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ABSTRACT 

 

INCORPORATING ANOMALY DETECTION TECHNIQUES WITHIN 

SPEA-2 

Tamizhselvan Venkatesan,       Advisor: 

University of Guelph, 2019       Dr. Mark Wineberg 

  

Evolutionary Multi-Objective Optimization utilizes evolutionary algorithms to obtain optimal solutions 

involving multiple objectives, which often are conflicting in nature. This optimal solution set is known as 

a Pareto set, and the corresponding fitness for the Pareto set is the Pareto front. Multi-Objective 

evolutionary algorithms can produce solution sets whose evaluations closely approach those of the Pareto 

front. This degree of closeness is called convergence. 

Multi-Objective Optimization algorithm often involves a trade-off between the convergence of the 

algorithm and the diversity of the solutions formed. Regular MOEA’s use a variety of diversity measures 

to try to control this trade-off. However, an alternative concept to diversity has been introduced in the field 

of data-mining, that of anomalous points. For our research we found preserving anomalous points, which 

have two important characteristics, namely sparsity and dissimilarity with respect to the other points in the 

dataset, improved the overall search direction and selection process of the evolutionary algorithm. In this 

thesis we will investigate the importance of anomalous points within EMOA, which runs counter to how 

it's being used within the field of data-mining, through its incorporation within a Multi-Objective 

evolutionary algorithm framework known as SPEA-2.
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Chapter 1 

Introduction    

Evolutionary multi-objective optimization is a subfield of evolutionary computation that uses evolutionary 

algorithms to optimize multiple objectives, which may or may not be conflicting in nature. There are 

numerous practical applications in real-world scenarios. Examples include optimizing battery life of a self-

driving car, aircraft wing design, etc. Solutions provided to the decision-maker by the evolutionary multi-

objective optimization algorithms are known as the Pareto front. The Pareto front consists of solutions that 

are non-dominated with one another. Two important properties determine the quality of the obtained Pareto 

front namely 

1. Closeness in comparison to the true Pareto front 

2. The diversity between the non dominated solutions of the obtained Pareto front. 

Thus the goal of an evolutionary multi-objective optimization is to make sure that the final evaluations are 

as close to the true Pareto front as possible, and the solutions within the final evaluations need to be as 

diverse as possible.  

 

Keeping in mind the above goals, most of the evolutionary multi-objective optimization algorithms use 

Pareto dominance relation and a specific diversity metric to maintain overall convergence and diversity 

respectively, between solutions as they evolve as generations move further. In order to enforce diversity 

between solutions usually, solutions which are not heavily crowded and lie in sparser regions are more 

preferred to be chosen as potential parents as the offsprings produced by such parents obtain the diversity 

properties of the parent and are closer to the parent. Popular algorithms such as NSGA-2 [18] ,SPEA-2 

[19], PAES [16] use crowding distance, kth nearest neighbor distance, objective space grid subdivision, 

respectively in order to obtain solutions as diverse as possible within the obtained Pareto front.  
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Major problems faced by all these density estimators are: 

1. Inability to detect multimodal solutions and efficiently solve ties between them 

2. Inability to adapt distances according to the defined neighborhood of each point 

The impact resulting from these problems is that the overall selection pressure reduces, reduced exploratory 

potential of the offsprings, reduced quality in the overall representative non dominated solution set. Thus 

newer algorithms such as Omni-optimizer and MST-MOEA were designed to solve one of the above 

problems stated. Omni-optimizer was able to solve ties involving multimodal solutions but had a 

fundamentally flawed crowding distance scheme which cannot differentiate between a point closer to a 

sparser point and a point closer to a denser point; thus the notion of neighborhood is still not defined 

properly in Omni-optimizer. MST-MOEA has an excellent density estimation scheme, which is to construct 

a minimum spanning tree and use degree of a point as a measure to define density of a point.  Degree of a 

point understood neighborhood distributions surrounding the point, but MST-MOEA worked only in the 

objective space and was unable to solve multimodal solutions, and another thing of concern is the higher 

complexity of constructing a minimum spanning tree. In order to effectively perform an MOEA, diversity 

measures are more important than the actual fitness measure because it is easy to determine whether a 

solution is fit or not based on fitness values but where to go next is better indicated by diversity, as it 

prevents us from exploring and re-exploring the same space. In order to efficiently remove the above-said 

problems, we found anomaly detectors as an efficient density estimation scheme that utilizes asymmetric 

distance between points. The diversity measure is asymmetric and is better at identifying similar and 

dissimilar neighborhood distributions with respect to both spaces rather than just one in order to identify 

regions that need to be explored versus regions that have been explored and can be represented as in the 

currently known non dominated set. We call our diversity measure the degree of anomaly of a point. This 

thesis will focus on using our diversity measure as a density estimation scheme within a slightly modified 

SPEA-2  to improve convergence and diversity of the obtained Pareto front. 
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1.2 Layout of thesis 

The thesis is divided into 4 parts. Chapter 1 is a short introduction to the major topics that are covered in 

this thesis. Chapter 2 contains literature review about four core topics Evolutionary Multi-objective 

optimization algorithms, Clustering techniques, anomaly detection techniques, and SPEA-2 framework. 

Chapter 3 explains the SPEA-2 ANM framework. Chapter 4 is Discussion and Results. Chapter 5 is on 

future works that can be applied to this research.  
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Chapter 2 

Background 

2.1 Natural selection based methods 

Evolution Computation is one of many algorithms, such as Swarm algorithms [1], cultural algorithms [2], 

artificial immune systems [3], that were developed and inspired by behaviors occurring in nature.  

Evolutionary computation was inspired by the idea of evolution by means of natural selection, as theorized 

by Charles Darwin. Natural selection is the survival and reproduction of individuals due to differences in 

the phenotypic features. Computer systems, especially Artificial Intelligence, has been utilized for many 

years to model human intelligence. Natural Evolution is a method in nature that produces changes in 

organisms. Evolutionary algorithms are optimization algorithms that are inspired by the foundations of 

natural evolution. In simpler terms, the primary goal of optimization involves seeking improvement based 

on a particular goal and trying to find an optimal point for that goal. Reproductive operators, selection 

techniques, fitness evaluations were some of the core concepts that were developed from natural evolution 

that was utilized for optimization. Reproductive operators involve using crossover and mutation. Crossover 

is a technique where two potential parents are chosen, and k parts of their genome are interchanged with 

each other, also known as a k-point crossover, to obtain offspring, while mutation is a technique where a 

particular gene of a chromosome is changed in a stochastic fashion to another gene (called an allele) using 

some mutation technique (e.g. bit flit, Gaussian mutation, etc.). The objective value of a solution is a value 

that is associated with it, which is being optimized across a solution space. The fitness value of a 

chromosome (the mapping of a solution to a vector that can be manipulated using reproductive operators) 

is the incorporation of the objective value of the solution into a new value that may incorporate other 

properties, such diversity, or message the objective value to better suit the search process of the evolutionary 

algorithm employed to help it better find the optimum . Finally, selection techniques involve using the 
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information from the fitness values as a means to choose chromosomes for mating or survival such that 

they improve the average fitness of the population.  

 

Evolutionary computation comprises many sub-disciplines and fields such as these introduced by Holland 

[4], Goldberg [5], Koza [6] and Rechenberg [8]. Holland [4] laid the initial foundation for the Genetic 

Algorithm, by explaining what the process entails, what evolutionary operators are used, etc. Goldberg [5] 

expanded on the Genetic Algorithm in understanding its ability to search, optimize and how it can be 

incorporated into machine learning. Koza [6] founded Genetic Programming, where the overall output of 

the optimization process is a program. Rechenberg [8] developed evolution strategies that use the idea of 

combining parent and child as a single population and perform optimization on them.   

2.2  Evolutionary Multi-Objective Optimization 

Multi-Objective Optimization optimizes multiple objectives, which often in conflict with each other. 

Consequently, more than one solution may satisfy the property of being “the best” depending on which 

objective is considered “more important”. Modern approaches to multi-objective usually present the user 

with all solutions that can be considered “the best” independent of which objective is more or less important, 

thus instead of a single solution, the multi-objective optimizer presents a set of “equivalent” solutions, with 

different trade-off, to the user to choose from. 

 

The potential for evolutionary algorithms to solve multi-objective optimization problems was first 

identified by Rosenberg in the late 1960s [51]. The first actual implementation of an evolutionary algorithm 

performing multi-objective optimization was done by David Schaffer [9] with the Vector Evaluated Genetic 

Algorithm (VEGA). This synergy is referred to as evolutionary multi-objective optimization (EMO or 

EMOO). Classical methods for multi-objective optimization usually require the repetitive application of an 

algorithm to find the various solutions that are considered optimal in a multi-objective setting. In 
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comparison, an evolutionary algorithm uses its population-based search approach to obtain these multiple 

solutions simultaneously in a single run [10].  

 

The goals of evolutionary multi-objective optimization are [10] 

● the convergence to the “best solution” set, called the set of Pareto-optimal solutions or Pareto set 

● If on the Pareto front, how well representative the points are to the full Pareto front. 

The Pareto set has a corresponding objective (or fitness) values, which form the Pareto front. Multi-

objective optimization involves mapping from decision space to the objective space, which in the EA world 

would be analogous to the genotype/phenotype to fitness mapping. Decision space contains the actual 

solutions, i.e. genotypes, while the objective space is formed from the values that are obtained from the 

evaluation of the decision space solutions when optimizing. In other words, there is a mapping from the 

solutions in the decision space to the fitness points in the objective space. This mapping is shown in Figure 

2.1. While the figure shows the mapping to be one to one, it can also be many-to-one, which is where the 

idea of multimodal solutions comes into play. Multimodal solutions are different solutions in the decision 

space but have the same fitness values in the objective space. These solutions are really interesting 

considering that they can be used as backup solutions if and when one of the multimodal solutions is not 

available. 

