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ABSTRACT

A MATHEMATICAL MODEL FOR POPULATION AND FOOD STORAGE

DYNAMICS IN A HONEY BEE COLONY INFECTED WITH NOSEMA CERANAE

J. Reilly Comper Advisor:

University of Guelph, 2018 Dr. Hermann Eberl

The microsporidian parasite Nosema ceranae has been suggested as a contributing factor

to high wintering losses of Apis mellifera that have occurred in recent years. However, the

degree to which N. ceranae affects colony loss remains inconclusive. This thesis presents

a mathematical model for N. ceranae infection in a colony of honey bees. As an exten-

sion to previous models, we consider food storage dynamics, seasonal parameter variation

and N. ceranae transmission to be dependent on an environmental reservoir of infectious

spores. We will study the effect of N. ceranae infection on honey bee population size

and honey yield over a ten year period. The model is extended to include treatment

with the antimicrobial fumagillin that is applied in the fall, spring, or a combined spring

and fall treatment. Finally, we perform basic profit analyses to determine if an optimal

supplementary sugar feeding and treatment strategy can be found.
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Chapter 1

Introduction

1.1 Overview

The western honey bee, Apis mellifera, has been threatened in recent years due to a

number of proposed stressors including poor climate and weather, pesticides and disease

[114]. As a result, unusually high wintering losses have been observed over the past decade

in Canada. Between 2007 and 2017, Canadian beekeepers experienced an average 25%

colony loss over winter with losses ranging between 15.3% and 35% [18]. It was in 2008

that the parasite Nosema ceranae was suggested as the cause of such drastic colony losses

[50]. Since then, the role of N. ceranae in colony failure has been studied extensively but

findings have been inconsistent. While there is some evidence to support the hypothesis

that N. ceranae is a key component in failing colonies [14, 50, 72], other studies have

presented contradictory evidence [22, 36, 71, 109].

Whether a colony survives or fails, however, is not the only outcome of interest for

beekeepers. The overall health of a honey bee colony can influence the foraging produc-

tivity and therefore impact the monetary value of beekeeping, particularly for large-scale

commercial apiaries. Honey bees are a billion dollar industry in Canada, with most of the

revenue derived from the pollination of crops and transgenic seeds. However, honey pro-

duction still presents a lucrative opportunity for business, illustrated by the $210 million

generated from Canadian honey in 2015 [105].

The objective of this thesis is to formulate and study a mathematical model of N.

ceranae in a colony of honey bees that considers food storage dynamics. We will investigate

the effect of N. ceranae infection on honey bee health at the colony level, including the

possibility of colony failure due to disease. Additionally, we will report the effect of N.

ceranae infection on the annual honey yield and how this may change based on the severity

of disease. Population dynamics from our model will be compared with the N. ceranae
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model presented in [89], that does not include food dynamics. We will investigate the effect

of supplementary sugar feeding on honey yield and perform a profit analysis to determine

whether supplementary sugar feeding is profitable. Finally, we will investigate how the

health and honey yield from a colony are affected when the antimicrobial fumagillin is

applied as a treatment for N. ceranae in the fall, spring, or a combination of the two. A

profit analysis will be conducted on treatment schemes to investigate economic viability

of fumagillin treatment.

This thesis contributes to the current body of literature surrounding N. ceranae by

building upon previous models that study either population and food dynamics, seasonal

parameter variation, or N. ceranae, but not all of the above. Additionally, to the best of

our knowledge, this model presents the only simulation analysis of fumagillin treatment

in a honey bee colony infected with N. ceranae.

1.2 Thesis objectives

Throughout the course of this thesis, we intend to accomplish the following objectives:

1. Review the existing literature regarding i) N. ceranae infection in honey bees, and

ii) existing honey bee population and disease models.

2. Formulate a mathematical model for N. ceranae in a colony of honey bees with the

incorporation of food dynamics and seasonal parameter variation.

3. Determine the sensitivity of disease and food-specific model parameters.

4. Evaluate population and food dynamics in the absence of N. ceranae

5. Determine possible model outcomes under various parameter combinations and eval-

uate the effect of N. ceranae infection on population and food dynamics.

6. Compare the effects of food-inclusive and exclusive model structures on population

dynamics with and without N. ceranae infection present in the colony.

7. Determine the effect of supplementary sugar feeding on honey yield.

8. Investigate changes in disease and food dynamics when fumagillin is used to treat

N. ceranae infection.
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1.3 Thesis outline

Chapter 1: We start by providing an overview of the thesis, outlining the relevance of

studying Apis mellifera and its infection with the microsporidian Nosema ceranae. We

state our thesis objectives and provide a general outline of what will be accomplished in

each chapter that follows.

Chapter 2: We provide a literature review regarding Apis mellifera biology, Nosema cer-

anae biology, and the current body of literature surrounding mathematical modelling of

honey bees and their diseases. This literature will assist in guiding the assumptions and

structure used to create the mathematical model in this thesis.

Chapter 3: Based on our review of the literature, we present the assumptions that were

used to create a mathematical model for N. ceranae infection in a colony of honey bees

with considerations of food storage dynamics. Additionally, we present the model, a

compartmental diagram to assist in visualizing the model, and a detailed description of

parameters and functions used in the model along with their values and units.

Chapter 4: The computer simulation results are presented in this chapter. We start by

explaining the initial conditions and simulation methods and then conduct a sensitivity

analysis to determine the sensitivity of model parameters. Following this, we investigate

possible model outcomes and the effect of N. ceranae infection on honey bee population

dynamics, food storage dynamics, and the sum honey yield harvested over ten years.

Furthermore, we conduct a profit analysis to determine the possibility of maximizing

honey sales under various feeding techniques. Finally, we discuss the effects on honey bee

population dynamics when food is considered in a mathematical model of honey bees.

Chapter 5: We next include and test the effect of various fumagillin treatment schemes on

the environmental reservoir of N. ceranae spores, honey bee population, as well as annual

and cumulative honey yield. Finally, we conduct a profit analysis to determine whether

fall, spring, or combined treatment schemes are most profitable.

Chapter 6: In this chapter we will mention the limitations of our work, and present a

discussion regarding the interpretation of our results and their contributions to the current

understanding of honey bee and infection with N. ceranae

Chapter 7: Finally, we will suggest the potential for future work to be done by using and
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extending the model presented in this thesis. We conclude by reiterating the key results

and achievements of this model.
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Chapter 2

Literature Review

2.1 Introduction

In the sections below, we review the literature for relevant information regarding Apis

mellifera, N. ceranae, and the mathematical modelling of honey bees and their diseases.

Although this review is not exhaustive with respect to the existing body of literature, we

present the information that will guide our assumptions, formulation of model structure

and parameter choices. We divide the review into three sections i) Apis mellifera and

its biology, ii) N. ceranae biology, effect of infection, and seasonality, transmission and

treatment of disease, and iii) mathematical modelling of honey bee populations, including

sections on general population dynamic models as well as disease-specific honey bee mod-

elling. Finally, we will discuss gaps in the literature surrounding mathematical modelling

of N. ceranae infection in a colony of honey bees based on our understanding of the para-

site. The conclusion will also emphasize the relevance of studying honey bee populations

and N. ceranae infection through the use of mathematical modelling.

2.2 Apis mellifera

The western honey bee, Apis mellifera, is a complex eusocial insect forming colonies whose

population can peak in the high tens of thousands. The most important bee in the colony

is the queen, whose sole purpose is to lay eggs that develop into either male drones or

female workers. In a single colony, there typically exists only one queen, several hundred

male drones and thousands of female workers [118]. Under optimal conditions, a queen

may live a number of years, whereas workers and drones have significantly shorter lives.

During the winter, adult worker bees may live up to around 154 days [101]. However,

during spring, summer and fall, when the workers are foraging for nectar and pollen, they
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may only survive 2-3 weeks due to the substantial stress caused by foraging flights [118].

In addition to sex-specific roles in a colony, females are further subjected to an age-

based division of labour, referred to as ‘temporal polyethism’. The typical schedule of a

female workers duties is as follows: cell cleaning (1-4 days old), nursing duties (4-12 days

old), hive maintenance and food storage (12-21 days old), and foraging (>21 days old) [82].

With respect to nomenclature in this thesis, we will refer to any bee that is not foraging as

a ‘hive bee’ and otherwise a ‘forager bee’. This schedule is regulated through pheromones

ethyl oleate (EO) and juvenile hormone (JH) and can be accelerated or decelerated based

on food stores or the ratio of hive to forager bees [55, 69].

Honey bees are seasonal insects, whose behaviour and biology change depending on

variations in ambient temperature throughout the course of a year. Honey bees most

notably change behaviour during the winter season as the primary concern of the colony is

to maintain an inner hive temperature that allows the colony to survive. During the winter,

the queen no longer lays eggs, and forager bees abandon their duties and return to the

hive to focus on generating heat to sustain the colony through winter. Hive bees no longer

clean cells or tend to brood since cells are no longer needed for eggs or incoming foraged

goods. Although winter temperatures in Canada can reach below −30oC, the internal

temperature of honey bee colony remains at approximately 21oC [34]. The maintenance

of inner colony temperature is one that requires a tremendous amount of energy which

therefore requires increased honey or sugar consumption. If honey or sugar stores are

depleted during the winter, a colony is not likely to last until spring.

A colony of honey bees may only last a few years before either failing, swarming, or

being combined with another colony by a beekeeper. As mentioned earlier, the percentage

of colonies lost over winter have been as high as 35% in Canada since 2007. Despite being

higher than usual, the expected annual losses are generally around 15%. If colonies are

weak prior to winter, they may be combined with another colony at the discretion of the

beekeeper to increase the probability of winter survival. Whether weakness or failure is

due to poor nectar flow, inclement weather, harsh winters, disease, or mismanagement

by beekeepers, colonies are not expected to last without some kind of intervention. The

longevity of a colony of bees is relevant when determining the duration of computer simu-

lation experiments. Although it would be possible to simulate honey bee population sizes

over decades, we suggest that this would be unnecessary as it would be unlikely for a

colony of bees to last that long with or without some kind of external physical interven-

tion. We will refer to this information when explaining our simulation methods in Section

4.1.
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2.3 Nosema ceranae biology

The microsporidium N. ceranae is an obligate intracellular spore-forming parasite, typ-

ically requiring epithelial cells of the honey bee ventriculus to proliferate [41]. After

ingestion, spores undergo germination followed by the extrusion of their polar tubes which

is used to transfer sporoplasm from the spore into the cytoplasm of the ventricular ep-

ithelial cell. The immature cells develop in this epithelial cell for approximately one week

before the cell bursts and sheds the new mature spores into the ventriculus at which point

they can either infect other cells or can exit the bee through defecation [57]. The spores

are able to survive outside the host, although some may lose their ability to infect honey

bees, referred to as the spore’s “viability” [77]. N. ceranae spores have been observed to

maintain viability under natural hive temperatures at approximately 35oC [35]. Visible

infection can be observed under a microscope as early as two days post inoculation and

as late as six days post inoculation (dpi) [48, 73, 90]. The degree to which parasite repro-

duction is optimized depends on nutritional availability, initial dosage of spore inoculum

and time post inoculation [38, 77, 90]. Although it is hypothesized that spore proliferation

eventually reaches a carrying capacity, the timing and degree of infection at which this

occurs is debated. While one study observed spore counts to increase from 13 dpi until

19 dpi, at which point all bees died [31], others observed a plateau in spore proliferation

to occur at approximately 12 to 15 dpi [39, 79, 87, 90]. The average infection level at this

plateau is highly variable from 10 to 25 million spores per bee between studies [87, 90].

Furthermore, the hypothesis of a plateau is contradicted by the extreme variability in

spore counts in individual bees [22, 110, 119] and composite samples [71, 97]. It is possible

that the plateau of spore proliferation occurs along the same timeline, but the level of

infection at which this occurs is different between individual bees, colonies, apiaries, or

geographical regions of the world.

It is widely agreed that infection with N. ceranae predominantly occurs in the ven-

triculus of the honey bee, which causes degeneration of the epithelial cells lining the gut

[30, 31, 41, 42, 53, 73, 76]. Infection of the intestinal tract supports the hypothesis of

tranmission via feces [57] and that one of the major effects of infection is increased signs

of hunger and food consumption [74, 82, 83]. Besides the ventriculus, infection has been

observed in the heads [112], brains [44], mandibular glands, venom sacs, thoracic salivary

glands [23], fat bodies [44], salivary glands, and hypopharyngeal glands [23, 44], albeit at

significantly lower concentration than in the ventriculus.
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2.4 Effects of N. ceranae on mortality, behaviour and

nutrition

Mortality

Perhaps the most controversial pathological repercussion of N. ceranae infection is whether

or not it is associated with increased mortality and if so, to what degree. With respect to

field studies, two studies documented increased mortality in N. ceranae infected bees. One

observed average lifespan to decrease from between 28.08-54.02 days (uninfected control

bees) to between 16.72-22.66 days (infected bees) over mutliple trials [32], while another

observed a significant increase in mortality after 15 days [11]. This trend was also observed

in a third study in which mortality increased by a factor of 1.99 in infected bees after 16

days post-eclosion, roughly when bees would begin foraging duties [45]. Conversely, one

observational field study was not able to find significant colony-level differences in mortality

between individual infected and uninfected bees over a five year period [44]. With respect

to cage studies, there is much more evidence supporting infection-induced mortality, but

results remain inconsistent across the literature. This inconsistency is exemplified by the

studies that did observe increases in mortality [27, 28, 30, 31, 45, 48, 49, 51, 52, 78, 79, 115]

and those that did not [39, 58, 68, 82, 96, 120]. To add further uncertainty, N. ceranae-

induced mortality has been observed to be inconsistent through multiple trials in a single

study. Under the same conditions in three separate trials, [58] observed the median survival

time for infected bees to be 23, 7 and 19 days. Additionally, mortality is believed to be

associated with the amount and quality of food consumption, which may confound field

studies that are be performed in areas with abundant, nutrient-rich types of pollen or

nectar [90].

Behavioural changes

There is evidence to support the hypothesis that N. ceranae may induce accelerated pro-

gression of polyethism, leading to premature foraging [82]. In most studies in which it

was measured, ethyl oleate (EO) was seen to significantly increase in N. ceranae-infected

bees, in one study being approximately 7 times higher than in uninfected bees, suggesting

a possible mechanism for infection-induced accelerated polyethism [29, 32]. Furthermore,

these studies also observed positive correlations between EO levels and spore loads. One

proposed reason as to why EO may be increased is that infected bees consume excessive

ethanol from fermented nectar due to the increased food consumption of infected bees.

This ethanol is then readily available for conversion into EO [32]. This hypothesis, how-

ever, implies that the increase of EO is an indirect effect of N. ceranae infection. JH and

octopamine concentrations, both of which are associated with foraging behaviour, were

8



higher in infected bees than uninfected bees, further suggesting an earlier onset of forag-

ing [2, 76], although contradictory evidence suggests otherwise [45]. Infected bees perform

behaviours consistent with a faster progression through polyethism. This includes nearly

twice as many foragers in an infected group versus a control group [45], decreased stand-

ing and increased walking at approximately 12 dpi [68, 82], increased hunger [74], and an

earlier onset of food-related communicative dancing [82].

A number of flight behaviours were influenced by infection including flight duration and

return time, number and duration of flight interruptions, probability of return, number

of hive exits, and probability of drifting. While total flight time was highly variable, it is

unclear whether or not N. ceranae infection increases the time it takes for bees to return

to their hive. In one case, there was no difference in homing time between infected and

uninfected bees [119], but in another study, infected bees spent twice as long returning

to the hive than uninfected bees [66]. Prolonged foraging is supported through increased

genetic changes of Octβ2R expression, a neurohormone receptor associated with increased

foraging time [76]. Extended flight duration is likely not due to the number of flight

interruptions [20, 119], but could be due to impaired memory [66]. Similarly, there is

evidence that N. ceranae infection can affect whether or not bees return to the hive at all.

Bees found in the proximity of a hive with a mean spore count of 21 million spores per

bee suggest that heavily infected bees may either lack the ability to return to the hive or

remove themselves to prevent transmission of disease [50]. Non-returning bees were found

to have had an increased number and duration of flight interruptions [119] and infected

bees had lowered trehalose levels [75], suggesting that the energetic stress caused by N.

ceranae infection may make the long foraging flight too difficult. This is supported by

other studies that found significantly more infected bees did not return when compared

to uninfected bees [66, 119]. Only one study noted that the number of infected and

uninfeced bees returning to the hive was not significantly different [11]. It is possible that

the non-returning bees drifted to other colonies, although overall probability of drifting is

not influenced by N. ceranae infection with the exception of bees between 21 and 35 days

post emergence [11]. Finally, the patterns of infected bees leaving the hive were different

than the patterns of control bees. The number of hive exits performed by infected and

control bees were similar at times, although the tendancy was for less activity in infected

bees than uninfected bees [32]. This is supported by another study that observed that

the number of flight days performed by infected bees decreased over time, suggesting as

infected bees get older there may be less desire or ability to fly [97].

Nutrition

A key component to the diet of a honey bee is sucrose, which may not have as significant
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of a contribution towards the development of an N. ceranae infection. Unlike pollen,

sucrose feeding did not significantly affect Nosema intensity in infected honey bees [12].

The hypothesized energetic stress induced by N. ceranae infection can be supported by

the observation that infected bees are more responsive to and consume more sucrose

than their uninfected counter-parts. This is true for both cage studies [1, 61, 74, 115]

and in free-flying forager bees in which trehalose levels in infected bees were significantly

lower and were depleted quicker than in uninfected foragers [75]. The increased hunger,

subsequently leading to an increased rate of starvation in infected bees [74], is perhaps due

to an increased metabolism of sugars in the midgut of infected bees [30]. This increased

metabolic requirement can be amplified in cold and windy weather in which the bees would

need to work harder to fly and to keep a consistent core temperature [74].

2.5 Seasonality, transmission and treatment

Seasonality of disease

While there is disagreement regarding N. ceranae seasonality, those which observe such a

phenomenon, whether it be a peak or trough, typically observe it to occur in either winter

or spring. For winter, studies have observed a trough in prevalence [109], significant

differences between the winter months (November-March) [109], and peaks in infection

intensity [21, 97], which may be due to bees being unable to leave the hive to defecate

[97]. For spring, studies have observed a peak in prevalence [23, 22, 110], and decreasing

prevalence, although never reaching a trough [21, 22, 26]. The summer season was largely

variable as seen in a three year longitudinal study where prevalence peaked in two of three

summer seasons and sharply decreased in the third [22].

