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ABSTRACT

OPERATOR AND GRAPH-THEORETIC TECHNIQUES FOR DISTINGUISHING

QUANTUM STATES IN THE LOCAL OPERATIONS AND CLASSICAL

COMMUNICATION FRAMEWORK

Comfort Mintah Advisors:

University of Guelph, 2021 Professor D.W. Kribs

Professir R. Pereira

The quantum communication framework called quantum local operations and classical com-

munication (LOCC) plays a fundamental role in near-term efforts to develop hybrid classical

and quantum technologies. Recent advances in the subject include expanded investiga-

tions of the mathematical foundations of LOCC. We begin this thesis with an introduction

to quantum information theory and the structure theory of finite-dimensional C∗-algebras

to help build the mathematical framework for quantum LOCC. We focus on an important



scheme of LOCC called one-way LOCC, where classical communication is in a predetermined

direction, and we consider its mathematical description. We apply algebraic techniques to

one-way LOCC, such as the existence of a separating vector for certain operator algebras. We

explore the intersection between quantum error correction and quantum one-way LOCC. We

consider the protocol of one-way LOCC measurement as a quantum channel and derive new

methods to distinguish sets of states via one-way LOCC. We establish conditions for one-way

LOCC state distinguishability for the set of maximally entangled states that arise from the

stabilizer formalism for quantum error correction. We apply the results from quantum error

correction and from one-way LOCC to build small sets of states that are indistinguishable

under one-way LOCC. We extend these constructions to the generalized Pauli states and

compare our results with other recent work. We next introduce a graph-theoretic approach

to distinguish sets of product states via one-way LOCC. We see that one-way LOCC state

distinguishability is equivalent to the existence of an edge graph clique cover of the graph

with nice properties. We establish a number of results for which a set of states can be distin-

guished with one-way LOCC using the properties of the underlying graphs associated with

the set of states. We present some illustrative examples. The main new results of this work

are contained in [1], [2] and [3].
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Chapter 1

Introduction

Quantum state discrimination is a fundamental topic in quantum information theory. A core

problem in quantum information involves the identification of a state from a set of known

states that exists in a composite system determined by multiple communicating parties. An

important special case of the general framework allows the parties to perform quantum op-

erations on their local systems, but only allows classical communication between them. The

so-called local operations and classical communication (LOCC) paradigm includes many well

known and important scenarios, such as quantum data hiding, quantum teleportation, etc

[4, 5, 6, 7]. This problem can be seen as a means to understand the interplay between local-

ity and entanglement, which is one of the deepest and mysterious features of the quantum

world.

There is a growing body of work in the more restricted, but still important problem of

quantum state discrimination with one-way LOCC operations, in which local operations

are performed subsequently on different subsystems and classical communication in a pre-

determined order. While the mathematical description of general LOCC operations is
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notoriously difficult, the one-way LOCC framework lends itself more readily to mathe-

matical analysis and still includes many of the important LOCC scenarios and examples

[8, 9, 10, 2, 1, 11, 12, 13, 14].

In this work, we attempt to identify an unknown state |ψ〉 from an orthonormal set of states

{|ψi〉} in a composite systemH = HA⊗HB by using only one-way LOCC. In our discussions,

we will assume HA and HB are finite-dimensional Hilbert spaces and initial measurement

is a set of rank one operators that sum to the identity operator on Alice’s subsystem, HA,

which loses no generality as we point out below.

This thesis is organized as follows: In Chapter 2, we discuss the basic building blocks we

will be needing to understand the body of this thesis. We focus on the structure theory of

finite-dimensional operator algebras and give an introduction to certain relevant concepts in

quantum information theory which we will be needing for this work. In Chapter 3, we see the

connection between operator relations and one-way LOCC. We will establish the separating

vector condition as a necessary condition for the set of states to be distinguishable with one-

way LOCC. In Chapter 4, we recall the standard quantum error correction framework and

describe the protocol of one-way LOCC as a quantum channel. We establish the connection

between error correction and one-way LOCC, thus obtaining a one-way LOCC application

and a new view on quantum teleportation. We then extend our investigation to operator

quantum error correction and obtain new derivations of some established results and fur-

ther applications of one-way LOCC. We later derive conditions on states that arise through

stabilizer formalism of quantum error correction and one-way LOCC distinguishability [1].

In Chapter 5, we construct relatively small sets of states that are one-way LOCC indistin-

guishable. The class of states we focus on are the lattice states. We extend our ideas to

show the construction extends to the generalized Pauli states. We compare our construction

with other recent work [2]. In Chapter 6, we begin with some preliminaries in the context
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of graph theory which we will be needing later in our work. We particularly focus on the

problem of distinguishing sets of product states. We introduce the graph-theoretic approach

of distinguishing sets of product states via one-way LOCC. We present a number of new

results with illustrative examples [3].
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Chapter 2

Preliminaries

In this chapter, we describe the basic concepts from linear algebra, operator algebras, and

quantum mechanics that are necessary for the thesis.

2.1 Basics of quantum information

We use the standard notation from quantum mechanics also known as Dirac’s notation

‘| 〉 , 〈 |,’ for vectors to help us understand linear algebraic concepts. We denote z as the

complex conjugate of the complex number z. In quantum information, we represent ‘| 〉’ as

elements from the Hilbert space,

|v〉 7→ a1 |0〉+ a2 |1〉+ an |n− 1〉 =



a1

a2
...

an


,
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and its dual denoted by 〈 | represents linear functionals on the Hilbert space and is given by

〈v| 7→ a1 〈0|+ a2 〈1|+ · · ·+ an 〈n− 1| =
(
a1 a2 · · · an

)
,

for some scalars ai and {|0〉 , |1〉 , · · · , |n− 1〉} is the standard basis in Cn. Recall that |i〉 is

the n× 1 matrix with 1 in the ith row and zeros everywhere. Examples of basis in C2 are

|0〉 =

1

0

 , |1〉 =

0

1


 , (2.1.1)

and |+〉 =
1√
2

1

1

 , |−〉 =
1√
2

 1

−1


 . (2.1.2)

Notice that the dual vector is the complex conjugate transpose of the ‘ket’ vector. The

product of the ‘ket’ and ‘bra’ vectors is called the outer product denoted by | 〉 〈 | is of the

form

|v〉 〈u| =



a1

a2
...

an


(
b1 b2 · · · bn

)
=


a1b1 a1b2 · · · a1bn

...
... · · · ...

anb1 anb2 · · · anbn

 .
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The product of ‘bra’ and ‘ket’ gives the inner product denoted by 〈 | 〉, that is

〈u|v〉 =

(
b1 b2 · · · bn

)


a1

a2
...

an


=

n∑
i=1

biai .

A vector space with an inner product is called an inner product space. The vector space of

interest to us is the Hilbert space denoted by H.

On the two-dimensional Hilbert space, a quantum bit also called a ‘qubit’ is a linear combi-

nation of the states |0〉 and |1〉, given by

|ψ〉 = α |0〉+ β |1〉 , (2.1.3)

for α, β ∈ C and satisfies the normalization condition

|α|2 + |β|2 = 1 . (2.1.4)

As we will point out later, the measurement outcomes of the state |0〉 and |1〉 are obtained

with probability |α|2 and |β|2 respectively. The equation (2.1.3) is called a ‘qubit’ on C2.

Next, we use the postulates of quantum mechanics to build up the mathematical tools we

will need in the understanding of this thesis. We follow the approach by [15].

State space

The first postulate of quantum mechanics states that associated with any isolated physical

system is a complex vector space with the inner product known as the state space of the
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system. The system is described by a state unit vector. Note that the physical system which

is of interest in this thesis is the qubit. Any arbitrary state vector on the state space of the

two-dimensional space is described by equation (2.1.3). The unit vector condition on the

state vectors is such that 〈ψ|ψ〉 = 1 which is equivalent to equation (2.1.4), known as the

normalization condition. Notice that this condition can be generalized for the n-dimensional

state vector.

The Density Operator

The density operator of the system is an equation of the form

ρ ≡
∑
i

pi |ψi〉 〈ψi| (2.1.5)

where |ψi〉 is one of the states in H with respective probability pi. Density operators are

characterized by the following two conditions; we say the operator on H, ρ is a density

operator if and only if ρ has a trace one and a positive operator. The density operator ρ is

said to be a pure state if the trace of ρ2 is one. In the case when the trace of the square of

the density operator is less than one, the state is a mixed state.

Evolution

The second postulate of quantum mechanics describes how the state of a quantum mechan-

ical system changes with time. It states that the evolution of a closed quantum system is

described by a unitary transformation. This means that the state |ψ〉 of a system at a time

t1 is related to the state |φ〉 at time t2 by a unitary operator U given by |ψ〉 = U |φ〉 where

U only depends on the times t1 and t2. A linear operator U is unitary if U∗U = I = UU∗,

where U∗ is the Hilbert space adjoint of U or the conjugate transpose of U if it is a matrix.
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Some useful examples of unitary operators we will be needing in our work are the Pauli

operators,

σ0 ≡ I =

1 0

0 1

 σ1 ≡ X =

0 1

1 0


(2.1.6)

σ2 ≡ Y =

0 −i

i 0

 σ3 ≡ Z =

1 0

0 −1


The Pauli X and Z matrices are sometimes referred to as bit-flip and phase flip operators

respectively. The Pauli X takes |0〉 to |1〉, while the Z operator takes |1〉 to − |1〉.

Quantum measurement

The third postulate of quantum mechanics involves the observation of the system to deter-

mine what is going on inside the system and its interaction with the environment. Thus,

the third postulate describes the effect of measurement on a quantum system. It states that

given a collection of measurement operators {Mk} such that the probability pk of getting

the outcome k after measuring the state |ψ〉 is

pk = ‖Mk |ψ〉 ‖2 = 〈ψ|M∗
kMk|ψ〉 . (2.1.7)

Observe that the state of the system after measurement changes to

|ψ′〉 =
Mk |ψ〉√
〈ψ|M∗

kMk|ψ〉
,

8



and the measurement operators satisfy the completeness relation given by

∑
k

M∗
kMk = I . (2.1.8)

Example 2.1.1. Consider |ψ〉 = α |0〉+β |1〉, where |0〉 and |1〉 are the standard basis vectors

in C2. Let p0 and p1 be the probability measurements that will yield 0 and 1 respectively.

Let M0 = |0〉 〈0| and M1 = |1〉 〈1|. Then p0 = 〈ψ|0〉〈0|ψ〉 = |α|2 Similarly, for p1 = |β|2.

Observe the normalization condition,
∑

k pk = |α|2 + |β|2 = 1.

From equation (2.1.7), we may define Ak = M∗
kMk , where Ak is a positive operator such

that equation (2.1.8) is satisfied and pk = 〈ψ|Ak|ψ〉. Positive here means the inner product

is non-negative. We call a complete set of operators {Ak} ‘Positive Operator-Value Measure

(POVM)’ associated with the measurements. An example of POVM and a special case of

the third postulate of quantum mechanics is the projective measurement.

A projective measurement M is described by a Hermitian operator on the state space

of the system being observed. Note that M has a spectral decomposition such that M =∑
k kPk , where k ranges through the eigenvalues of M and Pk is the projector onto the

specific eigenspace of M corresponding to the eigenvalue k. The probability of getting the

outcome k upon measuring the state |ψ〉 is given by 〈ψ|Pk|ψ〉 . and P ∗kPk = Pk , since the

family of projections is such that P ∗kPk′ = δkk′Pk and
∑

k Pk = I .

Quantum state distinguishability

Another important application of the third postulate of quantum measurement which will

play an important role in this work is the problem of distinguishing quantum states. Recall

that in the classical world, distinct states are distinguishable in principle. Thus, one can

always identify whether a coin has landed heads or tails with an exact probability. In
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quantum mechanics, this is more complicated. Let us restrict ourselves to two parties say

Alice and Bob, and consider the state |ψi〉 (1 ≤ i ≤ n) chosen by Alice from a fixed sets of

states which is known between the two parties. If Alice gives the state |ψi〉 to Bob, then

Bob’s task is to do a quantum measurement to identify the index i of the state Alice has

given to him.

Suppose the quantum states are orthonormal and define the measurement operators Mi =

|ψi〉 〈ψi|, for each possible index i. Let M0 be the additional positive operator that is defined

as the positive square root of positive operators I −
∑

i 6=0 |ψi〉 〈ψi|. As discussed before, the

measurement operators satisfy the completeness relation and the probability of the state |ψi〉

is pi = 〈ψi|ψi〉 = 1 , which occurs with certainty. Hence, it is possible for Bob to identify the

index i if the states are orthonormal.

Notice that in the case when the sets of states is not orthonormal then Bob will not be able

to perfectly identify the state chosen by Alice. This is because if we suppose Bob will do

a measurement Mj with an outcome j using the rule of guessing to determine the index i.

Thus, i ≡ h(j) , where h(·) is the rule Bob uses to make the guess. Clearly, by observation, we

see that Bob will not be able to distinguish between the two non-orthogonal states |ψ1〉 and

|ψ2〉. This is because the state |ψ2〉 can be decomposed into non-zero components parallel to

|ψ1〉 and a component orthogonal to |ψ1〉. Therefore, if j is the measurement outcome such

that h(j) = 1, then Bob guesses |ψ1〉 when he observes j. But since the component of |ψ2〉

is parallel to |ψ1〉, when he observes j, there is a non-zero probability of getting an outcome

j when |ψ2〉 is prepared. Thus, sometimes Bob will have an error in identifying which state

was prepared. Therefore, Bob will not be able to perfectly distinguish between the states if

the states are not orthonormal.
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Composite system

The fourth postulate of quantum mechanics describes how the state space of a component

system is built up from the state space of the composite systems. The fourth postulate of

quantum mechanics states that the state space of a composite quantum system is the tensor

product of the components of the physical system.

The tensor product of two Hilbert spaces HA and HB is denoted HA ⊗HB, and if {|iA〉}i,

{|jB〉}j are orthonormal bases for the individual spaces, then {|iA〉⊗|jB〉}i,j is an orthonormal

basis for the tensor product space, with the scalar multiplication rule: α (|iA〉 ⊗ |jB〉) =

α (|iA〉)⊗ |jB〉 = |iA〉 ⊗ α (|jB〉)

Definition 2.1.1 (Tensor Products of Matrices). Consider the matrices

M =



a11 a12 a13 · · · a1n

a21 a22 a23 · · · a2n
...

...
...

. . .
...

an1 an2 an3 · · · ann


and N =



b11 b12 b13 · · · b1m

b21 b22 b23 · · · b2m
...

...
...

. . .
...

bn1 bn2 bn3 · · · bmm


,

where M is an n × n matrix and N is an m ×m matrix. Then the tensor product between

the matrices M and N is nm× nm matrix given by,

M ⊗N =



a11 ·N a12 ·N a13 ·N · · · a1n ·N

a21 ·N a22 ·N a23 ·N · · · a2n ·N
...

...
...

. . .
...

an1 ·N an2 ·N an3 ·N · · · ann ·N


.

An important class of examples is given by tensor products of n Pauli matrices, where n is

any fixed positive integer, which generates matrices of size 2n × 2n. The so-called n-qubit
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Pauli group is thus defined to be the group generated by such matrices;

Pn := 〈±I,±iI,Xj, Yj, Zj〉 . (2.1.9)

For the purpose of our work, for instance in quantum error correction, we will drop the scalar

factors on the Pauli operators X, Y and Z. For example, we have X1 = X ⊗ I ⊗ I · · · ⊗ I =

X ⊗ I⊗(n−1), etc.

Separable States

Quantum entanglement is an important property of composite system.

Definition 2.1.2 (Separable state). The state |ψ〉 ∈ HA⊗HB is said to be separable if and

only if there exists |φ1〉 ∈ HA and |φ2〉 ∈ HB such that |ψ〉 = |φ1〉 ⊗ |φ2〉 . Otherwise, we say

the state is entangled.

A simple example of an entangled state is the spin-1
2

particle with the basis state (|↑A〉 , |↓A〉)⊗

(|↑B〉 , |↓B〉), where A and B are Alice’s and Bob’s observed qubit respectively. An entangled

state is given by

|ψ〉 =
1√
2

(|↑〉A |↑〉B + |↓〉A |↓〉B) . (2.1.10)

Suppose Alice’s outcome after the measurement is γA, then from the above, Bob’s measure-

ment outcome in this case is γA = γB = ±1. We note that when Alice does her measurement,

she collapses the states and Bob can only get one result. (See [15] for more details).

