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ABSTRACT 

 

UNDERSTANDING ECOSYSTEM DYNAMICS WITHIN A 

MODULAR FRAMEWORK 

 
Zachariah G. Schonberger                 Advisor: 

University of Guelph, 2020                 Professor Kevin S. McCann 

 

Food web theory has been successful in using energetic models to understand how food webs are 

stabilized in space and time. In parallel, ecosystem theory has employed nutrient-limited 

ecosystem models to understand how limiting nutrients alter the structure and dynamics of food 

webs. Importantly, while food web theory has gained fundamental insights using a modular 

framework, ecosystem theory has largely overlooked the role of a key module – the autotroph-

limiting nutrient (R-N) module – in modulating the dynamics of nutrient-limited ecosystem 

models. Here, I revisit the inherent stability of the R-N module and establish strong R-N 

interactions as potent stabilizers in higher order systems. I do this by first revisiting consumer-

resource (C-R) theory and highlight the relationship between the structure of C-R interactions and 

predictable dynamical outcomes. I then translate this framework to R-N-based systems, showing 

the R-N module to behave as a coherent extension of current modular food web theory. 
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PROLOGUE 

A group of blind men are brought into a zoo to experience an elephant for the first 

time. The first man grabs hold of the elephant’s trunk, concluding that elephants are 

like a giant snake. The second wraps his arms around the elephant’s leg, convinced 

that elephants must be like the trunk of a tree. The third man, who felt the elephant’s 

tail, describes the elephant as something similar to a rope. The fourth man runs his 

hand along the elephant’s tusk, stating that the elephant is like a hard, smooth, spear.  

 

Elegantly pointed out by O’Neill et al. (1986), this parable contains an important lesson for 

ecologists. Ecosystems are notoriously complex systems and ecologists, like the blind men, are 

often left to draw conclusions about whole systems from limited viewpoints. One viewpoint of an 

ecosystem is the food web, in which the components are species and the web is defined by pairwise 

interactions, such as predation, mutualism and competition. Acting as a food web ecologist, it is 

possible and common to abstract completely away from the abiotic environment, such that basal 

components of the web have intrinsic rates of population growth that form the basis of population 

growth at higher levels of the web. The energy sources and nutrients that support growth and 

interactions in the web are implicit to growth, interactions, and conversion properties. Now 

contrast this with the cycling of nutrients through an ecosystem. Nutrients move from the food 

web, to detritus, to an inorganic form, and back to the food web. An ecosystem ecologist that 

studies this cycling pattern is focused less on the species, their identification and the specific 

interactions that occur within the food web and is more interested in the functional role of the food 

web as a reservoir for nutrients. The focal point has shifted from species and specific interactions 

to nutrients and the functional role of different ecosystem compartments in facilitating the 
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recycling of nutrients. An ecosystem and food web ecologist may study the exact same system, 

just as the blind men have the same elephant, yet it seems almost certain that the ecologists will 

draw different conclusions about the system as a whole.  

 

Historically, ecological theory has tended to divide itself into one of these two viewpoints. Namely, 

the population-community approach and the process-functional approach (O’Neill et al. 1986). 

The population-community approach is largely focused on population level interactions, 

maintaining the environmental context as a static backdrop in which these interactions operate.  

Pertinent questions are framed in the context of biodiversity, food web structure, and population 

dynamics (Loreau 2010). Conversely, the process-functional approach tends to take on a different 

view that focuses on the flow of material through entire ecosystems, irrespective of the species 

that comprise it. This approach ignores, at least in part, the complexities of population level 

interactions, whereby energy and nutrients are bundled into individuals. Questions from the 

process-functional viewpoint are then framed in the context of nutrient recycling, material flows, 

and energy capture (Loreau 2010). Note, however, that the point here is not to suggest that either 

perspective is naive or that ecological theories strictly fall into one category or the other. The 

purpose here is to elucidate a spectrum of ecological thought that has historically existed – 

population-community at one end and process-functional at the other – in order to set the stage for 

the more recent integrative approach that will be discussed next.   

 

An integrative approach to ecological theory has been advocated for over the last 35 years, aiming 

to integrate theory that has traditionally been restricted to either side of the ecological spectrum. 

(O’Neill et al. 1986; Loreau 2010). Of particular interest here is DeAngelis’ (1992) integration of 
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material cycling into food web models to form nutrient-limited ecosystem models. Using nutrients 

as a universal currency, these models allow food web theory to ask how the large-scale feedbacks 

that result from nutrient cycling and decomposition can influence the dynamics and stability of 

food webs (McCann 2011). Therefore, it would seem that in light of reviewing the dichotomy 

between approaches to ecology theory, nutrient-limited ecosystem models provide a useful tool 

for integrating the dynamics of population-level interactions with material cycling processes.  

 

Employing nutrient-limited ecosystem models has in fact proved fruitful. One of the early findings 

was that the paradox of enrichment (Rosenzweig 1971) could be extended to nutrient loading, such 

that high nutrient inputs in a nutrient-limited system can lead to destabilizing herbivore-autotroph 

oscillations (DeAngelis 1992). Born from this modelling approach was also the grazing 

optimization hypothesis, in which herbivores were found to optimize primary production through 

intermediate levels of grazing by facilitating the recycling of a limiting nutrient (de Mazancourt et 

al. 1998). More recently, nutrient-limited ecosystem models have been employed to understand 

the effect of pathway coupling on driving stable dynamics (Edwards 2001; Wolkovich et al. 2014) 

and trophic cascades (Attayde and Ripa 2008). Nonetheless, the role of specific base modules 

within nutrient-limited ecosystem models in modulating whole system dynamics has been 

somewhat overlooked. As I will point out in the next section, specific base modules can play a 

prominent role in modulating whole system dynamics and thus further consideration into this 

oversight will offer a better understanding into how population-level interactions and material 

cycling processes dynamically interact.  
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In what follows, I first briefly review the modular approach of food web theory, showing how the 

fundamental consumer-resource (C-R) interaction can be used to decompose higher order food 

web modules into understandable base modules. I then establish the autotroph-limiting nutrient 

(R-N) interaction as similarly fundamental and a base module of nutrient-limited ecosystem 

models, although possessing unique dynamical properties relative to C-R. Lastly, motivated by the 

insights gained into food webs through the C-R module, I will show the R-N module to play a 

predictable role in modulating the dynamics of nutrient-limited ecosystem models. Taken 

altogether, I will use this thesis to argue that ecosystem dynamics can be understood through the 

structure of base modules and as such, modular theory may serve as a useful step forward in 

integrating population-level phenomena with material cycling processes.  
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A MODULAR APPROACH TO ECOSYSTEMS: NUTRIENTS 

AND THE ALTERED ROLE OF INTERACTION STRENGTH IN 

DAMPING WHOLE ECOSYSTEMS 

 

ABSTRACT 

Modular food web theory has shown that consumer-resource (C-R) base modules are useful in 

deducing the dynamical properties of higher order food web modules, giving insight into the 

stabilizing mechanisms of food webs. In contrast, nutrient-limited ecosystem theory, in which 

autotrophs and their limiting nutrients (R-N) form fundamental units of interaction, has not yet 

employed the R-N base module as a means for understanding whole system dynamics. Here, I 

revisit the modular approach of food web theory and establish strong R-N interactions as potent 

stabilizers in isolation, as well as in higher order systems. I do this by first revisiting C-R theory 

to highlight the relationship between the structure of C-R interactions and predictable dynamical 

outcomes in higher order modules. I then translate this framework to theory built on R-N 

interactions, showing the R-N module to behave as a coherent extension of current modular food 

web theory. 
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INTRODUCTION 

Modular theory has given ecologists tremendous insight into the stabilizing mechanisms that 

underlie food webs in space and time (Huxel and McCann 1998; McCann 2000; McCann and 

Rooney 2009). A fundamental component of the modular approach to food webs is the consumer-

resource (C-R) interaction. The C-R system is a base module of food webs and allows for the 

complex dynamics of higher order systems to be understood through the dynamical properties of 

its subsystems. Missing from this approach is the direct measurement and modelling of energy 

transfer as a function of limiting nutrients. Ecosystem theory has noted the influence of nutrient-

limited production on the structure and dynamics of food webs (DeAngelis et al. 1989; DeAngelis 

1992) and has employed nutrient-limited ecosystem models to explicitly capture this. Nonetheless, 

the role of specific base modules within nutrient-limited ecosystem models in modulating whole 

system dynamics has been somewhat overlooked. Here, I put forth a modular approach to 

characterize ecosystem dynamics. In this approach, I establish autotroph-limiting nutrient (R-N) 

interactions as a base module of ecosystems and a prominent player in modulating whole system 

dynamics. Using this, I seek to demonstrate that stabilizing mechanisms of ecosystems can be 

deduced within a modular framework.  

 

Modular theory (sensu Holt and Polis 1997) was originally adopted as a means for dealing with 

the complexity of food webs. Modules represent subnetworks of whole webs, where their 

dynamical properties can be used to piece back together an understanding of whole web dynamics. 

Examples include the diamond module, omnivory module, three species food chain, and a single 

C-R interaction. More specifically, the former three provide examples of higher order modules 



 

 7 

because they are comprised of multiple C-R interactions coupled together, while the single C-R 

interaction provides an example of a base module. This elucidates the distinction originally made 

by Holt (1997) and the approach that will be adopted here: higher-order modules present an 

opportunity to extend the principles of simple pairwise interactions in a coherent way. Indeed, the 

dynamical properties of higher order food web modules have often been deduced through an 

understanding of the coupled C-R subsystems (i.e., base modules) that exist within them (Holt et 

al. 1994; Vandermeer 2004; Rooney et al. 2006). This approach draws on C-R theory, asking how 

C-R modules behave in isolation and when coupled to one another in a higher order module. For 

example, C-R theory has largely found strong C-R interactions to promote oscillatory dynamics 

while weak C-R interactions allow for monotonic returns to equilibrium (McCann 2011). It turns 

out that if two C-R modules are then coupled into a higher order module (three species food chain), 

the module tends to show signatory dynamics such that oscillations can be attributed to a particular 

C-R subsystem (McCann and Gellner 2012). This approach will be further generalized later on. 

The purpose here is simply to point out that modular theory has been successful in using the base 

C-R module to understand the properties of higher order systems.  

 

Despite the efficacy of a modular approach, ecosystem theory has tended to overlook a 

fundamental component of nutrient-limited ecosystem models, the R-N base module. Reduced to 

its most basic form, a nutrient-limited ecosystem model is comprised of a limiting-nutrient pool 

coupled to some community assemblage, which in turn recycles nutrients back to the limiting 

nutrient pool either directly, or indirectly through a detrital compartment (DeAngelis 1992). 