 

 

Figure 2.1: Decision space to objective space mapping (𝛺={𝑥 ∈Rn}  

is mapped to 𝛬={y∈Rk}) 



 
   

7 
 

 

Solutions within the Pareto optimal set are non-dominated with respect to each other. The idea is developed 

from the Pareto dominance principle, which decides whether a solution is said to be incomparable with 

another solution or not. The definition of Pareto dominance principle is given as follows 

A solution x(1) is said to dominate the other solution x(2) if both conditions 1 and 2 are true: 

1. The solution x(1) is no worse than x(2) in all objectives. 

2. The solution x(1) is strictly better than x(2) in at least one objective [10]. 

A generic Multi-Objective Optimization Algorithm involves certain features which are to be defined by the 

system, such as: 

1. Initial population whose fitness values are calculated. Individual gene encoding within 

a population can be binary, integer, or real. 

2. Apply the Pareto dominance principle to segregate solutions into nondominated and 

dominated individuals. 

3. Utilize density estimation techniques to limit the overall set of solutions formed by 

taking consideration of the diversity of the obtained solution set. 

4. Perform evolutionary operators such as crossover, mutation to generate child 

population. 

5. Select sets of individuals based on ranking and density estimation techniques. 

 

Primarily the concept of domination involves two solutions; therefore it is a binary operation. The 

mathematical relation that encompasses domination is known as a partial order. While partial orders are 

transitive; thus we can say that a point can be dominated or not dominated by another point. Points can also 

be said to be incomparable with each other, which cannot occur in total order. Incomparability naturally 

occurs when the number of objectives is greater than one. Thus, the idea of non-domination comes into 

existence where it is used to describe solutions in a population where each of those solutions is neither 

dominated by nor do they dominate any other solution in the population. These form the non dominated set 
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of solutions. If all solutions that are dominated by the set of non dominated members are removed, we will 

obtain a non dominated set. Therefore, the final solution of a multi-objective optimization problem is not a 

single solution, as for a single objective optimization problem, but rather a set of solutions, where that set 

is a non-domination set. The corresponding objective values of the solutions in that final non-domination 

set will comprise the Pareto front.  

 

In many cases, we know that a Pareto front formed from a non-domination set across all solutions could 

contain an infinite number of points, for example when working in a continuous domain. Thus, we need a 

way to effectively use a finite subset of members from the non-domination set such that the finite points 

chosen has desired properties when plotted in objective space to represent the Pareto front, such as well 

spread boundary points, inclusion of endpoints, etc. Therefore, we need to rank our non-domination set 

based on specific properties define above in order to obtain our representative non-domination set. 

 

Considering that we are, in our MOEAs, trying to find the non-domination solution set, not fully 

enumerating it, we need to obtain ways to distinguish between the individuals in the set so that we can 

preserve the most important properties that allow for adequate representation. These distinguishing factors 

also can be applied to members in a population as well, and indeed are defined for the members across a 

population. These measures can then be used to choose between individuals of the non-domination solution 

set for representation. These important components are  

Dominance rank: The number of members that a particular individual is dominated by. 

Dominance count: The number of members that a particular individual dominates. 

Dominance depth: When the non-domination set has been removed from a population, a new non-

domination set can be constructed. This can be iteratively performed; the 

number of times this must be done until a given point has been selected for the 

non-domination set is that points dominance depth [11]. 
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Apart from understanding the need measuring how suited a member is for inclusion in the non dominated 

set, we also need to understand that, especially when the number of non dominated individuals increases as 

the number of objectives increases, the possibility of tied situations occurring between these members. In 

order solve tie situations, we need to understand other properties that can be involved in deciding whether 

a member should be included or not, especially by looked at representational properties that we wish to 

have in the Pareto front produced by the non-domination set such as diversity preservation techniques. 

Primarily diversity preservation techniques are used to make sure that we obtain a uniform distribution of 

Pareto front solutions. It is also helpful in deciding which of the non dominated solutions to preserve or 

remove in order to use them as the basis for finding even better non dominated solutions for consideration, 

e.g. as potential parents when creating the next generation.  

 

Conventional techniques used for diversity preservation techniques involve 

1. Weight Vector Approach: weights are assigned to each fitness values in the objective space so that 

they move in different directions in the search space, by changing weights, different directions can 

be defined for each point. 

2. Fitness sharing/Niching approach: The user-defined neighborhood size is defined known as niche 

radius, and then fitness is reduced proportionally to that of the number of individuals are present 

within the neighborhood defined. This helps in promoting solutions in the least populated region 

[11]. 

3. Kernel density estimator approach: : The density estimator defined is based on a given distance 

function ‘f’, which can be Euclidean, Manhattan, Mahalanobis, etc., that is to be measured either 

in the decision or objective space [11]. This is a smoothing process where the overall goal is to 

reduce the variance of the points within the defined neighborhood. 

4. Nearest neighbor approach: Uses the distance to the nearest neighbor from our point of interest 

directly as crowding distance in NSGA-2, and as a variant, the kth nearest neighbor (the distance to 

the kth point from our point of interest), in SPEA2. 
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5. Crowding/Clustering: Very similar to fitness sharing, where the boundary is defined by the volume 

of the hyper box to the nearest neighboring points. Clustering involves assigning each point to a 

specific cluster based on certain similarity metrics 

6. Restricted Mating: A specific user-defined niche distance is defined to make sure that two-point 

needs to be greater than the user-defined distance in order for them to undergo mating process [11] 

Many algorithms were developed that utilized the idea of sorting a non dominated solution proposed by 

Goldberg [5].  

 

Along with the principles of dominance and non-dominance, evolution strategy approaches were also taken 

into consideration, where the idea of combining parents and offspring (mu+lambda) within a single 

population was established. Evolution strategies [8] were primarily developed to induce the idea of self-

adaption of strategic parameters such as mutation, etc. Another reason in using the idea of (mu+lambda) 

population is that it makes sure that the parents survive until they are superseded by better offspring (a form 

of elitism). This idea can be used to create better offspring in the process better non dominated individuals. 

NSGA [12], SPEA [13], VEGA [14], NPGA [15], PAES [16] were some of the popular MOEA frameworks 

that use evolution strategies concepts. We will discuss them one at a time:  

 

VEGA [14] basically creates equal-sized subpopulation based on the number of objectives; each population 

uses each specific objective to select members for the subpopulation, they are then combined, shuffled and 

randomly mated to create child population.  

 

NSGA, known as Non dominated sorting genetic algorithm [12] splits them into different fronts and ranks 

the various fronts. It utilizes fitness sharing to reduce fitness of solutions based on their niche count. The 

major disadvantage of NSGA is that it was highly susceptible to the sharing parameter in the fitness sharing 

process. Fitness sharing involves a user-defined niche parameter to be defined, which can affect the way 

the NSGA algorithm works.  
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SPEA [13] uses an archive to move the best non dominated solutions from one generation to another. It 

utilizes a clustering technique known as average linkage method to truncate non dominated solutions in 

order to fit the archive size. SPEA had issues in the way fitness scheme was assigned as it only compared 

the solution of interest with solutions in the archive rather than (archive+current) population resulting in 

reduction in selection pressure; clustering also resulted in unable to preserve boundary solutions of the non 

dominated solution set obtained.   

 

PAES[16] uses (1+1) ES strategy where a single parent produces a single child, and also, it contains an 

archive to store previously found non dominated individuals. It also uses a novel density estimation 

technique where the objective space is divided into grids, and density of a point is assigned based on the 

number of points within the grid. PAES was highly exploratory and never maintained a stable boundary 

solution set in the archive; it also showed stagnating performances when the Pareto front was disconnected.   

 

NPGA [15] uses the concept of niching and fitness sharing to obtain Pareto optimal solutions. NPGA also 

struggled with the user-defined sharing parameter in fitness sharing which affected the overall performance 

of the algorithm.  

 

GDEA (Genetic diversity evolutionary algorithm) [17] used non dominated sorting to assign ranks and 

optimizes non dominated solutions with ranks as the first objective and distance/diversity as a second 

objective.  

 

Using the above frameworks as building blocks, popular modern MOEAs such as NSGA-2 [18], SPEA-2 

[19], and PAES [16] were developed. NSGA-2 utilized an elitist approach, a distance estimator they called 

crowding distance, and an efficient front discovery by combining parent and child during selection (local 

selection). Unfortunately, the NSGA-2 crowding distance is unable to differentiate whether a given point 
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is closer to a sparse point or a dense point. SPEA-2 uses an efficient fitness assignment known as a strength 

by comparing it with current population and archive population; it uses kth nearest neighbor as its density 

estimator. SPEA-2 has stronger selection pressure; however, its use of kth nearest neighbor, which uses 

point to point distances, does not give precise density estimation of a point.  

 

One of the most advanced types of MOEA algorithm (although little known or cited) incorporated a 

different diversity measuring technique based on Minimum spanning trees (MST). The MST is an essential 

concept in graph theory, which has exceptional properties for the understanding solution distribution, 

scalability management, and effective density estimation. NSGA-2 MST [20] utilized the prims algorithm 

and non dominated sorting in combination to improve many of the objective optimization capabilities of 

NSGA-2. The follow-up algorithm, ETEA [21], utilized associated concepts from MSTs, such as degree of 

a point, to estimate the density of a point relative to the entire population, which allowed them to perform 

high order multi-objective optimization (i.e. solving problems that have very many objectives). However, 

ETEA had huge problems in time and space complexity, as it always takes O(n2) time in creating the 

minimum spanning tree graphs.   

