear as a flat
portion on the boundary [31, 170]. Therefore, the geometry properties of JANRs can signal
certain topological codes. For high dimensional JANR (m > 3), it is not easy to visually
demonstrate its surface, and we need a new way to detect degeneracy. The discontinuity
of maximum entropy estimation (MEE) on JANR can be a signal for it [31]. The MEE on
the degenerate point ⃗a suddenly becomes a higher rank state. And for points ⃗a + ϵ on the
boundary (∥ϵ∥ ≪ 1), the MEEs are all rank-1.
This thesis (mainly in chapter 5) will focus on the first type of connection.
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Chapter 3
Quantum State Inference via Machine
Learning
Looking outside of the window, one can figure out the colour of the sky, the number of cars
parked downstairs, etc. Unlike our daily experience of the classical world, people cannot
extract information about a quantum system by taking a glimpse of it. Repetitive measurements are required to determine the accurate information of a quantum system, such as its
state, expectation values of some observables, etc.
The process of taking measurements on copies of an unknown quantum state ρ then
deducing ρ is called Quantum State Tomography (QST) [130]. Assuming a set of linearly
independent observables F has been measured, without consider the statistical frustration
on Tr(ρFi ), the standard QST of a unknown (pure or mix) n-qubit quantum state ρ requires
22n −1 expectation values Tr(ρFi ) to reconstruct the state, i.e. the cardinality |F| equals 22n −
1. In Ref. [131, 76], authors show that it requires O (22n /ε2 ) copies of ρ to ensure the trace
distance between ρ and the estimation σ arbitrary small. Clearly, the exponential scaling
of measured operators |F| and copies of quantum states with the number of qubits causes
disasters in actual system implementations. In [77], for a 8-qubit system, experimentalists
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performed greater than 656,100 experiments on a trapped ion system. The record for a full
QST on real devices is only 10-qubits [146].
There are two directions to study and improve QST performance – with certain prior
information of an unknown quantum states ρ, construct a “smarter” set of observables to
measure to determine ρ; changing the goal of QST from precisely estimating every aspect
of ρ to only learning the useful information. The research focused on the former shows that
there exist better schemes if we know some constraints on the target state [42]. When the
target state is fairly pure, not all Pauli terms have to be measured, compressed sensing can
exponentially reduce the required number of observables [72, 56]. The optimal set of Pauli
terms for 2-qubit and 3-qubit pure states are discussed in Ref. [125]. The optimal scheme for
larger systems remains open. Inherited ideas from statistical learning, a series state learning
models concern the latter problem [1, 2, 3]. Instead of aiming to find an estimated state
σ which has an arbitrarily small trace distance with ρ, one can change the goal to predict
“most” of the properties of ρ. This shift enables us to reduce the required copies of ρ from
growing exponentially with the number of qubits to only linearly. In this thesis, we focus
on the former approach. To avoid confusion, we use the term Quantum State Tomography
(QST) for reconstructing ρ from expectation values of a complete basis set of ρ (|F| = 22n −1),
and referring the process of using less operators (|F| < 22n − 1) as Quantum State Inference
(QSI).
This chapter is organized as follows. In the first section, we discuss the relation between
QSI and numerical ranges, followed by a new supervised-learning-based method for QIS. In
the second section, we use the method on getting maximum entropy estimation of quantum
states; both numerical and experimental data results are provided. In the last section, we
use the method on a special scenario —the unknown state ρ is a non-degenerate ground state
P
of a Hamiltonian H = i ai Fi where Fi ∈ F.
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3.1 A Neural Network method for Quantum State Inference
3.1.1 Numerical Ranges and Quantum State Inference
As we discussed in the last chapter, the joint algebraic numerical range (JANR) of a Hermitian operator set F, in the context of quantum physics, is the measurement outcomes of
using all quantum state to measure F. The JANRs are always convex. This can be simply
seen from the linearity of trace function and the convexity of the set of all quantum states.
A JANR of F has a class of Hamiltonians associated with it. These Hamiltonians are
P
H = i ai Fi where Fi ∈ F. The expected value of H according to a state |ψ⟩ is
⟨H⟩ψ := ⟨ψ|H|ψ⟩ =

m
X

ai ⟨ψ|Fi |ψ⟩ =

i=1

m
X

ai ⟨Fi ⟩ψ ,

i=1

It is easy to see that the minimum of ⟨H⟩ψ is achieved when |ψ⟩ is the ground state of H.
Notice that {a1 , · · · , am } is a representation of H referring to the operator set F. We denote
the representation by ⃗a = (a1 , · · · , am ).
In terms of geometry of JANR, boundary points are vital. If the ground state of H is
not degenerate, there is only one point (⟨F1 ⟩ψ , ⟨F2 ⟩ψ , · · · , ⟨Fn ⟩ψ ) on the boundary of JANR
corresponding to the ground state. The following observation is straightforward [170].
Proposition 7. Suppose F = {F1 , F2 , · · · , Fm } and {F1 , F2 , · · · , Fm , Id } are linearly independent. Let p be an extreme point of JANR. Denote the inward pointing normal vector of the
supporting plane (or tangent plane) at a point p by ⃗ap . If the ground state of Hamiltonian H =
⃗ap · F is not degenerate, then there is only one state |ψ⟩ with p = (⟨F1 ⟩ψ , ⟨F2 ⟩ψ , · · · , ⟨Fm ⟩ψ ).
Further, |ψ⟩ is the ground state of H.
That is to say, as shown in Fig. 3.1, the boundary points on JANR is formed by ground
20

states of H =

P
i

ai Fi . And when ground state |ψ⟩gs of H is not degenerate, the pre-image

of ⃗a · ⟨F⟩gs is unique. Unfortunately, unlike the boundary, internal points of the JANR have
multiple pre-images. These points cannot uniquely constrain one quantum state.
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Figure 3.1: The joint algebraic numerical range of two generic 9 × 9 Hermitian matrices
{F1 , F2 }.
Besides the discussion above, it is clear that W (F) ⊆ W (k) (F) ⊆ L(F), where W (k) (F) is
the joint k-numerical range (Eq. (2.4)). This structure gives a natural hierarchy on quantum
states according to the given F. That is, the elements in W (k) (F) \ W (k−1) (F) are formed
only by rank-k quantum state. In other words, the pre-image of these states must be rank-k
or higher. The bound in Theorem 5 in chapter 2 [12] gives a lower bound on numbers of
operators to distinguish higher rank states (mixed states). This bound is significantly less
than a normal QSI process. If we know certain constrains on the possible states for ρ, we
may find surprising small number of measurement to distinguish ρ. This fact is related to
the pretty-good measures for state discrimination [80, 164].
The convexity of JNR W (F) means the measurements of F cannot distinguish pure
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states from mixed states. The famous Bloch sphere (Fig. 3.2) is an example. The JNR of
{σx , σy , σz } on 1-qubit system is not convex; it is the unit spherical surface. Every points
inside of the surface (∥(x, y, z)∥ < 1) is formed by mixed states. From the location of the
points, we can tell the pre-image state is a pure or mixed. But the JNR of {σx , σy } (the
projection of Bloch sphere onto the x-y plane) is convex. Only measuring σx and σy can not
distinguish the unknown state is pure state or mixed. And for every non-boundary point
(x, y) on the JNR of {σx , σy }, two pure states and many mixed states are contained in the
pre-image set. More research can be done in this direction.

Figure 3.2: Bloch Sphere (Image credit: Wikipedia)
A full quantum state tomography is highly resource demanding. We concentrate on the
situation when |F| < 22n − 1.
Without providing other information of the system, when the available expectation values
are less than 22n − 1, the state ρ cannot be uniquely determined. Denote the set of quantum
states ρ∗ which have the same expectation value as the unknown state ρ while measuring F
P = {ρ∗ : Tr(ρ∗ Fi ) = Tr(ρFi ), ∀Fi ∈ F},
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(3.1)

However, with appropriate prior information, classes of quantum states can have (almost)
1-to-1 correspondence with special sets of incomplete measurements. In this sense, if one
can properly use this information, the unknown state ρ can be revealed with less cost. The
maximum entropy states and pure states are important examples.
Maximum Entropy Estimation
Maximum entropy inference [87, 88, 167] is believed to be the best estimation to present the
current knowledge when only part of information about the system is provided. The entropy
is mostly Shanon Entropy in classical physics and engineering, and is von Neumann Entropy
for the quantum counterpart. The von Neumann Entropy is S(ρ) := − Tr(ρ ln ρ).
Let the maximum entropy estimated (MEE) state ρMEE be S(ρMEE ) ≥ S(ρ∗ ) for any ρ∗ ∈
P, where P is defined in Eq. (3.1). Define the map from partial measurements {c1 , · · · , cm }
to ρMEE as
fMEE : {c1 , · · · , cm } → ρMEE .

(3.2)

In [167], Wichmann proved that the incomplete measurement outcome according to F (a
point on JANR L(F)) of a unknown state ρ has a 1-to-1 relation with ρMEE . In other words,
fMEE is bijective.
Most of the time, fMEE is continuous on JANR [153, 31, 166]. However, when the ground
state of H becomes degenerate, meaning that the lowest energy space of a particular H has
more than one support, the degenerate point on the boundary can be discontinuous. The
discontinuity of fMEE is a signal for quantum phase transition [31, 147].
The MEE state ρMEE has the following form

ρMEE

P
exp(β i ai Fi )
P
,
=
Tr[exp(β i ai Fi )]

(3.3)

where β > 0 and ai ∈ R. It is called a thermal state or Gibbs state (normally, there is a
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negative sign in front of β, we absorb it into ai ’s) in physics [67]. The parameter β is the
inverse temperature. When β → ∞, the system temperature goes to 0, the thermal state
approaches to the ground state. Thermal states are not only the maximum entropy states,
but also are complete passive states in resource theory of thermodynamics [19]. It describes
the equilibrium of many physical systems [20].
Mathematically, the set of maximum entropy states is also called exponential family [129].
Any quantum state can be written as Eq. (3.3) with appropriate choice of operator set F
P
and ⃗a. Note that, for a thermal state or ground state, − i ai Fi is the system Hamiltonian.
P
But for other states in the exponential form, − i ai Fi may not be the actual Hamiltonian.
Pure State Tomography
Without any prior information, MEE is the favorable choice of state inference. The presence
of prior information may change this situation. It lowers the uncertainty of ρ, thus normally
reduces the required measurements. A popular assumption is that considering ρ to be pure.
This reduces the parameter from N 2 − 1 to 2N − 2, where N is dimension of the Hilbert
space (N = 2n for a n-qubit system).
Compressed sensing [56] is one of the standard techniques for QSI of near pure states.
It utilizes expectation values of random sampled Pauli operators, the required copies of the
unknown states ρ are O(rN log N ), where r is the rank of the state.
Theoretically, it is natural to ask how many independent measurements can determine an
unknown state ρ with certain prior information. The authors define a notion of informational
completeness (IC) for generic pure states in ref [57]. IC of a POVM {Ai } means that the
measurement outcomes of {Ai } are suﬀicient to determine the unknown generic pure state
|ψ⟩. In [81], the notion of IC extended to all pure states, and the number of operators
required is 4N − 5.
Chen, etc. [30] refine the concept of information completeness to uniquely determined
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among all states (UDA) and uniquely determined among all pure states (UDP). A pure
state |ψ⟩ is UDA with respect to F means that there are no other states, pure or mixed, that
have the same expectation values for measuring F. Similarly, UDP is the uniqueness among
all pure states. The IC for all pure states is equivalent to UDP. In [30], authors prove a
lower bound of |F| for UDA. The bound is 5N − 7. There are other notions of extended IC,
interested readers can refer to Ref. [14, 92].
From Figure 3.1 and Proposition 7, we sense that the unique ground states (UGS) of
P
H = i ai Fi (Fi ∈ F) are, at least, a subset of UDP with respect to F. For a long time,
physicists conjecture that UGS is equivalent to UDP. Unfortunately, it is proved to be not
true [93]. Nevertheless, UGS is still a critical and elegant example of UDP.
To sum up, in the language of JANR, any point on JANR has a unique MEE. Exposed
points on the boundary (UGS) of JANR also have unique pre-images. The uniqueness in
these scenarios helps us with the QSI task – we can use the theoretically minimal measurements to reveal the unknown quantum state. We design a supervised-learning-based general
method in the next section to unitize the knowledge from JANR.

3.1.2 The Neural Network Method for Quantum State Inference
We formalize the problem in the following way. For a quantum physical system, the underlying mechanism is governed by the physical model AF : X → Y such that
⃗c = AF (ρ) + ⃗ϵ,

(3.4)

where ρ ∈ X is a density matrix, ⃗ϵ ∈ Y is a noise vector (subject to a noise distribution πnoise ),
and ⃗c ∈ Y is the expectation values of measuring a fixed set of observables F = {F1 , · · · , Fm }.
The set X is the set of interest of N ×N density matrices according to given prior information.
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For example, if we know the states ρ are pure states, X is then the set of rank-1 density
matrices; X is the set of all density matrices if no prior information is provided. Also Y is
the vector space Rm . The physical model AF is always associated with a set F of observables
to determine which space it maps into. For simplicity, we will use the notation A instead.
As showing in the Figure 3.3, giving ρ to get ⃗c is the Quantum Forward Problem (QFP),
the reverse direction is Quantum State Inference (QSI).

Quantum
State
ρ

A(ρ) + ⃗ϵ = ⃗c

..
.

..
.

Measurements
⃗c

..
.

Figure 3.3: The schematic diagram of our method. The green arrow depicts the
quantum forward problem; the red arrow is the quantum state inferences. We tackle the
problem by supervised learning a deep neural network.
When the measurements are not complete – that is the number m of observables are not
enough to uniquely determine the system, the quantum state inference does not process a
unique solution. Prior information of the interested system decreases the degree of freedom.
Under this prior information, a model A can actually be a bijection or almost a bijection.
That means the system could be reconstructed with fewer measurements if the prior information has been appropriately used. However, the challenge of how to eﬀiciently encode the
prior information into a practical scheme is demanding [56]. This turns out to be a blessing
for our framework, it is straightforward to utilize such information. This will be explained
later.
The key observation is that the forward problem is almost always simpler than the inverse.
For example, reconstructing an object from its projections is substantially more challenging
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than making the projections of a known object. Especially, in quantum information theory,
the forward problem is usually clear, thanks to the study of quantum physics. Knowing the
information of a quantum system, such as its Hamiltonian or state (density matrix), the
measurement outcomes of this system according to a fix set F are predictable. Comparing
to the task of reconstructing information of the system from its measurements, the forward
direction is significantly easier.
We take advantage of the complexity difference between the two directions, use the easier
direction to help deal with the diﬀicult side. Supervised learning is the relatively mature
branch of machine learning techniques. Its goal is to find a mathematical model between
given pairs of input and output data. On the contrary, unsupervised learning techniques
are typically applied on occasions that lack training data or have trouble with labelling
data [151]. In our problem, training and testing data resource is guaranteed. The QFP
contributes to generate training and testing data for supervised learning. The next problem
is training data distribution. The forward model A contains the information about the
landscape of ⃗c according to ρ. This information guides the training data sampling process,
largely determine the training data distribution.
From another perspective, QSIs are also regression problems to fit given data pairs.
Neural Networks (NN) are extremely versatile tools for regression problem. Even simple
NNs only with one hidden layer are very expensive. With nonlinear activation functions
between neurons, these “vanilla” NNs can represent arbitrary functions [43]. Traditionally,
regression problems require deliberately chosen techniques to achieve better performance.
However, NNs are extremely flexible, they automatic adapt themselves to different type of
regression techniques according to the particular scenario. This made NN a convenient tool
for solving various QSIs.
Before implementation, we need to parametrize density matrices ρ. The parametrization
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function P : X ′ → X is a bijection,
P (⃗a) = ρ,

(3.5)

where X ′ (⃗a ∈ X ′ ) is the parameter vector space. The choice of P is based on X. For
example, if the set X is the Gibbs states of a class of Hamiltonian, P could be the map from
Hamiltonian parameters to the Gibbs states.
The training data set denotes as
′
T = {(⃗ctrain , ⃗atrain )|⃗ctrain = A(⃗atrain ) + ⃗ϵ, ⃗atrain ∈ Xtrain
},

′
where Xtrain
⊂ X ′ is the finite set of sampled parameters ⃗atrain . The training data naturally

implants the prior information contained in A.
After data preparation, the network can be trained. A NN is a tunable function ΦNN :
Y → X ′ . The training process is using training algorithms to tune the parameters embedded
in ΦNN to minimize the distances between the NN output and desired output according to a
chosen loss function, i.e. minimizing

L(⃗atrain , ΦNN (⃗ctrain )),

(3.6)

where L : X ′ × X ′ → R is the loss function. It is chosen to reverberate the parametrization
P . The goal is to bring ρ1 and ρ2 closer by minimizing L(⃗a1 , ⃗a2 ). There are some common
choices of L. It could be Mean Square Error or Mean Absolute Error if ⃗a’s need to be
precisely approached on magnitudes. If P is more focus on the direction of ⃗a’s, a loss
function minimizes angle (e.g. Cosine Similarity) will be a better choice. L can also be a
type of entropy when ⃗a’s are probability distributions. The choice of P and L, the training
date set T all reflect prior information of the problem.
For testing data generated by the QFP, comparing the ideal ρ and the estimated ρest can
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tell us the accuracy of the estimation. A reasonable question to ask is, given a data ⃗cunk with
an unknown pre-image, how can we know the NN estimation ρest is acceptable. It turns out
that QFP can serve as the mechanism of examining the estimation that come out from a
trained NN. Choosing a metric f in Y , one can compare ⃗cunk and the image of NN output,
f (⃗cunk , (A ◦ P ◦ ΦNN )(⃗cunk )).

