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ABSTRACT 

THE EFFECT OF CLIMATE CHANGE ON THE NET BENEFITS OF TILE DRAINAGE 

SYSTEMS IN SOUTHERN ONTARIO: A SPATIAL STOCHASTIC SIMULATION 

Lauren Sirrs         Advisor(s):  

University of Guelph, 2021                                                                           Glenn Fox 

          Andreas Boeker 

 In this thesis, I explore the relationship between climate change and the benefit of 

drainage. I present primary interview data and a spatial stochastic drainage simulation model. I 

found the effect of drainage on yield is larger for corn than soybeans. The costs and benefits of 

drainage depend on the capacity of the system (measured by the drainage coefficient). I 

compare a commonly installed drainage coefficient (25.4 mm/day) to a drainage coefficient of 

57.2 mm/day. For the climate change scenarios (in comparison to the base scenario), a 

drainage coefficient of 57.2 mm/day becomes relatively more preferable in to 25.4 mm/day. For 

the highest intensity of precipitation scenario, 57.2 mm/day resulted in a higher median present 

value of net benefits (pvnb). For the lowest intensity scenario, 25.4 mm/day resulted in a higher 

median pvnb. Since the intensity variable is a proxy for precipitation, further research is required 

for specific recommendations.  
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Chapter 1 – Introduction 
 

1.1 Background 
 

This thesis is the second in a sequence of projects that aim to understand how farmers in 

Southern Ontario can use water management technologies as adaptations to climate change. In 

her thesis and subsequent publications, Xu (2017, 2019, and 2020) investigated the potential for 

irrigation to be used as an adaptation to climate change. Xu (2019) models irrigation as a 

damage control input to mitigate the damage agent of water deficit. In this thesis, I mirror Xu’s 

research by studying tile drainage (hereon referred to as drainage) as a damage control input to 

mitigate the damage agent of water excess. I develop a theoretical framework and spatial 

stochastic drainage simulation model to understand how climate change may influence 

decisions Ontario farmers make about drainage.    

When making decisions about drainage it is important to consider climate change because 

the benefits of the drainage system are related to the amount of precipitation that falls on a field 

(Vuuren and Jorjani 1984).  If precipitation patterns change due the changing climate, the 

benefits of drainage may be affected. Pendergrass et al (2017) modelled precipitation changes 

due to climate change. For Canada, they found that both the mean and variation of precipitation 

is likely to increase. In addition, Pendergrass et al (2017) also find that extreme precipitation 

(largest daily rainfall) is likely to increase.  

Since precipitation is required for crop growth, an increase in precipitation may initially 

appear to be good for yields. However, excess water can reduce yield. In her crop yield model, 

Xu (2019,2020) found that for both corn and soybeans, yield declines after a certain level of 

precipitation before and during the growing season. Rosenzweig et al (2001) summarized 
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implications of extreme weather events in agriculture in the United States, including 1993, in 

which floods damaged 11 million acres and caused over $3 billion in damages.  

 There are several important contributions of my research. Firstly, I address an area of 

research that has not been the focus of previous research. Secondly, I collect primary data on 

the costs of drainage installations through interviews with drainage installation contractors. 

Third, I develop a damage control input model that describes use of one damage control input to 

mitigate two damage agents. Fourth, I address a gap in damage control input production 

economics by developing a theoretical approach to the consideration of a stochastic, 

intertemporal damage agent. In this thesis, I build on the Xu (2018,2020) spatial simulation 

model to not only allow for comparison of the benefits of either drainage or no drainage, but also 

a comparison of the benefits of various drainage system capacities (drainage coefficients).  

1.2 The Economic Problem 
 

The decision of whether to install drainage infrastructure is complex and involves 

multiple sources of information and knowledge. Farmers have access to knowledge of the 

current state of their field. They also know the price of the technology. In addition, they have 

access to research and tools that describe benefits of drainage for the current climate (such as 

the Ontario Soil and Crop Improvement Association (OSCIA) interactive map which shows 

areas that are suitable for drainage (OSCIA et al 2018)). However, researchers have not yet 

combined these elements with climate projections. This is not something the average farmer 

would be able to calculate. Farmers are unaware of future yield benefits of drainage. This 

means farmers do not have all the necessary information related to choices about drainage.  

In addition, staff of the Ontario Ministry of Agriculture, Food, and Rural Affairs 

(OMAFRA) currently have no projections of future drainage installations. Projections would be 

useful for programs related to drainage. Projections would also be useful for potential design of 
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policies about drainage. OMAFRA provides loans to farmers under the Tile Drainage Act 

(Government of Ontario 1990a, Government of Ontario 2007). The ministry also provides grants 

for municipal drains under the Agricultural Drainage Infrastructure Program (ADIP). Municipal 

drains are communal drains that transport the water removed from each individual’s field to a 

safe outlet, such as a river or lake. Therefore, installation and maintenance of municipal drains 

are tied to installations and flows from individual drainage systems. The ADIP program helps 

municipalities with cost share agreements for constructing municipal drains (Government of 

Ontario 2020, Shortt 2019). This is outlined in the Drainage Act (Government of Ontario 1990b). 

Thus, there are multiple ways in which drainage installations may influence the Ontario 

Government’s budget. Without a way of forecasting installations, the ministry is not able to 

forecast the drainage related aspects of the budget.  

1.3 The Economic Research Problem 
 

The economic research problem I address in this thesis corresponds to the following 

economic research question: Is drainage an economically feasible adaptation to climate 

change? In this section, I will explain what is not known, why answering it is important, the 

generality, and the scope of the question.  

It is currently not known how climate change may influence adoption of drainage 

technology for farmers in Ontario. As described in the economic problem statement, farmers 

would benefit from learning what is not known. Farmers currently don’t have access to 

information about how benefits may change with a changing climate. In addition, OMAFRA 

could make better budgeting decisions for their programs. 

This problem is similar to others in two categories. First, it is an evaluation of costs and 

benefits of a new technology or management system or product (Fox 2019). The new 

technology is drainage. Secondly, I test and apply a technique in a different context. This thesis 
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will apply a modelling framework developed by Xu (2017). Several economic concepts play a 

part in this research. These include producer choice theory and profit maximization. More 

specifically, this thesis uses the production economics of damage control inputs.  

The scope of this thesis is manageable yet interesting. The scope is geographically 

limited to Southern Ontario and the time period is limited to 2020-2070. The agricultural 

commodities are also limited. I acknowledge that crop rotation is a common practice in 

agriculture. However, it is outside the scope of this thesis to analyze the effect of drainage for 

full crop rotations. In this thesis, I will focus on two crops important in the crop rotations of 

Southern Ontario. These are the crops of corn and soybeans.  

1.4 Purpose and Objectives 
 

The purpose of this thesis to determine whether climate change alters the present value 

of net benefits of drainage for farmers in Southern Ontario. This thesis will build on work done 

by Xu (2018, 2019, and 2020). I will add drainage to both the theoretical and simulation model 

created by Xu (2018, 2019, and 2020).  

The objectives of this thesis are:  

i) To characterize the cost of installation of drainage systems across southern Ontario 

by interview drainage contractors. 

ii) To develop a theoretical model of drainage decisions by using the production 

economics of damage control inputs. 

iii) To simulate the yields and present value of net benefits of drainage under multiple 

climate scenarios by incorporate drainage into Xu (2017,2020) spatial simulation 

model   

1.5 Outline of Chapters 
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 This thesis is organized into five chapters. Each of Chapters 2-4 address each of the 

objectives described in Section 1.4. In Chapter 2, I first present the methods and results of 

interviews with drainage contractors. I then walk through the development of a cost equation 

that describes installation cost as a function of drainage coefficient and other characteristics. 

Next, in Chapter 3, I describe how drainage can be considered a damage control input. After 

presenting the equations and figures for the total product curve, I extend the theoretical model 

to an intertemporal context. Finally, in Chapter 4, I present the results of the spatial stochastic 

drainage simulation model.  
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Chapter 2 – The Cost of Installing Drainage 
 

The purpose of this chapter is two-fold. The main purpose is to present a model of the cost 

of the installation of drainage systems depending on the capacity of those systems. The second 

purpose is instrumental. To achieve the main purpose, I pursue the secondary purpose of 

collecting information on drainage installations by interviewing drainage contractors and 

reviewing literature. In completing those purposes, I learn two main things. First, cost can be 

expressed as a mathematical expression of the capacity of the drainage system. This 

relationship is positive and concave. Second, the cost of an installation of a drainage system 

depends on multiple factors that vary between counties.  

In section 2.1, I explain drainage and the installation process as a background before 

discussing the results of interviews. In section 2.2, I describe my assumptions about a 

representative field upon which the analysis is built. The interviews with drainage contractors 

are used as the basis of the cost framework. I describe the methods of interviews with 

contractors in section 2.3. The main results of these interviews are presented in section 2.4. In 

section 2.5, I walk readers through the development of an algebraic model of installation costs. I 

use this cost equation to determine the nature of the relationship between the drainage 

coefficient and cost.  

The cost equation developed in this chapter will be important in both Chapter 3 and 

Chapter 4. The relationship between the drainage coefficient and cost will be used in the 

development of the theoretical framework in Chapter 3. Secondly, the cost equation will be used 

in Chapter 5 to determine a cost of installation specific to each county. These costs will be 

coded into the spatial stochastic crop simulation model.  

The standard units used in the drainage installation industry are imperial. However, I intend 

to use metric units in my research. Therefore, I have converted the results of my interviews into 
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metric. I also use definitions of county boundaries that differ from current boundaries. The 

reason is because this thesis builds on the model developed by Xu (2017). In her thesis, she 

used historical data to build the crop yield model. Over time, the boundaries of Ontario counties 

have changed. Xu (2017) combined county boundaries to be able to use data before and after 

the boundary changes in her crop yield model. The Xu (2017,2020) crop yield model excludes 

the counties of Haliburton, Muskoka, and Parry Sound due to their low level of agricultural 

production and limited yield data. I use the same county definitions as Xu (2017,2020) to 

maintain compatibility with her model.   

2.1 An Introduction to Tile Drainage Installations 
In Chapter 1, I gave a foundational explanation of tile drainage and outlined the reasons 

why drainage systems are beneficial. The purpose of this section is to provide a more detailed 

background on the aspects of tile drainage relevant to installations. This information will provide 

the foundation to understand the rest of the chapter. The information sources include the 

Ontario Drainage Guide (Government of Ontario 2007) and the results of the interviews with 

drainage contractors that will be described in section 2.3 and 2.4. I will discuss technical terms 

and concepts from hydrology in ways that are conventional in hydrology. A textbook that 

explains these terms and concepts is Viessman and Lewis (2002). 

There are four basic elements of a tile drainage system. These are the laterals, mains, 

connections, and outlets. From a given spot in the field, excess water begins the journey off the 

field through a lateral. These lateral drains are the lines shown in Figure 2.1 that follow the blue 

arrows. The lateral drains cover the area intended to be drained. The pipes are perforated (have 

holes) and are installed below ground. Water in the field flows toward the lateral pipes. Once in 

the lateral, water flows toward the main drain. The main is larger than the lateral pipes. It is 

where water flowing from multiple laterals meets and moves to the edge of the field. In Figure 

2.1, the main is the line flowing in the direction of the red arrows. This system is quite like a river 
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system. Smaller tributaries gather water across a landscape and converge into larger rivers that 

head toward the ocean.  

Similar to plumbing, when pipes meet, they need to be connected. In drainage systems, 

this is achieved with the installation of T, Y, couplers, adapters or elbow fittings (Government of 

Ontario 2007). To access the main where it will meet a lateral, a hole must be dug with a 

backhoe. This process can also involve cutting holes into the main drain (Government of 

Ontario 2007).   

Finally, outlets are the infrastructure that allows the water collected from the field to exit 

the field. These can take many forms. During the interviews, contractors did not talk about the 

structure of the outlet. Instead, they talked about how all drainage systems must drain into a 

legal1 outlet. The Drainage Guide for Ontario (Government of Ontario 2007, page 18) explains 

that every outlet must not discharge in a way that would damage another person’s property.  

(Insert Figure 2.1 Here) 

There are four ways the farmer and contractor can decide to layout the system. These 

are Systematic, Herringbone, Random, and Double (Government of Ontario 2007 page 30). 

Figure 2.2 shows these four layouts. The top left panel shows the systematic layout. Laterals 

are placed perpendicular to the main drain. These systems provide consistent drainage across 

the system area (Government of Ontario 2007 page 30). In the past, systematic systems were 

installed at right angles to the field edges (Government of Ontario 2007 page 30). However, in 

recent years, contractors have placed a priority on designing drainage systems in relation to 

elevation (Government of Ontario 2007 page 30).  

(Insert Figure 2.2 Here) 

 
1 An outlet must not damage neighbouring landowners. The definitions for a sufficient outlet and assessment of 
outlet liability can be found in the Drainage Act (1990). 
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In general, laterals should be placed such that they intercept water as it flows down a 

hill. Figure 2.3 demonstrates this concept. If there is a hill on a field, the groundwater will 

usually2 flow down the hill. In Figure 2.3 you will see two identical maps of a field. The dotted 

lines show the elevation contour lines. Each line traces the points in the field with equal 

elevation. Each line represents a different elevation. The lines at the top of the diagram show 

the elevation is 3 m above sea level. As you move down the diagram, you move down the hill, 

with the contours illustrating lower elevations. The blue arrows on the diagram show the 

direction that the water will flow down the hill. Since the elevation pattern is the same in each 

panel, these lines are identical between panel A and B.  As you can see in panel A, the laterals 

are installed almost parallel with the elevation contour lines. This means that as the water flows 

down the field, it will encounter the hydraulic gradient created by the tile drain. This means the 

water will enter the drain and be removed from the field. In panel B, the laterals are installed 

almost parallel with the direction of water flow. This means some of the water may flow between 

the laterals and not be removed either as quickly or at all. Therefore, panel A is the preferred 

layout because it results in a removal of more water from the field.  

(Insert Figure 2.3 Here) 

It is not necessary to have each tile perpendicular to water flow (parallel to contour 

lines). In fact, it is near impossible. A stronger requirement of a tile drainage system is that the 

lateral drains must be installed parallel to each other. The Drainage Guide for Ontario 

(Government of Ontario 2007) specifies on page 60 that all laterals must be parallel to each 

other to within 3% of the drain spacing3. Since elevation changes tend to not be perfectly 

consistent with parallel contour lines, some compromises must be made. This is illustrated by 

 
2 The direction of flow depends on the differences of hydraulic potential. Water will flow in a direction 
perpendicular to equipotential lines. Often, this gradient follows elevation. Yet in some cases, water can flow 
uphill. 
3 Spacing is the term to describe the distance between the lateral drains 
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examples from industry. Figure 2.4 shows an example of a field planned with GIS precision 

technology. You can see that the guideline of laterals parallel to contour lines is not adhered to 

throughout the design. From what I have seen of the drainage industry and the conversations I 

have had with contractors, it is my understanding that it is preferred to install laterals close to 

parallel to contour lines however it is not required so long as the laterals are not at right angles 

to the hill (water flow).  

(Insert Figure 2.4 Here) 

Returning to Figure 2.2, the top right panel shows another commonly installed drainage 

layout. In what is called a Herringbone patter, two sets of laterals are connected by a main drain 

in the middle. This layout can require more connections and shorter lateral drains, and therefore 

can cost more than the systematic layout (Government of Ontario 2007). If there is an 

obstruction in the middle of the field, a double main pattern is used. A lateral drain cannot pass 

through everything. So, both sides of the field need to be drained. The bottom right panel in 

Figure 2.2 shows a main installed on either side of a surface waterway. Other examples of 

these obstructions are streams, farm lanes, and pipelines (Government of Ontario 2007). With 

the addition of the second main, this system costs more than the systematic layout 

(Government of Ontario 2007). 

Finally, the bottom left panel of Figure 2.2 shows an installation of a random pattern layout. 

In this panel, the orange areas are the areas of the field that are drained. In each of these 

areas, there is a combination of laterals, mains, and sub-mains. A sub-main is a smaller main 

that connects to the central main. This system is used on fields that have isolated wet areas 

(Government of Ontario 2007). This is often in cases with rolling, multiple hills (Government of 

Ontario 2007). The drainage system is designed primarily in the wet areas that need drainage 

most (Government of Ontario 2007). 
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Another aspect of drainage is soil type. To understand how soil type relates to drainage, one 

must first understand some of the basics of hydrology. I begin with a concept called capillary 

action. Due to adhesion and cohesion, water molecules rise up small cylinders and are held 

there. In Figure 2.5, this phenomenon is demonstrated. In each of the tubes, the water level is 

much higher than the water level in the basin. The height of the water is determined by the 

radius of the tube. The smaller the tube, the stronger the forces of adhesion, cohesion, and 

surface tension. These stronger forces result in a higher water level.  

(Insert Figure 2.5 Here) 

 In a similar way, soil particles hold water. In Figure 2.6, I show how soil particles can be 

thought of as capillaries. The spaces between particles are small enough for the forces of 

adhesion, cohesion, and surface tension to influence the water and produce a capillary effect. 

The size of the space between particles depends on the size of the particles. In Figure 2.6, four 

large particles are placed together in the same pattern as 4 small particles. The size of the 

space in the middle is larger for the 4 large particles. As shown in Figure 2.6, the smaller the 

radius of the capillary, the higher the water level in the capillary. This means that water is held 

higher for soils comprised of smaller particles. Sand particles are larger than clay particles. 

Thus, clay soils hold more water. In addition, clay particles are charged. Therefore, they have 

additional force attracting water molecules.  

(Insert Figure 2.6 Here) 

Due to these differences, soils differ in their hydraulic conductivity. Hydraulic conductivity is 

a measure of how easily water flows through a material. It is calculated using Darcy’s law, which 

was developed using the experimental set up shown in Figure 2.7. Water flows through a tube 
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of cross-sectional area (A). The hydraulic head4 is measured at both ends and divided by the 

length between these measurements. The resulting value is the hydraulic gradient, which can 

be thought of as the potential energy of the system.  

(Insert Figure 2.7 Here) 

The following equation is used:  

𝑄

𝐴
= −𝐾(

∆ℎ

∆𝐿
) 

Where Q is the volume of flow, A is the cross-sectional area of the flow, K is the hydraulic 

conductivity, ℎ is hydraulic head, L is the length of flow space, and 
∆ℎ

∆𝐿
 is the hydraulic gradient 

(or the energy potential) 

Sandy soils have larger values for hydraulic conductivity. As mentioned earlier, sand 

particles are larger. Figure 2.6 illustrates how there are larger spaces in between larger 

particles. These larger spaces provide more area for water to flow through (Mitchell date 

unknown). In addition, larger pores mean there is less surface area of particle that the water is 

in contact with. This means there is less friction (Mitchell date unknown).  For those reasons, 

sandy soils have a higher hydraulic conductivity than clay soils (Mitchell date unknown). This 

means they also have a higher drainage capacity. Another difference between clay and sandy 

soils is that sandy soils require a filter sock. The filter is an envelope of material that is wrapped 

around the drains. This prevents the loose, sandy soil particles from entering and clogging the 

drains.  

 
4 Hydraulic head is a measure of energy potential. It is the sum of the “energy due to pore fluid pressure” and “the 
gravitational potential energy arising from elevation” (Ge and Gorelick 2015). Like any physical system, the flow is 
from high potential to low potential (Ge and Gorelick 2015). 
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Earlier in this section I mentioned that water can be stored in different ways under the 

ground. Because soil particles can hold water through tension, not all water under the ground is 

the same. There are three main categories of moisture content in soil. The level of moisture in 

the soil is a continuous variable, so these categories capture the characteristics of three ranges 

of soil water content. These categories are saturation, field capacity, and permanent wilting 

point. As you can see in Figure 2.8, saturation occurs when all the spaces between soil particles 

are filled with water. The field capacity is depicted in the middle panel of Figure 2.8. Here, there 

is both water and air between the soil particles. The field capacity is the amount of water that is 

retained in the field after the gravitational water has drained away (Ribeiro da Silva, Diaz-Perez, 

and Coolong 2019). Finally, the third panel of Figure 2.8 shows the wilting point. In this case, 

very little water is left in the soil. The remaining water is absorbed by the soil particles. Plants do 

not have the ability to utilize this water since it is very tightly bound to the soil particles. This is a 

level of soil moisture in which crops do not survive (Ribeiro da Silva, Diaz-Perez, and Coolong 

2019).  

(Insert Figure 2.8 Here) 

You will notice water droplets falling from the left panel of Figure 2.8. This is because water 

drains from saturated soil. Any level of soil moisture greater than the field capacity will not be 

held by the soil particles. This water, over time, will move through the soil towards the water 

table. This excess water is commonly called gravitational water.  

Figure 2.9 shows an example of the soil water in a soil profile. The red line shows the water 

table. Above the water table, all moisture is held between the soil particles. You can see 

between the pockets there is also air. This region between the ground and the water table is 

also called the vadose zone. Below the water table, the soil is saturated. If additional water is 

added to the field (through precipitation or irrigation), the water will seep downwards. If the 
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water below the water table does not leave by percolating deeper and eventually horizontally 

faster than water is added, the water table will rise.  

(Insert Figure 2.9 Here) 

The height of the water table is important for crop growth. Plant roots cannot survive in 

saturated soil (Fausey et al 1987). In the spring, the roots will grow only until they reach the 

water table. Ideally, the water table will rest just below the crop roots. There is a small region 

just above the water table called the capillary fringe. Here, water is pulled from the groundwater 

due to the capillary forces discussed earlier in this section and shown in Figure 2.5. During dry, 

hot periods of the growing season, a water table near the root zone can help prevent crop 

damage from lack of water. Soil in the capillary fringe will always have water available to the 

crops.  

Drainage is a beneficial technology because it gives farmers an element of control of the 

water table in their field. As mentioned earlier, roots do not perform well in saturated soil. After a 

large rain event, it is important that excess, gravitational water leaves the root zone. If a field 

drains too slowly, large precipitation events can threaten crop health (Fraser and Fleming 2001). 

A drainage system allows the water table to fall quicker. Another benefit of drainage is illustrated 

in Figure 2.10. The left two panels of Figure 2.10 show the water table and root growth during 

the spring and summer for an undrained field. The right two panels show the water table and 

root growth during the spring and summer for a drained field. In the spring for the undrained 

field, the water table is quite high. The roots are only able to grow to the level of the water table. 

In the spring for the drained field, the drainage system lowers the water table. As a result, the 

roots for the crops on the drained field grow deeper. Once the summer arrives, the roots of the 

crop on the drained field are much closer to the water table. Because of this, the crops on the 

drained field grow larger and produce a greater yield (Passioura 1983).  
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(Insert Figure 2.10 Here) 

The degree to which the drainage system lowers the water table is in part due to both 

spacing and depth of the laterals. Figure 2.11 shows two different set ups for tile depth and 

spacing. On the left, the laterals are spaced farther apart. Since they are draining at a deeper 

depth, cones of depression are deeper. However, since the tiles are further apart, the water in 

the middle of the drains is further from the lateral. Therefore, the water in middle of the two 

drains is further from the hydraulic gradient created by the tile drains. This means water in the 

middle of the space between the drains does not experience as large of hydraulic gradient, as 

demonstrated by the smaller slope of the water table. I think of this as a comet being less 

affected by the gravity of a star if it passes at a larger distance. Since this water is not being 

pulled as much to the tile, the height of the water table is higher between the tiles than closer to 

the tiles. In the right panel, the lateral drains are placed closed together. The system can be 

installed at a shallower depth while maintaining the same water table height between laterals. In 

both set ups, the water table does not rise above the optimum rooting depth. Therefore, 

changes in depth can be offset by changes in spacing.  

(Insert Figure 2.11 Here) 

 There are some restrictions for later drains. If drains are installed too close to the 

surface, they can be damaged by farm machinery (Government of Ontario 2007). The minimum 

distance between the top of the drain and the surface is 600mm for pipes with diameters equal 

to or less than 150mm (Government of Ontario 2007). For pipes with diameters greater than 

150mm, the minimum distance between the top of the drain and the surface is 750mm 

(Government of Ontario 2007). A slightly smaller minimum is allowed in certain cases, such as 

when rock prevents deeper installation (Government of Ontario 2007). The maximum depth of 

drains is 750 mm between the surface and the bottom of the drain (Government of Ontario 

2007).   
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When designing a drainage system, it is important to consider slope. If there is rolling 

elevation, the depth of drains may vary in order to maintain a constant slope within the pipe. The 

slope of the drains is another aspect to consider in designing a drainage system. There is both a 

minimum and maximum slope. If there is not enough slope, the water will not flow through the 

system. If there is too much slope, the velocity within the drain can be too high (Panuska 2015). 

A high velocity can cause soil to be pulled into the drain (Panuska 2015). High velocity can 

cause sinkhole and blowouts (Panuska 2015). The Drainage Guide for Ontario (Government of 

Ontario 2007) outlines the minimum grade for drains of varying diameters on page 28. Grade is 

a way of measuring slope. It is the rise divided by the run multiplied by 100. These 

recommendations range from 0.012%-1.0%. For the standard lateral diameter of 100mm, the 

range is 0.05% - 0.7% (Government of Ontario 2007). The maximum grades are expressed in 

terms of the maximum velocity that can flow through a main These recommendations differ by 

soil type and range from 1.0 m/s to 2.5 m/s (Government of Ontario 2007). 

Finally, it is important to understand the concept of the drainage coefficient. The 

definition of the drainage coefficient is the height of precipitation that can be drained in a field 

over a 24-hour period. The drainage coefficient can be thought of as the capacity of the 

drainage system. 

The results of my interviews with drainage contractors conflict with the message in the 

Drainage Guide for Ontario. In the guide (Government of Ontario 2007, page 19), one drainage 

coefficient is provided for each crop type. A drainage coefficient of 9mm/day is recommended 

for improved forage and general grain crops, 12 mm/day is recommended for cash crops, and 

20 mm/day for high-value specialized crops. On the other hand, contractors talked about the 

typically installed drainage coefficient as something that has been changing and that may 

continue to change with changing precipitation. In the next few paragraphs, I outline why I have 
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chosen to consider the drainage coefficient as a choice variable in the theoretical model and 

spatial stochastic crop simulation model.  

Firstly, the Drainage Guide for Ontario (Government of Ontario 2007) states that the 

drainage coefficient is “selected to provide adequate drainage for future crops”. The guide does 

not state how an adequate level of drainage is evaluated. From an economic perspective, the 

level of drainage should be chosen to maximize net benefits of the technology. In other words, 

to provide crop yield improvements large enough to be worth the additional cost. Installing a 

drainage system means that the water table can fall and excess water can be removed from the 

root zone more quickly (Fraser and Fleming 2001). Therefore, both the size of the drainage 

coefficient and the amount of precipitation determine the time for water to leave the root zone. 

During the interviews, multiple contractors mentioned that fields with drainage systems can still 

experience flooding. A field with a larger drainage coefficient can receive more precipitation 

before excess water overwhelms the drainage system and flooding occurs. Since the benefits of 

drainage are tied to precipitation, the choice of drainage coefficient depends on precipitation. 

Therefore, the changing precipitation predicted with climate change should be considered. This 

idea will be expanded upon in Chapter 3.  

In addition, the contractor interviews provide evidence that the drainage coefficient is not 

static. The standard for installations has been changing over time. Contractor 5 said that in the 

1970s, a common spacing was 15.24 m. Most contractors that I spoke to install 9.144-12.192m 

spacing. Contractor 5 said that they are starting to see installations with 6.096 m spacing. His 

company has installed as close as 2.048 m spacing. This may mean that adherence to 

guidelines has changed. However, contractor 1 also spoke about how they used to install a 

coefficient of 12.7 mm/day, but that coefficient no longer provides enough protection from 

excess water. Contractor 5 said his company installs a drainage coefficient of 25.4 mm/day 70% 

of the time. A drainage coefficient of 25.4 mm/day is larger than all of the Drainage Guide for 
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Ontario recommendations. Both spacing and drainage coefficient have changed over time 

despite one value being recommended in the Drainage Guide for Ontario (2007). 

Contractor 1 talked about how there are some areas where farmers would benefit from a 

6.096 m spacing. However, they either can’t afford the 6.096 m spacing or they don’t want to act 

differently from their neighbours, so they install 9.144m spacing. Contractor 1 talked about how 

he would receive calls from these farmers about how water isn’t draining quickly. 

Contractor 1 also talked about how some farmers are thinking ahead and installing 

larger coefficients. He said sometimes when farmers see a municipal drain being installed with a 

coefficient of 50.8-76.2 mm/day, they ask him why. After he explains, sometimes these farmers 

decide to install with a larger coefficient. Contractor 1 talked about how drainage coefficient for 

tile drained fields isn’t designed for future use in the same way that municipal drains are.  

For all the reasons mentioned in the last several paragraphs, I will be considering the 

choice of the drainage coefficient in the theoretical and spatial stochastic drainage simulation 

model. The first step to modelling based on the drainage coefficient is to determine the cost of 

an installation given the value of the drainage coefficient. The rest of this chapter seeks to 

achieve that step. The value of the drainage coefficient depends on several factors – spacing, 

soil type, main size, etc. These factors are related to the cost per hectare of an installation. The 

model that I will present in Chapter 3 uses the relationship between the value of the drainage 

coefficient and the cost of installation that gives rise to that drainage coefficient for a 

representative field in each of the 29 counties in my simulation model. 

2.2 Establishing the Representative Field 
As described in the last section, I described how tile drainage is a technology whose 

characteristics greatly depend on field characteristics and hydrology. Since these characteristics 

can vary between and within fields, attempting to model drainage such that it is perfectly 

accurate would be outside the scope of a master’s thesis. Such a level of complexity in the 
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model would be exclusionary to future users of the model. With any modelling, making 

assumptions to establish functional simplicity is important. In addition, I do not have the quality 

field scale data needed to model drainage based on the hydrology of each field.  

 The assumptions related to field characteristics can be bundled into an assumption 

about a representative field. What I mean is that in the development of the cost equation and 

drainage model, I assume the fields in a county have the characteristics of the representative 

field. This follows the tradition of defining representative fields in agricultural economics. In the 

next few paragraphs, I describe these characteristics.  

 Firstly, I assume that the representative field is rectangular. Figure 2.12 illustrates this 

rectangular representative field. Not all fields are composed of 4 straight sides. Fields maybe 

have more than 4 sides or have curved sides. However, it is more difficult to describe non-

rectangular fields and each layout of a non-rectangular field may require different drainage 

designs. Basing calculations on a rectangular field captures the foundational elements of the 

cost dynamics – parallel lateral drains that cover the area of the field and connect to a main 

drain. It is also a reasonable assumption as both OMAFRA (Government of Ontario 2007) and 

the Land Improvement Contractors of Ontario (LICO 2019) consider length of tile installed 

based on spacing and area. This means it is well established that the amount of lateral tile 

installed does not depend on field shape.  A non-rectangular field my have longer mains and 

shorter lateral runs. Therefore, assuming a rectangular field may underestimate installation cost.  

(Insert Figure 2.12 Here) 

 The next assumption is the system layout. You will notice in Figure 2.12 that the 

representative field has a systematic layout. This means I assume the lateral runs are 

perpendicular to one main drain. This is instead of the random, herringbone, and double main 
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layouts shown in Figure 2.2. This assumption underestimates cost compared to a herringbone 

and double main layout.  

 I also assume that the main runs along the short end of the representative field. In 

practice, this may not be the case. Contractor 8 described how a main may be installed on the 

long side of a field if it allows better access to an outlet or if the slope is such that the water 

would flow down a hill toward the long end of the field. As described in section 2.1, it is 

preferable for laterals to be installed parallel to elevation contours.  It is recommended that 

laterals should not be installed perpendicular to elevation contours. To support my previous 

assumptions, I assume the slope of the field is orientated such that a systematic installation with 

the main on the short side of the field is preferred. Relaxing the assumption that the main is on 

the short side of a field would result in higher costs of installation. Therefore, this assumption 

may bias the cost estimate downwards 

 In addition, I assume there is only one slope This means I assume there are no hills in 

the middle of a field and no multiple hills. If there were multiple hills, an installation may require 

multiple mains and shorter runs. By assuming one slope, I am supporting the assumption of one 

main. For a similar reason, I assume there are no features that the drainage system must be 

designed around. For example, I assume there is no river or water basin inside of the field. 

These assumptions also underestimate cost. 

 I also assume that the cost of installing outlets do not vary between installations. When 

asked about the main components to consider in the cost of an installation, no contractor talked 

about outlet choices. If a contractor discussed outlets, it was in the context of work that is 

sometimes required to connect the field to a municipal drain.5 There is not a dataset of sufficient 

 
5 Under the Drainage Act (Government of Ontario 1990), the province of Ontario and Municipalities are required to 
cost share commonly used drainage infrastructure. All farmers within the watershed served by the drain also 
participate in the cost share. These drains facilitate the movement of drained water away from a field.  
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quality and coverage to understand landowner’s current and potential costs related to municipal 

drains. For this reason, I do not consider outlet cost to be one of the 5 categories of cost that 

describe the equation developed in Section 2.4 

Soil type is an important component in drainage hydrology. As described in section 2.1, 

the composition of a soil profile determines the rate water flows through the soil. This means 

that different soil types have different natural drainage capacities and differ in the 

recommendations for spacing (Government of Ontario 2007). Since soil type may differ across 

and within fields, it is important to consider. My decision regarding modelling given soil type 

rests on the results of my interviews that will be explained in sections 2.3 and 2.4. A drainage 

contractor said that the costs are about equal between sandy and clay soils. This is due to how 

the additional cost of a filter sock around the pipes is offset by a decrease in the spacing 

required for a given drainage coefficient. This means that the same level of drainage costs the 

same regardless of soil type. I assume that this relationship holds for all spacings. Since the 

values I use in building the costs of installation do not include the cost of the filter sock, I 

assume spacing in this thesis represents the physical spacing for clay soils and the equivalent 

spacing for sandy soils. For example, the cost and drainage coefficient for 9.144m spacing in 

clay are equivalent to 12.192m spacing in sandy soil.  

  In section 2.1, I discuss how the depth of installation can change depending on the 

choice of spacing.  Again, my decision for the depth in the representative field depends on the 

results of interviews with contractors described in sections 2.3 and 2.4. Result number 1.10 in 

Appendix 2.2 “Results of Interviews” explains that the depth of installation does not affect cost. 

Therefore, I assume that contractors select a depth based on the choice of spacing. I assume 

this choice follows the recommendations of the Drainage Guide for Ontario (Government of 

Ontario 2007) in selecting an appropriate drain depth for the soil type of the field. I do not 

incorporate the choice of depth in the cost equation.  
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Another assumption is that of a constant main size. Figure 2.13 is an example of a 

drainage system design from Northern Plains Drainage Systems Ltd. You will notice that the 

design uses 3 main sizes. At the left of the diagram, a main size of 254mm (10in). The water 

flows through the main from the left to the right of the diagram. Toward the middle of the 

diagram, the main is receiving water from more area than the part of the main to the left of the 

diagram. Thus, a larger main of 304.8mm (12in) is used to carry the additional volume. The third 

section of the pipe carries the volume from the whole field. The larger size of 381mm (15in) 

carries the additional volume. For simplicity, I have assumed one main size. The main size is 

chosen to carry the water leaving the whole field. This means the largest main size is used. 

Therefore, this assumption results in an overestimate of the cost of installation. 

(Insert Figure 2.13 Here) 

Next, I make an assumption about drainage system installation quality and maintenance. 

Contractors estimated drainage system lifespan between 50 and 150 years. In determining 

lifespan, the quality of the pipe and installation matters. Contractor 1 mentioned that a cheaper 

pipe variety exists that only lasts about 10-15 years. Maintenance of installation machinery is 

also important. Contractor 1 also described how it is important for the pipe to be laid in a 

triangular shaped trench. To achieve this, the machine that digs the trench and lays the pipe 

uses a triangular plow. As the plow machine is used, the triangle wears out. Over time, the plow 

machine can start plowing trenches with a flat bottom. If a pipe is laid on a flat bottom, it can be 

compressed into an oval shape. The compressed pipe does not have as long of a lifespan as a 

properly laid pipe. The contractor mentioned that this isn’t something most farmers know to look 

for.    

In addition, there is a relationship between stewardship and lifespan. The maintenance 

of soil structure is especially important. Contractor 4 described that for a tile system to 

effectively drain a field, the precipitation needs to be able to travel from the surface of the field to 
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the tiles. When farmers compact their soil, such travel to the drains is reduced (Contractor 4). 

Thus, soil conservation practices can improve drainage system functioning. Contractor 4 

describes that some tile from the 1950s is working well today while other tile installed 5 years 

ago can need many repairs. The difference between those scenarios is the level of stewardship 

given to maintain soil structure and minimize compaction. Contractor 8 describes how the 

potential for tile damage is another reason why farmer practices matter. Contractor 4 describes 

this in more detail. If a farmer drives machinery over a tile when the soil is soft, the tile can 

break.  A break can happen if a farmer drives over a wet spot (Contractor 4). Tiles can also 

break if the farmer drives over the newly installed field before the soil has a chance to settle 

(Contractor 4). I will assume contractors are installing drainage systems correctly and farmers 

are using farm practices that adequately maintain soil structure. This means I assume a lifespan 

of 50-150 years and minimal repairs.  

Many of these assumptions underestimate the cost of installation. To ensure the cost 

estimates determined with this cost equation are accurate, I calibrate the cost equation in 

Chapter 5 with the results of the interviews described in sections 2.3 and 2.4. The assumptions I 

make about the representative field allow me to structure the cost equation in a way that is 

intuitive, simple, and representative. 

2.3 Contractor Interview Methods 
To understand the costs of installing tile drainage systems, I conducted interviews with 

11 drainage contractors. This section explains the rationale, methods, and results of these 

interviews.  

Interviewing contractors is important at the beginning of developing a costing framework. 

Tile drainage is complicated. There are many site-specific dynamics and each installation is 

designed for each field. Fields can have different soil types, layouts, amount of rocks, etc. I 

wanted to learn which factors were most relevant in costing tile installations.  
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2.3.1 Design 
I used a semi-structured interview approach. Five general areas or topics were covered by 

my questions.  In Appendix 2.1, I describe these five topics and list the questions I asked. I 

wished to keep questions somewhat open-ended. To achieve this, I would first ask the opening 

question in column 2. This gave the contractor an opportunity to offer information I hadn’t 

anticipated. Many times, they introduced a concept I hadn’t been aware of. In these cases, I 

asked clarifying questions. After the opening question, the follow up questions were used to get 

clarification. After finishing the first theme (cost of install), I sometimes asked “are there any 

other considerations that I should understand that I haven’t asked about?”. I also asked this 

question at the end of the interview.  

2.3.2 Participant Recruitment 
 I selected drainage contractor firms from a list published by OMAFRA (Government of 

Ontario accessed 2019). In total, 93 contractor companies were listed. I made calls to 42 of 

those companies. I ensured that I called at least 1 contractor in each county. Eleven contractors 

agreed to participate in the research. One of these participants (Contractor 11) did not provide 

many answers and spoke for only 5 minutes. This contractor will not be included in the results of 

the interviews. Of the 10 contractors included in the results, reside in 9 counties in Ontario. Due 

to the merging of counties done by Xu (2017,2020), the contractors reside in 8 of the counties 

included in the spatial stochastic drainage simulation model. Figure 2.15 shows that these 

counties represent regions in western, central, and eastern Ontario. The counties included in 

the interviews contain 40% of the cropland in Ontario. Due to the spread of these participants 

across different regions, I believe the results from the interviews is representative of all counties 

in Southern Ontario. Therefore, I will use the results of the interviews to model installation cost 

in all 29 counties in the spatial stochastic drainage simulation model.  

(Insert Figure 2.15 Here) 
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2.3.3 Interview Methods 
 The interviews were conducted over the phone. When contact was made with a 

contractor, I introduced myself and explained that I was conducting research on the economics 

of agricultural tile drainage in Ontario.  I then asked whether the person would be interested in 

talking to me about the topic. I offered the option of speaking at a later time.   

 Most interviews lasted about 20-45 minutes. The shortest was about 10 minutes and the 

longest was an hour and 20 minutes. At about the 20-30 minute mark I respectfully checked 

whether the participant wanted to continue with the interview. The conversations were not 

recorded. I did take detailed notes during the conversations. At the end of the interview, the 

participants were asked if they would prefer to be cited specifically in the reference list of my 

thesis or if they wished to remain anonymous.  

2.3.4 Analysis 
 In reporting the quantitative results, I refer to contractors by an arbitrary number rather 

than by name. This is to maintain confidentiality. The data from contractors were mainly quoted 

directly. I also report average values. 

After completing the 11 interviews, I coded my interview transcripts. If a piece of 

information from the interview was quantitative, it was added to an excel spreadsheet for the 

row corresponding to that company. If it was qualitative, I added it to a categorized interview 

document. The document has 5 sections for each of the 5 question themes. Within each 

section, I copied quotations from the interview notes into the relevant subsections. These 

subsections group the quotations according to information. Quotations in the same trend 

subsection share the same message or address the same question. After the initial sorting 

process, the categories were summarized. For each category, I read the quotes that had been 

placed there. I then summarized the content of the subsection into a few sentences. In 
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Appendix 2.2 Results of Interviews with Drainage Contractors, I describe these categories. The 

appendix is organized according to the 5 main questions that were asked.  

2.4 Contractor Interview Results 
From my interviews with drainage contractors I discovered 5 main components of 

installation cost: cost of lateral pipes, cost of the main pipe, cost of connecting the laterals to the 

mains, the additional costs of removal of rocks, and the other costs of completing a job 

regardless of field size or drainage capacity. In this section, I describe these costs. The costs of 

removing rocks is discussed in section 2.4 and Chapter 2. 

In Table 2.1, the cost of a lateral pipe is reported as the cost per each metre of lateral 

pipe installed. This cost of a lateral is made up of two costs – material costs and installation 

cost. Table 2.1 displays these costs. The material costs (shown over columns 2-4) are the costs 

the contractor faces to acquire the pipe from suppliers. Material costs range from $1.15-1.61 per 

metre.  The installation cost (shown over columns 5-7), captures the cost for the supplier to 

install the pipe into the field. This includes elements such as labour and machinery. These costs 

range from $0.59-1.41 per metre. For both material and installation cost, Table 2.1 reports 

minimum, maximum, and average values. This is because some contractors reported a range 

while others reported one value. In the cases where contractors gave estimates for both 

material and installation costs, I calculate the total cost of lateral pipe. These costs range from 

$1.94-2.89 per metre. Table 2.1 also shows multiple averages for lateral cost. In the row titled 

“Mean of Column”, I calculate the average of the values in each column. This means I calculate 

a minimum, average, and maximum mean for material, installation, and total cost. In the bottom 

row, I add the mean values for material and installation costs. The mean of average total cost is 

$2.58 per metre. The sum of mean average material and mean average installation is $2.45 per 

metre. These values differ because the total calculations exclude the cases were a contractor 

didn’t report both a material and installation cost.  
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In Table 2.2, I summarize the main costs reported by contractors. This table is organized 

by size of main diameter. For sizes of 152.4-254mm, no contractors reported ranges. Therefore, 

one value is reported for each size. For the 304.8mm diameter, one contractor reported a range. 

Therefore, Table 2.2 includes a lower and upper bound for 304.8mm mains. Some contractors 

reported costs in the format of main cost per hectare. These values were included in a separate 

column. Finally, some contractors reported the cost for a filter sock. I reported these values in 

the last 4 columns. In the bottom row, I report the averages I calculated from the main cost data. 

I did not include the values reported from the first contractor in the average. This is because the 

first contractor described how they take a loss when pricing the mains. Their approach explains 

why their costs are much lower than the other contractors.  The average cost for a 152.4mm 

diameter main is $5.02 per metre, the average cost for a 203.2mm diameter main is $9.24 per 

metre, the average cost for a 254mm diameter main is $13.12 per metre, and the average cost 

for a 304.8mm diameter main is $16.08 per metre.  

 In the next table (2.3), I report the results for the costs of connecting lateral runs to 

mains. As in the other tables, some contractors reported values while others reported ranges. I 

report both in Table 2.3.  In the last column of Table 2.3, I report the average for each 

contractor. I found that on average, it costs $22.38 for each connection.  

Only two contractors gave estimates of the additional costs of a job. Both contractors 

reported costs of $1000, as shown in Table 2.4. However, the contractors gave different 

reasons for the costs. One stated that the costs are due to moving machinery onto the job site. 

The other described the costs as being associated with preparing the field for installation (i.e. 

checking for existing tiles). It is unclear whether they gave different examples or whether these 

costs should be added to arrive at a total for both activities. Therefore, I consider $1000 as a 

minimum while calibrating the cost equation (see section 4.1.2 for more detail).   
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The results from the contractor interviews shaped the cost estimate for this thesis. The 

next section will use lessons learned from the contractor interviews to develop an equation that 

describes the installation cost of a drainage system. The quantitative data from the contractor 

interviews is used in Chapter 4.  

2.4 Development of a Cost Equation  
As explained earlier, the purpose of this Chapter is to present a model of the cost of 

drainage given different values of the drainage coefficient. The purpose of this section is to 

develop that model of cost. I will use the knowledge provided by contractors to walk readers 

through the development of the cost model. To model cost, I construct an equation comprised of 

the 5 aspects of installation cost. This cost equation will be used in Chapter 3 to form the 

theoretical framework and to develop the spatial stochastic drainage simulation model 

presented in Chapter 4.  

From my interviews with drainage contractors I discovered 5 main components of 

installation cost: cost of lateral pipes, cost of the main pipe, cost of connecting the laterals to the 

mains, the additional costs of removal of rocks, and the other costs of completing a job 

regardless of field size or drainage capacity. I have modeled these cost elements in the 

following cost equation for the cost of the installation of a system:   

𝐶𝑇  =  𝑐𝑙𝑙𝑙𝑛𝑙 + 𝑐𝑚𝑙𝑚 + 𝑐𝑐𝑛𝑐 + 𝑐𝑠𝑅𝑖𝐴 + 𝑐𝑗                                                            [1] 

Where, 𝐶𝑇 is cost of an installation per field 

𝑐𝑙 is the cost per metre of a lateral run  

𝑙𝑙   is the length, in metres, of a lateral run  

𝑛𝑙 is the number of lateral runs 

𝑐𝑚 is the cost per metre of a main 
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𝑙𝑚 is the length, in metres, of the main 

𝑐𝑐 is the cost of a connection between a lateral run and the main 

𝑛𝑐 is the number of connections needed given the number of laterals 

𝑐𝑠 is the stoniness coefficient (per square metre) 

𝑅𝑖 is the index of stoniness measured in the Soil Survey Complex (Government of Ontario 

accessed 2020) for county 𝑖 

A is the area of the field (in square metres)  

𝑐𝑗 is the fixed cost of completing a job, regardless of size (i.e. moving machinery to job site) 

 Each term in the equation represents each of the 5 components of installation cost. The 

first term is the cost of installing lateral pipes. The cost of lateral pipes is measured in a cost per 

metre of pipe (𝑐𝑙). Therefore, to determine the cost of installing laterals, the per metre cost is 

multiplied by the number of metres installed. To calculate the number of metres installed I 

multiply the number of laterals (𝑛𝑙) by the length of each lateral (𝑙𝑙). Therefore, I calculate the 

cost of installing lateral pipes by multiplying the three terms – cost per metre (𝑐𝑙), length of each 

lateral (𝑙𝑙), and number of laterals (𝑛𝑙). 

