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ABSTRACT

DYNAMICAL INSTABILITY OF NEUTRON STARS IN SCALAR-TENSOR THEORIES OF
GRAVITY

Dylan M. Podkowka
University of Guelph, 2018

Advisor:
Professor Eric Poisson

To confirm general relativity (GR) is the correct theory of gravity, even in the strong-field

regime, it is necessary to constrain alternative theories using astrophysical observations. A well-

studied generalization of GR is scalar-tensor theory (STT), which includes some scalar field non-

minimally coupled to the metric. Although STTs have been well-constrained in some cases,

using solar system experiments and pulsar timing, other regions of their parameter space remain

consistent with these observations, as well as cosmological evolution. I discuss my work to

further constrain STT by deducing the macroscopic properties of highly compact neutron stars

that correspond with a dynamical instability in the alternative theory, but retain stability in GR. I

show the expected compactness for the onset of this instability given a large sample of physically

possible equations of state and provide estimates for the mass and radius given current and near-

future measurement precision.
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CHAPTER 1

INTRODUCTION

“We begin with the death of a star.”
— J. S. Read, PhD Thesis [3]

1.1 NEUTRON STARS

Neutron stars (NSs) are possibly the most interesting astrophysical objects in the Universe.

These compact objects have the conditions necessary for the stable existence of the densest matter

allowable by the laws of physics. This means that they provide a completely unique laboratory for

exploring previously inaccessible physics, including strong-field gravity and supranuclear matter.

Balanced by the pressure of subatomic forces and the pull of the gravitational force, while typi-

cally exhibiting powerful magnetic fields, sometimes rotating rapidly, and simultaneously ejecting

beams of radiation, these “dead” stars are very alive with interactions from the smallest to the

largest scales.

When a luminous star has run out of nuclear energy—generated by thermonuclear fusion—to

support itself, it may undergo a variety of processes depending on its size. The largest stars begin

to collapse near the core and subsequently undergo a supernova explosion. The resulting remnant

for the most massive stars is a black hole (BH); a curvature singularity of spacetime. Less massive

stars instead form compact stars: neutron stars or white dwarfs, as their collapse is halted by other

forces. While white dwarfs are supported against gravitational collapse by electron degeneracy

pressure, neutron stars are supported by a yet undetermined internal pressure. Neutron degeneracy

pressure alone cannot support the observed masses of neutron stars that span 1.17–2.01 M� [4],
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as Oppenheimer and Volkoff calculated that bound to be ∼ 0.71 M� [5]. Instead, it is theorized

that the interior of neutron stars is composed of layers under such extreme conditions that neutrons

drip from their nuclei, superfluid matter states form, protons, electrons, and muons are free, and

even exotic states of matter may form, such as hyperons, pion condensates, kaon condensates, or

deconfined quarks [6].

Neutron stars are thus dead stellar remnants that are composed of cold, dense matter. Although

they are still “hot” in the general sense of the word, they are nonetheless “cold” in the sense that

their constituent particles are in their degenerate state. A body composed of nuclear matter is

deemed cold if its temperature is below its Fermi temperature, which, for nucleons, is ∼ 1011

K [3]. This assumption is valid for the vast majority of neutron-star astrophysics, even for young

remnants, as the NS temperature drops to ∼ 1010 K within 20 s of birth [7].

Equations of hydrostatic equilibrium govern the structure of NSs, in the case of static, equi-

librium, fluid-like configurations. These equations relate the rates of change in pressure and mass

with respect to the radial position within the star. However, to completely describe such a fluid

body, one also requires the equation of state (EoS) that relates the pressure to other thermodynamic

quantities. Conveniently, in the adiabatic limit, as just discussed, the EoS reduces to a relationship

between only the pressure and density in the stellar interior: p(ρ), such that the star acts as a

self-gravitating, perfect fluid.

NSs were first theorized by Baade and Zwicky in 1934 [8, 9], amazingly, only four years

after the discovery, by Chadwick [10], of the neutron itself! Although NSs may exist isolated

or with companion stars and at various rates of rotation, the most readily detectable variety are

called pulsars and were first discovered by graduate student Jocelyn Bell and her advisor Antony

Hewish1 in 1967 [11]. They are so named, as they emit pulses of radiation as they rotate, which are

periodically detectable by terrestrial observatories. Since then, ∼ 103 pulsars have been observed,

with varying degrees of precision on measurements of macroscopic properties, such as their masses

or radii.
1Hewish was awarded the Nobel Prize “for his decisive role in the discovery of pulsars” along with Martin Ryle in

1974.
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The first binary pulsar system was discovered by Joseph Taylor and Russell Hulse in 1974 [12],

which led to the first indirect detection of gravitational radiation due to the binary’s orbital decay

rate [13].2 Finally, the LIGO and Virgo Collaborations discovered the event GW170817, which

was the first direct detection of gravitational waves from a NS binary3 [15]. This observation

included extensive electromagnetic follow-up across the entire observational spectrum [16].

1.2 THEORIES OF GRAVITY

Sir Isaac Newton’s theory of gravity, published in 1686, predominated our understanding

of how masses attract one another for centuries. This Newtonian theory is so powerful that it

accurately describes freely falling objects on Earth, orbiting planets, luminous stars, and the motion

of galaxies. It is also so pervasive and useful that only some advanced undergraduate physicists will

study anything more complex when it comes to gravitational interactions. However, the theory has

its limits and point of failure to adequately describe Nature. Here enters Einstein’s theory of general

relativity (GR), published in 1915. While Newtonian theory uses the concept of an instantaneous

“action at a distance,” Einsteinian theory views spacetime as a four-dimensional manifold, which

both influences massive bodies and which is influenced by those same bodies. This development

was necessary to correctly overcome earlier underestimates of the rate of perihelion precession

of the planet Mercury’s orbit around the Sun, and also predicted other phenomena that were later

verified, including gravitational redshift, Shapiro time delay, and gravitational waves.4

GR has stood the test of time, thus far, through various stringent experimental tests [18, 19].

However, just as it overtook Newtonian gravity when a precise description of stronger gravitational

interactions was required, it too may need modification in the future. There are a variety of

alternative theories of gravity that have been constructed, to this end, in order to explain, for

example, other natural phenomena (such as the dark matter problem), better fit other physical

2Hulse and Taylor shared the Nobel Prize “for the discovery of a new type of pulsar, a discovery that has opened
up new possibilities for the study of gravitation” in 1993.

3Although it is likely the binary consisted of two NSs, the analysis does not conclusively rule out the possibility of
a NS–BH binary [14].

4See Ref. [17] for a thorough coverage of the Newtonian description of gravity, its limits, and the need for GR or
approximations thereof.
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theories (such as string theories or inflation), or enable unification with the other forces (i.e.,

quantum gravity). Although some of these alternative theories have been shown unlikely or

impossible over the years, many still encompass regimes that pass the same tests we currently have

for GR, but exhibit deviations in the unexplored territories of the physical Universe. Whatever

the motivation, it is important to explore what effects alternative theories predict, so that one may

constrain or rule them out as observational data dictates, in order to ensure thoroughness in our

study of gravity.

One of the simplest extensions to GR is called scalar-tensor theory (STT). In this theory, gravity

is mediated by both a scalar field and the typical tensor graviton field of GR. The first STT was

formulated by Robert Dicke and his student Carl Brans in 1961 [20] after formative work by

Markus Fierz [21] and Pascual Jordan [22]. Monoscalar-tensor theory was later generalized by

Bergmann [23], Nordtvedt [24], and Wagoner [25] and multi-scalar-tensor theory by Damour and

Esposito-Farèse [26]. One result of these alternative theories is that the scalar degrees of freedom

couple to the trace of the stress-energy tensor of matter T ≡ gµνT
µν , through a field equation of

the form

gµνφ;µν −
dV (φ)

dφ
= −α(φ)T, (1.2.1)

where φ is the scalar field, gµν is the metric tensor, α(φ) is a coupling function, and V (φ) is a

potential. It turns out, upon perturbation of the scalar field, STTs exhibit unique phenomenology,

depending on the values of the coupling and trace T . In particular, NSs (being in the regime of

strong gravity) may show observable differences for positive T [27–29] in the form of spontaneous

scalarization [30] or gravitational collapse, whilst the STT would continue to pass weak-field tests

[31, 32].

1.3 OVERVIEW

The goal of this thesis is to determine a link between the trace of the stress-energy tensor

inside neutron stars, a microscopic property, and their macroscopic, observable properties. The

motivation stems from previous work that found a dynamical instability in certain scalar-tensor
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theories corresponding to a positive trace of the stress-energy tensor. Essentially, some NSs that

are stable in GR are predicted to be unstable to perturbations in these STTs. We observe a quasi-

universal relationship between the compactness, the dimensionless ratio between mass and radius

C ≡ GM/(Rc2), and the trace T . We then provide statistical guidance for when we expect stars

to have a positive trace, and thus be subject to the aforementioned instability in some STTs. The

relationship is labeled quasi-universal, as there remains considerable uncertainty in the EoS of

NSs.

In Ch. 2, I describe the theory behind neutron-star physics, along with some of the experimental

evidence for their existence and certain bounds on their properties. Sec. 2.1 includes the usual

formulation of the stellar structure equations in GR, including how to build a NS model, and then

proceeds to develop a more computationally efficient framework based on the specific enthalpy.

