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Abstract

In modern industrialized countries, human birth rates have been declining persistently

for decades, and have now fallen below the replacement threshold in many countries.

However, unlike in natural populations where population growth is constrained by limited

resources, lower birth rates in modern industrialized countries are positively correlated

with resource availability. Here, we show that declining birth rates in human populations

are actually a manifestation of density-regulated population growth brought on by socioe-

conomic development. This is demonstrated by combining empirical power law relations

between population size, GDP per capita, and fertility in a simple theoretical model de-

scribing population dynamics in developed countries. For a closed population, the model

exhibits growth to a globally-stable equilibrium population size, for both national and city

populations. The model exhibits a good fit to long-term time series data on population

size, GDP per capita, and birth rates for the United States, France, and Japan.
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The effects of limited resources on population growth have long been studied through

simple models such as the logistic model of Verhulst,

dN
dt

= rN
!

1! N
K

"
, (1)

where r is the net per capita fecundity K is the carrying capacity, and N is the population

size (Verhulst 1838). As N increases, the growth rate declines due to the term (1!N/K).

This effect is usually described as density dependence or density-regulated growth. The

detection of density dependence in various natural populations and its implications for

population dynamics have long been the impetus of numerous empirical investigations

(Fowler 1987, Forchhammer et al. 1998, Volkov 2004, Lande et al. 2006), while the

development and characterization of mathematical models exhibiting density-dependent

growth has likewise been the frequent subject of theoretical ecological research (May

1973, Hassell 1975, May et al. 1981, Turchin 1990, Beckerman et al. 2002).

Pearl and Reed applied Verhulst’s model to predicting the carrying capacity of the

earth’s human population (Pearl & Reed 1920). This and several subsequent attempts

failed: the predicted carrying capacities from these studies were, in time, exceeded as

the world’s human population continued its rapid expansion (Cohen 1995). However,

the Verhulst model and other simple population growth models continue to be studied

in population biology, where they are extensively applied to animal populations (May

1973, Berryman 1991, Lindenmayer et al. 2003, Sibly et al. 2005). Ironically, Verhulst

presumably had humans in mind when he developed his model, having cited Malthus’

essay on population growth and having tested his model against census data from Euro-

pean populations (Verhulst 1838, Malthus 1966).

In density-dependent growth in natural populations, population growth in the face of
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resource limitations is down-regulated either through death before reproductive maturity

(i.e., through starvation, predation, pestilence, etc.), or through a reduction in the num-

ber of offspring produced by an individual (May 1973, Beckerman et al. 2002, Lande

et al. 2006). In most phases of human development, such Malthusean forces have been

in operation. For instance, in the early stages of the industrialized era, birth rates grew

with rising per capita income (Oded 2005), and during this time, death often occurred

before sexual maturity. These Malthusean forces thus far have not operated strongly

enough to check global human population growth, and the earth’s human carrying ca-

pacity continues to be a moving target (Cohen 1995). Concerns continue to arise as to

whether the carrying capacity will soon be reached due to environmental constraints,

causing premature mortality at a global scale (Daily & Ehrlich 1992).

However, humans have been behaving in decidedly non-Malthusean ways since the

middle of the industrial era, when birth rates began declining as wealth and productiv-

ity measures–such as personal income and gross domestic product (GDP) per capita–

continued to rise. This “demographic transition” to non-Malthusean population growth

occurred in the late 19th century in most developed countries and in the middle of

the 20th century in many lesser-developed countries (Becker et al. 1990, Oded 2005).

Birth rates continue to decline steadily in an increasing number of countries (Bongaarts

1999,Fernández-Villaverde 2001,Moses & Brown 2003). In some countries, the number

of births per capita has dropped below the threshold at which the population can replace

itself, and has even led to reductions in the total population size (Stats Bureau 2007).

Naturally, this has caused concern about future demographics and national economic

health (Faruqee & Muehleisen 2003). This decline appears paradoxical, since humans
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seem to be the only animals to undergo reduced population growth as resources become

increasingly abundant.