 

Indicators, such as hypervolume, generational distance (GD) and inverted generational distance (IGD) are 

often used as a means to measure the performance of an algorithm in terms of ability to converge and the 

ability to produce diverse set of points (see Chapter 4 section 4.1 for which indicators will be used in this 

thesis, as well as their definition). IBEA, which is an acronym for indicator-based evolutionary algorithm 

[22] utilizes indicators, such as hypervolume, to obtain Pareto optimal solutions. In this case, for example, 

IBEA preserves or removes solutions based on their ability to maximize individual hypervolume 

contribution. IBEA had problems with the hypervolume’s high susceptibility to reference points and high 

time and space complexity issues. Many other MOEA algorithms also utilize indicators. Commonly used 

MOEAs with improvised hypervolume indicator are s-metric [23] and HSO [24].  
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One of the most current and population MOEAs for high dimensional multi-objectives is the Multi-

Objective evolutionary algorithm-Decomposition (MOEA/D) [25], which decomposes a multi-objective 

problem into sub-problems, where each sub-problem is then optimized based on the information from 

several neighboring sub-problems.  

 

A major disadvantage, most of these algorithms face is their inability to estimate density for multimodal 

solutions. 

 

2.3 Multimodal Solutions and decision space diversity  

Multimodal solutions are those that have a different genotype but the same phenotype. In other words, they 

are different solutions in the decision space but have the same fitness values in the objective space. 

Multimodal solutions have practical usability in real-world applications especially in mesh routing 

optimization [26], traveling salesman problems [27], airplane wing design [28],etc. Considering that 

solutions have equi-fit values in the objective space, in such cases applying density estimation onto the 

multimodal solutions in the objective space is redundant and will always result in same values for the 

respective multimodal solutions; thus they would have the same rank and is not possible to differentiate 

them. Another point of concern is that density estimation for most of the MOEA discussed so far deal with 

point-to-point distances, which makes it hard to find differences in the distances in objective space for 

multimodal solutions. Predominantly two techniques can be incorporated, which is niching and decision 

space analysis.  Niching involves creating sub-population of similar interests and performing optimization 

on those individual niches such as fitness sharing, niche induced mating, etc. Niching improves preserving 

multimodal solutions as optimization occurs within each niche independently.  

 

The reason to move to decision space is that analysis of ties of objective values while still staying within 

the objective space is just not possible with basic MOEA techniques when considering dominance or 
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density estimation. Dominance and density estimation techniques are two important components in 

segregating the solutions into solutions that can be compared with another and solutions that are 

incomparable with other solutions. In such situations where analysis in the objective space will always 

produce equal values, decision space should be considered. Thus, a new type of MOEA was formed where 

decision space was taken into consideration in order to decide which solutions among those multimodal 

solutions to preserve. 

 

Decision space contains the chromosomes(genotypes) of the initial population. The algorithm goal was not 

primarily focused on multimodal solutions; they were more focused on improving decision space diversity, 

but in the process, multimodal solutions were also efficiently optimized.   

 

Omni-optimizer [29] was the first such algorithm. It was designed with a lot of similarities to NSGA-2, but 

where decision space was taken into consideration. The motive was that whenever the crowding distance 

was greater than the average crowding distance either in objective or decision space, then assign maximum 

of the crowding distance in either objective or decision space to that given point else assign the minimum 

of the crowding distance in either objective or decision space to that given point. Omni optimizer also had 

the ability to produce solutions supporting different problem types such as single objective single global 

solutions, multi-objective single global solutions, single objective multi global solutions, multi-objective 

multi global solutions.  

 

SPEA2+ [30] was then developed from the ideologies of SPEA-2 to improve decision space using two 

archives, one in the objective space another in the decision space. SPEA-2+ uses Euclidean distance 

between the closest pair of points (kth nearest neighbor where k=1) as a means to apply the truncation 

process.  
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Just as IBEA utilized the hypervolume indicator, Ulrich [31] developed a system to combine decision space 

diversity within the hypervolume indicator. This resulted in a single indicator that measures the 

convergence factor of the solution, simultaneously measuring the decision space diversity of any given 

point. Shir [32] proposed a technique using CMA-ES and decision space niching (fitness sharing) to 

improve decision space diversity. Hu [33] proposed a variant of MOEA/D to perform multi-modal multi-

objective optimization. Coello [34] developed a particle swarm optimizer using ring-topology to optimize 

multi-modal solutions, and a special crowding distance was designed similar to Omni-optimizer, which 

enhanced the overall density estimation aspect of the algorithm.[seeking multiple] describes the recent 

approaches that have been accomplished to solve multi-modal multi-objective optimization problems.  

2.4 Clustering induced MOEA 

Clustering and diversity techniques having been introduced to MOEA in order to smooth out the Pareto 

front, as has been seen; however, diversity and especially clustering have recently been used for more in-

depth analysis in a manner more akin to its use in data-mining. SPEA [13] uses the idea of clustering in its 

truncation process to obtain niches and estimate the density of the non dominated solution set, but the 

problem was that it was unable to maintain boundary solutions, which resulted in diversity loss. Thus subtle 

techniques have to be applied to decide how and when to use clustering.  

 

Primarily the idea of clustering can be used for creating niches, where they have often been used to perform 

restrictive mating and fitness sharing. The application of clustering in decision space makes even more 

sense, as understanding decision space niches give a better idea of which solutions are related to one another 

at the genome level. Zhang [35] performs decision space variable clustering using k-means to separate 

variables into those that are convergently based and those that are diversity-based, and also develop a fast 

non-dominated sorting approach to reduce the complexity of the algorithm. Kramer [36] utilizes DBSCAN 

as a niching technique in the decision space to obtain niches where each niche is optimized according to 

the re-cluster indicator, which is an indicator that relates distances between objective and decision space.  
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Density-based spatial clustering of analysis with noise, commonly known as DBSCAN [37], uses the 

concept of “density reachability” in order to assign points to cluster. It uses a very efficient technique to 

estimate the density of a point: the idea is known as reachability distance. Reachability distance is a non-

symmetrical distance that explains how reachable is the neighbors of our given point ‘a’ to ‘b’. It utilizes 

the kth nearest neighbor in order to define its boundary and uses reachability distance to understand whether 

a point is highly dense or sparse. In comparison with K-means clustering, which is also a very popular 

algorithm utilized by Gao [38] to obtain niches, DBSCAN is highly robust and stable in obtaining clusters. 

DBSCAN is able to detect irregular cluster shapes and uneven density compared to k-means clustering 

algorithm. Tracinski [39] uses clustering for dimensionality reduction and heatmaps as a means of 

visualizing multi-objective non dominated solutions at higher dimensional space.  

 

Wang [40] utilized MOEA to perform multi-clustering. In multi-clustering, we initially obtain a non 

dominated set for different cluster number ‘k’ parameters; based on the k values, two conflicting objectives 

where selected, which is sum of squared error and centroid distances. The obtained non dominated solutions 

from these two conflicting objectives indicated which data-points belong to which cluster and which cluster 

parameter gave the best results. 

2.5 Anomaly detection techniques 

While traditional clustering and diversity techniques have been used within the field of MOEA for both 

smoothing and, more recently, identifying useful properties of solutions, clustering has not only been used, 

but advanced in the field of data-mining in the form of anomaly detection techniques that are used to detect 

anomalies or abnormal points within the dataset [41]. Anomalous points are abnormalities/rare occurrences 

within the dataset that has a very low degree of similarity. These are usually removed when found in a 

dataset, but their analysis can also give a pretty good understanding of the dataset. For example, in the field 

of psychology, analyzing outliers can help in understanding abnormal brain patterns and the reason why 
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they happen. The key properties of anomalous points that made them very interesting were sparsity and 

dissimilarity. This could be useful to the field of evolutionary computation, where sparsity would 

encapsulate the idea of crowding/density estimation around a given point, where the less dense, the better 

it is, while dissimilarity would incorporate the idea of how unique the point is within its own space. 

Incorporating these ideas might help in improving the movement of genetic material within the population. 

Anomaly detectors were primarily divided into types: local and global.  

 

Locally based techniques utilize the idea of density-based outlier detection, where the neighborhood of a 

point is defined by the kth neighbor. The local outlier factor (LOF) compares the relative density of the 

neighbors of our point of interest to that of itself [42]. This technique is very effective in understanding 

differences between whether a point closer to another point around a denser region or another point around 

a sparser region can be considered as an outlier. It is quite effective in comparison to kth- nearest neighbors, 

but its effectiveness highly depends on the k parameter. Local outlier correlation integral (LOCI) [43] uses 

the idea of multi granularity deviation factor, which is a technique to compare relative deviation of local 

neighborhood density of point of interest to that of the average local neighborhood density of a point within 

the user-defined radius. LOOP [44] is a technique to assign what is the probability that a point is considered 

to be an outlier; it assigns a probability in the range of 0 to 1. He [45] uses the idea of clustered outlier; the 

idea comprises understanding the size of the cluster the point belongs and finding the distance between the 

point and the closest cluster.  

 

Global techniques involve finding outliers by looking at the dataset as a whole. The one class Support 

Vector Machine [46] uses the data points as training data and applies a kernel function onto the data points 

to map them to the feature space and creates boundary based on the kernel function, degree of outlier will 

be decided based on the distance to the boundary function. Linear regularization is applied to the distance 

of the boundary to make sure their range is always positive, which also indicates that the problem with one 

class SVM is that the choice of the kernel is highly user dependent and affects the way results are being 
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produced. Histogram based outlier scores (HBOS) [47] creates histograms with a certain bin width on each 

dimension , and based on the frequency of points estimates outlier scores for each dimension. The average 

of the outlier scores give the overall degree of outlierness of a point. This technique is very effective in high 

dimensional spaces. Ensemble techniques have also proven to be very effective in high dimensional space. 