In Sec. 2.4, the parameterized piecewise-polytropic model for the NS EoS developed in Ref. [33]

is summarized and developed in our framework. Ch. 3 takes a detour to review scalar-tensor

theories of gravity in order to motivate our study of a dynamical instability in some of these

theories. This model is used in Ch. 4 to systematically study the space of plausible NSs. By

uniformly sampling the parameter space of the EoS model, we build statistics on the macroscopic

properties of NSs including the mass, radius, and compactness. We then identify a quasi-universal

and EoS-independent relationship between the compactness and a microscopic property associated

with phenomenology unique to STT: the trace of the stress-energy tensor. Ch. 5 concludes by

summarizing the results obtained and providing some outlook on future work in the field.

In Ref. [6], Haensel, Potekhin, and Yakovlev provide the following statement [34] with a“proof”:

Pines Theorem. Neutron stars are superstars.

In particular, this research uses the fact that NSs are superdense. Although I only touch on a small

portion of the superrich range of awesome physics that comes from neutron stars, I hope this thesis

may serve to provoke interest and act as a stepping stone for future study on the use of compact

objects to investigate the theory of gravity.
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CHAPTER 2

NEUTRON STAR STRUCTURE

“Hurtling through the vast unknown
Staring straight into the pure, black void
Drowning in the sea of stars
Lost in a galaxy of cocktail bars
· · ·
Why go wander unknown worlds?
Stay right here and let the cosmos twirl”

— Lord Huron, “Lost in Time and Space,” Vide Noir

2.1 WHAT’S THE MATTER?

Let us begin with a description of the equilibrium structure of isolated, nonrotating fluid bodies,

which are most simply described under the assumption of spherical symmetry. In Newtonian

gravity, one says such a fluid body is in hydrostatic equilibrium and obeys the equations (see, for

example, Sec 2.2 in Ref. [17]):

dm

dr
= 4πr2ρ,

dp

dr
= −Gmρ

r2
, (2.1.1)

written in terms of the fluid mass m within some radius r, mass density ρ, pressure p, and

Newtonian gravitational constant G. We also have the equation for the gravitational potential

dΦ

dr
= −Gm

r2
. (2.1.2)
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In general relativity, the metric describing a static, spherically symmetric spacetime is

ds2 = −e2Ξ(r) c2dt2 + e2Λ(r) dr2 + r2 dΩ2, (2.1.3)

where dΩ2 = dθ2 + sin2 θ dϕ2 is the metric of a unit two-sphere and Ξ(r) and Λ(r) are arbitrary

functions. We observe that the metric reduces to that of Minkowski (flat) spacetime when Ξ(r) =

Λ(r) = 0. In the case of a spherical fluid body, we follow the usual convention and define a metric

function m(r) that may be interpreted as the mass m within radius r:

grr = e2Λ(r) :=

(
1− 2Gm

rc2

)−1

. (2.1.4)

The stress-energy tensor of a perfect fluid is

Tαβ = (µ+ p/c2)uαuβ + pgαβ, (2.1.5)

where uα is the fluid four-velocity and µ is the total energy density.

The general-relativistic versions of Eq. (2.1.1) are called the Tolman-Oppenheimer-Volkoff

(TOV) equations [5, 35] and are given by

dm

dr
= 4πr2µ,

dp

dr
= −G(µ+ p/c2)(m+ 4πr3p/c2)

r2f
, (2.1.6)

where f := 1− (G/c2)2m/r. These expressions follow directly from the Einstein field equations

Gµν = (G/c2)8πTµν . We also have the equation

dΞ

dr
= −

(
µ+

p

c2

)−1 dp

dr
, (2.1.7)

which, along with the boundary condition required by continuity with the external Schwarzschild

metric Ξ(r = R) = (1/2) ln[1− (G/c2)2M/R], will specify the internal metric.

In order to solve the complete system comprised of the TOV equations and the equation of
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state expressed in this form, one must essentially “search” for the boundary conditions of the

star. Although the central pressure is obtained directly from the EoS once a central density is

specified, the radial distance at which the pressure goes to zero (that is, the stellar surface) is not

known a priori. Thus, some computationally inefficient iteration is required to first find the surface,

within some uncertainty, and then proceed with the numerical method used for solving the ordinary

differential equations. The preferred method, utilized by this author, eliminates the uncertainty in

the location of the stellar surface through a clever change in the independent variable from radius

to enthalpy. This change of variables was first implemented in this way by Lindblom [36], but was

also used earlier by Hartle [37] to study some features of NSs.

The methodology described below follows that of Refs. [38,39] with some comments to clarify

the comparison with Ref. [36]. The (relativistic) specific enthalpy h is defined by

h :=
µc2 + p

ρ
= c2 +

ε+ p

ρ
= c2 + ηc2, (2.1.8)

where I use the internal (thermodynamic) energy ε and total energy density µ = ρ + ε/c2. It is

convenient, instead, to employ the dimensionless quantity η := h/c2−1 in our calculations, which

subtracts off the rest-mass contributions from the specific enthalpy [33,37,40]. These two enthalpy

variables h, η are in contrast to the pseudo-enthalpy H employed by Lindblom [36] defined by

H :=

∫ p

0

dp′

µ(p′)c2 + p′
= lnh. (2.1.9)

The first law of thermodynamics (at zero temperature; homentropic) may be expressed equiv-

alently as

d
( ε
ρ

)
+ p d

(1

ρ

)
= 0 ⇐⇒ dε =

(
ε+ p

ρ

)
dρ ⇐⇒ c2 dµ = h dρ ⇐⇒ dε = ηc2 dρ.

(2.1.10)
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Then, Eq. (2.1.8), Eq. (2.1.9), and Eq. (2.1.10) imply

dh =
1

ρ
dp =

h

µc2 + p
dp =

1

h
dH, dη =

1

ρc2
dp =

η

ε+ p
dp. (2.1.11)

We may then restate the TOV equations with pseudo-enthalpy H as the independent variable

[36]
dm

dH
= 4πr2µ

dr

dH
,

dr

dH
= − 1

G

r2f

m+ 4πr3p/c2
(2.1.12)

or, instead with our preference, the generalized enthalpy η as the independent variable [39]

dm

dη
= 4πr2µ

dr

dη
,

dr

dη
= −c

2

G

r2f

(1 + η)(m+ 4πr3p/c2)
. (2.1.13)

Using the specific enthalpy, we may now write down the metric within a spherical fluid body

in general relativity explicitly:

ds2 = −
(

1− 2GM

Rc2

)
h−2 c2dt2 +

(
1− 2Gm

rc2

)−1

dr2 + r2 dΩ2, (2.1.14)

since we see dΞ/dh = −h−1 by combining Eq. (2.1.7) and Eq. (2.1.13) and recalling η := h/c2−1.

To numerically implement Eq. (2.1.13), it is convenient to conduct a change of variables in

order to rescale and create dimensionless quantities (at this point we switch to geometrized units,

where G = c = 1):

m =
4π

3
µcr

3ω, η = ηc θ, r2 = r2
0 ζ, (2.1.15)

where µc := µ(r = 0), ηc := η(r = 0), and

r2
0 :=

3

2π

ηc
µc
, (2.1.16)

and we refer to our new variables as rescaled mass ω, enthalpy θ, and radius ζ , respectively. We

notice that our rescaled enthalpy varies from θ = 1 at the center to θ = 0 at the surface of the fluid

body.
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We can then use this change of variables to derive a new set of structure equations. From

Eq. (2.1.15) we see

dθ

dη
=

1

ηc
,

dζ

dr
=

2r

r2
0

,

which, together with Eq. (2.1.13), gives

−(1 + η)(m+ 4πr3p)

r2(1− 2m/r)
=
dη

dr
=
dζ

dr

dη

dζ
=

2r

r2
0

dη

dζ

=⇒ dη

dζ
= − r

2
0

2r

(1 + η)(m+ 4πr3p)

r2(1− 2m/r)

=⇒ dθ

dζ
=
dθ

dη

dη

dζ
=

(
1

ηc

)(
−(η + 1)r2

0

2r

m+ 4πr3p

r2(1− 2m/r)

)
= − 3

4πr3µc

(
1 + ηcθ

)m+ 4πr3p

1− 2m/r

= −(1 + ηcθ)(ω + 3p/µc)

1− 4ηcζω
, (2.1.17)

where, in the final step, we use the fact that

2m

r
= 2

(
4π

3
µcr

2ω

)
=

8π

3
µc

(
3

2π

ηc
µc
ζ

)
ω = 4ηcζω.