Various theories have offered different proximate explanations of the demographic

transition. However, most are rooted in the idea that socioeconomic development is

ultimately responsible for the decline in birth rates. According to some economic the-

ories, birth rates decline during a demographic transition because human capital (the

productive skills and technological knowledge of a nation’s labor force) becomes in-

creasingly valuable as the country develops. This means that parents come to prefer

raising a small number of well-educated offspring, rather than a large number poorly-

educated offspring–essentially, a tradeoff of quality over quanitity of children (Becker

1960,Becker & Lewis 1973,Becker et al. 1990,Galor & Weil 2000,Fernández-Villaverde

2001). Others have argued that educating women and improving their social status

(hence giving them greater control over their reproduction) has been the cause of declin-

ing birth rates worldwide (Bongaarts 2003,UN 1995,Martin 1995,Bryant 2007). These

studies point to evidence from statistical analyses of development indicators across var-

ious countries. Evolutionary biologists have likewise taken a unique perspective on

the problem, arguing that evolutionary selection for high birth rate has been relaxed

under the demographic transition, ultimately due to the empowerment of women and

widespread availability of public healthcare and welfare (Aarssen 2005). This effect has

also been compounded by other factors: a nation’s development eventually progresses

to the point where the individual’s drive for “legacy”, previously an evolutionary mech-

anism that promoted higher birth rates and was thus selected for, becomes important in

and of itself, leading parents to have fewer offspring (Aarssen & Altman 2006, Aarssen



C.T. Bauch Wealth as a source of density dependence 6

2007). Others have theorized similarly in a non-evolutionary context that higher levels

of socioeconomic development provide individuals with compelling substitutes to hav-

ing children (such as professional careers) that distract individuals from having large

numbers of children (Friedlander & Feldmann 1993). Although some theories argue

that the dispersal of new ideas questioning the desirability of large numbers of offspring

accounts for the demographic transition in some modern lesser-developed countries,

they do not offer explanations for why such ideas have only become popular in recent

decades and not in times past (Bryant 2007).

Recent research illustrates how human socioeconomic systems may be subject to

some of the same constraining principles that govern natural populations. For instance,

Moses and Brown show that the average birth rate of a mammalian species is related

to its per capita metabolic energy consumption through a power law b = b0E!!, where

E is per capita energy consumption, b is the birth rate, b0 is a constant and ! > 0 is a

scaling exponent (Moses & Brown 2003). In humans, a country’s average birth rate is

also shown to be related to the country’s per capita extra-metabolic energy consumption

through a power law. Surprisingly, the scaling exponent of the power law relationship is

the same for both animal metabolism and human extra-metabolic energy consumption.

The authors propose a theory of allometric constraints that recovers the observed power

law relationship in both systems, and explains how the same allometric principles in

both animals and humans can govern the relationship between energy consumption and

the number of offspring that an individual may reproduce.

In a similar vein, Bettencourt et al recently describe how a strikingly wide range

of urban indicators are strongly correlated with a city’s population size, again through
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a power law (Bettencourt et al. 2007). These indicators include GDP, electrical cable

length, number of serious crimes, number of patents, and new AIDS cases, among oth-

ers, and are categorized according to whether the scaling exponent is greater than 1

(indicators associated with innovation and wealth creation) or less than 1 (indicators

associated with economics of scale). Cities are compared to biological systems, which

are governed by economics of scale (c.f. Moses & Brown 2003). The authors also de-

rive growth equations that describe the population dynamics of cities. They find that,

if growth is driven by economics of scale, city population approaches a stable carrying

capacity, while if growth is driven by innovation and wealth creation, city population

grows at an unsustainable rate. This in turn leads to stagnation and population collapse

in a finite time, unless conditions are created to allow for cycles that perpetually post-

pone the collapse.

Here, we link some of these previous observations from the complex systems liter-

ature to additional empirical and theoretical observations relating demographics to eco-

nomic productivity, in order to study the phenomenon of declining birth rates in modern

industrialized countries. In particular, we use observed empirical power law patterns

to derive a simple model of population dynamics at the country level that shows how

declining birth rates are actually an example of density-dependent growth, wherein high

population densities depress a population’s growth rate. However, it is an unexpected

and unusual form of density dependence in that greater socioeconomic development (re-

flecting greater resource availability) leads to reduced birth rates, not heightened birth

rates as in natural populations and pre-industrial human populations. Hence, the source

of density dependence in this case is ultimately socioeconomic development, not re-
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source limitations leading to famine, predation or disease. Our goal is not to develop

a model that can be used to inform policy or explain the cause of the demographic

transition (though these are interesting issues as well), but rather, to show that the de-

mographic transition can be seen as a manifestation of density-regulated growth. The

model derived here is similar in form to that of Verhulst, but with a very different mech-

anistic basis. We also arrive at qualitatively different conclusions from Bettencourt et al

for the case where a country’s economy is driven by innovation and wealth creation (Bet-

tencourt et al. 2007). Of the various available indicators of socioeconomic development,

GDP per capita is perhaps the most useful because it is more easily quantified than many

other measures of development, and because data on GDP per capita are widely avail-

able. Hence, we use GDP per capita as a marker of socioeconomic development. In

the following sections, we derive a basic model that permits an exact solution, and an

extended model that incorporates greater realism and can be fitted to empirical data to

check for the generality of the model dynamics.