The ensemble model involves using multiple anomaly detection technique within a dataset, in order to 

obtain improved accuracy on outlier scores.  

 

Let us have a deeper understanding of the key concepts of the anomaly detection techniques which we have 

discussed so far. 

2.5.1 Reachability distance 

Local outlier factor (LOF) is a technique to obtain the degree of outlierness of a point with respect 

to a neighborhood. The neighborhood is defined based on the kth nearest neighbor distance to other points. 

Here LOF is not defined as a binary property, such as saying whether a point is anomalous or not, but rather 

an outlier factor is assigned to each point in the dataset [42]. The clustering technique DBSCAN which was 

known to produce robust and stable clusters was inspired by the ideas of local outlier factor; most 

importantly it uses an asymmetric distance metric known as local reachability distance. To understand local 

reachability distance, consider Figure 2.2 below. 
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   Figure 2.2: Reachability distance diagram 

The notion of reachability distance comes from a very simple understanding: what would be an easy way 

to differentiate a point that is closer to sparser point and a point that is closer to a denser point? The primary 

issue is you may consider a point as your kth nearest neighbor, but there is no requirement that this point 

has to consider you as its kth nearest neighbor. This happens when the defined neighborhood of kth nearest 

neighbor point or the point of interest differs. As neighborhood is defined by the kth nearest neighbor a 

point of interest kth nearest neighbor point does not have to have the same neighborhood as the point of 

interest, thus this results in difference in the overall estimated local density. Reachability as a measure uses 

this concept of asymmetric distance:  

 

Reachability distance(a,b)  =  max(kth distance of b, distance between a and b) 

 

Thus, with reachability distance, the ability to differentiate neighbors based on the number of points 

surrounding a point of interest based on kth nearest neighbor distances is clearly possible. This estimation 

can also improve in accurate estimation of how similar a point is within its defined neighborhood, which is 

how the concept of degree of anomaly comes into play.  
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2.5.2 Local Reachability Density (LRD) 

Based on the above notion of reachability distance, local reachability density of our point of interest 

is defined as the inverse of average reachability distance of the points within the defined neighborhood of 

our point of interest. Where N is the neighborhood of all points within the kth nearest neighbor of a given 

point p, the LRD can be defined as 

LRD(p)  =  
1

2 + ∑ 𝑟𝑒𝑎𝑐ℎ𝑎𝑏𝑖𝑙𝑖𝑡𝑦𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒(𝑖, 𝑝)/||𝑁||𝑖∈𝑁
 

As you can see, without the +2, there is a possibility that the denominator of the LRD could be equal to 0 

resulting in an infinite LRD; this is why the 2 is added, making sure the denominator stays nonzero and 

positive. 

 

2.5.3 Local outlier factor (LOF) 

Local outlier factor is the metric that defines the degree of anomaly for each point. Now as we 

defined local reachability density for each point, we now need to find a way to compare the density of each 

point within the neighborhood with respect to density of our point of interest in order to understand the how 

denser or sparser the region is in comparison to its neighbors defined by the kth nearest neighbor distance. 

This metric is a measure of the density of a point of interest and the level of similarity a point exhibits with 

respect to its neighbors. As with the LRD, let N be the neighborhood of all points within the kth nearest 

neighbor of a given point p. Then, 

LOF(p) =  
LRD(p)

∑ 𝑟𝑒𝑎𝑐ℎ𝑎𝑏𝑖𝑙𝑖𝑡𝑦𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒(𝑖, 𝑝)/||𝑁||𝑖∈𝑁
 

When LOF(p) > 1, p is said to be an outlier; the greater its value, the higher the degree of outlierness.  

When LOF(p) < 1, p is said to have a higher degree of similarity with respect to other points in its 

neighborhood. 
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2.5.4 Comparing DBSCAN to local outlier factor  

DBSCAN is a density based unsupervised clustering algorithm. Unsupervised means that there is 

no pre-existing labels or results associated with the input data. Most clustering algorithms are unsupervised. 

DBSCAN utilizes density as an important criterion to assign points to clusters. DBSCAN goes through 

points that are near to one another and assigns them into a single cluster until there are no more points 

nearby. It then moves on to the next set of points that are near each other to form the next cluster, etc. It is 

highly stable, robust and can create clusters in various shapes. It is a very effective clustering algorithm, 

but its downside is that it uses a user defined minimum number of points that a cluster should contain, 

which can affect the way clusters are formed, as well as using an user defined epsilon value, which is a 

minimum distance for a point to be assigned into a cluster.  

 

The underlying intuition can be dated back to the creation of the LOF measure. DBSCAN uses the idea of 

reachability distance from the LOF in order to precisely decide whether a point can be assigned to a cluster 

or not, which also gave DBSCAN the ability to assign points to cluster by understanding the underlying 

density distribution surrounding a point. This was also the reason why DBSCAN clustering gave better 

results in comparison to KNN clustering. Thus, the consensus is that the density component used in LOF, 

namely local reachability density ability to estimate underlying density distribution of a point, can be 

considered superior in comparison to using the inverse of the kth nearest neighbor for density estimation. 

The positive aspect in using LOF is that it does not have any user defined parameters; the negative aspect 

in using LOF is that the neighborhood is defined by the kth nearest neighbor, which can affect the way the 

degree of anomaly is defined for a point. As mentioned in Silverman [49], a good value to set for k is the 

square root of the sample size; in this thesis we will follow that recommendation.  
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2.5.5 One Class Support Vector Machine 

2.5.5.1 Motivation 

From our previous discussion we understood that there are two types of anomaly detection 

techniques: local and global. Local detection techniques define degree of anomaly using their defined 

neighborhood and the number of points within the defined neighborhood. There are times when we would 

need anomaly to be defined not just based on the points within the neighborhood, but anomaly defined by 

comparing all the points within the dataset. As the use of data within most MOEA algorithms is 

unsupervised in nature, unsupervised clustering is appropriate as it’s a technique which can analyze 

similarity within all the data-points and be able to decide inliers and outliers. One such unsupervised 

clustering technique is the one-class Support Vector Machine as they can produce a decision boundary 

which can provides a measure of inlier and outlier; in other words, here the degree of anomaly can be 

obtained by comparing all points within the dataset. Alternatives to this style of global anomaly detection 

exists, such as self-organizing maps (SOM) and Histogram based outlier score (HBOS), but we will focus 

on the one-class Support Vector Machine. 

 

2.5.5.2 What is the One-Class SVM? 

One-class Support Vector Machines are machine learning classifiers that use “kernel functions” to 

map the input space into a feature space where the ability to fit a curve is simplified. Once a curve has been 

fit into the set of points in the feature space, the signed distance between the curve to the points within or 

outside the curve is said to be the decision boundary. This decision boundary is then used for classifying 

training samples. 

 

2.5.5.3 How it works 

The decision boundary is used as a means to understand the degree of outlierness that a point 

exhibits. Naturally if the signed distance is negative then it has a higher degree of outlierness in comparison 
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to that of positive signed distance. Now within the negative signed distance, magnitude has to be verified. 

The one who has a greater negative value is said to have higher degree of outlierness and within the positive 

signed distance and in terms of magnitude, the one who has lesser positive distance has higher degree of 

outlierness.  

 

Support Vector Machines are often known to produce good classification accuracy results. In this particular 

context we often obtain situations in the objective space where the distribution of points around two unique 

points might be the same, resulting in same density values and if the distribution points are same then the 

local degree of outlier will also be the same..  

 

 

   Figure 2.3: Support Vector Machine 

But in terms of anomaly detection using SVM instead of using typical two class classification here we use 

one class with label ‘1’ as points which are enclosed within the curve and labels ‘-1’ as points that are 

outside the curve. Through this method effective global degree of outlierness ranking can be established 

which can be utilized during the process of preservation or truncation. 
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2.6 SPEA-2 framework 

SPEA-2 also known as strength Pareto evolutionary algorithms-2 is a well-known multi-objective 

evolutionary algorithm that uses the principles of non-domination to effectively obtain Pareto front 

solutions. As mentioned previously, the primary goals of MOEA involves 

1. obtaining diverse Pareto front solutions 

2. obtaining Pareto front closer to the true Pareto front 

In order to attain both the above said goals diversity and convergence management schemes need to be 

incorporated into an MOEA. Thus, we can split an MOEA algorithm into two specific subcomponents 

namely 

1. Convergence improving component 

2. Diversity enhancement component 

Now for the first case lets discuss the idea of non dominated sorting and elitism which has been used in 

other popular MOEA such as NSGA-2, PAES, etc. 

2.6.1 SPEA-2 non dominated sorting 

The primary idea of non dominated sorting is to rank solutions based on their level of non-domination. 

Remember, a non dominated solution is a solution that has fitness values such that no other solution within 

the set has better fitness values across all objectives.  Now once we obtain non dominated solutions we 

need to find a way to sort them, as we can only keep a limited number of non dominated solutions at a 

particular generation.  

2.6.2 Strength 

Strength is a technique that is used to understand the level of dominance that a particular solution exhibit. 