Regardless of the community assemblage, the basal interaction of the model necessarily exists 

between the limiting-nutrient pool and an autotroph (i.e., the R-N module), where the limiting-
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nutrient pool grows independent of its density and has dynamical properties that vary from the 

classic C-R module (Loreau and Holt 2004). Nonetheless, the base R-N module has not yet been 

considered as a means for understanding the dynamical properties of nutrient-limited ecosystem 

models. R-N is a fundamental interaction of ecosystems and in light of the push for integrating 

population-level interactions with material cycling processes (O’Neill et al. 1986; DeAngelis 

1992; Loreau 2010), the R-N subsystem merits further consideration with respect to modulating 

whole system dynamics.  

 

Here, I revisit the findings of modular food web theory, showing how the interaction strength and 

placement of C-R subsystems within higher order modules corresponds to predictable dynamical 

outcomes. I then use analytical and numerical techniques to establish a generalized relationship 

between interaction strength and stability for the R-N module, followed by a numerical analysis to 

understand how the R-N module operates as a subsystem within higher order systems, with the 

ultimate goal of relating the structure of the R-N module to predictable dynamical outcomes.  

 

C-R MODULE AND STABILITY 

To set the context for how the R-N module will be used to understand the dynamics of nutrient-

limited ecosystem models, I first briefly summarize results from modular food web theory. I will 

begin with the base C-R module modelled with a Holling type II functional response, noting that 

it exhibits three different dynamical phases over a gradient of interaction strengths (energetically 

defined sensu Nilsson et al. 2018) such that increasing the attack rate (𝑎𝐶𝑅) increases interaction 

strength (Fig. 1). I use the return time after a small perturbation (i.e., eigenvalues; McCann 2011) 

to highlight the check mark stability response to interaction strength. Equations and parameters 
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can be found in Appendix A. I now draw your attention to three notable dynamical phases of the 

C-R module.  

 
Figure 1. d, Local stability (dominant eigenvalue; 𝜆𝑚𝑎𝑥) as a function of interaction strength (𝑎𝐶𝑅) 

for C-R module with a Holling type II functional response. Time series reflect dynamics associated 

with region i, ii, and iii, respectively, following a perturbation that removes 50% of consumer 

biomass: a, Stable equilibrium; monotonic dynamics. b, Stable equilibrium; overshoot dynamics. 

c, Unstable equilibrium; limit cycle. Boldness of arrows indicates the strength of interaction (𝑎𝐶𝑅). 

 

One, at low interaction strengths, the C-R module follows a monotonic return to a stable 

equilibrium (Fig. 1a). During this phase interaction strengths tend to increase stability (i.e., reduce 

return time; region i Fig. 1d).  At moderate interaction strengths, there is a sudden shift to 

population dynamics that overshoot the equilibrium (i.e., oscillatory decay; Fig. 1b).  Here, 

increases in interaction strength further excite population dynamics (create greater and greater 

overshoot; region ii Fig. 1d). Finally, strong interaction strengths tend to yield sustained cycles or 

oscillations (Fig. 1c; region iii Fig. 1d) and increases in interaction strength tend to drive further 
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decreases in stability. Although tricky to detect from eigenvalues, this destabilization can be 

readily seen in that the cycles become increasingly larger oscillations with a high coefficient of 

variation (CV) (McCauley et al. 2018). I identify these different outcomes symbolically in Fig. 1 

by a point attractor (a), inward spiral (b), and cycle (c).  

 

With this review of C-R dynamics, I now use some relatively simple higher order food web 

modules to demonstrate the predictable behavior of coupled C-R interactions. I show different 

arrangements of C-R interactions strengths in lower to higher order food web modules and their 

corresponding dynamics at steady state (Fig. 2), constituting the ‘algebra’ of C-R modules. 

Equations and parameters can be found in Appendix A.  

 

I start with the simple three trophic level food chain (Fig. 2a), which consists of two coupled C-R 

modules, that is, the C1-R module and the P-C1 module. If I begin with two weakly interacting C-

R modules (i.e., C1-R and P-C1) theory has tended to find that these generally produce locally 

stable equilibria (Fig. 2a; McCann and Gellner 2012). Increasing the strength of the C1-R 

interaction causes it to act like an oscillator (see Fig. 1c above), and with enough increases in the 

C1-R interaction strength then soon this underlying oscillation is reflected in the limit cycles of the 

entire food chain (Fig. 2b). Finally, if the P-C1 interaction is strengthened as well, I end up with 

two coupled oscillators – the recipe for chaos (Fig. 2c; Hastings and Powell 1991; McCann and 

Yodzis 1994). As such, coupled strong interactions are not surprisingly, the recipe for complex 

highly unstable dynamics.  

 

Following McCann et al. 1998, I now add a weakly coupled consumer C2 to the food chain system 

of Fig. 2c. This weak consumer essentially draws energy away from the strong P-C1-R pathway  
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Figure 2. Time series showing the general dynamical outcomes for the food chain and diamond 

module at steady state with varied combinations of C-R interaction strengths. a, Weak-weak 

interaction; point attractor. b, Strong-weak interaction; limit cycle. c, Strong-strong interaction; 

chaos. d, Strong-strong, weak interaction; limit cycle. e, Strong-strong, weak-weak interaction; 

point attractor.  

 

 

and in doing so partially mutes the coupled oscillators, bringing the dynamics back to a more even 

limit cycle and under certain conditions drive equilibrium dynamics (McCann et al. 1998). Last, I 

allow the predator to weakly predate upon C2, creating a strong and weak pathway. The second 

weak interaction further draws energy away from the strong pathway, muting the oscillators 

entirely and bringing the system in this example to a point attractor (Fig. 2e).  These examples 

show that well placed weak interactions (i.e., non-oscillatory phases Fig. 1a,b) can be used to draw 

energy away from strong pathways and act as potent stabilizers of potentially oscillatory pathways. 

In general, strong C-R interactions promote oscillatory dynamics while carefully placed weak C-

R interactions dampen them.  Although not discussed to my knowledge, I conjecture that if a 
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subsystem has strong monotonic (i.e., without oscillatory decay) interactions that this too can be a 

potent stabilizer. Below, I show the R-N module appears to have these exact properties. 

 

R-N MODULE AND STABILITY 

Towards understanding how the R-N subsystem may interact in a higher order system I first briefly 

consider the stability of the R-N module alone (akin to what we discussed for the C-R module 

above). Consistent with the literature, I assume the R-N module consists of a resource that takes 

up nutrients according to a Monod-like growth term, is open to flows from the external 

environment as a result of geochemical processes, and nutrients are lost to the external 

environment according to a linear term (DeAngelis 1992). Note this ignores that growth of a 

resource may be impossible should the limiting nutrient fall below some critical level; however, 

isocline analysis reveals the stability properties of the system used here to be qualitatively similar 

to those of a system that incorporates a critical nutrient level, justifying this simplification 

(DeAngelis 1992).  The full list of equations can be found in Appendix B. Performing a local 

stability analyses about the interior equilibrium reveals the R-N module to be locally stable for all 

possible parameterizations, as determined by the diagonals of the Jacobian matrix (Appendix B). 

I performed further numerical and analytical analyses to understand how stability was influenced 

by interaction strength.  

 

As the maximum rate of nutrient uptake (𝑎𝑅𝑁) is increased (i.e., I increase the R-N interaction 

strength), stability is generally increased (Figure 3d), with the real part of the dominant eigenvalue 

(𝜆𝑚𝑎𝑥) tending from 0 towards an asymptote of −𝑙𝑅. Numerical analysis reveals that the asymptote 

at −𝑙𝑅 can be approached from above or below depending on the relative leakiness of the R and N 
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compartment (i.e., the rate at which nutrients are lost to the external environment from 

compartment R (𝑙𝑅) and N (𝑙𝑁)). For  𝑙𝑁 < 𝑙𝑅  (Fig. 3d), I found the R-N module to only follow a 

monotonic return to equilibrium as interaction strength is increased. In this case increasing 

interaction strength only tended to increase stability (i.e., reduce return time). For  𝑙𝑁 < 𝑙𝑅 (Fig. 

3d), I found the R-N module to follow a monotonic return to equilibrium for weak (Fig. 3a) and 

strong (Fig. 3c) interaction strength, but modest overshoot dynamics were observed for 

intermediate interaction strength (Fig. 3b). Stability tended to increase with interaction strength 

for weak to intermediate interaction strength (i.e., dominant eigenvalue becomes more negative), 

then slightly decrease as interaction strength became strong. A special case exists when 𝑙𝑅 = 𝑙𝑁 

(Fig. 3d). In this case, stability increases with interaction strength until 𝜆𝑚𝑎𝑥 becomes locked in at 

−𝑙𝑅, indicating stability does not change regardless of any further increase in interaction strength. 

Overall, weak R-N interactions tend to show weakly stable monotonic dynamics (Fig. 3a) and 

strong R-N interactions tend to show strongly stable monotonic dynamics (Fig. 3c). Although, 

while the R-N interaction tends to generally stabilize in all cases (dominant eigenvalue goes from 

zero to a more negative saturating value with monotonic dynamics), there are some intermediate 

cases that produce complex eigenvalues (Fig. 3b) suggesting population dynamic overshoot 

potential. These complex dynamics are known to potentially excite instability (McCann 2011). 

Further, the end of this complex phase and return to monotonic dynamics is associated with a slight 

decrease in stability (i.e., longer return time). I will return to this result later when examining 

higher order modules. Note that I obtained qualitatively similar results when we implicitly 

strengthened the R-N interaction by increasing nutrient loading (Appendix B). Now, given the 

above framework for coupled C-R modules, the underlying dynamics of the R-N module suggest 
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that strong R-N interactions ought to be more stabilizing than weak R-N interactions when coupled 

to strong C-R interactions. 

 

To look into this conjecture, I next performed numerical analyses to determine the stability of three 

nutrient-limited food web models without recycling (Fig. 4) under equilibrium and non-

equilibrium conditions as R-N interaction strength is varied. Recycling was deliberately ignored  

 

 

Figure 3. Time series showing R density following a perturbation that lowered R density to 50% 

of equilibrium density for a, low (𝑎𝑅𝑁 = 0.8), b, intermediate (𝑎𝑅𝑁 = 1), and c, high maximum 

rate of nutrient uptake (𝑎𝑅𝑁 = 2.8). d, Local stability (dominant eigenvalue; 𝜆𝑚𝑎𝑥) of the R-N 

subsystem as 𝑎𝑅𝑁 is increased for 𝑙𝑁 > 𝑙𝑅 , 𝑙𝑁 = 𝑙𝑅 , and 𝑙𝑁 < 𝑙𝑅 , where 𝑙𝑅  and 𝑙𝑁 are the rate at 

which nutrients are lost to the external environment from compartment R and N, respectively. 