 The next term is the cost of installing main pipe. As shown in Figure 2.12, I assume 

there is one main pipe that runs along the width of the field. As mentioned earlier, the cost of the 

main is measured in a cost per metre of pipe (𝑐𝑚). To determine the cost of installing the main I 

multiply the per metre cost by the number of metres. In other words, I multiply the per metre 

cost (𝑐𝑚) by the length of the main (𝑙𝑚).  
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 Next, I define the term for the cost of connections. The cost for each connection is 𝑐𝑐. To 

determine the cost of connections for the installation, I multiply the cost of each connection (𝑐𝑐) 

by the total number of connections (𝑛𝑐). 

 The fourth term captures the effect of what contractors call bad installation conditions. 

The main reason for the bad installation conditions is the presence of large stones. In order to 

install the tiles, large stones must be removed. This can require the use of additional machinery 

and, at times, explosives. The cost of stoniness is based on a contractor’s estimate that bad 

conditions add $691.90 – $1976.84 per hectare to a job. In Chapter 5, I explain how I use this 

range to determine the per hectare cost of stoniness as a function of the Land Information of 

Ontario Soil Survey Complex (Government of Ontario 2020) variable for stoniness. As you will 

see in Chapter 4, the per hectare cost of stoniness is determined by multiplying a stoniness 

coefficient by the Soil Survey Complex stoniness index. Later in the development of the cost 

equation, it is important for area to be in square metres. Therefore, I convert the stoniness 

coefficient such that the result is a cost per square metre. In the fourth term, I multiply this per 

square metre cost by the area of the field in square metres. This results in a cost of stoniness 

for the whole job. The reason the stoniness term is the only term multiplied by area is because it 

is the only term with a cost per area.  

 Finally, the fixed cost of completing a job, regardless of size (i.e. moving machinery to 

job site) is added to equation 1. Put together, these terms form the basis of the cost equation. 

The purpose of this chapter is to model cost as dependent on drainage capacity (measured by 

the drainage coefficient). Yet equation 1 does not include a variable for drainage capacity. The 

next paragraphs and sections add to equation 1 and incorporate other relationships, eventually 

resulting in a cost equation with a variable for drainage capacity. 

2.4.1 The Cost Equation Expressed in Terms of Length and Width of a Field 
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 Currently, the cost equation is expressed in terms of the length of lateral and main pipes. 

This makes intuitive sense but is not very useful when organizations collect data based on the 

length and width of the whole field. Therefore, in this section, I express the lateral and main 

lengths in terms of the field length and width. In addition, I express the number of laterals and 

connections in terms of field dimensions and the spacing between laterals.  

 Figure 2.12 shows the laterals installed along the full length of the field. This means that 

the length of the laterals is equal to the length of the field. The variable 𝑙𝑙 will be replaced by 𝑙𝑓. 

Similarly, the main pipe runs along the full width of the field.  This means that the width of the 

main is equal to the width of the field. The variable 𝑤𝑙 will be replaced by 𝑤𝑓. 

 Based on the table presented on page 83 of the Ontario Drainage Guide (Government of 

Ontario 2007) and a lecture given by Panuska (2015), I infer that the number of laterals (and 

therefore number of connections) is the width of the field divided by spacing. Both sources use 

the equation that the total length of laterals is equal to the area being drained divided by the 

spacing. The total length of laterals is equal to the length of each lateral multiplied by the 

number of laterals. Therefore,  

𝑛𝑙𝑙𝑓 =
𝐴

𝑆
 

Since area is length multiplied by width,  

𝑛𝑙𝑙𝑓 =
𝑙𝑓𝑤𝑓

𝑆
 

Dividing both sides by 𝑙𝑓, the equation becomes: 
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𝑛𝑙 = 𝑛𝑐 =
𝑤𝑓

𝑆
                                                                               [2] 

 Equation 4 may result in non-integer values for the number of laterals. It is not possible 

to install a partial pipe. To deal with this, in the process of calculating installation costs, I first 

calculate number of runs and then round down to an integer. The rounded value is then used in 

the cost equation. This process is described in more detail in Chapter 4. 

2.4.2 Expressing Length and Width of the Field in Terms of Area 
It would be ideal for the cost equation to be expressed in terms of total area and the 

shape of the field. First, we simplify by changing any mentions of field length to an expression of 

total area and width. Length times width is equal to the area. 

𝐴 =  𝑙𝑓𝑤𝑓 

 Therefore, length is  

𝑙𝑓 =
𝐴

𝑤𝑓
                                                                                   [3] 

 

 When equations 2 and 3 are substituted into equation 1, the cost equation for of an 

installation becomes:  

𝐶𝑇  =  𝑐𝑙
𝐴

𝑤𝑓

𝑤𝑓

𝑆
+ 𝑐𝑚𝑤𝑓 + 𝑐𝑐

𝑤𝑓

𝑆
+ 𝑐𝑠𝑅𝑖𝐴 + 𝑐𝑗                

𝐶𝑇  =  𝑐𝑙
𝐴

𝑆
+ 𝑐𝑚𝑤𝑓 + 𝑐𝑐

𝑤𝑓

𝑆
+ 𝑐𝑠𝑅𝑖𝐴 + 𝑐𝑗                                                     [4]         

                                              

 Next, I express 𝑤𝑓 as a proportion of area rather than a specific value. I start by defining 

this proportion.  

Let 𝛼 represent the length relative to the width of the field:  
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𝑙𝑓 = 𝛼𝑤𝑓                                                                                      [5] 

Where alpha is greater than or equal to 1.  

Equation 6 is then substituted into the formula for the area for a rectangle and I solve for width: 

𝐴 =  𝑙𝑓𝑤𝑓   

𝐴 =  (𝛼𝑤𝑓)𝑤𝑓   

𝐴 =  𝛼𝑤𝑓
2  

𝐴

𝛼
 =  𝑤𝑓

2  

𝑤𝑓 = √
𝐴

𝛼
                                                                                  [6] 

 

When equation 6 is substituted into equation 4, the cost equation becomes:  

𝐶𝑇  =  𝑐𝑙
𝐴

𝑆
+ 𝑐𝑚(

𝐴

𝛼
)
1

2 + 𝑐𝑐(
𝐴

𝛼
)
1

2
1

𝑆
+ 𝑐𝑠𝑅𝑖𝐴 + 𝑐𝑗                                                     [7]         

 

2.4.3 Calculating Cost per Hectare Instead of Cost of Installation 
 

 It is the industry standard to discuss costs in terms of the cost per unit of area. There is 

good reason for this. It is useful when comparing installations of different sizes. To get the cost 

equation expressed as per area, I divide the total cost of an installation by the total area of that 

installation. Since the units for area in the cost equation are in square metres, I multiply by 

10000. This results in a cost per hectare.  
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𝐶 = 10000
𝐶𝑇
𝐴

 

Where C is cost per hectare, 

𝐶𝑇 is the cost of the installation 

And 𝐴 is the area of the field in square metres. 

By replacing 𝐶𝑇 with equation 7, the cost per hectare becomes:  

𝐶 = 10000(𝑐𝑙
𝐴

𝑆
+ 𝑐𝑚(

𝐴

𝛼
)
1

2 + 𝑐𝑐(
𝐴

𝛼
)
1

2
1

𝑆
+ 𝑐𝑠𝑅𝑖𝐴 + 𝑐𝑗)(

1

𝐴
)                                               [8] 

 

This rearranges to  

𝐶 = 10000(𝑐𝑙𝑆
−1 + 𝑐𝑚𝐴

−1/2 ∝−1/2+ 𝑐𝑐𝐴
−1/2 ∝−1/2 𝑆−1 + 𝑐𝑠𝑅𝑖 + 𝑐𝑗𝐴

−1)                   [9] 

 

 We have now arrived at a cost equation in which the dimensions of the field, lateral 

pipes, main pipes, and number of connections are expressed in terms of field area and the 

proportion of length to width. In the next section, I further build upon this equation to include the 

variable of drainage capacity.  

2.4.4 Incorporating Drainage Capacity into the Cost Equation 
 

 At this point, the equation is ready to include drainage capacity. Drainage capacity 

influences cost in two ways. Firstly, there is a relationship between spacing and drainage 

capacity. If the spacing increases, the system will have a smaller drainage coefficient. Secondly, 

the cost of the main depends on the drainage capacity. If more water can be drained from the 
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laterals, the main pipe must be large enough to carry that water off the field. In the next two 

subsections, these two effects are incorporated into the cost equation.  

2.4.4.1 Replacing Spacing in the Cost Equation with a Function of the Drainage Capacity 

I start with Hooghoudt’s equation6  as shown on page 80 of the Drainage Guide for 

Ontario (Government of Ontario 2007). Figure 2.14 shows the variables of equation 10 in a 

diagram of a tile drained field. This equation describes the relationship between spacing and the 

drainage coefficient:  

𝑆2 =
0.04

𝑑
(2𝐾2𝐷𝑒𝑚+ 𝐾1𝑚

2)                                                                  [10] 

Where S is spacing between laterals in metres  

𝐾1 is the hydraulic conductivity of the layer above the drains in m/day 7 

𝐾2 is the hydraulic conductivity of the layer below the drains in m/day 8 

𝐷𝑒 is the equivalent depth of conducting soil below the drains in m9 

m is the mid-spacing water table height in m10 

d is the drainage coefficient in mm/day11 

 
6 Hooghoudt was a hydrologist whose work greatly influenced the field. The Hooghoudt equation is widely used 
throughout hydrology literature and taught in introductory classes. The assumptions used in the derivation of the 
equation include approximately lateral flow, homogeneous soil, parallel drains, constant depth, constant spacing, 
impermeable bottom layer, constant infiltration (Koivusalo 2016) 
7 Hydraulic conductivity is a measure of how easily water flows through soil. It is calculated using Darcy’s law which 
is explained in Section 2.1. The layer above the drains refers to the soil between the surface and the drain. This is 
the brown region in Figure 2.14. 
8 Hydraulic conductivity is a measure of how easily water flows through soil. It is calculated using Darcy’s law which 
is explained in Section 2.1. The layer above the drains refers to the soil between the drain and any impermeable 
layer below the drain. This is the blue region in Figure 2.14. 
9 The assumption of an impermeable bottom layer can be relaxed if the variable for depth to the impermeable 
barrier is replaced with a concept called the equivalent depth. The equivalent depth represents the depth to which 
the tile drain has influence. This equivalent depth is calculated as a function of spacing and equivalent radius 
(Koivusalo 2016). Figure 2.14 shows both the impermeable layer and the equivalent confining layer.  
10 This height is the distance between the water table between the drains and the drain depth (Koivusalo 2016) 
11 I have converted the units for the drainage coefficient from m/day to mm/day.  
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In section 2.2 I described the representative field. I talked about how in this thesis I do 

not distinguish between soil types. Therefore, the variables of 𝐾1 and 𝐾2 are considered 

constant values. I assume the hydraulic characteristics of the representative field. Therefore, I 

consider the equivalent depth and mid-spacing water table height to be constant values for the 

representative field. Instead of making assumptions for each variable in equation 10, I use 

information from my interviews with contractors. To do this, I first replace the constant values 

with X:  

𝑋 = 0.04(2𝐾2𝐷𝑒𝑚+ 𝐾1𝑚
2) 

 I then rewrite equation 10. 

𝑆 = 𝑑−1/2𝑋                                                                  [11] 

 Most contractors installed 9.144m spacing in clay soil. Another contractor also stated 

that they usually install with a drainage coefficient of 25.4mm/day. Therefore, I assume that a 

drainage coefficient of 25.4mm/day corresponds to a spacing of 9.144m. These values are 

inputted into equation 11 and I solve for X.  

(9.144𝑚) =
𝑋

(25.4𝑚𝑚/𝑑𝑎𝑦)1/2
 

 

𝑋 = 46.08 

Where the units for X are 𝑚(
𝑚𝑚

𝑑𝑎𝑦
)
1/2

 

 Putting X back into equation 11 results in: 

𝑆 = 46.08𝑑−1/2                                                                  [12] 

Equation 12 can then be substituted into equation 9:  
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𝐶 = 10000(𝑐𝑙0.0217𝑑
1/2 + 𝑐𝑚𝐴

−1/2 ∝−1/2+ 𝑐𝑐𝐴
−1/2 ∝−1/2 0.0217𝑑1/2 + 𝑐𝑠𝑅𝑖 + 𝑐𝑗𝐴

−1)                  

[13] 

 This concludes the incorporation of the first way the drainage capacity influences cost. In 

the next subsection,  

2.4.4.2 Replacing the Cost of Mains in the Cost Equation with an Expression of the Drainage 

Capacity 

As mentioned at the beginning of this section, the second way drainage capacity 

influences cost is through the cost of the main. The larger the drainage capacity, the larger the 

volume of water that needs to be carried off of the field. This means a main with a larger 

diameter is required. As described earlier and as shown in Table 2.2, larger diameter mains cost 

more. 

This subsection has two main steps:  

1) Describing how the drainage capacity determines main diameter 

2) Describing how the main diameter determines the cost of the main 

These two equations are combined to describe the effect of drainage capacity on the cost of the 

main. 

The Drainage Guide for Ontario (Government of Ontario 2007) provides an equation that 

describes main diameter.  

𝐷 = 122.6(𝑑𝑎𝑚)0.375𝑔−0.1875                                                         [14] 

Where D is the diameter of the pipe (mm), 

d is the drainage coefficient (mm/day) 

a is the area of the field (ha) 
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m is the Manning pipe roughness factor12 

g is the grade (slope) of the field in %n 

A main with a larger diameter is needed for larger areas, higher drainage coefficients, 

and smaller slopes. This is because both larger areas and drainage coefficients increase the 

flow that needs to be taken off of the field by the main pipe. A smaller slope means the water 

travels at a lower velocity. This means it takes longer for that water to flow off the field and a 

larger pipe cross sectional area is needed to metaphorically store that water as it flows. Total 

flow is equal to area multiplied by velocity. If flow stays the same but velocity increases (due to 

higher slope), the area must decrease.  

 The variable for area in equation 14 has the units of hectares. However, the variable for 

area in the cost equation has the units of 𝑚2. To be able to use the same area variable, I 

convert the units in equation 14. Area in hectares is equal to area in meters squared divided by 

10,000. Equation 14 becomes: 

𝐷 = 122.6(𝑑
𝐴

10000
𝑚)0.375𝑔−0.1875 

Where D is the diameter of the pipe (mm), 

d is the drainage coefficient (mm/day) 

A is the area of the field (𝑚2) 

m is the Manning pipe roughness factor 

g is the grade (slope) of the field in % 

𝐷 = 122.6(0.0001)0.375(𝑑𝐴𝑚)0.375𝑔−0.1875 

 
12 Different materials have different Manning pipe roughness factors. The Drainage Guide for Ontario (Government 
of Ontario 2007) and Irwin (1984) provide more detail. 
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𝐷 = 3.877(𝑑𝐴𝑚)0.375𝑔−0.1875  

 

The Drainage Guide for Ontario (Government of Ontario 2007) assumes a Manning pipe 

roughness factor13 of 0.011 when describing concrete, clay, and smooth-wall plastic pipe. I also 

make this assumption.  

𝐷 = 3.877(𝑑𝐴0.011)0.375𝑔−0.1875 

𝐷 = 3.877(0.184)(𝑑𝐴)0.375𝑔−0.1875 

𝐷 = 0.7145(𝑑𝐴)0.375𝑔−0.1875                                                            [15] 

Now that I have an equation to describe the relationship between the drainage capacity 

and main diameter, I move to the next step. In the following paragraphs I construct a 

relationship between main diameter and main cost. I build this relationship using information 

from my interviews with contractors.  

To begin, I plotted the costs of pipe material from a company that supplies materials 

needed for tile drainage installations. A contractor provided me with ADS Canada’s price list for 

2019. The horizontal axis in Figure 2.16 shows the diameter of the pipe in mm. The vertical axis 

is the per metre cost given the size of a single walled pipe. The first thing to notice in Figure 

2.16 is that cost increases as main size increases. The second thing to notice is that this 

relationship between main size and cost is non-linear. Fitting a quadratic equation to these data 

yields the following equation: 

𝑐𝑚𝑚
= 0.0002𝐷2 − 0.0065𝐷 + 0.2322                                                     

[16] 

 
13 Different materials have different Manning pipe roughness factors. The Drainage Guide for Ontario (Government 
of Ontario 2007) and Irwin (1984) provide more detail. 
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Where 𝑐𝑚𝑚
 is the material cost of a main per metre 

And D is the diameter of the main pipe (mm)  

(Insert Figure 2.16 Here) 

 As shown in Table 2.1 and described in section 2.4.1, the cost of installing drainage pipe 

is comprised of two elements – material cost and installation cost. Equation 16 describes the 

first of these two elements, the material cost. It is important in creating a relationship between 

main diameter and main cost. In the next paragraphs, I will combine equation 16 with an 

estimate of the installation costs.  

As I learned for the lateral installation, installers add an additional cost per metre that 

captures the time and machinery use needed to place the pipe in the ground. In the interviews, 

most contractors expressed the total main price. In Table 2.2, I calculate the average cost per 

metre for each pipe diameter discussed by the contractors. The contractors did not mention all 

of the main sizes listed on the supplier cost sheet and plotted in Figure 2.16. Those contractors 

that gave main costs only provided estimates for the following diameters: 152.4 mm, 203.2 mm, 

254 mm, and 304.8mm. My goal is to compare the information provided by the contractors to 

the supplier material costs. Since the contractors report total cost, the difference between the 

contractor estimates and the material costs is installation cost. Once I determine the installation 

cost, it can be added to equation 16 to model total main cost.  

In Figure 2.17, I plot both the total contractor estimate and material cost for the 

diameters of 152.4 mm, 203.2 mm, 254 mm, and 304.8mm. The orange data points are the total 

costs reported by contractors. The blue data points are the material costs obtained from a 

supplier price list.  

(Insert Figure 2.17 Here) 
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The first thing to notice is that both of these relationships are linear. I fitted a linear 

equation to both sets of data points.  

𝑐𝑚𝑚151−304
= 0.0709𝐷 − 7.7297                                                          [17] 

Where 𝑐𝑚𝑚151−304
is the material cost of the main for the diameters 152.4mm to 

304.8mm 

𝑐𝑚𝑇151−304
= 0.073𝐷 − 5.812                                                           [18] 

Where 𝑐𝑚𝑇151−304
 is the total cost of the main for the diameters 152.4mm to 304.8mm 

 As mentioned before, the total cost is the sum of the material and installation costs. 

Therefore, the installation cost is equal to the total cost minus the material cost.  

𝑐𝑚𝑇
= 𝑐𝑚𝑚

+ 𝑐𝑚𝑖
 

Where 𝑐𝑚𝑖
 is the installation cost of the main 

𝑐𝑚𝑖
= 𝑐𝑚𝑇

 − 𝑐𝑚𝑚
                                                                      [19] 

 Equations 17 and 18 are inputted into equation 19.  

𝑐𝑚𝑖151−304
= (0.073𝐷 − 5.812)  − (0.0709𝐷 − 7.7297) 

𝑐𝑚𝑖151−304
= 0.073𝐷 −  0.0709𝐷 −  4.812 + 7.7297 

𝑐𝑚𝑖151−304
= 0.0021𝐷  +  1.918                                                        [20] 

 I assume that the relationship between main diameter and installation costs between the 

diameters of 152.4 mm and 304.8mm is a good approximation of the installation cost across all 

the diameters. In effect, I assume that 𝑐𝑚𝑖151−304
 is a good approximation of 𝑐𝑚𝑖

. Now that I 
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have developed an equation for the cost of installation, equation 20 can be added to equation 

16 to describe the total cost of a main.  

𝑐𝑚 = 0.0002𝐷2 − 0.0065𝐷 + 0.2322 +  0.0021𝐷  +  1.918 

𝑐𝑚 = 0.0002𝐷2 − 0.0044𝐷 + 2.15                                                     [21] 

 Equation 21 concludes the second step of this subsection. I now have an equation 

expressing the cost of a main given the diameter of the main. This can be combined with 

equation 15, which describes the diameter of the main given the drainage capacity. The result 

will be an expression of main cost given drainage capacity. Inputting equation 15 into equation 

21 and rearranging yields,  

𝑐𝑚 = 0.0002(0.7145(𝑑𝐴)0.375𝑔−0.1875)2 − 0.0044(0.7145(𝑑𝐴)0.375𝑔−0.1875) + 2.15 

𝑐𝑚 = 0.0002(0.5105(𝑑𝐴)0.75𝑔−0.375) − 0.0044(0.7145(𝑑𝐴)0.375𝑔−0.1875) + 2.15 

𝑐𝑚 = 0.000102𝑑0.75𝐴0.75𝑔−0.375 − 0.00314𝑑0.375𝐴0.375𝑔−0.1875 + 2.15                     [22] 

 With equation 22, I have characterized the second way the drainage capacity influences 

the cost of installing tile drainage. To arrive at a cost equation that accounts for both ways that 

the drainage capacity influences cost, equation 22 can be inputted into equation 15.  

𝐶 = 10000(𝑐𝑙0.0217𝑑
1/2 + (0.000102𝑑0.75𝐴0.75𝑔−0.375 − 0.00314𝑑0.375𝐴0.375𝑔−0.1875 +

2.15)𝐴−1/2 ∝−1/2+ 𝑐𝑐𝐴
−1/2 ∝−1/2 0.0217𝑑1/2 + 𝑐𝑠𝑅𝑖 + 𝑐𝑗𝐴

−1)                   

𝐶 = 10000(𝑐𝑙0.0217𝑑
1/2 + 0.000102𝑑0.75𝐴0.75𝑔−0.375𝐴−1/2 ∝−1/2

− 0.00314𝑑0.375𝐴0.375𝑔−0.1875𝐴−1/2 ∝−1/2+ 2.15𝐴−1/2 ∝−1/2

+ 𝑐𝑐𝐴
−1/2 ∝−1/2 0.0217𝑑1/2 + 𝑐𝑠𝑅𝑖 + 𝑐𝑗𝐴

−1) 

𝐶 = 217𝑐𝑙𝑑
1/2 + 1.02𝑑0.75𝐴0.75𝑔−0.375𝐴−1/2 ∝−1/2− 31.4𝑑0.375𝐴0.375𝑔−0.1875𝐴−1/2 ∝−1/2

+ 21500𝐴−1/2 ∝−1/2+ 217𝑐𝑐𝐴
−1/2 ∝−1/2 𝑑1/2 + 10000𝑐𝑠𝑅𝑖 + 10000𝑐𝑗𝐴

−1 
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𝐶 = 217𝑐𝑙𝑑
1/2 + 1.02𝑑0.75𝐴0.25𝑔−0.375 ∝−1/2− 31.4𝑑0.375𝐴−0.125𝑔−0.1875 ∝−1/2+

21500𝐴−1/2 ∝−1/2+ 217𝑐𝑐𝐴
−1/2 ∝−1/2 𝑑1/2 + 10000𝑐𝑠𝑅𝑖 + 10000𝑐𝑗𝐴

−1       [23]     

 Equation 23 is the final result of sections 2.4.1-3.4.4. It is the equation that will be 

used in Chapter 4 to model the choice of drainage coefficient. This equation will also be 

used to calculate the costs of installation for each county in the spatial stochastic 

drainage simulation model. 

2.4.5 First and Second Derivative with Respect to Drainage Capacity 
 

 In this section, I seek to better understand the nature of equation 23 developed in the 

previous sections. To do this, I check whether the first and second derivative with respect to the 

drainage coefficient are positive or negative. The sign of the first derivative will indicate whether 

the equation is increasing or decreasing when the drainage coefficient is increased. The sign of 

the second derivative will indicate the curvature of the cost equation. Knowing the slope and 

curvature of an equation is required to graph the equation. The theoretical framework developed 

in Chapter 4 uses a graphical approach to a farmer’s decision about the drainage coefficient. I 

will compare cost equation to the revenue equation. Therefore, it is necessary to know the sign 

of the first and second derivatives.  

 I begin by deriving the first derivative.  

𝐶 = 217𝑐𝑙𝑑
1/2 + 1.02𝑑0.75𝐴0.25𝑔−0.375 ∝−1/2− 31.4𝑑0.375𝐴−0.125𝑔−0.1875 ∝−1/2

+ 21500𝐴−1/2 ∝−1/2+ 217𝑐𝑐𝐴
−1/2 ∝−1/2 𝑑1/2 + 10000𝑐𝑠𝑅𝑖 + 10000𝑐𝑗𝐴

−1 

𝜕𝐶

𝜕𝑑
= 108.5𝑐𝑙𝑑

−1/2 +  0.765𝑑−0.25𝐴0.25𝑔−0.375 ∝−1/2−  11.775𝑑−0.625𝐴−0.125𝑔−0.1875 ∝−1/2

+ 108.5𝑐𝑐𝐴
−1/2 ∝−1/2 𝑑−1/2 
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The first, second, and fourth term are comprised of variables that will always be positive. 

Therefore, Terms 1, 2, and 4 are always positive. The first derivative could be negative only if 

the third term is larger than the other positive terms. It would be complicated to algebraically 

show the cases where the third term is smaller than the three positive terms. Instead, I pair the 

third term with one of the positive terms. Since the first term is the largest of the three positive 

terms, I pair it with the negative, third term.  

𝜕𝐶

𝜕𝑑
= (108.5𝑐𝑙𝑑

−1/2 −  11.775𝑑−0.625𝐴−0.125𝑔−0.1875 ∝−1/2) +  0.765𝑑−0.25𝐴0.25𝑔−0.375 ∝−1/2+

108.5𝑐𝑐𝐴
−1/2 ∝−1/2 𝑑−1/2                                                                                      [24] 

For the first derivative to be positive, the expression in brackets must be positive: 

108.5𝑐𝑙𝑑
−1/2 −  11.775𝑑−0.625𝐴−0.125𝑔−0.1875 ∝−1/2> 0 

9.214𝑐𝑙𝑑
−1/2 > 𝑑−0.625𝐴−0.125𝑔−0.1875 ∝−1/2 

𝑑1/2(9.214𝑐𝑙𝑑
−1/2) > (𝑑−0.625𝐴−0.125𝑔−0.1875 ∝−1/2)𝑑1/2 

(9.214𝑐𝑙) > (𝑑
−0.125𝐴−0.125𝑔−0.1875 ∝−1/2) 

(9.214𝑐𝑙)
8 > (𝑑−0.125𝐴−0.125𝑔−0.1875 ∝−1/2)8 

51950013𝑐𝑙
8 > 𝑑−1𝐴−1𝑔−1.5 ∝−4 

𝑑 >
1

51950013𝑐𝑙8𝐴𝑔1.5 ∝4
 

Thus, the first derivative is positive when 𝑑 >
1

51950013𝑐𝑙
8𝐴𝑔1.5∝4

. If the right side is large, it 

becomes harder for the expression to hold. To evaluate this expression, I use values of the 

variables that make the right side as large as we expect possible. To make the right side large, I 

minimize the denominator. Therefore, I chose the smallest values for 𝐴, 𝑔, ∝, 𝑎𝑛𝑑 𝑐𝑙 . There is no 

exact minimum for the area of a field other than that it must be positive. Yet it is hard to imagine 
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drainage being installed on a field 1 tenth of a hectare. Therefore, I use 1000 𝑚2 as the smallest 

value for area. For slope, I cannot select zero. A value of zero would result in division by zero. 

Therefore, I select a small number. A value for g of 0.001745 % corresponds to a slope of 0.001 

degrees. This means an elevation change of 1 m over a slope that is 57.3 km long. I consider 

this essentially flat. In developing the cost equation, I assumed that the main always runs along 

the shorter side of the field. This means ∝ cannot be less than 1. Therefore, I use a minimum 

value of 1 for ∝. Table 2.1 shows that the smallest lateral total installation cost reported by 

contractors was $1.86/m. For a minimum, I use a number well below that – $0.50/m. Using 

these values, the equation becomes:  

𝑑 >
1

51950013(0.5)8(1000)(0.001745)1.5(1)4
 

𝑑 > 0.0000676 

 

The largest spacing I heard contractors mention was 21.336 m. At double that spacing, 

the drainage coefficient (1.166327mm/day) is larger than the right-hand side. Even at an absurd 

spacing of 100 m, the drainage coefficient is 0.212mm/day, which is still larger than the right-

hand side. Therefore, I am confident that the term in brackets in equation 24 is positive in 

practice. With each term in the first derivative shown to be positive, I conclude that the cost of 

drainage systems increases with increases in the drainage coefficient.   

Next, I will use the same approach to determine the sign of the second derivative. This 

will indicate the curvature of the cost function with respect to the drainage coefficient. From 

equation 23,  
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𝜕2𝐶

𝜕𝑑2
= − 54.25 𝑐𝑙𝑑

−3/2 −  0.1913 𝑑−1.25𝐴0.25𝑔−0.375 ∝−1/2+ 7.3594 𝑑−1.625𝐴−0.125𝑔−0.1875 ∝−1/2

− 54.25𝑐𝑐𝐴
−1/2 ∝−1/2 𝑑−3/2 

The first, second, and fourth term are comprised of variables that will always be 

negative. Therefore, Terms 1, 2, and 4 are always negative. The second derivative could be 

positive only if the third term is larger in absolute value than the other negative terms. It would 

be complicated to algebraically show the cases where the third term is smaller than the three 

negative terms. Instead, I pair the third term with one of the positive terms. Since the first term is 

the largest of the three negative terms, I pair it with the positive, third term.  

 

𝜕2𝐶

𝜕𝑑2
= (−54.25𝑐𝑙𝑑

−3/2 + 7.3594𝑑−1.625𝐴−0.125𝑔−0.1875 ∝−1/2) −  0.1913 𝑑−1.25𝐴0.25𝑔−0.375 ∝−1/2−

  54.25𝑐𝑐𝐴
−1/2 ∝−1/2 𝑑−3/2                    [25] 

For the second derivative to be negative, the expression in brackets must be negative: 

−54.25𝑐𝑙𝑑
−3/2 + 7.3594𝑑−1.625𝐴−0.125𝑔−0.1875 ∝−1/2< 0 

7.3594𝑑−1.625𝐴−0.125𝑔−0.1875 ∝−1/2< 54.25𝑐𝑙𝑑
−3/2 

𝑑1.5(𝑑−1.625𝐴−0.125𝑔−0.1875 ∝−1/2) < (7.372𝑐𝑙𝑑
−3/2)𝑑1.5 

(𝑑−0.125𝐴−0.125𝑔−0.1875 ∝−1/2) < (7.372𝑐𝑙) 

(𝑑−0.125𝐴−0.125𝑔−0.1875 ∝−1/2)8 < (7.372𝑐𝑙)
8 

𝑑−1𝐴−1𝑔−1.5 ∝−4< 8723336𝑐𝑙
8 

𝑑 >
1

8723336𝑐𝑙8𝐴𝑔1.5 ∝4
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 It is harder for d to be greater than the right-hand side if the right-hand side is large. As 

before, I check the case where the right-hand side is as large as possible within realistic 

bounds. Again, to do this I choose the smallest value for the variables in the denominator. 

These are an area of 1000 𝑚2, a cost of $0.5/m of lateral pipe, a slope of 0.001745% (0.01 

degrees), and an alpha of 1. Placing these values into the above inequality results in the 

following condition: 

𝑑 >
1

8723336(0.5)8(1000)(0.001745)1.5(1)4
 

𝑑 > 0.000402591 

  

As I described earlier, the largest spacing I heard contractors mention was 21.336 m. At 

double that spacing, the drainage coefficient (1.166327mm/day) is larger than the right-hand 

side. Even at an absurd spacing of 100 m, the drainage coefficient is 0.212mm/day, which is still 

larger than the right-hand side. Therefore, I am confident that the term in brackets in equation 

25 is negative in practice. With each term in the second derivative shown to be negative, I 

conclude that the curvature of the cost equation with respect to the drainage coefficient is 

concave. 

2.5 Conclusion of Chapter 
 In the introduction, I laid out the main purpose of the chapter. This was to model the cost 

of installation given the value of the drainage coefficient. To achieve that purpose, I identified 

the intermediate purpose of collecting and summarizing information from drainage contractors 

and other sources. I have achieved both of those goals in this chapter. Importantly, I now have a 

mathematical relationship between cost and the drainage coefficient. I have learned that the 

relationship is positive and concave. The cost equation depends on multiple factors that can 

vary between counties. This relationship will be used in the next chapter in building the 
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theoretical model of tile drainage decision making. The data collected in the contractor 

interviews will be used to calibrate the cost equation in Chapter 4. The results of this chapter are 

a strong foundation to the rest of the thesis.  
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2.6 Tables and Figures  
 

Figure 2. 1 Basic layout and function of a tile drainage system 

 

Source: OMAFRA 2010 and Author modification 

Notes: 1. Lateral drains, shown as following the direction of the blue arrows, collect water from 

the field. This water flows into the main drain.  

2. The main drain, shown as following the direction of the red arrows, collects water from the 

lateral drains and brings it to the tile outlet.  

3. The tile outlet is in a location that allows the water to leave the field without damaging 

neighbouring properties.  
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Figure 2. 2 Styles of tile drainage layouts 

 

Source: Government of Ontario 2007, page 30  

Notes:  

1.Panel A shows a systematic layout 

2. Panel B shows a herringbone layout 

3. Panel C shows a random layout 

4. Panel D shows a double main layout 
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Figure 2. 3 Illustration of preferred tile orientation to elevation (panel A) in comparison to non-
ideal tile orientation (panel B) 

 

 

Source:  Wright and Sands 2018, Author’s modification 

Notes: 1. The dotted lines in both panels are elevation contour lines. Each line traces the points 

in the field with equal elevation. Each line represents a different elevation.  

2. The reason orientation A is preferred is so that the tiles catch the water as it runs down the 

field.  
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Figure 2. 4 An example of the layout of a tile drainage system 

 

Source: Gillier Drainage (accessed May 2020) 

 

 

 

 

 

 

 

 

 

 



53 
 

Figure 2. 5 Capillary action is stronger the smaller the radius of the capillary 

 

Source: Nemes 2016 
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Figure 2. 6 Capillary action of different soil particle sizes 

 

Source: Selker and Or (2019), and Author modification.  

Notes: 1. Selker and Or (2019) is licensed with a creative commons Attribution-NonCommercial-

ShareAlike 3.0 International (CC BY-NC-SA 3.0) license. Their contribution to this Figure 2.is 

the two columns on the right. More information can be found at 

https://creativecommons.org/licenses/by-nc-sa/4.0/ 
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Figure 2. 7 Experimental set up for using Darcy’s Law and determining hydraulic conductivity 

 

Source: Mitchell (date unknown) 
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Figure 2. 8 Different levels of field water content and the content of soil pores 

 

 

Source: Ribeiro da Silva, Diaz-Perez, and Coolong 2019 
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Figure 2. 9 Diagram showing the water table and water content in a typical field 

 

 

Source: Ribeiro da Silva, Diaz-Perez, and Coolong 2019 and Author modification  
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Figure 2. 10 Illustration of root growth with and without drainage 

 

Source: Panuska 2018 
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Figure 2. 11 Depth and spacing of tiles 

 

Source: OMAFRA 2013 
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Figure 2. 12 Layout of the representative field and variables used in the cost equation 

 

Source: Author 
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Figure 2. 13 Example of a drainage system layout with changing main size 

 

Source: Northern Plains Drainage Systems Ltd. (Accessed May 2020). 
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Figure 2. 14 Variables present in Hooghoudt’s equation 

 

Source: Panuska 2015 
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Figure 2. 15 Counties included in the contractor interviews 

 

Source: Author, county boundaries from Xu (2017) 

Notes:  

1. Two contractors are located in Middlesex.  

2. Another two are within the merged county of ID 20. One contractor is from Simcoe county 

and another is from Northumberland. 
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Figure 2. 16 Relationship between the Material Cost of a Main Pipe and the Diameter of a Main 
Pipe 

  

Source: ADS Canada’s price list for 2019 

Notes: A quadratic equation was fitted to the data from ADS Canada’s price list for 2019 
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Figure 2. 17 Determination of installation cost based on the difference between the cost-
diameter relationship for total main cost and material cost 

 

Source: ADS Canada’s price list for 2019, Personal communication with Contractors  

Notes: 1. For the material cost of main, only 4 of the 10 datapoints are included. This is due to how 

contractors only provided costs for the diameters of 152.4 mm, 203.2 mm, 254 mm, and 304.8mm. A 

linear relationship describes these 4 data points, while a quadratic relationship is fitted to the data in 

Figure 2.16.  

2. I calculate the installation cost as the difference between these two equations. In doing this, I 

assume the relationship between main diameter and installation costs between the diameters of 152.4 

mm and 304.8mm is a good approximation of the installation cost across all the diameters.  
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Table 2. 1 Cost ($ per metre) of a Lateral Pipe in a Tile Drainage System 

  

Cost of 4 in laterals (dollars per metre) 

Material Install Total 

Contractor Minimum Average Maximum Minimum Average Maximum Minimum Average Maximum 

1   1.44     0.89     2.33   

2   1.61     *         

3       0.72   0.75       

4         0.72         

5 1.15   1.31 0.82   0.85 1.97   2.17 

6   1.38     1.15     2.53   

7   1.48     1.41     2.89   

8                   

9   1.35   0.59   0.92 1.94   2.26 

10         0.82         

Mean of 
column 1.15 1.45 1.31 0.71 1.00 0.84 1.95 2.58 2.21 

   Sum of mean material and average 
installation costs 

Minimum Average Maximum 

   1.86 2.45 2.15 

 

Source: Personal Communications between Author and Drainage Contractors (2019) 

Notes: *the value for install cost for contractor 2 has been removed due to ambiguity.  

1. I report minimum, maximum, and average values. This is because some contractors reported a range while others reported one value. 

2. In column 8, I added the values in the 2nd and 5th columns  

3. In column 9, I added the values in the 3rd and 6th columns  

4. In column 10, I added the values in the 4th and 7th columns  

5. I calculated values in columns 8-10 only in cases where contractors gave estimates for both material and installation costs 

6. In the row titled “Mean of Column”, I calculate the average of the values in each column. This means I calculate a minimum, average, 

and maximum mean for material, installation, and total cost. 

7. In the bottom row, I add the mean values for material and installation costs.  
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Table 2. 2 Cost ($ per metre) of a Main Pipe in a Tile Drainage System 

Contractor 

Cost of main per metre Average 
main install 
per hectare 

152.4mm 203.2mm 254mm 
304.8mm 

min avg max 

1*   3.28 4.92   6.56     

2 4.13             

3               

4               

5               

6             494.2 

7 
5.74 9.19 13.12 15.75   16.40 

172.97-
185.33 

8               

9               

10 5.18 9.28           

Average 5.02 9.24 13.12 16.08  
 

Source: Personal Communications between Author and Drainage Contractors (2019) 

Notes: *mentioned taking on a loss for main pricing, therefore not included in averages 

1. The averages in the bottom row were calculated using the data in each respective column 

2. Some contractors reported average install per hectare. This was not included in the analysis 
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Table 2. 3 Cost ($) of a Connection between a Lateral Pipe and Main Pipe in a Tile Drainage 
System 

  Cost of connection 

Contractor Minimum Maximum 
Average 
Stated by 
contractor 

Calculated 
average 

1 24 35   29.5 

2         

3         

4         

5     25 25 

6         

7 5 15   10 

8         

9         

10     25 25 

  Average 22.38 

 

Source: Personal Communications between Author and Drainage Contractors (2019) 

Notes: 1. The values in the last column were calculated as the average of the values in columns 2-4 

2. The average in the last row was calculated as the average of the values in the last column 
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Table 2. 4 Additional Costs (S) of Installation a Tile Drainage System 

Contractor Cost Included  

1 1000 Preparing the site, looking for existing tiles, time with backhoe 

2    

3    

4    

5    

6    

7 1000 Moving machinery to job site. 

8    

9    

10    

 

Source: Personal Communications between Author and Drainage Contractors (2019) 

Notes: It is unclear whether the contractors meant the activities in the third column cost the value in 

column 2, or whether the activities are examples of what makes up the cost in column 2.  
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Chapter 3 – The Production Economics of Agricultural Drainage in 

a Damage Control Framework 
This chapter has two purposes. The first is to characterize the farmer’s decision of 

whether to install tile drainage and the capacity of that system. By achieving this purpose, I will 

hypothesize about the effect of variables on drainage system choices. The second purpose is to 

determine how to model drainage choices in the spatial stochastic drainage simulation model 

described in Chapter 4.  

 In this theoretical framework, I use the production economics of damage control inputs to 

derive a revenue equation that I compare to the cost equation derived in the previous chapter. 

The distinguishing feature of the framework, and a main contribution, is a damage control 

framework for two damage agents mitigated by one damage control input.  

There are a few overarching assumptions I make in the development of the theoretical 

framework. Firstly, I have not included repairs done before replacement of the system. In doing 

so, I have assumed drainage systems maintain functionality until the end of their life span. I 

have also assumed that the drainage system is as productive in its first year as in all years. In 

the interviews described in Chapter 2, I learned that it can take time for the natural drainage 

from the surface of the field to the drain to develop. The time between the installation and 

maximum drainage for a drainage system could be 1 – 5 years, depending on installation 

quality. 

 In Section 3.1, I explain the basic concepts of the production economics of damage 

control inputs. In Section 3.2, I outline why excess water is considered a damage agent. I also 

outline assumptions associated with the approach used in the framework. Then, in Section 3.3 I 

outline the elements that characterize the drainage theoretical framework. To aide in 

explanation, I build this model step by step in Sections 3.4 to 3.7. With each step, I incorporate 

an element of the framework. In Section 3.7, I arrive at the complete model. In Section 3.8, I 
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discuss the complexity of the theoretical framework and what it means for analysis of drainage 

choices. Finally, in Section 3.9 I summarize the lessons learned in this Chapter and the results 

that will be used in developing the spatial stochastic drainage simulation model in Chapter 4.   

As you will see, this optimization problem quickly becomes complicated. Solving the 

optimization problem to determine an optimal value of the drainage coefficient is either 

unsolvable or would require a graduate level of mathematical analysis. Instead, I use the 

theoretical framework to form an understanding of drainage choice and to set up a simulation 

model to determine a robust choice of the drainage coefficient.  

3.1 Damage Control Inputs 
 A damage control input is any input that affects yield indirectly through mitigating the 

reduction in output caused by a damage agent. A common example is a pesticide. The 

application of pesticide does not directly improve yields. Pesticide improves yields because it 

removes pests. Fewer pests can cause less damage to yield. The degree to which pesticide 

improves yield relies not only on how much pesticide is used, but also on how effective the 

pesticide is at reducing pest numbers and how many pests are in the field. The production 

economics of damage control inputs models these relationships.   

 The first component of the production economics of damage control inputs is the 

damage function. This function describes the relationship between the damage agent and yield. 

In equation 1, Z is the damage agent. The damage function, 𝐷(𝑍), describes the amount of 

damage caused by the damage agent. For pesticide, this is the reduction in crop output caused 

by a pest. This amount of damage is subtracted from the yield that would occur without any 

damage agent present. The actual yield, Y, is the remaining yield after the damaged yield has 

been removed from the yield that occurs with no damage, 𝑌0. For clarity, I refer to 𝐷(𝑍) as the 

damage function and I call equation 1 the damage equation.  

𝑌 = 𝑌0 −  𝐷(𝑍)                                                                     [1] 
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Where 𝑌 is yield (metric tons per hectare per year) 

𝑌0 is the yield that would occur with no damage agent 

𝐷(𝑍) is the damage function that describes the amount of yield destroyed by the damage agent 

𝑍 is the amount of damage agent present 

 The second element of the production economics of damage control inputs is the control 

function. This function describes how effective the damage control input is at reducing the 

damage agent. In equation 2, X is the damage control input. The quantity of the damage agent 

removed by the damage control input is the control function, 𝐶(𝑋). For the pesticide example, 

𝐶(𝑋) is the amount of pests killed by the application of X amount of pesticide. The total amount 

of damage agent remaining is the initial pest level less the amount removed by the damage 

control agent. This is shown in equation 2. For clarity, I refer to 𝐶(𝑋) as the control function and 

I call equation 2 the control equation.  

 𝑍 = 𝑍0 −  𝐶(𝑋)                                                                       [2] 

Where Z is the controlled level of the damage agent,  

C(X) is the control function that describes the amount of the damage agent removed by the 

damage control input,  

X is the level of the damage control input.  

 Put together, these equations explain the yield that results from application of the 

damage control input. Equation 2 determines the level of the damage agent after the 

application. When that amount of the damage agent is substituted into equation 1, the result is 

yield with damage control. Algebraically, this is done by substituting equation 2 into equation 1. 

This is done in equation 3, which forms the total product curve. In the following sections, I apply 

these concepts to the case of drainage.  
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𝑌 = 𝑌0(1 −  𝐷( 𝑍0(1 −  𝐶(𝑋))))                                                          [3] 

3.2 Drainage as a damage control input 
 The production economics of damage control inputs can be applied in the context of 

water management on farms. Both water excess and water deficit are damage agents.  Xu 

(2019) modeled water deficit in the growing season as a damage agent in an economic model 

of the demand for irrigation water. The damage control agent capable of mitigating water deficit 

is irrigation. In this thesis, I consider the damage agent of excess water. As a damage agent, 

excess water is unique in that there are two seasons of precipitation that matter. The damage to 

yield that occurs due to precipitation before the growing season differs from the damage due to 

precipitation during the growing season. Therefore, before growing and growing season excess 

water are considered two separate, independent damage agents. The damage control agent 

capable of mitigating excess water is drainage. The damage agents of excess water are related 

to the damage agent of water deficit. They both depend on the level of precipitation. Xu 

(2017,2020) developed a crop yield model that estimates yield as a function of many variables, 

including precipitation. Figure 3.1 shows this crop yield model as a function of precipitation in 

the growing season. There is a level of precipitation, �̅�, that results in the maximum yield. This 

occurs when there is neither a water surplus nor a water deficit. For precipitations less than �̅�, 

yield is reduced due to the damage agent of water deficit. Figure 3.1 shows how irrigation can 

improve yields by increasing the level of water crops receive, and therefore reducing the 

damage agent of water deficit. For precipitations greater than �̅�, yield is reduced due to the 

damage agent of excess water.  

[Insert Figure 3.1 here] 

To model drainage as a damage control input, I have assumed drainage acts as if it 

removes precipitation. The presence of a drainage system does not literally mean less 

precipitation has fallen on the field. Figure 3.2 shows the water table level in four scenarios: wet 
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year with drainage, wet year with no drainage, less wet year with drainage, and less wet field 

with no drainage. In this diagram, the depth of the water table in the less wet year is the same 

regardless of whether a drainage system is installed. In the wet year, the water level is lower 

when drainage is present. In fact, in this diagram, the water table height in the wet year with 

drainage is the same as the water table when less precipitation fell. I have created this diagram 

to show that a drainage system can reduce the water table in a wet year to the undrained water 

table of a drier year.     