Methods

Basic Model

The basic country-level model of population dynamics is derived from empirical obser-

vations relating city size, gross domestic product, city size distributions, and birth rates.

We start by describing Zipf’s law for cities (Zipf 1949, Gabaix 1999), which states that

the log-log plot of city population size versus the city rank (in terms of population size)



C.T. Bauch Wealth as a source of density dependence 9

is linear with power law exponent minus one, or

nr =
C
r

= Cr!1 (2)

where nr is the size of the rth ranked city and C is a constant. The fit of Zipf’s law

to data for the top 160 Metropolitan Statistical Areas (MSAs) of the United States in

2005 is depicted in Figure S1 (Supplementary Material). These 160 MSAs constituted

96% of the total US population in 2005. The regression fits the data well (R2 = 0.96),

yielding a power law exponent of!1.041. In the United States this pattern has remained

remarkably consistent over the past century, with only small deviations of the power law

exponent from minus one (Zipf 1949,Gabaix 1999). Population growth is accomodated

through growing values of the parameter C = C(t). Interestingly, a quadratic function

of the form

nr =
D

a0r2 +b0r +1
(3)

gives an even better fit (R2 = 0.995), especially at smaller city sizes (Figure S1). Again,

population growth is accomodated through allowing D = D(t).

A country’s total population size N can be written as N = "#
r=1 nr. Since this series

diverges if Zipf’s law (Eq. (2)) is used, we instead use the quadratic model (Eq. (3)),

which fits the US data better in any case. Thus,

N(t) =
#

"
r=1

D(t)
a0r2 +b0r +1

= D(t)
#

"
r=1

1
a0r2 +b0r +1

"$D(t) (4)

Fitting Eq. (3) to the US data (Figure S1) we find that a0 = 0.000661 and b0 = 0.13, and

thus $# 25.73.

Likewise, a country’s total GDP can be expressed as

G =
#

"
r=1

gr (5)
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where G is the total GDP of the country, and gr is the GDP of its rth ranked city. Bet-

tencourt et al (Bettencourt et al. 2007) point out that a city’s GDP is strongly related to

its population size via

gr = %n&
r (6)

where & # 1.2 (Bettencourt et al. 2007) and % is a constant. Eq. (6) holds as long as

a “city” is defined as a physically integrated set of populations, typically comprising

an urban core and surrounding communities, with a unified infrastructure and labor

market (Bettencourt et al. 2007). (Thus, for instance, if the five boroughs of New York

City were defined as separate cities, and a similar exercise was carried out for all closely-

integrated urban centres in the United States, we expect that Eq. (6) would no longer

hold.) For the case of the United States, this definition of a city corresponds closely to

that of the “Metropolitan Statistical Area” data presented in Figure S1. The power law

exponent % can be thought of as representing “inherent productivity” not dependent upon

city population size, or any other factors highly correlated with its population size. The

parameter & for cities in China (2002), the European Union (1999-2003) and Germany

(2003) has been measured to be 1.15 (95% CI 1.06, 1.23), 1.26 (95% CI 1.09, 1.46), and

1.13 (95% CI 1.03, 1.23) respectively (Bettencourt et al. 2007). Combining Eqs. (3),

(4), (5), and (6) yields

G =
#

"
r=1

%
!

