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ABSTRACT

A MODELLING STUDY OF BACTERIAL POPULATIONS

UNDER FINITE ANTIBIOTIC EXPOSURE

Alvaro Balkowski Advisor:

University of Guelph, 2020 Dr. Hermann J. Eberl

Antimicrobial resistance (AMR) is one of the greatest challenges to modern medicine.

Mathematical modelling proves to be a powerful tool in researching new methods for combat-

ing AMR by furthering our understanding of bacterial response to antibiotics. Traditionally,

it is understood that bacteria become vulnerable to antibiotics through substrate consump-

tion. This study presents an alternate perspective in which bacteria bolster defences by

rapidly consuming substrate upon antibiotic exposure. Through incorporation of algebraic

terms for cell maintenance, retention, and viability into the continuous standard chemo-

stat model, we account for changes in low biomass densities while retaining the benefits of

continuous bacterial growth models. To determine which factors cause bacterial recovery,

numerical simulations were used to replicate variations in system conditions of a finite dura-

tion antibiotic treatment. We determined that bacterial recovery depended directly on the

biomass concentration at the conclusion of treatment and indirectly on substrate concentra-

tion and treatment phase duration. The results demonstrate that modifying a continuous

bacterial growth model is a viable strategy for simulating bacterial exposure to antibiotics.
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Chapter 1

Introduction

In 2017, the World Health Organization (WHO) declared that the threat of antimicrobial

resistance (AMR) is becoming the greatest danger to human health [23] and is challenging

modern medicine [12]. Some efforts are being made, such as research that is being conducted

in which 51 potential antibiotics are being explored, and the WHO has determined that

only 8 of those will be effective additions to fighting resistance [23]. Despite these research

efforts, AMR has led the medical field from common, easily administered antibiotics with

few side effects to antibiotics that are less effective and more toxic [13]. The loss in treatment

effectiveness means that patients are to be treated for a longer period of time, which incurs

a higher cost to healthcare [13].

The implications on healthcare costs are not only associated strictly to healthcare, as a

study by a group based in the EU calculated the expenses to be 900 million euros and 600

million sick days taken by employees, annually [24]. A Chicago-based study determined that

the cost to the US is currently between 16− 26 billion dollars annually as a consequence of

AMR, and that number continues to skyrocket [25]. The WHO has also observed that not

only is the world ill-equipped to handle AMR, but its existence is largely unknown to the

public [12]. In order to incentivize investments into antibiotic research beyond government

and private funding, there needs to be an increase in demand for more effective antibiotics

or other methods [26].

Antibiotics are molecules that target and cause bacterial cell death (directly or indi-

rectly), proving themselves useful in combatting infection and disease [11]. There are several

mechanisms by which antibiotics are rendered ineffective against bacteria. These mecha-

nisms are described by a series of chemical and biological factors that induce resistance,

such as modification of the bacterial cell wall structure, biochemical prevention of antibiotic
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binding to important components in the cell, or the modification of antibiotics by enzymes

so interaction cannot happen [11].

In addition to antibiotics, there do exist treatment alternatives such as antibiotic ad-

juvants, which are non-antibiotic molecules that work by supporting immune reaction or

augmenting antibiotic efficacy by suppressing bacterial response [27], [41]. However, before

alternative treatment methods can replace antibiotics, more research and infrastructure is

needed that is not there at the moment due to the prevalence of antibiotics in the past

century. It is clear that AMR is clearly a problem that is of critical importance and requires

immediate action.

Through analysis of bacteria at the cellular level, numerous methods of treatment have

been discovered for AMR. There are various factors responsible for improving or reducing the

effectiveness of antibiotics: Biofilm starvation [22], carbon source choice [31] or the role of

efflux pump in resistance [32]. Traditionally, it has been understood that when bacteria have

an abundance of carbon for sustenance, the efficacy of antibiotics is significantly diminished,

despite their increased vulnerability when under the state of increased metabolic activity

[22]. An alternative behaviour presented in this journal is that cells absorb substrate when

exposed to a source of cellular damage, like an antibiotic [14].

What often makes bacteria such formidable opponents is not only their genetic assets or

ability to modify cellular structure to danger, but also their structural composition when

bacterial cells attach to a surface within close proximity of each other [15]. Under favourable

growth conditions, many species of bacteria are capable of forming a structure on top of a

surface, resulting in what is known as a biofilm [15]. Biofilms are protective structures that

are comprised of bacteria and a substance known as EPS (extracellular polymeric substances)

that form a protective layer to shield the colony from external physical bodies [15]. This

complex system is comprised of two main constituents: the members in the outer and inner

layers of the biofilm. Each layer has different contributions and requirements for continued

biofilm development and overall survival [15].

While biofilms can have some useful properties in areas such as filtration in wastewater

treatment and engineering, they can be harmful as well. Biofilms are the largest problem in

catheter contamination in intensive care units, as they prevent effective treatment [16] and

biofilms are known to corrode cast iron pipes, negatively impacting drinking water [17].
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1.1 Mathematical Modelling

Mathematical modelling has proven to be a valuable tool for researching AMR and possible

solutions. Mathematical models are used to establish patterns and connections between

data, allowing researchers to better understand what leads to AMR [28]. In addition, one

has the ability to replicate experiments using a mathematical model without a laboratory.

There are many degrees of complexity that go into bacterial growth modelling. Over

time, many variations of growth models have emerged to describe bacterial growth-such as

Gompertz, Logistic and the standard chemostat along with their respective variations [30].

Each of these variations is superior in different situations to the others in terms of modelling

data-for example, Monod kinetics-based growth models like the standard chemostat are

effective in situations where substrate limitation plays a significant role on the system [3].

One of the main issues with population growth modelling is the inability to simultaneously

track populations at high and low biomass densities accurately [36]. At low concentrations

the heterogeneity of cells becomes significant [42] and the cell count is too low to approximate

using a continuous model [36]. As a result, a discrete model can be developed to simulate

individual cells [43], which can be helpful in meeting requirements for safety [47].

A possible solution could be to use both models separately as a guide for the other. In

Baranyi’s comparison of discrete and continuous models in growth lag [46], it was shown

that cell heterogeneity makes a difference in capturing biomass densities because of varying

growth rates. Another method used both discrete and continuous models to confirm that

above a certain population count, continuous models were sufficient to represent growth, but

not below [45].

In this study, we have a continuous model that needs to capture low density scenarios

resulting from the use of antibiotics to damage cell population and heterogeneity. Continuous

models fail at accurately describing cell heterogeneity, while discrete models excel at low

biomass densities. The solution is to modify the model in a way that can replicate damaged

cell viability at low biomass densities to account for antibiotic treatment, while retaining

the ease of implementation that continuous models bring. Additionally, treatment duration

and frequency of antibiotics must be assumed to be finite, which is the most realistic and

optimal treatment strategy in bacterial modelling that introduces antibiotic treatments [47],

[51].

There are many perspectives to bacterial growth modelling, including: discrete stochastic

models, microbiological perspectives, or parameter sensitivity analysis (black box) models.
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Some examples of these approaches are:

• Stochastic descriptions of bacterial growth with antibiotic treatment consider the al-

ternating of two growth rate states, one fast and one slow, to each individual cell to

monitor all population levels, including critically low densities using stochastic differ-

ential equations to model each cell in [36].

• Black box models that, in conjunction with experimental data to provide an initial

guess, determined the accuracy of their results by mean squared errors and other

statistical techniques, or by using an artificial neural network to establish parameter

variation limits [35], [37].

• Bacteria is assumed to be able to grow even from a few bacterial cells when in a

growth environment, this would call for single bacterial cell growth modelling where

the description of cellular growth mechanics operate from a physical and biochemical

perspective, as shown in [36].

The continuous population modelling approach has not been extensively explored as a means

to approximate both low and high densities. The approach to bacterial modelling that will

be used in this study is to modify existing continuous models with effects that can mimic

cell heterogeneity, granting the ability to capture low bacterial densities in simulations.

1.2 Standard Population Growth Models

The logistic growth model (when applied to population growth) is expressed as

dN(t)

dt
= rN(t)

[
1− N(t)

k

]
,

where r > 0 is the biological growth rate constant, N(t) is the bacterial population size at

time t ≥ 0 and k > 0 is the carrying capacity of the population [29]. Setting the right hand

side of the differential equation to 0, it can be seen that there are two steady states, N = 0

and N = k; the population dies out or reaches carrying capacity. For values of N < 0,
dN
dt

< 0 and for small values of N > 0, dN
dt

> 0, indicating that the trivial steady state is

unstable [29].
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The Gompertz model, highly popularized by tumour growth modelling, can be applied

to bacterial growth as well [30]. It has a few equivalent expressions, however the one most

used for growth is
dN(t)

dt
= −kN ln(N).

Naively, it might be inferred that this model struggles to accurately represent data as N

approaches 0, however, approaching values of N closer to 0, −kN approaches 0, but ln(N)

approaches −∞. Thus, it is actually an indeterminate form. The expression is rearranged

to the form
dN(t)

dt
=

ln(N)
1
−kN

.

Implementing L’Hopital’s rule, the expression becomes kN which approaches 0 as N → 0.

As the Gompertz model does not account for substrate becoming limited, it is not a suitable

candidate to model bacterial populations for the context of this research.

The standard chemostat model is expressed as a system of two ordinary differential

equations

Ṅ = f(C)N − qN,

Ċ = −µf(C)N + q(C0 − C),

where,

f(C) =
fmaxC

fn + C
.

With N being the bacterial concentration and C the substrate concentration, respectively.

The parameter fmax is the maximum growth rate, fn is the half saturation concentration, q is

the dilution rate and C0 is the inflow concentration. The standard chemostat uses a Monod-

based bacterial growth kinetics model to account for how substrate limitation affects growth

[30]. Reactions occur within the chemostat, which ensures that the amount of both reactants

and products are accurately quantified to preserve the conservation of mass in the reactor

[30]. Starting with Ṅ = 0, either f(C) − q = 0 or N = 0. The steady state corresponding

to N = 0 is the trivial biomass concentration, substituting into Ċ = 0, q(C0 − C) = 0 with

q > 0. Then, C = C0 and the trivial equilibrium is (N∗, C∗) = (0, C0). Linearizing about

this point,

J(N,C) =

[
f(C)− q f ′(C)N

−µf(C) −µf ′(C)N − q

]
,

which shows that the trivial equilibrium point is unstable provided q < f(C0).
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The long term behaviour demonstrates that a common and notable feature of these

models is the trivial equilibrium being unstable [10]. Practically, this implies that a bacterial

population described by any of these growth kinetics will never actually die out.

Many complications can arise in bacterial population modelling, such as inaccuracies in

tracking bacterial concentrations in a lab setting, which can hinder future research. As an

example, some research tracks metabolic activity through bacterial CO2 emissions [8]. Aside

from CO2 tracking, other techniques can be used, such as tracking optical density [8], [40].

For the purposes of this study, bacterial metabolic activity will be tracked through CO2

emissions, which is used to indirectly represent bacterial concentrations.

