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Biofilms are collections of microbes attached to either a smooth or a rough
surface. Within biofilms, bacteria interact with each other using a signalling
communication method known as quorum sensing, which enables bacteria to
execute gene-expression.
Our research focuses on studying a density-dependent, diffusion-reactionbased single-species biofilm model, in which the biomass growth equation
exhibits two non-linear degeneracy effects: (i) a porous medium degeneracy
as biomass density vanishes, (ii) a super-diffusion singularity as it approaches
unity. Previously, a semi-implicit numerical method was developed to solve
this model on orthogonal grids. We improve and extend the existing semiimplicit method to solve the biofilm model on non-orthogonal grids. In this
process, governing equations are transferred to general non-orthogonal curvilinear grids, and are discretized by the cell-centered finite volume method.

At the faces of a control volume, the diffusive flux is split into orthogonal
and non-orthogonal components. The orthogonal component is handled in
a conventional manner, while the non-orthogonal component is handled explicitly and treated as a part of the source term. While discretizing the
non-orthogonal term at the midpoint of a control volume face, the values of
a dependent variable at the corners of the control volume face are calculated
using values available at the centroid locations by an area-weighted linear interpolation scheme. The semi-implicit treatment of the non-orthogonal flux
component works efficiently if the maximum deviation in orthogonality in
the grid is within 15 − 20 degrees.
The developed method is applied to study the effect of surface roughness on the substrate diffusivity and biofilm activity. The results show that
under the nutrient-rich condition, substratum roughness does not have a pronounced effect on biofilm activity, but under the nutrient-low condition, the
biofilm growth activity and structure are affected.
To study the effect of substratum roughness on quorum sensing activity
in biofilm, we further solve a single-species quorum sensing model using the
developed numerical formulation. The results indicate that QS induction
is dependent not only on the size of the bacterial population, but also on
the diffusion properties of the signalling molecules according to the surface
roughness properties.
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2

while h is the height of the domain
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Chapter 1
Introduction
1.1

Background

Biofilms are densely aggregated communities of microbes attached to both
inert and living surfaces. They are found in most natural and controlled
environments. The development of a biofilm takes place in a multistage
process controlled by many factors, including substratum surface properties,
nutrient availability, pH condition, temperature, and hydrodynamics [42,
58, 33]. In the first stage, the planktonic bacterial cells, which are freeliving cells in the liquid medium, are deposited on a surface and produce
a slimy, glue-like extracellular polymeric substance (EPS), which forms a
polymeric cage around the bacterial cells. Within this enclosure, bacteria
interact with each other using a very sophisticated signalling communication
method known as quorum-sensing (QS), and multiply to eventually form a
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mature biofilm [28, 101]. This highly protective polymeric matrix enhances
the survival of bacteria, enables them to adapt to changing conditions, and
protects them from the hostile effects of environmental stress or antibacterial
treatment [28, 54, 66].
Biofilms have both beneficial and harmful impacts on humans, other organisms, and ecosystems. Biofilms play a vital role in the global ecology
and particulary, the sustainability of human life. The biological activity of
trillions of microbes in the soil and water determines the basic chemistry of
the Earth’s surface. Bacterial biofilms also play significant roles in recycling
many substances in the environment; for instance, they facilitate decomposition of waste in sewage systems. Moreover, biofilms have substantial roles in
many scientific and technological areas, such as wastewater treatment [99],
groundwater protection [83], microbial leaching, and soil remediation [128].
However, biofilms can also play detrimental roles in industrial pipe fouling [53], infectious disease, tooth decay [63], plant infection [17], and the
contamination of medical equipment [30]. Infectious diseases are often initiated and aggravated by biofilms indwelling in medical devices. The high
resistance of biofilms to antibacterial agents presents a challenge to finding a
remedy for such disease factors [131]. Similarly, in the food processing industry, biofilms induce hygienic risks, cause food spoilage, and compromise food
safety [124, 160]. Therefore, it is increasingly important to understand processes in biofilm development and to find factors that control biofilm growth.
Considering these factors, the optimal method for the reduction or removal
2

of biofilms can be developed.
Biofilms are intricate living systems, in which biological and physical
processes occur simultaneously. The substrate transportation, through an
aqueous phase into the biofilm region, is driven by two means: diffusion and
convection. Inside biofilms, the substrate is consumed and depleted by bacteria. Biofilm growth and structure highly depend on substrate availability.
To measure the substrate availability in the biofilm system, the substrate
diffusive flux is approximated by Fick’s first law across the substrate source
boundary. The concentration gradient drives the flux. Substrate diffusive
flux is termed as a potential indicator of substrate removal from the system.
Under substrate-rich conditions, compact biofilm structures with very low
porosity and high cell density develop. Under substrate-low conditions, the
substrate is quickly exhausted at the base of the biofilm, where competition
among cells is most intense. The scarcity of substrate in the inner part of the
biofilm impedes biomass growth and results in a porous biofilm formation;
hollows may even be created in biofilms. Along with substrate availability,
substratum roughness features may also influence the substrate diffusive flux.
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1.2
1.2.1

Motivations and objectives of the thesis
Numerical solution of a single-species degenerate, diffusion reaction-based biofilm growth
model on structured non-orthogonal grids

Biofilms are ubiquitous and are characterized as a surface-associated film.
They can grow in diverse environments, such as in water pipes, and on the
surfaces of rocks, of heterogeneous soil, of human teeth, and of medical equipment, and in many other regular and irregular domains, wherever sufficient
nutrients are available to sustain microbial growth. Biofilms often exhibit
various morphological architectures; they are not always homogeneous, but
some are notably heterogeneous. The different morphological features of a
growing biofilm depend on biological factors (such as maximum cell density,
specific growth rate, and cell death rate), and physical factors (such as nutrient availability [42], hydrophobicity, and substratum roughness). In nutrientrich environments, biofilms grow faster, eventually merge with each other and
finally form a homogeneous compact layer [108], regardless of hydrophobicity
and roughness of substratum. On the other hand, in nutrient-low conditions,
the biofilms likely grow as patchy biofilm structures [108, 144, 145, 142]. In
dynamic flow environments, fluid flow exerts shear stress on biofilms that
causes sloughing of bacteria, leading to the complex shape of biofilms. Besides, substratum features are another influence on the biofilm architecture;
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these are discussed in the following section.
The surface properties of the substratum, such as surface energy (positive
substratum surface charge), surface chemistry, and cell surface hydrophobicity, and the topographical features of the substratum have substantial effects
on initial cell attachment, biomass growth activity, biomass accumulation,
and bacterial sustainability on the surfaces in both static and dynamic flow
conditions [31, 58, 70, 158]. The initial accumulation of bacterial cells is less
pronounced on flat surfaces than on irregular surfaces [161]. The cell attachment on a roughen substratum increases with the increase of roughness of
the substratum [21, 100]. Moreover, the different sizes of surface topographical features, such as cracks, crevices, cavities, and holes impact the biofilm
growth activity, stability, and sustainability. In aqueous environments, the
deposition of bacterial cells increases in the recirculating flow zone in a cavity
because of low shear stress [32]. For example, in a dental implant or cavity, or
on a crown joint surface [105], bacterial cell accumulation and biofilm formation are accelerated. The deposition of acidic metabolites in a dental cavity
causes tooth decay. On grooved surfaces in a flow environment, biofilms grow
faster and are protected from shear stress and cleaning agents [5]; biofilms
even reestablish themselves on these surfaces. The surface topographical features may also affect quorum sensing mode of communication in biofilms;
for example, in a dynamic flow environment, if biofilms grow in cavities, QS
activation in bacteria occurs earlier inside the cavity, but in the outer side of
the cavity, QS activation is delayed, and even does not occurs [77]. There5

fore, rough surfaces with different topographical features, used for various
purposes in different environments, play a vital role in biofilm formation and
their sustainability. Multiple studies have suggested that the understanding of the effect of surface topography features on biofilm activity is crucial,
and also have implied the need for experimental and simulation studies in
irregular geometries. Many studies that have been performed in simple flow
cells with smooth surfaces are insufficient to understand the biofilm activity
thoroughly. Moreover, the effect of substratum roughness on the long-term
growth behaviour and on the structure of matured biofilms still needs to be
explored both mathematically and experimentally.
Over the last three decades, to understand the formation of biofilms and
the activity of microbes in biofilms, numerous experimental and mathematical models have been developed considering different physical and biological factors that occur in biofilms. Most of the mathematical models include
physical aspects, such as substrate transport mechanisms, flow velocity, pressure, shear stress due to flow, substratum properties; ecological aspects; and
some microbiological factors. Thus, the study of biofilms has adopted a multidisciplinary approach combining different subjects, such as microbiology,
biochemistry, biogeochemistry, and fluid mechanics. Over the years, many
researchers have taken steps to identify the main factors that regulate biofilm
growth activities, structures, and functions. Recently, a specific aspect, quorum sensing by chemical communication, has been included in biofilm study.
After considering multiple factors, several multidimensional biofilm mod6

els have been developed to describe the growth of spatially heterogeneous
biofilms, such as deterministic continuum models, stochastic individual-based
models, and cellular automata models [49, 69, 79, 150]. The computational
challenges to simulating these models depends on their properties and applications. However, overall results of these models show good agreement with
each other both qualitatively and quantitatively; particularly, similar biofilm
growth activity and morphological features are observed from different model
solutions [152].
In this study, we focus on the biofilm model that was proposed as a
prototype two dimensional (2D) biofilm growth model by Eberl et al. [42].
This model has subsequently been extended to accommodate a multi-species
biofilm to include EPS production and antibiotics, and to formulate the
model of quorum sensing with or without fluid flow [44, 45, 48, 55, 56,
76, 85, 86, 88, 92, 117]. The model was derived from both the viewpoint
of treating biofilms as spatially structured population [46] and as a mechanical object [98, 162], thereby reflecting the ecological-mechanical duality of biofilms. The prototype biofilm growth model includes two equations: a density-dependent, diffusion-reaction-based equation, which describes biomass growth; and a semi-linear diffusion reaction equation, which
describes the utilization of a growth-limiting nutrient. The coupling between
these two equations is established by connecting the reaction term in the
biomass equation to the consumption term in the substrate transport equation using the standard Monod reaction kinetics. The diffusion coefficient
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in the biomass equation has two interacting non-linear diffusion effects: (i)
the diffusion coefficient vanishes because the biomass density vanishes, and
(ii) a super-diffusion singularity occurs as the dependent variable in the diffusion coefficient approaches the prior known maximum cell density. The
interplay between these two effects ensures that the solution of the biomass
equation is bounded by maximum cell density [47], and the spatial expansion
of biofilm occurs only when, locally, no space is available to accommodate
newly produced biomass. If the term that causes super diffusion singularity
is omitted from the diffusion coefficient, the solution of the biomass equation
agrees with the solution of the porous medium equation. Also, if the initial
data has compact support, a solution of the model evolves with a compact
support [42], and the interface moves with a finite speed of propagation. The
super diffusion singularity ensures that the soultion is bounded by maximum
cell density, and additionally, the solution exhibits a sharp interface at which
the biomass gradient blows up. The growth terms actively drive the expansion of an initial solution with compact support and this development ensures
that the interface between the biofilm phase and liquid phase is continually
changing with time.
The numerical methods applied to solve the density-dependent diffusionreaction-based biomass equation with nonlinear diffusion effects often pose
several numerical problems: steep biomass gradients, loss of regularity, and
the gradient blows up at the interface, which can cause the smearing or spurious oscillations in the numerical solutions. The singularity in the density8

dependent diffusion coefficient leads to the blow-up of the model coefficients,
which can cause inaccuracies in the numerical solution and it can force the
use of a very small time-step for the numerical method. The stiffness in
the equations can restrict the time step size to be smaller; this smaller time
step may slow down the simulation process. The methods proposed in the
literature to solve these nonlinear degenerate-diffusion equations and their
relative merits are addressed in the next section.
In [42], the biomass equation was solved explicitly by the Runge-KuttaFehlberg method, which used a mixed time integration strategy. In contrast,
the diffusion-reaction-based nutrient transport equation was solved implicitly. The use of an explicit method for solving a biofilm model equation
requires a small time step, for which biomass density delays approaching
maximum biomass density somewhere in the domain, and so, the method
becomes inefficient. In an another study [41], the spatial operator in the
degenerate equation was transformed to a Laplacian operator by a transformation of variables and the nonlinear effects earlier in the diffusion coefficient
were transferred to the time derivative term. The resulting transformed equation was solved using a fully implicit method with a fixed time step. This
treatment could efficiently handle the diffusion singularities but was prone to
interface oscillations. In [74], a fully adaptive in-space and in-time method,
using weak moving frame formulation, was used for the one dimensional
(1D) setup. The method tracked the evolving of the biofilm-fluid interface
explicitly and handled the porous medium degeneracy successfully, but it
9

had problems dealing with the super-diffusion singularity. In [75], the idea
of transforming variables used in [41] was combined with the moving frame
approach used in [74]. This method handled both the porous medium degeneracy and the super diffusion singularity accurately. However, the technique
was restricted to a 1D model, and it could not be extended easily to accommodate a 2D model.
In [43], a finite volume method was used for spatial discretization, and
the non-linear biomass flux was computed at the faces of a control volume
using a nonlocal (in time) representation. The value of degenerate diffusion
coefficient that is present in biomass flux on the faces of a control volume was
computed using available biomass density values from an earlier time step.
This approach dealt with the nonlinearities in the model successfully, which
is similar in principle to the nonstandard finite difference schemes described
in [8, 89]. This semi-implicit method is robust and can handle the steep
biomass gradient at the interface reasonably well [43]. This semi-implicit
method is further used for basic biofilm models in [44, 45, 48, 55, 56, 76, 94,
116], and in [98], with a slightly different diffusion coefficient in a different
biofilm model, where spatial spreading was achieved using purely mechanistic
principles. With a slight extension, this semi-implicit method was also used
in [86, 92]. In [71], a fully implicit first order time integration method was
used with a fixed point iteration at each time step to solve the resulting
non-linear systems that arise in solving a cellulosic biofilm system. In [14],
an implicit trapezoidal rule was used for time integration for solving a 1D
10

problem. More recently, an error-controlled time adaptive strategy developed
using the embedded Rosenbrock-Wanner method, has been introduced by
Ghasemi et al. [59] to numerically solve the non-linear degenerate biofilm
growth model. This method overcomes the small time step restriction that is
often required for the implicit and semi-implicit methods described earlier. In
the literature cited above so far, irrespective of the time integration method
used, the biofilm growth model has been solved only on rectangular spatial
domains with a uniformly spaced Cartesian grid.
To study biofilm growth activity in irregular geometries, the primary objective of our research is to simulate the degenerate, diffusion-reaction-based
biofilm growth equation with two different nonlinear effects in the densitydependent diffusion coefficient, coupled with the equation of single nutrientlimiting substrate on non-orthogonal grids. We first focus on generating the
nearly orthogonal grids on irregular domains. The choice of grids and methods depend on the performance and compatibility of the grids in solving
the model equations in complex geometries. The accuracy of the solution
of a model in an irregular domain, indeed, depends on two key factors: the
precise specification of boundary conditions, and smooth and fine grid resolution in the simulation domain. The use of regularly-structured simulation
grids for the numerical calculation may lead to a problem for implementing
boundary conditions properly. Unstructured grids can represent boundaries
precisely, but these may make the simulation process computationally costly.
On the other hand, structured curvilinear grids can maintain the fixed topol11

ogy, facilitate easy implementation of boundary conditions [13], and keep
the simulation cost reasonable. To generate structured curvilinear grids on
a complex domain, we use the elliptic grid generation method [166]. In two
dimensions, structured curvilinear grids are generated by assuming that the
physical domain is transformed to the computational domain by the transformation formula, ξ = ξ(x, y); η = η(x, y). The inverse of this transformation
also exists. This transformation is linear, and the Jacobian determinant
J = xξ yη − xη yξ associated with this transformation plays a significant role
in creating relationships between the coordinates in physical and computational domains. That is, a point in the physical domain corresponds to a
point in the computational domain and vice versa [136, 166]. The details of
the grid generation are described in Appendix A and are based on the article
by Zhang et al. [166].
Some special techniques [34, 93, 149] are used to solve fluid flow, heat
transfer and mass transfer problems using the finite volume method on nonorthogonal grids. Most of these flow equations have constant diffusion coefficients, and furthermore, they do not pose a problem in the phase change of
the solution of parabolic or advection diffusion reaction (ADR) type equations. On the other hand, in our model equation, the diffusion coefficient is
density dependent and nonlinear, and the values of this component may differ significantly at the biofilm-liquid interface because of strong nonlinearity
in the diffusion coefficient. Moreover, the degeneracy properties of the equation cause another inconvenience to the biomass development condition. The
12

available techniques used for fluid mechanics problems are not yet applied to
our problems, and so, it is unknown how effectively these techniques can be
used for biofilm models. Considering these issues, we are intuitively motivated to explore new discretization techniques in the numerical formulation
in our research. Thus, more specifically, the objectives of the thesis are
given as follows:
• to extend the existing semi-implicit method [43] to solve the
biofilm growth model on non-orthogonal grids.
• to simulate the biofilm growth model on different grids
with varying grid quality such as smoothness and nonorthogonality, generated on the complex domain, and thereby
to quantify the effect of grid non-orthogonality and grid
smoothness on the solution of the biofilm growth model.
• to apply the developed numerical formulation for solving
biofilm models designed for different applications.
To achieve these objectives, in our first article [2] we extend and modify
the existing semi-implicit method [43], which allows solving the governing
equations on non-orthogonal grids, generated on an irregular domain. We
use a cell-centered finite volume based spatial discretization technique. In
the modified formulation, a non-local (in time) representation of the nonlinear density-dependent biomass flux is made. The biomass flux at the face of
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the control volume cell is resolved into orthogonal and non-orthogonal components. A usual numerical technique is applied to handle the orthogonal
component, but the non-orthogonal component, which contains the mixed
∂
derivative ( ∂ξ∂η
) term, is dealt with explicitly and treated as a part of the

source term. Thus, the method is termed as a semi-implicit method.

1.2.2

Application to particular biofilm systems

Application A: A Simulation Study of the Effect of Meso-scopic
Sinusoidal Surface Roughness on Biofilm Growth
In early research, biofilms were considered to grow as flat, homogeneous structures from the substratum up, and were described by different mathematical
models [120, 152]. Over the years, researchers have understood that biofilms
are more likely to grow as pronouncedly irregular, heterogeneous, spatial
structures than as flat structures [28, 143]. Especially in different complex
geometries, biofilms may grow with highly complicated architectures. The
biofilm formation, growth, and basic architecture depend on many internal
and external factors. Depending on these factors, biofilms grow in different shapes, such as finger-like or mushroom [109, 110], with patchy biofilm
formation [143], and with many other heterogeneous structures that have
not yet been described. Many physical factors, such as the availability of
substrate, hydrodynamics, the likelihood of detachment [68, 159], and substratum topographical features [19], regulate biofilm growth and structure.
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The substratum topographical features in micro- and nano scales substantially influence bacterial attachment, early biofilm formation, and biofilm
shape [4, 19, 27]. For example, planktonic bacterial cells attach in larger
numbers to a highly roughened substratum than to a flat substratum. The
diffusion rate of the mass transfer through a rough surface may be affected
due to surface roughness properties of a substratum, which may result in an
even more complex biofilm structure. Therefore, over the years, researchers
have demonstrated that overall substrate loading, distribution and conversion
rates cannot be properly addressed without considering biofilm growth conditions and biofilm surface roughness [107, 109]. Few studies have quantified
substrate diffusivity and the growth and shape of biofilms that grow on irregular domains. Studies that investigate the effect of substratum properties
on substrate transport, biofilm growth activity and its structure are lacking.
We therefore determine the objective of this study for application A as
follows:
• to study the effect of mesoscopic sinusoidal surface roughness
on substrate diffusivity through the liquid medium and into
biofilm, and on biofilm growth activity, structure and sustainability under different substrate conditions.
To achieve this objective, we simulate the biofilm growth equation, coupled with an equation for a limiting-substrate, on non-orthogonal grids, using
the developed discretization formula under the finite volume method [2]. We
15

measure approximate substrate flux for both regular and irregular geometries, and also investigate the effect of surface roughness on biofilm growth
activity and architecture.
Application B: Effect of meso-scopic sinusoidal surface roughness
on biofilm growth and quorum sensing induction
Bacteria prefer to live collectively in a biofilm than to live in a single cell
state. Within biofilms, bacteria function differently from planktonic bacteria. In biofilms, bacteria communicate and cooperate with each other
through a cell-to-cell communication process; this communication process is
performed through releasing and sensing signalling molecules called autoinducers [90, 155]. This communication process is referred to as quorum sensing
(QS) and, by this method, bacteria can self-monitor their environment for the
presence of other bacteria and their local population density [57, 135, 90, 96].
Many bacterial species use the chemical signalling to communicate with each
other and coordinate their activities. A well-known signalling molecule is
acyl-homoserine lactone (AHL), which is used by Gram-negative bacterial
species [156]. QS states that at a sufficient density of bacterial population,
the accumulation of autoinducers increases in the local environment to a
threshold concentration, at which bacteria are induced to execute gene expression. Though many aspects of QS are still unknown, it appears that QS
plays a significant role in regulating many physical and biochemical characteristics of bacteria including biofilm formation, symbiosis, motility, the
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production of virulence factors, and gene expression [97, 155].
Though QS is initially understood as simply a means for bacteria to assess their population density in cultures, it is now identified as a complex
behaviour. QS helps bacteria to cooperate and compete in mixed-species
colonies, to colonize, and to change physical and chemical properties of its
local environment. QS may promote biofilm development in the human body,
causing severe infectious diseases. In much of the literature, it is stated that
the concentration of autoinducers in a given environment is proportional to
the number of bacteria present; therefore, achieving threshold concentration
for QS may depend on the density of bacterial cells [135]. Recently, however, an alternative interpretation that is given by Redfield [118] is that the
autoinducers are secreted not only for signalling to other cells but also for
allowing individual cells to determine how fast molecules move away from the
cells. This process is called diffusion sensing (DS). Redfield [118] argues that
the production of autoinducers may initially increase because of the diffusion
of secreted molecules in the environment. However, another idea that has
combined these two views, DS and QS, is efficiency sensing [67].
In the last few years, numerous mathematical models have been developed
and simulated on uniform grids to analyze the molecular signal producing
and responding mechanism between cells [37, 90, 153]. Some deterministic
mathematical models, based on diffusional mass transport, have been simulated on a flat substratum to study the diffusion-regulated quorum sensing
phenomena [18, 35, 60, 140]. However, the regulation of the dynamic cell
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responses is also dependent on the concentration of signalling molecules and
their diffusion ability. The diffusion of signalling molecules is influenced by
different environmental factors, such as substratum surface topographical features. Because of substrate roughness, the quorum sensing induction between
cell-to-cell and colony-to-colony may be delayed. The effect of substratum
surface topographical features on QS induction is still not fully explored and
understood. The diffusion-controlled quorum sensing induction in bacteria
within biofilms that grow in complex geometries is also not studied broadly
either experimentally or numerically. Nevertheless, most recently, it has been
shown that diffusion is one of the significant factors to initiate and expedite
the signalling communication between bacterial cells. To understand quorum sensing activity in biofilms that grow in complex geometries, one of our
research objectives in this thesis, is:
• to investigate the effects of mesoscale surface irregularities on
the QS induction in a colony and its neighbour colonies.
To achieve this objective, we solve a single species biofilm model, along
with a quorum sensing equation by using the developed numerical formulation [2].