As seen from the first postulate of quantum mechanics, there are two types of states, pure

states and mixed states. For the purpose of our work, we will be working with the pure

states. One may ask how we characterize the degree of entanglement in pure states. We

12



point to [15] for the basics of the Schmidt decomposition and the Schmidt rank of a bipartite

pure state.

Theorem 2.1.1 (Schmidt Decomposition). Suppose |ψ〉 is a pure state of composite system

HA ⊗ HB. Then there exist orthonormal states |iA〉 for the system HA, and orthonormal

states |iB〉 for the system HB such that

|ψ〉 =
∑
i

λi |iA〉 |iB〉 , (2.1.11)

where λi are non-negative real numbers satisfying

∑
i

λ2i = 1 . (2.1.12)

The scalars λi are known as the Schmidt coefficients for |ψ〉. We note that |ψ〉 in equation

(2.1.10) is in the Schmidt form.

The states that follows are important examples of entangled state in C2⊗C2, also known as

the Bell states and are important in our work,



|ψ0〉 = 1√
2

(|00〉+ |11〉) = (I ⊗ σ0) |ψ0〉

|ψ1〉 = 1√
2

(|01〉+ |10〉) = (I ⊗ σ1) |ψ0〉

|ψ2〉 = 1√
2

(|01〉 − |10〉) = (I ⊗ iσ2) |ψ0〉

|ψ3〉 = 1√
2

(|00〉 − |11〉) = (I ⊗ σ3) |ψ0〉 .

(2.1.13)

The state |ψ0〉 is equivalent to the spin-1
2

state described by equation (2.1.10).
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2.2 Introduction to finite dimensional C∗-algebras

In this section, we discuss the basic concepts of the structure theory of C∗-algebras which

will play an important role in the understanding of this thesis. As previously mentioned,

our work will focus primarily on operators on a finite-dimensional Hilbert space H. Details

of this section are in [16]. Let us begin with the definition of a Banach algebra.

Definition 2.2.1. A Banach algebra denoted by A is a normed associative algebra that

satisfies for all A,B ∈ A and γ ∈ C, γ(AB) = (γA)B = A(γB) and ‖AB‖ ≤ ‖A‖‖B‖.

The algebra A is a ∗-algebra if it has an operation ∗ and satisfies the conditions that for all

A,B ∈ A and γ ∈ C,

1. Conjugate involution; A∗∗ = (A∗)∗ = A

2. Scalar multiplication; (γA)∗ = γA∗

3. Additivity; (A+B)∗ = A∗ +B∗

4. Multiplicativity; (AB)∗ = B∗A∗

A Banach ∗-algebra is said to be a C∗-algebra if it satisfies the additional norm condition,

that is

‖AA∗‖ = ‖A‖2 . (2.2.1)

An example of a C∗-algebra is the algebra of all bounded operators on a Hilbert space

denoted by B(H), with the usual adjoint. Note that when H is n-dimensional, B(H) =Mn

realized through matrix representations, where Mn is the set of n by n complex matrices,

and in this case the ∗ operation is the conjugate transpose of a matrix.

Definition 2.2.2 (Commutant). Let H be a Hilbert space and let S be a subset in B(H).

14



Then commutant of S denoted by S ′ is

S ′ = {T ∈ B(H) : TA = AT, for all A ∈ S} .

A subset S ⊆ B(H) is self-adjoint, if for all B ∈ S, the adjoint operator B∗ ∈ S.

Proposition 2.2.1. Let B(H) be the set of all bounded operators on a finite dimensional

Hilbert space H. Then commutant of B(H) is (B(H))′ = CI.

Corollary 2.2.1. Let S be a self-adjoint subset of B(H). Then the commutant S ′ is also

self-adjoint.

To see that this is true, let T ∈ S ′, then B∗T = TB∗, whenever B ∈ S. Taking the adjoint of

both sides, we observe that T ∗ commutes with every element of S and for all B ∈ S ⊆ B(H),

T ∗B = BT ∗. Hence T ∗ is an element in S ′ which implies that S ′ is self-adjoint.

The double commutant is defined as the commutant of the commutant and is denoted by

A′′ = (A′)′. For a finite dimensional C∗-algebra A, the von Neumann double commutant

theorem gives A = A′′.

Next, we build the representation theory of the C∗-algebra A. We note that a representation

of a C∗-algebra A is given by a ∗-homomorphism as follows.

Definition 2.2.3 (∗-homomorphism). A map π : A 7→ B(H) is a ∗-homomorphism if it is

satisfies for all a, b ∈ A and λ ∈ C

1. Homomorphism; π(ab) = π(a)π(b)

2. Linear transformation; π (λa+ b) = λπ(a) + π(b)

3. Adjoint ; π(a∗) = π(a)∗

Based on Proposition 2.2.1, one can show the following.
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Proposition 2.2.2. Let π :Mn 7→ B(H) be a representation, then there exists Hilbert space

K and unitary U : H 7→ K ⊗ Cn such that for A ∈Mn

π(A) = U(IK ⊗ A)U∗ .

We know that every finite-dimensional C∗-algebra is ∗-isomorphic to the direct sum of full

matrix algebras as described in the following result.

Theorem 2.2.1. Let A be a finite dimensional C∗-algebra. Then there exists unique n1, n2, . . . , nk ∈

N such that A ∼=Mn1 ⊕Mn2 ⊕ · · · ⊕Mnk .

Taken together, these results can be used to prove the following structure result for finite-

dimensional C∗-algebras, which will be important in our work.

Corollary 2.2.2. Let A be a finite dimensional C∗-algebra. Then there exists

n1, n2, . . . , nk,m1,m2, . . . ,mk ∈ N such that A is unitarily equivalent to ⊕kj=1

(
Imj ⊗Mnj

)
and the commutant A′ is unitarily equivalent to ⊕kj=1

(
Mmj ⊗ Inj

)
To prove Corollary 2.2.2, we first recall two important properties of the commutant.

LetA1 andA2 be finite dimensional C∗-algebra, then (A1 ⊗A2)
′ = A′1⊗A′2 and (A1 ⊕A2)

′ =

A′1 ⊕A′2 .

By Theorem 2.2.1 there exists n1, n2, · · · , nk ∈ N such that A ∼= ⊕kj=1Mnj . This together

with Proposition 2.2.2 can be use to show that there exists for all m1,m2, . . . ,mk ∈ N such

that A is unitarily equivalent to ⊕kj=1

(
Imj ⊗Mnj

)
. Hence, we have

A′ = ⊕kj=1(Imj)
′ ⊗ (Mnj)

′ ,

= ⊕kj=1

(
Mmj

)
⊗
(
Inj
)
.
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Chapter 3

Quantum one-way local operations

and classical communication (LOCC)

framework

Quantum Local Operations and Classical Communication (LOCC) is a class of quantum op-

erations that emerges naturally from quantum information theory. Local operations involve

the implementation of separate measurements which are performed locally on quantum states

that are distance apart, such that measurement is performed on their individual systems.

Classical communication is performed by using the classical channel to transmit information.

In this work, we will be applying quantum LOCC to the problem of distinguishing sets of

quantum states by two parties.

A gap between LOCC and global measurement for distinguishing the trine state was already

observed in [17], they observed an intriguing results when a combined measurement was

done on the states. They saw that reliably distinguishing the sets of states via a combined
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measurement yielded more information than any separate particle method known.

Bennett et al in [18], explored the case where the states were unentangled but are orthogo-

nal. They showed that there exists nine qutrit orthogonal product states which cannot be

distinguished with LOCC but can be perfectly distinguished with separable measurement.

The work in [18] illustrated the difference between separable measurements and LOCC.

Nathanson in [11] gave a special case of the result by Fan in [9]. He showed that for the

case where the dimension is 3, any three orthogonal maximally entangled states can be dis-

tinguished with LOCC. He later in [12] gave examples of three maximally entangled states

which were distinguishable with LOCC, but when classical communication was restricted to

a predetermined direction (one-way LOCC), the sets of states were indistinguishable. The

difference between one-way LOCC and full LOCC was highlighted in [19, 20, 12, 21, 22].

Although Bandyopadhyay et al in [23] gave examples of sets of four and five generalized

Pauli states which cannot be distinguished with one-way LOCC, it still remains an open

question if these sets of states can be distinguished with full LOCC. The exploration and

mathematical characterization for one-way LOCC in [12] by Nathanson is a motivation for

the results we will be seeing in this work.

3.1 Operator relations and one-way LOCC

This work will focus on the bipartite system which occurs when two parties Alice and Bob,

each of whom controls their own finite-dimensional system HA and HB. They are physically

separated from each other so that their measurement protocols are restricted using quantum

LOCC. A single state from a known set of states S = {|ψi〉} is prepared in their joint system

HA⊗HB. Their task is to identify the value of i using LOCC. Here we use the term perfect

distinguishability, thus Alice and Bob need to identify that particular state shared between
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them with a 100% chance.

For the purpose of our work, we will focus on classical communication in a predetermined

direction, one-way LOCC. A visualization of one-way LOCC is as follows:

A B

Thus if we allow Alice to go first, Bob adapts his measurement based on the classical informa-

tion he receives from Alice. Note that if Alice goes first, Bob is not allowed to communicate

with Alice. His task is to identify the state that is shared between them.

Let us consider a simple example of the maximally entangled state in C2 ⊗ C2.

Example 3.1.1. Consider the pair of Bell states

|ψ0〉 =
1√
2

(|0〉A |0〉B + |1〉A |1〉B)

|ψ1〉 =
1√
2

(|0〉A |1〉B + |1〉A |0〉B) .

If Alice measures the first qubit using the standard basis and obtains the result 1, she

communicates her results to Bob who measures the second qubit. If he obtains a 0, the

joint measurement outcome is |1〉A |0〉B and Bob knows the state given to them is |ψ1〉. In

this example, the protocol is rather very simple, since Bob’s measurement does not depend

on Alice’s measurement outcome. In general, we will allow Bob to adjust his measurement

based on Alice’s measurement outcome.
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Next, we define the protocol of one-way LOCC mathematically.

Definition 3.1.1. [12] A one-way LOCC measurement is of the form M = {Ak ⊗ Bk,j},

with the positive operators making up the measurement outcome satisfying
∑

k Ak = IA and∑
j Bk,j = IB for each k.

From Example 3.1.1 above, Alice’s measurement operators are A1 = |0〉 〈0| and A2 = |1〉 〈1|,

Bob’s measurement outcome is Bi,j = A2−δij , where δij is the Kronecker delta. We note that

the rule for perfect distinguishability of sets of states via one way LOCC is

〈ψi|Ak ⊗Bk,j |ψi〉 = 0 (3.1.1)

for all k and i 6= j. If we let |a⊗ b〉 be the eigenvector of Ak⊗Bk,j with a non-zero eigenvalue,

then | 〈ψi | a⊗ b〉 |2= 0. Without loss of generality we can assume that each Ak is a scalar

multiple of a rank one projection.

We shall define an important state on the two qudit Hilbert space Φ on Cd ⊗ Cd:

|Φ〉 =
1√
d

(|00〉+ |11〉+ · · ·+ |d− 1d− 1〉) . (3.1.2)

We note that this state is maximally entangled and in fact every maximally entangled state

on Cd⊗Cd is of the form |ψ〉 = (I ⊗ U) |Φ〉 for some unitary U on Cd [15]. In the case when

the dimension is 2, recall the above equation (2.1.13).

Next, we state the main condition for one-way LOCC state distinguishability.

Proposition 3.1.1. [12] Let S = {|ψi〉 = (I ⊗ Ui) |Φ〉} ⊆ Cd ⊗ Cd be a set of orthogonal

maximally entangled states. Then the following are equivalent:

1. The elements of S can be perfectly distinguished with one-way LOCC.
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2. There exists a set of states {|φk〉}rk=1 ⊆ Cd and positive numbers {mk} such that
∑

kmk |φk〉 〈φk| =

I and for all k and i 6= j, 〈φk|U∗j Ui |φk〉 = 0 .

3. There is a d× r matrix W such that WW ∗ = Id, and for all i 6= j, every diagonal entry

of r × r matrix W ∗U∗j UiW is equal to zero.

3.1.1 Separating vector in one-way LOCC context

In this section, we exhibit the connection between the perfect distinguishability of sets of

states via one-way LOCC and separating vectors of operator algebras and systems.

Definition 3.1.2 (Operator System). Let A be a unital C∗-algebra. Any linear subspace of

C ∈ A which contains the identity and is closed under taking adjoints is called an operator

system.

Definition 3.1.3 (Separating Vector). Let H be a Hilbert space and C ⊆ B(H) be a set of

operators on H that form an operator system. A vector |ψ〉 ∈ H is said to be a separating

vector of C if A |ψ〉 6= 0 whenever A is a non-zero element of C

We note that if H is finite-dimensional and C is, in fact, a C∗-subalgebra of A, then we may

use the representation theory of such algebras as seen in Corollary 2.2.2 to determine the

existence of a separating vector as follows. See Chapter 3 of [24] for more in-depth details

on this topic.

Proposition 3.1.2. [10] A C∗-algebra ⊕i (Iki ⊗Mni) has a separating vector if and only if

ki ≥ ni for all i.

Proof. Consider first the case Ik ⊗Mn. Suppose k ≥ n and let {|ψ1〉 , · · · , |ψk〉} span the

space Cn. Let |ψ〉 = (|ψ1〉 , · · · , |ψk〉)T , we observe that for A ∈ Mn with (Ik ⊗ A) |ψ〉 = 0

implies A |ψi〉 = 0 for all i and hence A = 0. Therefore, |ψ〉 is a separating vector.
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Conversely, suppose k < n and P be a non-zero projection onto the orthogonal complement

of the space {|ψi〉} for any (|ψ1〉 , · · · , |ψk〉)T with |ψi〉 ∈ Cn. It follows that (Ik ⊗ P ) |ψ〉 = 0

but P 6= 0, and hence (Ik ⊗Mn) has no separating vector. Therefore, for the general case

⊕i (Iki ⊗Mni), a similar argument holds for ki ≥ ni for all i.

In the context of one-way LOCC, we see in [10] how operator systems arise naturally through

the equation of Proposition 3.1.1. We see from Remark 1 of [10] that any C∗-subalgebra of

such an operator system must have a separating vector which limits its dimension.

Theorem 3.1.1. [10] Let W : Cr −→ Cd be an operator and let 4 be the diagonal map on

Cr in a fixed basis. Consider the operator system C on Cd defined as the set of all operators

X which satisfies

4 (W ∗XW ) =
Tr(X)

d
4 (W ∗W ). (3.1.3)

If A is a C∗-subalgebra of C, then A has a separating vector.

Proof. There exists a k : 1 ≤ k ≤ r such that (k, k) entry of 4(W ∗W ) is a strictly positive

real number c, and |ψ〉 be the kth column of W . Then

‖ A |ψ〉 ‖2= 〈k|W ∗A∗AW |k〉 =
c

d
Tr(A∗A) 6= 0 ,

when A is a non-zero element of A and hence so is A∗A. It follows that |ψ〉 is a separating

vector of A.

Theorem 3.1.2. [10] Let S = {|ψi〉 = (I ⊗ Ui) |Φ〉}di=1 ⊆ Cd ⊗ Cd be a set of d orthogonal

maximally entangled states which are perfectly distinguishable with one-way LOCC, and let

C be an operator system spanned by the set {U∗j Ui}. Then C has a separating vector if and

only if dimC = d, and in this case C forms a C∗-algebra.
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Proof. Since the sets of states |ψi〉 are mutually orthogonal, the matrices {Ui} are linearly

independent and hence dimC ≥ d. We know from Remark 1 of [10] that if the dimC > d,

then C has no separating vector.