Solid lines are real parts and dashed lines are complex parts of 𝜆𝑚𝑎𝑥. 

 

 

despite this being an unrealistic assumption as increasing complexity in a stepwise fashion allows 

me to ask whether specific aspects of a full nutrient cycling system alter the behaviour of the R-N 

Time

R
D

en
si

ty

Time

R
D

en
si

ty

Interaction Strength

S
ta

b
il

it
y

R

N

R

N

a c

d

Time

R
D

en
si

ty

b

R

N

0 1 2 3

0.2

0

- 0.2

- 0.4

aRN

λ
m

ax

� > �

� = �

� < �



 

 15 

module. Three different nutrient-limited food web models were considered to generalize the role 

of strong R-N interactions in modulating oscillatory C-R interactions. I purposely used structures 

identical to the modules used in laying out the algebra of C-R modules (Fig. 2) to show that the R-

N module serves as a predictable and consistent extension of current modular theory. Following 

this, I was able to extend the system to include nutrient cycling through a detrital compartment 

(Fig. 5), showing the dynamical properties of the R-N module to be conserved within a full nutrient 

cycling system. The full equations and parameter values for each model are listed in Appendix C 

(Fig. 4) and Appendix D (Fig. 5). Relative interactions strengths are denoted by the boldness of 

arrows (Fig. 4 & 5). The non-equilibrium stability analyses were performed after running each 

model for 9900 integration time steps, ensuring steady state.  

 

I begin with a simple nutrient-limited C-R system, where the C-R and R-N interactions are coupled 

through R (Fig. 4a). Since I am interested to see if strong R-N interactions stabilize strong 

oscillatory C-R interactions when coupled together, I set a high attack rate for C-R, making the 

interaction ripe for oscillations (see Fig. 1c). I increased 𝑎𝑅𝑁 from a transcritical bifurcation (i.e., 

all compartments have positive solutions) to see how stability changes. Not surprisingly, the initial 

increase in 𝑎𝑅𝑁 implicitly strengthens the C-R interaction and fuels the oscillatory potential of C-

R and cycles emerge almost immediately after C is able to persist. As 𝑎𝑅𝑁 is increased further the 

cycles disappear and we obverse a steep stabilization phase, followed by a modest period of  

destabilization. This maps well to the relationship between stability and interaction strength in the 

isolated R-N module.   
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Figure 4. a, b, c, d, Non-equilibrium dynamics (log10(C1,max/C1,min)) and equilibrium stability 

(dominant eigenvalue; 𝜆𝑚𝑎𝑥) of the C-R-N, P-C-R-N with a single oscillator, P-C-R-N with 

coupled oscillators, and P-C1-C2-R-N modules, respectively, as 𝑎𝑅𝑁 is varied.  
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To see how general this result is, I now conduct the same experiment but with higher order modules 

(Fig. 4b,c,d). First, I add a predator to the system, creating the classic three species food chain of 

coupled C-R interactions (Fig. 2a-c) but now coupled to an R-N module as well. I ask how R-N 

interaction strength can act to stabilize two cases of the food chain model: a food chain with a 

single oscillator and a food chain with coupled oscillators. In the case of a single oscillator (i.e., 

C1-R is strong but P-C1 is weak) (Fig. 4b) the system follows a pattern similar to the single C-R 

case, where cycles appear for a weak R-N interaction but are damped out for a strong interaction 

strength. When both C1-R and P-C1 are strong (the recipe for chaotic dynamics), R-N is unable to 

dampen oscillations even with a strong interaction strength, although a strong interaction gives 

tighter bound cycles than a weak interaction (Fig. 4c).   

 

In keeping with my approach to the food web modules (Fig. 2), I lastly add a weakly coupled 

consumer to the nutrient limited food chain with strong P-C1 and C1-R interactions (Fig. 4d). As 

seen previously, this interaction draws energy out of the strong pathway, partially muting the 

oscillators and giving dynamics more stable than what we would observe in just the strong pathway 

alone (Fig. 2c,d). If I now take the nutrient limited version of this model and turn up the R-N 

interaction strength the result is not surprising. I observe oscillatory dynamics with a weak R-N 

interaction and then the oscillations are damped out as the interaction strength is increased (Fig. 

4d), the same result I saw in the single C-R interaction and the single oscillator food chain case.  

 

 

Finally, I extended the basic C-R-N system to include a detrital compartment and recycling to ask 

if nutrient cycling alters the general relationship between R-N interaction strength and stability 
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(Fig. 5). As seen earlier, increasing 𝑎𝑅𝑁 for C-R-N initially fuels the oscillatory potential of C-R 

before the system is eventually stabilized (Fig. 5a). I now allow part of the loss terms of C and R 

to be conserved in the system and contribute toward a detrital pool D. Detritus is decomposed and 

nutrients are mineralized back to the limiting nutrient pool. Repeating the 𝑎𝑅𝑁 experiment with 

recycling gives an outcome nearly identical to the case without recycling (Fig. 5b), where cycles 

emerge at low values of  𝑎𝑅𝑁 and are damped out as it is increased.  

 
Figure 5. a, b, Non-equilibrium dynamics (log10(Cmax/Cmin)) and equilibrium stability (dominant 

eigenvalue; 𝜆𝑚𝑎𝑥) of the C-R-N nutrient-limited food chain model and the C-R-N-D nutrient-

limited ecosystem model, respectively, as 𝑎𝑅𝑁 is varied. 

 

Note that I repeated my analysis of higher order modules by implicitly increasing interaction 

strength through nutrient loading (Appendix C & D). In all cases, increased nutrient loading led to 

less stable dynamics, consistent with DeAngelis’ (1992) paradox of enrichment finding where 



 

 19 

increased nutrient loading lead to destabilizing autotroph-herbivore oscillations. I will revisit this 

finding later on and attempt to reconcile it with my above findings.  

 

DISCUSSION 

Here, I have applied the modular approach of food web theory to nutrient limited-ecosystem 

models. In doing so I have shown the R-N module to play a prominent role in modulating the 

dynamics of nutrient-limited ecosystem models when taken as an analogue to the fundamental C-

R interaction of consumptive food webs. I began by reviewing modular food web theory to show 

that the strength and placement of C-R subsystems within higher order modules corresponds to 

predictable dynamical outcomes. I then applied this framework to nutrient-limited ecosystem 

models, showing that the properties of the R-N module can be integrated into modular theory in a 

simple and predictable way.  

 

To do so, I first revisited the R-N module to show that it is inherently stable, and in contrast to 

consumer-resource generated theory, increasing the R-N interaction strength (either by the rate of 

nutrient uptake or nutrient loading) generally lead to increased stability (i.e., more rapid return 

times).  There are cases where weak to intermediate R-N fluxes lead to complex oscillatory decays 

(a form of destabilization; McCann 2011) and strong interactions have modestly increasing return 

times, but nonetheless, even in this case, the general result is that returns to equilibrium tend to 

become increasingly monotonic and eigenvalues are more negative when we compare weak to 

strong interactions. 

Further, I showed that when coupling R-N into higher order systems first without recycling, then 

with, increasing R-N interaction strength tends to bring destabilizing oscillations to a more 
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bounded limit cycle or eliminate them from the system entirely, suggesting the properties of the 

R-N module to be conserved as the complexity of the system is increased. I also found implicit 

increases to the R-N interaction through nutrient loading lead to the familiar paradox of 

enrichment. The former finding differs from the well-known oscillatory behaviour of strong C-R 

interactions, where weak interactions can mute potentially unstable modules while strong C-R 

interactions tend to be unstable and drive heightened instability in higher order coupled ecological 

systems (McCann 2011).  

 

I will proceed by arguing that increasing R-N interaction strength generally confers increasingly 

stable dynamics; note, however, that under certain conditions in the R-N module I did find 

intermediate interaction strengths to display overshoot potential (i.e., dominant eigenvalue has 

complex parts; Fig. 3d). This overshoot potential has been known to excite instability in higher 

order modules (McCann and Gellner 2012). This was likely captured in the higher order modules 

where we observed brief periods of destabilization at weak to intermediate interactions strengths 

before the system was stabilized as the R-N interaction became strong. Further, maximal stability 

of both the underlying R-N module and the higher order module can occur at more intermediate 

interaction strengths (e.g., Fig. 4a,c). Importantly though, the region that follows maximal stability 

remains more stable than the dynamics observed for weak R-N interactions and thus overall, strong 

R-N interactions tend to act as potent stabilizers when coupled to higher order food web modules. 

 

R-N interactions tend to act as a potent stabilizer despite the fact that such an increase in interaction 

strength cascades through the modules to increase the overall flux of nutrients through the 

consumer-resource interactions – something known to be destabilizing in food web theory 
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(McCann and Gellner 2012). Take the simple C-R-N model under equilibrium conditions for 

example. As I turn up the R-N interaction strength, N shrinks in size as nutrients are extracted at a 

higher rate with C growing because of the top-down control it exerts on R. Thus, I’ve implicitly 

increased the flow of nutrients through C-R and strengthened the interaction in a manner similar 

to the familiar paradox of enrichment (McCauley et al. 2018). C-R theory would then predict the 

system to become increasingly unstable as R-N interaction strength is increased and the increased 

nutrient flow cascades through the C-R interactions (McCann 2000), but as I have observed here 

(Fig. 4), this is clearly not the case. Despite implicit increases to the strength of C-R interactions, 

strong monotonic R-N interactions appear to be such potent stabilizers that they are able to 

overwhelm the potential instability invoked in C-R by the increased flux of nutrients as R-N 

interaction strength is increased.  

 

The degree to which R-N interactions can stabilize a system (i.e., completely eliminate oscillatory 

dynamics), however, seems to be limited by the overall potential instability in C-R interactions. 

This becomes apparent if one recalls the relative stability of the different food web modules that 

were coupled to R-N. In the case of a food chain, a single oscillatory C-R interaction produced 

well bounded limit cycles (a more stable dynamical outcome; Fig. 2b), coupled oscillatory C-R 

interactions produced chaos (a less stable dynamical outcome; Fig. 2c), and the addition of a weak 

pathway brought chaotic dynamics back to bounded cycles (a more stable dynamical outcome 

relative to the coupled oscillators; Fig 2d). It is therefore not surprising when I turn up the R-N 

interaction strength on the nutrient-limited version of these models that I dampen out oscillations 

entirely in the single oscillator food chain (Fig. 4b), only bring cycles to a tighter bound in the 

coupled oscillator food chain (Fig. 4c), and entirely dampen oscillations with the addition of a 
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weak pathway (Fig. 4d). Strong R-N interactions seem to have a limit to the stability they can 

confer in a system. The more unstable the C-R interactions in the system, the more unstable the 

system when R-N is strong. Furthermore, this would indicate that the properties of the R-N module 

can be predictably integrated into current modular theory. Nutrient-limited systems with stronger 

C-R interactions would be predicted to have less stable dynamics while that same system could be 

expected to have more stable dynamics if the R-N interaction strength is increased.  