(3.7)

Ideally, we want ⃗cunk and (A ◦ P ◦ ΦNN )(⃗cunk ) to be identical, but numerical errors are
inevitable in reality. Bounding the value of Eq. (3.7) can bound the confidence of ρest .
In the next two sections, we will provide two examples to demonstrate our method. The
first example is to give an maximum entropy estimation based on noiseless partial information
of an unknown state. The network takes incomplete measurements of the unknown quantum
state ρ and returns the MEE of ρ. In the second example, we reconstruct ground states of
certain classes of Hamiltonians from incomplete measurements outcomes of these ground
states. Comparing to other algorithms, our method shows extraordinary eﬀiciency without
sacrificing much accuracy. It also shows a great tolerance for experimental error tolerance.

3.2 Maximum Entropy Estimation of Quantum States
3.2.1 Methodology
In quantum systems, given the set of incomplete measurement expectation values {ci |ci =
tr(ρFi ), Fi ∈ F} of an unknown state ρ for a fixed set of observables F, there may exist more
then one quantum state has the same measurement outcomes. Denote the set of state as P
(see Eq. (3.1)). The unknown state ρ is one of the elements in P. The Maximum Entropy
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Estimation ρMEE of ρ can be represented as a thermal state

ρMEE

P
exp(β i ai Fi )
P
=
,
Tr[exp(β i ai Fi )]

(3.8)

where β is the reciprocal temperature of the system and ai ’s are real coeﬀicients [129, 31, 139].
We already know that the measurement outcomes ⃗c = (c1 , · · · , cm ) where ci = Tr(ρFi ),
Fi ∈ F possess a one-to-one correspondence with its MEE ρMEE . And when β approaches
P
infinity, P only has one element, it is the unique ground state of H = − i ai Fi .
In this particular QSI, the parametrization function P and the forward model A are as
follows:
P : β⃗a → ρMEE

(3.9)

A : ρMEE → ⃗c
where ⃗a = (a1 , · · · , am ) and ρMEE is defined in Equation (3.8). Supervised learning can train
a network ΦNN to approach the inverse function
P −1 ◦ A−1 : ⃗c → β⃗a.

(3.10)

More specifically, as shown in Figure 3.4, we randomly generate many β’s and ⃗a’s, achieving
corresponding measurement results ⃗c. These pairs of (⃗c, β⃗a) are used as training data for the
neural network. The trained network ΦNN is the approximation of the function P −1 ◦ A−1 .
The estimation of MEE
ρest

P
exp( i β ′ a′i Fi )
P
=
Tr[exp( i β ′ a′i Fi )]

follows through from P ◦ ΦNN (⃗c). To be noticed that, when the unknown state ρ is not a
P
thermal state, the operator −H ′ = − i a′i Fi is not necessarily the real Hamiltonian of the
system. We call H ′ a pseudo Hamiltonian.
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⃗a

β

H=

∑m
i=1

βai Fi

ρ=

eH
tr(eH )

⃗c : ci = tr(ρFi )

“Behavior” of F
F
A

P

Figure 3.4: Training and testing data generation. Parameters β and ⃗a are randomly
generated. The Hermitian operator set F associate with the forward model A provides
information for the distribution of β. Generated pairs of (⃗c, β⃗a) are training data: ⃗c is the
input of the neural network, β⃗a is the idea output. The left block is the parametrization
function P , the right block is the foreword model A for this problem.
The supervised training process for the neural network (NN) is trying to bring the NN
prediction β ′⃗a′ closer to the labeled data β⃗a. Minimizing the distance between β ′⃗a′ and
β⃗a can actually increase the fidelity between ρest closer to ρMEE . This can be seen from the
continuity of the parameterization function P (β⃗a) and the Fuchs-van de Graaf inequality [62].
The continuity of P (β⃗a) guarantees ∥ρest − ρMEE ∥ can be bound above by ∥β ′⃗a′ − β⃗a∥. The
Fuchs-van de Graaf inequality tells us the fidelity between ρest and ρMEE can be bound by
∥ρest − ρMEE ∥.
We test our method numerically with two systems: 1) F has three 64 by 64 random gen(i)

(i+1)

erated Hermitian operators; 2) the 5-qubit one-dimension lattice, F = {σa ⊗ σb

|σa , σb ∈

P, 1 ≤ i ≤ 4, a + b ̸= 0} where P = {σ0 = I2 , σ1 = σx , σ2 = σy , σ3 = σz } is the set of Pauli
operators with the 2 by 2 identity. The upper index i indicates the qubit of which the operator acts on. Moreover, we examine the method with experimental data of an optical set-up,
which are derived from unique ground states associated with fixed Hermitian operator sets.
Therefore the MEE estimations ρest are also the estimation of the true states measured in
our experiments.
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β ′⃗a′

β′H ′

′

ρest =

′

eβ H
tr(eβ ′ H ′ )

F
ΦNN

P

Figure 3.5: The process. The trained network ΦNN is the approximation of P −1 ◦ A−1 ,
can produce a parameter estimation β ′⃗a′ according to an input ⃗c. The right block is the
parameterization function P that maps estimated parameters β ′⃗a′ to the estimation of MEE
ρest

3.2.2 Data Preparation and Network Training
Training data preparation is the key to supervised learning since the learning outcome depends heavily on the training data set.
The data generating procedure is shown in Figure 3.4. Parameter ⃗a is drawn from normal
N (0, 1) distribution then normalized. The “coldness” β is randomly sampled from (0, 100].
Generally, when β reaches ∼ 30, thermal states are almost pure. Here we allow β goes to
100 for some extreme cases. The distribution of β in the whole training data set is critical
in this process, we will discuss it in depth later. Parameter ⃗a together with the fixed set
P
of operators F set up the pseudo Hamiltonian H =
i βai Fi . The measurement results
⃗c = (Tr(ρF1 ), · · · , Tr(ρFm )) come from trace the product of ρ = exp(H)/ Tr[exp(H)] and
operator Fi ’s. Every pair of β⃗a and ⃗c counts for a pair of training data.
It turns out that the distribution of β in the training data set is the key to our problem.
By data distribution of β, we meant the proportion of β picked in a given interval I to the
amount of data in the whole training data set. Intuitively, the network should be trained
with more data in the place where the function changes more rapidly. To be more specific,
the network should see more data on where the small change of β cause big change on ρ then
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on ⃗c in the relative sense. Despite the matrix exponential function, the property clearly also
depends on F. Luckily enough, since we know F, we have all the information we needed.
The function is more steep while β is small, and is smooth while β is relatively large.
However, if we put significant more data on the narrow steep region (e.g. β ∈ (0, 5)),
that may cause confusion on the network—the network will have bad performance on the
wider smooth region since it does not see enough data. In order to achieve optimal overall
performance, one need to balance between fitting the rough region and giving enough data
of other regions.
First of all, we need a way to measure the “roughness” of the function in a given area
according to the parameter β. We choose how far away the thermal state
P
exp( i βai Fi )
P
ρ=
Tr[exp( i βai Fi )]
is from being a pure state as the indicator (denote as λ). In other words,

λ = 1 − λ0
where λ0 is the biggest eigenvalue of ρ.
We divide β into multiple intervals Ii = (i, i + 1] where 0 ≤ i ≤ 99 and i ∈ Z. In
each interval Ii , 1,000 data points have been sampled. 1,000 β’s are drawn from uniform
distribution in Ii while 1,000 normalized ⃗ai is sampled from normal distribution. These β’s,
P
P
⃗a’s and F together form 1,000 ρ = exp( i βai Fi )/ Tr[exp( i βai Fi )]. Getting λ from each
ρ, we calculate the average of these λ’s and denote it as λ̄i . The vector ⃗λ̄ = (λ̄1 , · · · , λ̄N )
for all intervals is a characterization of the model according to the change of β (denote N as
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the number of intervals for generality). Let pi = λ̄i /

P
i

λ̄i and

p⃗β = (p1 , · · · , pN ).
One may consider to use p⃗β to be the data distribution. But it transpired that p⃗β is not
appropriate since it will concentrate the training data at the lower region.
Referring to our previous arguments, we need to balance the distribution. We take two
flatten steps:
1) take the average of the first 10 elements in ⃗λ̄ and call it λ̄ten , then replace these first
ten elements which are smaller than λ̄ten with it;
P
2) denote i λ̄i /N as λ̄avrg and then replace elements which are smaller than λ̄avrg with
it.
We normalize the resulting vector and denote it as p⃗flat . It is the data distribution we
use in this work. Three different data generating methods have been compared in detail in
Appendix .1.
The neural networks used in this section are fully-connected feed-forward. It means the
neurons in one layer is fully-connected to the neurons in the next layer and information only
passes forward. The input and output layers are determined by the giving length of the
measurement results (i.e. the cardinality of the fixed operator set F). The three random 64
by 64 operator case have three input and three output neurons (we refer it as case 1 later in

 
this section). The 5-qubit 1D lattice example has 51 neurons (5 31 + 4 31 31 = 51) for input
and output layers (we call it case 2). These two networks all have two hidden layers, each
layer has 100 neurons.
The networks in this section are trained with Adam optimizer [96] which is a popular
adaptive learning rate optimization algorithm designed for deep networks. The loss function
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Figure 3.6: Testing results. 1,000 pairs of new data has been tested for both cases. The
mini-plots are the boxplots of these fidelities. The average fidelity for one is 99.0%, for two
is 97.1%.
we chose is Mean Absolute Error (MAE)
Pm

|ei |
.
m

i

L(⃗e) =

where ⃗e = ⃗a −⃗a′ is the error vector between the true value ⃗a and the estimated value ⃗a′ . MAE
P 2
performs better than Mean Squared Error (MSE, L(⃗e) = m
i ei /m, another commonly used
loss function). It is because the parametrization function P (Eq. (3.9)) would require ⃗a′ to
be as close to ⃗a as possible to bring the images close and the square in MSE will make small
errors more indistinct, i.e. it may cause gradients vanish before the outputs are actually
close with desired ones.
For case 1, the training data is 3,010,470. The batch size is 40,000 and we train the
network for 300 epochs. And we use 2,005,584 pairs of training data for the 5-qubit 1D
lattice model. The batch size is 20,000 and the number of epochs is also 300.
New data sets are generated to test the performance of trained neural networks. Similar
to the procedure of producing training data in Figure 3.4, the testing data are pairs of ⃗c and
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β⃗a. The β’s are uniformly picking from (0, 100] and ⃗a’s are normalized.
The estimated MEE ρest comes out from adopting the course in Figure 3.5. We compare
each ρest with its true MEE ρMEE by calculating the fidelity. The fidelity function we are
using is the standard [130]

f (ρ1 , ρ2 ) = Tr

q
√

√



ρ1 ρ2 ρ1 .

For case one, the average fidelity between true MEE ρMEE and the estimated MEE ρest is
99.0%. Figure 3.6a shows the fidelities of all tested data. The mini-figure is its boxplot [61],
which is a graphical way to depict data through their quartiles. The orange line in the boxplot
is the median value which is 99.5%. Statistically, the circles in the boxplot are outliers which
are data points notably different from others hence lack of statistical significance. Similarly,
Figure 3.6b shows the fidelities of the whole testing data set for case two. The average
fidelity is 97.1% and median fidelity is 98.1%.
Case 1
Case 2

Mean
99.0%
97.1%

Median
99.5%
98.1%

STD
17.0 × 10−3
31.1 × 10−3

Table 3.1: Statistics of numerical results.
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3.2.3 Experimental Verification and the Effect of Error
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(c) Numerical testing results of F2 . Blue
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state ρMEE and the estimated state ρest . The
The average fidelity of 300 data points is 99.7%.
x-axis is the dummy variable of the testing set.
The median value shows in the boxplot is 99.9%.
1,000 data has been tested, the mean value is
99.8%

Figure 3.7: Numerical and experimental fidelities of F1 and F2 .
To verify the performance of our well-trained neural network in processing real experimental
data and its robustness against experimental noise, we implement a qutrit photonic setup capable of preparing different qutrit states and measuring arbitrary operators, as shown
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in Figure 3.8. Particularly, when experimental data are generated by unique ground states of
a pseudo Hamiltonian, ρMEE is the exact ground state been measured, and the NN estimation
ρest is also the approximation of the real state. Therefore, we intentionally prepare ground
states of a class of pseudo Hamiltonians and feed them into the measurement devices. By
directly comparing the prepared ground states ρexp with ρest , we can reveal the network’s
performance in real experiments.
In our experiment, we choose two set of operators F1 and F2 , and each contain 3 Hermitian
operators (see explicit expression in Appendix .2). For each set, 300 ground states {ρexp }
of the pseudo Hamiltonian are randomly prepared by changing the setting angles of the two
configurable half-wave plates (HWPs) in Figure 3.8 (b) (see Appendix .2 for details). Then
the prepared states are input into the measurement part, which is constituted by wave plates,
calcite beam displacers (BDs) and photon detectors, capable of projecting the input states
into an arbitrary basis. From the measurement statistics, expectation values of different
operators can be estimated (see Appendix .2 for details). Thus by this preparation-andmeasurement set-up, we obtain the experimental data set ⃗cexp = (c1,exp , c2,exp , c3,exp ).
Before feeding experimental data into the neural networks, we have trained the networks
individually for each operator set. A total 1,010,196 and 1,003,808 pairs of numerical data
have been used to train networks for F1 and F2 , respectively. The network structure and
other settings (e.g. training algorithm, loss function etc.) are in similar fashion with the
previous numerical cases. Figure 3.7a shows the numerical results of F1 for 1,000 random
generated data. The average fidelity is 99.9%. Figure 3.7c is the testing fidelities for F2 , the
mean value is 99.8%.
The well-tuned neural networks are now ready for experimental data. Measurement
outcomes ⃗cexp derived from the experiments are inputs of the networks. From the output
parameter set β ′⃗a′ , the estimated MEEs ρest ’s can be derived. The fidelities between ρexp
and ρest have been calculated and are shown in Figure 3.7b (F1 ) and Figure 3.7d (F2 ). The
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mean value of all 300 data points is 99.8% for F1 , and is 99.7% for F2 .
In this experiment, the measurement outcomes are suffered from different systematic
errors, such as inaccuracies of wave plate setting angles, imperfect interference visibility
and drifting of the interferometers, and statistical fluctuations. The average relative errors
of different operators ((ci,exp − Tr(ρexp Fi )/Tr(ρexp Fi )) range in 0.79% ∼ 2.43% (see more
details in Appendix .2). Even in this level of experimental errors, the networks show almost
the same performance in processing experimental data compare with numerical data.
(a) Single Photon Source (b) State Preparation

(c) Measurement
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Figure 3.8: Experimental set-up. (a) By pumping a phase-matched bulk potassium
dihydrogen phosphate (KDP) crystal with the second harmonics generated from the beta
barium borate (β-BBO) crystal, single photon pairs are generated. After a polarizing beam
splitter (PBS), the idler mode is detected by the detector DT as a trigger of the heralded single
photon source, whereas the signal mode is directed towards the following set-up. (b) Through
the half-wave plates (HWPs) and a calcite beam displacer (BD), single photons are prepared
as photonic qutrits encoded in the polarization and spatial modes. (c) The measurement
part is composed of wave plates and BDs which form a three-stage interferometer capable
of implementing arbitrary qutrit unitary. After the unitary transformation, photons are
detected by three avalanche photodiodes (APDs). By setting the wave-plates with different
angles, measurement of different operators can be realized.