On the other hand, if dim C = d, then the pairwise product U∗j Ui ∈ C = span{Uk}, for

all i, j. By Cayley-Hamilton theorem, we can find complex polynomials pi(z) such that

Ui = pi(U
∗
i ) for all i. Using the invertibility of each Ui and Cayley-Hamilton’s result we

have that UiUj = p(U∗i )Uj ∈ C for each pair i, j and hence C is a C∗-algebra. Since the sets

of states |ψi〉 are distinguishable with one-way LOCC, there exists a W such that equation

(3.1.3) holds for all X in {U∗j Ui} and thus for all X ∈ C. Therefore by Theorem 3.1.1, C has

a separating vector.

Note that there are cases in which a set of d maximally entangled states are one-way LOCC

distinguishable but dimC > d. For example, consider the generalized Pauli matrices, if we

look at the set S = {Ui}di=1 with Ui = Xi for 1 ≤ i ≤ d−1 and Ud = Z. If |ψ〉 is that standard

basis vector, then 〈ψ|X iZ |ψ〉 = 〈ψ|X i |ψ〉 = 0, if i 6= 0, which implies that these state are

distinguishable with one-way LOCC. Also, if d > 2 the the operator system C = span{U∗j Ui}

is of dimension 3d− 2 and hence has no separating vector.

We will see in the chapter that follows, a more strengthened result of Theorem 3.1.2.
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Chapter 4

Quantum error correction and

one-way LOCC state

distinguishability

Quantum error correction is a field of study that began with the effort of quantum computing

and communication during the early 1990’s [25, 26, 27, 28, 29]. The motivation was initially

to show how quantum information could be encoded into physical systems in a way that

would allow for the preservation or controlled recovery of the quantum bit. Thus, the aim

of quantum error correction was to overcome the noise or errors brought on by the physical

intrusion of decoherence. The subject of quantum error correction has blossomed and ex-

panded over the years to the extent that it now touches on almost every area of quantum

information science. It is important to point out that the initial exploration of the connec-

tions between the studies of quantum error correction (QEC) and quantum local operations

and classical communication (LOCC) was first seen in [25].
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In this chapter, we first explore the intersection of the studies between quantum error cor-

rection and quantum LOCC. With our restriction to quantum one-way LOCC, we consider

one-way LOCC measurement protocol as a quantum channel and investigate their error

correction properties. Using our operator theory approach to this subject, we obtain new

applications to one-way LOCC state distinguishability as well as new derivations of some

established results. We also derive conditions on which the states that arise through stabi-

lizer formalism for quantum error correction are distinguished under one-way LOCC. The

contents of this chapter have been published in [1].

4.1 Standard quantum error correction

The standard quantum error correction model as seen in [25, 27, 28, 29] consists of a triple

(R, E , C) , where C is the code space containing quantum codes associated with a given

quantum system. The error E and recovery R are quantum operations in B(H) such that

the recovery operators R corrects the error effects of E on C as follows: (R ◦ E) (σ) = σ and

for all σ = PCσPC , where PC is a projection of H onto the C. Note that instead of working

with the code space C, we can easily work with the set of operators B(H) which act on the

subspace C. If there exists such a recovery operator R for the given pair E and C, then we

say that the code space C is correctable for E . The existence of a recovery operation R of

the error set {Ei} as seen in [25, 27] is as follows:

PCE
∗
iEjPC = λijPC (4.1.1)

for some scalars λij. Notice that this result is independent of the operator sum representation,

E(σ) =
∑
i

EiσE
∗
i , ∀σ ∈ B(H) , (4.1.2)
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where {Ei} ⊆ B(H) are also known as the noise operators or errors associated with E .

4.2 One-way LOCC as a quantum channel

In this section, we see how one-way LOCC protocol can be viewed as a quantum channel

formalism. We later investigate how quantum error correction conditions relate to a quantum

channel and obtain applications back to one-way LOCC state distinguishability. We recall

the definition of a quantum channel.

Definition 4.2.1 (Quantum Channel). A quantum channel E : B(H) 7→ B(H) is a linear

map which satisfies the following properties:

1. E preserves the trace for all ρ ∈ B(H).

2. E is completely positive.

We note that every quantum channel can be described in the operator sum form given in

exquation (4.1.2).

Suppose Alice and Bob share an unknown entangled state from a known sets of states,

|ψ〉 ∈ S = {|ψi〉} prepared in their joint quantum systemH = HA⊗HB, with a ≤ dim(HA) ≤

dim(HB) < ∞. We identify the elements of S with operators in the standard way as

|ψ〉 = (I ⊗Bi) |Φ〉 , where I is the identity operator onHA and Bi are the operators mapping

HA to HB. As seen before, let |Φ〉 = 1√
a

(|00〉+ |11〉+ . . .+ |a− 1a− 1〉) be the canonical

maximally entangled state on HA ⊗HB.

An interesting case is when the dimensions of the quantum systems HA and HB are the

same and the maximally entangled states are of the form |ψi〉 = (I ⊗ Ui) |Φ〉, where Ui are

unitary operators mapping HA to HB. Alice and Bob’s task is to determine, if possible, the

identity of |ψ〉 using one-way LOCC measurement operations. That is, Alice will perform
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a local measurement on her subsystem and communicate the result to Bob, who will then

perform a measurement on his subsystem. Without loss of generality, in the setting described

above, Alice and Bob can always gain a maximal information by performing local complete

measurements on their subsystem as seen in [10] and [12]. The first step of an optimal

one-way LOCC protocol can be viewed as a quantum-classical channel acting on Alice’s

system:

ΦQC(ρ) =
r∑
j=1

|j〉 〈j|Tr (σiρ) , (4.2.1)

where
r∑
j=1

σj = Ia ,

since {σj} form a complete measurement on HA. Notice that each operator is rank one and

so we may write

σj = mj |ϕ〉 〈ϕ| . (4.2.2)

Then

ΦQC(ρ) =
r∑
j=1

VjρV
∗
j , (4.2.3)

where

Vj =
√
mj |j〉 〈ϕj| . (4.2.4)

We note that the effect of Alice’s measurement on the whole system is an application of the

channel,

(ΦQC)⊗ idB : L (HA ⊗HB) −→ L (HC ⊗HB) ,

where HC is an r-dimensional classical ancilla system. The Kraus operators of (ΦQC)⊗ idB
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are given by {Vj ⊗ IB}.

Alice and Bob’s task can be seen as trying to identify the state |ψ〉 ∈ S despite the noise

introduced by the channel. This implies that we need to use tools from quantum error

correction to find the code subspaces on which the channel’s noise can overcome. Applying

the Knill-Laflamme conditions [27, 15] directly to the channel (ΦQC) ⊗ idB, a correctable

subspace C will be given by a projection PC on HA⊗HB such that there are complex scalars

λi,j such that

λi,jPC = PC (V ∗i Vj ⊗ IB)PC . (4.2.5)

This leads us to our first result that relates quantum error-correcting code spaces and one-

way LOCC with maximally entangled states.

Theorem 4.2.1. Let S = {|ψi〉} be a set of maximally entangled orthogonal states in HA⊗

HB that can be perfectly distinguished with one-way LOCC, with |S| = d and dim(HA) ≤

dim(HB). If we define ΦQC to be the quantum-classical channel corresponding to Alice’s

optimal measurement, then there exists a d-dimensional correctable code C in HA ⊗HB for

the noise model E = ΦQC⊗idB, with the code space C = span{|ψi〉} generated by the elements

of S.

Proof. First we define the projection

PC :=
d∑
i=1

|ψi〉 〈ψi| .

29



With Vj =
√
mj |j〉 〈ϕj| as seen in equation (4.2.2), we have

V ∗i Vj = (
√
mi |i〉 〈ϕi|)∗

(√
mj |j〉 〈ϕj|

)
=
√
mimj |ϕ〉 〈i|j〉 〈ϕ|

= δi,j
√
mimj |ϕj〉 〈ϕj| ,

and hence we need to check that for each j, there are scalars λj such that,

PC (|ϕj〉 〈ϕj| ⊗ IB)PC = λjPC .

Since the measurement perfectly distinguishes the elements of S, for each j, the (unnormal-

ized) states

{
(
|ϕj〉 〈ϕj|A ⊗ IB

)
|ψi〉}i

are mutually orthogonal. Hence,

PC
(
|ϕj〉 〈ϕj|A ⊗ IB

)
PC =

d∑
i,k=1

|ψi〉 〈ψi|
(
|ϕj〉 〈ϕj|A ⊗ IB

)
|ψk〉 〈ψk| ,

=
d∑
i=1

|ψi〉 〈ψi|
(
|ϕj〉 〈ϕj|A ⊗ IB

)
|ψi〉 〈ψi| .

Notice that since the states in S are maximally entangled, and also with

a = dim(HA) ≤ dim(HB) ,
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it implies that each |ψi〉 = (I ⊗ Ui) |Φ〉 and UiU
∗
i = IA. Hence, we have that

PC
(
|ϕj〉 〈ϕj|A ⊗ IB

)
PC =

1

a
PC , (4.2.6)

where

〈ψi|
(
|ϕj〉 〈ϕj|A ⊗ IB

)
|ψi〉 =

1

a
, (4.2.7)

and it follows that C is correctable for E = ΦQC ⊗ idB.

To illustrate the above, we consider a very simple case of this result.

Example 4.2.1. Let HA = C2 = HB and let S = {|ψ0〉 , |ψ1〉} be the Bell basis states

|ψ0〉 =
1√
2

(|00〉+ |11〉)

|ψ1〉 =
1√
2

(|01〉+ |10〉) .

As seen from discussions from Example 3.1.1, the set S can be distinguished with one-way

LOCC measurement.

Now, meshing Example 4.2.1 with the proof of Theorem 4.2.1, we have s = 2 = r, |ϕ1〉 =

|0〉 , |ϕ2〉 = |1〉 , and V1 = |0〉 〈0| , V2 = |1〉 〈1| . The relevant two-qubit channel ΦQC ⊗ id2

in this case implements the von Neumann measurement with Kraus operators, {V ′j := Vj ⊗

I2}j=1,2 . The code space here is the single qubit subspace C = span{|ψ0〉 , |ψ1〉} , with PC =

|ψ0〉 〈ψ0|+ |ψ1〉 〈ψ1| , which is correctable for E = ΦQC ⊗ id2 with conditions:

PC (V ∗i Vj ⊗ I2)PC =
δi,j
2
PC .
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Observe the operators V ′j act as scalar multiples of unitaries with mutually orthogonal ranges

when restricted to C. Specifically, one can easily see that

V ′1C = (V1 ⊗ I2) C

= (|0〉 〈0| ⊗ I2) span{ 1√
2

(|00〉+ |11〉) , 1√
2

(|01〉+ |10〉)}

V ′1C = span{|00〉 , |01〉}

and

V ′2C = (V2 ⊗ I2) C

= (|1〉 〈1| ⊗ I2)
[

span{ 1√
2

(|00〉+ |11〉) , 1√
2

(|01〉+ |10〉)}
]

V ′2C = span{|10〉 , |11〉} .

The correction operation in this case can be seen from the standard error correction recovery

construction to be given by the channel

R(ρ) =
2∑

k=1

RkρR
∗
k ,

with Rk = W ∗
kPk and P1 = V ′1 = |0〉 〈0| ⊗ I2 , P2 = V ′2 = |1〉 〈1| ⊗ I2, Wk =

√
2Pk.

This is a good place to comment generally on how the recovery operation works in the error

correction protocols associated with the result in Theorem 4.2.1. Suppose that Alice and

Bob can distinguish the basis S = {(I ⊗Bi) |Φ〉} as described in the theorem. Since these

states are maximally entangled, the corresponding operators Bi are partial isometries from

HA into HB. Suppose Alice performs the measurement {√mj |j〉 〈ϕj|} where |ϕj〉 is the

entrywise complex conjugate of |ϕj〉 in the standard basis. If Alice gets the outcome j = x,

then the states of Bob’s system is Bi |ϕx〉 with the probability 1
a
, implying that the states
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{Bi |ϕx〉} are mutually orthogonal. This allows us to define a correction operator on Bob’s

system,

Rx =
∑
i

|ψi〉 〈ϕx|B∗i , (4.2.8)

with RxR
∗
x = PC for each x. We build the full correction channel,

R(τ) =
a∑

x=1

(〈a| ⊗Rx) τ (|x〉 ⊗R∗x) . (4.2.9)

Let

|ψ〉 =
∑
i

αi |ψi〉 (4.2.10)

be any element of C = span{|ψi〉} and ρ = |ψ〉 〈ψ|. Then we have

R ◦ (ΦQC ⊗ idB) (ρ) = R

(∑
j

(Vj ⊗ IB) ρ
(
V ∗j ⊗ IB

))
.

From equation (4.2.4),

R ◦ (ΦQC ⊗ idB) (ρ) = R

(∑
j

mj (|j〉 〈ϕj| ⊗ IB) ρ (|j〉 〈ϕj| ⊗ IB)∗
)
,

= R

(∑
j

mj (|j〉 〈ϕj| ⊗ IB) ρ (|ϕj〉 〈j| ⊗ IB)

)
.
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We note that from equation (4.2.10) we have

ρ = |ψ〉 〈ψ| =
∑
i,k

αiαk |ψi〉 〈ψk| . (4.2.11)

Hence,

R ◦ (ΦQC ⊗ idB) (ρ) = R

(∑
i,j,k

mjαiαk (|j〉 〈ϕj| ⊗ IB) (|ψi〉 〈ψk|) (|ϕj〉 〈j| ⊗ IB)

)
,

From equation (4.2.8) and equation (4.2.9), we have

R ◦ (ΦQC ⊗ idB) (ρ) =
∑
i,j,k,x

mjαiαk (〈x| ⊗Rx) (|j〉 〈ϕj| ⊗ IB) (|ψi〉 〈ψk|)

(|ϕj〉 〈j| ⊗ IB) (|x〉 ⊗R∗x) ,

=
∑
i,j,k,x,l

mjαiαk (〈x| ⊗ |ψl〉 〈ϕx|B∗l ) (|j〉 〈ϕj| ⊗ IB) (|ψi〉 〈ψk|) ,

=
∑
i,j,k,x,l

mjαiαk (〈x| ⊗ |ψl〉 〈ϕx|B∗l ) (|j〉 〈ϕj| ⊗ IB) (|ψi〉 〈ψk|)

(|ϕj〉 〈j| ⊗ IB) (|x〉 ⊗ |ϕx〉 〈ψl|Bl) ,

=
∑
i,j,k,x,l

mjαiαk (〈x|j〉〈ϕj| ⊗ |ψl〉 〈ϕx|B∗l ) (|ψi〉 〈ψk|)

(|ϕj〉 〈j|x〉 ⊗ |ϕx〉 〈ψl|Bl) .
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When x = j, we have

R ◦ (ΦQC ⊗ idB) (ρ) =
∑
i,k,x,l

mxαiαk (〈x|x〉〈ϕx| ⊗ |ψl〉 〈ϕx|B∗l ) (|ψi〉 〈ψk|)

(|ϕx〉 〈x|x〉 ⊗ |ϕx〉 〈ψl|Bl) ,

=
∑
i,k,x,l

mxαiαk (〈ϕx| ⊗ |ψl〉 〈ϕx|B∗l ) (|ψi〉 〈ψk|) (|ϕx〉 ⊗ |ϕx〉 〈ψl|Bl) .

Collecting x, l and i, k terms and using the fact that Bl is unitary, we have

R ◦ (ΦQC ⊗ idB) (ρ) =
∑
x,l

mx (〈ϕx| ⊗ |ψl〉 〈ϕx|B∗l Bl) (|ϕx〉 ⊗ |ϕx〉 〈ψl|)
∑
i,k

αiαk |ψi〉 〈ψk| ,

=
∑
x,l

mx (〈ϕx| ⊗ |ψl〉 〈ϕx|) (|ϕx〉 ⊗ |ϕx〉 〈ψl|)
∑
i,k

αiαk |ψi〉 〈ψk| ,

=
∑
x,l

mx 〈ϕx| (IB ⊗ |ψl〉 〈ψl|) |ϕx〉
∑
i,k

αiαk |ψi〉 〈ψk| ,

By equation (4.2.7), when x = l, we have,

R ◦ (ΦQC ⊗ idB) (ρ) =
1

a

∑
x,i,k

mxαiαk |ψi〉 〈ψk| = ρ .

