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ABSTRACT
REAL-TIME MOTION PLANNING AND CONTROLS OF DOCKED

MOBILE ROBOTS

Negin Lashkari Advisors:
University of Guelph, 2018 Dr. Biglarbegian, Dr. Yang

Multiple mobile robots have broad applications for performing tasks beyond the ca-
pability of individual robots such as search and rescue, surveillance, space exploration,
and cooperative robotics. Often mobile robots are faced with real issues that might limit
their functionality such as battery failure, limited transportation capacity, and lacking ma-
noeuvrability to cross uneven surfaces. Mobile robots with docking capabilities can be
beneficial to overcome the stated issues by increasing the transportation capacity, reducing
the consumed energy, enhancing the mobility in rough terrains, and transferring powers
amongst robots. Therefore, this thesis proposes novel approaches for motion control, colli-
sion avoidance, and formation control of docked mobile robots (DMR) by first developing
a robust tracking controller for two-docked mobile robots, then developing novel motion
planning and control methodologies for an extended system of DMR in dynamic environ-
ments, and finally designing a robust formation controller for a team of mobile robots
that are able to dock to each other, maintain various formations and avoid collisions. The
methodologies proposed in this thesis were shown through simulations, implementation in
a virtual experimentation platform (V-REP) and experiment that can effectively navigate
DMR systems when operating as: (i) a chain of docked modules to perform trajectory
tracking and collision avoidance, and (ii) a team of docked and non-docked mobile robots
to maintain/rebuild a formation, avoid collisions and dock to each other. The developed
methodologies incorporate the dynamics of the system into account, are scalable, and are
robust to system uncertainties. Also, they are computationally efficient, able to provide
robots’ safe motion, applicable to complex paths in dynamic environments, and can handle
robots’ mass heterogeneity. In future, motion planning and control of DMR with more
degrees of freedom, i.e., pitch or roll motions, can be investigated to further broaden the
utility and applications of DMR.
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Chapter 1

Introduction

In this chapter, an introduction to this Ph.D. thesis on motion planning and controls of
docked mobile robots (DMR) is presented, which includes motivation, problem statement,
and contributions.

1.1 Motivation

Multiple mobile robots have enhanced functionalities compared to a single robot system in
addition to being more efficient and reliable. The reason is that multiple robots, if working
cooperatively under highly efficient formation, can behave as a team and therefore perform
tasks beyond their individual capabilities. Furthermore, if multiple robots are capable of
being docked to each other, i.e., DMR, their performance and efficiency can be improved
because DMR systems have significant potentials to increase the operation range of tasks
requiring: high mobility in rough terrains [1], increased transportation capacity [2], power
transfer amongst robots [3], and minimized energy consumption [4], to name a few. To
extend the utility of DMR in various and cluttered environments, effective and reliable
motion planning and control methods need to be developed.

Motion controllers are an essential step towards autonomous navigation of mo-
bile robots. Developing motion controllers for mobile robots is challenging due to their
highly-nonlinear, underactuated, and nonholonomic properties. Moreover, if mobile robots
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are physically docked to each other, they form a multi-body system with increased non-
linearity and complexity in kinematics as well as dynamics, which makes their controller
design more difficult. There are significant concerns involved in motion control of DMR,
such as robustness to uncertainties, accessing required states of robots, satisfying kinemat-
ic/mechanical constraints, and scalability. In real applications, where the model of robots
is not precisely known or is uncertain (because of carrying or dropping off heavy loads),
a robust control methodology is desirable. Moreover, in many practical cases, the precise
measurement of the states (e.g. velocity) is not possible, or if it is possible, the measure-
ment would be noisy. This failure in measuring robots’ states leads to an inefficient control
performance. Thus, it is necessary to develop an estimator that provides the required,
but difficult to measure, states for the controller. In addition, kinematic constraints of
the DMR, including nonholonomic, docking and velocity constraints of the robots, have
to be considered in the motion control design procedure. Last but not least, scalability
is another issue that needs to be addressed when developing motion controllers for DMR,
since critical tasks often require a larger number of robots docked to each other.