[Insert Figure 3.2 here] 

The degree of damage associated with excess water depends on how much excess is 

present. In other words, how far is actual precipitation to the right of �̅� . To distinguish between 

water deficit and excess, I define a variable for excess water, 𝑊𝑒. Excess water is the 

precipitation that falls on a field minus the precipitation for maximum yield, �̅�.  

𝑊𝑒 = 𝑊 − �̅�                                                                             [4] 

Where 𝑊𝑒 is the level of excess water in a season per year (mm) 

𝑊 is the amount of precipitation that falls in a season per year (mm) 

�̅� is the amount of precipitation in a season which results in maximum yield 

In equation 4, I subtract �̅� from actual precipitation. In Figure 3.3, I plot yield as a 

function of excess water, 𝑊𝑒.  You will notice that the maximum yield now occurs at a value of 0 

for my transformed variable, which is the deviation from the level of precipitation that results in 

no yield loss from either water excess or deficit, �̅�. An excess water level of zero means that 

the annual precipitation is equal to �̅� . Excess water is negative if the annual precipitation is 

less than �̅�. A negative level of excess water is a water deficit. The production economics for 
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negative excess water are described by Xu (2017,2020). The relationship where excess water is 

positive forms the damage function described in the next section.  

[Insert Figure 3.3 here] 

3.4 Deriving the framework for in one year 

3.4.1 The Damage Function 
In this section, I use the Xu (2017,2020) crop yield model as the basis of the damage 

function. The Xu (2017,2020) crop yield model estimates a quadratic functional form for the 

effect of precipitation on the yield of each crop. For corn and soybeans, Qin’s model has two 

precipitation related variables – precipitation before the growing season and precipitation during 

the growing season:   

  𝑌𝑡,𝑖,𝑗 = 𝛼0𝑖 + 𝛽1𝑖𝑊𝑏𝑡,𝑗 + 𝛽2𝑖(𝑊𝑏𝑡,𝑗)
2 + 𝛽3𝑖𝑊𝑔𝑡,𝑗 + 𝛽4𝑖(𝑊𝑔𝑡,𝑗)

2 + 𝛽5𝑖𝐺𝑊𝑗  + 𝛽6𝑖𝐷𝐷𝑡,𝑗 +

𝛽7𝑖𝐿𝑄𝑅𝑗  + 𝛽8𝑖𝑃𝑡−1 + 𝛽9𝑖𝑃𝐹𝑡 + 𝛽10𝑖𝑇𝑡 + 𝛽11𝑖𝐶𝑂2𝑡 + 𝛽12𝑖𝐺𝑊𝑗
2 + 𝛽13𝑖𝐷𝐷𝑡,𝑗

2 + 𝛽14𝑖𝐿𝑄𝑅𝑗
2  +

𝛽15𝑖𝑃𝑡−1
2 + 𝛽16𝑖𝑃𝐹𝑡

2 + 𝛽17𝑖𝑇𝑡
2 + 𝛽18𝑖𝐶𝑂2𝑡

2 + 𝛽19𝑖 (𝑊𝑔𝑡,𝑗 −𝑊�̂�
)(𝐷𝐷𝑡,𝑗 −𝐷�̂�) + 𝜖𝑡,𝑖      [5] 

Where 

𝑌𝑡,𝑖,𝑗 is the annual grain corn yield in year t, for crop i, and county j, 

𝑊𝑏𝑡,𝑗 is the precipitation before the growing season, which in this context is the 3 months prior 

to growing season in year t and county j, 

𝐺𝑊𝑗 is the groundwater level in county c and constant for each county over time, 

𝑊𝑔𝑡,𝑗 is the total precipitation during the growing season in year t and county j, 

𝐷𝐷𝑡,𝑗 is the degree days during the growing season in year t and county j, 

𝐿𝑄𝑅𝑗 is the land quality ratio in county j and is constant for each county over time, 
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𝑃𝑡−1 is the corn price in Ontario for the previous year t-1, 

𝑃𝐹𝑡 is the fertilizer price index in Canada for the current year t, 

𝑇𝑡 is the time trend, 

𝐶𝑂2𝑡 is the proxy of CO2 concentration in Ontario for the year t, 

𝑊�̂� is the mean of 𝑊𝑔𝑡,𝑗
 for all studied counties and years, 

And 𝐷�̂� is the mean of 𝐷𝐷𝑡,𝑗 for all studied counties and years.  

I use equation 5 to form the damage function. Equation 5 explains yield as a function of 

precipitation. To simplify equation 5, I group every term that does not contain spring or growing 

season precipitation in the intercept of equation 6, 𝑌0. With respect to the interaction term 

between precipitation and degree days, I assume average degree days in this theoretical 

framework (see Appendix 3.1 for an explanation of the damage function without this 

assumption). Many terms, such as ground water level and land quality ratio differ between 

counties. This means each county has a unique value for 𝑌0.  I have also expanded the 

interaction term between precipitation and degree days. Once expanded, I group any term not 

multiplied by excess water in the growing season into the intercept of equation 6, 𝑌0. 

𝑌𝑡,𝑖,𝑗 = 𝑌0𝑗 + 𝛽1𝑖𝑊𝑏𝑡,𝑗 + 𝛽2𝑖(𝑊𝑏𝑡,𝑗)
2 + 𝛽3𝑖𝑊𝑔𝑡,𝑗

+ 𝛽4𝑖(𝑊𝑔𝑡,𝑗
)2                              [6] 

Where  𝑌𝑡,𝑖,𝑗 is the yield of crop i per hectare for county j in year t 

𝑊𝑏𝑡,𝑗 is the amount of precipitation (mm) that falls in county c in year t during the spring season 

𝑊𝑔𝑡,𝑗 is the amount of precipitation (mm) that falls in county c in year t during the growing 

season 

𝑌0𝑗  is an intercept term that captures the effect from all other variables in the model 
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𝛽1𝑖, 𝛽2𝑖, 𝛽3𝑖, and 𝛽4𝑖 are coefficients estimated in the Xu (2017,2020) crop yield model 

Equation 6 describes the relationship between yield and precipitation. In the next few 

paragraphs, I express these relationships as between yield and the damage agent, excess 

water. To do this, I first define variables for excess water in the spring, 𝑊𝑏
𝑒, and in the growing 

season, 𝑊𝑔
𝑒 in equations 7 and 8. I have simplified by removing the subscripts for crop, county, 

and year. As explained in Section 3.2 and 3.3, excess water is defined as the amount of 

precipitation after the water requirement for maximum yield, �̅�. Therefore,  

𝑊𝑔 = 𝑊𝑔
𝑒 + 𝑊𝑔̅̅ ̅̅                                                                              [7] 

and 

𝑊𝑏 = 𝑊𝑏
𝑒 + 𝑊𝑏

̅̅ ̅̅                                                                              [8] 

Figure 3.4 shows the damage equation plotted against growing season excess water. In 

creating Figure 3.4, I assume that spring excess water is equal to zero. In Appendix 3.2, I 

present a three-dimensional visualization of the damage function for both damage agents. As in 

Figures 3.1 and 3.3, the vertical axis shows the yield for a county in metric tons per hectare per 

year. The right side of the horizontal axis shows the damage agent of excess water, 𝑊𝑔
𝑒, in 

mm/year. The left, negative side of the horizontal axis shows the damage agent of water deficit ( 

- 𝑊𝑔
𝑒 ). The maximum yield occurs where 𝑊𝑔

𝑒 is equal to zero and 𝑊𝑔 = 𝑊𝑔̅̅ ̅̅ . With no damage 

agent present, there is no reduction in yield. This point is labelled 𝑌𝑚𝑖,𝑗
.  It is the maximum yield 

that can be achieved. I will discuss the value of 𝑌𝑚 in the following paragraphs. Since positive 

values of water excess reduce yield, the damage equation slopes down. This function is 

concave, meaning an increasing reduction in yield due to excess water. Large amounts of 

excess water have a larger marginal reduction in yield than lower amounts of excess water. The 

first mm of excess water is not as damaging as later mms. Large rainfall events are when the 
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largest damages occur. As an example, Figure 3.4 shows that a level of excess water of 𝑊1
𝑒
𝑔

 

corresponds to a yield of 𝑌1. At an excess water level of 𝑊𝑚
𝑒
𝑔

 , yield is reduced to zero. Since 

yield cannot be negative, yield is equal to zero for excess water levels greater than 𝑊𝑚
𝑒
𝑔

. The 

damage equation plotted against excess water in the spring season also takes this shape.  

[Insert Figure 3.4 here] 

Algebraically, the damage equation can be described by a piecewise function. I derive 

the damage equation by first replacing the quadratic functional form for the spring excess water 

for corn in. I then substitute equations 7 and 8 into equation 6. Finally, I construct the piecewise 

damage equations for each crop by considering four cases: both damage agents present, only 

spring season damage agent present, only growing season damage agent present, and neither 

damage agents present. In these equations, I do not discuss the case where large amounts of 

excess water reduce yield to zero. This case will be discussed later in the chapter. For corn, the 

damage function for precipitation before the growing season is convex and does not make 

intuitive sense. In Appendix 3.3 I discuss how I have modified the convex damage equation for 

corn.  

When both damage agents are present, 𝑊𝑏
𝑒 and 𝑊𝑔

𝑒 are positive, the damage equation 

is:  

Y = 𝑌0 + 𝛽1(𝑊𝑏
𝑒 +𝑊𝑏

̅̅ ̅̅ ) + 𝛽2(𝑊𝑏
𝑒 +𝑊𝑏

̅̅ ̅̅ )2 + 𝛽3(𝑊𝑔
𝑒 +𝑊𝑔̅̅ ̅̅ ) + 𝛽4(𝑊𝑔

𝑒 +𝑊𝑔̅̅ ̅̅ )
2
 

When only the spring damage agent is present, excess water in the growing season is 

less than or equal to zero. As mentioned before, I assume no damage due to water deficit. 

Therefore, I set excess water in the growing season, 𝑊𝑔
𝑒 , equal to zero. The damage equation 

becomes:  

𝑌 = 𝑌0 + 𝛽1(𝑊𝑏
𝑒 +𝑊𝑏

̅̅ ̅̅ ) + 𝛽2(𝑊𝑏
𝑒 +𝑊𝑏

̅̅ ̅̅ )2 + 𝛽3(𝑊𝑔̅̅ ̅̅ ) + 𝛽4(𝑊𝑔̅̅ ̅̅ )
2
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 In a similar way, when only the growing season excess water is present, I set excess 

water in the spring season, 𝑊𝑏
𝑒, equation to zero.  

𝑌 = 𝑌0 + 𝛽1(𝑊𝑏
̅̅ ̅̅ ) + 𝛽2(𝑊𝑏

̅̅ ̅̅ )2 + 𝛽3(𝑊𝑔
𝑒 +𝑊𝑔̅̅ ̅̅ ) + 𝛽4(𝑊𝑔

𝑒 +𝑊𝑔̅̅ ̅̅ )
2
  

 Finally, when neither damage agent is present, I set both and equal values of excess 

water to zero. The result is the no damage level of yield. This is the maximum yield, 𝑌𝑚𝑖,𝑗
, 

shown in Figure 3.4. These four cases can be grouped into the following piecewise functions. In 

these equations, yield cannot be negative.  

𝑌 =

{
 
 

 
 
                                                                𝑌𝑚                                                                     , 𝑖𝑓 𝑊𝑏

𝑒 ,𝑊𝑔
𝑒 < 0 

𝑌0 + 𝛽1(𝑊𝑏
𝑒 +𝑊𝑏

̅̅ ̅̅ ) + 𝛽2(𝑊𝑏
𝑒 +𝑊𝑏

̅̅ ̅̅ )2 + 𝛽3(𝑊𝑔̅̅ ̅̅ ) + 𝛽4(𝑊𝑔̅̅ ̅̅ )
2
                          , 𝑖𝑓𝑊𝑏

𝑒 > 0,𝑊𝑔
𝑒 < 0

𝑌0 + 𝛽1(𝑊𝑏
̅̅ ̅̅ ) + 𝛽2(𝑊𝑏

̅̅ ̅̅ )2 + 𝛽3(𝑊𝑔
𝑒 +𝑊𝑔̅̅ ̅̅ ) + 𝛽4(𝑊𝑔

𝑒 +𝑊𝑔̅̅ ̅̅ )
2
                          , if 𝑊𝑏

𝑒 < 0,𝑊𝑔
𝑒 > 0

𝑌0 + 𝛽1(𝑊𝑏
𝑒 +𝑊𝑏

̅̅ ̅̅ ) + 𝛽2(𝑊𝑏
𝑒 +𝑊𝑏

̅̅ ̅̅ )2 + 𝛽3(𝑊𝑔
𝑒 +𝑊𝑔̅̅ ̅̅ ) + 𝛽4(𝑊𝑔

𝑒 +𝑊𝑔̅̅ ̅̅ )
2
   , if 𝑊𝑏

𝑒 ,𝑊𝑔
𝑒 > 0        

 

[9] 

3.4.2 The Control Function 
 

 As described in Section 3.1, the control equation describes how a damage control agent 

can reduce levels of a damage agent. In this case, there are two damage agents: spring season 

excess water and growing season excess water. Both of these damage agents can be 

controlled by drainage. There is a control equation (2) for each damage agent. In this case, the 

control function is the same for both damage agents. In the next few paragraphs, I will derive 

the control function and control equations. For drainage, I replace the general variables in 

equation 2 with  

𝑊𝑠
𝑒 = 𝑊𝑠

𝑒
0
−  𝐶(𝑑)                                                                       [10] 

Where 𝑊𝑠
𝑒
0
 is the initial level of excess water in season s 

And 𝑊𝑠
𝑒 is the level of excess water in season s after drainage has occurred.  
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The definition of the drainage coefficient is the amount of water (in mm) that can be 

removed from a field in a day. It is important to note the language of potential in that definition. 

The coefficient describes not what will be removed, but what could be removed. An example of 

this difference occurs due to soil compaction. In the contractor interviews described in Chapter 

2, I learned that soil compaction can reduce the effectiveness of drainage systems. For water to 

leave the system through the drainage tiles, it must first travel through the soil to the tile. If soil is 

compacted, movement of water through soil is reduced. The actual water leaving the field may 

be less than the installed drainage coefficient. Thus, the value of the drainage coefficient is the 

largest amount of water that can be removed. The actual water removed from the field could be 

any value between 0 and the drainage coefficient, d. Equation 11 describes this concept. The 

amount of water (mm) a drainage system removes from a field in a day is some proportion of 

the drainage coefficient. The coefficient 𝛾 is the proportion of the potential drainage that is 

actually drained. I refer to 𝛾 as the drainage effectiveness. The choice of drainage effectiveness, 

𝛾, is an assumption about installation quality and soil preservation practices. 

𝐶(𝑑) = 𝛾𝑑                                                                            [11] 

Where 𝐶(𝑑) is the control function, which describes the amount of water a drainage system can 

remove from a field in a day (mm) 

𝛾 is a coefficient between 0 and 1  

𝑑 is the drainage coefficient: the amount of water 

 Equation 11 is the amount of water drained in a day. Yet the damage equation 

developed in section 3.4.1 is based on a time season of the growing and spring seasons. These 

time seasons are chosen because they are the time seasons used by Xu (2017,2020) in the 

creation of the crop yield model and spatial stochastic drainage simulation model. For the 

control equation to be used with the damage equation, it needs to be in terms of excess water in 
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each season. The next step in deriving the control function is to express equation 5 in terms of 

the amount drained in a year. From this point on, the theoretical framework will be in terms of 

yearly precipitation. 

 An initial thought is to multiply the daily drainage by the number of days in the growing 

season. However, drainage does not occur every day. Recall that the drainage coefficient is the 

potential water that can be drained from a field. If there is not any excess water to drain, no 

drainage will occur. In a conversation with Shortt (2020), I learned that about 90% of days in the 

growing season do not require drainage. Therefore, I introduce a variable to represent the 

number of days during the season that drainage occurs. I call this variable drainage days, n. 

The amount of excess water drained in a year is the amount of excess water drained in a day 

multiplied by drainage days. Therefore, I multiply the control function in equations 17 and 18 by 

the number of drainage days in each season.   

𝑊𝑠
𝑒 = 𝑊𝑠

𝑒
0
− 𝑛𝑠 𝐶(𝑑)                                                                    [12] 

Where 𝑛𝑠 is the number of drainage days in a season 

 Inserting equation 11 into equation 12 results in the control equation:   

𝑊𝑠
𝑒 = 𝑊𝑠

𝑒
0
− 𝑛𝑠𝛾𝑑                                                                    [13] 

 Figure 3.5 shows the control equation for the growing season that is described in 

equation 13. As described earlier, the control equation is negatively slopped due to how 

drainage reduces excess water. The magnitude of this slope is the drainage effectiveness 

multiplied by the number of drainage days in the growing season. As an example, if the 

drainage coefficient is 𝑑1, the resulting excess water will fall from 𝑊𝑠
𝑒
0
 to 𝑊𝑠

𝑒
1
. With a drainage 

coefficient of 0, the excess water 𝑊𝑠
𝑒is equal to the initial level of excess water 𝑊𝑠

𝑒
0
. Excess 

water can by completely removed at the point where the control equation hits the horizontal 
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axis, 𝑑𝑚. Drainage does not reduce excess water below 0. As I explained in Chapter 2, not all 

water in the soil will drain. Gravitational water will leave the field through tile drains, while 

capillary water will be held within the soil pores. I assume that if there is excess water present 

that could damage yield, it happens at water levels greater than 𝑊𝑠̅̅̅̅ . I assume that since 𝑊𝑠̅̅̅̅  

results in max yield, it does not have excess gravitational water in the root zone that would 

damage crops. Therefore, I assume water less than 𝑊𝑠̅̅̅̅  is not gravitational and does not drain. 

Therefore, I assume drainage does not reduce yield.  

[insert Figure 3.5 here] 

The choice of defining drainage days provides a second benefit. The number of drainage 

days is representative of intensity of rainfall events. One of the criticisms of studying drainage 

with a time frame of a year and total precipitation is the inability to pick up on how that 

precipitation fell. I have learned that rain that falls over a shorter season has a greater potential 

to damage crops. One of the predictions of climate change is an increase in the intensity of 

rainfall events, with precipitation occurring over shorter periods (Peck, Prodanovic, and 

Simonovic, 2012). The Xu (2017,2020) model is not able to directly capture that effect. With the 

addition of drainage days, I am able to study the relationship between intensity of precipitation 

and benefits of drainage. To explain, I provide an example. If you consider a constant 

precipitation over the season, fewer drainage days means more precipitation on each day. With 

larger amounts of precipitation in a day, there is a greater chance that the root zone remains 

saturated and crop damage occurs. Varying the number of drainage days provides insight into 

the effect of rainfall intensity on the benefit of drainage.  

3.4.3 Combining the Damage and Control Equations to Derive the Total Product Curve 
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 Now that I have defined both the damage and control equations, they can be combined 

to form the total product curve. The total product curve will describe the relationship between 

the drainage coefficient and yield.  

The control equation returns a value of excess water for a given drainage coefficient. 

This excess water is the level that the field experiences, and therefore can be substituted into 

the damage equation. This process results in the total product curve. I substitute equation 13 

into equation 9. For the following equations, yield must be greater than or equal to 0.  

For a particular crop in a particular county:  

𝑌

=

{
  
 

  
 

                                                                           𝑌𝑚                                                                                                                    , 𝑖𝑓 𝑊𝑏
𝑒 ,𝑊𝑔

𝑒 < 0         

𝑌0 +𝛽1(𝑊𝑏
𝑒
0
− 𝑛𝑏𝛾𝑑 +𝑊𝑏

̅̅ ̅̅ ) + 𝛽2(𝑊𝑏
𝑒
0
− 𝑛𝑏𝛾𝑑 +𝑊𝑏

̅̅ ̅̅ )
2
+𝛽3(𝑊𝑔̅̅ ̅̅ ) + 𝛽4(𝑊𝑔̅̅ ̅̅ )

2
                                                   , 𝑖𝑓𝑊𝑏

𝑒 > 0,𝑊𝑔
𝑒 < 0

𝑌0 +𝛽1(𝑊𝑏
̅̅ ̅̅ ) + 𝛽2(𝑊𝑏

̅̅ ̅̅ )2+ 𝛽3 (𝑊𝑔
𝑒

0
− 𝑛𝑔𝛾𝑑 +𝑊𝑔̅̅ ̅̅ ) + 𝛽4 (𝑊𝑔

𝑒

0
− 𝑛𝑔𝛾𝑑 +𝑊𝑔̅̅ ̅̅ )

2
                                               , if 𝑊𝑏

𝑒 < 0,𝑊𝑔
𝑒 > 0

𝑌0 +𝛽1(𝑊𝑏
𝑒
0
− 𝑛𝑏𝛾𝑑 +𝑊𝑏

̅̅ ̅̅ ) + 𝛽2(𝑊𝑏
𝑒
0
− 𝑛𝑏𝛾𝑑 +𝑊𝑏

̅̅ ̅̅ )
2
+𝛽3 (𝑊𝑔

𝑒

0
− 𝑛𝑔𝛾𝑑 +𝑊𝑔̅̅ ̅̅ ) + 𝛽4 (𝑊𝑔

𝑒

0
− 𝑛𝑔𝛾𝑑 +𝑊𝑔̅̅ ̅̅ )

2
, if 𝑊𝑏

𝑒 ,𝑊𝑔
𝑒 > 0        

 

 [14] 

Equations 14 is complicated. As I explained in Section 3.3, I intend to build the 

theoretical framework beginning with the simplest version of the drainage choice model. 

Therefore, for the following explanation of the model, I will refer to one, hypothetical variable for 

excess water, 𝑊0
𝑒. In Appendix 3.5, I present a three-dimensional visualization of the total 

product curve with both damage agents. 

For this section, I also assume all values of excess water are positive and that excess 

water is less than Wm
e  shown in Figure 3.4. In Section 3.5 I return to describing all cases in the 

piecewise function. With these simplifications, the total product curve becomes:  

𝑌 =  𝑌0  + 𝛽1(𝑊0
𝑒  –  𝑛𝛾𝑑 + �̅�) + 𝛽2(𝑊0

𝑒  –  𝑛𝛾𝑑 + �̅�)2                                       [15] 
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Equation 14 was found by substituting the control equation into the damage equation. 

Graphically, this feeding of functions into one another can be shown with a four-panel diagram. 

Figure 3.6 shows this combination of the damage and control equations to derive the total 

product curve. On the top half of the diagram, the vertical axis represents the yield in a county. 

The horizontal axis on the left side of the diagram represents excess water. This is an axis that 

both the damage equation (in Figure 3.4) and the control equation (in Figure 3.5) have in 

common. The last two axes are both the drainage coefficient with a 45⁰ line in between. This is 

done so that a level of the drainage coefficient can be traced to the other axis.  

To begin, I select a value of the drainage coefficient to plot. In Figure 3.6, I begin with 

the value of 𝑑1. I trace this value from the horizontal axis on the right side of the diagram, to the 

45⁰ line. I then trace from the 45⁰ line to the vertical axis. The value on the vertical axis for the 

drainage coefficient is also 𝑑1. This value of 𝑑1 is then traced to the control equation. Tracing up 

from that point on the control equation to the horizontal axis on the left side of the diagram 

reveals the level of excess water that results from a drainage coefficient of 𝑑1. This is equivalent 

to substituting 𝑑1 into the control equation. Next, I trace up from the level of excess water to the 

damage equation. That height is the value of yield give a drainage coefficient of 𝑑1. This is 

equivalent to substituting the level of excess water into the damage equation. Finally, I trace 

over to the right panel, where I mark the point that represents the yield associated with a 

drainage coefficient of 𝑑1. 

[Insert Figure 3.6 here] 

In Figure 3.7, I repeat this process for multiple values of the drainage coefficient. These 

yield-drainage combinations can be connected. This results in a relationship between the 

drainage capacity and yield. This is referred to as the total product curve. It plots the yield 

associated with each value of the drainage coefficient. The relationship, shown as the orange 

line, is concave. This means that the marginal increase in yield decreases with larger values of 
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the drainage coefficient. The intercept of the total product curve is found by tracing from where 

the excess water has not been reduced by drainage (𝑊𝑒 = 𝑊0
𝑒). The total product curve 

reaches the same maximum yield as the damage equation. This is due to how large values of 

the drainage coefficient reduce excess water to �̅�.  

 The total product curve reaches maximum yield,  𝑌𝑚, when excess water is reduced to 

zero. This occurs where the control equation meets the vertical axis. The vertical axis intercept 

of the control function is the drainage coefficient for which excess water is equal to zero. I call 

this drainage coefficient the damage eliminating drainage coefficient, 𝑑∗. To solve for the 

damage eliminating drainage coefficient, I set excess water equal to zero in the control 

equation. I used the simplified version of the framework presented in equation 15.  

0 = 𝑊0
𝑒  –  𝑛𝛾𝑑 

𝑊0
𝑒  = 𝑛𝛾𝑑 

𝑑∗ =
𝑊0
𝑒

𝑛𝛾
                                                                                [16] 

After 𝑑∗, further increasing the drainage coefficient does not increase or decrease yield. 

Therefore, the total product curve is a horizontal line at 𝑌𝑚. Therefore, the total product curve is 

described by the following piecewise function:  

𝑌 =

{
 
 

 
 𝑌0  + 𝛽1(𝑊0

𝑒  –  𝑛𝛾𝑑 + �̅�) + 𝛽2(𝑊0
𝑒  –  𝑛𝛾𝑑 + �̅�)2, 𝑖𝑓  𝑑 <

𝑊0
𝑒

𝑛𝛾

 𝑌𝑚                                                                                      ,   𝑖𝑓 𝑑 >
𝑊0

𝑒

𝑛𝛾

 

[17] 

[Insert Figure 3.7 here] 
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3.4.4 Modelling benefits of drainage 
 I model the farmer’s choice of drainage capacity as problem of maximizing net benefits. 

To model this choice, I must first model the benefits and costs of installing drainage. I begin by 

deriving an equation for revenue as a function of the drainage coefficient.  

 Revenue is equal to price multiplied by yield. Therefore, to arrive at a revenue equation, 

I multiply price by the total product curve described in equation 17.  

𝑅 = 𝑝𝑌 

𝑅 =  {
𝑝(𝑌0  +  𝛽1(𝑊0

𝑒  –  𝑛𝛾𝑑 + �̅�) + 𝛽2(𝑊0
𝑒  –  𝑛𝛾𝑑 + �̅�)2),   𝑑 <

𝑊0
𝑒

𝑛𝛾

 𝑝𝑌𝑚                                                                                            ,   𝑑 >
𝑊0
𝑒

𝑛𝛾

                                [18] 

Where 𝑅 is revenue  

And 𝑝 is price of the crop 

 However, the farmer is making a choice about drainage relative to their profit from crop 

production without drainage. In this case, the benefit of drainage is the increase in revenue. 

Therefore, farmers compare the change in revenue due to drainage to cost of installation. The 

change in revenue is found by subtracting revenue when the drainage coefficient is equal to 

zero from revenue with a positive value of the drainage coefficient. I complete this subtraction 

for each part of the piecewise function shown in equation 18.   

When 𝑑 <
𝑊0
𝑒

𝑛𝛾
 

∆𝑅 = 𝑅𝑑  − 𝑅𝑛𝑑  

= 𝑝𝑌𝑑  −  𝑝𝑌𝑛𝑑  

= 𝑝[𝑌0 + 𝛽1(𝑊0
𝑒  −  𝑛𝛾𝑑 + �̅�) + 𝛽2(𝑊0

𝑒  −  𝑛𝛾𝑑 + �̅�)2] −  𝑝[𝑌0 + 𝛽1(𝑊0
𝑒 + �̅�) + 𝛽2(𝑊0

𝑒 + �̅�)2]  

= 𝑝𝑌0 + 𝑝𝛽1𝑊0
𝑒  −  𝑝𝛽1𝑛𝛾𝑑 + 𝑝𝛽1�̅� + 𝑝𝛽2((𝑊0

𝑒)2  −  2𝑛𝛾𝑑�̅�  −  2𝑊0
𝑒𝑛𝛾𝑑 +𝑊0

𝑒�̅� + 𝛾2𝑑2𝑛2

+ �̅�2)  − [𝑝𝑌0 + 𝑝𝛽1𝑊0
𝑒 + 𝑝𝛽1�̅� + 𝑝𝛽2(𝑊0

𝑒2 + 2𝑊0
𝑒�̅� + �̅�2)]  
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= 𝑝𝑌0 + 𝑝𝛽1𝑊0
𝑒  −  𝑝𝛽1𝑛𝛾𝑑 + 𝑝𝛽1�̅� + 𝑝𝛽2(𝑊0

𝑒)2  −  2𝑝𝛽2𝑛𝛾𝑑�̅�  −  2𝑝𝛽2𝑊0
𝑒𝑛𝛾𝑑 + 𝑝𝛽2𝑊0

𝑒�̅�

+ 𝑝𝛽2𝛾
2𝑑2𝑛2 + 𝑝𝛽2�̅�

2  −  𝑝𝑌0 −  𝑝𝛽1𝑊0
𝑒  −  𝑝𝛽1�̅�  −  𝑝𝛽2𝑊0

𝑒2 −  2𝑝𝛽2𝑊0
𝑒�̅�

− 𝑝 𝛽2�̅�
2  

∆𝑅 = − 𝑝𝛽1𝑛𝛾𝑑 −  2𝑝𝛽2𝑛𝛾𝑑�̅�  −  2𝑝𝛽2𝑊0
𝑒𝑛𝛾𝑑 + 𝑝𝛽2𝛾

2𝑑2𝑛2                           [19] 

 

When 𝑑 >
𝑊0
𝑒

𝑛𝛾
 

∆𝑅 = 𝑅𝑚  − 𝑅𝑛𝑑  

= 𝑝𝑌𝑚  −  𝑝𝑌𝑛𝑑  

= 𝑝[𝑌0 + 𝛽1(�̅�) + 𝛽2(�̅�)
2]  −  𝑝[𝑌0 + 𝛽1(𝑊0

𝑒 + �̅�) + 𝛽2(𝑊0
𝑒 + �̅�)2]  

= 𝑝𝑌0 + 𝑝𝛽1�̅� + 𝑝𝛽2�̅�
2 − [𝑝𝑌0 + 𝑝𝛽1𝑊0

𝑒 + 𝑝𝛽1�̅� + 𝑝𝛽2(𝑊0
𝑒2 + 2𝑊0

𝑒�̅� + �̅�2)]  

= 𝑝𝑌0 + 𝑝𝛽1�̅� + 𝑝𝛽2�̅�
2  −  𝑝𝑌0 −  𝑝𝛽1𝑊0

𝑒  −  𝑝𝛽1�̅�  −  𝑝𝛽2𝑊0
𝑒2 −  2𝑝𝛽2𝑊0

𝑒�̅� − 𝑝 𝛽2�̅�
2  

∆𝑅𝑚 = − 𝑝𝛽1𝑊0
𝑒   −  𝑝𝛽2𝑊0

𝑒2 −  2𝑝𝛽2𝑊0
𝑒�̅�  

Put together, the change in revenue equation is:  

∆𝑅 = {
− 𝑝𝛽1𝑛𝛾𝑑 −  2𝑝𝛽2𝑛𝛾𝑑�̅�  −  2𝑝𝛽2𝑊0

𝑒𝑛𝛾𝑑 + 𝑝𝛽2𝛾
2𝑑2𝑛2,   𝑑 <

𝑊0
𝑒

𝑛𝛾

− 𝑝𝛽1𝑊0
𝑒   −  𝑝𝛽2𝑊0

𝑒2 −  2𝑝𝛽2𝑊0
𝑒�̅�                                       ,   𝑑 >

𝑊0
𝑒

𝑛𝛾

                     [20] 

 

I show this conversion between revenue and change in revenue graphically in Figure 

3.8. On the left side of Figure 3.8, I show the curve for the revenue equation given the drainage 

coefficient. As mentioned above, the change in revenue is equal to the revenue with drainage 

minus the revenue without drainage. Revenue without drainage is the revenue equation when 

the drainage coefficient is equal to zero. Therefore, graphically, revenue without drainage is the 

vertical intercept of the revenue equation. To determine the change in revenue equation 

graphically, the revenue equation shifts down by the intercept of the revenue equation. 

Therefore, the revenue equation shifts down until the intercept is the origin. This change in 

revenue curve is shown on the right side of Figure 3.8. 

[Insert Figure 3.8 here] 
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As mentioned earlier, in this framework I assume a farmer makes decisions based on 

the present value of next benefits. To arrive at net benefits, I subtract cost from the benefits of 

revenue. To do so, I first define an annualized cost in equation 21.  

𝑐𝑡 = (𝑟 + 𝑘)𝐶                                                                      [21] 

Where 𝑐𝑡 is the annualized rental value, 

r is the interest rate, 

k is the depreciation rate, 

and C is the cost of installation given by the cost equation developed in Chapter 2. 

As I have described earlier in this chapter, the choice of the drainage coefficient is an 

intertemporal problem that depends on the probability distribution of precipitation. In the next 

section, I describe how these elements can be added to the theoretical model. 

3.5 Modelling drainage with a random precipitation variable  
 Drainage is different from other damage control inputs in a key way. The drainage 

coefficient chosen at installation is the coefficient that will apply for all years of the system’s 

lifetime. With irrigation, the quantity of water applied to the field is chosen each year. For 

pesticides, the amount applied to the field is chosen each year. Since a farmer locks in the 

drainage coefficient that will be used each year, the choice must consider the net benefits of 

each year of the system’s lifetime. The annual benefits of drainage depend on the precipitation 

that falls each year, which is a random variable.  In this section, I discuss the net benefit 

equation given all potential values of the damage agent.  

 From year to year, the damage equation and control function for drainage remain 

unchanged. However, the control equation will likely differ each year. The intercept of the 

control equation is the initial level of excess water. As many farmers know, the level of 
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precipitation that falls on a field is not constant. Figure 3.9 shows how the control equation 

changes with varying levels of precipitation. With a low level of initial precipitation (𝑊1
𝑒), the 

intercept is low, and the control equation lies closer to the origin. As the level of initial 

precipitation increases, the intercept is higher and control equation shifts further out from the 

origin. For one value of the drainage coefficient, 𝑑1, the amount of initial precipitation determines 

the level of excess water after drainage has occurred. The level of post-drainage excess water 

is much higher for the control equation that has a higher level of initial excess water.  

[Insert Figure 3.9 here] 

 These multiple control equations can be incorporated into the 4-panel diagram 

developed in section 3.4.3. Figure 3.10 shows four control equations with differing levels of 

initial excess water in the 4-panel diagram.  

[Insert Figure 3.10 here] 

As before, the total product curve can be found by tracing from a drainage coefficient. In 

Figure 3.11, I trace out the points for 3 values of the drainage coefficient, 𝑑1, 𝑑2, and 𝑑3. As I 

trace from a drainage coefficient, each control equation results in a different yield. The green 

points in the top right panel of the diagram are the values of yield for drainage coefficient of 𝑑1 

for each of the four control equations. The point with the highest yield corresponds to the control 

equation defined by the lowest level of initial excess water, 𝑊1
𝑒. As the initial excess water 

increases, the control equation shifts away from the origin, and the resulting yield decreases. 

The blue points in Figure 3.11 correspond to a drainage coefficient of 𝑑2 and the purple points 

correspond to a drainage coefficient of 𝑑3. The orange lines are the total product curves. Each 

curve shows the relationship between yield and the drainage coefficient for a given level of 

excess water. For the control function for 𝑊1
𝑒, the drainage coefficient of 𝑑2 is also 𝑑𝑚𝑎𝑥. This 

means that the coefficient of 𝑑2 results in an excess water level of zero given the initial excess 
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water of 𝑊1
𝑒. Therefore, the maximum level of yield, 𝑌𝑚, occurs at 𝑑2. Any drainage coefficient 

after 𝑑2 will also result in a yield of 𝑌𝑚. The total product curve for the initial excess water level 

of 𝑊1
𝑒 , 𝑇𝑃1, increases until 𝑑𝑚𝑎𝑥1 and remains at a height of 𝑌𝑚 for all drainage coefficients 

after 𝑑𝑚𝑎𝑥1. I found the intercept for the total product curve for an excess water level of by 

tracing up to yield from the point on the 𝑊1
𝑒 control function where the drainage coefficient is 

zero. For the control function for 𝑊2
𝑒, the drainage coefficient of 𝑑3 is also 𝑑𝑚𝑎𝑥2. I have added 

𝑑𝑚𝑎𝑥3 and 𝑑𝑚𝑎𝑥4 to mark the points in which 𝑇𝑃3 and 𝑇𝑃4 reach 𝑌𝑚.  

[Insert Figure 3.11 here] 

The equation for the total product curve can be derived in a similar way to section 3.4.3. 

At the beginning of Section 3.4.3, I stated I would be assuming only positive values of excess 

water and values less than 𝑊𝑚
𝑒. I now relax those assumptions to allow for negative and very 

large values of excess water. As explained in Section 3.4.1, when excess water is negative, I 

have assumed that there is no damage to yield. Therefore, the yield for negative excess water 

will always equal the maximum yield, 𝑌𝑚. For the cases where excess water is less than 𝑊𝑚
𝑒, 

equation 17 becomes:  

𝑌 =

{
 
 

 
 𝑌0  +  𝛽1(𝑊0

𝑒  –  𝑛𝛾𝑑 + �̅�) + 𝛽2(𝑊0
𝑒  –  𝑛𝛾𝑑 + �̅�)2, 𝑖𝑓  𝑑 <

𝑊0
𝑒

𝑛𝛾

𝑌𝑚                                                                                      ,   𝑖𝑓 𝑑 >
𝑊0
𝑒

𝑛𝛾

𝑌𝑚                                                                                      ,   𝑖𝑓 𝑊0
𝑒 < 0

                      [22] 

As can be seen in Figure 3.10, the highest initial level of excess water, 𝑊4
𝑒, results in the 

lowest total product curve, 𝑇𝑃4. This is due to how damages increase as excess water 

increases. The diagram also shows how increasing the drainage coefficient not only increases 

yield, but also reduces yield variation. There is a larger difference between the 𝑇𝑃1  yield and 

𝑇𝑃4 yield when the drainage coefficient is small.  
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The curve of 𝑇𝑃4 is unique in another way. It is the first level of excess water on this 

figure in which the total product curve does not have a positive intercept on the y axis. This is 

because 𝑊4
𝑒 is larger than the level of excess water, 𝑊𝑚

𝑒, with which the damage reduces yield 

to zero. I call this level of excess water the yield elimination threshold because it is the first level 

of excess water that will reduce yield to zero. Algebraically, the yield elimination is the level of 

excess water for which the damage equation is equal to zero:  

𝑌0 + 𝛽1(𝑊𝑚
𝑒 + �̅�) + 𝛽2(𝑊𝑚

𝑒 + �̅�)2 = 0 

Where 𝑊𝑚
𝑒 is the yield elimination threshold. 

To solve for the yield elimination threshold, 𝑊𝑚
𝑒, I rearrange to isolate the excess water variable. 

To aid in simplification, I substitute in the expression for �̅�, (
−𝛽1

2𝛽2
).  

𝑌0 + 𝛽1𝑊𝑚
𝑒 + 𝛽1 (

−𝛽1
2𝛽2

) + 𝛽2 ((𝑊𝑚
𝑒)2 + 2𝑊𝑚

𝑒 (
−𝛽1
2𝛽2

) + (
−𝛽1
2𝛽2

)
2

) = 0 

𝑌0 + 𝛽1𝑊𝑚
𝑒 +

−𝛽1
2

2𝛽2
+ 𝛽2(𝑊𝑚

𝑒)2 + 2𝛽2𝑊𝑚
𝑒 (
−𝛽1
2𝛽2

) + 𝛽2
𝛽1
2

4𝛽2
2 = 0 

𝑌0 + 𝛽1𝑊𝑚
𝑒 +

−𝛽1
2

2𝛽2
+ 𝛽2(𝑊𝑚

𝑒)2 − 𝛽1𝑊𝑚
𝑒 +

𝛽1
2

4𝛽2
= 0 

𝑌0 +
−𝛽1

2

2𝛽2
+ 𝛽2(𝑊𝑚

𝑒)2 +
𝛽1
2

4𝛽2
= 0 

𝛽2(𝑊𝑚
𝑒)2 =

2𝛽1
2

4𝛽2
−
𝛽1
2

4𝛽2
− 𝑌0 

(𝑊𝑚
𝑒)2 =

𝛽1
2

4𝛽2
2 −

𝑌0
𝛽2

 

𝑊𝑚
𝑒 = (

𝛽1
2

4𝛽2
2 −

𝑌0
𝛽2
)

0.5
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When initial excess water is greater the yield elimination threshold, it is possible to 

remove excess water and result in an effective excess water greater than the yield elimination 

threshold. In Figure 3.11, a quantity of water of 𝑊4
𝑒  −  𝑊𝑚

𝑒 must be drained before yield 

becomes positive. This means there is a minimum value of drainage, 𝑑, required for yield to be 

positive.  

This minimum occurs where the excess water after drainage is equal to 𝑊𝑚
𝑒. I solve for 

this 𝑑 by setting equal 𝑊𝑒 to 𝑊𝑚
𝑒 in the control equation.  

𝑊𝑚
𝑒  =  𝑊0

𝑒 − 𝑛𝛾𝑑 

𝑛𝛾𝑑 = 𝑊0
𝑒 −𝑊𝑚

𝑒 

𝑑 =
𝑊0
𝑒−𝑊𝑚

𝑒

𝑛𝛾
                                                                              [23] 

When the drainage coefficient is smaller than 𝑑, the system cannot reduce excess water 

enough to have a positive yield. Therefore, yield when the drainage coefficient is less than 𝑑 is 

equal to zero. Once the drainage coefficient is greater than 𝑑, the total produce curve has the 

same equation as the total product curves where initial excess water is less than the yield 

elimination threshold. Between 𝑑 and the damage eliminating drainage coefficient, 𝑑∗, the total 

product curve is the control equation substituted into the damage equation. After the damage 

eliminating drainage coefficient, 𝑑∗, excess water is equal to zero and yield is equal to 𝑌𝑚. Any 

increase in the drainage coefficient does not change yield. These cases can be summarized in 

a piecewise equation for the total product curve when 𝑊0
𝑒 > 𝑊𝑚

𝑒. I use equation 16 and 22 to 

express the conditions for 𝑑 and 𝑑∗. 

𝑇𝑃 =

{
 
 

 
 0                                                                                               , 𝑑 <  

𝑊0
𝑒−𝑊𝑚

𝑒

𝑛𝛾

𝑌0 + 𝛽1(𝑊0
𝑒  −  𝑛𝛾𝑑 + �̅�) + 𝛽2(𝑊0

𝑒  −  𝑛𝛾𝑑 + �̅�)2, 𝑑 >  
𝑊0
𝑒−𝑊𝑚

𝑒

𝑛𝛾

𝑌𝑚  =  𝑌0 + 𝛽1(�̅�) + 𝛽2(�̅�)
2                                        , 𝑑 >

𝑊0
𝑒

𝑛𝛾
         

                   [24] 
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The two equations for the total product curve, 17 and 23, can be written in the same 

piecewise equation by including a condition for whether initial excess water is greater or less 

than the yield elimination threshold, 𝑊𝑚
𝑒 .  

For all levels of excess water, the total product curve is:  

𝑇𝑃 =

{
 
 
 
 
 
 

 
 
 
 
 
 0                                                                                                  ,𝑊0

𝑒 > 𝑊𝑚
𝑒 , 𝑑 <  

𝑊0
𝑒 −𝑊𝑚

𝑒

𝑛𝛾
         

𝑌0 + 𝛽1(𝑊0
𝑒 − 𝑛𝛾𝑑 + �̅�) + 𝛽2(𝑊0

𝑒 − 𝑛𝛾𝑑 + �̅�)2       ,𝑊0
𝑒 > 𝑊𝑚

𝑒 ,
𝑊0

𝑒 −𝑊𝑚
𝑒

𝑛𝛾
< 𝑑 <

𝑊0
𝑒

𝑛𝛾

𝑌𝑚 = 𝑌0 + 𝛽1(�̅�) + 𝛽2(�̅�)
2                                              ,𝑊0

𝑒 > 𝑊𝑚
𝑒 , 𝑑 >

𝑊0
𝑒

𝑛𝛾
                   

𝑌𝑚 = 𝑌0 + 𝛽1(�̅�) + 𝛽2(�̅�)
2                                              ,𝑊0

𝑒 < 𝑊𝑚
𝑒 ,𝑊0

𝑒 < 0                   

𝑌0 + 𝛽1(𝑊0
𝑒 − 𝑛𝛾𝑑 + �̅�) + 𝛽2(𝑊0

𝑒 − 𝑛𝛾𝑑 + �̅�)2      ,𝑊0
𝑒 < 𝑊𝑚

𝑒 , 𝑑 <
𝑊0

𝑒

𝑛𝛾
                    

𝑌𝑚 = 𝑌0 + 𝛽1(�̅�) + 𝛽2(�̅�)
2                                             ,𝑊0

𝑒 < 𝑊𝑚
𝑒 , 𝑑 >

𝑊0
𝑒

𝑛𝛾
                    

 

 

Multiple cases of the total product curve are the same equation and could be simplified 

to one case. However, I keep them separated as each case becomes unique when discussing 

the net benefit equation. To arrive at the revenue equation, I multiply the total product curve 

(yield) by the price of the crop: 

𝑅 =

{
 
 
 
 
 

 
 
 
 
 0                                                                                                      ,𝑊0

𝑒 > 𝑊𝑚
𝑒 , 𝑑 <  

𝑊0
𝑒−𝑊𝑚

𝑒

𝑛𝛾
             

 𝑝(𝑌0 + 𝛽1(𝑊0
𝑒 − 𝑛𝛾𝑑 + �̅�) + 𝛽2(𝑊0

𝑒 − 𝑛𝛾𝑑 + �̅�)2 )    ,𝑊0
𝑒 > 𝑊𝑚

𝑒 ,
𝑊0
𝑒−𝑊𝑚

𝑒

𝑛𝛾
< 𝑑 <

𝑊0
𝑒

𝑛𝛾
     

 𝑝(𝑌0 + 𝛽1(�̅�) + 𝛽2(�̅�)
2)                                                        ,𝑊0

𝑒 > 𝑊𝑚
𝑒 , 𝑑 >

𝑊0
𝑒

𝑛𝛾
                        

𝑝(𝑌0 + 𝛽1(�̅�) + 𝛽2(�̅�)
2)                                                        ,𝑊0

𝑒 < 𝑊𝑚
𝑒 ,𝑊0

𝑒 < 0                      

𝑝(𝑌0 + 𝛽1(𝑊0
𝑒 − 𝑛𝛾𝑑 + �̅�) + 𝛽2(𝑊0

𝑒 − 𝑛𝛾𝑑 + �̅�)2)     ,𝑊0
𝑒 < 𝑊𝑚

𝑒 , 𝑑 <
𝑊0
𝑒

𝑛𝛾
                        

𝑝(𝑌0 + 𝛽1(�̅�) + 𝛽2(�̅�)
2)                                                       , 𝑊0

𝑒 < 𝑊𝑚
𝑒 , 𝑑 >

𝑊0
𝑒

𝑛𝛾
                        

   [25] 
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This equation is difficult to show on an axis of the drainage coefficient. All of the 

conditions depend on the value of initial excess water. Therefore, I move forward from this point 

graphing with a horizontal axis of excess water. In the following sections, I will discuss each of 

the 6 cases of equation 34 to determine the equation for the net benefit equation. Details on the 

mathematics related to graphing the equation will be explained in Appendix 3.6.  