Transmission

The transmission of N. ceranae plays a particularly important role in understanding dis-

ease dynamics, especially when considering the foundation of a mathematical model. Var-

ious routes of transmission can affect the rate at which bees become infected and can also

be dependent on the age of bees. For example, it is possible, albeit not likely, for newly

emerged bees to become infected with N. ceranae by chewing on contaminated wax that

is used to cap brood cells [32, 58]. Other hypothesized means of transmission include bird

waste pellets acting as a vector for spores [51], hive robbing performed by stingless bees

and social wasps [91], and the transportation and use of bees for pollination services [121].

It is also known that viable spores can be carried in and transmitted via contaminated

pollen [49], honey [43] and royal jelly [112]. Since gland tissues are susceptible to infection,

it is possible that transmission of N. ceranae can occur from the secretions of those glands
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that are used to create royal jelly, hive wax, bee bread and honey [23].

Queen bees are susceptible to horizontal transmission from both workers [52] and male

drones whose semen can be naturally contaminated with viable N. ceranae spores and can

infect queens following insemination [98]. However, there is no evidence that queen bees

can transmit infection to their pupae, also referred to as vertical transmission [98].

Whether or not transmission can occur horizontally between workers is a debated topic.

The mouthparts of bees can be infected with a few thousand spores likely via hygienic comb

grooming [56] and may play a role in the transmission of infection through trophallaxis.

This transmission route, however, is inconclusive as the cage study in which the hypothesis

was investigated was confounded through experimental design. In this study, infection was

observed to permeate from an infected cage of bees to a cage of uninfected control bees

separated only by a screen in which trophallaxis was possible. Although this may suggest

that bee-to-bee feeding may be a source of disease transmission, one could not rule out

infection through fecal contamination [103].

The most commonly accepted hypothesis of disease transmission is that of the feco-

oral route by which infected bees deposit spores that are ingested by bees. A healthy

bee ingesting a sufficient dose of spores will become infected with N. ceranae, at which

point they may begin contributing to the environmental reservoir of available spores. In

all research papers that study the location of N. ceranae infection, the ventriculus, or

‘midgut’, is the tissue in which spores most commonly infect and proliferate. The midgut

is part of the honey bee intestinal tract, so it seems logical that as N. ceranae spores

proliferate and accumulate, spores will eventually exit the bee through defecation. Many

papers refer to this transmission route as though it is common knowledge, but is observed

empirically in [56] in which wall rinsate samples from a cage of infected honey bees were

positive for N. ceranae. Despite limited empirical evidence of feco-oral transmission of N.

ceranae, transmission of the very similar microsporidian, Nosema apis, was also observed

to be through the feco-oral route [3]. Due to the similarities between N. ceranae and N.

apis, it is justified to suggest that transmission of disease occurs via the same process.

Treatment

In addition to the antimicrobial fumagillin, which will be discussed in detail in a later

section of this thesis, alternative methods for reducing N. ceranae prevalence include

interference of RNA pathways and queen replacement. In one case, the latter was shown

to have a control efficacy similar to fumagillin treatment [13]. Furthermore, islands off the

coast of Spain that had a higher percentage of foreign queens also had significantly lower

prevalence of N. ceranae, although the authors caution using foreign queen introduction as

a means of control for a foreign species may affect local ecotypes and ecological diversity
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[80]. Gene silencing, the process of genetic manipulation in which targeted genes can be

artificially down-regulated, is a proposed method of treatment for infected honey bees.

By using double-stranded RNAs (dsRNAs), which act to silence ADP/ATP transporters,

honey bees that were infected with the same inoculum as the control group had a significant

reduction in their infection intensity. Furthermore, bees treated with dsRNAs also worked

to reduce hunger, evident by a significant reduction in proboscis extension reflex (PER)

responsiveness, suggesting that this treatment has an effect on the amount of energy that

is drained from an infected bee [86]. For the control of Nosema apis, treating frames at

60oC for 15 minutes would kill nearly all viable spores. Since N. ceranae spores have shown

resistance to high temperatures, heat treatment may not only be ineffective at controlling

N. ceranae, but it may also increase transmission [35].

2.6 Mathematical Modelling of Honey Bees

2.6.1 Introduction

Mathematical modelling of biological systems can be a useful tool for testing hypotheses

in populations that would otherwise be impractical to study or produce unreliable results.

Such is the case for analyzing the dynamics of honey bee colonies, which can be tedious

and complicated to study empirically [6]. The literature review by [6] accredits the first

honey bee model to [24], who proposed an age-structured model that simulated population

size and colony role composition. Since then, mathematical modelling of honey bees has

been used predominanly to study general colony dynamics, effects of Varroa mites, or the

dynamics of honey bees foraging for pollen and nectar [6]. While a few papers that model

colony dynamics reference N. ceranae as a known source of colony stress [7, 8, 9, 64], none

of these models include Nosema-specific dynamics that may otherwise influence the model.

A generalized infection model proposed by [7] combines the effects of colony dynamics with

infectious disease, using N. ceranae infection as a means of testing their model. However,

the only considered effect of N. ceranae infection is a two-fold increase in death rate of

infected bees, which is likely an over-simplification of the true effect of N. ceranae. Models

that ignore particularly relevant biological dynamics or make over-arching assumptions,

while perhaps intended to simplify the model, may in fact produce results with poor

external validity.

In terms of N. ceranae models, there is currently only one mathematical model that is

specific to within-colony N. ceranae infection dynamics. A system of ordinary differential

equations with seasonal parameter variation and transmission via an environmental reser-
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voir of N. ceranae spores is studied in [89]. With the current understanding of Nosema

in honey bee colonies, the addition of an environmental reservoir likely offers a more ro-

bust representation of the true dynamics of N. ceranae transmission in a hive. The other

N. ceranae model presented in [81] investigates the interspecific competition dynamics of

N. ceranae and Nosema apis between honey bee colonies. Seasonality is included in a

reduced inter-colony transmission rate, however, other Nosema-specific dynamics within

the colony are not included.

While the literature for N. ceranae-specific mathematical modelling is limited, other

models proposed to describe general colony population, Varroa mite-induced disease and

foraging dynamics are necessary to investigate as they provide a backbone structure of

honey bee dynamics from which more specific models can be created. Moreover, the

current body of literature provides vital insight into biologically relevant assumptions and

considerations for future studies. With a more robust understanding of current approaches

to these models, the construction of a disease-specific model will include more relevant

colony and disease-level processes. We review the literature surrounding mathematical

modelling of honey bee populations with the intent of creating a biologically appropriate

model for colony-level dynamics of N. ceranae. The review will be divided into two sections:

i) general honey bee dynamics, and ii) modelling honey bee diseases.

2.6.2 Population dynamics

Division of labour and age structure

One of the most common and important assumptions made in mathematical modelling of

honey bee colonies is the differentiation of bees based on their age-related labour duties

[7, 8, 9, 25, 64, 65, 67, 88, 89]. The importance of age structure in honey bee models

has been investigated through a system of partial differential equations whereby changes

in the population were dependent on time and on the age of bees [8]. In this model,

the natural death rate of individual bees (C) is dependent on age and modelled as the

function µ(a) = C (a−20)2

400
. While many other studies use a constant value for their natural

death rate, this model accounts for the 41%, 23%, 17%, 11% and 8% of bees that are

between one and five weeks old, respectively [113]. The importance of labour division

due to differential death rates of foragers is studied in [88] who consider the consequences

of precocious foraging of immature bees. The group used delay differential equation to

test supplemental feeding and pheromone treatment as a means of reducing precocious

foraging.

Recruitment and reversion

Functions determining the rate of transition between hive and foraging duties, and
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vice versa, also play an important role in honey bee colony dynamics and are modelled

differently throughout the literature. [64] models the transitions between hive bees (H)

and forager bees (F ) as the difference of a baseline recruitment rate (α) and a rate of

social inhibition (σ) that is dependent on the proportion of foragers in the colony:

α− σ
( F

F +H

)
Similarly, [9] consider recruitment and social inhibition as the function

α− σ
( F

k + F +H

)
with the addition of the constant k which is a saturation constant influencing the rate

at which social inhibition reaches its maximum. Another method includes food-driven

dynamics, where recruitment and inhibition is modelled by the function:

R(H,F, f) = αmin + αmax
( b2

b2 + f 2

)
− σ

( F

F +H

)
αmin and αmax are the minimum and maximum rates of recruitment, b is the amount

of food required to yield half the maximum value for αmax, and f is the independent

variable representing food stores [65, 88]. In this case, not only is recruitment dependent

on the number of bees, but also the amount of food stored in the hive. This recruitment

function is altered slightly by [7], in which the exponents on the b and f terms are set to

one. Rather than including recruitment and social inhibition in the same function, [89]

instead considers the rate of recruitment from hive bees to foraging bees with constant σ1

and reversion from foraging bees to hive bees with the parameter σ2, which is similarly

dependent on the proportion of foragers in the colony. The terms representing reversion

and recruitment from the differential equations are as follows:

Ḣ = ...− σ1H + σ2

(
F

F +H

)
F, Ḟ = ...σ1H − σ2

(
F

F +H

)
F

A simplified recruitment function is presented in [25] in which division of labour is not

considered. The rate of recruitment is given by the function:

λ
Nt

θ +Nt

,

where N are the total number of bees, λ is the maximum rate of recruitment and θ is the

half-saturation constant.
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The inclusion of some kind of labour division consideration, such as age structure, is

evidently important and widely agreed upon, especially when considering factors that may

influence the death rates of the bees within the colony. As colony duties are predominantly

segregated based on age, it is therefore highly recommended to include division of colony

labour when formulating a mathematical model for honey bee dynamics.

Honey bee emergence rate

Another varying area of the literature lies in the queen’s laying rate, eclosion, and the

emergence of bees, which are recognized as separate processes, but all innevitably con-

tribute to the overall population of bees. Ignoring events of immigration and drifting, egg

laying and the subsequent maturation of the brood into worker bees is the only way honey

bee populations in a colony can increase. Changes in model structure regarding this term

can have a profound effect on colony dynamics [6, 9]. The effect of brood maintenance

on emergence is studied in [33]. The queen’s egg laying rate is assumed to be seasonally

constant and brood survival depends on the population of healthy bees. The population

size at which the laying rate is half of it’s maximum value is represented by the constant

K. The function is given by:

g(x) =
xn

Kn + xn

The dynamics of this function implies that if the bee population, x, falls below a certain

threshold, K, the brood can not be adequately taken care of and the emergence rate

dwindles. The idea of this maintenance is applied throughout other models, but not

identically. In some cases, the queen’s laying rate is kept entirely constant [16], constant

with seasonal variation [64], dependent on food abundance [7, 88], and in a few cases,

the emergence of bees is dependent on the number of hive bees rather than total bees

[7, 65, 67].

An alternate form of a bee-dependent emergence rate is given in the literature as

f 2

f 2 + b2
H

H + ν
,

whereby emergence is limited by food and hive bees [65, 88]. In the model presented by

[7], the f and b terms are raised to the power of one.

Other considerations

A hypothesized contributor towards colony collapse disorder (CCD) is exposure to com-

pounding sub-lethal stressors. Typically in the literature, this stressor is assumed to be

some kind of pesticide and is modelled as an increased death rate [16, 47, 115]. How-

ever, other models attribute stress to hunger leading to precocious foraging, or even to

N. ceranae infection [64]. Two models are presented that model general stress, with no
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particular individual stressor. Stress as a constant increased death rate is included in [88],

whereas [9] models stress as a density-dependent mortality function with an Allee effect.

The stress function:

S(H,F ) =
µ

φ+H + F

depends on the stress parameter (µ) which can be reduced as the total honey bee pop-

ulation increases. This function includes the parameter φ which can be manipulated to

change the rate at which µ is influenced by the total honey bee population. Sub-lethal

stress is proposed to be potentially more harmful than acute direct effects as stress can

compound and if a healthy colony becomes overwhelmed, it may not recover [108].

Another consideration for formulating a dynamic model of honey bee colonies is the

presence of food [7, 65, 88, 100]. Since the abundance of food is largely dependent on

foragers, models that incorporate a time-dependent ODE for food stores also include age

or labour division structure. The four models included in this review that include the

dynamics of food abundance do so by including this variable in their term in the emergence

[7, 65, 88], or the recruitment/social inhibition terms [65, 88, 100].

A well documented phenomenon of honey bees is the seasonality of their behaviour and

biology and this is included in a number of honey bee models [33, 89, 95, 100, 107]. Instead

of the typical spring, summer, fall and winter seasons, [7] considers an “active” season and

a winter season. Both [9] and [64] mention that seasonality is intentionally not considered,

but suggest that future studies could include seasonal parameter variation.

2.6.3 Honey bee disease

Although there are plenty of known diseases that plague honey bees, the number of diseases

modelled in the literature is very limited. In fact, of all diseases that exist in honey bees,

only Acute Bee Paralysis Virus [33, 95, 107], Deformed Wing Virus [107], Nosema ceranae

[7, 81, 89], Nosema Apis [81], and CCD (considered as an infectious disease) [67] have

been modelled with disease-specific dynamics. Even then, model formulation and over-

simplifying assumptions yield perhaps unrealistic results. As an example of the latter

case, [7] propose a general infection model and apply it to N. ceranae infection, but do

not account for Nosema-specific dynamics. The authors mention that the intent of the

article was not to study N. ceranae, but rather to study the general effect of infection on

honey bee population dynamics.

By far, the most commonly modelled honey bee diseases are those carried by Varroa

mites. Varroa mites are known vectors for over 16 honey bee diseases [63] and have been

extensively studied for their contribution toward colony failure [46]. [107] published the
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first Varroa-virus complex model in which the population of infected mites is modelled

with its own ODE and with an assumed constant total mite population. As the model

is set up to be a general Varroa-mite system, it can then be applied to model various

viruses through parameter variation. For example, they note that when applying the

model to Acute Bee Paralysis Virus (ABPV), pupae infected with ABPV do not emerge

and therefore the emergence rate of infected brood is set to zero. This model was then

extended by [95] who consider an additional ODE model for the total population of mites.

This extension is paralleled by [62] who divide the mite population between infected and

susceptible populations and include a natural death rate of the mites, rather than just a

carrying capacity.

Model structure of disease transmission that is dependent on a non-bee population, such

as Varroa mites, can be further extended to the transmission of diseases other than those

carried by Varroa mites. This is included by [89] who study the transmission of N. cerane

through an environmental reservoir of N. ceranae spores. This reservoir is modelled by

its own ODE and affects the rate of transmission based on the density of spores in a hive.

In a similar way, [67] investigate the dynamics of CCD considered as a contagion. In this

model, the density of “CCD infected” plants surrounding the hive is the reservoir of the

CCD-causing agent that is responsible for disease transmission.

2.7 Discussion

The microsporidia N. ceranae is an important parasite to the health of honey bees, yet

remains poorly understood. Discrepancies between studies, or even within different trials

of the same study, have not allowed for a comprehensive understanding of the pathogen

and therefore its effect on honey bees at the colony level. These impediments are not only

due to uncertainty of the pathogen, but also the difficulty in obtaining reliable results from

studying populations of honey bees in vivo or in situ. While cage studies can be useful

for minimizing confounding variables, results often have limited external validity due to

unrealistic conditions such as environment, handling stress, access to food and the absence

of a queen or brood. Conversely, field studies present the inability to control for certain

confounding variables and can be expensive and labour intensive to execute properly. By

using relevant assumptions and appropriate structure, a mathematical model can be used

to efficiently study the effect of N. ceranae in a colony of honey bees.

Based on the literature review presented above, we believe that we have provided suf-

ficient information on Apis mellifera, Nosema ceranae, and existing honey bee models to

suggest contributions that can be made to further develop an understanding of N. ceranae
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through mathematical modelling. Currently, the only N. ceranae-specific mathematical

model is presented by [89]. This model, however, does not consider the dynamics of food

stores. Not only is the basic biology of honey bees heavily dependent on food, the main

effects of N. ceranae are also predominantly food-based. This includes a reduced forag-

ing efficiency [11, 50, 66, 119], increased food consumption [1, 30, 61, 74, 75, 115] and

differential rates of starvation between healthy and infected bees [74]. Additionally, a

mathematical model of N. ceranae including food dynamics allows for quantitative anal-

ysis regarding the economic benefits of various treatments or interventions. Using annual

and long-term honey yield as a quantity of interest, we can quantify the effects of sup-

plementary sugar feeding and fumagillin treatment. These results would otherwise not

be possible to obtain if one were to use the existing models available in the literature.

The model in this thesis also references elements from the population and food dynamics

model presented by [65]. However, the model in [65] does not study N. ceranae, nor does

it include seasonal variation of parameters. We therefore suggest that an opportunity

exists to study an N. ceranae infection in a colony of honey bees by building upon the

model frameworks presented by [65] and [89] through the inclusion of food dynamics and

seasonal parameter variation.
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Chapter 3

Model Formulation - Assumptions,

System of Equations, and Parameters

3.1 Assumptions

The following assumptions are considered for this model:

1. Based on the biological differences between bees performing different labour tasks,

we follow the work of [7, 8, 9, 64, 65, 67, 88, 89] and classify honey bees as either

hive bees or forager bees. Hive and forager bees are further sub-divided into healthy

and infected bees similar to the structure presented in [7, 8, 16, 89].

2. Similar to the work of [89], we assume the queen and drone bees are unaffected by

N. ceranae. The maximum emergence rate is therefore affected only by the natural

seasonal variation of the queen’s egg laying rate in addition to a sufficient number

of bees to rear brood, but not the health of the queen.

3. N. ceranae is not transmitted vertically [98], therefore all bees that emerge do so as

healthy hive bees.

4. To reduce the complexity of our model, the brood is not explicity considered, as

in [89]. Since vertical transmission cannot occur and brood do not partake in cell

cleaning, it is not possible for brood to become infected and, therefore, they do not

play a role in disease transmission. We do, however, consider brood when accounting

for the emergence of bees and the amount of food consumed by brood over the

duration of their maturation into adult worker bees.

5. We do not consider the delay between egg laying by the queen and subsequent

emergence of mature adult worker bees.
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6. Similar to the assumption above, we do not consider a delay between the foraging

of pollen and nectar and its subsequent processing into honey. Although this is not

explicity stated, this assumption follows the work of [7, 65, 88, 100].