Antibiotic concentrations viable for human use are well understood, however, to under-

stand the extent of bacterial resilience, one must explore concentrations that are fatal to

humans. In Jackson’s study on the role of carbon in bacterial response to streptomycin, the

antibiotic concentration is set to 4000 mg/L and bacteria are exposed over finite treatment

periods [14]. The experiments began with multi-species bacterial biofilm starting out in a

3g/L TSB (tryptic soy broth) growth medium with no additional carbon sources [14]. The

biofilm was left to develop until it reached early steady state [14] and the resulting CO2 ex-

penditure was captured and measured [8]. Through experimentation, it was concluded that

in a growth environment, bacteria would die out when exposed to a treatment consisting

only of antibiotic (4000 mg/L streptomycin) for 4 hours at a constant temperature of 25◦C

in the presence of no additional carbon sources [14]. Upon integrating a carbon source into

the treatment phase, bacterial levels would drop to near-death concentrations, after which

the bacteria would proliferate to early steady state levels [14]. While it may seem intuitive

that increasing the concentration of antibiotics results in bacterial death with no likelihood

of recovery, this is not reflected in experimental data presented in Jackson’s study [14].

We arrive at the objective of our study: To create and evaluate the feasibility of a

continuous chemostat model with added modifications capable of capturing low biomass

densities that result from exposure to finite antibiotic treatments in a carbon-based growth

environment. In doing so, we hope to prove that this approach is capable of mathemati-

cally validating real life experimentation, while rectifying current modelling setbacks. The

challenges in formulating this model are in specifying modifications that will replicate cell

damage without impacting the modelling benefits of continuous growth models.
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Chapter 2

Modified Bacterial Growth Model

2.1 Introduction

The aim of this section is to explore the effects of modifying a standard single species, single

substrate chemostat model. Additional processes will be implemented by way of adding

new terms and factors to the existing standard chemostat equations. This will establish a

change in stability of the standard trivial equilibrium and will increase the effectiveness of

the model. The result will provide insight into whether these modifications can be extended

into more sophisticated growth models. Analysing the long term behaviour of the system

will demonstrate the impact the modifications have on the model.

2.2 Assumptions

1. The chemostat reactor is continuously supplied with substrate as the inflow, and unused

substrate and suspended bacteria are washed out.

2. Bacterial biomass grows through the introduction of carbon based substrates to the

aqueous solution in the reactor.

3. Cell loss via cell death is proportional to biomass density.

4. In addition to being suspended in the aqueous phase, cells can become attached to the

reactor wall. The washout rate for these wall-attached cells would be slower than the

chemostat inflow rate.
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5. When the viable cell concentration approaches zero, the growth rate is lower than the

growth rate at high viable cell concentrations. Physically, when biomass concentrations

are sufficiently low, more cells are no longer considered viable because mechanisms

responsible for new cell production become less effective.

6. All viable cells consume substrate for the purposes of growth if available, unless sub-

strate concentration levels approach 0.

2.3 Mathematical Model

The model to describe the modified single species, single substrate chemostat model is as

follows, with viable cell concentration x and substrate concentration y

ẋ =
µy

k1 + y
g(x)︸ ︷︷ ︸

Growth

Cell Loss︷ ︸︸ ︷
−(πq)x︸ ︷︷ ︸
Washout

−kx︸︷︷︸
Cell Death

, (2.1)

ẏ =

Substrate consumption
for growth︷ ︸︸ ︷

− 1

Y

µy

k1 + y
g(x)︸︷︷︸

Cell viability hindrance function

+

Inflow/outflow of
substrate︷ ︸︸ ︷
q(c0 − y) − αy

ε+ y
x︸ ︷︷ ︸

Substrate consumption
for cell maintenance

. (2.2)

The yield coefficient Y , is described as the amount of biomass produced as a result of the

consumption of a single unit of substrate [39]. The maximum growth rate by cell consumption

of substrate for growth is denoted by µ and the half saturation coefficient is k1. The maximum

substrate consumption and half saturation coefficient for cell maintenance, respectively, are

α and ε. The dilution rate is q and the bulk inflow concentration is c0. Natural cell death

is denoted by k and the biomass retention coefficient is π, where π = 1 − ρ and ρ is the

cell suspension fraction. Both parameters π and ρ are percentages represented as a decimal

between 0 and 1.

The cell viability hindrance function is denoted by g(x). The cell viability hindrance

effect changes the way that the population is affected by the growth rate at low densities. In

this work, g(x) may take on one of two forms. The first, g1(x), is a simple linear relationship,

8



g1(x) = x. The second, g(x) = g2(x), takes on a slightly more complicated form of

g2(x) =

x x ≥ 1
β

βx2 0 < x < 1
β

As seen in the standard growth models such as logistic and Gompertz, the growth rate is

assumed not to have any pre-conditioned transformations applied, taking on the form of a

function similar to the cell viability hindrance function, g(x) = g1(x). This function assumes

consistent cell population behaviour and that change is only brought about by the growth

rate function multiplied to it. The function g(x) = g2(x) describes that, at high bacterial

concentrations, the model assumes growth to be identical to the standard chemostat model,

barring any additional changes. Where the cell viability function differs from the standard

chemostat is at low bacterial concentrations, where bacterial growth responds poorly to

substrate consumption.

When biomass density drops from a high to low amount, it is understood that individual

cell viability has suffered. This makes the proportion of members capable of consuming

substrate for contributing to cell growth much lower than before. The resulting lack of

viable members makes it more difficult for the population to engage in the same processes as

effectively. Warder Clyde Allee concluded that some species can develop increases to factors

of physical fitness that work to benefit other members at low population counts to improve

the likelihood of survival [38]. If instead of co-operation to grow more effectively, its members

hindered the population’s overall ability to establish itself because of a decrease to average

cell viability, then this dependence of population growth on viability is called Allee’s effect.

The proportion of substrate that is consumed no longer results in a directly proportional

amount of new cell production and instead would lead to a compromised effectiveness of

substrate used for cell growth. The mathematical representation for this effect is g(x) = βx2

and allows a low bacterial concentration to decrease, mimicking the biological impact to cell

viability.

As discussed previously, the problem with modelling bacterial populations is the inability

for continuous models to capture low biomass densities with the same models that capture

high densities. By introducing g(x) = g2(x), we are thus able to approximate low density be-

haviour without the necessity of accounting for cell heterogeneity, which becomes significant

at low biomass densities. This modification allows us to use a continuous model without

having to implement a discrete form of the model, as this would be difficult to conceptualize
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and problematic because of differing continuity of discrete and continuous models.

In the case where g(x) = g2(x), when x takes on values between 0 and 1
β
, the system

behaves as a continuous model that can account for some effects of low biomass densities.

When the bacterial concentration is 1
β

or above, the system behaves like a chemostat model.

The conditions on this cell viability hindrance function are g(x) ≤ x, limx→∞
g(x)
x

= 1 and

g′(0) ≥ 0. For the analysis below, the growth rate is denoted as f(y) = y
k1+y

and the natural

cell maintenance term h(y) = y
ε+y

. The term µf(y)g(x)
Y

represents the bacterial growth rate

accounting for the impact on the cell viability and normalized by the yield coefficient Y .

Microbial maintenance is defined as the encapsulation of all peripheral cell processes

that are not concerned with cell growth [50]. Maintenance tracks the substrate consumption

costs for these processes and requires a constant substrate uptake as long as there is sufficient

substrate available for maintenance to occur. Maintenance is popularly described using the

Monod equation [50] and is described similarly in this model, given that substrate saturation

and limitation are considered important factors in this study. At low bacterial concentrations,

maintenance takes priority over new cell development due to the cell growth rate decreasing

(to be in compliance with Assumptions 5 and 6). One of the conditions needed to ensure

that cell maintenance will be larger than the growth rate at lower concentration is to have

ε << k1.

When substrate levels are high, the maintenance term approaches α and the growth

term approaches µ. This characteristic (approaching the coefficient parameter at high con-

centration values) is shared with Monod equation models. If µ
Y
> α then, at high substrate

concentration, maintenance will not be larger than the cell growth rate. The term q(c0 − c)
is the outflow rate, which is product of the dilution rate (flow rate per unit volume) q and

the concentration difference between the bulk inflow concentration c0 and concentration at

any given time c(t). The flow rate contributes positively to the amount of substrate present,

whereas the maintenance and growth rates contribute negatively to substrate concentration.

In the biomass equation, the product of the growth rate with the cell viability hindrance

function, µf(y)g(x), does not include the yield coefficient as doing so would fail to track

total biomass. The first term that corresponds to cell loss, −πqy, is the proportion of cells

that are not retained in the chemostat. The parameter for cell retention is multipled by the

dilution rate q and scales the dilution coefficient between 0% (full cell retention - no cellular

outflow) and 100% (standard chemostat cellular outflow) and is denoted by π ∈ [0, 1]. The

second cell loss term is −ky, where k represents a fixed natural cell death rate. Factoring

the sum πq + k can be simplified to be denoted by γ, the cell loss rate. The cell loss rate
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is the cumulation of all factors that contribute negatively to the cell population. The table

below summarizes the parameters used in Equations (2.1) and (2.2), their significance for

the modified chemostat model and the default values used during simulations. These values

were assigned with consideration of experimental data used in Warren’s study [39].

Symbol Value Definition Units

α 0.5 Cell maintenance coefficient Hr−1

β 2 Cell viability hindrance coefficient m3g−1

γ 0.2 Bacterial cell loss rate coefficient Hr−1

Y 1 Yield coefficient (-)
π 0.5 Cellular retention coefficient (-)
ρ 0.5 Cellular suspension fraction (-)
ε 0.001 Half saturation Monod constant for natural cell maintenance g(m3)−1

µ 2 Maximum growth rate of biofilm g(m3)−1

c0 1 Bulk concentration of substrate g(m3)−1

k1 0.5 Half saturation Monod constant for bacterial growth rate g(m3)−1

q 0.3 Dilution rate Hr−1

Table 2.1: Model Parameter Definitions And Default Simulation Values
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2.3.1 Mathematical Analysis

In this subsection, the theoretical long term behaviours of the model are explored. These

theoretical behaviours will provide context to the computations in the following subsection.

By setting conditions on what values parameters can take, how many solutions exist to the

system and the behaviour of solutions near these values, a guideline is set for the range of

expected results that computational work should follow.

Proposition 2.3.1. If g(x) ≡ g1(x) ∨ g(x) ≡ g2(x) and assuming non-negative initial con-

ditions, then the model possesses a unique non-negative solution for all time.

Proof. Starting with

ẋ = F (x, y)

and

ẏ = G(x, y),

where F,G are the right hand sides of Equations (2.1) and (2.2)

ẋ is considered with x = 0 and y ≥ 0

ẋ = F (0, y) = 0.

Similarly then, with ẏ, y = 0 and x ≥ 0

ẏ = G(x, 0) = qc0 > 0,

satisfying

ẋ ≥ 0| x = 0, ẏ ≥ 0| y = 0.