N
$(a0r2 +b0r +1)

"&
= %N&

$&

#

"
r=1

1
(a0r2 +b0r +1)& "

%'
$& N& (7)

where the constant '""#
r=1

1
(a0r2+b0r+1)& . For & = 1.2 we have '# 16.80. A country’s

GDP per capita is therefore given by

g =
G
N

=
%'
$& N&!1 (8)
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While it is well-known that higher GDP per capita is positively correlated with re-

duced birth rates, it is not widely reported that these two quantities can be related in

particular by a power law equation

b = b0g!( , (9)

where b is number of births per person per year, and b0 and ( are constants. Figure 1a

illustrates strong empirical support for this relationship within the United States every

10 years from 1850 to 2000. The power law exponent for the US data is ( = 0.40,

with R2 = 0.91. Figure 1b,c also shows strong support for a power law relationship

within each of the 10 most populous developed countries from 1960 to 2005; Germany

is excluded due to reunification in 1991. Interestingly, a power law also relates birth rate

to GDP per capita across all the world’s countries in 2005 (Figure 1a), with a power law

exponent ( = 0.33 and R2 = 0.64 (see also Ref. (Aarssen 2005)).

Population dynamics can be described by a birth-death model

dN
dt

= bN!dN = N(b!d) , (10)

where d is the per capita death rate. Combining Eqs. (8), (9) and (10) yields the model

equation
dN
dt

= N
!

)
N((&!1) !d

"
, (11)

where ) = b0$&(

%('( . This model has the same form as many classical models such as

the logistic model of Verhulst, Eq. (1). The model equation can be solved explicitly,

yielding:

N(t) =
#)

d
+ e!d((&!1)t

$
N(0)((&!1)! )

d

%& 1
((&!1) (12)
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where N(0) is the initial population size. The solution exhibits a sigmoidal growth curve

and a globally stable, nonzero population size. We note that the initial growth phase

predicted by the model is not necessarily relevant, since the model applies only to in-

dustrialized societies which already have large values of N. The equilibrium population

size is given by

N =
')

d

( 1
((&!1) =

)
b0$&(

d%('(

* 1
((&!1)

(13)

Eq. (11) describes a population subject to density-regulated population growth: a higher

population size N reduces the per capita growth rate by reducing the birth rate )/N((&!1).

Eq. (11) also implies that birth rates in a given country should be directly related to pop-

ulation size of the country by a power law. This is confirmed, both in the 10 most

populous developed countries from 1960 to 2005 (Figure S2), as well as in the United

States over the past 150 years (Figure S3a). Interestingly, the R2 values of the power

law fits are generally higher for the plot of birth rate versus population size (Figure S2

caption) than for the plot of birth rate versus GDP per capita (Figure 1 caption). An

alternative derivation of Eq. (11) using the Cobb-Douglas production function can be

found in the Supplementary Material.

Extended Model

All human populations are open at one point or another to the flow of labor, technol-

ogy, or capital from other populations. Such influences can have a significant impact

on model predictions of GDP per capita and population size. Hence, we develop an ex-

tended model of an open population to allow for comparison of model predictions with

empirical data.
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The inflow of labor into a country can be accounted for by adding an immigration

term * to Eq. (11). Similarly, a country’s GDP per capita rises not only because of

economics of scale and agglomeration due its own population growth, Eq. (6) (Kuznets

1968, Bettencourt et al. 2007), but also because of the inflow of capital or technology

from other populations. Hence, the parameter % actually increases significantly over

time in an open population as the population absorbs technology and capital from other

countries, thus boosting productivity. This can be accounted for in Eq. (11) by assuming

% = %(t) = %(0)e+t .

Death rates also begin to fall during demographic transitions, as improvements in

health technology and personal income lengthen lifespans (Fernández-Villaverde 2001,

Aarssen 2005). However, death rates have been relatively constant in the United States

since the 1950s (Figure S3b) and in many other developed countries since the 1960s

(data not shown), and are best fitted by a function of the form

d(N) = a+be!cN (14)

where d(N) is the number of deaths per person per year. This function describes an

exponential decay in the death rate bounded below by a fixed value (Figure S3b). We

note that, if population size N is replaced by time t in Eq. (14), the modified equation

also fits data on death rate versus time very well and can be used instead.

We modify Eq. (11) to take into account the inflow of labor, technology, and capital,

and a population-dependent death rate, yielding

dN
dt

= N
!

)(t)
N((&!1) !

+
a+be!cN,"

+* , (15)

where )(t) = b0$&(

%(t)('( and * is a constant. This model is referred to as the extended model,

in comparison to the basic model developed in the previous section. Both the basic and
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the extended model apply to any country where the majority of the current population

was born after the country’s demographic transition. Therefore, it may be less valid for

countries undergoing an accelerated demographic transition.

Results

Several representative time series for the basic model, Eq. (11), are shown in Figure 2a.