7. Following [65], we do not differentiate between pollen, nectar and honey as food

sources, but rather refer to all as “food”. However, we will refer to harvested food

as honey.

8. Since the foraging efficiency of infected bees is compromised [11, 50, 66, 119], we dif-

ferentiate between the amount of food collected by infected and uninfected foragers.

9. As the amount of stored food per bee is reduced below the minimum amount of

required food per bee, bees will begin die due to starvation. This process is mod-

elled with an inverse sigmoidal saturation function such that when food stores are

negligible, the starvation-induced death rate is at its maximum.

10. Hive and forager bees have similar rates of food consumption [65], however, infected

bees will consume more food than uninfected bees due to the energetic stress of

infection [1, 30, 61, 74, 75, 115].

11. To avoid negative solutions, we assume that as food stores become arbitrarily small,

honey bees will reduce the amount of food they consume.

12. Honey bees will preferentially feed on sugar syrup when it is available [84].

13. Honey bees consume more food during the winter. A colder winter requires a bee to

consume more food to have the energy to maintain a consistent inner-hive tempera-

ture. In the absence of sufficient data, we will assume bees consume 10% more food

during the winter.

14. The daily amount of food needed before starvation occurs in infected bees is twice

that of uninfected bees [74].

15. The only route of transmission considered in this model is indirect through ingestion

of viable spores picked up during cell cleaning [89]. Spores are deposited into the

environment by infected hive bees through defecation [57] and can either be ingested

by hive bees during hive cleaning or lose viability over time [77]. As in [89], the

environmental reservoir of viable spores will be referred to as the ‘environmental

potential’.
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16. Following the work presented by [33, 89, 95, 107], many parameters are time de-

pendent and will fluctuate between spring, summer, fall and winter. Each season

consists of 91 days, except fall which has an extra day for the honey harvest.

17. Honey is harvested from hives once a year on the last day of fall. The amount of

honey harvested depends on the amount of honey collected by bees such that at the

beginning of winter, approximately 100g of honey remains in the hive.

18. The only disease or ailment considered in this model is the microsporidium Nosema

ceranae, allowing us to refer to “uninfected” or “healthy” bees synonymously.

19. Bees are recruited to foraging duties quicker as the amount of food per bee stored

in the hive becomes sufficiently smaller than the daily food requirement. This as-

sumption is a slight variation of the assumption presented in [65, 88].

20. As in [89], the death rates of hive bees in the spring, summer and fall months are

negligible compared to the rate at which they are recruited to foraging duties.

Assumptions 1, 2, 3, 4, 15, 16, and 20 are referenced from [89], and assumptions 1, 6,

7, and 19 and referenced from [65], while assumptions 5, 8, 10, 11, 12, 13, 14, and 17 are

introduced in this paper.
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3.1.1 Compartmental diagram

Healthy Hive Bees Healthy Foragers

Environmental Spores

Infected Hive Bees Infected Foragers

Food Sugar

β̃

α

η̃0

η̃1

φ̃0
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σ
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θ̃0
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Figure 3.1: Compartmental diagram for the model - parameters and functions will be explained in detail in Section 3.3. Each
compartment represents an equation of the model with the parameters or functions included to present a visual representation
of how they are used. The solid lines represent physical transitions of the compartments, for example: food being removed from
the f compartment via consumption at rates θ0, θ1, and θb. The dashed lines represent a contribution from one compartment to
another, for example: spores deposited into the environment from infected hive bees at rate γ. Finally, the dotted lines represent
an influence of one compartment on the transition (solid lines) to another compartment, for example: the amount of food and
supplementary sugar influence the death rates of bees in addition to influencing the rate at which bees are recruited to foraging
duties. Note that all θ0 and θ1 terms are influenced by the number of healthy and infected bees, respectively.
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3.2 System of ordinary differential equations

In our system of ordinary differential equations, we compartmentalize bees based on their

worker and infection status: healthy hive bee (H0), infected hive bee (H1), healthy foraging

bee (F0), or infected foraging bee (F1). E represents the environmental reservoir of N.

ceranae spores which we refer to as the environmental potential, as in [89]. Finally, we

model food stores by differentiating between honey (f) and supplementary sugar syrup

(s). The system of equations governing the model is as follows:

Ḣ0 = β̃(Z, t)︸ ︷︷ ︸
Emergence

+ σ
F

Z
F0︸ ︷︷ ︸

Reversion

−R(Z, f, s, t)H0︸ ︷︷ ︸
Recruitment

− η̃0(Z, f, s, t)H0︸ ︷︷ ︸
H0 death

−α(t)
E

λ+ E
H0︸ ︷︷ ︸

Rate of infection

(3.1)

Ḣ1 =α(t)
E

λ+ E
H0︸ ︷︷ ︸

Rate of infection

+ σ
F

Z
F1︸ ︷︷ ︸

Reversion

−R(Z, f, s, t)H1︸ ︷︷ ︸
Recruitment

− η̃1(Z, f, s, t)H1︸ ︷︷ ︸
H1 death

(3.2)

Ḟ0 =R(Z, f, s, t)H0︸ ︷︷ ︸
Recruitment

− σ
F

Z
F0︸ ︷︷ ︸

Reversion

− φ̃0(Z, f, s, t)F0︸ ︷︷ ︸
F0 death

(3.3)

Ḟ1 =R(Z, f, s, t)H1︸ ︷︷ ︸
Recruitment

− σ
F

Z
F1︸ ︷︷ ︸

Reversion

− φ̃1(Z, f, s, t)F1︸ ︷︷ ︸
F1 death

(3.4)

Ė = γ(t)H1︸ ︷︷ ︸
Deposition of spores

− δ(t)E︸ ︷︷ ︸
Loss of viability

− α̃(t)
E

λ+ E
H︸ ︷︷ ︸

Removal of spores

(3.5)

ḟ = c0(t)F0 + c1(t)F1︸ ︷︷ ︸
Food collection

− θ̃0(f, s, t)(H0 + F0) − θ̃1(f, s, t)(H1 + F1)︸ ︷︷ ︸
Food consumption (workers)

− θB(Z, t)︸ ︷︷ ︸
Food consumption (brood)

− ξ(f, t)f︸ ︷︷ ︸
Harvest

(3.6)

ṡ = µ(t)︸︷︷︸
Sugar addition

− θ̂0(s, t)(H0 + F0) − θ̂1(s, t)(H1 + F1)︸ ︷︷ ︸
Sugar consumption

(3.7)

where we use the shorthand notation H := H0 +H1 (i.e., the total number of hive bees),

F := F0 + F1 (i.e., the total number of forager bees), and Z := H0 + H1 + F0 + F1 (i.e.,

the total number of bees).
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The named functions presented in the system of ordinary differential equations are

defined below. The functions and parameters will be explained in detail in section 3.3.1:

Emergence:

β̃(Z, t) =β(t)
Zn

k(t)n + Zn
(3.8)

Recruitment:

R(Z, f, s, t) =ψmin(t) +

(
ψmax(t)

a2

a2 + (f+s
Z

)2

)
(3.9)

Healthy and infected hive bee death rates:

η̃0(Z, f, s, t) =η0(t) +

(
η̂0(t)

a2

a2 + (f+s
Z

)2

)
(3.10)

η̃1(Z, f, s, t) =η1(t) +

(
η̂1(t)

b2

b2 + (f+s
Z

)2

)
(3.11)

Healthy and infected forager bee death rates:

φ̃0(Z, f, s, t) =φ0(t) +

(
φ̂0(t)

a2

a2 + (f+s
Z

)2

)
(3.12)

φ̃1(Z, f, s, t) =φ1(t) +

(
φ̂1(t)

b2

b2 + (f+s
Z

)2

)
(3.13)

Food consumption rates:

θ̃0(f, s, t) =θ0(t)
f

h+ f + νs
(3.14)

θ̃1(f, s, t) =θ1(t)
f

h+ f + νs
(3.15)
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Sugar consumption rates:

θ̂0(s, t) =θ0(t)
s

h+ s
(3.16)

θ̂1(s, t) =θ1(t)
s

h+ s
(3.17)

Food consumption by brood:

θB(Z, t) =θb(t)β(t)
Zn

k(t)n + Zn
(3.18)

Honey harvest:

ξ(f, t) =

−ln
(
fh
f0

)
t− t0

(3.19)
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3.3 Parameters and functions

3.3.1 Parameter and function descriptions

Nutritional requirement

We introduce the parameters a and b which represent the minimum amount of food

required per healthy or infected bee, respectively, for a colony to function under ‘normal’

circumstances of food abundance. As the amount of food per bee is reduced below either

a for healthy bees, or b for infected bees, the rates at which bees die and are recruited

from hive to foraging duties are increased. The value of a is set to 4 mg/bee, which

was determined to be the minimum amount of daily utilizable sugars required for bees to

survive [4]. Based on our assumption that N. ceranae induces energetic stress, causing

infected bees to consume twice as much food, we set b to 8 mg/bee, meaning there needs

to be twice as much food for infected bees to maintain the ‘normal’ biology of a honey bee.

In the model, these parameters are used as half-saturation constants in the Equations 3.9

- 3.13, therefore affecting Equations 3.1-3.4.

Emergence

The function β̃(Z, t) represents the maximum emergence rate of healthy hive bees, which

is a product of the queen’s egg laying rate, β(t), and the brood maintenance function from

[33] with half-saturation constant k(t). The emergence rate function is:

β̃(Z, t) = β(t)
Zn

k(t)n + Zn

While we assume that the egg-laying rate of the queen remains periodically constant, the

success of brood emergence is affected by the total number of adult bees in a colony. The

more bees there are in the colony, the better chance there is for the brood to emerge as

adult bees. The emergence function has an influence on the number of healthy hive bees

and also the amount of food consumed by brood and therefore affects Equations 3.1 and

3.6.

Recruitment and reversion

Division of labour is simplified in this model to only two roles: hive duties and foraging

duties. The function that models the rate at which bees are recruited from hive to foraging

duties is given by R(Z, f, s, t). Similar to [65], our recruitment function consists of a

baseline recruitment rate, ψmin, and an additional recruitment rate, ψmax, that is saturated

at its maximum when the amount of food per bee is sufficiently small. We deviate from

[65] such that the additional rate of recruitment is influenced by the minimum daily food
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requirement, a. The recruitment function is modelled as:

R(Z, f, s, t) = ψmin(t) +

(
ψmax(t)

a2

a2 + (f+s
Z

)2

)
Honey bees are able to monitor and maintain a relatively consistent ratio of hive to forager

bees through the excretion of pheromones. Under circumstances when there are too many

foragers, some bees may begin to revert back to hive duties. The rate at which foraging

bees revert to hive duties is the product of the parameter σ and the fraction of foragers

in the total honey bee population. σ is calculated based on the value of ψmin when N.

ceranae is not present in the colony. The derivation of this parameter is explained in detail

in [89].

The term governing the rate at which bees revert from foraging back to hive duties is:

σ
F

Z
F0,1

Both functions concern themselves with honey bee population dynamics and therefore

affect Equations 3.1-3.4.

Death rates

We present novel functions governing death rates for hive bees (η̃0, η̃1) and foraging bees

(φ̃0, φ̃1). While each bee classification has its own baseline death rate (η0, φ0) or disease-

induced death rate (η1, φ1), we also include an additional term to represent starvation-

induced death (η̂0, η̂1, φ̂0, and φ̂1). This function reaches its maximum potential when the

amount of food per bee is less than the daily food requirement parameters, a or b.

Healthy (η̃0) and infected (η̃1) hive bee death rates:

η̃0(Z, f, s, t) = η0(t) +

(
η̂0(t)

a2

a2 + (f+s
Z

)2

)
, η̃1(Z, f, s, t) = η1(t) +

(
η̂1(t)

b2

b2 + (f+s
Z

)2

)

Healthy (φ̃0) and infected (φ̃1) forager bee death rates:

φ̃0(Z, f, s, t) = φ0(t)+

(
φ̂0(t)

a2

a2 + (f+s
Z

)2

)
, φ̃1(Z, f, s, t) = φ1(t)+

(
φ̂1(t)

b2

b2 + (f+s
Z

)2

)
A starvation-induced death rate is included in [100], although this may be over-simplified:

once food stores reach ≤ 100 grams, the death rate is set to one, i.e., all bees begin

to die. In our model, we derive the value of the starvation-induced death rate from a

cage study performed by [37] who observed that bees in a caged environment deprived of

food lasted an average of 35.6 hours. We therefore choose the starvation-induced death
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rate such that when added to the baseline death rate the total death rate is 0.6742 (i.e.,
1

35.6h
= 1

1.4833d
= 0.6742/d). With respect to parameter values, η0 is set to 0 during the

spring, summer and fall months since the rate at which healthy hive bees would die is

negligibly smaller than the rate at which they transition into foraging bees. We use data

from [5] who observed that under field conditions, the foraging life of European honey bees

was just over 11 and a half days, therefore we use φ0 = 0.08511/d. During the winter,

φ0 = φ1 = 0 since forager bees transition back to hive duties and no foraging occurs

during the winter. We refer to the paper [45] who examined differences in mortality

between healthy bees and those infected with N. ceranae. While there were negligible

differences in mortality between the two groups for the first 14 days, survivorship of those

infected with N. ceranae was significantly lower between days 16 and 25 of the study, with

an increase in mortality by a factor of 1.99. 16 days post-emergence is approximately the

time at which bees begin foraging. We therefore do not differentiate between the death

rates of hive bees, η0 and η1, but suggest instead an increase in death rate between forager

bees such that φ1 = 1.99φ0. These death rate functions appear in Equations 3.1-3.4 of our

model.

Finally, we note that the exponent of the sarvation-induced death rate is assumed to

be two, making this function a Holling type III functional response. It is important to

note that in simulations where this exponent was equal to one (i.e., a Holling type II

functional response), the model resulted in failure within the first few months. We assume

the shape of the function due to a lack of available data, but suggest that modelling a

starvation-induced death rate such as the one we propose is possible.

Infection rate, spore uptake rate and N. ceranae spore-related parameters

α represents the infection rate of bees and is density-dependent such that when E is

sufficiently larger than λ, α saturates at its maximum value. α̃ is the rate at which N.

ceranae spores are removed from the environment by hive bees through cell cleaning.

Similar to the infection rate, as E becomes sufficiently larger than λ, α̃ will reach its

maximum value. In other words, the rate of infection and the removal of spores is greatest

when the concentration of spores in the environment is arbitrarily larger than λ. The

functions representing rate of infection and removal of spores through cell cleaning are

nearly identical with the exception of the coefficient parameters α or α̃. Additionally,

note that while the rate of infection is dependent on only the infected hive bee class,

removal of spores depends on both healthy and infected hive bees. Infection and spore

uptake are given as:

Infection rate:

α
E

λ+ E
H1
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Spore uptake rate:

α̃
E

λ+ E
(H0 +H1)

The value of α̃ is kept constant in the spring, summer and fall seasons but is zero during

the winter since hive cleaning does not occur during this time. The infection rate occurs

in Equations 3.1 and 3.2 while the spore uptake only occurs in Equation 3.5.

N. ceranae spores typically infect and proliferate in the epithelial cells lining the in-

testines of honey bees. When spores accumulate to the point that an epithelial cell is too

full and bursts, the mature spores are released into the intestines and can either infect

new cells or can be shed from the bee into the environment through defecation. The rate

at which these spores are shed through defecation into the hive is represented by γ. While

bees typically defecate outside of the hive, temperature and weather can restrict bees from

leaving which may lead to pathogen shedding in the hive. Whatever this deposition rate

may be, it would reach its maximum potential during the winter since bees are unable

to leave the colony due to freezing temperatures. We refer to the winter deposition rate

as γw and assume that the seasonal values of γ are proportional to the value of γw [89].

These proportional values are based on the number of days bees were restricted to the

hive due to inclement weather or temperature and based on meteorological data from 2015.

Spores that have been deposited into the environment do not necessarily remain viable for

infection [77] and lose said viability at rate δ. Since these parameters only influence the

dynamics of the environmental reservoir of N. ceranae spores, they occur only in Equation

3.5.

Food collection

Healthy and infected foragers will collect food at rates c0 and c1, respectively. The

parameter values for healthy forager food collection are taken from [100], who normal-

ized empirical data to parameterize monthly food collection. Since our model uses sea-

sonal parameter values, we take the average of values between March-May, June-August,

September-November for spring, summer, and fall, respectively. The only exception was

during the winter season (December-February), during which we set the food collection

parameters are set to zero. An important consideration in the food collection parameters

are differences between infected and uninfected bees. We refer to the observations that

infected bees took 2.1 times as long to return to the hive compared to uninfected bees [66]

and can therefore express the infected forager collection parameter as c1 = c0
2.1

. On the

day of honey harvest c0 and c1 are set to zero. We argue that the vast influx of supple-

mentary sugar replaces the need for bees to forage. The food collection parameters occur

in Equation 3.6 of our model.

Food consumption
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Healthy and infected bees will consume food and sugar at rates θ0 and θ1, respectively.

Based on the observations of [1] and [115] in which caged N. ceranae-infected bees con-

sumed approximately twice as much sucrose solution than uninfected control bees, we set

θ1 = 2θ0. During the winter, honey bees will aggressively vibrate their bodies to produce

thermal energy needed to heat the hive. This process is extremely energetically demanding

and requires a large amount of food energy to perform. If winters are particularly cold,

more thermal energy is needed to maintain a consistent internal hive temperature and

therefore requires greater food consumption. We introduce a ‘winter harshness factor’, ω,

that determines the percent increase in food that a honey bee needs to consume during the

winter. Since food can not be consumed if stores do not exist (i.e. f, s ≈ 0), we include

a Holling-type II functional response to the food consumption terms with half-saturation

constant, h, set to some arbitrarily small value. Additionally, we suggest that bees will

preferentially feed on supplementary sugar over stored honey as long as it is available [84].

We assume that the affinity for supplementary sugar is twice that of honey, represented

by the parameter ν. The consumption parameters θ0 and θ1, in addition to their half-

saturation constant, h, occur in Equations 3.6 and 3.7, however, the preferential sugar

consumption parameter occurs only in Equation 3.7.