Strength indicates the number of solutions our solution of interest dominates. The higher the strength value 

greater the number of solutions dominated by our point of interest. This is just a measure or potential of a 

point to dominate other solutions within each population set based on their fitness quality 

  S(i)=| j | j∈Pt+𝑃t Λ i≻ 𝑗}| 
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where Pt and 𝑃t are the current population and the population stored in the archive at generation ‘t’ and 

Pt+𝑃t  is the union set between current and archive population  

2.6.3 Raw Fitness 

Raw fitness can be compared to that of the non dominated layered front based sorting done by NSGA-2. In 

NSGA-2 each solution has a domination count, number of solutions it is dominated by and set of solutions 

it dominates. The solutions which are least dominated by and non dominated are at the first front given rank 

1 and subsequently solutions are deployed onto the next front. Lower the rank preserve the solutions to next 

generation. Similarly, raw fitness is the sum of the strength of the dominators of our point of interest. 
R(I)=∑ 𝑆(𝐽)𝑛

𝐽=1  

Where J∈Pt+𝑃t , J≻ 𝐼. Pt and 𝑃t  are the current population and the population stored in the archive at 

generation ‘t’ and Pt+𝑃t  is the union set between the current and archive population.  

 

Let us understand strength, raw fitness through a pictorial representation. 
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   Figure 2.4: Strength and Raw Fitness 

 

As you can see from Figure 2.4 above, A through D are non dominated solutions as no solution dominates 

them. They all have raw fitness values of 0. H is the solution that is dominated by the greatest number of 

solutions and has the greatest raw fitness. Transitivity is an important property that defines the dominance 
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relation, and you can see raw fitness of H is the sum of strength of F,G,E,A,B,C, which preserves this 

property. 

2.6.4 Elitism 

Elitism is directly induced in terms of solutions that are stored in the archive. The solutions stored in the 

archive are not only used as a means to improve selection pressure, but they are also chosen to be potential 

parents in order to generate offspring and can be combined together as a single population also known as 

(μ+λ) population. 

2.6.5 Discussion the density component utilized by SPEA-2 

Now we know that sorting can also result in tie situations; to resolve them, diversity measures come into 

play. The idea of diversity, here, is used to understand how crowded the region surrounding our point of 

interest is. SPEA-2 uses the kth nearest neighbor as a measure to understand the local estimate density of a 

point within the population. The value of k is chosen as the square root of the current population. It estimates 

density by performing the inverse of the kth nearest neighbor. 

𝐷(𝑖) =
1

𝜎𝑖
𝑘 + 2

 

Where σk
i denotes the kth nearest neighbor distance of point ‘i’. A positive value greater than zero has been 

added to the denominator to make sure that the density does not go to infinity if the kth nearest neighbor 

distance is 0. In the literature[19] 2 is chosen although any value greater than 1 would suffice, in order to 

clearly distinguish the density component of the fitness value from the dominance rank component of the 

fitness value which are integers. 

 

Density estimation plays a huge role when the number of non dominated individuals increases, As we can 

only keep a few representative non dominated solutions in the archive, density of a point is considered as 

an important criterion for preservation. Most importantly solutions in a denser region are less preferred in 
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comparison to a solution which is in a sparser region. The reason why preserving sparser solution is more 

preferred is that it has many advantages 

1. A sparser point can explain that its similarity measure is less with respect to other points within the 

locality, which means they are more unique 

2. A sparser point explains that it cannot be easily replaced by any other point within its locality  

3. A sparser point when undergoing crossover and mutation has higher chances of producing offspring 

nearby the sparser point, thus incorporating its own properties into the offspring 

4. A sparser point can also improve the search potential of the algorithm 

2.6.6 Fitness Assignment 

Fitness of a solution is now the sum of the raw fitness and the density which is the inverse of the kth nearest 

neighbor distance of a point. The fitness component of a point within the population is a combination of 

the dominance property and the density component which gives a good balance in terms of diversity and 

convergence information intertwined within fitness component. If a solution has fitness values less than 

one then it is said to be a non dominated individual as this can very much mean that its strength is zero and 

the positive value obtained is because of the density component. This way a solution can be segregated as 

to whether it is dominated or non dominated solution. 

2.6.7 Archive Maintenance in SPEA-2 

Now in general as the number of objectives increases, the number of non dominated solution increases. But 

due to memory restrictions, we can only hold a representative set of non dominated solutions in the archive. 

Thus an archive maintenance scheme has been included in SPEA-2:  

1. First take all the non dominated solutions formed in the previous generation and move it to the next 

generation’s archive 

2. Then compute the size of the archive  
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a. If the size of the non dominated individuals is less than the expected archive size,  

add the best dominated individuals from the previous generation into the archive until the 

archive is filled. 

b. If the size of the non dominated individuals is more than the expected archive size,  

perform truncation 

Truncation is performed based on the kth nearest neighbor distances of the points within the non dominated 

solution set. The points are removed iteratively based on the one who has the lowest kth nearest neighbor 

distances. If there is a tie then decide based on the (k – 1)th nearest neighbor distances and so forth. You 

can see a pictorial representation of truncation in Figure 2.5. 

 

Figure 2.5: Archive truncation scheme in SPEA-2 

Thus these three components, fitness assignment, density estimation and archive truncation, make up the 

overall algorithm of SPEA- 

2.6.8 Pseudo code 

1. Generate initial current population C and an empty archive A 

2. while(generation count < max_gen) 

3.  evaluate(C) to obtain objective value vectors        // decision space -> objective space 

4. P  =  C ∪ A 

5.  Di = inverse_of_kth_distance(Pi) as the diversity measure  // D= (1/(kth_dist+2) 
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6. compute raw_fitness(P, D)   // see section 2.x 

7. A = create_new_archive(P)   // see section 2.x 

8. if archive size > maximum archive_size 

9.  perform kth distance archive truncation 

10. MatingPool = selection(A) 

11.  new C =  crossover+mutation(MatingPool) 

12. return A      // which is the final Pareto front. 

 

create_new_archive(P)  

1. Split P into ND, the set of non dominated members, and DD, the set of dominated members  

 //  members are non dominated if F[i] < 1 and dominated F[i] >= 1 

2. A = ND  

3.  if archive size < maximum_archive_size 

4.  Sort DD by fitness  

5.  Add best dominated solutions from DD to A until archive size deficit eliminated 

6. return A  

 

compute raw_fitness(P, D)  

1.  for i = 1 to ||P||      // compute the strengths S of each member 

2.   Si = Compute how many members i dominates   // compute all S values for R 

3.  Ri = 0       // initialize R to 0 

4.  for i = 1 to ||P||     // compute the raw fitness R of each member 

5.  dominate(i) = vector of indices of each member that dominates i 

6.  for j = 1 to ||dominate(i)|| 

7.   i_j = index of the jth member of dominate(i) 
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8.   Ri = Ri + Si_j    // sums the strengths of the  

9.   Fi=Ri + Di  

10. return F 
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Chapter 3 

Methodology 

The goal of this thesis is to introduce the new data-mining ideas around diversity and clustering into modern 

MOEA frameworks. We will be concentrating on SPEA-2 which we identified as being most amenable of 

the MOEA frameworks in which to include these techniques. 

3.1 Issues involving the SPEA-2 algorithm 

During the process of understanding diversity potential of a solution, analysis in terms of similarity with 

respect to other solutions can help us understand the way search could be directed towards obtaining 

solutions closer to the true Pareto front. While density estimation explicitly obtains the density of a point 

either by using local approximate estimate of density(inverse of kth distance), distance between immediate 

neighboring individuals(crowding distance), the issue is that the distribution of a point is not compared with 

another point as this can explain the level of sparsity that a point has in comparison to another point because 

primarily distances explain level of isolation with respect to another point but does not explain the implicit 

level of sparsity or density that a point currently exhibits. 

 

Most MOEAs only consider point-to-point distances as the sole criteria to induce diversity. Examples: kth 

nearest neighbor, crowding distance, Euclidean or Manhattan distance between points. A major reason to 

perform truncation is to remove solutions that are not serving a needed role in the representation of the 

Pareto front (assuming the archive has reached the Pareto front), as we are only trying to approximate the 

Pareto front and not exhaustively enumerate it, as has been mentioned before, because it might have an 

infinite number of points. Having a fixed capacity for the number of members that are allowed in the Pareto 

front (selected for the expected features of the desired Pareto front) allows an MOEA to place selection 

pressure on features such as uniformity of placement. Consequently, we need to make sure that the number 

of our obtained non dominated solutions is exactly the size of our desired capacity. 
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 During the process of truncation each MOEA has its own methodologies to measure and manage diversity. 

NSGA-2 [18] uses the crowding comparison operator, which consist of the nondominated rank and 

crowding distance of a solution; one solution is preserved over another if it has a lower rank, but if equal 

in rank, then the one that has a higher crowding distance is chosen. SPEA2 [19] uses the distance to the kth 

nearest neighbor: When comparing two points, each will have a distance to its own kth nearest neighbor 

point. The point that has the larger distance to its kth nearest neighbor is chosen for preservation. In the 

case where there is a tie in the kth nearest neighbor distance, the distance to the (k – 1)th nearest neighbor is 

used, etc. IBEA [22] uses the hypervolume indicator contribution of each point to decide which point to 

remove or preserve; although this technique uses its single indicator to determine both fitness assignment 

and truncation, as both convergence and diversity are incorporated in the measure, there is a higher 

possibility of similarity between points that have not been verified by the indicator. Considering that non 

dominated solutions are incomparable and point to point distances usually do not have a common point of 

measure, we need to have a common property/measure technique to decide which solutions to preserve or 

remove 

 

The concept of diversity as used by most of the popular MOEAs involve understanding distance between 

points. While true, this hugely under-represents the information that can be obtained from a population set. 

