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ABSTRACT 

 

IMPLICIT MULTI-OBJECTIVE COEVOLUTIONARY ALGORITHMS 

Adefunke Akinola 

University of Guelph, 2019 

Advisor: 

Dr. Mark Wineberg

 

Coevolutionary algorithms are powerful tools for solving increasingly complex problems by 

explicitly evolving solutions in the form of interacting co-adapted subcomponents. Its fitness is 

subjective – fitness of individuals relative to other individuals in the population(s) – which 

theoretically aids the convergence rate but unfortunately births the red-queen effect. Consequently, 

although elitism is easy to define within a generation, it becomes hard to define across generations. 

Furthermore, this effect can also cause forgetfulness to occur. 

 

We noticed that, while coevolutionary systems typically have only a single objective for 

evaluation, there is a subtle multi-objective aspect to evaluation that we feel necessitates a method 

to regulate the pairings of individuals both within and between generations. This research 

investigates this implicit multi-objective nature of coevolutionary systems, which, as it turns out, 

makes it possible to manage elitism by addressing forgetfulness and managing the Red-Queen 

effect, thus providing robust solutions.     
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Chapter 1 

Introduction 

Genetic Algorithm is a search method for finding an optimal solution in a solution space using a Neo-

Darwinian Process. Genetic algorithms (GAs) were developed at the University of Michigan in Ann 

Arbor by Holland (1967). It can also be likened to a metaheuristic (problem- independent techniques) 

based on the natural (biological) selection process to derive a globally optimum solution. GA belongs 

to a family of evolutionary algorithms. It entails three major steps: selection, (re)combination 

(mutation and crossover), and evaluation. The algorithm repeatedly modifies (evolves) a population 

of individual solutions. For a generation run, the genetic algorithm randomly selects individuals from 

the current population repeatedly for a predefined number of times and uses them as parents to 

generate offspring for the next generation [1]. Figure 1.1 depicts the generic design of a GA. 

 

Genetic algorithms (GAs) have proven useful in solving a variety of search and optimization 

problems. Many real-world problems require an optimization algorithm that can explore multiple 

optima in the search space, which GAs are designed to do. Such GAs eventually converges on a single 

peak, which could be either the global optimum or a good local optimum [2].  
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Figure 1.1: Genetic Algorithm 

 

 

In a GA, solutions are evaluated by one or more objective functions, called fitness functions; i.e., each 

solution is independent of each other, and the end goal is preset and rigid. Although the fitness 

functions are preset, which results in absolute fitness values, the fitness values are compared and used 

relatively which is the default in optimization i.e., a fitness value 50 is good when the fitness value of 

other individuals is smaller than 50, but the same fitness value is not preferable when other fitness 

values are more than 50. Irrespective of the proven and documented successes achieved from applying 

GA to a variety of search and optimization problems, they are not the most suitable for problem spaces 

that are heavily interdependent on other systems/solutions or dynamic and loosely linked problem 

spaces and large problem spaces. This is because GAs don’t necessarily look into the interactions 

between individuals, and each individual is a complete solution. This downside led to the birth of 

coevolutionary algorithms.  
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Coevolutionary algorithm is a type of Evolutionary Algorithm in which the fitness values of 

individuals are subjective, i.e., calculated with other individuals or how the individual behaves with 

other individuals. In GAs, the fitness score of an individual is compared to other individuals’ fitness 

scores to derive the relative fitness. However, in Coevolutionary systems, the fitness score is calculated 

off each other, hence it is relative. It was designed to work in single or multiple populations. The 

number of populations - single or multiple, as shown in Figure 1.2 and 1.3 - required is dependent on 

the style, the way the problem space is modeled, and the restrictions considered. One of the beauties 

of a Coevolutionary algorithm unlike most other Evolutionary Algorithm is that it is possible to 

obliterate the end goal and study how well solutions can interact with each other because of its 

subjective fitness - this is called open-ended evolution. The use of subjective fitness function started 

with Robert Axelrod's 1984 work on co-evolving automata applied in the Iterated Prisoner's Dilemma 

(IPD) game [3, 4, 5]. Thomas Ray, in 1991, indirectly used subjective fitness functions to evolve 

digital organisms, making him one of the first to use co-evolution to attempt to create open-ended 

evolution [5, 6].  
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Figure 1.2: Single Population Coevolutionary System 
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Figure 1.3: Multi (Double) Population Coevolutionary System 

 

However, the first acknowledged work on co-evolutionary algorithms was by W. D. Hillis [5] in his 

paper on co-evolving parasites to improve the simulated evolution of sorting networks [5]. By 

comparing the results of a coevolutionary approach and an evolutionary approach, Hillis 

demonstrated that co-evolving sorting networks and test cases produce better sorting networks than 

by simply evolving sorting networks by themselves [5, 7]. The works of Hillis, Axelrod, Ray, and 
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Tesauro [8] inspired a wave of papers on coevolutionary algorithms and laying the groundwork for 

its foundation.  

There are two types of Coevolutionary Algorithms - competitive and cooperative. In Competitive 

Coevolution, an individual’s fitness is evaluated through direct competition with other individuals in 

the population. Hence, fitness signifies only the relative strengths of solutions; an increased fitness in 

one solution leads to a decreased fitness for another — for example, predator-prey, host-parasite, 

herbivores-plant. For example, in the sorting network developed by Hillis, the sorting networks are 

the predator population while the sort permutations, i.e., input sorts form the prey population. One 

key thing to note is that prey-population is the primary population used for evaluation, and others are 

calculated off it. Whereas, the predator population produces the solution/best individual while the 

prey population gives the speed or boost required. Competitive coevolution was the first to be 

implemented and explored, starting with the work by Hillis.  

 

Cooperative coevolution, on the other hand, is about evolving partial solutions to complex problems 

that can cooperate to make up a global solution which implies that one individual is not the solution 

to a problem, but just a partial solution and therefore, each of these individuals must be combined to 

obtain a solution. Each of these individuals is rewarded when they work well with other individuals 

and penalized when they perform poorly together. Cooperative co-evolution capitalizes on the 

decomposability of a good number of large problems. The problem is broken into loosely 

dependent/semi-independent problem spaces that can stand alone. Each problem subspace is evolved 

independently and evaluated together. Potter and De Jong introduced this in 1994.  
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The popular use cases for Coevolutionary algorithms are multi-agent systems, neuroevolution, game 

robots, feature and instance selection in data mining.  

 

In a nutshell, Coevolution has four primary goals: arrive at better solutions faster with the concept 

of arms race or breaking the solution space, derive better solutions to optimization problems by 

maintaining a more diverse set of solutions, use subjective fitness functions to derive solutions, and 

set the stage for open-ended evolution [5].  

 

In general, most Evolutionary Computation systems, including coevolutionary algorithms, are known 

to be stochastic. This means there is an element of randomness in evolution (no one can predict with 

100% certainty the individual to be created) and that is why selection pressure (survival of the fittest) 

is employed to steer the population(s) towards the optimums - initially local optimums with the global 

optimum as the end goal. As aforementioned, the end goal is well-defined and precise from the onset 

in GA. On the other hand, in Coevolutionary systems, there is an idea of the end goal, and it is 

distributed in parts (of the population). Hence, there is no guarantee that all the populations will arrive 

at their subjective global optimums (to give way for the overall global optimum) at the same time. 

This then leads to a rollercoaster of solutions (and subjective optimum) and in the process, good 

solutions get lost and have to be resurrected/reinstituted. 

 

This instability makes the progress of coevolutionary algorithm hard to quantify or verify as well as 

making the coevolutionary algorithm itself unreliable. The coevolutionary algorithm is known to have 

many inherent problems such as the Red-Queen effect, overspecialization/focusing, relative 

overgeneralization, forgetting, floor-ceiling, etc. (many of which are related; all of which will be 
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explained in chapter 2). These problems lead to questions like: how can these pathologies be 

avoided/reduced?  Can the unstable nature of coevolutionary solution finding be regulated? This 

research seeks to answer the above questions by looking at how evaluative matches are made. 

1.2. Thesis Statement  

de Jong et al. [9] surmised that there might be some unknown omitted objectives that are creating 

instability in the evaluative process. Consequently, these unknown objectives would need to be 

optimized before co-evolutionary algorithm can gain stability. However, de Jong et al. [9] did not 

postulate what they might be. This research pinpoints these underlying objectives and seeks a way to 

ensure stability. Fundamentally, this thesis is about ensuring better control of both the evaluator choice 

and subsequent analysis of the fitness value interactions from those evaluators (moving away from the 

use of “average” evaluator fitness when evaluating a chromosome). 

 

This research brings these objectives into focus by picking evaluators from three different states of the 

system: good progenitorial (even to the primogenitors) evaluators to keep track of history (past), elitist 

evaluators (present) and evaluators taken from the Pareto fronts derived from other populations that 

have already been evaluated (future). These different evaluators  are used to create a fitness vector, 

which allows the formation of a Pareto Front, despite the system having only a single objective (i.e., 

implicit multi-objectivity).  This Pareto front is used to balance the effects of the different evaluators 

in a controlled way. It also is used to enhance the process of tournament selection, which we call 

Pareto Tournament Selection. Throughout, however, the main objective of the system, which is to 

optimize or minimize a fitness function, is never sidelined. Prior to this research, no previous work 
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has looked into using history as an evaluator nor specifically picking evaluators to represent the past, 

present, and future state of the system. 

 

From the analysis done, this research was able to ease many of the shortcomings found in 

coevolutionary systems: Red-Queen effect, overspecialization/focusing, relative overgeneralization, 

forgetting, floor-ceiling. This thesis focuses on both cooperative and competitive coevolutionary 

systems; looking at single and multiple populations with more emphasis on 2-populations in order to 

explore the implicit multi-objective nature for a solution in the aforementioned shortcomings. This 

research will not be looking into open-ended evolution. 

 

1.3. Overview of Thesis 

The remaining part of this thesis will be organized as follows:  

 

Chapter two entails a literature review that covers relevant literature in the area of study to have a clear 

and better understanding of the problem based on the state of the art. Previous works on coevolutionary 

algorithms and multi-objective coevolutionary algorithms would also be discussed as well as test 

functions. Chapter three discusses our research methodology (the design and implementation) to 

address the shortcomings in co-evolutionary systems identified in our thesis statement. Chapter four 

discusses the results of our exploratory, experimental research as well as the analysis in comparison 

with coevolutionary systems designed by other scholars. Finally, chapter five concludes the thesis with 

an overview of what has been accomplished and gives recommendations for future work. 
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Chapter 2 

Literature Review 

2.1. Genetic Algorithm 

As stated in chapter 1, genetic algorithm (GA) is a heuristic method based on a natural selection 

process that mimics biological evolution used for solving both constrained and unconstrained 

optimization problems [1]. Goldberg [10] states that the primary idea of standard GA (selection, 

mutation, and crossover) theory is that genetic algorithms work through a mechanism of quasi-

decomposition (implicitly identify building blocks or subassemblies of good solutions) and 

recomposition (recombine different subassemblies to form very high-performance solutions). Hence 

the goal is for better solutions to grow and dominate the population at a moderate speed. 

 

Therefore the rise and fall of GA is in its population (which is the testing ground for the survival of 

the fittest and alteration/move in the solutions), the  tradeoff between frequency of cross-fertilization 

and severity of choice (how and when to interject alternatives - not so good but promising solution - 

in the creation of offspring to avoid premature convergence), the way crossover is handled (what 

crossover type is used for which occasion) and the approximate encoding of the real-life problem to 

solution set (chromosomes) in the population [10]. 
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Basic Concepts in GA are: 

1. Population: a set of possible solutions/chromosomes. It is initialized at the beginning of the 

algorithm run. There are parameters set up to define the type of individuals produced. The initial 

population can be generated randomly or fed into the system.  

2. Chromosome: A potential solution encoded as a string of information. 

3. Genes: Individual values in the chromosome string. 

4. Locus: the location of a gene in a chromosome (plural: loci). 

5. Allele: Alternate gene at a given locus, e.g., the allele of 0 in a binary is 1. 

6. Mutation: Random changes in the value of the genes in a chromosome. 

7. Crossover: parent chromosomes exchange information to create new children. It could be k-point 

crossover, uniform crossover, permutation/cycle crossover. 

8. Fitness function: is a measure that determines how well a solution solves a given problem. For 

Genetic Algorithm, the fitness function usually produces absolute values (as opposed to relative or 

subjective values). 

9. Selection: Selects solutions for survival. The selection method could be fitness proportion 

selection, tournament selection, rank selection. 

10. Global Maximum: the highest/ceiling fitness value that could be reached. 

11. Global Minimum: the lowest/floor fitness value that could be reached. 

 

Genetic algorithm is generally used to solve NP-hard (non-deterministic polynomial-time hardness) 

problems by designing the problem space to look like nature’s evolution/adaptation to environmental, 

physical changes. Thus, the process in the Genetic Algorithm is: Initialize a population (usually done 

randomly, but in some cases, the population is predefined), define the fitness function. Then set a loop 
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to repetitively evaluate the population, select individuals from the population, and use them to 

reproduce the offspring. This is done by mutation and crossover. The loop continues until the 

maximum number of generations or evaluations is reached, or the global maximum is reached. 

 

Another major concept that was introduced in Genetic Algorithm and Evolutionary Computation is 

Elitism. This would be described extensively because it is one of the major issues addressed in this 

project. 

 

2.1.1. Elitism 

Elitism is a type of selection that entails copying a small proportion of the fittest candidates, 

unchanged, into the next generation. This ensures that the fitness of the best member of a population 

can never decrease across generations (i.e., it monotonically increases) [11]. Elitism is usually done 

before selection for crossover and mutation and the solutions selected are independent of the ones 

selected for crossover and mutation (just like probability with replacement). Elitism helps to ensure 

that time is not wasted re-discovering previously discarded partial solutions. Although elitism often 

helps to improve the solution quality and more quickly reach the global optimum, it also can increase 

the possibility of being stuck at a local optimum (premature convergence) where multiple optima exist. 