Food consumption for healthy bees (θ̃0(f, s, t)) and infected bees (θ̃1(f, s, t)):

θ̃0(f, s, t) = θ0(t)
f

h+ f + νs
, θ̃1(f, s, t) = θ1(t)

f

h+ f + νs

Sugar consumption for healthy bees (θ̂0(s, t)) and infected bees (θ̂1(s, t)):

θ̂0(s, t) = θ0(t)
s

h+ s
, θ̂1(s, t) = θ1(t)

s

h+ s

Although we do not consider brood with respect to disease dynamics in this model, we do

however account for the amount of food consumed per brood from eclosion to emergence,

θB(Z, t). This function is represented by the product of θb, the average amount of food

consumed by brood for the duration of their pupation and β̃, the number of bees that

emerge as adult bees.

Food consumption by brood:

θB(Z, t) = θb(t)β(t)
Zn

k(t)n + Zn

Honey harvest and supplementary sugar addition

One of the advantages of studying a honey bee model with seasonal variation is the op-
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portunity to study long-term honey storage and annual honey yield that may be harvested

by beekeepers. Data from the model on harvested honey then allows for the opportunity

to perform economic analyses on interventions or disease treatments. We therefore im-

plement a honey harvest and supplementary feeding strategy that occurs once a year on

the last day of fall. The harvesting term, ξ(f, t) is calculated to solve the ODE ḟ = −ξf ,

which yields:

fh = f0e
−ξ(t−t0),

rearranging we get:

ξ(f, t) =

−ln
(
fh
f0

)
t− t0

,

where fh is our desired amount of food remaining after harvest, and f0 is the initial amount

of food prior to harvest. Since the harvest occurs over one day, t − t0 = 1. This harvest

parameter, ξ will vary depending on f0 since the amount of honey collected by bees may

be different between years. On this same day, µ grams of a 2:1 sugar syrup is added to

the hive as a means to sustain the colony through the winter. This parameter can change

based on the manner of which the sugar is added to the hive, but will mostly be kept at

13,000g to represent a fully filled top-feeder frame. The honey harvest function occurs

only in Equation 3.6.

3.3.2 Parameter values, units and symbols

We present the values, units and symbols of parameters used in computer simulation in

Table 3.1. Also included is a reference to the literature from which we take our parameter

values. A parameter value in this model may have been taken directly from another

model, such as those referenced from [89, 65], or may be data from experimental research

that we have interpreted and modified to become a model parameter. An example of the

latter case is our starvation induced death rate which is referenced from [37] whose data

suggested that bees deprived of food lasted only 35.6 hours. For this parameter to fit into

the system of equations its units must be t−1 with the unit of time being days. Therefore,

we first translate hours into days and then take the reciprocal to get our parameter value

with appropriate units.

Several of our parameters may also be referenced as either ‘assumed’ or ‘calculated’. In

the former case, we assume the value either because of insufficient or inconsistent data in

the literature. In the latter case, a calculated parameter is one that would not be found

in the literature, but is created through arithmetic based on parameter values that are

either assumed or taken from the literature. For example, since the collection of food by
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infected foragers (c1) is half that of healthy foragers (c0), we can calculate the value of the

parameter c1 = c0
2

. The parameter c1 is then not only referenced from [100], from whom

we take the value of c0, but also involves a calculation.

Through the course of our computer simulations, most parameters will not change.

However, parameters α̃ (spore uptake rate), γw (winter spore deposition rate), φ1 (infected

forager death rate), and µ (supplementary sugar addition) may be manually changed

based on the purpose of each experiment. ξ, the honey harvest coefficient, will change

automatically since this parameter is calculated by the integration software based on the

values of state variables at the time of honey harvest.

Table 3.1: Parameter values, symbols and units. *The honey harvest and addition of
supplementary sugar occur on single day at the end of fall.

Parameter Name Symbol Units Spring Summer Fall Winter Reference
Maximum emergence rate β bees · t−1 500 1500 500 0 [89]
Brood maintenance constant k bees 8000 12000 8000 6000 [89]
Healthy bee min. food requirement a grams · bee−1 0.004 0.004 0.004 0.004 [4]
Infected bee min. food requirement b grams · bee−1 0.008 0.008 0.008 0.008 [4], assumed
Rate of reversion σ t−1 1.5 1.5 1.5 1.5 [89]
Rate of recruitment (min.) ψmin t−1 0.25 0.25 0.25 0 [65]
Rate of recruitment (max.) ψmax t−1 0.25 0.25 0.25 0 [65]
H0 death rate η0 t−1 0 0 0 0.00649 [5, 89]
H0 starvation death rate η̂0 t−1 0.6742 0.6742 0.6742 0.66771 [37]
H1 death rate η1 t−1 0 0 0 0.00649 [89]
H1 starvation death rate η̂1 t−1 0.6742 0.6742 0.6742 0.66771 [37], calculated
F0 death rate φ0 t−1 0.08511 0.08511 0.08511 0 [89]

F0 starvation death rate φ̂0 t−1 0.58909 0.58909 0.58909 0 [37], calculated
F1 death rate φ1 t−1 0.16937 0.16937 0.16937 0 [45], calculated

F1 starvation death rate φ̂1 t−1 0.50483 0.50483 0.50483 0 [37], calculated
Infection rate α t−1 0.55 0.12 0.24 0 [89]
Spore half-saturation constant λ spores 10000 10000 10000 10000 [89]
Spore deposition rate γ spores · bee−1 · t−1 0.2061γw 0.2835γw 0.2527γw γw [89]
Winter spore deposition rate γw spores · bee−1 · t−1 varied assumed
Spore decay rate δ t−1 0.006570 0.023300 0.015683 0 [89]
Spore uptake rate α̃ t−1 varied 0 assumed
F0 food collection rate c0 grams · bee−1 · t−1 0.07933 0.05966 0.034 0 [100]
F1 food collection rate c1 grams · bee−1 · t−1 0.03778 0.02841 0.01619 0 [100], calculated
Healthy bee food consumption rate θ0 grams · bee−1 · t−1 0.007 0.007 0.007 0.007ω [65], assumed
Infected bee food consumption rate θ1 grams · bee−1 · t−1 0.014 0.014 0.014 0.014ω [1, 65, 115], calculated
Winter harshness factor ω unitless 1 1 1 1.1 assumed
Consumption half-saturation constant h grams 100 100 100 100 assumed
Sugar preference constant ν unitless 2 2 2 2 [84]
Brood food consumption θb grams · bee−1 0.163 0.163 0.163 0 [65]
Honey harvest ξ t−1 0 0 varied* 0 calculated
Sugar syrup addition µ grams · t−1 0 0 13000* 0 assumed
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Chapter 4

Computer Simulation Results

4.1 Initial conditions and simulation methods

All simulations were carried out with the software R [94], using the ordinary differential

equation solver package ‘deSolve’ [104] to numerically integrate the system of equations.

Simulations begin on the first day of spring with initial populations H0(1) = 5, 000 and

F0(1) = 2, 500 and initial sugar s(1) = 500. Food has not yet been foraged, so f(1) = 0.

Since we do not consider disease transmission until winter of the first year, H1(1) =

F1(1) = E(1) = 0. When studying the model with disease, we alter the populations such

that ten healthy hive bees become infected on the first day of winter during the first year,

i.e., H0(275) = H0(274)− 10 and H1(275) = 10, with t = 275 being the first day of winter

during the first year.

Since we do not perform mathematical analysis in this thesis, we restrict the scope of

our results and observations to within 10 years of the beginning of the colonization. We

argue that this is already an unrealistically long time for a colony to last without either

failing or having its population artificially altered.

While investigating this model, we encountered some difficulty with the food harvest

function. Due to the specifications of the ODE solver, a function coded continuously

over the period of one year would mean computation of the function at every time step.

Although we can manipulate the function coefficient such that the harvest function is zero

at times other than harvest, the package had issues with integration at certain values of f .

Instead, we code the model so that it is broken into three functions: pre-harvest, harvest,

and post-harvest. The pre-harvest function includes each 91 days of spring, summer and

fall, while the harvest function occurs on the 92nd day of fall and includes the harvest

function ξ(f, t). The post-harvest function then codes the rest of the year by simulating

the winter season. Another set of errors that we encountered were scenarios of colony
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failure that occurred much earlier than the end of the ten year simulation. If variables

become too small, the program is unable to continue integration and will result in an error.

At the end of each iteration of each function, values that are less than 10−6 were set to

zero.

Before we present the simulation results of our model we note that because we do not

perform mathematical analysis, it is not possible to determine exact points of equilibrium.

Instead, we will look for more general consistencies in dynamics between years. When the

quantity of interest, such as bee population size, environmental potential or food stores,

are approximately similar from one year to the next, we consider the model to have reached

a state of consistency. While this certainly is a limitation of the research, we intend to

study this model more qualitatively than quantitatively. We therefore argue that if the

peak in honey bee population, for example, is different from one year to another by even a

few bees, then this is sufficient in maintaining our definition of consistent annual dynamics.
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4.2 Sensitivity analysis

In the following section we present the results for a sensitivity analysis performed on

the model through Latin Hypercube sampling (LHS) and calculation of the partial rank

correlation coefficients (PRCC) for each specified parameter. We use the R packages

“lhs” [19] for the LHS and “sensitivity” [93] to calculate the PRCC. The LHS is used to

generate a random set of parameter values within a specified range. The model is then

executed with each set of parameters while recording various model outputs through each

iteration. After generating a number of model outcomes, the PRCC is used to determine

the partial correlation between parameter values and the outcome of interest. In the case of

this sensitivity analysis, our outcomes of interest are the sum of honey harvested over ten

years and the number of days before colony failure occurs within a ten year period. We run

1000 iterations of the model under various sets of parameters and use the simulation data

in our PRCC. The resulting partial correlation coefficients can then provide a qualitative

explanation as to how sensitive the model outcomes are to changing parameter values.

We test the parameters φ1 (infected forager death rate), θ1 (food consumption for in-

fected bees), ω (winter harshness food consumption factor), θb (food consumption by

brood), b (minimum required food for infected bees), γw (winter spore deposition rate), α̃

(spore uptake rate), as well as the spring, summer and fall values for c1 (infected forager

food collection), α (infection rate), and δ (loss of spore viability). These parameters are

chosen since, for the most part, they contribute to either food collection, consumption, or

the dynamics of N. ceranae. We choose not to test other parameters since they are not

relevant to N. ceranae dynamics, or the influence of infection on food dynamics. We set

the bounds on possible parameter values to be ±50% of the values referenced in Table 3.1.

With respect to α̃, and γw, which do not have given values in Table 3.1, we test the ranges

between 1.0-3.0 for both. The range of testing of these parameters is somewhat arbitrary

since they are both assumed parameters and do not have a basis in the existing body of

literature. However, these parameters are varied in this range in [89] and so we use this as

a guideline for parameter choice in this sensitivity analysis. We choose not to test -50%

of the ω value, the increase in food consumption during winter, since it is unrealistic that

bees would ever consume less food during the winter than they would during the other

seasons and therefore we test the range 1.0-1.5.

For our first sensitivity analysis, we test the partial correlation between the aforemen-

tioned parameters and the 10 year honey yield sum. We plot the value of the partial

rank correlation coefficients with error bars in Figure 4.1. The results indicate that the

model is most sensitive to parameters θb, γw, α̃, and φ1. It is not surprising that the sum
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honey yield has a strong negative correlation with θb, the amount of food consumed over

9 days of brood maturation. The value of θb is larger than either the food collection or

worker bee consumption parameters, so even small perturbations to this parameter can

lead to large changes with respect to long-term honey yield. However, since this parameter

does not concern itself with N. ceranae, as stated in our assumptions, we will choose not

to investigate the dynamics of this parameter any further than this sensitivity analysis.

Parameters α̃ and γw both contribute to the disease dynamics as well as having signifi-

cant positive and negative correlations to the ten year honey yield sum, respectively. We

therefore choose to study the dynamics of this model under various combinations of these

parameters. Interestingly, we observe a positive correlation between honey yield sum and

φ1, the death rate of infected foragers. We will investigate this parameter separately in the

computer simulation section to better understand the dynamics of disease with various φ1

values.
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Figure 4.1: Sensitivity analysis - partial rank correlation coefficients for parameters with
respect to the total honey yield after 10 years

The second sensitivity analysis tests the correlation between the parameters of interest

and the number of days before colony failure, which we define to be the day at which the

sum of bees is less than one, i.e. H0 +H1 + F0 + F1 < 1. The results of this sensitivity of

analysis are shown in Figure 4.2. Through 1000 simulations, 131 parameter sets resulted in
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colony failure at some point before the end of the 10 year simulation period. The number

of days until colony failure is most sensitive to parameters α̃ and γw, and with similar

partial correlation values to the previous sensitivity analysis. This further supports our

decision to study the model dynamics under various combinations of these parameters.
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Figure 4.2: Sensitivity analysis - partial rank correlation coefficients for parameters with
respect to the number of days before colony failure in a 10 year simulation period
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4.3 Base case - disease-free model dynamics

We first investigate the population dynamics of a honey bee colony without disease, shown

in Figure 4.3. The population of hive bees remains constantly higher than foragers with

total populations increasing during the spring and summer and then decreasing during the

fall and winter. The total population of bees peaks during the summer with approximately

33,000 hive bees and 15,000 foragers. The trough in population occurs at the end of the

winter with approximately 7,800 hive bees and 100 foragers. The small spike in hive

population at the beginning of winter is due to foragers reverting back to hive duties.

After approximately two years, the model reaches a point of consistent dynamics, where

population sizes in subsequent years are almost identically similar. Since no bees are

infected with N. ceranae, the environmental potential remains at zero through the entire

10 year simulation. The amount of honey increases through the spring, summer and fall

and drops sharply when the honey is harvested on the last day of fall. On the same day,

the supplementary sugar is added and gradually decreases as it is consumed. Similar to

the bee population, the amount of honey reaches consistent dynamics in the second year

with annual honey yields being nearly identical after the first year. We note that the honey

yield from the first year is reduced by approximately 7 kg compared to the following years.

The reduced yield is attributed to the smaller initial population of bees at the beginning

of the first year compared to the first day of spring in subsequent years.

Although the exact values from our disease-free model scenario may not reflect those

from a healthy colony, we are less concerned with the exact values and more interested

in the relative differences between models due to disease introduction. For example, our

model predicts an annual honey yield of approximately 35.1 kg, which may be an un-

derestimate of what is experienced by many beekeepers illustrated by the 2016 Canadian

average yield of 55.73 kg per colony [105]. However, the quantitative results from our

disease-free model scenario fall into the realm of possibility which allow us to draw appro-

priate conclusions from the model while allowing room for interpretation. In the upcoming

sections, we will occasionally compare results of our model with disease introduction to

the base case model in order to determine the relative differences in model outcomes due

to disease.
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Figure 4.3: Disease-free model scenario simulation. The top frame is the dynamics of
honey bee population, the middle frame is the environmental potential of disease, and
the bottom frame is the dynamics of honey and supplementary sugar. Since the system
reaches consistent dynamics after the second year, only the first five years of the simulation
are depicted in this figure.
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4.4 Relationship between spore uptake and deposi-

tion rates and possible model outcomes over a 10

year period

In the absence of mathematical analysis to create a bifurcation diagram, we use a number

of computer simulations to estimate the conditions under which colony failure, co-existence

or parasite fadeout are possible. The spore uptake rate (α̃) and winter spore deposition

rate (γw) are tested between 0 and 0.3 in increments of 0.0025. Every combination of

these parameters are run in the model to create 14,641 (121 x 121) data points. We then

categorize each iteration to fit into one of the following model outcomes:

• colony failure if the total honey bee population becomes less than one within the

10 year simulation

• co-existence if the peak honey bee population in the tenth year is greater than one

and if the peak environmental potential in the tenth year is greater than one

• parasite fadeout if the peak honey bee population in the tenth year is greater than

one and the peak environmental potential in the tenth year is less than one

We present the simulation results in Figure A.1 in which the red squares are outcomes of

colony failure, green squares are outcomes of co-existence and grey squares are outcomes

of disease removal. From this data, we can estimate the parameter combinations of α̃

and γw that separate one case from another. At α̃ values of 0.0, 0.05, 0.1, 0.15, 0.2, 0.25,

and 0.3 we plot the maximum values of γw that can cause disease removal or co-existence.

We run lines through each set of points to create two lines that estimate the relationship

between α̃ and γw on model outcome. These are illustrated in Figure 4.4. It should be

noted that because the lines are estimates, there is some degree of error in the areas very

close to the plotted lines.
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Figure 4.4: Curves differentiate between different possible outcomes of the model (disease
removal, co-existence, or colony failure) under various combinations of α̃ and γw.

Because the parameters α̃ and γw are assumed values, this figure allows insight into the

relationship between the two parameters and the effect they have on the dynamics of the

model. In particular, we notice that as α̃ is increased, the range of values of γw for which

disease removal and co-existence occur is increased. If γw = 0, the colony will always

be able to remove the disease and recover from N. ceranae before the end of the 10 year

simulation period. This result is fairly intuitive as if bees are unable to deposit spores

into the environment, there would be no disease transmission and therefore no disease

propagation. Conversely, when α̃ = 0, colony failure is most likely, although there is a

possibility for disease removal or co-existence if γw is sufficiently small. The possibility of α̃

being equal to zero in the spring, summer, or fall is unlikely since bees are actively cleaning

cells for the queen to lay eggs during this time, which we assume to be the mechanism by

which healthy bees acquire the spores.
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4.5 Model dynamics with Nosema ceranae - colony

failure, co-existence and fadeout equilibria

In the following simulation results we present the three possible outcomes of the model

with disease: colony failure, co-existence of honey bees with N. ceranae and fadeout of N.

ceranae.

The first case, shown in Figure 4.5, is that of colony failure in which we choose the

value of the disease parameters to be α̃ = 0.13, and γw = 0.166. Recall that disease is

introduced on the first day of winter in the first year. It is not surprising that we observe

no changes to the system through the spring, summer, or fall of year one when compared

to the disease-free model scenario. A slight increase in the environmental potential during

the first winter leads to the small peak of infected bees near the end of the second spring.

Rather than the honey yield increasing between the first and second years, observed in

our disease-free model scenario, the second honey yield is approximately 300g less than

the first yield.

During the second winter we see a significant spike in the environmental potential,

peaking at approximately 5,700 spore units. After the peak, the environmental poten-

tial decreases exponentially, levels off by the end of spring, and finally begins another

exponential decay before reaching a trough at the end of fall.