The dynamics are very sensitive to the value of %. We note that the early stages of growth

in this model are not necessarily realistic, since the model only applies to countries in the

industrial stage, by which time the initial population size is already significant. We also

note that the time required to reach equilibrium in real populations will be significantly

shorter than suggested by the simulation: incoming technological knowledge and capital

accumulated from other countries means that % is actually increasing over time as world

population grows. This, in turn will compress the growth curve along the time axis for

any given country and result in lower final population sizes. Figure 2b shows how a

small decrease in % causes a significant increase in N. Population size N is likewise very

sensitive to small changes in b0 and d (results not shown). This sensitive dependence is

due to the presence of the inverse power of ((&!1) that appears in Eq. (13).

To determine whether the extended model can predict the patterns observed in em-

pirical data, the extended model was fitted to time series data on population size (using

Eq. (15)), GDP per capita (using Eq. (8)), and birth rates (using Eq. (9)) for the United

States (1900-2005), France (1960-2005) and Japan (1960-2005). The parameter values

for b0, (, %(0) and + were estimated through minimizing least-squares error between

observed data and model predictions. The values of ' = 16.80 and $ = 25.73 from



C.T. Bauch Wealth as a source of density dependence 15

the US were used for France and Japan: because %(0) is fitted from the data, and be-

cause %(0), $, and ' appear in the same combination in Eqs. (8), (9), and (15), this has

no effect on the goodness-of-fit. Historical immigration rates were used to directly set

the values of * before 2005 (INS 2000, INS 2007, INED 2005, Nation Master 2007),

and it was assumed that immigration rates remained constant from 2005 onward. Since

immigration to Japan is relatively small and has little impact on model predictions, it

was neglected. Death rates were modeled using Eq. (14), which was fitted to historical

data (US Census 2007, UN 2006, UN 2005). The fit of Eq. (14) to the Japanese data

was poor, since death rates have been rising in recent years due to the emergence of a

large elderly cohort. Hence, for Japan, historical data were used directly to parameterize

the model death rate d. (If Eq. (14) is used instead and fitted to Japanese data, then the

peak Japanese population size is under-predicted by only 4%). Published data were used

for historical GDP per capita (US Labor Dept 2007, Johnston & Williamson 2004) and

historical population sizes (UN 2006,UN 2005,US Census 2007) for all three countries.

The fit of the model to the data is good for all three countries (Figure 3). The model

captures the recent peak in the Japanese population size (Stats Bureau 2007) and predicts

continuing decline in the population size over the next thirty years. The US and French

populations are predicted to continue growing over the next thirty years, assuming cur-

rent immigration levels continue. The less accurate fit for Japan (Figure 3 caption) may

be due to the more recent demographic transition in that country, as compared to those

of the United States and France. The higher error for the United States relative to that of

France may be due to greater susceptibility to higher-amplitude business cycles in the

former country, because of its more liberalized economy. The best-fit values of b0 and
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( are highest in Japan and lowest in the United States, reflecting a very rapid drop in

birth rates from high initial values in Japan, a moderate drop in birth rates in France, and

a relatively small drop in birth rates in the United States, over past decades. The time

series data on GDP per capita in France and Japan may seem to suggest a gradual slow-

down in GDP per capita growth in those two countries, although this apparent trend

may simply be attributable to business cycles. Regardless, we note that an exponentially

increasing %(t) may become an increasingly unrealistic assumption in coming decades,

as a greater number of countries make a demographic transition and world population

growth slows. For longer-term predictions, a sigmoidal function for %(t) is more likely

to be realistic. The rate of exponential expansion of productivity, +, is higher for Japan

than for the United States or France, reflecting a more rapid economic expansion in that

country since the end of World War II.

Discussion

This study shows how declining birth rates in industrialized countries is actually the

manifestation of a new type of density-dependent growth that has applied to humans

only since the middle of the industrialized era. In this case, however, density dependence

appears to be connected to greater socioeconomic development, rather than famine or

disease caused by resource limitations, and occurs exclusively through down-regulation

of the number of offspring produced, rather than premature death. This conclusion

relies upon a single (model-independent) insight gleaned from empirical facts: increased

population size gives rise to increased GDP per capita, which is associated in turn with

a decline in birth rate. Hence, higher population sizes result in reduced population
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growth rates. This process is accelerated by the inflow of technology and capital from

other similarly growing populations. An implication of this research for sustainability

science is that the earth’s human population may not necessarily grow to the point where

resource limitations cause widespread premature mortality.