In addition,

dω

dr
=

d

dr

(
3m

4πµcr3

)
=

3

4πµc

(
dm

dr

1

r3
+m(−3r−4)

)
=⇒ dω

dζ
=
dω

dr

dr

dζ
=

3

4πµc

(
4πr2µ

1

r3
− 3m

r4

)
r2

0

2r

=
3

2ζ

(
µ

µc
− 3m

4πµcr3

)
=

3

2ζ

(
µ

µc
− ω

)
. (2.1.18)

We choose rescaled enthalpy θ as our independent variable, such that the rescaled TOV equations
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simplify to
dζ

dθ
= − 1− 4ηcζω

(1 + ηcθ)(ω + 3p/µc)
,

dω

dθ
=

3

2ζ

(
µ

µc
− ω

)
dζ

dθ
. (2.1.19)

If we take the Newtonian limit of Eq. (2.1.19), such that ηc → 0 and µ → ρ, we obtain the

Newtonian equations of hydrostatic equilibrium with our rescaled variables:

dζ

dθ
= − 1

ω
,

dω

dθ
= − 3

2ζω

(
ρ

ρc
− ω

)
, (2.1.20)

which we may also obtain directly from Eq. (2.1.1) and Eq. (2.1.15). Upon integration of the

structure equations given in Eq. (2.1.19), for some EoS and central enthalpy (or density), we may

extract the macroscopic properties of the model in terms of the values of our rescaled radius and

mass at the stellar surface, where ζs := ζ(θ = 0) and ωs := ω(θ = 0). The properties we are

interested in are mass M (in units of solar mass), radius R (in units of km), and compactness

C ≡ GM/(Rc2) (dimensionless). In geometrized units, these are given by the expressions

M =
4π

3
µcr

3
0ζ

3/2
s ωs, R = r0ζ

1/2
s , C = 2ηcζsωs. (2.1.21)

Variable Stellar Center Stellar Surface

r 0 R
h hc 1
H Hc 0
η ηc 0
θ 1 0

Table 2.1: Boundary values for various variables when solving the TOV equations for a spherical
fluid body.

The domain for the integration of the TOV equations is now explicit and given for multiple

variables in Table 2.1. Although we now have our preferred domain 1 ≥ θ ≥ 0, we do not have a

set of equations that is everywhere well-defined across this domain; that is, Eq. (2.1.19) is singular

at the stellar center θ = 1. To account for this, I instead perform a series expansion about (θ − 1)

and evaluate it at a point very near the stellar center θc = 1− ε, for some small value ε. I truncate
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the series expansions at third order and begin the integration at this point, thereby making the

initial conditions correct to our chosen order. At the stellar center, we have the initial conditions

ζ(θ = 1) = 0 and ω(θ = 1) = 1, which indicates it is prudent to write our variables as expansions

in powers of the rescaled radius ζ:

θ = 1 + θ1ζ + θ2ζ
2 + θ3ζ

3 + . . . = 1 +
∞∑
j=1

θjζ
j, (2.1.22a)

ω = 1 + ω1ζ + ω2ζ
2 + ω3ζ

3 + . . . = 1 +
∞∑
j=1

ωjζ
j, (2.1.22b)

µ = µc
(
1 + µ1ζ + µ2ζ

2 + µ3ζ
3 + . . .

)
= µc

(
1 +

∞∑
j=1

µjζ
j

)
, (2.1.22c)

p = pc
(
1 + p1ζ + p2ζ

2 + p3ζ
3 + . . .

)
= pc

(
1 +

∞∑
j=1

pjζ
j

)
, (2.1.22d)

and rearranging, then inverting Eq. (2.1.22a)

=⇒ −(1− θ) = θ1ζ + θ2ζ
2 + θ3ζ

3 + . . . (2.1.23a)

=⇒ ζ = − 1

θ1

(1− θ)− θ2

θ3
1

(1− θ)2 − 2θ2
2 − θ1θ3

θ5
1

(1− θ)3 + . . . (2.1.23b)

The equation of state specifies expressions for µ(η), p(η), so by expanding the EoS, we obtain a

relation between the coefficients µj , pj , and θj , where j ∈ N:

µ = µc + µ′c(η − ηc) +
1

2
µ′′c (η − ηc)2 +

1

6
µ′′′c (η − ηc)3 + . . . (2.1.24a)

= µc + µ′cηc(θ − 1) +
1

2
µ′′cη

2
c (θ − 1)2 +

1

6
µ′′′c η

3
c (θ − 1)3 + . . . , (2.1.24b)

p = pc + p′c(η − ηc) +
1

2
p′′c (η − ηc)2 +

1

6
p′′′c (η − ηc)3 + . . . (2.1.24c)

= pc + p′cηc(θ − 1) +
1

2
p′′cηc(θ − 1)2 +

1

6
p′′′c ηc(θ − 1)3 + . . . , (2.1.24d)

where

µ(n)
c :=

dnµ

dηn

∣∣∣∣
η=ηc

, p(n)
c :=

dnp

dηn

∣∣∣∣
η=ηc

, (2.1.25)
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and we can simplify the first few derivatives of the central pressure pc using the relation dp/dη =

(ε+ p)/η from Eq. (2.1.11):

p′c =
εc + pc
ηc

, p′′c =

(
ε′c
η
− εc
η2

)
+

(
p′c
η
− pc
η2

)
p′′′c =

ε′′c
η
− ε′c
η2

=
ε′c
ηc
, =

ηcε
′′
c − ε′c
η2
c

,

The θj, ωj coefficients are determined by using Eq. (2.1.17) and Eq. (2.1.18) along with the

series expansions of our variables:

θ1 + θ2ζ + θ3ζ
2 + . . . =

dθ

dζ
= −(1 + ηcθ)(ω + 3p/µc)

1− 4ηcζω

= −

[
1 + ηc(θ1ζ + θ2ζ

2 + . . . )
][

(1 + ω1ζ + ω2ζ
2 + . . . ) + (3/µc)pc(1 + p1ζ + p2ζ

2 + . . . )
]

1− 4ηcζ(1 + ω1ζ + ω2ζ2 + . . . )
,

1 + ω1 + ω2ζ + ω3ζ
2 + . . . =

dω

dζ
=

3

2ζ

(
µ

µc
− ω

)
=

3

2ζ

[
(1 + µ1ζ + µ2ζ

2 + . . . )− (1 + ω1ζ + ω2ζ
2 + . . . )

]
,

µc + µ′cηc(θ − 1) +
1

2
µ′′cη

2
c (θ − 1)2 + . . . = µ = µc + µ1µcζ + µ2µcζ

2 + . . .

=⇒ µ′cηc(θ1ζ + θ2ζ
2 + . . . ) +

1

2
µ′′cη

2
c (θ1ζ + θ2ζ

2 + . . . )2 = µc + µ1µcζ + µ2µcζ
2 + . . . .

Match the left and right hand sides of the equations, order-by-order, to identify the coefficients.

For example, to zeroth order in ζ ,

ζ0 : θ1 = −(1 + ηc)

(
1 +

3pc
µc

)
,

ω1 =
3

5
µ1 = −3

5

ηc
µc
µ′c(1 + ηc)

(
1 +

3pc
µc

)
.
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The same procedure is followed at higher orders. Up to third order, the resulting coefficients are

θ1 =− (1 + α)(1 + 3β), (2.1.27a)

θ2 =
3

10
(1 + α)(1 + 3β)[(1 + α)D1 + 10αβ], (2.1.27b)

θ3 =− 1

70
(1 + α)(1 + 3β)[3D2

1 + 5D2 + α(6D2
1 − 35D1 + 10D2) + 15βD2

+ α2(3D2
1 − 35D1 + 5D2 + 70) + αβ(51D1 + 30D2) + α2β(51D1 + 15D2) + 630α2β2],

(2.1.27c)

ω1 =− 3

5
(1 + α)(1 + 3β)D1, (2.1.27d)

ω2 =
3

70
(1 + α)(1 + 3β)[(1 + α)(3D2

1 + 5D2) + 15βD2 + 15αβ(2D1 +D2)], (2.1.27e)

ω3 =− 1

630
(1 + α)(1 + 3β)[9D3

1 + 78D1D2 + 35D3 + α(18D3
1 − 105D2

1 + 156D1D2 + 70D3)]

+ β(234D1D2 + 210D3) + α2(9D3
1 − 105D2

1 + 210D1 + 78D1D2 + 35D3)

+ αβ(153D2
1 + 468D1D2 + 630D2 + 420D3) + 315β2D3 + αβ2(1890D2 + 630D3)

+ α2β(153D2
1 + 234D1D2 + 630D2 + 210D3) + α2β2(1890D1 + 1890D2 + 315D3)],

(2.1.27f)

where

α := ηc, β :=
pc
µc
, Dn :=

ηnc
µc

dnµ

dηn

∣∣∣∣
η=ηc

. (2.1.28)

If we again take the Newtonian limit, such that α → 0, β → 0, and µ → ρ, we obtain the

coefficients for the boundary conditions to accompany Eq. (2.1.20):

θ1 =− 1, (2.1.29a)

θ2 =
3

10
D1, (2.1.29b)

θ3 =− 3

70
D2

1 −
1

14
D2, (2.1.29c)

ω1 =− 3

5
D1, (2.1.29d)

ω2 =
9

70
D2

1 +
3

14
D2, (2.1.29e)
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ω3 =− 1

70
D3

1 −
13

105
D1D2 −

1

18
D3, (2.1.29f)

where

Dn :=
ηnc
ρc

dnρ

dηn

∣∣∣∣
η=ηc

. (2.1.30)

We now have all the components we require to generate a stellar model:

1. Structure equations: Eq. (2.1.19),

2. Initial conditions: ζ(θ = 1) = 0 and ω(θ = 1) = 1,

3. Equation of state: p(θ) or µ(θ), yet to be specified, and

4. Domain of integration: 1 ≥ θ ≥ 0, with the stellar center given by series expansions.

2.2 STABILITY CRITERIA

A given one-parameter equation of state p(ρ) generates a single curve in the mass–radius plane.