Notice that the above equalities follow from the teleportation identity (|j〉 〈ϕj| ⊗ IA) |Φ〉 =

1√
a
|j〉 〈ϕi| and the mutual orthogonality of {Bi |ϕx〉}. This means that if Alice and Bob

share an unknown state in the code space C, they can use that LOCC protocol to teleport

Alice’s half of the system to Bob’s without requiring any additional entanglement.

The theorem that follows can be seen as a converse of Theorem 4.2.1

Theorem 4.2.2. Let Φ be a quantum channel on L(HA) with Kraus operators {Aj} such
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that each Aj is rank 1 and A∗jAi = 0 whenever i 6= j. If there exists a correctable code C in

HA ⊗ HB for the noise model E = Φ ⊗ idB, then any basis of C can be distinguished with

one-way LOCC starting with Alice applying the measurement {Aj}.

Proof. We can write Aj =
√
mj |j〉 〈ϕj|, since Aj is rank one and A∗jAi = 0 for i 6= j. Let C

be correctable for E , then from the error correction conditions, we have scalars λj such that

for every j

PC
(
A∗j ⊗ IB

)
(Aj ⊗ IB)PC = λjPC . (4.2.12)

If the sets of states S = {|ψi〉 = (I ⊗Mi) |Φ〉} is a basis for C, then this implies that for

every j and for i 6= k,

0 = 〈ψi|
(
A∗jAj ⊗ IB

)
|ψk〉 =

1

d
〈ϕj|M∗

iMk |ϕj〉 .

Suppose Alice and Bob’s system starts in one of the states in S, then when Alice measures

and gets the result j, Bob’s system will be in the unnormalized state Mi |ϕj〉 for some i. Since

these states are mutually orthogonal, Bob can determine the value of i with the standard

measurement.

Exploring the two proofs of Theorem 4.2.1 and Theorem 4.2.2 yields an interesting observa-

tion about one-way LOCC and maximally entangled states.

Corollary 4.2.1. Let S = {|ψi〉 = (I ⊗ Ui) |Φ〉} be a set of mutually orthogonal maximally

entangled states Ha ⊗Hb, with a ≤ b, and let C be the code space spanned by the {|ψi〉}.

If the elements of S can be perfectly distinguished with one-way LOCC, then any basis of C

can also be distinguished with one-way LOCC using the same initial measurement on Alice’s
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system; and for any |ψ〉 in C, we can teleport the joint state |ψ〉 to Bob’s system.

Corollary 4.2.1 gives a contrast to examples shown in [30, 31] of spaces for which no basis is

locally distinguishable. We will discuss this in more detail in a later section. Thus, we have

spaces for which any basis can be distinguished with one-way LOCC. Notice that Corollary

4.2.1 is a necessary condition for a set of maximally entangled states to be distinguished

with one-way LOCC.

The familiar example of quantum teleportation [4] can be seen as an illustration of the results

in this section.

Example 4.2.2. Let B = {|ψi,j〉 = (I ⊗X iZj) |Φ〉} be the generalized Bell basis for Cn⊗Cn,

If Alice and Bob share an unknown element in B plus an additional canonical maximally

entangled state |Φ〉 ⊗ B = {|Φ〉A1B1
⊗ |ψi,j〉A2B2

}. It is easy to show that if Alice measures

her bipartite system in the basis B, then Bob can complete the measurement and determine

the value of (i, j) . If we let C be the span of the elements in S, we get

PC = |Φ〉 〈Φ|A1B1
⊗ IA2B2 (4.2.13)

L(C) = |Φ〉 〈Φ| ⊗ L(HAB) . (4.2.14)

Then by Theorem 4.2.1, Alice’s measurement ΦQC is correctable on the entire code space;

there exists a correction operator R so that R ◦ (ΦQC ⊗ idB) (ρ) = ρ, for every ρ ∈ L(C) =

|Φ〉 〈Φ|⊗L(HAB) . Notice that this protocol is the familiar protocol for quantum teleportation.

Applying Theorem 4.2.2 to this protocol, we observe that, since we can teleport Alice’s half of

an unknown element of C with one-way LOCC, any orthogonal basis of C can be subsequently

distinguished with one-way LOCC by Bob.
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4.2.1 General correction algebras and one-way LOCC

applications

In this section, we consider a more general error correction context and its connection with

LOCC. We shall work within the general framework of operator algebra quantum error cor-

rection (OAQEC), which includes the Knill-Laflamme quantum error correction conditions

as a special case as seen from equations (4.1.1) and (4.2.5). We will also include classical and

hybrid classical-quantum error correction as special cases of distinguishability via one-way

LOCC.

From our above discussions so far, it is evident that quantum error correction and LOCC

are not equivalent theories in general. It is important to notice that the Knill-Laflamme

conditions are not sufficient for LOCC distinguishability purposes. That is, Bob does not

have access to the output of all of Alice’s classical information, just a single outcome. But

we notice that the conditions are seen to be too strong in their full generality. In quantum

state discrimination, our task is to identify sets of states S and not an entire subspace. We

say a set S is correctable if any element of S can be recovered with certainty. This leads to

the following result that follows on individual correctability for an error set E .

Proposition 4.2.1. Let C be a d-dimensional subspace of a Hilbert space H, and let

E(ρ) =
∑
i

AiρA
∗
i (4.2.15)

be a channel on H.

If C has a basis S = {|ψk〉} such that the sets of states of S is individually correctable for E,

then the set of operators

{PCA∗jAiPC}i,j (4.2.16)
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are mutually commuting. In particular, the dimension of the span of equation (4.2.16) is at

most d.

Conversely, if the operators in equation (4.2.16), {PCA∗jAiPC}i,j, are normal, non-zero and

mutually commuting, then there is a basis for C that is individually correctable for E.

Proof. The states of S being correctable for E is equivalent to the identities:

Tr (E (|ψk〉 〈ψk|) E (|ψl〉 〈ψ|l)) = 0 (4.2.17)

whenever k 6= l. From equation (4.2.15), we see that the output of the channel can be written

as a sum of positive semidefinite matrices and hence it is equivalent to the statement that

for every i, j and k 6= l,

0 = Tr (E (|ψk〉 〈ψk|) E (|ψl〉 〈ψ|l))

= Tr

(∑
j,i

Aj |ψk〉 〈ψk|A∗jAi |ψl〉 〈ψ|lA
∗
i

)
=

∑
j,i

Tr
(
Aj |ψk〉 〈ψk|A∗jAi |ψl〉 〈ψ|lA

∗
i

)
=

∑
j,i

|〈ψk|A∗jAi|ψl〉|2

Therefore,

0 = |〈ψk|A∗jAi|ψl〉|2 , (4.2.18)

which implies that for all i, j, the matrix representation for PCA
∗
iAjPC is diagonal in the

basis S when S is correctable for E .

Conversely, if the operators in equation (4.2.16) are normal and mutually commuting, then
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by the spectral theorem, they are simultaneously diagonalizable and so there is a basis S for

C and scalars λ
(i,j)
k such that

PCA
∗
jAiPC =

d∑
k=1

λ
(i,j)
k |ψk〉 〈ψk| . (4.2.19)

Thus, we can reverse the above argument to show that equations (4.2.17) and (4.2.18)

hold.

Next, we consider applications of this perspective. In the example of [31], it was shown

that any orthonormal basis of the orthogonal complement of a maximally entangled state in

two-qutrit space cannot be distinguished with just one-way LOCC but even with full LOCC

as well. We note that Watrous’ work in [31] was generalized in [30], in our work, we connect

their results to our current discussion and obtain new proof.

Corollary 4.2.2. [30] Let C be the orthogonal complement of a state |ψ〉 ∈ Cd ⊗ Cd. No

basis for C can be distinguished with one-way LOCC if the Schmidt rank of |ψ〉 is greater

than two.

Proof. Let P = I − |ψ〉 〈ψ| be the projection onto the space C. Suppose that C has a basis

of states that can be distinguished with one-way LOCC. Then, there exists a measurement

on Alice’s system, denoted by {mj |ϕj〉 〈ϕj|}rj=1 , such that the operators

{Qj := P (|ϕj〉 〈ϕj| ⊗ IB)P} ,

are mutually commuting and share a basis of eigenvectors. Note that all the Qj are diagonal

in the basis that can be distinguished with one-way LOCC. Now, suppose that |ψ〉 is not

a product state. Then for each j, (|ϕj〉 〈ϕj| ⊗ IB) |ψ〉 is not a non-zero multiple of |ψ〉.
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Without loss of generality, we assume that

(|ϕ1〉 〈ϕ1| ⊗ IB) |ψ〉 6= 0 .

Thus, there exists an eigenvector |φ〉 of Q1 such that 〈ψ|φ〉 = 0 , but

α1 := 〈ψ| (|ϕ1〉 〈ϕ1| ⊗ IB) |ψ〉 6= 0 .

If we write |φ〉 = (IA ⊗B) |Φ〉 and Qj |φ〉 = µj |φ〉 , we get

Q1 |φ〉 = (|ϕ〉 〈ϕ| ⊗ IB) |φ〉 − |ψ〉 〈ψ| (|ϕ1〉 〈ϕ1| ⊗ IB) |φ〉

µ1 |φ〉 = |ϕ1〉 ⊗B |ϕ1〉 − α1 |ψ〉 .

Observe that if |φ〉 is a product state, then |ψ〉 is a linear combination of the two product

states and has a Schmidt rank of at most 2. We note that α1 6= 0 for this case.

Suppose |φ〉 is not a product state, then for some x 6= 1, B |ϕx〉 6= 0 and B |ϕ1〉 and B |ϕx〉

are linearly independent. Using the same calculation as seen above, |ϕx〉 ⊗ B |ϕx〉 is in the

span of |ψ〉 and |φ〉. Therefore, we have that

span {|ϕ1〉 ⊗B |ϕ1〉 , |ϕx〉 ⊗B |ϕx〉} ⊆ span {|ψ〉 , |φ〉} .

We note that since the vectors on the left are linearly independent, the two spans are the

same and hence we have

|ψ〉 ∈ span {|ϕ1〉 ⊗B |ϕ1〉 , |ϕx〉 ⊗B |ϕx〉} .
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Therefore, |ψ〉 is a linear combination of two product states and has a Schmidt rank of at

most 2.

We see in Proposition 4.2.1 ways to find LOCC-distinguishable bases for a given subsystem.

In order to show the nonexistence of these bases, we first state King’s [32] conjecture.

Conjecture 4.2.1. [32] Let V be a three-dimensional subspace of C3 ⊗ Cn, with n ≥ 3.

Then there is an orthonormal basis of V which can be reliably distinguished using one-way

LOCC, where measurements are made first on C3, and the result used to select the optimal

measurement on Cn.

King concludes that every three-dimensional subspace of C3 ⊗ Cn, with n ≥ 3 has a basis

that can be distinguished with one-way LOCC if we first measure on Alice’s C3 part of the

system. He also observes that if we start the measurement on Cn, we see that for n ≥ 5,

many of the three-dimensional subspace of C3⊗Cn have no basis which can be distinguished

with one-way LOCC.

We now restate Conjecture 4.2.1 in our operator algebra language.

Conjecture 4.2.2. Let P be a projection onto the three -dimensional subspace of C3 ⊗ Cn

with n ≥ 3. Then there exist orthogonal states |ϕ1〉 and |ϕ2〉 in C3 such that

P (|ϕ1〉 〈ϕ1| ⊗ In)P (4.2.20)

and

P (|ϕ2〉 〈ϕ2| ⊗ In)P (4.2.21)

commute.

The equivalence of Conjecture 4.2.1 and Conjecture 4.2.2 follows immediately from the fact
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that the two operators in equations (4.2.20) and (4.2.21) commute with each other and also

commute with P (|ϕ3〉 〈ϕ3| ⊗ In)P if
∑

i |ϕi〉 〈ϕi| = I3 .

We use our result to establish a sufficient condition for the existence of basis that can be

distinguished with one-way LOCC. To do this, consider the subspace X : span {B∗iBj}3i,j=1

and the associated map Ψ : M3 7→ M3 defined by

Ψ(τ) =
∑
i,j

|i〉 〈Φi| (τ ⊗ I) |Φj〉 〈j| =
1

3

∑
i,j

|i〉 〈j|Tr(τT )B∗iBj . (4.2.22)

where τT is the transpose of τ . If Ψ is trace-preserving, then the map is a complementary

channel of CP map [33, 34] of the form

Φ(τ) =
1

3

∑
i

BiτB
∗
i ,

in this case the set X is a non-commutative graph associated with the channel Φ as discussed

in [35]. In general, Ψ is not a channel but the connections with complementary channels and

the non-commutative graphs make it relevant to mention.

Also, it was shown in [10] that the operator system C0 generated by {B∗iBj : i 6= j} establish

a necessary and sufficient condition for one-way LOCC state discrimination of a particular

basis in the code space C. We will see more details of these results expanded in the next

section. Observe that whenever X contains the identity, C0 ⊂ X . We use the subspace X

to prove the following conditions:

Proposition 4.2.2. Let C be a three-dimensional subspace of C3⊗Cn spanned by the orthog-

onal basis {(I ⊗Bi) |Φ〉}3i=1, and consider the set X = span
(
{B∗iBj}3i,j=1

)
. If X is a proper

subspace of the 3× 3 matrices M3, then there exists a basis of C that is distinguishable with

one-way LOCC; and this basis may be easily computed.
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Proof. Let X be a proper subspace of M3, then there exists non-zero matrix M with

Tr
(
MTB∗iBj

)
= 0 for all i, j. We note that if such an M exists, it is easily computed

and hence Ψ(M) = 0.

Notice that

TrΨ(M) =
1

3

∑
i

Tr(τT )B∗iBi = 0

implies that M has both negative and positive eigenvalues. Without loss of generality we

write

M =
2∑
i=0

λi |ψi〉 〈ψi|

with λ0 < 0 ≤ λ1 ≤ λ2. Since Ψ is unital

I = Ψ(I) =
∑
i

Ψ (|ψi〉 〈ψi|)

= Ψ (|ψ1〉 〈ψ1|)
(

1− λ1
λ0

)
+ Ψ (|ψ2〉 〈ψ2|)

(
1− λ2

λ0

)
.

Since
(

1− λi
λ0

)
≥ 1 > 0, this implies that Ψ (|ψ1〉 〈ψ1|) and Ψ (|ψ2〉 〈ψ2|) commute and hence

if Alice measures in the basis {|ψi〉}, then the basis in C corresponding to the eigenbasis of

{Ψ (|ψi〉 〈ψi|)} can be distinguished.

We now apply Proposition 4.2.1 to the example that follows.

Example 4.2.3. Let C be the span of the following states in C3⊗C3, where ω = e
2πik
3 is the

primitive cube root of unity,

|Φ1〉 =
1√
3

(|00〉+ |11〉+ |22〉)

|Φ2〉 =
1√
3

(
|00〉+ ω |11〉+ ω2 |22〉

)
|Φ3〉 =

1√
2

(|10〉 − |01〉)
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Notice that, for this case, dim(X ) = 7 and a solution with Ψ(M) = 0 is

M =


0 0 1

0 0 0

1 0 0

 ,

which has eigenvectors

{|ϕi〉} =

{(
1 0 1

)T
,

(
1 0 −1

)T
,

(
0 1 0

)T}
.

Hence, the common eigenbasis for Ψ(|ϕi〉 〈ϕi|) in this case is

{(
1 ω2 0

)T
,

(
1 −ω2 0

)T
,

(
0 0 1

)T}
,

indicating that if Alice measures in the basis {|ϕi〉}, we can distinguish the basis given by

{|Φ′i〉} with

|Φ′1〉 =
1√
6

(|Φ1〉+ ω |Φ2〉) =
1√
2

(
−ω |00〉+ 2 |11〉 − ω2 |22〉

)
,

|Φ′2〉 =
1√
6

(
|Φ1〉 − ω2 |Φ2〉

)
=

√
3

2

(
e
πi
6 |00〉+ e

−πi
6 |22〉

)
,

|Φ′3〉 =
1√
2

(|10〉 − |01〉) .

The flexibility in Example 4.2.3 leads to the result that follows.

Corollary 4.2.3. Let C be a 3-dimensional subspace of C3⊗Cn that contains two orthogonal

maximally entangled states. Then C has a basis that can be distinguished with one-way LOCC.