To aid in explanation, I have rearranged the order of the cases in equation 25. I also 

need to rearrange the conditions to isolate for initial excess water. For the condition related to 

𝑑∗, 

𝑑 >
𝑊0

𝑒

𝑛𝛾
 

𝑛𝛾𝑑 > 𝑊0
𝑒 

I call this level of initial excess water the drainage damage threshold. It is the first initial 

excess water level for which yield damage with a drainage system occurs. Equation 25 

becomes:  

𝑅 =

{
  
 

  
 

𝑝(𝑌0 + 𝛽1(�̅�) + 𝛽2(�̅�)
2)                                                        ,𝑊0

𝑒 < 𝑊𝑚
𝑒 ,𝑊0

𝑒 < 0

𝑝(𝑌0 + 𝛽1(�̅�) + 𝛽2(�̅�)
2)                                                       ,𝑊0

𝑒 < 𝑊𝑚
𝑒 ,𝑊0

𝑒 < 𝑛𝛾𝑑

𝑝(𝑌0 + 𝛽1(𝑊0
𝑒 − 𝑛𝛾𝑑 + �̅�) + 𝛽2(𝑊0

𝑒 − 𝑛𝛾𝑑 + �̅�)2)     ,𝑊0
𝑒 < 𝑊𝑚

𝑒 ,𝑊0
𝑒 > 𝑛𝛾𝑑

𝑝(𝑌0 + 𝛽1(�̅�) + 𝛽2(�̅�)
2)                                                        ,𝑊0

𝑒 > 𝑊𝑚
𝑒 ,𝑊0

𝑒 < 𝑛𝛾𝑑

𝑝(𝑌0 + 𝛽1(𝑊0
𝑒 − 𝑛𝛾𝑑 + �̅�) + 𝛽2(𝑊0

𝑒 − 𝑛𝛾𝑑 + �̅�)2 ),𝑊0
𝑒 > 𝑊𝑚

𝑒 , 𝑛𝛾𝑑 < 𝑊0
𝑒 < 𝑛𝛾𝑑 +𝑊𝑚

𝑒

0                                                                                              ,𝑊0
𝑒 > 𝑊𝑚

𝑒 ,𝑊0
𝑒 > 𝑛𝛾𝑑 +𝑊𝑚

𝑒  

[26] 

For these 6 cases, there are four important boundaries: 0, 𝑛𝛾𝑑,𝑊𝑚
𝑒, and 𝑊𝑚

𝑒 + 𝑛𝛾𝑑. Both 

zero and 𝑊𝑚
𝑒 are fixed at values that depend on the nature of the damage function. The other 

two depend on the size of the drainage coefficient. By definition, 𝑊𝑚
𝑒, cannot be zero. Both 𝑛𝛾𝑑 

and 𝑊𝑚
𝑒 are positive. Therefore, zero will always be the boundary to the very left of the excess 

water axis. Since both 𝑛𝛾𝑑 and 𝑊𝑚
𝑒 are positive, there sum will always be greater than either 
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value. Therefore, the sum of 𝑊𝑚
𝑒 + 𝑛𝛾𝑑 will always be the boundary to the very right of the 

excess water axis. Therefore, there exists three possibilities for the orientation of the 

boundaries: 𝑊𝑚
𝑒 > 𝑛𝛾𝑑, 𝑊𝑚

𝑒 < 𝑛𝛾𝑑, and 𝑊𝑚
𝑒 = 𝑛𝛾𝑑. In Section 3.5.7, for each case, I will graph 

the boundaries where 𝑊𝑚
𝑒 > 𝑛𝛾𝑑 and 𝑊𝑚

𝑒 < 𝑛𝛾𝑑.  

3.5.1 Case 1: Negative excess water and zero damage 

𝑅 = 𝑝(𝑌0 + 𝛽1(�̅�) + 𝛽2(�̅�)
2)                                                        ,𝑊0

𝑒 < 𝑊𝑚
𝑒 ,𝑊0

𝑒 < 0 

 In the first case of equation 26, excess water is negative. If excess water is negative, the 

first of the conditions for the case is redundant. I redefine the conditions for this case to only 

require 𝑊0
𝑒 < 0. In Figure 3.12 I plot revenue with drainage when excess water is negative. The 

line at the top of the figure is the initial excess water axis. The orange line with arrows indicates 

which values of excess water the figure represents. All of the 4 boundaries are shown on this 

axis. For this case, it does not matter whether the yield elimination threshold, 𝑊𝑚
𝑒, is greater or 

less than drainage damage threshold, 𝑛𝛾𝑑.  Regardless of the size of the water deficit, the 

revenue with drainage is constant at the vertical intercept of the damage equation.  

 As in Section 3.4.4, evaluating drainage involved determining the net benefit of the 

system. To do so for this case, I must first determine the change in revenue. The change in 

revenue is the revenue with drainage minus the revenue without drainage. For this case, those 

values are equal. Therefore, the change in revenue is zero regardless of the value of initial 

excess water. The equation for change in revenue when initial excess water is negative is:  

∆𝑅 = 0 

[Insert Figure 3.12 here] 

 To determine net benefit, I subtract annual costs (equation 32) from the change in 

revenue equation.  

 

𝑁𝐵 = −𝑐𝑡 
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 When graphed against the initial excess water axis, this function is horizontal (slope of 

zero) because the cost of a drainage system does not depend on excess water. The cost does 

depend on the drainage coefficient. When the drainage coefficient increases, cost increases at 

a decreasing rate.  

The derivative of the net benefit equation in this case with respect to the drainage coefficient is 

𝜕𝑁𝐵

𝜕𝑑
= −

𝜕𝑐𝑡
𝜕𝑑

 

Therefore, increasing the drainage coefficient will decrease net benefit.  

3.5.2 Case 2: Excess water completely removed by the drainage system 

𝑅 = 𝑝(𝑌0 + 𝛽1(�̅�) + 𝛽2(�̅�)
2)                                                       ,𝑊0

𝑒 < 𝑊𝑚
𝑒 ,𝑊0

𝑒 < 𝑛𝛾𝑑 

 In the second case, initial excess water is positive and less than the drainage damage 

threshold. Yield losses with drainage only occur after the drainage damage threshold, 𝑛𝛾𝑑 . For 

a given control equation, the intercept with the vertical axis indicates the drainage coefficient 

that will completely remove excess water. For all levels of excess water less than the drainage 

damage threshold, the installed drainage coefficient, 𝑑1, is larger than the drainage coefficient 

needed to remove all excess water. Therefore, for initial levels of excess water less than the 

drainage damage threshold, there is no damage and the yield without damage occurs. As you 

can see in Figures 3.20 and 3.21, initial excess water of 𝑊1
𝑒, 𝑊2

𝑒, and 𝑊3
𝑒 result in revenue of 

𝑅1, 𝑅2, and 𝑅3. These levels of revenue are equal and are the maximum revenue that can 

occur, 𝑅𝑚. This occurs regardless of whether 𝑛𝛾𝑑 < 𝑊𝑚
𝑒 (Figure 3.13) or 𝑛𝛾𝑑 > 𝑊𝑚

𝑒 (Figure 

3.14).  

However, in this case revenue without drainage decreases as excess water increases. 

Without drainage, the level of excess water is equal to the initial level of excess water. That is, 

the horizontal intercept of the control equation. Revenue without drainage can be found by 
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tracing up from the initial level of excess water to the damage equation. As you can see in 

Figures 3.19 and 3.20, as the initial level of excess water increases, the revenue without 

drainage decreases. In Figures 3.20 and 3.21 you can see that as revenue without drainage 

decreases, the difference in revenue increases. Therefore, as initial excess water increases, the 

change in revenue increases.  

[Insert Figures 3.13 and 3.14 here] 

 To determine the equation for the change in revenue for this case, I determine the 

equation for revenue without drainage. Without drainage, the drainage coefficient in the first 

case of equation 18 is set to zero. The result is the following: 

𝑅𝑛𝑑 = 𝑝(𝑌0 + 𝛽1(𝑊0
𝑒 + �̅�) + 𝛽2(𝑊0

𝑒 + �̅�)2) 

 Next, I subtract the equation for revenue without drainage from the equation for revenue 

with drainage: 

∆𝑅 = 𝑝(𝑌0 + 𝛽1(�̅�) + 𝛽2(�̅�)
2) −  𝑝(𝑌0 + 𝛽1(𝑊0

𝑒 + �̅�) + 𝛽2(𝑊0
𝑒 + �̅�)2) 

∆𝑅 = 𝑝(𝑌0 + 𝛽1�̅� + 𝛽2�̅�
2  −  𝑌0 − 𝛽1𝑊0

𝑒 − 𝛽1�̅� − 𝛽2(𝑊0
𝑒)2 − 𝛽22𝑊0

𝑒�̅� − 𝛽2�̅�
2) 

∆𝑅 = 𝑝(−𝛽1𝑊0
𝑒 − 𝛽2(𝑊0

𝑒)2 − 𝛽22𝑊0
𝑒�̅�) 

∆𝑅 = 𝑝(−𝛽1 − 𝛽22�̅�)𝑊0
𝑒 − 𝑝𝛽2(𝑊0

𝑒)2 

To further simplify, I reintroduce the equation for �̅�,  

∆𝑅 = 𝑝(−𝛽1 − 𝛽22 (
−𝛽1
2𝛽2

))𝑊0
𝑒 − 𝑝𝛽2(𝑊0

𝑒)2 

∆𝑅 = 𝑝(−𝛽1 + 𝛽1)𝑊0
𝑒 − 𝑝𝛽2(𝑊0

𝑒)2 

∆𝑅 = −𝑝𝛽2(𝑊0
𝑒)2 

Finally, to arrive at the equation for net benefit, I subtract the annual cost 



98 
 

𝑁𝐵 = −𝑝𝛽2(𝑊0
𝑒)2 − 𝑐𝑡 

3.5.3 Case 3: Excess water begins to reduce yield even when drainage is installed 

𝑅 = 𝑝(𝑌0 + 𝛽1(𝑊0
𝑒 − 𝑛𝛾𝑑 + �̅�) + 𝛽2(𝑊0

𝑒 − 𝑛𝛾𝑑 + �̅�)2)     ,𝑊0
𝑒 < 𝑊𝑚

𝑒 ,𝑊0
𝑒 > 𝑛𝛾𝑑 

In the third case, excess water is between the drainage damage threshold, 𝑛𝛾𝑑, and the 

yield elimination threshold, 𝑊𝑚
𝑒. This means excess water is large enough to damage yield when 

drainage is present, but not large enough to wipe out yield without drainage. Both revenue with 

drainage and revenue without drainage are affected by excess water.  

As before, the line at the top of Figure 3.22 indicates the range of excess water this 

figure represents. When 𝑛𝛾𝑑 > 𝑊𝑚
𝑒, it is not possible for initial excess water to be less than 𝑊𝑚

𝑒 

while greater than 𝑛𝛾𝑑. Therefore, this case only exists when 𝑛𝛾𝑑 < 𝑊𝑚
𝑒. I simplify the condition 

for this case to be 𝑛𝛾𝑑 < 𝑊0
𝑒 < 𝑊𝑚

𝑒. In this case, all values of initial excess water are greater 

than zero. However, the boundary of 𝑛𝛾𝑑 is always greater than zero. Therefore, the condition 

that 𝑊0
𝑒 > 𝑛𝛾𝑑 also ensures that 𝑊0

𝑒 > 0.  

In Figure 3.22, the drainage system does not reduce excess water to zero. Instead, the 

resulting excess water levels are positive and result in revenue with drainage that are less than 

the maximum revenue, 𝑅𝑚. For the first initial excess water level on the figure, 𝑊1
𝑒, revenue with 

drainage is 𝑅𝑑1. As the initial excess water increases to 𝑊2
𝑒, revenue with drainage decreases 

to 𝑅𝑑2. Without drainage, the level of excess water remains at its initial value, the horizontal 

intercept of the control equation. The resulting revenue is lower than the revenue with drainage. 

The green arrows indicate the size of the difference between revenue with drainage and 

revenue without drainage. In other words, the green arrows show the change in revenue for 

each initial excess water level. As excess water increases, the change in revenue increases.  

[Insert Figure 3.15 here] 
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As in the last case, to determine the equation for the change in revenue for this case, I 

determine the equation for revenue without drainage. Without drainage, the drainage coefficient 

in the first case of equation 18 is set to zero. The result is the following: 

𝑅𝑛𝑑 = 𝑝(𝑌0 + 𝛽1(𝑊0
𝑒 + �̅�) + 𝛽2(𝑊0

𝑒 + �̅�)2) 

 Next, I subtract the equation for revenue without drainage from the equation for revenue 

with drainage: 

∆𝑅 = 𝑝(𝑌0 + 𝛽1(𝑊0
𝑒 − 𝑛𝛾𝑑 + �̅�) + 𝛽2(𝑊0

𝑒 − 𝑛𝛾𝑑 + �̅�)2) −  𝑝(𝑌0 + 𝛽1(𝑊0
𝑒 + �̅�) + 𝛽2(𝑊0

𝑒 + �̅�)2) 

 In section 3.4.4 I simplified this expression (equation 19) 

∆𝑅 = − 𝑝𝛽1𝑛𝛾𝑑 −  2𝑝𝛽2𝑛𝛾𝑑�̅�  −  2𝑝𝛽2𝑊0
𝑒𝑛𝛾𝑑 + 𝑝𝛽2𝛾

2𝑑2𝑛2 

When the expression for �̅� is substituted in the equation becomes 

∆𝑅 =  − 𝑝𝛽1𝑛𝛾𝑑 −  2𝑝𝛽2𝑛𝛾𝑑 (
−𝛽1
2𝛽2

)  −  2𝑝𝛽2𝑊0
𝑒𝑛𝛾𝑑 + 𝑝𝛽2𝛾

2𝑑2𝑛2 

∆𝑅 = − 𝑝𝛽1𝑛𝛾𝑑 +  𝑝𝛽1𝑛𝛾𝑑 −  2𝑝𝛽2𝑊0
𝑒𝑛𝛾𝑑 + 𝑝𝛽2𝛾

2𝑑2𝑛2 

∆𝑅 = − 2𝑝𝛽2𝑛𝛾𝑑𝑊0
𝑒 + 𝑝𝛽2𝛾

2𝑑2𝑛2 

Finally, to arrive at the equation for net benefit, I subtract the annual cost 

𝑁𝐵 = − 2𝑝𝛽2𝑛𝛾𝑑𝑊0
𝑒 + 𝑝𝛽2𝛾

2𝑑2𝑛2 − 𝑐𝑡 

3.5.4 Case 4: Maximum net benefits from drainage – excess water that would eliminate 

crop is completely eliminated by the drainage system 

𝑅 = 𝑝(𝑌0 + 𝛽1(�̅�) + 𝛽2(�̅�)
2)                                                        ,𝑊0

𝑒 > 𝑊𝑚
𝑒 ,𝑊0

𝑒 < 𝑛𝛾𝑑 

 In this case, initial excess water is above the yield elimination threshold, which is the 

level where the crop yield without drainage is zero, 𝑊𝑚
𝑒. I show this in Figure 3.16, where the 

initial excess water levels of 𝑊1
𝑒, 𝑊2

𝑒, and 𝑊3
𝑒  result in 𝑅𝑛𝑑=0. In this case, initial excess water is 
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also less than the drainage damage threshold, 𝑛𝛾𝑑. Yield losses with drainage only occur after 

the drainage damage threshold. The drainage system is able to completely remove the damage 

agent of excess water. As you can see in Figure 3.16, initial excess water of 𝑊1
𝑒, 𝑊2

𝑒, and 𝑊3
𝑒 

result in revenue of 𝑅1, 𝑅2, and 𝑅3. These levels of revenue are equal and are the maximum 

revenue that can occur, 𝑅𝑚. Change in revenue is therefore constant throughout the region 

between 𝑛𝛾𝑑 and 𝑊𝑚
𝑒. In this case, all values of initial excess water are greater than zero. 

However, the boundary of 𝑊𝑚
𝑒 is always greater than zero. Therefore, the condition that 𝑊0

𝑒 >

𝑊𝑚
𝑒 also ensures that 𝑊0

𝑒 > 0. 

[Insert Figure 3.16 here] 

To determine the equation for the change in revenue for this case, I determine the 

equation for revenue without drainage. In this case, revenue without drainage will always be 

zero. 

𝑅𝑛𝑑 = 0 

 Next, I subtract the equation for revenue without drainage from the equation for revenue 

with drainage: 

∆𝑅 = 𝑝(𝑌0 + 𝛽1(�̅�) + 𝛽2(�̅�)
2)  

To further simplify, I reintroduce the equation for �̅�,  

∆𝑅 = 𝑝(𝑌0 + 𝛽1 (
−𝛽1
2𝛽2

) + 𝛽2 (
−𝛽1
2𝛽2

)
2

)  

∆𝑅 = 𝑝(𝑌0 + (
−𝛽1

2

2𝛽2
) + 𝛽2 (

𝛽1
2

4𝛽2
2))  

∆𝑅 = 𝑝(𝑌0 + (
−2𝛽1

2

4𝛽2
) + (

𝛽1
2

4𝛽2
))  
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∆𝑅 = 𝑝𝑌0 + 𝑝(
−𝛽1

2

4𝛽2
)  

Finally, to arrive at the equation for net benefit, I subtract the annual cost 

𝑁𝐵 = 𝑝𝑌0 + 𝑝(
−𝛽1

2

4𝛽2
) − 𝑐𝑡 

3.5.5 Case 5: Excess water reduces yield with drainage and eliminates yield without 

drainage 

𝑅 = 𝑝(𝑌0 + 𝛽1(𝑊0
𝑒 − 𝑛𝛾𝑑 + �̅�) + 𝛽2(𝑊0

𝑒 − 𝑛𝛾𝑑 + �̅�)2 ),𝑊0
𝑒 > 𝑊𝑚

𝑒 , 𝑛𝛾𝑑 < 𝑊0
𝑒 < 𝑛𝛾𝑑 +𝑊𝑚

𝑒 

Similar to the last case, initial excess water is large enough that yield without drainage is 

zero. In Figures 3.17 and 3.18, initial excess water is larger than the level of excess water 

where the damage equation reaches zero, 𝑊0
𝑒. This means that the yield and revenue for any 

initial level of excess water is zero without a drainage system. Unlike the last case, the drainage 

system is not able to fully eliminate the damage agent of excess water. The drainage coefficient 

traces over to the control equation at a non-zero level of excess water. The presence of the 

excess water means that yield and revenue with drainage is lower than the maximum yield and 

revenue. As excess water increases (𝑖𝑒 𝑊1
𝑒to 𝑊2

𝑒to 𝑊3
𝑒), the revenue with drainage decreases 

(𝑅𝑑1 𝑡𝑜 𝑅𝑑2 𝑡𝑜 𝑅𝑑3). When 𝑛𝛾𝑑 < 𝑊𝑚
𝑒, the boundary for this case begins at 𝑊𝑚

𝑒. If 𝑛𝛾𝑑 < 𝑊𝑚
𝑒, the 

boundary for this case begins at 𝑛𝛾𝑑. In this case, all values of initial excess water are greater 

than zero. However, the boundary of 𝑛𝛾𝑑 is always greater than zero. Therefore, the condition 

that 𝑊0
𝑒 > 𝑛𝛾𝑑 also ensures that 𝑊0

𝑒 > 0.  

[Insert Figures 3.17 and 3.18 here] 

To determine the equation for the change in revenue for this case, I determine the 

equation for revenue without drainage. Without drainage, revenue is zero.  

𝑅𝑛𝑑 = 0 
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 Next, I subtract the equation for revenue without drainage from the equation for revenue 

with drainage: 

∆𝑅 = 𝑝(𝑌0 + 𝛽1(𝑊0
𝑒 − 𝑛𝛾𝑑 + �̅�) + 𝛽2(𝑊0

𝑒 − 𝑛𝛾𝑑 + �̅�)2 ) –  0 

∆𝑅 = 𝑝(𝑌0 + 𝛽1𝑊0
𝑒 − 𝛽1𝑛𝛾𝑑 + 𝛽1�̅� + 𝛽2(𝑊0

𝑒)2 − 2𝛽2𝑛𝛾𝑑𝑊0
𝑒 + 2𝛽2�̅�𝑊0

𝑒 + 𝛽2𝑛
2𝛾2𝑑2 − 2𝛽2𝑛𝛾𝑑�̅�

+ 𝛽2�̅�
2 ) 

∆𝑅 = 𝑝𝑌0 − 𝑝𝛽1𝑛𝛾𝑑 + 𝑝𝛽1�̅� + 𝑝𝛽2𝑛
2𝛾2𝑑2 − 2𝑝𝛽2𝑛𝛾𝑑�̅� + 𝑝𝛽2�̅�

2 + (𝑝𝛽1 − 2𝑝𝛽2𝑛𝛾𝑑

+ 2𝑝𝛽2�̅�)𝑊0
𝑒 + 𝑝𝛽2(𝑊0

𝑒)2 

To further simplify, I reintroduce the equation for �̅�,  

∆𝑅 = 𝑝𝑌0 − 𝑝𝛽1𝑛𝛾𝑑 + 𝑝𝛽1 (
−𝛽1
2𝛽2

) + 𝑝𝛽2𝑛
2𝛾2𝑑2 − 2𝑝𝛽2𝑛𝛾𝑑 (

−𝛽1
2𝛽2

) + 𝑝𝛽2 (
−𝛽1
2𝛽2

)
2

+ (𝑝𝛽1 − 2𝑝𝛽2𝑛𝛾𝑑

+ 2𝑝𝛽2 (
−𝛽1
2𝛽2

))𝑊0
𝑒 + 𝑝𝛽2(𝑊0

𝑒)2 

∆𝑅 = 𝑝𝑌0 − 𝑝𝛽1𝑛𝛾𝑑 + 𝑝 (
−𝛽1

2

2𝛽2
) + 𝑝𝛽2𝑛

2𝛾2𝑑2 − 2𝑝𝛽2𝑛𝛾𝑑 (
−𝛽1
2𝛽2

) + 𝑝𝛽2 (
𝛽1
2

4𝛽2
2) + (𝑝𝛽1 − 2𝑝𝛽2𝑛𝛾𝑑

+ 2𝑝𝛽2 (
−𝛽1
2𝛽2

))𝑊0
𝑒 + 𝑝𝛽2(𝑊0

𝑒)2 

∆𝑅 = 𝑝𝑌0 − 𝑝𝛽1𝑛𝛾𝑑 + 𝑝(
−𝛽1

2

2𝛽2
) + 𝑝𝛽2𝑛

2𝛾2𝑑2 + 𝑝𝛽1𝑛𝛾𝑑 + 𝑝 (
𝛽1
2

4𝛽2
) + (𝑝𝛽1 − 2𝑝𝛽2𝑛𝛾𝑑 − 𝛽1𝑝)𝑊0

𝑒

+ 𝑝𝛽2(𝑊0
𝑒)2 

∆𝑅 = 𝑝𝑌0 + 𝑝(
−2𝛽1

2

4𝛽2
) + 𝑝𝛽2𝑛

2𝛾2𝑑2 + 𝑝(
𝛽1
2

4𝛽2
) − 2𝑝𝛽2𝑛𝛾𝑑𝑊0

𝑒 + 𝑝𝛽2(𝑊0
𝑒)2 

∆𝑅 = 𝑝𝑌0 + 𝑝(
𝛽1
2

4𝛽2
−
2𝛽1

2

4𝛽2
) + 𝑝𝛽2𝑛

2𝛾2𝑑2 − 2𝑝𝛽2𝑛𝛾𝑑𝑊0
𝑒 + 𝑝𝛽2(𝑊0

𝑒)2 

∆𝑅 = 𝑝𝑌0 + 𝑝(
−𝛽1

2

4𝛽2
) + 𝑝𝛽2𝑛

2𝛾2𝑑2 − 2𝑝𝛽2𝑛𝛾𝑑𝑊0
𝑒 + 𝑝𝛽2(𝑊0

𝑒)2 
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Finally, to arrive at the equation for net benefit, I subtract the annual cost 

𝑁𝐵 = 𝑝𝑌0 + 𝑝(
−𝛽1

2

4𝛽2
) + 𝑝𝛽2𝑛

2𝛾2𝑑2 − 2𝑝𝛽2𝑛𝛾𝑑𝑊0
𝑒 + 𝑝𝛽2(𝑊0

𝑒)2 − 𝑐𝑡 

3.5.6 Case 6: Excess water overwhelms the system 

𝑅 = 0                                                                                              ,𝑊0
𝑒 > 𝑊𝑚

𝑒 ,𝑊0
𝑒 > 𝑛𝛾𝑑 +𝑊𝑚

𝑒 

In this case, excess water is greater than the sum of the drainage damage threshold, 

𝑛𝛾𝑑, and the yield elimination threshold, 𝑊𝑚
𝑒. This means excess water is large enough to wipe 

out yield even with drainage present. Both revenue with drainage and revenue without drainage 

are equal to zero. 

As before, the line at the top of Figures 3.27 and 3.28 indicates the range of excess 

water this figure represents. If 𝑊0
𝑒 > 𝑛𝛾𝑑 +𝑊𝑚

𝑒, then it must be true that 𝑊0
𝑒 > 𝑊𝑚

𝑒. Therefore, I 

simplify the condition for this case to be 𝑊0
𝑒 > 𝑛𝛾𝑑 +𝑊𝑚

𝑒. In this case, all values of initial excess 

water are greater than zero. However, the boundary of 𝑊𝑚
𝑒 is always greater than zero. 

Therefore, the condition that 𝑊0
𝑒 > 𝑊𝑚

𝑒 also ensures that 𝑊0
𝑒 > 0.  

In Figures 3.19 and 3.20, the drainage system reduces initial excess water to a level of 

excess water that is greater than 𝑊𝑚
𝑒. Visually, when the drainage coefficient is traced over to 

the control equation, it traces up to a level of excess water greater than 𝑊𝑚
𝑒. The reason is that 

the largest quantity of excess water a system can remove is 𝑛𝛾𝑑. The control equation, 𝑊0
𝑒 −

 𝑛𝛾𝑑, is the level of excess water after drainage. If 𝑊0
𝑒 > 𝑛𝛾𝑑 +𝑊𝑚

𝑒, then 𝑊0
𝑒 −  𝑛𝛾𝑑 > 𝑊𝑚

𝑒. 

Excess water after drainage is greater than the yield elimination threshold, 𝑊𝑚
𝑒.Therefore, yield 

and revenue will be equal to zero. Since revenue both with and without drainage is zero, the 

change in revenue is also zero.  

[Insert Figure 3.19 and 3.20 here] 

To determine net benefit, I subtract annual costs (equation 32) from the change in revenue 

equation.  
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𝑁𝐵 = −𝑐𝑡 

 When graphed against the initial excess water axis, this function is horizontal (slope of 

zero) because the cost of a drainage system does not depend on excess water. The cost does 

depend on the drainage coefficient. When the drainage coefficient increases, cost increases at 

a decreasing rate. The derivative of the net benefit equation in this case with respect to the 

drainage coefficient is 

𝜕𝑁𝐵

𝜕𝑑
= −

𝜕𝑐𝑡
𝜕𝑑

 

Therefore, increasing the drainage coefficient will decrease net benefit.  

 In the last case, I showed that net benefit equation at the 𝑛𝛾𝑑 +𝑊𝑚
𝑒 boundary is  

𝑁𝐵 = −𝑐𝑡 

Therefore, the net benefit equation is continuous at the 𝑛𝛾𝑑 +𝑊𝑚
𝑒 boundary. 

3.5.7 Combining the cases 
 

 For each of the six cases, I have determined the shape of the net benefit equation on the 

initial excess water axis, determined how the net benefit equation changes when the drainage 

coefficient changes, and clarified the conditions under which the cases apply. In this section, I 

express the net benefit equation in a piecewise format for all values of initial excess water (in 

Appendix 3.7 I explore the net benefit equation considering both damage agents). In this 

section, I also graph and discuss the net benefit equation. To begin, I summarize the results of 

sections 3.5.1–4.5.6 in the following piecewise equation:  
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𝑁𝐵 =

{
 
 
 
 

 
 
 
 
−𝑐𝑡                                                                                                                       ,𝑊0

𝑒 < 0                                             

−𝑝𝛽2(𝑊0
𝑒)2 − 𝑐𝑡                                                                                              , ,𝑊0

𝑒 < 𝑊𝑚
𝑒 ,𝑊0

𝑒 < 𝑛𝛾𝑑                     

− 2𝑝𝛽2𝑛𝛾𝑑𝑊0
𝑒 + 𝑝𝛽2𝛾

2𝑑2𝑛2 − 𝑐𝑡                                                              , 𝑛𝛾𝑑 < 𝑊0
𝑒 < 𝑊𝑚

𝑒                              

𝑝𝑌0 + 𝑝 (
−𝛽1

2

4𝛽2
) − 𝑐𝑡                                                                                      ,𝑊𝑚

𝑒 < 𝑊0
𝑒 < 𝑛𝛾𝑑                          

𝑝𝑌0 + 𝑝 (
−𝛽1

2

4𝛽2
) + 𝑝𝛽2𝑛

2𝛾2𝑑2 − 2𝑝𝛽2𝑛𝛾𝑑𝑊0
𝑒 + 𝑝𝛽2(𝑊0

𝑒)2 − 𝑐𝑡    ,𝑊𝑚
𝑒 < 𝑛𝛾𝑑 < 𝑊0

𝑒 < 𝑛𝛾𝑑 +𝑊𝑚
𝑒

−𝑐𝑡                                                                                                                    , 𝑛𝛾𝑑 +𝑊𝑚
𝑒 < 𝑊0

𝑒                          

[27] 

I plot the net benefit equation in Figures 3.21, 3.22, and 3.23. In Figure 3.21, I show the 

net benefit equation when the drainage damage threshold is less than the yield elimination 

threshold (𝑛𝛾𝑑 < 𝑊𝑚
𝑒). In Figure 3.22, I show the net benefit equation when the drainage 

damage threshold is greater than the yield elimination threshold (𝑛𝛾𝑑 > 𝑊𝑚
𝑒). In Figure 3.23, I 

combine Figures 3.21 and 3.22. In these figures, I plot the net benefit equation on the initial 

excess water axis. For these figures, each curve shows a different value of the drainage 

coefficient.  

[insert Figure 3.21 here] 

The figure shows how net benefit begins with a value of negative 𝑐𝑡. When the drainage 

coefficient is zero, the net benefit equation is a horizontal line at zero. When the drainage 

coefficient increases from 𝑑1 to 𝑑2, net benefit when initial excess water is negative is lower 

because the cost of 𝑑2 is greater than 𝑑1. Net benefit with negative excess water decreases 

further when the drainage coefficient increases to 𝑑3. After zero, net benefit increases for all 

values of the drainage coefficient. At some point between 𝑛𝛾𝑑1 and 𝑛𝛾𝑑2, net benefit with a 

drainage coefficient of  𝑑2 becomes larger than net benefit with a drainage coefficient of  𝑑1. 

Similarly, between 𝑛𝛾𝑑2 and 𝑛𝛾𝑑3. net benefit with a drainage coefficient of  𝑑3 becomes larger 

than net benefit with a drainage coefficient of  𝑑3. Regardless of the drainage coefficient, the 

maximum value of net benefit occurs at 𝑊𝑚
𝑒. For levels of initial excess water slightly less than 
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𝑊𝑚
𝑒, both revenue with and without drainage are decreasing. Net benefit is increasing because 

revenue without drainage decreases faster than revenue with drainage. Once revenue without 

drainage is zero, 𝑊𝑚
𝑒, nothing is removed from revenue with drainage in the calculation of net 

benefit. As excess water becomes greater than 𝑊𝑚
𝑒  the net benefit equation is determined by 

the decreasing revenue with drainage equation. Therefore, the benefit equation decreases after 

𝑊𝑚
𝑒. Similar to a parabola, the largest value occurs at the point where the function switches from 

increasing to decreasing. Therefore, 𝑊𝑚
𝑒 is the level of excess water at which maximum net 

benefits occur, regardless of the drainage coefficient.  

Although the value of the drainage coefficient does not determine the level of initial 

excess water at which maximum net benefit will occur, it does determine the value of the net 

benefit at the maximum. When drainage damage threshold is less than the yield elimination 

threshold, 𝑛𝛾𝑑 < 𝑊𝑚
𝑒, an increase in the drainage coefficient results in a larger net benefit at the 

maximum. In general, increasing the drainage coefficient results in larger net benefit when initial 

excess water is moderately large, while decreasing net benefits when initial excess water, is 

negative, very small, or very large.  

It is important to note that I have drawn Figure 3.21 with the assumption that there are 

some values of excess water for which net benefits are positive for the drainage coefficients 

considered. I make this assumption for all Figures in this Chapter. However, is possible that cost 

could outweigh the benefits of drainage. In that case, the net benefit equation would remain 

below zero.  

In Figure 3.22 I show the net benefit equation for when the drainage damage threshold, 

𝑛𝛾𝑑, is larger than the yield elimination threshold, 𝑊𝑚
𝑒. Many aspects of 3.28 are present in 

Figure 3.21. I will describe the differences. Firstly, the net benefit equation is more negative 

when excess water is negative. This is because the drainage coefficients in Figure 3.21 are 

larger. Secondly, the net benefit equation is increasing at an increasing rate from zero until 𝑊𝑚
𝑒. 



107 
 

This is because the third case of the piecewise net benefit equation only exists when excess 

water is greater than the drainage damage threshold, 𝑛𝛾𝑑, and larger than the yield elimination 

threshold, 𝑊𝑚
𝑒. Since 𝑛𝛾𝑑 < 𝑊𝑚

𝑒 in Figure 3.22, case three never occurs. Another difference 

between Figures 3.21 and 3.22 is the horizontal region, case 4, which occurs when 𝑊𝑚
𝑒 < 𝑊0

𝑒 <

𝑛𝛾𝑑. If 𝑛𝛾𝑑 = 𝑊𝑚
𝑒, case four also does not exist. When 𝑛𝛾𝑑 =  𝑊𝑚

𝑒, the net benefit equation is in 

case 2 up to 𝑊𝑚
𝑒 and case 5 after 𝑊𝑚

𝑒.  

[Insert Figure 3.22 here] 

Unlike in Figure 3.21, net benefit at Wm decreases with increases in the drainage 

coefficient. This makes intuitive sense. When 𝑛𝛾𝑑 < 𝑊𝑚
𝑒, an initial level of excess water of 𝑊𝑚

𝑒, 

is past the drainage damage threshold. Recall that the drainage damage threshold, 𝑛𝛾𝑑, is the 

level of excess water for which damage with the drainage system begins to occur. Since 𝑊𝑚
𝑒 >

𝑛𝛾𝑑, there is excess water remaining after drainage. By increasing the drainage coefficient, 

more excess water can be removed, and there is less excess water remaining after drainage. 

Therefore, net benefit can increase by increasing the drainage coefficient (depending on the 

relative sizes of marginal revenue and marginal cost). When 𝑛𝛾𝑑 > 𝑊𝑚
𝑒, an initial level of excess 

water of 𝑊𝑚
𝑒, is not past the drainage damage threshold. This means that the drainage system is 

able to completely remove the initial excess water of 𝑊𝑚
𝑒. This means that revenue with 

drainage is equal to the maximum revenue, regardless of the drainage coefficient. Increasing 

the drainage coefficient will not increase the benefits of drainage, but it will increase cost. 

Therefore, net benefit at 𝑊𝑚
𝑒 decreases when 𝑛𝛾𝑑 > 𝑊𝑚

𝑒. 

The largest net benefit occurs when 𝑛𝛾𝑑 = 𝑊𝑚
𝑒. However, as the drainage coefficient 

increases, 𝑛𝛾𝑑 increases, and a smaller maximum net benefit is realized for a larger range of 

initial levels of excess water. The choice of drainage coefficient involves a trade-off between the 

size of the maximum yield and the range over which the maximum yield applies.  
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In Figure 3.23, I combine the cases of when 𝑛𝛾𝑑 < 𝑊𝑚
𝑒 and when 𝑛𝛾𝑑 > 𝑊𝑚

𝑒. Increasing 

the drainage coefficient increases net benefit for moderate initial levels of excess water while 

incurring larger negative net benefits for negative, very small, and very large initial levels of 

excess water. Note that the intercept of the net benefit equation decreases at a decreasing rate. 

This is because the cost equation is concave with respect to the drainage coefficient. Drainage 

also changes the level of initial excess water for when net benefits become positive and 

negative. In Figure 3.23, as the drainage coefficient increases, it takes larger values of initial 

excess water for net benefit to become positive. After the yield elimination threshold, 𝑊𝑚
𝑒, 

increasing the drainage coefficient increases the level of initial excess water at which net benefit 

becomes negative. In other words, the range of initial excess water levels for which net benefits 

are positive shifts to the right as the drainage coefficient increases. 

[Insert Figure 3.23 here] 

The choice of drainage coefficient also depends on risk tolerance. I explain this in Figure 

3.24, where I have plotted the net benefit equation for a low, 𝑑1, and high, 𝑑6, drainage 

coefficient. With the higher drainage coefficient, 𝑑6, net benefits can be higher. The maximum 

net benefit with a drainage coefficient of 𝑑6 is more than double the maximum net benefit with a 

drainage coefficient of 𝑑1. However, the potential to earn a larger net benefit comes with greater 

losses when initial excess water is negative, very small, or very large. Microeconomic theory 

informs that it is possible for an individual to prefer an option with a lower expected value if they 

are risk adverse. The trade-off between the size of net benefits and the variance of net benefits 

should be included in the analysis of an optimal drainage coefficient.  

[Insert Figure 3.24 here] 

The choice of drainage coefficient also depends on the distribution of the initial level of 

excess water. In Figure 3.25, I have illustrated a potential distribution of initial excess water. For 
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a drainage coefficient of 𝑑1, net benefit becomes positive before the mean of the initial excess 

water distribution. Since the normal distribution is symmetrical, this means that there is a greater 

than 50% chance that the net benefit with a drainage coefficient of 𝑑1 is positive. In comparison, 

net benefit with a drainage coefficient of 𝑑2 becomes positive after the mean of the initial excess 

water distribution. The probability that net benefit with a drainage coefficient of 𝑑2 is positive is 

less than 50%.  

Another way to visually compare drainage coefficients to observe when the net benefits 

of one drainage coefficient are larger than the other. For Figure 3.25, net benefit with a drainage 

coefficient of 𝑑1 is greater than net benefit with a drainage coefficient of 𝑑2 for all levels of initial 

excess water less than 𝑊∗
𝑒. The probability that 𝑁𝐵1 > 𝑁𝐵2 is equal to the probability that initial 

excess water is less than 𝑊∗
𝑒. This probability can be calculated if the distribution of initial 

excess water is known. In Figure 3.25, 𝑊∗
𝑒 is in the right tail of the initial excess water 

distribution. In this figure, the probability that net benefit with a drainage coefficient of 𝑑1 is 

greater than the net benefit with a drainage coefficient of 𝑑2 is greater than 50%. Comparing 

drainage coefficients in this manner has the limitation that the size of the net benefits are not 

considered.  

[Insert Figure 3.25 here] 

 When the mean of the initial excess water distribution increases, the choice of drainage 

coefficient can differ. In Figure 3.26, the mean of the initial excess water distribution is higher 

than in Figure 3.25. In Figure 3.26, the level of initial excess water where the net benefit with a 

drainage coefficient of 𝑑1 becomes greater than the net benefit with a drainage coefficient of 𝑑2 

is smaller than the mean of the initial excess water distribution. This means that it is more likely 

for the net benefit to be larger when the drainage coefficient is 𝑑2. It is especially important to 

consider changes in the initial excess water distribution given future climate predictions. 
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Pendergrass et al (2017) found both an increasing mean and variance of precipitation. Since 

climate change is expected to result in an increase in precipitation, I can formulate the following 

hypothesis about the relationship between climate change and the choice of drainage 

coefficient: a larger drainage coefficient will be chosen in the climate change scenario of the net 

logo spatial stochastic drainage simulation model.  

[Insert Figure 3.26 here] 

Changes in standard deviation also affect the choice of drainage. Figure 3.27 shows the 

same two net benefit equations as in Figures 3.24, 3.25, and 3.26 compared to the distribution 

of initial excess water with low and high variance. I have drawn the distribution with the larger 

variance in a lighter blue colour. With a larger variance, deviations from the mean are more 

probable. With a higher variance, the probability of negative or low values of initial excess water 

is greater. Therefore, it is more likely that drainage will result in a negative net benefit. On the 

other side of the distribution, it is more likely that a larger drainage coefficient results in a larger 

net benefit. The net effect of a greater variance on the choice of drainage coefficient depends 

on the value of the net benefit equation and the risk preference of the farmer. The question of 

how variance influences the choice of drainage coefficient is too complicated to be assessed 

visually. I suspect there may be times where an increase in variance decreases, increases, and 

does not change the choice of drainage coefficient. Therefore, I do not state a hypothesis about 

variance.  

[Insert Figure 3.27 here] 

The intensity of precipitation also matters. The drainage days variable affects the net 

benefit equation in the same way as the drainage coefficient. If drainage days decrease 

(intensity increases), then the net benefit equation shifts in the same it would if the drainage 

coefficient decreases. A higher level of the drainage coefficient is required to receive the same 
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levels of net benefit at a lower intensity. Therefore, I hypothesize that a larger drainage 

coefficient will be chosen in when the number of drainage days are decreased in the net logo 

spatial stochastic drainage simulation model. 

Finally, cost matters in the determination of the choice of drainage coefficient. In Figure 

3.15, for a particular level of initial excess water there are only two optimal choices of the 

drainage coefficient, 0 and 𝑑𝑚𝑎𝑥. An increase in the annual cost does not change the choice of 

drainage coefficient so long as net benefit remains positive around 𝑑𝑚𝑎𝑥. For all cases of initial 

excess water, an increase in the annual cost shifts all of the net benefit curves down. If the 

marginal cost increases, the distance between the different curves for different drainage 

coefficients will increase. The net benefit when initial excess water is negative, small or very 

large is now more negative for higher drainage coefficients while the size of the positive net 

benefit has decreased. Therefore, higher levels of the drainage coefficient are less appealing. 

With a given level of initial excess water, as shown in Figure 3.15, a change in cost would not 

change the choice of drainage coefficient. However, when faced with the distribution of initial 

excess water levels, choice of drainage coefficient given an increase in cost depends on risk 

preference. Therefore, I do not form a hypothesis about the value of the drainage coefficient 

given a change in cost.  

In addition, when cost increases, the minimum drainage coefficient required for positive 

net benefit increases. Therefore, I hypothesize that an increase in cost will increase the 

likelihood that a drainage coefficient of zero is preferred. If drainage is chosen, the value of the 

drainage coefficient will depend on the risk preferences of the farmer.  

[Insert Figure 3.28 here] 

3.7 Choice over time 
As described in Section, the farmer’s objective is to maximize net benefits. However, 

due to the fixed nature of a drainage system, a farmer must consider the choice of drainage 
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coefficient that will be applied to the field over many years. To do this, the farmer should 

consider the benefits and costs of the drainage system across its lifespan. This means 

considering the sum of the discounted annual net benefits. This can be expressed in the 

following equation:  

 

𝑃𝑉𝑁𝐵 =  
∑ 𝑁𝐵𝑡
𝑁
𝑡=0

(1 + 𝑟)𝑡
 

Where N is the number of years in the drainage system lifespan,  

t is the year 

r is the discount rate 

The value of the net benefit differs each year. However, since the equation for the net 

benefit remains the same, it can be treated as the same amount being discounted each year so 

long as the distribution for initial excess water remains the same. This means I can use the 

formula for the present value of an annuity.  

𝑃𝑉𝑁𝐵 =  
𝑁𝐵

𝑟
(1 −

1

(1 + 𝑟)𝑛
) 

 

𝑃𝑉𝑁𝐵 =  (
1

𝑟
−

1

𝑟(1 + 𝑟)𝑛
)𝑁𝐵 

Therefore, equation 27 can be multiplied by (
1

𝑟
−

1

𝑟(1+𝑟)𝑛
) when there is no climate change. 

Another consideration for a farmer when deciding on the capacity of their drainage 

system is crop rotation. If a farmer is planning to rotate crops on a field with drainage, the 

benefit of the drainage system over time will depend on the net benefits for each crop. 
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Therefore, I propose a crop rotation weighted present value of net benefit. The following 

equation is the objective function for the farmer.  

𝑃𝑉𝑁𝐵 =∑𝜃𝑖  
∑ 𝑁𝐵𝑖,𝑡
𝑁
𝑡=0

(1 + 𝑟)𝑡

𝑁

𝑖=1

 

Where i is a crop in the rotation,  

𝜃𝑖 is the proportion of the rotation where crop i is planted  

N is the number of crops in the rotation 

 The addition of discounting and crop rotation to the theoretical framework further 

increases the complexity of the model. In the next section, I will discuss the implication of 

complexity on the use of the theoretical framework. 

3.8 Complexity of determining best choice of drainage coefficient 
 

In Sections 3.5 and 3.6 I have described the net benefit equation given multiple values of 

the drainage coefficient. As I have mentioned in the interpretation of these Figures, the choice of 

drainage coefficient depends on the net benefit equation as well as the probability distribution of 

initial excess water and risk preference.  

There is not a consensus in economics literature about the method of analysis to 

determine optimal choices under uncertainty. The use of an expected value approach assumes 

risk neutral preference. The use of a mean-variance approach by maximizing the certainty 

equivalent assumes a functional form of the utility functions. There is nothing inherently wrong 

with assumptions. However, these assumptions assume important aspects of the farmer’s 

preferences. However, since economists disagree about the most appropriate method, I do not 

make a choice about which assumption is better.   For these reasons, instead of choosing a 

method, I set up the problem to be solved in future research.  
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I could attempt to determine the drainage coefficient using each method, but the 

calculation is complicated. Firstly, solving the objective equations for multi-variate, 

intertemporal, stochastic decision making is difficult. The piecewise nature of the net benefit 

equation increases the difficulty. Calculating an optimal choice for the drainage coefficient is 

made more difficult with the inclusion of hydrology equations in the cost equation. The cost 

equation is not a polynomial. It is the sum of terms with non-integer exponents on the drainage 

coefficient variable. A polynomial requires positive, integer values for exponents. When the cost 

equation is converted to a polynomial, it is of the 6thth order. This conversion means the net 

benefit equation is of the 16th order in case 3. There are only explicit functions for the solutions 

of polynomials up to degree 4. It is not clear whether the net benefit equation is even 

algebraically solvable.  

Complex functions are common in many fields of science, especially hydrology. There 

are multiple equations in hydrology that are not solved algebraically. Instead, hydrologists and 

engineers use graphical or numerical methods to determine solutions.  

For the reasons described in this section, I will not try to derive an optimal value of the 

drainage coefficient algebraically. Instead, I will use a simulation to determine a robust decision 

strategy. This model will be described in Chapter 4.  