Premature convergence arises when some acclaimed good genes quickly dominate the population, 

constraining it to converge to a local optimum [12, 13]. This convergence can be caused by the 

selection pressure, a poor evolution parameter setting, and the schemata distribution due to crossover 

operators [13]. This phenomenon occurs when the individuals in a population can no longer produce 

offspring with better performance than their parents [13]. According to Goldberg's GA design 

decomposition theory [10], premature convergence happens because the innovation time takes longer 
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than the takeover time. Therefore, to avoid premature convergence in a genetic algorithm, it is 

imperative to preserve the population diversity – mutation, large population size – during the 

evolution. 

  

2.2. Coevolutionary Algorithm 

Coevolutionary algorithms are powerful tools for solving increasingly complex problems by explicitly 

evolving solutions in the form of interacting coadapted subcomponents [14]. It operates under 

incomplete information (uncertainty), focuses on evaluation and interaction schemes [15].  

 

Coevolutionary algorithms tend to explore symbiotic relationships; a terminology in Ecology.  

Symbiosis (symbiotic relationship) is the interdependence or dependence nature of organisms across 

species. There are primarily three types of symbiosis (Mutualism, commensalism, and parasitism), but 

three others (predation, herbivory, and competition) are generally added to the types [16]. Competitive 

symbiosis entails two or more species competing for the same resources (e.g., coyotes and wolves 

compete for animals like zebra) [17, 16]. In commensalism, one of the species in the interaction 

benefits while the other neither loses nor benefits [17, 16]. In parasitism, one specie benefits (and lives 

in or on the other) while the other loses or gets hurt [17, 16]. Herbivory refers to the relationship 

between primary food producers and the simple secondary food producers (i.e., herbivores feed on 

plants) while predation is similar and a continuation of herbivory on the food chain. In predation, a 

specie feeds on the others (herbivores or smaller carnivores). In mutualism, all the parties involved 

benefit [17, 16]. 
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In coevolutionary algorithm, the types of symbiosis used in modeling are only two: predation and 

mutualism. They are called Competitive and cooperative coevolutionary algorithms, respectively. 

 

Coevolutionary algorithms can be designed for a single population or multi-populations. In a single 

population Coevolutionary algorithm, individuals are evaluated by interacting with other individuals 

from that population. In a multi-population Coevolutionary Algorithm, individuals in one population 

interact with individuals in one or several other populations [18]. To determine the fitness of an 

individual, it gets paired with multiple partners to determine its fitness. This is to ensure that the fitness 

is approximate and not based on the luck of its partner (i.e., if a weak individual is paired with a very 

strong individual, the individual might get a very high fitness value compared to a better individual 

paired with another medium individual). This has made Co-evolutionary Algorithm to be more of an 

exploratory Algorithm rather than a destination algorithm. It is also used for problems with little prior 

knowledge, large search domains that are big, interacting sub-spaces. 

 

However, the bones of contention with coevolutionary algorithms include Red-Queen Effect, 

Overspecialization/Focusing, Relative Overgeneralization, Forgetting [15]. In addition to that is the 

question of why and how Coevolutionary Algorithms evaluate most options and is still streamlined to 

just one solution. This limits its reusable and scalability. 

 

2.2.1. Cooperative 

In Cooperative coev, two or more groups of individuals/populations mutually develop, and the fitness 

of each individual is dependent on how well the individual and the other populations have evolved. 

Cooperative Co-evolution imitates the biological concept of mutualism (a type of Symbiotic 
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relationship). It entails breaking a population into (several) sub-populations or breaking a solution 

domain into populations, with individuals in each population gearing towards solving an aspect of the 

problem or producing the best solution for an aspect of the problem [19, 20]. Individuals get their 

fitness from the average of multiple joint fitness evaluation with collaborators (random individual or 

deliberately picked individual) from each of the other sub-populations to form a complete candidate 

solution [20]. Cooperative Co-evolutionary are used with problems that can be broken down into parts, 

e.g., How well (best) an individual can live for 200 years lifespan can be broken down into 10 twenty 

years evaluation; the sum of the best of each twenty years-span makes up the best 200 years possible 

[20]. A typical example is minimizing the Rastrigan function. The global minimum is 0. The function 

is generally represented as: 

f(x) = 3 + 𝑥2 − 3cos (2𝑥) 

This problem can be broken down into a smaller chunk where multiple variables are used, and the 

solution is found faster. When the function is broken down, we get the function below: 

 

f(x) = 3n + ∑ (𝑥𝑖
2 − 3 cos(2𝑥𝑖))

𝑛
1  

where i ranges from 1 to n and n is any predefined number. 

 

Therefore, each individual is not the solution to a problem, but just a partial solution. Different 

individuals must be combined to obtain a solution, and individuals are rewarded or rebuked as a 

collection. 
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2.2.2. Competitive 

In competitive coevolution, individual fitness is evaluated through direct competition with other 

individuals in the population(s). Competitive Coev imitates a symbiotic relationship-predation and 

parasitism, where the existence of a population (prey) is dependent on its agility, and the survival of 

another (predator) depends on its wittiness and focus. One key thing to note is that prey-population is 

the primary population used for evaluation. Others are calculated off it. Hence, fitness signifies the 

relative strengths of solutions (i.e., the fitness of individuals in population A is inversely proportional 

to the fitness of individuals in population B); an increased fitness in one solution leads to a decreased 

fitness for another [21]. E.g., predator-prey, host-parasite, herbivores-plant. An example of its 

implementation is the work of Hillis described in section 1.1 and Iterated Prisoner’s Dilemma. 

2.3. Gradient 

Since the fitness function is subjective, the fitness of each of the individuals is not exact but a very 

precise approximate and it is mainly dependent on the individuals which each individual is paired with 

or evaluated by. Hence, the power or effect of coevolutionary systems is heavily vested in the 

evaluation scheme used (it can make or mar the result of the system). The information derived by 

evaluation is called the gradient [9]. The gradient is used to infer which individual is better.  

 

Because of the power of evaluation, various approaches have been sampled to ensure that the 

evaluation scheme selected is maximizing its search space, such approaches are: 
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a. All vs. all: this approach is exhaustive but quite expensive. The number of evaluations per 

generation is 𝐶2
𝑛 for a single population and nr for multiple populations, where n is the number 

of individuals in a population and r is the number of populations. 

 

Hence, it has neither been successful nor a popular approach. Moreover, no or very few real-life 

scenarios include all in one population competing/evaluated with another population, and since 

coevolutionary algorithm mimics real-life scenarios, this approach does not work. 

 

Figure 2.1: All vs. All in a multi 

(double) population [8] 

 
Figure 2.2: All vs. All in a single 

population [8] 

 

b. All vs. previous-best: this is the most used and quite efficient, but it has not been able to 

overcome issues about forgetting and solutions quickly become generalized. In most of 

its use-cases, the previous best is used to create an archive. This archive can become very 

expensive or finicky to handle [22]. 

 

Figure 2.3: All vs. previous best in a 

multi (double) population [8] 

 

Figure 2.4: All vs. previous best in a 

single population [8] 
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c. Tournament: individuals are paired and evaluated. 

 

Figure 2.5: Tournament evaluation [8] 

 

 

d. Shared Sampling: It entails fitness sharing, i.e., the fitness of an individual is directly 

related to the distance between itself and its evaluator but indirectly proportional to the 

similarity between the two of them. 

 
Figure 2.6: Shared Sampling in a multi 

(double) population [8] 

 
Figure 2.7: Shared Sampling in a single 

population [8] 

 

e. Spatial evolution: individuals are paired/evaluated with neighboring individuals in its 

population or corresponding neighborhood in the other population.
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Figure 2.8: Spatial evolution in a multi 

(double) population [9] 

 

Figure 2.9: Spatial evolution in a single 

population [9]

 

Most of these evaluation schemes were born out of a desire to solve the pathologies that impede 

the success and reusability of coevolutionary algorithms. However, all the evaluation schemes 

tried so far, improve some pathologies and worsen others. 

 

2.4.  Pathologies of Coevolutionary Algorithms 

The pathologies known and seen so far are: 

1. Intransitivity: a typical example is rock-paper-scissors. Intransitivity speaks to the 

incomprehensibility of coevolutionary algorithms. It refers to a scenario where there is no 

overall best solution amidst a group of solutions, but each solution is better than at least 

one other solution in the group. This group could be the whole population or portion. When 

it is the whole population or the elites of the population, it causes cycling. 

2. Cycling - algorithm/solution set keeps oscillating around a portion of state-space 

periodically — no progress. Some past individuals beat current ones and vice versa [5, 9, 

22, 23]. 
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3. Red Queen - In coevolutionary algorithm, the fitness value of an individual is based on 

whom it is paired with and not just how good it is. Also, evolution occurs at the same time 

for all the individuals in the population. This means that when an individual improves, its 

collaborators or competitors are also improving. Thus, because its fitness is not based on 

just itself but its relationship with others, it is hard to say if the individual has improved 

with respect to its population. This phenomenon is referred to as the Red Queen. In short 

words, an improvement in an individual implies that there is an improvement in the 

population(s) which makes the change/improvement inconsequential during 

selection/evaluation [9]. 

The first three pathologies scream the incomparability in a complex coevolutionary system. 

In an attempt to solve this, Panait et al. [24] used an archive-based coevolutionary system. 

4. Mediocre Stable-state - The individuals in the population are competitive with one another, 

but not with the outside world. 

5. Forgetting - Potentially good traits or individuals are lost over populations; hence, 

opponents/individuals that were easy to defeat/weak are now difficult/strong [5, 23, 22]. 

6. Disengagement - In Two-Population Coevolution disengagement occurs when one 

population is so superior that the fitness of the other population is low. The fitness gradient 

gets lost. If this persists, stalling - an individual will be replaced by strictly more fit ones - 

or drifting - an individual is replaced by others with equal or higher fitness. So, the order 

of occurrence will determine which individual persists - happens over generations. This is 

usually seen in a competitive coevolutionary algorithm [5, 9]. 

7. Overgeneralization - individuals that perform well with a large number of other individuals 

are favored over those that perform well with a select, unique individual. Hence, important 
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traits are lost because of a lack of popularity [9, 22, 23]. For example, if there are 5 

individuals in a population. Individual 1 beats Individual 2, and Individual 2 beats 3, 4, 5, 

Individual 3 beats 4 and 5, Individual 4 beats 1, 3 and 5 and Individual 5 beats 1, 3 and 4. 

Even though individual 1 is the only individual that could defeat 2, it would not be selected 

because it defeats only one individual—albeit unique. This suggests that there might be 

more than one objective. 

8. Focusing (or Overspecialization) - it indicates a lack of elaboration/streamlining of the 

solution set to solve/defeat some specific opponents while forgetting/ignoring others [9, 

22, 23]. For instance, coevolving game players may focus on defeating certain (types of) 

opponents and not evolve to defeat others. Just like the example in overgeneralization, the 

population gradually shifts away from defeating individual 2.  

 

From the above pathologies, we can infer that one objective might not be comprehensive 

enough to encode a coevolutionary system. There needs to be at least one objective monitoring 

the transitivity/progression of qualities in the solution space while another one handles the 

actual objective in question. 

 

2.5 Multi-Objective Optimization 

In Coevolutionary algorithm, the singular goal is to get a global optimum or best sub-optimum. 

However, in multi-objective systems, there is more than one objective, and they are usually in 

conflict. Therefore, whenever there is more than one objective, it is hard and rare to get a 

solution that is better than every other solution. Therefore, a set of solutions are derived that 
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are complementary but not better than each other [25]. However, no other solution in the 

population that is not in this set is better than any member of the set, and this is called the non-

dominance of a set. Therefore, non-dominance means no other solution can get fitness values 

that are better than that of a particular solution [25]. A group of non-dominated solutions is 

called a Pareto set (or front). Hence, every member of a Pareto front is non-dominated, and 

every member of the population that is not in the Pareto set is dominated. 

 

 

This concept is useful to this research because the contributing factors to the sole objective of 

the system are considered objectives subtly. Therefore, because we are dealing with more than 

one objective, the concept of the Pareto team (set) and non-dominance are used. These other 

objectives are driving towards getting the sole objective: global optimum, and once it is found, 

the run is stopped. The contributing factors being referred to are hereditary traits, protection, 

elites, and current generation evaluators. These factors aim to ensure diversity, avoid 

forgetfulness, and manage the red queen effect. To achieve this, the intergenerational 

evaluation is investigated using implicit multi-objective optimization (i.e., local Pareto fronts 

to search for incomparability). 

 

2.6. Related works 

Major papers that have fueled this research or done something in this direction include: 

a)      Minimal Criterion evolution [26]: it entails two populations (maze-navigating agents and 

mazes), and the goal is to produce a broad array of functional diversity in both populations. 
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The interaction involves evaluating individuals from both populations against several 

individuals from the other population. What determines which individual makes it to the next 

generation is the minimal criterion (i.e., if the individual can defeat a member of the other 

population). However, if the number of eligible new parents exceeds the queue, older parents 

are removed. This does not require an archive for non-dominated learners, nor does it impose 

a ranking among solutions. This freedom facilitates a distributed execution paradigm wherein 

evaluations are spread across multiple nodes, allowing MCC to scale when simulating 

evolutionary processes. 

b)      Coevolving deep hierarchies of programs to solve complex tasks [27]: Smith and 

Heywood [27] made use of both competitive coevolution (for low-level caching of training 

configurations that are of interest) and incremental evolution (gradual increase in the difficulty 

of the tasks between generations). The underlying interest is to scale Genetic Programming 

(GP) systems, which evolves programs, to increasingly difficult tasks. Task transfer will guide 

the high-level complexification of the task and corresponding cycles of evolution by 

introducing sub-tasks of increasing difficulty as the capability of solutions improves. 