Corollary 4.2.3 follows from the fact that if B1 and B2 are both maximally entangled, then

B∗1B1 = B∗2B2 = I. This means the dimX < 9 and thus allowing us to use Proposition
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4.2.2.

From Proposition 4.2.1, to say that they commute implies that the operators contain a

commutative algebra of simultaneously diagonalizable matrices. One question one might

ask is, what happens if these operators lie in a general algebra? Recall from the preliminary

chapter that Md for the algebra is the set of complex matrices of dimension d.

Proposition 4.2.3. Let S = {ρ1, · · · , ρn} be orthogonal (possibly mixed) states in the finite

dimensional Hilbert space H, and let C be the orthogonal direct sum of their supports, so that

dim C =
∑n

i=1 di with the rank of di = rank(ρi) . Let E be a channel on H.

Suppose there exists a correction operation R such that R ◦ E(ρi) = ρi , for all i. Then for

any Kraus representation of E as E(ρ) =
∑

iAiρA
∗
i , the set of matrices {PCA∗jAiPC}i,j is

contained in an algebra A that is unitarily equivalent to an orthogonal algebra direct sum

A ∼= ⊕iMdi .

Conversly, if the set {PCA∗jAiPC}i,j is contained in the algebra A ∼= ⊕iMdi, then we can find

subspaces Ci such that dim Ci = di and C = ⊕iCi , and the sets of states S = {ρ1, · · · , ρn} can

be corrected whenever the support ρi is contained in the Ci.

Proof. Assume the map E is correctable on the state {ρi}. Then the states {E(ρi)} are

mutually orthogonal. Thus, for each i, let Ci be the support of ρi, and so the algebra of

operators with support on Ci is unitarily equivalent toMdi . Since the Tr (ρiρj) = 0, we have

Ci
⋂
Cj = {0} whenever i 6= j. If C is the support of the whole set of ρi, then C = ⊕ni=1Ci .

Writing PC as the projection on C, perfect correctability means that Tr (E(ρi)E(ρj)) = 0 ,
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which implies that for |ψi〉 ∈ Ci and |ψj〉 ∈ Cj,

0 = Tr (E(|ψi〉 〈ψi|)E(|ψj〉 〈ψj|))

=
∑
k,l

Tr (Ak |ψi〉 〈ψi|)A∗kAl |ψj〉 〈ψj|A∗l )

=
∑
k,l

| 〈ψi|A∗kAl |ψj〉 |2

wherever i 6= j. This implies that each term in the above sum equal to zero for any Kraus

representation of E . Hence, it follows that the matrix representations for all the operators

PCA
∗
kAlPC are block diagonal with respect to the decomposition of C = ⊕iCi.

We prove the converse by reversing the above calculation.

To apply the result above to one-way LOCC we begin with the following identity.

Lemma 4.2.1. Let H = Cd ⊗ Cd and let T = (|Φ〉 〈Φ|)PT be the partial transpose of the

standard maximally entangled states on H. Then for any state σ on Cd we have,

d2T (σ ⊗ I)T = I ⊗ σ .

Proof. By direct calculation, we have that

d2T (σ ⊗ I)T =
∑
i,j,k,l

|i〉 〈j|σ |k〉 〈l| ⊗ |j〉 〈i| I |l〉 〈k| ,

=
∑
i,j,k

|i〉 〈i| ⊗ |j〉 〈j|σ |k〉 〈k| , for i = l

d2T (σ ⊗ I)T = I ⊗ σ .

Next, we give an example to illustrate Lemma 4.2.1.
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Example 4.2.4. Let H = Cd ⊗ Cd. The space of operators can be written as a direct sum

of symmetric and antisymmetric parts. Let PC = IH =
∏

s⊕
∏

t , where
∏

s and
∏

t project

onto the symmetric and antisymmetric subspaces. It is well known in [6, 36] that

2

d(d+ 1)

∏
s

and
2

d(d− 1)

∏
t

cannot be distinguished with positive partial transpose (PPT) measurements.

Let ρ1 and ρ2 be full rank symmetric and antisymmetric states respectively. That is,
∏

s ρ1 =

ρ1 and
∏

t ρ2 = ρ2 ,

rank(ρ1) =
d(d+ 1)

2
and rank(ρ2) =

d(d− 1)

2
.

Note that
∏

s and
∏

t are projections onto the support of ρ1 and ρ2. As the application of

Proposition 4.2.3, we can show that the states cannot be distinguished with one-way LOCC.

From the above, we write T = (|Φ〉 〈Φ|)PT to mean that
∏

s = I+dT
2

and
∏

t = I−dT
2

.

Alice’s measurement can be represented as a channel E with Kraus operators {Aj = σj ⊗ I}.

A necessary condition for one-way LOCC distinguishability of ρ1 and ρ2 is that the sum of

the off-diagonal entries is zero.

0 =
∏
s

(σj ⊗ I)
∏
t

+
∏
t

(σj ⊗ I)
∏
s

= (I + dT )(σj ⊗ I)(I − dT ) + (I − dT )(σj ⊗ I)(I + dT )

= (σj ⊗ I) + d2T (σj ⊗ I)T

= σj ⊗ I + I ⊗ σj

For any state σ, this necessary condition is clearly not met, hence one-way LOCC is not
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possible.

Remark 4.2.1. From above, the error correction results in this section, though obtained with

applications to LOCC as a primary motivation here, may nevertheless also be viewed with

the operator algebra quantum error correction (OAQEC) framework as distinguished special

cases. Indeed, from the operator algebra perspective Proposition 4.2.1 may be viewed as

the case in which the correctable algebra is commutative (finite-dimensional) von Neumann

algebras. Furthermore, Proposition 4.2.3 corresponds to the case in which the correctable

algebras are direct sums of full matrix algebras. Notice that the paper from [37, 38, 39] and

references therein gives an entrance point into related literature on quantum error correction.

4.3 Stabilizer formalism and one-way LOCC

The notion of stabilizer formalism was built on the standard Bell state

|ψ0〉 = 1√
2

(|00〉+ |11〉) . The Bell state satisfies the identitiesX1X2 |ψ0〉 = |ψ0〉 and Z1Z2 |ψ0〉 =

|ψ0〉 , where X1 and X2 are the first and second qubit bit flip (Pauli X) operators respectively

and Z1 and Z2 are the phase flip (Pauli Z) operators acting on the first and second qubit

respectively. We say that the state |ψ0〉 is stabilized by the operators X1X2 and Z1Z2. Note

that the basic idea of stabilizer formalism is that many quantum states can be described by

the operators that stabilizes them. Thus, one gets to work explicitly with the operators than

with the states itself. It is important to mention that quantum errors on the qubits can all

be described by using stabilizer formalism.

In the stabilizer formalism, the principal group of interest is the Pauli group denoted by Pn

from equation (2.1.9). We will use the notation S to represent a subset of a group G and 〈S〉

the subgroup of G generated by S. In this section, we expand the approach to sets of states

that arise in the central quantum error correction settings of stabilizer formalism [26, 15].
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We begin by making an improvement to Theorem 3.1.2 in Chapter 3. We recall from Chapter

3 that the operator system is self-adjoint subspace which contains the identity operator and

the operator algebra A has a separating vector if A |ψ〉 = 0 if and only if A ∈ A is the zero

matrix. We have also seen from the representation theory of the von Neumann algebra in

Chapter 2 that a subalgebra of a C∗-algebra A is unitary equivalent to an algebra A for

which there exist positive integers mk and nk such that A = ⊕k (Mmk ⊗ Ink) . Now we state

the improved result of Theorem 3.1.2.

Theorem 4.3.1. Suppose that the operator system C0 = span{B∗iBj, I}i 6=j is closed under

multiplication and hence a C∗-algebra. Then S = {(I ⊗Bi) |Φ〉} can be distinguished by

one-way LOCC if and only if C0 has separating vector.

Proof. Suppose C0 has a separating vector. Then by Proposition 3.1.2, we can find a unitary

U such that UC0U
∗ is a C∗-algebra of matrices with constant diagonal. This implies that

Theorem 3.1.1 from Chapter 3 is satisfied and hence S is one-way LOCC distinguishable.

The converse follows from the discussion of Proposition 3.1.2.

Remark 4.3.1. Note that there exist positive integers mk, nk such that the algebra A is

unitary equivalent such that A = Alg(C0) ∼= ⊗k (Mmk ⊗ Ink) and by Theorem 4.2.2, A has

a separating vector if and only if nk ≥ mk for all k. This leads to a road map of sets of

indistinguishable states. Thus, we look for set {Bi} such that C0 = A and mk > nk for some

k.

Therefore, we are led to consider sets of unitaries {Bi}, such that the set is closed under

multiplication, taking adjoints, and taking inverses up to scalar multiple. Recall, also that

since S = {(I ⊗Bi) |Φ〉}, where |Φ〉 is the standard maximally entangled state in Cd ⊗ Cd,

then each of the Bi is unitary.

We show how Theorem 4.3.1 gives an alternative proof of the result on the sets of states
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that have a simultaneous Schmidt decomposition in [10]. We first define the simultaneous

Schmidt decomposition

Definition 4.3.1 (Simultaneous Schmidt Decomposition). Let S = {(I ⊗Mi) |Φ〉}i in Cd⊗

Cd. We say the set S has a simultaneous Schmidt decomposition if there exists unitary

matrices U and V and a set of complex diagonal matrices Di such that Mi = UDiV .

Corollary 4.3.1 ([10], Proposition 3). Any set of orthonormal states

S = {(I ⊗Bk) |Φ〉}nk=1 which have a simultaneous Schmidt decomposition are distinguishable

with one-way LOCC.

Proof. We may assume without loss of generality that S = {(I ⊗Bk) |Φ〉}nk=1 is a maximal

set of orthonormal stated which have a simultaneous Schmidt decomposition. Therefore, we

can find unitaries U and V , and complex diagonal Dk such that for each k, Bk = UDkV .

Then the operator system C0 = span{B∗iBj, I}i 6=j = V ∗ 4 V , where 4 is the algebra of

diagonal matrices. Clearly, since V ∗ 4 V has a separating vector, it follows from Theorem

4.3.1 that the sets of states S is one-way LOCC distinguishable.

We next state a basic result on maximal abelian subgroups of the Pauli group. Recall that

the Clifford group is defined to be the subgroup of the n-qubit Unitary group which consists

of all elements which normalize the Pauli subgroup

Lemma 4.3.1 ([40], Lemma 2.4 ). Let G be a subgroup of Pn and let S0 be the minimal

generating set for a maximal abelian subgroup of S of G, where S0 = {g1, · · · , gm}. Then,

we can find a unitary U in the Clifford group such that U∗gjU = Zj, 1 ≤ j ≤ m.

Next, we prove our main result for this section.

Theorem 4.1. Let {Bi} be a complete set of 4k encoded logical Pauli operators for a stabi-

lizer k-qubit code on the n-qubit Hilbert space. Then the sets of states S = {(I ⊗Bi) |Φ〉}
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is distinguishable by one-way LOCC if and only if k ≤ n
2
.

Proof. Using Lemma 4.3.1, it suffices to prove the result for the canonical case: we have that

4k elements set of n-qubit Pauli operators Pn,k = 〈Xj, Zj : 1 ≤ j ≤ k〉/{±iI}, which form a

complete set of encoded operations for the code C = span{|i1 · · · ik0 · · · 0〉 : ij = 0, 1} ⊆ C2n

and the stabilizer subspace for the code is generated by {Zk+1, · · · , Zn}.

Notice here that C0 := span(Pn,k) = Alg(Pn,k) = M2k ⊗ I2n−k . Therefore, from Theorem

4.3.1, the sets of states S are distinguishable by one-way LOCC if and only if C0 has a

separating vector, if and only if 2k ≤ 2n−k, in other words 2k ≤ n, as required.

Remark 4.3.2. Since the sets of states in Theorem 4.1 are maximally entangled, Theorem

4.1 gives a bound for which more than d maximally entangled states in Cd ⊗ Cd cannot be

distinguished with one-way LOCC [41, 11]. We see in this example that the dimension is

d = 2n ≥ 4k when k ≤ n
2
. Notice that the converse that one-way LOCC is possible becomes

significant when k ≤ n
2
. As shown in [8], there exists subset of Pn of size less than 2n that are

not distinguishable even with positive partial transpose operation and hence not with one-way

LOCC.
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Chapter 5

Examples of indistinguishable sets of

states via one-way LOCC

Lattice states are an important class of quantum states that naturally generalizes the fun-

damental set of Bell states. In this chapter, we will apply recent results discussed from

quantum error correction and from one-way LOCC theory with its operator relations to

build small sets of lattice states that are one-way LOCC indistinguishable. We will extend

our construction to the generalized Pauli states and compare the construction with other

recent work. The content of this chapter has been published in [2].

5.1 Lattice States

We first describe lattice states and recall the required notations from operator systems and

operator algebra theory. We have also seen that Bell states are naturally identified with the

Pauli matrices by |ψi〉 = (I ⊗ σi) |Φ〉 , where σi are the Pauli matrices.
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The Bell states generalize the lattice states as follows.

Definition 5.1.1. For n ≥ 1, the class of lattice states Ln are given by n-tensor of the Bell

states;

Ln = {|ψi〉 : i ∈ {0, 1, 2, 3}}⊗n ⊆ C2n ⊗ C2n . (5.1.1)

Notice that states in Ln are identified with the elements of the set of tensor products of

Pauli matrices, Pn = {⊗nk=1σik} via an extension of the Bell states identification defined in

equation (2.1.13). Using our previous set up, if we let Alice control the first qubit and Bob

controls the second qubit, then the elements in Ln are maximally entangled states between

two d-dimensional (n-qubit ) quantum systems. Thus, one party controls d = 2n.

It is important to notice that lattice states can be seen as one of the generalizations of

Bell states that have been studied previously in the context of LOCC and Positive Partial

Transpose (PPT) measurements. For example in [8, 14], it was shown that a set of four

states in L2 cannot be distinguished with any local measurements.

The construction of the characterization of one-way LOCC in [12] and properties of operator

structures studied in [16, 24, 42], motivated the main result from the recent works of [10, 1]

which exhibit the connection between one-way LOCC distinguishability and its operator

relations. We have seen that the necessary existence of the so-called ‘separating vector’

connects one-way LOCC distinguishability to its operator structures.

5.2 Construction of relatively small sets of states via

one-way LOCC

We have seen from Chapter 4 (work contained in [1]) the study of operator systems to

problems of identifying sets of bipartite states which cannot be distinguished with one-way

54



LOCC. We recall the result from Theorem 3.1.2 in Chapter 3 whose extended result was

derived and proved in Chapter 4 as Theorem 4.3.1.

To see how this result might lend itself to potential application of sets of lattice states, first

notice that Ui in Theorem 3.1.2 could be taken as elements Pn = {⊗nk=1σik} with its nice

multiplicative properties. Next, we construct examples of a small sets of states that cannot

be distinguished with one-way LOCC.

Example 5.2.1. Consider the lattice state L3 = {|ψi〉⊗ |ψj〉⊗ |ψk〉 : i, j, k ∈ {0, 1, 2, 3}} ⊆

C8 ⊗ C8, which lie in bipartite 3-qubit Hilbert space. The elements in L3 correspond to

{σi⊗ σj ⊗ σk} which forms a multiplicative group of order 64. These commute up to modulo

a scalar multiple and each element has order 2, so the group is isomorphic to (Z2)
6.

The set of matrices corresponding to the set of six specific lattice states is as follows:

S = {I⊗3, Z ⊗ I ⊗ I, I ⊗ Z ⊗ I, I ⊗ I ⊗ Z,X ⊗X ⊗X, Y ⊗ Y ⊗ Y } .

Let A be the algebra generated by the elements of S. The algebra A has dimension 16,

which is bigger than d = 8, so A has no separating vector. Note that the operator system of

interest C is contained in A and for each pair {i, j}, the product U∗i Uj ∈ C ⊂ A. For i 6= j,

these pairwise products are all distinct, implying that C = 1+
(|S|

2

)
= 16. This implies that

C = A, and C is an algebra that has no separating vector. From Theorem 3.1.2 , we know

that it is not possible to distinguish the corresponding quantum states with one-way LOCC.