3.9 Conclusion  
 By developing this theoretical framework, I have learned several important lessons about 

how the level of initial excess water and the drainage coefficient influence the net benefit of the 

drainage system. For any positive value of the drainage coefficient, net benefits (holding the 

other season initial excess water constant), are negative for negative initial excess water levels. 

Net benefits (holding the other season initial excess water constant) are also negative at the 

level of initial excess water that wipes out yield with the drainage system 𝑊𝑚
𝑒 + 𝑛𝛾𝑑. There is 

some positive value of the drainage coefficient for which net benefits become positive as initial 

excess water increases. Net benefits continue to increase with initial excess water until the 
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maximum net benefit. This maximum occurs at the level of initial excess water that wipes out 

yield without the drainage system. After this maximum, net benefits decrease as initial excess 

water increases until the change in revenue is zero.  

Increasing the drainage coefficient results in a decrease in the net benefit equation (holding 

the other season initial excess water constant) for negative, small, and very large levels of initial 

excess water. Increasing the drainage coefficient results in an increase in the net benefit 

equation (holding the other season initial excess water constant) for moderate levels of initial 

excess water. Increasing the drainage coefficient increases both the level of initial excess water 

at which net benefits become positive, the level of initial excess water where net benefits begin 

to decrease, and the level of initial excess water at which net benefits become negative.  

Due to uncertainty about the value of initial excess water, risk preferences are an important 

consideration when determining the best choice of drainage coefficient. Net benefits for larger 

drainage coefficients have a distribution with a larger magnitude of positive net benefits and 

larger magnitude negative net benefits. The range for which present value of net benefits are 

positive also depends on the drainage coefficient. As the drainage coefficient increases, the 

present value of net benefits begins to be positive at a larger level of excess water. The level of 

excess water for which the present value of net benefits becomes negative in case 6 also 

increases.  

When both damage agents are allowed to vary, the net benefit equation is described by a 

piecewise equation with 36 cases. The net benefits experienced by the farmer are determined 

by a joint probability density function for the two damage agents. Therefore, the objective 

function of this theoretical framework is a very complex problem.  It involves intertemporal, 

multivariate, analysis for uncertain, random distributions of multiple variables. Due to the 

complexity, I will be using a spatial stochastic drainage simulation model to determine a robust 

solution for the choice of drainage coefficient.  
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I will use this model to test three hypotheses. The first, is that a larger drainage coefficient 

will be chosen in the climate change scenario. The second, is that a larger drainage coefficient 

will be chosen when the number of drainage days are decreased (higher intensity scenario). 

And third, I hypothesize that an increase in cost will increase the likelihood that a drainage 

coefficient of zero is preferred. The equations developed in this chapter (i.e. the change in 

revenue equation, control equation, and the criterion of present value of net benefits) will be 

used to build the spatial stochastic drainage simulation model in Chapter 4. 
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3.10 Tables and Figures  
Figure 3. 1 Crop yield loss from the damage agents of water deficit and water excess in a 
season mitigated by the damage control inputs of irrigation and drainage graphed over the 
variable of precipitation 

 

Source: Author 

Notes: 1. The blue curve is relationship between precipitation and yield estimated by Xu 

(2017,2020) 

 

 

 

 

 



118 
 

Figure 3. 2 Visualization of the main assumption of the theoretical framework that draining water 
affects yield in the same way as having less precipitation 

 

Source: Author  
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Figure 3. 3 Crop yield loss from the damage agents of water deficit and water excess in a 
season mitigated by the damage control inputs of irrigation and drainage graphed over the 
variable of excess water 
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Figure 3. 4 The damage equation from the damage agent of excess water in the growing 
season for all values of excess water 

 

 Source: Author, based on Fox and Weersink (1995) 

Notes: 1. Excess water is the total precipitation minus the water requirement for maximum yield 

in the Xu (2017,2020) crop yield model 

2. All other variables in the Xu (2017,2020) crop yield model are held constant within 𝑌0. 
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Figure 3. 5 The control equation in the growing season for tile drainage as a damage control 
input 

 

Source: Author, based on Fox and Weersink (1995) 
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Figure 3. 6 A visual explanation of how the total product curve is derived using the damage and 
control equations 

 

Source: Author’s derivations, based on Fox and Weersink (1995)  
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Figure 3. 7 The total product curve as the relationship between the drainage coefficient and 
yield 

  

Source: Author’s derivations, based on Fox and Weersink (1995) 

 

 

 

 

 

 

 

 

 

 



124 
 

Figure 3. 8 The change in revenue equation as the difference between the revenue with 
drainage equation and revenue without drainage equation 

 

Source: Author’s derivations 

Notes: 1. 𝑅𝑑  is the revenue with drainage equation and 𝑅𝑛𝑑  is the revenue without drainage 

equation 
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Figure 3. 9 The control equation shifts out from the origin as the initial excess water increases 

The control equation shifts out from the origin as the initial excess water increases 

 

Source: Author’s derivations 
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Figure 3. 10 The four-panel diagram with four example levels of initial excess water 

 

Source: Author’s derivations 
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Figure 3. 11 The total product curve for different levels of initial excess water 

 

Source: Author’s derivations 
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Figure 3. 12 Revenue and Change in Revenue when initial excess water is negative 

 

Source: Author’s derivations 
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Figure 3. 13 Revenue and Change in Revenue when initial excess water is between zero and 

the drainage damage threshold (𝑛𝛾𝑑 < 𝑊𝑚
𝑒) 

 

Source: Author’s derivations 
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Figure 3. 14 Revenue and Change in Revenue when initial excess water is between zero and 

the drainage damage threshold (𝑛𝛾𝑑 > 𝑊𝑚
𝑒) 

 

Source: Author’s derivations 
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Figure 3. 15 Revenue and Change in Revenue when initial excess water is between the 

drainage damage threshold and the yield elimination threshold (𝑛𝛾𝑑 < 𝑊𝑚
𝑒) 

 

Source: Author’s derivations 
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Figure 3. 16 Revenue and Change in Revenue when initial excess water is between the 

drainage damage threshold and the yield elimination threshold (𝑛𝛾𝑑 > 𝑊𝑚
𝑒) 

 

Source: Author’s derivations 
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Figure 3. 17 Revenue and Change in Revenue when initial excess water is between the yield 
elimination threshold and the sum of the drainage damage threshold and the yield elimination 

threshold (𝑛𝛾𝑑 < 𝑊𝑚
𝑒) 

 

Source: Author’s derivations 
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Figure 3. 18 Revenue and Change in Revenue when initial excess water is between the yield 
elimination threshold and the sum of the drainage damage threshold and the yield elimination 

threshold (𝑛𝛾𝑑 > 𝑊𝑚
𝑒) 

 

Source: Author’s derivations 
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Figure 3. 19 Revenue and Change in Revenue when initial excess water is greater than the sum 

of the drainage damage threshold and the yield elimination threshold (𝑛𝛾𝑑 < 𝑊𝑚
𝑒) 

 

 

Source: Author’s derivations 
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Figure 3. 20 Revenue and Change in Revenue when initial excess water is greater than the sum 

of the drainage damage threshold and the yield elimination threshold (𝑛𝛾𝑑 < 𝑊𝑚
𝑒) 

 

Source: Author’s derivations 

 

 



137 
 

Figure 3. 21 Net benefit as a function of initial excess water for multiple values of the drainage coefficient when the drainage damage 

threshold is less than the yield elimination threshold (𝑛𝛾𝑑 < 𝑊𝑚
𝑒) 

 

Source: Author’s derivations 

Notes: I have drawn Figure 3.21 with the assumption that change in revenue becomes larger than cost. This means I assume 

that net benefit is positive for some values of excess water. If the cost equation is large enough, more or all of the net benefit 

equation in Figure 3.21 would be negative 
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Figure 3. 22 Net benefit as a function of initial excess water for multiple values of the drainage coefficient when the drainage damage 

threshold is greater than the yield elimination threshold (𝑛𝛾𝑑 > 𝑊𝑚
𝑒) 

 

Source: Author’s derivations 

Notes: I have drawn Figure 3.22 with the assumption that change in revenue becomes larger than cost. This means I assume 

that net benefit is positive for some values of excess water. If the cost equation is large enough, more or all of the net benefit 

equation in Figure 3.22 would be negative. 

Figure 3.23 Net benefit as a function of initial excess water for all values of the drainage coefficient  Legend 
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Figure 3. 23 Net benefit as a function of initial excess water for all values of the drainage coefficient 

 

 Source: Author’s derivations 

Notes: I have drawn Figure 3.23 with the assumption that change in revenue becomes larger than cost. This means I assume that 

net benefit is positive for some values of excess water. If the cost equation is large enough, more or all of the net benefit equation in 

Figure 3.23 would be negative 

 

 

𝑁𝐵(𝑑1) 
𝑁𝐵(𝑑2) 
𝑁𝐵(𝑑3) 
𝑁𝐵(𝑑4) 
𝑁𝐵(𝑑5) 
𝑁𝐵(𝑑6) 

𝑑1< 𝑑2< 𝑑3< 𝑑4< 𝑑5< 𝑑6 
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Figure 3.24 Comparison of the net benefit equation for a low, 𝑑1, and high, 𝑑6, drainage coefficient 

Figure 3. 24 Comparison of the net benefit equation for a low, 𝑑1, and high, 𝑑6, drainage coefficient 

 

Source: Author’s derivations 
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Legend 
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𝑑1< 𝑑6 
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Figure 3. 25 The net benefit equation for a low, 𝑑1, and high, 𝑑6, drainage coefficient compared to the initial excess water distribution 

 

Source: Author’s derivations 

 

 

 

 

 

𝑑1< 𝑑6 

𝑁𝐵(𝑑6) 

Legend 
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Figure 3. 26 The net benefit equation for a low, 𝑑1, and high, 𝑑6, drainage coefficient compared to the initial excess water distribution 
with a higher mean 

 

Source: Author’s derivations 
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Figure 3. 27 The net benefit equation for a low, 𝑑1, and high, 𝑑6, drainage coefficient compared to the initial excess water distribution 
with low and high variance 

 

 

Source: Author’s derivations 
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Figure 3. 28 The net benefit equation with a higher annual cost 

 

 

 

Source: Author’s derivations 
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Chapter 4 – Results of the Spatial Stochastic Drainage Simulation 

Model 
 

 In this chapter, I present the results of a spatial stochastic drainage simulation model for 

field crop production (corn and soybeans) Ontario. I compare the effect of climate change on the 

differences between drained and undrained fields across the counties of Southern Ontario.  The 

primary purpose of this analysis is on the question of the effect of climate change on the benefit 

of tile drainage. During my interviews with drainage contractors (described in Chapter 2), I 

learned of the importance of the drainage coefficient. I learned that the drainage coefficient 

determines both the costs and benefits of a drainage system. This discovery led me to a 

secondary research question: should the commonly installed drainage capacity change given 

climate projections of increased precipitation and precipitation variation? 

  To answer my research question, I compare the present value of net benefits for six 

drainage coefficients: 9.1 mm/day, 14.3 mm/day, 25.4 mm/day, 57.2 mm/day, 101.6 mm/day, 

and 226.6 mm/day. In interviews with drainage contractors (described in Chapter 2), I learned 

that a drainage coefficient of 25.4 mm/day is commonly installed in Southern Ontario. Therefore, 

I focus my comparison on the difference between the drainage coefficients of 25.4 mm/day and 

57.2 mm/day.  

This chapter is organized into 5 sections. First, I outline methods and details of the 

spatial stochastic drainage simulation model in Section 4.1. Second, in Section 4.2, I present an 

analysis of precipitation. I compare precipitation to crop water requirements to provide an 

understanding as to the mechanisms for the results in Sections 4.3 and 4.4. In Section 4.3, I 

present and discuss the results of yield across all scenarios, drainage days, crops, and drainage 

coefficients. In a similar way, in Section 4.4 I present results for the present value of net 

benefits. I present the discounted relative revenue gain from drainage less the cost of each 
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drainage coefficient. I conclude the chapter in Section 4.6, with a summary of my findings. In 

addition to the work presented in this chapter, in Appendix 4.3, I present the international 

development component of my research. I discuss the potential drainage installation cost 

difference experienced between farmers on and off-reserve. I then simulate the potential 

implications for such a difference on the present value of net benefits of drainage. 

 

4.1 Design of spatial stochastic drainage simulation model 
 

 I developed the drainage spatial stochastic simulation using the irrigation spatial 

stochastic drainage simulation model as a template. The research goals for this project involve 

compatibility between the models, thus I make choices to mirror the Xu (2017,2020) model.  In 

the following sections, I describe the architecture of the spatial stochastic drainage simulation 

model, my approach to simulation, data sources, and calibration approach.  

4.1.3 Model Architecture and Simulation Approach 
 

The spatial stochastic drainage simulation model developed in this thesis builds upon 

the model developed by Xu (2017,2020). Figure 4.1 outlines the architecture of the Xu Irrigation 

spatial stochastic drainage simulation model. The top left box in Figure 4.1 describes the Monte 

Carlo draw in which the model randomly draws a value from the distributions of degree days 

and precipitation. These climate variables are then fed into the other procedures in the model. 

The optimal quantities of water for irrigation in each county are calculated using the climate 

variables and the variable cost of irrigation. Once that is completed, the spatial stochastic 

drainage simulation model uses the relationships of the Xu (2017,2020) crop yield model to 

simulate yield with and without irrigation. These yield values are then used to calculate revenue 

with and without irrigation, and subsequently, the distribution of present net value of irrigation.  
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 My model has a similar architecture to Xu (2017,2020). As shown in Figure 4.2, my 

model follows the same step of a Monte Carlo draw in which the model randomly draws a value 

from the distributions of degree days and precipitation. I have added several variables including 

number of spring drainage days, drainage benefit multiplier, and drainage effectiveness 

parameter. In each model run, the climate variables are used to simulate yield without drainage 

as well as for each of the specified drainage coefficients. To simulate yield with drainage, 

effective precipitation is calculated as the precipitation after drainage has occurred. Again, as in 

the Xu (2017,2020) model, yields with and without drainage are used to calculate distributions of 

the present net value of drainage for each of the drainage coefficients.  

 To answer my research question, I use the spatial stochastic drainage simulation model 

to simulate the benefits of drainage under four climate scenarios (Base, C1, C2, and C3) Table 

4.1 shows the scenarios in my analysis. Table A4.1.1 in Appendix 4.1 describes the climate 

scenarios in detail.  

 As shown in Table 4.1, I also run the spatial stochastic drainage simulation model for 

four values of drainage days. In Chapter 3 I introduced the concept of drainage days as a proxy 

for intensity. I define drainage days as the number of days in a season during which a field is 

actively draining. Recall that this variable serves two purposes. Firstly, it facilitates the 

conversion of a daily drainage coefficient into an amount drained in the annual modelling 

framework. An agricultural engineer (Shortt 2020) explained that typically for 90% of the days in 

the growing season, water is not flowing from the drains. This means that there are typically 

only 10% of the days in the growing season in which there is active drainage. Secondly, the 

drainage days variable serves as a proxy for intensity of precipitation. If there are fewer 

drainage days, precipitation has fallen over a shorter time frame. Thus, precipitation per day is 

greater and there is a larger potential for crop damage. As I explained in Chapter 3, precipitation 

both before and during the growing season matter in determining the effect of drainage. In 
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Section 4.2, I will show that it is precipitation before the growing season that primarily influences 

the effect of drainage. Therefore, I simulate various values of drainage days before the growing 

season. I refer to these as spring drainage days. In Chapter 5, I further discuss the lessons and 

implications from using drainage days as a proxy for intensity and make some suggestions for 

future research in this area.    

For each of the 16 climate and intensity scenarios, the spatial stochastic drainage 

simulation model records precipitation, yield, and present value of net benefit for each of six 

drainage coefficients as well as for no drainage. I have selected the following drainage 

coefficients: 9.1 mm/day, 14.3 mm/day, 25.4 mm/day, 57.2 mm/day, 101.6 mm/day, and 226.6 

mm/day. Conversions between these drainage coefficients and their respective spacings are 

displayed in both metric and imperial units in Table A4.1.1 of Appendix 4.1. I will conduct a 

Monte Carlo analysis with 500 samples of the climate distributions.  

4.1.1 Model Data  
 

 Xu (2017,2020) used multiple data sources in her work. Her data falls into three 

categories: crop yield model, climate projections, and additional data that feeds into the spatial 

stochastic drainage simulation model. In Table 4.2, I provide a brief overview of her data 

sources. For a full description, see Xu (2017,2020).  

4.1.2 Model Calibration 
 Three components must be calibrated to make the spatial stochastic model operational. 

These are the cost equation, county specific costs, and the benefits of drainage. To calibrate the 

cost equation, I selected values for three variables such that behaviour of the cost equation 

aligns with three of the main results of the contractor interviews. Secondly, I needed to 

determine the county level characteristic to use as inputs in the cost equation in order to 

calculate an installation cost for each county. Third, I draw on three sources to adjust the 

calculation benefits of drainage in the model to align with actions of farmers and information 
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from the contractor interviews. In this section, I describe the rationale behind these three sets of 

choices and calculations.  

 I use the cost equation developed in Chapter 2 in the spatial stochastic drainage 

simulation model. I assume values for the variables of cost of connections, average field 

dimensions (ratio of length to width), and the fixed costs of an installation. To do this, I created 

metrics designed to ensure the cost equation aligned with the results from my interviews with 

drainage contractors. Specifically, I took care to ensure that the marginal cost of a change in 

drainage coefficient of the cost equation is very close to equal to the marginal cost of the 

equivalent spacing provided by a contractor. Secondly, I ensured that the curvature of the cost 

equation for small field sizes is similar to the relationship described by the contractors. Finally, I 

ensured that under representative conditions inputted into the cost equation, the cost equation 

is near equal to the average cost of installation provided by the contractors.  

Once I calibrated the cost equation, I combined the results of a GIS analysis to 

determine drainage installation costs specific to each county. This is important because, as I will 

describe in the follow paragraphs, field size and stoniness differ between counties. In the 

following paragraphs, I explain how I use the Land Information Ontario Soil Survey Complex to 

determine an installation cost for each county based on their unique characteristics.  

To determine an average value of stoniness in each county, I began by determining the 

Land Improvement Ontario Soil Survey Complex stoniness index for each field in Southern 

Ontario.  The Land Improvement Ontario Soil Survey Complex layer contains information on the 

stoniness, slope, and soil characteristics for agricultural parcels across southern Ontario. I 

combined the Land Improvement Ontario Soil Survey Complex with the boundaries of the 

counties used in the Xu (2017,2020) Net Logo spatial stochastic irrigation simulation model. It 

was important to use this data layer in my GIS analysis so that the results aligned with the 

counties used in the spatial stochastic irrigation simulation model. The result of this intersection 
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is shown in Figure A4.2.1. of Appendix 4.2. Dark green indicates a low stoniness index value 

and lighter green/yellow indicates a higher stoniness index. As you can see, stoniness is not 

homogenous across Southern Ontario.  

Since fields are different sizes, simply averaging the stoniness index values for the fields 

does not reflect the average index of the land in the county. Instead, I multiplied each index 

value by the area of land identified to have that level of stoniness, then divided by the total area 

in the county. These area-weighted average stoniness values for each county are mapped in 

Figure A4.2.2 of Appendix 4.2. I believe my method of calculating the index values shown in 

Figure A4.2.2 of Appendix 4.2 adequately captures the distribution of stoniness in Southern 

Ontario shown in Figure A4.2.1 of Appendix 4.2. 

To determine the distribution of field area in each county, I began with the AAFC 2018 

Crop Inventory. I first converted the 2018 crop inventory from a raster file to a shape file14. In 

that process, ArcMap identified and created a polygon for each continuous area of the same 

land use type. This means the resulting shape file contains a row for each field in Southern 

Ontario. I then intersected the 2018 crop inventory layer with the county boundaries, calculated 

the geographical area of each field, and exported a file containing the fields in each county. 

Once in excel, I calculated the median and mean field size if it was planted with corn or 

soybean. I did this because the Soil Survey Complex contains information for all agricultural 

fields in each county. However, this thesis is concerned with the farming of grains. Vegetables 

and fruits tend to be grown on smaller farms. The prevalence of fruit and vegetable operations 

also tends to vary across county. Therefore, the data I use for field characteristics must exclude 

fruit and vegetable farms. 

 
14 In ArcGIS, raster and shape are types of files. A raster file contains information across a grid of pixels. A shape file 
contains information for polygons or areas. In converting between raster and shape file, ArcGIS connects 
neighbouring pixels of the same values. This results in a file that contains polygons for each field. It is an imperfect 
method, but useful in determining field size based on crop type.  
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The county specific values of stoniness and field size were inputted into the cost 

equation to determine the installation cost for each drainage coefficient in each county. In Figure 

A4.2.1 of Appendix 4.2, I display the installation costs for the current average installation 

(drainage coefficient of 25.4 m/day). It is interesting to compare Figure 4.1.3 to the other maps. 

It makes sense that the counties of Renfrew, Lennox and Addington, Frontenac, Lanark, and 

Leeds and Grenville have the highest costs. They are the region with both the greatest 

stoniness and greatest proportion of small field sizes (See Appendix 4.2). In addition, the 

distribution of installation cost make sense with the current distribution of drainage systems that 

have been installed.  

The final model calibration is of an additional benefit of drainage. In initial runs of the 

simulation model, the present value of net benefits for corn was not positive for a drainage 

coefficient of 25.4 mm/day in the base scenario. However, most drainage contractors mentioned 

the appeal of drainage systems in my interviews. Many described drainage as a technology that 

pays off within a decade or two. Importantly, the actions of hundreds of farmers of choosing to 

install drainage indicates they see a positive net benefit for the currently installed drainage 

coefficient.  

In addition to yield benefits calculated based on the Xu (2017, 2020) crop yield model, 

drainage also produces benefits in the form of reduced fertilizer use and improved machinery 

operations (Vuuren and Jorjani 1984, Aldabagh 1971). Therefore, I included these two benefits 

of drainage in the form of a percentage increase of the benefits calculated from the Xu (2017, 

2020) crop yield model. In the next few paragraphs, I will describe my sources for the benefit of 

fertilizer use and improved machinery operations as well as how I incorporate the benefit into 

the spatial stochastic drainage simulation model.  

Vuuren and Jorjani (1984) compare corn yields with a tile drainage system with 9.1m 

spacing (drainage coefficient of 25.4 mm/day) to fields without drainage. They determined an 
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optimal nitrogen fertilizer use by regressing to find a production function, then setting marginal 

product of fertilizer equal to the price ratio for fertilizer and crop price. They found that 

economically optimal fertilizer use was 9 kg/ha lower on drained land compared to undrained 

land. They converted this to a benefit of $8.97 (2020 Canadian dollars) per hectare per year.  

Aldabagh (1971) estimated the relationship between drainage and farm machinery 

operation. Aldabagh (1971) first derived the relationship between corn yield and time planted 

(number of days after May 17). Based on experimentation and hydrology, Aldabagh (1971) 

discovered the relationship between number of days field work is impossible during the period of 

April to June and multiple drainage spacings. Aldabagh (1971) uses these results to determine 

that drainage provides a benefit of $236.16 (2020 Canadian dollars) per hectare per year. 

For both the benefits of fertilizer and machinery use, I assume the magnitudes of the 

benefit depends on the capacity of the drainage system. Therefore, I decide to incorporate 

these additional benefits as a proportion relative to the difference in revenue calculated in the 

model rather than an additive value. To convert the benefit into a proportion, I use the revenue 

with drainage determined by Vuuren and Jorjani (1984). I calculate that the sum of the revenue 

with drainage and drainage benefit of $245.13 per hectare per year is 2.545 times larger than 

revenue with drainage calculated by Vuuren and Jorjani (1984). I use this multiplier in the spatial 

stochastic drainage simulation model for both corn and soybean benefits. Therefore, I assume 

an equivalent drainage benefit multiplier for soybean.  

4.2 Precipitation and excess water results 
 In Chapter 3 I describe how drainage can be modelled as a damage control input that 

addresses the damage agent of excess water. The benefit of drainage can be better understood 

by viewing the levels of the damage agent and the control input’s ability to reduce the level of 

damage agent. Therefore, one can gain a better understanding of the benefits of drainage by 

observing how each drainage coefficient affects the level of the damage agent of excess water. 
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This is precisely my goal for this section. The following figures will compare the level of excess 

water with and without the various drainage coefficients. To get a clear depiction of the drainage 

patterns I do not present the results over all 500 samples of the climate distributions. Instead, I 

present the results for one Monte Carlo sample.  

To aid in the understanding of these results, I first define some of the key terms 

discussed in Chapter 3. In the Xu (2017,2020) crop yield model, there is a level of precipitation, 

�̅�, for which maximum yield occurs. For precipitation less than �̅�, there is a water deficit. For 

precipitation greater than �̅�, there is a water excess. I calculate the level of excess water as 

precipitation minus �̅�. For fields with drainage, I define effective precipitation as the modelled 

precipitation after excess water has been removed by the drainage system. I define post 

drainage excess water as the level of the damage agent present after the drainage system has 

removed excess water according to its capacity (drainage coefficient).  

 I present the precipitation results in four sections. In Section 4.2.1, I present the 

distributions of excess water, which is the damage agent in Chapter 3. In the next three 

sections, I present county level figures of the annual precipitation, precipitation required for peak 

yield (�̅�), and effective precipitation over time. In Section 4.2.2 I focus on before the growing 

season precipitation for corn. In Section 4.2.3 I focus on before the growing season precipitation 

for soybeans. And finally, in Section 4.2.4 I focus on during the growing season precipitation for 

both crops.  

4.2.1 Distributions of the damage agent of excess water 
 In Figure 4.3, I have plotted the distributions of excess water for before and during the 

growing season for both corn and soybean. The vertical axis is the density (or frequency) of 

each level of excess water. The horizontal axis is the level of excess water in each season in 

mm per year. I have added a vertical line at zero to divide the plot by water deficit (negative 

water excess) and water excess. The top panels show the distributions for corn and the bottom 
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panels show the distributions for soybean. Although both crops receive the same amount of 

precipitation, the level of excess water varies between crops as the precipitation required for 

peak yield (�̅�) varies between crops. Panels on the left of Figure 4.3 show the distributions of 

excess water before the growing season and the panels on the right show the distributions of 

excess water during the growing season. Within each panel, I have plotted a distribution for 

each climate scenario. These are identified with a coloured border as described in the legend. 

The fill of each distribution is a transparent grey. Therefore, darker grey area indicates overlap 

of distributions.  

 Figure 4.3 provides an understanding for the results of this thesis. The excess water 

distribution before the growing season for corn is the only distribution with a positive mean value 

of excess water. In addition, for all climate scenario, there is a larger probability that corn will 

experience excess water rather than soybeans. In the following sections, I present results that 

show greater yield differences and present value of net benefits of drainage for corn. 

The way the climate scenarios in the Xu (2017,2020) model have been coded is also 

apparent in Figure 4.3. The probability distribution of precipitation before the growing season 

does not change across the three climate change scenarios. Therefore, all three climate 

scenarios have the same distribution of excess water before the growing season. Since they are 

overlaid in Figure 4.3, the excess water distributions of all three climate change scenarios are 

depicted as purple before the growing season.  

Figure 4.4 is similar to Figure 4.3 in that I have plotted distributions of excess water. 

However, in Figure 4.4 I am comparing the excess water distribution to the post drainage 

excess water distribution for the drainage coefficients of 9.1 mm/day, 9.1 mm/day, and 14.3 

mm/day. Another difference in Figure 4.4 is that I have plotted the subset of cases in which 

excess water is positive. In other words, Figure 4.4 shows the distribution of excess water and 



155 
 

post drainage excess water for when drainage is needed. For Figure 4.4, I use panels to display 

results for each of the four climate scenarios. All panels show the results for corn and with 7 

spring drainage days.  

In all panels, this post drainage excess water distributions for 9.1 mm/day and 14.3 

mm/day appear very similar to the excess water distribution yet shifted to the left. With 7 

drainage days, drainage coefficients of both 9.1 mm/day and 14.63 mm/day are unable to 

completely remove the damage agent for the majority of cases where drainage is needed. For a 

drainage coefficient of 25.4 mm/day, the post drainage excess water distribution is not 

symmetrical. In the base scenario, density of excess water levels at or slightly above zero is 

very high compared to this climate scenarios. This indicates that in the base scenarios, a 

drainage coefficient of 25.4 mm/day is able to remove the damage agent in many of the cases. 

However, with climate change, a drainage coefficient of 25.4 mm/day is less likely to fully 

remove the excess water.  

In Figure 4.5, I compare the excess water and post drainage excess water distributions 

for corn before the growing season in the C3 climate scenario. In this figure, I display the four 

values of drainage days across the different panels. Therefore, the top left panel of Figure 4.5 is 

the same as the bottom right panel of Figure 4.4. As the drainage days increase, the difference 

between the post drainage distributions for drainage coefficients of 9.1 mm/day and 14.3 

mm/day shift further left of the excess water distribution. This makes sense as more excess 

water can be drained in a given year with a higher number of drainage days. As in Figure 4.5, 

the post drainage excess water distribution for a drainage coefficient of 25.4 mm/day is non-

symmetrical. As the number of drainage days increase, the probability of the drainage 

coefficient 25.4 mm/day resulting in a post drainage excess water level near year increases.  

4.2.2 Precipitation and effective precipitation for corn before the growing season 
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 In the next four Figures, I will present a comparison of precipitation, precipitation 

required for peak yield (�̅�), and effective precipitation for corn before the growing season over 

the years of the simulation. I begin in Figure 4.6 by presenting an example figure for the 

example county of Haldimand-Norfolk County in order to describe the pattern in effective 

precipitation that occur among the different drainage days in the climate change scenario. In 

Figure 4.7, I compare the cases of Figure 4.6 to those of the base scenario. Next, in Figures 4.8 

and 4.9, I show the same comparison for all counties for 10 and 7 spring drainage days in the 

climate change scenario.  

 On the vertical axis of Figure 4.6 is the amount of precipitation before the growing 

season in mm. The horizontal axis shows the years simulated in the model. Each of the panels 

shows the precipitation and effective precipitation with each of the four values of spring drainage 

days. For corn before the growing season, precipitation required for peak yield (�̅�) is equal to 

zero. Within each panel, precipitation is plotted in dark blue. The level precipitation is not 

changed by drainage days, and thus is the same in each panel. Effective precipitation for each 

drainage coefficient is plotted as per the legend to the right of the figure. This figure visualizes 

how the spatial stochastic model simulates drainage. Effective precipitation (excess water after 

drainage) is the result of a subtraction from precipitation depending on the size of the drainage 

coefficient. Effective precipitation is modelled from the control equation of Chapter 4, in which 

the amount subtracted from precipitation is a multiplication of drainage days and the drainage 

coefficient. For the same reason, it is unsurprising that a larger number of drainage days allows 

for the removal of a larger quantity of excess water and therefore a smaller effective 

precipitation. 

To better understand Figure 4.6, I use my theoretical framework developed in Chapter 3. 

In Section 3.5.2, I describe the case in which a drainage system is able to fully remove the 

damage agent of excess water. When this case occurs, the drainage system brings effective 
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precipitation to zero. I refer to this as fully draining. As shown in Figure 4.6, this occurs for the 

drainage coefficients of 57.2 mm/day, 101.6 mm/day and 226.6 mm/day. The larger drainage 

coefficient of 101.6 mm/day is always able to fully remove the damaged agent of excess water 

for corn in Haldiman-Norfolk County in climate scenario C3 in all years for all intensity 

scenarios. For 8, 9, and 10 drain spring drainage days a drainage coefficient of 57.2 mm/day is 

always able to fully remove the damaged agent of excess water. Yet, with 7 spring drainage 

days (the highest intensity scenario) there are four years in which the drainage coefficient of 

57.2 mm/day is unable to fully remove the damage agent of excess water.  

When I drainage system is unable to fully remove the damage agent of excess water, I 

refer to this as partial drainage. This corresponds to Case 3 described in Section 3.5.3. Figure 

4.6 shows that for all years and intensity scenarios, the drainage coefficients of 9.1 mm/day and 

14.3 mm/day are partially draining. As spring drainage days increase (intensity decreases), the 

drainage systems are able to remove more excess water and result in lower effective 

precipitation. A lower effective precipitation means there is a smaller amount of the damage 

agent, and a larger benefit of drainage 

The drainage coefficient of 25.4 mm/day is unique amongst the drainage coefficients 

simulated because it partially drains some years and fully drains other years. As shown in 

Figure 4.6, with 7 spring drainage days (the highest intensity scenario), there is only one year in 

which a drainage coefficient of 25.4 mm/day is able to fully remove the damage agent of excess 

water for corn in Haldiman-Norfolk County in climate scenario C3. In comparison, with 8 spring 

drainage days, a drainage coefficient of 25.4 mm/day is able to fully remove the damage agent 

of excess water in 8 of the years simulated. In the years where the damage agent of excess 

water is not fully removed, the effective precipitation is lower than when there are 7 spring 

drainage days. This pattern continues with the larger values of spring drainage days. With 9 

spring drainage days, the effective precipitation over time is further shifted downwards toward 
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the horizontal axis. With 10 drainage days there are more years in which the drainage 

coefficient of 25 mm/day fully removes the damage agent of excess water.  

 In Figure 4.7, I plot precipitation and effective precipitation for all spring drainage day 

values in both the base and climate scenarios. Recall from Figure 4.3 that the distribution of 

precipitation before the growing season does not vary across the climate change scenarios of 

C1, C2, and C3. Therefore, I only need compare the base scenario to one of C1, C2, or C3. The 

first thing to notice in this Figure is that the base scenario annual precipitation before the 

growing season does not increase overtime. This contrasts with the climate change scenario in 

which annual precipitation before the growing season increases overtime.  

Figure 4.7 can provide insight on the differing slopes of yield in Figure 4.15. If a drainage 

coefficient is partially draining, an increase in precipitation will reduce yield both with and without 

drainage (Case 2 in Chapter 3). If a drainage coefficient is fully draining, an increase in 

precipitation will reduce yield without drainage while yield with drainage remains unchanged 

(Case 3 in Chapter 3). Therefore, the yield from partially and fully drainage systems will be 

differentially affected by increasing precipitation. In Figure 4.7, drainage coefficients of 9.1 

mm/day and 14.3 mm/day always partially drain and the coefficient of 25.4 mm/day partially 

drains in some years. Due to the partial drainage, corn yields in Figure 4.15 differ between the 

drainage coefficients of 9.1 mm/day, 14.3 mm/day, 25.4 mm/day and the larger coefficients 

(57.2 mm/day, 101.6 mm/day, and 228.6 mm/day). In Figure 4.7, the trend of precipitation over 

time increase more in the climate scenarios. Therefore, in Figure 4.15, the slope of corn yield 

over time is different for the smaller drainage coefficients and the larger drainage coefficients. 

In the base scenario, there are zero years in the base scenario in which a drainage 

coefficient of 57.2 mm/day is not able to fully remove the damage agent of excess water. Aside 

from that, the base scenario is the same as the climate change scenario in that effective 

precipitation is the result of a downward shift of precipitation depending on the magnitude of the 
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drainage coefficient. This pattern is also seen across all of the counties in southern Ontario. 

Figure 4.8 shows the same information as Figure 4.7 for all 29 counties in the climate change 

scenario with 10 drain spring drainage days. The variation across counties is most clearly 

observed by noting weather effective precipitation with a drainage coefficient of 25.4 mm/day is 

above or along the horizontal axis. For example, in counties Essex (4), Hamilton (6), Lambton 

(7), Central Ontario County (20), Lanark (24), and Renfrew (27), effective precipitation with a 

25.4 mm/day drainage coefficient follows the horizontal axis for many of the simulated years. 

This means a drainage coefficient of 25 is sufficient to remove the damaged agent of excess 

water for these counties for most years. For other counties, such as Haldiman-Norfolk (5), 

Oxford (10), Grey (13), and Perth (17), there are many years in which the drainage coefficient is 

unable to fully remove the damage agent of excess water.  

 Figure 4.9 shows the same information as Figure 4.7 for all 29 counties in the climate 

change scenario with 7 spring drainage days. As predicted from the pattern observed in Figures 

4.6 and 4.7, a drainage coefficient of 25 mm/day is not as able to remove the damage agent of 

excess water. As a result, effective precipitation with a drainage coefficient of 25 mm/day is 

primarily above the horizontal axis. In this figure you can see that a drainage coefficient of 57.2 

mm/day begins to become ineffective in some years in the counties of Haldiman-Norfolk (5), 

Middlesex (8), Elgin (3), and Grey (13).   

4.2.3 Precipitation and effective precipitation for soybeans before the growing season 
 

 In this section, I present similar Figures as the last section for soybeans. Figure 4.10 

shows the same information as Figure 4.7 for all 29 counties in the climate change scenario with 

10 drain spring drainage days for soybeans. Unlike corn, soybeans only experience the damage 

agent of excess water before the growing season after 𝑊𝑏
̅̅ ̅̅ . The water required for peak yield 

before the growing season is defined in the Xu (2017,2020) crop yield model to be constant at 
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317 mm/year. This boundary point between water deficit and excess is plotted in Figure 4.10 as 

a horizontal black line. In all counties, for most years, precipitation is less than𝑊𝑏
̅̅ ̅̅ . This means 

that drainage provides no benefits to soybean yield due to excess water before the growing 

season. Since no drainage is necessary in these years, effective precipitation for all drainage 

coefficients are equal to precipitation. The effective precipitation lines have been plotted below 

the precipitation line for years when drainage isn’t needed.  

There are some years in which precipitation becomes greater than 𝑊𝑏
̅̅ ̅̅ . As an example of 

one of these cases, in Figure 4.11 I have plotted precipitation, 𝑊𝑏
̅̅ ̅̅ , and effective precipitation for 

the example of Elgin county. As you can see, whenever precipitation is greater than the 

horizontal line of 𝑊𝑏
̅̅ ̅̅ , effective precipitation for the various drainage coefficients deviate from the 

precipitation line. The larger the drainage coefficient, the more a drainage system is able to 

reduce excess water. For the largest drainage coefficient plotted in this figure, 101.6 mm/day, 

effective precipitation is reduced only until 𝑊𝑏
̅̅ ̅̅ .  For the first two years with excess water in this 

period (late 50s and late 60s), all of the drainage coefficients are able to reduce the damage 

agent of excess water to zero. The lines for effective precipitation with the smaller drainage 

coefficients have been plotted below the effective precipitation line for a drainage coefficient of 

101.6 mm/day. This is not the case in 1969. For this year, precipitation is large enough that the 

drainage coefficients of 9.1 mm/day and 14.3 mm/day are unable to reduce excess water to 

zero. In general, there are fewer times in which the damage agent is present for soybeans. 

When it is present, the behaviour of the drainage systems and the resulting effective 

precipitation follows the same pattern as corn.  

4.2.4 Precipitation and effective precipitation during the growing season 
 

 In this section, I present results for precipitation during the growing season. Figures 4.12 

and 4.13 show the same information as Figures 4.8 and 4.10 for soybean. Both Figures 4.12 
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and 4.13 show the precipitation, 𝑊𝑔̅̅ ̅̅ , and effective precipitation for all counties in the C3 

scenario with 10 spring drainage days. Unlike before the growing season, the water required for 

peak yield depends on temperature (degree days). This means that 𝑊𝑔̅̅ ̅̅  is non-constant. As 

before, 𝑊𝑔̅̅ ̅̅  is plotted as a black line for each county. Precipitation, plotted in blue, is sometimes 

below and sometimes above the water required for peak corn yield, 𝑊𝑔̅̅ ̅̅  . As a result, there are 

some years in which drainage is beneficial. In Figure 4.13, precipitation in the growing season 

has not changed. However, the water required for peak soybean yield, 𝑊𝑔̅̅ ̅̅ , is often higher than 

the water required for peak corn yield, 𝑊𝑔̅̅ ̅̅ . Therefore, there are fewer years in which soybean 

crops experience excess water.  

 In Figure 4.14, I present the example of Grey County to compare the previous results 

across the climate scenarios and to more directly compare corn and soybeans. The left panels 

show precipitation, 𝑊𝑔̅̅ ̅̅ , and effective precipitation for corn, while the right panels show 

precipitation, 𝑊𝑔̅̅ ̅̅ , and effective precipitation for soybeans. In the beginning years of the 

simulation, 𝑊𝑔̅̅ ̅̅  for soybeans is larger than the 𝑊𝑔̅̅ ̅̅  for corn. This means that there is more excess 

water present for corn in the decades of 2020-2050. In the climate scenarios, over time, 𝑊𝑔̅̅ ̅̅  for 

corn increases more than 𝑊𝑔̅̅ ̅̅  for soybeans. In the last decade of the simulation, corn and 

soybeans experience a similar amount of excess water, and therefore, a similar benefit from 

drainage.  

Moving from the base to the C1 scenario, the water requirement for peak corn yield 

increases in later years. This reduces the severity and frequency of excess water for corn. For 

example, in 2055 in the base scenario, precipitation is relatively high while 𝑊𝑔̅̅ ̅̅  is relatively low. 

This relatively large difference is indicative of a relatively large amount of excess water. 

Drainage coefficients of 9.1 mm/day, 14.3 mm/day, and 25.4 mm/day are unable to fully remove 

the excess water, and therefore the effective precipitation lines for these coefficients are visibly 
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different from 𝑊𝑔̅̅ ̅̅ . For 57 mm/day and 101 mm/day, effective precipitation has been reduced to 

𝑊𝑔̅̅ ̅̅ . However, in the C1 scenario, 𝑊𝑔̅̅ ̅̅  is higher. The smaller amount of excess water is fully 

removed by the drainage coefficient of 25.4 mm/day and effective precipitation for 25.4 mm/day 

is equal to 𝑊𝑔̅̅ ̅̅ . For this reason, there is a larger percentage increase in corn yield (as shown in 

Figure 4.15) in the growing season in the base scenario compared to the C1 scenario.  For 

soybean, 𝑊𝑔̅̅ ̅̅  also increases in C1 compared to the base scenario.  

Moving from the C1 scenario to C2 and C3 scenarios, the standard deviation of 

precipitation in the growing season increases. This can be seen in Figure 4.14 as the 

precipitation line stretches to further extremes. An increase in the variance means the 

magnitude of excess water increases for the years where precipitation is greater than 𝑊𝑔̅̅ ̅̅ . The 

same pattern occurs for soybean. For both crops, the frequency and severity of excess water 

increases as the standard deviation of growing season precipitation increases from C1 to C2 to 

C3. Therefore, the benefits of drainage also increase from C1 to C2 to C3.  

In conclusion, an examination of precipitation trends presents the result that, for both 

crops, there is less excess water in the growing season than for corn before the growing 

season. Therefore, drainage of corn before the growing season is the main driver of the results 

presented in Sections 4.2 and 4.3. Additionally, the increase of 𝑊𝑔̅̅ ̅̅  between the base and 

climate change scenarios explains why drainage coefficients of 25.4 mm/day and below result in 

a larger percent increase in yield in the base scenario compared to the climate scenarios (as 

shown in Figure 4.15).  

4.3 Yield Results 
I begin my discussion of the results for a representative hectare by presenting the results 

for yield. Figure 4.15 shows the simulated average corn yield for all counties in Southern 

Ontario from 500 samples of the climate distributions. For each panel, the vertical axis is the 

simulated average corn yield in kg/ha/year. Along the horizontal axis of each panel is the year 
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simulated in the model. The panels of Figure 4.15 form a grid that displays each combination of 

climate scenario and number of spring drainage days.  

Within each panel, I plot the average simulated corn yield for each of the 6 drainage 

coefficients as well as without drainage. The average simulated corn yield for the drainage 

coefficients of 57.2 mm/day, 101.6 mm/day, and 228 mm/day are equal. Therefore, the average 

yield lines for these drainage coefficients overlap in Figure 4.15 and are shown in blue. 

Figure 4.15 shows that that for all scenarios and drainage coefficients, corn yields 

increase over time. Increasing the drainage coefficient (up until 57.2mm/day) shifts the 

relationship between yield and time upwards. In other words, in any year, a higher drainage 

coefficient will result in a higher yield. In climate scenarios C1, C2, and C3, the yield over time 

relationship for drainage coefficients of 9.1 mm/day, 14.3 mm/day, and 25.4 mm/day have a 

lower slope than the yield trend for the large drainage coefficients and for no drainage. I will 

discuss possible reasons for this difference in section 4.1.5.  

Figure 4.16 shows the simulated average soybean yield for all counties in Southern 

Ontario from 500 samples of the climate distributions.  On the vertical axis is the simulated 

average soybean yield in kg/ha/year. Along the horizontal axis is each year simulated in the 

model. The average yields are plotted against each year simulated in the model. For each 

panel, the vertical axis is the simulated average corn yield in kg/ha/year. Along the horizontal 

axis of each panel is the year simulated in the model. The panels of Figure 4.16 form a grid that 

displays each combination of climate scenario and number of spring drainage days.  

Within each panel, I plot the average simulated soybean yield for each of the 6 drainage 

coefficients as well as without drainage. For soybeans, drainage has a very small or non-

existent effect on yield. It is only in the most extreme climate scenario (C3) that yield with and 

without drainage has a visible difference. To look more closely this difference in the C3 

scenario, in Figure 4.17 I have plotted average simulated soybean yield for only the last 15 

years of the simulation (2055-2070) for the C3 climate scenario with 7 spring drainage days 
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(bottom right panel of Figure 4.16). In 2070, the difference between average simulated soybean 

yield with a large drainage coefficient (25.4 mm/day, 57.2 mm/year, 101.6 mm/day, and 228.6 

mm/day) and no drainage is less than 1 kg/ha/year. There is a slight difference between yields 

for drainage coefficients of 9.1 mm/day and 14.3 mm/day.  

In Figures 4.18 to 4.20, I compare the distribution of simulated corn yield for each 

drainage coefficient with boxplots. In Figure 4.18, I plot notched boxplots for corn in each of the 

climate scenarios with 10 spring drainage days. The vertical axis shows simulated corn yield 

(kg/ha/year) and the horizontal axis displays each category of drainage coefficient compared to 

no drainage. As you can see, a drainage coefficient of 9.1 mm/day has a slightly higher median 

yield than no drainage in all of the climate scenarios. The inclusion of a notch in this figure 

indicates a confidence interval of 95% around the median. For this simulation, the 500 samples 

of the climate distributions provide many data points, which is partly responsible for the very thin 

confidence intervals. The lower bound of the confidence interval for 9.1 mm/year is higher than 

the upper bound for no drainage. A drainage coefficient of 14.3 mm/day, 25.4 mm/day, and 57.2 

mm/day results in an increase in the median corn yield and shifts the interquartile range 

upwards. However, past 57.2 mm/day, increasing the drainage coefficient to 101.6 mm/day or 

228.6 mm/day does not change the yield distribution. As I have shown in Section 4.2, this is due 

to the fact that the drainage coefficients of 57.2 mm/day, 101.6 mm/day, and 228.6 mm/day are 

all capable of completely removing the damage agent of excess water in the majority of cases.  