3.2.4 Comparing with Other Methods
The maximum entropy estimation

ρMEE

P
exp(β i ai Fi )
P
,
=
Tr[exp(β i ai Fi )]
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for given ⃗c = (Tr(ρF1 ), · · · , Tr(ρFm )) is an optimization problem. It is closely related to the
field of information geometry, statistical inference, and machine learning.
An iterative algorithm based on the information-geometry viewpoint is proposed in [129],
which runs as follows. First, initialize the system Hamiltonian as an identity operator H = I,
so the initial density matrix ρini = exp(I)/ Tr[exp(I)] is the maximum mixed state. The
following task is to solve the equations Tr(ρFi ) = Tr(τ Fi ) for each i, or, to be more precisely,
P
find a density matrix τ to minimize i | Tr(ρFi ) − Tr(τ Fi )|. This is done by iteratively
updating the Hamiltonian H by H + ϵFi , so that the density matrix τ is updated as

τ=

eH
eH+ϵFi
′
→
τ
=
,
Tr(eH )
Tr(eH+ϵFi )

in which, the parameter ϵ is something like a gradient and can be approximated as

ϵ=

Tr(Fi ρ − Tr Fi τ )
Tr Fi2 τ − [Tr(Fi τ )]2

for each Fi . Repeat the iteration for several rounds and we can find a τ as closely to ρ as
possible.
Another related method is base on the so-called quantum Boltzmann machine (QBM) [11].
The QBM uses a different loss function (or objective function) for optimization, i.e. the cross
entropy,
L=−

X

pi log p′i ,

i

with pi and p′i are probability distributions: pi is the ideal case and p′i depending on some
parameters. The learning process of a quantum Boltzmann machine is to find certain parameters to minimize L. Take pi = C Tr(ρFi ) and p′i = C ′ Tr(τ Fi ), where C and Ci′ are normalization constants. The densit matrix τ here can also be expressed as τ = exp(H)/ Tr[exp(H)].
P
Since H = i ai Fi , the loss function is now a function of ai ’s. The loss function L reaches
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its minimum for pi = p′i , so our goal is to optimize L over possible ai ’s.
We can use the same method which the QBM use to learn the maximum entropy state.
To use the cross entropy, for Fi with negative eigenvalues, we first renormalize p′i s by adding
(⌊−fimin ⌋+1)I to Fi , where fimin is the lowest eigenvalue of Fi . This ensures p′i s being positive,
and adding unity operator to Hamiltonian has no effect on its thermal state. Second, since
P
P
the pi and p′i in cross entropy are probability distributions, which means i pi and i p′i
are both restricted to 1, we add normalization constants C and C ′ in front of Tr(ρFi ) and
Tr(τ Fi ), respectively.
We test both the iterative algorithm and the QMB algorithm using MATLAB, for the
examples in Appendix .2. The iterative algorithm converges to the desired results precisely
and effectively. The average time for an iterative algorithm for each case is about 0.0425
seconds. As a comparison, if we run the optimization using the functions provided by
MATLAB, the time for each case is about 0.0148 seconds.
The method of QBM, however, cannot provide a precise approximation to the original
density matrix. This may due to the fact that the gradient is hard to obtain, (notice that
the forms of matrix Fi in our cases are far more complicated than the ones discussed in
QBM (see [11]). Also, it may due to the normalization of pi ’s we have introduced, which can
introduce more issues in the learning process. There may be ways to improve the training
method, which we will leave for future investigation.
Given that the iterative algorithm seems more effective and accurate for optimization, we
then compare our supervised learning method with the iterative algorithm. For the case that
the measured set F possess three 64 by 64 Hermitian operators, our method estimates the
test set with 99.0% average fidelity. Setting the error bound as 10−10 , as a comparison, the
iterative algorithm provides the outcome states with fidelity almost 1 for every data point.
In terms of accuracy, the interactive algorithm is slightly stronger than ours.
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By using the same computational device 1 , our network can predict 5,000 data in less
than a second while the iterative method requires about 10 minutes for 100 data. In this
sense, once trained, our method is more eﬀicient for estimation without sacrificing much
accuracy.

3.3 Ground States from Partial Measurements
Ground states play key roles in quantum physics and quantum information. For example, in
adiabatic quantum computation [9], the computation is encoded in the ground states of local
Hamiltonians. As discussed in section 3.1, Unique Ground States (UGS) of Hamiltonians are
also special in the sense that non-degenerated ones can be uniquely determined by significant
less measurements. Comparing to deal a wide range of β in section 3.2, knowing that
P
unknown states ρ’s are ground states (GS) of a certain class of Hamiltonian (H = i ai Fi
where Fi ∈ F and F is fixed), we could focus on a narrower area to improve the performance
of our method. Note that GS degeneracy is rare, i.e. most GSs are unique.
In terms of getting GSs, we can approach a GS by letting the parameter β in ρMEE be
a relatively large number, as in section 3.2. Or, alternatively, we may directly calculate the
eigenvector corresponds to the smallest eigenvalue from a Hamiltonian. The latter is more
eﬀicient, accurate and stable numerically. Hence we modify the process and get rid of the
thermal state form in this section.
1

Macbook Pro, Processor 2.3GHz Quad-Core Intel Core i5, 8GB Memory

42

3.3.1 Method
k -Local
Hamiltonians

Ground States
|ψH i

Straightforward
Hard

Measurements
M

Supervised Learning

Figure 3.9: The procedure of our method.

For this particular QSI, the parametrization function P (Eq. (3.5)) is mapping from paP
rameters ai of k-local Hamiltonian H = i ai Fi to its ground states ρgs = |ψH ⟩ ⟨ψH |. The
forward function A is taking the measurements of ρgs under F. The function P ◦ A is the
data generating process (the dashed arrows), and the network ΦNN approximate A−1 ◦ P −1 .
The application process is ΦNN ◦ P (the solid arrows) in Fig. 3.9.
As shown by the dashed arrows, we first construct training and test dataset by generating random k-local Hamiltonians H, calculate their ground states |ψH ⟩, and obtain local
measurement outcomes M = {⟨ψH |Fi |ψH ⟩}. We then train the neural network with the
generated training dataset. After training, as represented by the solid black arrows, we
first obtain the Hamiltonian H through local measurement results M from the neural network, then recover the ground states from the obtained Hamiltonian. In contrast, the red
arrow represents the direction of the normal quantum state tomography process, which is
computationally hard.
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We numerically test 4-qubit ground states of full 2-local Hamiltonians and 7-qubit ground
states of nearest 2-local Hamiltonians. The 4-qubit network also be examined with NMR
experimental data. In both cases, trained neural networks give accurate estimates with high
fidelities. We observe our method yields higher eﬀiciency and better noise tolerance compared
with the least-squares tomography (the approximated maximum likelihood estimation) when
the added noise is greater than 5%.
Data Generation and Network Training
In this subsection, we discuss our training/test dataset generation procedure, the structure,
and hyperparameters of our neural network, and the required number of training data during
training.
In particular, we first construct a deep neural network for 4-qubit ground states of full
2-local Hamiltonians as follows:

H=

4
X
X
i=1 1≤k≤3

(i) (i)

ωk σk +

X

X

(ij) (i)
(j)
Jnm
σn ⊗ σm
,

(3.11)

1≤i<j≤4 1≤n,m≤3

where σk , σn , σm ∈ ∆, and ∆ = {σ1 = σx , σ2 = σy , σ3 = σz , σ4 = I}.
(i)

(ij)

We denote the set of Hamiltonian coeﬀicients as ⃗h = {ωk , Jnm }. The coeﬀicient vector
⃗h is the vector representation of H according to the basis set B = {σm ⊗ σn : n + m ̸=
8, σm , σn ∈ ∆}. The configuration of the ground states is illustrated in Fig. 3.10a.
The number of parameters of the local observables of ground states determines the
(i,j)

(i,j)

amount of input units of the neural network. Concretely, M = {sm,n : sm,n = Tr(Tr(i,j) ρ ·
B(m,n) ), B(m,n) ∈ B, 1 ≤ i < j ≤ 4, 1 ≤ n, m ≤ 4}, where σn , σm ∈ ∆ and ρ is the density
(i,j)

matrix of the ground state. M is a set of true expectation values sm,n of the local observables
B(m,n) in the ground states ρ. Note that we are using the true values of expectation values
instead of their estimations (which contain statistical fluctuations) since we are theoretically
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generating all the training and testing data. It is easy to see that M has 3 × 4 = 12 single
body terms and C42 × 9 = 54 two-body terms. By arranging these 66 elements in M into
a row, we set it as the input of our neural network. Our network then contains two fully
connected hidden layers, in which every neuron in the previous layer is connected to every
neuron in the next layer. The number of output units equals to the number of parameters
of our 2-local Hamiltonian.
The 7-qubit nearest 2-local Hamiltonian is

H=

7
X
X
i=1 1≤k≤3

(i)

(i) (i)

ωk σk +

6
X
X

(i+1)
(i) (i)
,
Jnm
σn ⊗ σm

(3.12)

i=1 1≤n,m≤3

(i)

where σk , σn , σm ∈ ∆, ωk and Jnm are coeﬀicients.
For the 7-qubit 2-local case, where 2-body terms only appear on nearest qubits, the
network takes 2-local measurements as input, and the number of neurons in the input layer
is 7 × 3 + 6 × 3 × 3 = 75. The number of neurons in the output layer is also 75.
The parameter vector ⃗h of random Hamiltonians are uniformly drawn from random
normal distributions. It is realized by applying function np.random.normal in Python. As
the dashed lines in Fig. 3.9 shown, after getting random Hamiltonians H, we calculate the
ground states |ψH ⟩ (the eigenvector corresponds to the smallest eigenvalue of H) and then
get the 2-local measurements M.
For loss function, we choose cosine proximity cos(θ) = (⃗hpred · ⃗h)/(∥⃗hpred ∥ · ∥⃗h∥), where
⃗hpred is the estimation of the neural network and ⃗h is the desired output. Generally speaking,
the role of loss functions in supervised learning is to eﬀiciently measure the distance between
the true value and the estimated outcome (In our case, it is the distance between ⃗h and ⃗hpred ).
And the training procedure seeks to minimize this distance. We find the cosine proximity
function fits our scenario better than the more commonly chosen loss functions such as mean
square error or mean absolute error [109]. The reason can be understood as follows. Because
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the parameter vector ⃗h is a representation of the corresponding Hamiltonian in the Hilbert
space expanded by the local operators B, the angle θ between the two vectors ⃗h and ⃗hpred
is a “directional distance measure” between two corresponding Hamiltonians [136]. Notice
that the Hamiltonian corresponding to the parameter ⃗h has the same eigenvectors as those
of the Hamiltonian of c · ⃗h, where c ∈ R is a constant. In other words, we only care about
the “directional distance”. Instead of forcing every single element close to its true value (as
mean squared error or mean absolute error does), the cosine loss function tends to train the
angle θ towards zero, which is more adapted to our situation.
The physical aspect of our problem fixes the input and output layers. The principle
for choosing the number of hidden layers is eﬀiciency. While training networks, inspired by
Occam’s Razor principle, we choose fewer layers and neurons when increasing them do not
significantly increase the performance but increases the required training epochs. In our
4-qubit case, two hidden layers of 300 neurons have been inserted between the input layer
and the output layer. In the 7-qubit case, we use four fully-connected hidden layers with the
following number of hidden neurons: 150-300-300-150. The activate function for each layer
is ReLU (Rectified Linear Unit) [127], which is a widely used non-linear activation function.
We also choose the optimizer having the best performance in our problem over almost all
the built-in optimizers in Tensorflow: AdamOptimizer (Adaptive Moment Estimation) [96].
The learning rate is set to be 0.001.
The whole training dataset has been split into two parts, 80% used for training, and 20%
used for validation after each epoch. A new data set of 5,000 data was used as the test set after
training. The initial batch size was chosen as 512. As the amount of training data increases,
the average fidelity of estimated states and the true test states goes up. The neural network
reaches a certain performance after we fed suﬀicient training data. More training data
requires more training epochs; however, replete epochs ebb the neural network performance
due to over-fitting. Table 3.2 shows the average fidelities of using different training data and
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4-qubit (66-300-300-66)
epoch:100
epoch:300
Training data
f
C
f
C
500
50.5% 69.1% 35.5% 56.2%
1,000
62.6% 78.1% 47.6% 66.8%
5,000
89.7% 94.7% 88.5% 94.1%
10,000
93.3% 96.6% 93.2% 96.5%
50,000
96.1% 98.0% 96.8% 98.4%
100,000
96.8% 98.4% 97.2% 98.6%
120,000
97.0% 98.5%
97.3% 98.6%
7-qubit (75-150-300-300-150-75)
1,000
13.6% 22.2% 12.5% 31.2%
10,000
88.0% 93.8% 83.9% 91.5%
50,000
93.1% 96.5% 93.4% 96.6%
100,000
93.9% 96.9% 94.7% 97.3%
150,000
94.3% 97.1% 95.5% 97.7%
200,000
94.7% 97.3% 95.6% 97.7%
250,000
95.4% 97.6%
95.7% 97.8%

epoch:600
f
C
34.2% 56.9%
38.3% 58.7%
87.8% 93.6%
93.1% 96.5%
96.3% 98.1%
97.0% 98.5%
97.1% 98.6%
12.1%
78.9%
93.8%
95.2%
95.5%
95.7%
95.7%

31.3%
88.7%
96.9%
97.5%
97.7%
97.8%
97.8%

Table 3.2: Average fidelities on the test set by using different numbers of training
data and epochs. The batch size is 512, and the size of the test dataset is 5000. As the
amount of training data increases, we find the average fidelity of estimated states and the
true test states goes up, and the neural network reaches a certain performance after we fed
suﬀicient training data. We also observe more training data requires more training epochs;

epochs. The first round of training locks down the optimal amount of training data, then
we change the batch size and find the optimal epoch. We report the results for the second
round training in Table 3.3. For the 4-qubit case, appropriately increases the batch size can
benefit the stability of training process thus improves the performance of the neural network.
Though, by choosing the batch size as 512 and 2048, the network can also reach the same
performance with larger epochs, we chose the batch size as 1028 since more epochs require
more training time. After the same attempting for the 7-qubit case, we find 512 a promising
batch size.
The time cost for preparing the network involves two parts - generating training and
testing data, and training the networks. Most of the time spending on data generating is to
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4-qubit (Training Data: 120,000)
Batch Size epoch:300 epoch:600 epoch:900
512
98.6%
98.6%
98.7%
1028
98.7%
98.7%
98.7%
2048
98.5%
98.7%
98.7%
7-qubit (Training Data: 250,000)
Batch Size epoch:300 epoch:600 epoch:900
512
97.8%
97.8%
97.9%
1028
97.6%
97.8%
97.8%
Table 3.3: Average fidelities on the test set by using different batch sizes. The
size of test dataset is 5,000. The optimal batch size for the 4-qubit case is 1024 and for the
7-qubit case is 512.
solve the ground states (eigenvector corresponding to the smallest eigenvalue) of randomly
generated Hamiltonians. It takes roughly 5 mins (2.2 hours) to generate the whole data set
for 4-qubit (7-qubit) by implementing eigs in MATLAB. With suﬀicient data in hand, the
network training procedure takes about 12 mins (49 mins) for 4-qubit (7-qubit).

3.3.2 Numerical and Experimental Results
Numerical Results
In this subsection, we present our numerical testing results, and also provide a criterion for
determining whether the neural network estimate is acceptable without knowing the true
states.
As illustrated in Fig. 3.9, after getting estimated Hamiltonian from the neural network,
we calculate the ground state ρnn of the estimated Hamiltonian and take the result as the
estimate of the ground state that we attempt to recover.
There are two different fidelity functions that we can use to measure the distance between
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Figure 3.10: Theoretical results for 4 qubits and 7 qubits. (a) The configuration of
our 4-qubit states. Each dot presents a qubit, and every qubit interacts with each other.
(b) The configuration of our 7-qubit states: only nearest qubits have interactions. (c) The
fidelities of 100 random 4-qubit states ρrd and our neural network estimates ρnn . Notice that
the x-coordinate does not have physical meaning, we randomly pick 100 states and label
them from 0 to 99. It is the same for the 7-qubit case. The average fidelity (Eq. (3.13)) is
98.7%. (d) The fidelities of 100 random 7-qubit states ρrd and our neural network estimates
ρnn . The average fidelity (Eq. (3.13)) of the whole test data set is 97.9%.
the randomly generated states ρrd and our neural network estimated states ρnn , namley:
q
√
√
f (ρ1 , ρ2 ) ≡ Tr
ρ1 ρ2 ρ1 ,
Tr(ρ1 ρ2 )
p
.
C(ρ1 , ρ2 ) ≡ p
Tr(ρ21 ) · Tr(ρ22 )

(3.13)
(3.14)

The fidelity measure f defined in Eq. (3.13) is standard [130], which requires the matrix ρ1
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and ρ2 to be positive semi-definite. Considering that the density matrix obtained directly
from the raw data of a state tomography experiment may possibly not be positive definite,
we usually adopt the definition of C for processing the raw data in NMR [59]. In this
section, there are not negative matrices after constraining the raw density matrices to be
positive semi-definite. The values of the fidelities are calculated by f if there is no additional
explanation in the following.
Max

Min

Standard Deviation

Average Fidelity

4-qubit

99.8%

91.4%

5.93 × 10−3

98.7%

7-qubit

99.6%

85.2%

10.4 × 10−3

97.9%

Table 3.4: The statistical performance of our neural networks for 4-qubit and 7-qubit cases.