Each point on the curve represents a different choice of central density ρc and the values of mass

M and radius R corresponding to that central density ρc are determined by solving the structure

equations stated in Sec. 2.1. Although, in theory, a curve may be generated over any domain

of central densities, only a certain portion of the M(R) curve will correspond to stable stellar

configurations. In order to determine criteria for such stellar models, an analysis of the stability of

the star to radial perturbations is necessary. A thorough treatment may be found in Chapter 6 of

Ref. [41] and is generally followed below.

It turns out that a Sturm–Liouville eigenvalue problem describes the radial oscillations of

a spherical fluid body in hydrostatic equilibrium. Standard results from differential equation

theory thus allow us to describe the stability of neutron stars. This second-order linear ordinary

differential equation describing stellar stability was first derived (in the case of spherical stars) by

Chandrasekhar [42]. It takes the standard form where the sum of a differential operator applied

to a radial Lagrangian displacement ξ and the Lagrangian displacement itself equals the square of

the frequency of the mode ω̃2 up to some multiplicative functions of the radial coordinate. The
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boundary conditions are ξ = 0 at r = R and ξ is finite at r = R. The key takeaways from

the resulting eigenvalue problem are that the eigenfrequencies ω̃2
n ∈ R form a strictly increasing

sequence ω̃2
0 < ω̃2

1 < ω̃2
2 · · · and the eigenfunctions ξn have n nodes in 0 < r < R.

If we also include the assumption that the adiabatic index Γ := ∂ ln p/∂ ln ρ of a radially

perturbed star is identical to that of matter under slow deformation, the static stability criterion is

valid; that is, if a stellar configuration is stable, then dM/dρc > 0 (see, for example, the heuristic

proof in Sec. 3.18.1 of Ref. [43]).

Harrison et al. [44] first described how to use the mass–radius curve to find the number of

unstable modes. I find it easiest to understand EoS stability by observing the behaviour of a proto-

typical curve, such as those in Fig. 2.1. Let us consider the left panel. The direction of increasing

ρc is given by the arrows following the M(R) curve, such that we move counterclockwise from

low to high central density. Each Cj labels a critical point. The groups of three circles near the

curve denote the stability of the three lowest eigenmodes, where white corresponds to stable and

black to unstable. As we follow the curve from low ρc, initially all modes are stable, dM/dρc > 0,

and dR/dρc < 0. Upon passing the maximum mass (the first critical point), the fundamental

mode becomes unstable (an even mode changes stability) and we notice dM/dρc is now negative.

As we pass C2, an odd mode changes stability, such that ω̃2
1 < 0, and we see dM/dρc becomes

positive again, whilst dR/dρc is initially positive. Finally, passing the final critical point, at the

highest values of ρc, the next mode becomes unstable, dM/dρc becomes negative, while dR/dρc

is negative, once again.

The trend identified, which can be seen in the right panel of Fig. 2.1 where some modes regain

stability and the critical points are labeled Bj , is well-distilled in Ref. [6]:

• Stability of exactly one radial eigenmode changes at each critical point of the M(R) curve,

• Even (odd) radial modes change stability ⇐⇒ dR/dρc > (<) 0,

• The highest stable (unstable) mode becomes unstable (stable) ⇐⇒ the M(R) curve

proceeds counterclockwise (clockwise) at the critical point for increasing ρc,

• The stability of all radial modes implies dM/dρc > 0.
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Figure 2.1: Two representative EoS examples showing various changes in radial mode stability at
turning points on a mass–radius curve. Figure adapted from Ref. [6].

The turning points identified represent changes in the dynamical stability of the NS model.

Passing an extremum of the mass–radius curve indicates a change in secular stability [45]. These

coincide for our static, spherically symmetric framework, but not necessarily in general [46]. It

should be noted that EoS with an “island of instability” similar to the right panel of Fig. 2.1 are

indeed possible, both in Nature and the model described in Sec. 2.4, as explained in Ref. [33].

Thus, care should be taken, in general, when considering stability or extremal behaviour of EoS.

2.3 BOUNDS ON MACROSCOPIC PROPERTIES OF NEUTRON

STARS

What is the optimum upper bound MTOV on the maximum mass for a neutron star? This is not

a straightforward question to answer. A review of the historical literature on the topic will give you

a range of possibilities from ∼ 0.72 M� [5] to ∼ 2 × 107 M� [37]! Here I use “optimum upper

bound” to mean absolute maximum for any EoS subject to a minimal set of phenomenological

assumptions. Hartle [37] provides a thorough explanation of the theory and assumptions that

comprise estimates on this upper bound, which I summarize below.
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One of the commonly referenced bounds on the NS maximum mass is 3.2 M�, which was

derived by Rhoades and Ruffini [47] (and confirmed in detail by Chitre and Hartle [48]). This

limit, however, was calculated using the Harrison-Wakano-Wheeler EoS in the low-density regime

and by matching this to the EoS at the causal limit at the fiducial density ρ0 = 4.6 × 1014 g/cm3.

We see in the following discussion that these choices are (obviously) not unique, and while they

are motivated, small changes in this matching density result in noticeable shifts in estimates for

MTOV.

Under the basic assumptions of

1. Positive energy: p ≥ 0, and

2. Microscopic stability:

(a) ρ ≥ 0, and

(b) dp/dρ ≥ 0 (Le Chatelier’s Principle),

Hartle and Sabbadini [49] derived the following upper bound:

MTOV

M�
= 11.4

(
104 g/cm3

ρ0

)1/2

. (2.3.1)

With the additional assumption of

3. Causality: (dp/dρ)1/2 ≤ 1,

Hartle [37] derived the more restrictive bound:

MTOV

M�
= 6.8

(
104 g/cm3

ρ0

)1/2

. (2.3.2)

Regardless of one’s preference between the above assumptions, we see that, in general,MTOV ∝

ρ
−1/2
0 . If we consider, for example, a typical range of possible choices for the matching density

between low- and high-density equations of state ρ0 ∈ [104, 105] g/cm3, Eq. (2.3.1) yields a range

of upper bounds MTOV ∈ [11.4, 3.6] M�, while Eq. (2.3.2) yields a lower range of upper bounds

MTOV ∈ [6.8, 2.1] M�.
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A review of the literature, meanwhile, generally results in an estimate for the TOV limit

MTOV ≈ 3 M� giving some insight into the current reasonable expectation of the community

[6, 41, 43, 50, 51]. More recently, using a variety of techniques, multiple estimates were placed

on the maximum mass of a nonrotating NS. Some of these include MTOV/M� . 2.16 ± 0.03

using quasi-universal relations [52] and 2.15 . MTOV/M� . 2.28 from numerical simulations

combined with the observation of GW170817 [53, 54]. These agree with the bounds 2.0 <

MTOV/M� < 2.5 (within 90% confidence) using Bayesian techniques on the mass distribution

of NSs in binaries [55]. Another succinct discussion of stability and mass maxima is contained in

Sec. 6.2 of Ref. [56].

Observationally, the most massive (while still precisely measured) neutron star is the recycled

pulsar J0348+0432 with a mass of (2.01 ± 0.04) M� [57]. For a review of the measurement

methods and constraints placed on the macroscopic properties of neutron stars, see Ref. [4].

Regarding the minimum neutron star mass, Haensel et al. [58] perform the calculation for

multiple realistic equations of state and obtain values ∼ 0.09 M� (corresponding to a central

density ρc ≈ 2× 1014 g/cm3). A simpler estimate, by Zel’dovich and Novikov [59], assumed NSs

only contain neutron matter, and resulted in a minimum mass of∼ 0.05M� (for ρc ≈ 1013 g/cm3).

For a historical discussion of the literature on the topic, see Section 6.5.8 of Ref. [6].

Despite the difficulties in placing bounds on the maximum mass of a neutron star, limits on

the compactness have been well-established for some time. The Buchdahl limit for compactness

before gravitational collapse [60],
M

R
<

4

9

(
c2

G

)
, (2.3.3)

may be calculated assuming a star of constant, homogeneous density.5 In this model of an incom-

pressible, perfect fluid [61],

T < 0 ⇐⇒ M

R
<

5

18

(
c2

G

)
≈ 0.278

(
c2

G

)
, (2.3.4)

5Note the limit holds more generally for any static, spherically symmetric fluid body satisfying ρ ≥ 0 and dρ/dr ≤
0 [56].
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where T ≡ gµνT
µν is the trace of the stress-energy tensor.

2.4 PIECEWISE-POLYTROPIC EQUATION OF STATE

In this section I summarize our implementation of the parametrized piecewise-polytropic equa-

tion of state model for neutron stars developed in Refs. [3,33]. Other piecewise-polytropic models

have also been proposed in the literature [62–65]. This framework was originally created in order

to show that realistic, tabulated EoS computed using nuclear physics may be well-approximated by

a relatively simple and robust set of piecewise polytropes. The number of parameters of the model

is minimized, while maintaining good accuracy to the 34 candidate (realistic) EoS surveyed [33].