Figure 4.18 also demonstrates the spread of the yield distributions. For all drainage 

coefficients and no drainage, many outliers are plotted. This indicates that a large number of 

observations occur outside of the interquartile range. As the median and interquartile range shift 

up with drainage coefficient, so too do the furthest extremes of the yield distribution. Figure 4.18 

also shows how an increase in the variation of precipitation (moving from C1 to C2 to C3) skews 

the yield distribution such that more extreme values for lower yield occur.  
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Figure 4.19 shows the spread of the yield distributions for the case of 7 spring drainage 

days. This Figure shows that with higher intensity (fewer drainage days), there is a larger 

difference between the corn yield distributions for 25.4 mm/day and 57.2 mm/day. As I have 

explained in Section 4.2, this is because with 7 drainage days, there are fewer years in which a 

drainage of 25.4 mm/day is able to completely remove the damage agent of excess water. Due 

to the spread of the corn distribution, it is difficult to visually compare between Figures 4.18 and 

4.19. To remedy this, in Figure 4.20 I have plotted only the interquartile range of the yield 

distributions.  

In Figure 4.20, I have also added panels for each of the four values for spring drainage 

days. In this figure, you can see that in all of the climate scenarios a decrease in spring 

drainage days results in a downward shift of the yield distribution for the drainage coefficients of 

9.1 mm/day, 14.3 mm/day, and 25.4 mm/day. Since the yield distribution for the drainage 

coefficient of 57.2 mm/day does not change, the difference between yield with a drainage 

coefficient of 25.4mm/day and 57.2 mm/day increases.  

In Figure 4.21, I repeat Figure 4.18 for the distributions of simulated soybean yield. This 

figure demonstrates a similar pattern of yield distribution between the climate scenarios. Unlike 

the yield distributions for corn, this figure shows that drainage has little effect on the distribution 

of soybean yield.  

In Figures 4.15-4.21 I have shown the yield distribution does not differ between drainage 

coefficients of 57.2 mm/day, 101.6 mm/day, and 228.6 mm/day. Therefore, I will exclude the 

drainage coefficients of 101.6 mm/day, and 228.6 mm/day from the following yield figures. In 

addition, I will focus on the comparison of the drainage coefficients of 25.4 mm/day and 57.2 

mm/day. As mentioned in the introduction to this chapter, this comparison is of particular 

interest as 25.4 mm/day is the current commonly installed drainage coefficient. In the rest of this 

chapter I aim to determine whether it is beneficial to increase that drainage coefficient to 57.2 

mm/day.  
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In Figures 4.22 and 4.23, I compare the corn yield distribution between 25.4 mm/day and 

57.2 mm/day to yield with no drainage at a county level. As in the previous figures, the vertical 

axis in each panel is the simulated corn yield in kg/ha/year. The horizontal axis identifies the 

counties by their county identification number (ID). In Table A4.1.2 in Appendix 4.1, I provide a 

key of county names and IDs. The counties are grouped according to their region (Southern, 

Western, Central, and Eastern). These region groups are plotted in separate panels from left to 

right. The panels are separated top to bottom based on climate scenario. All panels show 

results for when there are 10 spring drainage days. In Figure 4.8, corn yield without drainage is 

shown in red and corn yield with a drainage coefficient of 25.4 mm/day is shown in blue. This 

figure shows that with 10 spring drainage days corn yield with a drainage coefficient of 25.4 

mm/day is greater than yield without drainage in all counties. In some counties, the median yield 

with a 25.4 mm/day drainage coefficient is above the interquartile range of the yield distribution 

without drainage, while in other counties, the median yield with a 25.4 mm/day drainage 

coefficient is within the interquartile range of the yield distribution without drainage. The yield 

distribution without drainage also differs between counties. For example, counties in the 

southern region appear to have more outliers of low yield in comparison to counties in the 

eastern region in the C3 scenario. These patterns are very similar in Figure 4.23, which plots a 

comparison of 57.2 mm/day versus no drainage.  

In the next few Figures, I will present results describing variation of yield over time. 

Figure 4.24 presents the simulated average corn yield with a region representing standard 

deviation. As in earlier Figures, the vertical axis of Figure 4.24 shows the average simulated 

corn yield in kg/ha/year. The years simulated in the model are along the horizontal axis. Each 

panel of Figure 4.24 shows the results for each of the four climate scenarios (Base, C1, C2, and 

C3). In each panel, I have plotted the least squares lines for a drainage coefficient of 9.1 

mm/day and no drainage. The ranges overlap, so the greenish-gray middle region is the overlap 

of the region representing standard deviation for the 9.1 mm/day coefficient and the no drainage 
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case. This Figure shows that yield variation increases over time in the climate change 

scenarios. This increase in variation is largest for the climate scenario with the largest variation 

in precipitation (C3). The span of the region representing standard deviation does not appear to 

vary between the drainage coefficient of 9.1 mm/day and no drainage. In the next 3 figures, I 

repeat this figure for the drainage coefficients of 14.3 mm/day, 25.4 mm/day, and 57.2 mm/day. 

Recall that in earlier figures I determined that there is no aggregated difference between the 

drainage coefficients of 57.2 mm/day, 101.6 mm/day, and 228.6 mm/day. Therefore, I only 

report results for 9.1 mm/day, 14.3 mm/day, 25.4 mm/day, and 57.2 mm/day. 

Figure 4.25 shows the simulated average corn yield with a region representing standard 

deviation for the comparison between a drainage coefficient of 14.3 mm/day and no drainage. In 

this Figure, the higher drainage coefficient results in a larger average corn yield. Again, the span 

of the region representing standard deviation does not seem to differ between the drainage 

coefficient of 14.3 mm/day and no drainage. Figure 4.26 shows the simulated average corn 

yield with a region representing standard deviation for the comparison between a drainage 

coefficient of 25.4 mm/day and no drainage. In this figure, the higher drainage coefficient results 

in a larger average corn yield. Again, the span of the region representing standard deviation 

does not seem to differ between the drainage coefficient of 25.4 mm/day and no drainage. 

Figure 4.27 shows the simulated average corn yield with a region representing standard 

deviation for the comparison between a drainage coefficient of 57.2 mm/day and no drainage. In 

this figure, the higher drainage coefficient results in a larger average corn yield. Again, the span 

of the region representing standard deviation does not seem to differ between the drainage 

coefficient of 57.2 mm/day and no drainage.  

 In earlier figures, I have shown that there is very little change in the simulated soybean 

yield with drainage. Therefore, when reporting yield variation over time for soybeans, I have 

chosen to show the results for only the largest drainage coefficient. As you can see in Figure 
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4.28, even with the largest drainage coefficient, there is only a slight difference between the 

drained and undrained plots of yield over time. This gap is largest in the C3 climate scenario.  

 In the next figures, I present the yield results in the form of the percent increase in yield 

due to drainage. This is due to the use of percent increase in crop science research. Percent 

increase (shown on the vertical axis of Figure 4.29) is calculated as the difference between yield 

with a particular drainage coefficient and without drainage, divided by the yield without drainage. 

On the horizontal axis are the values of the drainage coefficient. For each drainage coefficient, I 

have plotted a bar for each of the four climate scenarios. The results for each of the four values 

of spring drainage days are displayed in the four panels of Figure 4.29.  

 The general pattern of between drainage coefficients mirrors that of Figures 4.18-4.20. 

Yield increases from 9.1 mm/day until 57.2 mm/day. After the drainage coefficient of 57.2 

mm/day there are no additional aggregate benefits to increasing the drainage coefficient. As the 

spring drainage days decrease, the difference between the drainage coefficients of 25.4 

mm/day and 57.4 mm/day increases.  

As you can see, for the drainage coefficients of 9.1 mm/day, 14.3 mm/day, and 25.4 

mm/day, the percent increase in the base scenario is larger than the percent increase in the 

climate scenarios. This opposite is true for drainage coefficients of 57.2 mm/day and above, 

where the percent increase is smaller in the base scenario than in the climate scenarios. As I 

have shown in section 4.2, I believe this is due to the increase in 𝑊𝑔̅̅ ̅̅  (water requirement for peak 

yield) from the base scenario to the climate scenarios. The higher 𝑊𝑔̅̅ ̅̅  means it takes more 

precipitation for water to be in excess. Benefits from drainage decrease as there are more years 

in which drainage is not necessary and does not increase yield compare to the no drainage 

scenario.  

Figure 4.30 shows the percent increase in soybean yield due to drainage. Compared to 

corn, the percent increases in soybean yield due to drainage are small. Of the four climate 
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scenarios, percent increase in soybean yield is largest in the C3 climate scenario. There does 

not appear to be much of a change in the percent increase in soybean yield between drainage 

coefficients and between spring drainage days. As I have explained in Section 4.2, all simulated 

drainage coefficients are able to remove the damage agent of excess water for most years 

drainage is needed.  

4.4 Present value of net benefit results 
 In this section, I present the results for the present value of net benefits for the various 

drainage coefficients. As described in Chapter 3, the benefit of drainage is the difference 

between revenue with a particular drainage coefficient and revenue without drainage. The 

present value of this benefit has been calculated as the sum of benefits discounted with a 

discount rate of 4.2%. To arrive at net present value, the costs as derived in Chapter 2 are 

subtracted from present value of net benefits.  

 Figure 4.31 presents the provincial distribution of simulated present value of net benefits 

for corn for all of the climate scenarios and drainage days. On the vertical axis is the present 

value of net benefits. I have plotted a horizontal line at zero to distinguish between positive and 

negative values of present value of net benefits. Along the horizontal axis of each panel is each 

of the drainage coefficients tested in the model. Each of the 16 panels shows the results for 

each of the climate scenario and spring drainage day combinations.  

 For corn, the median present value of net benefits is positive in all 16 scenarios for the 

drainage coefficients of 25.4 mm/day, 57.2 mm/day, and 101.6 mm/day. The median present 

value of net benefits is negative in all 16 scenarios for the drainage coefficients of 9.1 mm/day, 

and 228.6 mm/day. The median present value of net benefits for the drainage coefficient of 14.3 

is positive for the cases of 9 and 10 spring drainage days and negative for the cases of 7 and 8 

spring drainage days.  
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 Of particular note is the comparison between the drainage coefficients of 25.4 mm/day 

and 57.2 mm/day. For the cases of 9 and 10 drainage days, a drainage coefficient of 25.4 

mm/day results in greater present value of net benefits than the drainage coefficient of 57.2 

mm/day. For the case of 7 drainage days, it is the drainage coefficient of 57.2 mm/day that 

results in a greater present value of net benefits. Comparing the climate scenarios for the cases 

with 8 spring drainage days provides evidence to support the hypothesis I developed in Section 

3.5.7. Based on the theoretical framework, I hypothesized that a larger drainage coefficient is 

preferable with climate change. This is evident in Figure 4.31. In the base scenario with 8 spring 

drainage days, a drainage coefficient of 25.4 mm/day has the highest median present value of 

net benefit. However, with climate change, the higher drainage coefficient of 57.2 mm/day 

becomes the drainage coefficient with the highest median present value of net benefits.   

 In addition to a comparison of median values, Figure 4.31 shows that the extreme values 

in the present value of net benefit distribution for the drainage coefficient of 57.2 mm/day are all 

greater than the median, while the extreme values in the present value of net benefit distribution 

for the drainage coefficient of 25.4 mm/day are all lower than the median. If making a decision 

between the drainage coefficients of 25.4 mm/day and 57.2 mm/day, it may be possible that the 

drainage coefficient of 57.2 mm/day is preferable even if the median present value of net benefit 

for the drainage coefficient of 25.4 mm/day is slightly higher.  

 Figure 4.31 shows some additional general patterns. Firstly, the present net benefit of 

drainage coefficients 25.4 mm/day and below decrease as the number of spring drainage days 

decrease. This pattern is a misrepresentation of drainage due to a lack of negative effect of 

intensity on yield without drainage. I will discuss this issue further in the limitation and future 

research section of Chapter 5. Despite this limitation, the model adequately represents the 

change in the relative difference of present value of net benefit between the drainage 

coefficients. As the number of drainage days decrease, the present value of net benefits for the 



171 
 

drainage coefficients of 25.4 mm/day and below decrease relative to the drainage coefficients of 

57.2 mm/day and above. Another general pattern is the effect of climate scenario. The changes 

in the distributions of present value of net benefit are much smaller between the three climate 

scenarios than between the base scenario and any climate scenario. As I have explained in 

section 4.2, this is because the damage agent of excess water is much larger and present in a 

greater number of years before the growing season. Since the distribution of precipitation before 

the growing season does not vary between the three climate scenarios, the distribution of the 

damage agent of excess water before the growing season does not vary between the C1, C2, 

and C3 scenarios. Of note is the increase positive extreme values as the variation of growing 

season precipitation increases from C1 to C3.  

 Figure 4.32 shows the provincial distribution of simulated present value of net benefits 

for soybeans for all of the climate scenarios and drainage days. This figure shows the negative 

median present value of net benefit for all drainage coefficients, climate scenarios, and drainage 

days. This result is unsurprising given the small soybean yield increases described in Section 

4.2. The differences between the present value of net benefits for soybean are primarily driven 

by the differences in cost between the drainage coefficients. The cost equation developed in 

Chapter 2 describes a concave relationship between drainage coefficient and cost. The 

relationship appears convex here, but that is merely a reflection of a non-linear horizontal axis 

scale.  

 Figure 4.33 shows a weighted average of the corn and soybean present value of net 

benefits. To compute the combined present value of net benefit, I weighted the present value of 

net benefit of each crop by its area divided by the area planted to both crops in each county. As 

can be seen in Figure 4.33, the median present net value of from drainage considering both 

corn and soybeans is negative for all drainage coefficients, climate scenarios, and drainage 

days.  
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 In the next series of figures, I compare the present value of net benefit for corn for the 

drainage coefficients of 25.4 mm/day and 57.2 mm/day at the county level. Each of Figures 

4.34-4.37 presents the results for each of the four climate scenarios and 9 drainage days. In 

Figures 4.38-4.41, each figure presents the results for counties in one of the regions for all four 

values of spring drainage days in the C3 scenario. In all of these figures, the vertical axis is the 

present value of net benefit while the horizontal axis indicates county identification (ID) 

numbers. Recall that Table A4.1.2 in Appendix 4.1 provides a key to convert between county ID 

and county name.  

 In Figures 4.34-4.37, each panel organizes the counties into their geographic regions. 

Figure 4.34 shows these results for the base scenario. In the Central and Eastern regions, the 

drainage coefficient of 25.4 mm/day is clearly more beneficial than the drainage coefficient of 

57.2 mm/day. In the Southern region, the median present value of net benefit for the drainage 

coefficient of 25.4 mm/day is greater than the median present value of net benefit for the 

drainage coefficient of 57.2 mm/day. However, compared to the Central and Eastern regions, 

the difference between the present value of net benefit of the drainage coefficients of 25.4 

mm/day and 57.2 mm/day in the Southern region is smaller. Finally, in the Western region the 

median present value of net benefit in Bruce (11) and Grey (13) county for the drainage 

coefficient of 57.2 mm/day is greater than the median present value of net benefit for the 

drainage coefficient of 25.4 mm/day. Except for Halton (14) and Peel (16), the counties in the 

Western region have a larger variance of present value of net benefit compared to counties of 

the other regions. For four of the Western counties, the interquartile range for the present value 

of net benefit of drainage coefficients of 25.4 mm/day and 57.2 mm/day overlap. However, for 

all counties in the Western region, the 95% confidence intervals around the median present 

value of net benefit (indicated by a notch in the boxplots) do not overlap.  
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 Figure 4.35 compares the present value of net benefit for corn for the drainage 

coefficients of 25.4 mm/day and 57.2 mm/day at the county level for the C1 climate scenario. In 

this scenario, the difference between the present value of net benefit for the drainage 

coefficients of 25.4 mm/day and 57.2 mm/day becomes smaller. This is due to a reduction in the 

present value of net benefit for the drainage coefficient of 25.4 mm/day. In this climate scenario, 

a drainage coefficient of 57.2 mm/day results in a larger median the present value of net benefit 

in a total of 7 counties. Figure 4.36 compares the present value of net benefit for the C2 climate 

scenario and Figure 4.37 compares the present value of net benefit for the C3 climate scenario. 

The results for the C1, C2, and C3 scenarios vary only slightly. As I have explained in section 

4.2, this is due to the majority of the damage agent of excess water being present before the 

growing season and the distribution of precipitation before the growing season not changing 

between climate scenarios. As the standard deviation of precipitation in the growing season 

increases between the climate scenarios of C1, C2, and C3, the distributions of present value of 

net benefit increase slightly in the Central and Eastern regions. The are larger increases in 

present value of net benefit for some of the counties in the Western region. In addition, the 

extreme values for many counties shift upward as the standard deviation of precipitation in the 

growing season increases between the climate scenarios of C1, C2, and C3.  

 In Figure 4.38 I present the present value of net benefit for counties in the Southern 

region in the C3 climate scenario. The four panels of the figure display the results for each of 

the four values of spring drainage days. With 10 spring drainage days (bottom right panel), there 

are zero counties in which the median present value of net benefit with a drainage coefficient of 

57.2 mm/day is greater than the median present value of net benefit with a drainage coefficient 

of 25.4 mm/day. With 9 spring drainage days (bottom left panel), the distributions of present 

value of net benefit with a drainage coefficient of 57.2 mm/day do not change while the present 

value of net benefit with a drainage coefficient of 25.4 mm/day have shifted downwards. This 
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results in a decrease in the difference between the two drainage coefficients. With 9 spring 

drainage days, there are three counties in which the median present value of net benefit with a 

drainage coefficient of 57.2 mm/day is greater than the median present value of net benefit with 

a drainage coefficient of 25.4 mm/day. This trend continues as spring drainage days are further 

reduced. With 8 spring drainage days, there are 8 counties in which the median present value of 

net benefit with a drainage coefficient of 57.2 mm/day is greater than the median present value 

of net benefit with a drainage coefficient of 25.4 mm/day. Finally, with 7 spring drainage days, a 

drainage coefficient of 57.2 mm/day results in a larger median present value of net benefit in all 

10 counties in the Southern region.  

 For the Eastern region, a similar pattern in shown in Figure 4.39. As the spring drainage 

days decrease, the present value of net benefit with a drainage coefficient of 25.4 mm/day shift 

downwards while the present value of net benefit with a drainage coefficient of 57.2 mm/day 

stays relatively constant. This means that the relative difference between the two decreases. 

With 10 spring drainage days, there are zero counties in which the median present value of net 

benefit with a drainage coefficient of 57.2 mm/day is greater than the median present value of 

net benefit with a drainage coefficient of 25.4 mm/day. With 9 spring drainage days, there is less 

of a difference in present value of net benefit between the drainage coefficient, however there 

still zero counties in which the median present value of net benefit with a drainage coefficient of 

57.2 mm/day is greater than the median present value of net benefit with a drainage coefficient 

of 25.4 mm/day. With 8 spring drainage days, the median present value of net benefit with a 

drainage coefficient of 57.2 mm/day is greater than the median present value of net benefit with 

a drainage coefficient of 25.4 mm/day in 4 of the counties in Eastern region and very close in 

Leeds and Grenville County (25). Finally, with 7 spring drainage days, the median present value 

of net benefit with a drainage coefficient of 57.2 mm/day is greater than the median present 

value of net benefit with a drainage coefficient of 25.4 mm/day in 6 of the 7 counties in the 
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Eastern region. It is interesting to note that the distribution of present value of net benefit with a 

drainage coefficient of 25.4 mm/day for Renfrew County (27) does not decrease as much as the 

number of spring drainage days decrease in comparison to the other counties.  

 In Figure 4.40, I display the results for the Western region. The Western region is unique 

in that there are two counties for which the median present value of net benefit with a drainage 

coefficient of 57.2 mm/day is greater than the median present value of net benefit with a 

drainage coefficient of 25.4 mm/day with 10 spring drainage days. The pattern as spring 

drainage days decrease is the same in the Western region as the other regions: the distributions 

for present value of net benefit with a drainage coefficient of 57.2 mm/day remain constant while 

the present value of net benefit with a drainage coefficient of 25.4 mm/day decrease. With 9 

spring drainage days, there are 5 counties for which the median present value of net benefit 

with a drainage coefficient of 57.2 mm/day is greater than the median present value of net 

benefit with a drainage coefficient of 25.4 mm/day. For 8 spring drainage days, there are 7 out 

of 9 counties in the Western region for which the median present value of net benefit with a 

drainage coefficient of 57.2 mm/day is greater than the median present value of net benefit with 

a drainage coefficient of 25.4 mm/day. With 7 spring drainage days, the median present value of 

net benefit with a drainage coefficient of 57.2 mm/day is greater than the median present value 

of net benefit with a drainage coefficient of 25.4 mm/day for all counties in the Western region.  

 Finally, I show the results for the Central region in Figure 4.41. Again, the pattern as 

spring drainage days are decreased is the same in this region, where the distributions for 

present value of net benefit with a drainage coefficient of 57.2 mm/day remain constant while 

the present value of net benefit with a drainage coefficient of 25.4 mm/day decrease. With 10 

spring drainage days, there are zero counties in which the median present value of net benefit 

with a drainage coefficient of 57.2 mm/day is greater than the median present value of net 

benefit with a drainage coefficient of 25.4 mm/day. With 9 spring drainage days, the distributions 
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of present value of net benefit with drainage coefficients of 57.2 mm/day and 25.4 mm/day are 

similar for Prince Edward County (21). With 8 spring drainage days, the distributions of present 

value of net benefit with drainage coefficients of 57.2 mm/day and 25.4 mm/day are similar for 

the Central Ontario County (20). For 8 spring drainage days the median present value of net 

benefit with a drainage coefficient of 57.2 mm/day is greater than the median present value of 

net benefit with a drainage coefficient of 25.4 mm/day in Prince Edward County (21). Finally, 

with 7 spring drainage days, the median present value of net benefit with a drainage coefficient 

of 57.2 mm/day is greater than the median present value of net benefit with a drainage 

coefficient of 25.4 mm/day in all three central counties.   

4.5 Summary of Findings 
 

In Chapter 1, I described the motivating question for this research as whether tile drainage is 

an economically beneficial climate change adaptation strategy for corn and soybean farmers. As 

a result of the work presented in Chapters 2 and 3, I learned the importance of the choice of 

drainage coefficient. I then ask whether the commonly installed drainage coefficient should 

change given climate projections of increased precipitation and precipitation variation. As a 

result of my spatial stochastic drainage simulation model, I have found evidence that climate 

change may change the benefits of drainage, and therefore, the preferred drainage coefficient. 

Before discussing the effect of climate change, I wish to highlight the differing results 

between the crops of corn and soybeans. Across both the climate and base scenarios, corn 

yield with drainage is greater than corn yield without drainage. However, drainage has very little 

effect on soybean yields. 

Across all climate scenarios, the effect on corn yield for an increase of the drainage 

coefficient depends on the drainage coefficient. For smaller drainage coefficients (less than or 

equal to 25.4 mm/day), the drainage system is only partially removing the damage agent of 
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excess water. Therefore, for smaller drainage coefficients, an increase in the drainage 

coefficient results in an increase in yield (Figures 4.18-5.20). However, with larger drainage 

coefficients (greater than or equal to 57.2 mm/day), the drainage systems are usually able to 

fully remove the damage agent of excess water. Therefore, increasing the drainage coefficient 

will not result in an increase in corn yield (Figures 4.18-4.20). 

The present value of net benefit for corn with the large drainage coefficients increases 

slightly as the climate scenario switches from the Base to C1 to C2 and to C3 (Figure 4.31). 

However, across the changing climate scenarios, the present value of net benefit for corn for the 

small drainage coefficients decrease (Figure 4.31). This means that climate change results in a 

larger difference in present value of net benefits between the small and large drainage 

coefficients (Figures 4.18-4.20). 

As spring drainage days decrease, corn yields with the lower drainage coefficients decrease 

(Figures 4.18-4.20). Yet corn yields with the higher drainage coefficients remain unchanged 

(Figures 4.18-4.20). This means that a decrease in spring drainage days results in a larger 

difference in corn yield between the drainage coefficients of 25.4 mm/day and 57.2 mm/day 

(Figures 4.18-4.20). This result for corn yield translates to the results for present value of net 

benefits. As spring drainage days decrease, for corn, the present value of net benefit with the 

large drainage coefficients remain the same, while the present value of net benefit for the small 

drainage coefficients decrease (Figure 4.31).  

When observing the comparison between the currently installed drainage coefficient (25.4 

mm/day) and the next highest drainage coefficient simulated (57.2 mm/day), it is clear that the 

recommended coefficient depends on intensity (Figure 4.31). With 9 and 10 spring drainage 

days, aggregated across counties, the drainage coefficient of 25.4mm/day results in the larger 

median present value of net benefits for corn. For 9 spring drainage days in the C1, C2, and C3 

climate scenarios, the difference in median present value of net benefit for corn is close. Due to 
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the dissimilar distributions, 57.2 mm/day could be preferred with low risk tolerance. With 8 

drainage days, a drainage coefficient of 25 mm/day results in the larger median present value of 

net benefits for corn in the base scenario, but 57 mm/day results in the larger median present 

value of net benefits for corn in the climate scenarios. With 7 drainage days, a drainage 

coefficient of 57 mm/day results in the larger median present value of net benefits. These 

general trends due to spring drainage days and climate scenario are observed across counties, 

yet the relative differences between drainage coefficients can differ between counties 

depending on the climate scenario and drainage days (Figures 4.34-4.41). 

Finally, I found that drainage affects the distribution of present value of net benefits. For 

corn, drainage is able to shift the entire yield distribution up, including the low and high extremes 

(Figures 4.18 and 4.19). An increase from a drainage coefficient of 25.4 mm/day to 57.2 

mm/day results in a distribution of present value of net benefits that is skewed toward larger 

present value of net benefits (Figure 4.31). 
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4.6 Tables and Figures 
Table 4. 1 Climate and intensity scenarios of the Monte Carlo analysis using the spatial stochastic drainage simulation model 

 Climate Scenarios 

Base Scenario – 
historic trend 

Climate change (C1) Climate change (C2) Climate change 
(C3)  

 
 
 
 
 
 
Intensity 
Scenarios 

 
7 spring 
drainage days 

        

8 spring 
drainage days 

        

9 spring 
drainage days 

        

10 spring 
drainage days 

        

 

Notes: 1. In the Base Scenario “Provincial average precipitation increases 0.28% per year, following the historical linear trend rate 

1950-2013. Assume the county level standard deviation of precipitation increases at the same rate as the mean of precipitation in 

each county, so the county level coefficient of variation is constant” (Xu 2017,2020). For further details see Table A4.1.3 in Appendix 

4.1. 

2. In the scenario of Climate change (C3) “Precipitation in each county increases 0.25% per year, following the projected linear trend 

rate, estimated from the climate data from the composite General Circulation Model (GCM) with Representative Concentration 

Pathway (RCP) 8.5, which is the highest climate trend of the four RCPs, predicting high level of greenhouse gas concentration. 

Assume the county level standard deviation of precipitation increases 2.5% per year, according to Medvigy and Beaulieu (2012)” (Xu 

2017,2020). For further details see Table A4.1.3 in Appendix 4.1. 
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Table 4. 2 Overview of the data used in the Xu (2017,2020) spatial stochastic drainage simulation model 

Data type Use in 
model 

Source Extent and 
details 

Considerations 

County 
boundaries 

Crop yield 
model and 
simulation 
model 

Government of Ontario (2011) The Changing Shape of 

Ontario, Ontario Ministry of Government and Consumer 

Services, Archives of Ontario, Statistics Canada (2011) 

Census Division - Cartographic Boundary Files (CD-

CBF), 2011 Census Program, and Statistics Canada 

(2013)1951 Census of Canada: Census Divisions (CD), 

Canadian Century Research Infrastructure. 

 
These boundaries 
have been adjusted 
(see Table A4.1.2 in 
Appendix 4.1) 

Historic yield Crop yield 
model 

Agricultural Statistics for Ontario and personal 
communication with OMAFRA  

Corn: 1950-2002 
Soybean: 1970-
2002 
 

Ontario yields 

Adjusted based on 
new county 
boundaries (see 
Table A4.1.2 in 
Appendix 4.1). 
 

Counties excluded for 
years with less than 
1500 acres harvested 
soybean  

Groundwater 
levels 

Crop yield 
model 

Provincial Groundwater Monitoring Network (PGMN)  Calculated 12-
year average 
ground water 
level for each 
county (2001-
2012) 

Groundwater can 
vary from field to 
field. Explanatory 
power is lost with the 
aggregation to county 
level 
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Land quality Crop yield 

model 

Canada Land Inventory (Soil Survey Complex) and 2011 

Agriculture Census 

Main variable: 

total cropland 

area divided by 

area of class 1, 

2, and 3 

 

Climate 
projections 

Simulation 

model 

Natural Resources Canada Main variables: 
precipitation 
before the 
growing season 
(mm), 
precipitation 
during the 
growing season 
(mm) and degree 
days during the 
growing season 
(**add deg**C) 

 

Prices (yield, 
fertilizer) 

Crop yield 

model and 

simulation 

model 

Consumer Price Index, Crop Price, and Fertilizer prices 

from Statistics Canada (CANSIM Table 326-0021, 001-

0010, 002-0043, 001-0010, 002-0043, 328-0001,328-

0014, and 328-0015) 

  

Cropland 
area 

Simulation 

model 

2011 Agriculture Census 
  

Carbon 
Dioxide 

Crop yield 

model and 

simulation 

model 

The World Data Center for Greenhouse Gases The monthly 

carbon dioxide 

concentration in 

Egbert, Ontario, 

Canada, in parts 

per million and 
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the monthly 

carbon dioxide 

concentration in 

Mauna Loa, 

Hawaii, US, in 

parts per million  

Use of Hawaii 

CO2 levels to 

extrapolate 

historic Ontario 

CO2 levels 

 

Source: Xu (2017,2020)  
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Figure 4. 1 Architecture of the Xu (2017,2020) spatial stochastic irrigation simulation model 

 

 

 

Source: Xu (2017,2020, 2020a) 
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Figure 4. 2 Architecture of the spatial stochastic drainage simulation model 

  

Source: Author, based on Xu (2017,2020, 2020a) 
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Figure 4. 3 Probability distribution for the damage agent of excess water both before and during the growing season and for the 
crops of corn and soybean for an example model run 

 
Source: Author’s results 
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Figure 4. 4 Probability distribution for the damage agent of excess water both before and during the growing season for all 29 
counties and 51 years and for the crops of corn and soybean for one Monte Carlo draw 

 

 

Source: Author’s results 
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Figure 4. 5 Probability distribution for the damage agent of excess water and post drainage excess water in the years where drainage 
is needed before the growing season for all simulated values of drainage days in the climate scenario (C1, C2, C3) for all 29 counties 
and 51 years for one Monte Carlo draw 

 
Source: Author’s results 

10 spring drainage days 9 spring drainage days 

7 spring drainage days 

8 spring drainage days 
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Figure 4. 6 Precipitation and effective precipitation for corn before the growing season for Haldiman-Norfolk County in scenario C3 
for all simulated values of drainage days for one Monte Carlo draw 

 
Source: Author’s results 

 

7 spring drainage days 8 spring drainage days 

9 spring drainage days 10 spring drainage days 
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Figure 4. 7 Precipitation and effective precipitation before the growing season for Haldiman-Norfolk County in the Base and C1 
climate scenarios for all simulated values of drainage days for one Monte Carlo draw 

 

Source: Author’s results 

7 spring drainage days 

B
a
s
e
 

8 spring drainage days 9 spring drainage days 10 spring drainage days 

C
lim

a
te

 C
h
a
n
g
e
 (C

1
, C

2
, C

3
) 



190 
 

Figure 4. 8 Precipitation and effective precipitation for corn before the growing season for all 29 counties in the C3 climate scenario 
with 10 drainage days for one Monte Carlo draw 

 
Source: Author’s results 
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Figure 4. 9 Precipitation and effective precipitation for corn before the growing season for all 29 counties in the C3 climate scenario 
with 7 drainage for one Monte Carlo draw 

 

Source: Author’s results 
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Figure 4. 10 Precipitation, �̅�, and effective precipitation for soybean before the growing season for all 29 counties in the C3 climate 
scenario with 10 drainage days for one Monte Carlo draw 

 

Source: Author’s results 
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Figure 4. 11 Precipitation, �̅�, and effective precipitation for soybean before the growing season for the example of Elgin County (3) 
in the C3 climate scenario with 10 drainage days for one Monte Carlo draw 

  

 

Source: Author’s results 
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Figure 4. 12 Precipitation, �̅�, and effective precipitation for corn during the growing season for all 29 counties in the C1 climate 
scenario with 10 drainage days for one Monte Carlo draw 

 
Source: Author’s results 
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Figure 4. 13 Precipitation, �̅�, and effective precipitation for soybean during the growing season for all 29 counties in the C1 climate 
scenario with 10 drainage days for one Monte Carlo draw 

 

 

Source: Author’s results 
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Figure 4. 14 Precipitation, �̅�, and effective precipitation for corn and soybean during the growing season for the example of Grey 
County (13) in the all four climate scenarios with 7 drainage days for one Monte Carlo draw 

 

 

Source: Author’s results 
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Figure 4. 15 Average simulated soybean yield over time in each of the four climate scenarios and four values of spring drainage days 
for each drainage coefficient (500 samples of the climate distributions) 

 
 

Source: Author’s results 
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Figure 4. 16 Average simulated soybean yield over time in each of the four climate scenarios and four values of spring drainage days 
for each drainage coefficient (500 samples of the climate distributions) 

 

Source: Author’s results 
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Figure 4. 17 Average simulated soybean yield of counties in Southern Ontario from 2050-2070 for each drainage coefficient in the C3 
climate scenario with 7 spring drainage days scenarios (500 samples of the climate distributions) 

 

Source: Author’s results 
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Figure 4. 18 Comparison of simulated corn yield distribution in each of the four climate scenarios for each drainage coefficient (500 
samples of the climate distributions, 10 spring drainage days) 

 

Source: Author’s results 
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Figure 4. 19 Comparison of simulated corn yield distribution in each of the four climate scenarios for each drainage coefficient (500 
samples of the climate distributions, 7 spring drainage days) 

 

Source: Author’s results 
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Figure 4. 20 Comparison of the interquartile range of the distribution of simulated corn yield in all four climate scenarios (500 samples 
of the climate distributions) 

 

Source: Author’s results 

 

 

7 spring drainage days 8 spring drainage days 

9 spring drainage days 10 spring drainage days 
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Figure 4. 21 Comparison of simulated soybean yield distribution in each of the four climate scenarios for each drainage coefficient 
(500 samples of the climate distributions, 10 spring drainage days) 

 

 

Source: Author’s results 
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Figure 4. 22 Comparison of corn yield with a drainage coefficient of 25.4 mm/day to corn yield with no drainage in each county in all 
four climate scenarios and with 10 spring drainage days. (500 samples of the climate distributions) 

 

Source: Author’s results 
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Figure 4. 23 Comparison of corn yield with a drainage coefficient of 57.2 mm/day to corn yield with no drainage in each county in all 
four climate scenarios and with 10 spring drainage days (500 samples of the climate distributions) 

 

Source: Author’s results 
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Figure 4. 24 Comparison of the variation of simulated corn yield with a drainage coefficient of 9.1 mm/day to corn yield with no 
drainage in all four climate scenarios and with 10 spring drainage days (500 samples of the climate distributions) 

 

Source: Author’s results 
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Figure 4. 25 Comparison of the variation of simulated corn yield with a drainage coefficient of 14.3 mm/day to corn yield with no 
drainage in all four climate scenarios and with 10 spring drainage days (500 samples of the climate distributions) 

 

Source: Author’s results 
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Figure 4. 26 Comparison of the variation of simulated corn yield with a drainage coefficient of 25.4 mm/day to corn yield with no 
drainage in all four climate scenarios and with 10 spring drainage days (500 samples of the climate distributions) 

 

Source: Author’s results 
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Figure 4. 27 Comparison of the variation of simulated corn yield with a drainage coefficient of 57.2 mm/day to corn yield with no 
drainage in all four climate scenarios and with 10 spring drainage days (500 samples of the climate distributions) 

 

Source: Author’s results 
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Figure 4. 28 Comparison of the variation of simulated soybean yield with a drainage coefficient of 228.6 mm/day to soybean yield 
with no drainage in all four climate scenarios and with 10 spring drainage days (500 samples of the climate distributions) 

 
Source: Author’s results 
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Figure 4. 29 Percent increase in simulated corn yield by drainage coefficient in all four climate scenarios and for four values of spring 
drainage days (500 samples of the climate distributions) 

 
Source: Author’s results 
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Figure 4. 30 Percent increase in simulated soybean yield by drainage coefficient in all four climate scenarios and for four values of 
spring drainage days (500 samples of the climate distributions) 

 
Source: Author’s results 
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Figure 4. 31 Present value of simulated net benefits for corn across all 29 counties depending on drainage coefficient, climate 
scenario and spring drainage days (500 samples of the climate distributions) 

  

Source: Author’s results 
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Figure 4. 32 Present value of simulated net benefits for corn across all 29 counties depending on drainage coefficient, climate 
scenario and spring drainage days (500 samples of the climate distributions) 

 

Source: Author’s results 
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Figure 4. 33 Present value of simulated net benefits weighted by area planted to corn and soybean across all 29 counties depending 
on drainage coefficient, climate scenario and spring drainage days (500 samples of the climate distributions) 

 

Source: Author’s results 
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Figure 4. 34 Comparison of present value of simulated net benefits for corn for all 29 counties depending on drainage coefficient in 
the Base scenario and with 9 spring drainage days (500 samples of the climate distributions) 

 

Source: Author’s results 
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Figure 4. 35 Comparison of present value of simulated net benefits for corn for all 29 counties depending on drainage coefficient in 
the C1 scenario and with 9 spring drainage days (500 samples of the climate distributions) 

 

Source: Author’s results 
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Figure 4. 36 Comparison of present value of simulated net benefits for corn for all 29 counties depending on drainage coefficient in 
the C2 scenario and with 9 spring drainage days (500 samples of the climate distributions) 

 

Source: Author’s results 
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Figure 4. 37 Comparison of present value of simulated net benefits for corn for all 29 counties depending on drainage coefficient in 
the C3 scenario and with 9 spring drainage days (500 samples of the climate distributions) 

 
Source: Author’s results 
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Figure 4. 38 Comparison of present value of simulated net benefits for corn for counties in the Southern region in the C3 Scenario 
depending on drainage coefficient (500 samples of the climate distributions) 

 

Source: Author’s results 
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Figure 4. 39 Comparison of present value of simulated net benefits for corn for counties in the Eastern region in the C3 Scenario 
depending on drainage coefficient (500 samples of the climate distributions) 

 
Source: Author’s results 
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Figure 4. 40 Comparison of present value of simulated net benefits for corn for counties in the Western region in the C3 Scenario 
depending on drainage coefficient (500 samples of the climate distributions) 

 
Source: Author’s results 
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Figure 4. 41 Comparison of present value of simulated net benefits for corn for counties in the Central region in the C3 Scenario 
depending on drainage coefficient (500 samples of the climate distributions) 

 

Source: Author’s results 
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Chapter 5 – Conclusion 
 

5.1 Summary of methods and findings 
 

 In Chapter 2, I meet my first objective and develop an understanding of the costs of 

installation of drainage systems.  I present the results of my interviews with 10 drainage 

contractors, representing 9 counties in Southern Ontario. In the second half of Chapter 2, I 

developed an equation to calculate drainage installation cost given drainage coefficient and 

other field characteristics. I found that cost of installation increases at an increasing rate with 

respect to drainage. 

 In Chapter 3, I meet my second objective and develop a theoretical framework for 

drainage decisions. I begin with an overview of damage control input theory. I then develop a 

theoretical model for drainage in a single year using damage control input theory. Since the 

amount of water a drainage system can remove in a day (drainage capacity) is determined at 

installation, the choice of drainage capacity must consider multiple years. In each year, the 

damage agent of excess water is determined from the stochastic variable of precipitation. 

Therefore, I develop an intertemporal theoretical model of the decision of drainage coefficient 

given two stochastic damage agents. The result is a graph of the distribution of net benefits for a 

given drainage coefficient over the domain of the damage agent. I use this intertemporal 

theoretical model to develop the following hypothesis about the relationship between climate 

change and the choice of drainage coefficient: An increase in the variation of precipitation (due 

to climate change) will result a larger drainage coefficient being preferred.  

 Finally, in Chapter 4, I present the structure and results of the spatial stochastic drainage 

simulation model. To calculate costs of drainage used in the spatial stochastic drainage 

simulation model I use the cost equation developed in Chapter 2. I used ArcGIS to determine 

county specific variables. I inputted these county specific variables into the cost equation to 
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determine county specific costs. I also calibrated cost equation to align with the results of the 

contractor interviews and calibrated the benefits of drainage in the spatial stochastic drainage 

simulation model to align with current farmer behaviour.  

 In Chapter 1, I described the motivating question for this research as whether tile 

drainage is an economically beneficial climate change adaptation strategy for corn and soybean 

farmers. As a result of the work presented in Chapters 2 and 3, I learned the importance of the 

choice of drainage coefficient. I then ask whether the commonly installed drainage coefficient 

should change given climate projections of increased precipitation and precipitation variation. As 

a result of my spatial stochastic drainage simulation model, I have found evidence that climate 

change may change the benefits of drainage, and therefore, the preferred drainage coefficient. 

The effect of a change in climate on choice of drainage coefficient can be understood by 

observing the difference between the commonly installed drainage coefficient of 25.4 mm/day 

and the next largest drainage coefficient I have simulated (57.2 mm/day). Moving from the base 

scenario to the climate scenarios (C1, C2, and C3), the present value of net benefits for corn 

with the drainage coefficient of 25.4 mm/day decreases relative to the drainage coefficient of 

57.2 mm/day. This means that the drainage coefficient of 57.2 mm/day becomes relatively more 

preferable in the climate change scenarios.  

 In this thesis, I have also found evidence that intensity of precipitation affects the 

benefits of drainage and choice of drainage coefficient. As explained in Chapters 3 and 4, I use 

the concept of drainage days as a proxy for intensity of precipitation. I find that a decrease in 

spring drainage days (increase in intensity) results in a decrease in the present value of net 

benefits with small drainage coefficients (less than or equal to 25.4 mm/day) relative to large 

drainage coefficients (greater than or equal to 57.2 mm/day). These large drainage coefficients 

are able to remove the damage agent of excess water the majority of the time. For the smaller 

drainage coefficient, the damage agent of excess water is only partially removed.  With the 
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lowest intensity simulated (10 spring drainage days), the median present value of net benefits 

for corn with a drainage coefficient of 25.4 mm/day is larger than for 57.2 mm/day for all climate 

scenarios. The drainage coefficient of 57.2 mm/day results in a larger median present value of 

net benefits for corn for all climate scenarios with 7 spring drainage days and for all climate 

change scenarios (C1, C2, and C3) with 8 spring drainage days. 

In addition, I found that corn yield increases due to drainage are substantially larger than 

soybean yield increases. I conclude this is due to the differing presence of the damage agent of 

excess water. For both crops, for most years, there is a water deficit in the growing season. For 

precipitation before the growing season, excess water is present for more years for corn than for 

soybeans. The larger presence of excess water means that drainage is more beneficial for corn 

yields due to excess water before the growing season.  

5.2 Implications of findings   
 

 In this section, I outline how the results of my thesis have implications for 

researchers, OMAFRA, and farmers in Southern Ontario. First, through my interviews with 

drainage contractors, I have collected primary information on the costs of tile drainage 

installations. Through developing a cost equation, I have combined the knowledge of drainage 

contractors with hydrology equations to create a useful tool for understanding drainage 

installation costs. Second, my theoretical framework offers an economic conceptualization of 

drainage as a single damage control agent that mitigates the effects of two damage agents. It 

also builds on damage control production economics to form a theoretical framework for 

intertemporal damage control input decisions based on a stochastic damage agent. To my 

knowledge, this is the first incorporation of intertemporal, stochasticity into a damage control 

input theoretical framework. 
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 My research also has implications for OMAFRA. The Drainage Guide for Ontario 

(Government of Ontario 2007) recommends a drainage coefficient of 12 mm/day for all grain 

crops. My results suggest that an increase to a drainage coefficient of 25 mm/day or 57 mm/day 

may be in farmers’ best interest. In addition to potentially adjusting the value of the drainage 

coefficient suggested in the Drainage Guide for Ontario (Government of Ontario 2007), 

OMAFRA may wish to consider adjusting the language of the drainage coefficient suggestion. 

Currently, the language of the Drainage Guide for Ontario (Government of Ontario 2007) is of a 

technical prescription for a drainage capacity. My research suggests that drainage capacity can 

be considered a farmer choice. I found that the choice of drainage coefficient preferred by a 

farmer may depend on risk preference and expectations for future precipitation. These factors 

can vary across individual farms and fields. Therefore, editors of future editions of the Drainage 

Guide for Ontario may wish to consider presenting farmers multiple options for their choice of 

drainage coefficient, perhaps categorized by risk preference. 

 If the drainage coefficient that farmers prefer considering the future climate differs from 

current recommendations, there may be implications for both farmers and OMAFRA. If farmers 

do not consider their preferred future drainage coefficient, they may find themselves wishing to 

upgrade in later years. Tile drainage systems are a large investment. Attempting to increase the 

drainage coefficient of an already installed system is more costly than installing the larger 

drainage coefficient upon the initial installation. In addition, adjusting the drainage coefficient 

post-installation can be physically limited. During the contractor interviews, I learned that it is 

common for farmers to add additional lateral runs between existing runs. This means there are 

limitations on how farmers could increase their drainage coefficient if they already have an 

installed system. It may be the case that halving the spacing results in a drainage coefficient 

larger than the coefficient with the largest present value of net benefits. Therefore, farmers 
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choosing to install drainage today would be better off to install a drainage coefficient that best 

benefits them in the future.  

 If farmers decide to install larger drainage coefficients, installation costs would increase. 

This means that OMAFRA’s expenditures under the Tile Loan Program (Vander Veen 2007) 

would increase. In addition to the loan program, installations of larger drainage coefficients may 

also affect OMAFRA’s expenditures under the Agricultural Drainage Infrastructure Program 

(ADIP) (Government of Ontario 2020, Shortt 2019). If higher drainage coefficients are installed 

on farm fields, municipal drain maintenance may be affected. The process of initiating 

maintenance on municipal drains is typically triggered by landowner complaints of inadequate 

drainage. With a higher drainage capacity on farm fields, farmers may notice inadequate 

municipal drainage sooner. A higher maintenance frequency for municipal drains would 

increase the expenditures under the ADIP. My spatial stochastic drainage simulation model can 

be used by OMAFRA to estimate trends of drainage capacity of future installations. Both the Tile 

Loan Program and ADIP are reactive programs. An understanding of trends in drainage 

installations can aid OMAFRA in budgeting for these programs. 

 Finally, this thesis identifies additional questions for farmers to consider while deciding 

on installing a drainage system. When considering a drainage system, farmers should think 

about the drainage coefficient. Farmers could ask what they expect of precipitation in the future. 

Farmers should also consider their risk preference. More research is required for specific 

recommendations for drainage coefficient choice for farmers. In the next section, I outline some 

of the limitations of this thesis and opportunities for future research. 

5.3 Limitations and suggestions for future research 
 

 There are several topics related to this thesis that could result in further research.  