Shortly after the beginning of the third spring, the number of infected hive bees and

forager bees is greater than the number of healthy hive and forager bees. Due to the high

number of infected bees, food is consumed quickly and foraged inefficiently. Food stores

in the colony during the third year peak at around 4,000 g. The colony survives during

the third year, but the population of bees is severely reduced over this time. After the

third year, the colony is no longer strong enough to support itself and reaches a point of

failure on day 1584, which is the 51st day of summer in the fourth year. At the time of

colony failure there is 436 g of food and 12,939 g of sugar left in the hive.
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Figure 4.5: Colony failure occurring after 3 years (α̃ = 0.13, γw = 0.166)

The next case, co-existence, is shown in Figure 4.6. In this case we set the disease pa-

rameters α̃ = γw = 0.13. After reaching consistent dynamics in the fourth year, the peak

of healthy hive bees and foragers were reduced by approximately 2,000 1,000, respectively

compared to the disease-free model scenario. With respect to infected bees, populations

peak annually at the end of spring and then steadily decrease through summer, fall and

winter. The peak of infected hive and forager bees are 2269 and 902, respectively, approx-

imately half the peak population of the respective infected bee class than from the colony

failure case mentioned above. The dynamics of environmental potential maintain a simi-

lar shape between years, but the peak value increases steadily over time until reaching a

consistent peak at the end of winter in the fourth year at approximately 1286 spore units.

We note that in the co-existence model scenario, the environmental potential experiences

a secondary peak at the end of spring. This is in contrast to the colony failure model

scenario that experiences a levelling-off in environmental potential during this time and

not a secondary peak.
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Figure 4.6: Co-existence of bees and N. ceranae (α̃ = 0.13, γw = 0.13)

Due to very low levels of infection throughout the second year, we observe an increase

in honey yield between years one and two. However, as the disease establishes itself in

the colony in subsequent years, we observed the honey yield to decrease steadily until the

fourth year, at which point the annual honey yield remains consistent between years and

is reduced by approximately 45% of the disease-free model scenario honey yield.

In the case of co-existence it should be noted that N. ceranae has a stronger effect on

food storage than it does on honey bee population. In section 4.6 we will observe that the

total honey bee population is reduced at a peak of 19% due to endemic levels of N. ceranae

with parameters α̃ = 0.13, and γw = 0.13, whereas honey yield is eventually reduced by

45%.

The final case, parasite fadeout, is shown in Figure 4.7. For this simulation we set the

disease parameters α̃ = 0.185, γw = 0.13. In this case, bees still become infected but the

population of infected hive and forager bees peaks at 246 and 96, respectively. Contrary

to other cases, we observe the peak of environmental potential, a maximum of 88 spore

units, to occur at the end of winter in the first year and then decreases between years.

The maximum reduction in honey yield is in the second year with an approximate 3.5%

loss. By the sixth year, the honey yield is reduced by <0.1%, which we consider to be a

negligible loss.
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Figure 4.7: Removal of N. ceranae (α̃ = 0.185, γw = 0.13)

We have shown that a variety of α̃, and γw parameter combinations can lead to either

colony failure, co-existence, or disease removal. For the sake of simplicity in the upcoming

simulation results, we will refer to various model outcomes with respect to the parameter

values used in the above example simulations. For example, an investigation into the

dynamics of the colony failure model scenario will be with parameters α̃ = 0.13, and

γw = 0.166 unless otherwise mentioned. In some cases we will also simulate examples of

co-existence under different parameter combinations to illustrate the range of effects that

can occur with different levels of endemic N. ceranae infection. In these cases we will use

the parameters α̃ = 0.12, γw = 0.14, and α̃ = 0.14, γw = 0.12.
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4.6 N. ceranae reduces total honey bee population

In the case of colony failure as presented above, it is clear that there are large differences

in honey bee population as the colony approaches a point of failure. However, it is difficult

to determine the degree to which N. ceranae will affect the honey bee population prior

to failure. Similarly, in the case of co-existence or parasite fadeout, population dynamics

appear to be very similar to the disease-free model scenario. To better illustrate the effects

of N. ceranae infection on total honey bee population, we present the differences in total

number of bees between the disease-free model scenario and other various disease model

outcomes in Figure 4.8.

The results suggest that introduction of N. ceranae into a colony will reduce the total

number of bees. The more severe the disease, the greater the differences become in total

honey bee population. However, in the case of disease removal, we observe that the colony

is able to fully recover over time. The difference in bee population between the disease-free

model scenario and the disease removal model scenario peaks at approximately 500 bees

before eventually reaching a difference of nearly zero bees.

We observe very large differences in honey bee population with the colony failure model

scenario before and after the point of failure, occurring approximately halfway through

summer in the fourth year. After this time the differences between the disease-free model

scenario and the colony failure case is the total number of bees in the disease-free model

scenario. However, even before failure we observe a substantial decrease in the total

number of bees, peaking at a difference of 34,267 bees at the end of the summer in the

third year, approximately one year prior to failure.

Differences between the disease-free model scenario and the co-existence model scenario

are not as substantial as the colony failure scenario, but can become quite large. The peak

difference in the second year is approximately 1,300 bees, but reaches approximately 9,100

bees in subsequent years. Biologically speaking, whether or not a beekeeper would notice

a difference of this size would depend on the time of year at which the beekeeper monitors

colony strength. After all, we observe that the differences between a healthy colony and a

colony with endemic levels of N. ceranae during the winter or early spring are relatively

negligible. Instead, it is during the summer that the effects of N ceranae on honey bee

population become most evident.

We note two things regarding these results: i) differences between the disease-free model

scenario and the various disease model outcomes are due to losses from both hive and

forager bees. Of the total number of bees lost due to disease, each scenario maintains

an average of approximately 32.5% forager loss and 67.5% hive bee loss through spring,
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summer and fall. This number changes in the winter due to foraging bees being reverting

back to hive duties. We note this distinction because the percentage of each bee class

during the same time period is roughly 30.8% foragers and 69.2% hive bees. This suggests

that N. ceranae has a slightly larger effect on foragers than hive bees. This result is to be

expected since death rates of infected foragers are twice that of healthy foragers, whereas

the spring, summer and fall death rates do not change between healthy and infected hive

bees.

ii) the observation that peak differences occur during the summer season has a two-fold

impact on the model. The first, which will be further discussed in detail in this thesis, is

the impact on food collection and, therefore, honey yield. The summer is a critical time

period for foraging and a reduction in forager population due to N. ceranae could have a

profound impact on food storage. The other impact is that the seasonal emergence rate,

which is dependent on the total number of bees, is largest during the summer. As the

total honey bee population is reduced, the emergence rate is reduced, which then leads to

a smaller total honey bee population. This compounding effect leading to colony failure

may be explained by an Allee effect that is a known phenomenon amongst honey bees

whereby insufficient population leads to negative population growth.
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Figure 4.8: Difference in the total number of bees between disease-free model scenario ver-
sus colony failure (red), co-existence (green) and parasite fadeout (blue) model outcomes.
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4.7 N. ceranae reduces honey yield

To better visualize the effect of N. ceranae on long-term honey yield, we evaluate the

cumulative 10 year honey yield under various model outcomes: no disease, colony failure,

co-existence and parasite fadeout. As we mentioned earlier, we will include co-existence

simulations with disease parameters α̃ = 0.12, γw = 0.14, and α̃ = 0.14, γw = 0.12. This

will present results for three levels of endemic disease and will illustrate the effect that

strength of disease in the colony has on annual and long-term honey yield. We present

the results in Figure 4.9.
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Figure 4.9: Cumulative sum of honey yield over 10 years. The different curves represent
the model run with various values of α̃ and γw.

We include the 10 year cumulative honey yield sum from the disease-free model sce-

nario in Figure 4.9 to compare the change in annual and cumulative yield to the various

disease scenarios. We observe the cumulative honey yield to increase linearly over time,

maintaining a constant slope which represents equal honey yield in each year. The cu-

mulative honey yield from the disease removal model scenario, shown in blue, is nearly

indistinguishable from the disease-free model scenario, shown in black.

The three cases of co-existence illustrate not only the effect of N. ceranae on the amount

of honey harvested over the span of 10 years, but also the amplified effects as the disease
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increases in strength, which we represent by the ratio between parameters γw and α̃. As

the ratio of γw to α̃ becomes larger, the strength of disease increases and annual and

long-term honey yield are both reduced. Although the colony may be able to survive with

endemic levels of N. ceranae, we suggest that the health and productivity of a colony is not

as simple as either survival or failure. Between the three cases of co-existence, reduction

in honey yield due to disease after 10 years can vary between 10.02% and 58.13%. For all

model outcomes we present the cumulative annual percent honey yield reduction due to

disease in Table 4.1.

The cumulative honey yield from the colony failure model scenario is shown as the

dashed red line in Figure 4.9. The curve reaches a slope of zero in the fourth year since

the colony has failed by this time and no more honey is harvested in subsequent years.

Table 4.1: Cumulative annual percent honey yield loss due to disease

Year α̃ = 0.185, γw = 0.13 α̃ = 0.14, γw = 0.12 α̃ = 0.13, γw = 0.13 α̃ = 0.12, γw = 0.14 α̃ = 0.13, γw = 0.166
(disease removal) (co-existence) (co-existence) (co-existence) (colony failure)

1 0 0 0 0 0
2 1.76 2.85 4.59 7.46 11.17
3 1.49 4.36 12.82 26.22 40.48
4 1.18 5.57 20.57 38.5 53.09
5 0.96 6.63 25.57 45.14 62.7
6 0.8 7.55 28.85 49.52 69.1
7 0.68 8.34 31.16 52.62 73.64
8 0.6 9 32.88 54.93 77.02
9 0.53 9.56 34.21 56.71 79.63
10 0.48 10.02 35.37 58.13 81.71

As we might expect, the annual percent honey yield loss increases as the strength of

disease increases. Furthermore, in cases of co-existence and colony failure, the percent

honey yield reduction increases between years. In the case of disease removal, the annual

percent honey yield loss decreases through the years. The colony is able to recover after

removal of N. ceranae and so both model scenarios eventually produce the same amount

of honey each year. Therefore, the percent difference between the two will decrease over

time, but will never reach exactly zero.
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4.8 Increasing infected forager death rates can miti-

gate the effects of N. ceranae on honey yield and

colony failure

As mentioned in section 4.2, a positive partial correlation exists between the infected

forager death rate, φ1, and the 10 year honey yield, and to a smaller extent, time until

colony failure. We now investigate the changes in model dynamics with increasing values

of φ1. Recall that the latter is defined as the number of days from the beginning of the

simulation before H0 +H1 + F0 + F1 < 1. We evaluate the model with each set of α̃ and

γw from the various model outcomes and increase φ1 between 0.08511 (no change from

baseline death rate) and 0.34044 (four times the baseline death rate) in increments of

0.0042555 (5% of the baseline forager death rate).

4.8.1 Effect of increasing N. ceranae-induced death rate on honey

yield

Increasing φ1 has a mostly positive effect on the sum honey yield over 10 years, which we

show in Figure 4.10. We observe that when there is no difference between the death rates

of healthy an infected forager bees (i.e., φ0 = φ1 = 0.08511), any severity of N. ceranae

infection will reduce long-term honey yield. Despite this effect, colonies with a less severe

infection still yield more honey than those with a higher severity of infection. As φ1

increases, the total honey yield over 10 years increases in most model outcome scenarios,

and the effect of N. ceranae on honey yield becomes less apparent. The exception is with

respect to the model with disease parameters α̃ = 0.13, γw = 0.166, that typically leads

to colony failure. There appear to be restrictions on φ1 values that will cause increasing

and decreasing honey yield totals. As φ1 increases over 0.08511 ≤ φ1 ≤ 0.1361760 and

φ1 ≥ 0.1617090 the total honey yield increases. However, as φ1 increases over 0.1404315 ≤
φ1 ≤ 0.1574535 the total honey yield decreases. Eventually, if φ1 is large enough, there

are negligible differences between the disease-free model scenario and all disease model

outcome scenarios, even with severe conditions of α̃ and γw that would typically cause

colony failure.
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Figure 4.10: 10 year honey yield with increasing infected forager death rates under various
disease parameter conditions. The black points are from the disease-free model scenario
and therefore do not change with increasing values of φ1. As the degree of N. ceranae
infection becomes stronger, the higher the value of φ1 is required to negate the negative
effects of N. ceranae on the 10 year honey yield. Note that the legend for this figure does
not differentiate between the state of the model after 10 years since this can change based
on the value of φ1. For example, what is typically considered the colony failure model
scenario (α̃ = 0.13, γw = 0.166) will result in co-existence or disease removal provided φ1

is sufficiently large.

We support the above results by plotting the annual honey yield from the model with

parameters α̃ = 0.13 and γw = 0.166, which we typically consider to be the colony failure

scenario in Figure 4.11. We observe that for large values of φ1, the effect of N. ceranae

infection on the 10 year honey yield is negligible. However, as φ1 is reduced, the annual

honey yield is eventually reduced to zero kilograms, indicating the occurrence of colony

failure. However, values of φ1 falling between a certain threshold of values allows the

colony to survive, for example φ1 = 0.1404315 (green line in Figure 4.11) results in a

surviving colony. Interestingly, this value falls between φ1 = 0.127665 and φ1 = 0.17022

(red and blue lines, respectively, in Figure 4.11), both of which lead to colony failure after

at least 5 years. Although the annual honey yield is substantially smaller than that of a

healthy colony, the colony is able to survive.
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Figure 4.11: Annual honey yield with increasing infected forager death rates (α̃ =
0.13, γw = 0.166)

4.8.2 Effect of increasing N. ceranae-induced death rate on time

to colony failure

Intrigued by the results presented in Figure 4.11, we investigate the effect of increasing

the N. ceranae-induced forager death rate, φ1, on days to colony failure. Interestingly,

when there are no or very small differences between φ0 and φ1, there is a wider array of

α̃ and γw values that can lead to colony failure. This is shown in Figure 4.12, whereby

the model with α̃ = 0.13, γw = 0.13 and α̃ = 0.12, γw = 0.14 experience colony failure

when 0.08511 ≤ φ1 ≤ 0.0893655 and 0.08511 ≤ φ1 ≤ 0.1063875, respectively. This is in

contrast to the assumed conditions, under which the two models never reach a point of

failure. With parameters α̃ = 0.13 and γw = 0.166, the number of days to colony failure

with increasing φ1 values exhibit similar dynamics to those in Figure 4.10. However, when

0.1361760 ≤ φ1 ≤ 0.1446870 and φ1 ≥ 0.2000085, the colony is able to avoid failure and

instead results in a state of co-existence.

These results present an interesting characteristic of our model: increasing the N. cer-

anae-induced death rate between certain thresholds is beneficial toward the survival of the

colony. It is possible that for large values of φ1 this effect is due to the reduced number
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of infected foragers that transition back into infected hive bees during the winter. Since

the deposition of spores is greatest during the winter, a decrease in the total number of

infected foragers prior to winter would mean a smaller number of spores deposited. How-

ever, due to the lack of mathematical analysis in this thesis, explaining the threshold of φ1

values for which a colony can be saved from failure is more difficult and remains unclear.
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Figure 4.12: Number of days to colony failure with increasing infected forager death
rates evaluated with disease parameters α̃ = 0.13, γw = 0.166, α̃ = 0.13, γw = 0.13, and
α̃ = 0.12, γw = 0.14. φ1 values for which there is no data plotted implies the colony will
not reach a point of failure during the 10 year simulation period.
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4.9 Increasing supplementary sugar will increase honey

yield

We now investigate the changes in total honey yield with respect to the amount of supple-

mentary sugar added annually on harvest day, shown in Figure 4.13. We run simulations

with the amount of supplementary sugar, µ, between 9 and 14 kilograms in 50 grams

increments. Although it would be possible to explore dynamics of supplementary sugar

above 14 kilograms, it may not be biologically relevant under our model assumptions.

We assume that supplementary sugar is added all at once via a top feeder frame with

dimensions the same as a typical shallow super, 197
8

x 161
4

x 511
16

inches, with a small

access box measuring 71
8

x 411
16

x 3 9
16

inches. With one inch thick material, this feeder can

hold 975.02 in3, or 4.22 gallons of syrup. 14 kilograms of sugar is enough to make about

4.325 gallons of 2:1 syrup which is more than can be held by a standard sized top feeder

frame. Occasionally, beekeepers will add additional syrup over the winter if food supplies

are limited, although this can be extremely risky as exposing bees to winter cold can have

deadly consequences. For the sake of simplicity we assume that supplementary sugar is

added only once on the last day of fall.

We first observe that there exists some threshold value for supplementary sugar addition

that is required for colonies to survive. From our simulations, we observe this threshold to

occur between 9,600 and 9,650 grams of sugar for healthy colonies and between 9,650 and

9,700 grams for colonies infected with N. ceranae. Certainly, if bees are inadequately fed

before the winter, colonies may either fail during the winter or shortly after the beginning

of spring.

We next observe that healthy colonies need slightly less supplementary sugar than in-

fected colonies to survive. However, this difference is very small, approximately 50 grams,

and is likely too small to warrant recommendations towards very specific feeding strategies

for healthy and infected colonies of bees.

Finally, we observe that the rate at which the 10 year honey yield increases becomes

smaller with additional supplementary sugar, until eventually reaching somewhat of a

plateau. Beyond approximately 13 kg of annual supplementary sugar, the rate of change

of the 10 year honey yield becomes linear. Each annual additional 50 grams of sugar

increases the 10 year honey yield by approximately 220 grams. For the sake of clarity, we

mention that the values of supplementary sugar determined in this section is a result of the

model and parameters used and not necessarily a realistic recommendation for practical

beekeeping.
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Figure 4.13: 10 year honey yield with increasing amounts of supplementary sugar
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4.10 Increasing annual supplementary sugar may not

increase long-term profits from honey sales

We have observed that increasing annual supplementary sugar will increase the honey yield

over a span of 10 year, but whether or not this practice is profitable for the beekeeper

is unclear. We now investigate the profit made from the honey of a single colony over

a ten year period. We create a simplified equation to model profit of the form P (x) =

R(x)−C(x), where P (x) is the profit, R(x) is the revenue and C(x) is the cost, dependent

on some variable, x. Our profit function is dependent on honey yield and supplementary

sugar and is modelled by:

P (f, s) =
( n∑
i=1

fi
)
ph −

(( n−1∑
i=1

si
)

+ 500

)
ps

where the model runs for n years, fi is the annual honey yield in grams, si is the annual

supplementary sugar in grams, ph is the market value of honey per gram and ps is the cost

of sugar per gram.