After supervised learning on the training data, our neural network is capable of estimating
the 4-qubit output of the test set with high performance. The fidelity averaged over the whole
test set is 98.7%. The maximum, minimum, standard deviations of fidelities for the test set
are shown in Table 3.4. Fig. 3.10c illustrates the fidelities between 100 random states ρrd
and our neural network estimates ρnn .
We then apply our framework to recover 7-qubit ground states of 2-local Hamiltonians with nearest neighbor interaction. The configuration of our 7-qubit states is shown in
Fig. 3.10b. We trained a similar neural network with 250,000 pairs of randomly generated
Hamiltonians and 2-local measurements of the corresponding ground states. For the 5,000
randomly generated test sets, the network estimates have an average fidelity of 97.9%. More
statistical performance are shown in Table 3.4 and fidelity results of 100 random generated
states are shown in Fig. 3.10d.
Due to the variance inherent to this method, it is natural to ask how to determine whether
a neural network estimate ρnn is acceptable without knowing the true state ρrd . This problem
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can be easily solved by calculating the measurement estimate Mpred , i.e., using the estimate
ρnn to measure the set of local operators B. By setting an acceptable error bound and
comparing Mpred with the true measurements M, one can decide whether to accept ρnn or
not. Please see the Methods section for details.
The fidelities of neural network estimates have a slight variation, for example, the fidelity
of the 4-qubit case is range from 91.4% to 99.8%. One who uses this framework might wonder
how precise the neural network outcome is compared to the true state. In contrast of the
scenario when we are testing our framework theoretically, we do not have the true state in
hand. Now it is natural to ask that how to determine whether the estimate is precise enough.
Providentially, we could solve this question in a straightforward way.
(i,j)

(i,j)

Based on ρnn , we compute Mpred = {sm,n : sm,n = Tr(Tr(i,j) ρnn · B(m,n) ), B(m,n) ∈ B, 1 ≤
i < j ≤ 4, 1 ≤ n, m ≤ 4} and compare with the original M. Root-Mean-Square-Error
(RMSE) between two variables ⃗x and ⃗y , defined as
v
u d
u1 X
rmse(⃗x, ⃗y ) = t
(xi − yi )2 ,
d i=1
is a frequently used quantity to measure the closeness of ⃗x and ⃗y . In reality, how bad an error
is also depends on the magnitude of the true value. That means, with the same RMSE, the
larger the magnitude of the true value is the better the accuracy. A measure referring to the
real value reveals more about how precise between an estimation and a expected outcome.
We, therefore, define a quantity called relative RMSE, namely
q P
d
1
rrmse(⃗x, ⃗y ) =

d

i=1 (xi

∥⃗y ∥

− yi )2

=

rmse(⃗x, ⃗y )
,
∥⃗y ∥

where y is the true value and ∥⃗y ∥ is its l2 -norm. The relative RMSE between Mpred and
M is rmse(Mpred , M)/∥M∥. By bounding the relative RMSE less than 0.2%, 4692 out of
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5000 (93.8%) estimations of our 4-qubit network are acceptable, and the probability of these
estimations having fidelities higher than 97% is 99.8%.
Our neural-network-based framework is also significantly faster than the approximated
MLE method. Once the network is trained suﬀiciently well, it can be used to deal with
thousands of datasets without much effort on a regular computer. Calculating ρnn from
⃗hpred , which is essentially the computation of the eigenvector corresponding to the smallest
eigenvalue, is the only part that may take some time.
Experimental Results
So far, our theoretical model is noise-free. To demonstrate that our trained machine learning
model is resilient to experimental noises, we experimentally prepare the ground states of
the random Hamiltonians and then try to reconstruct the final quantum states from 2local measurements using a four-qubit nuclear magnetic resonance (NMR) platform [174,
161, 90, 171]. The four-qubit sample is

13

C-labeled trans-crotonic acid dissolved in d6-

acetone, where C1 to C4 are encoded as the four work qubits, and the rest spin-half nuclei
are decoupled throughout all experiments. Fig. 3.11 describes the parameters and structure
of this molecule. Under the weak-coupling approximation, the Hamiltonian of the system
writes,
Hint =

4
X

π(νj −

ν0 )σzj

j=1

4
X
π
+
Jjk σzj σzk ,
2
j<k,=1

(3.15)

where νj are the chemical shifts, Jjk are the J-coupling strengths, and ν0 is the reference
frequency of
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C channel in the NMR platform.

All experiments were carried out on a Bruker AVANCE 400 MHz spectrometer at room
temperature. We briefly describe our three experimental steps here : (i) Initialization.
The pseudo-pure state [41, 52, 100] for being the input of quantum computation |0000⟩ is
prepared. (More details are provided in the Methods section) (ii) Evolution. Starting from
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the state |0000⟩, we create the ground state of the random two-body Hamiltonian by applying
the optimized shaped pulses. (iii) Measurement. In NMR experiments, the expectation
values of all 2-qubit Pauli products can be measured by the ensemble measurement. From
them, we can directly obtain all 2-local measurements, and perform four-qubit QST to
estimate the quality of our implementations, which is accomplished by the least-squares
tomography from the experimental data.
C1

C2

C3

C4

C1

-1705.5

C2

41.64

-14558.1

C3

1.48

69.78

-12330.5

C4

7.06

1.18

72.36

-16764.1

T2

1.02

0.92

0.87

0.94

Figure 3.11: The molecular structure and Hamiltonian parameters of the 13 Clabeled trans-crotonic acid. The atoms C1 , C2 , C3 and C4 are used as the four qubits in
the experiment, and the atoms M, H1 and H2 are decoupled throughout the experiment. In
the table, the chemical shifts with respect to the Larmor frequency and J-coupling constants
(in Hz) are listed by the diagonal and off-diagonal numbers, respectively. The relaxation
timescales T2 (in seconds) are shown at the bottom.
In experiments, we created the ground states of 20 random Hamiltonians of the form in
Eq. (3.11) and performed 4-qubit QST for them after the state preparations. It is worth
emphasizing that the experimental raw density matrices obtained from ensemble measurements on NMR are usually negative. First, we further performed the least-squares QST
from the raw density matrices in experiments as ρexp , and estimated that the fidelities between the experimental states ρexp and the target ground state ρth are over 99.2%. It is
noted that the purpose of reconstructing the states ρexp is to use them to compare with the
results estimated by our neural network. We collected the expectation values of all 2-qubit
Pauli product operators, such as ⟨σx ⊗ I ⊗ I ⊗ I⟩ and ⟨σx ⊗ σy ⊗ I ⊗ I⟩, which were directly
obtained by measuring the expectation values of these Pauli strings in NMR. Then we fed
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them into our neural-network-based framework to reconstruct the 4-qubit states, obtaining
an average fidelity of 98.8% between ρexp and ρnn , where ρnn is the neural network estimated
state. Fig. 3.12 shows the fidelity details of these density matrices. The results indicate
that the original 4-qubit state can be eﬀiciently reconstructed by our trained neural network
using only 2-local measurements, instead of the traditional full QST.
1.000

mean value of fexp
fexp nn
fnn th
fexp th

0.995
0.990

nn

0.985
0.980
0.975
0.970
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Figure 3.12: The predication results with experimental data. Here we list three different fidelities for 20 experimental instances. The horizontal axis is the dummy label of the 20
experimental states. The cyan bars, fexp−th , are the fidelities between the theoretical states
ρth and the experimental states ρexp . The blue triangles, fexp−nn , are fidelities between our
neural network estimates ρnn and the experimental states ρexp with the average fidelity over
98.8%. And the green dots, fnn−th , are the fidelities between our neural network estimates
and the theoretical states.

3.3.3 In Comparison with Other Methods
The standard maximum likelihood estimation (MLE) [86, 83, 137, 132] is usually adopted to
reconstruct a legal and full quantum state whose local information is closest to the measured
results. It technically maximizes the likelihood of the estimate by the given data. When we
make the Gaussian distribution and assume that all measurements have the same standard
deviation, the MLE is approximately the least-squares tomography which minimizes the
distance between the searched results and the measurement outcomes [5]. In this section,
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we make a comparison of eﬀiciency, accuracy and noise tolerance between the approximated
MLE and our method.
With a personal laptop, every single 4-qubit state takes about 1 minute to compute
for the approximated MLE. The estimating procedure of our method analyzed 5,000 data
in 2 minutes (about 0.024s per data set) using the same computer. For the 7-qubit case,
the approximated MLE requires about 168 minutes to converge for each single data point.
Remarkably, our method can process 5,000 data sets within less than 6 minutes (about 0.070s
per data set). This suggests that our method is substantially faster than the approximated
MLE. We can reasonably expect that when the system size gets even larger, our computation
time advantage will become more impressive.
In the 4-qubit cases, the approximated MLE can yield estimates with an average fidelity
of 99.9%. In the 7-qubit cases, it can still achieve an average fidelity of 99.9%. Therefore in
terms of accuracy, the approximated MLE slightly outperforms our method.
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Figure 3.13: Performances of the approximated MLE and our neural network
framework under noisy inputs. The dots in the figure are the average fidelities f between
the true state ρ and the noisy estimates ρnoise corresponding to various percentage of noise.
The red circles are estimated by the neural network, and the blue triangles are from the
approximated MLE.
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We also analyze the noise tolerance of the two methods by adding noise to the input
measurements. The set of unbiased noise ⃗n was generated according to the normal distribution with mean value 0 and standard deviation 1. The percentile noise vector α⃗n is formed
by multiplying the factor α ∈ {5%, 10%, 15%, 20%, 25%, 30%} to the unbiased noise ⃗n. By
adding α⃗n to the true measurements M, we formed the noisy input M + α⃗n. Suppose the
approximated MLE or our neural network estimates the noisy output ρnoise . We calculate
the fidelities of the estimate ρnoise with the true state ρ for 100 pairs of 4-qubit data.

As

depicted in Fig. 3.13, our method has better noise tolerance than the approximated MLE
with the pure state constraint when noise greater than 5% is added to the measurements of
a pure state.
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Chapter 4
Determining System Hamiltonian
from Eigenstate Measurements
A Hamiltonian in quantum physics is the operator of the total energy of the system. It
governs the dynamics of the system, also characterizes a lot of novel phenomena of many-body
physics. Feynman proposed Hamiltonian simulation in 1982 as one of the most promising
applications of quantum computers [55, 124]. Verifying the simulated Hamiltonian is a
natural question to ask, or more generally, how one can determine the Hamiltonian of a
given system.
In this chapter, we discuss the problem of reconstructing system Hamiltonian H =
P
i

ai Fi using only measurement data ci = ⟨ψ| Fi |ψ⟩ of one eigenstate |ψ⟩ of H by re-

formulating the task as an unconstrained optimization problem of some target function of
ai ’s. The feasibility of such a task is quite surprising from the first glimpse of mathematical
P
perspective. There are several eigenvectors for the class of Hamiltonian H = i ai Fi with
fixed Fi ∈ F, meaning that the degree of freedom in this problem is larger than the amount of
information we have in hand. However, physicists already acknowledge this phenomena for
a while, which shows, except for certain extreme cases, the degree of freedom in a physical
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system is less than one would expect. We will illustrate this insight in the first section from
numerical range point of view.
Empowered by traditional optimization methods we map the task of revealing the information encoded in a single eigenstate of a local Hamiltonian to an optimization problem. We
numerically tested our method for both randomly generated Fi ’s and also the case that Fi ’s
are random local operators. In both cases, we obtain good fidelities of the reconstructed Hal .
Our results are somewhat surprising: only local measurements on one eigenstate are enough
to determine the system Hamiltonian for generic cases, no further assumption is needed.
We also remark that, in the sense that our method almost perfectly recovered the Hamiltonian H, the information encoded in the Hamiltonian H, such as the eigenstate |ψ⟩ itself
(though described exponentially many parameters in system size) can also in principle be revealed. This builds a bridge from our study to quantum state tomography and other related
topics of local Hamiltonians. Empowered by traditional optimization methods and machine
learning techniques, our algorithm could be applied in various quantum physics problems,
such as quantum simulation, quantum machine learning, adiabatic quantum computation,
etc.

4.1 Numerical Ranges and Hamiltonian
From the point view of JANR of F, Hamiltonians H =

P
i

ai Fi are hyperplanes on the

surface of corresponded JANR (tangent lines in Figure 4.1). As stated in Proposition 7 in
P
chapter 3, when H = m
i=1 ai Fi has no degenerated ground state, the set of measurement
outcomes {⟨Fi ⟩gs } has a 1-to-1 relation with ⃗a = (a1 , · · · , am ).
Observe that ⃗a = (a1 , · · · , an ) has the same eigenspaces with −⃗a and the eigenvalues
differ from one anther with a constant −1. In other words, the ground state of ⃗a becomes
the highest excited states of −⃗a. Since ⃗a and −⃗a are all in Rn , the image of ground states
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Figure 4.1: The JANR of two generic Hermitian matrices {F1 , F2 }.
of such class of H (H =

Pn
i=1

ai Fi ) is the same as the image of highest excited states of H.

The same discussion could be extended to the second excited states and the second highest
excited states etc. Therefore, one only need to study ⌈ d2 ⌉ levels of the eigenspaces.
Though it is hard to prove mathematically for relations between H and its excited states,
the picture of JANR offers the insight of the generic situation. In Figure 4.1, the first and
second excited states only have a few overlap points. That means, not only for ground states,
the excited states also seem to have almost 1-to-1 relations with ⃗a. In general, the “ring”
structures of excited states get more complicated as the energy levels closer to ⌈ d2 ⌉. The
center of the spectrum (or eigenstates) is more sensitive to noise and do not carry much
information about the system [56, 138].
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4.2 The Optimization Algorithm for Reconstructing Hamiltonian
Local Hamiltonians play a critical role in various quantum physics topics, such as quantum
lattice models [158, 157, 176], quantum simulation [55, 39, 124, 26], topological quantum
computation [60], adiabatic quantum computation [126, 8, 91], and quantum Hamiltonian
complexity [94, 95, 23].
For a local Hamiltonian H =

P
i

ai Fi with Fi being some local operators, it is known

that a single (non-degenerate) eigenstate |ψ⟩ can encode the full Hamiltonian H in certain
cases [63, 136, 33], such as when the expectation value of Fi ’s on |ψ⟩, ci = ⟨ψ| Fi |ψ⟩, are
given and further assumptions are satisfied. A simple case is that when |ψ⟩ is the unique
ground state of H; thus the corresponding density matrix of |ψ⟩ can be represented in the
thermal form as
e−βH
β→∞ Tr(e−βH )

|ψ⟩ ⟨ψ| = lim

(4.1)

Theoretically, we need β → ∞. Yet, in real computation, machine only storage numbers in
a finite length. Therefore, in reality β only need to be suﬀiciently large subjected to a given
precision. (Later in this section, we ignore the limitation, replace it with a large β.) This
implies that the Hamiltonian H can be directly related to |ψ⟩, and hence can be determined
by the measurement results ai , using algorithms developed in the literature [178, 129] for
practical cases. Because Fi ’s are local operators, the number of parameters of H (i.e., the
number of ai ’s) is only polynomial in terms of system size. We remark that the problem of
finding H is also closely related to the problem of determining quantum states from local
measurements [173, 13, 14, 120, 121, 49, 32, 34, 30, 177], and also has a natural connection to
the study of quantum marginal problem [99, 122, 123, 165], as well as its bosonic/fermionic
version that are called the N -representability problem [40, 51, 98, 99, 10, 141, 162, 140].
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For a quantum state |ψ⟩ that is an eigenstate (i.e. not necessarily a ground state), one
interesting situation is related to the eigenstate thermalization hypothesis (ETH) [47, 148,
149, 150, 44]. When the ETH is satisfied, the reduced density matrix of a pure and finite
energy density eigenstate for a small subsystem becomes equal to a thermal reduced density
matrix asymptotically [63]. In other words, Eq. (4.1) will hold for some eigenstate |ψ⟩ of
the system in this case, and one can use a similar algorithm [178, 129] to find H from ci ’s,
as in the case of ground states. Another situation previously discussed is that if the twopoint correlation functions ⟨ψ| Fi Fj |ψ⟩ are known, one can reproduce H without satisfying
ETH [33, 136]. Once the two-point correlation functions are known, one can again use an
algorithm to recover H from the correlation functions, for the case of ground states. In [136],
authors prove that local Hamiltonians that cannot be determined by two-point correlation
functions of one eigenstate is measure zero. However, in practice, the nonlocal correlation
functions ⟨ψ| Fi Fj |ψ⟩ are not easy to obtain [119]. It requires non-trivial quantum circuits
to perform these measurements in actual systems.
In this section, we answer a simple but significant question: can we determine a local
Hamiltonian (ai ’s) from only the local information (ci ’s) of any one of the eigenstates (|ψ⟩)
without further assumptions. Obviously, there are cases that an eigenstate can not determine
the system Hamiltonian, such as the product state and the eigenstates of a frustration-free
Hamiltonians. However, like we already conjuctured in section 4.1, for a randomly chosen
(generic) physical system of which the Hamiltonian has no special structures, we show that
only the knowledge of ci ’s is suﬀicient to determine H.