Therefore, as our solutions are non-negative with non-negative initial conditions, the system

is positively invariant in the positive orthant. The right hand side satisfies the Lipschitz

condition, thus the initial value problem possesses a unique and local solution. Additionally,

both equations F,G can be bounded above in the positive orthant, as Monod functions are

bounded above by 1 and g(x) is bounded above by any linear function above g(x) = x, for

non-negative initial conditions in the positive orthant.

To determine the existence of a unique non-negative solution with non-negative initial

conditions for all t ≥ 0, an upper bound can be formulated on ẋ with

˙̄x = µx̄− γx̄.
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Since the Monod growth curve approaches µ as y →∞, the Monod growth term can bounded

in ẋ from above by µ. This is a first order, separable ordinary differential equation which

has solution x̄ = e(µ−γ)t that bounds x(t) from above, assuming identical non-negative initial

conditions. We know the solution is bounded from below by 0, thus it exists globally.

Proposition 2.3.2. The modified chemostat model always possesses a trivial equilibrium

point at (x = 0, y = c0) that is unstable if γ < µf(c0)g′(0) and is an asymptotically stable

equilibrium point if γ > µf(c0)g′(0).

Proof. The partial derivatives of the system are

∂F

∂x
=µf(y)g′(x)− γ,

∂F

∂y
=µf ′(y)g(x),

∂G

∂x
=− µ

Y
f(y)g′(x)− αh(y),

∂G

∂y
=− µ

Y
f ′(y)g(x)− q − αh′(y)x.

Using the above partial derivatives, the jacobian matrix is constructed for the system

J(x, y) =

[
µf(y)g′(x)− γ µf ′(y)g(x)

− µ
Y
f(y)g′(x)− αh(y) − µ

Y
f ′(y)g(x)− q − αh′(y)x

]
.

It is seen trivially that substituting in the point (x, y) = (0, c0) into the system shows that

this point is an equilibrium. Substituting this critical point into the jacobian,

J(0, c0) =

[
µf(c0)g′(0)− γ µf ′(y)g(0)

− µ
Y
f(c0)g′(0)− αh(c0) − µ

Y
f ′(c0)g(0)− q − αh′(c0)(0)

]
,

yielding

J(0, c0) =

[
µf(c0)g′(0)− γ 0

− µ
Y
f(c0)g′(0)− αh(c0) −q

]
.

Thus, as q > 0, stability depends on the first diagonal element ∂F
∂x

. If γ > µf(c0)g′(0), then

the trivial equilibrium is stable. If γ < µf(c0)g′(0), then the trivial equilibrium is a saddle
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point.

Proposition 2.3.3. If we take g(x) = g1(x) = x, for µ > γ, then (x̃, ỹ), the non-trivial,

positive steady state point of the system, exists and is

(
Y εqc0(µ− γ)2 + Y qγk1(µ− γ)(c0 − ε)− Y qγ2k2

1

εγ(µ− γ)2 + γk1(γ + Y α)(µ− γ)
,
γk1

µ− γ
).

The critical point is asymptotically stable.

Proof. To assess stability of the system, the existence of non-trivial equilibria (x̃, ỹ) is cal-

culated such that it satisfies ẋ(x̃, ỹ) = 0 = ẏ(x̃, ỹ), with non-negative initial conditions.

Starting with the x equation ẋ, x̃ = 0 or

µỹ

k1 + ỹ
= γ.

Rearranging this expression gives

ỹ =
γk1

µ− γ
.

Immediately, the condition for the existence of a positive x̃ is µ > γ. Setting ẏ equal to zero

gives

x̃(
γ

Y
+

αỹ

ε+ ỹ
) = q(c0 − ỹ),

x̃ =
Y q(ε+ ỹ)(c0 − ỹ)

(ε+ ỹ)γ + Y αỹ
.

Substituting in the ỹ from above,

x̃ =
Y q(ε+ γk1

µ−γ )(c0 − γk1
µ−γ )

(ε+ γk1
µ−γ )γ + Y α γk1

µ−γ
,

which simplifies to

x̃ =
Y εqc0(µ− γ)2 + Y qγk1(µ− γ)(c0 − ε)− Y qγ2k2

1

εγ(µ− γ)2 + γk1(γ + Y α)(µ− γ)
.

As shown above, µ > γ. This expression proves that, for x̃ to exist, εc0(µ−γ)2 +γk1(µ−
γ)(c0 − ε) > γ2k2

1 (recalling that x = 0 results in the trivial equilibrium point).
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Looking to the Jacobian calculated earlier for any non-trivial steady state (where ỹ > 0),

J(x̃, ỹ) =

[
µf(ỹ)− γ µf ′(ỹ)x̃

− µ
Y
f(ỹ)− αh(ỹ) − µ

Y
f ′(ỹ)x̃− q − αh′(ỹ)x̃

]
,

and as µf(ỹ) = γ, the Jacobian becomes

J(x̃, ỹ) =

[
0 µf ′(ỹ)x̃

− µ
Y
f(ỹ)− αh(ỹ) − µ

Y
f ′(ỹ)x̃− q − αh′(ỹ)x̃

]
.

It is clear that Tr(J(x̃, ỹ)) < 0 and Det(J(x̃, ỹ)) > 0. Therefore, the critical point (x̃, ỹ) is

asymptotically stable.

Proposition 2.3.4. For the case g(x) = g2(x) and x < 1
β

, there exist two non-trivial, positive

equilibrium points (x̃1, ỹ1), (x̃2, ỹ2) if qc0βµ > γ2+qεβµ+α or Y qβµc0ε > γ2k1+γ2ε+Y αγk1.

If µf(y)2βx > γ+q+ µ
Y
f ′(y)βx2+h′(y)βx2, then the critical point is a source. If µf(y)2βx <

γ + q + µ
Y
f ′(y)βx2 + h′(y)βx2 and µf(y)2βx > γ then the critical point is a saddle, and a

sink if µf(y)2βx < γ.

Proof. Starting with the ẋ = 0 equation, x̃ = 0 or x̃ = γ(k1+ỹ)
βµỹ

and for a critical point to

exist, ỹ > 0 necessarily. Substituting x̃ = γ(k1+ỹ)
βµỹ

into our equation ẏ = 0, the equation yields

− γ
Y

γ(k1 + ỹ)

βµỹ
− αỹ

ε+ ỹ

γ(k1 + ỹ)

(βµỹ)
+ q(c0 − ỹ) = 0.

Finding a common denominator between all three terms,

−γ
2(k1 + ỹ)(ε+ ỹ)

Y (ε+ ỹ)(βµỹ)
− αỹ

ε+ ỹ

γ(k1 + ỹ)

(βµỹ)
+ q

(c0 − ỹ)(ε+ ỹ)(βµỹ)

(ε+ ỹ)(βµỹ)
= 0.

Since Y 6= 0 and both factors in the term (ε+ ỹ)(βµỹ) are strictly positive (in part because

of the earlier imposed condition that y > 0), both sides can be multiplied by Y (ε+ ỹ)(βµỹ).

The resulting expression is

−γ2(k1 + ỹ)(ε+ ỹ)− Y αỹγ(k1 + ỹ) + Y q(c0 − ỹ)(ε+ ỹ)(βµỹ) = 0.
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Expanding and collecting like terms,

(−Y qβµ)ỹ3 +(−γ2 +Y q(c0−ε)βµ−Y αγ)ỹ2 +(−γ2(k1 +ε)+Y qβµc0ε−Y αγk1)ỹ−γ2k1ε = 0.

Simplifying this expression results in a third degree polynomial of the form

P (ỹ) = C4ỹ
3 + C3ỹ

2 + C2ỹ + C1,

with coefficients

C4 =− Y β µ q,

C3 =− γ2 − Y α γ k1 − Y β ε µ q + Y β c0 µ q,

C2 =− k1 γ
2 − ε γ2 − Y α k1 γ + Y β c0 ε µ q,

C1 =− ε k1 γ
2.

According to Descarte’s Rule of Signs, when the powers of the independent variable are

organized in descending order, the number of positive roots of a polynomial is equal to the

number of sign changes of the polynomial’s coefficients or an even whole number less than

that. C4 and C1 are certainly always negative, since all the constants are positive. C3 and

C2 are conditionally positive or negative. Using the rule, it can be determined that only one

of C2, C3 need to be strictly positive for two positive, non-trivial equlibria to exist.

If both C2, C3 are negative, the polynomial has no positive roots and thus there is no

existence of a positive, non-trivial equilibrium point. If, however, C2 or C3 are positive, this

indicates that there will be two sign changes and thus two positive roots, indicating that two

non-trivial, positive critical points can exist (Note: As both signs of C4 and C1 are the same,

this means that any sign change in between will necessarily imply another sign change. This

is why, in the modified system, there can only either be two positive, non-trivial equilibria,

or none).

It is clear that without specifying values for these parameters, we are limited to placing

conditions on the existence of the critical values. Recalling the general Jacobian matrix from

the model earlier,

J(x, y) =

[
µf(y)g′2(x)− γ µf ′(y)g2(x)

− µ
Y
f(y)g′2(x)− αh(y) − µ

Y
f ′(y)g2(x)− q − αh′(y)x

]
,
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substituting the positive, non-trivial equilibrium points into J reveals the steady state be-

haviour of these points. We know the functions f, g, h explicitly and if these non-trivial

critical points exist, they will be positive. Additionally, Monod growth rate-based func-

tions are monotonically increasing functions. Using Proposition 2.3.2 again, the Jacobian is

calculated to yield

J(x̃, ỹ) =

[
µf(ỹ)g′2(x̃)− γ µf ′(ỹ)g2(x̃)

− µ
Y
f(ỹ)g′2(x̃)− αh(ỹ) − µ

Y
f ′(ỹ)g2(x̃)− q − αh′(ỹ)x̃

]
,

J(x̃, ỹ) =

[
µf(ỹ)2βx̃− γ µf ′(ỹ)βx̃)

− µ
Y
f(ỹ)2βx̃)− αh(ỹ) − µ

Y
f ′(ỹ)βx̃)− q − αh′(ỹ)x̃

]
.

Recalling the definition of g2(x),

g2(x) =

x x ≥ 1
β

βx2 0 < x < 1
β

,

for any values corresponding to x̃ ≥ 1
β
, g2(x) = x and is identical to the case where g(x) =

g1(x). However, since (x̃, ỹ) from Proposition 2.3.3 is independent of β, there exist choices

of β (among other parameters) in which will have (x̃, ỹ) in the range of x̃ ≥ 1
β
. If β > 1

x̃
, the

critical point (x̃, ỹ) would have behaviour identical to the positive steady state mentioned in

Proposition 2.3.3. If β < 1
x̃
, both critical points will exist in the range 0 < x < 1

β
.

Substituting in ȳ = 0 into P , we get P (0) = C1 < 0. Since C4 < 0, P will start in

the upper left quadrant and end in the lower right quadrant. Depending on the parameter

values, there will either be two positive x-axis intersections (including a double root) or no

intersections, seen in Figure 2.1. We are interested in solutions of P (y) that satisfy P (y) = 0,

such that γ(k1+ỹ)
βµỹ

< 1
β
, γ(k1+ỹ)

µỹ
< 1. Rearranging, we have that the ỹ that controls whether

x̃ is greater or less than 1
β

is ỹcrit = γk1
µ−γ . Then, if P (ỹcrit) > 0, two positive roots exist. If

P ′(ỹcrit) > 0, we are sufficiently guaranteed the result.