Next, we generalize this construction to create families of small sets of states that cannot be

distinguished with one-way LOCC.

Theorem 5.2.1. For every n > 1 and d = 2n, there exists sets of m lattice states in Cd⊗Cd
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that are not distinguishable with one-way LOCC, where

m =


2
√

2d− 1 if n is odd

3
√
d− 1 if n is even

(5.2.1)

Proof. The lattice states Ln, where d = 2n, are in one-to-one correspondence with the n-

tensor product Pauli matrices Pn = {⊗nk=1σik}. This set has cardinality 4n, and under the

usual multiplication modulo scalar matrices. The equation (5.2.1) is isomorphic to the direct

product group (Z2)
2n, where Z2 is the additive group {0, 1} modulo 2.

Let S0 be any subset of Pn of size (n+ 1) such that the algebra A generated by the elements

of S0 has dimension 2n+1 as a linear space. We split S0 into two disjoint sets S1 and S2 of

size k and (n + 1 − k). Let Gi be the multiplicative subgroup of Pn generated by Si, for

i = 1, 2; and let G be the group G = G1G2
∼= (Z2)

n+1 . Then A is also an algebra generated

by the element of G.

Now, we consider our subgroups G1 and G2 such that S = G1 ∪ G2. Every element in G

can be written as a product of two elements in S, which implies that the smallest operator

system containing {U1, U2 ∈ S} is actually just A. Since the dimension of A satisfies

dim(A) = 2n+1 > d , the algebra A has no separating vector, which implies that the lattice

states {(I ⊗ U) |Φ〉 : U ∈ S} are not distinguishable with one-way LOCC.

Notice that the size of S is |S| = |G1| + |G2| − 1 = 2k + 2n+1−k − 1, since they contain no

overlap except the identity. We can minimize the size of S when k = n+1
2

or n
2
, depending

on the parity of n, and the result follows.

We next give an example to illustrate the result in Theorem 5.2.1.

56



Example 5.2.2. For a general example in Ln, we can set

S1 = {I⊗i ⊗ Z ⊗ In−i−1}k−1i=0

S2 = {I⊗i ⊗ Z ⊗ In−i−1}n−1i=k ∪ {X
⊗n} .

Note that the algebra generated by S1 has dimension 2k, S2 is 2n+1−k and the algebra generated

by the union of S1 and S2 is 2n+1. This gives us the set

S =
(
{I, Z}⊗k ⊗ I⊗(n−k)

)
∪
(
I⊗k ⊗ {I, Z}⊗n−k

)
∪
(
X⊗k ⊗ {X, Y }⊗n−k

)
,

with |S| = 2k+2n−k+1−1, which is minimized when k = bn
2
+1c and |S| ∈ {2

√
2d−1, 3

√
d−1}.

Remark 5.2.1. Note that Example 5.2.2 is minimal in the sense that its m states are not

distinguishable with one-way LOCC but that we can perfectly distinguish (m − 1) of them.

If Alice and Bob measures each of their qubits in the eigenbasis of Y = σ2, then they can

perfectly distinguish the state S except for Z⊗k⊗ I⊗n+1−k and Xk⊗ Y ⊗n+1−k which will give

the same outcomes. That is, removing either state from S gives a set of (m− 1) states that

can be perfectly distinguished with one-way LOCC.

5.2.1 Extension to the generalized Pauli states

In this section, we extend the construction to the class of generalized d × d Pauli matrices

given by

X =
d−1∑
i=0

|i+ 1〉 〈i| and Z =
d−1∑
i=0

ωi |i〉 〈i| ,

where ω is a primitive dth root of unity and |d〉 ≡ |0〉 in X. A comparable result from

literature is the result in [43], which shows a construction for d ≥ 4 orthogonal set of

generalized Pauli matrices with d3
√
de−1 maximally entangled states in Cd⊗Cd is one-way
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LOCC indistinguishable. The size of this set of maximally entangled states matches with the

construction of our set in Theorem 5.2.1 when d is a power of 4. Note that, the construction

in [43] is purely computational. Our construction explores and give additional insight to

exactly why such states are one-way LOCC indistinguishable.

Theorem 5.2.2. For every d ≥ 2, there exists sets of m generalized Pauli states in Cd⊗Cd

that are not distinguishable with one-way LOCC, where

m = 4
⌈√d

2

⌉
− 1

Proof. For any fixed k, l, we can define the following subsets of generalized Pauli matrices:

S1 = {I,X,X2, X3, · · · , Xk−1}

S2 = {I,Xk, X2k, X3k, · · · , X(l−1)k}

S3 = S2Z = {Z,XkZ,X2kZ,X3kZ, · · · , X(l−1)kZ} .

We claim that the sets of states S = S1∪S2∪S3 cannot be distinguished with one-way LOCC

if kl ≥ d . As seen from previous construction, we are interested in the operator system that

contains pairwise products in S as well as any algebra contained in it. We define R to be a

linear span of products {U∗i Uj : Ui ∈ S1, Uj ∈ S2}.

Note that, if kl ≥ d, then R is a set of linear combination of powers of X, which is the

d-dimensional algebra of matrices that are diagonal in the eigenbasis of X. In this case,

C := span{U∗i Uj : Ui, Uj ∈ S}

= span{RZj : R ∈ R, j ∈ {−1, 0, 1}} .
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As stated, R is set of linear combinations of powers of X. Let |ϕ0〉 and |ϕ1〉 be the eigen-

vectors of X with eigenvalues 1 and ω, respectively. Then

|ϕ0〉 |ϕ0〉 =
1

d

d−1∑
k=0

Xk and |ϕ1〉 |ϕ1〉 =
1

d

d−1∑
k=0

ω−kXk ,

both belong to R. Notice that Z |ϕ0〉 = |ϕ1〉, we have |ϕ0〉 |ϕ1〉 ∈ RZ and |ϕ1〉 〈ϕ0| ∈ RZ∗

This means that

A = span{|ϕ0〉 〈ϕ0| , |ϕ1〉 〈ϕ0| , |ϕ0〉 〈ϕ1| , |ϕ1〉 〈ϕ1|} ⊆ C ,

and A is an algebra that is isomorphic to M2, which has no separating vector. Since it is a

subset of C, using Theorem 3.1.1 from Chapter 3, we see that the sets of states cannot be

distinguished with one-way LOCC.

The size of the set S is given by m = k + 2l − 1. The example in [43] used k = l = d
√
de,

giving m = 3d
√
de−1. We can make m smaller by minimizing the quantity k+ 2l subject to

kl ≥ d. The absolute minimum value varies a little since k and l must be integers, but it will

always suffice to set l =
⌈√

d
2

⌉
and k = 2l. This gives the desired value m = 4

⌈√
d
2

⌉
− 1

Remark 5.2.2. Note that when d = 2n for an odd value n, then m = 4
√

2n

2
−1 = 2

√
2d−1,

matching the size in Theorem 5.2.1.

Remark 5.2.3. A final observation is that in the case that d is even, if we keep S1 and S2

in the example but set S3 = S2Z
d
2 , then C is a 2d-dimensional algebra, which automatically

has no separating vector and hence S is not distinguishable with one-way LOCC.
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Chapter 6

Graph-theoretic approach for product

state distinguishability via one-way

LOCC

In this chapter, we will discuss the recent applications of graph-theoretic techniques, in-

cluding orthogonal vector representations of graphs to study distinguishing sets of quantum

states by one-way LOCC. We establish the connection between the graph representations

and distinguishing sets of states via one-way LOCC. We begin with basic definitions and

notations in graph theory that will be needed in understanding this chapter. The type of

graphs we focus on are simple graphs.
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6.1 Preliminaries

Definition 6.1.1 (Simple graphs). A simple graph G = (V,E) with vertex set V and edge

set E is a graph with no loops and no multiple edges.

We say the vertices v, w ∈ V are adjacent to each other denoted by v ∼ w if the edge

{v, w} ∈ E. We next define a subgraph of the graph G = (V,E).

Definition 6.1.2 (Subgraph of G = (V,E)). The graph G′ = (V ′, E ′) is a subgraph of

G = (V,E), written as G′ ≤ G, if V ′ ⊆ V and E ′ ⊆ E, with v, w ∈ V ′ whenever {v, w} ∈ E ′.

For a subset of vertices V ′ ⊂ V , G′ = (V ′, E ′) is the induced subgraph of G = (V,E) on

V ′ when E ′ = {{v, w} ∈ E : v, w ∈ V ′}. Next, we define the complement of the graph

G = (V,E).

Definition 6.1.3 (Complement of G = (V,E)). The complement of the graph G = (V,E)

denoted by G = (V,E), where E consists of all two element sets from V that are not in E.

Definition 6.1.4 (Orthogonal Representation of G = (V,E)). Given a graph G = (V,E), a

function φ : V → Cd\{0} is an orthogonal representation of G if for all vertices vi 6= vj ∈ V

vi � vj ⇐⇒ 〈φ(vi)|φ(vj)〉 = 0 . (6.1.1)

We now introduce the graph perspective to the setting of LOCC through orthogonal rep-

resentations. Notice that Alice’s component of the state represents the vertices of Alice’s

graph, likewise, the component of Bob’s sets of states represents the vertices of Bob’s graph.

The sets of states we will focus on in our work is the set of product states.

Definition 6.1.5. Suppose we are given a set of product states {
∣∣ψAk 〉⊗∣∣ψBk 〉}rk=1 on HA⊗HB.

The graph of these states from Alice’s perspective is the unique graph GA with vertex set
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V = {1, 2, · · · , r} such that the map k 7→
∣∣ψAk 〉 is an orthogonal representation of GA.

Likewise the graph of the states from Bob’s perspective is the graph GB with the vertex set

V such that k 7→
∣∣ψBk 〉 is an orthogonal representation of GB.

We consider an example, which also analyzes from one-way LOCC perspective. We will

always use the standard notation {|0〉 , |1〉 , · · · , |d− 1〉} for a fixed orthonormal basis in Cd.

Example 6.1.1. Consider the following set of unnormalized states in HA ⊗HB = C4 ⊗ C3

|ψ1〉 = |0〉 ⊗ (|0〉+ |2〉)

|ψ2〉 = (|0〉+ |1〉)⊗ |1〉

|ψ3〉 = (|1〉+ |2〉)⊗ |2〉

|ψ4〉 = (|2〉+ |3〉)⊗ (|0〉 − |1〉)

|ψ5〉 = |3〉 ⊗ (|0〉+ |1〉+ |2〉)

We can see from the above that Alice’s vectors {|0〉 , |0〉 + |1〉 , |1〉 + |2〉 , |2〉 + |3〉 , |3〉} are

orthogonal representation of the graph GA = P5 ∈ C4. The set of Bob’s vectors is an

orthogonal representation of the ‘house’ graph GB = P5 in C3 with
∣∣ψB1 〉 = |0〉+ |2〉 ,

∣∣ψB2 〉 =

|1〉 ,
∣∣ψB3 〉 = |2〉 ,

∣∣ψB4 〉 = |0〉 − |1〉 ,
∣∣ψB5 〉 = |0〉+ |1〉+ |2〉 as shown in Figure 6.1
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|ψB1 〉

|ψB2 〉

|ψB3 〉

|ψB4 〉

|ψB5 〉

Figure 6.1: Complement of P5, represented in C3 in Example 6.1.1.

We can see that if we allow Alice to go first and measure in the standard basis given by

{|0〉 , |1〉 , |2〉 , |3〉}, then for each of her possible measurement outcomes, Bob is always left

with the remaining possibilities which are also orthogonal in Bob’s subsystem. Thus, in

general, in order to distinguish our sets of states with one-way LOCC, every measurement

outcome of Alice needs to eliminate possibilities so that the remaining possible states are

mutually orthogonal on Bob’s side. For instance, in our Example 6.1.1, if Alice measures

first and gets a measurement outcome of |0〉, she eliminates all possibilities and Bob is only

left with {|0〉+ |2〉 , |1〉}, which are mutually orthogonal.

6.2 Clique covers and one-way LOCC

distinguishability

In this section, we will categorize distinguishing sets of states via one-way LOCC and its

graphs using the notion of clique covers.

Definition 6.2.1. A set of graphs {Gi = (Vi, Ei)} covers G = (V,E) if V =
⋃
i Vi and
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E =
⋃
iEi. A collection of the graphs {Gi} is a clique cover for G if {Gi} covers G and

each Gi is a complete graph (clique). The clique cover number cc(G) is the smallest possible

number of subgraphs contained in a clique cover of G.

From our Example 6.1.1, the clique cover of P5 is a three-cycle and three individual edges.

Therefore the clique cover number cc(P5) = cc(P5) = 4.

We now state our first result which shows that a set of product states can be distinguished

with one-way LOCC precisely when there is a clique cover with nice properties.

Theorem 6.2.1. Given a set of product states in HA⊗HB, let GA and GB be the graphs of

the states from Alice and Bob’s perspectives, respectively. Let φ : VA 7→ HA be the association

of vertices with Alice’s states and assume that the set {φ(v) : v ∈ V } spans HA. Then the

states are distinguishable with one-way LOCC with Alice measuring first if and only if there

exists,

1. a graph G satisfying GA ≤ G ≤ GB,

2. a clique cover {Vj}kj=1 of G, and,

3. a direct sum decomposition HA = ⊕kj=1Sj with the property that for all v ∈ VA, the

support of φ(v) is contained in ⊕{j:v∈Vj}Sj.

Proof. (⇐=) Suppose there is a graph G with GA ≤ G ≤ GB and a clique cover {Vj}kj=1

of G. Let HA = ⊕kj=1Sj along with the support assumption of 3. For each j define Qj as

the projection of HA onto Sj, so that {Qj} is a (von Neumann) POVM on HA. If Alice

gets the outcome j from the associated measurement, then Qjφ(v) 6= 0, which implies that

v ∈ Vj. Since the vertices in Vj forms a clique in G ≤ GB, they form a disconnected set in

GB, reflecting the fact that they are mutually orthogonal. Hence, Bob can distinguish them

once he knows Alice’s measurement outcome.
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(=⇒) Let {Qj}kj=1 be a measurement on Alice’s subsystem that allows Bob to complete a

perfect discrimination on their sets of states. For each of the Qj, we can define Vj = {v ∈ V :

Qj |φ(v)〉 6= 0}. It is important and necessary that the vertices in Vj form a clique in GB for

Bob to be able to distinguish the remaining possibilities. We define G to be the union (both

edges and vertices) of the cliques induced by the Vj. By construction, this is a subgraph of

GB and the Vj form a clique cover of G.

On the other hand, if 〈φ(u) | φ(v)〉 6= 0, then 〈φ(u)|Qj |φ(v)〉 6= 0 for some j, which means

that u and v are both in Vj. Thus we have seen that GA is a subgraph of G, and we get

GA ≤ G ≤ GB as desired.

For each measurement operator Qj, define Rj to be the range of Qj. Then we can define

S1 = R1 and for all j > 1,

Sj = Rj ∩

(
j−1⋂
i=1

R⊥i

)
.

By definition, we see that whenever i < j then Sj is a subspace of R⊥i and Si is a subspace

of Ri and hence the subspaces are mutually orthogonal.

Also by construction, each Rj ⊆ ⊕ji=1Si. Hence Rj ⊆ Si for every j. Since
∑

j Qj = I , the

linear span of the {Rj} is all of HA, which means that HA = ⊕kj=1Sj . Finally, we see that

for each vertex v, if φ(v) has a nontrivial component in Sj then it has a component in Rj,

implying that v ∈ Vj. Thus, the support of φ(v) is contained in ⊕j:v∈V Sj.

From Example 6.1.1, we see that instead if we had allowed Bob to go first, it will be impossible

to distinguish the sets of states via one-way LOCC. Thus, the graph corresponding to Bob’s

sets of states is the house graph and contains a minimum clique cover number of four. Since

in C3, there is no clique cover of size less than or equal to d, it is not possible to meet the
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conditions of Theorem 6.2.1. In conclusion, for Example 6.1.1 to be distinguishable with

one-way LOCC, we must allow Alice to measure first.

Corollary 6.2.1. If Alice and Bob have a set of product states that can be distinguished with

one-way LOCC with Alice going first, then it is possible to distinguish them by projecting

onto an orthonormal basis of the Hilbert space HA.