 

c)      Orthogonal Evolution of Teams OET [28]: Soule and Komireddy [28] defined a new 

class of cooperative, co-evolutionary algorithms that evolves team members with distinct areas 

of specialization. It looked into combining the island and team approach merging their 

strengths and subduing their weaknesses (strong team, strong individuals). Hence, individuals 

and teams need high fitness to stay in the population. Therefore, members evolve to specialize 

in distinct and overlapping subdomains of the problem space resulting in inversely correlated 

errors. 
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d) Pareto optimality in coevolutionary learning [29]: Ficici and Pollack were the first to 

add the concept of Pareto dominance to Coevolutionary algorithm. Their system has two 

populations: a population of “teachers” and a population of “learners”. An m-X-n matrix was 

created, where m is the team size of teachers, and n is the team size of learners; every teacher 

is evaluated with every learner. A learner individual is good enough to go into the new 

population if there are no individuals in the population that performs better with every other 

teacher, i.e., the individual learner is not dominated by any other. A detailed description of 

Pareto dominance is in Section 2.5.  

e) Archive-based Cooperative Coevolutionary Algorithms [24]: it keeps an archive of good 

(based on how well they collaborate with others) individuals. Individuals in the population are 

then tested with the archive members and randomly selected collaborators - depending on the 

size of the archive. The archive gets an automatic ticket to the next generation while the rest 

of the population is filled using tournament selection. The size of the archive is an essential 

factor because if it is too big, it becomes expensive (timewise and space-wise) but if it is too 

small, it behaves just like an ordinary coevolutionary system. At the beginning of the run, all 

the individuals in a population are paired with all the individuals in the other and then 

evaluated. An individual’s fitness becomes the max of all its evaluations. Individuals that go 

into the archive are selected based on if they have features of the projected joint space that are 

useful to the other population, i.e., individuals that represent the whole of their population. 

This approach tends to result in very small archives which can be pathologically bad. Panait et 

al. [24] compared their system (iCCEA) with Buick and Pollack’s [30] cCCEA system and 

reported better results. 
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f) Genetic Algorithm with adaptive elitist-population strategies for multimodal function 

optimization: Liang and Leung [31] designed a system that has just an elitist population, and 

the population size is dynamic based on how promising individuals are. The setup entails 

pairing individuals to evaluate their relative ascending(descending) directions. This setup is 

similar to fitness sharing to explore niches. 

 

2.7. Analytical Tools 

Concept of normality in statistics 

The normal distribution is the most assumed distribution in nature because it is the most 

occurring. 

 

However, Evolutionary algorithms (EAs) have a history of producing results/ data that are not 

normally distributed; hence, non-parametric statistics has been the order of the day. Since it is 

wrong to assume that EAs will always produce results that are not normally distributed, 

normalcy is the first test made on results to determine the type of statistical metrics to use in 

analyzing results and make inferences on the data. In this section, the statistical tools used will 

be highlighted, and the reason behind the selection clarified and discussed. 

 

2.7.1. Test for normality 

To show that the results are normally distributed. QQ plot was computed to see if results are 

normally distributed. QQ plot (Quantile-Quantile plot) is a graphical way of checking if two 
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data sets produce the same distribution [32]. The two data sets used form the x and y-axis. 

They do not necessarily need to have the same data size. When the two data sets are plotted 

against each other, we get a slope. If the derived slope is a straight line, then the results are 

normally distributed else it is not. However, since the slope is straight, non-parametric tests 

will be carried out, such as Wilcoxon rank-sum and non-parametric box plot. 

 

2.7.2. Tests used 

2.7.2.1. Wilcoxon Rank-Sum 

Wilcoxon rank-sum will be used to check for the statistical significance of the results generated 

in this thesis.  This is the equivalence of student t-test done in parametric tests. It can be used 

for the pairwise test. 

2.7.2.2 Non-parametric Boxplot 

Boxplot is generally used to show the relationship and variance between groups of numerical 

data sets. It highlights the primary data points such as median, first quartile, third quartile. It 

also shows the whiskers which are within 1.5 of the interquartile range. The interquartile range 

in the range of first and third quartile. Points that are outside the whiskers are highlighted with 

dots. 
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Chapter 3 

Methodology 

Introduction 

As previously explained, coevolutionary algorithms are powerful tools for solving 

increasingly complex problems by explicitly evolving solutions in the form of interacting co-

adapted sub-components. It operates under incomplete information (uncertainty), focusing on 

evaluation and interaction schemes. They are used in various areas for predominantly 

optimizing solutions and augmenting other algorithms. However, it stands to reason that 

traditional elitism, which entails selecting the best individual(s) from each generation and 

adding it to the next generation, would result in premature convergence and 

overgeneralization of solutions because tradition does not handle all of the underlying 

objectives in a coevolutionary system [9]. We pinpointed that traditional elitism is probably 

not well considered or robust enough, because the red queen effect means that elite members 

are not necessarily the best members under a different evaluation scheme, i.e., the dynamics 

from previous generations are not being considered.  

 

To mitigate this, we modified elitism –now termed extended elitism-- to keep elite evaluative 

pairs (or “evaluative combinations” when looking at multiple co-evolving populations) and 

not just the best “fit” in a given generation.  

 

To have a good, fast and robust coevolutionary system, this research analyzes and explores 

the subtle multi-objective nature of co-evolutionary algorithms; keeping track of the 

evaluators of each individual’s parents, elites of the other population’s previous generation, 
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as well as good individuals (used as evaluators) from the other population’s current 

generation. These good individuals are selected by our variant of tournament selection. With 

this, the chances of forgetfulness are minimized over generations, and a subtle niche system 

is set up to look at local optima and then the global optimum. In this research, local optima 

have more priority which is contrary to the state of the art. This approach is selected because 

the locals give detailed information about the current solutions, thereby giving room for 

solutions with the potentials to be kept and ensuring that the population evolves / grows rather 

than just a selected few. Hence, we are not just looking at the best solutions, but solutions that 

incorporate and preserve the best hereditary traits found over time. This can be protected by 

ensuring that individuals do as well or better than their parents when evaluated with their 

parents’ evaluators. 

 

Historical protection is not the only way elitism can be modified to ensure meaningfulness 

within a coevolutionary system.  For example, tournament selection itself can be seen as a 

“local form” of elitism; the Red Queen effect can be felt here too. Consequently, Tournament 

Selection, as used in this research, was modified to include the concept of the Pareto front, 

which is formed by using different evaluators as different “objectives” (which here is called 

implicit multi-objective optimization). We call this modified method the Pareto tournament 

selection (PTS). Here, the best individuals are not picked based on the average fitness score 

but instead based on fitness pairs; ensuring that solutions do not get picked just because they 

were lucky with an excellent collaborator(s) or an inferior competitor(s). For instance, out of 

the trio: [(9,1), (9, 4), (4,5)], the duo [(9, 4), (4,5)] will be picked because they have better 

scores on both sides. Therefore, this research redefines elitism which then addresses 
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forgetfulness, controls and often reduces the pace at which the algorithm specializes, thus 

providing robust solutions. 

 

3.1 Coevolutionary algorithm 

The system designed in this research works for multi (2 or more) populations and was designed 

in such a way that it can be used for both cooperative and competitive systems and can be 

either concurrent or sequential. However, only the sequential concept was implemented in this 

research. The concurrent system starts and ends its run for each population at the same time 

(even though all the population might not be doing the same thing at the same time however 

they are independent of each other), but in the sequential system, populations wait for each 

other or take turns.  

 

Aside from the difference stated above, another significant difference between sequential and 

concurrent approaches designed in this research is that evaluation in the concurrent approach 

is done twice to restrict the size of the new population to the strictly predefined population 

size.  On the other hand, the evaluation in the sequential approach is performed once, and 

tournament selection is used to reduce/ control the population size. This difference will become 

more apparent as the various stages of evaluation in the system are detailed when the main 

algorithm is described below. 

 

The concurrent and sequential systems are represented as images in Figures 3.1 and 3.2, 

respectively. In the sequential system, the first population is evaluated with parents of the next 
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population while the next population with the newly generated solution of the first population 

and at the end of the generation, the direction of evaluation is then swapped. 

 

 

Figure 3.1: Concurrent Approach 
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Figure 3.2: Sequential Approach 

 

3.2 Implicit Multi-objectives in Coevolutionary Algorithm 

In section 2.4, we introduced the idea that coevolutionary systems might be viewed as having 

a multi-objective nature implicitly. This section elucidates how we utilize/mitigate-against this 

implicit multi-objective aspect of coevolutionary systems, especially in how it affects elitism.  

 

The state of the art for elitism in coevolutionary systems picks the best ‘n’ individuals (elites) 

in a population and preserve until the next generation. Owing to the curse of the red queen 
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effect, it is hard to ascertain that these elites are the best for all the generations ran so far, or 

just the best for the current generation. Hence, the team of elitists' (‘n’ elites) might not be a 

good representation of the best of a population. Therefore, we are introducing the concept of 

extended elitism to ensure that elites are selected across multiple generations. 

 

Extended elitism is an extension of local elitism (aka local selection), where the parents and 

offspring are compared together during selection and only if a child is better than at least one 

of its parents is it allowed to be selected. With extended elitism, this concept is extended to 

evaluation, where the evaluators used to evaluate the parents are used to evaluate the offspring 

and vice-versa. This group of mutually evaluating (parents and offspring) members is called a 

team. Consequently, each chromosome must store two of its best oppositional/collaborative 

evaluators from the other populations to be used in the next generation to evaluate the 

offspring.  

 

While the selection is kept local, the evaluators to evaluate these members should be 

representative of a wide range of evaluative possibilities. However, to evaluate every member 

against every member across all populations and generations is to open the algorithm up to 

performing an exponential number of such evaluations. Therefore, the evaluator members of 

the team must be chosen judiciously. Here the teammates (both parents and offspring) are 

evaluated against the following type of evaluators:  

• random members of other teams in other populations (however, teams when associated 

together, keep their association during the entire evaluation procedure; so, if team c from 

population 1 is associated with team gamma from population 2 when evaluating population 
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1, the same team association is used when evaluating population 2 – this is to promote 

consistency of evaluation)  

• best opponents of the parents (bringing in the parent’s evaluative history)  

• the fittest individual in the evaluator’s population (introducing a “global evaluator” into 

balance all of the local effects) 

 

These form three groups of evaluative members: each member from the population used in 

such a group is called an evaluator, while the group itself is called an evaluative group, which 

are used to apply to each individual in the team to form an evaluative association, each of 

which produces a fitness value. Figure 3.3 shows a graphical representation of evaluators, 

evaluative groups, and evaluative association for a 3- population system (note: in a 2-

population system, the evaluative group is the same as the Cartesian group since there is no 

other evaluative population on which to perform the Cartesian cross). Hence, the two can be 

used interchangeably. However, figure 3.6 shows how the whole evaluation process comes 

into play in a 3-population system. 
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Figure 3.3: Evaluator, evaluator group and evaluator association 

 

The fitness values produced by an evaluative association are used interdependently, and each 

member of the team is compared to each other based on each of its fitness scores from these 

same evaluative members. These sets of fitness values can be considered a fitness vector, which 

implies that multi-objective effects may come into play such as the concept of Pareto 

dominance and Pareto fronts, as for multi-objectives one size doesn’t fit all. Consequently, 

Pareto fronts can be considered when checking for the best individual in a local team, and not 

just looking for the member with the singular best fitness. The individuals from the team whose 
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fitness vectors are not dominated become part of the Pareto front and in turn make it into the 

new population.  

 

Bringing it back to our original motivation, for an offspring to be selected, it must be able to 

perform better or at least the same as its parents when evaluated with parents’ previous 

evaluators (as well as other evaluators that were chosen to extend the evaluative features, yet 

not exponentially swamp the evaluation process).  

 

Figure 3.4 below provides an example of this Pareto front local selection in action: 

 

Figure 3.4: An example of how the fitness value of individuals is stored and used for 

comparison to derive the non-dominated/ Pareto team. 

 

Here, the number of evaluative associations used is six, and that is why each individual has 

six fitness values representing its fitness when evaluated with each evaluative association. 

From Figure 3.4, it can be deduced that individual A and individual B are nondominated, 

hence will be added into the new population while C is dominated by both A and B. This, 

therefore, means that there’s a high likelihood that C does not have potential, i.e., is not worth 
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keeping; in other words, the solutions that A and B are representative of seem to be dominating 

the genetic space of C.  

 

With this approach, there is an assurance that most of the individuals with important 

characteristics will make it into the next population and the population weeds out poor 

individuals fast. This was initially tried with just the local elites but with the insights drawn 

from Panait. et al. [24], the global elites of the last generation were added to the evaluative 

group (evaluators). Global elite is the fittest individual of a population.  

 

The evaluative group of an evaluation team (the local team undergoing evaluation) was set 

up, as described in figure 3.5. Within each group of evaluators, possibly apart from the 

evaluative group of best opponents of parents (see below), a Cartesian cross is performed on 

the m members of the group across the p – 1 evaluator populations, producing 𝑚𝑝−1 Cartesian 

cross members, which in turn form a Cartesian group. The number of group members is 

deliberately kept low to reduce the possible explosion of evaluative associations being 

produced. Usually, it is set to 1 or 2, i.e., the best or best two global members, the best or best 

two members from a local Pareto front, etc. A vital point to note is that when the Cartesian 

cross is done across the population, they are only done using members from the same group 

type, and not across groups of different types of evaluators. For example, group members from 

global elites in one population are not crossed with parental members from another population. 