Firstly, the time scale of the crop yield modelling is based on the growing season time scale of 
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the Xu (2017,2020) crop model and the Xu (2017,2020) spatial stochastic drainage simulation 

model. Modeling of the yield effects of drainage might benefit from a higher resolution approach. 

Future research could explore the advantages and disadvantages of modelling drainage with 

smaller times scales (such as hourly, daily, weekly, etc.). 

When considering the time scale with which to model drainage, it may also be beneficial 

to reconsider the choice of damage agent. For example, the damage agent could be defined as 

the number of minutes per day the water table is within the top zone(s) from the surface (such 

as 30 cm from the surface).  

 A limitation of the modelling of intensity in this thesis is that yield without drainage is not 

affected by a change in intensity (spring drainage days). I have used spring drainage days as a 

proxy for intensity. As the number of spring drainage days decrease, the drainage system is 

less able to remove excess water. Due to this mechanism of modelling intensity, yield without 

drainage is unaffected by a change in spring drainage days. Therefore, in my theoretical and 

simulation models, an increase in intensity will negatively affect yield with drainage while not 

affecting yield without drainage. As a result of the model design, an increase in intensity 

(decrease in spring drainage days) will always result in a decrease in benefits of drainage. 

Thus, by design, the spatial stochastic drainage simulation model incorrectly describes the 

relationship between intensity and total value of the present value of net benefits of drainage. 

However, the modelling approach is still useful for a comparison between drainage coefficients. 

Future research could explore modelling intensity such that the effect on yield without drainage 

is represented in the model.  

 This thesis has documented the importance of intensity of precipitation for understanding 

the relationship between yield and drainage. If intensity of precipitation is important for 

understanding the relationship between yield and drainage, I believe it may be useful for other 
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crop yield modeling purposes. For example, when modelling yield to understand the benefit of 

irrigation, a variable for intensity of precipitation may improve the modelling.  

 Another limitation of this thesis is that the dataset used in the Xu (2017, 2020) crop yield 

model does not include a variable for the extent of drainage systems installed in each county in 

each year. The econometric problem of a missing variable may result in biased coefficient 

estimates. I suggest that future researcher consider developing a historical dataset of the extent 

of drainage across the province. Future research on the benefits of drainage could involve re-

estimation of the crop yield model with a dataset that includes drainage variables.  

 There are also multiple minor limitations and recommendations. Firstly, I did not include 

slope in the calculation of county specific costs. This is because my cost equation only captured 

the negative relationship between slope and the size of the main pipe required. The larger the 

slope, the faster the water flow velocity. Therefore, a smaller pipe can be used. I did not include 

a representation of how an increase in slope may increase cost due to requiring additional 

mains and deeper installations. Future research could include the negative effect of slope on the 

cost of drainage. Second, this thesis also only considers future effects on farmers in Southern 

Ontario. However, a changing climate may result in an increase in agriculture in Northern 

Ontario. It may be beneficial for future research to include the possibility and impact of drainage 

in Northern Ontario. Finally, I focused my analysis on the crops of corn and soybeans. Future 

research could investigate the benefit of drainage given additional crops and/or the crop 

rotations commonly used in Southern Ontario. 

 There may be advantages to modeling irrigation and drainage benefits synergistically. 

As described by Passioura (1983), drainage before the growing season can increase root depth 

and reduce drought risk in the growing season. The effect of allowing crop root systems to 

develop in drained soil may change the relationship between yield and precipitation in the 

growing season. For example, if crops are less damaged by water deficit due to deeper roots, 
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irrigation choices may be affected. In addition, if this effect were present, the benefits of 

drainage may be higher than modelled in this thesis. If drainage of precipitation before the 

growing season changes the precipitation required for peak yield, drainage in the growing 

season may be changed as well. Finally, controlled tile drainage is a technology that can help to 

address the damage agents of both water excess and water deficit. Therefore, I recommend 

that further research into water management choices consider both irrigation, drainage, and 

their interactions.  
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Appendix 2.1 Questions for Interviews with Drainage Contractors  
 

Topic area Leading Question Follow up questions 

Cost How do you go about 
developing a cost quotation 
for an installation?   

• Is there a standard cost?  

•  Are there any factors that can 
influence the installation cost, 
such as soil type, field size, 
slope or other? 

• Per for cost? (install and 
maintenance) 

• Blanket/filter/cover? 

• Spacing? 

• Soil type, sand vs clay? 

• Fittings? 

• Fixed costs?  

• Small vs large jobs? 
 

Controlled Tile 
Drainage 

Do you do any controlled tile 
drainage? 

If yes,  

• How much does that cost?  

• What factors affect it?  

• Can upgrades be made?  

• Field size? 

Depreciation/Lifespan What is the lifespan of a tile 
drain installation? 

• Does it vary?  

• What factors influence that? 

Costs of 
depreciation/repairs 

What happens when the 
system starts to break?  

• What factors influence 
breaks? 
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• Can repairs be made on older 
tile systems?  

• What are those costs like? 

• How frequent do you think 
repairs need to be made? 

Supply dynamics Tell me about what it’s like as 
a firm in this industry. I 
imagine you can’t tile every 
day of the year. What is that 
like? 
 
 
 

• Do most farmers want to 
install when nothing is in the 
field? 

• Is it really busy in the peak 
times? Can you meet the 
demand?  

• Do you tell people to 
reschedule for next year? If 
so, how frequent? 

Closing Are there any other 
considerations that I should 
understand that I haven’t 
asked about? 
 

Note: I sometimes asked this 
question after the cost section 

 

 

 

 

 

 

Appendix 2.2 Full List of Qualitative Information from Contractor 

Interviews 
Question 1: Cost 

1.1 Precipitation over season: it might matter how spread out each rainfall event is. The 

system needs to have the drainage coefficient to handle the rain.  

1.2 Proactive drain spacing for future precipitation trends: Municipal drains are often going 

in with a drainage coefficient of 2-3. Farmers may be better off to install with that drainage 

coefficient too, but its more expensive and contractors try to keep the cost down. Usually 

farmers think ahead when they notice the municipal drain coefficient or if they are large farm 

interesting in being proactive. Many farmers don’t want to act differently than their neighbours.  

1.3 Farm size dynamics:  

1.3.1 Small farms cost more: Drainage installations have large fixed costs that get spread out 

on larger jobs. Machinery is expensive to transport to site. Smaller fields have smaller runs for 

the same number of connections. Also, contractors make more money on the larger jobs. They 

don’t like taking the smaller jobs as much and there can be competition for the larger jobs.  
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Contractors have different methods to deal with the difference. Some have a fixed cost in their 

quote. Some give larger farms a discount. Some use different per foot installation fees. Some 

refuse small farms unless they are willing to pay what the contractor would make doing a larger 

job in that time.  

1.3.2 Farm and field size considered the same: If the fields are in the same spot it doesn’t 

make a difference. If the fields are in different areas but same farm, pricing is somewhat in 

between big and small farm. If a big farm is doing field by field installations, contractors may 

give discounts for repeat customers.  

1.3.3 Timing vs discount trade-off for small farms: Small farms can trade off cost with 

convenience. One contractor said they give a discount to small farms if they book at the same 

time as a large job near them. Another said they only take small jobs if they adjoin large ones. 

Instead of telling a farmer they would have to charge more, some contractors tell small farms 

they are too busy. Some small farms get installations at less busy times.  

1.4 Comments on Mains 

1.4.1 Money is made on the laterals: It takes much longer to install the mains – “600ft of 12 

inch or 20-30000 ft of 4 inch”. But the pricing is kept fair. The drains may be a loss, but the 

laterals make up for it.  

1.4.2 Depth matters: sometimes mains need to go through a hill. For that an excavator is 

needed, which costs more.  

1.5 Spacing cost (quick estimation): Moving lateral drains 5ft closer costs about an additional 

$200 an acre 

1.6 Effect of conditions on price: 

1.6.1 Hills make drainage more expensive: with hills there needs to be more laterals. And 

these laterals are shorter. The connections are a fixed cost. So shorter costs more per acre.  

1.6.2 Rocks make drainage more expensive: how much more expensive varies. The large 

rocks have to be removed to put in the drains. In some areas, this is done with explosives.  

1.6.3 Per hour instead of by foot in bad conditions: when conditions get back some 

contractors switch to charging per foot.  

1.7 Post installation work: Farmer may need to level out field after install. A contractor 

mentioned 2-3 passes with tillage.  

1.8 Most important variables: A combined list given by contractors of most important factors 

for installation cost: 

• Spacing 

• Coefficient of drainage 

• Soft/filter or perforated  

• Conditions 

• Systematic or random design  

• Preparing the site (ex. Land clearing, outlet work) 
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1.9 Supply of materials: there are three main suppliers in Ontario - ADS Canada, Armtech, 

Bluewater pipe 

1.10 Depth depending on soil type differs but doesn’t affect cost: sandy soil has drains 

installed deeper. But there isn’t much of a cost difference to have the machine dig a bit deeper. 

Thus, the difference doesn’t affect price.  

1.11 Elasticity of demand: One contractor said most farmers don’t even ask for a quote before 

hiring him for an install. This suggests inelastic demand.  

1.12 Itemized vs total estimate: Some contractors explained they have very itemized quotes 

whereas other appeared to give more of total estimates.  

1.13 Size of laterals: When contractors mentioned lateral size, they said 4 inch 

1.14 Cash flow as an issue: The amount of cash flow a farmer has influences their drainage 

choices. If limited by cash flow, farmers may not be able to afford tighter spacing. The tile loan 

program gives $50,000 a year. For some farmers, this is not enough to facilitate draining the 

whole farm. So, they install sections over multiple years.  

Question 2: Controlled Tile Drainage 

2.1 No contractor consistently does controlled tile drainage: Of the contractors I 

interviewed, none consistently installed controlled drainage. A couple had done small controlled 

jobs at some point. Another had their first controlled job coming up.  

2.2 Controlled drainage is expensive and may be difficult to upgrade: There is a lot of 

additional planning that goes into adding control structures. It would also be difficult if the 

upgrade is being done by a different company than the one that put in the original tiles. One 

contractor said its too hard to predict if upgrading is possible. 

2.3 Concerns with controlled tile drainage 

2.3.1 Risk of damage in field operation: Farmers would have to be careful not to drive over 

the control structures. It can be expensive to replace. This can also happen with catch basins 

inlets and hickenbottoms. 

2.3.2 Likely don’t need the controlled drainage in Ontario: The Ontario growing season 

doesn’t get as dry as areas in the states where controlled drainage trials have been done.  

2.3.3 Crop may get dependant on high water table. 

2.3.4 Concern about having water table raised and then getting rain. 

2.3.5 It can only really be installed on flat land. 

2.3.6. Sediment loss is a concern: with controlled tile drainage you may get more surface 

runoff.  

2.3.7 With controlled drainage farmers have to make more management decisions.  

Question 3: Lifespan and factors that affect it 
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3.1 Quality of materials - bad quality plastic pipe: In the 70s and 80s the plastic pipe was 

bad quality. There is bad quality pipe on the market today that is 10 cents cheaper per foot.  

There is some concern that with recycled plastic, there could be a bad batch that wouldn’t show 

signs of quality until its been in the ground for many years.  

3.2 Quality of install: 

3.2.1 Maintenance of installation machinery: The installation machine makes a triangle 

trench to lay the pipe. If that pipe is worn down, the bottom of the trench becomes flatter. A 

flatter trench can cause pipes to take on an oval shape.  

3.2.2 Depth and slope: A quality install needs to be deep enough. Drains installed too shallow 

are more likely to become damaged. Some clay tile was too shallow because it was installed 

with horses.  

3.2.3 Proper design is important: If flow and slope are not considered in the design well 

enough, blowout can occur. This is when the pipe can’t handle the flow of water, so it breaks.  

3.2.4 Accidentally breaking old tiles: If a system is being installed on land that had previously 

been tiled, there is potential for an old tile to be broken. If the old system is still functioning, this 

can cause a wet spot. The problem is obvious shortly after install.  

3.3 Farmer practices 

3.3.1 Maintaining soil structure and reducing compaction: The water still needs to flow from 

the surface to the drain. If the soil is compacted that can’t happen.  

3.3.2 Potential for machinery to crush tiles: Contractors weren’t specific about how this 

happens, but it came up a couple times.  

3.3.3 Ensuring clear outlet with no debris blocking or possibility for animals to enter 

system: It’s important that the water in the system is able to leave. It is also important to 

maintain a grate on the outlet. If animals get in, they can cause damage.  

3.4 Clay lasts longer than sand: a contractor suggested that they replace more systems on 

sandy soil 

3.5 Tree roots can enter and block the pipe: Roots are prone to head towards a water 

source. If roots find a tile, they tend to enter it. Pipe alongside a bush should be laid with a filter 

blanket. To fix, just the affected lateral is replaced. It would probably need a replace every 10-15 

years.  

3.6 Clogged tiles can be cleaned: there is machinery that can flush things out. There is also 

machinery that can bring a camera through pipes.  

3.7 Splitting runs: a common job for contractors is to add tile between an old system. For 

example, if drains were 60ft apart, adding a tile in between each means they are now 30ft apart. 

Multiple contractors are splitting fields with old tiles that are working perfectly fine. However, 

doing 30ft the first time around is cheaper.  

3.8 Frequency of repairs: A lot of the business contractors have is repairs on systems. Here 

are some of the comments:  
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• On a contractor’s personal farm, over 20 years replaced 4-5 tiles 

• With clay tile, a general decline. Might see 1 break, the next year 3, and increasing in 

frequency until it makes more sense to replace the whole system instead of repair 

• A lot of current repairs are on clay tile 

3.9 Cost of repairs: Only the broken tile is replaced. It is costed based on time and material 

instead of footage and material. This could be anywhere from $100-350 a repair.  

3.10 Drainage not draining: Fields with tile drainage may still be waterlogged if the drains are 

not large enough (drainage coefficient) or if the outlet water levels are too high.  

3.11 Perhaps its changing needs rather than depreciation: the need for drainage in 

agriculture has been changing over time - “larger equipment, more extreme weather, tighter 

planting”. All require more drainage over time. So, the installed system will meet the farm needs 

less and less over time.  

Question 4: Supply 

4.1 Timing 

4.1.1 Waiting until crops are off: Farmers prefer to have drainage installed when they don’t 

have a crop in field. This means there is a busy period for drainage in the spring and fall. 

Contractors tend to do the bigger jobs in these busy periods. It can be difficult to schedule. 

Multiple contractors mentioned 2 crews.  

4.1.2 Activities in the downtime: Activities in downtime include surveying, repairs, and 

prepping. Also converting land that was previously bush and tiling for farms that couldn’t get a 

crop in.  

4.1.3 In really wet years, farmers will request out of season work because they couldn’t 

get the crop in: This happened to many farmers in the summer of 2019. After a really wet 

spring, the need for drainage is clear and the opportunity cost is lower.  

4.1.4 Reduced supply in wet years: Drainage helps farmers in being able to drive machinery 

over the soil. This applies to the installation machinery as well. In wet years, there are more 

days that drainage contractors can’t install. This affects the timing of installation, but not price.  

4.1.5 Some farmers allow tiling over crops: In certain cases, it can be worth it for the farmer 

to install drainage while a crop is in. A contractor gave an example of losing beans to be able to 

get wheat in. This does not seem to be common. 

4.1.6 Rescheduling to next year: Most contractors try not to reschedule jobs to the next year. 

Losing business to competition is a concern. The estimated frequency is about 5-15% of jobs 

being moved to the next year. Issues with outlet quality could be cause for rescheduling. 

Contractors seem to feel more comfortable suggest a reschedule with repeat customers. 

4.1.7 Booking in advance: Farmers tend to start thinking of drainage 2-3 years in advance. 

These farmers tend to book a year in advance. The other common scenario is a farmer who has 

recently purchased land. They may decide they want drainage as soon as possible and book 3-

4 months in advance.  
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4.2 Install given crop type: Installation ease and success is different depending on the crop 

recently harvested. Installation after wheat is best. It is harvested in July and land doesn’t need 

work until December, so there is a bigger window for installation. The wheat stubble also 

absorbs moisture, so its more likely to have better install conditions. With drier soil, the 

installation machinery leaves fewer ruts and compacts the soil less. The root system for wheat 

is deep, which means crumble is good. This means the soil mixes well on top of the drain. This 

mixing is important for optimal drainage.  

Corn stubble, on the other hand, doesn’t absorb moisture as well as wheat. Soybeans are the 

worst crop because there is not any foliage. Any rain negatively affects install. There tends to be 

rain when soybeans are harvested. This means there is typically only a 2-week window to 

install.  

These crop dynamics don’t affect price.  

4.3 Quality of install and time until optimally productive: Drainage systems are not optimally 

effective immediately after installation. It takes time for the natural drainage from surface to the 

drain to develop. For example, it takes time for earth worms to establish. The quality of the 

installation affects this time. For a good installation, it could take 1-2 years to reach optimal 

drainage. For a bad installation, this time could be 5 years. A factor in quality is the smoothness 

or levelness of the trench bottom. This is called smearing.  

4.4 Winter installations do not cost more: Even though conditions are harsher in the winter 

months, the price doesn’t change. Competition is a concern. Fairness for the farmer is also a 

concern.  

Additional Information: Municipal Drains 

5.1 Farmers prefer a closed drain: This is so that they can continue to farm above the drain 

5.2 Process to install: The process starts when a farmer approaches municipality with a drain 

request. The request needs to be approved by municipality and the neighbours need to agree. 

The process may involve negotiation as the drain can pass through a neighbouring farm. Some 

farmers may take on a higher percentage of the drain cost if there are disagreements. 

Compensation for lost crop during installation can occur.  Next, an engineering firm is hired. The 

project goes out for tenure and firms bid. Usually the firm with the lowest bid gets the project, 

but it also depends on proposed timeline and project details. 

5.3 Installation details: Municipal drains are typically installed with a wolf wheel machine. They 

tend to be concrete tile installed a minimum of 2ft below surface. Needs to be deep enough that 

field operations can still occur because the drains go through fields. The tile size can vary. It is 

often between 8in and 36in in diameter. Despite a long time for the approval process, the 

installation is quick. A contractor can install 1000ft of municipal drain in a day. The drains can 

vary in length. Anywhere from 600ft to 6000ft is common. The installation can result in crop loss 

in the installation year. The width of the installation is 10ft. Of the 10ft, 2-4ft is the size of the 

trench. The rest is space for the machinery. If conditions are bad, they need to switch from a 

wheel machine to an excavator. This makes the installation wider.  

5.4 Timing: Same as with drainage install. Farmers preference is for when crop is not in the 

field. Operations can continue until frost. So, installations can be done until December 

depending on the weather. 
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5.5 Costs: No specific cost was given. Concrete is more cost effective than plastic. Depth 

determines cost. The system is designed to have 2ft above the lowest point. Up to 5 ft deep is 

standard. Deeper digging requires digging a platform for the machines to go down into the hole. 

This makes the process longer. The wheel machine can handle up to 8 ft deep.  

5.6 Cost share is based on watershed: The cost of the municipal drain is shared between the 

municipality and farmers. If part of the watershed on a farm drains into the municipal drain, that 

farm will be included in the cost share agreement. Farmers pay proportional to the area of the 

watershed their farm lies on. The engineering firm and municipality determine these proportions.  

 

 

 

 

 

Appendix 3.1 Understanding the degree day interaction term 
I have expanded the interaction term between precipitation and degree days. Once 

expanded, I group any term not multiplied by excess water in the growing season into the 

intercept of equation 6, 𝑌0. 

𝑌𝑡,𝑖,𝑗 = 𝑌0𝑗 + 𝛽1𝑖𝑊𝑏𝑡,𝑗 + 𝛽2𝑖(𝑊𝑏𝑡,𝑗)
2 + 𝛽3𝑖𝑊𝑔𝑡,𝑗

+ 𝛽4𝑖(𝑊𝑔𝑡,𝑗
)2  + 𝛽19𝑖𝐷𝐷𝑡,𝑗𝑊𝑔𝑡,𝑗

 −

 𝛽19𝑖  𝐷�̂�𝑊𝑔𝑡,𝑗                                         [6] 

Where  𝑌𝑡,𝑖,𝑗 is the yield of crop i per hectare for county j in year t 

𝑊𝑏𝑡,𝑗 is the amount of precipitation (mm) that falls in county c in year t during the spring season 

𝑊𝑔𝑡,𝑗 is the amount of precipitation (mm) that falls in county c in year t during the growing 

season 

𝑌0𝑗  is an intercept term that captures the effect from all other variables in the model 

𝛽1𝑖, 𝛽2𝑖, 𝛽3𝑖, 𝛽4𝑖, and 𝛽19𝑖 are coefficients estimated in the Xu (2017,2020) crop yield model 

 Equation 6 can be rearranged to collect the like term of 𝑊𝑔𝑡,𝑗. The result is shown in 

equation 7. This equation is the relationship between yield and precipitation before and during 
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the growing season. The interpretation of this new coefficient on 𝑊𝑔𝑡,𝑗 becomes clear when 

determining  𝑊𝑔𝑡,𝑖,𝑗
̅̅ ̅̅ ̅̅ ̅̅ .  

𝑌𝑡,𝑖,𝑗 = 𝑌0𝑗 + 𝛽1𝑖𝑊𝑏𝑡,𝑗 + 𝛽2𝑖(𝑊𝑏𝑡,𝑗)
2 + (𝛽3𝑖 + 𝛽19𝑖(𝐷𝐷𝑡,𝑗 −𝐷�̂�))𝑊𝑔𝑡,𝑗 + 𝛽4𝑖(𝑊𝑔𝑡,𝑗)

2          

[7] 

 The level of precipitation of  𝑊𝑔𝑡,𝑖,𝑗
̅̅ ̅̅ ̅̅ ̅̅  is the level where maximum yield occurs. This 

maximum occurs where the derivative of the yield equation with respect to growing season 

precipitation is equal to zero. The level of excess water in the growing season does not depend 

on crop type. However, 𝑊𝑔𝑡,𝑖,𝑗
̅̅ ̅̅ ̅̅ ̅̅   depends on the coefficients in the relationship between yield and 

precipitation before and during the growing season. Therefore, a subscript for crop type is 

included in the 𝑊𝑔𝑡,𝑖,𝑗
̅̅ ̅̅ ̅̅ ̅̅   variable. To determine  𝑊𝑔𝑡,𝑖,𝑗

̅̅ ̅̅ ̅̅ ̅̅ , I set the derivative of the yield with respect 

to growing season precipitation equal to zero. 

𝜕𝑌𝑡,𝑖,𝑗

𝜕𝑊𝑔𝑡,𝑗
= (𝛽3𝑖 + 𝛽19𝑖(𝐷𝐷𝑡,𝑗 −𝐷�̂�) + 2𝛽4𝑖𝑊𝑔𝑡,𝑗

= 0 

 𝑊𝑔𝑡,𝑖,𝑗
̅̅ ̅̅ ̅̅ ̅̅ =

(𝛽3𝑖+𝛽19𝑖(𝐷𝐷𝑡,𝑗−𝐷�̂�))

−2𝛽4𝑖
                                                                       [8] 

 The sign of 𝑊𝑔𝑡,𝑖,𝑗
̅̅ ̅̅ ̅̅ ̅̅  is positive if 𝛽3𝑖 > 𝛽19𝑖(𝐷𝐷𝑡,𝑗 − 𝐷�̂�). This is because both 𝛽3𝑖 and 𝛽19𝑖 

are positive and 𝛽4𝑖 is negative. When there are an average number of degree days in the 

season, (𝐷𝐷𝑡,𝑗 − 𝐷𝐷̅̅ ̅̅ ) is equal to zero. Therefore, 𝑊𝑔𝑡,𝑖,𝑗
̅̅ ̅̅ ̅̅ ̅̅  is equal to −𝛽3𝑖  /2𝛽4𝑖. When there are 

more degree days than average, 𝑊𝑔𝑡,𝑖,𝑗
̅̅ ̅̅ ̅̅ ̅̅  increases. This makes sense because higher 

temperatures result in larger amounts of evapotranspiration (Trajkovic 2005). Therefore, 

precipitation does not accumulate as much in the root zone. Figure 3.3 shows how a larger 

number of degree days results in maximum yield occurring at a larger precipitation, 𝑊ℎ
̅̅ ̅̅ , than the 

precipitation with lower degree days, 𝑊𝑙
̅̅̅̅ . Looking at equation 7, above average degree days 
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also increase yield, therefore, there is less damage due to excess water above  𝑊𝑔𝑡,𝑖,𝑗
̅̅ ̅̅ ̅̅ ̅̅ .  

Increasing the linear coefficient of the quadratic increases yield for all values of precipitation. 

Therefore, the orange curve in Figure A3.1.1 is always higher than the blue curve. This results 

in a different damage function as excess water results in a smaller reduction in yield. Vice versa, 

with a below average number of degree days, there will be a smaller 𝑊𝑔𝑡,𝑖,𝑗
̅̅ ̅̅ ̅̅ ̅̅  and more damage 

from excess water. To simplify the theoretical framework, I will assume average degree days. 

Therefore, the coefficient for 𝑊𝑔𝑡,𝑗
 in equation 7 is 𝛽3𝑖 . When assuming average degree days, 

all counties experience the same 𝑊𝑔𝑡,𝑖,𝑗
̅̅ ̅̅ ̅̅ ̅̅  in a given year. Therefore, 

𝑊𝑔𝑡,𝑖,𝑗
̅̅ ̅̅ ̅̅ ̅̅ = 𝑊𝑔𝑡,𝑖

̅̅ ̅̅ ̅̅  

 

 

Figure A3.1.1 Effect of degree days on the relationship between yield and precipitation 
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Source: Author’s derivations, based on Xu (2017,2019) 

Notes: I chose an intercept of zero as an example. Regardless of intercept, the effect of an 

increase in degree days is to increase yield and 𝑊𝑔𝑡,𝑖,𝑗
̅̅ ̅̅ ̅̅ ̅̅ . 
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Appendix 3.2 The Damage Function for two damage agents 
 

In Figure 3.3, I plot yield against one of the damage agents – excess water in the 

growing season. To do this, I need to make an assumption about the value of the other damage 

agent excess water in the spring season. In Figure 3.3, I assume excess water in the spring 

season is zero. To understand how both damage agents affect yield, the plot must have three 

dimensions: yield, excess water in the spring season, and excess water in the growing season. 

Such a plot will allow for a visualization of the piecewise damage equations (15 and 16). In 

Figure A3.2.1, I plot soybean yield over the entire domain of spring season and growing season 

excess water, and therefore, all four cases of the piecewise damage equations. To aid in 

visualizing in three dimensions, I plot the function by drawing lines of equal yield. I show the 

value of yield with a colour scale. Darker brown symbolizes larger yield. The vertical axis in 

Figure A3.2.1 is yield (per hectare per year). There are two axes in the horizontal plane. They 

are the two damage agents of excess water in the spring season and growing season. Positive 

values of excess water in the spring season exist on the front, left portion of the diagram. 

Positive values of excess water in the growing season exist on the front, right portion of the 

diagram. Both damage agents are positive in the front, center quadrant of the horizontal plant. 

In the back quadrant, both excess water variables are negative.  
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Figure A3.2.1. Three-dimensional representation of the total product curve for all values of the 

damage agents of excess water in the spring season and excess water in the growing season 

 

Source: Author’s derivations, Xu (2017,2019) 

Notes: 1. Water deficit is equal to the negative of excess water 

2. 𝑌𝑚𝑖,𝑗
 is the maximum yield possible for crop 𝑖 in county 𝑗 

3. In this figure, yield is symbolized by colour shade: light brown is low yield and dark brown is 
high yield 

 

 In the damage equation for soybeans (16), yield is equal to 𝑌𝑚𝑠,𝑗
 in the case where both 

damage agents are less than zero. Therefore, any combination of excess water levels in the 

back, negative quadrant result in a yield of 𝑌𝑚𝑠,𝑗
 . Therefore, the far back corner of Figure 

A3.2.1 is a plane at a height of 𝑌𝑚𝑠,𝑗
. To help with visualizing in three dimensions, I have added 

a colour scale to yield. Higher levels of yield are drawn with a darker shade of brown. Since 

𝑌𝑚𝑠,𝑗
 is the maximum yield, it has the darkest shade of brown.  
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In Figure 3.3, I plotted the damage equation with the assumption that the level of excess 

water is zero. The curve in Figure 3.3 is present along the growing season excess water axis in 

Figure 3.6. On the negative half of the growing season excess water axis, yield is equal to 𝑌𝑚𝑠,𝑗
. 

On the positive half of the growing season excess water axis, yield decreases as per the same 

concave, quadratic curve shown in Figure 3.3. You can see this curve by viewing the height to 

which I have traced dotted lines. Again, a lighter colour symbolizes lower yield. Next, let’s move 

to the quadrant where growing season excess water is positive and spring season excess water 

is negative. This is the front right quadrant. You can see lines parallel to the spring excess water 

axis. These lines have a value of yield equal to the height of yield at the growing season excess 

water axis. This is because I have assumed no damage due to water deficit. Therefore, larger 

negative values of excess water in the spring season do not affect yield differently than smaller 

negative values of excess water in the spring season. The function in this quadrant sets excess 

water in the spring season to zero regardless of the size of the negative excess water. 

Therefore, any combination of (𝑊𝑏,𝑠,𝑡,𝑗
𝑒 ,𝑊𝑔,𝑠,𝑡,𝑗

𝑒 ) has the same yield as (0, 𝑊𝑔,𝑠,𝑡,𝑗
𝑒 ).  

 Since the soybean damage equation is also concave in excess water in the spring 

season, the front, left quadrant follows the same pattern as the front, right quadrant. Along the 

spring season excess water axis, the shape of the damage equations follows a concave curve. 

Lines parallel to the growing season excess water axis demonstrate how yield does not 

decrease as growing season excess water becomes more negative. 

 In the front, centre quadrant, both damage agents are positive. Since the function is 

concave in both spring season excess water and growing season excess water, the resulting 

shape a concave hill. This shape is similar to the utility function of two goods or a production 

function with two inputs. Like consumer and producer theory, the function can be traced to two 

dimensions using lines of the same yield. I show these lines in Figure A3.2.2. These lines are a 

form of isoquant. Isoquants trace bundles of inputs that result in the same output. These lines 
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trace bundles of damage agents that result in the same yield. For this reason, I call these lines 

iso-damage curves. To be clear, the iso-damage curves do not imply that the incidence of 

season in the growing season can be determined by the precipitation in the spring season.  

Figure A3.2. Iso-damage curves for the damage agents of excess water in the growing season 

and excess water in the spring season 

 

Source: Author’s derivations 

Notes: 1. In this figure, yield is symbolized by colour shade: light brown is low yield and dark 

brown is high yield. 

2. This figure does not describe a relationship between the levels of initial excess water that 

occur in the year. Instead, it describes the relationship between the combinations of levels of the 

damage agents that result in the same level of yield. 
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Appendix 3.3 Convex Damage function 
Both corn and soybeans have a convex damage function in the growing season and 

therefore, a concave damage equation. For both corn and soybeans 𝛽3𝑖 is positive and 𝛽4𝑖 is 

negative. This function is shown in Figure 3.1. For the spring season, the curvature of the 

damage equation depends on the crop planted. The damage equation for soybeans has the 

same concave curvature as the function for both crops in the growing season. For corn, 

however, 𝛽1𝑖 is negative and 𝛽2𝑖 is positive. This means the damage equation is convex and the 

damage function is concave. This spring damage equation for corn is the blue curve in Figure 

A3.3.1. For corn, the first units of spring precipitation reduce precipitation. Xu (2017) estimated 

a quadratic functional form for the effect of spring precipitation on yield. The quadratic functional 

form captures the negative effect of low levels of precipitation on yield. However, the functional 

form has resulted in the non-intuitive result that very high levels of precipitation increase yield. 

The relationship between yield and precipitation to the right of the minimum yield, 𝑊𝑏𝑡,𝑐,𝑗
̅̅ ̅̅ ̅̅ ̅̅ , does 

not make sense (Shortt 2020). If the low levels of precipitation cause damage, they are excess 

water. Therefore, more water would not switch to increase yield. As the simulation (developed in 

Chapter 5) models the increasing precipitation due to climate change, there are more years with 

spring precipitation greater than 𝑊𝑏𝑡,𝑐,𝑗
̅̅ ̅̅ ̅̅ ̅̅  in later years of the simulation. It makes more sense for 

yields to continue to decrease past 𝑊𝑏𝑡,𝑐,𝑗
̅̅ ̅̅ ̅̅ ̅̅ . Thus, I have derived an exponential equation fitted to 

the quadratic. To begin, I selected the following functional form for the exponential equation: 

𝑌𝑡,𝑖,𝑗 = 𝛽2𝑖 (𝑊𝑏𝑡,𝑗
)
2

+ 𝛽1𝑖𝑊𝑏𝑡,𝑗 + 𝑏 ≅ 𝑓 −  𝑔𝑒
ℎ(𝑊𝑏𝑡,𝑗) 

Where f, g, and h are coefficients of the new equation for yield given spring precipitation  

And 𝑏 =  𝑌0𝑗 + (𝛽3𝑖 + 𝛽19𝑖(𝐷𝐷𝑡,𝑗 − 𝐷�̂�))𝑊𝑔𝑡,𝑗 + 𝛽4𝑖(𝑊𝑔𝑡,𝑗)
2 
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Xu (2017) found that 𝛽1 is equal to -0.1088 and 𝛽2 is equal to 0.000248. Given those 

values, I visually fit the exponential functional form to the quadratic equation. The result is the 

following equation 

𝑌𝑡,𝑖,𝑗 = 𝑏 −  14.3 −  14.3𝑒
−0.009𝑊𝑏𝑡,𝑗                                                            [9] 

This equation (9) is shown as the grey curve in Figure 3.5. The equation maintains the 

same intercept and yield at 𝑊𝑏𝑡,𝑐,𝑗
̅̅ ̅̅ ̅̅ ̅̅  as the quadratic form.  

Figure A3.3.1 Comparison of the convex damage equation (blue line) estimated by Xu (2017) 

and the fitted exponential equation (grey line) 

 

Source: Author’s derivations 

Notes: In this figure, I have arbitrarily chosen an intercept value of 800 for the purpose of 

illustration 

780

785

790

795

800

805

810

0 100 200 300 400 500 600

Yi
el

d
 (M

et
ri

c 
to

n
s 

p
er

 h
ec

ta
re

 p
er

 y
ea

r)

Spring precipitation (mm)



252 
 

Appendix 3.4. Control function in detail 
In Figure A3.4.1, I show the control equation for drainage. In the figure, I compare a low and 

high level of drainage effectiveness. When 𝛾 = 1, the installed drainage coefficient is able to 

remove the full potential. For example, a system with a drainage coefficient of 25.4mm will 

remove 25.4mm of excess water per day. When 𝛾 < 1, the drainage system is not fully effective 

at removing excess water. For example, a system with a drainage coefficient of 25.4mm may 

only remove 20mm of excess water per day. In Figure A3.4.1, when 𝛾 = 1, the example 

drainage coefficient of 𝑑1 results in a lower level of excess water than when 𝛾 < 1. 

Figure A3.4.1. Change in the slope of the control equation for different levels of drainage 

effectiveness  

 

Source: Author’s derivations 
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Figure A3.4.2 shows the effect of drainage days. There are three control functions for 

three different numbers of drainage days. The higher the number of drainage days, the closer 

the control equation lies to origin. A higher number of drainage days means that the system can 

remove more from the initial level of excess water, 𝑊0
𝑒. For a given drainage coefficient, the 

scenario with the highest number of degree days corresponds to the lowest excess water. The 

high intensity (low drainage days) scenario has the highest excess water. This higher excess 

water will result in lower yields. These implications line up with the conversations with 

agricultural engineers in which I learned that higher intensity rainfall often leads to greater crop 

loss. 

Figure A3.4.2. The effect of variation in drainage days (n) on effective growing season excess 

water

 

Source: Author’s derivations 
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Appendix 3.5. Visualization of the Economics of Two Damage 

Control Inputs in Three Dimensions 
 

The addition of the second precipitation season adds an additional dimension to the 

four-panel diagram developed in Section 3.4.3. Figure A3.5.1 is very similar to Figure 3.6. The 

vertical axes have remained the same. In the top half of the diagram, the vertical axis is yield in 

metric tons per year. The vertical axis in the bottom half of the diagram is the drainage 

coefficient in mm per day. The horizontal plane is now made up of two axes: the x direction and 

z direction. On the right side of the diagram, the x axis is the drainage coefficient. Again, there is 

a 45⁰ line that runs between the two axes of the drainage coefficient. The 45⁰ line lies in the xy 

plane. On the left side of the diagram, the x axis is the excess water in the spring season. On 

the z axis is the excess water in the growing season.  

The control equations describe the relationship between the drainage coefficient and the 

level of excess water in a season. The level of excess water in one season does not affect the 

level of excess water in the other season. Therefore, these relationships do not interact. The 

control equation for the spring season lies in the xy plane. It connects the drainage coefficient 

axis and the axis for excess water in the spring season. The control equation for the growing 

season lies in the zy plane. It connects the drainage coefficient axis and the axis for excess 

water in the growing season. 

The damage equation described by equation 9 is graphed in the back, left quadrant of 

Figure A3.5.1. For soybean, equation 9, the function takes the shape of a hill. The darker lines 

indicate higher yields. Similar to consumer and producer economics, this function can be 

mapped down to a two-dimensional diagram with lines of equal value (similar to indifference and 

isoquant curves). Figure A3.5.2 shows these iso-damage curves. The darker curves closer to 

the origin are higher yields.  
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Figure A3.5.1 Three-dimensional version of the four-panel diagram for the two damage agents 

of excess water in the spring season and excess water in the growing season 

 

Source: Author’s derivations 
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Figure A3.5.2 Iso-damage curves for the damage agents of excess water in the growing season 

and excess water in the spring season 

 

Source: Author’s derivations 

Notes: 1. In this figure, yield is symbolized by colour shade: light brown is low yield and dark 

brown is high yield. 

2. This figure does not describe a relationship between the levels of initial excess water that 

occur in the year. Instead, it describes the relationship between the combinations of levels of the 

damage agents that result in the same level of yield. 

 

Using A3.5.1 to plot the total product curve is very similar to the procedure followed in 

Section 3.4.3. As before, I start with a drainage coefficient which is shown in purple in Figure 

A3.5.3. This value is traced down to the 45⁰ line and over to the other drainage coefficient axis. 

The level of the drainage coefficient is traced to the control equation to determine the level of 
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excess water in the spring season. The new step is to also trace the value of the drainage 

coefficient into the z direction. This new step is highlighted with thicker purple lines in Figure 

A3.5.3. From the control equation in the zy plane, I trace up to determine the value of the 

excess water in the growing season.  

Figure A3.5.3 Determination of effective levels of both damage agents of excess water in the 

spring season and excess water in the growing season on the three-dimensional four panel 

diagram 

   

 

 

Returning to a two-dimensional diagram of iso-damage lines, in Figure A3.5.4 I plot the 

levels of excess water determined in A3.5.3. Both the excess water in the spring season and in 

x 
z 

y 
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the growing season lower yield. The resulting yield lies on an iso-damage line that has a lower 

value of yield than if each level of excess water was considered individually.  

Figure A3.5.4 Determination of yield given effective levels of both damage agents of excess 

water in the spring season and excess water determined in the growing season on the three-

dimensional four panel diagram 

 

 

In A3.5.5, I plot this resulting yield. I first trace up from the point (𝑊𝑠
𝑒 , 𝑊𝑔

𝑒) to meet the 

damage equation. I then trace to the yield axis. I have now determined the yield that 

corresponds to the selected drainage coefficient. The point is represented with a green circle in 

A3.5.5. Additional values of the drainage coefficient can be plotted in the same way. The result 

is a total product curve that lies in the xy plane.  

A3.5.5 Determination of yield given effective levels of both damage agents of excess water in 

the spring season and excess water on the three-dimensional four panel diagram 
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Appendix 3.6 Graphing the net benefit equation 
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A3.6.1 Case 2: Excess water completely removed by the drainage system 
𝑝(𝑌0 + 𝛽1(�̅�) + 𝛽2(�̅�)

2)                                                       ,𝑊0
𝑒 < 𝑊𝑚

𝑒 ,𝑊0
𝑒 < 𝑛𝛾𝑑 

 

𝑁𝐵 = −𝑝𝛽2(𝑊0
𝑒)2 − 𝑐𝑡 

 

I now turn to determining the characteristics of the equation in order to create a graph of 

the net benefit equation. In next few calculations I will determine the sign of the first and second 

derivatives, the values of net benefit at the beginning and end of the boundary, how the height 

of the net benefit equation compares to the equations in the neighbouring boundaries, and how 

the equation changes when the drainage coefficient is increased.  

The first derivative of net benefit with respect to initial excess water in this case is:  

𝜕𝑁𝐵

𝜕𝑊0
𝑒 = −2𝑝𝛽2𝑊0

𝑒 

Since 𝛽2 is negative, the first derivative is always positive. Therefore, the net benefit equation is 

always increasing. 

The second derivative of net benefit with respect to initial excess water in this case is:  

𝜕2𝑁𝐵

𝜕𝑊0
𝑒2
= −2𝑝𝛽2 

Since 𝛽2 is negative, the second derivative is always positive. Therefore, the net benefit 

equation is increasing at an increasing rate.  

At the smallest value in the boundary, 𝑊0
𝑒 = 0,  

𝑁𝐵 = −2𝑝𝛽1(0) − 𝑝𝛽2(0)
2 − 𝑐𝑡 
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𝑁𝐵 = −𝑐𝑡 

This means the equation in this case meets the equation in case 1 and the net benefit 

equation is continuous at zero.  

The value of the largest boundary depends on whether 𝑛𝛾𝑑 < 𝑊𝑚
𝑒 (Figure 3.20) or 𝑛𝛾𝑑 >

𝑊𝑚
𝑒 (Figure 3.21). If 𝑛𝛾𝑑 < 𝑊𝑚

𝑒, excess water will meet the condition that 𝑊0
𝑒 < 𝑛𝛾𝑑 before it will 

meet the condition that 𝑊0
𝑒 < 𝑊𝑚

𝑒. Therefore, the boundary is 𝑛𝛾𝑑. If 𝑛𝛾𝑑 > 𝑊𝑚
𝑒, excess water 

will meet the condition that 𝑊0
𝑒 < 𝑊𝑚

𝑒 before it will meet the condition that 𝑊0
𝑒 < 𝑛𝛾𝑑. Therefore, 

the boundary is 𝑊𝑚
𝑒. 

At the largest value in the boundary when 𝑛𝛾𝑑 < 𝑊𝑚
𝑒 , 𝑊0

𝑒 = 𝑛𝛾𝑑. Therefore, the value of 

net benefit is: 

𝑁𝐵 = −𝑝𝛽2(𝑛𝛾𝑑)
2 − 𝑐𝑡 

 

This expression shows that net benefit could be positive or negative at the boundary. For 

net benefit to be positive,  

−𝑝𝛽2(𝑛𝛾𝑑)
2 − 𝑐𝑡 > 0 

−𝑝𝛽2(𝑛𝛾𝑑)
2 − 𝑐𝑡 > 0 

 That is, change in revenue is greater than cost at the boundary.  

At the largest value in the boundary when 𝑛𝛾𝑑 > 𝑊𝑚
𝑒 , 𝑊0

𝑒 = 𝑊𝑚
𝑒. Therefore, the value of 

net benefit is: 

𝑁𝐵 = −𝑝𝛽2(𝑊𝑚
𝑒)2 − 𝑐𝑡 

Again, for net benefit to be positive at the boundary,  
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−𝑝𝛽2(𝑊𝑚
𝑒)2 − 𝑐𝑡 > 0 

To determine how an increase in the drainage coefficient affects the net benefit 

equation, I take the derivative of net benefit with respect to the drainage coefficient.  

𝜕𝑁𝐵

𝜕𝑑
= −

𝜕𝑐𝑡
𝜕𝑑

 

When the drainage coefficient increases, the change in revenue does not change. Yet 

the cost of drainage increases. Since  
𝜕𝑐𝑡

𝜕𝑑
 is positive, 

𝜕𝑁𝐵

𝜕𝑑
 is negative. Therefore, the net benefit 

decreases.  

A3.6.2 Case 3: Excess water begins to reduce yield even when drainage is 

installed 
𝑝(𝑌0 + 𝛽1(𝑊0

𝑒 − 𝑛𝛾𝑑 + �̅�) + 𝛽2(𝑊0
𝑒 − 𝑛𝛾𝑑 + �̅�)2)     ,𝑊0

𝑒 < 𝑊𝑚
𝑒 ,𝑊0

𝑒 > 𝑛𝛾𝑑 

𝑁𝐵 = − 2𝑝𝛽2𝑛𝛾𝑑𝑊0
𝑒 + 𝑝𝛽2𝛾

2𝑑2𝑛2 − 𝑐𝑡 

Again, I turn to determining the characteristics of the equation in order to create a graph 

of the net benefit equation. In next few calculations I will determine the sign of the first and 

second derivatives, the values of net benefit at the beginning and end of the boundary, how the 

height of the net benefit equation compares to the equations in the neighbouring boundaries, 

and how the equation changes when the drainage coefficient is increased.  

The first derivative of net benefit in this case is:  

𝜕𝑁𝐵

𝜕𝑊0
𝑒 = − 2𝑝𝛽2𝑛𝛾𝑑 

Since 𝛽2 is negative, the first derivative is always positive. Therefore, the net benefit equation is 

always increasing. 

The second derivative of net benefit in this case is:  
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𝜕2𝑁𝐵

𝜕𝑊0
𝑒2
= 0 

Therefore, the net benefit equation is linear.  

At the smallest value in the boundary, 𝑊0
𝑒 = 𝑛𝛾𝑑,  

𝑁𝐵 = − 2𝑝𝛽2𝑛𝛾𝑑(𝑛𝛾𝑑) + 𝑝𝛽2𝛾
2𝑑2𝑛2 − 𝑐𝑡 

𝑁𝐵 = − 2𝑝𝛽2𝛾
2𝑑2𝑛2 + 𝑝𝛽2𝛾

2𝑑2𝑛2 − 𝑐𝑡 

𝑁𝐵 = − 𝑝𝛽2𝛾
2𝑑2𝑛2 − 𝑐𝑡 

Next, I check whether the net benefit equation is continuous. At the end of the last boundary,  

𝑁𝐵 = −𝑝𝛽2(𝑛𝛾𝑑)
2 − 𝑐𝑡 = − 𝑝𝛽2𝛾

2𝑑2𝑛2 − 𝑐𝑡 

At the boundary, the equations before the boundary and after the boundary are equal. 

Therefore, for a particular value of the drainage coefficient, the net benefit equation is 

continuous across the boundary of 𝑛𝛾𝑑. 

At the larger boundary, Wm, net benefit is equal to 

𝑁𝐵 = − 2𝑝𝛽2𝑛𝛾𝑑𝑊𝑚
𝑒 + 𝑝𝛽2𝛾

2𝑑2𝑛2 − 𝑐𝑡 

Next, I determine how the net benefit equation over this region changes when the 

drainage coefficient is increased. Since this equation is linear, I look at how the slope and the 

value of net benefit at the boundary change when the drainage coefficient is increases.  