Both motion planning and collision avoidance are necessary when coordinating
multiple robots to accomplish tasks in dynamic and cluttered environments. The classical
motion planning methods designed for single robot systems are not applicable to DMR.
The essential challenge in motion planning of a DMR arises from its nonlinear and un-
deractuated dynamics and its strongly coupled property causing the movements of each
robot to be restricted and affected by others. Among the various motion planning prob-
lems proposed for DMR in the literature, the “follow-the-leader” planning problem, which
is characterized by the docked follower robots to follow the path tracked by the leader, is
particularly desirable for applications requiring a transition in narrow or tortuous paths,
and for allowing the followers to use the leader’s planned path for accomplishing a task.
One of the main challenges in the follow-the-leader problem is the lateral deviation of DMR
from the reference path, which becomes more crucial with increasing the number of fol-
lowers. When developing a motion planning method for DMR, incorporating the robots’
dynamics is crucial for improving the robustness, especially where the system’s dimension
is large, the weight of robots are different form each other, or when they carry or drop
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off heavy loads. On the other hand, to provide a safe transit for DMR in cluttered envi-
ronments, collision avoidance is necessary for coordinating DMR to maintain their motion
without inter-robots collisions, and to satisfy the constraints of both the robot’s (such as
nonholonomic and rotational constraints of joints) and the environment’s (such as obstacle
avoidance).

A formation of multiple mobile robots with the additional feature of being docked
to each other (whenever needed) provides improved functionality (compared to when only
a single system of DMR is operating or when all the mobile robots in the formation are
non-docked) and can be used for performing more complex tasks. The main challenge in
developing a formation methodology for heterogeneous team of docked and non-docked
robots is that dynamic models and physical constraints of mobile robots are different from
one another, which leads to the complexity of conceiving a single control law that can
incorporate the dynamics of each individual robot and effectively navigates the robots to
maintain a formation. Besides, the presence of uncertainties in robots’ dynamics and in
the environment makes the formation control design more challenging. Moreover, in some
situations, maintaining a fixed formation alone is not enough as a team of robots may
need to switch its shape to suit the environment or to fulfill various desired goals. As for
the desired goals, the robot’s realistic constraints such as limited battery, transportation
capacity and mobility in rough terrains, urge the followers to be able to dock to other
robots in a formation whenever needed. Moreover, to make the methodology scalable
in a sense that robots can dock, move into, or leave the formation, the robots should
be able to automatically switch to regular polygon formations. The safe and reliable
navigation of robots furthermore dictates that inter-robots collisions should be always
avoided when switching the formation or when docking. Therefore, a systematic control
methodology needs to be designed that can navigate a heterogeneous team of docked and
non-docked followers to either maintain a formation or switch to another task/goal, while
also incorporating the robots’ dynamics and handling uncertainties.
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1.2 Problem Statement

In this thesis, several methodologies are proposed for coordination control of DMR to
address the following problems:

• Motion control: the tracking control problem of DMR is challenging especially when
the access to the required states of robots is limited, e.g., velocity. The difficulty of
this problem increases when dealing with large-scale DMR, notably when the robots’
models are not precisely known or are uncertain. Thus, effectiveness and robustness
of the controller are crucial for achieving a good tracking performance in the presence
of uncertainties and the absence of robots’ required states.

• Motion planning and collision avoidance: planning the motion of each docked-follower
such that the whole DMR system tracks a desired trajectory is very vital especially
when passing through narrow and tortuous paths. Moreover, collision-free motion
satisfying the robots’ constraints is a challenge for DMR, particularly in dynamic
and cluttered environments. The complexity of this problem becomes significantly
high when the method needs to be scalable, and computationally efficient to be
applicable in real-time.

• Formation control: controlling a formation of mobile robots that are able to change
their docking condition (dock to each other or undock) is an open issue in the lit-
erature, which gets increasingly difficult if the dynamics of each robot ought to be
incorporated in the control design and uncertainties have to be handled. In addition,
it is a great challenge to conceive a generalized controller that can navigate the het-
erogeneous docked and non-docked mobile robots to not only maintain a formation,
but also switch to pursue a variety of desired goals in dynamic environments.

1.3 Contributions

This thesis develops new methodologies to address the tracking control, motion planning
and collision avoidance, and formation control problem of DMR. The contributions of this
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thesis are as follows:

• For tracking control of DMR, a new robust controller integrated with a velocity
estimator is developed that incorporates the robots dynamics and satisfies nonholo-
nomic and docking constraints of robots. The effectiveness and superior tracking
performance of the proposed approach were validated experimentally.