4.2.1 Method
We start to discuss our method in a general situation, where the Hamiltonian H can be
P
expressed in terms of a set of known Hermitian operators {F1 , F2 , . . . , Fm }: H =
ai Fi
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Sample parameters {ai }

Measurements {ci := tr(ρFi )}

f (⃗a) < ϵ?
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A chosen ϵ

found solution {ai }
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Figure 4.2: Diagram of our algorithm. The rounded boxes (the first row) represent
known information - the fixed set of Hermitian operators {Fi }, measurement outcome {ci }
and a chosen precision parameter ϵ. The information in hand contributes to the objective
function f (Equation (4.6)). The second row demonstrates the procedure of the algorithm:
first, sample a set of random parameters ⃗x = {xi }; second, estimate the objective function
f (⃗x) and determine whether f (⃗x) is smaller then the chosen ϵ; update ⃗x until it satisfies
f (⃗x) < ϵ.
with (a1 , a2 , . . . , am ) = ⃗a. For an eigenstate |ψ⟩ of H with unknown eigenvalue λ, which
satisfies H|ψ⟩ = λ|ψ⟩, we can denote the measurement results as ci = ⟨ψ|Fi |ψ⟩. With only
knowing the measurement results ci ’s, our goal is to find the coeﬀicients ⃗a to determine H.
We observe that, even if |ψ⟩ is not the ground state of H, it can be the ground state of
another Hamiltonian H̃ 2 with H̃ given by

H̃ = H − λI =

X

ai (Fi − ci I),

(4.2)

i

since
⟨ψ| H |ψ⟩ = λ =

X

ai ⟨ψ| Fi |ψ⟩ =

X

i

ai c i .

(4.3)

i

Then the density matrix of |ψ⟩ (which is in fact of rank 1) can be written in the form of
a thermal state:
e−β H̃
ρ(⃗a) = |ψ⟩ ⟨ψ| =
Tr(e−β H̃ 2 )
1
2
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(4.4)

for suﬀiciently large β, satisfying

Tr(Fi ρ(⃗a)) = ci , Tr(H̃ 2 ρ(⃗a)) = 0.

(4.5)

With these conditions in mind, we are ready to reformulate our task as an optimization
problem with the following objective function:

f (⃗x) =

m
X

[Tr(Fi ρ(⃗x)) − ci ]2 + Tr(H̃ 2 ρ(⃗x)),

(4.6)

i=1

where ⃗x is the estimation of ⃗a, and ⃗x = ⃗a when f (⃗x) is minimized.
Notice that the first term of f (⃗x) is minimized by Tr(Fi ρ(⃗a)) = ci , which guarantees that
the state ρ(⃗a) obtained is the state that produces the desired measurement outcomes on Fi ’s.
However, there may be many (thermal) states which also yield such outcomes. By simply
minimizing this first term, optimization algorithms tend to return thermal states ρ(⃗a) with
nonzero entropy, which is not the eigenstate of H (with entropy zero) that we are willing
to find. In order to fix this issue and ensure that the optimization returning a (near) rank
1 state ρ(⃗a), we add the second term, which is only zero if ρ(⃗a) is the ground state of H̃ 2 ,
hence an eigenstate of H. Combining these two terms together, we make sure that when
the minimum value of Hamiltonian f (⃗x) is reached, we will obtain a ρ(⃗a) corresponding to
measurement outcomes ci , and at the same time an eigenstate of H. In practice, we set up a
parameter ϵ, such that with f (⃗x) < ϵ, we find a result with high fidelity to the desired value
of {ai }.
For the convenience of numerical implementation, we let H̃β =

√
β H̃, then the thermal

state ρ(⃗a) becomes
e−H̃β

2

ρ(⃗a) =

Tr(e−H̃β )
2
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.

(4.7)

Consequently, the objective function Equation (4.6) can be rewritten in an equivalent form

f (⃗x) =

m
X

[Tr(Fi · ρ(⃗x)] − ci )2 + Tr(H̃β2 · ρ(⃗x)).

(4.8)

i=1

We aim to solve for f (⃗x) = 0 by minimizing f (⃗x). In practice, we terminate our iterations
when f (⃗c) is smaller than a fixed small value ϵ. The corresponding optimization result is
denoted as ⃗aopt . As we reformed the objective function by using H̃β , the result is actually
√
⃗aopt = β · ⃗a. Figure 4.2 depicts the procedure of our algorithm.
Theoretically, we need that β turns to infinity to pick up the ground state of H̃β2 . In
practice, however, we only require that β is some “large number”. What is more, to pick up
the ground state of H̃β2 for ρ(⃗a), what really matters is in fact the gap between the first excited
state and the ground state of H̃β2 . Therefore, we just simply set β = 1 and let the optimizer
automatically amplify the energy gap during iteration, when ρ(⃗a) is approaching the desired
state. A more detailed discussion regarding the choice of β can be found in Section .3.
Since all the constraints are written in Equation (4.8), minimizing f (⃗a) is an unconstrained minimization problem. There are plenty of standard algorithms for this task. In
our setting, computing the second-order derivative information of f (⃗a) is quite complicated
and expensive. Therefore, instead of using Newton method which requires the Hessian matrix of the second derivatives of the objective function, we choose the quasi-Newton method
with BFGS-formula to approximate the Hessians [25, 58, 68, 142]. The MATLAB function fminunc, which uses the quasi-Newton algorithm, is capable of realizing this algorithm
starting from an initial random guess of ai ’s. When the quasi-Newton algorithm fails (converges into a local minimum), we start with a different set of random initial value ai ’s and
optimize again until we obtain a good enough solution.
The BFGS algorithm is a typical optimization algorithm which requires gradients of the
objective function on ai ’s. The form of the objective function f (⃗a) is so complicated such
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that computing the gradient is a diﬀicult task. To solve this issue, we borrow the methods
of computational graph and auto differentiation from machine learning. The computational
graph is shown in Figure 4, in which we show the intermediate functions and variables.
Mathematically, the final gradients could be calculated via chain rules. However, since some
of the intermediate variables are matrices and complex-valued, the automatic differentiation
toolboxes, which deal with real variables, can not be applied directly. To obtain the gradients,
we have to careful handle the derivation of the intermediate functions, especially those with
matrices as their variables. More details about the our gradient method can be found in
Appendix .4.
We test the algorithm in two scenarios: one with four randomly generated operator Fi ’s
acting on the whole system, and one with two random local operators Fi ’s. Our algorithm
almost perfectly reproduces ai ’s - the average fidelities for both cases are close to 1. Since the
algorithm recovers Hamiltonians with almost perfect fidelities, based on the reconstructed
Hamiltonian H (i.e. ai ’s), one can also recover the eigenvalue of |ψ⟩ from ai ’s and ci ’s, and
the wave function itself from the eigenvectors of Hamiltonian H. In the case when Fi ’s are
local operators, our method can find ai ’s from only local measurement results, hence shed
light on the correlation structures of eigenstates of local Hamiltonians.

4.3 Numerical Results
In this section, we test our algorithm in three steps as follows. First, we randomly generate several Fi ’s and ai ’s, hence the Hamiltonian Hrd and its eigenstates. Second, for each
Hamiltonian, we randomly choose one eigenstate |ψ⟩, therefore we have ci = ⟨ψ|Fi |ψ⟩ and
ρ = |ψ⟩⟨ψ|. Hereby we can run our algorithm to find the Hamiltonian Hal . Comparing Hal
and Hrd , we then know that how well the approach works. The algorithm has been tested
for two cases: Fi being the generic operator and local operator.
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To compare Hal and Hrd , we need a measure to characterize the similarity, or distance
between these two Hamiltonians. The metric we used here is the following fidelity as discussed
in [59]:
Tr Hal Hrd
p
f (Hal , Hrd ) = p
.
2
2
Tr Hal
Tr Hrd

(4.9)

To see the meaning of this metric, notice that Tr Hal Hrd is the inner product of the two
p
p
2
2
and Tr Hrd
are the two normalization constant. Therefore,
Hamiltonians, while Tr Hal
f (Hal , Hrd ) ∈ [0, 1]. If Hal and Hrd describe the same system up to a constant b ∈ R, then
f (Hal , Hrd ) = 1. Smaller f (Hal , Hrd ) then indicates that the two Hamiltonians are more far
apart. Moreover, notice that in our settings the Hamiltonians are represented by vectors ⃗a
and ⃗a′ in m-dimensional real space. If the chosen Fi ’s are normalized and orthogonal, which
means
Tr(Fi Fj ) = dδij ,

(4.10)

where d is the normalization constant given by the system dimension (e.g. for Pauli matrices,
d = 2), this fidelity definition is exactly the cosine loss function of ⃗c and ⃗c′ , where ⃗c′ is
generated from our algorithm, that is, for normalized Ai ’s,
Tr Hal Hrd
⃗a · ⃗a′
p
f (Hal , Hrd ) = p
,
=
2
2
∥ ⃗a ∥∥ ⃗a′ ∥
Tr Hal
Tr Hrd

(4.11)

where ∥ ⃗a ∥ means the 2-norm of the vector ⃗a.

4.3.1 Results with General Operators
When implementing our method on generic operators, we randomly generate three Hermitian operators Fi ’s and fix them. We also create several real constants ai ’s randomly, then

66

1

1

1
0.9995

0.9995

0.9995

1
0.9995

0.999

0.999

0.999

0.999

0.9985

0.9985

0.9985

0.9985

0.998

0.998

0.998

0.998

(a)

(b)

(c)

(d)

Figure 4.3: Results for generic operators. Each dot represents the fidelity f of a test
data point. (a) 4 qubits. (b) 5 qubits. (c) 6 qubits. (d) 7 qubits.
assemble Fi ’s and ai ’s into Hamiltonians

H = a1 F1 + a2 F2 + a3 F3 .

(4.12)

After diagonalizing H, we choose one eigenvector |ψ⟩ and calculate the expectation values
ci = ⟨ψ|Fi |ψ⟩.
For n-qubit systems, the dimension of the system is d = 2n . We tested the cases for
n = 4, 5, 6 and 7. For each n, we generate 200 data points. Each test set is {ai , Fi , ci |i =
1, 2, 3}, where ai ∈ (0, 1) for i = 1, 2, 3 and Fi ’s are randomly generated Hermitian matrices
P
of dimension d = 2n 1 . With these data, Hrd = i ai Fi is obtained. Diagonalizing Hrd and
randomly choosing one eigenvector |ψ⟩, we obtain ⃗c = (c1 , c2 , c3 ). We show the results for
applying our algorithm to all cases in Figure 4.3.
We find that the final fidelities are larger than 99.8% for all tested cases. Although the
fidelity slightly decreases with the increasing number of qubits, the lowest fidelity (7-qubit
case) is still higher than 99.8%. Because the eigenvector |ψ⟩ is randomly chosen, our method
is not dependent on the energy level of eigenstates.
To generate a random Hermitian matrix, we first generate d2 complex number {eij |0 ≤ i, j ≤ d} as the
entries of a matrix E, then we construct F = E + E † . It can be easily seen F is an Hermitian matrix.
1
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4.3.2 Results with Local Operators
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Figure 4.4: Configurations and Results of tested local Hamiltonians (a) Structure of
a four-qubit full connected lattice. (b) The fidelity f between random 4-qubit fully connected
lattice Hamiltonians Hrd and Hamiltonian obtained in our algorithm Hal . (c) The fidelity
distribution of 4-qubit systems. (d) Structure of a 7-qubit chain lattice (e) The fidelity f
between 7-qubit 2-local Hamiltonians Hrd and Hamiltonian estimation Hal of our algorithm.
(f) The fidelity distribution of our 7-qubit systems.
In this subsection, we report our results on the systems with a 2-local interaction structure. We tested two different structures, shown in Figure 4.4(a) and Figure 4.4(d). Each
circle represents a qubit on a lattice, and each line represents an interaction between the
connected two qubits.
The fully-connected 4-qubit system is shown in Figure 4.4(a). The Hamiltonian can be
written as
H=

X X
1≤j,i≤4 i<j
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aij Fij ,

(4.13)

where aij ’s are real parameters and Fij ’s are random generated 2-local operators. One
eigenstate out of 16 is randomly chosen as the state |ψ⟩. Our algorithm has been tested on
800 such Hamiltonians.
We then analyze the 7-qubit chain model shown in Figure 4.4(d). Similarly, we can write
the Hamiltonian as
H=

X

ai,i+1 Fi,i+1 ,

(4.14)

1≤i≤6

where ai,i+1 ’s and Fi,i+1 ’s are the parameters and 2-local interactions. We randomly generate
40 such Hamiltonians and applied our algorithm.
The results of these two 2-local Hamiltonians are shown in Figure 4.4. Our algorithm
recovered Hamiltonians with high fidelities for both cases. The average fidelity for our 4-qubit
(7-qubit) system is 99.99% (99.73%). As the dimension of the system increases, the fidelity
between Hrd and Hal is slightly decreased. The histogram of the fidelities shows that, for
most data points, the fidelities are very close to 1. Our algorithm almost perfectly recovered
these 2-local Hamiltonian from measurement outcomes of a randomly picked eigenvector.
We examine the effectiveness of our algorithm according to different eigenvectors of the
same Hamiltonians. Figure 4.5 demonstrates average fidelities between Hrd and Hal of 4qubit case by chosen different eigenvectors. These average fidelities are higher than 99.9%
for all 16 eigenvectors. Hence, the effectiveness of our algorithm is independent of energy
levels.

4.4 Further Analysis of the Algorithm
In this section, we analyze the error tolerance and the performance of the algorithm, based
on the results of our numerical experiments.
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Figure 4.5: The average fidelities f by applying our algorithm to different energy
levels of eigenstates of the 4-qubit case. The average fidelities for different energy levels
of eigenstates are all higher than 99.97%.
Error Tolerance Analysis
The numerical tests in previous sections deal with noiseless theoretical data. In practical
scenarios, however, data is always noisy. Here we provide analysis of error tolerance for our
algorithm.
As an example, we consider a 4-qubit system with Hamiltonian H =

P3
i=1

ai Fi where

Fi ’s are random generated 16 by 16 Hermitian operators. Choose one eigenstate |ψ⟩ of H,
the noiseless measurements of the eigenstate are denoted as {ci |ci = ⟨ψ| Fi |ψ⟩}. Noises used
here are randomly drawn from normal distributions γ ∼ N (0, σ 2 ). Adding the generated
noise γ to measurements ci , the noisy data ci,m follows the normal distribution N (ci , σ 2 ).
We can control how noisy ci,m is by changing the standard deviation σ. Clearly the
noisiness of data is relative to the magnitude of true values, thus σ/ci can be used as an
indicator. We test ten different σ’s of which σ/ci ’s ranging from 0.01 (1%) to 0.1 (10%). For
each σ, 1000 data points have been generated.
The Hamiltonians attained by our algorithm with these noisy data ai,m are denoted as
Herr . The fidelity between each pair of the true Hamiltonian H and Herr is shown in Fig-

70

1.0

Fidelity

0.8
0.6
0.4
0.2

Median values
0.0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
/ci

Figure 4.6: Fidelities of noisy data. Each σ/ci (σ) has 1000 test points. Blue cross
marks represent the fidelities between Hamiltonians recovered with noisy data Herr and real
Hamiltonians H . The red pentagons are median values of fidelities for each σ/ci .
ure 4.6. Though increasing the noise cause the fidelities of a few points significantly decreased, all median fidelities of different σ are above 99.8%. Even for σ/ci = 0.1 (added
10% of noise), only 2.1% of data points have fidelities lower than 99.0%. In other words,
singular points which have significant low fidelities are rare. This is demonstrates that the
performance of our algorithm is stable.
Performance Analysis
The convergence and time cost of our method are analyzed in this subsection. We study
the relation between the halting condition ϵ and the convergence of our algorithm. We also
observed that the time cost tends to differ for each Hamiltonian configuration.
The parameter ϵ, which is the halting condition of the algorithm, effects the convergence
of our algorithm. It is the consequence of the object function f (⃗x) has many local minima.
In the schematic diagram Figure 4.7, if the initial point is chosen as A or A′ , the gradient
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Figure 4.7: The schematic diagram for
demonstrate the influences of local
minima. A0 and C0 are local minima of
the object function f (x). B0 is the global
minimum. A slightly larger ϵ may cause the
iteration sticks in the local minima.

Figure 4.8: The impact of ϵ on the final
fidelity (the 3-qubit general operator
scenario). For each ϵ, we conduct 50 numerical experiments, then take the average
of outcome fidelities. The vertical axis is
the average fidelity and the horizontal axis
is the value of ϵ.

method will return the value A0 , which is a local minimum (so as B or B ′ to B0 , and C or
C ′ to C0 ). When ϵ is greater then ∥f (A0 ) − f (B0 )∥ or ∥f (C0 ) − f (B0 )∥, the algorithm may
recognize A0 or C0 as the optimal solution instead of finding the true global minimum B0 .
An appropriate choice of ϵ is necessary to eliminate certain local minima.
The object function Equation (4.6) used in our method has high dimension and complicated landscape. Its properties also subject to the particular class of H that we work with.
More analysis could be done in terms of finding an appropriate ϵ. Empirically, we choose ϵ
as 10−6 for all our numerical experiments. It is numerically proved to be applicable as shown
in Figure 4.8. The figure depicts the relation between ϵ and the output fidelity of the 3-qubit
general operators case. Chosen ϵ ≤ 10−3 grantees the average fidelity almost equals to 1.
By setting the halting parameter ϵ to 10−6 , we can now discuss the time cost for each
numerical experiment. The total time cost t for optimization depends on the number of trials
n for each numerical example and the time t0 of each trial. The initial values are chosen
randomly, n is different from case to case. We consider the average number of trials n̄ for
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each Hamiltonian class. Let t0 be the duration of a single trial which is mainly depending
on the Hamiltonian configuration and number of qubits. The total average time t̄ could be
estimated as
(4.15)

t̄ = n̄t0 .