 

Despite strong R-N interactions acting as potent stabilizers in higher order systems, I did find 

implicit increases to R-N interaction strength through nutrient loading to result in the paradox of 

enrichment. This can be reconciled in the following way. First note that interaction strength – as it 

has been used when arguing that strong R-N interactions can act as potent stabilizers – refers 

specifically to the rate of maximum uptake by R (i.e., 𝑎𝑅𝑁) rather than the general sense of any 

increase in flux through the interaction (Rip and McCann 2011). Now in relation to my findings, 

this appears to be in line with what DeAngelis originally put forward, at least implicitly, for the R-

N subsystem. Consider first that DeAngelis (1992) recreated the classic paradox of enrichment 

with a simple four compartment ecosystem model, finding that high nutrient loading led to 

destabilizing autotroph-herbivore oscillations. He also noted, however, that when a system is 

nutrient-limited, sufficiently strong reactive decreases to irruptions in autotroph biomass by the 

limiting-nutrient compartment can dampen an oscillatory C-R system. In other words, how much 

R ‘feels’ the decline it imposes on N can create a self-damping effect. This appears to align with 

what we have found here where increasing the maximum rate of nutrient uptake by R can dampen 

whole system dynamics while heightened nutrient loading leads to the familiar paradox of 

enrichment. Increasing nutrient loading implicitly strengthens the C-R interaction and fuels its 
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oscillatory potential such that it overwhelms the system, whereas for any given level of nutrient 

loading increasing the maximum rate of nutrient uptake by R pulls the R-N module back towards 

the state of strong reactive decreases in the limiting nutrient-pool and thus acts to dampen 

destabilizing C-R oscillations (e.g., Fig. 4a, the C-R-N system). Therefore, it seems that a more 

precise summary of my findings with the R-N module would be that the rapid uptake of nutrients 

by R leads to more stable dynamics than slow uptake rates when R-N is coupled to higher order 

modules.  

 

The question of why rapid nutrient uptake (𝑎𝑅𝑁) in the R-N module is stabilizing relative to high 

attack rates (𝑎𝐶𝑅) in the C-R module can now be addressed. From a mathematical perspective, 

differences in dynamical outcomes as the uptake terms are increased is found in the modelling of 

basal compartments. Consider the three compartment, two interaction, non-recycling, P-C-R and 

C-R-N systems. All interactions are modelled with a type II functional response (see Appendix A 

& B for equations; note the Monod equation is mathematically identical to a type II functional 

response) and the top two trophic levels have linear loss terms. Nonetheless, increasing the basal 

interaction term is stabilizing in C-R-N (Fig. 4a) and destabilizing in P-C-R (Fig. 2b). The 

difference in dynamics therefore arises from N being modelled with density-independent growth 

(𝐼𝑁) and a linear loss term (−𝑙𝑁𝑁) while the R in P-C-R is modelled with density-dependent growth 

(𝑟𝑅) and a self-damping loss term (−𝑟𝑅2 𝐾⁄ ) (i.e., logistic growth). Accordingly, the stabilizing 

potential of the R-N module in a nutrient-limited system can be attributed to an abiotic limiting 

nutrient compartment – rather than an autotroph – occupying the basal level of the system and its 

corresponding dynamical properties.  
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It is clear from this that nutrient-limited and energetic approaches to theory offer distinct 

perspectives into the stabilizing mechanisms of food webs in space and time. Nonetheless, recall 

that the goal of a nutrient-limited ecosystem models is not to replace the energetic models of food 

web theory, but rather to integrate the concepts of food web theory (specifically food web structure 

and dynamics) with the inevitable influence of material cycling processes and limiting nutrients 

that have dominated ecosystem theory. Nutrient-limited models capture, in a sense, a specific 

brand of limited resource growth, as opposed to the all-encompassing intrinsic growth rate (i.e., 𝑟; 

see Appendix A) of energetic models. They ask, all else equal, how limiting nutrients can alter the 

dynamics, stability, and ultimately persistence of food webs. Nutrient-limited ecosystem models 

attempt to give insight into one of many factors that limit the growth of resources in space and 

time, with the ultimate goal of synthesizing this insight with other factors to form an integrative 

theory. As pointed out by O’Neil et al. (1986), ecosystems are inevitably studied from limited 

viewpoints and it is imperative to maintain a holistic view of ecological theory as insight is gained 

through these limited viewpoints.  
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EPILOGUE 

 

With this thesis I have extended the modular approach of food web theory to nutrient-limited 

ecosystem models. I began by showing the fundamental C-R interaction to be successful in 

decomposing higher order food web modules into understandable base modules, and that the R-N 

module of nutrient-limited ecosystem modules presents a similarly fundamental interaction. Using 

modular theory, I was able to study the dynamical properties of the base R-N module and extend 

those properties to higher order systems. Overall, I found that strong R-N interactions have the 

ability to act as potent stabilizers when coupled into higher order systems.   

 

Establishing the role of the R-N subsystem in modulating whole system dynamics provides an 

important step toward integrating modular food web theory with the abiotic compartments of 

ecosystems. Understanding the dynamic influence of ecosystem compartments that have not 

traditionally been considered as part of the food web allows food web theory to ask some 

interesting questions in how food web specific phenomenon might be altered as a result of material 

cycling processes. Consider the goal of dampening the oscillatory potential of a strong C-R 

interaction: C-R motivated theory may assert the careful placement of a weak interaction to mute 

this potential oscillator whereas theory towards the scale of an ecosystem may conjecture that a 

rapidly growing nutrient-limited autotroph would be sufficient in muting this potential oscillator. 

If the goal is to understand what allows an unstable system to become stable, ecosystem theory 

can, in a sense, give food web theory a broader array of ‘stabilizing’ components to work with. 

This should lead ecological theory towards making more vigorous predictions and subsequently 

allow for a livelier and more integrative empirical approach to real systems.  
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This understanding not only leads to novel questions that are of high scientific value, but of high 

socio-economic concern as well. Consider the recent advances in relating biodiversity to 

ecosystem function (Hooper et al. 2005). The functioning of an ecosystem is in direct relation to 

the social and economic services that an ecosystem can provide to humans; therefore, ecologists 

have been attempting to understand the role of biodiversity in conferring and maintaining the most 

favourable services to humans. Similarly, bridging the gap between food web theory and 

ecosystem processes should allow ecologists to begin to ask how favourable services (i.e., 

functions) correspond to certain rates of an ecosystem process, and how those processes might 

lead to more or less stable community dynamics. In other words, the biodiversity to function 

perspective asks how the community can impact the functioning of an ecosystem, while the 

function to community dynamics perspective asks how the functioning of an ecosystem can 

feedback to influence the persistence of biodiversity. Elucidating these feedbacks in a formal way 

will allow for ecological research that can be geared towards problems of high social and economic 

value.  
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APPENDIX 

 

APPENDIX A. CONSTRUCTION AND ANALYSIS OF COMMUNITY MODELS 

 

Basic C-R Module 

For the analysis of the basic C-R module, I use a classic Rosenzweig-MacArthur C-R system, with 

type II functional responses and logistic resource growth. The specific equations I use are as 

follows: 

𝑑𝑅

𝑑𝑡
= 𝑟𝑅 (1 −

𝑅

𝐾
) −

𝑎𝐶𝑅𝐶𝑅

𝑅 + 𝑅0
 

𝑑𝐶

𝑑𝑡
=

𝑒𝑎𝐶𝑅𝐶𝑅

𝑅 + 𝑅0
− 𝑚𝐶𝐶 

where 𝑅 is resource biomass and 𝐶 is consumer biomass. For the logistic growth of the resource, 

I have intrinsic growth rate 𝑟 and carrying capacity 𝐾. To model the interactions between the 

species I have the attack rate of the consumer on the resource 𝑎𝐶𝑅, the assimilation rate 𝑒, and half-

saturation density 𝑅0. The mortality rate of the consumer is 𝑚𝐶.   

Time series (Fig. 1) were conducted over 300 integration steps, with the resource initialized 

at 𝑅∗ while the consumer was initialized at 
1

2
𝐶∗. Parameters: 𝑟 = 1, 𝐾 = 2, 𝑅0 = 0.4, 𝑒 = 0.5, 

𝑚𝐶 = 0.5, with 𝑎𝐶𝑅 varied as follows: 𝑎𝐶𝑅 = 1.25 (figure 1a), 𝑎𝐶𝑅 = 1.47 (figure 1b), and 𝑎𝐶𝑅 =

1.60 (figure 1c).  

 The local stability analyses for the model was based around the interior equilibrium: 

 

 

(1.1) 



 

 31 

𝑅∗ =
𝑅0𝑚𝐶

𝑒𝑎𝐶𝑅 − 𝑚𝐶
 

𝐶∗ =
𝑟

𝑎𝐶𝑅
(1 −

𝑅

𝐾
) (𝑅 + 𝑅0) 

 Stability was determined by first taking the partial derivatives about the interior 

equilibrium, giving the Jacobian matrix:  

[
 
 
 
 −

𝑟𝑅∗

𝐾
+

𝑟𝑅

𝑅 + 𝑅0
(1 −

𝑅∗

𝑅∗ + 𝑅0
) −

𝑎𝐶𝑅𝑅∗

𝑅∗ + 𝑅0
(1 −

𝑅∗

𝑅∗ + 𝑅0
)

𝑎𝐶𝑅𝐶∗

𝑅∗ + 𝑅0
(1 −

𝑅∗

𝑅∗ + 𝑅0
) 0

]
 
 
 
 

= 𝐴 

from which the equation for the eigenvalues were given by the determinant det(𝐴 − 𝐼𝜆) = 0. Fig. 

1d shows 𝜆𝑚𝑎𝑥 as 𝑎𝐶𝑅 is varied from 1.2 to 1.8. Parameters: 𝑟 = 1, 𝐾 = 2, 𝑅0 = 0.4, 𝑒 = 0.5, 

𝑚𝐶 = 0.5. 