• For motion planning and collision avoidance of DMR, a motion planning technique is
developed to maintain the DMR on the trajectory tracked by its leader. For collision
avoidance, two approaches are developed, a reactive and a cooperative, which were
integrated with the motion planner to provide a safe motion for DMR in dynamic
environments while satisfying robots’ constraints. The efficiency of the proposed
methodology was validated in simulations and by implementation on V-REP.

• For formation control of multiple mobile robots that are also able to dock to each
other, a robust leader-following controller is developed that navigates the heteroge-
neous (docked and non-docked) robots to either maintain a formation or pursue a
goal, e.g., docking, formation switching and collision avoidance. The dynamics of
robots are incorporated in the control design and the system uncertainties are han-
dled. The performance of the proposed controller was verified via simulations and
V-REP implementation.

Publications

The results of this thesis have been published or submitted
Journal papers:

• N. Lashkari, M. Biglarbegian, S. X. Yang, “Development of a New Robust Con-
troller With Velocity Estimator for Docked Mobile Robots: Theory and Experi-
ments”, IEEE/ASME Transactions on Mechatronics, vol. 22, no. 3, pp. 1287 - 1298,
June 2017.

• N. Lashkari, M. Biglarbegian, S. X. Yang, “Development of Novel Motion Planning
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and Controls for a Series of Physically Connected Robots in Dynamic Environments”,
Journal of Intelligent and Robotic Systems (under review).

• N. Lashkari, M. Biglarbegian, S. X. Yang, “Development of a Novel Robust Control
Method for Formation of Heterogeneous Multiple Mobile Robots with Autonomous
Docking Capability”, Robotica (under review).

Conference papers:

• N. Lashkari, M. Biglarbegian, S. X. Yang, “Backstepping Tracking Control De-
sign for a Tractor Robot Pulling Multiple Trailers”, 2018 IEEE American Control
Conference (ACC), Milwaukee, WI, June 2018.

• N. Lashkari, M. Biglarbegian, S. X. Yang, “Optimal Design of Formation Tracking
Controller for a Tractor-Trailer Robotic System with Omni-directional Wheels”, 2016
IEEE Intelligent Transportation Systems Conference (ITSC), Rio de Janeiro, Brazil,
Nov. 2016.

1.4 Organization

The organization of this thesis is as follows:
Chapter 2 reviews the literature on the recent motion planning and control meth-

ods of DMR, and their challenges.
Chapter 3 proposes a new robust tracking control methodology with velocity

estimator for DMR. The stability of the proposed method is guaranteed and its effectiveness
is discussed in experiments and compared with the previously developed methods in the
literature.

Chapter 4 develops a motion planning algorithm for DMR, and integrates it with
two novel collision avoidance approaches to provide a safe motion in dynamic environments.
The stability of the closed-form system is proved mathematically, and simulation and V-
REP implementation results are presented to demonstrate the effectiveness of the developed
methodology.
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Chapter 5 develops a robust formation controller for a team of mobile robots
that can dock to each other, maintain various formations, and pursue a variety of desired
goals in the presence of uncertainties. The stability of the proposed formation controller is
studied and its efficiency is tested in simulations as well as V-REP implementation.

Chapter 6 provides conclusions and discusses the future work.
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Chapter 2

Literature Review

This chapter provides a literature review of the developed methodologies for control of
docked mobile robots (DMR) which can be categorized into: tracking control, motion
planning and collision avoidance, and formation control. The organization of this chapter
is as follows: Section 2.1 presents the literature pertinent to tracking control of DMR,
Section 2.2 reviews the main issues and challenges of DMR motion planning and collision
avoidance followed by the relevant existing literature, and Section 2.3 reviews the existing
formation control approaches and discusses the main challenges of designing a formation
controller for a team of multiple DMR systems.

Multiple mobile robots (MMR) have enhanced functionalities compared to a single
robot system, while being more efficient and reliable. Many real applications can poten-
tially benefit from the use of MMR, such as exploration [5, 6], data collection [7], object
transportation [8–10], search and rescue [11,12], and surveillance [13,14]. More specifically,
when multiple robots are capable of being docked to each other, i.e., DMR, their range of
operations will significantly increase, e.g., ability to transport heavier loads, transfer pow-
ers amongst robots (as charging units), mobility in rough terrains, robustness to hardware
failure, and self-perception. Some important applications of DMR are seen in agricul-
ture [15], search and rescue in rough terrains [1], luggage carriers [16], and manipulation
and transportation of wire-like objects [17].