This under-representation comes in the form of randomly removing multimodal solutions. Multimodal 

solutions are solutions having equal fitness in the objective space but are unique solutions in the decision 

space. As the diversity measures work on point-to-point distances it is not possible for them to distinguish 

between multimodal solutions as they are equally fit in the objective space. However, these points can be 

analyzed in the decision space to determine whether they are similar there as well. Instead popular MOEAs 

such as NSGA-2, SPEA-2 and PAES completely discard all but one of the ties, with the preserved tie being 

randomly chosen from the duplicates and then compute their diversity measures using this unique set. This 

results in the inability to understand 
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1. the interactivity a multimodal solution possesses 

2. exploratory potential of a multimodal solution 

3. the selection pressure exhibited by a multimodal solution 

 

Apart from this, the SPEA-2 algorithm also has a weakness in its density estimation component. The kth 

nearest neighbor is a good technique to estimate local density of a point, but the problem is that it is unable 

to take into account the local distribution of a point with respect to our point of interest, e.g. a point being 

closer to a sparser point versus a point being closer to a denser point. This difference leads to an improper 

estimation of the local density of our point of interest when using the kth nearest neighbor distance.  

 

Another aspect that should be considered is that the similarity between points is not being inspected by the 

process, neither locally or globally. This aspect of understanding similarity between points plays a huge 

role such as 

1. Obtaining unique offspring solutions 

2. Improving search potential of algorithm by understanding the overall landscape of the search space 

3. Improving selection pressure within the archive (non dominated set) 

4. Improving exploration capability of the system in the process to be able to capture boundary 

solutions effectively 

This inefficiency in the density component of SPEA-2 leads to  

1. Reduced selection pressure from the solutions stored in the archive 

2. Deterioration in the non dominated solution set as generations progress 

3. Reduction in the obtained offspring quality for the next generation  

 

Thus, in short, we can say that analyzing multimodality by moving into decision space, understanding 

interactivity by analyzing similarity between points, adjusting distance based on the defined neighborhood 

are not found within the popular MOEAs such as NSGA-2, SPEA-2 and PAES. These are the key 
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components of our SPEA-2 ANM algorithm, and the goal here is to utilize all the 3 above mentioned 

properties.  

3.2 SPEA-2 ANM 

SPEA-2 ANM uses the concept of anomalous points and anomaly detection techniques to improve the 

overall search potential of the algorithm. Anomalous points are those points that have a very low degree of 

similarity and higher sparsity with respect to other points in the dataset. This gives us an intuition where 

the property of both similarity and sparsity is combined within a single point. Thus, detecting such points 

and preserving them can have profound effects on the performance of the overall algorithm. Anomaly 

detection techniques can be categorized into local neighborhood-based anomaly detection and global 

anomaly detection. We will be using a combination of both local neighborhood-based anomaly detection 

involving using local outlier factor and a global anomaly detection technique which involves using a one 

class Support Vector Machine. 

3.2.1 A Data Flow Representation Between Traditional MOEAs and SPEA-2 ANM 

Traditional MOEA (NSGA-2, SPEA-2, PAES) 

 

    Figure 3.1 Traditional MOEA data flow 
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SPEA-2 ANM 

 

    Figure 3.2 SPEA-2 ANM data flow 

From Figure 3.1 and Figure 3.2 the difference between data flow in traditional MOEA and SPEA-2 ANM 

can clearly be seen. A traditional MOEA often makes the mistake of using the union operation to remove 

clones and in the process randomly deciding which decision variables stay and which are removed. This 

analysis is clearly performed in SPEA-2 ANM where the choice of decision variables for multimodal 

solutions is decided based on decision space diversity analysis. Decision space diversity analysis involves 

comparing points based on their local outlier factor which measures the degree of anomaly of a point with 

respect to other points within the neighborhood and also explains the level of sparsity achieved by a point 

with respect to its surrounding neighborhood. This aspect plays a crucial role in the overall convergence 

and diversity of the Pareto front achieved by SPEA-2 ANM in comparison to traditional MOEA.  

3.2.2 Need to solve ties occurring in multimodal solutions 

Multimodal solutions are solutions that have equal fitness values in fitness/objective space but are different 

solutions in decision space. We have multiple options, either we can preserve all the multimodal solutions 

of varying diversity and improve overall diversity of the decision space, or we can choose a single 

multimodal solution from the multiple copies based on their neighborhood orientations. In this particular 

study we are not looking to improve decision space diversity but rather focus on exploiting objective space 

to produce Pareto fronts with good convergence and diversity. Thus, for this purpose we are removing 

multimodal solutions by checking their decision space values and then based on their ability to be 

anomalous within their local defined neighborhood we are deciding whether to remove or keep them. 
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Effective analysis of multimodal solutions can be done in decision space as opposed to fitness space as, in 

fitness space, they have the same orientation, density and similarity with respect to other points in the 

neighborhood due to its position. Therefore decision space needs to be considered to find density and 

positional differences between them,  so as to decide whether to remove or preserve them. In other words 

all things being equal in objective space we will look to decision space to see whether those objective values 

are coming from points similarly positioned in decision space or are coming from points that are not at all 

close together through the use of clustering and anomaly detection techniques performed in decision space. 

Note: this is the basic idea in omni-optimizer however they still only use point-to-point diversity measures 

rather than the more sophisticated clustering based anomaly detectors. Furthermore, the problem with omni-

optimizer is that it stores any multiplicity of the multimodal solution rather than choosing one of each copy 

of the multimodal solution. This may improve decision space diversity, but this can also reduce the survival 

chances of other solutions that are unique in objective space, as the number of representable non dominated 

solutions to represent the Pareto front for each generation is fixed. Even though the unique solutions may 

have a lesser fitness value or higher density, their search definition is different in comparison to multimodal 

solutions that performs search at the same location in the objective space. Therefore, choosing one of each 

copy of the multimodal solution may not deteriorate nor improve decision space diversity, but can improve 

search definition in the objective space which can be very useful in high dimension situations for obtains 

the Pareto optimal front. 

3.2.3 The SPEA-2 ANM Algorithm 

SPEA-2 ANM uses anomaly detection techniques to preserve anomalous points based on their degree of 

outlierness and in the process obtains Pareto optimal front. We will utilize the same technique of strength, 

and raw fitness as defined by SPEA-2 and incorporate local reachability density as the density component 

and degree of outlierness based on the archive truncation scheme. 
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3.2.4 Pseudo Code 

 

1. Generate initial current population C and an empty archive A 

2. while(generation count < max_gen) 

3.  evaluate(C) to obtain objective value vectors        // decision space -> objective space 

4. P  =  C ∪ A 

5.  while(solutions with identical fitness exist in P) 

6.  tie_set = next set of tied members from P 

7.  while(size of tie_set > 1)  //Remove all tie members from P except the best lof 

8.   Compute lof for members of tie_set   // lof = local outlier factor 

9.   m = member of tie_set with minimum lof 

10.   Remove m from P 

11.  Di = lrd(Pi) as the diversity measure  // lrd = local reachability density  

12. compute raw_fitness(P, D)   // see section 2.x 

13. A = create_new_archive(P)   // see section 2.x 

14. if archive size > maximum archive_size 

15.  perform ANM archive truncation 

16. MatingPool = selection(A) 

17.  new C =  crossover+mutation(MatingPool) 

18. return A      // which is the final Pareto front. 

 

create_new_archive(P)  

1. Split P into ND, the set of non dominated members, and DD, the set of dominated members  

 //  members are non dominated if F[i] < 1 and dominated F[i] >= 1 

2. A = ND  

3.  if archive size < maximum_archive_size 
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4.  Sort DD by fitness  

5.  Add best dominated solutions from DD to A until archive size deficit eliminated 

6. return A  

 

compute raw_fitness(P, D)  

1.  for i = 1 to ||P||      // compute the strengths S of each member 

2.   Si = Compute how many members i dominates   // compute all S values for R 

3.  Ri = 0       // initialize R to 0 

4.  for i = 1 to ||P||     // compute the raw fitness R of each member 

5.  dominate(i) = vector of indices of each member that dominates i 

6.  for j = 1 to ||dominate(i)|| 

7.   i_j = index of the jth member of dominate(i) 

8.   Ri = Ri + Si_j    // sums the strengths  

9.   Fi=Ri + Di  

10. return F 

3.2.5  Archive truncation in SPEA-2 ANM 

1. If the size of the non dominated individuals is greater than the archive size, then we need to truncate 

the archive  

2. Remove the solution with the least average local reachability distance 

3. If there is a tie situation then reduce the kth neighbor distance to (k-1)th distance and then recompute 

average local reachability distance. Try again with the (k – 2)nd, (k – 3)rd etc. neighbor distances if 

further ties still exist 

4. Continue the process until the archive size is equal to the size of the non dominated front. 
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3.2.6 Alternative scheme(archive truncation in SPEA-2 ANM) 

1. If the size of the non dominated individuals is greater than the archive size,  

then we need to truncate the archive.  

2. Remove the solution with the least average local reachability distance  

3. If there is a tie situation then reduce the kth neighbor distance to (k – 1)th distance and then 

recompute average local reachability distance.  

4. Instead of reducing further in kth neighbor we can utilize the idea of comparing solutions in terms 

of global anomaly scores. 

5. Use the one class SVM global anomaly scores and perform regularization to make sure all values 

are positive. 

6. The greater the global anomaly scores the higher the degree of anomaly, thus remove the one that 

has the least value. 
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Chapter 4 

Experiments, Results, and Discussions 

4.1 Performance measures and Test functions  

We know that the primary goals of an Evolutionary Multi-Objective Optimization Algorithm are: 

1. To minimize the distance of the resulting non dominated set produced by the MOEA to that of the 

Pareto optimal front. 

2. To obtain a good distribution of the solutions found, which in other words to obtain diverse non 

dominated solutions that can explore the search space well enough. 