We test our algorithm on a workstation with Intel i7-8700K and 32 GB RAM, the results
are listed in Table 4.1. The table demonstrates that the time cost does not grow rapidly for
the general operator cases, while it changes dramatically with the system size for the local
operator cases. The t̄ of 7-qubit general operator instance is almost 2 times more then t̄ of
the 4-qubit general operator case. On the contrast, the average time cost t̄ of 7-qubit lattice
is almost 350 times more then the t̄ of 4-qubit lattice.

Number of qubits
Time for single trial t0 (s)
Number of trials n̄
Average time cost (t̄) (s)

General operators
4
5
6
7
0.0487 0.0518 0.0539 0.0579
32.36 42.34 45.89 161.6
1.576 2.193 2.377 2.4735

Local operators
4
7
0.2246 7.938
54.84
539.4
12.32
4282

Table 4.1: Time consumption of each trial and the number of trials. For general
operator cases and the 4-qubit local operators case, we used 200 examples to achieve the
averages. For 7-qubit local operators, The result is obtained from 40 examples.

4.4.1 In Comparison with the Correlation Matrix method
In Ref. [136], a method is proposed to recover Hamiltonians from correlation functions. Their
method works as follows: with an eigenstate |ψ⟩, the Hamiltonian of the system is defined
as
H=

X
i
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ai L i ,

(4.16)

where Li ’s are normalized and orthogonal Hermitian matrices (e.g. the Pauli matrices).
They defined a correlation matrix, of which the matrix elements are
1
Mij = ⟨ψ|{Li , Lj }|ψ⟩ − ⟨ψ|Li |ψ⟩⟨ψ|Lj |ψ⟩,
2

(4.17)

where {Li , Lj } = Li Lj + Lj Li is the anti-commutator. Then diagonalize matrix M and find
the eigenvector ω
⃗ = (ω1 , ω2 , · · · , ωi )T corresponding to the eigenvalue 0. The Hamiltonian

Hcor =

X

ωi Li

(4.18)

is the desired Hamiltonian of the system H. We refer to this algorithm as the correlation
matrix method (CMM).
We conduct numerical experiments to compare the performance of CMM and our method.
We calculate such 4-qubit Hamiltonians

H=

4
X

ci σzi

+

i=1

3
X

bi σxi σxi+1 ,

(4.19)

i=1

where σki is the k−th Pauli matrix acting on the i−th qubit. It turns out that CMM and our
algorithm both render good estimations. The results of CMM possess greater accuracy–the
error rate, defined as r(Hrd , Hal ) = 1 − f (Hrd , Hal ), is less than 10−10 . Error rates of our
results range from 10−4 to 10−2 .
CMM is deterministic, more accurate as well as faster than our method. It only involves
diagonalization of matrix M , of which the dimension is polynomial of the number of qubits for
local systems. CMM also provides a criteria to determine whether the eigenstate is uniquely
determine the Hamiltonian. That is, if M only has one eigenvalue equals to 0, then the
Hamiltonian is uniquely determined. The advantage of CMM arises from more restrictions
and more information required for applying it: (1) All Li ’s in CMM are orthogonal, while
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in our tests the corresponding Fi ’s are randomly generated; (2) CMM requires non-local
correlation functions. The matrix element includes the term

⟨ψ|{Li , Lj }|ψ⟩,

(4.20)

where {Li , Lj } = Li Lj + Lj Li . Although Li ’s may be local, Li Lj for all i’s and j’s could be
global. Therefore, as indicated in [136], if only partial knowledge of the system is available,
the question that whether the Hamiltonian can be reconstructed remains unclear.
10-1

10-2

Error rate

10-3

10-4

10-5

10-6

10-7

10-8
105

1010

1015

Condition number

Figure 4.9: The impact of condition number on our algorithm. The x axis is the
condition number. The y axis is the error rate r(Hrd , Hal ) = 1 − f (Hrd , Hal ).
Another problem of applying CMM is similar to the problem of the halting parameter ϵ in
our method. The recovery depends on the existence of one eigenvalue equals to 0. However,
the equivalence of tow numbers in a computer is different from in theory. Even when working
with noiseless theoretical data, the finite length data storage (e.g. the precision of double
float-point format is 10−16 ) and data processing can introduce certain errors, not to mention
the noisy data from real quantum devices. Namely, determine whether a number is equal
to 0 is up to a certain precision. Therefore, one needs to set a threshold δ to determine
equivalence before applying CMM. How to appropriately chose a δ is empirical and case
dependent. From this perspective, both methods are not similarly complicated.
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We also willing to check the consistency of CMM and our methods. Lacking a systemic
way of choosing the threshold δ, we need to seek another way to bridge these two method.
From the numerical experiments, we find in CMM that the lowest absolute eigenvalue (denotes as λ0 ) of M is about 10−16 10−18 and the second lowest absolute eigenvalue (denotes as
λ1 ) ranges from 10−2 to 10−12 . Additionally, the farther λ0 and λ1 is, the better the CMM’s
outcome fidelity. It will be a evidence of consistency if we can witness the same tendency
from our method. We, therefore, define the condition number as the ratio of the second lowest absolute eigenvalue to the lowest absolute eigenvalue (λ1 /λ0 ). We use the estimations
provided by our method to construct the correlation matrix M , obtain the λ0 and λ1 from
M , then calculate the condition number λ1 /λ0 . The results is shown in Figure 4.9. We
find, generally, the larger the condition number, the better our algorithm performs (higher
fidelity). It is consistent with the behavior of CMM.
In summary, for all the tests performed, CMM and our method have similar behavior
in terms of the condition number, which shows that both method return the desired results
(for reconstruction the desired Hamiltonian with high fidelity). Regarding to algorithm
performance, when all sorts of correlations are available, the CMM is numerically more
eﬀicient and accurate. In contrast, however, our algorithm use less information, therefore
can be used in a much wider situations, especially when certain global correlation information
is hard to obtain in practice.
Though theoretically it is beautiful, our algorithm is not scalable since the calculations of
exponentiation and gradient of matrices become expensive when the system size gets large.
Improvements can be done by more eﬀiciently approximate them.
Our discussion also raises many new questions. For instance, a straightforward one is
whether other methods can be used for the reconstruction problem, and their eﬀiciency and
stability compared to the method we have used in this work. One may also wonder how the
information of “being an eigenstate” helps to determine a quantum state locally, which is
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generically only the case for the ground state, and how this information could be related to
help quantum state tomography in a more general setting.
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Chapter 5
Higher Rank Matricial Ranges and
Hybrid Quantum Error Correction
The theory of quantum error correction (QEC) originated at the interface between quantum
theory and coding theory in classical information transmission and is at the heart of designing
those fault-tolerant architectures [144, 152, 69, 15, 101].
In [107], authors recognize that the simultaneous transmission of both quantum and classical information over a quantum channel could also be considered, most cleanly articulated
in operator algebra language. More recently, but still over a decade ago, the framework of
“operator algebra quantum error correction” (OAQEC) [16, 17] was introduced. Motivated
by a number of considerations, including a generalization of the operator quantum error correction approach [104, 105] to infinite-dimensional Hilbert space [18], it was also recognized
that the OAQEC approach could provide a framework for error correction of hybrid classical
and quantum information, though this specific line of investigation remained dormant for
lack of motivating applications at the time. Moving to the present time and over the past
few years, advantages in addressing the tasks of transmitting both quantum and classical
information together compared to independent solutions have been discovered, from both
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information theoretic and coding theoretic points of view [48, 84, 175, 103, 22, 134, 71, 128].
Additionally it is felt that these hybrid codes may find applications in physical descriptions
of joint classical-quantum systems, in view of near-future available quantum computing
devices [169] and the so-called Noisy Intermediate-Scale Quantum (NISQ) era of computing [135].
We organize this chapter as follows. In the next section, we briefly summarize the OAQEC
framework and Hybrid Classical-Quantum Error Correction (or simply Hybrid QEC). In the
second section, we introduce the joint higher rank matricial ranges and prove the Hilbert
space dimension bound result. The subsequent section considers a special case that connects
the investigation with hybrid QEC; specifically, for a noisy quantum channel, our formulation
of the joint higher rank matricial ranges for the channel’s error or “Kraus” operators leads
to the conclusion that a hybrid quantum error correcting code exists for the channel if and
only if one of these joint matricial ranges associated with the operators is non-empty. As a
consequence of the general Hilbert space dimension bound result we establish generalizations
of a fundamental early result in the theory of QEC [102, 114] to the hybrid setting. In the
penultimate section we explore how hybrid error correction could provide advantages over
usual quantum error correction based on this analysis.

5.1 Operator Algebra Quantum Error Correction and
Hybrid QEC
The OAQEC framework [16, 17] relies on the well-known structure theory for finite-dimensional
von Neumann algebras (equivalently C∗ -algebras) when applied to the finite-dimensional
setting [45]. Specifically, codes are characterized by such algebras, which up to unitary
equivalence can be uniquely written as A = ⊕i (Imi ⊗ Mni ). Any Mni with ni > 1 can
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encode quantum information; which when mi = 1 corresponds to a standard (subspace)
error-correcting code [144, 152, 69, 15, 101] and when mi > 1 corresponds to an operator
quantum error-correcting subsystem code [104, 105]. If there is more than one summand
in the matrix algebra decomposition for A, then the algebra is a hybrid of classical and
quantum codes. It has been known for some time that algebras can be used to encode hybrid information in this way [107], and OAQEC provides a framework to study hybrid error
correction in depth. Of particular interest here, we draw attention to the recent advance
in coding theory for hybrid error-correcting codes [71], in which explicit constructions have
been derived for a distinguished special case of OAQEC discussed in more detail below.
In the Schrödinger picture for quantum dynamics, an OAQEC code is explicitly described
as follows: A is correctable for Φ if there is a CPTP map R such that for all density operators
ρi ∈ Mni , σi ∈ Mmi and probability distributions pi , there are density operators σi′ such that
(R ◦ Φ)

X

!
pi (σi ⊗ ρi )

i

=

X

pi (σi′ ⊗ ρi ).

i

This condition is perhaps more cleanly phrased in the corresponding Heisenberg picture as
follows: A is correctable for Φ if there is a channel R such that for all X ∈ A,
(PA ◦ Φ† ◦ R† ) (X) = X,
where Φ† is the Hilbert-Schmidt dual map (i.e., Tr(XΦ(ρ)) = Tr(Φ† (X)ρ)) and PA (·) =
PA (·)PA with PA the unit projection of A.
From [16, 17], we have the following useful operational characterization of correctable
algebras in terms of the Kraus operators for the channel:
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Lemma 8. An algebra A is correctable for a channel Φ(ρ) =
[P Ei∗ Ej P, X] = 0

P
i

Ei ρEi∗ if and only if

∀X ∈ A,

(5.1)

where P is the unit projection of A.
In other words, A is correctable for Φ if and only if the operators P Ei∗ Ej P belong to
the commutant P A′ P = P A′ = A′ P . Applied to the familiar case of standard quantum
error correction, with A = Mk for some k, we recover the famous QEC criteria (Theorem 1
in Chapter 2, a.k.a. the Knill-Laflamme condition [101]): {P Ei∗ Ej P }i,j ⊆ CP . The result
applied to the case A = Im ⊗ Mk yields the testable conditions from operator quantum error
correction [104, 105]: {P Ei∗ Ej P }i,j ⊆ Mm ⊗ Ik . Anything else involves direct sums and has
a hybrid classical-quantum interpretation [71].
We next turn to the distinguished special hybrid case noted above. First some additional
notation: we shall assume all our channels act on a Hilbert space H of dimension n ≥ 1,
and so we may identify H = Cn and let {|ei ⟩} be the canonical orthonormal basis. Our
algebras A then are subalgebras of the set of all linear operators L(H) on H, which in turn
is identified with Mn through matrix representations in the basis |ei ⟩. We shall go back and
forth between these operator and matrix perspectives as convenient.
As in [71], consider the case that A = ⊕r Ar with each Ar = Mk for some fixed k ≥ 1.
Let us apply the conditions of Eq. (5.1) to such algebras. Let Pr be the (rank k) projection
of H onto the support of Ar , so that the Pr project onto mutually orthogonal subspaces and
P
P = r Pr is the unit projection of A = ⊕r Pr L(H)Pr . Observe here the commutant of A
satisfies: P A′ P = ⊕r CPr . Thus by Lemma 8, it follows that A is correctable for Φ if and
(r)

only if for all i, j there are scalars λij such that
P Ei∗ Ej P =

X
r
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(r)

λij Pr ,

(5.2)

which is equivalent to the equations:
Pr Ei∗ Ej Ps = δrs λij Pr
(r)

∀r, s.

(5.3)

Indeed, these are precisely the conditions derived in [71] (see Theorem 4 of [71]).
For what follows, let Vr , 1 ≤ r ≤ p be mutually orthogonal k-dimensional subspaces of
Cn and Pr the orthogonal projection of Cn onto Vr , for 1 ≤ r ≤ p. Following [71], we say
that {Vr : 1 ≤ i ≤ p} is a hybrid (k : p) quantum error correcting code for the quantum
(r)

channel Φ if for all i, j and all r there exist scalars λij such that Eqs. (5.2) are satisfied.

5.2 Joint Rank (k:p)-Matricial Range
In this section, we expand on this approach to introduce and study a higher rank matricial
range motivated both by recent hybrid coding theory advances [71, 128] and the operator
algebra framework for hybrid classical and quantum error correction [16, 17].
Our primary initial focus here is on a basic problem for the matricial ranges, namely,
how big does a Hilbert space need to be to guarantee the existence of a non-empty matricial
range of a given type, without any information on the operators and matrices outside of how
many of them there are.
Definition 6. Given positive integers m, n, p, k, K ≥ 1, let PK be the set of n × K rank-K
partial isometry matrices, so V ∗ V = IK for V ∈ PK , and let Dp be the set of diagonal
matrices inside the set of p × p complex matrices Mp . Define the joint rank (k : p)-matricial
range of an m-tuple of matrices A = (A1 , . . . , Am ) ∈ Mnm by
Λ(k:p) (A) = {(D1 , . . . , Dm ) ∈ Dpm : ∃V ∈ Pkp such that V ∗ Aj V = Dj ⊗ Ik for j = 1, . . . , m}.
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Observe that when p = 1, Λ(k:p) (A) becomes the rank-k (joint when m ≥ 2) numerical
range considered in [38, 37, 168, 115, 36, 117, 116, 114, 108] and elsewhere.
We first discuss two reductions that we can make without loss of generality. Since every
A ∈ Mn has a Hermitian decomposition A = A1 + iA2 , with A1 , A2 ∈ Hn , the set of n × n
Hermitian matrices, we only need to consider Λ(k:p) (A) for A ∈ Hnm , where Hnm is the set of
m-tuples of n × n Hermitian matrices.
Furthermore, suppose T = (tij ) ∈ Mm is a real invertible matrix, and (c1 , . . . , cm ) ∈
R1×m . Let Ã = (Ã1 , . . . , Ãm ), where for j = 1, . . . , m,

Ãj =

m
X

tℓ,j Aℓ + cj In .