Example 6.2.1. From Example 6.1.1 in light of Theorem 6.2.1, the graph G is the path P5

and GA = P5 = GB. The clique cover is simply the collection of edges, with corresponding

subspaces of HA as in the Theorem 6.2.1 given above.

V0 = {v1, v2} S0 = {(|1〉+ |2〉) , (|2〉+ |3〉) , |3〉}⊥ = span{|0〉}

V1 = {v2, v3} S1 = {|0〉 , (|2〉+ |3〉) , |3〉}⊥ = span{|1〉}

V2 = {v3, v4} S3 = {|0〉 , (|0〉+ |1〉) , |3〉}⊥ = span{|2〉}

V3 = {v4, v5} S4 = {|0〉 , (|0〉+ |1〉) , (|1〉+ |2〉)}⊥ = span{|3〉} .

Clearly, this tells us to measure on a standard basis. Note that Corollary 6.2.1 is a conse-

quence of Theorem 6.2.1. Thus, we have established a graph-theoretic condition necessary

for the set of product states to be distinguishable with one-way LOCC. The connection

between one-way LOCC distinguishability with Alice measuring first and the clique cover

number of the subgraph GB leads to the following results.

Corollary 6.2.2. If a set of product states in HA ⊗ HB are distinguishable via one-way

LOCC with Alice measuring first, and the corresponding graphs have GA = GB, then

cc(GB) ≤ dim(HA)
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Proof. Let dA be the dimension of Alice’s Hilbert space HA. From Theorem 6.2.1, we have

that if Alice measures first, then there exists a graph G and a clique cover number of size k

that corresponds to the decomposition of Alice’s Hilbert space HA. This means that k is at

most the dimension of the space. Since cc(G) is the size of the smallest clique cover of G,

we have

cc(G) ≤ k ≤ dim(HA) .

Since GA = GB and GA ≤ G ≤ GB, this implies

cc(GB) = cc(G) ≤ dim(HA) .

Remark 6.2.1. Notice that GA = GB cannot be ignored in the above Corollary 6.2.2. For

example, consider the sets of states {|00〉 , |01〉 , |10〉 , |11〉}. We see that the inequality in

Corollary 6.2.2 fails. Thus, cc(GB) = 4 > dim(HA) even though the sets of states are

one-way LOCC distinguishable in both directions.

We derive an important and intuitive consequence from Theorem 6.2.1, where the order of

the parties does not matter in a one-way LOCC distinguishability protocol but with an extra

condition on the sets of states.

Theorem 6.2.2. Suppose we have a set of product states {
∣∣ψAi 〉⊗ ∣∣ψBi 〉} in HA ⊗HB, and

let GA and GB be the graphs of Alice and Bob respectively. Suppose further that GA = GB;

that is for every i 6= j,

〈ψAi |ψAj 〉 = 0⇐⇒ 〈ψBi |ψBj 〉 6= 0 .

Then it is possible to distinguish the sets of states with one-way LOCC with Alice going first

as well as with one-way LOCC with Bob going first if and only if it is possible to distinguish

67



the states with product measurement.

Proof. (⇐=) From equation 1 of [12], we see that if the sets of states can be distinguished

with a product measurement, then the states can automatically be distinguished with one-

way LOCC in either direction.

(=⇒) Suppose that it is possible to distinguished the states with one-way LOCC with Alice

going first as well as one-way LOCC with Bob going first. Then from two applications of

Theorem 6.2.1, we obtain HA = ⊕jSj, and similarly HB = ⊕iOi . This implies that the

entire Hilbert space has a product decomposition H = HA ⊗HB = ⊕i,j (Sj ⊗Oi) , with the

corresponding graph implications of the result.

Suppose that Alice and Bob each performs a one-way LOCC measurement and receives the

outcome Sj and Oj. This means that v ∈ Vj ∩ Ui, where Vj induces a clique in GB and

Ui induces a clique in GA. Suppose that two vertices are contained in the intersection of

Vj and Ui , then they are connected by an edge in both GB and GA = GB, which is a

contradiction. Hence for each pair i, j, we have | Vj ∩ Ui |≤ 1 , which means that Alice and

Bob can determine the identity of their states without further communication

We next construct an example which shows that the assumption of GA = GB is necessary

for the statement of Theorem 6.2.2. If GA 6= GB, then Alice and Bob have extra flexibility,

which weakens the assumption of one-way LOCC in both directions.
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Example 6.2.2. Consider the following sets of states in C3 ⊗ C3,

|ψ1〉 = |0〉 ⊗ |0〉

|ψ2〉 = (|1〉+ |2〉)⊗ |0〉

|ψ3〉 = (|1〉 − |2〉)⊗ |0〉

|ψ4〉 = |0〉 ⊗ (|1〉+ |2〉)

|ψ5〉 = |0〉 ⊗ (|1〉 − |2〉)

|ψ6〉 = |1〉 ⊗ |1〉

|ψ7〉 = |2〉 ⊗ |2〉

|ψ1〉 |ψ2〉

|ψ3〉 |ψ4〉 |ψ5〉

|ψ6〉 |ψ7〉

Figure 6.2: Graph of GA = GB = C3 ∪ C4

From Example 6.2.2, we observe that the graph of GB and GA is a disjoint union of a three

cycle C3 and a four cycle C4 graph with respective labeling determined by the ordered sets:

{
∣∣ψA1 〉 , ∣∣ψA4 〉 , ∣∣ψA5 〉} {∣∣ψA2 〉 , ∣∣ψA6 〉 , ∣∣ψA3 〉 , ∣∣ψA7 〉}

and

{
∣∣ψB1 〉 , ∣∣ψB2 〉 , ∣∣ψB3 〉} {∣∣ψB4 〉 , ∣∣ψB6 〉 , ∣∣ψB5 〉 , ∣∣ψB7 〉} .
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Thus,

GA = GB = C3 ∪ C4 .

Notice that GA is not isomorphic to the graph of GA = GB. The graph of GA is given by a

disjoint union of three isolated vertices ({1}, {4}, {5}) and two isolated edges ({2, 3}, {6, 7}).

We observe that the sets of states are distinguishable with one-way LOCC with Alice mea-

suring first and in the standard basis {|0〉 , (|1〉 ± |2〉)}. Thus, if Alice gets an outcome of

|0〉, then Bob completes the measurements using the same measurement that Alice did. If

Alice gets any of the remaining outcomes, then Bob would have to measure on a standard

basis. We see that the sets of states are symmetric with respect to Alice and Bob. That is

the sets of states that can be distinguished with one-way LOCC with Bob going first, and

with corresponding measurement adjustment. In the case of the qutrit state in [18], there is

no measurement which leaves either Alice or Bob with a basis that are distinguishable with

one-way LOCC.

In the result that follows we will see that even though the sets of states in Example 6.2.2

are one-way LOCC distinguishable in both directions, it is impossible to distinguish them

by product measurement.

Proposition 6.2.1. The seven sets of states described in Example 6.2.2 cannot be distin-

guished with a product measurement, even though they can be distinguished with one-way

LOCC in both directions.

Proof. This fact follows from the observation that Alice’s initial measurement for one-way

LOCC distinguishability is unique. Notice that her measurement operator must eliminate

at least four possibilities so that Bob has only three orthogonal possibilities remaining to

distinguish. This implies that the span of these four vectors cannot all be in C3, since they
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are in the kernel of a non-zero operator. There are only 5 sets of 4 of the states |ψi〉 that do

not span all of C3. It must also be true that the complementary sets of 3 vectors must be

mutually orthogonal on Bob’s side. This eliminates 2 of the sets leaving us with the following

three set of vectors:

{|ψ4〉 , |ψ5〉 , |ψ6〉 , |ψ7〉}, {|ψ1〉 , |ψ2〉 , |ψ3〉 , |ψ5〉}, {|ψ1〉 , |ψ2〉 , |ψ3〉 , |ψ4〉} .

These correspond to the measurement {|0〉 , (|1〉 ± |2〉)} described above. There is no other

option for Alice’s initial measurement or for Bob’s as well. As we have seen, the second

measurement is dependent on the outcome of the first. Hence, there is no way to accomplish

this without knowing the other outcome.

Table 1 shows the possible states obtained from the seven states in Example 6.2.2. The rows

and columns represent Alice’s and Bob’s measurements respectively.

|0〉 |1〉+ |2〉 |1〉 − |2〉

|0〉 1 4 5 {1, 4, 5}

|1〉+ |2〉 2 6, 7 6, 7 {2, 6, 7}

|1〉 − |2〉 3 6, 7 6, 7 {3, 6, 7}

{1, 2, 3} {4, 6, 7} {5, 6, 7}

Figure 6.3: Table 1

We see that Theorem 6.2.2 is not true without the assumption that GA = GB. As noted

above, for this example GA = GB = C3 ∪ C4, the union of a triangle and four-cycle. This

has a clique cover number of 5. However, if we add a single diagonal to the four-cycle, we

get an intermediate graph which is a subgraph of GB and which has a clique cover number

of 3, and it is this measurement that corresponds to the one-way LOCC measurement. It is
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important to notice that the diagonal edge is the same from Alice’s and Bob’s perspectives.

This corresponds to the states |ψ6〉 and |ψ7〉 in both cases. Thus, it must be part of the

initial clique cover, which is why the product measurement does not work for the case of

Example 6.2.2.

6.3 Special graphs and one-way LOCC

In this section, we conduct further one-way LOCC analysis on chordal graphs.

Definition 6.3.1 (Chordal Graphs). A graph G is chordal if it contains no induced cycles

Cn of size greater than three.

Notice that the class of chordal graphs includes trees. Also, in a connected chordal graph,

the clique cover number is equal to the minimum vector rank [44].

Proposition 6.3.1. Suppose that Alice and Bob have a set of mutually orthogonal product

states, and let GB be the graph corresponding to Bob’s side. If the graph G = GB is chordal,

then the states can be distinguished with one-way LOCC with Alice going first.

Proof. We need two important facts about chordal graphs. Note that every chordal graph

has a simplicial vertex and that every induced subgraph of a chordal graph is chordal. Hence

the existence of a perfect elimination ordering of the vertices [45], which was used by Hackney

et al in [44] is used to construct an OS-set for chordal graphs. Our proof is modelled on their

algorithmic set-up, constructing a direct sum decomposition to Alice’s measurement as in the

proof of Theorem 6.2.1. The algorithm is outlined below. As before, we let φ : VA −→ HA

be the association of vertices with Alice’s states.

� Initialize j = 1 and put V1 = V . While Vj 6= ∅, do the following:

� Let Gj be the induced subgraph of G on vertices Vj. Gj is an induced subgraph of a
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chordal graph, so it is chordal.

� Since Gj is chordal, it implies it has a simplicial vertex which we call vj (a vertex v is

simplicial if its neighbourhood forms a clique).

� Define Kj = span{φ(v) : v ∈ Vj, v � vj} to be the span of the nonneighbours of vj in

Gj.

� If j = 1, set S1 = K⊥1 . Otherwise, set Sj = K⊥j ∩
(
∩j−1i=1S⊥i

)
as in the proof of Theorem

6.2.1. Note that since φ(vj) ∈ K⊥j and φ(vj) has a nonzero component in
(
⊕j−1i=1Si

)⊥
,

this space is non-trivial.

� Let Vj+1 be the set of vertices v ∈ V such that φ(v) has a nonzero component on(
⊕ji=1Si

)⊥
.

� Increase j and iterate.

When Vj = ∅ and φ(v) ∈
(
⊕j−1i=1Si

)⊥
for all v ∈ V , the process terminates. Hence

⊕j−1i=1Si = span{φ(v) : v ∈ V } = HA .

We note that if two vertices u and v have φ(u), φ(v) each with nonzero components in Si,

then both are neighbors of vi in Gi. Since vi ∈ Gi is simplicial, u ∼ v in Gi, implying that

u ∼ v in G. Therefore, we have constructed a measurement for Alice that will enable Bob

to distinguish his states.

We consider an example to demonstrate the algorithm in the proof of Proposition 6.3.1.

Example 6.3.1. Let φ : VA −→ HA be the association of Alice’s states in C4 given as
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follows:

φ(v1) = |0〉

φ(v2) = |1〉

φ(v3) = |0〉+ |2〉+ |3〉

φ(v4) = |1〉+ |3〉

φ(v5) = |2〉

We draw the corresponding graphs associated with the above sets of states.
v1

v2v1 v3 v4

v5

Figure 6.4: Alice’s Graph, GA

v1

v2v1 v3 v4

v5

Figure 6.5: Complement of Bob’s graph, GB

We see that Alice’s graph GA in Figure 6.4 above is chordal. Notice that the graph of GA

is a tree and all trees are chordal. Also, the complement of Bob’s graph GB is chordal. We
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will use the complement of Bob’s graph for our algorithm.

We follow the algorithm above:

� Iteration j = 1: V1 = V 6= ∅

G1 = G = GB and G1 has three simplicial vertices, v1, v2 and v5, we choose v1 to

be our first vertex. The nonneighborhoods of v1 ∈ G1 are v2 and v4. So K1 =

span{φ(v2), φ(v4)}. Set S1 = K⊥1 = span{|0〉 , |2〉}. Then S⊥1 = span{|1〉 , |3〉}, and V2 is

the set of vertices such that φ(vj) have a nonzero component in S⊥1 , so V2 = {v2, v3, v4} .

� Iteration j = 2: V2 6= ∅, so we continue

G2 is the induced graph on V2, which is simply the path v3v4v2. The simplicial vertices

are v2 and v3. Choose v2 as our second vertex. The nonneighborhood of v2 in G2 is v3,

so K2 = span{φ(v3)}.

Set S2 = K⊥2 ∩ S⊥1 = {|1〉}, and then we observe that (S1 ⊕ S2)⊥ = span{|3〉} , so

V3 = {v3, v4}

� Iteration j = 3: V3 6= ∅, so we continue.

G3 is simply the edge {v3, v4}. Both vertices are simplicial, and so we choose v3. But

G3 is a complete graph, so K3 = {0}. This implies that

C4 ∩ S⊥1 ∩ S⊥2 = span{|3〉} .

Thus, we have

(S1 ⊕ S2 ⊕ S3)⊥ = {0} ,

so V4 = ∅ and the process terminates on the next iteration.
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This gives the decomposition

HA = S1 ⊕ S2 ⊕ S3 = span{|0〉 , |2〉} ⊕ span{|1〉} ⊕ span{|3〉} .

The projections onto these three subspaces give a clique cover of GB:

{{v1, v5, v3}, {v2, v4}, {v3, v4}};

and the decomposition of HA tells Alice how to make measurements with respect to this

clique cover.

Similar arguments from Proposition 6.3.1 above can be used to extend the results to graphs

that are k-trees, as defined below. We first introduce the concept of perfect elimination

ordering which we will use in our definition of k-tree.

Definition 6.3.2 (Perfect Elimination Ordering). A perfect elimination ordering of a graph

G is an ordering {v1, v2, · · · , vn} of vertices of G with the property that for all i, vi is a

simplicial vertex in the subgraph of G induced by the vertices {vi, vi+1, · · · , vn−1, vn}.

A graph has a perfect elimination ordering if and only if it is chordal. This result was first

shown on [45]. We introduce the class of graphs known as k-trees which was first defined in

[46] studied extensively in [47, 45, 48].

Definition 6.3.3 (k-trees). A graph G is a k-tree if and only if it has perfect elimination

ordering {v1, v2, · · · , vn} with the following added properties.

1. For all i < n− k, vi has degree k in the subgraph of G induced by vertices

{vi, vi+1, · · · , vn−1, vn}.

2. The subgraph of G induced by vertices {vn−k, vn−k+1, · · · , vn−1, vn} is a k + 1 clique.
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We say the graph G is a partial k-tree if it is a subgraph of a k-tree.

By Definition 6.3.3, we see that every k-tree is chordal and that every vertex in k-tree has a

degree of at least k.

Proposition 6.3.2. Suppose that Alice and Bob have a set of mutually orthogonal product

states, and let GB be the graph corresponding to Bob’s sets of states. If there exists a graph

G such that GA ≤ G ≤ GB and G is a k-tree, then the states can be distinguished with

one-way LOCC with Alice measuring first.