Then, P (ỹcrit) = −Y µβq γk3

(µ−γ)3
+

(−γ2−Y αγ+Y βcµq−Y βεµq)γk2

(µ−γ)2
+

(−kγ2−εγ2−Y αkγ+Y βcεµq)γk
µ−γ −εkγ2,

in which it is clear that the positivity or negativity of this quantity will depend on the

values of most of the parameters, and are examined further computationally. However,

since P (ỹ) begins negative and ends in the IV orthant, two positive steady states exist for

any parameter values that make P (ỹ) > 0. We determined that P ′(ỹcrit) = −3 Y µβq γk2

(µ−γ)2
+

2
(−γ2−Y αγ+Y βcµq−Y βεµq)γk

µ−γ − kγ2 − εγ2 − Y αkγ + Y βcεµq 6= 0, indicating that ỹcrit is not a
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Figure 2.1: Polynomial P (ỹ) plotted with two lines corresponding to β = 3.0 (red) and
β = 0.5 (blue). Both polynomials were negative at ỹ = 0 but the polynomial for β = 3.0
had two positive roots and the polynomial for β = 0.5 had no positive roots.

local maximum for P (y).

Since the critical points cannot be calculated exactly, additional conditions can be placed

for local behaviour. Using the characteristic equation

λ2 − Tr(J)λ+Det(J) = 0,

the eigenvalues are

λ =
Tr(J)±

√
Tr(J)2 − 4Det(J)

2
,

where the discriminant

Tr(J)2 − 4Det(J),

indicates whether the eigenvalue is complex or real.

Using the Jacobian above, if µf(y)2βx > γ + q + µ
Y
f ′(y)g2(x) + h′(y)g2(x), Tr(J) > 0

and Tr(J) < 0 for µf(y)2βx < γ + q + µ
Y
f ′(y)g2(x) + h′(y)g2(x). If Tr(J) = 0, the local

behaviour around the critical point will be a center. If µf(y)g′2(x) > γ, then Det(J) < 0 and

if µf(y)g′2(x) < γ, then Det(J) > 0. If Det(J) = 0, then λ1,2 =
Tr(J)±

√
Tr(J)2

2
= Tr(J), 0.

If Tr(J) < 0, Det(J) < 0 gives a saddle, where Det(J) > 0 gives a sink (spiral sink if

the discriminant Tr(J)2 − 4Det(J) < 0). If Tr(J) > 0, the critical point is a source.
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Remark 2.3.5. The change in the cell viability hindrance function from g(x) = g1(x) to

g(x) = g2(x) allows the transition from a system with one possible non-trivial, positive

steady state to two. It has already been shown that when g(x) = g1(x), this is supposed

to be characteristic of the standard chemostat model, with modifications. The case where

g(x) = g2(x) is an adaptation on the standard chemostat in a growth environment for some

y and a modified chemostat for the rest. As stated above, any critical points that exist where

x̃ > 1
β

, are identical, in value and behaviour, to the unmodified system where g(x) = g1(x).

Additionally, for modelling purposes, values of β are more realistic the larger they are, thus

β takes on values such that 1
β
< 1→ β > 1.

2.3.2 Simulations

This subsection holds the results of the numerical simulations programmed in Python. All of

the simulations performed in this paper have been done using imported packages in Python.

The integrator used was SciPy.integrate.ode from the package SciPy. SciPy is an open

source package of software designed for numerical and scientific computation. The default

integrator is based off of LSODA from the ODEPACK package in Fortran [20].

LSODA dynamically determines the stiffness of the problem as it is being computed and

swaps from the default Adams (nonstiff) method to the Backwards Differentiation Formula

(stiff) method to solve the initial value problem [20]. In addition to SciPy, packages from

both NumPy and Matplotlib were used to facilitate mathematical data structures used in

calculations and for seamless integration of data plotting functionality, respectively [20].

It was observed that the results follow the conclusions made by the mathematical anal-

ysis in the previous section. The computations used to create these simulations were done

by creating a meshgrid of data points between the desired limits and then calculating the

derivative at each one of these points. The derivatives are directions represented visually

using arrows. The nullclines associated to the system are overlaid onto these plots so that

context is provided alongside the directions to confirm the location and stability associated to

each intersection of x-nullclines with y-nullclines, which are the steady states of the system.

As explored in Proposition 2.3.3 and shown in Figures 2.4 and 2.5, the standard chemostat

only has a single positive steady state that is asymptotically stable in the non-trivial case.

Additionally, the positive orthant is a single basin of attraction for the positive steady state,

meaning the trivial equilibrium point is always unstable in the standard chemostat model. In

the trivial case where the dilution rate is larger than the growth rate, the trivial equilibrium
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Figure 2.2: Direction field plot of the standard chemostat model absent of cell maintenance,
cell viability hindrance and cell loss by cell retention. All parameter values used were from
Table 2.1, excluding the dilution rate as it needed to be sufficiently large (q = 1.35) for the
sole existence of the trivial equilibrium point.

was found to be stable and no other steady states existed-this is the only case where the

trivial equilibrium is stable in the standard chemostat model (shown in Figures 2.2 and 2.3)
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Figure 2.3: Simulation data for the standard chemostat model, corresponding to the same
parameter values as in Figure 2.2. The initial conditions are non-negative, in accordance
with the theoretical work in the previous section.
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Figure 2.4: Direction field for the standard chemostat as modelled in Figure 2.2, where the
dilution rate is sufficiently small for the positive steady state to exist. As a result of a small
q, the trivial equilibrium is unstable and the positive steady state is a sink.
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Figure 2.5: Simulation data for the standard chemostat model, corresponding to the same
parameter values as in Figure 2.4. The initial conditions are non-negative, in accordance
with the theoretical work in the previous section.
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2.3.3 Exploration of the Modified Chemostat Model

In this section, we explored how the standard chemostat model changes when the following

parameter effects were implemented:

• The cell viability hindrance parameter β

• Cell maintenance parameters α and ε

• Modified cell loss through cell retention γ

In addition to numerically integrating the initial value problem, nullclines and direction

fields were plotted. Steady states of the system occurred when nullclines from different equa-

tions intersected with each other. By observing how the nullclines changed when enabling

different parameter effects, the impact of each was isolated and compared to the modified

chemostat model. The modified chemostat model with all parameter effects enabled had

parameter values as outlined in Table 2.1. Additionally, the cell viability hindrance function

was g(x) = g2(x) for this section. When all parameter effects were enabled, the modified

chemostat model indicated the existence of three steady states: the unstable trivial steady

state, a positive saddle and a positive sink, as seen in Figure 2.6. The saddle point impacted

the system behaviour in that the stable manifold of the saddle point separated solutions that

tended towards the trivial equilibrium from solutions that tended to the positive sink.

To observe the impact each effect had on the standard model, four values were chosen

substituted into the equations for the x and y nullclines to see how the intersections of

the nullclines changed for the varied parameters. Both nullclines did not depend on every

parameter corresponding to the aforementioned effects, meaning that some parameter value

changes could have no effect on a nullcline.

The cell viability hindrance parameter β was present in both x and y nullclines. Larger

values of β decreased the basin of attraction for the trivial equilibrium point. Smaller values

of β not only increased the basin of attraction for the trivial equilibrium, but also made

both nullclines less likely to intersect and would result in the sole existence of the trivial

equilibrium. An illustration of the effect of β is shown in Figure 2.7. The cell loss coefficient

γ was only present in the x nullcline. By increasing values of γ, the system approached

the state where the trivial equilibrium was the only steady state. When values of γ were

small, the state of the system tended towards the existence of the two positive steady states,

shown in Figure 2.8. Cell maintenance is a result of the combined contributions from α and

ε and both parameters were individually assessed. The maximum substrate consumption for
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Figure 2.6: Direction field for the modified chemostat model with all additional modifications
enabled. All parameter values are from Table 2.1.

cell maintenance, α was only seen to affect the y nullcline. Intersections between nullclines

aside from the trivial equilibrium were more likely as α tended to higher values. At smaller

values of α, the system tended to no intersections that would result in positive, non-trivial

steady states, as seen in Figure 2.9. The half saturation concentration for cell maintenance,

ε, affected nullclines as α did, where differing values would only vary the y nullcline. The

values tested were sufficient to indicate that smaller values of ε reduced the distance between

the positive steady states. Larger values of ε increased the distance between the positive

steady states and the size of the basin of attraction for the positive sink, as in Figure 2.10.

The existence of the two positive critical points, in addition to a trivial stable equilibrium

that is stable, allows for the simultaneous description of low biomass densities and high

biomass densities in a single model.

The differences in dynamical behaviour of the solutions to the modified chemostat are

then tracked between four values and a conclusion is made based on how changing the
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Figure 2.7: Nullcline data for the modified chemostat model with all modifications enabled.
Four values of β are contrasted to isolate the effect the coefficient of the cell viability hin-
drance effect has on the modified model. Other parameter values are as listed in Table
2.1.

parameter values affected the behaviour of solutions. These parameter effects described at

the beginning of this subsection are what alter the standard chemostat to account for low

biomass densities and result in the existence of a basin of attraction for the trivial equilibrium.

For this section, the function g(x) is assumed to be g2(x), as this would represent the modified

chemostat model with cell viability hindrance enabled.

Changing the parameter values resulted in varying patterns of behaviour. The nullclines

moved closer together, so as to increase the number of intersections when γ, α took on lower

values and when ε, β took on higher values. This increase of number of intersections refers

to the number of steady states that existed in the system. The maximum number of steady

states observed was three, where two were non-trivial, positive steady states and one was

the trivial equilibrium. When solutions were in the basin of the trivial equilibrium, they

converged to the equilibrium. Solutions converged to the non-trivial, positive equilibrium
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Figure 2.8: Nullcline data for the modified chemostat model with all modifications enabled.
Four values of γ are contrasted to isolate the effect that cell loss parameter has on the
modified model. The y nullcline did not depend on γ and thus did not vary. Other parameter
values are from Table 2.1.

separate from the trivial equilibrium. In between the trivial equilibrium and the non-trivial,

positive sink equilibrium existed a saddle point equilibrium whose stable manifold separates

solutions that tend toward the trivial equilibrium from those that tend toward the positive

sink.

When γ, α took on higher values and ε, β took on lower values, the distance between

nullclines was larger, making it so that there were no intersections that occurred, with

exception to the trivial equilibrium. In this case, the trivial equilibrium was asymptotically

stable.

In all cases, increasing the value of β made the saddle steady state much closer to the

trivial equilibrium, which decreased the basin of attraction of the trivial equilibrium. In-

creasing the value of ε shifted the nullclines towards intersection, increasing the area of the

basin of the non-trivial, positive sink but leaving the area of the trivial basin of attraction
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Figure 2.9: Nullcline data for the modified chemostat model with all modifications enabled,
varying α. The x nullcline did not depend on α and thus did not vary for the values of α
presented. Other parameter values are from Table 2.1.

relatively unchanged.