Although we take the sum of honey harvested over 10 years, the sum of supplementary

sugar is only taken over the first nine years. Since the addition of sugar on harvest day

does not affect the honey harvest on the same day, we do not include the cost of sugar in

the final year in the profit equation. The addition of 500 in the equation is the amount of

sugar used to start the colony, which we assume to be 500 g.

When evaluating the profit of honey, we keep the price of sugar constant through all

experiments. Although sugar for feeding is typically purchased in bulk quantities, these

prices can be highly variable between independent sellers. Instead, we choose the price

of sugar based on a wholesale retailer, who sells a 20 kg bag of granulated sugar at a

more consistent price of $16.99 plus 13% tax, for a total of $19.20/20 kg, or $0.00096/g.

The value of honey, however, is a little bit more volatile, varying between $3.94/kg and

$5.38/kg since 2013 [106]. Furthermore, these prices may be inflated by the price of honey

sold by smaller beekeeping operations, such as those in British Columbia, New Brunswick

and Ontario where the average number of colonies per beekeeper in 2016 was 15.1, 25.9,

and 33.6, respectively [105]. Beekeepers that market artisan honey may sell honey for

$10/500 g or higher.

While honey may be valued at a certain price per kilogram, the equation for profit

assumes that 100% of honey is sold and that no honey lost in the packaging process.

Considering inflated prices and the potential difference between honey yield and honey
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sold, we argue that it is reasonable to conduct investigations with prices of honey below

the range of values presented above. We therefore evaluate the 10 year honey yield profit

with prices of honey between $1.50-$3.00 per kg in increments of $0.50.
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Figure 4.14: Profit from honey sales after 10 years with various honey sale prices based on
the disease-free model scenario. The dashed-dotted line is honey valued at $3.00 per kg,
the dotted line is honey valued at $2.50 per kg, the dashed line is honey valued at $2.00 per
kg, and the solid line is honey valued at $1.50 per kg. The former three honey values will
result in increased profit with increasing amounts of annual supplementary sugar whereas
the latter results in decreasing profits when more than 11,500 grams of sugar are added
annually.

We present the 10 year profit with respect to increasing annual supplementary sugar

for the model without disease (α̃ = 0 and γw = 0) in Figure 4.14. When the value of

honey is sufficiently high, profit increases as supplementary sugar increases, although the

rate of profit increase eventually reaches somewhat of a plateau. In some cases, as the

amount of supplementary sugar gets larger, change in profit eventually becomes negative,

suggesting that there is an amount of annual supplementary sugar that will optimize profit

from honey sales. This can be observed when honey is valued at $1.50/kg. The 10 year

profit is at its highest value of $405.84 when 11,500 grams of sugar are added annually.

Above 11,500 grams, the profit begins to decline and reaches $402.06 with 14,000 grams

of supplementary sugar.
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Figure 4.15: Profit from honey sales after 10 years from the co-existence model scenario
(α̃ = 0.13 and γw = 0.13). The effect of endemic disease amplifies the loss in profit as
supplementary sugar is increased.

We also present the 10 year profit when N. ceranae reaches at state of co-existence

(α̃ = 0.13 and γw = 0.13) in Figure 4.15. The most notable difference from the disease-

free model scenario is that profit is reduced. The trends in profit with respect to annual

supplementary sugar are similar to those from the disease-free model scenario, but the

negative change in profit as supplementary sugar is increased is amplified. When honey is

valued at $1.50/kg, the maximum profit is $226.89 and occurs when 10,500 grams of sugar

is added annually. Despite a lower profit, the model with endemic disease also requires

less sugar to reach its maximum profit. With an additional 2,500 grams of annual sugar,

10 year profit is reduced by $5.18. This is in contrast to the disease-free model scenario in

which the decrease in profit was only $3.78 with the same 2,500 gram increase in annual

supplementary sugar.

The differences in profit with respect to supplementary sugar are small, especially since

these numbers are taken as the sum over 10 years. However, a difference of $5.00 per

colony becomes noticeably larger in the case of large-scale commercial apiaries that man-

age hundreds or thousands of colonies. Additionally, these operations may also be more

likely to sell honey in bulk quantities at discounted prices, and therefore find themselves

minimizing, or even reducing profit if they are not considerate with their supplementary
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sugar feeding strategies.

The profit function we present is admittedly over-simplified since there are many other

factors that play into the revenue of honey and cost of supplementary feeding. This may

include transportation and storage of sugar, or loss of syrup due to spillage or robbing

from other insects or animals. Furthermore, it is possible that the cost of transportation

and storage of sugar are dependent on the amount of sugar required annually. That is,

the price of sugar is not a fixed cost, but rather a variable cost dependent on amount of

sugar purchased. With these considerations, one may expect a plateau in profit to instead

become a decrease in profit as the amount of supplementary sugar is increased. If we

assume that each 100 gram addition to annual supplementary sugar increases the annual

cost by 5 cents, we can alter the profit equation to:

P (f, s) =
( n∑
i=1

fi
)
ph −

(( n−1∑
i=1

si
)

+ 500

)
ps − 0.05nk

The additional constant k is the number of 100 gram increments to the base 9,000 grams

of supplementary sugar (i.e. k = 20 would be 20 increments of 100 grams, for an annual

addition of 11,000 grams of sugar and would decrease the ten year profit by $10.00).

Under these circumstances, we observe an eventual decrease in profit as supplementary

sugar increases. Even when honey is valued at $3.00/kg in the disease-free model scenario,

profit is maximized at $900.29 with 13,000 grams of supplementary sugar, but decreases

by $0.23 over the annual additional of 1,000 grams. Again, this decrease in profit is

amplified in the case of N. ceranae infection, whereby the maximum profit is $537.37

with an annual 10,800 grams of sugar and a decrease of $0.81 over the annual addition of

1,000 grams. These differences are obviously very small, but the fact remains that it is

possible for increasing profits to become decreasing profits if sugar feeding strategies are

not considered carefully.
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4.11 Effect of food stores on honey bee population

dynamics

The framework for this model is based on the model of N. ceranae in a honey bee colony

presented in [89], which we will refer to as the Petric model. In an effort to determine

the effect of food stores on honey bee population dynamics, we compare the total number

of bees over time from the Petric model framework to the total number of bees from

the model presented in this thesis. To compare honey bee population dynamics between

the two models, we first need to formulate the Petric model for computer simulation.

We can do so by removing all terms that depend on either f or s which include the

additional maximum rate of recruitment function, starvation-induced death rates, and

the two differential equations ḟ and ṡ. This results in the Petric model, the system of

equations for which is as follows:

Ḣ0 =β(t)
Zn

Zn + k(t)n
+ σ

F

Z
F0 − ψ(t)H0 − η0(t)H0 − α(t)H0

E

λ+ E

Ḣ1 =α(t)H0
E

λ+ E
+ σ

F

Z
F1 − ψ(t)H1 − η1(t)H1

Ḟ0 =ψ(t)H0 − σ
F

Z
F0 − φ0(t)F0

Ḟ1 =ψ(t)H1 − σ
F

Z
F1 − φ1(t)F1

Ė =γ(t)H1 − δ(t)E − α̃(t)(H0 +H1)
E

λ+ E

Since we have removed the parameter ψmax, which is the additional rate at which hive

bees are recruited to foraging duties when food stores become scarce, we change the

notation of ψmin to just ψ. Additionally, we note that the system of equations above

differs slightly from the Petric model since our assumptions state that spores are removed

from the environment by both healthy hive bees and infected hive bees. This is not an

assumption in [89], who assume that spores are removed from the environement by healthy

hive bees only. In addition to this, [89] also used functions to smooth parameter values

between seasons, which was not performed in the simulation of our model. These changes

will innevitablely lead to differences in the values of results than what would have been

reported in [89]. However, our simulations of the Petric model are carried out exactly the

same as described in Section 4.1 with the same parameter values and initial conditions.
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Therefore, the resulting differences that we will analyze in this section are purely due

to the change in model structure by introducing storage of food. We first present the

differences in total number of bees between the Petric model and our model in scenarios

of no disease, co-existence, colony failure and disease removal in Figure 4.16.
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Figure 4.16: Difference between the total number of bees from the Petric model and our
model with all four possible model outcomes (disease-free, co-existence, colony failure, and
disease removal). A positive difference implies a greater number of bees simulated from
the Petric model, whereas a negative value implies a greater number of bees simulated
from our model.

Most noticeable from Figure 4.16 is the large peak of approximately 3,400 bees occurring

during the fall of the third year from the colony failure scenario. Since we are investigating

the total number of bees from the Petric model minus the total number of bees from our

model, this tells us that between the spring of year three and the summer of year four, the

Petric model resulted in substantially more bees than our model. Recalling the dynamics

of the model reaching colony failure presented in Figure 4.5, honey bee population and

food stores are reduced at the beginning of spring in year three and remain weak over the

next year until reaching a point of failure approximately halfway through the summer in

year four. Indeed, the largest differences in total bees between the Petric model and our

model occur when the colony is weakest in the year prior to collapse. We note that from

the beginning of the simulation until the point of colony failure, the total number of bees
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is never greater in our model than the Petric model.

To better observe the total bee differences between models in the case of no disease,

co-existence and parasite fadeout, we plot the same results as above without the case of

colony failure, shown in Figure 4.17. During the first two years, the total number of bees

remains larger from the Petric model than our model. This trend continues in the disease-

free and disease removal scenarios, which remain almost identical to one another, with

the largest difference of approximately 73 bees during spring and the smallest difference

of approximately 12 bees occurring during the winter.
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Figure 4.17: Difference between the total number of bees from the Petric model and our
model in cases of no disease, co-existence and parasite fadeout.

The differences in total number of bees between the Petric model and our model begin

to deviate when considering the case of co-existence. In fact, during most of each summer

season after the second year, the differences in total bees between models become negative,

meaning that our model results in a larger total number of bees during this time. Ad-

ditionally, rather than the peak difference occurring during spring, the co-existence case

instead peaks during the fall and at a larger value than either the disease-free or disease

removal scenarios. Positive differences between the Petric model and our model are fairly

intuitive - since our model includes a starvation-induced death rate, one may expect that

bee populations would be consistently less than that of a model without an additional
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death rate. The other change in model structure is the additional rate of recruitment from

hive to foraging duties when food stores become limited. However, we propose that this

change in model structure would likely not have as direct of an effect on population for

reasons we will explain later in this section. The negative differences between the two

models is therefore very interesting.
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Figure 4.18: Differences in total bee population and environmental potential between the
Petric model and our model under co-existence (α̃ = 0.13, γw = 0.13)

These negative differences may be due to the parameters a and b, the amount of daily

food required for a healthy and infected bee to maintain normal biological behaviour. We

assume that b is twice the value of a, meaning that infected bees need twice the amount

of food as healthy bees before starving. The additional death rate term in our model,

particularly for infected foragers, will create differences between the two models. From

the results in Section 4.8, we know that in the case of co-existence, increasing the infected

forager death rate is beneficial for total honey yield. We now suggest that the increase in

forager death rate is also beneficial to the total bee population for cases of co-existence.

We support these results by plotting the difference in total bee population and also the

difference in environmental potential between models in Figure 4.18. We observe that

the difference in environmental potential remains consistently positive, although reaching

approximately zero between late summer and the beginning of winter, and peaking at
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the end of winter. The peak in environmental potential difference, implying a larger

reservoir of spores in the Petric model, occurs just prior to the negative differences in

total bee population between models. Infected foragers dying faster in our model reduces

the transmission of disease and allows for a greater total bee population. As the differences

in environmental potential approach zero, we observe the positive peak in bee population

difference, which is due to a more rapid rate of death of bees in our model.

We mention that the differences in total bee population between models are driven

by the starvation-induced death rate, although it is also possible that the dynamics are

somewhat affected by the increased rate of recruitment from our model. However, we

suggest that this is unlikely due to the indirect effect of recruitment on the death rate

of bees. Since foragers die faster than hive bees, accelerating the transition between hive

and foraging duties will increase the number of bees that die over time. However, the

parameter values representing starvation-induced death (η̂, φ̂) are much larger than that

of the additional rate of recruitment (ψmax). Since the functions of starvation-induced

death and increased foraging are almost identical, we conclude that the effect from the

additional recruitment term will have a relatively smaller effect on total bee population

than the direct effect of starvation.

Finally, we acknowledge that differences between models are very small. Although dif-

ferences become more evident as the severity of disease increases, results from the disease-

free, parasite fadeout and co-existence scenarios are likely to not significantly impact the

interpretation of results from either model. From a biological standpoint, a difference of

±100 bees will not be noticed by a beekeeper. That is to say, although we have presented

a model that we believe to include more biologically relevant assumptions, such as the

inclusion of food storage dynamics, the conclusions drawn in [89] remain valid.

64



Chapter 5

Treatment of N. ceranae with the

Antimicrobial Fumagillin

5.1 Introduction and updated model

While there are currently few strategies for controlling Nosema ceranae infection, the

primary method is treatment with the antimicrobial fumagillin dicyclohexylammonium.

Fumagillin is administered orally through the consumption of medicated sugar syrup that

is added to the colony, typically in fall, or spring depending on the severity of infection

[12, 14, 117]. Appropriate application of the chemical can result in immediate and long-

term reduction of infection prevalence [14, 50, 117] and intensity [26, 117], the risk of

depopulation can be augmented [50], and increase colony productivity [12], including honey

production [14]. While the use of fumagillin is effective as a treatment, it is not an effective

preventative method as the effects can diminish over time and colonies that have been

treated in one year are still susceptible to infection in following years [50, 116]. Because

fumagillin is not a vaccination, application when there is a low level of infection may not

be worth its cost, especially in autumn when the colony will experience significant natural

death anyway [109, 111].

In the following section, we test different treatment schemes for the application of fu-

magillin to control N. ceranae infection in a colony of honey bees. The three schemes

include fall treatment, spring treatment, or a combined spring and fall treatment. These

can then be compared to the model without treatment, or the model without disease to

determine the impact of fumagillin treatment on N. ceranae infection. In particular, we

are interested in determining not only which treatment scheme is most efficacious, but

also the relative differences in honey yield between treatments to determine which may be

most economically profitable. We will do this by comparing annual and total honey yield
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with and without treatments, as well as investigating the effect of treatment on possible

model outcomes under various disease parameters α̃ and γw.

First, we make the following assumptions regarding our disease model with fumagillin

treatment:

1. Once a bee is infected with N. ceranae, it cannot be cured with fumagillin. Rather,

the antimicrobial reduces the infection intensity and therefore reduces the deposition

rate of N. ceranae spores into the environment.

2. Fumagillin will reduce infection intensity by a maximum of 75% [26], thereby reduc-

ing the number of spores deposited into the environment by the same percentage.

3. The effects of fumagillin are noticeable almost immediately and last for approxi-

mately 33 days, at which point the effects wear off and the spores are able to expo-

nentially proliferate in the honey bee. Spore proliferation reaches a plateau after 17

days [39, 79, 87, 90]. In total, the effect of fumagillin treatment lasts for 50 days.

4. Fumagillin is added on harvest day (fall treatment), the first day of spring (spring

treatment) or both (combined treatment).

5. Fumagillin is added to the colony through sugar syrup in different dosages depending

on colony size [70].

With those assumptions in mind, we present the new model governed by the following

system of ordinary differential equations:

Ḣ0 =β̃(Z, t) + σ
F

Z
F0 −R(Z, f, s, t)H0 − η̃0(Z, f, s, t)H0 − α(t)

E

λ+ E
H0 (5.1)

Ḣ1 =α(t)
E

λ+ E
H0 + σ

F

Z
F1 −R(Z, f, s, t)H1 − η̃1(Z, f, s, t)H1 (5.2)

Ḟ0 =R(Z, f, s, t)H0 − σ
F

Z
F0 − φ̃0(Z, f, s, t)F0 (5.3)

Ḟ1 =R(Z, f, s, t)H1 − σ
F

Z
F1 − φ̃1(Z, f, s, t)F1 (5.4)

Ė =γfum(t)γ(t)H1 − δ(t)E − α̃(t)
E

λ+ E
(H0 +H1) (5.5)

ḟ =c0(t)F0 + c1(t)F1 − θ̃0(f, s, t)(H0 + F0) − θ̃1(f, s, t)(H1 + F1) − θB(Z, t) − ξ(f, t)f

(5.6)

ṡ =µ(t) − θ̂0(s, t)(H0 + F0) − ˆθ1(s, t)(H1 + F1) (5.7)

The only change to the system is the addition of the parameter γfum in Equation 5.5,

which represents the influence of fumagillin treatment on the spore deposition rate. γfum
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is a time-dependent, dimensionless parameter with a range of [0.25, 1]. In creating the

γfum function, we first plot points to give the desired shape and then create a smooth

function by using the ‘pchip’ function from the ‘pracma’ package [10] in R. The function

for γfum is presented in Figure 5.1.
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Figure 5.1: γfum function used for the fumagillin treatment at the end of fall

The exact mechanics by which fumagillin affects honey bees infected with N. ceranae

have not been extensively studied and therefore are poorly understood. The assumption

that the effect of fumagillin is noticeable almost immediately is represented in this function

by the exponential decay in γfum over the first 10 days. One of the only studies to quantify

a statistically significant effect of fumagillin on infection intensity observed mean spore

count to differ from 8.24 million spores per bee in untreated bees to 2.34 million spores per

bee in treated bees [26]. We therefore set the maximum effect of fumagillin to reduce spore

intensity, and therefore γ by 75%. This maximum effect is sustained until 33 days after

treatment, at which point spores begin exponential proliferation until they reach a carrying

capacity 17 days later. From days 51-91, there is no longer any effect on deposition and γ

is reduced by 0%. When treating in the spring, the γfum function remains the same but

the 0% reduction lasts until day 273 day since this is how long our ‘preharvest’ differential

equation function in R is coded to last.
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5.2 Fumagillin reduces the number of viable spores

in the environment

For our first investigation, we choose the parameters α̃ = 0.13 and γw = 0.13 and test the

effect of fumagillin treatment on the environmental reservoir of spores in the hive. We

expect the environmental potential to be reduced with the application of treatment, but

are interested in the differences in environmental potential dynamics between treatments.