 

P-C-R Food Chain Model 

I extended the basic C-R module to a three-compartment food chain model, adding a top predator 

with a type II functional response. The specific equations were as follows:  

𝑑𝑅

𝑑𝑡
= 𝑟𝑅 (1 −

𝑅

𝐾
) −

𝑎𝐶𝑅𝐶𝑅

𝑅 + 𝑅0
 

𝑑𝐶

𝑑𝑡
=

𝑒𝑎𝐶𝑅𝐶𝑅

𝑅 + 𝑅0
− 𝑚𝐶𝐶 −

𝑎𝑃𝐶𝑃𝐶

𝐶 + 𝐶0
 

𝑑𝑃

𝑑𝑡
=

𝑒𝑎𝑃𝐶𝑃𝐶

𝐶 + 𝐶0
− 𝑚𝑃𝑃 

where 𝑅 is resource biomass, 𝐶 is consumer biomass, and 𝑃 is predator biomass. For the logistic 

growth of the resource, I have intrinsic growth rate 𝑟 and carrying capacity 𝐾. To model the 

interaction between species I have two attack rates: consumer on the resource 𝑎𝐶𝑅 and predator on 

the consumer 𝑎𝑃𝐶, with an assimilation rate 𝑒, and two half-saturation densities: the consumer on 

(1.2) 

(1.3) 

(1.4) 
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the resource 𝑅0 and the predator on the consumer 𝐶0. Finally, I have two mortality rates: the 

consumer 𝑚𝐶, the predator 𝑚𝑃.   

 Time series (figure 2a-c) were plotted after 9000 integration time steps, ensuring steady 

state, upwards to 10 000 integration time steps. Parameters: 𝑟 = 1, 𝐾 = 2, 𝑅0 = 0.5, 𝐶0 = 0.3, 

𝑒 = 0.5, 𝑚𝐶 = 0.5, 𝑚𝑃 = 0.3 with 𝑎𝐶𝑅 and 𝑎𝑃𝐶 varied as follows: 𝑎𝐶𝑅 = 1.3 and 𝑎𝑃𝐶 = 1.25 

(Fig. 2a), 𝑎𝐶𝑅 = 2 and 𝑎𝑃𝐶 = 1.25 (Fig. 2b), and 𝑎𝐶𝑅 = 2 and 𝑎𝑃𝐶 = 3  (Fig. 2c).   Initial 

conditions for the resource, consumer, and predator were 
1

2
𝑅∗, 𝐶∗, and 𝑃∗, where each is the 

numerically calculated equilibrium density. 

 

P-C1-C2-R Specialist Model 

I extended the P-C-R food chain model to a four-compartment model, adding a second consumer 

with a type II functional response. The specific equations were as follows:  

𝑑𝑅

𝑑𝑡
= 𝑟𝑅 (1 −

𝑅

𝐾
) −

𝑎𝐶1𝑅
𝐶1𝑅

𝑅 + 𝑅0
−

𝑎𝐶2𝑅𝐶2𝑅

𝑅 + 𝑅0
 

𝑑𝐶1

𝑑𝑡
=

𝑒𝑎𝐶1𝑅𝐶1𝑅

𝑅 + 𝑅0
− 𝑚𝐶1

𝐶1 −
𝑎𝑃𝐶1

𝑃𝐶1

𝐶1 + 𝐶0
 

𝑑𝐶2

𝑑𝑡
=

𝑒𝑎𝐶2𝑅𝐶2𝑅

𝑅 + 𝑅0
− 𝑚𝐶2

𝐶2 

𝑑𝑃

𝑑𝑡
=

𝑒𝑎𝑃𝐶1
𝑃𝐶1

𝐶1 + 𝐶0
− 𝑚𝑃𝑃 

where 𝑅 is resource biomass, 𝐶1 is consumer 1 biomass, 𝐶2 is consumer 2 biomass and 𝑃 is 

predator biomass. For the logistic growth of the resource, I have intrinsic growth rate 𝑟 and 

carrying capacity 𝐾. To model the interaction between species I have three attack rates: consumer 

1 on the resource 𝑎𝐶1𝑅, consumer 2 on the resource 𝑎𝐶2𝑅 and predator on consumer 1 𝑎𝑃𝐶1
, with 

an assimilation rate 𝑒, and two half-saturation densities: consumer 𝑖 on the resource 𝑅0 and the 

(1.5) 
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predator on consumer 𝑖 𝐶0. Finally, I have three mortality rates: consumer 𝑖 𝑚𝐶𝑖
 and the predator 

𝑚𝑃.   

 Time series (figure 2d) was plotted after 9000 integration time steps, ensuring steady state, 

upwards to 10 000 integration time steps. Parameters: 𝑟 = 1, 𝐾 = 2, 𝑅0 = 0.5, 𝐶0 = 0.5, 𝑒 = 0.5, 

𝑚𝐶 = 0.5, 𝑚𝑃 = 0.3, 𝑎𝐶1𝑅 = 2, 𝑎𝐶2𝑅 = 1.55, and 𝑎𝑃𝐶1
= 3.   Initial conditions for the resource, 

consumer 1, consumer 2, and predator were 
1

2
𝑅∗, 𝐶1

∗, 𝐶2
∗, and 𝑃∗, where each is the numerically 

calculated equilibrium density. 

 

P-C1-C2-R Generalist Model 

I extended the P-C1-C2-R model to a diamond model, having a predator with a multi-species 

functional response. The specific equations were as follows: 

𝑑𝑅

𝑑𝑡
= 𝑟𝑅 (1 −

𝑅

𝐾
) −

𝑎𝐶1𝑅𝐶1𝑅

𝑅 + 𝑅0
−

𝑎𝐶2𝑅𝐶2𝑅

𝑅 + 𝑅0
 

𝑑𝐶1

𝑑𝑡
=

𝑒𝑎𝐶1𝑅𝐶1𝑅

𝑅 + 𝑅0
− 𝑚𝐶1

𝐶1 −
𝑎𝑃𝐶1

𝑃𝐶1

1 + 𝑎𝑃𝐶1
ℎ𝑃𝐶1

𝐶1 + 𝑎𝑃𝐶2
ℎ𝑃𝐶2

𝐶2
 

𝑑𝐶2

𝑑𝑡
=

𝑒𝑎𝐶2𝑅𝐶2𝑅

𝑅 + 𝑅0
− 𝑚𝐶2

𝐶2 −
𝑎𝑃𝐶2

𝑃𝐶2

1 + 𝑎𝑃𝐶1
ℎ𝑃𝐶1

𝐶1 + 𝑎𝑃𝐶2
ℎ𝑃𝐶2

𝐶2
 

𝑑𝑃

𝑑𝑡
=

𝑒𝑃(𝑎𝑃𝐶1
𝐶1 + 𝑎𝑃𝐶2

𝐶2)

1 + 𝑎𝑃𝐶1
ℎ𝑃𝐶1

𝐶1 + 𝑎𝑃𝐶2
ℎ𝑃𝐶2

𝐶2
− 𝑚𝑃𝑃 

where 𝑅 is resource biomass, 𝐶1 is consumer 1 biomass, 𝐶2 is consumer 2 biomass and 𝑃 is 

predator biomass. For the logistic growth of the resource, I have intrinsic growth rate 𝑟 and 

carrying capacity 𝐾. To model the interaction between species I have four attack rates: consumer 

𝑖 on the resource 𝑎𝐶𝑖𝑅 and the predator on consumer 𝑖 𝑎𝑃𝐶𝑖
, with an assimilation rate 𝑒, a handling 

(1.6) 
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time of consumer 𝑖 by the predator ℎ𝑃𝐶𝑖
 and a half-saturation density of consumer 𝑖 on the resource 

𝑅0. Finally, I have three mortality rates: consumer 𝑖 𝑚𝐶𝑖
 and the predator 𝑚𝑃.   

 Time series (figure 2e) was plotted after 9000 integration time steps, ensuring steady state, 

upwards to 10 000 integration time steps. Parameters: 𝑟 = 1, 𝐾 = 2, 𝑅0 = 0.5, 𝑒 = 0.8, 𝑚𝐶 =

0.3, 𝑚𝑃 = 0.3, ℎ𝑃𝐶1
= 0.1, ℎ𝑃𝐶2

= 0.1, 𝑎𝐶1𝑅 = 2, 𝑎𝐶1𝑅 = 0.6, 𝑎𝑃𝐶1
= 3, 𝑎𝑃𝐶2

= 0.2. Initial 

conditions for the resource, consumer 1, consumer 2, and predator were 
1

2
𝑅∗, 𝐶1

∗, 𝐶2
∗, and 𝑃∗, 

where each is the numerically calculated equilibrium density. 
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APPENDIX B. CONSTRUCTION AND ANALYSIS OF THE R-N MODULE. 

 

R-N Module 

For the analysis of the R-N module, I use a limiting-nutrient pool and resource that are open to the 

environment, with Monod-like nutrient uptake by the resource. The specific equations I use are as 

follows: 

𝑑𝑁

𝑑𝑡
= 𝐼𝑁 −

𝑎𝑅𝑁𝑁𝑅

𝑘 + 𝑁
− 𝑙𝑁𝑁 

𝑑𝑅

𝑑𝑡
=

𝑎𝑅𝑁𝑁𝑅

𝑘 + 𝑁
− 𝑙𝑅𝑅 

where 𝑁 is limiting-nutrient pool nutrients and 𝑅 is nutrients assimilated by the resource. The 

limiting-nutrient pool has external inputs 𝐼𝑁. To model the uptake of nutrients I have the maximum 

rate of nutrient uptake by the resource 𝑎𝑅𝑁 and a half saturation density of 𝑘. Nutrients are lost 

from compartment 𝑖 according to 𝑙𝑖. 

 

Local Stability Analyses  

The local stability analyses for the model was based around the interior equilibrium: 

𝑅∗ =
(𝐼𝑁 − 𝑙𝑁𝑁∗)(𝑘 + 𝑁∗)

𝑎𝑅𝑁𝑁∗
 

𝑁∗ =
𝑘 𝑙𝑅

𝑎𝑅𝑁 − 𝑙𝑅
 

Local stability was determined by first linearizing the system about the interior equilibrium, giving 

the Jacobian matrix:  

(1.7) 

(1.8) 
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[
 
 
 
 −

𝐼𝑁(𝑙𝑅 − 𝑎𝑅𝑁)2 + 𝑙𝑁𝑙𝑅
2𝑘

𝑘 𝑙𝑅 𝑎𝑅𝑁
−𝑙𝑅

(𝑙𝑅 − 𝑎𝑅𝑁)(𝐼𝑁(𝑙𝑅 − 𝑎𝑅𝑁) + 𝑙𝑁𝑙𝑅𝑘)

𝑘 𝑙𝑅  𝑎𝑅𝑁
0

]
 
 
 
 

= 𝐴 

Expanding the determinant det(𝐴 − 𝐼𝜆) = 0 yields the characteristic equation: 

𝜆2 + 𝜆
𝐼𝑁(𝑙𝑅 − 𝑎𝑅𝑁)2 + 𝑙𝑁𝑙𝑅

2𝑘

𝑘 𝑙𝑅 𝑎𝑅𝑁
+

(𝑙𝑅 − 𝑎𝑅𝑁)(𝐼𝑁(𝑙𝑅 − 𝑎𝑅𝑁) + 𝑙𝑁𝑙𝑅𝑘)

𝑘 𝑎𝑅𝑁
= 0 

with the solutions to 𝜆1,2 given by:  

𝜆1,2 =

−
𝐼𝑁(𝑙𝑅 − 𝑎𝑅𝑁)2 + 𝑙𝑁𝑙𝑅

2𝑘
𝑘 𝑙𝑅  𝑎𝑅𝑁

± √(
𝐼𝑁(𝑙𝑅 − 𝑎𝑅𝑁)2 + 𝑙𝑁𝑙𝑅

2𝑘
𝑘 𝑙𝑅  𝑎𝑅𝑁

)

2

− 4 
(𝑙𝑅 − 𝑎𝑅𝑁)(𝐼𝑁(𝑙𝑅 − 𝑎𝑅𝑁) + 𝑙𝑁𝑙𝑅𝑘)

𝑘 𝑎𝑅𝑁

2
 

The trace of matrix 𝐴 satisfies the criterion for only negative real parts of 𝜆1,2 (see Strogatz (1984), 

Chapter 5, Section 2). Therefore, the R-N module is locally stable for all parameterizations. 

