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ABSTRACT

ATTRACTORS AND SEMI-ATTRACTORS OF IFS

Maxwell Fitzsimmons Advisor:

University of Guelph, 2018 Dr. Herb Kunze

It is well known that a finite set of contractive self maps on a metric space, called an
iterated function system (IFS), admits a nonempty compact invariant set called the attractor
of the IFS. It is also well known that the chaos game converges to “draw” the attractor. We
examine generalized notions of IFSs, attractors and the convergence of the chaos game to
these generalized attractors. We focus on IFSs whose Hutchinson-Barnsley operator is a
lower semicontinuous (l.s.c) multifunction, this includes infinite and possibly discontinuous
IFS. In this case we develop several characterizations of smallest/minimal nonempty closed
sub-invariant sets of the IFS. Under the same assumptions, we then give some necessary
conditions for the chaos game to converge. Then, under the assumption that the set of
all finite compositions of functions in the IFS are equicontinuous and certain compactness

assumptions, we establish that the chaos game converges.
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Chapter 1

Introduction

The subject of iterated function systems (IFS) is well studied and well known in popular
culture. Typically, an IFS is defined to be a finite collection of contractive self maps on a
metric space. In this case it is well known there is a unique nonempty compact invariant
set (or self similar) of the IFS called the attractor. Attractors are often fractals that are
interesting to look at. Thus there is some motivation to find out what this attractor looks
like. The most common method to draw the attractor is to use random iteration algorithms,
such as the chaos game.

In less conventional settings the maps of an IF'S are allowed to be possibly non-contractive.
In this setting, it is an active area of research to determine whether an IFS possesses an
attractor and, if it does possess one then, to determine whether the chaos game can draw
the attractor: see [3, 9, 10, 11, 5]. In many of these works attractors are defined via limits
in the Hausdorff metric (or Vietoris topology). This is perhaps a natural setting for the
chaos game, as any set that is a limit set of a sequence of sets in the Hausdorff metric (or
Vietoris topology) will be compact and thus bounded. If the attractor is unbounded it will
be impossible to draw on a computer and perhaps defeats the purpose of the chaos game

and IF'S to begin with.



Nevertheless, in this work, for the sake of generality, we avoid the use of Hausdorff metric
(and also the Vietoris topology). Instead we follow Lasota, Andrzej and Myjak [11] and work
with IFSs with lower semicontinuous Hutchinson-Barnsley operators. We characterize when
such an IF'S has a smallest nonempty closed sub-invariant set and to a lesser degree we explore
minimal nonempty closed sub-invariant sets of IFSs. Furthermore, under the assumption
that the set of all finite compositions of functions of the IFS is an equicontinuous set, we
show that the chaos game produces these minimal (and therefore smallest) nonempty closed
sub-invariant sets, with initial point starting in a (possibly) large basin of attraction. If in
addition to these assumptions the space is compact, then the basin of attraction is as large
as possible. Furthermore, we discuss a necessary condition on the point used to initialize the
chaos game.

Throughout this work, we assume the reader is comfortable with mathematical analysis
and metric spaces, including, open sets, closed sets, continuous functions, uniformly contin-
uous functions, Lipschitz continuous functions, forward /backward images of functions and
the composition of functions.

In Chapter 2 we briefly touch on the convergence of sequences of functions in a met-
ric space. We move on to a discussion on the convergence of sets and the various types
of continuity of multifunctions with an emphasis on lower semicontinuous multifunctions.
Anyone unfamiliar with these subjects on multifunctions should not skip reading section 2.3
of Chapter 2. In Chapter 3 we develop the motivating Theorems of finite contractive IFS. A
reader familiar with such topics can skip this section to save time as only certain definitions
from this chapter are used in the rest of the thesis. In Chapter 4 we develop the main
results of this work. Including aforementioned results on minimal/smallest nonempty closed
sub-invariant sets of an IF'S, sufficient conditions for the convergence of the chaos game and
necessary conditions on the convergence of the chaos game.

In the appendix we define some notions that are used freely throughout this work.



Chapter 2

Collections of Facts and Definitions

In this chapter we will mostly define and state Theorems related to metric spaces and set
valued analysis. The Theorems will not be proved unless it is very easy, the author finds
the proof insightful, the theorem will be used often or the author feels as though it is not a
common result.

Throughout this chapter and in this whole work we will assume some basic understanding
of metric spaces including: open sets, closed sets, convergence sequences and continuity of

functions.

2.1 Miscellaneous Topics in Analysis

In this section we will present some basic definitions used thorough the work

The first thing we will discuss is the continuity of functions.

Definition 1. Let (X,d), (Y,p) be metric spaces and let f : X — Y. Then we say f is

continuous at x € X if for every e > 0 there is a 6, > 0 for which



We say t is continuous on X if f is continuous at every point in X. We also say that f is
continuous if f is continuous on X.

We say f is uniformly continuous on X if for every e > 0 there is a d. > 0 such that for
all v € X we have

B () C £ (BY (1(x))).

We also say that f is uniformly continuous if f is uniformly continuous on X.
We say that f is Lipschitz continuous or simply Lipschitz on X if there is an L € [0, 00)

such that every xq1,x9 € X we have
p(E(z1), f(z2)) < Ld(z1, 22)

and L is a (or the) Lipschitz constant of f. Furthermore we say that f is a contraction or
contraction map if t is Lipschitz with a Lipschitz constant L < 1. We say that f is non-
expansive if it has Lipschitz constant L < 1 and we call f expansive if it is Lipschitz but not

NoN-eTpansive.

2.2 Convergence of Sequences of Functions

The simplest way for a sequence of functions to “converge” is called pointwise convergence.

Definition 2. Let X be a set and (Y,d) be a metric space. A sequence of functions, {f,}, o
where f,, : X =Y for all n € N, is said to converge pointwise to the function f, f: X — Y,

if for all x € X the point sequence {f,(x)}, oy — ().

Pointwise convergence is a weak form of function convergence; one obstacle in using
pointwise convergence is the limit functions are not necessarily continuous even if all the

functions in the sequence are continuous.



Example 1. Let X =Y = [0, 1] with the normal metric. Consider the sequence of functions
{a"},,en. For every x € [0,1) the point sequence {xg}, .y converges to 0 but when xo = 1

the point sequence {1"}, . converges to 1. Hence the limit function is

0 z€l0,1)
f(x) =

1 z=1

which is discontinuous despite x™ being continuous for every n € N.

Also note that if we take X =Y = [—1,1] then the sequence of functions in question
does not converge pointwise because when xo = —1 the point sequence {(—1)"}, oy does not
converge.

Luckily there are conditions that ensure that the limit of a sequence of continuous func-

tions is continuous. One such condition is the notion of uniform convergence.

Definition 3. Let X be a set and (Y,d) be a metric space. A sequence of functions, {f,},
where £, : X =Y for alln € N, is said to converge uniformly to the function f, f: X — Y,
if for all € > 0 there is an N € N such that for all v € X we have d(f,(x),f(z)) < e. Or

equivalently for all € > 0 there is an N € N such that sup,x d(f,(z),f(z)) < e.

The definition of uniform convergence is subtlely different from that of pointwise conver-
gence. However this subtle difference actually makes uniform convergence a much stronger
condition. Intuitively, uniform convergence of a sequence of functions requires the sequence
to converge pointwise, but the point sequences must all converge at the same rate.

We can actually use the idea of uniform convergence to define a metric space on continuous

functions.

Theorem 1. Let (X, p) be a compact metric space and (Y,d) be a complete metric space.

Let C(X,Y) be the set of all continuous functions from X toY. Then C(X,Y) is a complete

5



metric space with metric

du(f1, f2) = supd(fy(z), f2(x)).

reX
Often we write d(fy,fs) instead of d,(f1,f2) and we call this the uniform distance or

sup-distance.

The compactness of X guarantees that the uniform distance is finite. One can discuss
instead the set of all bounded functions from X to Y in a similar manner.

An immediate corollary of the above is for X compact and Y complete a convergent
sequence of C(X,Y") converges to a continuous function. However we can get a similar result

without the compactness on X.

Theorem 2. Let (X,p) and (Y,d) be metric spaces. Suppose that {fn},cn: fo: X =Y

continuous for all n € N, converges to f uniformly. Then f is continuous.

Proof. First, fix € > 0 and pick an n € N large enough so that d(f,f,) < Since f,, is

5
continuous for any zo € X we can pick § > 0 so that f,(By (z)) C Bg(fn(xo)). Now

consider an z € B (o)

d(f(z), £(zo)) < d(f(z),fn(2)) + d(fn(2), fn(20)) + d(f(z0), fn(20))
< d(f,f,) + % +d(f, £,)
< g + g + 5

=€

Since xy was arbitrary, this shows f is continuous. n

The last subject of this chapter explores how equicontinuity and uniform convergence are

related.



Definition 4. Let (X, p) and (Y,d) be metric spaces. Let F be a subset of YX then F is
said to be equicontinuous if for all x € X and for all € > 0 there is a 6 > 0 for all f € F
such that

(B (@) C BY (1(a)).

Stmilarly F s said to be uniformly equicontinuous if for all € > 0 there is a 0 > 0 for all

feF and all x1,x9 € X with plxy,x2] < 0 we have d(f(x1),f(z2)) < e.

A set of functions is equicontinuous if all the functions in the set are continuous and with
reference to Definition 4, the same “0” works for all the functions for any given x and € > 0.
We can similarly talk about uniformly equicontinuous sets in which the same § works for
all the functions independent of a given x. Notice any finite set of continuous functions is
equicontinuous. The simplest example of an infinite equicontinuous set is the collection of
all Lipschitz functions with Lipschitz constant less than some fixed k € (0, 00).

Equicontinuity turns out to be deeply related to the uniform convergence of a sequence

of functions. But first we need a quick preliminary result.

Theorem 3 (A Generalized Heine-Cantor Theorem). Let (X, p) be a compact metric space,
(Y,d) be a metric space and F C YX. Then F is equicontinuous if and only if F is uniformly

equicontinuous.

Proof. (=) Pick € > 0 and for all x € X get the J, from the definition of equicontinuity

for the given €. Thus |J, ., BX () is an open cover of X. By compactness it has a finite
2

reX
sub-cover; let this cover be UZ]\LIIB%?Z (x;) for some N € N and z;,i € [N]. Now pick

2

% and pick z,y € X with p(z,y) < d. Since x € X C Ufil IB%?;(L(:UZ) there is

0= miniE[N] ;

J € [N] such that p(z,z;) < %. Consider

S
p(y, ;) < ply,x) + p(z,z;) <+ 7 < 0,



meaning that for all f € F

d(f(x), 1(y)) < d(E(2), £(z)) + d(E(,). (y)) < 2.

( <) follows immediately from the definitions.

]

Note that the proof of Theorem 3 is the almost exactly the same as the normal Heine-
Cantor Theorem. If F = {f} for some f € Y¥ in the statement of Theorem 3 then we have
the statement for the Heine-Cantor Theorem.

We are now ready to discuss the main result related to equicontinuity.

Theorem 4 (Arzela—Ascoli Theorem). Let (X, p) be a compact metric space, (Y,d) be a
complete metric space and let C(X,Y') be the set of all continuous functions from X to'Y
endowed with the uniform metric. Then F C C(X,Y) is compact if and only if the following

conditions hold:
1. F is closed.

2. forallx € X the set s z{f(x)} is totally bounded (or equivalently relatively compact).
3. F 1s equicontinuous.

Proof. (=) Suppose that F is compact. Then it is closed, as all compact sets are closed.

Take any x € X and any sequence {f, ()}, cy of User1f(2)} then the function sequence
{fn},en has a convergent subsequence say {f;, },y — f. Since the convergence is uniform
it must also converge pointwise. So {f,, (z)},cy — f(x), thus every sequence of | ;. ~{f(x)}

has a convergent subsequence making it relatively compact. Hence |J;cr{f()} is totally

bounded.



Lastly, F is totally bounded. So for any e > 0 there is a finite set of functions {fn}ne[N]
with F € UV, IB%CE(X’Y)(fn). Now the set {f,}, .y is equicontinuous because it is finite so
3

for any xy € X take 6 > 0 so that for all n € [IV]

£ [BY (20)] € BY (f(x0)).

£
3

For z € By (z9) and any f € F we can take an n € [N] so that

max{d(f(xg), f,(z0)), d(fp(x),f(x))} < d(f,,f) <

Wl m

Now consider

d(f(z0), f(z)) < d(f(w0), fn(20)) + d(En (o), fn(2)) + d(fn (), f(2)) <€

Thus F is equicontinuous.
( <) By Theorem 1, C(X,Y’) is complete and by assumption F is closed. Hence F
is complete and we need only show that F is totally bounded. Pick ¢ > 0 and as, F is

uniformly equicontinuous, (by Theorem 3) get 6 > 0, so for all f € F and z € X

|

{[BY (2)] € BY (i(x)).

w

As X is compact it is totally bounded so there is a finite set {z; };c |, With X C U;ciay BX (z;).
Thus for all # € X there must be a j € [M] with z € By (z;) and we can see that for all
feF,d(f(z),f(z;)) < 5.

Now for each i € [N] the set (J;c ~{f(x;)} is totally bounded. So there is a finite set of
Ure At} say {Eai(a)hoepuys with Urer £z} € U BY (Eue))

We now claim that & C Ui Unen, BEYOY)(f,:). Pick f € F and z € X and let z; be



within ¢ of = (as discussed before); then there is an n € [V;] such that d(f,;(z;),f(z;)) <

wlm

(as Userif(zs)} € UN, ]B%;/(fm(xl)) for all ¢+ € [M]). Now we can see

d(f(z), fn(z)) < d(f(z), f(z5)) + d(f(;), faj(25)) + d(fn;(75), fri(2)) < €.

Since this holds for all z € X we can take the supremum over X and F C UiE[M] Unen, Be oY) (fri)-

Hence F is totally bounded and complete. Therefore F is compact. O

We can see now that equicontinuity is an essential part of compactness of subsets of
C(X,Y) (when X is compact and Y is complete). This means that equicontinuity must be
deeply tied to the uniform convergence of sequences as, if {f,}, . converges uniformly then

it must be relatively compact.

Corollary 4.1. Let (X, p) be a compact metric space, (Y,d) be a complete metric space and
let C(X,Y) be the set of all continuous functions from X to'Y endowed with the uniform met-

ric. Furthermore, let {f,}, .y be a sequence of C(X,Y). Then {f,}, .y converges uniformly

neN

to £ if and only if {f,}, oy converges pointwise to f and the sequence is equicontinuous.

Proof. ( = ) The set m is compact as the sequence converges uniformly. Thus by
the Arzela—Ascoli Theorem the set is equicontinuous. {f,}, .y converges pointwise since it
converges uniformly.

(<= ) Since {f,}, oy converges pointwise, the set (J,.y{fn(z)} is relatively compact for
all v € X. As {f,}, .y is equicontinuous this must mean that {f,}, .y is relatively compact
(in C(X,Y)). This means that every (uniformly) convergent subsequence of {f,},  must

converge to f (as the sequence converges pointwise). Thus {f,}, . converges uniformly to

f. ]

10



2.3 Convergence of Sets and Multifunctions

In this section we state some (relatively) basic things about multifunctions, particularly

about their continuity. Multifunctions will be useful in Chapter 4.

Definition 5. Let X and Y be sets. A function F: X — 2¥ is said to be a multifunction of

X intoY. We write F : X ~Y. Furthermore for B C X and x € X we adopt the notation

Flz] = F(z)
and
F(B] := | J Flz].

Also define the domain of a multifunction Dom (F) = {z € X|F|[x] # (0}.

We use [ | when dealing with multifunctions in order to make two things more clear.
One, so there is no confusion whether F(x) is a set or a point and, two, seeing as the range
of F is technically in 2¥ thus F(B) should be a collection of subsets (i.e a subset of 2V).
However we almost always want to deal with the points in those subsets rather then the

subsets themselves, the [ | notation helps us get around this.

Example 2. Let X =Y =R and define F : R ~~ R to be forz € R
Flz] = {y € R|z* + 3> = 1}.

We can see that F[%} — {\/Li’:/_%

} and in fact |Flz]| < 2 for all x € R. The domain is
Dom (F) = [-1, 1].
A simpler ezample is for any f : R — R we can make f into an multifunction by letting

forz eR
fle] = {f(z)}.

11



Additionally the inverse image of f is also a multifunction. Let ' : R ~» R be for z € R

£ 2] = {y| f(y) = =}

Finally, the e > 0 balls are also multifunctions. Let € > 0 is fized then B, : R ~~ R defined
by, for all x € R,

Be[z] = {yle > |z —y[}.

A multifunction is sometimes called a point-to-set function or a multivalued function.
Along the same vein a function f : X — Y is called a point-to-point function or single valued
function.

We wish to delve into the continuity of multifunctions. Naturally, continuity for multi-
functions will be inspired by the continuity of single valued functions. Recall that a function
is continuous if and only if it preserves convergent sequences. That is, f is continuous at
r € X if and only if for every sequence {x,},.y — = we have {f(z,)}, .y — f(z). If we wish
to generalize this notion to multifunctions we will have to figure out what it means for a

sequence of sets to converge.

Definition 6. Let (X,d) be a metric space and let {A,}, .y be a sequence of 2% \ 0. Then
we will say that {A,}, oy is a sequence of sets of X or {An},cy is a set sequence of X. If
X is the only metric space in context will we will say {Ay}, oy 95 a sequence of sets or it is
a set sequence.