1.3

Outline of the thesis

The main aim of this dissertation is to develop the discretization formulation
under the finite volume method for solving a single-species biofilm model on
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non-orthogonal grids. The developed numerical formulation is further used to
study the biofilm activities in different applications. This thesis is organized
as follows:
In chapter 2, an existing semi-implicit numerical method is extended to
solve a single-species biofilm model on non-orthogonal grids. The model
includes degenerate, nonlinear diffusion-reaction-based equations for two dependent variables: biomass and substrate concentration; this model describes
the biomass growth in a growth-limiting nutrient condition. The non-linear
biomass flux is resolved at a face of a control volume into orthogonal and nonorthogonal components. Orthogonal components are treated conventionally,
and non-orthogonal components have mixed derivatives that are evaluated
explicitly, adding to the source term. The evaluation of cross-derivatives
along a vertical face of the control volume requires the value of unknowns at
the corners of a control volume. We introduce a linear area averaging formula
to calculate the unknowns at the corners of a control volume. The method is
validated, and simulations are conducted for testing the numerical accuracy
of the method for non-orthogonal grids that are generated in several complex
geometries. The semi-implicit treatment of biomass flux successfully deals
with non-orthogonal grids. This chapter has been accepted for publishing as
Ali M. A., Eberl H. J., Sudarsan R. : Numerical solution of degenerate, diffusion reaction based biofilm growth model on structured nonorthogonal grids, Comm. Comp. Phys, in press, 2017.
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In Chapter 3, we study the effect of substratum roughness on substrate
diffusion. We solve the diffusion reaction-based substrate equation, along
with the biofilm growth equation, using developed discretization formulation [2]. This study is devoted to measuring substrate fluxes for flat and irregular geometries for two substrate levels: low and high. The biofilm growth
activity and structure are also investigated for both low and high substrate
concentrations, and found that the interplay of substratum roughness and
substrate diffusion affect biofilm growth and architecture. This chapter has
been submitted as
Ali M. A., Eberl H. J., Sudarsan R. : A Simulation Study of the Effect of
Meso-scopic Sinusoidal Surface Roughness on Biofilm Growth, Recent
Advances in Mathematical and Statistical Methods for Scientific and
Engineering Applications, Springer, accepted, 2018.
In Chapter 4, we simulate a single species biofilm model, along with a
quorum sensing equation, to study the effect of substratum roughness on
quorum sensing induction for gene expression in biofilms. The flux terms
of model equations are treated according to the developed numerical formulation in [2]. An uncoupled term (not coupled with QS variable) in QS
equation is treated as a part of the source term. These lead to a semi-implicit
discretization of QS equation, and thus, the positivity of the solution is preserved. We find that substratum roughness properties have a profound effect
on QS induction in the biofilm. This chapter will be submitted for publishing
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in a journal as
Ali M. A., Eberl H. J., Sudarsan R. : A Simulation Study of the Effect of Mesoscopic Sinusoidal Surface Roughness on Quorum Sensing
Induction, to be submitted
Chapter 5 summarizes the findings of this dissertation and gives suggestions for future work.
In Appendix A, we describe the grid generation method for complex geometries. The transfinite interpolation method and the elliptic grid generation method are briefly discussed in this appendix.
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Chapter 2
Numerical Solution of a
Degenerate, Diffusion Reaction
Based Biofilm Growth Model
on Structured Nonorthogonal
Grids
Abstract
A previously developed semi-implicit method to solve a density dependent diffusion-reaction biofilm growth model on uniform Cartesian grids is
extended to accommodate non-orthogonal grids in order to allow simulation
on more complicated domains. The model shows two non-linear diffusion
22

effects: it degenerates where the dependent solution vanishes, and a superdiffusion singularity where it approaches its upper bound. The governing
equation is transformed to a general non-orthogonal ξ − η curvilinear coordinate system and then discretized spatially using a cell centered finite volume
method. The nonlinear biomass fluxes at the faces of the control volume cell
are split into orthogonal and non-orthogonal components. The orthogonal
component is handled in a conventional manner, while the non-orthogonal
component is treated as a part of the source term. Extensive tests showed
that this treatment of the non-orthogonal flux component on the control volume face works well if the maximum deviation in orthogonality in the region
of the grid where the biomass is growing is within 15-20 degrees. This range
of validity is smaller than the one obtained with the same method for the
simpler porous medium equation which is the standard test problem for degenerate diffusion equation but does not have all of the features of the biofilm
model.
Keywords: biofilms, degenerate diffusion, non-orthogonal grids

2.1

Introduction

Bacterial biofilms are aggregates of microbes that grow on surfaces in an
aqueous environment. They form when bacterial cells attach themselves to
the surface and begin producing Extracellular Polymeric Substances (EPS)
within which the growing bacteria cells remain embedded. Biofilms are ubiq-
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uitous, as they can be found growing in all places where sufficient nutrient
is available to sustain microbial growth. They are present in both industrial
and natural systems; as well as in surface and subsurface waters and soils. In
environmental engineering applications like waste-water treatment [99] they
play a positive role while in medical context they are the source of many infections [30]. Bacterial biofilms can exhibit complicated morphologies. The
morphological features of a growing biofilm depends both on the biological
factors like maximum cell density, specific growth rate as well as on the environmental conditions like nutrient availability [42] and hydrodynamic conditions. In nutrient rich environments, individual biofilm colonies grow quickly
and form homogeneous compact layers, while in nutrient limited conditions
biofilms tend to grow into patchy structures [143].
In combination with the aforementioned factors, the sustainability of
biofilms also depends on the surface topography of the substratum on which
the biofilms are attached. In the presence of fluid flow, meso-scale surface
features like cracks and crevices with size (in the order of 10-100’s of microns) greater than that of a single cell have been shown to influence biofilm
growth and sustainability through means other than affecting the cell attachment process. For example, studies done in [32] to investigate biofilm
accumulation in a model food processing equipment under different flow conditions have observed that increased surface microbial loads was present in
the areas around recesses on the surfaces which were characterized by the
presence of recirculating flow and low shear stress. Likewise, studies done
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in [81] to investigate the susceptibility to antibiotics of biofilms growing in
glass flow cells with artificial crevices observed that the biofilm growing on
the top of the crevices were effectively treated while the biofilm growing in
the base of the crevice survived the antibiotic treatment and continued to
grow once the antibiotic treatment was discontinued. Biofilms in different
applications grow on surfaces with different topographical features, in contrast, biofilm growth experiments conducted in labs as well as biofilm growth
modeling studies in simulations are often conducted in simple flow cell geometries which lack these surface features. Therefore to understand the effect
of these surface features on biofilm growth, sustainability and removal, experiments and modeling studies need to be conducted in setups which have
these specific surface features.
Mathematical modeling and simulation [79, 152] provides us an effective
way to understand and predict the growth of biofilms under different conditions. The model which is the focus of our current study was proposed as a
prototype biofilm growth model in [42] and solved numerically to simulate
the growth of a 2D heterogeneous single species biofilm with a single limiting
nutrient. Since its introduction in [42], the model has been extended to accommodate a multi-species biofilm, model EPS production, model response
to antibiotics, model quorum sensing mode of communication with and without fluid flow, and model internally triggered dispersal ([45, 44, 48, 55, 56, 76],
[117, 92, 85], [88, 87]). The model has been derived both from the view point
of treating the biofilms as a spatially structured population [46] or as a me25

chanical object [162, 98], thereby reflecting the ecological-mechanical duality
of biofilms. The biofilm growth model introduced in [42] in its basic form
consisted of two equations, one for the biomass density and the second for
the growth limiting nutrient. For the biomass, a density-dependent diffusion
reaction equation was used while a semi-linear diffusion reaction equation
was used for the growth limiting nutrient. The coupling between the two
equations was established by connecting the reaction term in the biomass
equation to the consumption term in the substrate transport equation for
which the standard Monod reaction kinetics was used. The biomass equation within the diffusion coefficient holds two interacting non-linear diffusion
effects namely (i) the diffusion coefficient vanishes where the biomass vanishes as in the Porous Medium Equation (PME), and (ii) a super-diffusion
singularity as the dependent variable in the diffusion coefficient approaches
the known maximum density. The interplay between these two effects ensures that the solution of the biomass equation is bounded by maximum cell
density [47], and that spatial expansion of the biofilm (region where biomass
density is greater than zero) occurs only when locally no space is available to
accommodate newly produced biomass. The solution of the biomass equation
separated from the super diffusion singularity behaves like the solution of the
PME which shows characteristic features namely that the initial data with
compact support also results in a solution with a compact support [42] with
the interface separating the region where biomass density is zero and where it
is greater than zero propagating at a finite speed. The super diffusion singu26

larity ensures that the solution is bounded by the maximum biomass density.
In addition, solution exhibits a sharp interface at which the biomass gradient
blows up. The expansion of the compact support of the biomass equation
solution is strongly driven by the growth terms and this expansion ensures
that the interface between the biofilm phase and fluid phase is constantly
changing with time.
The density dependent diffusion equation with its two nonlinear diffusion
effects poses several difficulties for numerical methods used in their solution.
The steep biomass gradients, loss of regularity and gradient blow up at the
interface can cause smearing or spurious oscillations in the numerical solution.
The singularity in the density-dependent diffusion coefficient leads to a blow
up of model coefficients which can cause inaccuracies when numerical solution
is done on grids with finite size and it can force the numerical method to work
with very small time-steps. The stiffness in the equations can severely restrict
the time step sizes one can use in an explicit method, while the use of a fixed
time step size in the case of an implicit method could lead to inaccuracies
in the solution. The methods that have been proposed in the literature to
solve these highly nonlinear degenerate equations and their relative merits
are briefly reviewed next.
In [42], a mixed time integration strategy was used wherein the slower
biomass equation was solved explicitly with a Runge-Kutta-Fehlberg method,
while the faster nutrient transport process modelled by a diffusion-reaction
equation was solved implicitly. The use of an explicit method for biomass
27

required very small time steps whenever biomass density approached the
maximum biomass density somewhere in the domain making the over all
method inefficient. In [41], the spatial operator in the degenerate equation
via a transformation of variables was converted into a Laplacian operator
while the nonlinear effects earlier in the diffusion coefficient were transferred
to the time derivative term. The resulting transformed equation was solved
using an fully implicit method with a fixed time step. This treatment could
effectively handle the diffusion singularities but was prone to interface oscillations. In [74], a fully adaptive in space and time method using weak moving
frame formulation was used in a 1D setup. The method tracked the evolving
biofilm-fluid interface explicitly and handled the porous medium degeneracy
successfully but had problems in dealing with the super-diffusion singularity. In [75], the transformation of variables idea used in [41] was combined
with the moving frame approach used in [74]. This method handled both the
porous medium degeneracy and the super diffusion singularity well, however
it was restricted to 1D and did not offer an easy way for extending it to
accommodate 2D.
In [43, 129], a finite volume method was used for spatial discretization
and the non-linear biomass flux needed on the faces of the control volumes
was computed using a non local (in time) representation wherein the degenerate diffusion coefficient value on the face was computed using available
biomass density values at an older time step. This approach where we apply a non-local (in time) discretization to account for the nonlinearities in
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the model is similar in principle to the nonstandard finite difference schemes
described in [89, 8]. Simulations done with this lower order semi-implicit
method in [43] show that the method is very robust and handles the steep
biomass gradients at the interface reasonably well. Since its introduction in
[43] this method has been efficiently parallelized using OpenMP directives on
shared memory architectures in [94] and has been used in several extensions
and applications of the basic biofilm model [45, 44, 48, 55, 56, 116, 76]. The
semi-implicit method developed in [43] has also been studied and successfully
used in [98] with a slightly different diffusion coefficient in a different biofilm
model where spatial spreading was achieved using purely mechanistic principles. In [92, 86], an adaptation of the semi-implicit method presented in
[43] with minor extensions has been presented, however no major improvements from the suggested extensions have been documented. In [71], a fully
implicit first order time integration method which used a fixed point iteration at each time step to solve the resulting non-linear system was used
for a cellulosic biofilm system wherein the transport equation for the nutrients was an ordinary different equation (i.e, nutrients does not diffuse). In
[14], in an 1D setting an implicit trapezoidal rule was used for time integration while in [134, 88] an explicit method was employed; however clear gains
from using this explicit scheme was not demonstrated. More recently in [59],
an error controlled time adaptive method using the embedded RosenbrockWanner methods was used to numerically solve the non-linear degenerate
biofilm growth model. This method helps one overcome the small time steps
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restriction imposed in the implicit and semi-implicit methods described earlier. In all the works we have cited so far, irrespective of the time integration
method used, the biofilm growth model has been solved only on rectangular
spatial domains with an uniformly spaced (different uniform spacing used
along each coordinate direction) Cartesian grid overlaying it. Also, the formulations used in these studies does not extend logically to general grids
which are essential to accommodate domains with boundaries having complicated surface topographies.
The primary goal in this work is to simulate the growth of biofilms on
surfaces with complex topographical features using the degenerate diffusion
reaction based biofilm growth model. Generation of a quality grid over the
domain[137, 138, 51] is an essential first step which is required before the governing equations can be spatially discretized and solved. The computational
grids based on their topology can be classified into structured grids where
each cell has a same number of neighboring cells (eg., in a Cartesian grid each
interior cell has four neighbors) or unstructured grids where each cell has a
varied number of neighboring cells like for example in a triangulation generated over the domain. In the current study, the focus is on solving the biofilm
growth model on a structured grid generated over the domain. Structured
grids generated over general domains are generally non-orthogonal, i.e., the
grid lines intersect at angles θ which are not 90◦ everywhere in the domain as
can be seen in Fig. 2.1 (a). The generation of an orthogonal or near orthogonal grid on general domains require the use of special methods [123, 166]
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which have varying degree of success depending on the exact features of the
domain under consideration.
We are not aware of any previous studies which have solved the nonlinear degenerate PDE’s like the one we have in our model on non-orthogonal
grids over 2D or a 3D domains. However, we are aware of special techniques [34, 91, 93, 149] that have been developed to solve fluid flow and heat
and mass transfer problems using a finite volume method on non-orthogonal
structured grids generated over complex domains. In those applications, the
governing equations take the form of systems of coupled Advection Diffusion Reaction(ADR) equations often with constant diffusion coefficients or
one which varies moderately in space like in the case of phase change problems. In contrast, in our problem, we expect the diffusion coefficient to vary
considerably near the interface due to the strong nonlinearity which is further complicated by degeneracies in our biomass growth equation. Due to
these differences, it is not known a priori how applicable these techniques
which work well for simple ADR equations are for our problem and moreover
even if they are applicable what is the range of applicability of these techniques. Exploring these two issues is the primary focus of our paper. The
specific objectives of the paper are (i) extend the robust semi-implicit method
formulation presented in [43] using the special techniques developed in the
context of Advection-Diffusion-Reaction equations to simulate the growth of
biofilms on a non-orthogonal grids, (ii) simulate the growth of biofilms on
different grids with varying quality (smoothness and non-orthogonality) gen31

erated over the same domain and from the results quantify the effect grid
non-orthogonality and grid smoothness have on the computed biofilm growth
model solutions.
The organization of the rest of the paper is as follows. In Section 2.2.1,
the governing equations for the prototype biofilm growth model are presented
in 2D Cartesian coordinate system following which in Section 2.2.2 they are
transformed to a general non-orthogonal ξ − η curvilinear coordinate system. In Section 2.3, the spatial discretization and time integration of the
governing equations in ξ − η non-orthogonal coordinate system are presented
following the robust semi-implicit formulation originally introduced in [43].
In Sect. 2.3.2, the method used to evaluate the terms in the spatial discretization that arise due to non-orthogonality in the grid are presented. In
Section 2.4, the details related to the computational aspects are presented.
In Sect. 2.4.1, the details of the different test geometries used to evaluate
the formulation are presented, followed by Sect. 2.4.2 where the details of
the methods used to generate the grids in each of the test geometries are
presented. The measures used to qualify the quality of the grids generated in
the test geometries is presented in Sect. 2.4.3. In Sect. 2.4.4, the details of the
different post processed quantities used in the presentation of results and how
they are computed are presented. The results of the biofilm growth simulations done in the different test geometries is presented in Sect. 2.5 followed
in Sect. 2.6 by a discussion regarding the applicability of the formulation
developed in our study.
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Figure 2.1: Schematic of the grid in the neighborhood of a cell P in the physical
domain (XY plane) in (a) and the same grid in the computational domain (ξ −η)
in (b). The grid in the physical domain is non-orthogonal, i.e., angle θ between
the grid lines intersecting at every node in the grid is not 90 degrees. The
solved model variables namely the biomass volume fraction and the substrate
concentration are stored at the centroid location of the cells formed between
the grid lines. The four cells in neighborhood of P are labelled N(orth), South,
East and West following a cartographic convention. The centroids on the cell
faces between cell P and its neighboring cells and the four corners of cell P are
labelled using letters in lower case following the same convention. Also shown in
the figure are the 2-D array indices (I, J) associated dependent variables stored
in cells P, N, S, E, and W respectively.
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2.2
2.2.1

Mathematical model
Governing equations in Cartesian coordinates

The biofilm growth model originally introduced in [42] is formulated as a
density dependent, degenerate diffusion reaction equation over a 2D domain
Ω ⊂ R2 . The dependent variables in the model are u and C; where u is the
biomass volume fraction defined as the ratio u =

m
Mmax

where m and Mmax

are the local biomass density and maximum possible value of local biomass
density; and C is the nutrient/substrate concentration. The independent
variables are time t ≥ 0 and Cartesian spatial coordinates (x, y) ⊂ Ω respectively. The governing equations for both biomass and nutrient concentration
derived using the principle of conservation of mass are given by:
 κ C

∂u
3
= ∇(D(u).∇u) + u
− κ4
∂t
κ2 + C
∂C
κ1 uC
= ∇(DC (u).∇C) −
∂t
κ2 + C

(2.1)
(2.2)

where ∇ the differential operator which in 2D Cartesian coordinates is given
∂
∂
+ ~j ∂y
. The model parameters appearing in the equations (all
by ∇ = ~i ∂x

assumed to be positive) are: κ3 = µ is the maximum specific growth rate of
the species, κ1 =

µMmax
Y

is the maximum specific substrate uptake rate where

Y is the yield coefficient, κ2 is the Monod half saturation concentration, and
κ4 is the cell death or lysis rate.
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D(u) is the nonlinear, degenerate biomass diffusion coefficient given by
a−b
D(u) = δ Mmax

ua
; a, b ≥ 1; δ > 0
(1 − u)b

(2.3)

where δ is the motility factor. The diffusion of substrate is assumed to be
Fickian. The substrate diffusion coefficient DC (u) has a value DC (1) in the
fully developed biofilm where u ≈ 1 and value DC (0) which is usually greater
than DC (1) in the liquid phase where u = 0. In our study, the substrate
diffusion coefficient is assumed to be a linear function of biomass volume
fraction u given by

DC (u) = DC (0) + u (DC (1) − DC (0))

(2.4)

The spatial domain Ω on which our model is formulated based on the value
of u is divided into two not necessarily connected subdomains, Ω1 (t) =
{(x, y) ⊂ Ω ⊂ R2 : u(t, x, y) = 0} which corresponds to the aqueous/liqud phase (includes bulk liquids, channels and pores in the biofilm) and
Ω2 (t) = {(x, y) ⊂ Ω ⊂ R2 : u(t, x, y) > 0} which is actual solid biofilm phase.
The extent occupied by these two regions changes with time as the biofilm
grows. The interface Γ between the two domains is defined as ∂Ω1 (t)∩∂Ω2 (t).
Diffusion coefficient D(u) in Eq.2.3 shows two non-linear effects. A power
law degeneracy as in the porous medium equation, i.e. D(u) vanishes as u
vanishes and a super diffusion singularity as u value approaches unity. The
porous medium degeneracy, ua , ensures that the biofilm does not spread
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appreciably when the biomass density is small, u ≪ 1. This ensures that an
initial data with compact support leads to solution with compact support,
i.e., leads to the formation of sharp interface between biofilm and surrounding
liquid phase. The second effect enforces the solution to be bounded by unity.
This is counteracted by the degeneracy as u = 0 at the interface which ensures
that within the biofilm region the u continues to grow until it approaches its
maximum value of 1. Thus the interaction of both these non-linear diffusion
effects along with the growth term results in spatial biomass spreading. Since
biomass spreading is much slower than diffusion of dissolved substrate, the
biomass motility coefficient, δ, takes a value several orders of magnitude
smaller than the substrate diffusion coefficient.
The governing equations 2.1 and 2.2 are non-dimensionalized using the
following rescaling: x̃ =

x
;
L

ỹ =

reference value used for distance,

1
κ3

y
,
L

t̃ = tκ3 , C̃ =

C
Cbulk

where L is the

is the characteristic time scale and Cbulk

is the substrate concentration in the bulk fluid phase. With this rescaling
the new model parameters become:

κ̃1 =

κ2
κ4
DC
DM
Mmax
; κ̃2 =
; κ̃3 = 1; κ̃4 = ; D̃C = 2 ; D̃M = 2
(2.5)
Y Cbulk
Cbulk
κ3
L κ3
L κ3

The above biofilm model is completed by specifying appropriate initial
and boundary conditions. On all the boundaries of the domain, no flux
condition is assumed for the biomass, i.e.,

∂u
∂n

= 0 where n is the outward

normal to the domain boundary. For the substrate C, zero diffusive flux
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boundary conditions is applied on all the boundaries of the domain Ω except
the top boundary where the bulk substrate concentration is applied, i.e.,
C̃ = 1. At the start of the simulation, substrate concentration is set to bulk
substrate concentration every where in the domain, while biomass volume
fraction is set to 0 every where except in select pockets (usually chosen to be
semi-circular or circular in shape) where the value is set to u0 . The values
assigned to the different model parameters in our current study is shown in
Table. 2.1 and it was taken from [106].
The formulation to handle non-orthogonal grids presented in this work is
derived from those developed and tested in the literature for Advection Diffusion Reaction (ADR) equations which have a structure similar to Eq. 2.2
which in our case expresses substrate mass conservation. The focus of our
study is to investigate the applicability of those methods to biomass conservation equation Eq. 2.1 which has additional complexities arising from
non-linearities and degeneracies. Therefore in the formulation presented in
Sect. 2.3, we focus primarily on the biomass growth equation. For ease of
presentation, the (non-dimensionalized) biomass growth equation is written
in a slightly different form than presented earlier, given by
∂
∂u
∂
∂u
∂u
=
(D(u) ) +
(D(u) ) + Ku
∂t
∂x
∂x
∂y
∂y
where K is a function of C given by K(C) =



κ3 C
κ2 +C

(2.6)


− κ4 . In the special

case where the bulk substrate concentration Cbulk ≫ κ2 , K takes a constant
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value given by K = κ̃3 − κ̃4 . Under such conditions, we can decouple the
substrate concentration equation from the biomass growth equation.
Table 2.1: Model paremeters used in simulations, taken predominantly from
those used in Picioreanu et al. [106]
Parameter
Diffusion coefficient parameter
Biomass motility coefficient
Height of system
Monod half saturation constant
Maximum specific growth
Decay rate of bacteria
Yield coefficient
Maximum cell density
Bulk concentration
Diffusion coefficient of c in water
Ratio of oxygen diffusion coefficient
Dc (1)
in biofilm and water: D
c (0)
Initial data(Biomass-Non-dimensional)

2.2.2

Symbol
a, b
δ
L
κ2
κ3
κ4
Y
Mmax
Cbulk
Dc (0)

Value
4
10−7 or 10−8
0.4 × 10−3
3.5 × 10−4
1.52 × 10−5
2.3 × 10−6
0.35
70
variable Cbulk around 4.0 × 10−3
1.6 × 10−9

Unit
−−
−−
m
kgm−3
s−1
s−1
−−
kgm−3
kgm−3
m2 s−1

δc
u0

0.9
0.3

−−
−−

Governing equations in non-orthogonal coordinate system

The numerical solution of PDE’s formulated in the Cartesian coordinate system on spatial domains with general shaped boundaries is prone to significant errors due to the difficulties in imposing boundary conditions accurately.
This difficulty is overcome by introducing a bijective transformation from the
physical space (x, y) to a computational space (ξ, η) given by

ξ = ξ(x, y);
38

η = η(x, y)

(2.7)

such that in the computational space the boundaries in the physical space
coincide with coordinate lines in the (ξ, η) coordinate system. For simple
shaped domains, the transformation functions given in Eq. 2.7 or its inverse
given by x = x(ξ, η); y = y(ξ, η) are specified explicitly. However for general domains this transformation is defined only implicitly once the grid is
generated in the physical space. Given the transformation functions or its
inverses, the governing equations with Cartesian partial derivatives are transformed into equations containing partial derivatives with respect to ξ and η
by applying the chain rule for partial differentiation.
Applying the chain rule to compute the first partial derivatives
∂u
∂y

∂u
∂x

and

we get:
1
(uξ yη − uη yξ )
J
1
= uξ ξy + uη ηy = (uη xξ − xη uξ )
J

ux = uξ ξx + uη ηx =

(2.8)

uy

(2.9)

where J is the determinant of Jacobian matrix associated with the transformation given by
J = xξ yη − xη yξ

(2.10)

Using the expressions for first partial derivatives given in Eqns. 2.8 and
2.9 the biomass equation given in Eq. 2.6 is transformed to ξ − η curvilinear
coordinate system. It has the form

Jut = (αDuξ − βDuη )ξ + (γDuη − βDuξ )η + R
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(2.11)

where

R = JKu
(x2η + yη2 )
α =
J
(xξ xη + yξ yη )
β =
J
(x2ξ + yξ2 )
γ =
J

(2.12)
(2.13)
(2.14)
(2.15)

From the point of view of a elemental control volume, each term in the
Eq. 2.11 has a physical meaning. The first term in the Eq. 2.11 is the rate
of change of biomass at a given time instant where the Jacobian J is area of
the control volume. The first two terms on the right hand side, are the net
biomass flux in the ξ and η direction. The biomass flux inside ( )ξ and ( )η
each has two terms where the second term inside each brace with a β is the
correction to flux along the ξ or η direction due to grid non-orthogonality.
The β term can be related to the off-diagonal terms in the metric tensor gij
of the coordinate transformation which in 2D is each given by

 

2
2
(xξ xη + yξ yη )
g11 g12   (xξ + yξ )
g=

=
(xξ xη + yξ yη )
(x2η + yη2)
g21 g22

(2.16)

The grid aspect ratio AR which the ratio of the magnitude of the tangent
vectors along ξ and η direction and the angle θ between the ξ and η grid
lines can be both related to the terms in the metric tensor matrix. They are
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given by
AR =



g22
g11

1/2

;

cos θ =

g12
(g11 g22 )1/2

(2.17)

In an orthogonal grid where the grid lines intersect at 90◦ we have β = 0
everywhere. In that case the structure of the Eq. 2.11 looks identical to
Eq. 2.6.

2.3
2.3.1

Numerical method
Spatial discretization and Time integration

We use a cell centered Finite Volume Method (FVM) to spatially discretize
the transformed governing equation (Eq. 2.11) on a non-orthogonal ξ − η
curvilinear grid generated over the x − y physical domain. Using the generated grid, the physical space Ω is divided into M × N non overlapping cells
or control volumes, with each control volume located in the space formed
between adjacent grids lines along the ξ and η directions. For example,
if we use a double index notation (I, J) to locate nodes in the grid with
I = 1, . . . , M + 1 along ξ direction and J = 1, . . . , N + 1 along η direction,
then a cell P is formed by connecting nodes (I, J), (I +1, J), (I +1, J +1) and
(I, J + 1) in the grid. The model dependent variables u and C are stored at
the centroid location of each control volume. A double index notation (I, J)
where I = 1, . . . , M and J = 1, . . . , N is assigned to each cell or control
volume in the domain. In this convention, the cell with index (I, J) will have
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grid nodes (I, J), (I + 1, J), (I + 1, J + 1) and (I, J + 1) as its four corners.
Consider a portion of the 2D curvilinear mesh centered around a cell P
in the physical space shown in Fig. 2.1(a). The same grid is shown in the
ξ − η computational domain in Fig. 2.1(b). The grid in the physical domain
is non-orthogonal, i.e., angle θ between the grid lines intersecting at every
given node in the mesh is not 90 degrees everywhere. For the purpose of
spatial discretization, we focus on the cell P. The four cells which share a
face with P along ξ and η directions are each labelled N(orth), South, East
and West following a cartographic convention. The centroid locations on the
cell faces between neighboring cells along the different directions are labelled
n, s, w, e respectively while the corners of the cell are labelled nw, ne, sw,
se using the same cartographic convention. Also shown in the Fig. 2.1 are
the indices (I, J) associated with the cells P, N, S, E, and W respectively.
For the purpose of discretization, the biomass conservation equation can
be written in a divergence form given below:

Jut = ∇ · F~ + JKu
∂
~eξ +
where ∇ = ( ∂ξ

∂
~e )
∂η η

(2.18)

is the gradient operator, F~ = Fξ~eξ + Fη~eη is the

total flux vector in which Fξ = (αDuξ − βDuη ) and Fη = (γDuη − βDuξ )
are the components of non-linear diffusion fluxes along ξ and η directions
respectively, and ~eξ and ~eη are the unit vectors along ξ and η directions.
Integrating the equation over the cell P in the computational domain and
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applying the Gauss divergence theorem we get

Z

∆t

∂u
(J ) dA dt =
∂t
∆AP

Z

Z

∆t

Z

F.~nds dt +

Γ

Z

∆t

Z

JKu dA dt

(2.19)

∆AP

where Γ is the boundary of cell P in the computational domain made up of
four faces, ~n is the outward unit normal along the different faces, ds is the
elemental length along the faces that make up the boundary Γ. The unit
normals along the faces of the cell P are respectively ~nw = −eξ along west
edge, ~ne = eξ along east edge, ~ns = −eη along south edge and ~nn = eη along
north edge and ds along north and south faces is △ξ and along east and west
faces is △η. Using these in the Eq. 2.19 we get
Z 

 ∂u 
(Fξ ∆η)e − (Fξ ∆η)w + (Fη ∆ξ)n − (Fη ∆ξ)s dt
△AP dt =
J
∂t P
∆t
∆t
Z
+
(JKu)P △AP dt

Z

∆t

(2.20)
where △AP = △ξ△η is the area of the cell P in the computational domain
and in the time derivative term the value at the centroid is assumed to prevail
over the entire cell area. In practice, the transformation from the grid in the
physical space to the computational domain is constructed assuming △ξ =
△η = 1, i.e., the grid in the computational domain is uniform Cartesian.
This ensures that finite difference expressions in the computational domain
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are easy to compute. In Eq. 2.20, the subscript P , e, w, n, and s indicate
the location where the quantity within the braces needs to be evaluated.
For time integration, we assume that we are marching the solution from
time level k to k + 1 with the assumption that solution is known at time level
k. If we employ the first order implicit Euler method to time integrate the
Eq. 2.20 with a constant time step △t we get
JP (uk+1
− ukP )
P

=



k+1
(Fξ )k+1
− (Fξ )k+1
− (Fη )k+1
e
w + (Fη )n
s


∆t + ∆tJP Kuk+1
P

(2.21)

where the superscript indicates the time level and the subscript the location
where the quantity is evaluated. The Jacobian evaluated at the centroid of
the cell does not have a time level associated with it as its value is independent
of time since the grid in the physical space is fixed in time.
The evaluation of the biomass flux term at the centroid location of each
face is illustrated next using the east face as an example.