3. To improve the range of non dominated solutions obtained with respect to each objective. 

Performance can be expressed in terms of diversity, convergence, and distance to the true Pareto front. 

Diversity incorporates the idea of finding solutions that are as diverse as possible, which also explains its 

ability to search through the search space and be able to find non dominated solutions that are far from each 

other. Convergence explains the Pareto front evaluations of an algorithm to reach as close to the true Pareto 

front as possible. Thus measures have been created in the field to analyze these two important properties 

namely convergence and diversity. There are many such indicators, but specifically we are choosing 

hypervolume and ratio of non dominated solutions. Hypervolume is an indicator that combines both the 

distance of solutions to a particular trade-off surface and the spread of the solutions as a single measure. 

The ratio of non dominated solutions is a direct comparison of Pareto fronts that examines the combined 

Pareto front of the two algorithms removing dominated members and then computes the ratio of solutions 

from the original algorithms Pareto front that survive. These two indicators explain the algorithm potential 

to find and sustain non dominated Pareto front solutions and also explain the convergence and diversity 

property of the sustained non dominated Pareto front solutions 
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Hypervolume(S-metric) 

Hypervolume was a performance assessment metric proposed by Fonseca and Fleming[1996].  Given a 

subset of non dominated solutions 𝑋′ ⊆ 𝑋 a boundary function divides the objective space into two regions: 

the objective vectors for which the corresponding solutions are not covered by X’ and the objective vectors 

which are covered by X’. This is known as the attainment surface, and the goal is to minimize it. With a 

slighter modification basically a reference volume is defined between the origin and utopia point (the point 

in objective space that comprise the worst values found from the boundary points of the Pareto front for 

each objective component) with the aim to minimize the fraction of the  defined volume which is not defined 

by any of the final archive members [19] . An average of 30 runs is considered, and a box plot of the 

hypervolume values is defined to understand the distribution of the solution set with respect to convergence, 

and diversity is being defined for each of the 30 runs. 

 

The ratio of Non-dominated Individuals(RNI) 

It is a method to compare the dominance of two populations obtained by two different algorithms. The 

method involves pooling the final non dominated Pareto front from the algorithms and then obtain a unified 

non dominated front and then obtain the percentage of solutions that are were obtained by the algorithms 

set for comparison. 

 

Test problems are designed to understand the strengths and weaknesses of evolutionary multi-objective 

algorithms. Each test problem is defined in such a way so as to make sure the ability of the algorithm to 

converge towards the Pareto front and the ability of the algorithm to obtain diverse Pareto front solutions 

is very hard. Deb [48] identified several test problems that may cause difficulties for multi-objective 

evolutionary algorithms in converging to the true Pareto front and in obtaining diverse non dominated 

solutions in the Pareto front. In terms of making convergence difficult for the algorithm multimodality, 
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deception and isolated optima are induced within the constructed test problems. In terms of making 

diversity difficult for the algorithm convexity or non-convexity, discreteness and non-uniformity are 

induced within the constructed test problems. 4 test problems were designed with a primary goal of making 

convergence towards the true Pareto front and diversity of the obtained Pareto front hard. All the test 

functions listed below are minimization problems.  

 

ZDT-6 

The ZDT-6 (Ziztler-Deb-Thiele-6) test function, uses 10 dimensions for a decision variable within 

the range of [0,1]. This has a highly nonconvex, non-uniformly spaced true Pareto front. This test function 

has a high difficulty rate and challenges the algorithm in its ability to have a strong convergence closer to 

the true Pareto front and be able to obtain diverse Pareto front solutions[48]. 

f1(x)=1-exp(-4x1)sin6(6𝜋x1) 

f2(x)=g(x)[1-((f1(x)/g(x))2] 

g(x)=1+9[(∑ 𝑥𝑛
𝑖=2 i)/(n-1)]0.25 

 

KUR 

The KUR (Kursawe) test function uses 100 dimensions for a decision variable within the range of 

[-5,5]. The function is highly non-convex and targets the algorithms on its ability to obtain a diverse Pareto 

optimal front[48]. We are also testing it using KUR as a 3 dimensions(low dimensionality) test function. 

f1(x)= −10 exp(0.2 ∗ √(𝑥𝑖) + (𝑥𝑖 + 1)2 ) 

f2(x)=∑ (𝑛
𝑖=1 (|𝑥|i

0.8+5sinxi
3)) 

 

QV 

The QV (Quagliarella and vicini) test function uses 100 dimensions for a decision variable  within 

the range of [-5,5] . The function has multi-modal functions in both objectives of Rastrigin type and has an 

extremely concave Pareto front[48].  
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f1(x)=(1/n∑ (𝑛
𝑖=1 (xi

2-10cos(2𝜋xi)+10)))¼ 

f2(x)=(1/n∑ (𝑛
𝑖=1 ((xi-1.5)2-10cos(2𝜋(xi-1.5))+10)))1/4 

 

4.2 Experimental setup 

For our experimental setup, we are comparing our system with the very popular algorithm, NSGA-2. 

NSGA-2 is highly competitive in comparison to the original SPEA-2 over a wide range of test problems. 

Furthermore, NSGA-2 is known to produce stronger diversity in Pareto fronts.  

The parameters used are 

1. Population size:100 

2. Total number of generation:250 

3. Number of objectives: 2 

4. Probability of crossover:0.9 

5. Probability of mutation:1/decision space dimensions 

These parameter settings are the same parameter settings commonly used in the literature to solve these 

problems. For the ZDT-6 function, we also ran the system with reduced selection pressure and reduced the 

probability of crossover to 0.7 in order to see how the system performs when the search power has been 

relaxed a bit. 

4.2.1 Statistical methodology used to analyze the Pareto Fronts 

In order to understand the performance of Pareto fronts, we are using the indicators hypervolume and ratio 

of non dominated individuals. Considering that we need to do a minimum of 30 runs because of the 

stochastic nature of the algorithm, how can we quantize our results and be able to represent it in a more 

efficient way? In current MOEA literature, analysis of results is usually shown using a box plot of 

hypervolume indicator for 30 runs to understand the overall distribution of the hypervolume measure 

produced by the algorithm for each run and usually display the Pareto front plot that produced maximum 

value for that particular measure. The problem here is that it does not give a full perspective about the 
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algorithm’s ability to produce Pareto front plots such as whether the Pareto front plots produced by the 

algorithm is consistent or whether the Pareto front that produced maximal hypervolume was just an outlier 

or not. There should be a comparison between algorithms not only in terms of Pareto fronts producing 

maximal hypervolume, but we also need to analyze how their typical runs compare with one another. Thus, 

in this analysis we are creating a representation where box plots of the hypervolume indicator values for all 

runs of the two systems presented side by side, alongside graphical representation of the Pareto fronts of 

the runs that produced maximal, median(typical) and minimal hypervolume indicator values for both the 

systems. These are compared using three graphs where the first graph compares the Pareto front of the runs 

that produced maximal hypervolume indicator value of both the systems; the second graph compares the 

Pareto front of the runs that produced the median(typical) hypervolume indicator value, etc. This gives a 

good overall understanding of the algorithm's ability to produce Pareto fronts based on which the decision-

maker can then make efficient decisions. Below is a box plot representation of the hypervolume distribution 

of NSGA-2 AND SPEA-2 ANM.  

Note: 

As we have an even numbered data-set(i=30 runs) ,the median is the average of i/2 and (i/2)+1 

hypervolumes. However there is no single run to take the Pareto front for this averaged value. There are 

two Pareto fronts one for i/2 and (i/2)+1 runs. We decided to present one of the these two runs chosen as 

follows: 

 If abs(median[i-1]-median[i]) > abs(median[i+1]-median[i+2]) 

 Then choose median[i+1] 

Else 

 Then choose median[i] 
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4.3 Results and Discussions 

In this section, we show the results of the experiments described above. 

4.3.1 Time complexity and Run Times 

Function Dim=10   

function 
Time (sec) 

% slower 
ANM NSGA2 

zdt-6 900.1 880.1 2.27% 

kur 910.8 900.1 1.19% 

qv 915.6 910.7 0.55% 

 
Table 4.1 Runtime for functions with  function dim 10 

 
 
Function Dim=100  

function 
Time (sec) 

% slower 
ANM NSGA2 

zdt-6 1000.9 997.2 0.37% 

kur 1110.6 1110.2 0.04% 

qv 1112.2 1112.1 0.01% 
 

Table 4.2 Runtime for functions with function dim 100  

  

 

A quick calculation of the time complexity for the NSGA-2 and SPEA-2 ANM shows that they should run 

at similar speeds . Anomaly detection is very efficient and shouldn’t slow the algorithm down appreciably. 

However, to ensure that the wall clock time comparison was performed. For this comparison NSGA-2 was 

run using the publicly available C code from Deb website. Our code, while written in Julia should not be 

slower because of language choice as it produces efficient code comparable to that produced by C compiler. 