Also, it is possible that a fitness threshold can be set in which one or more evaluators may not 

meet and so not be included. Consequently, the 𝑚𝑝−1 number of Cartesian group members 
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should be considered as an upper bound (although always met in the experimental setup we 

used as fitness thresholds were not used). 

 

In the case of the evaluative group of best previous parent evaluators, there are at least 3 

possible ways of generating the members in its Cartesian group that we have thought of. The 

first is to use each evaluative association derived from the parents without performing a 

Cartesian cross at all. This is possible here as the evaluative associations have already been 

formed and don’t have to be produced for the first time through a Cartesian cross across the 

populations. For the second technique, we could disassociate the evaluators from their 

associations, obtaining the original evaluators used, and then reform them into new 

associations through a complete Cartesian cross. As each parent stores the best two evaluative 

associations, there would be 4 evaluators per population for this group; thus, the Cartesian 

cross would produce 4𝑝−1 members in its Cartesian group. Finally, we can perform a Cartesian 

cross for each parent as a separate group. As each parent has two evaluative associations, this 

gives us Cartesian group members for each parental group or 2* 2𝑝−1 i.e. 2𝑝 Cartesian group 

members in total.   

 

In the system built for the thesis, only two populations were ever explored; the constitution of 

its evaluator groups is depicted in Figure 3.5. The number of members in a Cartesian group 

derived is trivial; 1 - 4 with each member in a Cartesian group having just one evaluator (i.e., 

for a 2-population system the evaluative group and Cartesian group will be the same). 

Therefore, all three techniques that can be used for the previous parent evaluative group 

produce the same Cartesian group … consequently experimenting on which of the three 
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techniques would be preferable has been left for future work. However, we are leaning towards 

the first approach because it both reduces the number of evaluations and does not produce new 

associations that were not actually used in previous generations. Remember, the point of 

including parental history is to counteract the Red Queen effect, which the inclusion of new 

associations works against; the original associations were good enough in the past and should 

stay that way to enforce stability over generations. Nonetheless, despite our not experimenting 

with it, we will depict a scenario using a 3-population system to ensure that the concept of 

Cartesian groups is better understood. This can be seen in Figure 3.6.  

 

 

Figure 3.5: Selection of evaluators 
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As depicted in Figure 3.5, when there are more than two populations, an individual has to be 

evaluated with more than one individual coming from each of the other population to give a 

complete solution. Therefore, if each population is presenting more than one individual, there 

will be more than one possible combination of individuals to give a solution. This system 

requires 2 individuals from each population; therefore 1 to 2𝑝−1 combinations are possible. 

The Cartesian groups are paired off with each evaluation team member to give an evaluation 

association and evaluates the evaluation team to give a fitness vector. The amalgamation of 

all these evaluator associations from various groups gives an evaluator set. This vector is then 

processed to get the non-dominated rows, as shown in Figure 3.3. 

 

The evaluation process here is similar to that of Bucci & Pollack [30] and Ficici & Pollack 

[29] but this system interweaves it with recombination, checks and conserves good ancestral 

evaluators and works on a local team while Bucci & Pollack [30] and Ficici & Pollack [29] 

evaluates the full population.  

 

Local teams –team that is being evaluated or will be evaluated-- (portrayed in Figure 3.5) are 

created at least 0.5 times the size of the population (for example if the population size is 100, 

the local teams are created 50 times) in every generation, and 2 good individuals are required 

from each evaluation team – which is the same as local team— to be used as evaluators for 

the evaluation team of the other population. The reason why the minimum number of times 

the local teams are created is fixed is to ensure that the evaluation process and recombination 

process covers/ iterates over a good portion of the population (to ensure diversity in selection).   
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Figure 3.6: Creation of  𝑐𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛 𝑔𝑟𝑜𝑢𝑝𝑠 
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After evaluation in a local team, two of the evaluators (/opponents or collaborators) are 

selected independently and stored with the Pareto individuals based on their fitness value (the 

evaluators selected for the individuals may differ based on the joint fitness score). Only two 

of the evaluators are selected to constrict the number of evaluations done per generation (i.e., 

the more the evaluators, the more the evaluations). Therefore, in order to ensure that the two 

evaluators selected are not global elites, only one global elite is added to the evaluators. 

 

Based on the setup, a local team will have at least four individuals. However, a Pareto front is 

only restricted by its population or subpopulation size. Therefore, if the size of a local team is 

four, the Pareto front can have a size of four or less. This means that after creating the 

minimum number of local teams, the size of the new population can be less or greater than the 

population. For instance, if the population size is 100, local teams will be created (at least) 50 

times, the size of the Pareto front derived from each local team would range between one and 

four which means the new population would range between 1*50 (50) and 4*50 (200). For 

the latter, the extras are stored, population space increased and used in the succeeding 

generation, and a variant of tournament selection is used in picking individuals and reducing 

the size back to the population size. For the former, more evaluation teams are created. Hence, 

more selection and recombination are carried out, and new Pareto fronts are created and added 

to the new population. 
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3.3 The Entire Algorithm  

First, we present the high-level framework for the algorithm seen in Figure 3.7: 

1:  User Input Parameters: 

2:  populations,       // user must decompose the problem into populations 

3:  n = Population size 

 initial evaluations:  

4:  associate together individuals from each population for evaluation 

5:  each individual in an evaluated association is initialized using the produced fitness value 

  main loop: 

6:  for gen = 0 until (exceed maximum eval count) || (optimal solution found) 

   // a team is one set of parents and offspring within a population,  

    team processing loop:    // we process one team at a time across all populations 

7:     for teamCount = 1 until new population sizes equal or exceed n for all populations 

       create next team:  

8:     for each popn 

9:      selection:  get parents using Pareto Tournament Select, (a new selection operator) 

10:      reproduction: produce offspring using crossover and mutation 

11:      parents and offspring form the team (the basis for evaluative associations)  

    team evaluation:  evaluate the team from one population  

12:    for each popn 

13:     choose evaluative groups members:  

14:      for each of the other populations 

15:       [new popn filled] ? choose 2 random members from the new population 

               : [team evaluated] ? choose 2 best members from LPF using fit vector avg 

           : choose both parents of other populations’ team 

16:       [ancestors used] best two previous evaluators of parents 

17:       [global elites used] global best of other population 

     create the evaluator group:  

18:      for each of the above groups: 

19:       perform a Cartesian cross of the group member across the other populations   

20:      union the above evaluator groups → a single evaluator set  

     evaluation:  

21:      apply the eval set to each team member → a series of eval assocns 

22:      evaluate these associations → a fitness vector of each member,  

23:       where the vector comprises the fitness values of each of the eval associations 

    local selection:  

24:    for each popn  

25:     create local Pareto fronts (LPF) of team member using the fitness vectors 

26:    if concurrent      

27:     for each popn recompute the fitnesses by combing evaluators from each of the LPFs 

28:     for each popn recreate the local Pareto fronts using the new fitness values  

29:    for each popn  

30:     add all Pareto fronts to the new population  

31:     where each LPF can have 1 to 6 members and associations of len(evaluator set) 

32:    popRotator(newPOPP) → POPP:  

33:  for (POPP in Allpopulations and newPOPP): 

34:      POPP+1 = newPOPP 

35:     POPN = newPOPzero 

36:    Best two in Allpopulations gets a free pass into the next generation 

Figure 3.7: High-level Pseudocode of the system 
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To better understand the details of the code, Figure 3.8 gives a low-level explanation of Figure 3.7, 

with various subroutines found in Figure 3.9 - 3.18 to explain major concepts in detail. 

N.B: words underlined and in italics connotes methods that are further elaborated as blocks of code below. 

1:  User Input Parameters: 

2:  populations,       // user must decompose the problem into populations 

3:  n = Population size, 

4:  p = number of populations, 

 initialize  

5:   popFilled = empty,  

6:    evalCount = largestIndvCount = 0 

 initial evaluations:  

7:  for i = 1 to n: 

8:  associate together the individual at level i from each population → eval_association 

9:  evaluate(eval_association) → fitnessValue 

10:  store fitnessValue with each individual from each population that formed the eval_association 

 main loop: 

11: for gen = 0 until (evalCount > MAX_EVAL_COUNT) || (optimal solution found) 

    a team is one set of parents and offspring within a population,  

   //team processing loop:    // we process one team at a time across all populations 

12:   for teamCount = 1 to n/2 and while largestIndvCount < n 

   team level offspring production:  

13:    for (POPP in Allpopulations & p ∉ popFilled) 

     selection -> mating selection using a new selection operator 

14:      ParetoTournamentSelect(POPP ) → parentsP  

     reproduction: 

15:      recombination(parentsP) → offspringP 

16:     creating the base for evaluative associations: // basis for local elitism 

17:      local_teamP = {parentsP + offspringP}  

    team evaluation -> evaluate the team from one population  

18:    for (POPP in Allpopulations)  // using the teams from the other populations 

19:     choosing evalutators and creating evaluator set:  

20:      chooseEvaluatorGroups(Allpopulations – POPP, popFilled) → evaluator_groupsP 

21:      CartesianCrossGroups(evaluator_groupsP) → Cartesian_groupsP 

22:      union(cartesion_groupsP) → cartesion_setP 

      evaluation:  

23:     evaluate (local_teamP, evaluator_setP) →  fitnessVectorP 

24:      evalCount += number of members in fitnessVectorP 

25:   local selection:      // LPF means Local Pareto Front 

26:    ∀P CreateLPF(local_teamP,  fitnessVectorP) → localPFP  

27:     if concurrent    // re-evaluate then reselect the Local pareto front 

28:      ∀P concurrentRe-eval (localPFP, AllLocalPF – localPFP)) → fitnessVectorP 

29:      ∀P createLPF(local_teamP,  fitnessVectorP) → localPFP  

30:     ∀P newPOPP += localPFP      //add pareto fronts to the new population 

31:     largestIndvCount = max_size∀P newPOPP  

32:   newPopFillChecker (newPOPP, Allpopulations) → popFilled 

33:   popRotator (newPOPP) → POPP 

34:    Best two in Allpopulations gets a free pass into the next generation 

Figure 3.8: (Base) Low-level Pseudocode of the system 
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Preamble 

1: for (POPP in Allpopulations): 

2:    ∀ INDIVIDUALI in POPP ∃ 2 evaluators and fitness sorted & stored ⇒ EVI = ⟨e(MAX-1), e(MAX)⟩ 

 

 

ParetoTournamentSelect (PTS)  // Parents are selected with replacement 

1:  Preamble 

2:  randomly select k individuals from the population 

3:  if popsize < 20: 

4:   k = 4 

5:  else: 

6:   k = 10 

7: find the non-dominated (Pareto) set of ⟨ EV1, EV2 ,… EVk ⟩ 
8: if len(Pareto set) < 2: 

// pick the non-dominated individual and the second individual with the highest fitness  

// or that is dominated by only the non-dominated individual     

9:  {Pareto set, best dominated individual} → parents    

10: else if len(Pareto set) == 2: 

11:  {Pareto set} → parents 

12: else:  // if the pareto set is bigger than 2 

13:  ∀ m in Pareto set: 

14:   ESm = 𝑒𝑚𝑎𝑥−1
𝑚 + 𝑒𝑚𝑎𝑥

𝑚             //get the average of the two fitness of each individual selected 

15:  {best 2 ESm} → parents  

 

Figure 3.9: Pareto Tournament Selection 

 

 

Each individual in the population keeps track of its best two evaluators. Therefore, because 

an offspring has not gone through any evaluation, and it is not in the population, it does not 

have evaluators, i.e., it does not automatically accrue evaluators from parents without going 

through evaluation itself. To create a local team, parents are selected via PTS (the best two 

individuals are selected from a group of individuals selected randomly) as depicted in Figure 

3.9. Usually, tournament selection is used to select one individual, and it is done again to 

create the second individual. This is to ensure that the two individuals selected to become 

parents are selected randomly. However, we can pick two individuals at once because of the 

incomparability property of Pareto fronts.  
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In scenarios where Pareto front size is greater than 2, we calculated the average of the two 

fitness scores and picked the best two based on the average. Because the multi-objective nature 

of this system is implicit using the average the pick the best two did not defeat or tamper with 

the nature of the system. 

 

Reproduction 

1: if individuals є binaryspace: 

2:  uniform crossover →2 offspring 

3:      70% chance: 

4:    2-point crossover→2 extra offspring 

5:  30% chance: 

6:   mutate all children 

7: elif individuals є realnumberspace: 

8:  30% chance: 

9:   gaussian mutation →2 offspring 

10:  70% chance: 

11:   gaussian mutation →4 offspring 

 

Figure 3.10: Reproduction 

 

 

In order to generate offspring for the local team, we perform recombination with the parents. 