Mechanical structures of docking mechanisms in DMR can be generally classified
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(a) (b)

Figure 2.1: Docking mechanism of DMR with (a) on-axle hitching. (b) off-axle hitching.

into two categories: on-axle and off-axle hitching, as shown in Fig. 2.1. In DMR with on-
axle hitching, Fig. 2.1a, the joint between the leader (front robot) and follower (rear robot)
is located at the center of the rear axle of the leader robot. In DMR with off-axle hitching,
Fig. 2.1b, the joint between the leader and follower robots is located at a point away from
the rear axle of the leader robot. From a practical perspective, the mechanical structure of
the docking mechanism, i.e., off-axle or on-axle, affects the DMR performance. Although
DMR with on-axle hitching has been widely used in the literature [18, 19], it confines the
mobility and maneuverability of the system as reported in [20]. On the other hand, off-axle
offers better tracking performance and it is capable of traveling in the narrower tracks due
to requiring smaller width of path, yet, its kinematic structure is more complicated [21].

To extend the utility of DMR in various domains and cluttered environments,
effective and reliable navigation methods need to be developed. Numerous studies have
been conducted on the autonomous navigation of DMR in the field of architectures, com-
munication, control, task allocation, learning, and mapping. Within the DMR control field,
tracking control, motion planning and collision avoidance, and formation control are cru-
cial to autonomously navigate DMR to successfully accomplish a critical task in cluttered
environments.
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2.1 Tracking Control

Tracking control problem is most important in applications where autonomous motion
is desirable. Tracking control of nonholonomic mobile robots is complex due to being
underactuated as well as having nonlinear dynamics and kinematic constraints. Moreover,
if mobile robots are physically docked to one another, they bring into being a multi-body
system in which their coupling increases the nonlinearity and the complexity of kinematics
and dynamics, and thus affects the difficulty of designing controllers. The majority of the
tracking control approaches in the literature are developed for single mobile robots [22–
34], while they are not applicable to docked mobile robots due to the kinematic constraints
imposed by the docking mechanism to the robots. There are several attempts to tackle
the tracking problem of DMR, which can be classified as linear control approaches and
nonlinear ones. Linear control approaches use a linearized model of DMR to tackle the
tracking control problem [35–37]. For example, in [35], a linear model predictive control
approach is proposed for a tractor-trailer system by linearizing the system kinematics
around the reference trajectory. In [36], the trajectory tracking control problem of a car-
trailer system is tackled through proposing a linear quadratic regulator for the linearized
kinematic model of the system. In [37], an approach is presented for path tracking of a
tractor-trailer system by combining the linear-quadratic regulator control with a subsequent
output feedback approximation. However, using linear control approaches might adversely
affect the tracking performance of DMR due the cancellation of some useful nonlinearities in
the system, especially when measurement noises and uncertainties exist. On the other hand,
nonlinear control approaches are more beneficial in addressing the DMR tracking control
problem due to the highly-nonlinear, underactuated, and strongly-coupled properties of
DMR, which results in achieving robustness, improving tracking accuracy, and capability
to track more complex trajectories [18,38–40]. For instance, in [18], a backstepping tracking
controller is designed for a tractor-trailer system. In [38], a Lyapunov-based controller is
designed for a two-body articulated vehicle that considers four different situations, such
as forward/backward motion and rectilinear/circular desired paths. In [39, 40], nonlinear
model predictive controllers are proposed for tractor-trailer systems. However, all of the
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aforementioned controllers [18, 38–40] only rely on kinematic model of the system and
ignore the dynamics. From another perspective, the control approaches exist in the context
of DMR tracking control can be categorized into kinematics-based tracking control design
[18,35–45] and dynamics-based [19,46,47]. While most of the developed tracking controllers
in the literature use only kinematics of DMR in their design, incorporating dynamics is
crucial to improve the robustness of the DMR system especially when dimension of system
is large, the weight of robots is considerable, or when they carry or drop off heavy loads.
Thus, a tracking controller needs to be designed taking into account the dynamics of the
system. Only a few papers have considered dynamics of DMR in their control design [19,46].
In [46], a linear quadratic regulator based on the linearized dynamic model was proposed for
a tractor-trailer system. However, the robustness of the controller is questionable because
of using linearization. In [19], a robust adaptive tracking controller was designed for a
tractor-trailer robotic system including robots’ dynamics. However, the controller is not
robust to unmodeled dynamics uncertainties, and it is based on the assumption that all the
control states are available without providing details on how to obtain them. In addition,
the method is not proposed to be scalable with the number of robots. In addition, an
on-axle trailer is considered in [19] which may limit maneuverability and adversely affect
the tracking performance. In [47], a sliding mode control approach is integrated with
first, a linear quadratic regulator, and second, a model predictive controller to control
the posture of a tractor-trailer vehicle system. However, the scalability of the proposed
method is questionable. Therefore, a tracking control methodology needs to be proposed
that incorporates dynamics of DMR and is robust to model uncertainties, while working
properly in the absence of required states and being scalable with the number of robots in
the system.