We note that the relationships between birth rates, GDP per capita, and population

size that are apparent in the correlated data presented here, and in the basic and extended

population growth models developed from those data, are not sufficient to prove that

socioeconomic development is the cause of density-dependent growth in humans. How-

ever, the abundant analyses from multiple fields pointing to socioeconomic development

as the primary cause of declining birth rates in developed countries (see Introduction)

strongly suggests that socioeconomic development is indeed the cause of density depen-

dence in human population growth.

An important limitation of the model is that immigration and economic productivity

are treated as exogenous parameters * and %. However, immigration can vary signif-

icantly over the course of a country’s development according to economic and other

conditions. For instance, the total rate of immigration to the United States reached a

minimum during the Great Depression (INS 2000). An endogenous immigration term

in the model, where immigration varies according to economic conditions such as rate

of growth of GDP per capita, could yield different results from the present model. Ad-

ditionally, labor, technology, and capital flow into a country from other nations, many of

which are governed by the same dynamics. A fuller treatment would require the human

equivalent of a metapopulation model (Hanksi & Gilpin 1991) where each population

follows its own dynamics concurrently on its own “patch” and the links between patches
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represent migratory flow (in the case of animal populations), or the flow of labor, tech-

nology, and capital (in the case of humans). This presents itself as an opportunity for

further research.

Other possibilities for future work include incorporating age structure or other ele-

ments that cause delays and hence induce oscillations. A stable equilibrium exhibiting

damped oscillations implies that having birth rates below the replacement threshold may

be a transient phenomenon that will correct itself without intervention. (However, one

would also have to consider the interaction with other populations providing external

technology and capital, and in particular whether or not % will continue to rise due to

adoption of foreign technologies.) Finally, for countries undergoing an accelerated de-

mographic transition (such as India and China), a separate model for pre-transition dy-

namics would have to be combined with the present model, since a significant proportion

of the present population will have been born before the demographic transition.

Here, we have employed population biological methods, questions and perspectives,

rather than strictly econometric or demographic approaches, and we have adopted a

modeling approach similar to that of the biocomplexity literature (Moses & Brown

2003, Bettencourt et al. 2007). Although the use of allometric principles in biology

is not uncontroversial, it should be emphasized that the arguments developed in this

paper do not require assuming an underlying allometric principle, but rather only rely

upon a sufficiently good fit of power laws to the empirical data. In recent work, Bet-

tencourt et al (Bettencourt et al. 2007) considered the relationship between population

growth, wealth creation, innovation, and economics of scale at the level of an individ-

ual city. Their work predicted that, when city growth is driven primarily by wealth
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creation and innovation, the city population can grow unsustainably and then collapse

suddenly. However, when city growth is driven by economics of scale, the city pop-

ulation will converge to a carrying capacity. By comparison, Eqs. (4) and (15) imply

that a city’s population size will grow to a maximum and then shrink gradually, regard-

less of its economic basis, as long as it is part of an open population. This difference

in predictions occurs because the model by Bettencourt et al assumes that raising each

new offspring requires the same fixed level of resources, regardless of the city’s GDP

per capita, and that more available resources means that parents choose to produce more

offspring. However, in wealthier societies, fewer children are produced per parent (Fig-

ure 1) (Becker 1960). The present model, because it takes these two factors into account,

predicts that city (and national) populations should not exhibit unsustainable growth and

collapse, regardless of the basis for their economic growth.

Until recently in most countries, the main cause of reduced population growth in

humans has been premature death. The models developed here describe a population

with density-dependent growth similar to those widely used in population biology to

capture the effects of limited resources on the growth of natural populations. However

the present model represents a kinder, gentler form of density dependence, caused by

socioeconomic development rather than famine or pestilence. Figure 1 suggests that

this form of density dependence may constrain human societies as inflexibly as allo-

metric constraints on animal physiology and metabolism (Moses & Brown 2003). In

1798, Thomas Malthus postulated that human population growth must always be subject

to a carrying capacity, for the reason that exponentially expanding populations will al-

ways outpace life-improving innovations, making premature death inescapable (Malthus
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1966). Was Malthus right for the wrong reasons?
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Figure Captions

Figure 1: (a) Birth rate (number of births per 1000 persons per year) versus GDP per

capita (USD 2000 PPP) in the United States over time, and across all countries in 2005.