Increasing the value of γ further separated the nullclines in all cases, which prevented

any non-trivial steady state intersections and solutions tended to the trivial equilibrium.

Increasing the value of α increased the area of the positive sink basin of attraction and

decreased the area of the trivial basin. Thus, by decreasing the value of α, the basin of

attraction of the positive sink became larger.

The proposed modified system had two states: the sole existence of an asymptotically

stable trivial equilibrium, or the existence of the trivial equilibrium with one positive sink

and a positive saddle. Parameter effects that reduced distance between the positive steady

states increased the likelihood of the sole existence of the trivial equilibrium. Parameter

effects that increased the distance between the saddle and the sink increased the area of the

basin of attraction of the positive sink and tended to decrease the area of the trivial basin.
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Figure 2.10: Nullcline data for the modified chemostat model with all modifications enabled,
varying ε. The x nullcline did not depend on ε and thus did not vary for the values of α
presented. Other parameter values are from Table 2.1.

2.4 Discussion

The changes in the system were topological, as supported by the movement of the nullclines.

We can infer that the modifications to the standard chemostat resulted in changes to the

solution behaviour, most notably through the role played by the saddle point. The saddle

point’s stable manifold separates the solutions that tend to the trivial equilibrium from those

that tend to the positive sink. There seemed to exist a saddle-node bifurcation in the system,

in which both positive critical points of differing stability collide and vanish when parameter

values favoured the sole existence of the trivial equilibrium. The simulation work proved

the introduced modifications were within physical expectation. Physically, by increasing

effluent output from the system (γ) and increasing substrate required to perform the same

cell maintenance (α), the population will have a lower likelihood of proliferating.

The half-saturation coefficient in the Monod factor for cell maintenance (ε) and the cell

29



viability hindrance coefficient (β) being low contributed overall to the proliferation of the

biomass. Recalling that when g(x) = g2(x) and x < 1
β
, the system replaces its cell viability

hindrance function with βx2, which makes the substrate consumption for growth smaller

if β is large (since values of x would be small enough to make the growth term smaller).

The range of biomass concentration values in which the growth rate becomes sublinear (as

discussed in Assumption 5) becomes smaller if β takes on larger values, resulting in an

increased likelihood for proliferation. Then, the role of β is critical to have solutions model

population die out and proliferation simultaneously. The parameter β serves in establishing

a range of initial conditions for which solutions do not establish themselves in the growth

environment.

Mathematically, β being large contributes to more substrate consumed for growth, as it

scales the Monod function. The role of β in the model operates similar to the effect that

differences between individual cells have on a population. Incorporating g(x) and β into

the standard chemostat mimics cell heterogeneity at low densities, a feature that continuous

bacterial growth models have difficulty accounting for.

The standard chemostat is not as effective as the modified version presented in this

chapter. With the ability to have separate basins of attraction in the same system, the

modified model addresses the issue that the die out equilibrium point (x̃ = 0, ỹ = c0) is

always unstable. When the biomass concentration decreases to a critically low density, that

mechanisms that result from cell heterogeneity are lost in continuous models, which are

valuable in properly accounting for individual cell viability which are already possible in

discrete population modelling. Adding natural cell maintenance using Monod kinetics acts

as an additional means for less substrate available for growth, which is amplified at low

biomass levels. Physically, a cell population prioritizes peripheral mechanisms (such as cell

structure repair) over new cell production at low biomass densities as long as substrate is

available. Modifying the cell loss term to include cell retention and dilution increases the

sophistication to the standard chemostat for better real world applicability.
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Chapter 3

Application Of Finite Antibiotic

Treatment On Modified Chemostat

3.1 Introduction

In this chapter, we explore the long term effects of a finite number of finite duration an-

tibiotic treatments on a bacterial population. The experiment is broken into three main

time segments: the pre-treatment phase, the treatment phase and the recovery phase. The

pre-treatment phase is when the bacteria is in steady state or approaching steady state in

the growth environment. The treatment phase is the duration of time in which the antibi-

otic is administered to the growth environment. The recovery phase is the duration of time

required for the bacteria to resolve the effects of the antibiotic treatment, preceeding the

next growth phase. Once the bacteria have either begun increasing biomass density or have

died out completely, the recovery phase is considered to have concluded.

In Jackson’s study [14], it was shown biologically that a bacterial population can recover

from a finite number of antibiotic treatments if a secondary substrate is introduced into the

chemostat reactor during the treatment phase. As such, incorporating another substrate into

the mathematical model makes it possible to examine the extent to which this secondary

substrate contributes to bacterial rescue once the treatment has been fully administered. As

explained in Chapter 1, carbon dioxide is tracked as a means to measure metabolic activity.

Metabolic activity refers to the process of consuming substrate and the resulting production

of carbon dioxide.

It is traditionally understood that antibiotic efficacy increases when substrate is consumed
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by bacteria, as antibiotic uptake is an energy-dependent process and given enough substrate,

bacteria would have sufficient energy for the reaction to take place [14]. This study presents

an alternative interpretation: bacteria mitigate antibiotic damage by rapidly consuming

substrate upon antibiotic exposure, one of the leading hypothesis made by [14].

Mathematically, the ambition is not only to create a model to replicate Jackson’s pro-

posed hypothesis [14], but to determine whether the proposed modelling solution suffices

to bypass the simultaneous need for continuous and discrete descriptions. In addition to

the modifications described in the previous chapter, two new equations are introduced into

the system of ordinary differential equations: metabolic activity (tracked by concentration

of CO2) and a secondary, non-preferred substrate. Similarly to Chapter 2, a mathematical

analysis will be done to provide context for numerical simulations. Numerical simulations

will follow the methods used in Chapter 2, with new simulations to determine the role of

antibiotics in the modified chemostat model.

3.2 Assumptions

1. The chemostat reactor is continuously supplied with substrate in the inflow, and unused

substrate and suspended bacteria are washed out.

2. Bacterial biomass grows through the introduction of carbon based substrates to the

aqueous solution in the reactor.

3. Cell loss via cell death is proportional to biomass density.

4. In addition to being suspended in the aqueous phase, cells can become attached to the

reactor wall. The washout rate for these wall-attached cells would be slower than the

chemostat inflow rate.

5. When the viable cell concentration approaches zero, the per capita growth rate is lower

than the growth rate at high viable cell concentrations. Physically, when biomass

concentrations are sufficiently low, more cells are no longer considered viable because

mechanisms responsible for new cell production become less effective.

6. All viable cells consume substrate for the purposes of growth if available, unless sub-

strate concentration levels approach 0.
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7. Bacterial populations in this model are placed in a natural carbon based growth

medium.

8. Additional carbon sources can be added to the growth environment during the treat-

ment phase.

9. Processes that involve the consumption of carbon result in the production of CO2,

through which bacterial metabolic activity is tracked.

10. One substrate takes the role of the preferred substrate and the other takes on the role

of the secondary substrate, which is mainly consumed in the absence of the preferred.

11. Antibiotic concentration is not a limiting reagent and is assumed to remain constant.
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3.3 Mathematical Model

The model can be broken down to observe the role of each term in our system.

ẋ =

Cell growth due to
substrate consumption︷ ︸︸ ︷

x

(
µ1

c1

K1 + c1

+ µ2
c2

K2 + Ac1 + c2

)
(min(1, βx))︸ ︷︷ ︸

Cell viability hindrance
effect

−

Cell loss considering
cell death and retention︷ ︸︸ ︷

x(πq + k) , (3.1)

Cell death
by antibiotics︷ ︸︸ ︷

−δω(t)

(
1−

(
c1

θ1 + c1

)
−
(

c2

θ2 + Ac1 + c2

))
x

ċ1 = −x
(
v1

c1

K1 + c1

+ η1
c1

ε1 + c1

+ σ1ω(t)
c1

θ1 + c1

)
︸ ︷︷ ︸

Preferred substrate
consumption

+ q(c10 − c1)︸ ︷︷ ︸
Inflow/outflow of
primary substrate

+

Amount of preferred substrate
added during treatment︷ ︸︸ ︷

qω(t)c+
1 ,

(3.2)

ċ2 = −

Secondary substrate consumption from
growth, maintenance/antibiotic inactivation︷ ︸︸ ︷

x

(
v2

c2

K2 + Ac1 + c2

+ η2
c2

ε2 + Ac1 + c2

+ σ2ω(t)
c2

θ2 + Ac1 + c2

)
+ q(c20 − c2)︸ ︷︷ ︸

Inflow/outflow of
secondary substrate

(3.3)

+ qω(t)c+
2︸ ︷︷ ︸

Amount of secondary substrate
added during treatment

,

ṗ =

Amount of carbon dioxide
being produced by consumption of the preferred substrate︷ ︸︸ ︷
x

(
v1

c1

K1 + c1

+ η1
c1

ε1 + c1

+ σ1ω(t)
c1

θ1 + c1

)
+ x

(
v2

c2

K2 + Ac1 + c2︸ ︷︷ ︸
Amount of carbon dioxide

being produced by consumption of the secondary substrate

(3.4)

Amount of carbon dioxide
being produced by consumption of the secondary substrate︷ ︸︸ ︷
+η2

c2

ε2 + Ac1 + c2

+ σ2ω(t)
c2

θ2 + Ac1 + c2

)
−qp︸︷︷︸

Carbon dioxide
washout

.
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Here, x is the viable cell concentration, c1, c2 are the primary (preferred) and secondary

(non-preferred) substrates, respectively, and p is the concentration of CO2. It is important to

note that while the system is comprised of four equations, system (3.1)-(3.4), the equation to

track CO2 concentration is de-coupled from the other three equations. The terms describing

preference-governed substrate consumption are, once again, based on Monod kinetics.

The standard substrate consumption function as outlined in Chapter 2 is

f(cj) =
cj

Kj + cj
,

where cj is the jth substrate concentration and Kj is the jth half saturation coefficient. The

function f(cj) can be modified to account for substrate-based inhibition. The result is a

substrate inhibition-based growth kinetics of the form

f(cj) =
cj

Kj + cj + Aci
.

The inhibition term is of the form Aci, where c is the ith substrate (i 6= j) and A is the

inhibitory effect of ci onto cj for consumption, as illustrated in Yoon’s study on competition

for mixed substrates[49]. The inhibitory parameter A in this model is the inhibition that c1

inflicts onto c2. Inhibitory Monod kinetics are chosen to describe substrate consumption for

natural cell maintenance, cell growth and antibiotic inactivation.

Equation (3.1) describes the growth and removal of bacteria due to substrate consump-

tion, washout and death. Equation (3.1) models substrate consumption for cell growth and

antibiotic uptake using Monod functions. The cell viability hindrance effect is denoted by

g(x) = g2(x), where g2(x) is described identically to g2(x) in Chapter 2. Monod functions

were determined the best fit for the model to replicate the decrease of bacterial densities to

critical levels after antibiotic exposure, in a growth environment with substrate limitations.