Now define the liminf, the lower limit or the inner limit, of a sequence of sets to be

Li A, ={z|[limsupd(z, 4,) = 0}.

n—00 n—o00

12



Also define the limsup, the upper limit or the outer limit, of a sequence of sets to be

Ls A, = {z|liminfd(x, A,) = 0}.

n—o0

In the above the notation for B C X, d(z, B) = infyep d(x,b).
Furthermore the sequence is said to converge to A C X iff

A= Li A, = Ls A,.

n—oo n—oo

And we write {Ap}, oy = A or A =lim,_,o A,.

Definition 6 may seem backwards at first glance, after all the so called “liminf” of a
sequence of sets is defined via the limsup of real numbers and vice versa for the Ls. But
defining them as in Definition 6 allows the Ls and Li to behave much more like the lim sup and
lim inf of real numbers. For example if {a,},, .y is a sequence of real numbers and {A, }, y is
a sequence of sets then liminf, .. a, < limsup,_,. a, and similarly Li,, o A, C Ls, 00 An
(see (i) of Proposition 1).

For the most part, we will be using the terminology lower limit and upper limit. Fur-
thermore Definition 6 is not the most useful way to define the upper and lower limit. We
give more understandable characterizations of the upper and lower limits in Proposition 1.

Particularly items 1, 2 and 4 will be used extensively.

Proposition 1. Let (X,d) be a metric space and let {A,}, .y be a sequence of 2%. Define

the notation {a, € A,} to mean a point sequence in X with Vn € N a,, € A,,. Then the

neN

following hold.

Li A, = {z|3{a, € A}, oy such that {a,}, o — T}
n—oo

13



L= B

e>0meNn>m
3.
ngsoo A, = A{z|Ha, € An}, oy and a subsequence such that {ay, },.y — *}
/.
JaA= 1 U
d.

=N N UBe

e>0meNn>m

Furthermore, let A C X, z* € X and let {x,} be a sequence of points. Then the following

neN

also hold
(i) i A,C Ls A,
n—oo n—oo

(ii) {An},en —+ Aiff AC Li A, and Ls A, CA

n—oo

(iii) if {Tn},en — ° then the sequence of sets {{xn}},cy — {2}

Proof. 1. (C) Recall the limsup of a sequence of real numbers {r,}, . (when the limsup

is finite) is the largest limit of all of the convergent subsequences of {r,} Here if

neN’

x € Lip 00 A, then the set of real numbers {d(z, A,,)} is bounded below by zero and the

neN’
largest limit of any convergent subsequence is 0. So the set of limit points of the convergent
subsequences of {d(x, A,)}, <y is bounded above and below by zero. Thus every convergent
subsequence converges to zero and so {d(z, A,)}, .y — 0. This means for all € > 0 there is
an N € N with Vn > N d(z, A,) < e. We claim that for all € > 0 there is N € N such that

for every n > N we can pick a, € A, with d(x,a,) < e. If this is not the case, there is a

€ > 0 such that for all N € N there is n € N with every a, € A, € < d(z,a,). Taking the

14



inf,,ca, yields a contraction. This shows that 3{a, € Ay}, such that {a,}, .y — 2.

(2) Conversely if z satisfies 3{a,, € Ay}, oy such that {a,}, v — z, then lim, . d(z, a,) =
0. As 0 < d(zx, A,) < d(z,a,) for all n € N we can take the limit of both sides and conclude
that lim, ,, d(z, A,) = 0. Noting that because the limit exists it must be equal to the

lim sup gives us the result.

2. (C) If 2 € Lipo0 Ay in the proof of 1 (C) we showed that {d(x, A,)},cy — 0. Thus
we have for all € > 0 there is a N € N such that for all n > N, d(x, A,) < e. This is precisely

the definition of the set on the RHS. (D) The preceding argument can be made in reverse.

3. (€) Recall the liminf of a sequence of real numbers {r,}, .y (when the lim inf is finite)

is the smallest limit of all of the convergent subsequences of {r,} Thus if z € Ls,, 00 A,

neN:
there is a subsequence of {d(z, A,) }nen say {d(z, Ay, )} ey — 0. From here one could follow
a similar argument to that made in 1 to show there is a sequence {an, },cny — = that is a
subsequence of some {a, € A,}, -
(2) Let o be such that there is a {a, € Ay}, and a subsequence such that {a,, },.y — -
Then again we consider 0 < d(z, A,,) < d(x, an,) and take the limit. So {d(z, Ap,)} iy — 0

and as the liminf, . d(z, A,) > 0. Therefore liminf, . d(z, A,) =0 and x € Ls, o Ap.

4. (C) Proceed by contraposition. Suppose = € (e Upspm An: then there is § > 0 such

that Bs(z) N (Men Unsm An) = 0 as X\ N,,en Upsm An is open. Thus there is m € N such
that for all n > m, 6 < d(z, A,). We can interpret this to mean the tail of the sequence
{d(x, Ap)},en is always bounded below by 6 > 0 and so the liminf, ,. d(x, A,) must be

positive. Thus x ¢ Ls, . A,.

(2) Suppose = € (e Upsm An then for all 6 > 0 Bs(2) N (N,,en Unsm An) # 0. So for any

15



0>0,Ym e N dn >m and da, € A, with

0 <d(z,A4,) <d(z,a,) <.

As the above holds for all § > 0, it is straightforward to pick a subsequence of {d(z, A,)},,cn

that converges to zero.

5. (C) Using 3, if x € Ls, 0 Ay, thereis an {a, € A,}, . and a subsequence {ay, } oy —
x. We have for every ¢ > 0 there is K € N such that for every k > K we have d(z,a,,) < €.
So for any fixed € > 0 and any m € N there is a k > K so that n;, > m and d(z,a,,) < €.
Noting that ny is equal to some n gives us the result.

(2) Let 2 € Moo Nmen Upsm Be(Ar). Then for N € N we can pick € = 5 and there is a

ny > N and an a,,, € A, with d(z,a,,) < . Thus by picking the a,,,’s we can construct

a sequence {an, € Any}yeny — @ which is also a subsequence of some {a, € A,} So by

neN”

32z € Lsy,o Ay

(i) Using 1 and 3, we can see that if x is such that there is a {a,, € A, },.y — = then any

subsequence of {an}neN must also converge to x and so = € Ls,,_,o A,, by 3.

(i)

{An}pen = A

<— A= 1L A, = Ls A, =4

n—o0 n—o0

«— AC Li A,C Ls A, CA

n—o0 n—oo

<= AC Li A,and Ls A,CA where (i) gives the “upward” implication

n—00 n—oo
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(iii) Note that there is only one possible sequence satisfying {v, € {#,}},cy Which is the

point sequence {x,, } All of its subsequences converge to x* so the Ls is the set containing

neN”

x*. Similarly the Li must also be {z*}. Thus the sequence of sets converges to {z*}. O

Items 1 through 5 of the above give us useful characterizations of the upper and lower
limits. Items 1 and 3 are typically used as the definitions of Li and Ls respectively; for good
reason it is much easier to speak of the set of all limits of convergent point sequences of the
set sequence (the lower limit) or the set of limits of the all the convergent point subsequences
of the set sequence (the upper limit). From items 1 and 3 one can more easily reason some
elementary proprieties of the upper and lower limits; for instance item (i) or the fact both of
the sets are closed. Another conceptually pleasing thought is that the lower limit is the set
of all points that are “close” to all but finitely many sets of the set sequence (see item 2, the
(N>m Be(An) part can be read as being e close to all except the first m sets). Similarly, the
upper limit is the set of all points that are “close” to infinitely many sets of the set sequence
(see item 4, the (,,cny Uz Be(An) part can be read as always being € close to one of the
“last infinitely many” A,’s).

Items (i) through (iii) are simple results that help serve as sanity checks to show that
Definition 6 is a good generalization of convergent (point) sequences and the liminf and
lim sup of real numbers.

One should notice that if {x,},.y is a point sequence then it converges if and only if
Li, soo{2n} is a singleton. In this case the lower limit is always empty or a singleton. Thus
the concept of the lower limit is not a very interesting for point sequences. The upper limit

however is more interesting in this case. Here the upper limit would contain the limits of all

the convergent subsequences of {x,}, -
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Example 3. Let X = R with the usual metric. Consider the sequence of sets

[—n,n] n even

A, =
(0,n] n odd

Then the lower limit is Li,— oo A, = [0,00) and the upper limit is Ls, oo = R. Thus the set
sequence does not converge. We can also see that {As,}, oy converges to R. This would be
an example of bounded sets converging to an unbounded set.

Along similar lines consider the set sequence

(=00, —n]U (0,14 1) n even
B, =

(£,1] U (n, 00) n odd

converges to [0,1]. This is an example of a sequence of unbounded sets converging to a

bounded set.

An important result about real numbers is the monotone convergence theorem. It states
every bounded monotone sequence of real numbers converges. We have a similar result for

sequences of sets.

Theorem 5. Let (X,d) be a metric space. Suppose that a sequence of sets {An}, oy @5 a
monotone sequence, that is for alln € N A, C A,1q or A, O Apq. Then {An}nEN converges

to U,en An or to ﬂneNA_n respectively.

Proof. Suppose that n € N A,, C A, 1. Then by items (i) and 4 of Proposition 1 we can

see that Li, oo 4, € Ls,oo 4, C Un21 A, = U,eny An- Thus we need only show that
Unen An € Lipsoo An. Let 2 € U, oy An then there is an m € N such that x € A, but
we know that for all n > m that A, O A,, 2 x. Thus we can define a sequence {xn}neN

converging to x by picking any x,, € A, for n < m and for all n > m z,, = x € A,,. Therefore
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r € Liy o0 Ay (by item 1 of Proposition 1) and |J,,cy An € Linsoo An. Noting that Liy oo Ay
is closed we can see that m C Lijyeo Ap.

Suppose that for all n € N A, O A, 1. Then by items (i) and 2 of Proposition 1 we can
see that ﬂnGNA_n = NesoNMnen Be(An) € Linoo Ap € Lsyo0 Ay and so we need only show
that Ls, o 4, C ﬂneN A,,. Because for all n € N A, D A, it means that for all m € N

U A, = A,,, so by 4 of Proposition 1

n>m <N

La-AUs-NUd-NA-N%

meNn>m meNn>m meN neN

which proves the result. O

Remark 1. A key assumption of the monotone convergence Theorem (of real numbers)
is that the sequences need to be bounded (above or below depending on whether it is non-
decreasing or non-increasing). This contrasts with Theorem 5 where there is no hypothesis
even resembling the bounded condition. To see why this is missing: first note that if a set
of real numbers is bounded from above then this is equivalent to the sup of the set being
finite. The sup is of course the least upper bound of the set; this begs the question is there
a sup of a collection of sets, say B C 2% %2 And in fact there is, in some sense: the union
of all sets in the collection | gz B contains every set in B. So it is “greater” in the sense
of inclusion. Furthermore one can easily see that it is the “least” upper bound as if for all
B € B we have B C A then so must the union of all the B’s and UBeBB C A. Thus in
the sense of inclusion every collection of subsets has a least upper bound. Similarly, every
collection of subsets has a greatest lower bound given by the intersection of all the subsets in
the collection.

Thus there is no hypothesis that the monotone sequence of sets is bounded because every

sequence of sets is bounded in the sense of inclusion.
We are now almost ready to resume our quest to understand the continuity of mul-
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tifunctions. But first we need to discuss ways of generalizing the inverse image of single
valued functions to multi-valued functions. The inverse image of a single valued function
fis f'[B] = {z|f(x) € B}. The trouble with generalizing this is with “f(x) € B”, for
if F is a multifunction F[x] can no longer be an element of B. Perhaps the most sensible
generalization is to change all statements with f(x) € B to F[z] C B. This means we take
f(z) € B to mean all of elements of f(x) are in B, however since f(z) is a singleton we can
also take f(z) € B to mean there is at least one point of f(x) in B. Thus it is also conceivable
to instead write Fla] N B # (). Thus we can define two different concepts of the inverse image

of a multifunction.

Definition 7. Let X and Y be sets, B CY and let F : X ~» Y. The upper pre-image or

core of B by the multifunction F is
F*[B] = {x € Dom (F) | F[z] C B}.
The lower pre-image or inverse image of B by the multifunction F s
F~[B] = {z € Dom (F) | Flz] N B # 0}.

Both of these notions lead to two different types continuity for multifunctions. A defini-

tion of a continuous function in the point to point case is
Vz € X,Ve > 0,36 > 0,B; (z) C (B (f(z))).

Replacing the = with either the upper or the lower pre-image, (almost) gives us two distinct

notions of continuity for multifunctions.

Definition 8. Let (X,d), (Y, p) be metric spaces and let F : X ~» Y. F is said to be upper
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semicontinuous (u.s.c) at the point x € Dom (F) if and only if for alle > 0 and all y € Y

with BY (y) 2 Flx] there is a 6 > 0 such that
Bj (x) € F*[B; (y)].

Furthermore F is said to be u.s.c on B C Dom (F) iff it is u.s.c at every point in B.

Definition 9. Let (X,d), (Y, p) be metric spaces and let F : X ~» Y. F is said to be lower
semicontinuous (l.s.c) at the point x € Dom (F) if and only if for all e > 0 and all y € Y
with BY (y) N F[x] # O there is a § > 0 such that

Bj (v) CF~ (B ()]

Furthermore F is said to be l.s.c on B C Dom (F) iff it is l.s.c at every point in B.

One should not confuse u.s.c and l.s.c of multifunctions with upper and lower semi con-
tinuity of functions f : R — R. They are distinct and have little to do with one another.
Despite this much like for the real valued point-to-point functions, we say that a multifunc-
tion is continuous at x in the domain of the multifunction if it is both u.s.c and ls.c at

x.

Example 4. If f(x) is a continuous point to point function the set valued function f[z] is
both upper and lower semicontinuous. This is because F™ = F~ in the single valued case.

Let X =Y = R with the usual metric. And consider the multifunction

Fla] = {0} x <0

[~1,1] 2>0

Then F is u.s.c at 0 but not l.s.c at 0. To show upper semicontinuity we consider a y € R
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and € > 0 with F[0] C B.(y). Now, for any 6 > 0 and z € Bs(0) we have two cases
Flz] = [-1,1] C B.(y) and F[z] = {0} C B.(y). In both cases we have that x € F*[B.(y)].
Thus F s u.s.c.

To show that F is not l.s.c at 0 we considery = 1 and e = 0.5 then By 5(1) = (0.5,1.5). We
can see that (0.5, 1.5)NF[0] # O but notice for any 6 > 0 the set Bs(0) must contain a negative
number say x and so F[z] = {0}. This means that F[z] N Bys(1) = {0} N (0.5,1.5) = 0.
Therefore ¥ in not l.s.c at 0.

Now consider ¥y defined as

0 <0
Fofa] = {0}

—1,1] z>0

Then Fy is l.s.c at 0 but not u.s.c at 0. To see l.s.c pick any y € R and ¢ > 0 with
B.(y) N F2[0] # 0. Now for any 6 > 0 and any x € Bs(0) we have 0 € Falz] and since
F3[0] = {0} we must have B.(y) N Fy[x] # 0 as B.(y) N Fo[0] # 0. So Fy is Ls.c at 0.

To show that Fy is not u.s.c at 0 we consider y = 0 and € = 0.5 then By 5(0) = (—0.5,0.5).
Now for every § > 0 the set Bs(0) must contain a positive number say x and so Fo[z] =

[—1,1] Z (=0.5,0.5) = B 5(0). Therefore Fy in not u.s.c at 0.

Example 4 shows us that u.s.c and l.s.c are distinct concepts (at least on R). Intuitively
one may think that both F and Fy are “discontinuous”: in both cases the “values” of the
function change drastically at * = 0 and in fact both of these functions fail to be both
upper and lower semi lower semicontinuous (and thus continuous). The multifunction F
fails to be l.s.c as it suddenly becomes a “smaller” set when x < 0 and so all the points
in [—1,1] \ {0} are “stranded”; there are neighborhoods of those points that are not close
to the multifunction’s value when x < 0. On the other hand F, fails to be u.s.c because it

suddenly becomes much “larger” when z > 0; there are points near to 0 that map to sets
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that are nowhere near the points in F»[0].
In short l.s.c multifunctions “care” more about the individual points in F[z] being close to
other nearby values in the range, whereas u.s.c multifunctions consider F[z] to be a collection

of points and cares that the sets are *

‘nearby” to each other (in the sense of containment).
There are many other types of continuity (or more commonly “semi continuity”) for
multifunctions. However, we will almost exclusively be focusing on lower semicontinuity. As

it “plays nicely” with convergent sequences, as opposed to upper semicontinuous that works

much better with open sets.

Theorem 6. Let (X,d) and (Y, p) be metric spaces. Let F': X ~» Y with Dom (F) = X

then the following are equivalent.
1. Fisls.con X.

2. For every x € X, every y € Flx] and every € > 0 there exists a 6 > 0 such that if

7' € Bf (z) then Fl2/] NBY (y) # 0.

3. For all x € X, for all sequences {x,}nen — x and for all y € Flz| there exists a

sequence {yn € Flxy|}nen that converges to y.

4. For every point sequence of X {x,} _x that converges to x we have Fx] C Li, o F|x,].

neN

5. For every point sequence of X {w,}, oy that converges to x we have F[x] C Lsy_ o0 F1,,).
6. For every set U C X we have F[U] C F[U].
7. For every open set V- CY the set F~[V] is open in X.