Solid circles represent US data every 10 years from 1850 to 2000, and open squares rep-

resent data across all countries in 2005. The power law exponent of the linear regression

for the United States data is !0.40 (R2 = 0.91, p < 0.0001) and across all countries is

!0.33 (R2 = 0.64, p < 0.0001). The asterisk in the United States data set denotes data

from the Great Depression (US Census 2007,CIA 2007,Johnston & Williamson 2004).

Birth rate versus GDP per capita (USD 2002 PPP) every 5 years from 1960-2005 for (b)

France, South Korea, Canada, Australia, Japan, (c) Spain, USA, UK, the Netherlands,

and Italy. Power law exponents are!0.43,!0.52,!0.76,!0.92,!0.36,!0.48,!0.48,

!0.46, !0.57, !0.68 for the 10 countries respectively. R2 values are 0.95, 0.98, 0.91,

0.81, 0.68, 0.75, 0.89, 0.71, 0.79, 0.94 for the 10 countries respectively (US Labor Dept

2007, UN 2006, UN 2005).

Figure 2: (a) Representative timeseries for the basic model, Eq. (11), for % = 1000,

1500, 2000. Other parameters are $ = 25.73, ' = 16.80, & = 1.2, ( = 0.40, b0 =

0.895 yr!1, d = 0.015 yr!1, * = 1 million yr!1. (b) Plot of equilibrium population size

N versus % for d = 0.01,0.02,0.03 yr!1 for the basic model; other parameter values are

$ = 25.73, ' = 16.80, & = 1.2, ( = 0.40, b0 = 0.895 yr!1.
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Figure 3: Comparison of time series data and model predictions for (a) population

size, (b) GDP per capita, and (c) birth rates for the United States 1900-2005, France

1960-2005, and Japan 1960-2005. The best-fit parameter values were, for the US:

%(0) = 290.0, + = 0.0192, b0 = 0.402, ( = 0.318, standardized error 0.0116; for France:

%(0) = 890.8, + = 0.0232, b0 = 0.799, ( = 0.406, standardized error 0.00437; for Japan:

%(0) = 488.4, + = 0.0353, b0 = 1.045, ( = 0.453, standardized error 0.0209 (Johnston

& Williamson 2004, US Labor Dept 2007, UN 2006, UN 2005, US Census 2007, INS

2000, INS 2007, INED 2005, Nation Master 2007).
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Model Derivation from Cobb-Douglas Production Function

Here we illustrate how Eq. 11 of the main text can be derived starting from somewhat

different principles. Rather than relying upon empirical data from Zipf’s law and de-

mographic data relating city size to GDP in order to determine the GDP per capita as a

function of population size, we use the classic Cobb-Douglas production function (1).

A country’s gross domestic product G can be related to three factors of production–

physical capital K, labor supply L, and technology T –through the Cobb-Douglas pro-

duction function (1)

G = T L!K1!! , (16)

where ! is a constant and 0 < ! < 1 (2). This function remains one of the most widely-

used production functions in economics and has been verified against national economic

data (1), although its use is not uncontroversial (3).

As long as the variables T , L and K in Eq. 16 are sufficiently independent, they can

in turn be related to population size N, hence making G a function of N. (We note that

an empirical test would actually be necessary to determine whether T , L, and K are

sufficiently independent from one another.) Although some simplifying assumptions

will be made, we emphasize that any function of the form g(N) = G(N)/N = N", where

" > 0, will yield results that are consistent with our conclusions. Under the assumption

that the proportion of people who work and the hours they work are constant, we have

L = #N (17)

where # is a proportionality constant. In the United States, for example, # actually in-

creased from 0.40 in 1910 to 0.66 in 2007 (4, 5), but this increase was small compared

to the absolute increase in population size over that time. Moreover, a function #(t)

increasing with time would not change the qualitative results. Capital K can also be

expressed as a function of N. The development of centres of large population density is

historically associated with increased productivity. As population grows over time, cap-

ital accumulates relatively more quickly due to the economics of scale and economics
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of agglomeration (6). A larger population enables sharing of infrastructure, larger and

more diverse markets, more trade, and greater labor specializiation. Hence, if all other

factors (such as level of technological development or economic policies) are the same

for a population, its productivity is greater:

K = $N% (18)

where $ is a proportionality constant and % > 1 due to economics of scale and agglomer-

ation. A similar assumption has been made previously at the level of urban centres and

therefore should be equally valid at the country level (7–9). We note that Eq. 18 need

apply only to a population in the later stages of industrialization. Combining Eqs. 16–18

yields

g = G/N = AN" (19)

where " = (%!1)(1!!) > 0 and A = T #!$1!!.