The term 1 −
(

c1
θ1+c1

)
−
(

c2
θ2+Ac1+c2

)
in Equation (3.1) represents the proposed mathe-

matical description of substrate consumption for antibiotic damage mitigation. We use the

function M(c1, c2, A) = 1−
(

c1
θ1+c1

)
−
(

c2
θ2+Ac1+c2

)
to denote the substrate uptake from antibi-

otic exposure function. When M(c1, c2, A) =
(

c1
θ1+c1

)
+
(

c2
θ2+Ac1+c2

)
, the function represents

the traditional interpretation which accounts for substrate consumption for the purposes of

antibiotic uptake. By subtracting these terms from 1, a restriction is introduced on what

each term must be to be viable. When
(

c1
θ1+c1

)
+
(

c2
θ2+Ac1+c2

)
< 1, the terms contribute neg-

atively to the biomass concentration. When c1 or c2 are non-zero and the other respective
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Figure 3.1: Substrate uptake upon contact with antibiotics defense mechanism function.
Various values for the preference switch parameter A are plotted to contrast the conditions
under which the function M becomes positive.

substrate is 0, positivity of M is granted automatically, as Monod functions are bounded

above by 1. When both c1, c2 > 0, positivity depends on the parameter A. The condition

on A is that

A >
c1c2 − θ1θ2

c1θ1

so that M > 0. In Figure 3.1, several values of A were constrasted to show that larger values

of A would help M retain positivity.

Equations (3.2) and (3.3) effectively track each substrate using the same method. The

consumption of substrate from biomass is accounted for and understandably contributes to

the depletion of substrate concentration in the system at any given time. Additionally, the

consumption of substrate for peripheral cellular processes that are not directly for growth
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is tracked in Equation (3.2) using standard Monod kinetics for the primary substrate and

inhibitory Monod kinetics for the secondary substrate in Equation (3.3). Outflow of substrate

as effluent is tracked through the flow rate term which includes substrate added during the

antibiotic treatment. Equation (3.4) tracks carbon dioxide concentrations, which represents

metabolic activity. Bacteria engage in metabolic activity through all three mechanisms of

substrate consumption, which positively contributes to how much CO2 is in the system. The

amount of CO2 leaving the system (negative contribution) as part of the effluent is described

by qp.

The majority of parameters occur in pairs, with their subscripts denoting to the substrate

to which they belong. The cell loss term and substrate outflow rates are carried over from the

previous chapter, which include q, π, k. Parameters c10, c20 are the bulk inflow concentrations

for the preferred (subscript 1) and non-preferred (subscript 2) substrate. The parameters

µ1, µ2 and K1, K2 are the maximum growth rates and the half saturation concentrations for

substrate consumption for cell growth, and are responsible for representing mechanisms that

indicate preference [49]. When bacterial preference to a substrate must be established in a

model, by consequence of other parameters that affect it, the half saturation coefficient is

the measure responsible for representing preference [49]. The parameters η1, η2 and ν1, ν2

are the respective maximum carbon uptakes and he maximum growth rates where ε1, ε2 are

the half saturation coefficients for substrate consumption for natural cell maintenance. Cell

maintenance in this chapter is defined biologically the same as in chapter 2, adapted to the

introduction of a secondary substrate.

Since antibiotic treatments are newly introduced in this chapter, their involvement in

the model must be discussed. As per [14], antibiotic uptake and other enzymes to catalyze

antibiotic processes in the cell require substrate uptake, since they are energy-dependent.

As such, Monod kinetics were chosen to describe the uptake of substrate in the treatment

phase. Additionally, these kinetics are inhibitory and thus are similar to the kinetics involved

in substrate uptake for cell maintenance and cell growth. The differences between all three

Monod functions are the values for the half-saturation coefficients and the maximum carbon

uptake (or maximum growth rate for the cell growth Monod function) constants for all three

processes.

Since this treatment only occurs in a finite duration and during a selected time, the

Monod function for antibiotics has a binary control variable, ω. The parameter ω(t) ∈ {0, 1}
and is a linear combination of two Heaviside function that depends on start of treatment
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(t0) and end of treatment (tf )

ω(t) =


0 t < t0

1 t0 ≤ t ≤ tf

0 t > tf

If ω = 0, there is no contribution of substrate consumed from activating antibiotic uptake,

since treatment is not active. If ω = 1, then the substrate consumption from antibiotic

uptake is activated and cells begin to consume more carbon as a result.

During the treatment, additional amounts of the preferred or non-preferred substrates

can be added, which are represented by c+
1 , c

+
2 , respectively. Since these amounts are only

added during the treatment, the terms that contain them also require an antibiotic activation

control variable ω, which takes on the same values as substrate consumption for antibiotic

uptake.
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Table 3-1: Model Parameters and Numerical Simulation Values

Parameter Simulation Value Parameter Significance Units

µ1 1.0 Maximum specific growth rate for pre-

ferred substrate dependent cell growth

Hr−1

µ2 1.0 Maximum specific growth rate for non-

preferred dependent cell growth

Hr−1

π 0.5 Cellular retention fraction (-)

v1 1.0 Maximum carbon uptake for preferred

substrate dependent cell growth

Hr−1

v2 1.0 Maximum carbon uptake for non-

preferred substrate dependent cell

growth

Hr−1

η1 0.2 Maximum carbon uptake for preferred

substrate dependent cell maintenance

Hr−1

η2 0.2 Maximum carbon uptake for non-

preferred substrate dependent cell

maintenance

Hr−1

σ1 10.0 Maximum carbon uptake for preferred

substrate dependent antibiotic cell in-

activation

Hr−1

σ2 10.0 Maximum carbon uptake for non-

preferred substrate dependent antibi-

otic cell inactivation

Hr−1

k 0.15 Natural cell death rate Hr−1

β 100.0 Cell Viability hindrance parameter (m3)g−1
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Table 3-2: Model Parameters and Numerical Simulation Values Continued

Parameter Simulation Value Parameter Significance Units

K1 0.1 Half saturation concentration for pre-

ferred substrate dependent cell growth

g(m3)−1

K2 0.1 Half saturation concentration for non-

preferred substrate dependent cell

growth

g(m3)−1

A 1e2 Bacterial substrate preference switch g(m3)−1

ε1 0.01 Half saturation concentration for pre-

ferred substrate dependent cell mainte-

nance

g(m3)−1

ε2 0.01 Half saturation concentration for non-

preferred substrate dependent cell

maintenance

g(m3)−1

θ1 0.1 Half saturation concentration for pre-

ferred substrate dependent antibiotic

cell inactivation

g(m3)−1

θ2 0.1 Half saturation concentration for non-

preferred substrate dependent antibi-

otic cell inactivation

g(m3)−1

δ 10.0 Maximum disinfection rate Hr−1

ω 1 or 0 Antibiotic treatment control switch (-)

c+
1 0.0 Substrate c1 added during antibiotic

treatment

g(m3)−1

c+
2 1.0 Substrate c2 added during antibiotic

treatment

g(m3)−1

c10 1.0 Inflow c1 concentration g(m3)−1

c20 0.0 Inflow c2 concentration g(m3)−1

q 0.7 Dilution rate Hr−1
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3.3.1 Analysis

The system is subject to two main phases for analysis: the treatment phase and the post-

treatment phase. Analyzing at ω(t > tf ), the steady state can always be assumed to occur

in the absence of antibiotics, as antibiotics treatments are finite duration. Recalling that

bacteria exist in a growth environment, it is understood that bacteria would continue to

grow if left unaffected by antibiotics.

By implementing a finite time interval where antibiotics are present in the environment,

cell viability would suffer because of antibiotic damage to bacteria. As a result, the cell

viability hindrance effect (g(x) = g2(x)) is used in the entirety of the model, as it can model

the population resolving the effects of the antibiotic treatment. Since the steady state of the

system would become apparent after antibiotic treatment has concluded, the steady state

analysis is assumed to have ω(t) = 0.

Proposition 3.3.1. The modified chemostat model with finite antibiotic treatments has a

trivial equilibrium point of (x̄, c̄1, c̄2, p̄) = (0, c10, c20, 0). This equilibrium point is uncondi-

tionally asymptotically stable.

Proof. The trivial steady state of the system was computed analytically to be (x̄, c̄1, c̄2, p̄) =

(0, c10, c20, 0). Since x = 0 < 1
β
, g2(x) = βx2 for the purposes of the steady state behaviour of

the trivial equilibrium. Taking the right hand sides of the above system to be F1, F2, F3, F4,

respectively, linearizing about this point gives

J(x̄, c̄1, c̄2, p̄) =


∂F1

∂x
∂F1

∂c1

∂F1

∂c2

∂F1

∂p
∂F2

∂x
∂F2

∂c1

∂F2

∂c2

∂F2

∂p
∂F3

∂x
∂F3

∂c1

∂F3

∂c2

∂F3

∂p
∂F4

∂x
∂F4

∂c1

∂F4

∂c2

∂F4

∂p

 ,

41



with

∂F1

∂x
= 2β

(
µ1

c1

K1 + c1

+ µ2
c2

K2 + Ac1 + c2

)
x− (πq + k),

∂F1

∂c1

= x

(
µ1

K1

(c1 + k)2
+ µ2

−Ac2

(K2 + Ac1 + x)2

)
,

∂F1

∂c2

= x

(
µ2

K2 + Ac1

(K2 + Ac1 + x)2

)
,

∂F1

∂p
= 0,

∂F2

∂x
= v1

c1

K1 + c1

+ η1
c1

ε1 + c1

,

∂F2

∂c1

= x

(
v1

K1

(c1 +K1)2
+ η1

ε1
(ε1 + c1)2

)
− q,

∂F2

∂c2

= 0,

∂F2

∂p
= 0,

∂F3

∂x
= v2

c2

K2 + Ac1 + c2

+ η1
c2

ε2 + Ac1 + c2

,

∂F3

∂c1

= x

(
v1

−Ac2

(K2 + Ac1 + x)2
+ v2

−Ac2

(ε2 + Ac1 + x)2

)
,

∂F3

∂c2

= x

(
v2

K2 + Ac1

(K2 + Ac1 + x)2
+ η2

ε2 + Ac1

(ε2 + Ac1 + x)2

)
− q,

∂F3

∂p
= 0,

∂F4

∂x
= v1

c1

K1 + c1

+ v2
c2

K2 + Ac1 + c2

+ η1
c1

ε1 + c1

+ η2
c2

ε2 + Ac1 + c2

,

∂F4

∂c1

= x

(
v1

K1

(c1 + k)2
+ v2

−Ac2

(K2 + Ac1 + x)2
+ η1

ε1
(c1 + ε1)2

+ η2
−Ac2

(ε2 + Ac1 + x)2

)
,

∂F4

∂c2

= x

(
v2

K2 + Ac1

(K2 + Ac1 + x)2
+ η2

ε2 + Ac1

(ε2 + Ac1 + x)2

)
,

∂F4

∂p
= −q,
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which yields

J(0, c10, c20, 0) =


−(πq + k) 0 0 0

v1
c10

K1+c10
+ η1

c10
ε1+c10

−q 0 0

v2
c20

K2+Ac10+c20
+ η1

c20
ε2+Ac10+c20

0 −q 0

v1
c10

K1+c10
+ v2

c20
K2+Ac10+c20

+ η1
c10

ε1+c10
+ η2

c20
ε2+Ac10+c20

0 0 −q

 .