(Fξ )k+1
=
e

αD(u)uξ − βD(u)uη

!k+1
e

≅ D(uke ) αuξ − βuη

!k+1

(2.22)

e

In Eq. 2.22 we account for the non-linearity by using a semi-implicit discretization wherein the degenerate diffusion coefficient (Eq. 2.3) is evaluated
at the old time level k where all the u values are available at the cell centroids.
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Further, the flux (Fξ )k+1
on the east face is evaluated as follows
e
(Fξ )k+1
=
e
≈

 k+1
 k+1
(2.23)
− D(uke )βe uη
D(uke )αe uξ
e
e

 k

1
k
k+1
−
β
D(u
)
uη (2.24)
αe
−
u
D(ukE ) + D(ukP ) uk+1
e
e
P
E
2
e

where central difference has been used to evaluated the value of uξ at the
centroid of the east face (note: △ξ = 1) and the value of diffusion coefficient
on the east face has been computed via arithmetic average of the values
computed at the cell centroids on the either side of the face. The 2nd term
in Eq. 2.24 which contains the non-orthogonal contributions is evaluated
explicitly using the values available in the k-the time level. The details of its
evaluation are provided in Sect. 2.3.2.
Following the same steps for the other faces, the flux contribution on the
west, north and south faces of the cell P can be evaluated as given below
 D(uk ) + D(uk ) 
 k
k+1
k
W
P
)
−
β
D(u
)
uη (2.25)
−
u
(uk+1
w
w
W
P
2
w
 k
 D(uk ) + D(uk ) 
k+1
k
N
P
(2.26)
(uk+1
= γn
N − uP ) − βn D(un ) uξ
n
2
 D(uk ) + D(uk ) 
 k
k+1
k
S
P
= γs
)
−
β
D(u
)
uξ
(2.27)
−
u
(uk+1
s
s
S
P
s
2

(Fξ )k+1
= αw
w
(Fη )k+1
n
(Fη )k+1
s

normalsize
Substituting expressions in Eqns. 2.24, 2.25, 2.26, 2.27 into Eq. 2.21 and rearstored at the center of cell
ranging we get the following equation to solve for uk+1
P
P given by
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k+1
k+1
= SP
+ aW uk+1
+ aE uk+1
aP uk+1
W + aN uN + aS uS
E
P

(2.28)

where the coefficients aP , aE , aW , aS and aN and the source term SP are given
by

aP
aE

aW

aS

aN

△t
SP = ukP −
JP

"

= 1 − aE − aW − aS − aN − ∆t K
"  D(ukE )+D(ukP )  #
αe
2
= −△t
JP


"
D(ukW )+D(ukP ) #
αw
2
= −△t
JP


k
"
D(uN )+D(ukP ) #
γn
2
= −△t
JP


"
D(ukS )+D(ukP ) #
γs
2
= −△t
JP

(2.29)
(2.30)

(2.31)

(2.32)

(2.33)

 D(uk ) + D(uk )   k
 D(uk ) + D(uk )   k
W
P
E
P
uη − βw
uη
2
2
e
w
#
 D(uk ) + D(uk )  k
 D(uk ) + D(uk )  k
N
P
S
P
+βn
uξ − βs
uξ
2
2
n
s
βe

(2.34)

In the above equations, JP > 0 provided the generated grid does not have
folded grid lines and the coefficients αe , αw , γn and γs by their definitions
seen in Eqns. 2.13, 2.15 are always positive. These two constraints ensure
that the coefficients aE , aW , aN and aS associated with the cell neighbors are
always negative while the sign of coefficient aP depends on the chosen value
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of time step ∆t. In our formulation, the coefficient matrix of the system
are sparse and non-symmetric. We use the Jacobi preconditioned stabilised
bi-conjugate gradient method [141] to solve them.
The spatial discretization and time integration of the substrate transport
equation (Eq. 2.2) follows the same principle as the one used for the biomass
transport equation, with the major difference that we have a homogeneous
Dirichlet condition for the substrate on the top face of our domain and the
diffusion coefficient in the flux expression is a linear function of u which is
simpler to handle as it does not involve nonlinearities and degeneracies.

2.3.2

Evaluation of non-orthogonal terms

The term with a β in the biomass flux expressions in Eqns. 2.24, 2.25, 2.26,
2.27 is the contribution arising due to the non-orthogonality in the grid. The
 k
 k
on
on the east face centroid or uξ
evaluation of the derivatives uη
n

e

the north face centroid requires values of biomass volume fraction u at the
 k
corners of the cell P . For example, we can evaluate uη
by using the
e

expression below

 k
uη = ukne − ukse
e

(2.35)

where we have used ∆η = 1. However, the values at the cell corners are
not available immediately as the u values are only stored at the centroid
locations in each cell. The values at the corners nw, ne, sw and se can
only be obtained via some interpolation using the values stored at the cell
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centroids in the vicinity of each corner. If this is done at time level k + 1
and included in the flux expressions in Eqns. 2.24, 2.25, 2.26, 2.27, the size
of the resulting computational stencil would become much larger making the
calculations complicated and time consuming. In order to avoid this they
are evaluated explicitly at the time level k and their contribution included
in the source term SP seen in Eq. 2.34.
The corner values ukne , ukse , uknw and uksw are evaluated from the values
stored at the centroid locations of the four nearest neighbors using a Linear
Area Weighted Average (LAWA) interpolation method as shown below:

ARN E ukN E + ARN ukN + ARP ukP + ARE ukE
ARN E + ARN + ARP + ARE
ARSE ukSE + ARS ukS + ARP ukP + ARE ukE
ukse =
ARSE + ARS + ARP + ARE
ARN W ukN W + ARN ukN + ARP ukP + ARW ukW
uknw =
ARN W + ARN + ARP + ARW
ARSW ukSW + ARS ukS + ARP ukP + ARW ukW
uksw =
ARSW + ARS + ARP + ARW
ukne =

(2.36)

where ARP , ARN , ARE , ARW , ARS , ARN E , ARN W , ARSE , ARSW are the
areas (in physical space) of the control volumes centered at P , N, S, E, W ,
SW , SE, NW , NE respectively.
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2.3.3

Evaluation of metrics

The proper evaluation of the metric derivatives xξ , xη , yξ , yη and determinant of the Jacobian matrix J arising from the coordinate transformation
are necessary to ensure accurate biomass conservation in the formulation.
These derivatives are functions of space and so need to be calculated accurately at the exact locations where their values are needed. Interpolation of
the values computed at cell centroids to the face centroids is avoided as it
creates significant mass conservation errors as observed in [125]. The metric
derivatives needed at the centroid locations on the cell faces are evaluated
with the help of second order finite difference formula. The discretization
formulas we use to calculate metric derivatives at the east face of the control
volume and Jacobian at the centroid of a cell are given below. In a similar
way, metric derivatives can be evaluated at other faces of the control volume.

(xη )e = xi+1,j+1 − xi+1,j ,
(yη )e = yi+1,j+1 − yi+1,j ,
xi+2,j + xi+2,j+1 − xi,j − xi,j+1
,
4
yi+2,j + yi+2,j+1 − yi,j − yi,j+1
=
4

(xξ )e =
(yξ )e

Jacobian J at the center of the control volume P is calculated using the
expression


JP = xξ yη − xη yξ
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P

and the derivatives needed in the above expression are calculated as shown
below:
xi,j+1 + xi+1,j+1 − xi,j − xi+1,j
4
yi,j+1 + yi+1,j+1 − yi,j − yi+1,j
=
4
xi+1,j + xi+1,j+1 − xi,j − xi,j+1
=
4
yi+1,j + yi+1,j+1 − yi,j − yi,j+1
=
4

(xη )P =
(yη )P
(xξ )P
(yξ )P

2.3.4

Properties: Positivity and Boundedness

By introducing a lexical ordering Π given by

Π : (1, . . . , M) × (1, . . . , N) → (1, . . . , NM) , (i, j) 7−→ p = (i − 1)N + j
(2.37)
and along with it a vector u = (u1 , . . . , uN M ) with elements in the vector
defined using the lexical ordering given by up = uΠ(i,j) = ui,j , we can collect
all the equations (Eq. 2.28) written for each of the NM cells and write it in
a matrix form given by:

(I + ∆tD − ∆tR)uk+1 = b,

(2.38)

where R is the contribution to the diagonal coming from the reaction term,
and D is a matrix having positive diagonal elements calculated from Eq. 2.29
and negative off diagonal entries calculated from Eqns. 2.30 - 2.33. This
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ensures that the matrix I −∆tR will be a diagonal matrix with strict positive
entries on diagonal positions provided we choose ∆t such that

∆t max ri < 1

(2.39)

i

where ri are the diagonal elements of the matrix R. This ensures, that the
matrix I + ∆tD − ∆tR is diagonally dominant with positive entries on diagonal and negative entries on off-diagonal positions and hence an M Matrix.
From the application point of view, Eq. 2.39 poses a time step restriction for
the scheme. However, it is a weak restriction, as

1
maxi ri

is the characteristic

time scale of biomass production and we would expect the time step to be
much smaller than that to be able to resolve the growth phase accurately.
The vector b derived from Eq. 2.34 can be written in the form b = Q−∆tS
where Qi = ukΠ(i,j) and the expression for elements in Si can be obtained by
looking at the expression for SP given in Eq. 2.34.
We propose and prove the following lemma regarding the positivity of the
solution of the model.
Lemma 2.3.1. If ∆t max ri < 1 and Qi − ∆tSi > 0 for all i, then for given
i

k

0 ≤ u < 1, the satisfaction of these three conditions is sufficient to ensure
uk+1 ≥ 0.

Proof. It is immediately observed that Qi is positive as uk is positive. On
the other hand, Si may be positive, negative or zero. Now, if Si ≤ 0, then
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Qi − ∆tSi > 0 for any value of ∆t i.e. bi > 0. If Si > 0, then particular
∆t values such that ∆t <

Qi
Si

will make sure all entries of b are positive.

This along with the matrix (I + ∆tD − ∆tK) being an M-matrix is enough
to ensure that the we will obtain positive solution provided ∆t is chosen as
Qi
1
k
min( max
ri , Si ) ∀ i. Thus, for such a choice of ∆t, positivity of u implies
i

the positivity of uk+1.
Remark 2.3.2. The M-matrix property can also be used to derive a sufficient
(but not necessary) time-step condition for boundedness of the solution by
unity. Practical experience shows that this condition can be greatly relaxed,
and that typically much larger time steps than predicted by this criterion
can be used. Therefore, it is of little practical use. The derivation of that
time-step condition follows the same argumentation as in [43] and is not
repeated here.

2.4
2.4.1

Computational aspects
Test geometries and simulation setup

The effectiveness of the formulation developed in Set. 2.3 is evaluated by
solving the biofilm growth model equations in a number of different test geometries. In each test geometry, the model equations are solved on a sequence
of grids with different degree of non-orthogonality and grid smoothness. The
Average Deviation from Orthogonality (ADO), Maximum Deviation from or-
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thogonality (MDO) are used as measures to quantify the non-orthogonality
in the grid, while Maximum grid Aspect Ratio (MAR), and Averaged grid
Aspect Ratio(AAR) are used as measures to quantify the global smoothness
of the grid. The definition of these grid quality measures and details of how
they are computed is provided in the Sect. 2.4.3. Techniques used to generate the grid inside these test geometries are presented next in Sec. 2.4.2.
The description of the different test geometries and the special features of
the non-orthogonal grid generated within them is presented next.
Fig. 2.2 (a) shows the schematic of the geometry used for test #1a. In
this geometry, a rectangular region e-f-g-h slanted at an angle θ is embedded
inside a square domain a-b-c-d with W = H = 1. The edge a − b along x
direction in the bottom of the domain is subdivided into three parts a − e,
e − f , f − b each with width 0.5, 0.4 and 0.1 respectively. A structured
grid is generated inside each of the three domains a-e-h-d, e-f-g-h and f-bc-g using the technique of transfinite interpolation [138]. This generates a
structured grid in the domain e-f-g-h where the deviation from orthogonality
θ is constant every where. An inoculum with a constant biomass volume
fraction value u0 = 0.3 shaped in the form of a semicircle with radius r = 0.08
with center located at midpoint of the face e−f (center coordinates (0.7, 0) if
origin is assumed to be located at a) is used as the initial condition for all the
biofilm growth simulations. The effect of grid non-orthogonality is studied
by simulating biofilm growth in domains with θ = 0, 5, 10, 15, 20, 25◦
respectively. The size of the grid N × N inside the domain e-f-g-h is varied
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over a range of values to understand the effect of grid refinement on the
computed solution. The simulation is stopped when the area occupied by
the biomass reaches a value 0.1.
Fig. 2.2 (b) shows the schematic of the geometry used for test #1b. The
domain in test #1b is a trapezoid with base lengths W1 = 3 and W2 = 1 and
height H = 1. A structured grid of size 512 × 512 is generated inside this domain using the transfinite interpolation technique. The grid is characterized
by a smoothly varying non-orthogonality between the grid lines as we traverse the domain along the x-direction. An inoculum with constant biomass
volume fraction value u0 = 0.3 shaped in the form of a semicircle with radius
r = 0.08 with center located at midpoint of the bottom edge of the trapezoid
is used as the initial condition for the biofilm growth simulation.
Fig. 2.2 (c) shows the schematic of the geometry used for test #1c.
The domains used in test #1c are square’s with side W = 1 sheared along
the negative x-direction to different extents. The sheared geometry with
shear angle θ is obtained by sliding the top face of the square along the
negative x-direction by a distance H tan θ. A structure grid of size N × N
is generated inside the domain. At the start of the simulations, a circular
inoculum with constant biomass volume fraction value u0 = 0.3 is placed
at the centroid of the square. In test #1a, biofilm growth occurs along the
bottom boundary of the domain, in contrast, in test #1c the biofilm growth
occurs in a region far away from the boundaries of the domain. The effect
of grid non-orthogonality is studied by simulating biofilm growth in domains
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with θ = 0, 5, 10, 15, 20, 25◦ respectively. In addition, this geometry
is also used to solve the Porous Media Equation (PME) with linear source
as in [59] and the results are compared with the self similar BarenblattPattle analytical solution [114, 103] the details of which are provided in the
Sect. 2.5.1.
In test #2, the effect of grid smoothness on the performance of the
scheme in the presence of grid non-orthogonality is investigated. In test
#2, the domain is same as the one used in test #1a. The grid used in
test #2 unlike the one used in test #1a has a non-uniform grid spacing
in the y-direction along with an uniform grid spacing along the x-direction.
In each of the θ domains (Fig. 2.2 (a)), the grid lines in the y-direction were
clustered near the bottom face of the domain with their spacing increasing
as we went farther away from the bottom face. The grid clustering was
achieved using Roberts algebraic transformation for mesh refinement given
in [113] (see section 5.6.1 page 331 in [113]). The transformation is achieved
in two steps, first a uniform spaced grid with coordinates ȳ is generated
and then via the transformation the coordinates y of the clustered grid was
generated. The transformation from ȳ to y was achieved via the expression
given below:
1−ȳ !

(β + 1) − (β − 1) β+1
β−1
,
y=H

1−ȳ
β+1
+1
β−1

1<β<∞

(2.40)

where H is the height of the domain and β is the stretching parameter which
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clusters more grid lines near the bottom as its value approaches 1. The effect
of grid smoothness is studied by simulating biofilm growth in domains with
β = 1.05, 1.10, 1.3, 1.5, 1.8 respectively. At the start of the simulations, a
semicircular inoculum with constant biomass volume fraction value u0 = 0.3
is placed at the centre of the bottom face of the square domain.
Fig. 2.3 shows the geometry used for test #3 done in this study. In
test #3, biofilm grows on the sinusoidally shaped bottom wall of an otherwise rectangular domain. The domain along the x-direction includes two full
wavelengths (λ) of the sinusoid. The amplitude of the sinusoid is

a
2

while h is

the height of the domain in y-direction above the sinusoidal peak. Following
values for λ, a and h have been used in our study namely λ = 1, a = 0.5 and
h = 0.75 respectively. A near orthogonal grid is generated inside the domain
using the elliptic grid generation method developed in [166]. Semicircular
shaped biofilm colonies with a constant biomass fraction value u0 = 0.3 are
inoculated at all the peaks and valleys of the sinusoidal bottom wall profile
at the start of the biofilm growth simulation. In grid generation algorithm
described in [166], grids with varying degree of overall grid smoothness at the
expense of grid orthogonality are generated by assigning a value to a parameter RO (0 < RO < 1) called the effective Jacobian ratio defined as the ratio
of Jacobian of the transformation matrix and Jacobian of the matrix tensor.
RO value closer to 1 normally produces a grid with better orthogonality, i.e.,
lower values for deviation from orthogonality at the expense of grid smoothness and vice-versa when RO value is farther from 1. Exact details of the
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formulation used in the grid generation method is available in [166] while
a brief overview is presented in the Sect. 2.4.2. In our study, grids with
different degrees of non-orthogonality and smoothness are generated for RO
values 0.80, 0.85, 0.90, 0.95 respectively.
In test #4, to demonstrate the applicability of the formulation to handle general domains and grids generated within them, we simulated biofilm
growth within a complicated domain constructed by replacing the smooth
bottom wall of an otherwise rectangular domain by a wavy wall made up of
multiple pockets of different sizes as can be seen in Fig. 2.15. A near orthogonal grid of size 481 × 201 was generated using the elliptic grid generation
technique given in [166] using a RO value of 0.97. Five semicircular colonies
with radius 0.08 with centers at different select locations along the bottom
wall profile and with a constant biomass volume fraction value u0 = 0.3
was used as an inoculum at start of the biofilm growth simulations. Simulations were conducted for two different values of bulk substrate concentration
namely Cbulk = 35 gm/m3 and Cbulk = 3.5 gm/m3 respectively.

2.4.2

Grid generation in test geometries

Transfinite Interpolation: Grids in the test geometries #1a - #1c were generated using the technique of Trans Finite Interpolation(TFI) [138]. TFI is an
algebraic grid generation method which relies on interpolation and does not
require us to solve partial differential equations. In TFI, we construct the
grid inside the planar domain by interpolating the grid from the boundaries.
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Figure 2.2: Schematic of the geometries used in validation tests #1a, #1b and #1c. In
test #1a, a slanted rectangle region e-f-g-h is embedded inside a square a-b-c-d. A structured
grid using transfinite interpolation is generated inside each of the three domains a-e-h-d, ef-g-h and f-b-c-g respectively. This generates within e-f-g-h a structured grid with constant
deviation from orthogonality θ, where θ is the angle made by the slanted side of the rectangle
with the vertical. A semicircular inoculum is placed in the middle of the bottom face e − f
of the embedded slanted rectangular region e-f-g-h. In (b), the domain a-b-c-d is a trapezoid
with a semicircular inoculum placed at the middle of bottom face. A structured grid generated
inside this domain using transfinite interpolation is characterized by a smoothly varying nonorthogonality between the grid lines as we traverse the domain along x-direction. In test #1(c),
the domain is a sheared square.The extent of shearing indicated by angle θ is the measure of
deviation from orthogonality in the structured grid generated inside the domain. A circular
inoculum placed at the centroid of the square.
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Figure 2.3: Schematic of the geometry used in validation test #3. The biofilm
grows on the sinusoidally shaped bottom wall of an otherwise rectangular
domain. The domain along the x-direction includes two full wavelengths (λ)
of the sinusoid. The amplitude of the sinusoid is a2 while h is the height of
the domain in y-direction above the sinusoidal peak. The grid is generated
in half the domain encompassing one wavelength of the sinusoid using the
elliptic grid generation method developed in Zhang et al. (2012). The grid for
the entire domain is generated from the grid genererated in one wavelength of
the sinusoid using mirroring and translation operations. Semicircular shaped
biofilm colonies are inoculated at all the peaks and valleys of the sinusoidal
bottom wall profile at the start of the biofilm growth simulation. Also shown
in the schematic are two rectangular view boxes named zoom #1 and #2
inside which the non-orthogonal grid generated is shown in Fig.2.10.
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The grids on the four boundaries - bottom(b), top(t), left(l), and right(r) of
a planar domain are first generated and then they are interpolated to get the
grid inside the boundary; in our case we make use of first degree Lagrange
polynomials as blending functions.
If grids on the four boundaries are represented by parametric equations

(xb (ξ, 0), yb(ξ, 0)), (xt (ξ, 1), yt(ξ, 1)) , 0 ≤ ξ ≤ 1

(2.41)

(xl (0, η), yl (0, η)), (xr (1, η), yr (1, η)) , 0 ≤ η ≤ 1

(2.42)

then the grid inside the planar domain using TFI is given by

x(ξ, η) = (1 − ξ)x(0, η) + ξx(1, η) + (1 − η)x(ξ, 0) + ηx(ξ, 1) − (1 − ξ)(1 − η)x(0, 0)
− ξ(1 − η) x(1, 0) − (1 − ξ)η x(0, 1) − ξη x(1, 1); 0 ≤ ξ ≤ 1, 0 ≤ η ≤ 1 (2.43)

y(ξ, η) = (1−ξ) y(0, η)+ξ y(1, η)+(1−η) y(ξ, 0)+ηy(ξ, 1)−(1−ξ)(1−η) y(0, 0)
− ξ(1 − η) y(1, 0) − (1 − ξ)η y(0, 1) − ξη y(1, 1); 0 ≤ ξ ≤ 1, 0 ≤ η ≤ 1 (2.44)

where (1 − ξ), ξ, (1 − η), η are the first degree Lagrange polynomials.
Near orthogonal grid generation - Zhang et.al. [166]: Grids in the geometries used in test #3 and test #4 were generated using the near orthogonal
elliptic grid generation technique developed in Zhang et al. (2012). The near
orthogonal grid inside the domain is obtained by solving the modified and
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improved Covariant Laplace (CL) Equations proposed originally in [123] for
orthogonal grid generation. Improved CL equations derived in [166] consist
of a system of two coupled nonlinear partial differential equations given by




∂x
∂
∂x
∂
f
+
f
= Sx
∂ξ
∂ξ
∂η
∂η




∂
∂y
∂
∂y
f
+
f
= Sy
∂ξ
∂ξ
∂η
∂η
"
#
 
1
Sx = (1 − RO 2 ) fξ xξ +
xη
f η
"
  #
1
yη
Sy = (1 − RO 2 ) fξ yξ +
f η

(2.45a)
(2.45b)
(2.45c)
(2.45d)

where Sx and Sy are called the smoothness control functions in the x and
y directions. RO is the effective Jacobian determinant ratio defined as the
ratio
RO = J/J ∗ = J/(hξ · hη )

(2.46)

where Jacobian J is the determinant of the transformation matrix given by

J = xξ yη − yξ xη

(2.47)

and hξ and hη are scale factors along ξ and η directions given by expressions
1
1
hξ = x2ξ + yξ2 2 and hη = x2η + yη2 2 . f in Eqns. 2.45a and 2.45b is the
distortion function given by the ratio f =

hη
.
hξ

f is the measure for smoothness

in the grid. f = 1 corresponds to an absolute smoothness condition and
using it reduces the system of PDE’s to one solved in the case of a conformal
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mapping.
RO, the effective Jacobian ratio, is a measure which indicates the local orthogonality of the mesh and it has a value in the range 0 < RO < 1. RO = 1
corresponds to a fully orthogonal mesh. Its value indicates the relative importance given to overall grid smoothness over enforcing orthogonality while
generating the grid, i.e., using RO = 0.7 generates a smoother mesh with
overall greater grid non-orthogonality than using a RO value 0.95. The value
of RO can be specified by the user as is the case here or an optimal one can
be calculated as an additional step during the process of grid generation. At
the start of the grid generation procedure the following steps are undertaken
namely, (a) the value of RO is set by the user, (b) a grid is generated along
the four boundaries of the domain with the grid sizes along the boundary
chosen based on the refinement needed along the boundaries (Note: Number
of divisions on opposing sides has to match as we are using a structured grid
generation technique), (c) an initial grid is generated inside the domain from
this boundary grid using the TFI technique.
Eqns. 2.45a and 2.45b are discretized using a central difference scheme
and solved iteratively using a Successive Over Relaxation (SOR) method.
The maximum difference between the grid coordinates and the maximum
relative difference of the distortion function f between consecutive iterations
are used as convergence criterions for the iterative solution procedures defined
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as follows

max

q

n−1 2
n−1 2
n
) + (yi,j
− yi,j
) < 10−6
(xni,j − xi,j
 n

f − f n−1
max
< 10−6
fn

(2.48a)
(2.48b)

where n is the iteration number. Further details of the method are available
in [166].

2.4.3

Grid quality measures

The grid quality indicators Maximum Deviation from Orthogonality (MDO),
Average Deviation from Orthogonality (ADO), Maximum Aspect Ratio
(MAR), Average Aspect Ratio (AAR) are defined as follows:

MDO = max | θij − 90 |
M X
N
X
1
1
ADO =
θij
(M − 1) (N − 1) i=2 i=2

1
)]
fij
M X
N
X
1
1
1
max[max(fij , )]
AAR =
(M − 1) (N − 1) i=2 i=2
fij

MAR = max[max(fij ,

(2.49)
(2.50)
(2.51)
(2.52)

where (M + 1) × (N + 1) is the size of the curvilinear grid. θij the angle
formed between ξ and η grid lines at grid node (i, j) is given by
 g 
12
θij = arccos
hξ hη ij
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(2.53)

where hξ and hη are the scale factors and fij is the distortion function defined
earlier in Sect. 2.4.2. The off-diagonal element in the metric tensor g12 is given
by g12 = (xξ xη + yξ yη ).