We ran each algorithm on various test functions described above for full 250 generations using functions 

with 10 dimensions(chromosomes of size 10) and 100 dimensions(chromosomes of size 100), as can be 

seen in table 4.1 and table 4.2. SPEA-2 ANM did perform comparable to NSGA-2 and handled dimension 

changes with same efficiency. 
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4.3.2 Pareto fronts 

 

 

Figure 4.1: Box plot and Pareto front plots of ZDT-6 
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Figure 4.2: Box plot and Pareto front plots of KUR 
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Figure 4.3: Box plot and Pareto front plots of QV 
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   Figure 4.4: Box plot and Pareto front plots of KUR-LOW 
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Function NSGA-2 SPEA-2 ANM 

ZDT-6 0 100 

KUR 10 90 

QV 51 49 

KUR-low 55 45 

 

   Table 4.3: Ratio of non dominated individuals(for maximum hypervolume) 

4.3.3 Analysis for ZDT-6 

ZDT-6 is a highly non-convex function and extremely challenges the algorithm in its ability to converge 

towards the true Pareto front. Boundary points of the true Pareto front of ZDT-6 is [1.0,0] and [0.3,0.9] 

We can see from the plots in Figure 4.1 that NSGA-2 is struggling to converge closer to the true Pareto 

front in comparison to SPEA-2 ANM(the grey Pareto front that represents the same selection pressure as 

used by NSGA-2). SPEA-2 ANM is solidly dominating NSGA-2 in this particular function. Even though 

the front produced by NSGA-2 seems more uniform, it is at the cost of convergence, while SPEA-2 ANM 

has a good balance with respect to diversity and convergence. Another thing to be noticed is that you can 

notice boundary points that are farther from the approximated Pareto front. The primary reason for this is 

that those points where the boundary points of previous generation Pareto fronts but were shown to have a 

strong anomalous property, as the nature of our algorithm involves using anomaly detectors, but they are 

preserved on the Pareto front and have never have been superseded by any other point. This is not a bug, 

but it’s a feature. From the box plot you can clearly notice how SPEA-2 ANM has a broader distribution of 

hypervolume in comparison to that of NSGA-2. The wider distribution also brings into account its ability 

to produce fronts that have  maximal hypervolume estimation most of the time in comparison to NSGA-2.  

4.3.4 Analysis of SPEA-2 ANM with reduced selection pressure(on ZDT-6) 

From Figure 4.1, we can see that SPEA-2 ANM shows stronger convergence to the true Pareto front in 

comparison to SPEA-2 ANM with reduced selection pressure and NSGA-2. But on the flip side, SPEA-2 
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ANM shows fronts that are less uniform and more clustered in comparison to the Pareto fronts of SPEA-2 

ANM reduced selection pressure and NSGA-2. Uniformity seems to have reduced as convergence towards 

the true Pareto front gets closer. We suspect that the anomaly detection is working more towards finding 

these “difficult to find solution” rather than spreading the solutions within the Pareto front. 

 

4.3.4 Analysis for KUR 

KUR has a multi-modal component in one objective and a pairwise interaction among the variables in 

another objective. We can notice from Figure 4.2 that overall SPEA-2 ANM is much better in terms of 

coverage and convergence in comparison to NSGA-2. You can notice the difference in minimization of 

both the objective seems to be better in SPEA-2 ANM in comparison to NSGA-2 as in objective 1(x-axis) 

we can see that SPEA-2 ANM leads clearly in comparison to NSGA-2 while in objective 2(y-axis) SPEA-

2 ANM competes closely in minimization with NSGA-2. Another positive attribute about SPEA-2 ANM 

is that it is able to have greater coverage of Pareto points in both the objectives compared to NSGA-2. 

4.3.5 Analysis for QV 

QV is a double multi-modal Rastrigin function and has a highly curved Pareto front with a diminishing 

density between solutions towards the extreme points[19]. It plays at a very high dimensionality. From the 

plots in Figure 4.3 you can notice that NSGA-2 is highly competitive in comparison to SPEA-2 ANM. 

Overall we can say that both the algorithms produce equal hypervolume contribution-based fronts, as can 

be seen from the plots, and they are equally good. However, the best run found by NSGA-2 was slightly 

better than  that for SPEA-2 ANM as it was able to find a few additional non dominated solutions as it was 

nearing the boundary. 

4.3.6 Analysis for KUR-LOW 

KUR - low is the same as the KUR function but with dimension size of 3. This results in a Pareto front, 

which is disconnected. You can notice from the box plots that the hypervolume for NSGA-2 seems to be 

better than SPEA-2 ANM, but on the contrary, you can see that the Pareto front plots in Figure 4.4 for 
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SPEA-2 ANM shows a stronger minimization in comparison to NSGA-2. The primary reason for better 

hypervolume values in NSGA-2 is that NSGA-2 was able to find more solutions in comparison to SPEA-2 

ANM where the solutions are highly clustered to one another and are missing a few regions which NSGA-

2 is able to compromise effectively. Overall for the hypervolume indicator NSGA-2 seems to show better 

performance. However, when looking at the actual Pareto fronts created by the two systems we see that 

wherever the two systems find equivalent solutions SPEA-2 ANM tends to dominate NSGA-2, but SPEA-

2 ANM leaves gaps which NSGA-2 exploits and correctly fills, producing a better overall indicator value. 

4.3.7 Insights on using an asymmetric distance such as reachability distance 

We know that in our particular framework, we were able to use the reachability distance to calculate density 

and degree of anomaly and exploit these properties to obtain Pareto fronts having stronger convergence and 

diversity. The major problem we noticed is that the asymmetric distance worked well in high dimensional 

situations such as 100 dimensions and more, while at a low dimension such as 10 and below we noticed it 

produced Pareto fronts, which are heavily clustered. We primarily noticed that the idea of reachability 

distance is an indirect way of clustering in itself, where the uniqueness and sparsity within the neighborhood 

are measured very similarly to how a clustering process is performed. In terms of Pareto fronts, apart from 

the dimensions whenever the Pareto fronts are highly disconnected, SPEA-2 ANM is able to perform well, 

including at both low and high dimensions as disconnected fronts are often hard to find, but in low 

dimensional whenever the Pareto front is convex, non-convex or less continuous the points within the 

Pareto front produced by SPEA-2 ANM has a tendency to be clustered. Examples for a low dimensional 

KUR and SCH function are shown below where KUR has a disconnected front in low dimension, and SCH 

has a continuous convex function in the low dimension. 
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Figure 4.5: Disconnected KUR(low dim) Pareto front plot 

 

 

`   Figure 4.6: SCH(convex) low dimension Pareto front plot 
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Figure 4.7:SCH(convex) low dimension NSGA-2,PAES Pareto front plot 

 

 

 

 

 

 

 

 



 
   

56 
 

CHAPTER 5 

Conclusion  

5.1 Conclusion 

Density plays a huge role in choosing representative non dominated solutions to represent the Pareto front. 

From our study, we know that non dominated solutions increase as objectives increase and there is a need 

for diversity preservation to decide which solutions to preserve and which ones to remove. Furthermore, 

the idea of neighborhood defined by density component is simply flawed as it is unable to identify the 

difference between a sparser point and a denser point. Thus our idea of adapting distance based on 

neighborhood defined by each point helps in understanding differences between denser and sparser point. 

This ability to differentiate differences in density helps in understanding the exploratory potential and 

selective pressure that can be induced by the point when it is stored in an archive. These concepts brought 

us to the notion of understanding degree of anomaly of a point where not only differences in density but 

also understanding the level of similarity with respect to points globally or locally helps in promoting 

solutions or more specifically potential parents that can stay through the archive for a longer time as 

generations proceed further. This longevity makes sure that a child can only remove a parent from an 

archive if it has better properties in being less similar and highly sparser compared to the parent, rather than 

removing the parent just on the basis of kth neighbor distance being better than the parent as the idea of kth 

neighbor distance does not understand that if an offspring generated by a non dominated parent is closer to 

the non dominated parent and the non dominated parent has neighborhood with  more defined set of points 

then the chances of the offspring being dominated is very high. Apart from all the above-said 

improvisations, breaking multimodal ties by performing decision space analysis rather than randomly 

removing them provides a concrete way of understanding the actual contribution made by multimodal 

solutions towards convergence and diversity, based on which a multimodal solution can then be preserved 

or removed. In the case of randomly removing multimodal solutions there is a possibility that  the solution 
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that was preserved after random removal could actually deteriorate selection pressure and produce weaker 

offsprings, etc., which can be effectively prevented by performing decision space analysis, where the 

analysis is based on how dissimilar and how sparser a multimodal solution is in the decision space. The 

goal is to improve selection ,induce sufficient selection pressure and improve overall dissimilarity between 

points with respect to their defined neighborhoods. We also understood from Chapter 4 that SPEA-2 ANM 

is competitive and in many cases is producing better Pareto fronts than NSGA-2. SPEA-2 ANM is very 

strong in high dimension solution spaces and is able to find disconnected Pareto fronts better than NSGA-

2, while on the other side SPEA-2 ANM produce clustered fronts at certain low dimensional test functions 

which could be a matter of whether asymmetrical distance was actually beneficial in finding Pareto front 

for that test function. Overall, our improvisations on top of the SPEA-2 framework has resulted in better 

convergence of the obtained Pareto front to the true Pareto front and overall improved diversity. 

5.2 Future Works 

We have noticed that even though the algorithm is able to select points efficiently its produced final fronts 

sometimes contain a point that is better in one objective but worst in another objective as can be noticed in 

ZDT-6 where the convergence of SPEA-2 ANM is strong but the tail near the boundary biases the 

performance indicator, resulting in biasing the performance measure indicators used. We noticed that 

DE(differential evolution) had shown excellent search potential in single-objective optimization even at 

higher dimensions. Furthermore, incorporating DE parameters into SPEA-2 ANM can actually improve its 

overall search definition in many-objective optimization, where the number of objectives is greater than 2. 

The difficulty with many-objective optimization is that as the number of objectives increase, the number of 

non dominated solutions starts to increase. In such cases the search definition has to be precise, and the 

density component plays a huge role in the overall ability to obtain the Pareto front. From our study we 

understood that local outlier factor(LOF), which is an anomaly detector used as a density component is 

quite promising and has proven results in the multi-objective test functions. Therefore our focus will be to 



 
   

58 
 

combine DE with our SPEA-2 ANM to increase search potential definition towards many-objective 

optimization. 
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