The trivial equilibrium in growth medium absent of antibiotics is clearly asymptotically

stable since all diagonal elements of J(0, c10, c20, 0) are negative.

Remark 3.3.2. Existence and positivity of solutions of System (3.1) - (3.4) are established

in a way analogous to Proposition 2.3.1. Inflow of substrate added during the treatment

phase is 0 outside of the treatment phase. During the recovery phase, if we had one of

substrate inflow concentrations c10 > 0 or c20 > 0 during the treatment phase, eventually

the system will reduce to a single substrate, single species system. Since we know how the

system behaves under the single species, single substrate case from Proposition 2.3.1 and

Equation (3.4) is decoupled from Equations (3.1), (3.2) and (3.3), the long term behaviour

of our modified chemostat with antibiotic treatment will be as in Proposition 2.3.1 if one of

c10 > 0 or c20 > 0. In the case where c+
1 > 0 or c+

2 > 0, and at most only one of c10 > 0 or

c20 > 0, the substrate added during the treatment phase will eventually deplete. The outflow

rate would be larger than the inflow rate (which is 0 in the recovery phase) of added substrate

in the recovery phase, which becomes the single-species, single-substrate system as t→ tend.

Jackson observed that bacteria were rescued with additional substrate [14](preferred or non-

preferred) during the treatment phase. To compare the results to [14] our model considers

only one additional substrate is added or both are added during the treatment phase in a

growth environment with only positive primary substrate concentrations (c10 > 0). Under

these conditions, the long term dynamical behaviour is known. When both c10 > 0 and

c20 > 0, the steady states of the system cannot be calculated analytically and so the long term

behaviour is determined computationally.

3.3.2 Simulations

In Remark 3.3.2 it was discussed that the long term behaviour is known for the system

with finite antibiotic treatment and an additional substrate concentration added during the

treatment phase. What is left to explore is the lasting effect of the antibiotic treatment

on the biomass. Through metrics such as biomass recovery time from a critical minimum
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concentration and concentration at the end of treatment, conclusions can be made about

how the model accounts for the lasting effect of antibiotics. Three numerical experiments

were conducted in which one variable of interest was fixed and the other two were varied.

The resulting data were recorded and plotted.

While many parameters can contribute to bacterial death, the easiest to control are

the amounts of added substrate during the treatment phase, c+
1 , c

+
2 , and the duration of

the treatment phase, tdur. For the remainder of this chapter, these three variables will be

referred to as our parameters of interest. For consistency, the antibiotic maximum uptake

rates σ1, σ2 and half saturation coefficients θ1, θ2 for both substrates are to remain fixed.

Fixing σ1, σ2, θ1, θ2 physically represents using the same antibiotic for all experiments, as in

Jackson’s study [14].

The antibiotic treatment process ran from t = t0 to t = tf = t0 + tdur, where t0 is the first

moment antibiotics were administered into the growth environment and as before, tdur was

the duration of the antibiotic treatment. The time at which the experiment has concluded is

tend and is assumed to be large enough so that the system is approximately at equilibrium.

All parameters are held constant in the figures below with the exception of the parameters

of interest.

To calculate the long term behaviour to the system, the model for the treatment phase

(where ω(0 < t < tf )) is not used for steady state analysis. As the pre-treatment phase

is not significant in demonstrating the benefits of our model, the post treatment phase

model is used to calculate the solutions in the long term. The initial conditions to the

post-treatment model where ω(t > tf ) are the final values of the solutions to the treatment

phase model where ω(0 < t < tf )). For tf → tend and ω(t > tf ), the initial conditions are

(x0 = x(tf ), c10 = c1(tf ), c20 = c2(tf ), p0 = p(tf )).

We create a function

Z(x(tend); c
+
1 , c

+
2 , tdur) =

{
green x(tend) = x̃ > 0

red x(tend) = 0

}
,

Then, Z = {red} denotes a die out of the biomass when x(tend) = 0 and Z = {green}
indicates bacterial proliferation for x(tend) = x̃ > 0, where x̃ is the positive equilibrium.

In this section, we consider two metrics in addition to the parameters of interest: the

biomass return time and the biomass minimum concentration. The biomass minimum con-

centration min(x(t)) is the smallest biomass concentration value that occurs after the start

of the antibiotic treatment. The biomass return time, tret = tm − tf where x(tm) = jx(t0).
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The value j × 100 indicates what percentage the biomass is supposed to reach to be consid-

ered recovered from the antibiotic. A value of j = 0.5 indicates that the population has at

least partially recovered from the antibiotic treatment. A value of j = 0.99 indicates that

the population has reached a biomass density almost identical to the start of treatment and

is assumed to have fully recovered from antibiotic treatment.

The computational implementation of the experiments is based on solving the initial

value problem numerically through Python, as described in Chapter 2. Every simulation

runs from t = tstart and ends at t = tend. As described, Z represents the mapping of two

specific parameters of interest to a color, a binary result of die out or proliferation. The

parameters of interest c+
1 , c

+
2 and tdur have expected ranges suitable for experimentation.

The values used for parameters of interest are c+
1 ∈ [0, 2], c+

2 ∈ [0, 2] and tdur ∈ [0, 8],

which are all split evenly into an array using the linspace function from Numpy. Every

iteration, one parameter is fixed, and a pair of values from the arrays corresponding to the

parameters being varied are passed to Z and a simulation using those values is computed

to solve the initial value problem. This process is repeated until every combination of

parameters has been varied. When c+
1 , c

+
2 are varied, the value of tdur is fixed at tdur = 4,

which is a typical experimental antibiotic treatment duration [14]. When c+
1 , tdur are varied,

the value of c+
2 is fixed at c+

2 = 1. Lastly, when c+
2 , tdur are varied, the value of c+

1 is fixed at

c+
1 = 0.
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Figure 3.2: Simulation data for Z, fixing tdur = 4. The biomass minimum concentration
min(x(t)), is captured by a contour map overlaid on the data for Z.

Recalling the definition of g(x) = g2(x),

g2(x) =

x x ≥ 1
β

βx2 0 < x < 1
β

we see that substituting the default simulation value from Table 3.3 for 1
β

= 0.01. The

computations indicate that for all parameter variations, the basin of attraction for the trivial

(die out) equilibrium was contained entirely in the region 0 < x < 1
β
, as seen in Figure 3.2,

Figure 3.3 and Figure 3.4. In Equation (3.1), the cell viability hindrance effect makes it

so that g(x) = βx2 for x < 1
β
. It is still possible (when x is close to 1

β
) for the biomass

growth rate to be larger than the cell loss rate-resulting in a marginally positive biomass

growth rate even below 1
β
. If x << 1

β
, the substrate consumption for growth can no longer be

46



Figure 3.3: Simulation data for Z, fixing c+
2 = 1. The biomass minimum concentration

min(x(t)), is captured by a contour map overlaid on the data for Z.

larger than the cell loss term to yield a positive biomass concentration rate and the biomass

dies out as t → tend. Both values j = 0.5 (Figure 3.5) and j = 0.99 (Figure 3.6) show

the differences between imposing the condition that the population is considered to have

recovered if they reach 50% of the pre-treatment density and 99%, respectively The data

indicated that c+
1 contributed much more to long term bacterial recovery in the recovery

phase when compared directly to the same concentration of c+
2 . The related values of tret

at both j = 0.5 and j = 0.99 changed almost identically. The fixed increase of all values of

tret (contrasted by Figure 3.5 and Figure 3.6) when changing the percentage from j = 0.5

to j = 0.99 indicated that there is no proportional difference in specifying a j. When the

biomass concentration constraint that bacteria must meet to be considered “recovered” from

antibiotic exposure becomes larger, it is to be expected that it would take more time for the

bacteria to reach it.
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Figure 3.4: Simulation data for Z, fixing c+
1 = 0. The biomass minimum concentration

min(x(t)), is captured by a contour map overlaid on the data for Z.

The data indicated that tdur was only able to negatively affect x(t) with exception to an

interval of tdur values: when the duration was too low (tdur ≈ [0, 1]), the biomass density

would be unaffected and continue to proliferate. This was not consistent for all c+
1 . When

concentrations of c+
1 were high (c+

1 ≥ 0.6), c+
1 was able to dominate the effect of a high

treatment duration time, regardless of what value was picked within the established range of

values. It is clear that higher values of tdur contribute to a larger basin of attraction for the

trivial equilibrium, where higher values of c+
1 reduce it, seen in Figure 3.7 and Figure 3.8.

The parameter tdur has a higher impact on biomass concentration levels than c+
1 when c+

1 is

small, but this reverses when c+
1 is large. As in the case with varying c+

1 and c+
2 , the change

j = 0.5→ j = 0.99 caused a fixed increase in tret for all parameter combinations that led to

bacterial proliferation.
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Figure 3.5: Simulation data for tret with respect to c+
1 and c+

2 overlaid onto the data from
Z. The value of the parameter j in this figure is 0.5. The white coloring on the contour plot
is an indication that those parameter values have the bacteria die out.

The only range that allowed for bacterial proliferation was when tdur was small, entirely

independent of the value of c+
2 during the treatment. As before, when the time value for tdur

was small enough not to cause significant bacterial damage, the bacteria survived—the range

of values was approximately the same as Z overlaid with tret. The concentration of c+
2 played

a less important role than c+
1 in the rescuing of the biomass, which indicated a difference

in how bacteria responded to antibiotic treatment. As depicted in Figure 3.9 and Figure

3.10, this mechanism proves that the Monod functions are a good choice to demonstrate

inhibition kinetics and preference mechanisms, even in the presence of antibiotic treatments.

The parameter tdur caused more bacterial death as its value increased.

Not all of the data corresponding to min(x(t)) vs. tret was relevant in establishing a
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Figure 3.6: Simulation data for tret with respect to c+
1 and c+

2 overlaid onto the data from Z
at j = 0.99. The value of j is 0.99 in this figure. The white coloring on the contour plot is
an indication that those parameter values have the bacteria die out.

trend. Values of tret close to bacterial die out was truncated when performing the statistical

analysis, as they tend to infinity when close to die out and do not contribute to establishing

a correlation between xmin and tret. Thus, the data used for statistical analysis were the

stable biomass return data points tret.

As shown in Figure 3.11, the relationship between biomass return time and minimum

concentration appeared to take an exponential curve. The dependent variable data were

then transformed with a logarithm function and the function lm was used to carry out a

linear regression on the transformed data, of the form

log(ŷ) = β0x̂+ β1.
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Figure 3.7: Simulation data for tret with respect to tdur and c+
1 overlaid onto the data from

Z at j = 0.5. The white contour coloring indicates an infinite return time, meaning the
bacteria dies out in the recovery phase.

Exponentiating both sides,

ŷ = eβ1eβ0x̂,

where ŷ is the expected value of y given the sample data x̂.