 

Interaction Strength and Local Stability  

 I determine how local stability changes as 𝑎𝑅𝑁 is increased (Figure 3). With increasing 

𝑎𝑅𝑁, a transcritical bifurcation occurs (𝜆𝑚𝑎𝑥 = 0) when 𝑎𝑅𝑁 is large enough to allow persistence 

of the resource. From there, three qualitatively distinct patterns of stabilization occur depending 

on which of the following inequalities/equality are satisfied: 𝑙𝑁 > 𝑙𝑅 , 𝑙𝑁 = 𝑙𝑅 , 𝑙𝑁 < 𝑙𝑅 (Fig. 3). I 

am able to prove the case of 𝑙𝑁 = 𝑙𝑅 as general with the following proof.  

Substituting 𝑙𝑁 and 𝑙𝑅  for 𝑙𝑖 in equation (2.1) and rearranging gives:  

𝜆1,2 =

−
𝐼𝑁(𝑙𝑖 − 𝑎𝑅𝑁)2 + 𝑙𝑖

3𝑘
𝑘 𝑙𝑖 𝑎𝑅𝑁

± √(
𝐼𝑁(𝑙𝑖 − 𝑎𝑅𝑁)2 + 𝑙𝑖

2𝑘(𝑙𝑖 − 2𝑎𝑅𝑁)
𝑘 𝑙𝑖 𝑎𝑅𝑁

)

2

2
 

 

 

(1.9) 

(2.0) 

(2.1) 

(2.2) 
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simplifying to  

𝜆1 = −𝑙𝑖 

𝜆2 = −
2𝐼𝑁(𝑙𝑖 − 𝑎𝑅𝑁)2 − 𝑙𝑖

2𝑘(𝑙𝑖 − 2𝑎𝑅𝑁) − 𝑙𝑖
3𝑘

2𝑘 𝑙𝑖 𝑎𝑅𝑁
 

where 𝜆1 evaluates the positive root and 𝜆2 evaluates the negative root. Evaluating 𝜆2 as 𝑎𝑅𝑁 

approaches ∞ yields: 

lim
𝑎𝑅𝑁→∞

𝜆2 = −∞ 

Therefore, 𝜆𝑚𝑎𝑥 must descend from zero until 𝜆2 = 𝜆1, at which point 𝜆𝑚𝑎𝑥 = −𝑙𝑅  for all 

increasing values of 𝑎𝑅𝑁.  

 For the general case of 𝑙𝑁 ≠ 𝑙𝑅 , I am able to analytically show where 𝜆𝑚𝑎𝑥 tends to for 

very large values of 𝑎𝑅𝑁. Rearranging equation (2.1) gives: 

𝜆1,2 =
𝐶1𝑎𝑅𝑁

2 + 𝐶2𝑎𝑅𝑁 + 𝐶3 ± √𝐶4𝑎𝑅𝑁
4 + 𝐶5𝑎𝑅𝑁

3 + 𝐶6𝑎𝑅𝑁
2 + 𝐶7𝑎𝑅𝑁 + 𝐶8

2 𝑘 𝑙𝑅 𝑎𝑅𝑁
 

where 

𝐶1 = −𝐼𝑁 

𝐶2 = 2𝐼𝑁𝑙𝑅 

𝐶3 = −𝐼𝑁𝑙𝑅
2 − 𝑙𝑁𝑙𝑅

2𝑘 

𝐶4 = 𝐼𝑁
2 

𝐶5 = −4𝐼𝑁
2𝑙𝑅 − 4𝐼𝑁𝑙𝑅

2𝑘 

𝐶6 = 6𝐼𝑁
2𝑙𝑅

2 + 8𝑙𝑁𝑙𝑅
3𝑘 + 4𝑙𝑁𝑙𝑅

3𝑘2 + 2𝐼𝑁𝑙𝑁𝑙𝑅
2𝑘 

𝐶7 = −4𝐼𝑁
2𝑙𝑅

3 − 4𝐼𝑁𝑙𝑁𝑙𝑅
3𝑘 + 𝑙𝑁𝑙𝑅

4𝑘2 + 𝐼𝑁𝑙𝑅
4𝑘 

𝐶8 = 𝐼𝑁
2𝑙𝑅

4 + 𝑙𝑁
2𝑙𝑅

4𝑘2 + 2𝐼𝑁𝑙𝑁𝑙𝑅
4𝑘 

(2.3) 

(2.4) 

(2.5) 
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Given a positive coefficient for the highest order term under the square root sign,  𝜆𝑚𝑎𝑥 must be 

real for very large values of 𝑎𝑅𝑁. Rationalizing the numerator of equation (2.5) and evaluating the 

limit of 𝜆1,2 as 𝑎𝑅𝑁 approaches ∞ yields: 

lim
𝑎𝑅𝑁→∞

𝜆1 = −𝑙𝑅  

lim
𝑎𝑅𝑁→∞

𝜆2 = −∞ 

where 𝜆1 evaluates the positive root and 𝜆2 evaluates the negative root. Therefore, 𝜆𝑚𝑎𝑥 must tend 

from 0 to −𝑙𝑅 as 𝑎𝑅𝑁 is increased.  

 Numerical analysis reveals that the horizontal asymptote can be approached from below or 

above, with 𝜆𝑚𝑎𝑥 approaching from above for 𝑙𝑁 > 𝑙𝑅  and from below for 𝑙𝑁 < 𝑙𝑅  (Fig. 3). 

Parameters for Fig. 3 are as follows:  

For the case of 𝑙𝑁 > 𝑙𝑅: 𝐼𝑁 = 0.1, 𝑘 = 0.5, 𝑙𝑁 = 0.2, 𝑙𝑅 = 0.1. 

For the case of 𝑙𝑁 = 𝑙𝑅: 𝐼𝑁 = 0.1, 𝑘 = 0.5, 𝑙𝑁 = 0.2, 𝑙𝑅 = 0.2. 

For the case of 𝑙𝑁 < 𝑙𝑅: 𝐼𝑁 = 0.1, 𝑘 = 0.5, 𝑙𝑁 = 0.2, 𝑙𝑅 = 0.3. 

 To determine the generality of each result I perform the experiment of increasing 𝑎𝑅𝑁 100 

times, randomizing the parameters within uniform ranges. For the case of 𝑙𝑁 < 𝑙𝑅, I hold 𝑙𝑁 = 0.1 

constant, randomizing other parameters in the following ranges: 𝐼𝑁 = 𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0.01,1), 𝑙𝑅 =

𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0.11,1),  𝑘 = 𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0.1,1). In all cases, 𝜆𝑚𝑎𝑥 descends below −𝑙𝑅 , before 

approaching −𝑙𝑅  from below. For the case of 𝑙𝑁 > 𝑙𝑅 , I hold 𝑙𝑅 = 0.1 constant, randomizing other 

parameters in the following ranges: 𝐼𝑁 = 𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0.01,1), 𝑙𝑁 = 𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0.11,1),  𝑘 =

𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0.1,1). In all cases, 𝜆𝑚𝑎𝑥 approaches −𝑙𝑅 from above.  

 Last, I consider the generality of zero and non-zero complex parts for 𝜆𝑚𝑎𝑥 when 𝑙𝑁 > 𝑙𝑅 

and 𝑙𝑁 < 𝑙𝑅. For the case of 𝑙𝑁 < 𝑙𝑅 , we hold 𝑙𝑁 = 0.1 constant, randomizing other parameters in 

the following ranges: 𝐼𝑁 = 𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0.01,1), 𝑙𝑅 = 𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0.11,1),  𝑘 = 𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0.1,1). In 

(2.6) 
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all cases, 𝜆𝑚𝑎𝑥 has non-zero complex parts for decreasing values and only real parts as 𝜆𝑚𝑎𝑥 

subsequently increases toward −𝑙𝑅 , consistent with the qualitative pattern shown in figure 3. For 

the case of 𝑙𝑁 > 𝑙𝑅 , I hold 𝑙𝑅 = 0.1 constant, randomizing other parameters in the following 

ranges: 𝐼𝑁 = 𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0.01,1), 𝑙𝑁 = 𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0.11,1),  𝑘 = 𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0.1,1). In all cases, 

𝜆𝑚𝑎𝑥 has only real parts.  

 

Nutrient Loading and Local Stability 

 I extended the analysis of interaction strength and stability by implicitly strengthening the 

R-N interaction through nutrient loading (i.e., forcing 𝐼𝑁) and asking how stability changes.  

 Starting with the special case of 𝑙𝑁 = 𝑙𝑅 , equation (2.3) gives the following: 

𝜆1 = −𝑙𝑖 

lim
𝐼𝑁→∞

𝜆2 = −∞ 

where 𝜆1 evaluates the positive root and 𝜆2 evaluates the negative root of equation (2.2). Therefore, 

𝜆𝑚𝑎𝑥 must descend from zero until 𝜆2 = 𝜆1, at which point 𝜆𝑚𝑎𝑥 = −𝑙𝑖 for all increasing values 

of 𝐼𝑁.  

For the general case of 𝑙𝑁 ≠ 𝑙𝑅 , I am able to analytically show where 𝜆𝑚𝑎𝑥 tends to for 

very large values of 𝐼𝑁. Given only positive values can be obtained for the highest order 𝐼𝑁 term 

under the square root sign of equation (2.1), 𝜆𝑚𝑎𝑥 must be real for very large values of 𝐼𝑁. 