2.4.4

Computed Post-processed Quantities

Total Biomass: The total biomass in the system Mutot is computed by integrating biomass fraction u(I, J) over all the M × N control volume cells in
the entire domain as shown below
Mutot

=

Z

udΩ =

Ω

i=M
X
X j=N
i=1

u(i, j)Aij

(2.54)

j=1

where Aij is the area of a control volume cell.
In tests #1-#3a, the growth of the biofilm is modeled under nutrient rich
conditions, i.e., Cbulk ≫ κ2 . This implies that K in the biomass equation
solved in Eq.2.6 is a constant given by K = κ̃3 − κ̃4 . Under such a condition,
the biofilm growth equation can be integrated over the entire domain Ω as
shown below
Z
Z
∂u
dΩ =
∇(D(u)(∇u))dΩ + KudΩ
∂t
Ω
Ω
Ω
Z
Z
Z
∂
udΩ =
n · (D(u)(∇u))dΓ + K udΩ
∂t
Z

Ω

Γ

(2.55)
(2.56)

Ω

where Γ is the boundary encompassing the domain Ω. With the use of no
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flux boundary condition for the biomass volume fraction u along Γ, Eq. 2.56
reduces to
dMutot
= KMutot −→ Mutot (t) = Mutot (0) eKt
dt

(2.57)

Thus, total biomass grows exponentially up to a fixed time tf inal at which
the biomass density u = 1 almost everywhere, see [47]. This indicates that
the entire domain is filled and the model breaks down.
Biofilm fluid interface and biofilm area: The solution of the biomass
growth equation exhibits steep biomass gradients, loss of regularity and gradient blow up at the interface. Therefore the exact location of the interface where the gradient blow up occurs cannot be exactly extracted from
the biomass volume fraction solution computed on a finite sized 2D nonorthogonal grid. An approximate biofilm fluid interface (accurate within ∆s
which is the average size of the element near the interface) is extracted by
applying thresholding which is done in two steps. In the first step, all cells
in non-orthogonal grid where computed biomass fraction u(I, J) > 10−6 are
marked as those belonging to the biofilm and rest to the fluid. In the second
step, all cells marked as biofilm which have at least one neighbor which is a
fluid cell are identified and a ordered connected list of all such cells is identified as the biofilm-fluid interface. In addition, areas of all the cells marked
as biofilm are summed to get the biofilm area.
Circularity Measure: In each of the tests in our study, the biofilm growth
model is solved on number of different grids generated over the same over all
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domain. The solution in these different simulations which we want to compare are all available at different grid centroid locations. Ideally to compare
these computed solutions one would select one of the grids as a reference and
then accurately interpolate the solution available on the other grids to the
reference grid and compute the difference between the solutions now available at the same geometric locations using some error norm. However, the
steep biomass gradients and gradient blowup at the interface exhibited by
our model solution preclude such a possibility. Even with an accurate interpolation technique used to interpolate between grids, we noticed that the
errors in interpolation overwhelmed the errors in the solution due to the use
of a different grid especially in the regions around the interface. Hence, in
our study, we use a different approach to understand the effect of the grid
on the computed solution.
Simulations done in previous studies with our biofilm growth model [43,
94, 48] on orthogonal cartesian grids, show that under nutrient rich conditions
(Eq. 2.6 with constant K) semicircular biofilm colonies inoculated at the
start of the simulation, grow larger in size during the simulation retaining
their (semi)circularity till the point when they merge with other growing
biofilm colonies in their vicinity. In our current study, we have exploited
this observation to define a measure to quantify the effect of the grid nonorthogonality and smoothness on the computed solution. We inoculate a
single semicircular biofilm colony at the start of the simulation as an initial
condition and during the simulation periodically extract the biofilm-fluid
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interface location and compute the circularity of the interface. The method
used to compute the circularity measure given the coordinates of all cells
which lie on the biofilm-fluid interface is adapted from one presented in [121],
the details of its computation are presented next.
If (x0 , y0 ) is the center of the semicircular inoculum and if (xic , yci ), i =
1, . . . , Nint are the centroid coordinates of the Nint cells on the biofilm fluid
interface, then the circular measure is defined by the expression

C=

R12
,
R22

(2.58)

where R1 is the minimum value of the distance between the center and centroid location of the cells on the interface and R2 is the maximum value
of the distance between the center and centroid location of the cells on the
interface. This measure given in [121] is invariant to translation, rotation
and scaling, and is it equals 1 for a perfect circular arc and is less than 1
otherwise. On grids with nominal size, any value of the circularity measure
C > 0.85 is considered as sufficient for us to accept that the interface is
digitally circular.
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2.5
2.5.1

Results
Validation: Solution of PME with linear source

An important aspect of the density-dependent diffusion-reaction biofilm
model is that in time the interface between biofilm colony and water evolves
and it propagates with a finite speed, and along this interface the biomass
gradient blows up. To validate our method and show that it is able to describe this phenomenon, we apply it first to a simpler model problem that
shows the same behavior. This is the Porous Medium Equation (PME) with
a linear source given below
∂u
= ∇(um ∇u) + Ku , m > 1
∂t

(2.59)

which we solve within the sheared square geometry (Fig. 2.2 (c)) used in
test #1c. The PME equation has a similar structure as our biomass growth
equation, but it does not have the super-diffusion singularity at u = 1. In
addition, for initial condition corresponding to a point dirac delta function
centered at (xc , yc ) the Eq. 2.59 admits a self-similar Barenblatt Pattle (BP)
solution given by

1
Kt −( m+1
)

uBP (t, x, y) = e τ

"

#1

2
2 m
m
(x
−
x
)
+
(y
−
y
)
c
c
k02 −
1
4(m + 1)
τ m+1
+

(2.60)
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where τ =

1
eKmt
Km

and

k02

=

r02



1 Kmt0
e
km

1
−( m+1
)

. r0 is the radius of the

initial circular colony used as our initial condition corresponding to an initial
time t0 . The notation u+ is defined as u+ = max(u, 0). For our numerical test
case, we used the analytical solution given in Eq. 2.60 with values t0 = 0.1,
r0 = 0.1 to set the initial condition. The center of the initial circular inoculum
in each of the grids used in test #1c was chosen to be the centroid location of
the shear square. For the parameters PME exponent m and source coefficient
K we used the values m = 4 and K = 1. For our simulations, we used
homogeneous Neumann boundary conditions on all the boundaries of the
sheared square domain and used a constant time step value ∆t = 10−5 .
Simulations were conducted on a 256 × 256 grid generated in shear squared
domains with θ value 0, 10, 15, 20, 25 and 30 degrees respectively and on
each grid the numerical solution was stopped at time t = 0.75. At stoppage
time of t = 0.75, the interface was extracted using a threshold= 10−6 and
its circularity was computed, in addition, the scaled 2-norm of the difference
between the computed solution and the Barenblatt solution defined by
θ
Epme
=

1
|| uBP − u ||
256 × 256

(2.61)

was computed.
θ
Table. 2.2 shows the value of Epme
and Cθ at stoppage time of t = 0.75.

Fig. 2.4 shows the plot of the interface at the start and end of the simulation
corresponding to time t0 = 0.1 and t = 0.75 in different sheared square
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geometries with shear angles θ = 0◦ , 10◦ , 15◦ , 20◦ , 25◦ , and 30◦ respectively.
The circularity measure Cθ indicates that the interface profile stays circular
(Cθ changes within 2 % in the θ range 0 to 25◦ ) even as the shear angle θ
which characterizes the non-orthogonality in the grid is increased. The L2
of the error on an orthogonal grid corresponding to θ = 0◦ is of the same
magnitude as reported in [59] and the L2 error increases linearly as θ is
increased from 0◦ to 30◦ , i.e., error at 15◦ is 15 % more than at 0◦ and error
at 30◦ is 30 % more than at 0◦ . This increase in error is attributed to the
explicit treatment of the non-orthogonal flux term computed on the different
faces of the control volume.
Table 2.2: Scaled least square error between the numerically computed and
Barenblatt analytical solution of the 2D porous medium equation with a
linear source term in the same geometry used for test #1c.
θ (deg)

θ
Epme

Cθ

0
10
15
20
25
30

1.801 × 10−5
1.939 × 10−5
1.949 × 10−5
2.121 × 10−5
2.174 × 10−5
2.327 × 10−5

0.961172
0.955227
0.953382
0.949357
0.949001
0.946402
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(a) θ = 0 °

(b) θ = 10 °

(d) θ = 20 °

(c) θ = 15 °

(f) θ = 30 °

(e) θ = 25 °

Figure 2.4: Location of the interface at the simulation stop time extracted from the solution
of the 2D Porous Medium Equation (PME) with linear source term (Eq. 2.59) computed in
the same geometry used in test #1c. The 2D Barenblatt analytical solution for a PME with a
linear source term was used to initialize a circular region (r0 = 0.1 corresponding to t0 = 0.1)
centered at the centroid of a sheared square domain at the start of the simulation. The angle
θ by which the square is sheared quantifies the deviation from orthogonality in the structured
mesh generated inside the sheared square domain. The subfigures in (a) to (f) show for each
θ value the location of the 2D PME solution interface at the start of the simulation and at the
end of the simulation at t = 0.75.
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2.5.2

Test #1a : Sheared rectangle embedded inside
square

In test#1a, the biomass growth equation given in Eq. 2.6 is solved under
nutrient rich conditions. Under nutrient rich conditions, the parameter K in
the reaction term in the Eq. 2.6 reduces to a constant given by K = κ̃3 − κ̃4 .
Following Eq. 2.57 the total biomass in the system grows then exponentially,
which provides a simple test of global mass conservation properties of the
model.
Fig. 2.5 shows the results from the simulations done in test #1a in subfigures (a), (b) and (c) respectively. In each of these simulations, the calculation
was stopped when the area occupied by the biomass in the domain reached
a value 0.1. For the simulations done in test #1a, the size of the grid in
the domain e-f-g-h seen in Fig. 2.2 (a) was set to 256 × 256 with a uniform
spacing used along both the x and y directions.
Fig. 2.5(a) shows the plot of the total biomass in the domain Mutot (t)
versus time during the different simulations done in test#1a. The curves in
the semi-log plot shown in Fig. 2.5(a) for different θ values are straight lines
with a constant slope as a result of the form of the solution written down
in Eq. 2.57. The slope of the straight line in the semi-log plot in a perfect
scenario with no discretization errors and with exact integration would be
K which is defined by the expression K = κ̃3 − κ̃4 . Using the values of
the different model parameters given in Table. 2.1 we get the value of K to
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be 0.8470. The slope of the curve in Fig. 2.5(a) corresponding to θ = 0◦
case is 0.8210. This small difference of 2.5% can be attributed to the spatial
discretization errors which arise while using a finite grid of size 256 × 256.
As can be seen in the zoomed view shown in the insert in Fig. 2.5 (a), slope
of the line changes noticeably only when the θ value is increased beyond 15◦ .
However the change is only small i.e., slope for θ = 25◦ is 0.808115 which is
around 5% less than the value of K. These results indicate that the deviation
from orthogonality measured by angle θ has only a small effect on the global
biomass conservation in the range 0◦ ≤ θ ≤ 25◦ .
Fig. 2.5(b) shows the plot of area occupied by biomass at different times
during the growth simulations done in test#1a for different θ values. The
biomass area does not change with time initially until the value of u increases
from its initial value of u0 = 0.3 to a value close to 1 when the growth
model initiates spatial spreading of the biomass. This behavior is as expected
and it results from the form we have used in our model for the nonlinear
degenerate biomass diffusion coefficient. Fig. 2.5(c) shows the plots of the
biofilm-fluid interface profile at simulation stop time along with the time in
each simulation when the stopping condition was reached. For θ values in
the range 0◦ ≤ θ ≤ 15◦ , all the interface profiles at simulation stop time lie
close to each other with the distance between them well within grid spatial
resolution attainable on a 256 × 256 sized grid. The shape of biofilm-fluid
interface profiles at stop all visually look (semi)circular in shape. As the
grid non-orthogonality θ is increased beyond 15◦ , the shape of the biofilm
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interface profile at the stop time deviates from this semi-circular shape. The
deviation is most noticeable along the left half portion of the interface profile
which is the direction in which the grid lines are slanted in the grid. This
visual observation is confirmed by the plot shown in Fig. 2.8(a) which shows
the plot of circularity measure C computed at different times during the
simulations. For θ values in the range 0◦ ≤ θ ≤ 15◦ , the circularity measure
C computed from the extracted biofilm-fluid interface profile stays above 0.8
during the entire simulation time. On a finite sized grid of 256 × 256, this
range of C value is sufficient to identify the shape of the biofilm interface
profile as (semi)circular. For cases with θ > 15◦ , the value of circularity
measure C seen in Fig. 2.8(a) decreases continuously as the biofilm continues
to spread spatially. These observations indicate that although the global
biomass conservation is not affected as much by the grid non-orthogonality,
it does affect the way in which a biofilm colony spreads spatially when it
grows.
To understand whether the deviation from semi-circularity we observe
during growth in domains with θ > 15◦ is as a result of lack of grid refinement, we conducted a grid refinement study for each θ value. We conducted
simulations on grids with different sizes namely 64 × 64, 128 × 128, 256 × 256
and 512 × 512 respectively (note: these are grid sizes in the domain e-f-g-h
seen in Fig. 2.2 (a)). Fig. 2.6 shows the biofilm fluid interface at the stop
time for simulations done on grids of different sizes for θ = 0◦ in Fig. 2.6(a),
for θ = 15◦ in Fig. 2.6(b) and for θ = 25◦ in Fig. 2.6(c). For both θ = 0◦ and
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15◦ cases, the interface profile retains the same shape even in coarser grids
and it converges as the grid size is increased. For the case with θ = 25◦ seen
in Fig. 2.6(c), we observe that this deviation from semi-circularity decreases
marginally as we increase the spatial resolution but it does not disappear
completely even in the finest grid we have simulated. This observation can
be explained as follows. As the size of the grid is increased, the error in
the linear area weighted interpolation we employ in the computation of the
non-orthogonal terms in our formulation reduces. However, the increase in
spatial resolution does not eliminate the error we incur in approximating
these non-orthogonal terms explicitly. To understand the effect of time step
size on this deviation from circularity, for each value of θ on a given 256×256
sized grid we conducted simulations using constant time step sizes dt = 10−4 ,
10−5 and 10−6 respectively. The results from these simulations are shown in
Fig. 2.6(d). In Fig. 2.6(d), we observe that the shape of the biofilm-fluid
interface profile at simulation stop time does not change appreciably when
we reduce the time step size over two orders of magnitude.
The results from grid refinement study done in test #1a geometry indicate that grid refinement does offer us a way to minimize the adverse effect
grid non-orthogonality has on the computed solution. However its applicability in practical applications where one would encounter domains with
complicated shapes and surface topography features is limited. Unlike in our
simple test #1a geometry, in domains with complex surface topographical
features, generating a grid with fine spatial resolution where deviation from
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orthogonality is minimal while at the same time keeping the other relevant
qualities of the grid optimal is a challenging task. This is because in general
domains, attempts to generate a grid with fine spatial resolution and minimal
grid non-orthogonality results in a grid which is not smooth, i.e., cell sizes
vary rapidly in different critical regions of the domain and number of grid
cells in the domain with highly distorted shapes increases. The rapid spatial
variations in cell size at different locations affects the local spatial accuracy
of computed numerical solution to the biofilm growth model equation. Moreover, increasing the size of the grid also increases the computational workload
significantly. In view of these issues, in the rest of the biofilm growth simulations done in this study, instead of trying to increase the grid size to minimize
the effects of grid non-orthogonality, we have chosen to work with grids which
have sufficient spatial resolution to resolve the biofilm growth accurately and
at the same time posses sufficient grid smoothness. The focus in the rest of
the study then is to primarily understand how the grid non-orthogonality affects the solutions of the biofilm growth equation computed on these nominal
sized grids.

2.5.3

Test #1b: Trapezoid with biofilm growing on
bottom face

The geometry used in test #1b consists of a trapezoid with base lengths
W1 = 3, W2 = 1 and height H = 1. In test#1b, the biomass growth equation
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given in Eq. 2.6 is solved under nutrient rich conditions. At the start of the
growth simulation, a semicircular shaped biofilm colony was inoculated in
the domain with its center located at the midpoint of the bottom face of the
trapezoid as can be seen in Fig. 2.2 (b). A structured grid of size 512 × 512
was generated in the domain using the transfinite interpolation technique
outlined earlier and the simulation was stopped when the area occupied by
the biomass in the domain attained a value 1.4. In the grid generated in
the domain, the angle between the grid lines varies smoothly spatially from
45◦ to −45◦ as we span the domain along the x direction with the grid
lines slanting in opposite directions in each half of the domain. In this grid
setup, the deviation from non-orthogonality (θdev ) is greater than 20◦ only in
select regions next to both the slanting sides of the trapezoid. A semicircular
biofilm colony growing from an inoculum at the center of the bottom face will
cross grid lines where θdev > 20◦ only at later stages of growth. In addition,
because of the slant of the grid lines, the growing biofilm colony will encounter
these grid lines first in the region next to the bottom face of the trapezoid.
In addition to deviation from non-orthogonality, the aspect ratio of the cells
also varies smoothly as we span the domain along the x direction, increasing
as we go from the center towards the corners of trapezoid along the bottom
face.
Fig. 2.5(d) shows the location of the biofilm fluid interface at different time instants during the simulation. In the grid, the deviation from
non-orthogonality increases from 0◦ to 45◦ as we move from center towards
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the corners of the trapezoid along the bottom face in both directions. In
Fig. 2.5(d), visually we notice that the biofilm-fluid interface profile remains
close to being circular at the initial times and at the later times it show
minor deviations near the locations where the interface intersects bottom
face of the trapezoid. This trend is also reflected in the plot of circularity
measure C (not shown in any figure) which reduces slightly but still remains
greater than 0.8. In the grid generated inside test #1a geometry, the deviation from non-orthogonality and the smoothness of the grid quantified by
aspect ratio both remain spatially constant in the central region (e-f-g-h seen
in Fig. 2.2 (a)) where the biofilm colony grows. In contrast, in test #1b both
the non-orthogonality and smoothness vary spatially and only select regions
have grid lines intersecting with deviation from non-orthogonality greater
than 25◦ . Comparing the results from test #1a obtained on a 512 × 512 grid
with those from test #1b, we notice that in test #1b, the effect of the grid
non-orthogonality on the circularity of the biofilm fluid interface profile is
minimal or less pronounced. Since we used the same code for simulations
done in test #1a and #1b, we speculate that the differences are primarily
due to differences in the grid quality, i.e., the spatially varying smoothness
and non-orthogonality in the grid used in test #1b.
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Figure 2.5: Results of biofilm growth simulations in tests #1a and #1b. The angle θ which
quantities the deviation from orthogonality in the mesh generated over the domain is varied
and the effect of this on the biofilm growth simulated within the domain is studied. Fig. 2.5(a)
shows the plot of logarithm of the total biomass in the domain (Eq. 2.54) versus time for
different θ values on a 256 × 256 sized grid generated inside the slanted rectangular region in
test #1a domain. Fig. 2.5(b) shows the plot of area occupied by the biomass in the domain
versus time for different θ values. Fig. 2.5(c) shows the location of the biofilm-fluid interface
at the simulation stop time (biofilm area at stop=0.1) extracted from the computed solution
using a biomass threshold of 10−6 in domains with different θ values. Also shown in Fig. 2.5(c)
is the time in each simulation when the biofilm area corresponding to stopping criteria was
attained. Fig. 2.5(d) shows the location of the biofilm-fluid interface at different times during
the growth of the biofilm colony inside the trapezoidal domain used in test #1b.
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Figure 2.6: Plots (a) to (c) show the effect of grid refinement on the solution
computed in test #1a. Grids of different sizes were generated in the central
region (e-f-g-h in Fig.2.2 (a)) in test #1a domain. Plots show the location of
the biofilm-fluid interface at simulation stop time in domains with θ = 0◦ in (a),
15◦ in (b) and 25◦ in (c) respectively. The growth simulations were stopped
when the area occupied by the biomass within the domain attained a value of
0.10. Fig. 2.6(d) shows the location of biofilm-fluid interface at the simulation
stop time obtained using time step dt = 10−4 , 10−5 , and 10−6 respectively on a
256 × 256 sized grid.
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2.5.4

Test #1c: Sheared square with inoculum at centroid

In test#1c, the biomass growth equation given in Eq. 2.6 is solved under
nutrient rich conditions. The geometry used in test #1c consists of a sheared
squared domain. The extent of shear along the negative x direction measured
by angle θ (see Fig. 2.2 (c)) quantifies the deviation from orthogonality in
the grid generated inside this domain. Domains with θ value 0◦ , 5◦ , 10◦ ,
15◦ , 20◦ and 25◦ are considered in this study. At the start, in each of these
simulations, a circular shaped biocolony was inoculated at the centroid of the
sheared square. This is the same geometry which was used in the validation
experiment where a 2D PME with linear source was solved. A structured
grid of size 256 × 256 was generated in the domain using the transfinite
interpolation technique outlined earlier and the simulation was stopped when
the area occupied by the biomass in the domain attained a value 0.1. As in
the geometry used in test #1a we have a grid with constant deviation from
orthogonality everywhere in the domain. In this setup with inoculum at
the centroid, the growth of the biofilm occurs far from the boundary, hence
it provides a valuable test case to evaluate the effect of non-orthogonality
without boundary effects.
Fig. 2.7 shows the biofilm-fluid interface at the start and stop of the
simulation in domains with θ = 0◦ , 5◦ , 10◦ , 15◦ , 20◦ and 25◦ respectively.
Fig. 2.8(b) shows the plot of circularity measure C computed at different
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times during the simulation done in domains with different θ values. In
Fig. 2.7 we notice that as the angle θ is increased above 15◦ the circularity
of the biofilm-fluid interface is lost and shape of the biofilm colony at the
stop appears elongated along one of the diagonals of the square. This trend
is clearly visible in plots of circularity measure C seen in Fig. 2.8(b).
These results are different from those we observed in the validation study
seen in Sect. 2.5.1 where a 2D Porous Medium Equation (PME) with linear
source was solved in the same geometry. In the validation study, the interface
shape stayed close to being circular for wide range of θ values as can been
seen in the results shown previously in Fig. 2.4. The diffusion coefficient in
the case of 2D PME equation with linear source is of the form D(u) = um
while in our case it has the form D(u) =

um
(1−u)m

which has an extra singularity

in it arising when u = 1. As the u value approaches close to 1, the effect of
this singularity become relevant and it increases the stiffness of the equation,
and also causes the D(u) value to increase rapidly. In a growing biofilm, the
u value approaches 1 near the interface and it also shows sharp gradients
as it suffers from gradient blow up at the interface. In these regions, D(u)
shows strong ani-isotropicity where its value drops from a large value to 0
over a short distance, a drop much steeper than the one experienced by the
2D PME diffusion coefficient which does not have the singularity at u = 1.
The results from this study indicate that the approximation we have used to
compute the non-orthogonal terms in the non-linear biomass diffusion flux on
the control volume faces cannot handle regions where D(u) changes rapidly
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like in our case. To correlate that the deviation from circularity occurs only
when u → 1, we plotted in Fig. 2.8(c) both the maximum value of u in the
domain and circularity measure C computed from the extracted interface for
θ = 10◦ and 20◦ cases. We see clearly that for the θ = 20◦ case that the
circularity measure C drops as u → 1 whereas it is not affected much for the
case with θ = 10◦ .

2.5.5

Test 2: Varying grid smoothness in test #1a domain

In test#2, the biomass growth equation given in Eq. 2.6 is solved under nutrient rich conditions. A 256×256 sized grid is generated inside a rectangular
domain e-f-g-h seen in Fig. 2.2 (a) with uniform spacing along x-direction
and varying degree of grid clustering along y-direction. The extent of grid
clustering is indicated by the value of the clustering parameter β. A β value
closer to one indicates smaller grid spacing near the bottom edge. Fig. 2.9(a)
shows the plot of grid spacing (∆y) as a function of distance y from the bottom face of the domain where grid is clustered for different β values. With
non-uniform spacing between the grid lines, the aspect ratio of the grid cells
increases as we go farther from the bottom face of the domain along the
y-direction. This affects the local accuracy of the spatial discretization as
well as the resolution of the biofilm-fluid interface which we extract from
the computed solution u using thresholding. A semicircular shaped biofilm
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(a) θ = 0 °

(b) θ = 10 °

(d) θ = 20 °

(c) θ = 15 °

(e) θ = 25 °

Figure 2.7: Results of the biofilm growth simulations in test#1c. In test #1c, growth of a
circular inoculum placed at the centroid of a sheared square domain is simulated. The angle
θ by which the square is sheared quantifies the deviation from orthogonality in the structured
mesh generated inside the sheared square domain. The angle is varied from 0 to 25◦ in steps
of 5◦ and on each domain the biomass growth was simulated till the area of the biomass in
the domain reached the value of 0.10. The subfigures in (a) to (e) show for each θ value
the location of the biofilm fluid interface at the start of the simulation and at the end of the
simulation.
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Figure 2.8: Circularity measure value (threshold= 10−6 ) at different times during
the simulations in test #1a in Fig. 2.8(a) and test #1c in Fig .2.8(b). Fig.2.8(c)
shows the plot of circularity measure and the maximum value of biomass density
in the domain at different times during the simulations done in test #1c on
sheared squared domains corresponding to θ values of 10◦ and 20◦ respectively.
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colony was inoculated in the central rectangular domain with its center located at the midpoint of its bottom edge. The biofilm growth was simulated
on grids with different β values on the domains with θ values 0◦ , 15◦ , and 25◦
respectively. Figs. 2.9(b) -2.9(d) show the plots of the biofilm fluid interface
at the stop of the simulation on domains with θ values 0◦ , 15◦ , and 25◦ on
grids with different β values. The effect of grid clustering on the circularity
of the interface at stop time seen in the plots is minimal. Fig. 2.9(e) shows
the plot of the area occupied by the biomass at different times. It shows
that the simulations done with fine grid near the bottom edge take a bit
longer to attain stopping criteria than others as the grid smoothness affects
the thresholding operation performed while extracting the interface location
from the computed solution values stored at the cell centroid locations.