Recalling the dynamics of the environmental potential in the case of co-existence de-

tailed in Section 4.5, we observe a primary peak in environmental potential just prior

to the beginning of spring, and a smaller secondary peak at the beginning of summer.

A similar trend is observed in all cases of treatment, however, the size of the primary

and secondary peaks are reduced. Furthermore, the proportional differences between pri-

mary and secondary peaks of environmental potential differ between treatment schemes.

In other words, the dynamics of the environmental potential do not differ by a constant

factor between treatment schemes. We illustrate these observations in Figure 5.2.

With respect to fall treatment, the most noticeable reduction in environmental potential

occurs during the primary peak. The secondary peak is still reduced compared to the

absence of treatment, but proportionally smaller than that of the first peak. Specifically,

by the sixth year, the primary peak is reduced by 38% while the secondary peak is reduced

by only 15%. The opposite trend occurs for the spring treatment. Although the spring

treatment environmental potential has not reached consistent dynamics as of the sixth

year, the primary peak is reduced by 69% whereas the secondary peak is reduced by

78%. Finally, the combination treatment appears to maintain a consistent proportional

reduction between the primary and secondary peaks, both being reduced by 96% when

compared to the model without treatment. For the most part, these patterns seem intuitive

- if the deposition rates are reduced during winter or spring, one would expect the number

of environmental spores to also be reduced at the end of winter or spring. However,

the effect of spring treatment on the primary environmental potential peak during the

following winter may not seem as intuitive.

Finally, we note that for the spring treatment, the annual dynamics do not reach a

consistency within the first 10 years of simulation. Although the differences between

the spring and fall treatments grow smaller over time, the spring treatment model does

eventually reach consistent dynamics with a reduced environmental potential compared

to the fall treatment model.
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Figure 5.2: Environmental potential for each fumagillin treatment scheme in the case of
co-existence (α̃ = 0.13, γw = 0.13).

5.3 Fumagillin increases honey yield and reduces risk

of failure in colonies infected with N. ceranae

Next, we observe the effects of different fumagillin treatment schemes on the cumulative

honey yield over 10 years, first with parameters α̃ = 0.13 and γw = 0.13. As one might

expect from the dynamics of the environmental potential presented above, the annual and

cumulative honey yields are higher when any kind of treatment is provided. Relative to

the model where no treatment is provided, the fall treatment increases the cumulative

honey yield after 10 years by 7.95%, the spring treatment by 27.56% and the combined

treatment by 33.91%. Relative to the model in the absence of disease, the same treatments

correspond to honey yield losses of 27.42%, 7.81% and 1.46%, respectively. While these

disease parameters would typically reduce honey yield by 35.37% after 10 years, the effects

of N. ceranae on honey yield after a combined treatment may even be considered negligible.

We include all values of relative honey percentage loss due to disease under all five disease

parameter scenarios in Table A.1.
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Figure 5.3: Cumulative honey yield over 10 years with various fumagillin treatment
schemes with disease parameters α̃ = 0.13 and γw = 0.13

We now look to the model evaluated with parameters α̃ = 0.13, γw = 0.166 which,

without treatment, will cause colony failure. Similar to the case of co-existence, we observe

the largest increases in annual and cumulative honey yield in order of combined, spring,

and fall treatments. This observation of increased cumulative honey yield is in contrast

to the same system in which no treatment is provided, represented by the black line in

Figure 5.4. We observe the cumulative honey yield curve with no treatment to plateau at

year four since the colony has reached a point of failure at this time and no more honey is

harvested from the colony beyond this point. However, when any treatment scheme was

implemented into the model, the cumulative honey increases over time. This result implies

that treatment with fumagillin can save a colony from failure that would have occurred

otherwise, which supports the observations made in [50].
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Figure 5.4: Cumulative honey yield over 10 years with various fumagillin treatment
schemes with disease parameters α̃ = 0.13 and γw = 0.166. While the system with no
treatment reaches a point at which the cumulative honey yield remains constant, treatment
with fumagillin contributes to an increasing cumulative honey yield over time.

In an effort to better understand exactly how each treatment scheme influences the

possibility of failure, co-existence or disease removal, we run the same simulation detailed

in Section 4.4. However, we now run the simulation three times, one for each treatment

scheme, plus the results with no treatment. We then extrapolate the lines that distinguish

between model outcomes when evaluated at specific parameter sets of α̃ and γw and plot

this in Figure 5.5. We can observe that with fumagillin treatment, as α̃ increases, the

value for γw needed to cause colony failure also increases. Additionally, as α̃ increases,

there is a higher tolerance for γw values that will result in disease removal.
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5.4 Economics of fumagillin treatment

Similar to the profit analysis performed in the last section, we now present the profit

analysis of fumagillin treatment. The equation modelling profit is as follows:

P (f) =
( n∑
i=1

fi
)
ph − (n− 1)pt

where n is the number of years, fi is the annual honey yield, ph is the market value of honey,

and pt is the price per treatment. Treatment price has a coefficient of (n−1) since spring or

fall treatment would not affect the honey yield from the first year. Likewise for combined

treatment, the initial fall dose would not affect first year honey yield and the spring dose

in the final year would not affect the 10 year honey yield. Treatment price may be different

based on either timing of treatment, but also based on the amount of fumagillin purchased.

Fumagillin is sold as the product Fumagilin-B, manufactured by Medivet Pharmaceuticals

Limited in Canada, and is available in 24, 96 and 454 gram bottles, with each gram of

the Fumagilin-B powder having an equivalent 21 mg of fumagillin. The recommended

concentration of medicated syrup is 25 mg fumagillin per litre of sugar syrup. Depending

on colony size at the time of treatment, various amounts of medicated syrup are required

for adequate dosing. For treating with Fumagilin-B in the fall, it is recommended that 4

litres of medicated syrup is used for colonies with approximately 18,000 bees and 7-8 litres

of medicated syrup for colonies with approximately 30,000 bees. Under disease parameter

conditions of co-existence, the total number of bees from our model on the last day of fall

reaches approximately 19,000 bees, so we will assume that 5 litres of medicated syrup are

added at this time. For spring treatment, the recommended amount of medicated syrup is

2 litres for colonies of approximately 12,000 bees. Again, from the co-existence simulation,

our model predicts a total population of approximately 11,000 bees and so we will assume

an addition of 2 litres of medicated syrup at the beginning of spring. The combined

treatment is simply both fall and spring treatments together and so the total amount of

medicated syrup is 7 litres. The above recommendations are taken from the Government

of Manitoba’s guidelines on treating honey bees with antibiotics and acaricides [70]

Since each bottle size has a different price, we can calculate the price of each treatment

from each bottle size. Recall that one gram of Fumagilin-B powder contains 21 mg of

fumagillin. Furthermore, online prices from an Ontario-based beekeeping supplies distrib-

utor of the 24, 96 and 454 gram bottles are $23.56, $48.42, and $168.31 (including 13%

tax), respectively [59]. An example calculation for fall treatment cost with a 24g bottle

would be as follows:
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24g

bottle
· 21mg

g
=

504mg

bottle
÷ 25mg

L
=

20.16L

bottle
÷ 5L

treatment
= 4.032

treatments

bottle

$23.56

bottle
÷ 4.032

treatments

bottle
=

$5.84

treatment

we perform these calculations for each treatment regime with each different bottle price

to calculate the cost per treatment and present these values in Table 5.1.

Table 5.1: Price per treatment from different Fumagilin-B bottle sizes

fall spring combined
24g $5.84 $2.33 $8.18
96g $3.00 $1.20 $4.20
454g $2.20 $0.88 $3.09

These treatment costs can then be used in the profit equation based on which treatment

schedule is being used. Although it is more likely that a large-scale commercial apiary

would purchase their fumagillin in bulk quantities, it is possible that a smaller-scale oper-

ation may only have a small number of infected colonies and therefore would not require

a large amount of fumagillin. It is therefore possible to assume that the analysis results

with the 24g bottle have a certain level of validity to them.

We now compare the profit from honey yield between different treatment schemes under

conditions of co-existence, colony failure and disease removal. Unless otherwise noted, the

value of honey is assumed to be $3.00 per kg.

In the case of parasite fadeout, fall and combined treatments actually decreased the

profit compared to no treatment in every year after the first harvest. After 10 years,

fall and combined treatments from the 454 gram bottle reduced profit with respect to no

treatment by $17.65 and $23.78, respectively. Spring treatment increased profit slightly

between years 2-4, but then decreased profit beyond this point. After 10 years, spring

treatments reduces profit by $4.44. These results suggest that under conditions of weak

disease potential, determined by parameters α̃ and γw, treatment may not be cost effective.

Although it may seem unlikely that a beekeeper would continue applying treatment once

disease has been removed, it may be a strategy of a large-scale apiary to treat blindly

rather than spend time testing each colony for level of N. ceranae infection. Not only is

random sampling time intensive, but it is also possible for infection to be missed if sample

sizes are small or prevalence is low, such as during the winter. A reduction in profit when

disease prevalence or infection intensity is low would be the case for fall and combined
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treatments, which are expensive and do not substantially increase honey yield. Spring

treatment would increase profit slightly in the first few years, but would ultimately reduce

profit if the colony were expected to last beyond four years. These patterns are amplified

when smaller bottles are used. For example, with treatment application from the 24g

bottle, all treatments reduced profit over time, shown in Figure 5.6.
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Figure 5.6: Cumulative profit from treatment schemes using 24g bottle of Fumagilin-B in
the case of disease removal (α̃ = 0.185 and γw = 0.13) with honey valued at $3.00 per
kg. The annual and cumulative profit is reduced with any kind of treatment scheme when
compared to applying no treatment.

Fumagillin treatment always increases profit when the model is evaluated with parame-

ters that would typically cause colony failure with largest profits from combined treatment,

followed by spring, and lastly fall treatments. We observed in Section 5.3 that any treat-

ment scheme would save the colony from failure with these specific disease parameters.

Although the colony would persist with reduced honey yield, it would survive nonetheless.

It is hypothetically possible, however, that if honey is valued at a low enough value and

fall treatments are applied from the 24g bottle, essentially an economically worst case

scenario, profit is less after 10 years than if the colony had just been left to fail without

intervention, which we depict in Figure 5.7. This, of course, does not consider costs that

may be incurred in creating a new colony if the beekeeper so desires. Additionally, it is

unlikely that the value of honey would reach $1.00 per kg, the price of honey at which
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these observations are made.
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Figure 5.7: Cumulative profit from treatment schemes using 24g bottle of Fumagilin-B
with honey valued at $1.00 per kg (α̃ = 0.13 and γw = 0.166). Spring and combined
treatments are most profitable, whereas fall treatment actually reduces profit compared
to if the colony were left to die in year four.

Cumulative honey profits from the coexistence scenario are similar to those of the disease

removal scenario, but with more exaggerated trends. That is, short-term profits from

spring treatment are greater than that of the combined treatment, but eventually reach a

point where combined treatment is more profitable. Fall treatment is the least profitable,

but will increase profit compared to no treatment. With the 454g bottle of Fumagilin-B

and $3.00/kg honey, spring treatment increases profit compared to combined treatment

by $1.22 and $1.13 in years 2 and 3, respectively. With smaller bottle sizes, this trend is

prolonged over the years and differences are larger. This effect is seen with the 24g bottle

of Fumagilin-B and can be observed in Figure 5.8. Profits from spring treatment increased

over those from the combined treatment by $4.86, $8.41, $10.33, $10.39, $8.52, and $4.98

in years 2-7, respectively.
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Figure 5.8: Cumulative profit from treatment schemes using 24g bottle of Fumagilin-B.
Honey is valued at $3.00 per kg (α̃ = 0.13 and γw = 0.13)

Overall, as honey increases in value, the combined treatment is the best option for in-

creasing honey profit when the largest bottles of Fumagilin-B are used. With lower market

values of honey, spring treatments are more profitable than combined treatments. Further-

more, fall treatments may even reduce profit under special, albeit unlikely, circumstances.

We do not consider the amount of time that it may take to perform treatments. When

there are negligible differences in profit between combined and spring treatments, the cost

of time may play a role in deciding which treatment is best. Finally, we conclude that

combined treatments are usually always the best long-term option. If a colony appears

strong enough to last arbitrarily long and stressors other than N. ceranae are not a factor,

combined treatments are best for long-term honey profits.
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Chapter 6

Limitations and Discussion

6.1 Limitations

One of the major limitations of this thesis is that we did not perform mathematical

analysis on the model. The results from a mathematical analysis are much more robust

than those generated numerically and can be used to support the simulations. Most

notably, mathematical analysis could have derived specific conditions for the stability

of steady states, including disease removal, co-existence and colony failure. Under the

circumstances, we present our best estimate of what the bifurcation diagram may look

like in Figure 4.4, even there is a degree of uncertainty to the precision of these results.

Furthermore, we determine the state of the colony with respect to only two parameters,

α̃ and γw, when state of colony likely depends on many other parameters, such as φ1.

This was shown to have an impact on the long-term dynamics of a colony in Section

4.8 in which increasing values of φ1 were able to save a colony from failure and, in fact,

remove all disease from the colony. Although it may have been possible to mathematically

analyze this model, the inclusion of seven differential equations, 31 parameters, and a

number of functions modelling Holling type-II and III functional responses make the model

complex enough that we decided against mathematical analysis. Additionally, we note that

although mathematical analysis provides robust results, it is possible that for a complex

system of ordinary differential equations such as the one suggested in this thesis, the

conditions of stability may have been unintelligible and incredibly difficult to derive any

kind of biological relevancies due to the large number of parameters used.

When performing mathematical analysis, one must keep in mind that the validity of

results are dependent on the validity of parameter choices. Due to limited available data,

assumed or inappropriately chosen parameters can lead to results with limited validity.

For example, the food collection parameter c0 is taken from [100] who uses data gathered
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in Louisiana, USA. The conditions under which this data was gathered is likely unrealistic

when using other parameter values that are determined based on Canadian data, such as

the values for γw in [89]. Although the majority of our parameters are taken from the

literature, we note that the results presented in this thesis should be considered as more

qualitative than quantitative.

Many assumptions and parameter choices presented in this model were taken from

the work of [89]. One in particular is that the forager death rate is set to zero during

the winter. Foragers do not fly during this season, and therefore do not exhibit the

substantial stress induced from the foraging flights. Additionally, the transition from

hive to foraging duties does not occur during winter, whereas forager bees do transition

back to hive duties. Simulation results indicated that there existed bees classified as

foragers at the end of winter, meaning that the population of foragers come the first

day of spring would be slightly inflated than if the forager death rate were larger than

zero. Additionally, contribution of N. ceranae spores to the environment considers only the

population of infected hive bees. Given that a small number of infected foragers may never

transition back to hive duties in our model, it is possible that the environmental potential

is underestimated. We recommended that in future works, a more realistic assumption to

make is that the death rate of foragers during the winter is equal to the death rate of hive

bees.

Including an aspect of seasonality into a mathematical model of honey bees is important

if choosing to studying the long-term dynamics of honey bees. This was reflected in our

choice of parameters that mimic changing honey bee biology over the seasons, and also in

the changing dynamics between years including honey bee population, food storage and

disease potential. Our assumption that the year is separated into four equal length seasons,

however, is over simplified. Besides the fact that our results and interpretations do not

apply to geographical areas that do not experience all four seasons, it is unrealistic to

assume that the four seasons are the same length even during one year, let alone between

10 years. In Canada, bees are often confined to their hive due to weather conditions

between early November until late March (between approximately 140 and 160 days) [26],

nearly twice the length of what we assumed. Of course, the wintering duration of bees

depends on annual fall and spring temperatures, which have an element of stochasticity

between years. Longer winters would not only impact the probability of survival in the

following year, but would also impact the transmission of N. ceranae. Our results show the

peak of environmental potential to occur at the end of winter, which would likely increase

over the course of a longer winter, leading to a more severe outbreak of disease in the

following spring. Furthermore, a longer winter means a shorter spring, summer and fall,
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which would have an impact on the amount of food collected and honey bee population

due to less time for the queen to lay eggs.

An additional seasonality limitation from this thesis is that our results were limited by

discrete parameter changes between seasons, rather than smoothed transitions in param-

eter values, such as those presented in [89]. It is possible that some aspects of natural

honey bee dynamics were missed due to the set-up of our simulations. For example, the

small dip in population at the beginning of spring, likely due to the time delay between

the laying of eggs and the emergence of mature adult hive bees, was not captured in this

model, but was in others [8, 89].

The use of fumagillin to treat honey bees infected with N. ceranae is a widespread

practice, although not very well understood. Since we assume the function representing

the effect of fumagillin of the rate of spore deposition, there is likely a certain degree

of error between the results presented in this thesis and what would be expected in vivo.

However, the results presented here do agree with trends observed in the literature, mainly

more productive food collection, and lower risk of depopulation in colonies treated with

fumagillin. Further research regarding the treatment with fumagillin is recommended and

could then be used to better guide the assumptions in modelling the effect of fumagillin

treatment on a colony infected with N. ceranae.

Finally, our profit analyses were overly simplified. This was done intentionally to illus-

trate the possibility of maximizing profits based on either supplementary sugar feeding or

fumagillin treatment. While we have not included an array of costs incurred by beekeep-

ers such as transportation, wages, and building materials among many others, we suggest

that these would decrease the overall profit, but would not affect the dynamics presented

in Sections 4.10 and 5.4. Conversely, we also did not include an array of revenues that

may be made by beekeepers such as wax, propolis, and pollen. To re-iterate, our intention

was not to present a robust economic analysis model that can be used to produce rigid

guidlines for optimal beekeeping. Instead, the results from Sections 4.10 and 5.4 suggest

the possibility of optimization and allow for a more thorough economic model to be made

by extending the work performed in this thesis. Another limitation of the profit analyses is

that they were performed under the assumption that honey, sugar, and Fumagilin-B have

a fixed price. The prices of honey and sugar are dependent on the global supply and de-

mand and are variable over time. Similarly, it is also possible that the cost of Fumagilin-B

can change over time since the manufacturer, Medivet Pharmaceuticals Ltd, is a privately

owned company. In our profit analysis, fixed price of honey, sugar or fumagillin can be

interpreted as the average price over a period of time.
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6.2 Discussion

This thesis presents the formulation and computer simulation of a mathematical model for

a colony of honey bees infected with Nosema ceranae with considerations of food storage

dynamics. The dynamics and sizes of honey bee populations produced from disease-free

model scenario simulations are realistic and are consistent with observations made in

the field. Populations peak at approximately 48,000 bees during summer and maintain

an approximate 1:2 forager to hive bee ratio before reaching a trough of approximately

11,000 bees during winter. The honey yield from the first year is slightly less than that

of subsequent years, which is also observed naturally. In fact, the honey yield that we

observe from our model is much higher than what is typically harvested from a colony

in its first year, in which it is not uncommon to harvest very little or no honey. This is

attributed to the initial conditions that we set for the model. We set the initial number

of hive bees to be 5,000 and the initial number of foragers to be 2,500, which may be

an overestimate of initial foragers. Although a nucleus colony may contain around 9,000

bees, they may not forage efficiently due to an unfamiliar landscape. We can observe this

if we set the initial conditions to H0(1) = 3000 and F0(1) = 1000, where the honey yield

in the first year is only approximately 5kg, which we show in Figure A.2. Additionally, we

do not consider the time taken for a brand new colony of honey bees to become familiar

with the landscape from which they forage. Time taken to scout areas that are bountiful

in nectar and pollen take away from actual foraging time and therefore reduce food stores,

and subsequent honey yield.