Proof. 1 = 2 Pick z € X then for all y € F[z] and all € > 0 we have F[z] NBY (y) # 0. So
by lower semicontinuity there is a § > 0 such that By (z) C F~[BY (y)]. Thus, by definition

of the lower preimage we have that if 2/ € B (z) then F[z'] N BY (y) # 0
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2 = 6 Proceed by contraposition. Suppose that there is U C X with F[U] ¢ F|U].

Thus there is a y € F[U] N (Y \ F[U]); so there is an 2 € U with y € F[z] and since Y\ F[U]
is open in Y, there is an € > 0 with BY (y) C Y \ F[U]. Also, as € U, for all § > 0 there is
az € Bf(z)NU # 0. Thus

Fl2'| nB; (y) S FIUINB; (y) CFUINB (y) =0

€

6 = 3 Proceed by contraposition. Thus there is an x € X, a y € F[z] and a sequence
{@n},,en for which every sequence {y, € F[z,]}nen does not converge to y. Thus there is an
e > 0forall N € Nand ann > N for which all y,, € Flx,] have € < p(y, y,) so we can choose
a subsequence of {x,, },.y — @ that is eventually non-constant such that {y,, € F[z,,|}ren
satisfies for all & € N e < p(y,yn,). Now define Xy = (J;>n{7n,} for some N. Now
since * € Xy we have y € Flz] C F[Xy]. We show that BY (y) N F[Xy] = 0: supposing
y € BY (y) N F[Xy] means

e <ply,y) <ce

as y' = y,, for some k and y' € B} (y), giving a contradiction. Thus BY (y) NF[Xy] = 0 and

so y ¢ F[Xx]. Therefore F[Xy] ¢ F[Xn].

3 = 1 Proceed by contraposition. Suppose that there is an y € Y, a ¢ > 0 and an
z € X with BY (y)NF[z] # 0 such that for every § > 0 we have By (z) € F~[BY (y)]. Let y* €
BY (y)NF 2] and so there is an n > 0 with B) (y*) C BY (y). For eachn € N, set § = < and pick
o € BY () 0 (X\F7[BY (y)]) S By () 0 (X \F7[B) (y)]) as F~[By (y7)] S F~[B(y)]-
So for each n € N, since z,, ¢ F~ [BY (y*)], we have § = F[z,,] N F~[B} (y*)]. Thus for each
n € N and every y, € F[z,] 0 < n < p(yn,y*). So there can be no {y, € F[z,|}ren that

converges to y* and since {z,},.y —  we can conclude that 3 does not hold.
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3 = 4 Take {z,},.y — =, pick y € F[z]; then by Item 3 there exists a sequence
of points {y,},cy — ¥y With y, € Flz,] for all n € N. Thus by item 1 of Proposition 1

y € Liy oo Flzy)].

4 = 5 Recall Item (i) of Proposition 1 and by 4 we have for all x € X and every

{mn}neN — T

Flz] € Li Flz,] C Ls F[z,].

n—oo n—oo

5 = 3 Proceed by contraposition. So thereis an z € X a {z,},.y — = and a y € F[z]
such that every {y, € F[z,]}, .y does not converge to y. Thus y is not in the lower limit.
But by Item (i) of Proposition 1 we can see

y¢ Li Flz,] C Ls Flx,].
n—o0

n—o0

Therefore 5 does not hold.

1 = 7 Suppose that V is open in Y. If F~[V] is empty then we are done. So suppose
that © € F~[V], this means that Flz] NV # 0 . So pick y € F[z]NV and there is € > 0 such
that BY (y) C V (as V is open) and we can see, since y € F[z] as well, that F[z] N\BY (y) # 0.

By the l.s.c of F there is a 6 > 0 with
Bj () CF~[B (y)] SF[V].

However this means that « is an interior point of F~[V] and since « was an arbitrary element
of F7[V], F7[V] is open.

7 = 1Pickany z € X, y € Y and ¢ > 0 with F[z] N B.(y) # 0 then by item 7
we know that F~[B.(y)] is open in X with x € F~[B.(y)]. Hence, there is § > 0 such that

By (x) C F~[Be(y)].
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]

Note how we assumed that Dom (F) = X in the above Theorem. This is done mostly for
convenience. If one wished to relax this, one would needs to start considering only open sets
(or convergence of sequences) in the domain anyway to avoid trivial or undefined cases.

Item 2 of Theorem 6 is typically the easiest to prove that a given multifunction is l.s.c.
Item 3 is perhaps the easiest to remember and the most conceptually pleasing. Items 4, 5
and 6 are very useful; one should keep them in mind when dealing with 1.s.c multifunctions.

We will see in Chapters 3 and 4 the multifunctions we will be primarily concerned with
are the union of a collection of continuous point to point maps form a metric space to itself.
That is, suppose that F is a set of continuous functions from X to X then we are focused

on the multifunction

Flz] = f[z].

feF

The above multifunction is often called the Hutchinson-Barnsley operator. It is a very well

behaved multifunction but perhaps most notably it is always lower semicontinuous.

Proposition 2. Suppose that (X,d), (Y, p) are metric spaces and that F is a set of contin-

uous functions from X to'Y then

Fla] = [ f[z]

feF

s a l.s.c multifunction.

Proof. Recall Item 6 of Theorem 6. Let U C X and notice for all f € F we have f m C f[U]
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by the continuity of f. Thus

]

For sake of generality, in Chapter 4 we will often deal with the composition of a l.s.c

multifunction with itself and the “union” of a collection of l.s.c multifunctions.

Proposition 3. Suppose that (X,d),(Y,p) are metric spaces and that F is a set of l.s.c

multifunctions from X into Y. Then the multifunction defined by
(U F) 2] = | Fla]
F FeF
s L.s.c.

Proof. The proof is identical to that of Proposition 2. n

Proposition 4. Let (X,d), (Y,p), (Z,s) be metric spaces and that F : X ~»Y and G : Y ~~

Z be l.s.c multifunctions. Then the composition multifunction GoF : X ~~ Z defined by
GoFla] = GIFlal] = | Gly]
y€EF[x]
forall x € X, is l.s.c.
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Proof. Let U C X and by the lower semicontinuity of F we have
F[U] C F[U]
we can apply G to both sides yielding,

GoF[U] € G[FT]).

But, HB[G] is l.s.c so G[F[U]} C GoF[U]. Hence,

GoF[U] C GoF[U].

So by Item 6 of Theorem 6 G oF is lower semicontinuous.

]

Let us return our attention to Items 3, 4 and 5 of Theorem 6, particularly Item 4. These
characterizations of lower semicontinuous tell us a great deal about how l.s.c multifunctions
work with convergent sequences. However at first glance these results might seem incom-
plete. After all, a single valued function f is continuous if and only if for every convergent
sequence {w,}, .y — « the sequence {f(zy)}, . converges to f(x). But in the case of a Ls.c
multifunction the set sequence {F[z,]}, .y need not converge at all — let alone to F[z]!
The multifunction Fy in Example 2 is an example of this; sequences of {x,}, . — 0 con-
sisting of infinitely many positive and negative numbers make {Fs[z,]}, oy divergent and if
{@n},en — 01is strictly positive the set sequence converges to [—1,1]. In order for {F[z,]}, .

to converge to Flx] we need an additional type of continuity for multifunctions.

Definition 10. Let (X,d), (Y,p) be metric spaces and let F : X ~» Y. F is said to be

outer semicontinuous (0.s.c) at the point x € Dom (F) if and only if for every sequence
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{zn},en = = we have

Ls Flz,] C Flz].

n—oo

We say that F is outer semicontinuous (0.s.c) on B C Dom (F) if it is outer semicontinuous
at every point in B. Furthermore if F is both o.s.c and l.s.c on B then we say F is sequentially

continuous on B.

In light of the above definition we can see if a multifunction, say F, is sequentially
continuous on X then we have for every {x,}, .y — ©

Flz] € Li Flz,]| C Ls Flz,] C F[z]

n—oo n—oo

and thus the sequence of sets {F|x,]}, .y converges to F|z].
We will not be concerning ourselves so much with outer semicontinuity. It turns out for
our purposes we do not need our multifunctions to be sequentially continuous. However, the

concept of outer semicontinuity is strongly related to a concept we have not discussed.

Definition 11. Let X,Y be sets and let F : X ~~ Y be a multifunction. We define the graph
of F to be
Graph (F) = {(z,y) € X x Yy € F[z],z € Dom (F)}.

In some sources one will find multifunctions to be defined via the graph. Essentially,
theses sources say a multifunction F is a subset of X x Y then define Flz] = {y € Y|(x,y) €
F}. This may seem questionable at first, considering how most of us are used to seeing
f(z) = “expression”, but there are two things to remember: plotted graphs are the usual
choice of getting intuition for a function (or multifunction) when possible and many things are
easier to define or understand when using the graph (for example the inverse multifunction
F~ = {(y,2) €Y x X](z,p) € F}).

We are now ready to return to our discussion on outer semicontinuity.
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Theorem 7. Let (X,d) and (Y, p) be metric spaces. Let F : X ~» Y with Dom (F) = X

then the following are equivalent.
1. Fis 0.s.con X.
2. For all x € X we have

[ FBY ()] = Fla]

6>0

3. Graph (F) is a closed subset of X XY of the metric space (X x Y,d+p).

4. For everyx € X andy € Y \ Flx]| there exist € > 0 and § > 0 such that

F[B5 ()] NE () = 0.

Proof. 1 = 2 Note that (., F[By (z)] 2 Flz] is always the case as # € F[Bf (z)]. Thus

we need only show the opposite inclusion. So pick y € (5., F[By (x)] and so for all € > 0 we

have BY (y) N (N5 F[By (z)]) # 0. Thus for all n € N we can choose

yn € BY(y) N (ﬂ F[BY (:c)}> C BY (y) N F[BY (x)]
5>0
and for all n € N we can also pick z,, € Bg(x) such that y,, € F[z,]. We can also see that
{n}eny — @ and {y, € Flz,]},cy — - Thus by Item 1 and (i) of Proposition 1 we have
y € Li, oo Flz,] C Li, oo Flz,] € F[z] where the last inclusion follows from F being o.s.c.
Thus y € F[z] and 2 holds.
2 = 3 Pick (z,y) € X x Y \ Graph (F) and notice by 2 that F[z] is a closed set.

Since y ¢ Fx] y is an interior point of Y \ F[x] (an open set), there is a € > 0 such that

30



BY (y) C Y \ Flz]. Now consider (2/,y") C BX*Y((z,y)) then

d(@’,z) + p(y' y) <€

p(y,y) <d(@’,z) + p(y',y) <e

and y' € BY (y) CY \ F[z]. Thus y ¢ Fla/] and (2/,y') € X x Y \ Graph (F). Thus we have
shown (z,y) is an interior point of Y\ Graph (F) and since (z,y) was arbitrary this means
Y \ Graph (F) is open. Therefore Graph (F) is closed.

3 = 4Lletze Xandy €Y \F[z]. So (z,y) € X xY \ Graph (F), an open set,
so there is a 7 > 0 such that B,"¥((z,y)) € X x Y \ Graph (F). We pick §,¢ > 0 so that

§ + € < 1 and we consider (2/,y') € BX (z) x BY (y) € X x Y then
d(@,z) +p(y',y) <d+e<n

so By (z) x BY (y) € B ((x,y)) € X x Y \ Graph (F). Now for every 2’ € By (z) and
y € BY(y) we have y ¢ F[z/]. If there was a z € F[B} (z)] N BY (y) there would be
au € Bf(z) with z € Flu] N BY (y) but this contradicts the previous statement. Thus
F[Bf (z)] NBY (y) is empty.

4 = 1Letx e X, {x,},cy = v and y € Ls,, F[z,]. Recalling Item 3 of Proposition
1, there is a sequence {y, € F[z,]},y With a subsequence {y,, € F[z,,]},cy that converges
to y. We now proceed by contradiction; so suppose y ¢ F[x] and so by 4 there are €,0 > 0
for which F[Bf ()] N BY (y) = 0. However since {z,, },cy — = and {y,, }ey — y we
can pick K € N large enough such that d(z,,,z) < § and p(y,,,y) < €. Recalling that
Ynie € Fla,,], we see that this contradicts F[Bf (z)] N BY (y) being empty. Thus y € Flz]

and Ls, o Flz,] C F[z]. Therefore F is outer semicontinuous. O

One thing we can see from the above theorem is that a o.s.c multifunction, say F, has
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closed values i.e F[x] is closed in Y for all . This immediately discounts many multifunctions
that “feel” like they should be continuous. For instance suppose V' C Y is not closed; the
constant multifunction F[z] = V is not o.s.c at any point (but is both u.s.c and L.s.c at every
point). However in some sense, this is a reasonable thing for even in the case of F[z| = V there
are points in the codomain of F that the multifunction gets close to but never attains (i.e the
boundary of V). In the single valued case this only happens when there is a discontinuity
in the function (or there is some long term behavior like in e* as * — —oo, but luckily —oo
is normally not taken to be in the domain of the function). In essence o.s.c says “if there is
a way to get close to y via some approach in = then y is actually attained”. Contrasting to
l.s.c which says “if y € F[z] then in every approach to x the approach (in the range) gets
close to y”.

Although the upper and lower pre-images are not a focus of this work, it is still good to
keep in mind some associated properties and relations, specially in how the contrast to the

single valued case.

Proposition 5. Let X and Y be sets, F : X ~»Y be a multifunction, U C X and V C Y.
Then the following hold.

1. X\F[V]=F* Y\ V] and F-[Y \ V] = X \ F*[V].
2. F[FHV]] C V.

3. FH[V] CF[V]

4. U CF*[F[U]] and U C F[F[U]].

5. If G is a collection of multifunctions from X into Y and for x € X we define

G*[z] = | Glz]

Geg
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then (G*)"[V] = Ugeg GT[V] and (G*)[V] = Ngeg GTV]

6. IfW CY then FH W NV] =FHW]NFV] and FHW U V] 2 FHW]UFH[V].

7. IfW CY then F [WNV]CF [W|NF [V] and F-[WUV] =F [W]UF[V].

Proof. 1.

re X\F[V]

Flz]nV =0

Flz] CY\V

reFTY \V]

and
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2.
If y € F[F*[V]] then there is an # € F[V] such that y € F[z] but by definition of F* we
know that F[z] C V. Hence, y € V and the result holds.

3.
If z € F*[V] then () # F[z] C V. But surely then F[z] NV # (), so z € F~[V].

4.
If x € U then it is clear that F[z] C F[U]; but this means that x € FT[F[U]]. By 3 we would
also have z € F*[F[U]] C F~[F[U]].

d.
Suppose that € (G*)"[V] then G*[z] NV # 0. So there is a G € G such that G[z] NV # ()
andx € G7[V] € [Jgeg GT[V]. This argument can be made in reverse for the other inclusion.

Suppose that 2 € (G*)*[V] then G*[2] C V. So for all G € G we have G[z] C V. But this
means that € GT[V] for all G € G and = € (g GT[V]. Conversely if z € Ngeq GT[V]
then for all G € G we have G[z] C V. Thus we can take the union over G to yield G*[z] C V
and x € (G*)"[V].

6.
Note that W NV C W and WNV C V. Now, if z € F'[WnNV] then Flz] C W NV
and so Flz] € W and F[z] € V. Thus z € FT[W] N FT[V]. Conversely, suppose that
r € FT[W]NF*[V] so Flz] € W and F[z] C V. Hence, F[z] € WNV and so x € FT[W NV].

If z € FY[W]UF*'[V] then Flz] C W or F[z] C V. In either case Flx] C W UV and
z e FHW UV,

7.
F-[WNV]CF [WNF[V]and F-[WUV] =F [W]UF[V] If € F~[W N V] then

0#£Fz]n(WNV)CFla]nW.
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So xz € F7[W] and
D#Fzln(WNV)CFz]nV

so x € F7[V]. Hence, x € F-[W]NF~[V].

For the other identity we have,

reF [WUV]
)
Flzln(WUV) #0
)
(Fla] N W) U (Flz] N V) £ 0
)
Flz]NW # 0 or Flz]NV # ()

i
z e P [W]UF[V].

O

In Chapters 3 and 4 we will see that we are interested in multifunctions that map a set

to itself, say F, for which there is a set A such that F[A] = A.

Definition 12. Let X be a set, F : X ~» X and A C X. We say that A is sub-invariant
with respect to ¥ if

FlA] C A.

We say A is super-invariant with respect to F if

ACF[A]
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Lastly we say that A is invariant with respect to ¥ if it is both sub-invariant and super-

mwvariant with respect to ¥ that is,

F[A] = A.
We also will use some terminology from the theory of partially ordered sets.

Definition 13. Let X be a set and let P be a property subsets of X can have. Then S C X
is said to the the smallest (or the minimum) P set if set A C X with property P then S C A.
That is S is contained in every set with property P .

Similarly, we define M C X to be a minimal P set if A C M with property P then

A= M.

Note that the smallest P set is unique (whenever it exists), as by definition if S; and Sy
were both the smallest then S; C Sy and S, C S;. We will generally avoid the use of the
term minimum set as it sounds to similar to minimal.

One way to think of smallest sets, is that everything else is larger than it, whereas in the

case of minimal sets nothing is smaller than them.
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Chapter 3

Classical IFS Theory

In this chapter we develop classical iterated function system theory. Iterated function systems
were first considered by Hutchinson in [8]. Additionally, iterated function systems were
popularized by Barnsley. The content of this chapter is “well known” to the research area

at large.