The 34 candidates cover a wide range of methods (such as the potential method, the variational

method, and relativistic mean field theory) and matter compositions (such as normal npeµ nuclear

matter, kaons, pions, hyperons, or free quarks) for the stellar composition. I here use the common

terminology that a “realistic” EoS is calculated from some first principles in nuclear physics,

often using some combination of theoretical and experimental motivation, to generate a table

of values for quantities including baryon number density nb, rest-mass density ρ, total energy

density µ, and pressure p that may be interpolated to produce a complete EoS relation. Using a

parametrized model EoS, such as that of Ref. [33], allows us to ensure we may capture aspects of

these realistic EoS, while remaining agnostic to the exact microphysics and gaining the ability to

survey theoretically possible EoS outside the expected range encompassed by the usual tabulated

EoS. A review and comparison of various EoS parametrizations is given in Ref. [66]. Also, see

Ref. [67] for some limitations when trying to infer the EoS parameters from NS measurements.

Polytropic equations of state take the general form

p(ρ) = KρΓ = Kρ1+(1/n), (2.4.1)

where K,Γ, n are constants, Γ = (n + 1)/n is the adiabatic index, and n := (Γ − 1)−1 is called
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the polytropic index. Recalling Sec. 2.1, a polytropic EoS yields

ρ = ρcθ
n, ε = np, η = (n+ 1)Kρ1/n,

p = bρcθ
n+1, ε = nbρcθ

n+1, µ = ρcθ
n(1 + nbθ),

α = (n+ 1)b, β =
b

1 + nb
, µc = ρc(1 + nb),

and

D1 =
n [1 + (n+ 1)b]

1 + nb
, D2 =

n [n− 1 + n(n+ 1)b]

1 + nb
, D3 =

n(n− 1) [n− 2 + n(n+ 1)b]

1 + nb
,

where b := pc/(ρcc
2) = (K/c2)ρ

1/n
c is called the relativistic factor and indicates to what extent the

conditions at the center of the stellar configuration are relativistic (see Ref. [17] for information on

this relativistic factor). In particular, the trace of the energy-momentum tensor T ≡ gµνT
µν for a

polytrope is

T = 3p− µ = [(3− n)bθ − 1] ρcθ
n. (2.4.2)

To construct a piecewise-polytropic model for a parameterized EoS, one specifies single poly-

tropes connected continuously at a number of dividing densities (or enthalpies), such that

p(ρ) = Kiρ
Γi , ρi−1 ≤ ρ ≤ ρi, (2.4.3a)

dε =
ε+ p

ρ
dρ, d

µ

ρ
= −pd1

ρ
, (2.4.3b)

Upon integration, we get

ε(ρ) = aiρ+ nip(ρ), µ(ρ) = (1 + ai)ρ+
Ki

Γi − 1
ρΓi , (2.4.4a)

=⇒ ai =
µ(ρi−1)

ρi−1

− 1− Ki

Γi − 1
ρΓi−1
i−1 , (2.4.4b)

where ai are constants of integration (for Γi 6= 1). Note here that the “internal energy” e used by

Read et al. [33] is in fact the ratio of the internal energy and rest-mass density (ε/ρ in our notation).
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Then, the generalized enthalpy is

η = ai + (ni + 1)Kiρ
1/ni , (2.4.5)

and the speed of sound is

cs ≡
√
∂p

∂µ
=

√
Γip

µ+ p
. (2.4.6)

If we instead switch to our preferred independent variable η, we obtain the following parametric

form of the EoS:

ρ(η) =

(
η − ai

Ki(ni + 1)

)ni

, p(η) =

(
η − ai

Ki(ni + 1)

)ni+1

, µ(η) = ρ(η)

(
1 +

ai + niη

ni + 1

)
.

(2.4.7)

The EoS model is composed of a low-density region, called the crust, and the core. The crust

is fixed as a piecewise-polytropic approximation [33] to the SLy realistic EoS [68]. It is fixed

by specifying the initial density ρi, coefficient Ki, and adiabatic index Γi of each segment. The

nuclear physics at these densities is fairly well known and the region is relatively thin, leading to

discrepancies of less than a few percent in macroscopic quantities between various low-density

EoS. There are four polytropic segments in the crust that are identified in Table 2.2. This fixed

crust is matched to a core comprised of three polytropic segments.

In order to make all quantities dimensionless for ease of computation, we use the nuclear

saturation density ρnuc = 2.7×1014 g/cm3. Dimensionless quantities will henceforth be identified

by an overbar. It is of note that the values for what are labeled as “Ki” in Refs. [3, 33] are actually

Ki/c.

In the core, we consider three polytropic pieces corresponding to different density ranges:

segment 1 for ρ0 < ρ < ρ1, segment 2 for ρ1 < ρ < ρ2, and segment 3 for ρ > ρ2. The dividing

densities ρ1, ρ2 were chosen in Ref. [33] in order to minimize the residual error to tabulated EoS,
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Subsegment ρi = ρi/ρnuc Γi Ki = (Ki/c)ρ
Γi−1
nuc

A 0 1.58424999 1.83697416
B 9.03829552× 10−8 1.28732904 1.48804995× 10−2

C 1.40132644× 10−3 0.62223344 1.88275340× 10−4

D 9.73261063× 10−3 1.35692395 5.66007507× 10−3

Table 2.2: Dimensionless parameters for the piecewise-polytropic fit to the SLy EoS in the low-
density segment of our parametrization. Adapted from Ref. [3].

while also keeping the free parameters of the model few. They are

ρ1 := 1014.7 g/cm3 ≈ 1.85624901 ρnuc, ρ2 := 1015.0 g/cm3 ≈ 3.70370370 ρnuc. (2.4.8)

The matching density ρ0 is the density at which the core and crust piecewise polytropes are

continuously connected. Note the importance of verifying the location of a given central density

in relation to these points of division when calculating other central thermodynamic quantities that

depend on the behaviour of the polytropic phase in the center of the star.

The EoS of the core is constructed by specifying only four parameters {log(p1),Γ1,Γ2,Γ3},

where p1 = p(ρ1) is in units of dyne/cm2. As seen in Fig. 2.2, on the log(p)–log(ρ) plane, the Γi’s

specify the adiabatic index in each polytropic phase and thus the slope, while p1 translates the core

EoS (altering the matching density for given Γi’s). Physically (and in general terms), p1 and Γ1 set

the stellar radius, Γ2 determines the slope of the mass–radius curve, and Γ3 corresponds with the

maximum mass Mmax of the EoS [69]. A schematic of the correspondence between the dividing

densities, adiabatic indices, and each layer of the NS model is shown in Fig. 2.3. Let us define

dimensionless densities ρi := ρi/ρnuc, as well as a dimensionless pressure p1 = p1/(ρnucc
2). A

particular stellar model is obtained by further choosing a central density ρc. Imposing continuity

of pressure on the model determines the dimensionless coefficients Ki for each core polytrope:

at ρ1 : K1 =
p1

ρΓ1
1

, K2 =
p1

ρΓ2
1

,

at ρ2 : K3 = p1
(ρ2/ρ1)Γ2

ρΓ3
2

,
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Figure 2.2: Log-log plot of pressure vs. rest-mass density for an example EoS using the piecewise-
polytropic model. Figure from Ref. [33].

as well as the matching density between the crust and core:

ρ0 =

(
p1

KDρ
Γ1
1

) 1
ΓD−Γ1

. (2.4.9)

Using ρnuc for scaling, we can calculate the macroscopic properties of our formulation using

Eq. (2.1.21) by restoring units to the expressions for the mass and radius. The mass need only

be multiplied by c3(G3ρnuc)
−1/2 and the radius by c(Gρnuc)

−1/2 with the appropriate conversion

factors from cgs units to units of solar mass and kilometers, respectively. This yields:

M = (47.8269723 M�)
4π

3
µcr

3
0ζ

3/2
s ωs,

R = (70.6225048 km)r0ζ
1/2
s , C = 2ηcζsωs.

(2.4.10)
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Figure 2.3: Schematic of the parametrized piecewise-polytropic NS model employed. Each circle
denotes a dividing density: black corresponding to the core and fuchsia to the crust. The dashed
circle is the crust–core interface. Layers and symbols are described in-text. Not to scale.
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2.5 NEUTRON STAR MEASUREMENT

Before we continue, the state of understanding of neutron stars is an interwoven fabric of

observational astronomy, theoretical and experimental astrophysics, theoretical and experimental

nuclear physics, strong gravity, and other subdisciplines of physics. Observations motivate and

constrain theories, while theories may guide and provide expectations for observations. Thus it is

pertinent to realize what information the community holds on neutron stars in order to grasp what

assumptions are appropriate and what restrictions should be imposed for theoretical models or

statistical inferences. In addition, observational improvements to precision or number of measure-

ments that may come about in the near future can allow for realistic projections of constraints. A

recent review of the methods to deduce, and current knowledge of, the mass, radius, and equation

of state of neutron stars is provided in Ref. [4]. There are also many useful texts that are now

standard [6, 41, 43].

The precise measurement of the most massive NS was already discussed in Sec. 2.3, as well as

the various observationally motivated estimates for the upper bound on the maximum mass. Visual

representations of collections of NS mass measurements are available in Fig. 2 of Ref. [4] or at

Ref. [70].