Proof. We prove this by induction on the number of vertices in G. If the graph G has k + 1

vertices, then G = Kk+1 and Alice’s measurement is irrelevant since Bob can distinguish the

states by himself.

We suppose that the result is true for all k-trees with fewer than n vertices and let G be

a k-tree on n vertices. Let v1 be a vertex in the perfect elimination ordering in Definition

6.3.3. Let φ be an orthogonal representation of G so that |ψ〉 = φ(v1) and let Alice measure

with {|ψ〉 〈ψ| , I − |ψ〉 〈ψ|}. If Alice gets the first outcome, then she knows that the state is

in the closed neighborhood of v1. These are states that are distinguished by Bob.

If Alice gets the second outcome, her state is now in the state φ′(v) = (I − |ψ〉 〈ψ|)φ(v) for

some v. Let G′ = G− v be the induced subgraph of G formed by deleting v. Let u be any

neighbor of v1. This means that φ(u) 6= φ(v), which implies that φ′(u) 6= 0. Hence φ′ is

an orthogonal representation of G′. But G′ is a k-tree by definition and so by the inductive

assumption, Alice can complete her measurement to put Bob in a position to determine their

state.
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6.4 The graph of a domino state diagram

The original ‘domino’ states were first constructed in [18] as an example of a set of orthogonal

states in C3 ⊗ C3 that cannot be distinguished with one-way LOCC. The construction was

done to give readers a better picture of their construction, wherein the orthogonal bases are

represented by dominos and laid on a grid similar to the chessboard. We will give more

details in this section. The work done in [18] has motivated the generalization of domino

states in larger Hilbert space; examples of these can be found in [49, 50, 51]. For our work,

we focus on domino states that form a complete product basis of Cm ⊗Cn. Notice that one

can always consider the subset of these bases, such as what we have in Example 6.2.2.

We define the set of generalized domino states in Cm⊗Cn in terms of the associated domino

diagram. We define a domino diagram to be a partition m×n rectangular chessboard into a

set of generalized dominos. Note that the generalized dominos each have a positive integer

length and width one and are replaced either horizontally or vertically on the chessboard

aligned to the m × n grid. We assume the chessboard is on a torus so that the dominos

which exist on the edge simply continue on the other side.

We label the rows of the chessboard from top to bottom 0, 1, 2, · · · ,m − 1 and the column

0, 1, 2, · · · , n− 1. This identifies each square on the board with an element of Zm × Zn. We

can construct a bijection from Zm × Zn to a set of generalized domino states in Cm ⊗Cn as

follows:

� If there is a horizontal domino on the row r whose endpoints are (r, b+1) and (r, b+s)

squares, then the endpoint (r, b+ j) with 1 ≤ j ≤ s gets mapped to

s∑
k=1

αkrω
jk |r〉 |b+ k〉 ,
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where ω is a primitive sth root of unity and αr 6= 0 is the arbitrary phase associated

with row r.

� If there is a vertical domino on column c whose endpoints are (b + 1, c) and (b + s, c)

squares, then the (b+ j, c) with 1 ≤ j ≤ s gets mapped to

s∑
k=1

αkcω
jk |b+ k〉 |c〉 ,

where ω is a primitive sth root of unity and αc 6= 0 is the arbitrary phase associated

with column c.

From this construction, we can obtain the graphs of GA and GB of a set of generalized

dominos directly from its associated domino diagram.

Definition 6.4.1. Let D be an m× n domino diagram. Then the row (respectively column)

graph of D is the graph whose vertex set is the set on mn unit squares on the rectangular

chessboard. Two distinct squares are adjacent if and only if one or both of the following two

conditions are satisfied:

1. The two squares lie in the same row (respectively column) on the chessboard.

2. The two squares each lie in two different dominos D1 and D2 and there exists at least one

row (respectively column) of D intersects with D1 and D2
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It is easy to show from Figure 1 of [18] as seen above that the row and column graphs of the

domino diagram are the graphs of Alice GA and Bob GB respectively and also of the set of

generalized domino states corresponding to the domino diagram.

Since GA and GB can never have an edge in common, we have that GA ≤ GB and GB ≤ GA.

Hence, we get equality GA = GB and GB = GA , if and only if any two dominos in the

diagram have either a common row or a common column that intersects them. Notice that

the row graph of the domino diagrams have a nice structure that allows us to bound the

clique cover number.

Proposition 6.4.1. Let GA and GB be the row and column graphs of an m × n domino

diagram. Then cc(GA) ≥ n and cc(GB) ≥ m. If in addition, we know that GA = GB then

cc(GA) ≥ n − h + h2 and cc(GB) ≥ m − v + v2 , where v and h are the lengths of the

longest vertical and horizontal dominos in the diagram.

Proof. Without loss of generality, assume that the largest horizontal domino lies in row 0.
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Recall the association of domino states to Zm × Zn. The n states of the form {(0, j)} lie in

the first row and thus form a clique in GA and an independent set in GA. Since the clique

cover number of a graph is at least its independence number, we have cc(GA) ≥ n . Hence,

the first bound is proven.

For the second bound, let G′′ be the induced subgraph of GA on the 2n vertices {(i, j) : i ∈

{0, 1}} . Because the sets of states associated with each row form an independent set in GA.

The graph G′′ is bipartite. This implies that the clique cover number of G′′ is simply the

number of edges in G′′, which is the sum of the degree of vertices in a single partition.

Now, assume that GB = GA, then each vertex (0, j) is adjacent to (1, j) in G′′, since they

are in the same column. This implies that the degree of vertex (0, j) is at least one. If there

is a horizontal domino of length h in row 0, then the degree of each of those corresponding

vertices is at least h, since they are connected to each of the columns they appear in. This

implies that if GB = GA,

cc(GA) ≥ cc(G′′) =
∑
j

deg(0, j) ≥ h(h) + (n− h)(1) = n− h+ h2 .

Similar argument holds for the other case.

Next, we obtain the following one-way LOCC consequence based on the graph analysis from

our earlier results.

Corollary 6.4.1. Suppose we have a domino diagram covering m×n grid, and consider the

set of generalized domino states in Cm ⊗ Cn associated with the diagram as defined above.

Suppose further that the corresponding graphs have GA = GB.

If the grid contains a vertical domino of length at least 2, then the states cannot be dis-

tinguished with one-way LOCC with Alice going first; and if the grid contains a horizontal
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domino length of at least 2, then the states cannot be distinguished with one-way LOCC with

Bob going first.

Proof. Recall for Corollary 6.2.2 that, if the states can be distinguished with one-way LOCC

with Alice going first, then necessarily cc(GB) ≤ dim(HA) = m. But by Proposition 6.4.1,

if v > 1, then we

cc(GB) = cc(GA) ≥ m− v + v2 > m ,

and hence the states cannot be distinguished with one-way LOCC with Alice going first.

The same argument can be used when h > 1 for one-way LOCC distinguishability with Bob

going first.

Remark 6.4.1. The above observation can be used to show that states described by many

domino diagrams described in the literature cannot be distinguished with one-way LOCC.

For instance, the original 3× 3 domino diagram in Figure 1 of [18] has two distinct vertical

dominos of length two that intersect in a row. Thus cc(GA) ≥ 4 . This diagram also has

two distinct horizontal dominos that intersect in one column and hence cc(GB) ≥ 4 . Since

GA = GB and GB = GA , then by Corollary 6.2.2, these states clearly cannot be distinguished

by one-way LOCC with either Bob or Alice going first.
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Chapter 7

Conclusion

The goal of our initial exploration was to understand the mathematical foundations of op-

erator relations and one-way LOCC state distinguishability. We began by exploring the

intersection between quantum error correction and one-way LOCC state distinguishability.

The application of LOCC in this context can be viewed as generating connections with the

framework of operator quantum error correction. It was fascinating to see that the set of

quantum states that were generated via fundamental stabilizer formalism from quantum er-

ror correction were one-way LOCC distinguishable whenever the qubit code space was less

than or equal to half the dimension of the qubit Hilbert space. For future work, it would be

interesting to further explore the channel perspective of general LOCC and its connections

with quantum error correction.

To expand more on the increasing body of results and constructions in the subject of one-way

LOCC state distinguishability based on the analysis of operator structures, in particular ex-

panding and building on results in [10, 1] for the cases of lattice states and generalized Pauli

states. We explored results and construction of examples on one-way LOCC distinguisha-
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bility for small sets of states, for the cases of lattice states and generalized Pauli states. In

our work, we saw that the size of the set of maximally entangled states that can be distin-

guished with one-way LOCC grew with the dimension of the Hilbert space. From [12, 52],

in contrast, there exists a set of only three orthogonal maximally entangled states which are

not one-way LOCC distinguishable in arbitrary high dimensions. For these constructions,

we can find vectors |ψ〉 with 〈ψ|U∗i Uj |ψ〉 = 0 whenever i 6= j, which we cannot complete

it to a measurement. However, the examples constructed in our work are sets for which no

such |ψ〉 exists, since there is no separating vector. Note that instead of one-way LOCC, if

we allowed positive transpose measurement (PPT ), then our approach is more powerful and

in fact, any m maximally orthogonal states can be distinguished with PPT measurement

when m ≤ d
2

+ 1 [12]. Thus, the examples we constructed can be distinguished with PPT

measurement but not one-way LOCC measurement. It is still an open question whether

these sets of states can be distinguished with full LOCC. We note that our examples and

constructions presented here suggested the possibility of further generalizations and applica-

tions that make use of the operator structure approach in the LOCC state distinguishability

context.

To continue our investigations for one-way LOCC state distinguishability, we analyzed new

techniques for which sets of product states were distinguished with one-way LOCC. In this

case, we apply graph theory, along with the vector representation of graphs that arise from

sets of product states. We saw that one-way LOCC was equivalent to the existence of the

graph clique cover number with some nice properties. We established that whenever Alice’s

graph and the complement of Bob’s graph were equal, the set of states was one-way LOCC

distinguishable if the clique cover number of the complement of Bob’s graph was less than or

equal to the dimension of Alice’s Hilbert space [3]. Notice that the converse of this statement

is not always true. It will be interesting to explore if a converse of the statement exists for
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lower rank dimensions of Alice’s Hilbert space. Numerical evidence seems to suggest that

the converse of the two and three dimensional cases are true. If true, the three dimensional

case would be significantly harder to prove than the two dimensional case. If the converse is

false then a counterexample could be found by constructing a set of product states that are

indistinguishable with one-way LOCC with Alice measuring first and cc(GB) = 3.

The content of these new results are contained in [1, 2, 3].
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William K Wootters. Teleporting an unknown quantum state via dual classical and
Einstein-Podolsky-Rosen channels. Physical Review Letters, 70(13):1895, 1993.

[5] David P DiVincenzo, Debbie W Leung, and Barbara M Terhal. Quantum data hiding.
IEEE Transactions on Information Theory, 48(3):580–598, 2002.

[6] Tilo Eggeling and Reinhard F Werner. Hiding classical data in multipartite quantum
states. Physical Review Letters, 89(9):097905, 2002.

[7] Barbara M Terhal, David P DiVincenzo, and Debbie W Leung. Hiding bits in Bell
states. Physical Review Letters, 86(25):5807, 2001.

[8] Alessandro Cosentino and Vincent Russo. Small sets of locally indistinguishable or-
thogonal maximally entangled states. Quantum Information & Computation, 14(13-
14):1098–1106, 2014.

[9] Heng Fan. Distinguishability and indistinguishability by local operations and classical
communication. Physical Review Letters, 92(17):177905, 2004.

[10] David W Kribs, Comfort Mintah, Michael Nathanson, and Rajesh Pereira. Operator
structures and quantum one-way LOCC conditions. Journal of Mathematical Physics,
58(9):092201, 2017.

86



[11] Michael Nathanson. Distinguishing bipartitite orthogonal states using LOCC: Best and
worst cases. Journal of Mathematical Physics, 46(6):062103, 2005.

[12] Michael Nathanson. Three maximally entangled states can require two-way local op-
erations and classical communication for local discrimination. Physical Review A,
88(6):062316, 2013.

[13] Jonathan Walgate, Anthony J Short, Lucien Hardy, and Vlatko Vedral. Local dis-
tinguishability of multipartite orthogonal quantum states. Physical Review Letters,
85(23):4972, 2000.

[14] Nengkun Yu, Runyao Duan, and Mingsheng Ying. Four locally indistinguishable
ququad-ququad orthogonal maximally entangled states. Physical Review Letters,
109(2):020506, 2012.

[15] Michael A. Nielsen and Isaac L. Chuang. Quantum computation and quantum informa-
tion. Cambridge University Press, Cambridge, 2000.

[16] Kenneth R. Davidson. C*-algebras by example, volume 6. American Mathematical Soc.,
1996.

[17] Asher Peres and William K Wootters. Optimal detection of quantum information.
Physical Review Letters, 66(9):1119, 1991.

[18] Charles H Bennett, David P DiVincenzo, Christopher A Fuchs, Tal Mor, Eric Rains,
Peter W Shor, John A Smolin, and William K Wootters. Quantum nonlocality without
entanglement. Physical Review A, 59(2):1070, 1999.

[19] Eric Chitambar and Min-Hsiu Hsieh. Revisiting the optimal detection of quantum
information. Physical Review A, 88(2):020302, 2013.

[20] Eric Chitambar and Min-Hsiu Hsieh. Asymptotic state discrimination and a strict
hierarchy in distinguishability norms. Journal of Mathematical Physics, 55(11):112204,
2014.

[21] Masaki Owari and Masahito Hayashi. Two-way classical communication remarkably
improves local distinguishability. New Journal of Physics, 10(1):013006, 2008.

[22] Yu Xin and Runyao Duan. Conditions for entanglement transformation between a class
of multipartite pure states with generalized schmidt decompositions. Physical Review
A, 76(4):044301, 2007.

[23] Somshubhro Bandyopadhyay, Sibasish Ghosh, and Guruprasad Kar. LOCC distin-
guishability of unilaterally transformable quantum states. New Journal of Physics,
13(12):123013, 2011.

87



[24] Rajesh Pereira. Trace vectors in matrix analysis. PhD thesis, University of Toronto,
2003.

[25] Charles H Bennett, David P DiVincenzo, John A Smolin, and William K Wootters.
Mixed-state entanglement and quantum error correction. Physical Review A, 54(5):3824,
1996.

[26] Daniel Gottesman. Class of quantum error-correcting codes saturating the quantum
hamming bound. Physical Review A, 54(3):1862, 1996.

[27] Emanuel Knill and Raymond Laflamme. Theory of quantum error-correcting codes.
Physical Review A, 55(2):900, 1997.

[28] Peter W Shor. Scheme for reducing decoherence in quantum computer memory. Physical
Review A, 52(4):R2493, 1995.

[29] Andrew M Steane. Error correcting codes in quantum theory. Physical Review Letters,
77(5):793, 1996.

[30] Runyao Duan, Yuan Feng, Yu Xin, and Mingsheng Ying. Distinguishability of quantum
states by separable operations. IEEE Transactions on Information Theory, 55(3):1320–
1330, 2009.

[31] John Watrous. Bipartite subspaces having no bases distinguishable by local operations
and classical communication. Physical Review Letters, 95(8):080505, 2005.

[32] Christopher King and Daniel Matysiak. On the existence of LOCC-distinguishable
bases in three-dimensional subspaces of bipartite 3× n systems. Journal of Physics A:
Mathematical and Theoretical, 40(28):7939, 2007.

[33] C. King, K. Matsumoto, M. Nathanson, and M. B. Ruskai. Properties of conjugate
channels with applications to additivity and multiplicativity. Markov Process. Related
Fields, 13(2):391–423, 2007.

[34] Alexander Semenovich Holevo. Complementary channels and the additivity problem.
Theory of Probability & Its Applications, 51(1):92–100, 2007.

[35] Runyao Duan, Simone Severini, and Andreas Winter. Zero-error communication via
quantum channels, noncommutative graphs, and a quantum Lovász number. IEEE
Transactions on Information Theory, 59(2):1164–1174, 2012.

[36] William Matthews, Stephanie Wehner, and Andreas Winter. Distinguishability of quan-
tum states under restricted families of measurements with an application to quantum
data hiding. Communications in Mathematical Physics, 291(3):813–843, 2009.
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