3.1 Attractors to Contractive IFS

First we must define what an IFS is.

Definition 14. Let X be a set. An iterated function system (or IFS) F is a nonempty subset
of XX = {f|f: X — X}. We say that F is: finite if |F| is finite, P if P is a property of
every function in F.

Furthermore, we define the Hutchinson-Barnsley operator of F to be F : X ~ X for all
reX

Fla] = | f(2).

feF

When reading the literature one should pay attention to the given definition of an IF'S.
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Unlike in Definition 14, many sources define an IF'S to be both finite and contractive. This
is done because of the spectacular results of Theorem 9 and Theorem 10 which we will prove
in this chapter. To do this we need a reminder of one of the most famous theorems in

Mathematics.

Theorem 8 (Banach’s Fixed Point Theorem). Let (X,d) be a complete metric space and
letf: X — X be a contraction map. Then f has a unique fized point © € X. Moreover for

all v € X the sequence {£°"(x)}, .y converges to T

Proof. First we show that for all # € X the sequence {f*"(z)}, .y is a Cauchy sequence. Let
the contraction factor of f be ¢ € [0,1). Pick € > 0 and let N,n,m € N with N <n < m;

then by the triangle inequality

A" (@), 7 (2)) < (£ (2), £ () ) + (£ (@), ()

IN

a(1 (@), €0 () ) + d(F0D (@), £ (@) ) + (102 (@), £(2))

3

IN

d<foi($)’ fo(i—i-l)(x))

w
Il
S

3
L

d(f (2), £ (f(z))).

n

(2

Now £ is a contraction with contraction factor ¢! for each i € N. Applying this to the above
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sum we get

The series > 2 ¢ = "> 2, ¢ is a geometric series and thus converges as |c| < 1. Now for

every x we can pick N large enough so that d(z, f(x))f—ivc < €. This can be seen from the fact

{d(x,f(m))lc—fc}kEN — 0 for all z. Thus for all # € X the sequence {f*"(z)}, oy is Cauchy

and so converges, to say £ € X, by completeness.

As f is a contraction it is continuous and so {f*"(z)},.y = 7 = {f(""(2))},en — £(2)

however {f(f""(z))},ey = {£"(2)}, 2, i

must have the same limit and f(z) = Z. So  is a fixed point of f.

s a subsequence of {f*"(x)}, y thus both sequences

To show uniqueness, suppose that x,y € X are both fixed points of f then

d(z,y)

d(f(x),f(y)) < cd(z,y).

If d(z,y) > 0 this implies 1 < ¢ by the above inequality, which is a contradiction. Thus

d(z,y) = 0 and z = y thus the fixed point in the above argument must be unique.



Banach’s Fixed Point Theorem is quite remarkable: not only does it give existence and
uniqueness of a fixed point of a contractive function (fixed points having many mathematical
applications), but it also gives us an algorithm for approximating the fixed point, namely
pick some z € X then start computing the sequence {f*"(z)}, .-

Banach’s fixed point Theorem is also a key theorem in proving the main result of this
section. It states given a complete metric space (X, d) and a finite contractive IFS F there
is a unique nonempty compact set A C X satisfying A = (J;f(A). Furthermore define
F(B) = User £(B) for all B C X and B compact. Then {F*"(B)}, .y “converges to” A. We
will state this more formally later in the section. Now that we know where we are going, the
strategy of proving the result is clear: attempt to apply Banach’s fixed point theorem to the
function F. There are a number of obstacles in doing this. Firstly, F maps sets to sets, so

we need some sort of metric on sets that is also complete; secondly, F must be a contraction

with respect to this metric.
Definition 15. Let (X, d) be a metric space. Define Hausdorff hyperspace
H(X)={B C X : B is compact and nonempty}.
Let A,B C X and x € X. Define the point to set distance
d(z, B) = ;gg d(zx,b)

and the set to set distance

d(A, B) = supd(a, B) = sup inf d(a, b).

a€A acA beEB
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Finally define the Hausdorff distance

dy(A, B) = max{d(A4, B),d(B, A)}.

Intuitively, the point to set distance is the shortest distance starting from z ending in
B. This makes the set to set distance the “largest shortest distance” starting in A ending
in B. Note that d(B, A) can be infinite, but that can only occur when B is unbounded.

Furthermore d(B, A) = 0 iff B C A. So if dy (A, B) = 0 then A = B.
Example 5. Let X =R and d(z,y) = |v — y|. Then consider the following.
d([_L 1]7 [Oa 1]) =1

d(=1,[0,1]) = 1

dH([_L 1]7 [07 1]) =1

We can see that set to set distance is not symmetric: that is d(A, B) # d(B, A). When the

sets are unbounded we can get an infinite set to set distance:

d(]0,00),[0,1]) = o0

d([O, 1]’ [07 OO)) =0

We now seek to show that (H(X),dy) is a metric space.

Proposition 6. Let (X,d) be a metric space. Then (H(X),dy) is a metric space.
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Proof. It can be shown that f(z) = d(x, A) is a continuous function in f : X — [0, 00) for all
sets A C X. Thus for all sets A, B € H(X) by the extreme value theorem f must achieve its
maximum value on A so d(4, B) € [0,00) and similarly d(B, A) € [0,00). In fact from this
reasoning we can deduce that d(a,b) = dg(A, B) for some a € A and b € B. Thus so must
du(A, B) € [0,00).

dy is symmetric because

di(A, B) = max{d(A, B),d(B, A)} = max{d(B, A),d(A, B)} = du (B, A).

Now suppose dy (A4, B) = 0. We claim that A = B. Suppose that A ¢ B then take
a € A\ B this means that 0 < d(a, B) < d(A, B) because B is closed so there is a open set
disjoint from B containing a. But this is a contradiction, so A C B. By making a mirror
argument we can conclude that B = A.

Conversely suppose A = B then we have for all a € A and b € B, d(a, B) < d(a,b) but
picking b equal to a we have d(a, B) =0 for all « € B. Thus dyg(B, B) = 0.

Now we show triangle inequality. Let C' € H(X), a € A such that d(a, B) = d(A, B) (we

can do this by the first argument in the proof), ¢ € C' be arbitrary and b € B be arbitrary.

d(A, B) =d(a, B) < d(a,b)

d(A, B) < d(a,c) +d(c,b)

Now we can take the infimum over b € B of the right hand side of this inequality to yield

d(A, B) < d(a,c) +d(c, B).
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Since d(c¢, B) < d(C, B) we have

d(A, B) < d(a,c) + d(C, B).

Again take the infimum over ¢ € C of the right hand side

d(A, B) < d(a,C) + d(C, B)

< d(4,0) +d(C, B).

Since d(a,C) < d(A, C). Now note d(A,C) < dy(A,C) and d(C, B) < dg(C, B). Thus

d(A, B) < dy(A, C) + dy(C, B).

We can make the same argument with d(B, A) which implies dg(A, B) < dy(A,C) +

dyu(C, B). O

Remark 2. In actuality dg forms what is called a pseudometric on the nonempty bounded
subsets of X and a metric on the nonempty closed and bounded subsets of X. However we

have no need for this more general result.

Now that we have a metric on sets (well, the nonempty compact ones) we need the metric
to be complete. Luckily, H(X) inherits many of the properties of X, such as completeness

and compactness.

Proposition 7. Let (X,d) be a complete metric space. Then (H(X),dg) is a complete

metric space
The proof is long and rather technical and so it is omitted; see [6] for a proof.
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Remark 3. The first step in proving Proposition 7 involves having a candidate set for a
Cauchy sequence of sets to converge to in the Hausdorff metric. If {An}, oy s a Cauchy
sequence of sets, this “candidate” set is Li,_o A, the topological lower limit of the sequence.
It turns out that if {A”}nGN — A with respect to the Hausdorff metric then A = Li, o0 A, =

Ls,_o0 Ay, is the set limit in the sense of Definition 6.
We have one last result to prove before getting the main result of the section.

Proposition 8. Let (X,d) be a metric space and F = {f;},n, be a finite contractive IFS

on X. Define the set to set map

Then F : H(X) — H(X) and F is a contraction on (H(X),dy).

Proof. Let B € H(X) then for all f € F {[B] is nonempty. Furthermore it is also compact
as f is continuous. Thus recalling the finite union of compact sets is compact we have
F[B] € H(X).

Now let B,C € H(X) and WLOG let dg(F[B],F[C]) = d(F[B],F[C]). Recalling the

proof of Proposition 6 there is a b € B and f € F such that

But now that means for any g € F and ¢ € C' we have d(f(b), F[C]) < d(f(b), g(c)). So pick

g = f and let k¢ be the contraction factor for f. Then we have for any ¢ € C

du(F[B], F[C]) < d(f(b), f(c)) < ke d(b, ¢)-

Since the above holds for all ¢ € C' we can take the infimum over C' and dg (F[B], F[C]) <

ke d(b, C). Finally, as d(b,C) < d(B,C) < dg(B,C), we have dg(F[B], F[C]) < ke du (B, C).

44



Now k¢ is dependent on C' and B, so we note that & = maxgcr ks > k¢ and so

O

We are now finally ready to prove the main result of the section, the Hutchinson-Barnsley

Theorem.

Theorem 9 (Hutchinson-Barnsley Theorem). Let (X,d) be a complete metric space and
F = {fi}ie[N} be a finite contractive IFS on X. Then there is a unique nonempty compact

set AC X
A=A (3.1)

Furthermore for all nonempty compact sets B C X the sequence {F°"[Bl}, . converges to
A with respect to the Hausdorff metric. Particularly for all x € X the sequence {F°"[x]},

converges to A with respect to the Hausdorff metric.

Proof. By Propositions 6, 7 and 8 we have that F is a contraction map on the complete
metric space (H(X),dy). Thus by Banach’s fixed point Theorem (Theorem 8) the result

follows. O

The set A in Theorem 9 is called the attractor of the IFS. The attractor is an invariant
set (a set satisfying Equation 3.1) with respect to the IFS. Finding sets that are invariant

with respect to the IFS are a core topic of this thesis and will be explored more in Chapter

4.

Example 6 (Cantor set). Consider the finite contractive IFS on [0, 1] that consists of the
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following functions.

The attractor of this IFS is the set of all numbers in [0,1] that have a base-3 representation
containing no 1’s . To see this pick any x € [0,1] and let x = 0.x12925... be a base-

3 representation of x. Now notice the effect of the functions on this representation. For

mstance:

fo(ZE) = 0.01’1[EQI’3 ce
fg(I) = 0.2£L'1I21'3 N
fg fQ(J?) = 0.2001’11’21’3 Ce

f2 Of() o) fo(l‘) = 0.2002311’2[133 c.

Thus we can see that for any N € N and alln > N the set F°"[x] only contains elements that
have a base-3 representation containing no 1’s in their first N digits. This means that in
the Hausdorff limit of {F*"[x]}, .y contains only elements that have a base-3 representation
containing no 1’s. To see that the attractor contains all the numbers in question, suppose
y € [0,1] withy = 0.y1y2ysys . .. withy; = 0,2 for all i € N then the sequence {f,, of,, o---0

fy.(%)},en converges toy for all x € [0,1].

Typically, the attractor is a fractal and is quite interesting to look at. Conveniently,

the Hutchinson Barnsley Theorem gives us an algorithm to actually look at the attractor.
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Unfortunately, the algorithm is inefficient practically. Suppose that F contains N functions.

Then the set F°"[z] contains at most N™ elements, and to compute F°"*V]

x] we need to
evaluate all N functions on all N" elements in F"[z]. Thus N™*! function evaluations are

needed. Luckily, there are more efficient algorithms for approximating attractors.

Theorem 10 (Chaos Game or Elton’s Ergodic Theorem). Let (X, d) be a metric space, and
F = {fi}fil be a finite contractive IFS on X and A be the attractor of the IFS. Suppose
that an infinite sequence of the numbers {in}, oy in = 1,2,..., N forn € N are generated by
picking i, = j with probability p; > 0 and independently of the previous iy ’s, with Z;.V:lpj =
1.

Then the sequence defined by x, = f; (x,_1) with o € A is dense on the attractor, that

is {Zn},en = A. Furthermore, the sequence y, = f;, (yn—1) with yo € X satisfies

Tim dy (Tyale,.. 4) = 0.

Proof. First let us note something useful about invariant sets with respect to the I F'S. Since

A is invariant it satisfies

Applying F to both sides of this equation gives

F?[A] = F[A] = A.
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Applying F n € N times gives

Fo[A] = A.

Thus we can conclude the following: for alli € [IV] and a € A we have f;(a) € A. Furthermore
for every a € A and K € N there is finite composition of the functions in F of length
K, say f, = f,, of,, , o...f, where o, € [N] for k € [K], and an as € A such that
a = f,(ag). Thus we can say that for all m € N, m C A as xp € A. This tells us
that d(m, A) = 0 for all m € N and that m is compact for all m € N. Define
¢ = max;e[y) ¢; where ¢; is the contraction factor of f;. Now, pick any a; € A and any € > 0
and pick K € N so that ¢ diam(A) < e.

Aside: Due to how the sequence {i,}, . is made it has, with probability 1, the property
of containing every finite sequence of numbers from [N] infinitely often (this is sometimes
called the infinite monkey theorem). That is for all J € N and given any finite sequence of
numbers of [N] say, {ox}r_,, ox € [N] for k € [K], then there is a j > J such that i;,), = oy
for k € [K].

Now find a sequence of length K, {Jk}le, and ay € A such that a; = f,(ay) and find
Jj > m so that i, = oy for k € [K]. This means that f, (z;) = z;41, {5, of, (z;) = Tj42
and so f,(z;) = xj1 k. Recall that f, is a K-fold composition of contraction maps and so is

a contraction map with contraction factor ¢. Now consider
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d(al, ZE]‘+K) = d(fa(a2)7 fa(l'j))
< c d(a27 xj)
< ¢ diam(A)

< €.

This shows that d(A, {xn}zo:m> = 0. Thus for all m € N dg (A, {xn}flo:m) = 0 and
A ={z,} -~ . Picking m =1 gives the result in the theorem.

Now we show

T dn (T 10 4) =t dn (G} Toalis,) =0

Fix yo, 20 € X and pick € > 0 and pick M € N so that ¢™ d(zg,y0) < €. Now pick any

m,n € N with n >m > M so vy, is an arbitrary member of {yn}zo:m. Then

d(yn) xn) = d(fzn (yn—l)a fzn (xn—l)) S Cd(yn—la In—l)

<A d(Yn_2,Tn_2)

< " d(yo, xo)

< CM d(y()v Zl'fo)

<€

This shows that for all m > M we have d({yn}zo:m, {:L‘n}zo:m> < e. An identical argument

shows that for all m > M we have d({wn}zo:m, {yn}:>2 > < €. So the result holds recalling

n=m
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that {z,} - = AforallmeN. O

The Chaos Game is played as follows to “draw” the attractor. Given yg € X, F = {fi}i]il
and probabilities p; > 0 : pick ¢ € [IN] with probability p; and plot the point 1 = f(zg). Then
pick another (possibly, the same) map with probability p; and plot x5 = f;(x;). Continue in
this fashion until there is very little change in the picture being drawn. It is typical that one

does not actually plot the first m points of the chaos game, see example 7 for more details.

Example 7. Consider an IFS on R?, with the Euclidean metric, with only the following

functions:

....;
=
|

M

8
N8
T+

<
SIS
oy o

8
|8
+
N |

The attractor to F = {fi,fs,f3} is the Sierpinski Triangle (or Sierpinski Gasket). See
Figure 3.1. The points in red are points plotted by t1, the points in green were plotted by fo
and the points in blue are plotted by f3. The chaos game is “shown in motion” via Figure
3.2. In this figure the chaos game is played with the above IFS with all probabilities equal to
% and initial point xo = (0,1) a point near the top left of the pictures. Notice in (a) there are
100 points of the x,,’s plotted; we can already see some things that vaguely look like triangles,

and there are a few points near the initial point plotted that are not on or near the attractor.

In (b) there are 1000 points of the x,,’s plotted; the image looks quite similar to the attractor,
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Figure 3.2: The chaos game forming the Sierpinski Triangle at: (a) 100 points plotted, (b)
1000 points plotted and (c¢) 10000 points plotted.

although it clearly needs some more “filling out” to do. In (c) there are 10000 points of the
Ty ’s plotted; we see that the picture looks very simular to that in Figure 3.1 and so we would
say the chaos game has “drawn” the attractor.

As noted above, there are a number of green dots in (a)-(c) of Figure 3.2 that are clearly
not on the attractor. This is due to the chaos game picking fo the first 4 times or so and
the fact xo ¢ A. Usually, programs include a “burn in period”, meaning the first m points
are not plotted, as it takes some time to “get on the attractor”. This is what was done in

Figure 5.1.
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3.2 Address Maps and Infinite Compositions of Func-
tions

The last topic of this chapter is address maps. We saw in the proof of Theorem 10 two points
on the attractor are close together when they are the image points of the same composition of
functions. This can be generalized (and indeed can simplify the proof of Theorem 10) to the

case of infinitely many maps composed. But first we need to define some useful notations.

Definition 16. Let I and X be sets and F be a IFS on X. Then it is said that I indexes
F if and only if there exists a bijective function from I to F.

In other words, we can label the functions in F by the members of I. Notationally, we
do this by writing for each i € I f; € F as the function corresponding to i (and vice versa).

So we can write F = {f; i € I} for convenience we will often write F = {f;},c; without

defining 1.