A variety of techniques exist to measure NS radii, mostly using thermal emission from the stel-

lar surface. Results, thus far, have not reached high levels of precision, generally only constraining

the radius to within approximately one kilometer. Current missions, including NICER [71] and

LOFT [72], plan to increase this precision, as well as the number of observations generally. This

will allow for better constraints on the nuclear EoS and, with concurrent mass measurements,

improved estimates of compactness.

The direct detection of gravitational waves, such as the landmark observation of the binary

neutron star inspiral GW170817 by the LIGO and Virgo Collaborations [15], also provides a viable

source of obtaining macroscopic properties of NSs. Masses may be inferred to reasonable ranges,

while radii are constrained using the tidal deformability [15]. Although these results are not to a
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high degree of precision either, they should improve with an increased number of observations.

In fact, using a variety of improved analysis techniques, the initial parameter estimates from the

observation have already been improved [73, 74].

For the purposes of this thesis, measurements of NS compactness are of particular relevance,

while mass and radius measurements provide very useful secondary information. Using the gravi-

tational redshift of spectral lines originating from the surface of a NS, for example, it is possible to

infer the compactness directly [75], although, in practice, the measurement is prone to systematic

errors [76]. Instead, it may be the joint measurement of NS masses and radii that provide the most

precise information available on compactness.

Regarding the equation of state, Ref. [36] has already shown that given a population of neutron

star observations with precise measurements of a pair of macroscopic parameters, the TOV equa-

tions may be inverted to specify the equation of state. Unfortunately, as previously discussed, we do

not currently have such precise information. The low-density EoS is fairly well established, as the

conditions for such matter are more easily achievable experimentally and predictable theoretically.

The higher density EoS is, however, relatively unknown, but efforts to better understand it are

ongoing both using nuclear theory and astrophysical observations [4, 6].
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CHAPTER 3

SCALAR-TENSOR THEORY

“Nothing is serious except passion. The intellect is not a serious thing, and never has
been. It is an instrument on which one plays, that is all.”

— Oscar Wilde, A Woman of No Importance

Although general relativity has held up to experimental tests since its formulation by Einstein

over a century ago, a wide variety of alternative theories of gravitation continue to pass the same

tests [18, 19]. Depending on one’s perspective, alternative theories may serve as models for the

true description of gravity, incorporating extensions useful for beyond Standard Model physics,

cosmology, etc., or they may serve to better motivate GR as correct as they become increasingly

restricted by observations. Either way, they are a necessary step to determine the true nature of

spacetime.

Although there exists a vast literature on alternative theories, one of the earliest formulated and

most well-studied extensions to GR is scalar-tensor theory. Formally, this is a class of theories in

which there is a dynamical scalar field φ that is nonminimally coupled to the metric gµν ; the usual

tensorial gravitational field of GR. A comprehensive review of STTs is found in Ref. [77].

3.1 JORDAN VS. EINSTEIN FRAME

Recall the Einstein–Hilbert action of general relativity:

S =
1

16π

∫
d4x
√−gR+ Sm[Ψm; gµν ], (3.1.1)
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where g is the determinant of the metric tensor,R is the Ricci scalar, and Ψm represents the matter

fields. The complete action S is separated into the gravitational action SG and matter action Sm.

The most general action for a scalar-tensor theory with a single (massless) scalar field φ is

S =
1

16π

∫
d4x
√−g[A(φ)R− 2B(φ)∇µφ∇µφ− V (φ)] + Sm[Ψm; a2(φ)gµν ], (3.1.2)

where the Einstein–Hilbert action is recovered for A(φ) = a(φ) = 1 and B(φ) = V (φ) = 0.

In the terminology of Ref. [78], a particular representation is chosen by specifying two of the

φ-dependent functions A(φ), B(φ), V (φ), a(φ) and a particular theory within the class is chosen

by specifying the remaining two. The two predominant representations for the action of STT are

the Jordan frame and the Einstein frame (sometimes called the Brans–Dicke frame [61] and Pauli

frame [79], respectively). In this context, we may choose A(φ) = B(φ) = 1, which reduces the

action to the Einstein frame, with some potential V (φ) and arbitrary function a(φ) coupling the

matter fields, scalar field, and metric [80]:

SE =
1

16π

∫
d4x
√
−gE[RE − 2∇µφ∇µφ− V (φ)] + Sm[Ψm; a2(φ)gE

µν ], (3.1.3)

where the metric tensor and Ricci scalar are explicitly labeled as Einsteinian gE
µν , RE. The scalar

field is minimally coupled to the metric, leaving the Einstein–Hilbert term in a form similar to

GR. Thus, we clearly see the first term is the gravitational action, the middle terms form the scalar

action, and the final term the matter action.

The action in the Jordan frame is only a conformal transformation6 away! By instead choosing

a(φ) = B(φ) = 1, the result is the action in the Jordan frame (indicated by superscript J):

SJ =
1

16π

∫
d4x
√
−gJ[A(φ)RJ − 2∇µφ∇µφ− V (φ)] + Sm[Ψm; gJ

µν ]. (3.1.4)

The metric gJ
µν is universally coupled to the matter fields, displaying the metricity of the represen-

6For a review of conformal transformations, see Appendix D of Wald [56], Appendix G of Carroll [50], Chapter 3
of Fujii and Maeda [77], or Section 1.11.1 of Faraoni [81], for example.
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tation. The rescaling relating the two conformal frames is gJ
µν = a2(φ)gE

µν and A(φ) = a−2(φ).

3.2 CONSTRAINTS ON STT PARAMETERS

For our purposes, we set V (φ) = 0 and define and expand the conformal coupling:

α(φ) :=
d ln a(φ)

dφ
= α0 + β0(φ− φ0) +O

[
(φ− φ0)2

]
, (3.2.1)

such that

α0 ≡ α(φ0), β0 ≡
dα(φ)

dφ

∣∣∣∣
φ0

. (3.2.2)

The background value of the scalar field φ0 is determined by the cosmological evolution of the

field. GR is recovered for α0 = β0 = 0 and Brans–Dicke theory for α2
0 = (2ωBD + 3)−1, β0 = 0,

where ωBD is the Brans–Dicke coupling constant [20]. In this way, we can specify a particular STT

with the set of parameters {α0, β0, . . . } to any order.

Experimental constraints on the STT parameters {α0, β0} are shown in Fig. 3.1. Note the

vertical axis is logarithmically scaled. Currently, the tightest bounds are from the Cassini mission

[82], which measured the Shapiro time delay in the solar system, as well as the timing of the orbital

period decay of PSR J0348+0432 [57] and PSR J0337+1715 [83]. These more recent bounds can

be seen in Fig. 3 of Ref. [83]. Post-Newtonian (PN) deviations from GR are encompassed in

the first-order matter-scalar coupling constant α0 [31]. As seen in Fig. 3.1, constraints on PN

parameters can tightly bound α0, but leave β0 unconstrained. Higher-order parameters {β0, . . . }

require evidence of nonperturbative strong-field effects. One of these effects is called spontaneous

scalarization and was first considered by Damour and Esposito-Farèse [30]. This involves the

sudden activation of the scalar field in certain STT with β0 < 0, where neutron stars with a

sufficiently high central density undergo a phase transition to an energetically favourable state

with nonzero scalar charge [30,84,85]. Analogous to spontaneous magnetization in ferromagnets,

this phenomenon leads to predictably altered macroscopic properties of NSs, which are detectable
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Figure 3.1: Observational constraints (to 1-σ) on the parameter space of scalar-tensor theories, as
described in-text. Figure adapted from Ref. [92].

in binary pulsar systems [84]. Further work exhibited the possibility of dynamical or induced

scalarization, as well [86–90]. However, after detailed investigation, it is unlikely that STTs with

β0 < 0 can conform to both Big Bang Nucleosynthesis (BBN) upon cosmological evolution of

the scalar field and present day solar system constraints, while still allowing for scalarization [91].

The following section explains our interest in the β0 > 0 region of parameter space that remains

relatively unconstrained thus far, while still allowing for observable discrepancies from GR in

agreement with BBN [32].

3.3 DYNAMICAL INSTABILITY

The stability analysis that motivates our study of highly compact neutron stars was originally

formulated by Harada in 1997 [61]. The parameter space of this linear instability was later

investigated analytically by Mendes [27] and with nonlinear numerical simulations by Palenzuela
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and Liebling [28]. In this subsection, I describe the origin of this instability, which should, in turn,

elucidate the purpose of our study of a particular regime of STTs.

The field equations of STT result from varying the action of Eq. (3.1.3) with respect to the

metric gE
µν and scalar field φ:

Gµν − 2φ,µφ,ν + gµνg
αβφ,αφ,β +

1

2
V (φ)gµν = 8πTµν , (3.3.1)

gµνφ;µν −
1

4

dV (φ)

dφ
= −4πα(φ)T. (3.3.2)

The equations of motion for the matter are

T µν;µ = α(φ)Tφ,ν , (3.3.3)

where

T µν ≡ 2√−g
δSm[Ψm; a2(φ)gρσ]

δgµν
, Tµν = a6(φ)T J

µν , (3.3.4)

and we drop the superscript E and assume quantities are in the Einstein frame unless otherwise

specified. Einstein’s equations in vacuo are regained for a constant scalar field:

Gµν = 8πTµν , T µν;µ = 0. (3.3.5)

Next, I derive the equations (following Ref. [61]) governing a perturbation of the scalar field

around its background value. This investigation is justified, as I set V (φ) = 0 and α0 = 0, which

is consistent with current observations independent of the higher order parameters {β0, . . . }, and

a positive value of β0 drives the cosmological evolution of the scalar field toward φ0 given this

setup [93, 94].