2.5.6

Test 3: Sinusoidal bottom wall profile

In test #3, biofilm grows on the sinusoidally shaped bottom wall of a rectangular domain with wavelength λ = 1 and amplitude

a
2

= 0.25. The domain

along the x direction includes two full wavelengths (λ) of the sinusoid. Semicircular shaped biofilm colonies are inoculated at all the peaks and valleys
of the sinusoidal bottom wall profile at the start of the biofilm growth simulation. A near orthogonal grid is generated inside the domain a − b − c − d
shown in Fig. 2.3 consisting of a single wavelength of the sinusoid using the
elliptic grid generation method developed in Zhang et.al. [166]. The grid
for the entire domain is generated from the grid inside a − b − c − d using
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Figure 2.9: Results of the biofilm growth simulations in test#2 in which we study
the effect of varying the grid clustering parameter β on biofilm growth simulation.
Fig. 2.9(a) shows the plot of grid spacing in the y-direction for different values
of β. Figs. 2.9(b)-2.9(d) show the plot of the biofilm-fluid interface location
for different β values on domains with deviation from orthogonality θ = 0◦ , 15◦
and 25◦ respectively. Fig.2.9(e) shows the plot of area occupied by biomass as a
function of time during the different growth simulations.
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mirroring and translation operations. The parameter RO which controls the
quality of the grid generated inside the domain was set values 0.80, 0.85, 0.90
and 0.95 respectively and a 400 × 150 grid was generated inside the domain
for each of these RO values. A RO value closer to 1 generates a grid with
higher degree of orthogonality at the expense of grid smoothness.
Fig. 2.10 shows the grid inside the zoom windows 1 and 2 shown in Fig. 2.3
generated with RO values 0.80 and 0.95. Fig. 2.10 shows that a 400 × 150
sized grid is sufficient to provide fine spatial resolution in the entire region
in the vicinity of the sinusoidal bottom wall profile where the biofilm growth
occurs during the simulation. The effect of the RO value is clearly visible
when we compare the grids inside the valley regions shown in Figs. 2.10(b)
and 2.10(d). In the grid generated with RO = 0.80 shown in Fig. 2.10(b)
the deviation from non-orthogonality is evident in the portion of the grid on
either sides of the boundary a − d seen in Fig. 2.3 as well as along the grid
near the sinusoidal bottom wall profile. The quality of the grid generated
in the domain for different values of RO is shown in Fig. 2.11. Fig. 2.11(a)
shows a histogram plot where we have plotted the percentage of total nodes
in the grid with different values of deviation from orthogonality(θdev ). For
the purpose of plotting the histogram, the range for θdev was chosen to be 0
to 50◦ and it was divided into ten equal sized bins. Fig. 2.11(b) shows in a
table the values of the different quality measures for grids generated using
the different RO values. It is clearly seen from the table that as RO → 1
the deviation from orthogonality measured by parameters MDO (Maximum
88

Deviation from Orthogonality) and ADO (Average deviation from Orthogonality) decreases while measures MAR (Maximum Aspect Ratio) and AAR
(Average Aspect Ratio) which quantify grid (non)smoothness increases.
In test#3a, the biomass growth equation given in Eq. 2.6 is solved under
nutrient rich conditions and the growth simulation was stopped when the
area occupied by the biomass in the domain reached a value 0.95. Fig. 2.12
shows the plots of biofilm fluid interface profile at different time instants
during the biofilm growth simulations done in test#3a on grids generated
with different values of RO. The time evolution of the biofilm growth tracked
by the interface on grids with RO = 0.80 and R0 = 0.85 look different from
those on grids with RO = 0.90 and RO = 0.95 respectively. On grids with
RO = 0.90 and 0.95, the biofilm colonies inoculated in the valleys and peaks
grow with time and merge with each other to create a smooth biofilm-fluid
interface profile at the time the simulation is stopped. In contrast, on grids
with RO = 0.80 and 0.85, the biofilm colony in the valleys of the sinusoid
grow at a faster rate along the vertical grid lines than along the sinusoidal
wall profile. This causes biofilm colonies with triangle shaped interface profile
to emerge out of the valleys in the sinusoid wall profile. The portions of the
grid for RO = 0.80 and 0.85 on either side of boundary a − d seen Fig. 2.3
are regions where the maximum deviation from orthogonality in the grid
manifest itself. The grid in those regions is seen to influence the growth of
the biofilm colony growing inside the valleys.
In test#3b, the (non-dimensional) biomass growth equation along with
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the substrate transport equation (Eqns. 2.1 2.2) are solved on grids generated with different RO values. In these simulations, the bulk substrate
concentration value Cbulk was set to 35 gm/m3 , a value which is 100 times
the value used for half saturation coefficient κ2 (Table. 2.1). The biofilm
growth simulations were stopped when the area occupied by the biomass in
the domain reached a value 0.95. Fig. 2.13 shows the plot of biofilm fluid
interface profile superimposed on the substrate concentration contour plot
at the simulation stop time on the grids generated using different RO values. Comparing the biofilm-fluid interface profiles at stop time obtained on
a grid with RO = 0.95 for nutrient rich conditions in Fig. 2.12(d) with ones
in in Fig. 2.13(d) for Cbulk = 35 gm/m3 we observe the effect of substrate
limitations on the growth of the biofilm. Since Cbulk value is 100 times the
value of half saturation coefficient, during initial times of growth their are
no nutrient limitations. However at later stages of growth the biofilm colony
growing at the peak of profile gets more preferential access to the substrate
causing it to grow in size while the growth of the biofilm colony inside the
valley is affected by nutrient availability limitations. Comparing the different
plots in Fig. 2.13 for different RO values, we observe that the effect of grid
non- orthogonality is little weaker than seen in Fig. 2.12.
Fig. 2.14 shows on a grid generated with RO = 0.95, the plots of biofilm
fluid interface profile superimposed on the substrate concentration contour
plot at the simulation stop time for Cbulk value 3.5 gm/m3 in Fig. 2.14(a) and
175 gm/m3 in Fig. 2.14(b). For Cbulk = 3.5 gm/m3 case the simulation was
90

stopped when the area of biomass in the domain attained a value 0.15 (Note:
higher stopping value was not chosen as growth is so slow in this setup hence
simulations take a longer time to complete) while for Cbulk = 175 gm/m3 we
used a value of 0.35. For the case with Cbulk = 175 gm/m3 , since there are
no nutrient/substrate limitations both the biofilm colonies in the valleys and
peaks grow and merge with each other much like was seen in Fig. 2.12(d).
For Cbulk = 3.5 gm/m3 nutrient limitations dominate the growth both at the
peaks and valleys; the growth of the biofilm colony in the valley is limited
while the biofilm colony near the peaks continues to grow more vertically
towards the nutrient Dirichlet boundary than horizontally resulting in biofilm
colonies with elongated shape.
The results from the simulations done in tests #3a and #3b on grids with
spatially varying deviation from non-orthogonality and grid smoothness can
be summarized as follows. In test #3, grids with RO >= 0.90 allowed for
correct simulation of biofilm growth. In terms of the grid quality measures
given in Fig.2.11(b) this translates to requiring MDO < 20◦ to ensure proper
simulation of biofilm growth. Moreover, the results confirm that MDO is
an effective parameter when compared to average value indicated by ADO
parameter. The constraints we have on MDO are in agreement with those
we arrived at from other tests done in this study.
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(a) RO = 0.80

(b) RO = 0.80

(c) RO =0.95

(d) RO = 0.95

Figure 2.10: Mesh in zoom windows #1 and #2 of Fig. 2.3 generated using
elliptic grid generation method given in Zhang et.al(2012) for RO values 0.80
in Figs. 2.10(a) and 2.10(b) and for RO = 0.95 in Figs. 2.10(c) and 2.10(d)
respectively.
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Figure 2.11: Quality of meshes on which the biofilm growth simulations in test
#3 (domain shown in Fig. 2.3). The grids were generated using the elliptic
grid generation technique developed in [166]. The parameter RO in the elliptic
grid generation technique is a measure of local orthogonality in the mesh, with
RO = 1 corresponding to a fully orthogonal mesh. Fig. 2.11(a) shows the
distribution of deviation from orthogonality (θdev ) computed at the grid nodes
in the mesh in the form of a histogram plot. Fig. 2.11(b) shows how the grid
quality measures namely MDO (Maximum Deviation from Orthogonality), ADO
(Average Deviation from Orthogonality), MAR (Maximum Aspect Ratio) and
AAR (Average Aspect Ratio) vary on meshes generated with different values of
RO.
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Figure 2.12: Biofilm fluid interface location at different time instants during
the biofilm growth simulation in test#3a with unlimited substrate availability.
Biofilm growth simulations were done on meshes generated using the elliptic grid
generation method developed in Zhang et al (2012) using different RO values.
The biofilm growth simulations were stopped when biofilm area in the domain
reached a value of 0.95.
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Figure 2.13: Biofilm fluid interface location along with the contour plot of substrate concentration at stopping time (biomass area =0.95 at stopping time) for
each of biofilm growth simulation done in test#3b with a bulk substrate concentration of 35 gm/m3 . The simulations were done on different meshes generated
using elliptic grid generation method described in [166] using RO values 0.80,
0.85, 0.90 and 0.95 respectively.
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Figure 2.14: Biofilm fluid interface location along with contour plot of substrate
concentration at the end of biofilm growth simulations done in test#3 on a
grid generated with RO value 0.95 for bulk substrate concentration value of
3.5 gm/m3 in (a) and 175 gm/m3 in (b). In (a), the biofilm growth simulation
was stopped when biofilm area in the domain attained a value 0.35, while in (b)
it was stopped at 1.4.
96

2.5.7

Test 4: Composite cavity with multiple pockets

The primary aim in test #4 is to demonstrate the applicability of the developed formulation to solve biofilm growth on non-orthogonal girds generated
within general domains. For this purpose, we considered a long rectangular
domain and along the bottom wall of the domain placed surface topographical elements consisting of a shallow curved pocket placed next to a deeper
one made up of a number of small pockets of different size placed at different depths. A 481 × 201 sized near orthogonal grid was generated using the
elliptic grid generation technique given in [166] for a RO value of 0.97. Five
semicircular colonies with radius 0.08 with centers at different select locations
along the bottom wall profile and with a constant biomass volume fraction
value u0 = 0.3 was used as an inoculum at start of the biofilm simulations.
Simulations were conducted for two different values of bulk substrate concentration namely Cbulk = 35 gm/m3 and Cbulk = 3.5 gm/m3 respectively.
For the case with Cbulk = 3.5 gm/m3 , the simulation was stopped when the
area occupied by biomass in the domain attained a value 0.3 while for the
other case we used a value of 0.5.
Figs. 2.15 and 2.16 show the plots of the biofilm-fluid interface overlayed
over a contour plot of substrate concentration at different times during the
simulations done with Cbulk = 35 gm/m3 and Cbulk = 3.5 gm/m3 respectively.
For the higher bulk substrate concentration case, the biofilm colonies in the
different pocket grow and merge with each other to form one big biofilm
colony. It is interesting to observe during the course of the growth, the
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biofilm colony growing in the main deeper pocket in the right of the domain
is able to grow into the shallower cavity in the left as seen at t = 4.21 in
Fig. 2.16. For the lower bulk substrate concentration case, due to nutrient
limitation condition, the biofilm colonies in different pockets do not merge
but continue to grow in the vertical direction as can be seen Fig. 2.15.

2.6

Discussion

In this study, motivated by the need to simulate biofilm growth in complex
geometries, we have developed a numerical formulation to solve the governing
equations of a prototype biofilm growth model presented first in [42] on nonorthogonal grids. In this work, we have extended the robust semi-implicit
formulation developed earlier in [43] to solve the model equations on orthogonal Cartesian grids to accommodate general non-orthogonal grids. To
accomplish this, we solved the governing equations written in a general nonorthogonal ξ − η coordinate system using a Finite Volume Method (FVM).
In our study we considered the density-dependent diffusion-reaction
biofilm model in its simplest form. Several extensions of this model have
been used in the literature to simulate systems with more than one particulate biomass fraction. These include models that explicitly contain EPS
as dependent variable, or split the biomass into active and inactive mass to
describe the response of biofilms to antibiotics, or in down- and up-regulated
fractions to describe quorum sensing effects, see [44, 56]. Other models con-
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Figure 2.15: Biofilm fluid interface location along with contour plot of substrate concentration at different times in the biofilm growth simulations in
test#4 with a bulk substrate concentration value of 3.5 gm/m3 .
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Figure 2.16: Biofilm fluid interface location along with contour plot of substrate concentration at different times in the biofilm growth simulations in
test#4 with a bulk substrate concentration value of 35 gm/m3 .
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tain a single particulate biomass fraction, but several dependent variables
that are described by essentially Fickian diffusion, see [48, 75]. The method
that we propose here to treat the biomass equation can be extended to these
type of models in a straightforward manner without modification.
More recently, a multi-species model has been proposed in [117] in which
cross-diffusion effects describe the effect that local presence of one species
has on the movement of the other species. A straightforward extension of
the semi-implicit method that we used here leads for uniform grids to system
matrices without M-matrix properties. To overcome this the cross-diffusion
terms were treated formally as convection terms and discretized by first order upwinding in [116]. If one wants to use this idea on non-orthogonal
curvilinear grids, the additional complexity arises from cross-diffusion terms
with cross-derivatives. While one can attempt to split these terms into semiimplicit and explicit terms such that the resulting system matrix is an Mmatrix, it will require further investigation whether such a simple treatment
also gives satisfactory results.

2.7

Conclusion

Based on the analysis of the results obtained from simulations done in this
study, following conclusions can be made regarding the performance of formulation developed in this study namely:
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1. Performance for Porous Media Equations(PME): The method when
applied to solve Porous Medium Equation shows good performance for
max
max
a wide range of θdev
values, where θdev
is the Maximum Deviation

from Orthogonality (MDO) in the grid. The shape and location of
the moving PME solution front computed on grids with same spatial
max
max
resolution but with differing θdev
values in the range 0 ≤ θdev
≤ 30◦

show good agreement. The error of the PME solution computed over
the entire domain when compared with analytical Barenblatt solution
max
in the scaled 2 norm shows that it increases linearly with θdev
.

2. Global biomass conservation:

The developed formulation satisfies

global biomass conservation to an acceptable level when solved on different near orthogonal grids. The global mass conservation error in
the computed solution to the biomass growth equation increases only
max
M ax
slightly with θdev
(approximately 5 % increase when θdev
is increased

from 0◦ to 25◦ ).
3. Maximum Deviation from Orthogonality and Spatial Spreading: The
spatial spreading of the biofilm colony and thereby the shape and extent of the resulting biofilm domain are affected to a greater extent
by the deviation from orthogonality in the grid. Based on monitoring
the circularity of a single isolated semicircular biofilm inoculum during growth on simple grids with constant deviation from orthogonality
as well as on complicated grids with spatially varying deviation from
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M ax
orthogonality we conclude that θdev
(Maximum Deviation from Or-

thogonality) needs to be less than 15 − 20◦ to ensure correct simulation
of biofilm spatial spreading.
4. Effect of grid refinement and time step size: On non-orthogonal grids
in simple geometries, the effect of grid non-orthogonality on spatial
spreading of the biomass can be reduced by grid refinement. However
in complex geometries, attempts to refine the grid while keeping the
grid non-orthogonality low resulted in grids with poor grid smoothness and cell shape quality. For a fixed grid size, on grids with large
deviation from orthogonality, reduction of time step size used in the
numerical solution has little effect on spatial spreading of the biomass
and resulting shape of the growing biofilm colony.
5. Handling of complex geometries: Generation of near-orthogonal grids
with MDO < 20◦ and with fine spatial resolution in general domains
with arbitrary surface topographies is a challenging task. It would
require special techniques [166] like used in our work, as application
of generic elliptic grid generation techniques often results in grids with
larger value of MDO. In the case of general domains, generating a grid
satisfying these constraints would often require careful decomposition
of the domain into multiple simple blocks followed by a near orthogonal
grid generation in each of these blocks. Although we have not simulated
biofilm growth in such a multi-block setup, extending our formulation
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to such an setup would require us to (a) deploy new data structures
to handle the multi-block connectivity, and (b) ensure the necessary
smoothness and continuity at the inter-block boundaries. This is an
exercise we hope to explore in our future work.
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Chapter 3
A Simulation Study of the
Effect of Meso-scopic
Sinusoidal Surface Roughness
on Biofilm Growth
Abstract
A two-dimensional single species biofilm model is solved under nutrientrich and nutrient-low conditions to study the effect of mesoscale substratum roughness on biofilm growth activity. Our results indicate that under nutrient-rich conditions, the substratum roughness does not have a pronounced effect on the substrate fluxes and on biofilm growth, leading to
formation of biofilms as compact layers. However, under low substrate condi105

tions, substratum roughness has a pronounced effect on both biofilm activity
and structure. The overall conclusion is that under low substrate conditions
full 2D or 3D simulations are needed to accurately simulate biofilms on irregular surfaces, whereas under nutrient rich conditions, the assumption of flat
substrata and 1D models might provide a sufficiently good approximation.
Keywords:

Biofilm structure, Diffusion, Non-orthogonal grid, Surface

roughness

3.1

Introduction

Bacterial biofilms are depositions of micro-organisms growing on wetted interfaces, encased in self-secreted slimy glue-like polymeric matrices. They
can be found throughout natural and man-made systems wherever environmental conditions are favorable for bacterial growth. For example, in many
environmental engineering technologies, biofilms play an important role in
degrading pollutants. Mathematical modelling has evolved into an effective tool to study biofilm processes and to understand the effect that different reactor operating conditions can have on biofilm performance [152]. In
biofilm models, spatio-temporal equations for bacterial growth are coupled
with diffusion-reaction equations for nutrients.
The effect of meso-scopic roughness of the surface, on which the biofilm
grows (a.k.a substratum), on nutrient diffusivity in the biofilm, as well as
on the structure of the biofilm is not well understood. Some experimental
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studies have been conducted, often with a focus on initial adhesion and early
stages growth of biofilms. It was reported that on rough surfaces higher
bacterial cell counts are observed than on smooth surfaces [104]. In the food
industry, this poses a problem for effective cleaning and sanitizing [23]. It was
shown that the adhesion of bacteria to rough surfaces is stronger than to flat
surfaces [9, 20]. In [19], it is reported that surface curvature and substrate
availability affect biofilm coverage and structure in the early stage of biofilm
formation. Based on these observations, to further our understanding, we
will systematically address the following two questions in our work:
A. How do mesoscale surface irregularities of the substratum affect the
diffusion of substrate into the biofilm, and thus biofilm activity?
B. How do different environmental conditions such as different substrate
loadings affect biofilm growth and structure on an irregular substratum?
To answer these questions we use the two-dimensional biofilm model
of [42] and simulate biofilm growth in an irregular domain, using a bodyfitted grid as introduced in [2]. The traditional biofilm growth model that
is used in engineering applications is the one-dimensional Wanner-Gujer
model [151], which by construction is able only to describe completely stratified biofilms. Therefore, the answers to the above questions will also shed
light on whether one-dimensional mathematical models can be used to adequately model biofilm activity on irregular surfaces.
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3.2
3.2.1

Method
Mathematical Model

We make the following modeling assumptions: (i) A single growth limiting
substrate diffuses through the aqueous phase into the biofilm and is consumed
by bacteria in the biofilm. (ii) Spatial biofilm expansion is due to biomass
growth. (iii) The biofilm grows on an impermeable and nonreactive irregular
surface.
We use a diffusion-reaction biofilm model that was first proposed in [42].
The dependent variables u and c are the biomass density and substrate concentration. The equations that govern growth and expansion of bacterial
biomass, and nutrient distribution in a domain Ω ⊂ R2 for t > 0 are

ut = ∇ · (Du (u)∇u) + ru (u, c) − rd u,

(3.1)

ct = ∇ · (Dc (u)∇c) − rc (u, c).

(3.2)

Here, Du (u) is the diffusion coefficient for biomass, ru (u, c) is the rate of
biomass accumulation, and rd is the natural decay rate of bacteria. The rate
of biomass production ru (u, c) is described by Monod kinetics as

ru (u, c) = µu

cu
,
κ+c

(3.3)

where µu is the maximum specific growth rate and κ is the half saturation
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concentration. Following [42], the density dependent motility function for
biomass is
Du (u) = δu



u
umax − u

4

,

(3.4)

where δ is the biomass motility coefficient, and umax is the maximum biomass
cell density. In (3.2), Dc (u) is the diffusion coefficient of the substrate. Diffusion in the biofilm is slower than in the aqueous phase [132]. This is expressed
by the convex combination of diffusion coefficient dc (0) in water and dc (1) in
a fully occupied biofilm

Dc (u) = dc (0) + u/umax (dc (1) − dc (0)).

(3.5)

The local substrate consumption rate, rc (u, c) depends on the local concentration of dissolved limiting substrate and is given, in accordance with (3.3)
by
rc (u, c) =

cu
umax
µu umax cu
= κs
=
ru (u, c),
γ
κ+c
κ+c
γ

(3.6)

where γ is the yield coefficient of biomass on the substrate, and κs is the
maximum substrate consumption rate.
Equations (3.1) and (3.2) are defined in the computational domain Ω ⊂
R2 . The aqueous phase is Ω1 (t) = {(x, y) ∈ Ω : u(t, x, y) = 0}. The biofilm
phase is Ω2 (t) = {(x, y) ∈ Ω : u(t, x, y) > 0}. These are separated by the
biofilm/water interface, Γ(t) : Ω1 (t) ∩ Ω̄2 (t). Both regions change over time
as the biofilm grows. The substratum, on which the biofilm grows, is the
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bottom surface of the domain.
Equations (3.1) and (3.2) are completed by initial and boundary conditions. At time t = 0, the substrate is distributed uniformly in the domain
and assumed to be at its maximum concentration Cbulk . To pose initial data
for biomass we prescribe the region Ω2 (0) ⊂⊂ Ω and assume that the biomass
density there is initially constant with a value u0 < umax , whereas it is nil
outside this region. We then have

c(0, x, y) = Cbulk ,

(x, y) ∈ Ω,

u(0, x, y) =



 0,

(x, y) ∈ Ω1 (0),


 u0 , (x, y) ∈ Ω2 (0).

(3.7)

We impose homogeneous Neumann boundary conditions for biomass at
all boundaries, ∂n u = 0, on ∂Ω, where n is the outward normal direction. For
the substrate, we specify the non-homogeneous Dirichlet boundary condition
c = Cbulk at the top, and homogeneous Neumann boundary conditions at the
other boundaries. The model is non-dimensionalized using the dimensionless
variables

x̄ =

x
,
L

t̄ = µu t,

ȳ =

y
,
L

c̄ =

c
Cbulk

,

ū =

u
umax

.

(3.8)

Here, L is the characteristic length scale, µu is the maximum specific growth
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Figure 3.1: Schematic of the computational domain with definition of shape
parameters wavelength λ and amplitude A. In all geometries, the average
height of the domain is the same.
rate of biomass and Cbulk is the substrate bulk concentration. We obtain
¯ · (D̄u (ū)∇ū)
¯ + r̄u (ū, c̄) − r̄d u,
ūt̄ = ∇
¯ · (D̄c (ū)∇c̄)
¯ − r̄c (ū, c̄),
c̄t̄ = ∇

(3.9)
(3.10)

where
D̄u (ū) =

Du (ū)
,
L2 µu

D̄c (ū) =

Dc (ū)
, κ̄
L2 µu

=

κ
,
Cbulk

r̄d =

rd
,
µu

µ¯u = 1, κ̄s =

umax
.
γCbulk

We consider domains with straight lateral and top boundaries and sinusoidal substratum, parameterized by wavelength λ and amplitude A. The
average distance of the substratum to the top of the domain where the substrate is added is in all cases kept the same. For A = 0 this describes a
rectangular domain which we will use as a reference. A schematic diagram
of the domain is depicted in Figure 3.1.
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The simulation parameters that we use are summarized in Table 3.1.
The ratio of biomass growth rate to substrate transport rate is a crucial
dimensionless number to describe biofilm growth and structure [106]. It is
given by

G=

maximum biomass growth rate
µu umax
= L2y
.
maximum substrate transport rate
dc (0)Cbulk

Here Ly is a characteristic length scale for diffusive transport.

(3.11)

On flat

substrata, under low G-number regimes homogeneous biofilms are formed,
whereas high G-numbers lead to irregular biofilm morphologies [42]. We pick
for Ly the average system height, i.e., the average of the vertical distance between the top and bottom boundary. This value is kept constant across all
simulations. Changes in the G-number in our simulations are obtained by
changing Cbulk .

3.2.2

Numerical Method

The biomass equation (3.1) includes two interacting nonlinear diffusion effects, namely a porous medium type degeneracy for u = 0 and a superdiffusion singularity for u = 1. A semi-implicit numerical method that can
handle these two types of degeneracy has been developed in [43] to solve the
biofilm model on an orthogonal grid in a rectangular domain. We extended
and modified this semi-implicit formulation in [2] for non-orthogonal grids,
which allows us to solve the equations on a body-fitted grid in our sinu112

Table 3.1: Model Parameters.
Parameter
Height of system
Amplitude of cavity
Wavelength of cavity/Length
of the domain
Monod half saturation constant
Maximum specific growth rate
Decay rate of bacteria
Yield coefficient
Maximum cell density
Bulk concentration
Diffusion coefficient of c in water
Ratio of oxygen diffusion coefficient
in biofilm and water : Dc (1) : Dc (0)
Biomass motility coefficient

Symbol
Ly
A

Value
0.0004
0.00004,∼ 0.0001

Unit
m
m

Source
Assumed
Assumed

λ
κ
µu
rd
γ
umax
Cbulk
Dc (0)

0.0002 ∼ 0.0006
3.5 × 10−4
1.52 × 10−5
2.3 × 10−6
0.35
70
variable around 4.0 × 10−3
1.6 × 10−9

m
kgm−3
s−1
s−1
−−
kgm−3
kgm−3
m2 s−1

[106]
[106]
[106]
[106]
[106]
[106]
[106]

δc
δ

0.9
8.64 · 10−9

−−
m2 s−1

[106]
[43]

soidal domain. For our simulations, the transformation is carried out using
an elliptic grid generation method [166], as described in [2].