Rationalizing the numerator of equation (2.1) and evaluating the limit of 𝜆1,2 as 𝐼𝑁 approaches ∞ 

yields: 

lim
𝐼𝑁→∞

𝜆1 = −𝑙𝑅 

lim
𝐼𝑁→∞

𝜆2 = −∞ 

(2.7) 
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where 𝜆1 evaluates the positive root and 𝜆2 evaluates the negative root. Therefore, 𝜆𝑚𝑎𝑥 must tend 

from 0 to −𝑙𝑅 as 𝐼𝑁 is increased.  

Numerical analysis reveals that the horizontal asymptote can be approached from below or 

above, with 𝜆𝑚𝑎𝑥 approaching from above for 𝑙𝑁 > 𝑙𝑅  and from below for 𝑙𝑁 < 𝑙𝑅  (Fig. B1). 

Parameters for Fig. B1 are as follows:  

For the case of 𝑙𝑁 > 𝑙𝑅: 𝑎𝑅𝑁 = 0.8, 𝑘 = 0.5, 𝑙𝑁 = 0.2, 𝑙𝑅 = 0.1. 

For the case of 𝑙𝑁 = 𝑙𝑅: 𝑎𝑅𝑁 = 0.8, 𝑘 = 0.5, 𝑙𝑁 = 0.2, 𝑙𝑅 = 0.2. 

For the case of 𝑙𝑁 < 𝑙𝑅: 𝑎𝑅𝑁 = 0.8, 𝑘 = 0.5, 𝑙𝑁 = 0.2, 𝑙𝑅 = 0.3. 

 

 

Figure B1. Local stability (dominant eigenvalue; 𝜆𝑚𝑎𝑥) of the R-N subsystem as 𝐼𝑁 is increased 

for 𝑙𝑁 > 𝑙𝑅  (light gray), 𝑙𝑁 = 𝑙𝑅  (dark gray), and 𝑙𝑁 < 𝑙𝑅  (black line). Solid lines are real parts and 

dashed lines are complex parts of 𝜆𝑚𝑎𝑥. 

 

 

 

 To determine the generality of each result I perform the experiment of increasing 𝐼𝑁 100 

times, randomizing the parameters within uniform ranges. For the case of 𝑙𝑁 < 𝑙𝑅, I hold 𝑙𝑁 = 0.1 

constant, randomizing other parameters in the following ranges: 𝑎𝑅𝑁 = 𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0.1,3), 𝑙𝑅 =

𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0.11,1),  𝑘 = 𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0.1,1). In all cases, 𝜆𝑚𝑎𝑥 descends below −𝑙𝑅, before 

approaching −𝑙𝑅 from below. For the case of 𝑙𝑁 > 𝑙𝑅 , we hold 𝑙𝑅 = 0.1 constant, randomizing 
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other parameters in the following ranges: 𝑎𝑅𝑁 = 𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0.1,3), 𝑙𝑁 = 𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0.11,1),  𝑘 =

𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0.1,1). In all cases, 𝜆𝑚𝑎𝑥 approaches −𝑙𝑅 from above.  

 Last, I consider the generality of zero and non-zero complex parts for 𝜆𝑚𝑎𝑥 when 𝑙𝑁 > 𝑙𝑅 

and 𝑙𝑁 < 𝑙𝑅. For the case of 𝑙𝑁 < 𝑙𝑅 , we hold 𝑙𝑁 = 0.1 constant, randomizing other parameters in 

the following ranges: 𝑎𝑅𝑁 = 𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0.1,3), 𝑙𝑅 = 𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0.11,1),  𝑘 = 𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0.1,1). 

In all cases, 𝜆𝑚𝑎𝑥 has non-zero complex parts for decreasing values and only real parts as 𝜆𝑚𝑎𝑥 

subsequently increases toward −𝑙𝑅, consistent with the qualitative pattern shown in figure 3. For 

the case of 𝑙𝑁 > 𝑙𝑅 , I hold 𝑙𝑅 = 0.1 constant, randomizing other parameters in the following 

ranges: 𝑎𝑅𝑁 = 𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0.1,3), 𝑙𝑁 = 𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0.11,1),  𝑘 = 𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0.1,1). In all cases, 

𝜆𝑚𝑎𝑥 has only real parts.  
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APPENDIX C. CONSTRUCTION AND ANALYSIS OF NUTRIENT-LIMITED FOOD 

CHAINS 

 

C-R-N Model 

I extend the basic R-N module to a three-compartment nutrient-limited model, adding a consumer 

with a type II functional response. The specific equations are as follows:  

𝑑𝑁

𝑑𝑡
= 𝐼𝑁 −

𝑎𝑅𝑁𝑅𝑁

𝑘 + 𝑁
− 𝑙𝑁𝑁 

𝑑𝑅

𝑑𝑡
=

𝑎𝑅𝑁𝑅𝑁

𝑘 + 𝑁
− 𝑙𝑅𝑅 −

𝑎𝑅𝐶𝐶𝑅

𝑅 + 𝑅0
 

𝑑𝐶

𝑑𝑡
=

𝑒𝑎𝑅𝐶𝐶𝑅

𝑅 + 𝑅0
− 𝑙𝐶𝐶 

where 𝑁 is limiting-nutrient pool nutrients, 𝑅 is nutrients assimilated by the resource, and 𝐶 is 

nutrients assimilated by the consumer. The limiting-nutrient pool has external inputs 𝐼𝑁. To model 

the uptake of nutrients I have two maximum uptake rates: uptake from the limiting-nutrient pool 

by the resource 𝑎𝑅𝑁 and uptake from resource by the consumer 𝑎𝐶𝑅, with an assimilation efficiency 

𝑒, and two half saturation densities: the resource on the limiting nutrient pool 𝑘 and the consumer 

on the resource 𝑅0. Nutrients are lost from compartment 𝑖 according to 𝑙𝑖. 

 

P-C-R-N Model 

I extended the C-R-N model to a four-compartment nutrient-limited model, adding a top predator 

with a type II functional response. The specific equations are as follows:  

𝑑𝑁

𝑑𝑡
= 𝐼𝑁 −

𝑎𝑅𝑁𝑅𝑁

𝑘 + 𝑁
− 𝑙𝑁𝑁 

𝑑𝑅

𝑑𝑡
=

𝑎𝑅𝑁𝑅𝑁

𝑘 + 𝑁
− 𝑙𝑅𝑅 −

𝑎𝐶𝑅𝐶𝑅

𝑅 + 𝑅0
 

(3.0) 

(3.1) 
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𝑑𝐶

𝑑𝑡
=

𝑒𝑎𝐶𝑅𝐶𝑅

𝑅 + 𝑅0
− 𝑙𝐶𝐶 −

𝑎𝑃𝐶𝑃𝐶

𝐶 + 𝐶0
 

𝑑𝑃

𝑑𝑡
=

𝑒𝑎𝑃𝐶𝑃𝐶

𝐶 + 𝐶0
− 𝑙𝑃𝑃 

where 𝑁 is limiting-nutrient pool nutrients, 𝑅 is nutrients assimilated by the resource, 𝐶 is nutrients 

assimilated by the consumer, and 𝑃 is nutrients assimilated by the predator. The limiting-nutrient 

pool has external inputs 𝐼𝑁. To model the uptake of nutrients I have three maximum uptake rates: 

uptake from the limiting-nutrient pool by the resource 𝑎𝑅𝑁, uptake from resource by the consumer 

𝑎𝐶𝑅, and uptake from consumer by the predator 𝑎𝑃𝐶, with an assimilation efficiency 𝑒, and three 

half saturation densities: the resource on the limiting nutrient pool 𝑘, the consumer on the resource 

𝑅0, and the predator on the consumer 𝐶0. Nutrients are lost from compartment 𝑖 according to 𝑙𝑖. 

 

P-C1-C2-R-N Model 

I extended the P-C-R-N model to a five-compartment nutrient-limited model, adding a second 

consumer with a type II functional response. The specific equations are as follows:  

𝑑𝑁

𝑑𝑡
= 𝐼𝑁 −

𝑎𝑅𝑁𝑅𝑁

𝑘 + 𝑁
− 𝑙𝑁𝑁 

𝑑𝑅

𝑑𝑡
=

𝑎𝑅𝑁𝑅𝑁

𝑘 + 𝑁
− 𝑙𝑅𝑅 −

𝑎𝐶1𝑅𝐶1𝑅

𝑅 + 𝑅0
−

𝑎𝐶2𝑅𝐶2𝑅

𝑅 + 𝑅0
 

𝑑𝐶1

𝑑𝑡
=

𝑒𝑎𝐶1𝑅𝐶1𝑅

𝑅 + 𝑅0
− 𝑙𝐶1

𝐶1 −
𝑎𝑃𝐶1

𝑃𝐶1

𝐶1 + 𝐶0
 

𝑑𝐶2

𝑑𝑡
=

𝑒𝑎𝐶2𝑅𝐶2𝑅

𝑅 + 𝑅0
− 𝑙𝐶2

𝐶2 

𝑑𝑃

𝑑𝑡
=

𝑒𝑎𝑃𝐶1
𝑃𝐶1

𝐶1 + 𝐶0
− 𝑙𝑃𝑃 

(3.2) 
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where 𝑁 is limiting-nutrient pool nutrients, 𝑅 is nutrients assimilated by the resource, 𝐶1 is 

nutrients assimilated by the first consumer, 𝐶2 is nutrients assimilated by the second consumer and 

𝑃 is nutrients assimilated by the predator. The limiting-nutrient pool has external inputs 𝐼𝑁. To 

model the uptake of nutrients I have four maximum uptake rates: uptake from the limiting-nutrient 

pool by the resource 𝑎𝑅𝑁, uptake from resource by the first consumer 𝑎𝐶1𝑅, uptake from resource 

by the second consumer 𝑎𝐶2𝑅, and uptake from the first consumer by the predator 𝑎𝑃𝐶1
, with an 

assimilation efficiency 𝑒, and three half saturation densities: the resource on the limiting nutrient 

pool 𝑘, consumer 𝑖 on the resource 𝑅0, and the predator on the first consumer 𝐶0. Nutrients are 

lost from compartment 𝑖 according to 𝑙𝑖. 

 

Stability Analysis 

Global stability was determined over a range of values for 𝑎𝑅𝑁 (Fig. 4). The lower endpoint 

of the range for 𝑎𝑅𝑁 is defined as the point where all compartments persist at densities greater than 

zero, with the upper endpoint for 𝑎𝑅𝑁 set to 5. The analyses were run for 10 000 integration steps, 

with the local maxima and minima of the consumer density collected over the last 100 integration 

steps. The analyses were only performed on the last 100 integration steps to ensure steady state.  