To first order in the perturbation, not only are the metric and stress-energy tensor the same in

the Jordan and Einstein frames, but the perturbation equations for the metric, scalar, and matter

fields decouple! This is due to the fact that perturbations of the conformal coupling function a2(φ)

only result in higher order coupling. Plugging the perturbed scalar field φ = φ0 + δφ into the field
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and matter equations of motion:

δGµν = 8πδTµν , (3.3.6a)

gµνδφ;µν = −4πβ0Tδφ, (3.3.6b)

δ
(
T µν;µ

)
= 0, (3.3.6c)

since α(φ = φ0 + δφ) = β0δφ when α0 = 0. The derivatives and trace of the stress-energy tensor

are those of the background. There is no deviation from GR for the perturbation of the spacetime

or matter, so that leaves us to probe the behaviour of the scalar field equation.

Recall the metric for a static, spherically symmetric spacetime, given in Eq. (2.1.3), and the

stress-energy tensor of a perfect fluid, given in Eq. (2.1.5), used for describing an isolated neutron

star. By specifying this background metric, we may explicitly write down the scalar field equation

by expanding the d’Alembertian in Eq. (3.3.6b):

−e−2Ξ∂
2δφ

∂t2
+
e−(Ξ+Λ)

r2

∂

∂r

(
eΞ−Λr2∂δφ

∂r

)
+

1

r2

[
1

sin θ

∂

∂θ

(
sin θ

∂δφ

∂θ

)
+

1

sin2 θ

∂2δφ

∂ϕ2

]
= −4πβ0Tδφ.

(3.3.7)

Consider a solution of the form

δφ =
∑
l,m

δφωlm(t, r, θ, ϕ) = e−iωt
∑
l,m

ψωlm(r)

r
Ylm(θ, ϕ). (3.3.8)

Then, plugging this into Eq. (3.3.7), we get

(
− d2

dr2
∗

+ V
(l)

eff (r∗)

)
ψωlm(r)− ω2ψωlm(r) = 0, (3.3.9)

where

V
(l)

eff (r∗) =
1

r
e2(Ξ−Λ)

(
dΞ

dr
− dΛ

dr

)
+
l(l + 1)

r2
e2Ξ − 4πβ0Te

2Ξ, (3.3.10)

and we define the tortoise coordinate r∗ through dr∗ := eΞ−Λdr. The effective potential has the
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form of contributions from a curvature term, centrifugal term, and a term for the perturbation of

the coupling function [61]. The first two terms are necessarily nonnegative. If the entire effective

potential is also nonnegative, then the eigenvalues ω2 are all positive. The third term −4πβ0Te
2Ξ

is then evidently integral in determining any instabilities of the equilibrium configuration. This

term may be negative either for β0, T < 0 or β0, T > 0. For values that are sufficiently large (in

magnitude) to ensure V (l)
eff (r∗) < 0, the former case corresponds to spontaneous scalarization in the

linear regime [61,85,95], while the latter is indicative of a dynamical instability [27] that may either

lead to gravitational collapse or some stable scalarized state [29]. Nonlinear numerical simulations

have been conducted [28] confirming the existence of this analytical result in the linear regime. One

may notice that the onset of such a dynamical instability would require T = 3p − µ > 0, which

is highly atypical of any normal matter. For example, T ≡ 0 for a vacuum or the electromagnetic

field and T is strictly negative for free, massive, noninteracting particles. However, this positive

trace T condition does not violate any fundamental physical law, such as causality or the energy

conditions, and may occur in the extremely dense cores of neutron stars, where matter is likely

strongly interacting [96].

34



CHAPTER 4

LINKING MICROSCOPIC PROPERTIES TO

THE MACROSCOPIC

“When once you have tasted flight, you will forever walk the earth with your eyes turned
skyward, for there you have been, and there you will always long to return.”

— Leonardo da Vinci

We aim to find a correspondence between a macroscopic property of neutron stars and the

trace of the stress-energy tensor in order to interpret how future NS observations can restrict

the parameter space of STT in the β0 > 0 regime. The connection should be relatively EoS-

independent. The point at which the trace T switches from negative to positive along a sequence

of equilibrium configurations marks the onset of the dynamical instability discussed in Sec. 3.3.

Therefore, with knowledge of an observable quantity related to this onset of instability, one may

infer the likelihood that any particular astrophysical NS detected should be subject to such a change

in the STT. Many of the results of this chapter are also presented in Ref. [97].

4.1 SAMPLING THE PARAMETER SPACE

Utilizing the piecewise-polytropic model described in Sec. 2.4, I conduct a uniform, random

sampling of the EoS parameters {log(p1),Γ1,Γ2,Γ3}, construct mass–radius curves for each, and

observe if and when the trace of the stress-energy tensor at the stellar center becomes positive. I

record six pieces of information for each stellar model: {ρc,M,R,C, Tc, cs,max}, where ρc is the

central density, Tc is the central value of the trace of the stress-energy tensor, and cs,max is the
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maximum speed of sound in the model.

Often, the maximum adiabatic speed of sound cs,max in the stellar models constructed is found

at the center of the star. However, due to the nature of the parametrization and the dependence

of the speed of sound on the rate of change in pressure with respect to the energy density, this

is not always the case. The speed of sound essentially corresponds with the stiffness, which is

specified separately for each polytropic segment by its adiabatic index. It is, therefore, prudent to

compute the speed of sound throughout each stellar model and subsequently record the maximum

to correctly identify (a)causal models. This is not necessarily unique to piecewise-polytropic

models and should be noted in general for NSs. Furthermore, Ref. [33] sets a causality constraint

of cs,max ≤ 1.12c, as the parametrized model generally overpredicts the maximum speed of sound

in its approximation to the corresponding realistic EoS. As we are sampling the parameter space of

the piecewise-polytropic model assuming that some set of parameters will yield the correct EoS for

neutron stars in the Universe, we instead choose to maintain the restriction cs,max ≤ c. Estimates

on relaxing this stricter constraint to the bound of Read et al. [33] show little effect on our results.

This may be a point of contention, as Ref. [73] uses parametrized EoS models for a similar purpose

as ours and chooses a 10% buffer for possible misfitting.

When I describe a “stellar model” in our parametrization, I refer to a particular point on a mass–

radius plot, representing a single star, and identified by five parameters: {ρc, log(p1),Γ1,Γ2,Γ3}.

When I describe an “EoS model,” I refer to an entire curve on a mass–radius plot, represent-

ing a continuum of stars across a range of central densities, and identified by four parameters:

{log(p1),Γ1,Γ2,Γ3}.

A large range of central densities is sampled over in order to capture the full behaviour of

the M(R) curve for any EoS in the parameter space. This computational inefficiency could

be minimized by determining some approximate relation between the EoS parameters and the

resulting shape of the M(R) curve, but unfortunately, none could be simply deduced in this study.

To ensure appropriate coverage, each randomly generated EoS is modeled for 1000 logarithmically

spaced points in the range 0.25 < ρc/ρnuc < 100.
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We choose to sample the parameter space as characterized previously in the literature to cover

all realistic EoS [27, 33]:

33.5 ≤ log

(
p1

dyne cm−2

)
< 35.5, (4.1.1a)

1.4 ≤ Γ1 < 5, (4.1.1b)

1 ≤ Γ2 < 5, (4.1.1c)

1 ≤ Γ3 < 5. (4.1.1d)

It is important here to note that this parameter space is not completely allowed; i.e., for a certain

region of the log(p1)–Γ1 plane, the first polytropic segment in the core may not be able to reach

the required pressure p1 at the first dividing density in the core ρ1 due to its slope and the required

match at the fixed crust. This can be imagined by considering a shallow slope and high value of

p1 in Fig. 2.2. The separation between the compatibility of these values in the parameter space is

shown visually in Fig. 4 of Ref. [33] and may also be seen in Fig. 4.6. The incompatible region

approximately corresponds to log(p1) & 2.280 Γ1 + 30.408 and is found exactly by excluding

pressures that correspond to negative values of the difference between the matching density and

crust density closest to the core ρ0 − ρD.