𝑠𝑙𝑜𝑝𝑒𝑁𝐵 = − 2𝑝𝛽2𝑛𝛾𝑑 

𝜕𝑠𝑙𝑜𝑝𝑒𝑁𝐵
𝜕𝑑

= −2𝑝𝛽2𝑛𝛾 

Since 𝛽2 is negative, slope always increases when the drainage coefficient is increased.  
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 When the drainage coefficient increases, the location of the boundary increases. Figure 

A3.6.2 shows two orientations of the boundaries and starting points of the net benefit equation. 

The height of the net benefit equation with the larger drainage coefficient, 𝑑2,could be either 

higher or lower than the value of the net benefit equation with the lower drainage coefficient, 𝑑1. 

Figure A3.6.2 The potential for an increase in the drainage coefficient to either increase or 

decrease net benefit at the starting point of the third case of the piecewise equation  

 

 

 To begin, I determine the level of excess water at which the two net benefit functions in 

case 3 are equal. If they meet at a level of excess water less than the new boundary, 𝑛𝛾𝑑2, then 

the new net benefit equation is greater than the old net benefit equation at the new boundary. I 

set the net benefit equation for 𝑑1 equal to the net benefit equation for a higher drainage 

coefficient, 𝑑2 to determine the level of initial excess water the equations cross 

− 2𝑝𝛽2𝑛𝛾𝑑1𝑊0
𝑒 + 𝑝𝛽2𝛾

2𝑑1
2𝑛2 − 𝑐𝑡1 = − 2𝑝𝛽2𝑛𝛾𝑑2𝑊0

𝑒 + 𝑝𝛽2𝛾
2𝑑2

2𝑛2 − 𝑐𝑡2 

𝑊0
𝑒(2𝑝𝛽2𝑛𝛾(𝑑2 − 𝑑1)) = 𝑝𝛽2𝛾

2𝑛2(𝑑2
2 − 𝑑1

2) − (𝑐𝑡2 − 𝑐𝑡1) 
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𝑊0
𝑒(2𝑝𝛽2𝑛𝛾(𝑑2 − 𝑑1)) = 𝑝𝛽2𝛾

2𝑛2(𝑑2 − 𝑑1)(𝑑2 + 𝑑1) − (𝑐𝑡2 − 𝑐𝑡1) 

𝑊0
𝑒 =

𝑝𝛽2𝛾
2𝑛2(𝑑2 − 𝑑1)(𝑑2 + 𝑑1)

(2𝑝𝛽2𝑛𝛾(𝑑2 − 𝑑1))
−

(𝑐𝑡2 − 𝑐𝑡1)

(2𝑝𝛽2𝑛𝛾(𝑑2 − 𝑑1))
 

𝑊0
𝑒 =

𝑛𝛾(𝑑2 + 𝑑1)

2
−

(𝑐𝑡2 − 𝑐𝑡1)

(2𝑝𝛽2𝑛𝛾(𝑑2 − 𝑑1))
 

𝑊0
𝑒 = 𝑛𝛾𝑑𝑎𝑣𝑔 +

(𝑐𝑡2 − 𝑐𝑡1)

−(2𝑝𝛽2𝑛𝛾(𝑑2 − 𝑑1))
 

The change in cost can be approximated as ∆𝐶 =
𝜕𝐶

𝜕𝑑
𝑑𝑥 = 𝑀𝐶𝑑𝑥, where dx is the change in the 

drainage coefficient and MC is marginal cost.  

𝑊0
𝑒 = 𝑛𝛾𝑑𝑎𝑣𝑔 +

𝑀𝐶𝑑𝑥

−(2𝑝𝛽2𝑛𝛾𝑑𝑥)
 

Marginal change in revenue at the boundary, 𝑛𝛾𝑑2, can be rearranged to equal the denominator 

of the above equation. I start with the equation for change in revenue at 𝑛𝛾𝑑2: 

∆𝑅 = − 2𝑝𝛽2𝑛𝛾𝑑2(𝑛𝛾𝑑2) + 𝑝𝛽2𝛾
2𝑑2

2𝑛2 

∆𝑅 = − 𝑝𝛽2𝛾
2𝑑2

2𝑛2 

𝑀∆𝑅 =
𝜕∆𝑅

𝜕𝑑
= − 2𝑝𝛽2𝛾

2𝑛2𝑑2 

(𝑑2 − 𝑑1)

𝑛𝛾𝑑2
𝑀∆𝑅 = − 2𝑝𝛽2𝛾

2𝑛2𝑑2
(𝑑2 − 𝑑1)

𝑛𝛾𝑑2
 

(𝑑𝑥)

𝑛𝛾𝑑2
𝑀∆𝑅 = − 2𝑝𝛽2𝑛𝛾(𝑑𝑥) 

This can then be substituted into the expression of the level of excess water where the net 

benefit equations meet:  
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𝑊0
𝑒 = 𝑛𝛾𝑑𝑎𝑣𝑔 +

𝑀𝐶𝑑𝑥

(𝑑𝑥)
𝑛𝛾𝑑2

𝑀∆𝑅
 

𝑊0
𝑒 = 𝑛𝛾𝑑𝑎𝑣𝑔 +

𝑀𝐶𝑑𝑥

𝑀∆𝑅
∗
𝑛𝛾𝑑2
𝑑𝑥

 

𝑊0
𝑒 = 𝑛𝛾𝑑𝑎𝑣𝑔 +

𝑀𝐶

𝑀∆𝑅
𝑛𝛾𝑑2 

Earlier I said that the value of net benefit at the starting point for the boundary will increase if the 

new boundary, 𝑛𝛾𝑑2, is greater than the level of initial excess water where the two case 3 net 

benefit equations meet. The level of excess water where the net benefit equations meet is 

smaller than 𝑛𝛾𝑑2 if  

𝑛𝛾(𝑑2 + 𝑑1)

2
+
𝑀𝐶

𝑀∆𝑅
𝑛𝛾𝑑2 < 𝑛𝛾𝑑2 

𝑀𝐶

𝑀∆𝑅
𝑛𝛾𝑑2 < 𝑛𝛾𝑑2 −

𝑛𝛾(𝑑2 + 𝑑1)

2
 

𝑀𝐶

𝑀∆𝑅
𝑛𝛾𝑑2 <

2𝑛𝛾𝑑2 − 𝑛𝛾𝑑2 + 𝑛𝛾𝑑1
2

 

𝑀𝐶

𝑀∆𝑅
𝑛𝛾𝑑2 <

𝑛𝛾𝑑2 + 𝑛𝛾𝑑1
2

 

𝑀𝐶

𝑀∆𝑅
<
𝑑𝑎𝑣𝑔

𝑑2
 

𝑀𝐶 <
𝑑𝑎𝑣𝑔

𝑑2
𝑀∆𝑅 

Since 𝑑𝑎𝑣𝑔 is less than 𝑑2, 
𝑑𝑎𝑣𝑔

𝑑2
 is less than 1. Therefore, 

𝑑𝑎𝑣𝑔

𝑑2
𝑀∆𝑅 < 𝑀∆𝑅. This means that it is 

possible for the condition to hold even if marginal change in revenue is greater than marginal 

cost.  
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Since net benefit begins as negative, the change in revenue must be larger than 

marginal cost if net benefit becomes positive.  For a very, very small change in drainage 

coefficient, 
𝑑𝑎𝑣𝑔

𝑑2
 is close to 1. When 𝑀∆𝑅 is greater than MC, it is a good indicator that net 

benefit at the starting point for a larger drainage coefficient is greater than the net benefit 

equation of the smaller drainage coefficient.  

A3.6.3 Case 4: Maximum net benefits from drainage – excess water that would 

eliminate crop is completely eliminated by the drainage system 
𝑝(𝑌0 + 𝛽1(�̅�) + 𝛽2(�̅�)

2)                                                        ,𝑊0
𝑒 > 𝑊𝑚

𝑒 ,𝑊0
𝑒 < 𝑛𝛾𝑑 

𝑁𝐵 = 𝑝𝑌0 + 𝑝(
−𝛽1

2

4𝛽2
) − 𝑐𝑡 

I now turn to determining the characteristics of the equation in order to create a graph of 

the net benefit equation. In next few calculations I will determine the sign of the first and second 

derivatives, the values of net benefit at the beginning and end of the boundary, how the height 

of the net benefit equation compares to the equations in the neighbouring boundaries, and how 

the equation changes when the drainage coefficient is increased.  

The first derivative of net benefit with respect to initial excess water in this case is:  

𝜕𝑁𝐵

𝜕𝑊0
𝑒 = 0 

As I described while explaining Figure 3.23, net benefit is constant within this region.  

At the smallest value in the boundary, 𝑊0
𝑒 = 𝑊𝑚

𝑒,  

𝑁𝐵 = 𝑝𝑌0 + 𝑝(
−𝛽1

2

4𝛽2
) − 𝑐𝑡 

At the other side of the boundary, when 𝑛𝛾𝑑 < 𝑊𝑚
𝑒,  

𝑁𝐵 = − 2𝑝𝛽2𝑛𝛾𝑑𝑊𝑚
𝑒 + 𝑝𝛽2𝛾

2𝑑2𝑛2 − 𝑐𝑡 
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If the net benefit equation is continuous,  

− 2𝑝𝛽2𝑛𝛾𝑑𝑊𝑚
𝑒 + 𝑝𝛽2𝛾

2𝑑2𝑛2 = 𝑝𝑌0 + 𝑝(
−𝛽1

2

4𝛽2
) 

Instead, I compare the equations for case 3 and 4 before they have been simplified. When 𝑊0
𝑒 

is less than 𝑛𝛾𝑑, 𝑊0
𝑒 − 𝑛𝛾𝑑=0 because excess water cannot be negative.  

𝑝(𝑌0 + 𝛽1(𝑊0
𝑒 − 𝑛𝛾𝑑 + �̅�) + 𝛽2(𝑊0

𝑒 − 𝑛𝛾𝑑 + �̅�)2)  −  𝑝(𝑌0 + 𝛽1(𝑊0
𝑒 + �̅�) + 𝛽2(𝑊0

𝑒 + �̅�)2)

= 𝑝(𝑌0 + 𝛽1(�̅�) + 𝛽2(�̅�)
2)  

𝑌0 + 𝛽1(�̅�) + 𝛽2(�̅�)
2  − (𝑌0 + 𝛽1(�̅�) + 𝛽2(�̅�)

2) = 𝑌0 + 𝛽1(𝑊0
𝑒 + �̅�) + 𝛽2(𝑊0

𝑒 + �̅�)2)  

0 = 𝑌0 + 𝛽1(𝑊0
𝑒 + �̅�) + 𝛽2(𝑊0

𝑒 + �̅�)2 

Intuitively, this expression is zero when 𝑊0
𝑒 is 𝑊𝑚

𝑒 because 𝑊𝑚
𝑒 is the value at which the yield 

without drainage is zero.  

When 𝑛𝛾𝑑 < 𝑊𝑚
𝑒, the equation before the smallest boundary is case 2, where 

𝑁𝐵 = −𝑝𝛽2(𝑊𝑚
𝑒)2 − 𝑐𝑡 

𝑁𝐵 = −𝑝𝛽2 ((
𝛽1
2

4𝛽2
2 −

𝑌0
𝛽2
)

0.5

)

2

− 𝑐𝑡 

𝑁𝐵 = −𝑝𝛽2 (
𝛽1
2

4𝛽2
2 −

𝑌0
𝛽2
) − 𝑐𝑡 

𝑁𝐵 = −𝑝(
𝛽1
2

4𝛽2
− 𝑌0) − 𝑐𝑡 

𝑁𝐵 = 𝑝𝑌0 − 𝑝(
𝛽1
2

4𝛽2
) − 𝑐𝑡 

𝑁𝐵 = 𝑝𝑌0 + 𝑝(
−𝛽1

2

4𝛽2
) − 𝑐𝑡 
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Therefore, the net benefit equation is continuous at the boundary.  

At the largest value in the boundary, 𝑊0
𝑒 = 𝑛𝛾𝑑 

𝑁𝐵 = 𝑝𝑌0 + 𝑝(
−𝛽1

2

4𝛽2
) − 𝑐𝑡 

Net benefits are positive in the range between 𝑊𝑚
𝑒 and 𝑛𝛾𝑑 when the maximum revenue 

is larger than the cost of drainage. As I will show in the next case, for any drainage coefficient, 

the largest net benefit occurs in this range. Therefore, if net benefit is not positive in this case, 

there is no value of the excess water for the drainage coefficient in which net benefit is positive.  

The largest value of net benefit occurs when 𝑛𝛾𝑑 = 𝑊𝑚
𝑒. This is because 𝑑 =

𝑊𝑚
𝑒

 𝑛𝛾
 is the 

smallest value of the drainage coefficient that will result in the maximum change in revenue. A 

smaller drainage coefficient will not be able to fully eliminate the damage agent and therefore 

would result in smaller revenue. A larger drainage coefficient will result in larger costs.  

To determine how an increase in the drainage coefficient affects the net benefit 

equation, I take the derivative of net benefit with respect to the drainage coefficient.  

𝜕𝑁𝐵

𝜕𝑑
= −

𝜕𝑐𝑡
𝜕𝑑

 

When the drainage coefficient increases, the change in revenue does not change. Yet 

the cost of drainage increases. Since  
𝜕𝑐𝑡

𝜕𝑑
 is positive, 

𝜕𝑁𝐵

𝜕𝑑
 is negative. Therefore, the net benefit 

decreases.  

A3.6.4 Case 5: Excess water reduces yield with drainage and eliminates yield 

without drainage 
𝑝(𝑌0 + 𝛽1(𝑊0

𝑒 − 𝑛𝛾𝑑 + �̅�) + 𝛽2(𝑊0
𝑒 − 𝑛𝛾𝑑 + �̅�)2 ),𝑊0

𝑒 > 𝑊𝑚
𝑒 , 𝑛𝛾𝑑 < 𝑊0

𝑒 < 𝑛𝛾𝑑 +𝑊𝑚
𝑒 

𝑁𝐵 = 𝑝𝑌0 + 𝑝(
−𝛽1

2

4𝛽2
) + 𝑝𝛽2𝑛

2𝛾2𝑑2 − 2𝑝𝛽2𝑛𝛾𝑑𝑊0
𝑒 + 𝑝𝛽2(𝑊0

𝑒)2 − 𝑐𝑡 
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I now turn to determining the characteristics of the equation in order to create a graph of 

the net benefit equation. In next few calculations I will determine the sign of the first and second 

derivatives, the values of net benefit at the beginning and end of the boundary, how the height 

of the net benefit equation compares to the equations in the neighbouring boundaries, and how 

the equation changes when the drainage coefficient is increased.  

The first derivative of net benefit with respect to initial excess water in this case is:  

𝜕𝑁𝐵

𝜕𝑊0
𝑒 = −2𝑝𝛽2𝑛𝛾𝑑 + 2𝑝𝛽2𝑊0

𝑒 

I check when the first derivative is positive:  

−2𝑝𝛽2𝑛𝛾𝑑 + 2𝑝𝛽2𝑊0
𝑒 > 0 

2𝑝𝛽2𝑊0
𝑒 > 2𝑝𝛽2𝑛𝛾𝑑 

Since I divide by the negative 𝛽2, the direction of the inequality,  

𝑊0
𝑒 < 𝑛𝛾𝑑 

One of the conditions for this case is that 𝑊0
𝑒 > 𝑛𝛾𝑑. Therefore, the first derivative with respect 

to initial excess water is always negative.  

The second derivative of net benefit with respect to initial excess water in this case is:  

𝜕2𝑁𝐵

𝜕𝑊0
𝑒2
= 2𝑝𝛽2 

Since 𝛽2 is negative, the second derivative is always negative. Therefore, the net benefit 

equation is decreasing at a decreasing rate.  

At the smallest value in the boundary, when 𝑛𝛾𝑑 > 𝑊𝑚
𝑒, 𝑊0

𝑒 = 𝑛𝛾𝑑,  



271 
 

𝑁𝐵 = 𝑝𝑌0 + 𝑝(
−𝛽1

2

4𝛽2
) + 𝑝𝛽2𝑛

2𝛾2𝑑2 − 2𝑝𝛽2𝑛𝛾𝑑(𝑛𝛾𝑑) + 𝑝𝛽2(𝑛𝛾𝑑)
2 − 𝑐𝑡 

𝑁𝐵 = 𝑝𝑌0 + 𝑝(
−𝛽1

2

4𝛽2
) + 𝑝𝛽2𝑛

2𝛾2𝑑2 − 2𝑝𝛽2𝑛
2𝛾2𝑑2 + 𝑝𝛽2𝑛

2𝛾2𝑑2 − 𝑐𝑡 

𝑁𝐵 = 𝑝𝑌0 + 𝑝(
−𝛽1

2

4𝛽2
) + (𝑝𝛽2 − 2𝑝𝛽2 + 𝑝𝛽2)𝑛

2𝛾2𝑑2 − 𝑐𝑡 

𝑁𝐵 = 𝑝𝑌0 + 𝑝(
−𝛽1

2

4𝛽2
) + (0)𝑛2𝛾2𝑑2 − 𝑐𝑡 

𝑁𝐵 = 𝑝𝑌0 + 𝑝(
−𝛽1

2

4𝛽2
) − 𝑐𝑡 

In the last case, the net benefit equation at 𝑊0
𝑒 = 𝑛𝛾𝑑 is equal to:  

𝑁𝐵 = 𝑝𝑌0 + 𝑝(
−𝛽1

2

4𝛽2
) − 𝑐𝑡 

Therefore, the net benefit equation is continuous at the boundary point of 𝑊0
𝑒 = 𝑛𝛾𝑑. 

At the smallest value in the boundary, when 𝑛𝛾𝑑 < 𝑊𝑚
𝑒, 𝑊0

𝑒 = 𝑊𝑚
𝑒,  

𝑁𝐵 = 𝑝𝑌0 + 𝑝(
−𝛽1

2

4𝛽2
) + 𝑝𝛽2𝑛

2𝛾2𝑑2 − 2𝑝𝛽2𝑛𝛾𝑑𝑊𝑚
𝑒 + 𝑝𝛽2(𝑊𝑚

𝑒)2 − 𝑐𝑡 

𝑁𝐵 = 𝑝𝑌0 + 𝑝(
−𝛽1

2

4𝛽2
) + 𝑝𝛽2𝑛

2𝛾2𝑑2 − 2𝑝𝛽2𝑛𝛾𝑑 ((
𝛽1
2

4𝛽2
2 −

𝑌0
𝛽2
)

0.5

) + 𝑝𝛽2 ((
𝛽1
2

4𝛽2
2 −

𝑌0
𝛽2
)

0.5

)

2

− 𝑐𝑡 

𝑁𝐵 = 𝑝𝑌0 + 𝑝(
−𝛽1

2

4𝛽2
) + 𝑝𝛽2𝑛

2𝛾2𝑑2 − 2𝑝𝛽2𝑛𝛾𝑑 ((
𝛽1
2

4𝛽2
2 −

𝑌0
𝛽2
)

0.5

) + 𝑝𝛽2 (
𝛽1
2

4𝛽2
2 −

𝑌0
𝛽2
)

0.5

− 𝑐𝑡 

𝑁𝐵 = 𝑝𝑌0 + 𝑝(
−𝛽1

2

4𝛽2
) + 𝑝𝛽2𝑛

2𝛾2𝑑2 − 2𝑝𝛽2𝑛𝛾𝑑 ((
𝛽1
2

4𝛽2
2 −

𝑌0
𝛽2
)

0.5

) + 𝑝
𝛽1
2

4𝛽2
− 𝑝𝑌0 − 𝑐𝑡 
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𝑁𝐵 = 𝑝(
−𝛽1

2

4𝛽2
) + 𝑝𝛽2𝑛

2𝛾2𝑑2 − 2𝑝𝛽2𝑛𝛾𝑑 ((
𝛽1
2

4𝛽2
2 −

𝑌0
𝛽2
)

0.5

) + 𝑝
𝛽1
2

4𝛽2
− 𝑐𝑡 

𝑁𝐵 = 𝑝𝛽2𝑛
2𝛾2𝑑2 − 2𝑝𝛽2𝑛𝛾𝑑 ((

𝛽1
2

4𝛽2
2 −

𝑌0
𝛽2
)

0.5

) − 𝑐𝑡 

Before the boundary of 𝑊0
𝑒 = 𝑊𝑚

𝑒, the net benefit equation is in case 3 and has the 

following value:  

𝑁𝐵 = − 2𝑝𝛽2𝑛𝛾𝑑 (
𝛽1
2

4𝛽2
2 −

𝑌0
𝛽2
)

0.5

+ 𝑝𝛽2𝛾
2𝑑2𝑛2 − 𝑐𝑡 

Since these are the same, the net benefit equation is continuous at the 𝑊0
𝑒 = 𝑊𝑚

𝑒 boundary.  

At the largest boundary in this case, 𝑊0
𝑒 = 𝑊𝑚

𝑒 + 𝑛𝛾𝑑 

𝑁𝐵 = 𝑝𝑌0 + 𝑝(
−𝛽1

2

4𝛽2
) + 𝑝𝛽2𝑛

2𝛾2𝑑2 − 2𝑝𝛽2𝑛𝛾𝑑(𝑊𝑚
𝑒 + 𝑛𝛾𝑑) + 𝑝𝛽2(𝑊𝑚

𝑒 + 𝑛𝛾𝑑)2 − 𝑐𝑡 

𝑁𝐵 = 𝑝𝑌0 + 𝑝(
−𝛽1

2

4𝛽2
) + 𝑝𝛽2𝑛

2𝛾2𝑑2 − 2𝑝𝛽2𝑛𝛾𝑑 ((
𝛽1
2

4𝛽2
2 −

𝑌0
𝛽2
)

0.5

+ 𝑛𝛾𝑑)

+ 𝑝𝛽2 ((
𝛽1
2

4𝛽2
2 −

𝑌0
𝛽2
)

0.5

+ 𝑛𝛾𝑑)

2

− 𝑐𝑡 

𝑁𝐵 = 𝑝𝑌0 + 𝑝(
−𝛽1

2

4𝛽2
) + 𝑝𝛽2𝑛

2𝛾2𝑑2 − 2𝑝𝛽2𝑛𝛾𝑑 (
𝛽1
2

4𝛽2
2 −

𝑌0
𝛽2
)

0.5

− 2𝑝𝛽2𝑛
2𝛾2𝑑2

+ 𝑝𝛽2 ((
𝛽1
2

4𝛽2
2 −

𝑌0
𝛽2
) + 2𝑛𝛾𝑑 (

𝛽1
2

4𝛽2
2 −

𝑌0
𝛽2
)

0.5

+ 𝑛2𝛾2𝑑2)− 𝑐𝑡 
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𝑁𝐵 = 𝑝𝑌0 + 𝑝(
−𝛽1

2

4𝛽2
) − 2𝑝𝛽2𝑛𝛾𝑑 (

𝛽1
2

4𝛽2
2 −

𝑌0
𝛽2
)

0.5

− 𝑝𝛽2𝑛
2𝛾2𝑑2 + 𝑝𝛽2 (

𝛽1
2

4𝛽2
2 −

𝑌0
𝛽2
)

+ 2𝑝𝛽2𝑛𝛾𝑑 (
𝛽1
2

4𝛽2
2 −

𝑌0
𝛽2
)

0.5

+ 𝑝𝛽2𝑛
2𝛾2𝑑2 − 𝑐𝑡 

𝑁𝐵 = 𝑝𝑌0 + 𝑝(
−𝛽1

2

4𝛽2
) + 𝑝

𝛽1
2

4𝛽2
− 𝑝𝑌0 − 𝑐𝑡 

𝑁𝐵 = −𝑐𝑡 

To determine how an increase in the drainage coefficient affects the net benefit 

equation, I take the derivative of net benefit with respect to the drainage coefficient.  

𝜕𝑁𝐵

𝜕𝑑
= 2𝑝𝛽2𝑛

2𝛾2𝑑 − 2𝑝𝛽2𝑛𝛾𝑊0
𝑒 −

𝜕𝑐𝑡
𝜕𝑑

 

= 2𝑝𝛽2𝑛𝛾(𝑛𝛾𝑑 −𝑊0
𝑒) −

𝜕𝑐𝑡
𝜕𝑑

 

 Whether net benefit increases or decreases with an increase in the drainage coefficient 

depends on whether 𝑛𝛾𝑑 < 𝑊0
𝑒 or 𝑛𝛾𝑑 > 𝑊0

𝑒. Net benefit will always decrease when 𝑛𝛾𝑑 > 𝑊0
𝑒 

because both terms are negative. However, when 𝑛𝛾𝑑 < 𝑊0
𝑒, 2𝑝𝛽2𝑛𝛾(𝑛𝛾𝑑 −𝑊0

𝑒) is positive 

while 
𝜕𝑐𝑡

𝜕𝑑
 is negative. Therefore, whether net benefits are positive or negative depend on the size 

of the drainage coefficient, the level of excess water, and the cost of the system. 
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Appendix 3.7 Present value of net benefit equation for two 

seasons over time  
 

The net benefit equation for two damage agents is the sum of the change in revenue 

equation when considering each individually minus the cost of drainage. As I have mentioned, 

to consider one of the seasons, the other must be held constant. When considering one of the 

damage agents, there are 6 cases for the piecewise equation (Sections 3.5.1-3.5.6). Thus, each 

of the damage agents could be in any of the 6 cases. There are 36 combinations of cases that 

can occur. Therefore, the net benefit equation with two damage agents is a three-dimensional 

piecewise equation with 36 cases. In Figure 3.37, I provide an idea of what this equation looks 

like.  The rows of Figure 3.37 represent the cases for the initial excess water in the growing 

season. The arrow on the left of the table indicates that cells higher in the figure have a higher 

level of initial excess water in the growing season. The columns of Figure 3.37 represent the 

cases for the initial excess water in the spring season. The arrow on the bottom of the figure 

indicates that cells to the right in the figure have a higher level of initial excess water in the 

spring season. In the figure, the cases are shown as spanning the same area of the horizontal 

plane. These case combination areas are likely to not be equal. The boundaries for the cases 

depend on the yield elimination threshold and the drainage damage threshold in each season. 

Both of these values are likely to be different in each season.  

 The equation for net benefit in a cell is the sum of the growing season change in 

revenue equation for the row and the spring season change in revenue equation for the column, 

minus the cost of the system. For example, the net benefit equation for the top left cell is the 

change in revenue equation when initial excess water in the spring is in case 1 and the change 

in revenue equation when initial excess water in the growing season is in case 6. In both of 

these cases, the change in revenue is zero. Therefore, the resulting net benefit equation will be 

a horizontal plane of height −𝑐𝑡 for the entire region where initial excess water in the spring 
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season is less than zero and initial excess water in the growing season is greater than 𝑊𝑚
𝑒
𝑔
+

𝑛𝑔𝛾𝑑.  

Figure 3.37 Representation of the slope of the three-dimensional piecewise net benefit equation 

for both damage agents of initial excess water in the spring season and initial excess water in 

the growing season 

 

 

The symbols in each cell indicate whether the net benefit equation is increasing or 

decreasing as you move away from the origin. If the net benefit equation is increasing, the 

symbol is a blue arrow pointing up. If the net benefit equation is decreasing, the symbol is an 

orange arrow pointing down. If the net benefit equation is horizontal, the symbol is a flat, grey 

line. The symbol of a question mark indicates that net benefit is increasing with respect to one 
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variable and decreasing with respect to the other. The net effect on the net benefit equation is 

unknown at this stage of research.  

As you can see, the diagonal from the bottom left to the top right follows the same 

pattern as the one season net benefit equation. Both begin at −𝑐𝑡, increase until the maximum 

net benefit, then decrease until −𝑐𝑡. They follow the same pattern because the diagonal is 

where both initial excess water variables are in the same case.  

In Figure 3.38, I show how the three-dimensional net benefit equation changes with an 

increase in the drainage coefficient. If an increase in the drainage coefficient results in an 

increase in the net benefit equation, the symbol is a green arrow pointing up. If an increase in 

the drainage coefficient results in a decrease in the net benefit equation, the symbol is a red 

arrow pointing down. As before, the symbol of a question mark indicates that net benefit 

increases with an increase of drainage coefficient in one season and decreases with an 

increase of drainage coefficient in the other season. 

In case 5, the effect of a change in the damage coefficient depends on whether the 

drainage damage threshold is greater or less than the yield elimination threshold for each 

season. In case 5, the question mark symbol also indicates that the net benefit equation 

increases for some values of initial excess water within the boundaries of the case, while 

decreasing for other values of initial excess water within the boundaries of the case. As with one 

damage agent, increasing the drainage coefficient also changes the boundaries.  

Figure 3.38 Representation of the change in the three-dimensional piecewise net benefit 

equation when the drainage coefficient increases for both damage agents of initial excess water 

in the spring season and initial excess water in the growing season 
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The choice of drainage coefficient depends on the joint probability distribution of the two 

damage agents. For two normal distributions, the joint distribution takes the form of a hill that 

extends vertically from the horizontal plane shown in Figure 3.37. 

The problem presented in Section 3.5.7 is complicated enough with one damage agent. 

Adding the consideration of both further increases the complexity of solving the objective 

function. For the reasons described in the next section, I will not attempt to solve the multi-

variate, intertemporal optimization problem. Instead, I will pursue a robust solution by 

developing a spatial stochastic drainage simulation model. This model will be described in 

Chapter 5. 
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Appendix 4.1 Tables providing context for the results of the spatial 

stochastic drainage simulation model 
Table A4.1.1 Conversions between drainage coefficient and spacing 

Spacing Drainage Coefficient 

Metric (m) Imperial (ft) Metric (mm/day) Imperial (in/day) 

3.048 10 228.6 9 

4.572 15 101.6 4 

6.096 20 57.15 2.25 

9.144 30 25.4 1 

12.192 40 14.2875 0.5625 

15.24 50 9.144 0.36 
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Table A4.1.2 County IDs and Names 

 

Source: Xu (2017) 
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Table A4.1.3 Specification of the climate scenarios 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Source: Xu (2017) 

Notes:  1. “RCP8.5 refers to representative concentration pathway is 8.5. It means the value of radiative forcing will reach 8.5 
W/m2 in the year 2100. It is a high concentration pathway” (Xu 2017) 
2. “GCM model is shorten for General Circulation Model. It is a tool used for simulating the circulation of atmosphere to project 

the response of the global climate system to increasing greenhouse gas concentrations” (Xu 2017) 
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Appendix 4.2 Spatial Maps of Southern Ontario 
Figure A4.2.1 Stoniness Index in fields across southern Ontario 

 

Source: Xu (2017) and Land Information Ontario (2020) 

Note: Red lines indicate county boundaries 
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Figure A4.2.2 Average Stoniness Index in Counties Across Southern Ontario 

 

Source: Xu (2017) and Land Information Ontario (2020) 
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Figure A4.2.3 shows the proportion of area that is drained in each county. It was created by intersecting the county boundaries (Xu 

2017) with the Tile Drainage Area (Government of Ontario 2020) shape file.  

Figure A4.2.3 Proportion of area with tile drainage installed in Ontario from 1983-2020 

 

Source: Xu (2017) and OMAFRA 2020 
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Appendix 4.3 Application of the spatial stochastic drainage 

simulation model to a case study of drainage cost installation 

differences between on and off-reserve farmers (International 

Development Section) 
 

A4.3.1 Property rights and agricultural investment 
 

In this section, I outline the ways in which property rights influence agricultural 

investment. I begin by describing the current property rights differences between farmers on and 

off-reserves. There are 4 main types of property rights structures that emerged in Canada: 

customary rights, certificates of possession, leases and reserve-specific rights from the First 

Nations Land Management Act (1999). When settlers first began governing indigenous people, 

land was recognized through oral tradition and community recognition (Flanagan and Alcantara 

2004). These rights were called customary rights. They are not recognized by the Canadian 

government but governed by band councils (Flanagan and Alcantara 2004).   

 For decades, indigenous peoples followed the Indian Act (1876). This means they could 

receive certificates of possession but were required to receive government approval for any 

decisions regarding their land (Flanagan et al 2010, Government of Canada 2017, Montpetit 

2011). This can be a lengthy process. For example, it took 11 years for the Department of 

Indian Affairs and Northern Development to survey an indigenous person’s land before 

subdividing the land under certificate of possession (Flanagan et al 2010). Leases are another 

form of property right structure. This is where a person rents the land. However, Canadian law 

stipulates that the only viable leases must be through a government agent under the Indian Act 

(Flanagan and Alcantara 2004). These ownership structures hardly resemble the strongest form 

of property rights, which is referred to as fee simple land. Fee simple is what non-indigenous 

people consider owning land. It means, aside from some considerations, landowners have the 

ability to choose what happens to and what they do with their land. Since 1999, bands have 
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been given the option to opt into the First Nations Land Management Act (1999). This would 

allow them to self govern their land use. However, it is a laborious process to apply and not 

many reserves have opted in. So far, only 153 out of 634 Nations are in the process of 

developing their own governmental process under the Act (Government of Canada 2019).  

 The property rights held by indigenous people are a result of the colonization process.  

Specifically, the colonization of North America impacted the quantity and quality of indigenous 

land. When reserve territory was negotiated, First Nations peoples were not given much land. 

To make matters worse, the land they were given tended to be bad quality. This is clear in a 

quote from Paul (1993):  

“By 1821 the acreage set aside for the Micmac in the entire colony had reached a `princely’ sum 

of 21,765 acres. This great estate of swamps, bogs, clay pits, mountains, and rock piles 

represented a tiny fraction of one percent of Nova Scotia’s land base. The arable land in the 

entire area was probably less than 200 acres”. 

Neu (2000) describes how the restriction of land in settler society was a political move. Neu 

(2000) states that land and reproduction are tied together. And as indigenous peoples were 

considered an impediment to production, their reproduction was at odds with that of settler 

population growth. Neu (2000) speaks of the colonization of Australia as an example. He then 

describes how this struggle over reproduction even lead to reproductive genocide on Canadian 

reserves.  

 In addition to inherently lower quality land, research suggests agricultural productivity for 

on-reserve farmers is lower than off-reserve farmers due to differences in their respective 

property rights. Anderson and Lueck (1992) examine agricultural productivity for four types of 

property rights present in the United States: fee simple, individual trust, tribal trust, and federally 

owned. Fee simple is the bundle of rights with the fewest restraints (such as zoning and 
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environmental regulations). This type of property rights structure is also held by farmers off-

reserve. The individual trust and tribal trust are akin to living under the Indian Act in the 

Canadian context. In these property rights structures, landowners must get land use decisions 

approved by a government body. In the United States context, this is the Bureau of Indian 

Affairs (BIA). Anderson and Lueck (1992) describe how the National Indian Agricultural Working 

Group (NIAWG) have said that the land use restrictions are a loss of income for indigenous 

people. This is due in part to an inability to set rental rates and land sitting unused. Land in trust 

is also unable to be used as collateral to start businesses. With tribal trust, individuals also have 

to cooperate to make land use decisions. Very little land is in the last category. Federally owned 

land is used for administrative purposes or monuments. The authors ignored this category 

because of its small proportion of the land and lack of relevance for agriculture.  

 Anderson and Lueck (1992) estimate the yield differences amongst the different property 

rights structures on reserves. Their regression found that as the proportion of either individual 

trust or tribal trust increases, the value of yield output in the reserve decreased.  

Besley (1995) also finds empirical evidence for the significance of property rights. He 

looks at data from two regions of Ghana. Wassa, a cocoa growing region where most of the 

land is owned and Anloga, a shallot growing region where a large amount of land is not owner-

operated. The Anloga results did not produce significant results, likely due to issues in sample 

size. For Wassa, however, Besley (1995) found evidence to support the idea that stronger 

property rights increase investment. When instrumented for endogeneity issues, he found that 

an extra degree of rights increased the probability of improving agricultural productivity by 11-

28% (Besley 1995). Aragon (2015) also found evidence that stronger property rights increase 

investment for First Nations people in Ontario. He used micro-level census data before and after 

updated treaties were signed. The new treaties were clearer on what land is owned by First 
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Nations people, who owns the land, and what they can do with it. Aragon (2015) found that 

modern treaties increased income on reserves by around 13%.  

Besley (1995) proposes three explanations for why property rights structures influence 

agricultural investment. He approaches the explanation with a mathematical model. He shows 

that investment is higher on more secure land when the following condition is met: the second 

derivative of the benefit function with respect to capital and rights is positive. In other words, if 

capital becomes more beneficial the greater the rights to the property. He theorizes the 

condition is met using three approaches: expropriation, collateral (credit), and trade (transaction 

costs).  

Expropriation as an explanation of the relationship between property rights and 

investment is related to how much of the benefit of the investment farmers expect to receive. If 

you are less likely to lose your land from expropriation, then you are more likely to be able to 

enjoy the benefits from additional capital. For the indigenous people of Canada, expropriation is 

a familiar reality. It is not outside of history for violence to be used to take resources from 

indigenous people. Land sacred to indigenous people has been expropriated for golf courses, 

subdivisions, and pipelines. If non-indigenous people’s land were taken for the same reasons it 

would cause outrage. There is a disproportionate threat of expropriation faced by indigenous 

people. Therefore, an indigenous person farming on a reserve may expect a lower probability of 

receiving the benefits of their investment, and therefore, rationally decide not to invest.  

The second approach proposed by Besley (1995) is based on access to credit. Land 

with stronger property rights is better able to be used as collateral in loans. Anderson and Lueck 

(1992) also explain the benefit of property rights in terms of access to credit. They explain that 

getting access to the funds required for investment is more difficult given the property rights 

structures on reserves. Individual trust land can be mortgaged, but there are restrictions on the 

use of land for collateral. Instead, mortgages are based on an assignment of income and 
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foreclosures go through tribal court (Anderson and Lueck 1992). This makes the loan more 

uncertain for the financial company and they are less inclined to offer favourable interest rates. 

For tribal trust, mortgages aren’t an option (Anderson and Lueck 1992). In Canada, customary 

rights cannot be used for individual mortgages (Flanagan and Alcantara 2004). Certificates of 

possession can be used for mortgages and loans, yet these are restricted to coming from 

another person on reserve (Flanagan and Alcantara 2004). At a food security panel in Guelph, 

Ontario, an indigenous farmer said that if his neighbour off-reserve received a loan with an 

interest rate of 6%, he would be offered the same loan for an interest rate of 12-15% simply for 

being indigenous (Garlow 2019). Access to credit matters for investment. Gorodnichenko and 

Schnitzer (2013) find empirical evidence to support the claim that financial constraints reduce 

innovation and investment in production boosting technologies.  

Besley’s (1995) third approach is also related to how much of the benefit of the 

investment farmers expect to receive. If it is easier to transfer land, investment decisions that 

raise the price received in a trade are more beneficial. Both Aragon (2015) as well as Anderson 

and Lueck (1992) list additional transaction costs as a reason for why unstable property rights 

reduce incomes and yields. Transaction costs refer to all the costs involved with finding, 

negotiating, and enforcing an exchange. By costs, economists are referring to time, energy and 

lost opportunity to have done something else. When land is held in communal trust, it can take 

extra time and energy to come to agreements (Anderson and Lueck 1992). Aragon (2015) 

explains that clearer property rights makes it easier for land to be developed.  

Anderson and Lueck (1992) describe how in the United States, an indigenous person 

must seek approval to rent their land. Each time the lease is renewed, approval can take 3-6 

months. This restricts the ability of First Nations farmers to react to rental market opportunities. 

Similarly, the National Indian Agricultural Working Group (NIAWG) stated that property rights 

restrictions have: 
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“resulted in the complete loss of income to Indian landowners when their land sits 

unleased due to the lack of flexibility in determining rental rates. Additional 

landowner losses accrue when idle farmlands become infested with weeds, 

reducing their productivity and the possibility of obtaining a lease” (U.S. 

Department of the Interior 1987). 

This means it can be more difficult for First Nations farmers to expand the size of their 

farming operations. Nicholson (1989) discusses the typically smaller farm size on reserve in 

comparison to farms off-reserve. In general, due to economies of scale, larger operations tend 

to be cost efficient. Anderson and Lueck (1992) also describe this small farm size as one of the 

mechanisms for how lack of property rights reduces yield and income.  

Bronson (2018) introduces the idea of political economies of scale. She argues that 

innovation is not an objective process and is biased towards large scale agriculture. The nature 

of how innovation occurs depends on political-economic factors and has consequences for 

distributions of both power and wealth (Bronson 2018). One example used by Bronson is seed 

development. Funding for development of new seed varieties went to those who aimed to make 

seeds more compatible with current pesticide and fertilizer practices. This led to additional 

market power for pesticide and fertilizer companies (Bronson 2018). Bronson (2018) talks about 

how smaller family farms are less able to take on the economic risk of new technologies. She 

conducted a document scan of farm papers – a communication source for farming advice in the 

industry. Bronson (2018) found that all of the documents referenced farmscapes that were 

large, whether that be in picture or in written description.  

Bronson (2019) also interviewed key actors in the agricultural industry. One agronomist 

said that technologies are made to benefit larger farms because that’s where more money can 

be made by the innovation companies (Bronson 2019). Due to innovation incentives, agricultural 

investments (such as tile drainage) tend to disproportionately benefit larger farmers. 
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This bias of agricultural innovation toward larger farms is of concern given on-reserve farms are 

smaller on average than off-reserve farms. As described by Bronson (2018,2019) smaller 

farmers are less likely to be able to adopt yield boosting technology. This means it may be less 

likely that yield boosting technology makes financial sense for indigenous farmers to adopt. 

 For First Nations people farming on reserves, investment is hindered by all three 

mechanisms identified by Besley (1995). The case of tile drainage is an example of agricultural 

investment where this reigns true. In the next section, I describe the institutional details specific 

to drainage that may affect the difference in drainage investment between on and off-reserve 

farmers.  

A4.3.2 Drainage specific institutional factors that further differentiate drainage 

installation costs between on and off-reserve farmers 
 

 I have identified two main institutions that are relevant to investment in drainage for on 

and off reserve farmers. The first, the Tile Loan Program, influences investment through the 

credit mechanism identified by Besley (1995) by providing credit to off-reserve farmers. The 

second, the Agricultural Drainage Infrastructure Program, influences investment through 

reduction of transaction costs for off-reserve farmers. The main reason these institutions are 

exclusionary is through the use of municipalities as administrative bodies.  

 Investing in drainage for an entire field can quickly become expensive. For example, for 

a 20 hectare field, a tile drainage system with a drainage coefficient of 25.4 mm/day could cost 

about $60,000 (using the average cost stated by contractors in my interviews). To help Ontario 

farmers, the Ontario Ministry of Agriculture, Food, and Rural Affairs offers loans for tile drainage 

installations. To participate, farmers submit an application form to their municipality (Vander 

Veen 2007). With the Tile Loan Program, farmers can receive a loan of up to 75% of the cost of 

installation that is payable over a 10-year period (Vander Veen 2007).  
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I discussed the Tile Loan Program with one of the contractors in my interviews (see 

Chapter 2). He explained that the tile loan program is sometimes not enough for a farmer to 

afford tiling their whole farm (Contractor 6). He said the that if farmers cannot afford to install a 

drainage system for their entire farm, they may split it into multiple installations (Contractor 6). 

This increases the per hectare cost of the drainage infrastructure as each installation involves a 

fixed cost. Lack of access to the loan program may mean on-reserve farmers need to pay for 

multiple installations, and therefore, a higher per hectare cost of installation.  

 Off-reserve farmers also have access to a cost share program that makes the 

installation of tile drainage more affordable and feasible. This program is called the Agricultural 

Drainage Infrastructure Program and is administered by The Ontario Ministry of Agriculture, 

Food and Rural Affairs. This program helps municipalities with cost share agreements for 

constructing municipal drains as outlined in the Drainage Act (Government of Ontario (no year), 

Government of Ontario 1990, Shortt 2019). When a farm is not directly adjacent to a river, the 

drained water needs to be transported to a river. This is usually done with communal drains. 

These communal drains can run through multiple farmers’ land and can be used by any of the 

farmers for drainage. Under the Ontario Drainage Act, municipalities are required to assist with 

the construction of these drains. As such, they are referred to as municipal drains. To start the 

process, a farmer asks their municipality to look into building a drain. The municipality puts out 

an offer for engineering consulting companies to quote a cost. The municipality arranges for the 

construction and prepares a cost-sharing agreement. The cost is split between farmers whose 

land feeds into the watershed serviced by the drain, the municipality, and the provincial 

government.  

 This is not a trivial program. Not only is it providing a reduced cost paid by farmers, it 

also reduces transaction costs. As mentioned before, transaction costs refer to all the costs 

involved with finding, negotiating, and enforcing an exchange. By costs, economists are 
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referring to time, energy and lost opportunity to have done something else. Because of this 

program, farmers do not need to spend the time researching drains and consulting companies. 

They do not need to negotiate how to share the costs with their neighbours. And if a neighbour 

isn’t paying as agreed, they do not need to engage in conflict. Instead, these farmers can spend 

that time and energy doing other things of value. 

 

A4.3.3 Modelling the implications of an installation cost difference between on 

and off-reserve farmers 
 

 The spatial stochastic drainage simulation model described earlier in this chapter 

provides an opportunity to examine the potential implications of a drainage installation cost 

difference between on and off-reserve farmers. To make this comparison, I recalculate the 

present value of net benefit results presented in Figures 4.18 and Figure 4.19 for increased 

costs of installation. I have chosen to compare a cost increase of 10% to the costs calculated 

with the cost equation. Given the factors described in Sections 4.5.1 and 4.5.2, I consider this to 

be fair, if conservative, comparison.  

 I present the comparison in Figure 4.40. As in previous figures, the vertical axis is the 

present value of net benefits ($). Along the horizontal axis are the categories of drainage 

coefficient (mm/day). The panels show each combination of climate scenario and number of 

spring drainage days. As in Figure 4.17, I have plotted the value of zero with a horizontal red 

line. As expected, for each drainage coefficient, present value of net benefits is lower with a 

10% higher cost. If on reserve farmers face this higher cost while off reserve farmers faced the 

lower cost, they would receive a lower present value of net benefit from drainage. In addition, 

there are some scenarios where choices may differ. For example, for all scenarios, the median 

present value of net benefits of drainage for corn is positive for off-reserve farmers and negative 
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for on-reserve farmers. This means that, in this modelled scenario, use of a 101.6 mm/day 

drainage coefficient is only feasible for off-reserve farmers.  

 Differential choices may also be made when considering a drainage coefficient of 14.3 

mm/day. For the all climate scenarios with 9 drainage days and 8 drainage days in the base 

case, the median present value of net benefits of drainage for corn is positive for off-reserve 

farmers and negative for on-reserve farmers.  
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Figure A4.3.1 Comparison of present value of net benefits for corn between on (10% cost increase) and off-reserve farmers across 
all 29 counties depending on drainage coefficient, climate scenario and spring drainage days (500 samples of the climate 
distributions)  

 

Source: Author’s results 
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Figure A4.3.2 Comparison of present value of simulated net benefits weighted by area planted to corn and soybeans between on 
(10% cost increase) and off-reserve farmers across all 29 counties depending on drainage coefficient, climate scenario and spring 
drainage days (500 samples of the climate distributions)  

 
Source: Author’s results
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