Previously in this chapter we were dealing with finite IF'S so it was convenient to index
the sets over [IV]. Of course, this is arbitrary; for instance, in Example 6 we indexed the IFS
with the set {0, 2} rather than {1,2}.

The reason we bother with index sets is so we have a convenient way of expressing

compositions of functions in an IFS.

Definition 17. Let I be an inder set and N € N. An element o € IV is called a
word or string over I of length N. We write that o« = ayasas...ay instead of o =
(o, 9, (g, ..., ).

Let IN be the set of all semi-infinite words or strings over 1. If o € IN then we write
0 = 010203....

Let I* = {J,en I be the set of all finite words over 1. We define the following operation:

if o € I* then || denotes the length of the string and if o € IN then we write |a| = co.
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Furthermore, let n,m € N with n < m < |a| then

Oz[n’m] = O0pQpt1 ... 0y
and if o € IN then we may write

Un,o0) = ApQpyl ..

Let o, B € I* and let o € IN with a = ajas0 . .. ay for some N €N and B = 518255 ... Bu

for some M € N. We define the concatenation of strings denoted by

af = ajoas...anBib20s ... Bu

and

a0 = (X103 .. . XNO109 . ...

Finally, let F = {f;},.; be an IF'S over a set X and let o € I* with length N € N. Then

il

define

fo =14, 0fa, 0. f0, .

We saw this notation before in Chapter 3. It is useful when dealing with compositions
of functions. However it is introduced mainly to help us get a handle on the infinite compo-

sitions of functions.

Definition 18. Let (X,d) be a metric space, F = {f;},.; be an IFS on X, 0 € IV, n € N

and v € X. We define the right composition functions: R: IN x N x X — X

R(o,n,x) = fop (x).
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(Hopefully) Without confusion we also define R: IN x X — X

R(o,z) = lim f,, (z)

n—o0

whenever the above limit exists. Further, if the above limit is independent of x, that is for

all z,y € X R(o,x) = R(o,y) we will define R: I — X to be

R(o) = lim {;, ()

n—oo

where x is arbitrary. Finally we let Dom (R) C IN be the set on which the limitlim,, . f5, ()
exists for all x € X and is independent of x.
If the function R s referred to without arguments, to make it clear which of the above

unclions we are referrin 0, assume a 1S a Jjunction at maps ] .
functi ferring to, that R is a function that maps I to X

In the context of finite contractive maps the set IN is called the address space and
Dom (R) = I"; meaning for all o € I" and z € X the sequence {R(0,n,x)},  converges
to a constant independent of x that we call R(c). In other words the sequence of functions
{R(0,n,)},cy converges pointwise to a constant function R(c). Furthermore it turns out
that every point on an attractor has an address that is R(I N) = A if A is the attractor. For

this reason the function R is called the address map.

Example 8. If we recall Example 6 we can now see that there was the implicit use of the
address map. In fact in that example the address map has a very clear meaning to the space
[0, 1] it represents trinary expansions. In general much like every point in [0, 1] has a trinary
expansion every point on an attractor has an address (see Theorem 11). Even better, because
of the limit involved in the definition it means the first few finite compositions will give us
some information of where the limit is. That is if {5, () should be close to R(c) much like

knowing the first n digits of a number x = 0.x12923 - - - € [0, 1] would give us a number close
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to . Thus one can think of o € I with R(c) = a € A as an N-ary expansion of a in some
sense, where N € N is |I| = N.

To solidify this idea, we generalize Example 6 slightly. Let N € N be fivred. We define
the IES on [0, 1] with the normal metric by Fx = {f;} " where fori =0,1,2,...N —1 and

x € [0,1]
T 1
fi(x) = =+ —.
@) =5+%
If we let © = 0.x12923 ... be an N-ary representation of x we can see the action of f; on x is

fl(ilf) = 0.i$1$2$3 e

If we let I ={0,1,2,...,N — 1} we can see for o € I" that R(c) = 0.010903.... Thus we
can see that R([N) = [0, 1], by picking o appropriately so that it matches an N-ary expansion
of a given x € |0, 1].

Now [0, 1] isn’t exactly what we would call a fractal. It gets more interesting when we
take O # J C I and consider {fj}jeJ' Then the attractor R(JN) is the set of numbers in
0, 1] with no N-ary representation containing a member of I\ J as an N-git.

If we take N =3 and J ={0,2} we get Example 6.
The infinite composition of contractive functions are very interesting in general.

Proposition 9. Let (X,d) be a complete metric space, F = {f;},.; be a contractive IFS

iel
on X with ¢ = sup,c;c; < 1 where ¢; is the contraction factor of f; and for v € I, for all
r € X we have r = sup,¢; d(z,f;(x)) < co. Then for all o € I" the function R(o) is defined.

Notably if F is finite then both ¢ < 1 and r < co.

Proof. Noting that for all ¢ € I the functions f; have contraction factor ¢ and we can see
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that for all 0 € IN, x € X and n € N we have
d(R(o,n,z), R(o,n+1,1)) = d(fg[l’n] (2), o, of(,w(x)) < cd(z.f,,,,(2) <

From here we can follow the proof of Banach’s Fixed Point Theorem (Theorem 8 ) to
show that {R(o,n,z)},cy is Cauchy and therefore converges to, say, R(o,x).

Now pick any y € X and € > 0 and pick N € N large enough so that for all n > N
max{d(R(c,z), R(o,n,z)),c"d(z,y)} < 5. Then for all n > N

d(R(o,x), R(o,n,y)) < d(R(o,z), R(o,n,x)) + d(R(o,n,x), R(o,n,y)) < % +c"d(x,y) <e.

Thus {R(0,n,y)}, .y converges to R(o,z) and so R(o,x) = R(o,y) for all z,y € X. As

o is arbitrary this completes the proof. O

Traditionally, for finite contractive IF'S the well definedness of the addressing function R
is proved via a different method. But to do so we need to know a bit more about the address

space IV,

Proposition 10. Let I be a set. Then IV is a complete metric space with metric

Lo #£\
s(o,A) = ?
0 o=\

where o, X € IN and n € NU {0} is the largest n € N with o, = Ay, and if no such

natural number exists then n = 0. Additionally, s satisfies, for all o, ),y € IN

s(o, A) < max{s(c,7),s(v,A)}.

Furthermore, if I is finite then (IN, S) s a compact metric space.
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Proof. First we show that s is a metric. Firstly we should argue that s is well defined; the
case where o = A is well defined. So suppose that o # X\ then there is an N € N such that
on # Ay and take N to be the least such N € N. Thus N —1 € NU{0} is the n in the above
definition. It follows from the definition that s maps I™ x I to the non-negative real numbers.
To show symmetry we first consider the case where 0 = A and s(o, A\) = s(0,0) = s(A\,0) = 0.
So assume that o # A and that s(o, \) = 2%0 for some n, € N, 50 o1 ,] = A[1,n,], and because
ns is the largest such n, we have that o1 ,,4+1] # Aj1n,+1)- This means that the largest n
satisfying Ajj,] = op1,,) must also be n,. If o1 # A; then we can make a similar argument.
Therefore s(o, \) = s(A, o).

Now suppose that s(o, A) = 0. If o # X then s(o, A) > 0 thus ¢ = A. The converse holds
by definition.

We now show the “additionally”. Firstly, if ¢ = A the inequality holds for all v € I. So
assume that o # A. If ¥ = A then the max will be equal to s(o,7) = s(o, A) and the inequality
holds. Now suppose that o, A,y are three distinct elements of IN and that m,n, k € NU{0}
such that s(o,\) = 5%, s(0,7) = 7= and s(7,A) = 3. Now if m < n or k < n then the
inequality holds. So assume that both m,k > n this means that vy ,41) = 0,41 and
Yim+1] = An+1]- But this means that Aj 11 = 01 n41) Which is a contradiction as n was
supposed to be the largest such n.

To show the triangle inequality, fix o, A,y € IN and without loss of generality let s(o, v) >

s(7,A). Now by the “additionally” we have

s(a,\) <s(o,7v) <s(o,7) +s(7,N).

To show completeness, consider a Cauchy sequence {o"}, _ of I N Now define o € IV
by, for all N € N, defining oy = Uf\,’v , where ky is the least such ky € N satisfying: for

all m,n > ky s(a™,0™) < 2LN We claim that for all N € N we have S(O‘, O'kN) < 2LN This
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follows from the sequence {kas} ),y being non-decreasing. Indeed, for all m < N we have
Om = o*m = o*¥ and the claim follows. Now pick any € > 0, pick N € N such that QN% <€

and get ky from the definition of o. Consider n > ky

s(a,0") < s(0,0™) + (0", 0") <

ST <€

Thus {0"},,cy converges to o and (I N s) is complete.
Finally, to show compactness we show that IV is totally bounded. Let ¢ > 0 and pick

N € N such that r = 35— < e. We claim that for any o € I"

Mc | Bi(ao) € | Be(ao).
aelN aeIN
The second inclusion is from the definition of r. To show the first inclusion consider A € IN
then A = Ay nAn,00) and Ap ) € IN. So d()\[LN}a, )\) < 2LN < 21\,%1 = r. Therefore,
A € Uperny Br(ao) and 1IN C |, ;v By (ao). Now, since I is finite I is finite, and thus
Uaery Be(ao) is a finite € cover of I, giving that I is totally bounded. Therefore I is

compact as it is complete and totally bounded. O

Remark 4. If I is infinite then (I N,s) 15 not compact. To see this, recognize there must
be an element of IV, say o, such that for all k,n € N o}, # 0, (i.e the letters of o are

all distinct). This mean the sequence {0 00)} has no convergent sequences, as for every

neN
n,k € N we have s(a[n,oo), a[km)) = 1.
Additionally, the use of% in the definition of s is arbitrary we could use any c¢ € (0, 1)

for Proposition 10 to hold.

Note the actual distances given by s don’t really matter. What does matter is the n that
the distances give us. This n is the length of the longest finite prefix that the two elements

share (if one exists); it is this n that tells us how close together the elements are.
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It turns out the address map R (in the context of Proposition 9) is a continuous function

from IV to X.

Theorem 11. Let (X, d) be a complete metric space and F = {f;},.; be a finite contractive

iel
IFS on X. Then there is a unique continuous function R : IN — X satisfying for all i € T
and o € IN

fi OR(O’) = R(ZO’)

and

Furthermore R(IN) is a nonempty compact invariant set and so is the attractor of F.

Proof. Fix x € X. Then for each n € N R(0,n,z) = R,(0) is a function from I to X that

is continuous. If A € B'', (o) then R,(c) = Ry(\); so R,()) is in every open set containing
on—1

R, (o). Also note that R,(c) = f,, ,(2).

We now show that {R,},.y converges uniformly. Much like in the proof of Banach’s

Fixed Point Theorem, we consider for some o € IN and n € N

d(RnJrl (O'), Rn+2(a>> = d<f0[1’n] oRl (U[n—l-l,oo]) 7f 1 ORZ( On+1 oo]))

<c" d(Rl (U[nJrl,oo})v Ry (U[n+1,oo]))’

where ¢ is the largest contraction factor of the f;’s, taking the supremum over I gives
d(Ryi1, Ruyo) < ¢ d(Ry, Re). Now we can see that for all m,n > N € N

o0

A(Ryer, Ronr) < d(By, B) Yo" < dA(Ry, Ba) Y o = d(Ry, Ro)
k=n k=N

N

So for any given € > 0 we can take N large enough for d(Ry, RQ) - < e Thus {Rn}, oy is

a Cauchy sequence (in C(X, X) with respect to the uniform distance) and so converges to a
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continuous function as C(X, X) is complete by Theorem 1.

Let {Ry},cny — R uniformly. So {R,}, . converges pointwise to R. Let i € I, o € I
and so {f;oR,(0)}, ey — fioR(o) by continuity. But f;oR,(0) = R,41(io) for all n € N
and {R,11(i0)}, oy is a subsequence of {R,(i0)}, .y — R(io). Therefore R(io) = f;0R(0).

Now for o € IN we know that {f,, ORn(U[Zoo])}neN — fo oR(a[g,oo]), and so, by the
above, f,, oR(0p2.00]) = R(0).

To show uniqueness suppose R and g both satisfy for all o € IN f,, oR(0p,«)) = R(0)

and f,, 0g(0jp00) = (o). Consider for any o € IV

d(R(0),8(0)) = d(fs, 0R(02.00]) £ 08 (0(2.1) ) < cd(R(02,00]) 8(020]))
taking the supremum over I of both sides tells us
d(R,g) < cd(R,g).

Since ¢ < 1, the only possibility is d(R,g) =0 and R = g.

Finally R(I N) is compact, as I is compact and R continuous. R(I N ) is invariant, as for
every R(c) € R(IN) we have R(0) = f,, oR(0[2,0)). Noting o1 € I and so oj, o) € I™ we have
R(IM) € Ui, £i(R(IY)). Simulaly f; 0R(0) = R(io) for alli € Iso R(IN) 2 U, f:(R(IY)).

Therefore, R(I N) is compact invariant set and so is the attractor. O]

We would like to point out the construction of the limit function in the above proof does
in fact coincide with Definition 18.
As one might expect we can use the address map to help us prove that the chaos game

converges. This will be a recurring strategy in Chapter 4.
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Chapter 4

Generalized Attractors and The

Chaos Game

In this Chapter we use well known generalizations of attractors and give sufficient conditions

for the chaos game to “draw” these generalized attractors.

4.1 Some Generalizations of Attractors

We will focus on one particular generalization of attractors, something that is known as
semi-attractors. They were first introduced by Losota and Myjak [9, 10, 11]. These authors
define semi-attractors via set limits introduced in Chapter 2. The author of this thesis had
essentially independently discovered these semi-attractors early this year. When he became
aware of the results of Losota and Myjak he was able to deduce some interesting proprieties
of a mild generalization of semi-attractors. We will now state the definition of this mild

generalization.

Definition 19. Suppose that (X, d) is a metric space, A C X, and F : X ~ X is a lower

semicontinuous multifunction. Then A is called the semi-attractor of F if it is the smallest
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nonempty closed sub-invariant set of F. That is for all B C X with B nonempty, closed and
satisfying F[B] C B then A C B where A is nonempty, closed, and satisfies F[A] C A.
Furthermore, we say that A is the semi-attractor of F on X if A is the semi-attractor of

the Hutchinson-Barnsley operator of the F.

Note that a semi-attractor must be unique as it is “the smallest”, see the discussion
following Definition 13. It will be easier to see why this is a generalization of the semi-

attractors introduced in [11] after we prove the following.

Theorem 12. Let (X,d) be a metric space, F : X ~» X be a lower semicontinuous multi-

function on X and suppose A is the semi-attractor of F. Then

A=) Ls F'la] = M U F"a).

zeX zeX neN

Furthermore for all a € A,

A= Ls F'a] = | J F*"[a].
n—oo
neN

The proof of this Theorem follows in part from the below Proposition.

Proposition 11. Let (X,d) be a metric space, and F : X ~~ X be a multifunction on
X. Let A C X be a non-empty, closed and sub-invariant with respect to ¥. If F is lower

semicontinuous then

N Ls F*'[z] C N UF" A

zeX r€X neN
Furthermore, both (), oy Lsnooe F7"[7] and (N,cx Unen F*"[7] are closed and sub-invariant

with respect to ¥. Thus if one of these sets is non-empty it is the semi-attractor of F.

Proof. As A is sub-invariant, for all n € N and for all a € A, we have F*"[a] C A. Thus,

recalling A is closed we have for all N € N and for all a € A,
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U F"la) € [ F[a] € A.

n>N neN

Recalling that Ls,, oo F”"[a] = (yeny Upsy F*"[a] we conclude that for all a € A, Ls, 0 F*"[a] €

Unen F"[a] € A. Thus

N Ls F"[a] C N JF"a € A

acA a€AneN
It follows from A C X that (), ¢y Lsp—oo F*"[7] € (,c4 Lsnooo F"[a] and (¢ x U,en F* 7] €
naeA UnGN F [CL] ’
Using a similar argument as above, one can show for all z € X Ls, o F*"[2] € U,,cn F™"[2]-

Therefore

N Ls F*'lz] C M UF" c A

rzeX zeX neN
Now I must show that (7, .y Lsp—oe F*"[7] and [,c m are sub-invariant.
I claim that the intersection of sub-invariant sets is sub-invariant. Suppose B is collection
of sub-invariant sets with respect to F, then F[(\pes B] € Npes FIB] € Npes B-

Now I claim that for all N € N and for all x € X the set | J,.y F*"[7] is sub-invariant.

Recall that as F is lower semicontinuous for all B C X, F [E} C F[B]. Thus

F[U Fon[x]] C |J P =P C | P

n>N n>N n>N n>N

taking N = 1 gives |J _nF°"[z] is sub-invariant for all z € X. Taking the intersection

neN
over all € X gives us (,cy U,en F™"[2] is sub-invariant and closed. Now we can see
Nyen Upsy F'[7] = Ls, 00 F'[2] is sub-invariant for all € X and so (), x Lsnsoo F*"[2]

is sub-invariant and closed. O
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Now we prove Theorem 12.