Fig. 4.1 shows M(R) curves for 136 random samples in the four-dimensional parameter space

of possible EoS. Stellar models are excluded if they are unstable; that is, if they reside beyond the

maximum mass of all the models created for a given EoS (for a curve parametrized by central

density ρc or, equivalently, central enthalpy ηc). EoS are discarded if they are acausal, such

that cs,max > c for some stable equilibrium configuration, or if the values of log(p1) and Γ1 are

incompatible. If the model has a negative (positive) value of the trace of the stress-energy tensor

at the stellar center, it is coloured orange (blue). The model with the smallest positive trace value

(i.e., closest to zero), demarcates the two regions and is coloured cyan. We observe that the cyan

points are fairly well-clustered around a line on the M–R plane, while spanning a large range of

both masses and radii. These (approximate) Tc = 0 points are then linearly fit, resulting in a slope
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Figure 4.1: Mass–radius curves for 136 parametrized EoS, sampled uniformly, as discussed in-text.
Only stable NS models for causal EoS are shown. A linear fit is plotted in red for the stars with
central trace Tc = 0 and corresponds to a compactness C ≈ 0.269.

corresponding to a dimensionless compactness of ∼ 0.266.7 This refined result agrees well with

the estimate obtained in Refs. [27, 28] based only on a handful of the approximations to realistic

EoS from Ref. [33]: C ≈ 0.27.

4.2 INVESTIGATING Tc = 0 STARS

These results beget an interest in the investigation of this seemingly quasi-universal relation

between compactness and central trace Tc = 0. I undertake this by first constructing an even larger

data set of stellar models, for randomly sampled EoS, but now only for those which have Tc = 0.

7To convert the slope on a mass–radius plot to dimensionless compactness, multiply the slope by G/c2 after
converting to cgs units.
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This is accomplished with the following procedure:

1. Randomly sample the EoS parameter space. Make sure to check compatibility of log(p1)

and Γ1.

2. Determine the central density ρc for which Tc = 0. Construct this NS model.

3. Check causality for the model. Calculate the maximum speed of sound in the model cs,max.

Reject samples that do not meet the chosen constraint, for example cs,max < c.

4. Check stability of the model by constructing another NS model for a slightly larger central

density value and confirming both that the mass increases and the radius decreases.

5. Record relevant data for the NS model constructed. For example, the EoS parameters

{log(p1),Γ1,Γ2,Γ3} and macroscopic properties {M,R,C}.

A visualization of these stars on the mass–radius plane is shown in Fig. 4.2, where the trend of

near-constant compactness for Tc = 0 stars is clearly identifiable.

Upon collecting this data, the results were plotted as histograms. The random sampling was

completed for 50 000 sets of parameters, where 20 024 were accepted EoS models, 5 371 had

incompatible values of log(p1) and Γ1, and 24 605 were rejected based on the stability or causality

criteria. As seen in Fig. 4.3, and expected from Fig. 4.1, the possible masses and radii for

equilibrium configurations with Tc = 0 essentially span the full range of possibilities. Furthermore,

the distributions are quite wide, divulging very little additional information, on the surface, about

the macroscopic expectations for a star with Tc = 0 given a parametrized NS model. For example,

computing the 90% confidence intervals on the median for each yields MTc=0 = 2.04+1.42
−0.97 M� and

RTc=0 = 11.5+8.0
−5.4 km. However, if we instead examine a histogram of the compactness, as seen

in Fig. 4.4, the spread is much more narrow, agreeing with the insight gained from Fig. 4.1 and

Fig. 4.2. The median and confidence interval for the compactness is much more promising:

CTc=0 = 0.262+0.011
−0.017. (4.2.1)
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Figure 4.2: Mass–radius plot for 20 024 stars with central trace of the stress-energy tensor Tc = 0,
sampled uniformly in the EoS model parameter space, as discussed in-text. Only stable and causal
NS models are shown. A linear fit corresponds to a compactness C ≈ 0.265.
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Figure 4.3: Mass and radius histograms for 20 024 randomly sampled EoS models with Tc = 0.
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Figure 4.4: Compactness histogram for the Tc = 0 equilibrium configurations from 20 024
randomly sampled EoS models that are both stable and causal.
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Although there is still difficulty observationally obtaining precise radius measurements for NSs

[4], it is still possible to restrict a likely range of NS radii [69]. Within measurement uncertainty,

a possible assumption is that NS radii are approximately constant (cf. Ref. [98]). By imposing

such an additional constraint on the radius, we may get a better sense of the mass distribution

expected from future astrophysical data. For example, Ref. [69] provides a range of 10.1–11.1 km

for a 1.5 M� neutron star, Ref. [4] states many stars have been measured within 9.9–11.2 km,

while Ref. [99] gives a typical NS radius of (9.4 ± 1.2) km. A histogram drawn from the same

parametrized model sampling as previously used herein, but with the 10.1 < R/km < 11.1

bounds, is shown in Fig. 4.5. The resulting 90% confidence interval for the mass median is

drastically improved:

MTc=0 = 1.88+0.13
−0.16 M�. (4.2.2)

By assuming all NS radii fall in the range given in Ref. [69], within uncertainty, it follows that if a

NS has a mass & 2.01 M�, at 90% confidence, the NS has a positive trace T at the stellar center.

In addition, we can translate the compactness median and confidence interval into information

about the radius, given, for example, the measurement of the most massive neutron star: (2.01 ±

0.04) M�. This is done by restricting our data to within the uncertainty of the mass measurement.

In this case, the expected radius for a zero central trace is RTc=0 = 11.2+1.0
−0.5 km. So, if we measure

this particular star’s radius as . 10.7 km, then we may say, at 90% confidence, that this massive

NS meets the positive trace T condition.

In Fig. 4.6, the areas of the EoS parameter space that correspond to Tc = 0 stellar models that

meet our criteria for stability and causality are identified. We see that accepted (left, purple) and

unaccepted (right, crimson) EoS roughly have an inverse relationship in density of the parameter

space. In particular, we notice that for Γ1 > 4.0 and log(p1) & 35.1 there are very few EoS that

yield a Tc = 0 equilibrium configuration that is both stable and causal. As well, we see that it is

quite common for EoS with 1.0 . Γ2 . 4.0 and 2.3 . Γ3 . 4.0 to provide Tc = 0 equilibrium

configurations that meet our conditions.
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Figure 4.5: Mass histogram for Tc = 0 equilibrium configurations that are both stable and causal,
but also restricted to 10.1 < R/km < 11.1. 1 837 models are included.
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Figure 4.6: A visual representation of the randomly sampled Tc = 0 stellar models on the EoS
parameter space. The plots on the left (in purple) show 20 024 EoS that allow Tc = 0 stars that are
both stable and causal. The plots on the right (in crimson) show 24 605 EoS that did not meet those
criteria. The brown line on the log(p1)–Γ1 plane separates the incompatible region of parameter
space.
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CHAPTER 5

CONCLUSIONS

“Quotes are for dumb people who can’t think of something intelligent to say on their
own.”

— Bo Burnham

Scalar-tensor theories of gravity are simple and natural alternatives to general relativity, which

involve a scalar field nonminimally coupled to the metric tensor. This additional coupling affects

the behaviour of matter fields, as they are influenced both by the usual tensor field of GR and the

scalar field. This coupling can lead to novel phenomenology, such that large deviations from GR

are exhibited in strong-field regimes of gravity, while solar system and cosmological tests may

still be passed in the weak-field approximation. In particular, a dynamical instability exists for

self-gravitating, perfect fluids with the microscopic property that the trace of the stress-energy

tensor is positive somewhere within the matter. A perfect astrophysical laboratory to test these

theories is thus highly compact neutron stars. These compact objects may contain this microscopic

thermodynamic condition in their cores, as this is where the densest cold matter, which can form

stable equilibrium configurations, lives in the Universe.

Unfortunately, due to difficulty of the precise astrophysical measurement of macroscopic neu-

tron star properties, as well as the inability to mimic their cold, supranuclear interiors in terrestrial

experiments, the behaviour and composition of this stellar matter is not well constrained. The

thermodynamic relationship governing neutron-star matter is the equation of state, relating the

pressure and mass density. By implementing a parametrized equation of state, built of piecewise

polytropes, one may remain agnostic to the exact state of the nuclear matter when constructing
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stellar models. Conducting a random sampling with a uniform distribution of a broad parameter

space for the equation of state model permits the generation of a large number of plausible stars.

In this thesis, I implement this in order to study the statistics of stars at the onset of dynamical

instability in scalar-tensor theory, where the central trace of the stress-energy tensor Tc vanishes.

Under the assumptions of perfect fluidity, hydrostatic equilibrium, stability, and causality, we

discover a quasi-universal relation between compactness and the null point of the trace of the

stress-energy tensor. We find the median compactness and 90% confidence interval for which a

neutron star should have Tc = 0:

CTc=0 = 0.262+0.011
−0.017.

In addition, we provide some examples, given mild assumptions of expectations for neutron star

measurement in the near future, of expectations for joint measurements of the mass and radius.

Assuming neutron star radii are all within the range 10.1 < R/km < 11.1, the median mass and

confidence interval for Tc = 0 stars is MTc=0 = 1.88+0.13
−0.16 M�. As well, for the most massive

neutron star precisely measured, with M = (2.01 ± 0.04) M�, we translate the compactness

median and confidence interval into a radius for Tc = 0 stars: RTc=0 = 11.2+1.1
−0.5 km.

These results, along with further measurements of macroscopic neutron star properties with

increasing precision in the future, will enable us to probe unconstrained regions of scalar extensions

to general relativity. In particular, the measurement of a highly compact neutron star will indicate,

to a high level of confidence, that the trace T > 0 condition is met inside at least some astrophysical

neutron stars. These stars exhibit discernible differences in scalar-tensor theory in comparison to

general relativity.
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