As depicted in Figure 3.10, the style used when dealing with individuals in binary space (i.e., 

1s or 0s) differ from when dealing with individuals in the real number space (e.g., 0.5). For 

the former, we use crossover and mutation. However, for the latter, we use gaussian mutation. 
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chooseEvaluatorGroups 
1: pick evaluators from ancestral evaluations to form a group: 

2:  for (local_team𝑃𝑂𝑃𝑃
 in Allpopulations & P≠K): 

// this gives a 2x no of population with each row representing the two evaluators  

picked from a population 

3:   2 of each parents’ previous evaluators (evaluator_groupsP) 

4:  CartesianCrossGroups → 1 - 4 members in a Cartesian group 

5: pick evaluators from current or newly generated population: 

6:  for (local_team𝑃𝑂𝑃𝑃
 in Allpopulations & P≠K): 

7:   if [new popn  filled]  

8:    choose 2 random members from the new population 

9:   else: 

10:    if [team evaluated]:  

11:   choose 2 best members from LPF using fit vector avg (to be discussed later) 

12:    else: 

13:     choose both parents of other populations’ team 

14:  CartesianCrossGroups → 1 - 2𝑝−1 members in a Cartesian group 

15: pick elite group from last/active population: 

16:  for (local_team𝑃𝑂𝑃𝑃
 in Allpopulations & P ≠ K): 

17:   global elite → evaluator groupP 

18:  CartesianCrossGroups → 1 member in a Cartesian group 

 

 

Figure 3.11: choose Evaluator Groups 

 

 

CartesianCrossGroups  

1: for (2 
len(evaluator_groups

P
)
): 

2:  generate numbers from 0 to 2 
len(evaluator_groups

P
) 

  //the position of each 0 or 1 represents the POPP 

  // it produces numbers of length: len(evaluator_groupsP) 

3: for (binaryValueT , T є 2 
len(evaluator_groups

P
)
): //looping through all the numbers generated  

4:  for (placeValuem є binaryValueT, m є len(evaluator_groupsP)): 

5:   if placeValuem = 0: 

6:    local evaluatorsm += 1st evaluator selected from POPp into evaluator_groupsP  

7:   else: 

8:    local evaluatorsm += 2nd evaluator selected from POPp into evaluator_groupsP 

 // since m is the len(evaluator_groupsP), then m = p 

9: Cartesian_group = × local evaluators = ⟨ local evaluators1 × local evaluators2 × . . .  × local evaluatorsp⟩ 

 

Figure 3.12: Cartesian Cross Groups 

 

As previously stated, to create the evaluative group, we picked individuals from three sources: 

the past (best evaluators of parents in previous generations), the present (global elite of past 
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generation) and the future (good individuals that might/ would make it into the next generation 

–parents of other local team or Pareto fronts of other local teams respectively). Then, a 

Cartesian product was done within the three groups to get all possible combinations of the 

evaluators. 

 

evaluate 

1: Local_teamp gets evaluated by evaluative_groupp ⇒ 𝑓𝑖𝑡𝑛𝑒𝑠𝑠⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ = Local_teamp × evaluative_groupp 

2: eliminate all dominated individuals in Local_teamp based on 𝑓𝑖𝑡𝑛𝑒𝑠𝑠⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ 

3: the remaining individuals in Local_teamp becomes the LPFp 

Figure 3.13: Evaluate 

 

CreateLPF  

1: eliminate all dominated individuals in Local_teamp based on 𝑓𝑖𝑡𝑛𝑒𝑠𝑠⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ 

2: the remaining individuals in Local_teamp becomes the LPFp 

3: if set-up == sequential approach: 

4:  bestEvaluatorSelect 

Figure 3.14: CreateLPF 

 

 

 

bestEvaluatorSelect 
1: For each individual in the Pareto team: 
2:  If evaluative_group.size > 2: 
3:   Pick its best two evaluators and store with the joint fitness 

4:  Else: 
5:   Store the evaluators and the joint fitness 

 

Figure 3.15: best Evaluator Select 

 

 

 

While doing a spot check for the size of LPF, we discovered that the size could range from 

one to four. The most popular sizes are one and two; three occur less frequently, while four 
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was an anomaly. Also, we discovered that all populations don’t get filled up at the same time. 

Hence the need for a newPopFillChecker to ensure that the new population is always as large 

as the predefined population size. If the newPopFillChecker discovers that some populations 

have produced new individuals that are at least the fixed popsize while others have not, it 

stores the index of the populations that do not need new individuals. This information is used 

to stop the creation of new local teams for such populations and picks random members of its 

new population as evaluators for other populations still undergoing the refilling process. 

BestEvaluatorSelect is used to select and store the best two evaluators of each LPF individual 

independently.  

 

NewPopFillChecker 

1: if ¬ (∀ newPOP) is filled: 

2:  somePopFilled = true 

3:  popFilled+= {p | ∀ p ∃ newPOPP is filled} 

4:  return to step d1.1i of Figure 3.7 

5: else: 

6:  somePopFilled = false, popFilled = null 

7:  return 

 

Figure 3.16: NewPopFillChecker 

 

 

concurrentRe-eval 

1: for (LPFp in Allpopulations): 

2:      for (LPFX in Allpopulations & X ≠ P): 

3:   elect 2 individuals 

4:  create 1 - 2𝑝−1 Cartesian group members from the selected individuals ⇒ Evaluative_groupp 

5:  CreateLPF 

6:  bestEvaluatorSelect 

7:  save LPFnewp 

 

Figure 3.17: concurrent Re-eval 
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For concurrent set up, evaluation is done twice. When the first evaluation was done, no Pareto 

front was used as evaluators.  The second evaluation is done to include ‘future’ evaluators, so 

as to ensure that concurrent approach also keeps track of the past, present, and future.  

 

popRotator 
     //put new populations into the current population for the next generation 

     //however, push the location of the population forward in a clockwise direction 

1: for (POPP in Allpopulations and newPOPP): 

2:  POPP+1 = newPOPP 

3: POPN = newPOPzero 

Figure 3.18: population Rotator 

 

 

After all the individuals for the new population have been created, the position of the 

individuals is rotated for the sequential approach. This is to enforce symmetry. When 

evaluation is carried, the first population’s local team gets to use the parents of the local team 

of other populations as evaluators, while the second population uses the Pareto front of  the 

local team of the first population and the parents of the local team of other populations as 

evaluators while the last population uses the Pareto front of the local team of all the previous 

population. This puts the last population at a great advantage if this continues over generations 

and could lead to disengagement. Therefore, to avoid this, we rotate the position of the 

populations in a clockwise direction. 

 

 

3.4 Setting the Population Size, Mutation Number and Iteration Number 

For experiments, various population sizes were explored, ranging from 10 up to 400. This is 

to give a good feel of how the system works. Based on Panait et al. ’s work [24], the number 

of evaluations used is 51,200. 
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The mutation style used is Gaussian mutation for the first eight functions and bit flip for 

Iterated Prisoner’s Dilemma. The initial selection employed was random (because individuals 

do not have fitness value hence are not distinguishable) for the first generation and tournament 

selection for the rest. However, after a close look at the works of Panait et al. [24] and Shi [33], 

we discovered that good collaborators, competitors or even good individuals could easily get 

lost if left to chance. Therefore, we substituted the random selection with a blind evaluation –

evaluating chromosomes in pairs, chromosomes were paired based on their positions. 

Tournament selection was used for other generations to ensure that there is a degree of 

evaluation; hence context, happening. Although Panait et al. [24] and Shi [33] strongly 

supported ranking selection, we could not employ it in the designed system because solutions 

are not selected based on their average fitness but on how well they do with each of their 

evaluators. Hence the resort to tournament selection. 
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3.5. Problem Test Suite 

To test the performance of the improved algorithm, single and multimodal functions with Nash 

equilibrium (multiple local optima) as well as Iterated Prisoners’ Dilemma were selected to 

show how well the algorithm can navigate to the global optimum. The test functions are: 

3.5.1. MTQ:  

The MTQ (also known as the maximum of two quadratics) domain is a kind of problem 

generator capable of producing problem instances of varying difficulties. It is a multimodal 

domain problem that is challenging for cooperative coevolution because both populations 

need to coordinate to explore multiple peaks [24]. It is the maximum of two 2-dimensional 

functions/ polynomials [24, 14]. MTQ class of domains includes a global optimum and a local 

suboptimum. However, the suboptimum covers a much wider range of the search space; 

hence, it is difficult to escape [24, 14]. The relative positions (𝑥1, 𝑥2, 𝑦1, 𝑦2), heights(𝐻1and 

𝐻2), and widths (𝑆1and 𝑆2) of the peaks are parameterized [34].  𝑥1and 𝑦1 were set as 0.75 

while 𝑥2 and 𝑦2 were set to 0.25. These (the positions of the peak) affect the locations of the 

centers. 𝐻2 was set as 150 and 𝐻1 was varied between 50 and 125. The heights of the peaks 

affect the rate and the location of convergence [34]. The wider the margin between the gap 

between the widths, the higher the likelihood that the algorithm will converge to the bigger 

width even if it is not optimal [34]. The global maximum of MTQ is 150. 

𝑓1(x, y):= 𝐻1* [1 -
16

𝑆1
(𝑥𝑖 − 𝑥1)

2
-
16

𝑆1
(𝑦𝑖 − 𝑦1)

2

] 

𝑓2(x, y):= 𝐻2* [1 -
16

𝑆2
(𝑥𝑖 − 𝑥2)

2
-
16

𝑆2
(𝑦𝑖 − 𝑦2)

2

] 

MTQ(x,y) := max{𝑓1, 𝑓2}. 
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3.5.2. SMTQ: 

This is quite like MTQ but with a twist in the relative positions and the peaks had an ellipsoidal 

shape that is aligned diagonally which resulted in diagonal ridges towards the optima, and 

thus infinite numbers of Nash equilibria along those ridges. SMTQ combines the difficulties 

associated with both multimodal search spaces and domains with infinite numbers of Nash 

equilibria along diagonal ridges. The local optimum with the widest coverage noticed was 50.  

 

𝑥1
𝑟= (x – 𝑥1)cos(

𝜋

4
) + (y – 𝑦1)sin(

𝜋

4
) + 𝑥1 

𝑦1
𝑟= (x – 𝑥1)cos(

𝜋

4
) - (y – 𝑦1)sin(

𝜋

4
) + 𝑦1 

𝑥2
𝑟= (x – 𝑥2)cos(

𝜋

4
) + (y – 𝑦2)sin(

𝜋

4
) + 𝑦2 

𝑦2
𝑟= (x – 𝑥2)cos(

𝜋

4
) - (y – 𝑦2)sin(

𝜋

4
) + 𝑦2 

 

𝑓1(x, y):= 𝐻1* [1 -
32

𝑆1
(𝑥𝑖 − 𝑥1

𝑟)
2

-
8

𝑆1
(𝑦𝑖 − 𝑦1

𝑟)
2

] 

𝑓2(x,y) := 𝐻2* [1 -
32

𝑆2
(𝑥𝑖 − 𝑥2

𝑟)
2

-
8

𝑆2
(𝑦𝑖 − 𝑦2

𝑟)
2

] 

SMTQ(x,y) := max{𝑓1, 𝑓2}. 

3.5.3. Booth Domain 

The Booth domain creates a narrow ridge that can be pursued only by simultaneous 

exploration from both populations. The Booth function is: 

Booth (x, y) = ( 𝑥  + 2 𝑦 − 7)
2

+ (2 𝑥 + 𝑦 − 5)
2

 

Where 𝑥 = 10.24x − 5.12,  𝑦 = 10.24y − 5.12, 
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and x and y are encoded in individuals as real-valued numbers between 0 and 1. The Booth 

function creates a squashed peak along a diagonal axis, usually resulting in penalties for mis-

coordinated explorations. The function has a minimum value of 0. In this thesis and Panait et 

al. [24], the function was negated to get a global maximum of 0. Figure 3.19 shows what the 

Booth function looks like. 

 

 

Figure 3.19: Booth Function [35] 

 

 

 

3.5.4. EggHolder function 

It is a difficult function to optimize because of the large number of local minima [36]. The 

chromosomes are in the range -512 to 512. The global maximum is 960 at point 512, 404.23.  

Figure 3.20 shows what the EggHolder function looks like. The equation is: 
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EggHolder (x, y) = (y + 47) sin (√|
𝑥

2
+ (𝑦 + 47)|) + x sin (√|𝑥 − (𝑦 + 47)|). 

 

Figure 3.20: EggHolder Function [36] 

 

3.5.5. Bohachevsky function: 

 The Bohachevsky function has a bowl shape. 

Bohachevsky (x, y) = (𝑥2 +  2𝑦2 − 0.3 cos(3 πx) − 0.4 cos(4π𝑦) +0.7). 

Global Minimum is 0 and x, y ∈ [-100, 100]. In this thesis, the function was negated to get a 

global maximum of 0. Figure 3.21 shows what Bohachevsky looks like. 
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Figure 3.21: Bohachevsky Function [37] 

 

3.5.6. The Griewangk Domain 

Griewangk function is: 

Griewangk (x, y) =     −1 +
𝑥2

4000
+

𝑦2

4000
+ cos(𝑥2) cos (

𝑦2

20.5) 

Where 𝑥 = 10.24x − 5.12,  𝑦 = 10.24y − 5.12, 

and x and y are encoded in individuals as real-valued numbers between 0 and 1. The function 

has a maximum value equal to 0 for  𝑥  =  𝑦  =  0  i.e x = y = 0.5, and many suboptimal peaks 

surrounding it [38]. In this thesis and Panait et al. [24], the function was negated to get a global 

maximum of 0. Figure 3.22 shows what Griewangk looks like. 
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Figure 3.22: Griewangk Function from [38] 

 

3.5.7. Damavandi 

It is a multimodal function with a large local optimum(minimum) space and a small global 

minimum, which makes it easy to get trapped at the local and hard to climb out. It is also a 

continuous, differentiable, non-separable, non-scalable function [39]. Damavandi is one of the 

most difficult optimization functions with a success rate of 0.25%. Even though its design is 

not the best space to show how coevolutionary system works, it was picked to show the 

diversity and strength of this coevolutionary system. In this thesis, the function was negated to 
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get a global maximum of 0. Below are the images of the function’s equation (Fig 3.23) and a 

graph of the function (Fig 3.24) [39]. 

 

 

Figure 3.23: Damavandi equation [39]  

 

Figure 3.24: Damavandi function [39] 
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3.5.8. Iterated Prisoner's Dilemma 

Axelrod developed Iterated Prisoner’s Dilemma. It is a modification of Prisoner’s Dilemma. 

Prisoner’s dilemma itself is a game of two players (assumed to be prisoners). These two 

players play a game of co-operating or snitching out their partners. If they both tell on each 

other, they get a substantial amount of punishment (5 years imprisonment, i.e., loss). However, 

if they both cooperate, they get a sparing amount of punishment (e.g., 1-year imprisonment). 