3.3
3.3.1

Results and Discussion
Simulation Setup

In our numerical simulation experiments, we vary the system length Lx ,
whence the dimensionless wave length λ, and the dimensionless peak-to-peak
amplitude of the sinusoidal surface irregularity, A. For each of these two
parameters, five values are tested, namely λ ∈ {0.50, 0.75, 1.0, 1.25, 1.50},
corresponding to Lx ∈ {200µm, 300µm, 400µm, 500µm, 600µm}, and A ∈
{0, 0.10, 0.15, 0.20, 0.25}. A = 0 is the reference case of a flat substratum.
The average system height Ly is held constant at 400µm for all simulations.
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Each simulation is carried out for two different bulk substrate concentrations
Cbulk = 52gm−3 and Cbulk = 5.4gm−3 , corresponding to G = 2.05 and G =
19.7, respectively. In total, this requires 50 simulations.
The focus of our study is on the effects of substratum irregularity. To
avoid effects of irregular inoculation of the substratum overshadowing this,
we assume that initially, the entire substratum is covered by a thin film that
extends over the first two grid layers, which is Ω2 (0). To ensure comparability
of results between simulations, the initial biomass density in each simulation
is constant and determined such that the initial total biomass is the same for
all simulations. The simulations are stopped when the size of Ω2 (t) reaches
half of the size of the computational domain.
In order to analyse the results of the numerical simulations, we will
present two dimensional visualizations. Furthermore, we report as output
quantity the substrate flux into the system, Fd (t), normalised with respect
to system length. Since homogeneous Neumann boundary conditions are
specified at the bottom and the lateral boundaries, the only contribution to
this flux is across the top boundary. Hence,
1
Fd (t) :=
λ

ZLx

Dc (0)

0
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∂c
(x, Ly , t)dx.
∂y

(a)

(b)

(c)

(d)

Figure 3.2: Substrate flux into the domain for various wave lengths and
amplitudes. The bulk substrate concentration is Cbulk = 52gm−3 (i.e. G =
2.05).
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(a)

(b)

(c)

(d)

Figure 3.3: Substrate flux into the domain for various wave lengths and
amplitudes. The bulk substrate concentration is Cbulk = 5.4gm−3 (i.e. G =
19.7).
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3.3.2

Effect of Surface Roughness on Biofilm Activity

The substrate flux Fd (t) measures the removal of substrate from the system,
i.e., biofilm performance. The characteristic time-scales of substrate diffusion
and uptake by the biofilm are orders of magnitude smaller than the characteristic time scales for biofilm growth [42]. Therefore, the substrate flux into
the system is a good indicator for biofilm activity.
The substrate flux for the lower G-number in Figure 3.2 shows that in
cases of high substrate availability, surface roughness does not have a pronounced effect on biofilm activity before the stopping criterion is reached.
In the case of the higher G-number, cf Figure 3.3, the substrate flux is the
same for all geometries initially but then starts diverging at approximately
t = 4. The flux into the system is larger for geometries with higher amplitude
and system wavelength. The substrate flux into the system translates into
biomass produced (data not shown).

3.3.3

Effect of Surface Roughness on Biofilm Structure

To investigate the effect of surface roughness on biofilm structure we visualize
the simulations in Figures 3.4 and 3.5, where we plot biofilm structure and
substrate concentration for different time steps. For all wavelengths similar
qualitative results are obtained, but there are quantitative differences. Due
to space limitations, not all results can be shown here. We include in detail
those for the smallest wavelength, λ = 0.5, for which the effects are most
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Aamp = 0.00
Aamp = 0.10
Aamp = 0.25

T=3.60

T=5.60

T=7.20

Figure 3.4: Substrate concentration and biofilm structure (shown by biomass
density isolines) at various time instances for wavelength λ1 = 0.50 and a
range of roughness amplitudes. Bulk substrate concentration Cbulk = 52gm−3
(G = 2).

118

Aamp = 0.00
Aamp = 0.10
Aamp = 0.25

T=4.40

T=7.60

T=15.62

Figure 3.5: Substrate concentration and biofilm structure (shown by biomass
density isolines) at various time instances for wavelength λ1 = 0.50 and
a range of roughness amplitudes. Bulk substrate concentration Cbulk =
5.4gm−3 (G = 20).

λ = 0.75

λ = 1.50

Figure 3.6: Substrate concentration and biofilm structure (shown by biomass
density isolines) for two different wavelengths at amplitude A = 0.25 and time
T = 19.45 with Cbulk = 5.4gm−3 (G = 20).
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pronounced. For λ = 0.75 and λ = 1.50, we show the results for amplitude
A = 0.25 at time T = 19.45 for the case G = 20 in Figure 3.6 as examples.
In the case of the flat surface, the biofilm develops as a homogeneous flat
layer. In cases of high substrate availability (low G, Figure 3.4), a compact
biofilm layer covering the substratum develops. In an initial period, the
biofilm forms a layer of nearly homogeneous thickness along the substratum.
For larger t, in the case of small amplitudes, the biofilm overgrows the surface
irregularity. For larger wavelengths, biofilm growth remains limited in the
deeper regions in the pockets, whereas in the case of smaller wavelength the
pockets fill up (simulation data not shown).
In cases of low substrate availability (high G, Figure 3.5), after an initial period biofilm growth dominates on the hump, closest to the substrate
source. Substrate diffusion into the pockets is limited, not allowing biofilm
formation. For smaller wavelengths, the biofilm colony resembles a mushroom architecture, whereas for larger wavelengths, the local biofilm height
is correlated with the distance of the substratum to the substrate source
(simulation data not shown).

3.4

Conclusion

Our simulations show that mesoscopic surface irregularity can increase the
heterogeneity of biofilm structures. Depending on substrate loading and
geometrical parameters of the domain, biofilm growth in pockets can be
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limited. In many engineering applications, one-dimensional biofilm models
are used to simulate biofilm processes and to assess biofilm activity and
performance. Our simulation results suggest that such a 1D description
might suffice to capture biofilm growth and substrate removal in cases of
high substrate availability, particularly, if the surface roughness is mild. On
the other hand, if growth conditions are poorer, surface irregularities cannot
be neglected, and a full 2D simulation is required to describe biofilm activity
and structure correctly.
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Chapter 4
A Simulation Study of the
Effect of Mesoscopic Sinusoidal
Surface Roughness on Quorum
Sensing Induction
Abstract
Quorum sensing (QS) is a cooperative and coordinated process whereby
bacteria monitor their population density by releasing extra-cellular signalling molecules to regulate gene expression. An alternative hypothesis,
diffusion sensing (DS), states that the function of autoinducer secretion is
to monitor the diffusive properties of the local environment; these properties
are detected by individual cells rather than by a group of cells. In this paper,
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we study the effects of the mesoscale surface roughness of the substratum on
QS induction in a biofilm by simulating a 2D single-species biofilm growth
model with a QS equation, using the cell-centered finite volume method on
non-orthogonal grids. Our results show that increased surface roughness decreases the diffusion of autoinducers, resulting in earlier QS induction in a
deeper cavity than a shallower cavity. This early induction is seen despite
the lower biomass in a deeper compared to a shallower cavity that occurs as
a result of lower nutrient availability in a deeper cavity. That is, the size of
bacterial populations is not the only factor responsible for QS induction; the
diffusive properties of signals and the roughness properties of the substratum
surface are also potential factors. Results demonstrate the relevance of the
diffusion sensing argument in bacterial communication.
Keywords: mathematical model, quorum sensing, diffusion sensing, autoinducer, rough surface, computer simulation

4.1

Introduction

Biofilms are dense aggregates of microbes that preferentially grow on the
surface of diverse geometric structures in an aqueous environment whenever
favourable conditions for bacterial growth are available. The formation of
bacterial biofilms, necessarily, starts with the adhesion of a small number of
planktonic bacterial cells to a surface [29]. Bacteria subsequently secrete a
slimy, glue-like extracellular polymeric substance (EPS) that forms a jelly-like

123

layer in which the bacteria themselves are embedded [22]. This EPS is not
merely a gluing layer, but it is also a medium supporting microbial life. In a
biofilm, bacteria are protected by EPS from external hazards such as natural
and mechanical washout, deformation, and harsh chemical environments.
Within this EPS structure, the bacterial population carries out a wide range
of metabolic reactions [36, 40] and increases to form a structured microbial
community.
Biofilms may be either beneficial or harmful to humans. They play various
positive roles in engineering systems, mainly in environmental applications
such as soil remediation and bio-barriers for groundwater protection [152].
They facilitate metal mining and oil extraction and also play an essential
natural role in recycling organic and inorganic matter. On the other hand,
infections in the human body are caused by biofilms that grow on medical
devices such as catheters, prostheses and heart valves. Biofilms also cause
many diseases including cystic fibrosis pneumonia [84, 127], childhood ear
infections, chronic prostatitis and dental cavities [30, 39, 40]. They cause
food spoilage and food-borne diseases and pose hygienic risks in the food
industry [139, 148]. Therefore, prevention and eradication of biofilms from
various solid surfaces are essential for food safety, hygiene, and public health.
Bacteria can self-monitor their population density by releasing, sensing,
and responding to signalling molecules through a cell-to-cell communication
process known as quorum sensing (QS) that synchronizes gene expression between bacteria and coordinates group behaviour. These signalling molecules,
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such as N-acyl-homoserine lactone (AHL) in Gram-negative bacteria, are
called autoinducers. Initially, in a biofilm, bacterial cells produce and release
low amounts of autoinducers. Once a sufficient number of cells, known as a
’quorum,’ is present in the system, the concentration of autoinducers reaches
a critical threshold concentration [15, 57, 135]. At this concentration, bacteria are rapidly induced for gene expression [16, 24, 135, 155].
In addition to the population size, recent research demonestrates that
many other factors are also involved in QS induction, such as nutrient availability, pH condition, hydrodynamics, the diffusion ability of autoinducers,
the spatial diffusion length for signals, and the spatial distribution of bacteria
in the system. For instance, a hydrodynamic flow may dilute the signalling
molecules, leading to a delay or even failure of QS induction [78]. Recently,
the diffusion properties of autoinducers along a surface, especially along a
rough surface, has been stated as crucial for QS induction in the biofilm.
Redfield [118] has investigated the roles of diffusion of signals in QS induction and suggested that autoinducers are secreted not only for the purpose
of signalling other cells but also to measure the diffusible area and determine
how fast an individual signal molecule moves through this area from cells to
surroundings. This process, which does not involve cooperation, is called diffusion sensing (DS) [118, 140]. Both concepts, DS and QS, were later unified
as efficiency sensing (ES) when it was proposed that QS induction of cells
is determined by both cell density and mass transfer limitations, as well as
spatial cell distribution [67].
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QS is responsible for mediating several activities including the production of by-products, biofilm formation for many species through gene expression [102], swarming motility, and virulence [10, 11]. In fact, biofilm development and its maintenance require a wide range of genetic determinants. QS
may induce cells in the biofilm for the transition from a QS-uninduced state
to a QS-induced state, leading to biofilm development. QS also may control
the population size in a biofilm; this further affects the process of biofilm
development.
Through QS activation, microbial infectious diseases may be developed
in the human body. For example, chronic wounds, otitis media, and periodontitis are caused and intensified by QS activation in microbes. Biofilms
often cause a lung infection in patients with cystic fibrosis [84, 127]. QS
regulates the formation of antibiotic tolerant biofilms and the synthesis and
secretion of toxic factors that play essential roles in infections [26]. Moreover,
many QS-controlled activities are involved in the virulence and pathogenic
potential of bacteria [122].
Biofilms are not always homogeneous, but they often exhibit complex
spatial structures. These spatial variations are observed on a wide range of
length scales, from the individual bacteria scale (1-5 microns, micro-scale) to
the biofilm scale (10 µm-1mm, mesoscale) [145]. Biofilms can be heterogeneous with different colony shapes including mushroom, pillar, finger-shape
and with patchy formations [37, 145]. The patchy biofilm colonies may merge
with each other to form elongated colonies [145]. The spatial morphological
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features of a growing biofilm depend on biological factors, such as maximum
cell density, specific growth rate, and on environmental conditions, such as
local nutrient availability [42] and surface properties.
In hydrostatic environments, under nutrient-rich conditions, individual
biofilm colonies proliferate, merge with each other, and form a homogeneous
compact layer; while under nutrient-limited conditions, the biofilms tend to
grow into heterogeneous shapes and into patchy elongated structures [143]. In
dynamic flow environments, biofilm growth and morphologies are influenced
by fluid flow because the nutrients are driven by the fluid velocity through
the biofilm-liquid interface into the biofilm for bacterial consumption [143].
In these environments, sufficient flow velocity may drive adequate nutrient
transport, but low flow velocity does not drive enough nutrient for bacterial
consumption.
Other environmental factors include surface properties, such as surface
energy (the positive substratum surface charge), chemistry, pH condition, hydrophobicity [12, 50, 130], and surface roughness, which influence the biofilm
formation. In general, the surface topographical features (in µm scale) can
interfere with the bacterial cell attachment on the substratum in both hydrostatic and dynamic flow environments [31, 64, 65, 147]. If topographical
features are smaller than a bacterial cell size in the nanometer range (1-100
nanometers), biofilm attachment is adversely affected [7, 52, 61, 62, 161].
In contrast, if the size of the surface topographical features (in mesoscale,
10µm − 1mm), such as cracks, grooves, crevices, cavities, and holes are much
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greater than that of a single cell, bacterial cell attachment and biofilm formation can be enhanced. In the valley regions of rough surfaces, where
flow becomes stagnant, the deposition of bacterial cells is also higher [100].
Oral biofilms form on dental implant joint surfaces in micro gaps between
abutment and implant connections, and acidic metabolites also accumulate,
causing the decay of the dental material [105, 127]. In dynamic flow environments, biofilms that grow on grooved surfaces are protected from high shear
stress. Subsequently, the detachment of biofilms from grooved regions becomes difficult, and so, they cannot be eradicated entirely [5]. The tolerance
of bacteria to antibiotic agents applied to biofilms that grow in crevices often
increases; biofilms on the top of crevices can efficiently be treated, whereas at
the base level of crevices, biofilms can survive antibiotic treatment [81]. Complex topographical features may also influence QS-mediated communication
in biofilms.
To understand biofilm activity under different environmental and biological conditions, several mathematical models have been developed, ranging
from one-dimensional to multidimensional models. Early one-dimensional
biofilm models were formulated to describe QS phenomena as free boundary
value problems of semi-linear diffusion-reaction systems [151]. Furthermore,
several one-dimensional models of QS mechanism in a growing biofilm, in
which biofilm thickness varies over time, have been proposed to describe the
main kinetic parameters for QS induction [24, 25, 154], the hydrodynamic
effects on QS [72, 115, 146], and the diffusive properties of autoinducers [115].
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As one-dimensional models describe biofilm growth regarding thickness
or height over time, they might have shortcomings to explain the spatial expansion and heterogeneity of biofilms. Biofilms might grow as horizontally
expanded and vertically thickened mechanical objects on a surface. Especially on a rough surface, multiple heterogeneous microcolonies or clusters of
cells may form. To account for the spatial expansion of biofilms in complex
geometries, we need a 2D biofilm model, by which we can analyze the growth
activity of multiple biofilm colonies and their spatial variations. Also, the
dissolved substrate needs to be modelled to account for its spatial distribution and depletion on the rough surface. Furthermore, the accumulation
of autoinducers in a narrow cavity and their spatial movement by diffusion
must also be taken into account for how they can contribute to the QS induction in bacteria in neighbouring colonies. To study the spatial evolution
of autoinducers, a two-dimensional (2D) QS model will be ideal.
Several 2D mathematical models have been introduced to describe biofilm
activities in different situations; these models include stochastic individualbased models, stochastic cellular automata models, and a variety of deterministic models [6, 42, 82, 106, 111, 112]. The underlying mathematical principles
of these models are entirely different, and their mathematical and computational challenges also may differ significantly from model to model. However,
all of these models show the same qualitative behaviour in predicting similar
biofilm growth and morphologies in response to substrate limitations [152].
Some biofilm models of these variants include the diffusion-reaction based
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biofilm growth equation coupled with the equation for growth controlling
substrates, such as nutrients and oxygen. These are called hybrid models,
which often pose difficulty for obtaining the analytical solutions. The solutions of those models can be obtained by computer simulation. For example,
the cellular automata models, as well as other models, have been simulated
using a uniform Cartesian grid and their solutions can describe spatial biofilm
structures. But, to the best of our knowledge, they are not yet examined for
simulating on non-orthogonal grids to study biofilm activities. Additionally, to solve a biofilm model on the body-fitted curvilinear grids, we need a
continuum 2D model.
Because of the limitations of existing models, we use a prototype 2D
biofilm growth model that was introduced in [42]. This growth model is
based on the nonlinear density-dependent diffusion-reaction equation for a
single species biofilm with one limiting nutrient. This 2D, prototype model
was later extended to take into account more biofilm aspects, such as QS
mechanism, response to antibiotics, cell dispersal, EPS production, and multispecies systems. In this model, the biomass equation has two non-linear
effects stemming from the non-linear diffusion coefficient: (i) porous medium
degeneracy and (ii) supper diffusion singularity. The interplay between these
two degeneracy effects guarantees that the solution of the biomass equation
is bounded by the prior known maximum biomass density [47]; that spatial spreading occurs when locally no space is available to accommodate new
biomass; and that the initial data with compact support provide solutions
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with compact support [42].
In early research, most mathematical models of QS were formulated to
study the QS phenomena in suspended bacterial culture, and in biofilms.
Subsequently, the models of QS in a well-mixed bacterial population were
proposed to describe biomass growth and autoinducer production by a batch
culture experiment [24, 37, 95, 154]. These models predicted a rapid switching from a bacterial down-regulation state to an up-regulation. Chopp et
al. [25] showed that the induction of QS is related to a critical biofilm depth;
once the biofilm grows to the critical thickness, QS induction occurs in the
bacterial population in a biofilm. More recently, in some models, hydrodynamics have been taken into account to study their effect on QS induction
in biofilms [16, 24, 25]. Frederick et al. [56] investigated the role of convective and diffusive transport of autoinducers in inter-colony communication
within biofilm communities and found that down-regulated bacteria produce
autoinducers and that this production increases because of the change from
low to high QS activity within biofilms. The effect of the mass and momentum transport in the microfluidic channel on QS and biofilm development
was studied both experimentally and computationally [72, 77] and showed
that fluid flow represses QS activation as it moves autoinducers away from
the source of production. In the cavity, the autoinducers remain at rest and
diffusion dominated and QS induction occurs despite flow [73, 77] because
low convective velocity could not move autoinducers out of the cavity. Outside of the cavity, autoinducers are washed away by the fluid flow, and thus,
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QS induction may be delayed. Fluid flow can also accelerate QS induction
in the downstream because signals are moved out from upstream to downstream [78, 77].
Most QS models have been studied (under flow/without flow condition)
by computer simulation using orthogonal grids. However, in hydrostatic
environments, it is unknown how surface topographical features influence
QS induction in the biofilm. Therefore, we aim to explore the following
research questions:
1. How do mesoscale surface irregularities of the substratum affect the
induction of quorum sensing in a hydrostatic environment?
2. How does a longer distance affect signalling communication between
two colonies to modulate the gene expression in a hydrostatic environment?
We will address these research questions by simulating the prototype, 2D
QS model on non-orthogonal grids using the numerical formulation developed
in [2].

4.2
4.2.1

Mathematical model
Basic model assumptions

We aim to study QS mechanism in biofilms that grow on rough surfaces.
We assume that biofilm colonies consist of sessile bacterial cells. The biofilm
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growing region is surrounded by the bulk liquid phase containing no biomass.
The availability of a rate-limiting substrate for microbial metabolism regulates biomass growth. This substrate is assumed to be dissolved in the
aqueous phase and to be transported through the biofilm-liquid interface
into the biofilm for bacterial consumption by Fickian diffusion. The biomass
production is proportional to the rate of conversion of a substrate.
Through the QS mechanism, bacteria produce autoinducers and are assumed to switch from a down- to an up-regulated state when the concentration of autoinducers becomes large enough in the biofilm region. We suppose
that the local biomass fraction initiates the signal molecule production and
that the diffusion of these molecules is affected by surface irregularities. We
assume that autoinducers diffuse immediately by Fickian diffusion first in
the biofilm region and then into the surrounding aqueous phase. Autoinducers diffuse at a lower rate in the biofilm region compared to the aqueous
phase [132]. The production rate of autoinducers is higher by one order of
magnitude for the up-regulated state than for the down-regulated state [48].

4.2.2

Mathematical model

Based on the assumptions above, a mathematical model for QS in a growing
biofilm community in a narrow cavity is constructed according to the model
studied by Emerenini et al. [48]. This model combines the density-dependent,
degenerate diffusion reaction-based biofilm growth model with an equation
that describes the autoinducer production. The dependent variables of the
133

model equations are the bacterial biomass volume fraction u, the concentration of autoinducers z, and the dissolved substrate concentration c. The
mathematical model of QS reads:
µu cu
− kd u
κ+c
cu
ct = ∇(Dc (u)∇c) − κ1
κ+c
zn
)u,
zt = ∇(Dz (u)∇z) + (α1 + α2 n
τ + zn

ut = ∇(Du (u)∇u) +

in which κ1 =

µu u∞
Υ

(4.1a)
(4.1b)
(4.1c)

is the substrate consumption rate. The other model

parameters are as follows: µu is the maximum specific growth rate of the
bacterial biomass; κ is the Monod half saturation constant; kd is the death
rate of bacteria; u∞ is the maximum cell density; Υ is the yield coefficient; α1
is the constitutive autoinducer production rate; α2 is the induced autoinducer
production rate; τ is the QS induction threshold; and the coefficient n(n > 1)
describes the degree of polymerization in the synthesis of autoinducers.
The density-dependent diffusion coefficient Du (u) for biomass is defined
as


u
Du (u) = δ
1−u

4

, δ > 0,

(4.2)

in which the biomass motility coefficient δ is a positive value, which is much
smaller than the diffusion coefficient of a dissolved substrate in liquid. Because of the non-linear diffusion coefficient D(u), the biomass equation shows
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two non-linear effects: (i) a power law degeneracy as in the porous medium
equation, i.e., D(u) vanishes as u ≈ 0; and (ii) a super diffusion singularity
as u approaches 1. The porous medium degeneracy u4 guarantees that the
biofilm does not spread noticeably if the biomass volume fraction is small,
i.e., u ≪ 1, and it is also responsible for the formation of a steep interface
between biofilm and surrounding liquid, i.e., initial data with compact support lead to solutions with compact support. The super diffusion singularity
enforces the solution to be bounded by 1 [43]. That is, the interplay of both
effects ensures that the solution of the biomass equation is bounded by the
maximum cell density and spatial expansion of the biofilm occurs only if no
space is available locally to produce new biomass.
The diffusion coefficients for c and z are defined as follows:



Dc (u) = Dc (0) + u(Dc (1) − Dc (0))

(4.3)



Dz (u) = Dz (0) + u(Dz (1) − Dz (0)),

where Dc (0) and Dz (0) are, respectively, the diffusion coefficients of substrate
and autoinducer concentrations in water, and Dc (1) and Dz (1) are, respectively, the diffusion coefficients of substrate and autoinducer concentrations
in a fully growing biofilm.
The governing equations are defined in a 2D spatial domain Ω ⊂ R2 (e.g.,
Fig. 4.1) that consists of a liquid phase without biomass, Ω1 (t) = {(x, y) ∈
Ω ⊂ R2 : u(t, x, y) = 0} and a solid biofilm phase, Ω2 (t) = {(x, y) ∈ Ω ⊂
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R2 : u(t, x, y) > 0}. The interface Γ(t) between the two regions is defined as
∂Ω1 (t) ∩ ∂ Ω̄2 (t); the interface changes as the biofilm grows. The region Ω2
comprises several disjoint sub-regions; each region describes a colony. The
colonies of different disjoint sub-regions merge with each other as they grow
and expand, and eventually form a single biofilm shape.
To fulfill the model, the specific boundary conditions are imposed on the
boundaries of a domain Ω ⊂ R2 (e.g., Fig. 4.1). For the dependent variable
u, we impose a no-flux condition for every boundary, i.e., ∂n u = 0 on ∂Ω,
where n is the direction of outward normal. At the inflow boundary (top
boundary), we specify the bulk concentrations for c and z: c = 1 and z = 0;
for other boundaries, we set the homogeneous Neumann boundary condition
for c and z i.e., ∂n c = ∂n z = 0.
As we use different simulation domains for the different simulation experiments, the initial inoculation of bacterial cells is made consistent. Inconsistent inoculation might create ambiguity in the comparison of results from
different simulations. Therefore, initially, the total biomass in a small pocket
is equalized for all simulation domains, by adjusting initial biomass cell density accordingly. For each simulation, the total initial biomass is defined as
follows
M0 =

Z

ρdxdy = ζ,

Ω2 (0)

where M0 is the total initial biomass in Ω2 (0), ρ is the initial cell density,
and ζ is a predefined constant value, which is same for all cases. We assume
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that at t = 0, the bulk oncentrations of dissolved substrate and autoinducers
are distributed everywhere in the domain i.e., c(0, x, y) = 1, z(0, x, y) =
0 for (x, y) ∈ Ω.
We have rescaled the model equations by defining new nondimensionalized variables. Assuming L is the characteristic length scale of
the domain, which actually represents the domain height, and

1
µu

is the char-

acteristic time scale, the new non-dimensionalized space and time variables
take the form x̄ = Lx , t̄ = µu t, ȳ = Ly . The new dimensionless substrate and
autoinducer concentration variables are, respectively, c̄ =

c
Cbulk

and z̄ = τz ,

where Cbulk is the bulk concentration of substrate supplied through the inflow
boundary, and τ is the threshold concentration of autoinducers at which QS
induction occurs. With these new variables, the governing equations take
the following forms:
¯ D̄u (u)∇u)
¯ + c̄u − k̄d u
ut = ∇(
κ̄ + c̄
¯ D̄c̄(u) ∇c̄)
¯ − K̄1 c̄u
c̄t = ∇(
κ̄ + c̄
z̄ n
¯
¯
z̄t = ∇(D̄z̄ ∇z̄) + (α¯1 + α¯2
)u,
1 + z̄ n
where the reaction parameters are

K̄1 =

kd
α1 u ∞
α2 u ∞
κ
u∞
, µ̄ = 1, k̄d =
, α¯1 =
, α¯2 =
, κ̄ =
Cbulk γ
Cbulk
µu
τ µu
τ µu
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(4.4a)
(4.4b)
(4.4c)

and the diffusion coefficients are:

D̄u (u) =

4.2.3

Du
Dc
Dz
, D̄c = 2 , D̄z = 2
2
L µu
L µu
L µu

Numerical method

Coordinate System : Complex geometries are often modelled using a bodyfitted coordinate system known as curvilinear coordinates. In two dimensions, the coordinate system is originated by assuming that a computational
domain (ξ, η) can be obtained by a transformation of the physical domain
(x, y) using the general transformation formuals given below:

ξ = ξ(x, y), η = η(x, y)

The Jacobian determinant of the transformation matrix associated with
this mapping is related to the determinant of the inverse mapping through
the following equation.
∂(ξ, η)
∂(x, y)
=
J=
∂(ξ, η)
∂(x, y)

−1

(4.5)

The coordinate transformation allows the governing equations to be discretized and solved in the computational domain.