Proof. (Theorem 12) In the proof of Proposition 11 we show for all N € N and z € X the
set U, >y F7"[7] is sub-invariant. The set is also closed and non-empty, thus as A is the

semi-attractor of F' we have for all N € N and for all x € X

0#AC | F[al.

n>N

Thus

Ac (YN UF"lel= ) Ls F"la] £0

zeX NeNn>N rzeX
and, by Proposition 11, (), ¢y Lsnooe F*"[7] € (e x Unen F7" 2] € A. The result follows.
To prove the “furthermore”, note that Ls, .., F*"[z] # () for all x € X by the above

argument and it is always sub-invariant and closed. |J, .y F"[z] is also non-empty closed

neN

and sub-invariant for all x € X. Now pick any a € A. As A is sub-invariant, it follows that

Ls F[a] C U F"[a) C A
n—oo
neN

But the sets Ls, oo F*"[a] and |J, . F*"[a] are non-empty, closed and sub-invariant so the

neN

opposite inclusions holds, as A is the smallest such set. O

An interesting consequence of Theorem 12 is that a naive iteration algorithm—pick a
point in x € X and keep applying the Hutchinson-Barnsley operator to form the sequence of
sets {F°"[z]}—actually works in some sense whenever x € A. The below Theorem mirrors

Theorem 6.2 of [11].

Theorem 13. Let (X,d) be a metric space, F : X ~» X be a lower semicontinuous multi-

function on X and suppose A is the semi-attractor of F. Then the following hold:
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(1) AC Es F°"[B] for all() # B C X

(ii) F[A]= A
(iii) Ls F"[B]=A for all) # B C A
n—oo
(iv) A C B for all nonempty closed sub-invariant subsets B C X

Proof. To prove (i), note that using Theorem 12 we have for all b € B A C Ls, ., F"[b].
Recall that the Ls of a sequence of sets is increasing; that is, if X,, C Y, for all n € N then

the Ls, 00 X5 € Ls,—oo Y. We can see

AC Ls F"[b) C Ls F[B].

n—oo n—0o0

(ii) follows from observing that F[A] is nonempty closed sub-invariant set. To see this, first

notice that as A is nonempty closed and sub-invariant () # F°*[A] C F[A] C F[4] C A.

Thus, by the lower semi continuity of F,

F|F[A]| C FPlA] CFlA] C A,

So F[A] is nonempty closed sub-invariant set but A is the smallest such set, so A C F[A].
(iii) is due to
Ls F'[B]C | JF[B] C A

n—oo
neN

this follows from F°"[B] C F°"[A] for all n € N. The other inclusion is given by (i).

(iv) is the definition of being the semi-attractor of F. O

Recalling the discussion at the beginning of this chapter, Definition 19 is not the same

definition of semi-attractor given in [11]. They define the semi-attractor of F in the sense of
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Losota and Myjak to be
_ . on
A= x@( Li F"[a]

whenever A is nonempty. One can see that if A is a semi-attractor of F in the sense of
Losota and Myjak, then it is a semi-attractor in the sense of Definition 19. This allows for
the Losota and Myjak semi-attractors to have nice interactions with set limits; that is, if
A is a Losota and Myjak semi-attractor then A = (1, _y lim, . F*"[z]. Unfortunately, it
is possible for (.. Lsn—oc F7"[2] to be nonempty but for (1, y Linee F[2] to be empty;
see Example 9. Even though semi-attractors in the sense of Definition 19 are not as well
behaved, we can still get many similar results to Theorem 6.2 of [11].

Henceforth, one should always assume that semi-attractor is meant in the sense of Defi-

nition 19.

Example 9. Let X = {2z € C:|z|=1}. Forallz€ X, 2 =€ withf e R letf: X — X

be given by,
f(z) = oiV2m+if

and f[z] = {f(2)}. Then f (as a multifunction) is lower semicontinuous as it is continuous

(as a single valued function). Then for all z € X, Lsp oo £7"[2] = X and Li 0o £7"[2] = 0.

Returning our attention back to Theorem 12 and considering the case that F is the
Hutchinson Barnsley operator of an IFS. Then a € A if and only if for all x € X, for all
€ > 0 and for all N € N there is a composition of functions of the IFS, f,, such that it is the
composition of more then N functions of the IFS for which d(f,(z),a) < e. Speaking more
informally this means no matter where you are in X you can get anywhere (within €) in the
semi-attractor by applying a composition of the functions of the IFS (in fact you can take
this compositions to be longer then any prescribed N € N).

Also notice that if there is an z € X for which (yeyU,sny F*"[7] or Ly oo F'[z] is
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compact then the semi-attractor of F is also compact. Of course, the previous sentence
holds if we replace “compact” with “bounded”.

If we consider m to be a multifunction, then F has a semi-attractor if and only
if the graph of the multifunction m contains a horizontal line, that is thereisay € X

such that

{(z,y) e X*lzr e X} C {(x,z) e X|lre X, z€ U Fon[x]}

neN

Of course, the semi-attractor of F is the union of all such y. Furthermore for all such y,
Y € Upen F™"[y]; that is y, is a (multi?) fixed point of [, . F*".

The following result is mildly convenient to refer to.

Lemma 1. Let (X, d) be a metric space, F : X ~~ X be a lower semicontinuous multifunction
on X and suppose for all v € X there is a set By C |, o F"[2] that is sub-invariant with
respect to F'.

If Nyex Be # 0 then (,cx Bs is the semi-attractor of F.

Proof. 1t’s clear that

0+#(B.< () JF"l

zeX neN

But by Theorem 12 (), .y U, ey F™"[2] = A is the semi-attractor of F whenever it is nonempty.

neN

So let A be the semi-attractor of F. Now I claim that [, .y B, is sub-invariant. Indeed, by

lower semi continuity and sub-invariance of the B, we have

F

(1 B:| € (VF[B.] S (\FIB]C (] B.

zeX zeX zeX

But A is the smallest nonempty closed sub-invariant set of F, so A C (), B,. This

completes the proof. O
Remark 5. At this point, due to the rich nature of semi-attractors (the smallest nonempty
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closed sub-invariant set), it may be natural to ask about the largest nonempty closed sub-
wwvariant set. This of course would be the space itself. But a closely related notion is the

largest super-invariant set, see [1]. In [1] they show that (among other things) if

1. Given a finite IFS with functions that are finitely fibered, that is for all x € X and

f € F the set 7' (z) is finite (such as when the functions are injective).
2. The space X is compact and the IFS is finite and continuous.

Then the set

M P[]

neN

1s the greatest nonempty invariant set of F.
It is rather straightforward to show that (), F°"[X] contains every super-invariant set
of a multifunction F. Indeed, suppose that B C X satisfies B C F[B]. Then by applying F

to this relation we see

B C F*[B]

foralln € N. Thus B C (,en F"[B] € Nyen F'[X]. Therefore (), oy F'[X] contains every
super-invariant set and, so, if it is super-invariant then it is the largest super-invariant set
with respect to F. Noting that in the above we show that for any super-invariant set B the
set F[B] is also super-invariant, we have that (,.y F*"[X] is also invariant.

Thus the smallest nonempty closed sub-invariant set and the largest super-invariant set
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are

N UF"l]

zeX neN

NUF

neNzeX

respectively, whenever they exist. These expressions are strikingly similar.

As alluded to before, there are more generalizations of attractors. However, our focus will
be on “attractors” that can be “drawn” by the chaos game. Essentially we are interested in
sets A that somehow equal the set of limit points of the sequence generated by playing the
chaos game (A = ﬂmeNm = Ls,oo{xn} where {z,} ~  is the set of points generated
by the chaos game). Due to this limiting nature it makes sense to define generalized attractors

via some limiting process, particularity in some neighborhood of the “attractors”.

Definition 20. Let (X,d) be a metric space, F : X ~» X be lower semicontinuous and

A C X. We define the pointwise basin of weak limsup attraction of A under F to be

w-B(A) = {x €eX:AC Ls Fon[x]}

n—o0

We define the pointwise basin of limsup attraction of A under F to be

Ls-B(A) = {x €eX:A= Ls FO”[:E]}

n—o0

We define the pointwise basin of Hausdorff attraction of A under F to be

PWH-B(A) = {a: € X : A= lim F°"[x] where the limit is taken with respect to

n—oo

the Hausdorff metm’c}.
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We define the strict basin of Hausdorff attraction of A under F, strict- B(A), to be the
union of all open sets U with the following properties: A C U, and, for all K C U, with K
nonempty and compact we have that the sequence of sets {F*"[K]}, .y converges to A in the
Hausdorff metric.

Note that for either PWH-B(A) or strict- B(A) to be nonempty A must be compact.

Finally we define the set of compact full orbits under F to be

0= {I €eX: U F"x] is compact}.

neN

If F is an IFS on X with Hutchinson-Barnsley operator, ¥, is lower semicontinuous the

we will replace then “under ¥”7 with “under F 7 in the above definitions.

The most common type of generalized attractor discussed concerning the topic of the

chaos game is the strict attractor and the point wise attractor. For instance, see [3, 4].

Definition 21. Let (X,d) be a metric space, F be an IFS on X and A € H(X). Then we
say that A is a point wise attractor if there is an open set U C X with A C U C PWH-B(A).

Similarly, we say that A is a strict attractor if strict- B(A) # (.
The last type of attractor we will be identifying are quasi attractors.

Definition 22. Let (X, d) be a metric space, F be an IFS on X and A C X. Then we say

that A is a quasi attractor if for all a € A we have | J,, .y F™"[a] = A # 0.

Example 10. Let X = C\ {0} with the normal metric and consider the functions: for all

z=re 0 €R and r € [0,0)

f; (z) = rei(6+‘/§”>

f2<2) = €i9.
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Now, consider the IFS {f1}. We can see that for every r € R the set {z € C | |z| =r} is a
quast attractor of this IFS. Thus, this is an example of a IFS that has a quasi attractor but
no semi-attractor.

The IFS {f1, fo} = F has a semi-attractor that is the set A = {z € C | |z| = 1}. One
can see this by recognizing that m D Lspooof15(2) = A for all z € X. But A is not
a point wise attractor of F as for all z € X we have z € Ls, o0 17"[2] C Ls, oo F[2], s0
even if {F°"[z]}, o converges in the Hausdorff metric this limit must contain z, by picking

any open set U D A and z € U\ A we see that A is not a point wise attractor.

Remark 6. A question that is typically explored by the literature is: Given an IFS, F, with
an attractor A (possibly any of the attractors mentioned so far) on a metric space (X,d)
does there exists a set B containing A (B is usually the space or A itself) and a metric
d on B equivalent to the original metric on (B,d) such that either: for all f € F, f is
a contraction on (B,dl> or F is a contraction on (H(B),d}j,). For example see [13]. In
general the answer to this question is no. Particularly, F being a contraction on (H(B), le>
1s a very strong condition, as if B is complete then Banuach’s Fixed Point Theorem applies
and for every K € H(B) the set sequence {F"[K]}, _ converges (realistically to A) in the
Hausdorff metric. But, we saw in FExample 10 and Fxample 9 that there are IFS for which
Lipoo F"[2] = 0 for all x € X s0 in these cases {F*"[K]}, oy cannot converge with respect
to the Hausdorff metric and hence F is not a contraction on H(B) for any metric equivalent
to dy. Thus this question is far more natural for strict attractors and point wise attractors.

My first exposure into this field of research was trying to determine whether a particular
IFS had a attractor and, if it does have one, when does the chaos draw the attractor starting
in X7 I was able to answer this question to a near full extent, see [7]. It turns out that in
for this particular IFS, if x is not in the attractor the sequence of sets {F°"[x]}, . forx € X

would never converge in the Hausdorff metric to the attractor (whenever the attractor exists).
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Unfortunately, most of the results concerning the chaos game assume that the attractor is a
strict attractor or a point wise attractor (not that I understood the subtleties at the time).
I also spent a considerable amount of time trying to define a metric for which the F was
a contraction; which of course was forlorn. This particular problem still shapes my current
work and is a large reason for why I seek to avoid the use of the Hausdorff metric and
assuming compactness (of the attractor or the space). Although, I am unable to completely

get rid of compactness assumptions as we will see later.

We will note that in [5] and [14] quasi attractors are defined to be nonempty compact,
invariant with respect to the F and m = A for all a € A. We will show that
quasi attractors as defined above are invariant whenever A is compact, the IFS is finite and
continuous.

Additionally, it is not clear that strict attractors or point wise attractors are invariant.

However it turns out that this is nearly the case whenever F is l.s.c.

Lemma 2. Let (X,d) be a metric space, F : X ~~ X be l.s.c and A C X. Then we have

strict- B(A) C€ PWH- B(A) C Ls- B(A) C w-B(A).

2. If B C X 1is a nonempty, closed, sub-invariant set contained in any of the above basins
then A C B. Thus if A is nonempty closed sub-invariant and contained in the basin

then it is the smallest such set in any of the basins and satisfies A = F[A].

3. If 0 # Ls-B(A) then A is closed and sub-invariant. Thus, if A is nonempty and
is contained in strict- B(A), PWH-B(A) or Ls- B(A) then A is nonempty closed and

satisfies A = F[A].

Proof. 1.
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Suppose that z € strict- B(A) then {z} is compact and so lim,,_,~, F*"[z] = A in the Hausdorff
metric. Thus z € PWH-B(A).

Suppose that * € PWH-B(A) then lim,,_,., F*"[z] = A in the Hausdorff metric meaning
that {F°"[x]}, .y converges as a sequence of sets in the sense of Definition 6. Thus A =
limy, 00 F""[2] = Ls; 00 F"[z] and x € Ls- B(A).

Let o € Ls- B(A); then A = Ls,,_,o F"[z] and, thus, A C Ls, o F*"[z].

2.

Suppose that B C X is a nonempty, closed, sub-invariant set contained in any of the basins
in 1. Then, by 1, B is a sub-invariant subset of w-B(A). Now, for all b € B one can show

that Ls, . F"[b] C B, as B is closed and sub-invariant. But now since b € w-5(A)

AC Ls F'[l] C B

n—oo

and so A C B.

Now if A is nonempty, closed, sub-invariant and contained in the basin it is the smallest

such set, by the above. To show A = F[A], we can notice that F[A] is closed, nonempty,

sub-invariant and F[A] C A C strict- B(A). Indeed,

0+ F[A] C A.

Recalling that F is lower semicontinuous yields

Since F[A] C A, we obtain



and F[A] is closed nonempty sub-invariant and contained in w- B(A). But A is the smallest

such set, so A D F[A] and F[A] = A.
3.

Suppose that x € Ls- B(A); then A = Ls,,_,o, F*"[z]. But in the proof of Proposition 11,
we showed that Ls, .., F*"[x] is always sub-invariant; hence, A must be as well. Thus, if

A is nonempty and is contained in strict- B(A), PWH-B(A) or Ls- B(A) it is contained in

Ls- B(A) and by item 2 we have that A is nonempty closed and satisfies A = F[A].
]

Lemma 2 tells us that we can deduce a great deal about a set A just by assuming that
A is a subset of one of the basins and F is l.s.c. Thus, interestingly, this results applies to
possibly infinite or discontinuous IFS. But naturally we are still the most concerned with

finite continuous IFS.

Theorem 14. Let (X,d) be a metric space, F be an IFS on X with Hutchinson-Barnsley

operator F being l.s.c and A C X. Then the following are equivalent
1. A is a quasi attractor of F.
2. A is a minimal closed nonempty sub-invariant set of F.
3. 0#ACLs-B(A).

Hence, strict attractors, point wise attractors and semi-attractors of F are quasi attrac-

tors of F. Thus if A is a quasi attractor of F we have for B = w-B(A), Ls- B(A)

A= Ls F*'la] = U F"[]

z€B zeB neN
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and F[A] = A. Additionally, if A is a compact quasi attractor of F and F maps compact

sets to compact sets, such as when F is finite and continuous, then F[A] = A

Proof. 1 = 2

Suppose that A is a quasi attractor of F. Then, by definition, for every a € A we have
m = A. Now suppose that B is a nonempty, closed, and sub-invariant subset of A.
So for all b € B C A one can show that (see the proof of Proposition 11) m C B.

Indeed, by applying F to both sides of

Fo"[b] € B

for all n € N. Thus we can take the union over n € N yielding (J,, . F*"[z] € B. Recalling

B is closed, we take the closure giving us | J,.y F*"[0] € B. But b € B C A, so,

JFrplcBC A= ]F[).

neN neN

Thus A = B and A is a minimal closed, nonempty, and sub-invariant set.
2 = 1 Suppose that A is a minimal, closed, nonempty, and sub-invariant set. Then,
for all a € A we have |J, .y F™"[a] is a closed, nonempty, and sub-invariant set (it is sub-

F°"[a] is also contained in A by the

invariant by the proof of Proposition 11). The set (J, oy

above argument with “B”. Thus, for all @ € A we have | J, . F*"[a] = A as A is a minimal
closed, nonempty, and sub-invariant. Therefore A is a quasi attractor of F.
2 = 3

Following the proof of Theorem 12, we can say that for all N € N and a € A the set
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U,>n F7"[a] € A is closed nonempty and sub-invariant. Hence, for all N € N and a € A

A= U F°"[a]
n>N
as A is a minimal closed nonempty and sub-invariant set. But now we can take the inter-
section over all N € N of the right hand side and we have A = Ls,_,o F*"[a]. Therefore,
A C Ls-B(A) and A is nonempty by assumption.

3 = 2
By 2 and 3 of Lemma 2 A is the smallest, nonempty, closed, and sub-invariant set contained
in Ls- B(A). Thus any nonempty, closed, and sub-invariant set contained in A must be equal
to A. So A is a minimal nonempty, closed, and sub-invariant of F.