Despite wintering losses ranging between 15.3% and 33.9%, the number of managed

colonies in Canada increased by 28.28%, or an average gain of 3.54% per year, between

2009 and 2016 [105]. This may seem counter-intuitive since consistent annual wintering

loss should not net long-term gain. It is possible that the long-term increase could be

due to either an increase in ‘backyard beekeeping’ as a hobby or a compensatory thought

process of beekeepers - i.e. lose one colony, replace it with two. An increase in total number

of colonies is a cheerful statistic until one considers a) the cost of a replacing a failed colony

with a nucleus colony - including a new hive, if necessary, and b) more colonies does not

mean more healthy colonies. Not only is a brand new colony of honey bees expensive, but

we have shown that the yield from the first year is reduced compared to subsequent years

in a healthy colony, especially if we consider the information presented above regarding

smaller initial conditions and scouting time. If a colony, or colonies, are perpetually failing

after one year and yield only 5kg of honey in the first year, twice as many colonies would

only yield one third than that of one healthy colony surviving longer than one year. What
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does this say about the meaning of a 28.28% increase in managed colonies? In the case

that the increasing number of colonies is due to a compensatory process of beekeepers, it

would be better to consider treatment and health management rather than attempting to

inflate the total number of bees by adding new colonies. In other words, an increase in

the total number of colonies does not necessarily provide meaningful information toward

the overall health of honey bees.

The results from Section 4.6 and 4.7 provide some interesting insight into our model and

possible colony recovery from N. ceranae infection under certain conditions. The results

suggest that with parameter values that lead to parasite fadeout (α̃ = 0.185, γw = 0.13),

the reduction of bees and honey yield due to disease over time will approach zero. While

our results show an eventual difference of zero between the disease-free and parasite fadeout

model scenarios, this is due to the simulation methods in which we set variables to zero if

they were ever below 10−6. So while never truly reaching zero, differences in total number

of bees and honey yield between the disease-free and disease removal model scenarios reach

approximately zero. One of our assumptions in Chapter 5 is that an individual bee infected

with N. ceranae will never recover. However, we suggest that it is possible for a colony of

honey bees to recover from N. ceranae infection under specific circumstances. Therefore,

treatments that wish to essentially eliminate N. ceranae from a colony may benefit from

focusing on manipulating the uptake and deposition of spores such that disease removal is

possible. This may include fumagillin (reducing deposition of spores) or comb replacement

(reducing the possibility of spore uptake), the latter being investigated in [89].

Simulation results show us that with disease introduction, there exists the possibility of

parasite fadeout, co-existence of parasite and honey bees, and colony failure. We presented

these results with respect to disease parameters α̃, the uptake rate of spores from the

environment, and γw, the deposition of spores into the environment. When the uptake of

spores is sufficiently greater than the deposition of spores, we observe disease removal and

when the opposite is true, we observe colony failure. This seems somewhat intuitive - if

the disease is removed faster than it is able to spread, the disease would eventually become

non-existent. When the uptake rate and deposition rate are approximately similar, this is

when co-existence can be observed. These results help explain the inconsistencies between

the research studies regarding the effect of N. ceranae on honey bee colony populations.

While some observe N. ceranae to play a critical role in colony failure, others suggest that

N. ceranae is more of a sub-lethal stressor, that, when combined with other stressors,

can cause colony failure. And still, some claim that N. ceranae is not an issue. It is

entirely possible that the differences between these studies can be explained by variation

in geographic, apiary or even colony-specific parameter values for spore deposition and
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uptake. Genetic differences between bees from different geographical regions, such as those

observed in the Danish breed of Nosema-tolerant bees, may also affect these parameters

and therefore explain differences in prevalence between certain areas around the world.

The discrepancies between hypotheses of N. ceranae seasonality can be addressed from

the simulation results of this model. We first note, however, that some of the seasonal

dynamics of N. ceranae are due to the disease parameters, namely α, the rate of infection.

This parameter is set to 0.55, 0.12, 0.24, and 0 in the spring, summer, fall, and winter,

respectively. We note this because our results suggest a peak infection prevalence approx-

imately halfway into the spring, slightly decreasing during the remainder of spring and

then steadily decreasing during the summer with a trough in the winter. These results are

consistent with the observations from studies that observe a peak in prevalence during the

spring [22, 23, 109, 110]. Additionally, our results are also consistent with several studies

that note that the prevalence of N. ceranae decreases over spring, but never reaches a

trough during this time [21, 22, 26] or those that observe a sharp decrease during the

summer [22]. It is possible that these results are due to the parameter α, although a

consistently high value during spring would not account for the slight decrease in preva-

lence during the latter half of the season, nor would it account for decreasing prevalence

through the fall despite α being larger in the fall than the summer. Finally, we note that

the peak in environmental potential during the winter from our simulation results may be

consistent with studies that observed the infection intensity in bees to peak during the

winter season [21, 97]. Because bees are unable to leave the hive to defecate, it is possible

that the build up of spores in the intestines of the bees peaks during the winter. In the

case that a bee could no longer contain the build-up of waste and N. ceranae spores, it

would seem logical then that the amount of spores deposited during this time would be at

its largest.

Although it has been well documented that N. ceranae infection becomes more prevalent

in a colony as bees become older [14, 60, 102], our simulation results suggest otherwise.

We observe that the prevalence of N. ceranae is consistently higher in hive bees than it

is in forager bees. Because our model does not consider the level of infection, it could be

that the hive bees considered to be infected from our model would not have detectable

levels of infection. That is, it is possible that the actual prevalence of N. ceranae is much

higher in hive bees than what has been reported, but level of infection is low enough to

be undetectable.

An interesting point of discussion comes from the results of a honey bee colony with

endemic N. ceranae. When compared to the disease-free model scenario, the peak number

of bees is reduced by only 2.9%, approximately 1,400 bees, and therefore may not be
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noticeable by a beekeeper. In fact, a peak of 46,650 bees, which we observe in the case of

co-existence, may appear to be a completely healthy colony. What makes this interesting

is that a beekeeper could have a colony co-existing with N. ceranae and not even be

aware of it if they are not actively testing for the parasite. As we observed in Section

4.7, co-existence under the conditions α̃ = 0.13 and γw = 0.13 will reduce the 10 year

honey yield by 35.37%. This can be a substantial loss for beekeepers, particularly those

who do not use their bees for pollination services, where honey would be the majority of

their profits. This leads us to suggest that the food dynamics of a honey bee colony are

an important consideration when modelling disease of any kind. Although the survival of

a colony is an interesting and important outcome of interest, we argue that for a species

whose contributions to agriculture are significant, even small perturbations to the health

of a colony can have significant economical impacts.

Colony collapse disorder (CCD) is the failure or severe weakening of a colony in which

the ratio of brood to adult bees is abnormally high, dead workers are not found in or

around the hive, and the invasion of kleptoparasites who steal the honey and pollen stores

that remain in the hive is delayed [114]. Although we cannot comment on the state of

relative brood population or parasites other than N. ceranae, we are able to keep track of

the amount of stored food in a hive at the time of colony failure. With the model evaluated

with parameters α̃ = 0.13 and γw = 0.166, the colony reaches a point of failure, under

the definition presented in Section 4.2, on day 1584, or the 33rd day of summer in the

fourth year. On this day, there is approximately 436 grams of honey and 12,900 grams of

supplementary sugar remaining in the hive. The delay of kleptoparasite invasion in CCD

means that post-collapse, there should be remaining food stores, which we do observe from

simulations of our model in which colony failure occurs. This does not necessarily imply

that N. ceranae is the sole cause of CCD, but it does suggest a possibility that it may be

a contributing factor to colonies suffering from CCD. Furthermore, the fact that colonies

can reach a point of failure with remaining food stores suggests that N. ceranae-infected

colonies likely do not fail due to starvation. In fact, in the 120 days prior to failure, the

colony persists with very low overall populations. It is possible that N. ceranae-induced

colony failure is due to an Allee effect that is a known phenomenon to occur in honey

bee populations. The colony reaches a critically low population from which it is unable

to recover from and fails shortly thereafter. We suggest that in addition to food stores, a

model including brood dynamics may better determine whether or not N. ceranae infection

can produce characteristics similar to those observed in colonies with CCD.
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Chapter 7

Future Work and Conclusions

7.1 Future Work

The model presented in this thesis includes division of labour by differentiating between

hive bees and forager bees. However, it may be worthwhile to further sub-divide hive bees

based on their specific duties. This is most important when considering several aspects of

N. ceranae that we were unable to include in this model. First of all, the infectious dose

of N. ceranae is dependent on age, whereby the times at which bees are most susceptible

to infection are five days post-emergence, followed by 14 days post-emergence and finally

24 hours post-emergence [58]. Furthermore, assuming feco-oral route of transmission, only

bees between 1-4 days post-emergence would be susceptible to disease as this is the time

during which hive bees perform cell cleaning. Next, one could include the accelerated rate

at which bees infected with N. ceranae progress through temporal polyethism. This char-

acteristic of N. ceranae infection was not included in our model and could be introduced

easily if bees are sub-divided by hive duties. An alternative to duty-based compartments

could also be a system of partial differential equations dependent on time as well as the

age of honey bees, similar to that of [8]. Under this model structure, one could also

make the collection of food by infected foragers dependent on age, which is based on the

observations that as infected bees age, activity and number of flight days were reduced

[32, 97]. Having a death rate influenced by the earlier initiation of foraging would be an

interesting consideration, especially if accelerated temporal polyethism was considered in

an N. ceranae model. This would perhaps affect our result that increasing the infected

forager death rate benefits the colony. If the forager death rate is increased, this would

lead to an imbalance in the ratio of foragers and hive bees and likely induce premature

foraging, which would be assumed to increase death rate of both healthy and infected for-

agers. Rather than benefiting the colony, it is possible that an increased infected forager
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death rate could accelerate the time to colony failure.

While considering additional compartments, it would be interesting to add the dynamics

of brood populations. As mentioned earlier, one of the characteristics of CCD is an

abnormally high ratio of brood to worker bees when the colony is critically weak or has

reached a point of failure. From the model presented in this thesis, we can conclude

that colonies failing due to N. ceranae infection present some elements of CCD, but we

lack information regarding brood population to support this argument. Furthermore, one

may also consider including dynamics of drone bees. Once a queen has been mated with,

drones do not play a substantial role in colony maintenance. They do, however, consume

food from the colony’s food stores. While there only typically exist a few hundred drones

during spring, summer or fall, constant consumption of food without benefiting the colony

could have a significant effect on colony survival, particularly during times of scarce food

stores.

In this model, we consider the only route of disease transmission to be feco-oral. This

is commonly agreed upon as the primary transmission route, but may not be the only

way N. ceranae can be transmitted between bees. One of the possible methods is through

contaminated honey [43]. In this case, it would be important to differentiate between

contaminated honey and non-contaminated honey. The contaminated honey would essen-

tially affect transmission similar to how the environmental potential affects the infection

rate. This would produce some interesting disease dynamics as the environmental reser-

voir would be reduced when honey is removed from the colony during the harvest. It is

unclear whether N. ceranae could contaminate the supplementary sugar syrup, although

assuming honey contamination is possible, it could be considered. An alternate hypothe-

sis is transmission via trophallaxis, or the process of bees sharing food with one another.

Trophallaxis is increased in honey bees infected with N. ceranae [68], and also when food

stores are low, which could create a food and infected bee-dependent transmission rate.

In the absence of sufficient research regarding the effect of fumagillin treatment on honey

bees infected with N. ceranae, our investigations into altered disease and food storage

dynamics are performed to the best of our ability. It would be interesting to test various

γfum functions to determine the effect of a longer or shorter-lasting effect of fumagillin.

One could also test an effect of the same duration with a different function shape - perhaps

a more gradual reduction to γ instead of the sharp declining slope that we propose in our

model. This may present some interesting results with respect to the cost analysis. It is

possible that changing the onset or duration of fumagillin effects could affect the honey

yield and therefore may amplify differences in profit between combined, spring, and fall

treatments.
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The profit analyses in this thesis are based on the production of honey. As we know,

the bulk economic contributions of honey bees are not from honey sales, but from the

pollination of crops and canola seed. Rather than the profit from honey, it would be

interesting to study the economic impact of N. ceranae with respect to pollination revenue.

This information would be very relevant to farmers who can pay up to $120 per hive and

require three hives per acre for crops such as blueberries or cranberries [54]. Even a small

reduction in the foraging efficacy of honey bees due to N. ceranae could have significant

effect on pollination, and therefore crop yield.

One of the assumptions made in this thesis is that disease is added on the first day of

winter during the first year, which was made by following the work of [89]. However, this

assumption could influence the results in unintended ways and should be investigated in

future works. Although we had intended to investigate this topic, time limitations did not

make this possible.

7.2 Conclusions

This thesis has presented the formulation and simulation results for a mathematical model

of Nosema ceranae infection in a colony of Apis mellifera. This model extends the existing

body of literature surrounding mathematical models of honey bees by including food

storage dynamics, seasonal variation of parameters, and disease-specific dynamics of N.

ceranae all together. Additionally, we extend this model to include the treatment of N.

ceranae with the antimicrobial fumagillin. Given the extensive review of the literature

surrounding both N. ceranae and mathematical modelling of honey bee dynamics, we

believe our assumptions and model structure capture the biological complexity of honey

bees and N. ceranae. Through computer simulation we can draw the following conclusions

from our model:

1. Based on chosen values of disease parameters, the model with disease introduction

can either result in i) parasite fadeout, ii) colony failure, or iii) co-existence of honey

bees and the parasite N. ceranae

2. N. ceranae will reduce the honey bee population as well as the long-term honey yield

of a colony. The better established the parasite becomes in the colony, the larger

the effect of infection will be on population and honey yield differences.

3. Increasing the death rate of infected bees can have beneficial effects on overall colony

health and productivity.
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4. Feeding bees with supplementary sugar syrup will increase the long-term honey yield.

However, depending on the market value of honey there may exist a threshold of

sugar feeding, above which can reduce profits from honey sales.

5. Including food storage dynamics has a greater effect on the total number of bees

from model scenarios in which the parasite is better established, i.e., the effect of

food dynamics has a more profound impact on the colony failure scenario than the

co-existence scenario which has more of an impact on the disease removal scenario.

6. Fumagillin treatment will increase annual and long-term honey yield. The greatest

effect comes from a combined spring and fall treatment, followed by spring treatment,

and lastly fall treatment.

7. Similar to the addition of supplementary sugar, deciding which fumagillin treatment

schedule is most profitable depends on the market value of honey. Although com-

bined treatment will increase honey yield the most, it is also the most expensive and

therefore may become cost inefficient if the market value of honey is too low.
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Figure A.1: Heat map with respect to model outcomes described in Section 4.4. The area
shaded red are the parameter combinations resulting in colony failure within 10 years,
the area shaded green are the parameter combinations resulting in co-existence within 10
years and the area shaded grey are those resulting in disease removal within 10 years.
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Figure A.2: Disease-free model scenario simulation with initial conditions H0(0) =
3000, F0(0) = 1000. Honey storage in the first year is quite small due to the initially
small population of honey bees. Yield from the first year is approximately 5kg, although
the colony is able to reach full strength by year three.
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Year α̃ = 0.185 γw = 0.13 α̃ = 0.14 γw = 0.12 α̃ = 0.13 γw = 0.13 α̃ = 0.12 γw = 0.14 α̃ = 0.13 γw = 0.166
none fall spring combined none fall spring combined none fall spring combined none fall spring combined none fall spring combined

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
2 1.76 1.14 0.68 0.43 2.85 1.87 1.00 0.64 4.59 3.09 1.45 0.93 7.46 5.22 2.23 1.44 11.17 8.21 3.20 2.10
3 1.49 0.89 0.48 0.30 4.36 2.39 0.91 0.52 12.82 7.96 2.32 1.20 26.22 20.09 8.06 4.32 40.48 31.40 16.67 10.71
4 1.18 0.68 0.36 0.22 5.57 2.61 0.75 0.41 20.57 13.65 3.12 1.32 38.50 31.59 16.68 9.30 53.09 45.34 31.36 22.62
5 0.96 0.54 0.28 0.17 6.63 2.72 0.62 0.33 25.57 18.13 3.95 1.38 45.14 37.91 23.42 14.64 62.7 53.03 38.97 30.25
6 0.80 0.45 0.23 0.14 7.55 2.78 0.52 0.27 28.85 21.25 4.80 1.42 49.52 42.07 27.86 18.80 69.1 58.06 44.07 35.13
7 0.68 0.38 0.20 0.12 8.34 2.81 0.45 0.23 31.16 23.47 5.64 1.44 52.62 45.01 31.00 21.82 73.64 61.62 47.66 38.58
8 0.60 0.33 0.17 0.11 9.00 2.83 0.39 0.20 32.88 25.12 6.43 1.45 54.93 47.20 33.33 24.07 77.02 64.26 50.33 41.15
9 0.53 0.30 0.15 0.09 9.56 2.83 0.35 0.18 34.21 26.40 7.16 1.46 56.71 48.89 35.12 25.81 79.93 66.31 52.40 43.13
10 0.48 0.27 0.14 0.09 10.02 2.83 0.31 0.16 35.37 27.42 7.81 1.46 58.13 50.23 36.56 27.19 81.71 67.94 54.04 44.72

Table A.1: Annual percent honey yield loss due to disease with various fumagillin treatment schemes
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