ℓ=1

Then one readily shows that (D1 , . . . , Dm ) ∈ Λ(k:p) (A) if and only if (D̃1 , . . . , D̃m ) ∈ Λ(k:p) (Ã),
P
where D̃j = m
ℓ=1 tℓ,j Dℓ + cj Ik for j = 1, . . . , m. So, the geometry of Λ(k:p) (A) is completely
determined by Λ(k:p) (Ã).
Now, we can choose a suitable T = (tij ) and (c1 , . . . , cm ) so that {Ã1 , . . . , Ãr , In } is
linearly independent, and Ãr+1 = · · · = Ãm = 0n , where 0n is the n × n zero matrix. Then
the geometry of Λ(k:p) (Ã) is completely determined by Λ(k:p) (Ã1 , . . . , Ãr ). Hence, in what
follows, we always assume that {A1 , . . . , Am , In } is linearly independent.
The result we prove below is a generalization of the main result from [102], which applies
to the p = 1 case in our notation. This was also proved in [114] via a matrix theoretic
approach and we make use of this in our proof, so we state the original result as it was
presented in [114] using the present notation.
Lemma 9. Let A = (A1 , . . . , Am ) ∈ Hnm and let m ≥ 1 and k > 1. If
n ≥ (k − 1)(m + 1)2 ,
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then Λ(k:1) (A) ̸= ∅.
Observe that if (a1 , . . . , am ) ∈ Λkp (A), then (a1 Ip , . . . , am Ip ) ∈ Λ(k:p) (A). Thus by
Lemma 9, if n ≥ (kp − 1)(m + 1)2 , then Λkp (A) ̸= ∅; hence Λ(k:p) (A) ̸= ∅. The following theorem gives an improvement on this bound.
Theorem 10. Let A = (A1 , . . . , Am ) ∈ Hnm and let m, p ≥ 1 and k > 1. If
n ≥ (m + 1)((m + 1)(k − 1) + k(p − 1)),
then Λ(k:p) (A) ̸= ∅.
Proof. We will prove the result by induction on p. When p = 1, the bound (m + 1)((m +
1)(k − 1) + k(p − 1)) = (k − 1)(m + 1)2 is given in Lemma 9.
Suppose p > 1. We suppose for r < p, we can find an n × rk matrix Ur and r × r diagonal
matrices Dj,r , 1 ≤ j ≤ m such that Ur∗ Ur = Irk and Ur∗ Aj Ur = Dj,r ⊗ Ik for all 1 ≤ j ≤ m.
Since (m + 1)((m + 1)(k − 1) + k(p − 1)) > (k − 1)(m + 1)2 , there exist an n × k matrix U1
and scalars dj , 1 ≤ j ≤ m such that U1∗ U1 = Ik and U1∗ Aj U1 = dj Ik for all 1 ≤ j ≤ m. Let U
be unitary with first ℓ columns containing the columns spaces of U1 , AU1 , . . . , Am U1 . Then
ℓ ≤ (m + 1)k and U ∗ Aj U = Bj ⊕ Cj with Bj ∈ Mℓ for j = 1, . . . , m, and Cj ∈ Mn−ℓ , where
n − ℓ ≥ (m + 1)((m + 1)(k − 1) + k(p − 2)). By induction assumption, Λ(k:p−1) (C1 , . . . , Cm )
m
is non-empty, say, containing an m-tuple of diagonal matrices (Dj1 , . . . , Djm ) ∈ Mp−1
. So,

we can find an n × (k − 1)(m + 1)2 matrix U2 such that U2∗ Aj U2 = Djℓ ⊗ Ik for j = 1, . . . , m.
Thus, there is V = [U1 |U2 ] ∈ Mn,pk such that V ∗ V = Ipk and V ∗ Aj V = dj Ik ⊕ Djℓ ⊗ Ik for
j = 1, . . . , m. Hence, Λ(k:p) (A) ̸= ∅.
We provide a few remarks as follows.
(i) Let n(k, m) (respectively, n(k : p, m)) be the minimum number such that for all n ≥
n(k, m) (respectively, n(k : p, m)), we have Λk (A) ̸= ∅ (respectively, we have Λ(k:p) (A) ̸= ∅)
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for all A ∈ Hnm . Clearly, we have n(kp, m) ≥ n(k : p, m) ≥ kp. In Example 14 and 16, we
will see that sometimes the lower bound can be attained.
(ii) The upper bound (m + 1)((m + 1)(k − 1) + k(p − 1)) ≥ n(k : p, m) in Theorem 10 is
not optimal. The same proof shows that n(k : p, m) ≤ n(k, m) + (m + 1)k(p − 1). So, if we
can lower the bound for n(k, m), then we can lower the bound for n(k : p, m). For example,
since n(k, 1) = 2k − 1 [37] and n(k, 2) = 3k − 2 [114], we have n(k : p, 1) ≤ 2pk − 1 and
n(k : p, 2) ≤ 3pk − 2. We also note that using Fan and Pall’s interlacing theorem [53], one
can show that n(k : p, 1) = (p + 1)k − 1.
(iii) In the proof of Theorem 10, suppose U1∗ Aj U1 has leading k × k submatrix equal to
aj1 Ik . Then we can find a unitary X such that X ∗ Aj X = (Bpq )1≤p,q≤3 with B11 = aj Ik ,
(j)

(j)

(j)

(j)

B12 = 0k×r and B13 is k × s with s ≤ mk. That is why we can induct on the leading
(n − s) × (n − s) matrices. Of course, we can have some savings if s < mk at any step.
(iv) Also, when m = 1, it does not matter whether we want Dj ⊗ Ik or Cj ⊗ Ik for
diagonal Dj or general Hermitian Cj . We can diagonalize Cj . Note that if n = (p + 1)k − 1,
then the set Λ(k:p) (A) is unique if the eigenvalues of A are distinct. It should be possible to
say more if there are repeated eigenvalues, and in that case one can lower the requirement
of n ≥ (p + 1)k − 1.
(v) When {A1 , . . . , Am } is a commuting family, then Ap + iAq is normal for any p < q.
The results in [64] might be useful to study this further.
(vi) One could also study a more general class of matricial ranges in which Definition 6
would be viewed as a special case; namely, the definition could be broadened to allow for
arbitrary p×p matrices in the m-tuples of Λ(k:p) (A), removing the diagonal matrix restriction.
One can generalize Theorem 10 and obtain other interesting results.
Using similar techniques, we may also apply recent related work on the shape of joint
matricial ranges [108] to obtain the following.

85

Theorem 11. Let A = (A1 , . . . , Am ) ∈ Hnm , and m, p, k ≥ 1 satisfy n ≥ (kp(m + 2) −
1)(m + 1)2 . Then Λ(kp(m+2):1) (A) is non-empty, and Λ(k:p) (A) is star-shaped with star center (a1 Ip , . . . , am Ip ) for any (a1 , . . . , am ) ∈ Λ(kp(m+2):1) (A), i.e., t(a1 Ip , . . . , am Ip ) + (1 −
t)(B1 , . . . , Bm ) ∈ Λ(k:p) (A) for any t ∈ [0, 1] and (B1 , . . . , Bm ) ∈ Λ(k:p) (A).

5.3 Application to Hybrid Quantum Error Correction
Consideration of the matricial ranges defined above is motivated by the following fact, which
can be readily verified from Eqs. (5.3).
Lemma 12. A quantum channel Φ as defined in Eq. (2.1) has a hybrid error correcting code
of dimensions (k : p) if and only if
Λ(k:p) (E1∗ E1 , E1∗ E2 , . . . , Er∗ Er ) ̸= ∅.
We note that given a rank-kp projection, with say P =

Pkp
i=1

|ei ⟩⟨ei |, and diagonal matri-

ces Dj that make Λ(k:p) nonempty, we may define the desired projections for 1 ≤ r ≤ p, by
P
Pr = ki=1 |e(r−1)k+i ⟩⟨e(r−1)k+i |.
Theorem 13. Let Φ be a quantum channel as defined in Eq. (2.1) with Choi rank equal to
c. Then Φ has a hybrid error correcting code of dimensions (k : p) if

dim H ≥ c2 (c2 (k − 1) + k(p − 1)).
Proof. Suppose {E1 , . . . , Ec } is a minimal set of Kraus operators that implement Φ as in
(2.1). For 1 ≤ j < ℓ ≤ c, let Fjℓ = 21 (Ej∗ Eℓ + Eℓ∗ Ej ) and Fℓj = 2i1 (Ej∗ Eℓ − Eℓ∗ Ej ). Also, let
P
Fjj = Ej∗ Ej for 1 ≤ j ≤ c. Since cj=1 Ej∗ Ej = I, the operator subspace span{Fjℓ : 1 ≤
j, ℓ ≤ c} has a basis {A0 = I, . . . , Am } with m ≤ c2 − 1. The result now follows from an
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application of Theorem 10.
Theorem 13 is useful if we have no information about the Ei ’s, except the number c. If
the Ei ’s are given, we may get a hybrid code even when n is lower than the bound given in
Theorem 10 or 13. In this sense, the lower bound provided in Theorem 13 is more like the
upper bound for codes of optimal dimension when knowing Ei ’s. The saving can come from
two sources: 1) The subspace spanned by {Ei∗ Ej : 1 ≤ i, j ≤ c} can have dimension (over R)
smaller than c2 in particular when restricted to the code, or 2) the operators {Ei∗ Ej } have
some specific structures.
Example 14. Consider the error model on a three-qubit system

Φ(ρ) = p(X2 ρX2 ) + (1 − p)ρ,
where X2 = I ⊗ X ⊗ I and X is the Pauli bit flip operator and 0 < p < 1 is some
fixed probability. It is not hard to see that the codes C1 = span {|000⟩, |001⟩} and C2 =
span {|100⟩, |101⟩} together form a correctable hybrid code for Φ. One would seek to examine
the matricial range
Λ(k:p) (E1∗ E1 , E1∗ E2 , E2∗ E1 , E2∗ E2 ) = Λ(k:p) (I, X2 , X2 , I).
By the above reduction to linearly independent sets of Kraus operators, we would be interested
in the geometry of Λ(k:p) (X2 ). Since X2 is unitarily similar to I4 ⊕ −I4 , Λ(4:2) (X2 ) =
{diag(1, −1)}. Thus, for this example, we have m = 1, k = 4, p = 2, n = 8 and c = 2.
Example 15. Consider the quantum channel on a three-qubit system given by
∗

∗

∗

Φ(ρ) = p0 ρ + p1 X ⊗3 ρX ⊗3 + p2 Y ⊗3 ρY ⊗3 + p3 Z ⊗3 ρZ ⊗3 ,
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where p0 , . . . , p3 are probabilities summing to 1 and X ⊗3 = X ⊗ X ⊗ X etc, with the Pauli
matrices X, Y, Z.
In this case the relevant operators Ei∗ Ej form the 3-tuple (X ⊗3 , Y ⊗3 , Z ⊗3 ), and we set
m = 3, k = 4, p = 1. Defining a partial isometry V : C4 → C2 ⊗ C2 ⊗ C2 by
V = |000⟩⟨00| + |011⟩⟨01| + |101⟩⟨10| + |110⟩⟨11|,
one can verify that V ∗ V = I4 and
V ∗ (X ⊗3 , Y ⊗3 , Z ⊗3 )V

= (02 ⊗ I2 , 02 ⊗ I2 , I2 ⊗ I2 )
= (04 , 04 , I4 ).

Therefore, Λ4 (X ⊗3 , Y ⊗3 , Z ⊗3 ) ̸= ∅. However, Λ(4:2) (X ⊗3 , Y ⊗3 , Z ⊗3 ) = ∅ because X ⊗3 and
Y ⊗3 do not commute.
Example 16. Extend the previous example to a four-qubit system given by
∗

∗

∗

Ψ(ρ) = p0 ρ + p1 X ⊗4 ρX ⊗4 + p2 Y ⊗4 ρY ⊗4 + p3 Z ⊗4 ρZ ⊗4 ,

where p0 , . . . , p3 are probabilities summing to 1.
In this case the relevant operators Ei∗ Ej form the 3-tuple (X ⊗4 , Y ⊗4 , Z ⊗4 ), and we set
m = 3. We are going to show that there is a unitary matrix U ∈ M16 such that
U ∗ X ⊗4 U = DX ⊗ I4 ,

U ∗ Y ⊗4 U = DY ⊗ I4 ,

U ∗ Z ⊗4 U = DZ ⊗ I4 ,

(5.4)

for some diagonal matrices DX , DY , DZ ∈ M4 . Hence, we will have Λ(4:4) (X ⊗4 , Y ⊗4 , Z ⊗4 ) ̸=
∅. In this case, k = 4, p = 4 and n = 16 = kp. Thus, the smallest possible n is also achieved.
P4
For J = (j1 j2 j3 j4 ) ∈ {0, 1}4 , let |J⟩ = |j1 j2 j3 j4 ⟩ and |J| =
i=1 ji . Since Y4 |J⟩ =
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(−1)|J| X4 |J⟩, we have
X4 (|J⟩ + X4 |J⟩) = |J⟩ + X4 |J⟩

X4 (|J⟩ − X4 |J⟩) = −(|J⟩ − X4 |J⟩)

Y4 (|J⟩ + X4 |J⟩) =

Y4 (|J⟩ − X4 |J⟩) =




|J⟩ + X4 |J⟩







 −(|J⟩ + X4 |J⟩)



−(|J⟩ − X4 |J⟩)







 (|J⟩ − X4 |J⟩)

if |J| is even
(5.5)
if |J| is odd

if |J| is even

if |J| is odd

Define a unitary matrix U = 21 [u1 · · · u16 ] with columns given by
u1 = (|0000⟩ + |1111⟩) + (|0011⟩ + |1100⟩); u2 = (|0000⟩ + |1111⟩) − (|0011⟩ + |1100⟩);
u3 = (|0101⟩ + |1010⟩) + (|0110⟩ + |1001⟩ ; u4 = (|0101⟩ + |1010⟩) − (|0110⟩ + |1001⟩ ;
u5 = (|0001⟩ + |1110⟩) + (|0010⟩ + |1101⟩); u6 = (|0001⟩ + |1110⟩) − (|0010⟩ + |1101⟩);
u7 = (|0100⟩ + |1011⟩) + (|0111⟩ + |1000⟩); u8 = (|0100⟩ + |1011⟩) − (|0111⟩ + |1000⟩);
u9 = (|0000⟩ − |1111⟩) + (|0011⟩ − |1100⟩); u10 = (|0000⟩ − |1111⟩) − (|0011⟩ − |1100⟩);
u11 = (|0101⟩ − |1010⟩) + (|0110⟩ − |1001⟩); u12 = (|0101⟩ − |1010⟩) − (|0110⟩ − |1001⟩);
u13 = (|0001⟩ − |1110⟩) + (|0010⟩ − |1101⟩); u14 = (|0001⟩ − |1110⟩) − (|0010⟩ − |1101⟩);
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u15 = (|0100⟩ − |1011⟩) + (|0111⟩ − |1000⟩); u16 = (|0100⟩ − |1011⟩) − (|0111⟩ − |1000⟩).
Since, Z4 = X4 Y4 , by (5.5), we have (5.4) with
DX = diag(1, 1, −1, −1), DY = diag(1, −1, −1, 1) and DZ = diag(1, −1, 1, −1) .

(5.6)

More generally, one can consider the class of correlation channels studied in [111], which
has error operators X ⊗n , Y ⊗n , Z ⊗n normalized with probability coeﬀicients. It is proved
there that when n is odd, Λ2n−1 (X ⊗n , Y ⊗n , Z ⊗n ) ̸= ∅. Thus n qubit codewords encode
(n−1) data qubits when n is odd. When n is even, it follows that Λ2n−2 (X ⊗n , Y ⊗n , Z ⊗n ) ̸= ∅.
Using a proof similar to the above example, we can show that Λ(2n−2 :4) (X ⊗n , Y ⊗n , Z ⊗n ) =
{(DX , DY , DZ )}, with DX , DY , DZ given by (5.6). It has been proven in [111] that for n
even, Λ2n−1 (X ⊗n , Y ⊗n , Z ⊗n ) = ∅. Actually, we can show that Λk (X ⊗n , Y ⊗n , Z ⊗n ) = ∅ for
all k > 2n−2 . Therefore, we can encode at most n − 2 qubits. Using the hybrid code, we
can get 2 additional classical bits. Recently, this scheme has been implemented using IBM’s
quantum computing framework qiskit [110].

5.4 Exploring Advantages of Hybrid Quantum Error
Correction
A straightforward way to form hybrid codes is to use quantum codes to directly transmit
classical information. However, it is impractical since quantum resources are more expensive than classical resources. Thus, realistically, hybrid codes are more interesting when
the simultaneous transmission of classical information and quantum information do possess
advantages.
One of such situations is, with a fixed set of operators A, hybrid quantum error correcting
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codes exist but the corresponding quantum codes do not exist for the same system dimension
n, i.e. Λ(k:p) (A) ̸= ∅ and Λkp (A) = ∅.
Proposition 17. Suppose A is an n × n Hermitian matrix with eigenvalues a1 ≥ a2 ≥ · · · ≥
an . Then
Λkp (A) = {t : an+1−kp ≤ t ≤ akp }

Λ(k:p) (A) =


(t1 , . . . , tp ) : aik ≤ t[i] ≤ an+1−(p−i+1)k for 1 ≤ i ≤ p ,

where here, t[1] ≥ t[2] ≥ · · · ≥ t[n] is a rearrangement of t1 t2 , · · · , tn in decreasing order.
Proof. The first statement follows from [37]. For the second, by a result of Fan and Pall [53],
b1 ≥ b2 · · · ≥ bm are the eigenvalues of U ∗ AU for some n × m matrix U satisfying U ∗ U = Im
if and only if
ai ≥ bi ≥ an−m+i

∀ 1 ≤ i ≤ m,

from which the result follows.
Remark 18. (i) If we require the components (t1 , . . . , tp ) in Λ(k:p) (A) to be in decreasing
order, then the “ordered” Λ(k:p) (A) is convex.
(ii) Λkp (A) = [an+1−kp , akp ] is obtained by taking the convex hull of the eigenvalues of A
after deleting the (n − kp + 1) largest and smallest eigenvalues. The following proposition is
a generalization of this result.
Proposition 19. Suppose Ai = diag(ai1 , ai2 , . . . , ain ) for i = 1, . . . , m with aij ∈ R. Let
aj = (a1j , a2j , . . . , am
j ) for j = 1, . . . , n. For S ⊆ {1, . . . , n}, let XS = conv{aj : j ∈ S}. Then
for every 1 ≤ k ≤ n,
Λk (A) ⊆ ∩{XS : S ⊂ {1, 2, . . . , n}, |S| = n − k + 1}.
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(5.7)

Proof. It suﬀices to prove that Λk (A) ⊂ XS for S = {1, 2, . . . , n − k + 1}. Suppose we have
x = (x1 , x2 . . . , xm ) ∈ Λk (A). Then there exists a rank k projection P such that P Ai P = xi P
for i = 1, . . . , m. Consider the subspace W = span{e1 , . . . , en−k+1 }. Then there exists a unit
vector w = (w1 , . . . , wn )t ∈ Rn such that P w = w. Therefore, for 1 ≤ i ≤ m,
∗

∗

∗

∗

xi = xi w w = xi w P w = w P Ai P w = w Ai w =

n−k+1
X

|wj |2 aij ′ .

j=1

Hence, x =

Pn−k+1
j=1

|wj |2 aj ∈ XS .