If A is a strict attractor, by definition, it is contained in strict- B(A) C Ls- B(A) so by 3
it is a quasi attractor. Similarly, if A is a point wise attractor by definition it is contained in
PWH- B(A) C Ls- B(A) so by 3 it is a quasi attractor. If A is a semi-attractor by definition
it is the smallest closed, nonempty, and sub-invariant set of F. Thus, it is also a minimal

closed, nonempty, and sub-invariant set of F. So, by 2, A is a quasi attractor.
Recalling that Ls, o F*"[z] C J, oy F™"[#] for all z € X and the definition of B =

w-B(A), we have for all z € w-B(A) that

AC Ls F'lz] € | Ffal.
n—oo
neN

Thus, A C (V,epLsnooo F"[2] € NyesUnen F7"[#]. But since A is a quasi attractor and
A C Ls-B(A) € w-B(A) thereisan a € A C w- B(A) such that | J, .y F*"[a] = A. Therefore,
Nues Unen F7"[2] € A and the result holds. The case where B = Ls- B(A) is the same.

The fact that F[A] = A follows from applying 2 of Lemma 2.

Lastly, if A is a compact quasi attractor of F and F maps compact sets to compact sets
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then F[A] is compact. Thus, A = F[A] = F[A]. O

We should note that most of the above Theorem was proved in a slightly different setting
as Theorem 1.2, in [5].

Theorem 14 shows us that of the four kinds of attractors discussed so far quasi attractors
are the most general (when the Hutchinson-Barnsley operator is l.s.c). On the other hand
items 2 and 3 of Lemma 2 and item 3 of Theorem 14 tell us that if A is a quasi attrac-
tor of an IFS it is the smallest nonempty, closed, and sub-invariant set in w- B(A), which
makes it sound a lot like a semi-attractor. In fact in the case of strict attractors and point
wise attractors the strict basin and pointwise basin are sub-invariant with respect to the
Hutchinson-Barnsley operator. Thus, in these cases, we can take the space equal to the

basin and the attractor becomes a semi-attractor.

Remark 7. Recently, the literature has been exploring topological IFS, see [4, 2, 3, 5], and
playing the chaos game in these topological spaces. Topological spaces are more general than
metric spaces (every metric space is a topological space but some topological spaces cannot be
made into a metric space). Thus, it is unsurprising that some results about the chaos game
that are easy to show in metric spaces are much more difficult to show in topological spaces.

One such hurdle is showing that strict attractors and point wise attractors are invariant,
as they remark in [5]. As far as the Author of this work can tell, the proofs of Lemma 2 and
Theorem 1/ (and indeed this chapter so far) only rely on the Hutchinson-Barnsley operator,

say ¥, having the following property
Fm C F[U]

for allU C X (which is item 6 of Theorem 6). Since, even in topological spaces, a function f

s continuous on X if and only z'ff(U) CH(U) for allU C X, item 6 of Theorem 6 holds for
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F whenever the F is continuous (see Proposition 2). Thus this Author expects Lemma 2 and
Theorem 1/ (and all the major results in this chapter so far) to hold in a general topological

context.

We would like to note again that the results of this chapter so far are due in large part in
assuming that the Hutchinson-Barnsley operator is 1.s.c. This raises the question of when the
Hutchinson-Barnsley operator is l.s.c. We know by Proposition 2 that it is l.s.c whenever
the IFS is continuous. Thus we can refine this question down to just IFSs with possible
discontinuous functions. The converse of this question is also interesting; that is, if F is an
IFS and F is the Hutchinson-Barnsley operator of F that is l.s.c, does there exist an IFS,
say H, with Hutchinson-Barnsley operator H such that F = H, and, if F is finite, can we
take H to be finite as well?

We conclude the chapter with some sufficient conditions for an F to possess a semi-

attractor.

Proposition 12. Let (X,d) be a metric space and let F = {f;},.; be an IFS on X with
Hutchinson-Barnsley operator l.s.c. Additionally let, F* = {fa | o € Upen ]”}.

Then if any of the following hold, F has a semi-attractor.

1. There is at € F such that f is a contraction and X is complete.
2. There is a f € F* such that f is a contraction and X is complete.

3. There is a f € F such that there is an & € X such that lim,_,, {°"(z) = z, for every

zeX.

4. There is a f € F* such that there is an T € X such that lim,,_,. " (z) = z, for every

re X.

5. There is a f € F for which there is a set B C X such that Ls, o {*"[x] = B, for every

zeX.
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6. There is a f € F* for which there is a set B C X such that Ls, .o "[x] = B, for

every x € X.

4.2 The Chaos Game

In this section we extend Theorem 10 to some of the more general attractors discussed thus
far. There are two versions of the chaos game discussed in the literature: the “probabilistic
chaos game” and the “deterministic chaos game”. Our focus will be on the deterministic
chaos game. First we should refresh some notation we established in Chapter 3. Namely,

Definitions 14, 16 and 17.

Definition 23. Let (X,d) be a metric space, F = {f;},.; be an IFS on X, 0 € IN, n € N

and x € X. For every a € I, a = ajapas . .. 0|y, we define
pla) = Qa|af-1 - - - 0.
Now, define the left composition function L : IN x Nx X — X

L(o,n,z) = fp(g >(x) =1f 0, 1.00(T).

(1,n]

Furthermore, (hopefully) without confusion we will define the multi function L : INx X ~ X
to be

Lio,z] = Ls L(o,n,z).

n—oo

If one carefully reduces Theorem 10 and its proof into its essence one might realize that
the random generation of the numbers from 1 to N end up defining an element of [N ]N, say
o, and the sequence {y, }, oy is of the form y, =, 5. . 000, (Y0) = L(o,n,40). Furthermore,

the set {yn},_,, as m — oo would only consist of the limit points of {y,},.y. Thus the

n=m
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o0

statement lim,, .. dg <{yn}

n=m?

A) =0 and A = Ls,,_,o yn are equivalent. Lastly, o has a
very interesting property: it contains every finite string as a substring infinitely often, with
probability 1.

Putting all these ideas together motivates the following definitions.

Definition 24. Let I be a set. Then o € IV is said to be disjunctive if for all N € N and

all o € I* then there are n,m € N with N <n < m such that
U[n,m} = Q.

In other words o contains every finite string infinitely often.

Definition 25. Let (X,d) be a metric space, F = {f;},.; be an IFS on X and B,A C X.
We say that the chaos game draws A starting in B if for all x € B and for all o € IN such

that o s disjunctive we have

A=L(o,x).
If A is a attractor in some sense then we will say that the chaos game draws the attractor.

We note that by this definition of the chaos game, only countable IFS can have attractors
drawn by the chaos game. This is because there are no disjunctive sequences in I when I
is uncountable.

Typically, the set B in the above definition is one of the basins discussed in the previous
section. One should always pay careful attention to the definitions used in the literature for
the chaos game. It is typical that authors embed their own basin directly into the definition.
This, among other definitional inconsistencies between papers, makes it somewhat difficult

to keep track of the cases in which the chaos game draws attractors. Sometimes authors use

a weaker definition such as A C {L(o,n,z)} but because of the basins and/or the type

neN?

of attractor these weaker definitions are equivalent to Definition 25.
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Remark 8. Perhaps a quasi attractor is the most general type of attractor on which to play
the chaos game. I am of the opinion that the chaos game should always draw the attractor
starting in the attractor otherwise I don’t think we capture the essence of Theorem 10. Fur-
thermore, an attractor should have some kind of self similarity condition such as m =A,
but much more preferably invariance. Consider a set A that has a proper nonempty, closed,
and sub-invariant subset B. I claim that A cannot be drawn by the chaos game starting in
A, indeed, we have for all o € I and b € B, L{o,b] C B C A and so L[o,b] # A for some

be A and all o € IN. Naturally the sets with no proper nonempty, closed, and sub-invariant

subsets satisfying some kind of self similarly condition are quasi attractors.

Suppose A is a quasi attractor of an IFS. Then for any z € Ls- B(A) and for all o € IN
we have that

A= Ls F"[z] D Lo, x].

n—oo

This can be easily seen from the following observation: for alln € NF*[z] = [, v LA, n, z].
Thus, if we play the chaos game starting in Ls- B(A), PWH- B(A) or strict- B(A) we only need
show that A C Lo, z]. This inclusion intuitively means that the sequence {L(o,n,2)}, o

“gets everywhere”. If x ¢ Ls- B(A) then the inclusion A D Lo, x| is actually problematic.

One way to deal with this inclusion would be to observe, that if AN {L(o,n,z)}, . # 0

(i.e L(o,m,x) € A for some m € N) then {L(o,n,z)} ~  C {L(o,n,z)} < A for some
m € N. This follows from A being closed and sub-invariant. Hence, in this case, we have
Lo, z] C A. Thus, perhaps one may think that if ANL[o, z] # ) then L[o, 2] C A. Generally,

this is not true. However we can achieve this result with an additional assumption on the

functions of an IFS.

Definition 26. Let (X,d) be a metric space and F = {f;},_; be a IFS on X. Then we say

el

that F is compositionally equicontinuous (c.e.c) if the set of all finite compositions of F,
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denoted

Fr=A{fo|a eI},

1S equicontinuous.

Furthermore, we define for all v € X
Flz] = | F*"[a].
neN

Sequences of equicontinuous functions are very well behaved: much like for a continuous
function, a sequence of equicontinuous functions (essentially) preserves convergence of the

sequemnce.

Proposition 13. Let (X,d) be a metric space, {x,}, .y be a sequence in X, and let {f,},

be a sequence of equicontinuous functions from X to X. We have that

1. if {fn},en converges pointwise to £ and {xy, }, o converges to x then

or equivalently

f(z) € Ls f,[z,)].

n—oo

2. if {f, }ren converges pointwise to f and {w,}, .y converges to x then

or equivalently

f(z) € Ls f,[x,].

n—oo
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If {xn},en has a convergent subsequence converging to x € X then

f(z) € Ls f,[z,)].

n—oo

Proof. 1.

Suppose {Zn, }reny — @ and € > 0. Since {f, }, . is equicontinuous, for the point = and § we
can get a 6 > 0so that for alln € N, f,,(Bs(x)) C Be(fn(x)). Also {f,(x)}, oy — f(x), so there
is a K € N large enough so that for all £ > K both d(f(z),f,, (v)) < § and d(z,,,z) < J.

Now consider

d(f(), £, (2n,)) < d(E(2), £, (7)) + d(En, (2), iy (20,)) < €.

Thus {f,, (7y,)} ey — £(); Therefore f(z) € Ls,—oo fr[2n].
2.

This case is very similar to the proof of 1. O

Although the above Proposition is of little practical importance to us, it aids our intuition

on how a c.e.c IFS would allow the set L[o, 2] to be more well behaved.

Lemma 3. Let (X,d) be a metric space, F = {f;}._; be a c.e.c [FSon X, v € X, 0 € I

iel
and A C X be a sub-invariant set with respect to F.

IfL(o,z) N A# ) then L(o,2) C A.

Proof. Let a € L(o, ) NA so there is a subsequence of {L(c, n,z)}, y converging to a. Now,
take € > 0 and by F being c.e.c there is a ¢ such that for all f € F*, {(Bs(a)) C B.(f(a)).

Now, there is N € N large enough for d(L(o, N, x),a) < 4.
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Note that for all n > N

L(o,n,xz) =f oL(o,N,z) =1

OnOn—1.--ON+1

)oL(U,N,x)

P(U[N+1,n]

and A is sub-invariant with respect to F.

So by equicontinuity and o, 4, .0y, (a) € A we have
e > d(L(o,n,2), {000 1.0n(a) > d(L(o,n,2), A).

This shows lim,, ;o d(L(o,n, ), A) = 0. However this means that L(o,2) C A, indeed take

y € L(o,z) and consider for some n € N
d(y,A) < d(y,L(o,n,z)) + d(L(o,n, x), A).

By the above, for every ¢ > 0 and every N € N we can pick an n > N such that
d(y,L(o,n,z)) < £ and d(L(o,n,z), A) < £. Thus d(y, A) = 0 and L(o,z) C A. O
Example 11. Let X be the unit circle in the complex plane (C) and consider the IFS,
F ={f, 71 = {f;,f_1} where for v € X with v = ™ o € [0,1)

f(z) = fi(z) = 2™
and
£ (z) = f_y(z) = ¥V,

We can see that for g € F and all x € X we have lim,, o, g°"(z) = *™ = 1. This
means that F has a semi-attractor, say A, that contains 1 and noting that 1 is a fized point

of both functions in F that A = {1}. However, I claim there is a disjunctive sequence of
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{1,-1}" 3 0 and x € X such that x € L]o,z]. Picko =1—1111—1—11—1—111111—1....
Explicitly for every n € N, the string O35 mam S mam] contains every string of length
n as a substring exactly once. Since functions commute with themselves and a function
commutes with its inverse, we can see L(c, Y _ m2™, x) =z for alln € N as o yn _ mom)
must contain the same number of 1’s and —1’s. Therefore, x € L[o,x] and if we take
x ¢ {1} = A then Lo, x] £ A.

This is an example of a non-equicontinuous IFS for which the result of Lemma 3 does

not hold.

For now, we will return to a more general commentary on IFS. Soon, we will be focusing
on achieving the inclusion A C L[o, z]. We will first study the basin w-B(A); it turns out
that this basin is strongly related to the largest set in which we can start the chaos game.

First we will define some convenient notations.

Definition 27. Let (X,d) be a metric space and F : X ~» X be a multifunction. Then we

define for all N € N and v € X
Fyle] = |J F"fe]

n>N

and

F*l2] = Fife] = [ F"[a].

neN

Furthermore, define for all N € N and x € X
Fo—N[I] — (FON)_[x]

and

Fy = (Fy) [l = J F" [l

n>N
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Proposition 14. Let (X,d) be a metric space, F : X ~~ X be a l.s.c multifunction , A C X

with F[A] = A and x € X.

Then the following are equivalent

1. A C Filz]

2. There is an N € N such that A C Fyy[z]

3. For all N € N, A C Fyz]

4. AC () Falzl = Ls F[a]
NeN

Proof. 1 = 2
Take N = 1.
2 = 3

Let M € N be arbitrary, if M < N then

AC G € Fyla] U ( U Fonm) ~ Fi ]

n=M

If M > N, we consider the multifunction F*™ =) it is 1.s.c and F*M~NM[A] = A. Thus, we

can apply F°M=N) to both sides of A C F[z] yielding,

A CFy[z

.
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3 — 4

For all N € N we have

A C Fylz].

Thus, by taking the intersection over N we get A C [y oy Fyl#] = Lspoo F*"[2].
4 =1

For all n € N we have

so take n = 1.

Notably, F[A] = A whenever A is a quasi attractor of F.
Theorem 15. Let (X,d) be a metric space, Then the following hold.

1. For all N € N, w-B(A) = {x eX|AC F*N[x]}

2. For all N € N,
w-B(A) = () () Fx'[Be(a)

acAe>0

3. For all N € N and any a € A,

w-B(A) = [ Fy'[B.(a)

>0

4. Given any N € N, the set B = w-B(A) is the largest set salisfying

A= (\F3E

zeB
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5. For all N € N,
Fy'[w-B(A)] = w-B(A)

and

(FR)T[X \ w-B(A)] = X \ w-B(A).

Proof. 1.

Since A is a minimal closed, sub-invariant set of F we know that F[A] = A and so we can
use the equivalence of item 4 and item 3 of Proposition 14 to give the result.
2. C

Let N € N and z € w-B(A) and so by 1 we have A C Fy[z]. So for all a € A, a € Fylz],

and thus for all € > 0 we have

B.(a) N (Fiy[2]) # 0.

Hence there is a n > N such that

B.(a) N (F°"[z]) % 0.

Thus by definition of the inverse of a multifunction x € F*7"[B.(a)] C Fy*'[Bc(a)]. Putting

all of this together yields = € (,c4 (s Fn'[Be(a)].

e>0

D)

Conversely, suppose that € (,c4(\eso Fn [Be(a)]. Pick any a € A and any € > 0 then

e>0

x € F"[B.(a)] and so there is an n > N such that © € F°7"[B.(a)]. Thus, again by definition

of the inverse of a multifunction

0 # Be(a) N (F*"[z]) € Be(a) N (Fy[z]) # 0.

As this holds for all € > 0, a € Fy[z]. But this holds for all a € A as well, so A C F}[z] and
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x € w-B(A) by 1.
3.
By 2, we need only show for every a € A that (., Fy'[Be(a)] € NpeaNeso Fn'[Be(b)].

So suppose that a € Aand z € [ ~ [B.(a)]. So for all € > 0 we have Fy[z]NB.(a) # 0,

e>0

giving a € F}}[:r;] But A is a minimal closed, nonempty, and sub-invariant set of F, so

F*la] = A. Thus

Fla] € F* [Fafe]| € R[] = Fa [

and so A C F,[z]. Therefore, by 1, x € w- B(A).
4.

Suppose that B satisfies
A= (Fyla]
zeB

for some given N € N. Then we can see that for any y € B

A=) Frlz] CFLY]
z€eB
and so, by 1, we have y € w-B(A). Therefore B C w-B(A) and by Theorem 14 w-B(A)
satisfies the identity.
D.
Pick x € Fy [w-B(A)]; for some N € N then Fjy[z] N w-B(A) # 0. So pick y € Fylz] N

w- B(A) and consider

So x € w-B(A) by 1.

For the converse we proceed by contraposition. Suppose that « ¢ F*[w- B(A)] for some
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N € N then recalling that A C w- B(A) we have

0 =Fylz]nw-B(A) D Fylz] N A.