Once simulation data have been collected, conclusions were made by determining a curve

of best fit for the data. A linear regression was carried out in R by the function lm. Once

the data have been fit, the R2 scores were calculated using the summary function for the

fit that resulted from the lm function. The lm finds the coefficients of the equation of the

line that best fits the dataset presented, visualized in Figure 3.12. The coefficient values are

returned and the resulting line of best fit can be plotted against the scatter plot to visualize
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Figure 3.8: Simulation data for tret with respect to tdur and c+
1 overlaid onto the data from

Z at j = 0.99. The white contour coloring indicates an infinite return time, meaning the
bacteria dies out in the recovery phase.

the relationship the independent variable has to the dependent variable.

The data demonstrated a similar relationship between all parameter variations. This

relationship shows that when min(x(t)) increases, tret decreases. Additionally, as min(x(t))

increases, the rate of decrease of tret decreases.

The data indicated that min(x(t)) always occurred at tf , if the biomass did not die out.

When the minimum occurred at the end of treatment, biomass always proliferated. When

min(x(t)) occurred for a t > tf (and reasonable treatment duration), bacteria were unable

to recover. Assuming die out, the smaller 0.01−x(tf ) became, the longer it took for biomass

to die out. Since min(x(t)) only occurred for t ≥ tf , min(x(t)) never occurred during the

treatment phase. The minimum biomass time differential data demonstrated in Figures
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Figure 3.9: Simulation data for tret with respect to tdur and c+
2 overlaid onto the data from

Z at j = 0.5. The white contour coloring indicates an infinite return time, meaning the
bacteria dies out in the recovery phase.

3.13 - 3.16 indicated that the population was slower to die out the closer it was to x = 1
β
,

supported by Figures 3.2 - 3.4.
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Figure 3.10: Simulation data for tret with respect to tdur and c+
2 overlaid onto the data from

Z at j = 0.99. The white contour coloring indicates an infinite return time, meaning the
bacteria dies out in the recovery phase.
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Figure 3.11: The non-truncated simulation data for the min(x(t)) vs. tref for all parameter
variations. The data in the upper row and first column were the data for all individual
parameter combinations, where the lower right data were the all data plotted over each
other. The data was seen to differ, though a clear relationship could be identified.
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Figure 3.12: The curve fitting of the scatterplots of tret and min(x(t)) for the data acquired
from all three parameter variations individually and collectively. A linear regression model
was performed on the log transform of the dependent variable and the independent variable
with lines of best fit plotted against transformed data.
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Figure 3.13: The data contrasting the time difference value between the time at which
min(x(t)) occurs and x(tf ) occurs and the concentration of x(tf ) for c+

1 , c
+
2 .
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Figure 3.14: The data contrasting the time difference value between the time at which
min(x(t)) occurs and x(tf ) occurs and the concentration of x(tf ) for tdur, c

+
1 .
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Figure 3.15: The data contrasting the time difference value between the time at which
min(x(t)) occurs and x(tf ) occurs and the concentration of x(tf )for tdur, c

+
1 .
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Figure 3.16: The data contrasting the time difference value between the time at which
min(x(t)) occurs and x(tf ) occurs and the concentration of x(tf ) for all three data sets.
The data indicated that there existed small differences between the overlaid data which
represented each parameter variation, but overall was similar.
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3.4 Discussion

There is a super exponential relationship between the independent variablemin(x(t)) and the

dependent variable tret, as the data did not indicate a linear relationship between return time

and minimum concentration, after exponentiation. All the data from varying the parameters

of interest demonstrated the same general exponential pattern in the data. A small increase

in the minimum concentration caused an exponential decrease in the return time. The

summary function produced the following R2 scores and coefficients of the regression:

Table 3-3: R2 Scores For ŷ = eβ1eβ0x̂ For Biomass Return Time vs. Biomass

Minimum Concentration

Parameter Variations R2 Score (Adjusted) β0 Value (Slope) β1 Value (Intercept)

c+
1 , c

+
2 0.9322 −13.31586 2.51442

tdur, c
+
1 0.7516 −6.608458 2.558885

tdur, c
+
2 0.8295 −6.351034 2.663624

All data 0.7544 −7.694587 2.583835

The R2 scores showed that there does exist a similar relationship between tret and

min(x(t)), indicating that minimum concentration is a main factor in biomass recovery.

The linear regression returned approximately the same coefficients for the intercept for all

parameter variations, but a slope for c+
1 , c

+
2 that was double the size of any other combina-

tion. All R2 values were large enough to infer that there was a visible correlation between

minimum biomass concentration and the return time. The R2 value of 0.9322 indicates that

c+
1 , c

+
2 was the least super exponential of all the combinations, although all R2 values were

large enough to support a viable correlation. The trajectory of solutions primarily depend

on the initial conditions of the post treatment system where ω(t > tf ).

In addition to Remark 3.3.2, data revealed that simulations only had two values for

x(tend) even when c+
1 > 0∧ c+

2 > 0, tdur > 0∧ c+
1 > 0 or tdur > 0∧ c+

2 > 0, indicating that at

most two basins of attraction exist in all cases.

The varied parameters c+
1 , c

+
2 and tdur did not cause the relationship of min(x(t)) and

tret to vary significantly between each pair. The larger the value of x(tf ), the less time it

took for bacterial recovery and the less impactful each varied parameter was. Additionally,

a larger value of x(tf ) resulted in a shorter recovery time. The closer x(tf ) was to 0, the less

time it took for the biomass to die out. In all cases of bacterial recovery, min(x(t)) occurred

at the end of treatment tf . In cases where bacteria died out, the shortness of duration of

time for bacterial die out indicated how close x(tf ) was to 0. The parameter combination
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pair that produced the smallest range of x(tf ) values that led to bacterial die out was c+
1 , c

+
2 ,

followed by c+
1 , tdur and lastly, c+

2 , tdur.

Biomass recovery was most successful when the primary substrate c1 was added during

the treatment phase. During the treatment phase, c+
2 was not as successful in x(t) recovery

as c+
1 , but more impactful than tdur. Having a higher preference for one substrate over

another correlates to an increase in efficacy of the preferred substrate when added during

treatment. The relationship between the two substrates was further proven when they were

individually compared to tdur. Fixing tdur, for the same concentration of c+
1 and c+

2 , c+
1 was

capable of rescuing bacteria, when c+
2 could not. An absence of added substrate during the

treatment phase would only cause bacterial eradication if values of tdur were large enough to

be outside of experimental expectation. The closer x(tf ) was to 0, the lessened the impact

of each varied parameter value was to the recovery of bacteria after antibiotic exposure. The

data suggested that bacterial die out was most directly affected by the concentration at the

end of treatment, which itself depended on the quality of resources and how limited the

resources were during the treatment phase.

Jackson’s research [14] explored that exposure of finite (4hr) antibiotic treatments to

biofilms, resulting in bacterial die out under the addition of particular substrates during

the treatment phase when exposed to levels of antibiotic lethal to a human (4000g/L). It

was shown in all cases that when additional substrate was introduced during the treatment

phase, populations were able to recover. Although bacteria recovered in all of Jackson’s

documented experiments [14], only concentrations of specific substrates added during the

treatment phase capable of rescuing bacteria from die out were documented-there exist low

concentrations of those substrates where bacteria dies out.

There did exist a difference in how different substrates affected cells in that the popu-

lation took longer to recover from antibiotic for one added substrate and much less time

for the others (∆t ≈ 125h to ∆t ≈ 75h, respectively). Given that the biomass recovery

time was able to vary experimentally, there existed a preference for one added substrate to

another. Additionally, experimental data indicated that bacterial recovery occurred when

the minimum concentration of biomass happened at the end of treatment.

There were several modifications made to the standard chemostat growth model in this

study. Cellular maintenance, which is described as the cellular processes peripheral to

growth, made it so that repairing existing damaged cells would make populations more

susceptible to die out. The cell viability hindrance effect made substrate effectiveness the

same at high biomass densities and reduced at low densities to encourage population die out.
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Cell inactivation due to substrate consumption for antibiotic uptake caused a decrease to

cell viability. Altogether, these modifications allowed us to simultaneously capture die out

and proliferation in a continuous model exposed to antibiotics.

In the data presented, our model was able to replicate the effect of experimental antibiotic

treatment as in Jackson’s work [14]. The varying effectiveness of different substrates were able

to demonstrate that substrates for which preference was low performed worse for rescuing

bacteria, as indicated by the increase in return time.

Therefore the effects of a finite antibiotic treatment on bacteria depend directly on the

resulting biomass density at the end of treatment and indirectly on factors such as treatment

duration and added substrate (preferred or otherwise) during treatment. The long term

behaviour were shown to always result in a binary outcome, which is an indicator of system

bistability where bacterial densities at the end of treatment will cause die out or proliferation.

If a population was able to recover from a critically low density, increasing the minimum

biomass concentration would exponentially decrease the return time.

From a modelling perspective, our model can not only replicate the experiment and out-

comes, but give added degrees of freedom for parameters that can influence biomass recovery

for future improvements. Using this model, one can continue to implement additional treat-

ments of antibiotics repeatedly, and the model would be able to account for bacterial die out

without a discrete implementation needed.
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Chapter 4

Conclusion And Further Work

What we learned in our study:

• It is possible to introduce an effect that mimics damaged cell viability at low concen-

tration, along with other modifications like natural cell maintenance into a standard

growth model which can be used to bypass the complications of the simultaneous im-

plementation of a continuous and discrete model that allows the trivial steady state to

be stable.

• For a finite duration treatment of high dose antibiotics, our model showed biomass

recovery depends explicitly on the biomass concentration at the end of the treatment

and implicitly on additional substrate concentrations added in the treatment phase as

well as treatment duration, which reflects the results from the experiments conducted

in [14].

Although we completed the objective of the study, there are improvements that could

have been made to the model that would make it better. Computing data from additional

treatments, while difficult, would have made it so that all of the experiments in [14] would

be replicated. Additional testing on multiple treatments is therefore required before mathe-

matical improvements can be made. Another improvement to the model would be to focus

on additional parameters such as A, which would give us a stronger understanding of what

causes population recovery from antibiotic treatments.

One of the difficulties in this study was not having any data other than the experimental

data from [14]. Having only one set of data to work with makes it more difficult to be

sure about results and conclusions made. As one would normally expect from programming,
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the process was very time consuming and was the most challenging aspect of the study.

Additionally, building programs that are specific to a single study makes finding support

resources difficult.

Moving forward, the model can be modified and improved in many ways to make it more

applicable. Introducing multiple species into the model would make it a better representa-

tive of the real world, as biofilms are not often comprised of only a single species and [14]

incorporates the use of a multi-species biofilm.

When multiple treatments of finite (and perhaps varying) duration are implemented,

determining how many treatments it would take to fully eradicate a species is medically

relevant and would be a practical avenue for improving the model. Implementing changes to

the cell viability hindrance effect to account for a physiological state of the cell would make

it so the model is more effective at explaining what exactly within the cell causes die out,

again being medically relevant.
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