By the result in [117], equality holds in (5.7) for m = 1, 2. For m > 2, Λk (A) may not
be convex and equality may not hold.
Proposition 20. Let Ai , 1 ≤ i ≤ m be as given in Proposition 19. Then we have:
(1) If n ≥ (m + 1)k − m, then Λk (A) ̸= ∅. The bound (m + 1)k − m is best possible; i.e., if
n < (m + 1)k − m, there exist real diagonal matrices A1 , . . . , Am such that Λk (A) = ∅.
(2) If n ≥ p((m + 1)k − m), then Λ(k:p) (A) ̸= ∅.
Proof. The statement (1) follows from Tverberg’s Theorem [160] and Proposition 19. (Also,
see Example 22.)
For (2), note that if n ≥ p((m + 1)k − m), we can decompose each Ai = ⊕pj=1 Aji with
̸ ∅ and the
Aji ∈ Mnj , and nj ≥ (m + 1)k − m. Then, by the result in 1), Λk (Aj1 , . . . , Ajm ) =
result follows.
Remark 21. By the above proposition, for p((m + 1)k − m) ≤ n < (m + 1)kp − m, we can
construct A1 , . . . , Am such that Λkp (A) = ∅ and Λ(k:p) (A) ̸= ∅.
Example 22. Suppose p((m + 1)k − m) ≤ n < (m + 1)kp − m. We are going to show that
there exist A1 , . . . , Am such that Λkp (A) = ∅ and Λ(k:p) (A) ̸= ∅.
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n
n
Let r =
, the greatest integer ≤
. Then 1 ≤ r ≤ (m + 1) and r = m + 1
kp − 1
kp − 1
if and only if n = (m + 1)(kp − 1). Define for 1 ≤ i ≤ min{r, m}, Ai = diag(ai1 , ai2 , . . . , ain ),
where aji = 1 for (i−1)(kp−1)+1 ≤ j ≤ i(kp−1) and aji = 0 otherwise. Then, by Proposition
19, Λkp (A) = ∅. Since n ≥ p((m + 1)k − m), by Proposition 20, Λ(k:p) (A) ̸= ∅.
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Chapter 6
Conclusion And Outlook
This thesis utilizes Numerical Range (NR) and its extensions to solve problems in quantum
information science in diverse ways. We use mathematical concepts in a traditional fashion,
e.g. in chapter 5, also in a more modern data science manner, like in chapter 3 and 4.
(1) In chapter 3, we develop a general supervised-learning-based method for Quantum
state inference. Our method shows high fidelity, extraordinary eﬀiciency, and great
noise-tolerant ability for maximum entropy estimation and ground states of certain
Hamiltonians.
(2) In chapter 4, an optimization algorithm is developed for reconstructing system Hamiltonian from any one of its eigenstates. This algorithm almost perfectly recovers tested
Hamiltonians.
(3) Chapter 5 is devoted to using higher rank (k : p)-matricial ranges to study hybrid
classical-quantum error correction.
Taking measurements on multiple identical copies of quantum states, getting readouts,
and then processing data is how humans study microscopical quantum systems. This process
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is rooted in all aspects of quantum information science. The trace of numerical ranges should
be ubiquitous in QIS due to the clear connection between NRs and measurements.
It is worth drawing more attention to establishing more theoretical connections between
NR and topics in QIS, such as uncertainty relation [155], quantum phase transition [31, 147],
quantum marginal problem.
Finding creative ways to use NRs is also promising. The general method developed in
chapter 3 is very versatile. It can be applied to any inverse problem in QSI. The example
we demonstrated is a quantum state inference problem, with the training data numerically
generated. The network can also be trained with noisy experimental data to output idea
(noiseless) state. The outcomes from the trained network would naturally mitigate the experimental error. Our method can also be easily adapted to other setups such as Hamiltonian
reconstruction. An example and detailed discussion can be found in [28].
We show that our method is straightforward to implement for scenarios that prior information grantees a most bijective relation between ρ and ⃗c. It can also be used to examine if
the prior information is actually adequate to ensure the map to be almost bijective. After
properly implementing this scheme, if the trained network does not perform well, we may
consider that the prior information is not exactly pinned down an almost one-to-one correspondence. For more ill-posed problems, there are several techniques can be applied, such
as various regularizers [118], different network structures [89], statistical estimators [6, 7],
depending on the particular problem. The last but not least, the neural networks in the
inverse process can be replaced by quantum neural networks [54, 163]. In this case, we may
not need the parametrization process P . The modified method has a potential to implement
on NISQ devices.
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Appendices
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.1 Influences of Training Data Distribution
In this section, we show the influence of three different training β distribution on the neural
network performance: 1) evenly distributed p⃗even = (1/N, · · · , 1/N ); 2) the distribution p⃗β
mentioned in the main text which only considered the roughness of β; 3) and the flattened
distribution p⃗flat that we used in this work. (The technical definitions see Section 3.2.2.)

0.5

p
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0.1
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Figure 1: The three distributions for the operator set F1 . The x-axis is the label i of
the interval Ii = (i, i + 1] for β. The green, blue, red dots depict the even distribution p⃗even ,
the flattened distribution p⃗flat and p⃗β respectively.
We consider the operator set F1 in Appendix .2. The three distributions for F1 are
shown in Figure 1. The horizontal axis is the index i of interval Ii = (i, i + 1]. The vertical
axis shows the percentage of how much β’s are sampled from a giving interval Ii . p⃗β is
dominantly concentrated on the first few intervals. We train three networks separately with
each distribution. To fairly compare them, we prepare the same amount of training data for
each one, and using exactly same training settings. The number of training data is about
1,000,000 (round up the number when the distribution multiply by 1,000,00 does not get
integers).
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Two testing data sets have been generated. Set one has 5,000 data points–50 different
β’s have been uniformly drawn from every interval Ii . Fidelity boxplots of every 5 intervals
present in Figure 2a (⃗peven ), Figure 2c (⃗pβ ) and Figure 2e (⃗pflat ). For comparison purpose,
we use the same scale for each plot. The network tuned with the even distribution p⃗even
data set has significantly poor performance when β ∈ (0, 5] and also has several exceptional
outliers on other intervals (Figure 2a). The network of p⃗β is expected to have high fidelity
for β ∈ (0, 5] and substandard performance on other parts (Figure 2c) because of the data
concentration. The network of p⃗flat has a balance in between ((Figure 2e)).
The second test set has 1,000 data points which β’s are uniformly taken from (0, 100].
The testing results are shown in Figure 2b (⃗peven ), Figure 2d (⃗pβ ) and Figure 2f (⃗pflat ).

.2 Experimental Details
The two qutrit operator sets F in the experiment in section 3.2 are as follows F1 = {F11 , F12 , F13 },
F2 = {F21 , F22 , F23 } where
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here Fji stands for the ith operator in the jth set. To demonstrate the neural network’s perP
formance, we sample 300 ground-states {|ψji ⟩} of pseudo Hamiltonian {Hj = 3i=1 aji Fji } by
randomly ranging the parameter set {aji }. As shown in Figure 3.8, wave plates and a BD are
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use to distribute single photons in the superposition of optical polarization and spatial modes,
realizing the preparation of these ground states. Note that only two configurable HWPs are
enough for the preparation (no need for quarter-wave plates or other phase retarders), as the
operator sets are all real operators and the ground states should also be real. The three eigenmodes of the qutrit state are defined as |0⟩ = |H⟩ ⊗ |s1⟩ , |1⟩ = |H⟩ ⊗ |s2⟩ , |2⟩ = |V ⟩ ⊗ |s2⟩,
where |H⟩ (|V ⟩) stands for the horizontal (vertical) polarization and |s1⟩ (|s2⟩) stands for
the upper (lower) spatial mode.
As for the measurement of different operators Fji , we use linear optical devices such as
wave plates and BDs to construct a three stage interferometer which is capable of implementing arbitrary qutrit unitary operation [170]. For the same reason, here only HWPs
are needed and the set-up is relatively simpler than implementing an universal unitary. To
estimate Tr(ρFji ), we apply the unitary transformation
(ji)

(ji)

(ji)

Uji = |0⟩ ⟨λ0 | + |1⟩ ⟨λ1 | + |2⟩ ⟨λ2 |
(ji)

on an input state ρ, here |λk ⟩ (k = 0, 1, 2) is the corresponding eigen-vector of Fji with
(ji)

eigen-value λk . It transforms any state from the eigen-basis of Fji into computational or
experimental basis. Therefore, from the measurement statistics measured by the following
detectors, the expectation value Tr(ρFji ) of Fji can be estimated.
Throughout this experiment, the experimental errors are mainly contributed from systematic errors, as the statistical fluctuations are very low due to enough trials (above 35000
registered photons) for each measurement. The systematic errors include inaccuracies of
wave plate setting angles (typically ∼ 0.2 degree) in state preparation and measurement
stage and imperfections of the interferometers. Especially during the measuring progress,
slow drift and slight vibrating of the interferometers will cause a decrease of the interference visibility. In our experiment, the interference visibilities are maintained above 98.5%.
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The average relative errors (c1,exp − Tr(ρexp Fi )/Tr(ρexp Fi ) of measured expectation values of
different operators are shown in Table 1.
(c1,exp − Tr(ρexp Fi )/Tr(ρexp Fi )
F1
F2

Fj1
2.43%
0.79%

Fj2
1.91%
1.87%

Fj3
1.73%
1.31%

Table 1: Relative errors of different operators.

.3 The Value of β
It is easy to observe that H̃ 2 and H̃β2 have the same eigenstates structure. The constant
β only contribute a constant factor to the magnitude of eigenvalues, i.e., the eigenenergies
of the given system. Theoretically, a thermal state tends to the ground state of the given
Hamiltonian if and only if the temperature is zero (or, for a numerical algorithm, close to
zero), which means β =

1
kT

goes to infinite. Numerically, the β only needs to be a suﬀiciently

large positive number.
Let us denote the i-th eigenvalue of H̃β2 as Ei and the energy gaps as ∆i = Ei+1 −Ei . From
the definition of H̃β2 , the ground energy Eg = E1 is always 0. From our experience, during
the optimization process, the eigenenergies, as well as the energy gaps of the Hamiltonian,
gets larger. From Fig. 3(a), we can see the energy gaps grow as the optimization goes. The
corresponding β is a finite suﬀicient large number.
One the other hand, we can also examine the probability of the ground state of H̃β2 as
the iteration goes. This probability can be expressed as

P (E = Eg ) =

100

e−Eg
Tr e−H̃β

2

Since the ground state of H̃β2 always have zero energy, the probability is

P (E = Eg ) =

1
Tr e−H̃β

2

.

The change of the probability P (E = Eg ) with iterations is shown in Fig. 3(b), from which
we can see finally, the probability goes to 1, which means the thermal state form is (almost)
ground state when β is a relatively large positive constant.
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Figure 3: Behavior of H̃β2 in optimization process. (a) Energy spectrum of H̃β2 . (b)
The ground state probability distribution during optimization

.4 Calculation of the Gradient of f (⃗c)
.4.1 General Method
The computational graph of this technique is shown in Fig. 4. Each node of the graph
represents an intermediate function. In principle, the chain rule can be applied. It seems
that we can compute the gradient by using the existing deep learning frameworks. How101

ever, those auto differentiation tools embedded in the frameworks such as PyTorch [133] and
TensorFlow [4] cannot harness our problem due to the following two reasons: first, most of
the tools only deal with real numbers while in quantum physics we often deal with complex
numbers; second and the most important, some of the intermediate functions in the computational graph use matrices (or in physics, operators) as variables, while in neural networks,
the variables are real numbers. One should be careful while deriving matrices since a matrix
usually does not commute with its derivative. For instance, even for some simple conditions,
the node v3 = H̃ 2 = v22 , the derivative

∂v3
∂v1,k

[H̃, ∂cH̃
] ̸= 0. Instead,
k

∂v2
v.
∂v1,k 2

∂v3
∂v1,k

2
= v2 ∂v∂v1,k
+

2
can not be simply considered as 2v2 ∂v∂v1,k
because

The derivatives in the computational graph shown in Fig. 4 are listed in Table 2. Here,
due to the reason mentionedabove, we use forward propagation to calculate the gradients. In
Table 2, the derivative could be separated into the following categories: 1. The variable(s)
of the function is a number. This corresponds to the simplest case, and the derivatives could
be obtained simply using chain rules; 2. The variables are matrices, but the function is the
trace function Tr. The derivatives could be obtained by applying

d Tr(A)
dx

= Tr dA
; 3. Some
dx

elementary functions take matrices as variables, i.e., v3 = v22 . In this case, one should be
2

careful about the commutators when dealing with it; 4. v4 = eH̃ , of which the gradients are
diﬀicult to calculate, which will be discussed in detail.

.4.2 Derivative of Matrix Exponentials
The derivative of function f (X) = exp(X(ck )) with respect to ck can be written as
∂eX(ck )
=
∂ck

Z

1

eαX(ck )
0

∂X(ck ) (1−α)X(ck )
e
dα,
∂ck

(1)

∂X
where, in our cases, X(ck ) = −H̃(ck )2 = −v3 . Generally, the commutator [X, ∂c
] ̸= 0.
k

Therefore, the integration Eq. (1) can not be simply calculated. In Ref. [129], the authors
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Node
v2
v3

Function
P
v2 = ci (Ai − ai I)
v3 = v2 · v2

v4
v5
v6
v7

v4 = e−v3
v5 = Tr v4
v6 = vv45
v7 , j = Tr(Aj v6 ) − aj
P 2
v8 =
v7,j
v9 = Tr(v3 v6 )
v1 0 = v8 + v9

v8
v9
v10

R1
0

Derivative
Ai − ai I
∂v2
H̃ + H̃ v∂v1,k2
v1,k

Type of variable(s)
number
matrix

Type of function value
matrix
matrix

eαv3 v∂v1,k3 e(1−α)v3 dα
Tr( v∂v1,k4 )
∂v4 1
5
− vv42 ∂v∂v1,k
v1,k v5
5
6
Tr(Aj ∂v∂v1,k
)

matrix
matrix
matrix & number
matrix

matrix
number
matrix
number

∂v

number
matrix
number

number
number
number

2v7,j ∂v7,j
1,i
∂v3
∂v6
Tr( ∂v
v
+
v3 ∂v
)
6
1,i
1,i
∂v8
∂v9
+ ∂v1,i
∂v1,i

Table 2: The types of the variables and values of the intermediate functions.
approximate the integration using the value of the upper and lower limits. This approach
does not work for our case. Thus we introduce a new way to calculate it. Let
∂eX(ck )
A(β) =
=
∂ck

Z

β

eαX(ck )
0

∂X(ck ) −αX(ck )
e
dα,
∂ck

(2)

B(β) = e−βX(ck ) A(β),

(3)

C(β) = e−βX(ck ) .

(4)

and

Note that A(1) = B(1) exp[X(ck )]. It can be derived that
 


∂X(ck )
d B(β) −X(ck )
 B(β)
∂ck
=


.
dβ C(β)
0
−X(ck )
C(β)


Let

(5)






−X(ck )
G=
,
0
−X(ck )
∂X(ck )
∂ck
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(6)

The derivative equation (5) can be solved as





B(0)
B(1)
G

=e 
,
C(1)
C(0)

(7)

where B(0) is a matrix with all entries 0 and C(0) is the identity matrix. With B(1), we
can obtain A(1) as well as the integration Eq. (1). This completes the gradient calculation
for our algorithm.

.5 Software Implementations
According to the computational graph Fig. 4 and the Table 2, we can define a function which
accepts ⃗c, the operators A, and returns the value of f (⃗c) and the gradient ∇f (⃗c):
1 function [f,g]= fun (c, A)
2 % f is the value of the objective function
3 % g is the gradient
The function fminunc in MATLAB/Octave can accept the function and the gradient
and doing the optimization:
1 f_handle =@( c) fun (c ,A)
The default algorithm is BFGS. To make the algorithm using gradient we provide:
1 options = optimoptions (' fminunc ',' SpecifyObjectiveGradient ','true ')
;
Then, we can start the optimization
1 [c1 , fval ]= fminunc ( f_handle ,c0)
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Here, c1 is the final points, fval is the final value of the objective function and c0 is the initial
value.
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Figure 2: Results of two test sets for p⃗even , p⃗β and p⃗flat (for comparison purpose, we use the
same scale for each plot).
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