We note there are two situations where Eq. 18 may not hold. One situation is when

short-term fluctuations in population size occur, due to an influx or exodus of labor

for example. In this case, population size will change but capital will not immediately

respond. The second situation is when a population is open to the flow of capital or

knowledge from other populations. In this situation, a country can accumulate capital

faster than suggested by the population size alone (which is why small island countries

can be wealthy). Hence, Eq. 18 applies only to closed populations over long timescales

where the population size changes due to gradually evolving domestic birth and death

rates. We also note that economic policies or perhaps even cultural differences will

modulate these basic trends; this is indicated by the greater variance in the plot of birth

rates versus GDP across countries (R2 = 0.64) as compared to within a given country

(R2 = 0.91) (Figure 1b in main text).

Technological innovation is thought to explain a significant portion of perpetually

rising GDP per capita (10). Here we have treated technology T as a constant, but it

is possible that T also increases with N since larger populations can support more re-
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searchers. This assumption would also result in a function g(N) of the form g(N) &

N" and would yield results consistent with the remainder of our analysis. We also

note that different functional relations between factors of production T , L, K and pop-

ulation size N would yield consistent results as long as the combined exponent of

T (N)L(N)!K(N)1!! is greater than one.

Population dynamics are described by Eq. 10 of the main text, as before. Combining

Eqs. 9, 10, and 19 yields
dN
dt

= N
!

b0

A'
1

N"' !d
"

, (20)

which is solved by

N(t) =
#

b0

A'd
+ e!d"' t

$
N(0)"'! b0

A'd

%& 1
"'

, (21)

Eqs. 20 and 21 are formally identically to Eqs. 11 and 12 of the main text, with

" " (!1 (22)

A " )*
+( (23)

Hence, we have arrived at the same model from two different approaches. The second

approach described in this subsection ignored city-level dynamics and used theoretical

arguments based on production functions, rather than empirical data.
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Figure S1: Zipf’s Law and a quadratic model illustrated for the top 160 Metropolitan

Statistical Areas of the United States in 2005: plot of city population size versus the

rank of the city with respect to population size. The power law exponent of the linear

regression (Zipf’s law) is !1.041 (R2 = 0.96, p < 0.0001). The best-fit parameters for

the quadratic model are a0 = 0.000661, b = 0.130 (R2 = 0.996, p < 0.0001). Data are

from Ref. 1.
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Figure S2: (a) Birth rate versus population size (thousands of individuals) for France,

South Korea and Canada, every 5 years from 1960-2000. Power law exponents are

!1.53,!1.98,!1.30 and R2 values are 0.94, 0.95 0.92 for France, S. Korea, and Canada

respectively. (b) Birth rate versus population size (thousands) for Spain, Australia and

the UK, every 5 years from 1960-2000. Power law exponents are !3.83, !0.62, !4.27

and R2 values are 0.91, 0.93 0.89 for Spain, Australia and the UK respectively. (c)

Birth rate versus population size (thousands) for the USA and Japan every 5 years from

1960-2000. Power law exponents are !0.76, !2.53 and R2 values are 0.68, 0.83 for the

USA and Japan respectively. (d) Birth rate versus population size (thousands) for the

Netherlands and Italy every 5 years from 1960-2000. Power law exponents are !1.71,

!5.82 and R2 values are 0.82, 0.92 for the Netherlands and Italy respectively. Data are

from Refs. 1–3.
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Figure S3: (a) Birth rate versus population size in the United States every year from

1900 to 2001, data (solid line) and fitted power law function (dashed line). The best

fit parameter for the power law exponent is !0.61, for which R2 = 0.73. The asterisk

denotes the Great Depression and the closed circle denotes the Baby Boom. Data are

from Ref. 1. (b) Death rate versus population size in the United States every year from

1900 to 2001, data (solid line) and fitted exponential model Eq. 14 (dashed line). The

best fit parameters for Eq. 14 are a = 8.7, b = 64.6, c = 2.58" 10!8, for which R2 =

0.97. The spike in death rates denoted by the asterisk was caused by the “Spanish Flu”

pandemic of 1918-1919. Data are from Ref. 1.
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