However, if a player tells on his partner but his partner does not, the player gets no 

punishment, and his partner gets all the punishment and vice versa. This game or design was 

used in the study of human nature, interactions, and the effect of wars.  

 

The naïve and wisest thing for a player to do is defect because it gives the highest benefit or 

the same as the opponent, but the player does not lose more. Therefore, both players will want 

to defect for a one-time game. Axelrod added uncertainty to the system through Iterated 

Prisoner’s Dilemma; players play many times. This approach brings context and memory into 

the picture, and defecting is no longer the ultimate choice, but there has to be a strategy. This 

is because, in Table 3.1, the game point for both parties defecting is less than both parties 

cooperating but cooperating while the opponent defects are fatal. Therefore, if an opponent 

defects, the player is likely to defect. Hence, how can a player make decisions that will ensure 

he gets maximal benefits? Is there a technique for discovering which game style is the best? 

 

Since there is no way to know beforehand, Axelrod randomly initialized players. These players 

get to have a limited storage of the decisions made by them and their opponent in the past, 

which is used to design the decision base. This implies that if a player stores the last two 
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decisions of itself and its opponent, the decision base will be a bit string of  22∗2 which is equal 

to 16, if a player stores the last three decisions of itself and its opponent, the decision base will 

be a bit string of 23∗2 = 64. Hence, at the beginning of a game, there is no history of past games. 

There is no data for either player to make their decision. Therefore, fake game choices are 

randomly initialized alongside the decision base (i.e., a chromosome = game choices + decision 

base) and the players playoff this. These fake game choices are gradually replaced with real 

game choices. An example of this is in Table 3.1 – 3.5:  

 

Table 3.1: Game points 

 

 

Cooperate Defect 

Cooperate (C, C) = 2, 2 (C, D) = 0, 5 

Defect (D, C) = 5, 0 (D, D) = 1, 1 

 

 

 

   Table 3.2: Player A’s strategy 

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 A1 A2 B1 B2 

1 0 1 1 1 0 1 1 1 1 0 0 1 1 1 0 0 1 0 1 

 

 

 

 

Table 3.3: Player B’s strategy 

 

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 B1 B2 A1 A2 

0 0 1 0 1 0 1 0 1 1 0 1 1 1 1 0 1 1 0 1 

 

 

From the above, the first play of A will be the value of 01012 = 5, the decision at point 5 is 0, 

while the first play of B will be the value of 11012 =13, the decision at point 13 is 1. Hence, B 
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gains 5 points for defecting and 0 points for cooperating. These decisions are stored; older 

results are replaced by new results. 

 

Table 3.4: Player A’s current strategy 

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 A1 A2 B1 B2 

1 0 1 1 1 0 1 1 1 1 0 0 1 1 1 0 1 0 1 1 

 

Table 3.5: Player B’s current strategy 

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 B1 B2 A1 A2 

0 0 1 0 1 0 1 0 1 1 0 1 1 1 1 0 1 1 0 0 

 

Then, players A and B keep playing for a specified or randomly generated number of times 

(Axelrod used 151 times). It is important to note that the game choices are discarded at the end 

of the game (151 plays), i.e., there is no change in the chromosome (individual) except during 

recombination. So, when player A plays with player B again, it is still going to use the setting 

in Table 3.2 and 3.3. 

 

In Axelrod’s first implementation, the fitness function was eight good players that have been 

predetermined from his computer tournaments. The population size used was 20, and the goal 

of the setup was to find a solution that will beat all the 8, and he used a memory store of 6, a 

64-bit string of decisions = 70-bit strings per individual. In his design, he was able to get 

solutions that beat the Tit-for-Tat strategy, which was the first winner of his tournament 

selection (Axelrod, 1985b). Because the fitness function is predefined and fixed, Axelrod’s 

setup cannot be considered a coevolutionary system. However, it gives a good description of 
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subjectivity in coevolutionary system, and we have therefore modified it to give a competitive 

coevolutionary system. Therefore, the decision to incorporate this as one of the test cases. 

 

  



 

62 

 

Chapter 4 

Results and Evaluations 

The first tests are focused on the effectiveness of the introduced method over other states of 

the art for coevolutionary systems. The improvement on real numbered spaces will also be 

shown. Also, the effect of using a global elite and local elites as evaluators rather than just 

local elites will be shown. We will also be checking the effects of the following factors 

population size, stagnation, and types of evaluators on a solution. 

 

To derive results, a full factorial design was used within the two-basic style of problems 

investigated (2d cooperative continuous functions, and the Iterative Prisoner’s Dilemma), as 

shown in Table 4.1: 

 

Table 4.1: Factors and factor levels used in the experiments 

a) Cooperative Coev of 2d Continuous Functions (with real-valued genomes) 

Factor Factor Levels 

function {Bohachevesky, Booth, Damavandi, EggHolder, 

Griewank, MTQ, MTQ125, SMTQ, SMTQ125} 

popsize  {100, 150, 200, 250, 300, 350, 400} 

global evaluator 

frequency 

{2 step, random, every generation, never} 

 

b) Decision Functions (with binary genomes) 

Factor Factor Levels 

problem {Iterated Prisoner’s Dilemma} 
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symbiotic eval  {symmetrical, discriminator} 

 popsize  {4, 20, 32, 50, 100, 150, 200, 250} 

ancestral evaluators {both populations, neither populations} 

 

 

In the experiments of continuous functions with real-valued genomes, the importance, and 

frequency of using global elites (elites of the previous generation) as evaluators were tested 

to see if it is an excellent addition to the local evaluators (evaluators derived from local 

elitism). Terms used to differentiate the various frequencies of global (elites used as) 

evaluators are described below: 

1. Every generation: global evaluators were used all through. The solutions derived with 

this setup are labeled global-sln, where sln means solution. 

2. 2step: global evaluators are introduced in every two generations, i.e., every even-

numbered generation (2, 4, 6, ...) or every odd-numbered generation (1, 3, 5, ...). The 

solutions derived with this setup are labeled 2stepglobal-sln. 

3. Random: global evaluators are introduced randomly at a roughly 50% chance --a flip 

of a coin. The solutions derived with this setup are labeled randglobal-sln. 

4. Never: no global evaluators were used at all. The solutions derived with this setup are 

labeled noglobal-sln. 

 

A quick analysis of the results leads to an interesting preliminary observation: at a glance it 

seems that global evaluators act as shock absorbers for small population sizes, i.e., when used 

in a system it appears that fitness values of the population neither drop very low, nor rise very 
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high when compared to systems where they are not used; however they appear to stall/impede 

progress for large population sizes. 

Because Iterated Prisoner's Dilemma is the only Competitive Coevolutionary system, as well 

as having binary decision values as genes and being a purely subjective optimization problem, 

the way the system is being evaluated differs. Also, since all population members compete 

with the other population’s members, global evaluators (global elitism) is no longer a factor.  

 

Prior to the analysis, to decide the type of statistics to use, Normal Distribution Plots –a type 

of QQ plot– were plotted. The results derived in Figure 4.1, 4.2, and 4.3 show that the data is 

not normally distributed. 

 

Figure 4.1 Normal distribution plot of the residuals of the linear model of the factors 

(population size, global evaluators and function type) against the solution, distinctly 

showing non-normal behavior even after a Box-Cox transform was used. 
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Figure 4.2: Normal distribution plot of the residuals of the linear model of the factors 

(population size, global evaluators and function type) against the evaluation, distinctly 

showing non-normal behavior even after a Box-Cox transform was used. 
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Figure 4.3: Normal distribution plot of the residuals of the linear model of the factors 

(population size, global evaluators and function type) against the generation count, distinctly 

showing non-normal behavior even after a Box-Cox transform was used. 

 

 

In all cases, the residuals do not form a straight line when plotted; consequently, the data is not 

normally distributed. Therefore, non-parametric statistical analysis is performed throughout. 

 



 

67 

 

4.1. Local vs. Global elites 

To see the effect of global elites, we did a pairwise comparison Wilcoxon test, Kruskal Wallis 

test on some global optimization test functions [40, 41, 42] like Damavandi (a very difficult 

function that has a very small area for its global minima and a very wide area for its local 

minima), Bohachevsky (a bowl-shaped function), and EggHolder (has many local minima). 

Then we checked for their medians alongside their confidence intervals and plotted the box 

plots. The best value for the lower bound, median, and upper bound are highlighted in greens 

for all the functions. The lower bound and upper bound are the 95% confidence interval around 

the median derived from the boxplots. The results derived are shown below in Table 4.2 to 

Table 4.7 and Figure 4.4 to 4.6:  

 

 

 Table 4.2: Performance of the methods in the Bohachevsky function.  

Bohachevsky  Lower Bound  Median  Upper Bound  

global-sln  -1.559013e-03 -1.30500 e-04 -1.050987 e-04 

2stepglobal-sln  -1.521029e-04 -1.260000 e-04 -9.989707e-05  

rand global-sln  -2.50904 e-04 -2.100000 e-04 -1.69096 e-04 

noglobal-sln  -1.181134e-04 -1.035e-04  -8.888665e-05  

 

 

 

Table 4.3: A pairwise comparisons test of the levels in the Bohachevsky function using the 

Wilcoxon rank-sum test. 
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 2stepglobal-sln global-sln noglobal-sln 

global-sln 0.93   -     -   

noglobal-sln 3.3e-05 2.8e-05   -   

rand global-sln 2.8e-05 8.8e-06 < 2e-16   

 

 

Figure 4.4 Boxplot of Bohachevsky function showing the comparison between different 

levels of globals. 

 

Using a Kruskal-Wallis one-way ANOVA, the p-value derived is < 2.2e-16, which means the 

levels are statistically different. To determine which levels are different with statistical 

significance, a pairwise comparison using the Wilcoxon rank-sum test is performed using the 

Holmes post-hoc correction. The results produced are shown in Tables 4.2 and 4.3. It can be 

deduced that there is no statistical difference between using global evaluators in every 

generation and varying it in 2steps. Furthermore, the result shows that varying the usage of 

global evaluators randomly is statistically different from every generation, 2-step and never, 

Lastly, 2step is statistically different from never. 
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Table 4.4: Performance of the methods in the EggHolder function. 

  EggHolder  Lower Bound  Median  Upper Bound  

global-sln  880.9690 881.1672 881.3654  

2stepglobal-sln  956.8333 956.8995  956.9656 

rand global-sln  956.8152  956.9037  956.9921  

noglobal-sln  956.8271  956.9046  956.9821  

 

 

 

Figure 4.5 boxplot of EggHolder Function showing the comparison between different levels 

of globals. 

 

 

Table 4.5: A pairwise comparisons test of the levels in EggHolder function using the 

Wilcoxon rank-sum test. 

 2stepglobal-sln global-sln noglobal-sln 

global-sln   <2e-16   -     -   

noglobal-sln 0.40 <2e-16   -   
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rand global-sln 0.15 <2e-16 0.46 

 

 

Just like the Bohachevsky function, the p-value derived by using the Kruskal-Wallis one-way 

ANOVA is <2.2e-16, which means the levels are statistically different. The result derived by 

using the Wilcoxon rank-sum test is performed using the Holmes post-hoc correction is shown 

in Table 4.5, and it shows that using global evaluators in every generation is statistically 

different from others.  

 

Table 4.6: Performance of the methods in Damavandi function. 

Damavandi  Lower Bound  Median  Upper Bound  

global-sln  2.0000003420 -2.0000000385 -0.0452767810 

2stepglobal-sln  -2.000002626 -2.000000297 -0.040469575 

rand global-sln  -2.00000351 -2.0000008  -0.13659185 

noglobal-sln  -2.000001116 -2.000000248  -0.014834572 
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Figure 4.6 boxplot of Damavandi function showing the comparison between different levels 

of globals. 

 

 

Table 4.7: A pairwise comparisons test of the levels in Damavandi function using the 

Wilcoxon rank-sum test. 

 2stepglobal-sln global-sln noglobal-sln 

global-sln   9.3e-05   -     -   

noglobal-sln 0.14463 9.3e-05   -   

rand global-sln 0.14463   4.3e-11 0.00015    

 

The p-value derived for Damavandi by using Kruskal-Wallis one-way ANOVA is 2.918e-11, 

which means the levels are statistically different. The result derived by a pairwise comparison 

using the Wilcoxon rank-sum test is performed using the Holmes post-hoc correction is shown 

in Table 4.7, and it shows that using global evaluators in every generation is statistically 

different from others and using no global evaluators is also statistically different from using 

global evaluators randomly. 

 

For the three functions selected, using global evaluators does not give better solutions. This 

can be inferred from Table 4.2, 4.4, and 4.6, global-sln was never highlighted because it didn’t 

give the best result in any of the functions. Also, in most cases, not using global evaluators –

noglobal-sln— at all produced better results.  
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4.2. Typical Coevolutionary spaces 

In this section, the results derived will be compared with that of Panait et al. [24]. The first 

evaluation functions were extracted from Panait et al. [24] which is the most recent algorithm 

found to have looked explicitly into Coevolutionary systems that were interested in keeping 

information across generations. In order to do a nonparametric pairwise analysis between the 

system and this research project, the algorithm described in the paper had to be implemented. 

More so, the system described in the paper was not considering all the scenarios intended to 

be addressed in this research; hence, the implementation of the system was necessary. 

However, the results derived from the implementation of the paper do not match those reported 

in the paper, which implies that there might be a miscommunication of ideas in the paper. The 

authors of the paper were contacted, but the primary author was not forthcoming. Therefore, 

comparison can only be made with the results reported in the paper. However, based on 

comparison with the paper, the results in Table 4.8 to 4.13 were derived. The first four rows in 

each table are variants of this research while the last six are from Panait et al. [23]. 