This transformation

method is widely used in Computational Fluid Dynamics [119, 126].
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The details on the coordinate system and the transformation of the governing equations for u and c from Cartesian to a generalized curvilinear
coordinate system are given in [2]. A similar process can be used for the
equation for z. The spatial derivatives of any continuously differentiable
variable in the physical domain are transformed into the partial derivatives
in the computational domain using the coordinate transformation formula,
in which the Jacobian determinant forms a bridge between these two coordinate systems. The source terms are converted from the physical domain to
the computational domain in the same manner. In this way, the governing
equations become solvable in the computational domain.
Numerical implementation : The two interacting non-linear diffusion effects of the biomass equation described in section 4.2.2 often lead to two
numerical challenges for simulation: (i) for the porous medium degeneracy,
the biomass gradient blows up at the biofilm-water interface Γ(t) and so,
it introduces interface smearing effects or spurious oscillations, and (ii) the
super-diffusion singularity forces us to use very small time-steps in order to
not overshoot the singularity, even for implicit methods. To deal with these
degeneracy problems, a semi-implicit numerical method has been developed
by Eberl et al. [43] for solving a biofilm growth model in a rectangular domain, which is discretized by a 2D orthogonal uniform Cartesian grid system.
This semi-implicit formulation has been extended by Ali et al. [2] to simulate
the density-dependent degenerate, diffusion-reaction based biofilm model on
non-orthogonal grids. Spatial discretization is performed by the Finite Vol139

ume Method on structured non-orthogonal grids. The developed numerical
formulation [2] can address the numerical challenges stemming from the two
degeneracy effects described above.
The transformed governing equations are approximated on curvilinear
grids by the cell-centered finite volume method. This is a finite differencebased finite volume scheme that performs a non-local in-time discretization
of the non-linear diffusion operator. The numerical method uses a uniform
time step size. The transformed governing equations are discretized in the
computational domain; grids that are generated in the physical domain are
made uniform, enabling them to be used in the computational domain, by
the assumption of ∆ξ = ∆η = 1.
In the transformed governing equations, the flux terms comprise orthogonal and non-orthogonal components; the non-orthogonal part is termed a
cross-derivative in which non-orthogonality arises because of non-orthogonal
grids. Numerically, the orthogonal component of the flux term is handled
by a conventional method, but the non-orthogonal component that contains
∂
) is handled explicitly and treated as a part of the
the mixed derivative ( ∂ξ∂η

source term. The nonlinear diffusion coefficient D(u) in the flux term is measured as being non-local in time representation. That is, at every time step,
D(u) is calculated by the linear averaging interpolation using the biomass
value available at the previous time step.
We encourage the reader to obtain details of discretization of the equations for u and c from [2]. Following the same principle as in [2], the equation
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for z can be discretized on non-orthogonal grids. However, in the reaction
term of this equation, the term αu is not coupled with z. We treat this term
explicitly and consider it as a part of the source term. As a result, only the
induced autoinducer production rate β remains in the reaction term.
After discretization and algebraic manipulation, the governing equations
result in a general discrete algebraic equation valid for all interior control
volumes; the discrete algebraic equation creates a system of linear algebraic
equations. The system matrix is highly sparse and is preconditioned by
Jacobi preconditioner for iterative solvers. In the simulation, the solution
marches in time with a uniform time step. At every time step, a sparse
linear system is solved for the dependent variables u, c and z simultaneously
by using the Bi-CGSTAB algorithm. The method is implemented in Fortran
90.

4.3

Simulation domain and mesh genertaion

For simulation experiments, we use both flat and irregular shaped domains.
An irregular sinusoidal domain is constructed with a sinusoidal curve at the
bottom of a rectangle. Different simulation domains are created by choosing
different wavelengths (λ) and amplitudes (A). A rectangular domain is a
particular case with zero amplitude and is used as a reference. For an irregular domain, a higher amplitude represents a deeper cavity while a lower
amplitude represents a shallower cavity. The schematic diagram of a domain
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is depicted in Fig. 4.1.

Figure 4.1: Schematic diagram of a simulation domain
Near orthogonal grid generation : A numerical approximation of a differential operator requires grid points that are imposed on the simulation
domain.

The irregular simulation domains used in our simulations are

meshed with different grid sizes by the near orthogonal elliptic grid generation method [166]. The near orthogonal grids inside the domain are obtained by solving the modified and improved covariant Laplace (CL) equations proposed originally in [123] for orthogonal grid generation. Improved
CL equations derived by Zhang et al. [166] consist of a system of two coupled
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nonlinear partial differential equations that are given below:




∂
∂x
∂
∂x
f
+
f
= Sx
∂ξ
∂ξ
∂η
∂η




∂
∂y
∂
∂y
f
+
f
= Sy
∂ξ
∂ξ
∂η
∂η
#
"
 
1
xη
Sx = (1 − RO 2 ) fξ xξ +
f η
"
  #
1
Sy = (1 − RO 2 ) fξ yξ +
yη ,
f η

(4.6a)
(4.6b)
(4.6c)
(4.6d)

where Sx and Sy are called the smoothness control functions in x and y
directions. RO is the effective Jacobian determinant ratio defined as the
ratio
RO = J/J ∗ = J/(hξ · hη ),

(4.7)

where Jacobian J is the Jacobian determinant of the transformation matrix
given by

J = xξ yη − yξ xη

(4.8)

and hξ and hη are scale factors along ξ and η directions given by expressions
1
1
hξ = x2ξ + yξ2 2 and hη = x2η + yη2 2 . f in Eqns. 4.6a and 4.6b is the

distortion function given by the ratio f =

hη
.
hξ

f is the measure for smoothness

in the grid. f = 1 corresponds to an absolute smoothness condition.
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Table 4.1: Values assigned to different model parameters taken predominantly from [48]
Parameter
Average height of the system
Amplitude of cavities
Wavelength/length of cavities
Maximum specific growth
Yield coefficient
Monod half saturation constant
1st threshold concentration in f
2nd threshold concentration in f
Decay rate of bacteria
Maximum cell density
QS induction threshold
Constitutive autoinducer production rate
Induced autoinducer production rate
Bulk concentration
Diffusion coefficient of c in water
Diffusion coefficient of z in water
Ratio of substrtae diffusion coefficient
in biofilm and water : Dc (1) : Dc (0)
Ratio of autoinducer diffusion coefficient
in biofilm and water : Dz (1) : Dz (0)
Diffusion coefficient parameter
Diffusion coefficient parameter
Biomass motility coefficient
Asymptote controlling parameter for γ

Symbol
Ly
A
λ
µ
Y
κ
κ2
κ3
rd
u∞
τ
α1
α2
Cbulk
Dc
Dz

Value
Unit
0.0004
m
0.10, 0.15, 0.20, 0.25 −−
0.75, 1.00, 1.25, 1.50 −−
6.0
d−1
0.63
−−
4.0
g m−3
0.05
g m−3
0.1
g m−3
0.4
d−1
10 × 103
g m−3
10
nM
4600.0
−
4600.0
−
60
g m−3
10−4
m2 d−1
7.8 × 10−5
m2 d−1

Source
assumed
assumed
assumed
[48]
[48]
[48]
[48]
[48]
[48]
[48]
[48]
−
−
[48]
[48]
[48]

δc

0.9

−−

assumed

δa
a
b
δ
ǫ

0.9
4
4
10−13
10−12

−−
−−
−−
m2 d−1
−−

assumed
[48]
[48]
[48]
[48]
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4.4

Computational realization

For simulation experiments, we use the 2D setting with different sinusoidal
domains of different system lengths Lx (wave lentgh λ). Sinusoidal domains
have cavities at the bottom as described in section 4.3. The average system height Ly is held constant at 400 µm for all simulations. The dimensionless peak-to-peak amplitude of the sinusoidal surface irregularity A is
also varied for different domains. For each of these two parameters (A, λ),
four values are tested, namely λ ∈ {0.75, 1.0, 1.25, 1.50} (corresponding to
λ ∈ {300µm, 400µm, 500µm, 600µm}) and A ∈ {0, 0.10, 0.15, 0.20, 0.25}
(corresponding to A ∈ {0µm, 40µm, 60µm, 80µm, 100µm}). When A = 0,
it is supposed that a homogeneous, 1-dimensional biofilm grows on a flat
substratum. This is considered as a reference for comparison.
The simulation ends when an imposed stopping criterion is satisfied. In
our case, the simulation stops when the biofilm size reaches a predefined
volume fraction (i.e., occupancy) of a simulation domain; the predefined
volume fraction is determined in such a way that the biofilm size does not
exceed the domain height.
To demonstrate the results of the numerical simulations of our model,
we will present a 2D visualization of the data, and report the lumped output quantity. Using the following definition, we calculate the biofilm size
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representing the fraction of the domain occupied by the biofilm.

Occupancy(x,y,t) : =

Z

dxdy

(4.9)

Ω2 (x,y,t)

The down- and up-regulated biomass values are calculated in the domains
Ω3 (t, x, y) = {(x, y) ∈ Ω2 (x, y, t) : z(x, y, t) < 1} and Ω4 (t, x, y) = {(x, y) ∈
Ω2 (x, y, t) : z(x, y, t) > 1}, respectively.
The total down-regulated and up-regulated biomass values are then given as
follows:

Udown (t) : =

Z

u(x, y, t)dxdy

(4.10)

u(x, y, t)dxdy

(4.11)

Ω3 (x,y,t)

Uup (t) : =

Z

Ω4 (x,y,t)

The total biomass in the system is then M(t) = Udown (t) + Uup (t). The total
concentration of quorum sensing molecules in Ω2 is:

ztotal (t) : =

Z

z(x, y, t)dxdy

(4.12)

Ω2

In order to observe the substratum roughness effects, we measure switching time (T ) for QS activation in the biofilm colony, which is defined as the
time at which the average signal concentration in the biofilm colony exceeds
R
threshold concentration, i.e., when zave (t) : = R 1dxdy Ω2 z(x, y, t)dxdy exΩ2

ceeds the given threshold concentration τ = 1.0. τ is a non-dimensionalized
input parameter value.
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4.5

Results

Effects of mesoscale surface irregularities of the substratum on the
onset of quorum sensing
In simulation experiments, we investigate quorum sensing activity in a growing biofilm by simulating a 2D single-species QS model for two cases: (a)
the effect of mesoscale surface irregularities on the onset of quorum sensing
in the biofilm, and (b) the consequence of surface irregularities on the diffusive transport of autoinducers and how the produced autoinducers in the
inoculated colony contribute to the QS induction in neighbouring colonies
located at a distance. Initially, we implant a small biofilm colony of the
same total biomass at the corner of the left cavity of each simulation domain. Twenty different simulation domains are used for twenty simulations.
Simulations are performed in a nutrient-rich domain, where the substrate of
Cbulk = 60gm−3 is supplied to the domain through the top boundary. We
quantify total biomass and autoinducer concentration, integrated over the
biofilm domain, to study the effect of the mesoscale surface roughness on the
QS induction.
The model has many parameters; some of them are assumed, while others
are adapted from the article by Emerenini et al. [48]. The parameters are
given in Table 4.1.
Quorum sensing activity in an inoculated colony
Fig. 4.2 shows the biofilm growth and the propagation of autoinducer con-
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(a) Max AHL = 0.79, t = 5.00

(b) Max AHL = 1.02, t = 5.60

(c) Max AHL = 1.90, t =7.81

(d) Max AHL = 2.73, t = 10.68

Figure 4.2: The development of biofilm and the propagation of autoinducer concentration
in the inoculated colony in the left cavity and its surroundings in the case of substrate-rich
condition is shown at different time intervals. The biofilm shown by different color codes
and autoinducer concentration shown by isolines (color white to black ranging from 0 to
2.73) are depicted for an irregular geometry of wavelength λ = 0.75 and amplitude A =
0.25. Under all figures, the non-dimensionalized biofilm growth time and the corresponding
maximum autoinducer concentration are mentioned. Fig. (a) shows that the biomass
grows, but the colony is still in the down-regulated state; in Fig. (b) the autoinducer
concentration reaches a threshold value of 1.0 at which the colony starts to be up-regulated;
in Fig. (c) the biofilm colony is up-regulated with increased autoinducer concentration,
and in Fig. (d) the biofilm structure is in a mature form at the end of the simulation and
the highest autoinducer concentration is found in the biofilm region. Here, t represents
the simulation time.
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centration at different time intervals. The biomass in the inoculated colony
begins to grow after the simulation starts, but does not spread immediately.
The spatial spreading of biomass occurs when the total local biomass approaches 1.0. At the time t = 5.0 (Fig. 4.2a), the biomass spreads minimally,
but subsequently the biomass increasingly spreads and forms a mature biofilm
at the end of simulation (Fig. 4.2a)). We also notice that the biomass spreads
not only towards the source of the nutrient in the vertical direction but also
towards the lateral boundaries in the horizontal direction. The expansion of
biofilm colony varies depending on the size of the cavities.
Isolines with the values of autoinducer concentration are distributed between 0 and the maximum autoinducer concentration value (reported in each
subfigure on the colour bar). In the early simulation time (e.g., t = 5.0,
Fig. 4.2a), more autoinducers accumulate in the inoculated colony than in
the aqueous phase, but it gradually increases towards the boundary, though
in the vicinity of this boundary, initially, the autoinducer concentration was
lower (autoinducer concentration values are shown on the isolines) because
boundary condition is set zero there. At this time, the local autoinducer
concentration (z = 0.79) inside the biofilm domain (Ω2 ) still remains under
the threshold concentration of 1.0. The down-regulated biofilm grows over
time and produces increasing numbers of autoinducers, which diffuse into
the liquid region through the biofilm-liquid interface, and are then transported in all directions by diffusion. At t = 5.60 (Fig. 4.2b), the autoinducer
concentration in the biofilm domain reaches the threshold concentration of
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1.0, at which QS induction occurs and down-regulated bacteria become upregulated. Up-regulated cells produce autoinducers at a higher rate than
down-regulated cells, leading to an increased autoinducer concentration in
the biofilm region, as shown in Fig. 4.2c and 4.2d. Up-regulated bacteria
eventually outgrow down-regulated bacteria and the produced autoinducers populate the bulk region of the simulation domain. In later time steps
(Fig. 4.2c and 4.2d), the maximum autoinducer concentration is found in the
left cavity (i.e., in the biofilm domain Ω2 ).
We examine the production and diffusivity of autoinducers for various
substratum surface roughness parameters A and λ. The simulation results
shown in Fig. 4.3 illustrate how the production of autoinducers varies for
the different values of A and λ. For all cases, the autoinducer concentration
increases over time. Before the simulation time t = 2, the growth curves
of autoinducer concentration show a similar autoinducer production in the
biofilm region Ω2 . After time t = 2, the autoinducer concentration in the
biofilm region differs between the cases; the higher the amplitude of the domain (i.e., the deeper the cavity), the higher the autoinducer concentration,
and the lower the amplitude of the domain (i.e., the shallower the cavity), the
lower the autoinducer concentration. For λ = 0.75 (Fig. 4.2a), this growth
trend continues up to time t = 9.0, and after which is observed a trend reversal in autoinducer production, that is, a lower accumulation of autoinducers
in the system for larger A and a higher accumulation of autoinducers for
smaller A. This trend in autoinducer production may appear after a longer
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Figure 4.3: An initial colony is placed at the left corner of the simulation domain. The simulations are performed in the substrate-rich condition, where
bulk concentration of Cbulk = 60gm−3 is supplied through the top boundary.
The average autoinducer concentration measured in the biofilm region Ω2 for
both irregular and flat geometry is depicted over the entire biofilm age for
different A when (a) λ = 0.75, (b) λ = 1.00, (c) λ = 1.25, (d) λ = 1.50.
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time for the other three cases: λ = 1.0, λ = 1.25, and λ = 1.50. At a larger
time value, the production of autoinducer in the deeper cavity may continue
at a lower rate than in a shallower cavity. Over time, the auotoinducer concentration in the cavity varies by the interplay of biomass accumulation and
the diffusion of autoinducers depending on A and λ.
Fig. 4.4 shows that, for all simulation cases, the autoinducer concentration increases with the increase of biomass. A similar low biomass production
occurs up to approximately z = 0.25 for all A and each λ. Subsequently, a
higher autoinducer concentration at a lower total biomass is observed for
a higher value of A, but a lower autoinducer concentration at a higher total biomass is observed for a lower value of A. These phenomena reverse
the changes in total biomass at approximately M(t) = 0.27 for the case of
λ = 0.75; though for other cases, this phenomenon may occur later. From
all zoomed graphs shown in Fig. 4.4a-d and from Table. 4.5(b), we see that
in order to achieve the threshold concentration of 1.0, different amounts of
total biomass are required for different A at each λ; the total biomass decreases with the increase of A and increases with the decrease of A to produce
the threshold autoinducer concentration. For larger A (i.e., for the deeper
cavity), the autoinducer concentration in the cavity is higher, but the total
biomass in this region is lower compared to a smaller A (i.e., shallower cavity): that is, the deeper the cavity, the higher the autoinducer concentration
and the lower the total biomass.
In Fig.4.5, Table 4.2 and 4.3, we see that switching time T (A, λ) decreases
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Figure 4.4: An initial colony is placed at the left corner of the simulation
domain. The simulations are performed in the substrate-rich environment,
where bulk concentration of Cbulk = 60gm−3 is supplied through the top
boundary. The average autoinducer concentration measured in Ω2 for both
irregular and flat geometry are depicted along with zoomed plots as a function
of total biomass fraction for different A when (a) λ = 0.75, (b) λ = 1.00, (c)
λ = 1.25, (d) λ = 1.50.
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Figure 4.5: We put an inoculum in the left cavity. We have measured average
AHL concentration in the biofilm domain and corresponding switching time
for each case. The simulations are performed in the substrate rich environment, where bulk concentration of Cbulk = 60gm−3 is supplied through the
top boundary. We use both flat and irregular geometry in these simulations.
Switching time and the value of total biomass at switching time are depicted
for each λ across the different A values respectively in (a) and (b).
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with the increse of A and increases with the increase of λ; for instance, for
λ = 0.75, the switching time is decreased by 12.86% when A increases from
0.10 to 0.25, and for A = 0.25, the switching time is increased by 8.3%
when λ increases from 0.75 to 1.50. The total biomass also decreses with the
increase of A and increases with the increase of λ; for instance, for λ = 0.75,
the total biomass is decreased by 52.15% when A increases from 0.00 to 0.25
and for A = 0.25, the total biomass is increased by 51.90% when λ increases
from 0.75 to 1.50.
The relative difference in switching time/total biomass is calculated by
the formula R(A, λ) =

(Φ−Φ0 )
,
Φ0

where φ ∈ {M(T (A, λ)), T (A, λ)} and φ0 ∈

{M0 (T0 (A, λ)), T0 (A, λ)} are switching time/biomass at switching time for
A ∈ {0.10, 0.15, 0.20, 0.25} and A = 0.0, respectively. For instance, for
A = 0.25 and A = 0.0, the relative difference in switching time and total
biomass are reported in Table 4.2 & 4.3 respectively.
Table 4.2: Switching time T (A, λ) (measured in the left cavity) for different
A and λ, and the relative difference R(A, λ) between the cases A = 0.25 and
A = 0.0 for each λ

A
0.00
0.10
0.15
0.20
0.25
R(A, λ)(%)

λ = 0.75
0.6615E+01
0.6310E+01
0.6116E+01
0.5940E+01
0.6116E+01
12.86

λ = 1.00
0.6742E+01
0.6463E+01
0.6292E+01
0.6135E+01
0.5982E+01
11.27

155

λ = 1.25
0.6803E+01
0.6555E+01
0.6403E+01
0.6271E+01
0.6133E+01
9.84

λ = 1.50
0.6829E+01
0.6685E+01
0.6479E+01
0.6363E+01
0.6243E+01
8.58

Table 4.3: Total biomass M(T (A, λ)) (measured in the left cavity) and the
relative difference R(A, λ) between the cases A = 0.25 and A = 0.0 for each
λ

A
0.00
0.10
0.15
0.20
0.25
R(A, λ)(%)

11.5

λ = 1.00
0.2388E-01
0.1875E-01
0.1620E-01
0.1413E-01
0.1238E-01
48.15

10
9.5
9
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Figure 4.6: We implant an initial biofilm colony in the left corner of the
simulation domain. The simulations are performed in the substrate rich condition, where the bulk concentration of Cbulk = 60gm−3 is supplied through
the top boundary. Both regular and irregular domains are used in these
simulations. At the right corner point in the right cavity of the domain, we
have calculated the switching time at which local autoinducer concentration
reaches the threshold concentration, (τ = 1.). We have plotted (a) QS induction time vs. λ for each A, and (b) total total biomass at induction time
vs. λ for each A.
156

Quorum sensing induction at a distance: Spatiotemporal pattern
of gene expression controlled by the diffusion of autoinducer signals
Through quorum sensing, communication is established by the diffusible
autoinducers not only between bacteria in one biofilm colony but also between
bacteria in the neighbouring biofilm colonies. In this communication process,
the diffusion mechanisms play a vital role in moving autoinducers within the
surroundings: in our setup, molecules are produced in the inoculated biofilm
colony in the left cavity and are diffused and deposited into the right cavity
located at a distance.
To study the role of the diffusion-dependent movement of autoinducers
through an irregular domain in the spatiotemporal pattern of QS induction
for bacterial gene-expression, we extract data from the previous simulations.
In order to examine how the diffusion of autoinducers might contribute to the
QS induction in bacteria that potentially live in the right cavity, at the corner
of this signal receiver cavity (i.e., right cavity), we measure the switching time
T at which autoinducer concentration reaches the threshold concentration of
1.0 and QS induction occurs. The switching time T shown in Fig. 4.6(a), for
each A, increasingly varies with λ. We see that the QS induction time for
bacteria in the right cavity increases as both λ and A increase. For instance,
for A = 0.10, the switching time is increased by 27% when λ increases from
0.75 to 1.50 as shown in Table 4.4.
The total biomass M(T ) at the corresponding switching time is quantified
to show the dependency of QS induction on M(T ) and the data are shown in
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Fig. 4.6(b). The graphs show that for each A, the total biomass increasingly
varies with λ. With the increase of A and λ, a higher accumulation of biomass
in the system is required for achiving threshold concentration to cause QS
induction in the right cavity. For instance, for A = 0.10, the total biomass is
increased by 49% when λ increases from 0.75 to 1.50 as shown in Table 4.5.
Similar evidence of a higher biomass accumulation at a higher switching time
for the case of larger A and λ and vice-versa are shown by the surface plot
of biomass in Fig. 4.7.
Table 4.4: Switching time T (A, λ) measured at autoinducer concentration of
1.0 in the right cavity and their relative difference R(A, λ) when λ increases
from 0.75 to 1.50
λ
0.75
1.00
1.25
1.50
R(A, λ)

A = 0.0
8.21123791
9.01240444
9.81357098
10.6147375
29%

A = 0.10
8.61182117
9.41298771
10.2141542
11.0113955
27%

A = 0.15
8.81211281
9.61327934
10.2141542
10.8150291
22%

A = 0.20
9.01240444
9.81357098
10.3377218
11.0153208
22%

A = 0.25
9.41298771
10.0138626
10.6147375
11.1595764
18%

Table 4.5: The total biomass M(T ) measured at the switching T (measured
for the right cavity) in the system and their relative difference R(A, λ) when
λ increases from 0.75 to 1.50
λ
0.75
1.00
1.25
1.50
R(A, λ)

A = 0.0
0.8196E-01
0.1576E+00
0.2943E+00
0.5294E+00
54%

A = 0.10
0.1078E+00
0.2072E+00
0.3639E+00
0.6361E+00
49%

A = 0.15
0.1249E+00
0.2376E+00
0.3784E+00
0.5857E+00
36%
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A = 0.20
0.1339E+00
0.2585E+00
0.3896E+00
0.6344E+00
37%

A = 0.25
0.1661E+00
0.3085E+00
0.4561E+00
0.6834E+00
31%

(a) T=8.21,λ = 0.75 A=0.0

(b) T=9.21, λ = 0.75, A=0.25

(c) T = 9.81, λ = 1.00, A=0.25

(d) T = 10.38, λ = 1.25, A=0.25

(e) T =11.015, λ = 1.50, A = 0.25
Figure 4.7: We implant an initial biofilm colony in the left corner of the simulation
domain. The simulations are performed in the substrate rich condition, where bulk concentration of Cbulk = 60gm−3 is supplied through the top boundary. Both regular and
irregular domains are used in these simulations. We measure switching time at which
the autoinducer concentration reaches threshold concentration, (τ = 1) at the corner
point of the right cavity of the domain. At this point, local autoinducer concentration
is printed on the surface plot. The autoinducer concentration and biomass density are
visualized for the regular domain of wavelength λ = 0.75 with the amplitudes of A = 0.0
in Fig. (a), and for the irregular domains of amplitude A = 0.25 with different wavelenths
λ ∈ {0.75, 1.00, 1.25, 1.50} in Fig. (b) - (e). The biomass density is shown by isolines
(colour white to black ranging from 0 to 1), while autoinducer concentration is shown by
different color codes. Here, T denotes the switching time in day.
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4.6

Discussion

In this work, a 2D QS model is studied to address the effect of sinusoidal
surface topographical features on the onset of quorum sensing in the biofilm.
Our simulation results show that bacterial upregulation occurs quickly, a
finding that is supported by earlier stdies [25, 56, 153]. We observe that QS
induction first occurs at the substratum, then soon after everywhere in the
biofilm region. There is only a small difference between the time at which
first autoinducer concentration reaches the threshold at some point in the
biofilm region and the time at which the autoinducer concentration exceeds
the threshold everywhere in the biofilm region.
Our simulation results also suggest that surface topographical features,
which affect mass-transfer via the diffusion process, plays a role in biomass
growth and autoinducer production. Because a biofilm colony in a shallower
cavity is closer to the nutrient source boundary than that in a deeper cavity,
bacteria can consume sufficient nutrient, leading to higher biomass in the
former. In a shallower cavity, the steeper autoinducer gradient leads to higher
fluxes of autoinducers that causes a faster removal of autoinducers from the
cavity to surroundings. Therefore, despite a higher biomass production, a
higher switching time is required for QS induction in a shallower cavity of
A = 0.10. On the other hand, because of longer diffusion length, the removal
of autoinducers from a deeper cavity becomes slower. This action helps to
accumulate more autoinducers in a deeper cavity of A = 0.25, leading to
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earlier QS induction as seen in Fig. 4.5(a). Regardless of the amount of
the total biomass, a deeper cavity is more beneficial for earlier QS induction.
This suggests that upregulation of an individual colony is not a mere function
of colony size; this result is supported by the work done by Hense et al. [67],
which showed that spatial distribution of cells is more important for sensing
than cell density. Other work by Chopp et al. [25] used 1D model to determine
the critical (minimum) thickness required for a homogeneous biofilm layer to
induce for gene-expression. In our study, the diffusive flux of signal molecules
from the colony inside the cavity in the direction of the bulk phase is due
to the boundary condition, which is set to zero at the top boundary. The
diffusive flux of signal molecules changes depending on changes in cavity
depth. This indicates that earlier QS induction depends on increasing the
depth of the cavity.
We investigate how autoinducers, which are produced in an inoculated
colony, contribute to the QS induction in bacteria that potentially live in the
cavity located a distance from the colony. The results in Fig. 4.6(a) and 4.4
suggest that a shallower cavity with a shorter wavelength is beneficial for QS
induction in the distant cavity than a deeper cavity with a longer wavelength.
This is because autoinducers diffuse faster and appear to spread and stratify
more quickly throughout the domain than a deeper cavity with a longer
wavelength. This suggests that diffusion is a dominant factor in the process.
This result is supported by the result in the work done by Gabriel et al. [35],
where they show that a chemical signal transported only by diffusion can
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be remarkably effective in synchronizing gene expression over macroscopic
distances. Furthermore, these results are also supported by the results in
the work done by Hense et al. [67], where they showed that autoinducers
movement from the center of the domain to the lateral sides is a matter of
diffusion, which depends on distance.
Although our results support the traditional interpretation of quorum
sensing, we can reconcile this with the findings discussed above by the observation that the diffusive signal fluxes vary depending on the size of diffusion
length, leading to the faster or slower removal of signals from the biofilm region. Again this confirms the important role of signal diffusion and supports
the arguments of Redfield [118].