So we see that () = Fj[z]NA by taking the closure of the above and recalling A is closed. Thus

it must be the case that A € Fy[z] and « ¢ w-B(A). Therefore w- B(A) C Fy [w-B(A)].

By Proposition 5, the identities in question are equivalent. O

Theorem 15 gives us many different ways of expressing the set w- B(A). Some of which
strike the author as bizarre, particularity Item 5. Item 4 suggests that every minimal closed,
nonempty, and sub-invariant set of a l.s.c multifunction behaves like a semi-attractor on its
weak limsup basin of attraction. Thus it would very interesting if w- B(A) is a sub-invariant
set of a l.s.c multifunction. Unfortunately this does not seem to be the case in general.

However (perhaps frustratingly), the complement is sub-invariant.

Corollary 15.1. Let (X,d) be a metric space, F : X ~» X be a l.s.c multifunction and A be
minimal closed, nonempty, and sub-invariant set of F.
Then for all N € N
Fy[X \w-B(A)] C X\ w-B(A).

Proof. By Theorem 15 we have (Fi)"[X \ w-B(A4)] = X \ w- B(A). So we can apply F} to

this equation and recall Item 2 of Proposition 5, yielding

FN[X\ w-B(A)] = FR [(F})T[X \ w-B(A)]] € X\ w-B(A).

We will finally show why w- B(A) is of any interest.
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Theorem 16. Let (X,d) be a metric space, F = {f;},.; be a IFS with Hutchinson-Barnsley

el
operator being 1.s.c multifunction and A C X be a quasi attractor of F. Further, let o € IV
and x € X.

If ANL[o,z] # 0 then for all n € N we have L(o,n,x) € w-B(A). Furthermore, suppose

that = has the property: for every disjunctive X € IN we have that
ANLA z] # 0.

Then z € (F*)" [w- B(A)].

Proof. Proceed by contraposition. Suppose that for some n € N, L(o,n,z) € X \ w- B(A);
then by Item 3 of Theorem 15, for all a € A and some € > 0, for all f € F* we have
d(a,f(L(o,n,z))) > €. But for every m > n there is an f,, € F* such that f,, oL(o,n,x) =
L(o,m,x). But this means that a ¢ Lo, z] for all a € A, so AN Lo, x] = 0.

To prove the “furthermore”, first define
normal(I") = {A € I"' | X is disjunctive }
and observe that for any o € I* the set
anormal (I") = {aX € I | X is disjunctive} C normal(I")

as a\ still contains every finite substring infinitely often whenever A does. Now pick any
a € I". I claim that £,(2) € U,en Uenorma(my (A 1, ). Indeed, pick any A € normal (/™)

and oA € normal (/). This means that L(a, |af,z) € U,y Usenormal(ry L(A, 7, ). But

L(aA, [af, z) = fa(z) € U,en Urenommarm LA n, @).
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This shows that

F*[z] = U fo(z) C U U L(A, n,x).

ael* nEN Aenormal(IV)

The other inclusion holds as well: observe that L(\, n,x) = fp(/\[l n])(:v) for any \ € IM.

Now, assuming that for every disjunctive A € I we have that
ANL z] #0,

we see that, by the first part of this Theorem, for all n € N and \ € normal([ N) we have
L(A,n,z) € w-B(A). Thus

Fla] =) | L\nz) CwBA).
n€N Aeénormal(IN)
Therefore, z € (F*)*[w-B(A)].

]

Theorem 16 tells us that (F*)"[w- B(A)] is the largest set in which we can start the chaos

game and expect it to always draw the attractor.

Remark 9. The fact of (F*)" [w- B(A)] being the largest starting set for the chaos game can
be seen probabilistically as well. Suppose that when playing the chaos game, with a finite
IFS, where we select the each function with probability no less then p € (0,1] to construct
o € IN. This means that probability of o having prefiz o € I* is no less then pl*! > 0.

Now if x ¢ (F*)"[w-B(A)] then v € X \ F*T[w-B(A)] = F*[X \ w-B(A)]. This means
there is an o € I* with f,(x) € X \ w-B(A) and by the above there is a nonzero probability
that we have L(o,|a|,z) = fo(x) € X \ w-B(A). So, by the contrapositive of the first part

of Theorem 16, AN L[o,x] = 0. Therefore, if the maps of the chaos game are picked with
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probability no less then p € (0,1] and x ¢ (F*)*[w-B(A)], then there is a nonzero chance of
chaos game failing to draw the attractor (in a most spectacular fashion as L[o,z] N A = ()

will occur with nonzero probability).

Although, we have no reason to believe that w-B(A) is sub-invariant we can show that
(the arguably more important set taking into account Theorem 16) (F*)"[w-B(A)] is sub-

invariant.

Proposition 15. Let (X,d) be a metric space, F : X ~~ X be a multifunction and A C X.
Then
F[(F) " [w- B(A)]] € ()" [w-B(A)]

and

F*[(F*) [w-B(A)]] € ()" [w-B(A)].

Proof. Suppose that 2 € (F*)"[w- B(A)], and consider a y € F*[z] C w-B(A). Since F*[x] is

sub-invariant with respect to F it is also sub-invariant with respect to F*. Thus we can see,
F*ly] € F*lz] € w-B(A)

and so y € (F*)"[w-B(A)]. Therefore, F*[(F*)"[w-B(A)]] € (F*)"[w-B(A)] and recalling
that F C F* we have F[(F*)"[w- B(A4)]] C (F*)"[w-B(A)]. O

Now we know the sequence of points generated by the chaos game must be contained
in w- B(A). This fact, along with equicontinuity, will aid us in our quest of achieving the
inclusion A C Lo, z]. We would like to mention that the author was inspired by Lemma
3.15 of [5] (see also Proposition 1.2 of [14]) and Theorem A.2 of [5], in the creation of the

following result.
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Lemma 4. Let (X, d) be a metric space, F = {f;},.; be a c.e.c IFS on X, x € X, and A be

el
a quasi attractor of F.

If K C (F*)"[w-B(A)], where K is compact, then for every ¢ > 0 and every a € A there

is an o € I* such that for every v € K there is an n < |a| with

fﬂ(a[l,n]) (I) S BE(CL)

or equivalently
o]
T € £ c(a)

me1 p(alm

—

Proof. Pick a € A and € > 0; then, by Theorem 3, F* is uniformly equicontinuous on K, so
for £ there is a 6 > 0 such that for all f € 7* and all z € K, {(Bs(z)) C Bos(f(z)). Now K
is totally bounded, so there is a finite set {xk}gil of K such that K C UkM:1 Bs(xg)-

We now recursively define a € I*, we pick a; € I such that

fa1 (ZL’l) S BO.E)&(G)

we can do this because 2; € K C (F*)"[w-B(A)] C w-B(A). Also note that f,, (zy) €

F*[xo] C w-B(A), and so we can pick as € I such that

fosar (72) € Bose(a).

But again we see that f,,., (z3) € w-B(A).

Thus we can continue to pick a4 € I for £ < M, such that

fozkoak_l...agoq (xk:) € BO.5€(a)7
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provided fa, | asa, (2r) € w-B(A), which is the case since z, € K C (F*)"[w-B(A)] so for
all f € F* we have f(zy) € F*[K] C w- B(A).

Now pick an x € K; then there is a k € [M] such that = € Bs(zy), and, by equicontinuity,
we have that d(fakak,l...a2a1<xk)7 foran 1. ason (x)) < §. Thus, we see,

d(fakak—1--.a2a1 (2), a) < d(fozkak_p-wm(x)’fakak_1..-a2a1(xk‘)) + d(fakak_l-..wm(xk‘)a a) <€

by recalling that fa, 0, ;. ases (T) € Bose(a).

This concludes the proof. O

Lemma 4 is a key result in showing the inclusion A C Lo, z|. It allows us to get as close
as we need to a point in A from anywhere in some compact subset, say K, of w-5(A) using
only one map from F*. The fact this map works for all z € K is what allows us to be able
to say anything definitive about the chaos game.

We can now state a result concerning the chaos game with c.e.c IFS.

Theorem 17. Let (X,d) be a metric space, F = {fi},.; be a c.e.c IFS on X, v € X
and A be a compact quasi attractor of F. Then A is drawn by the chaos game starting in

(F*)"[w-B(A)] N O.

Proof. Suppose that z € (F*)"[w-B(A)] and o € IN be normal. By Lemma 3 if we show

that AN L[o,z] # 0 then Lo,z] € A. Thus, we need only show that A C L[o,z]. To

achieve this we apply Lemma 4. First note that x € O, so F*[z] is compact. Thus for

all A € IN and n € N, L(A\,n,z) € F*[z] so the set {L(A,n,x)}, y is compact. We must

also show that {L(o,n,z)} _ C (F*)"[w-B(A)]. Pick n € N and suppose that L(o,n,z) ¢

neN =

(F*)"[w- B(A)]. This means there is an f € F* such that f(L(o,n,2)) ¢ w-B(A). But we
can see that f(L(o,n,x)) € F*[z] C w-B(A), which is a contradiction. So {L(o,n,2)}, . C

(F*)"[w- B(A)] and we can apply Lemma 4.
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Pick any a € A. I claim that there is a subsequence of {L(c,n, )}, .y converging to a.
Indeed, by picking € = % for k € N we can find o € I* such that for every n € N there is

an ¢ € N for which

fp(ak ) oL(o,n,z) € IB%%(CL)

by Lemma 4. Now o is disjunctive so there is an increasing sequence of natural numbers

{n} ey such that

_ k
Olng,np+lak] = Q-

This means that for all k¥ € N and all m < |o*| that
f  » yoL(o,ng x)=L(o,n, +m,x)
p(ohim)

and from before there is an m;, < |a*| for which

£ . oL(o,nk,x) = L(o,ng + my, ) € Bi(a).
p<a[17mk]> k

So the sequence {L(o,nj + my, x)},cy — a. Therefore A C L{o, z| and, by previous discus-

sion, A = L[o, z]. O

Note that Theorem 17 does not assume the IFS is finite. Furthermore, if the space X is
compact then the chaos game draws A starting in (F*)*[w- B(A)], which by Theorem 16 is
the largest set in which we could possibly start. We can also see that if A is a semi-attractor
then (F*)"[w-B(A)] = (F*)"[X] (by Item 3 of Theorem 15); but (F*)*[X] = X, as for all

x € X we have F*[z] C X. So we can conclude the following.

Corollary 17.1. Let (X,d) be a compact metric space, F = {f;},.; be a c.e.c IF'S on X,

el

x € X and A be a semi-attractor of F. Then the chaos game draws A starting in X.

Proof. See preceding discussion. O

96



If we assume some additional properties of the IFS we can weaken the requirement for

compactness of the space in Corollary 17.1.

Definition 28. Let (X,d) be a metric space and F = {f;},.; be a continuous IFS on X.

Define
Cr= {x | there is sequence of functions {f;}, .y — ® uniformly, where Vk € N, f;, € .7:*}

Theorem 18. Let (X,d) be a metric space and F = {f;},.; be a uniformly continuous IFS

el

on X. Then
F[Cz] C Cx.

Furthermore, if Cr # 0 then Cr is the semi-attractor of F.

Proof. If C'x is empty then it is sub-invariant. Suppose that ¢ € Cx then there is a
{for}pey — ¢ Thus, for any v € X, {fy(z)},cy — ¢ To show sub-invariance, consider
any ¢ € I and, by uniform continuity, {f; of,x}, y converges uniformly to the constant f;(c).
This proves C'r is sub-invariant.

Suppose now that ¢ € Cr. Observe that for all £ € N and for all x+ € X we have

fr(z) € Upen F"[2]. As U, en F*"[7] is closed ¢ € |,y F*"[2] for all z € X. Thus, for all
€ X we have ) # Cr C |, oy F"[#] and,

0+ (N Trc N JF"al

zeX zeX neN

So, by Lemma 1 Cr is the semi-attractor of F. n

Theorem 19. Let (X, d) be a metric space, F = {f;},.; be a c.e.c and uniformly continuous

IFS on X with Cr # 0. Then the chaos game draws A starting in X .
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Proof. Let ¢ € Cr so there is a sequence of F*, say {fon}, .y, with o € I* for all n € N,
converging uniformly to c.

We claim that for every sequence {x,, }, .y of X that the sequence {f,n(z,)}, oy converges
to c. Indeed, since the convergence of {fon}, .\ to c is uniform, for all € > 0 thereis an N € N

such that for all n > N

d(fan (), ¢) < supd(fan(z),c) <e.

zeX
Thus, the claim holds.

Let o € IN be normal, for all n, N € N there is an m,, > N such that

p(U[l,mn]) [1,]an|] =a".
Hence, there is subsequence of {L(o,n, )}, oy for any € X satisfying, for all n € N,
fon o L(o, my,, x) = L(o,m, + ", x).

But {L(o,my, )}, nis just some sequence of X, so by the claim {L(o,m, + |&"|,2)},cx
converges to c.

Thus, Cr C L(o,z), but Cr is sub-invariant and Cz N L(o,z) # (. So, by Lemma 3,
CF D L(o, 7). Recalling that L(o, z) is closed yields Cr = L(o, z).

[]

Remark 10. The concept of c.e.c IFS was studied in [12] and to a lesser extent in [5].
Proposition 8 of [12] relates c.e.c IFS to non-expansive IFS. It states that for a c.e.c IF'S, F,
and for every compact sub-invariant subset K of a metric space (X,d) there exists a metric
p on K equivalent to d such that F is a non-expansive IFS on (K,p). The proof of this

Proposition is essentially omitted and is effectively found in Lemma 3.1 of [13].
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This strongly suggests that the case of c.e.c IFS and non-expansive IFS are essentially
the same thing. However the proof of this result is truly reliant on compactness and the

sub-invariance of K. And so there they should be considered in separate cases.

We end this section with a miscellaneous result the author always thinks is useful but

never is.

Proposition 16. Let (X,d) be a metric space, F = {f;},.; be a finite continuous IFS on
X,z € X and o € IN. Then
Lio.2] € F-[Ljo. 2]

Furthermore, if {L[o,n, x|}, oy is compact then

Lo, 2] C F[L{o, z]].

Proof. Suppose that a € L{o,z]. We must show there is an i € I such that f;(a) € Lo, z].

There is a sequence {L(co,n, )}y — @, and of course we know that

f L(o,ng, x) = L(o,n, + 1, x).

Ong+1 o

But I is finite, so there must be an ¢ € I such that ¢ = 0,41 for infinitely many & €
N. Thus for one choice of such an i we can pick a subsequence of {L(o,nk, )}, oy, say
{L(o, s ) } ey — @, with f;0L(0,ny,,, ) = L(o,n, +1,2) for all m € N. But by
continuity of f; we have {L(o,n,, +1,2)},,cy — fi(a). Hence, f;(a) € L{o, ).
To prove the furthermore, for a € Lfo, x| and {L(o,ny, )}, — @ we observe instead
that
fo

oL(o,n; — 1,z) = L(o, ng, x).

"k
and much like before we can take a subsequence of {L(o,ny, )}, o, say {L(o, ng,., ) },ens
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with f; oL(o, ng,, — 1,2) = L(o,ny,,,x) for all m € N and some fixed i € I. Additionally,
we can take {L(o,ny,, —1,2)}, oy to converge, to say ag, by compactness. This means that
{tioL(o,ng,, — 1,2) = Lo, ng,,, 2) },,eny — fi(az) and {L(o,ny,,, 7)},, oy is a subsequence of

{L(o,n, )} ey — @. Thus, f;(az) = a and a € F[L[o, ]]. O
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Chapter 5

Conclusion And Further Work

The main contributions of this work are: Theorem 12, where we characterize when a l.s.c
multifunction has a semi-attractor and, following that, provide several sufficient conditions
for an IF'S (possibly discontinuous and infinite) with its Hutchinson-Barnsley operator being
l.s.c. Theorem 16 shows that for any JF, with its Hutchinson-Barnsley operator being l.s.c,
the initial point of the chaos game must start in (F*)*[w-B(A)] in order for the chaos
game to be guaranteed to draw a quasi attractor A. Theorem 17 shows that for every c.e.c
IFS with compact quasi attractor A, the chaos game draws A with initial point stating in
(F*)" [w-B(A)] N O.

There are many avenues of future research:
1. Extend the results of Theorems 12 and 16 to more general topological spaces.

2. Extend the results of Section 4.2 to topological spaces, using the concept of evenly

continuous sets of functions instead of equicontinuity.

3. Carefully examine how the sets w- B(A) and (F*)* [w- B(A)] relate to the “probabilistic

chaos game” or other random iteration algorithms.
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4. Find characterizations of largest /maximal super-invariant sets of a lower semicontinu-

ous or outer semicontinuous multifunction.

5. Prove or disprove that for every IFS F with lower semicontinuous Hutchinson-Barnsley
operator there is a continuous IFS G for which G = F. Additionally, if F is finite then
can we take G to be. Further, is playing the chaos game with F equivalent to playing

it with g7
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Appendix A

Notation Appendix

Here for reference we define some notion used throughout this work.

Let (X, d) be a metric space and (Y, p) be a metric space. Let A and B be sets.
o BA={f|f: A— B}

[ ] 2A = {A1’A1 g A}

BX (z0) = {x € X|d(x,z0) < r} for r € (0,00) and x5 € X

Iff: A— Band A; C A then f(A4;) = {f(a) | a € A1}

Iff: A— Band By C B then f 1(B)) = {a € A|f(a) € B}
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