 

Table 4.8: Performance of the methods in SMTQ  

SMTQ  Lower Bound  Median  Upper Bound  

global-sln  150   150   150   

2stepglobal-sln  150   150   150   

rand global-sln  150   150   150   

noglobal-sln  150   150   150   

pCCEA  130.5234  135.36403  139.55858  
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cCCEA  149.99992  149.99994  149.99995  

iCCEA-0.0  149.99994  149.99994  149.99995  

iCCEA-1.0  149.99998  149.99998  149.99998  

rCCEA   50  149.99981  149.99994  

rCCEA-Perm  149.99995  149.999975  149.99998  

 

 

   

Table 4.9: Performance of the methods in SMTQ 125  

SMTQ 125  Lower Bound  Median   Upper Bound  

global-sln  148.8827  150  150  

2stepglobal-sln  148.8827  150  150  

rand global-sln  148.8827  150  150  

noglobal-sln  149.99997  150  150  

pCCEA  133.09122  137.50821  140.33017  

cCCEA  149.99974  149.99985  149.9999  

iCCEA-0.0  149.9999  149.99991  149.99995  

iCCEA-1.0  125  149.99997  149.99997  

rCCEA   125  125  125  

rCCEA-Perm  125  125  125  
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Table 4.10: Performance of the methods in MTQ  

MTQ  Lower Bound  Median   Upper Bound  

global-sln  150.0000 150.0000  150.0000  

2stepglobal-sln  150.0000  150.0000  150.0000  

rand global-sln  150.0000  150.0000  150.0000  

noglobal-sln  150.0000  150.0000  150.0000  

pCCEA  149.7024  149.79412  149.8466  

cCCEA  149.99997  149.99997  149.99998  

iCCEA-0.0  150   150   150   

iCCEA-1.0  150  150   150   

rCCEA   50  50  149.99998  

rCCEA-Perm  50   50   150   

  

 

 

 

  

Table 4.11: Performance of the methods in MTQ 125  

MTQ 125  Lower Bound   Median   Upper Bound   

global-sln  150 150   150   

2stepglobal-sln  150 150   150   

rand global-sln  150   150   150   

noglobal-sln  150  150   150   
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pCCEA  148.97783  149.4233  149.65022  

cCCEA  149.99985  149.99991  149.99995  

iCCEA-0.0  150   150   150   

iCCEA-1.0  125  125  125  

rCCEA   125  125  125  

rCCEA-Perm  125  125  125  

  

  

 

Table 4.12: Performance of the methods in Griewangk  

Griewangk   Lower Bound   Median   Upper Bound   

global-sln  -6.461399e-09 -5.80e-09 -5.138601e-09 

2stepglobal-sln  -6.811898e-09 -6.10e-09 -5.388102e-09  

rand global-sln  -6.541205e-09 -5.895e-09 -5.248795e-09 

noglobal-sln  -6.317351e-09 -5.685E-09  -5.052649e-09 

pCCEA  -9.099687e-03 -8.524607 e-03 -8.080815e-03 

cCCEA  -2.3027173e-08  -1.6132691e-08  -1.06091615e-08  

iCCEA-0.0  -1.2595542e-09  -9.4223985e-10  -7.1052053e-10  

iCCEA-1.0  -0.0073960405  -8.832689e-10  -8.832689e-10  

rCCEA   -0.007396041  -0.0073960405  -0.0073960405  

rCCEA-Perm  -0.0073960423  -0.0073960414  -0.007396041  
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Table 4.13: Performance of the methods in booth  

Booth   Lower Bound   Median   Upper Bound  

global-sln  -2.73224e-04 -2.380000e-04 -2.02776e-04 

2stepglobal-sln  -2.428146e-04  -2.020000e-04 -1.611854e-04  

rand global-sln  -2.342965e-04  -1.980000e-04 -1.617035e-04  

noglobal-sln  -2.472836e-04 -2.10500e-04  -1.737164e-04 

pCCEA  -0.00010195026  -8.06368125e-05  -1.3247128e-05  

cCCEA  -4.1714014e-07  -3.2144021e-07  -2.7121857e-07  

iCCEA-0.0  -0.00010195026  -8.06368125e-05  -5.630301e-05  

iCCEA-1.0  -4.3931948e-07  -3.6072215e-07  -2.66255e-07  

rCCEA   -1.5708204e-07  -1.31100655e-07  -1.02842776e-07  

rCCEA-Perm  -4.172578e-07  -2.9863297e-07  -2.3673356e-07  

 

 

After a closer look at their system, it was discovered that their system was not keeping track 

of cross-generational history nor generating Pareto sets for individuals (the closest to a Pareto 

team is the archive). Moreover, it appears like the goal was not to evolve/ grow a team but to 

focus on improving just the elites. However, the method elaborated/ designed in this thesis 

looks at evolving a population as an objective. In addition, the results derived from using this 

system was better in most cases (SMTQ, SMTQ 125, MTQ, MTQ 125), comparable for the 

Griewank function. However, for the booth function iCCEA-1.0, rCCEA, and rCCEA-Perm 

had better results. The reason for this will be explored in future works. 
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4.3. Iterated Prisoner’s Dilemma function 

In this section, the results from the Prisoners' dilemma function are discussed. The techniques 

compared are this implicit multi-objective coevolutionary system: the complete system, as 

explained in section 3.3, this system without using good ancestors as evaluators and the 

standard Coevolutionary system.  

 

Also, population size was considered; a small population size of {4, 20, 32, 50} and a large 

population size of {100, 150, 200, 250}.  

 

4.3.1 Analysis Technique 

The analysis technique used in this section is different from the one used in section 4.2. This 

is because of the subjective nature of the prisoner’s dilemma. Typically, analysis is done with 

the fitness values generated from standalone systems. However, in Coevolutionary algorithms, 

the results/ fitnesses of solutions are often subjective (based on the strength of population 

created) and prisoners’ dilemma is a typical example of such.  Hence, if one setup can create 

good competitors while others cannot, the latter will appear better. Therefore, to avoid such a 

scenario (further elaborated in section 2.4 – Mediocre-Stable state) and objectively discern 

which system is better, another head-to-head competition(evaluation) of variants of the system 

has to be done to create meaningfully comparative fitness values upon which a statistical 

analysis of the results derived from the competition will be done. 
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There are three setups/systems as detailed in Table 4.14: the first two are the products of this 

research, and the third is a standard coevolutionary set up on top of a basic GA, the same GA 

the first two setups overlies. For the design of the final competition, multiple runs were carried 

out for each setup. From each run, the best pair from the two populations were selected to 

create a population that represents each setup. After that, these populations are put into (Iterated 

Prisoner’s dilemma of one generation) competition against each other. A graphical depiction 

of this technique is presented in Figure 4.7.   

 

 

Table 4.14: Setups designed for Iterated Prisoner's Dilemma 

Name Characteristics 

PAE (Pareto Ancestral 

Evaluators) 

This setup is built just like Section 3.3- Pseudocode. 

PTS (Pareto Tournament 

Selection) 

In this setup, the Pareto ancestors are not used as evaluators, 

i.e., only two evaluator groups are used. The evaluator group 

from good ancestral evaluators are excluded. However, the 

tournament selection is as described in section 3.3 

Standard Coev system A standard Coevolutionary system. 
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Figure 4.7. Evaluation style used for comparing populations from an Iterated Prisoner’s 

Dilemma. 

 

 

4.3.2 Results and Analysis 

The results generated from the analysis technique in section 4.3.1 are represented and described 

below. The results are presented in the form of boxplots and QQ line charts. The QQ line charts 

were generated by sorting the results of the setup and plotting a line chart with the sorted results 

to give a non-parametric chart. QQ line charts is similar to QQ plot because the data is ordered, 
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and each x and y point (which is a coordinate on the QQ plot) is disintegrated to give z, x 

coordinate, and z, y coordinate, where z is the quantile of the size of the data (or number of 

rows of entry in data). However, the QQ line chart gives a better feel of the relationship 

between two systems by showing the independence and interdependence of data. Finally, the 

Wilcoxon rank-sum test was done to determine the difference between medians are statistically 

different. The y-axis of both the boxplots and QQ line charts represents the average fitness 

earned. 

 

 

Figure 4.8 Box plot showing the comparison between Standard Coev and PAE  
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Figure 4.9: QQ line chart showing the comparison between Standard Coev and PAE  

  

 

 

 

 

 

Table 4.15: Wilcoxon rank-sum test with continuity correction for PAE vs. Stan. Coev 

system. 

Wilcoxon rank-sum test 

W 19884 

p-value 2.2e-16 
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Figure 4.10. Box plot showing the comparison between PTS and PAE. 

 

 

 
 Figure 4.11: QQ line chart showing the comparison between PTS and PAE. 

0

1

2

3

4

5

6

1 7

1
3

1
9

2
5

3
1

3
7

4
3

4
9

5
5

6
1

6
7

7
3

7
9

8
5

9
1

9
7

1
0

3

1
0

9

1
1

5

1
2

1

1
2

7

1
3

3

1
3

9

1
4

5

1
5

1

1
5

7

F
it

n
es

s

Small Population Size- No discriminator

PAE PTS



 

83 

 

 

Table 4.16: Wilcoxon rank-sum test with continuity correction for PTS vs. PAE.  

Wilcoxon rank-sum test 

W 8713 

p-value 7.884e-07 

 

 

 

 

 

 

Figure 4.12. Box plot showing the comparison between Standard Coev and PTS. 
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Figure 4.13: QQ line chart showing the comparison between PTS and Standard Coev  

 

 

Table 4.17: Wilcoxon rank-sum test with continuity correction for PTS vs. Stan. Coev 

system.  

Wilcoxon rank-sum test 

W 16664 

p-value 3.031e-06 
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Figure 4.14. Box plot showing the comparison between PTS and PAE for a large population. 

 

 

 

 
Figure 4.15: QQ line chart showing the comparison between PTS and PAE for a large 

population.  
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Table 4.18: Wilcoxon rank-sum test with continuity correction for PTS and PAE for a large 

population. 

 

Wilcoxon rank-sum test 

W 526 

p-value 2.2e-16 

 

 

 

 

 
 

Figure 4.16: Box plot showing the comparison between Standard Coev and PAE for a large 

population. 
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Figure 4.17: QQ line chart showing the comparison between Standard Coev and PAE for a 

large population.  

 

 

Table 4.19: Wilcoxon rank-sum test with continuity correction for PTS vs. Stan. Coev 

system Standard Coev and PAE for a large population.  

 

Wilcoxon rank-sum test 

W 3833 

p-value 2.2e-16 
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Figure 4.18: Box plot showing the comparison between Standard Coev and PTS for a large 

population. 

 

 

 

 

 
 

Figure 4.19: QQ line chart showing the comparison between Standard Coev and PAE for a 

large population. 
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Table 4.20: Wilcoxon rank-sum test with continuity correction for PTS vs. Stan. Coev 

system. 

 

Wilcoxon rank-sum test 

W 9306.5 

p-value 2.432e-05 

 

 

 

 
 

Figure 4.20: Box plot showing the comparison between PAE for small population and PAE 

for a large population. 
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Figure 4.21: QQ line chart showing the comparison between PAE for small population and 

PAE for a large population. 

 

 

 

Table 4.21: Wilcoxon rank-sum test with continuity correction for PAE for small population 

and PAE for a large population.  

Wilcoxon rank-sum test 

W 19716 

p-value 2.2e-16 

 

 

 

For small and large population sizes, PAE was the best, and the standard Coev performed 

worst in competition with any of the systems. From this, it can be deduced that keeping history 

over generations reduces the effect of the red queen and forgetfulness. Also, the large 

population’s PAE is better than the small population’s PAE even though it had the same 
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number of iterations, which implies that this system thrives best in a large population. There 

is an opportunity to gather enough good and useful history/information. 

 

Another approach to looking at Iterated Prisoners’ dilemma is setting one of the populations 

to be a discriminator. That population does not aim to win but to cause a disparity in the other 

population. This approach was experimented to see if better winning teams can be derived. 

Unfortunately, it produced worse winners. However, the interplay in the system is worth 

exploring and can be seen in Appendix A. 

 

 

4.5. Results Summary 

Experiments were carried out to show the existence of coevolutionary algorithm pathologies 

and how to solve them. These experiments were chosen to enforce/reiterate the four major 

goals of Coevolutionary systems. The first ten experiments were selected to show how the 

algorithm designed in this research can perform with optimization functions. The last two were 

selected to show how the system handles subjective systems. Also, the first ten systems showed 

the effect of global elites suggesting that global elitism might not always be the best choice 

because it speeds up specialization. While the last two concentrated on the effectiveness of 

history, keeping track of ancestral evaluators. It looked at how much history to be conserved. 

Table 4.22 to 4.23 gives a summary of what our experiments are reflecting: 
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Table 4.22: Types of experiments  

Experiments Results 

Ran some optimization functions with global 

elitism, random global elitism or global 

elitism at every two generations and no global 

elitism system 

Global elitism does not work so well with 

functions that have lots of local optima; it 

arrives fast at locals but finds it hard to get 

off.  

Run a few optimization functions with 

variants of this system and was compared 

with the work of Panait et al. [24] 

This system works better with multimodal 

functions that have infinite local optimum. 

However, both systems perform arguably the 

same in functions with multimodal domains 

and few local optima. 

Run an Iterated Prisoner’s Dilemma with 

variants of this system and standard 

Coevolutionary System. 

Preserving history over the generations 

reduces the effect of forgetfulness and 

overgeneralization.  

 

 

 

Table 4.23: Questions the system is trying to answer  

Hypothesis Experiments Results Analysis 

Is this system 

handling 

forgetfulness 

Iterated Prisoner’s 

Dilemma 

Keeping the history 

for both populations 

generates better 

indomitable results 

Protecting and 

keeping track of past 

good solutions 
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while not keeping 

any history gives 

worse results. 

ensures that robust 

solutions are gotten. 