The local stability of the interior equilibrium was analyzed over a range of values for 𝑎𝑅𝑁 

identical to global stability analyses (Fig. 4). The interior equilibrium, Jacobian matrix, and 

eigenvalues were calculated numerically using Mathematica 11.  

The parameter values for Fig. 4 are as follows:  

(a ) 𝐼𝑁 = 0.5, 𝑙𝑁 = 0.1, 𝑙𝑅 = 0.2, 𝑙𝐶 = 0.2, 𝑘 = 0.5, 𝑅0 = 0.5, 𝑒 = 0.8, 𝑎𝐶𝑅 = 1.6.  

(b) 𝐼𝑁 = 0.5, 𝑙𝑁 = 0.1, 𝑙𝑅 = 0.2, 𝑙𝐶 = 0.5, 𝑙𝑃 = 0.3, 𝑘 = 0.5, 𝑅0 = 0.5, 𝐶0 = 0.3, 𝑒 = 0.5, 𝑎𝐶𝑅 =

2, 𝑎𝐶𝑃 = 1.25. 
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(c) 𝐼𝑁 = 0.5, 𝑙𝑁 = 0.1, 𝑙𝑅 = 0.2, 𝑙𝐶 = 0.5, 𝑙𝑃 = 0.3, 𝑘 = 0.5, 𝑅0 = 0.5, 𝐶0 = 0.3, 𝑒 = 0.5, 𝑎𝐶𝑅 =

2, 𝑎𝐶𝑃 = 3. 

(d) 𝐼𝑁 = 0.5, 𝑙𝑁 = 0.1, 𝑙𝑅 = 0.2, 𝑙𝐶1
= 0.5, 𝑙𝐶2

= 0.5, 𝑙𝑃 = 0.3, 𝑘 = 0.5, 𝑅0 = 0.5, 𝐶0 = 0.3, 𝑒 =

0.5, 𝑎𝐶1𝑅 = 2, 𝑎𝐶2𝑅 = 1.55 𝑎𝐶𝑃 = 3.  

 

Nutrient Loading Stability Analysis 

Global stability was determined over a range of values for 𝐼𝑁 (Fig. C1). The lower endpoint of the 

range for 𝐼𝑁 is defined as the point where all compartments persist at densities greater than zero, 

with the upper endpoint for 𝐼𝑁 set to 3. The analyses were run for 10 000 integration steps, with 

the local maxima and minima of the consumer density collected over the last 100 integration steps. 

The analyses were only performed on the last 100 integration steps to ensure steady state.  

The local stability of the interior equilibrium was analyzed over a range of values for 𝐼𝑁 

identical to global stability analyses. The interior equilibrium, Jacobian matrix, and eigenvalues 

were calculated numerically using Mathematica 11. 

The parameter values for Fig. C1 are as follows:  

(a) 𝑙𝑁 = 0.1, 𝑙𝑅 = 0.2, 𝑙𝐶 = 0.2, 𝑘 = 0.5, 𝑅0 = 0.5, 𝑒 = 0.8, 𝑎𝑅𝑁 = 0.8, 𝑎𝐶𝑅 = 1.6.  

(b) 𝑙𝑁 = 0.1, 𝑙𝑅 = 0.2, 𝑙𝐶 = 0.5, 𝑙𝑃 = 0.3, 𝑘 = 0.5, 𝑅0 = 0.5, 𝐶0 = 0.3, 𝑒 = 0.5, 𝑎𝑅𝑁 = 0.8, 

𝑎𝐶𝑅 = 2, 𝑎𝐶𝑃 = 1.25. 

(c) 𝑙𝑁 = 0.1, 𝑙𝑅 = 0.2, 𝑙𝐶 = 0.5, 𝑙𝑃 = 0.3, 𝑘 = 0.5, 𝑅0 = 0.5, 𝐶0 = 0.3, 𝑒 = 0.5, 𝑎𝑅𝑁 = 0.8, 

𝑎𝐶𝑅 = 2, 𝑎𝐶𝑃 = 3. 

(d) 𝑙𝑁 = 0.1, 𝑙𝑅 = 0.2, 𝑙𝐶1
= 0.5, 𝑙𝐶2

= 0.5, 𝑙𝑃 = 0.3, 𝑘 = 0.5, 𝑅0 = 0.5, 𝐶0 = 0.3, 𝑒 = 0.5, 

𝑎𝑅𝑁 = 0.8, 𝑎𝐶1𝑅 = 2, 𝑎𝐶2𝑅 = 1.55 𝑎𝐶𝑃 = 3.  
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Figure C1. a, b, c, d, Non-equilibrium dynamics (log10(C1,max/C1,min)) and equilibrium stability 

(dominant eigenvalue; 𝜆𝑚𝑎𝑥) of the C-R-N, P-C-R-N with a single oscillator, P-C-R-N with 

coupled oscillators, and P-C1-C2-R-N modules, respectively, as nutrient loading (𝐼𝑁) is varied.  
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APPENDIX D. CONSTRUCTION AND ANALYSIS OF NUTRIENT-LIMITED 

ECOSYSTEM MODELS  

 

C-R-N-D Model 

I extended the C-R-N model to a four-compartment nutrient-limited ecosystem model, adding a 

detrital compartment that mineralizes nutrients back to the limiting-nutrient pool. The specific 

equations are as follows:  

𝑑𝑁

𝑑𝑡
= 𝐼𝑁 + 𝑑𝐷𝐷 −

𝑎𝑅𝑁𝑅𝑁

𝑘 + 𝑁
− 𝑙𝑁𝑁 

𝑑𝑅

𝑑𝑡
=

𝑎𝑅𝑁𝑅𝑁

𝑘 + 𝑁
− 𝑙𝑅𝑅 − 𝑚𝑅𝑅 −

𝑎𝐶𝑅𝐶𝑅

𝑅 + 𝑅0
 

𝑑𝐶

𝑑𝑡
=

𝑒𝑎𝐶𝑅𝐶𝑅

𝑅 + 𝑅0
− 𝑙𝐶𝐶 − 𝑚𝐶𝐶 

𝑑𝐷

𝑑𝑡
= 𝑚𝐶𝐶 + 𝑚𝑅𝑅 +

(1 − 𝑒)𝑎𝐶𝑅𝐶𝑅

𝑅 + 𝑅0
− 𝑑𝐷𝐷 − 𝑙𝐷𝐷 

 

where 𝑁 is limiting-nutrient pool nutrients, 𝑅 is nutrients assimilated by the resource, 𝐶 is nutrients 

assimilated by the consumer, and 𝐷 is nutrients present in detritus. The limiting-nutrient pool has 

an external input 𝐼𝑁 and an internal recycling input 𝑑𝐷𝐷 where 𝑑𝐷 is the rate of mineralization of 

nutrients in the detrital compartment. To model the uptake of nutrients I have two maximum uptake 

rates: uptake from the limiting-nutrient pool by the resource 𝑎𝑅𝑁 and uptake from resource by the 

consumer 𝑎𝐶𝑅, with an assimilation efficiency 𝑒, and two half saturation densities: the resource on 

the limiting nutrient pool 𝑘 and the consumer on the resource 𝑅0. Nutrients are lost from 

compartment 𝑖 according to 𝑙𝑖. Nutrients from compartment C and R are conserved in the system 

(3.3) 
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and contribute to detritus according to the mortality term 𝑚𝑖. Inefficiencies in nutrient assimilation 

and sloppy feeding by consumers also contribute towards the detrital pool.  

 

Stability Analysis  

Global stability was determined over a range of values for 𝑎𝑅𝑁 (Fig. 5). The lower endpoint 

of the range for 𝑎𝑅𝑁 is defined as the point where all compartments persist at densities greater than 

zero, with the upper endpoint for 𝑎𝑅𝑁 set to 5. The analyses were run for 10 000 integration steps, 

with the local maxima and minima of the consumer density collected over the last 100 integration 

steps. The analyses were only performed on the last 100 integration steps to ensure steady state.  

The local stability of the interior equilibrium was analyzed over a range of values for 𝑎𝑅𝑁 

identical to global stability analyses. The interior equilibrium, Jacobian matrix, and eigenvalues 

were calculated numerically using Mathematica 11.  

The parameter values for Fig. 5 are as follows:  

(a ) 𝐼𝑁 = 0.5, 𝑙𝑁 = 0.1, 𝑙𝑅 = 0.2, 𝑙𝐶 = 0.2, 𝑘 = 0.5, 𝑅0 = 0.5, 𝑒 = 0.8, 𝑎𝐶𝑅 = 1.6. 

(b) 𝐼𝑁 = 0.5, 𝑙𝑁 = 0.1, 𝑙𝑅 = 0.1, 𝑚𝑅 = 0.1, 𝑙𝐶 = 0.3, 𝑚𝐶 = 0.2, 𝑙𝐷 = 0.2, 𝑑𝐷 = 0.01, 𝑘 = 0.5, 

𝑅0 = 0.5, 𝑒 = 0.8, 𝑎𝐶𝑅 = 1.6.  

 

Nutrient Loading Stability Analysis 

Global stability was determined over a range of values for 𝐼𝑁 (Fig. D1). The lower endpoint of the 

range for 𝐼𝑁 is defined as the point where all compartments persist at densities greater than zero, 

with the upper endpoint for 𝐼𝑁 set to 3. The analyses were run for 10 000 integration steps, with 

the local maxima and minima of the consumer density collected over the last 100 integration steps. 

The analyses were only performed on the last 100 integration steps to ensure steady state.  
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The local stability of the interior equilibrium was analyzed over a range of values for 𝐼𝑁 

identical to global stability analyses. The interior equilibrium, Jacobian matrix, and eigenvalues 

were calculated numerically using Mathematica 11. 

The parameter values for Fig. D1 are as follows:  

(a) 𝑙𝑁 = 0.1, 𝑙𝑅 = 0.2, 𝑙𝐶 = 0.2, 𝑘 = 0.5, 𝑅0 = 0.5, 𝑒 = 0.8, 𝑎𝑅𝑁 = 0.8, 𝑎𝐶𝑅 = 1.6.  

(b) 𝑙𝑁 = 0.1, 𝑙𝑅 = 0.2, 𝑙𝐶 = 0.2, 𝑙𝐷 = 0.2, 𝑑𝐷 = 0.01 𝑘 = 0.5, 𝑅0 = 0.5, 𝑒 = 0.8, 𝑎𝑅𝑁 = 0.8, 

𝑎𝐶𝑅 = 1.6. 

 

Figure D1. a, b, Non-equilibrium dynamics (log10(C1,max/C1,min)) and equilibrium stability 

(dominant eigenvalue; 𝜆𝑚𝑎𝑥) of the C-R-N and C-R-N-D models, respectively, as nutrient loading 

(𝐼𝑁) is varied.  

 