4.7

Conclusions

The quorum sensing proposes that cells use autoinducer sensing to measure
their density; on the other hand, DS suggests that they measure the masstransfer properties of their environment. By simulating a 2D single species
biofilm growth model and a quorum sensing equation on non-orthogonal
grids, we study the effect of two geometric parameters, amplitude and wavelength on the diffusion of autoinducers as well as on the QS induction in the
nutrient-rich condition. We examine this effect by calculating the switching
time and the total biomass at switching time. Depending on the substrate
availability, biomass growth continues in the cavity; in a deeper cavity, sub-
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strate availability may diminish over time, which results in lower biomass
production. We found that despite a lower biomass production, a deeper cavity provides the highest benefit for earlier QS induction in bacterial cells. In
contrast, a shallower cavity accelerates the QS induction in a colony located
at a distance because autoinducers diffuse quickly from the cavity across the
domain. Thus, the environmental conditions such as substratum roughness
have a stronger impact on the accumulation of autoinducers and their diffusion across the domain. Although QS argues that a given cell experiences
the cell density or a quorum of microorganisms, we found that the quorum of
the bacterial populations is a factor, but not the only factor that bacteria use
to sense the presence of other bacteria, monitor their cell density and activate QS in the biofilm colony accordingly. In contrast, substratum roughness
properties may play a vital role in the accumulation and diffusion of autoinducers, by which cells are stimulated and modulate the gene expression in
an inoculated colony. Autoinducer production in an inoculated colony also
contributes to the QS induction in the distant cavity. We, therefore, conclude that the diffusion properties of autoinducers, depending on the surface
roughness of a geometry, have a significant impact on QS induction.
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Chapter 5
Conclusion and Future Work
5.1

Summary of the thesis work

The overarching objective of this work is to understand via simulations how
the roughness of the substratum affects the growth of the biofilm growing
on them. In pursuit of this objective, we decided to model the growth and
spreading of the biofilm using the non-linear degenerate diffusion reaction
based biofilm growth model [43], a model which has been used extensively in
many studies in our research group over the years. A quick review of all the
previous work done with this model indicated that the numerical formulation
used to solve the growth equations worked only on rectangular spatial domains with a uniformly spaced orthogonal Cartesian grids overlaying it. This
formulation is unsuitable for our purpose as it would need to work on general
non-orthogonal grids which are essential to accommodate domains with com-
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plicated boundaries as in our case. To overcome this constraint, we decided
to extend the existing semi-implicit formulation developed in [43] on regular
Cartesian grids to work on general non-orthogonal grids. We transformed
the governing equations into general non-orthogonal coordinate system and
while discretizing them using Finite Volume Method decomposed the flux
terms evaluated on the different control volume faces into an orthogonal and
non-orthogonal component and treated the non-orthogonal fluxes explicitly.
The details of this modification and the details of the extensive validation
studies we conducted using it are documented in Chapter 2, while in Appendix A we have given details of the methods used to generate the grids
in the different domains used in our validation studies. In the second half
of the thesis, in Chapter 3 we applied the developed formulation to study
how biofilm activity is affected by substratum roughness characterized by a
sinusoidal profile, while in Chapter 4 we investigated how the up-regulation
of growing biofilm due to quorum sensing is affected by the roughness of the
substratum.

5.2

Conclusions from the thesis work

The conclusions from completed work can be grouped under two categories,
one relating to the formulation developed for non-orthogonal grids and second
related to the applications we studied using the developed formulation. Both
of them are presented in the next two subsections below.
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5.2.1

Conclusions related to Non-orthogonal formulation

Simple face flux split technique works The results of the validation
studies done in Chapter 2 of our non-orthogonal formulation of the
semi-implicit method originally developed in [43] show that the simple
splitting of the face biomass flux into orthogonal and non-orthogonal
components with the non-orthogonal part treated explicitly works successfully on moderately non-orthogonal grids. The formulation (a) conserves biomass, (b) does not affect the time stepping procedure implemented in the original formulation, and (c) does predict the correct
spreading of the growing biomass. This flux splitting technique is simple to implement and its implementation does not overtly slow the
calculation when compared to the original Cartesian grid formulation
on grids of same size.
Grid constraints for the formulation to work Extensive testing of the
non-orthogonal formulation on different non-orthogonal grids generated
in the same domain discussed in Chapter 2 indicates that on grids with
uniform deviation from orthogonality the formulation works successfully predicting correct spatial spreading of the biomass provided the
deviation is less than 20 degrees. On grids with spatially varying deviation from orthogonality, we identified the Maximum Deviation from
Orthogonality (MDO) as the measure which needs to be less than 20
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degrees to ensure successful simulation of the biofilm growth model.
The examination of the test results indicated that when deviation from
orthogonality in the grid was greater than 20 degrees, the mass conversation was not affected as much as the spatial spreading of the biomass.
Comparing the performance of the formulation for Porous Medium
Equation with that for our doubly degenerate biofilm growth model
indicates that it is the super diffusion singularity present in the biofilm
growth model which imposes a tighter grid constraint. In addition, we
noticed that smoothness of the grid measured by grid refinement does
not affect the spatial spreading per se like deviation from orthogonality
does but it affects the local accuracy of the computed biomass solution.
Extension to general domains On general domains with complicated
substratum topographies, generation of a near orthogonal grid with
MDO < 200 is not a trivial task. In our case, we used the near elliptic
grid generation technique developed in Zhang et al. for the sinusoidal
domain as well as the domain with multiple pockets on the bottom wall
of an otherwise rectangular channel. In complicated domains, we are
not certain of the effectiveness of this grid generation technique to generate grids satisfying our constraints. In the case of general domains,
one would try to decompose the domain into multiple simple blocks and
generate a near orthogonal grid inside each of these blocks. The extension of the current formulation although conceptually straight forward
would involve developing new data structures to handle the multi-block
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connectivity, and care to ensure the necessary smoothness and continuity at the inter-block boundaries.
Suitability for model extensions This being a first study establishing
the formulation, we have limited our self to simplest setup possible
consisting of a single species biofilm with a single limiting nutrient.
However in most applications like modeling antibiotics treatment of
biofilms and those modeling growth of a multi-species biofilm requiring multiple nutrients such a simple setup does not exist. In view of
the simple treatment proposed in our model extension, we do not foresee any modifications being needed to extend and port the developed
formulation to handle those situations involving multiple biomass fractions and multiple substrates/nutrients.

5.2.2

Conclusions related to biofilm applications

In this thesis, we have used the developed non-orthogonal formulation to answer questions related to two simple applications. In the first application, we
have focussed on how substratum roughness affects diffusion of the nutrient
and subsequently the growth of the biomass consuming this nutrient, while
in the second we have looked at how the substratum roughness affects the
production and diffusion of the AHL molecule used in quorum sensing in a
growing biofilm.
Biofilm activity and substratum roughness The results from the first
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study of how the diffusion dominated biofilm growth is affected by
substratum roughness is straight forward to explain. They indicate that
as the height of the substratum roughness is increased it affects growth
and biofilm activity measured by nutrient flux (per unit length) entering
the domain. In addition, the structure of the biomass developing on
the substratum also is affected. Although, we have not pursued it
in this study, it would be interesting to see how the biofilm roughness
correlates with the roughness of the substratum under different nutrient
loading conditions.
Biofilm Quorum sensing and Substrate roughness In

the

quorum

sensing setup investigated in this study, the effect of surface roughness
on the time it takes for the biomass to up regulate is not easy to
predict per se. The substratum surface roughness affects the growth
of the biofilm with biomass growing near the peaks of the surface
roughness having more access to nutrients diffusing from above than
the biomass growing in the troughs, with this effect accentuated
more under nutrient limited conditions. The biomass growing in the
troughs due to the slow biomass growth based on that fact alone
would be expected to take longer time to up regulate. In parallel with
production, the AHL molecules also diffuse at a slower rate due to
the substratum roughness which in itself would suggest that growing
biomass would up regulate faster. This balance between production
rate and the diffusion of AHL molecules decides the time it takes
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for the biomass to up regulate. The results from our study reported
in Chapter 4 indicate that the biofilm growing in deeper cavities
(correspond to larger amplitude of the sinusoid characterizing the
substratum roughness profile) when compared to those in shallower
cavities up regulate faster due to reduced diffusion of the produced
AHL molecules despite lower biomass production in deeper cavities.

5.3

Future work

The formulation developed in this PhD thesis work to simulate biofilm growth
on complex substratum topographies offers exciting possibilities which can
be explored in a future work. The future work proposed can be grouped
into two categories, those which are immediate extensions arising from the
work already done in this thesis and those which can use the developed
formulation to address other interesting scenarios. Future work falling into
both these categories and details of why they are important and how they
can be achieved and the challenges we expect along the way are listed below:
Domains with Multi block non-orthogonal grid Immediate task arising out of our first objective is to extend the formulation to accommodate a multi-block grid. This is important to realize the full potential of
the formulation developed in this work, as single block non-orthogonal
grids meeting our stringent constraint of M < 20 degrees are difficult
to generate for even reasonably complex domains. The model formula170

tion per se would require little modification but the grid generation and
the data structures needed for book keeping need to developed. One
important application I look forward to studying with this multi-block
setup is the simulation of a single or multi species biofilm growth inside
a 2D porous media made up of uniform sized grains or solid inclusions.
Multi species, Multi-nutrient We introduced the new formulation in this
thesis for a single species biofilm model with single nutrient. However, numerous interesting scenarios exist where we have multi-species
biofilms made up of different bacteria’s competing for multiple nutrients
each with its own reaction kinetics. Extending the formulation to this
setup does not pose any major modifications for the basic formulation
but would need us to modularize the program code so that different sections can be reused effectively while handling similar equations related
the different biomass species and nutrients.
Addition of Convection and its effects In most applications, biofilms
grow in the presence of an advective flow with the advection transporting cells and nutrients to the surface as well as affecting biofilm
detachment by erosion or sloughing. The presence of convective flow
in the presence of substratum roughness introduces new effects namely
possibility of flow separation leading to the formation of recirculating
vortices in the trough areas of the surface roughness element when
the flow is moderately fast. These recirculation zones offer mechani-
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cal protection to the biofilm growing within them as they are exposed
to low shear stress and could offer niche area for the biofilms to grow
protected from the mechanical and chemical environment existing outside the trough. The addition of convective effects to the current nonorthogonal formulation would require one to write a flow solver working
on the same non-orthogonal grid to provide the values of the flow velocities needed to solve the advection-diffusion equation for the nutrients
in the flow domain. Although numerous fluid flow solvers have been
developed in the literature [34, 125, 149] over the years to accommodate highly non-orthogonal grids, in our case, we need it to handle a
changing fluid domain and be efficient enough to not cause a significant
slowdown since it needs to be called repeatedly. Development of such a
flow solver would need to be done with careful consideration for these
two aforementioned challenges. An immediate application which I envision for the model with advection is revisiting both the applications
investigated in this study.
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Appendix A
Grid Generation in a Complex
Geometry
A.1

Introduction

Grids are small geometrical shapes generated by the discretization of a domain into simple shapes, such as triangles or quadrilaterals in two dimensions
and tetrahedrons or hexahedrons in three dimensions. Numerical grid generation is the first process involved in computing numerical solutions to the
governing equations that describe any physical process. The solutions greatly
depend upon the quality of the grid. A good quality grid might minimize
the computational error. In contrast, a poorly constructed grid may cause
erroneous results and affect the accuracy of the solutions of the equations.
An orthogonal mesh provides the most accurate numerical solutions. When
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grids are generated, preserving the grid aspect ratio near a value of 1.0 for
any cell is necessary for good conditioning of the discrete operators, and for
reducing errors in the approximation of derivatives.
In our study, we generate a structured curvilinear grid, which is also
known as a body-fitted grid, by implementing the method developed by
Zhang et al. [166]. Two steps involved in this grid generation process are
given below:
1. Initial input grids for the elliptic grid generation method are generated
on a complex domain by the transfinite interpolation (TFI) method.
2. Nearly orthogonal grids are generated by solving the elliptic partial
differential equations.

A.2

TFI method

The transfinite interpolation (TFI) method is a standard algebraic grid generation method [80]. In two dimensions, the TFI method is defined as a
mapping of a domain (unit square) Ωξ = {0 ≤ ξ ≤ 1, 0 ≤ η ≤ 1} in computational space (ξ, η) onto a domain Ωx in physical space (x, y). The domain
Ωx is an irregular shaped region with four distinct boundaries. If the following parametric equations describe respectively the bottom and top, and the
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left and right boundaries of the physical domain Ωx

xb (ξ), xt (ξ), 0 ≤ ξ ≤ 1

(A.1a)

xl (η), xr (η), 0 ≤ η ≤ 1,

(A.1b)

then the corresponding four boundaries of the unit square in the computational domain Ωξ can be mappped onto the boundaries of the physical domain
Ωx .
η

y

x = x(ξ, η), y = y(ξ, η)

x

ξ

Figure A.1: Schematic diagram of mapping beween physical and computational domain
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The explicit TFI formulas are given as follows [80]:

x(ξ, η) = (1 − ξ)x(0, η) + ξx(1, η) + (1 − η)x(ξ, 0) + ηx(ξ, 1) − (1 − ξ)
(1 − η)x(0, 0) − ξ(1 − η)x(1, 0) − (1 − ξ)ηx(0, 1) − ξηx(1, 1)
(A.2a)
y(ξ, η) = (1 − ξ)y(0, η) + ξy(1, η) + (1 − η)y(ξ, 0) + ηy(ξ, 1) − (1 − ξ)
(1 − η)y(0, 0) − ξ(1 − η)y(1, 0) − (1 − ξ)ηy(0, 1) − ξηy(1, 1)
(A.2b)
Generating grids on a domain requires to fix the boundary functions for
creating boundary points on the boundaries of the domain, and then the explicit TFI formulas create algebraic grids inside the domain by interpolating
boundary points. These grids are used as initial input grids while the elliptic
grid generation method is applied to generate grids on the domain by solving
the Poisson equations.

A.3

Slanting grid on rectangular geometry

Slanting grids are generated on a rectangular domain to test the performance
of the method developed in Chapter 2. The way of generating these grids
is straightforward, and a brief explanation is given in this section. The
schematic diagram of a sample rectangular domain is given in Fig. A.2. In
the geometric domain, vertical grid lines are slanted according to the specified
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Figure A.2: Schematic diagram of a rectangular domain for slanting grid
grid angle. Slanting grids are generated on a domain for different slanting
angles. The domain layout is divided into three zones, 1, 2 and 3 shown in
Fig A.2, in which zone 2 is slanted with a given angle and the other zones
1 and 3 are also slanted according to how any grid angle of zone 2 changes.
We restrict the middle zone to preserve the grid angle exactly as we specify,
whereas the grid angle of the other two zones may not be the same as the
middle zone.
We suppose that the width amd height of the middle zone are, respectively, W = 1 and H = 1. First, we find an appropriate length of the side
ie by choosing a maximum angle, θmax , in such way that id < ie using the
formula ie = H × tan(θmax ). Similary, we calculate id = H × tan(θ), where θ
is chosen according to the specified grid angle. We also calculate the length
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Figure A.3: Grids on a rectangular domain with a slangting angle of 300 .
of the sides W BL = H × tan(θmax ) = ie and W BR =

1
W BL.
2

The re-

maining sides are ab = cd = W = 1, ch = W DL + W BR, f e = gh = H =
1, and f a = ch = ie. The boundary points on the external boundaries of the
three zones are created by using the boundary functions which are similar to
the functions given by Eq. A.1. The TFI formula given by Eq. A.2 generates
grids on the whole domain by interpolating these boundary points. A sample
grid is depicted in Fig. A.3.
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A.4
A.4.1

Elliptic PDE Method
Preliminaries

The numerical simulation of a partial differential equation (PDE) on a computational mesh is influenced by two factors: orthogonality and smoothness
of grids. Therefore, the orthogonality and smoothness are considered as two
standard criteria to generate a quality mesh. An idealized and well-designed
mesh must be orthogonal and smooth. However, as it is not possible to generate a completely orthogonal and smooth mesh on complex domains, then
a compromise must be made. Nearly orthogonal grids may be sufficient for
an adequate numerical approximation of PDEs. The numerical implementation is straightforward for solving a PDE on the transformed computational
domain. In this process, a coordinate transformation is performed between
a physical plane (x, y) to a computational plane (ξ, η). The physical plane
(x, y) is obtained from the computational plane (ξ, η) by the transformation
formula x = x(ξ, η), y = y(ξ, η). The Jacobian matrix of this transformation
is:





xξ xη 
Jm = 

yξ yη

and its Jacobian determinant is J = xξ yη −xη yξ . Inversely, the computational
plane can be obtained from the physical plane by applying the transformation
formula, ξ = ξ(x, y), η = η(x, y). The Jacobian matrix of this transformation
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is:
−1
Jm
=





1  yη −xη 


J −y
xξ
ξ

These two Jacobian matrices create the following relationships:
yη
/,
J

ξy =

A.4.2

−xη
,
J

ηx =

−yξ
,
J

ηy =

ξx =

xξ
.
J

Elliptic grid generation system

The elliptic grid generation method [166] is one of the most widely used
methods. We will use this method to generate structured curvilinear grids on
irregular geometries. The method uses linear mapping between physical and
computational domains. Suppose that ξ = ξ(x, y), η = η(x, y) describes the
mapping from the physical space to the computational space that satisfies
the Poisson equations [137] with specified control functions [1, 166]. The
poisson equations are given below:
∂2ξ
∂2ξ
+
= P (ξ, η)
∂x2 ∂y 2
∂2η ∂2η
+
= Q(ξ, η),
∂x2 ∂y 2

(A.3a)
(A.3b)

where ξ and η are the computational coordinate variables corresponding to
physical coordinate variables x and y. P (ξ, η) and Q(ξ, η) are the control
functions. In the elliptic grid generation method, Eq. A.3a and Eq. A.3b
are solved for x(ξ, η) and y(ξ, η), which are used for numerical computation.
The Poisson equations are transferred to (x, y) coordinate systems. Thus,
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Eq. A.3 yields:
∂2x
∂2x
∂2x
∂x
∂x
−
2β
+
γ
+ δ(P
+Q )=0
2
2
∂ξ
∂ξ∂η
∂η
∂ξ
∂η
2
2
2
∂ y
∂ y
∂ y
∂y
∂y
α 2 − 2β
+ γ 2 + δ(P
+ Q ) = 0,
∂ξ
∂ξ∂η
∂η
∂ξ
∂η
α

(A.4a)
(A.4b)

where α = g22 , β = g12 = g21 , γ = g11 and δ = |g|. The metric tensor gij is
defined as follows:

gij =

(x2ξ + yξ2 )

(xξ xη + yξ yη )

(xξ xη + yξ yη )

(x2η + yη2)

The control functions are:
1
1
fξ and Q =
P =
hξ hη
hξ hη

 
1
f η

(A.5)

Eq. A.4a and Eq. A.4b may be written as a set of covariant Laplace (CL)
equations proposed by Ryskin et al. [123]:
∂ ∂x
∂ 1 ∂x
(f ) +
(
)=0
∂ξ ∂ξ
∂η f ∂η
∂ 1 ∂y
∂ ∂y
(f ) +
(
)=0
∂ξ ∂ξ
∂η f ∂η
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(A.6a)
(A.6b)

The distortion function (also called aspect ratio) is given by:
hη
f=
=
hξ
1

x2η + yη2
x2ξ + yξ2

! 12

,

(A.7)

1

2
2
where hξ = g11
and hη = g22
are scale factors along ξ and η directions.

If f = 1 (called the absolute smoothness condition), the scale factors are
equal in both directions, and thus, absolute smoothness of the mesh may be
achieved. The distortion function may be an extremely high value in one
direction, but a small value in the other direction in the area where the mesh
is severely distorted, resulting in mesh overlapping. This demonstrates the
need to confine the growth of the distortion functions in those areas, which
was the core theory in previous study [163, 164, 165].

A.4.3

Improved CL equations

A new improved grid generation system with smoothness control functions
is proposed, wherein a ratio r is introduced to achieve the nearly orthogonal
grid [166]. In two dimensions, the Jacobian determinant J of the transformation matrix represents the cell area and is defined by

J = xξ yη − yξ xη
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(A.8)

Applying the orthogonal condition (g12 = g21 = 0), the Jacobian determinant
of the metric tensor g for a cell can be written as:

J ∗ = hξ .hη

(A.9)

The ratio r is introduced to relate these two Jacobian determinants J and
J ∗ , and is given below:

r = J/J ∗

(A.10)

This is also called Jacobian determinant ratio. Note that r ≤ 1, and that
arcsin(r) is actually the angle between ξ and η directions at a grid node.
The ratio r indicates the local orthogonality of the mesh. The Jacobian
determinant ratio is not considered in the original CL equations A.6. From
Eq. A.10, the following relationship can be created:
1

g 2 = J = rJ ∗ = r.hξ hη

(A.11)

After plugging Eq. A.11 into Eq. A.4, and with Eq. A.5, we obtain improved CL equations that are solved to generate nearly orthogonal grids:
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∂
∂x
∂
f
+
f
= Sx
∂ξ
∂ξ
∂η
∂η




∂
∂y
∂
∂y
f
+
f
= Sy ,
∂ξ
∂ξ
∂η
∂η

(A.12a)
(A.12b)

where Sx and Sy are called the smoothness control functions in ξ and η
directions, respectively. These are given below:
#
 
1
xη
Sx = (1 − r 2 ) fξ xξ +
f η
"
  #
1
Sy = (1 − r 2 ) fξ yξ +
yη ,
f η
"

(A.13a)
(A.13b)

We see that the smoothness control functions defined by Eq. A.13 can
be zero in two situations. In these situations, the proposed grid generation
equations A.12 reduces to the original CL equation A.6. These two situations
are:
• (a) if the equation A.12 converges, r → 1 (that is, the local orthogonal
condition is satisfied), and Sx → 0 and Sy → 0, and
• (b) if the local smoothness conditions are satisfied (that is, fξ → 0 and
( f1 )η → 0), then Sx → 0 and Sy → 0.
In the first case, if the orthogonal condition is enforced (i.e., r → 1), the mesh
smoothness conditions are weakened gradually and finally satisfied i.e., Sx →
0 and Sy → 0. In the second case, the satisfaction of the local smoothness
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condition would enforce the local orthogonal conditions Sx → 0 and Sy → 0,
leading to r → 1. Therefore, the effective Jacobian ratio re is introduced in
the following equations:
"

#
 
1
Sx = (1 − re2 ) fξ xξ +
xη
f η
"
  #
1
Sy = (1 − re2 ) fξ yξ +
yη
f η

A.4.4

(A.14a)
(A.14b)

Smoothness conditions

Four smoothness conditions defined in both ξ and η directions using the
distortion functions are given below:
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i,j−1

(A.15)

These imply
 
1
=
f i,j

A.4.5

 
1
f

i,j+1

+
2

 
1
f

i,j−1

¯
1
=
f i,j

(A.16)

Automatic evaluation mechanism

The effective Jacobian determinant ratio re can be a user-specified constant
ranging from 0 to 1, or analytically evaluated by
1. Directly using the definition below

re = r = J/J ∗ = J/(hξ · hη )

(A.17)

2. Using either weak smoothness conditions or strong smoothness conditions for different situations. These conditions may be varied in the
whole domain.
weak
re = 1 − βi,j

(A.18)

Strong
re = 1 − βi,j
,

(A.19)

Strong
weak
where βi,j
and βi,j
are the deviation from the local weak and

strong smoothness conditions, respectively. Depending on the degree
of irregularity of the complex domain, weak or strong conditions may be
applied: weak for minimally irregular domains, strong for maximally
irregular domains. The definitions of these deviation indicators are
found in [166].
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3. Using the modified definition of the Jacobian ratio as follows:

re = J/(he )ij

(A.20)

(he )ij = (ha · hξ · hη )1/3
i,j

(A.21)

where he is the effective scale factor and ha =

(hξ )i,j
(hη )i,j

is the average scale

factor for one grid point. In the above automatic evaluation methods, when
local smoothness conditions are satisfied, the re-orthogonality condition re
approaches 1, and thus, a nearly orthogonal mesh may be achieved.

A.4.6

Implementation

Then Eq. A.12 is discretized by the central difference scheme at any grid
node (i, j). This gives:

Fi,j xi,j = fi+ 1 ,j xi+1,j + fi− 1 ,j xi−1,j +
2

2

1
fi,j+ 1

xi,j+1 +

2

1
fi,j− 1

xi,j−1 − (Sx )i,j

2

(A.22a)
Fi,j yi,j = fi+ 1 ,j yi+1,j + fi− 1 ,j yi−1,j +
2

2

1
fi,j+ 1
2

yi,j+1 +

1
fi,j− 1

yi,j−1 − (Sy )i,j ,

2

(A.22b)
where Fi,j = fi+ 1 ,j + fi− 1 ,j +
2

2

1
fi,j+ 1
2

+

1
fi,j− 1
2

To solve the descretized equations, Dirichlet boundary conditions are imposed. The iterative solution algorithm [166] is as follows:
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1. Generate an initial algebraic mesh of the geometry by transfinite interpolation (TFI) method.
2. Calculate distortion function f using Eq. A.7
3. Specify re for the whole domain, or specify a varied distribution of re
using one of equations ( A.17).
4. Calculate the smoothness control functions using equation (A.14).
5. Update the mesh using Eq. A.22.
6. Check for convergence. If not, go to step 2.
The maximum difference between the grid coordinates and the maximum
relative difference of the distortion function f between consecutive iterations
are used as convergence criteria for the iterative solution procedures. The
criteria are as follows:

max

q

n−1 2
n−1 2
n
) + (yi,j
− yi,j
) < 10−6
(xni,j − xi,j
 n

f − f n−1
max
< 10−6
n
f

(A.23a)
(A.23b)

where n is the iteration number.
Further details of the method are available in [166]. Sample grids on two
sinusoidal domains are given in Fig. A.4.
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Figure A.4: Grids on sinusoidal domains
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