Is this system 

monitoring red queen 

Iterated Prisoner’s 

Dilemma. 

For a small 

population, variants 

of this system 

produce results that 

are better than 

Standard coev 

System. However, for 

large populations, 

PAE produced a 

glaringly indomitable 

team, but PTS still 

looks comparable to 

Standard Coev. 

The capability of this 

system to control the 

red queen is directly 

proportional to the 

population size. The 

population size helps 

to ensure diversity by 

keeping a wide 

variety of history. 

Therefore, memory is 

crucial. 

 

 

In conclusion, keeping history helps to handle most of the Coevolutionary problems; however, 

it thrives best in a large population. Therefore, if the problem being handled is not outrightly 

subjective, the amount of history stored could be varied over generations. 
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Chapter 5 

Conclusion 

This research proposes that it is the omission of the careful handling of the interaction among 

evaluators that inflicts most of the pathologies that afflict coevolutionary algorithms. This 

thesis proposes a process to better control both the evaluator choice and subsequent analysis 

of the fitness value interactions from those evaluators. 

 

This research brings these objectives into focus by picking evaluators from three different 

states of the system: good progenitorial (even to the primogenitors) evaluators to keep track 

of history (past), using elite members as evaluators (present) and evaluators taken from the 

Pareto fronts derived from other populations that have already been evaluated (future). These 

different evaluators  are used to create a fitness vector, which allows the formation of a Pareto 

Front that is used to balance the effects of the different evaluators in a controlled way. It also 

is used to enhance the process of tournament selection, which we call Pareto Tournament 

Selection. Using this approach, this research has reduced the effects of the pathologies --Red-

Queen effect, overspecialization/focusing, relative overgeneralization, forgetting, floor-

ceiling, difficulty in defining elitism-- and appear to make Coevolutionary systems more 

stable.  

 

This research has helped to shed light on the existence of the implicit multi-objective nature of 

coevolutionary systems and how to handle it. It has proven that the functionality of 

coevolutionary algorithms relies heavily on the evaluation scheme used. Notably, it has shown 
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that the Red Queen and forgetfulness can be managed and thus get better results.   From the 

research, we can deduce that: 

1. The way individuals interact is an objective that needs to be handled separately from the 

main objective. 

2. Using global elites as evaluators should be varied and not used in every generation to avoid 

overgeneralization. 

3. Local elitism ensures that the population grows rather than the elite team. 

4. Keeping history prevents forgetfulness and pacifies the Red Queen. It also fights against 

overgeneralization. 

5. Keeping history regulates the haphazard nature of Coevolutionary algorithm. 

6. Keeping history makes open-ended evolution feasible. 

 

This research also investigated a new way of analyzing the effectiveness of a coevolutionary 

system. Because Coevolutionary system is inherently subjective, comparing the fitness values 

of the best individuals in different systems does not really show which system is better. The 

best individuals in both systems need to compete with each other or collaborate with the same 

individuals to determine which system gives better results. This research analyzed systems by 

picking the best individuals from multiple runs of a system to form a population of winners, 

and the new population derived compete with such population from other systems. 

 



 

96 

 

5.2. Future Research Works 

Although this research has looked into the effects of global evaluators and local evaluators. 

This research also investigated using a sequential generational approach for generating the 

evaluators and setting up of local teams to tease out the multi-objective nature of 

coevolutionary systems. There are still questions and areas that need to be explored to finalize 

and define the system. Issues like: 

1. Is it necessary that the stored fitness values derived during evaluation be reduced to 2 at 

the point of replacement? How else can the number of evaluators stored be constricted? 

2. Should the fitness matrix used for evaluation be kept and the two strongest opponents 

stored? 

3. Should the average fitness value be stored and considered during tournament selection? 

4. Although non-dominated members proceed into the next generation, the selection pressure 

might still eliminate such members. Therefore, should weights be assigned to members to 

show the difference between them and their local team? 

5. In the process of checking Pareto fronts, the incomparable factors are stored. If the number 

of incomparable factors is more than 2, all are stored and considered during the next 

selection. However, in the scenario depicted in figure 5.1, the 3rd member of team B is 

stored in the niche while in team A, members 1 and 3 are dominated and discarded. Is this 

the best way to handle the system? 
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Figure 5.1: A scenario 
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Appendix A 

Iterated Prisoner’s Dilemma with Discriminator 

In this test, both populations are not trying to outsmart each other, but the first one is trying to 

outsmart/ win while the other population is trying to discriminate, i.e., how well can a solution 

vary the fitness of the other population. A descriptive example is shown in table A.1. Individual 

2 is a better discriminator because it has a wider variance, while Individual 1 is the worst 

discriminator. 

 

Table A.1: A typical example of the fitness values of the discriminator population 

 Individual 1 of 

population A 

Individual 2 of 

population A 

Individual 3 of 

population A 

Individual 1 of 

population B 

10 9 10 

Individual 2 of 

population B 

8 4 3 

Individual 3 of 

population B 

4 2 3 

 

The setup in Table A.2 was used for this section, and the comparison was carried out by 

picking the best individuals from the main population of different runs. The best individuals 

come together to form a population for setup, and this population is evaluated with other of 

such. A graphical description is in Figure A.1. When the comparison in fitness values was 

done, the boxplots and QQ line charts in Figure A.2 to A.39 were derived: 
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Figure A.1: Evaluation style used for comparing populations of an Iterated Prisoner’s 

Dilemma with Discriminator 
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Table A.2: Setups designed for Iterated Prisoner's Dilemma with a discriminator Population 

Name Characteristics 

PAE-2 (Pareto Ancestral 

Evaluators for the two 

population) 

This setup is built just like Section 3.3- Pseudocode. The main 

population and the discriminating population use the PAE setup. 

PTS-2 (Pareto Tournament 

Selection for the two 

population) 

In this setup, the Pareto ancestors are not used as evaluators. 

However, the tournament selection is as described in section 3.3. 

The main population and the discriminating population use the PTS 

setup. 

PAE-PTS The main population uses the PAE setup while the discriminating 

population uses the PTS setup. 

PTS-PAE The main population uses the PTS setup while the discriminating 

population uses the PAE setup. 

Standard Co-Ev system A standard Coevolutionary system. 
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Figure A.2: Box plot showing the comparison between the winning population of PAE-2 

against Standard Coev with small population size 

 

 

 

Figure A.3: QQ line chart showing the comparison between the winning population of PAE-

2 and Standard Coev - Iterated Prisoner’s Dilemma with a Discriminator population 
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Table A.3: Wilcoxon rank-sum test with continuity correction for PAE-2 vs. Stan. Coev 

system. 

Wilcoxon rank-sum test 

W 2938 

p-value 0.3722 

 

 

 

Figure A.4: Box plot showing the comparison between the winning population of PAE-2 

and PTS-2 - Iterated Prisoner’s Dilemma with Discriminator 
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Figure A.5: QQ line chart showing the comparison between the winning population of PAE-

2 and Standard Coev - Iterated Prisoner’s Dilemma with Discriminator 

 

 

Figure A.6: Box plot showing the comparison between the winning population of PAE-2 

and PAE-PTS - Iterated Prisoner’s Dilemma with Discriminator 
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Figure A.7: QQ line chart showing the comparison between the winning population of PAE-

2 and Standard Coev Iterated Prisoner’s Dilemma with Discriminator 

 

 

 

Figure A.8: Box plot showing the comparison between the winning population of PAE-2 

and DiscrHist with small population size- Iterated Prisoner’s Dilemma with Discriminator 
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Figure A.9: QQ line chart showing the comparison between the winning population of PAE-

2 and DiscrHist Iterated Prisoner’s Dilemma with Discriminator 

 

 

 

Figure A.10: Box plot showing the comparison between the winning population of PTS-2 

and Standard Coev - Iterated Prisoner’s Dilemma with Discriminator 
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Figure A.11: QQ line chart showing the comparison between the winning population of 

PTS-2 and Standard Coev - Iterated Prisoner’s Dilemma with Discriminator 

 

 

Figure A.12: Box plot showing the comparison between the winning population of between 

PTS-2 and PAE-PTS - Iterated Prisoner’s Dilemma with Discriminator 
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Figure A.13: QQ line chart showing the comparison between the winning population of 

PTS-2 and PAE-PTS with small population size- Iterated Prisoner’s Dilemma with 

Discriminator. 

 

Table A.4: Wilcoxon rank-sum test with continuity correction for PAE-2 vs. PTS-2 system. 

Wilcoxon rank-sum test 

W 3159.5 

p-value 0.8914 
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Figure A.14. Box plot showing the comparison between the winning population of 

Pop1History and Standard Coev - Iterated Prisoner’s Dilemma with Discriminator 

 

 

Figure A.15: QQ line chart showing the comparison between the winning population of 

Pop1 History and Standard Coev - Iterated Prisoner’s Dilemma with Discriminator 
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Figure A.16: Box plot showing the comparison between the winning population of PTS-2 

and PTS-PAE - Iterated Prisoner’s Dilemma with Discriminator 

 

 

Figure A.17. QQ line chart showing the comparison between the winning population of 

PTS-2 and PTS-PAE with small population size- Iterated Prisoner’s Dilemma with 

Discriminator 
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Table A.5: Wilcoxon rank-sum test with continuity correction for PTS-PAE vs. PTS-2 system. 

Wilcoxon rank-sum test 

W 2455.5 

p-value 0.01112 

 

 

Figure A.18: Box showing the comparison between the winning population of Standard 

Coev and PTS-PAE - Iterated Prisoner’s Dilemma with Discriminator 
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Figure A.19: QQ line chart showing the comparison between the winning population of 

Standard Coev and PTS-PAE - Iterated Prisoner’s Dilemma with Discriminator 

 

 

 

 

Figure A.20: Box plot showing the comparison between the winning population of PTS-2 

and PAE-PTS Iterated Prisoner’s Dilemma with Discriminator 
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Figure A.21: QQ line chart showing the comparison between the winning population of 

PTS-2 and PAE-PTS Iterated Prisoner’s Dilemma with Discriminator 

 

 

Table A.6: Wilcoxon rank-sum test with continuity correction for PAE-PTS vs. PTS-2 system. 

Wilcoxon rank-sum test 

W 3159.5 

p-value 0. 8914 
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Figure A.22: Box plot showing the comparison between the winning population of PTS-2 

and PTS-PAE Iterated Prisoner’s Dilemma with Discriminator 

 

 

Figure A.23: QQ line chart showing the comparison between the winning population of 

PTS-2 and PTS-PAE Iterated Prisoner’s Dilemma with Discriminator 
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Figure A.24: Box plot showing the comparison between the winning population of PTS-2 

and Standard Coev Iterated Prisoner’s Dilemma with Discriminator 

 

 
 

Figure A.25: QQ line chart showing the comparison between the winning population of 

PTS-2 and Standard Coev Iterated Prisoner’s Dilemma with Discriminator 
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Figure A.26: Box plot showing the comparison between the winning population of PAE-

PTS and Standard Coev Iterated Prisoner’s Dilemma with Discriminator. 

 

 

Figure A.27: QQ line chart showing the comparison between the winning population of 

Standard Coev and PAE-PTS Iterated Prisoner’s Dilemma with Discriminator. 
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Figure A.28: Box plot showing the comparison between the winning population of PTS-

PAE and PAE-PTS Iterated Prisoner’s Dilemma with Discriminator 

 

 

Figure A.29: QQ line chart showing the comparison between the winning population of 

PTS-PAE and PAE-PTS Iterated Prisoner’s Dilemma with Discriminator 
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Figure A.30: Box plot showing the comparison between the winning population of PTS-

PAE and Standard Coev Iterated Prisoner’s Dilemma with Discriminator 

 

 

Figure A.31: QQ line chart showing the comparison between the winning population of 

PTS-PAE and Standard Coev Iterated Prisoner’s Dilemma with Discriminator. 
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Figure A.32: Box plot showing the comparison between the winning population of PAE-2 

and Standard Coev - Iterated Prisoner’s Dilemma with Discriminator 

 

 

Figure A.33: QQ line chart between the winning population of PAE-2 and Standard Coev 

with small population size- Iterated Prisoner’s Dilemma with Discriminator 
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Figure A.34. Box plot for the comparison between the winning population of PAE-2 and 

PTS-2 - Iterated Prisoner’s Dilemma with Discriminator.  

 

 
Figure A.35: QQ line chart between PAE-2 and PTS-2 with small population size- Iterated 

Prisoner’s Dilemma with Discriminator 
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Figure A.36 Box plot showing the comparison between the winning population of PAE-2 

and PTS-PAE - Iterated Prisoner’s Dilemma with Discriminator 

 

 
Figure A.37: QQ line chart showing the comparison between the winning population of 

PAE-2 and PTS-PAE - Iterated Prisoner’s Dilemma with Discriminator 
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Figure A.38. Box plot showing the comparison between the winning population of PAE-2 

and PAE-PTS - Iterated Prisoner’s Dilemma with Discriminator 

 

 
Figure A.39. QQ line chart showing the comparison between the winning population of 

PAE-2 and PAE-PTS with small population size- Iterated Prisoner’s Dilemma with 

Discriminator 
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A glance at Figure A.2 suggests that standard Coev might be similar to PAE-2 and the 

Wilcoxon rank-sum test reported in Table A.3 corroborates the assumption with a p-value of 

0.3722. The QQ line chart gives a graphical view of how each member of the team behaved. 

However, for a large population, PAE-2 is the best and Standard Coev system is glaringly the 

worst. When standard Coev system of small population contested with large population PAE-

2, PAE-2 won. Therefore, we can conclude that this system controls the red queen with 

population size by ensuring diversity and keeping a wide variety of history. 

 

 