In practical applications, a robot may operate under uncertain conditions such as
unmodeled dynamics and parameter variations. To deal with the effects of uncertainties
on the system, two general control methodologies exist that can also be integrated with
classic controllers: i) adaptive control, in which the system’s parameters are identified and
updated to tune the controller, and ii) robust control, which typically designs a single
fixed controller for the worst uncertainty scenario that might happen to the system [48].
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There are some adaptive methods developed for MMR which incorporate both kinematics
and dynamics of robots in the control design, and are robust to unknown parameters and
system uncertainties [49], unknown skidding and slipping effects [50], ocean disturbances
and uncertainties in robot’s dynamics [51]. Robust control approaches, such as sliding mode
control [52–55] and H∞ optimal control [56–62], also have been used for robust formation
control of MMR. The problem with sliding mode control is chattering which may adversely
affect the tracking performance and damage the robots actuators. In some studies, the
sliding mode approach is combined with other approaches to improve the efficiency of the
formation control by smoothing the chattering. For example, in [63], a robust fuzzy-sliding-
mode controller was proposed for single-integral multi-agent systems which are prone to
external disturbances and system uncertainties, and communication noises. The problem
with the traditional H∞ control is that the exact model of the system is needed. Accordingly,
approximating the unknown model with fuzzy logic and integrating it with H∞ control
technique can implement effective robust controllers for uncertain dynamic models [64,65].
Therefore, to develop a control methodology that is robust to model uncertainties and
prevents the stated issues, a classical tracking controller has to be designed and integrated
with a suitable adaptive or a robust control approach.

The other challenge in designing tracking controllers for mobile robots is the
availability of robots’ states required for the controller to perform. In many practical
cases, the precise measurement of the states (e.g. velocity) are not possible, or if it is
possible, the measurement would be noisy. This failure in measuring robots’ states leads
to inefficient control performance. In the literature of DMR, the majority of the developed
controllers require accessing velocity to achieve good performance [18,19,35,66], and hence
their performance will be deteriorated when the required control states cannot be measured
accurately. In real applications, accessing the velocity is difficult due to limitations in
measuring velocity directly using sensors; and, even if measured, its signal would be noisy.
This failure in measuring robots’ velocity leads to inefficient control performance. To
make the controller more practical and applicable to a wider range of robotic tasks, it
is necessary to develop an estimator to provide the necessary state(s) for the controller.
Most of velocity estimators have been only developed for non-docked robots [41, 67, 68],



13

and to the best of author’s knowledge, there is no work for DMR in the literature that has
developed a methodology for estimating velocity and accordingly design a robust controller
that can handle model uncertainties with good tracking error. Due to nonlinearities existing
in the dynamics of DMR, a nonlinear estimator has to be developed that can accurately
provide the required control states, such as extended Kalman filter, unscented Kalman
filter, or particle filter. Among the aforementioned nonlinear estimators, the extended
Kalman filter may not be a good candidate for this case due to analytically propagation
of the mean and covariance of the states through the first-order linearization of the DMR
nonlinear dynamics, which may introduce large approximation errors. The particle filter
is superior to extended Kalman filter in terms of finding an approximate solution using a
complex model rather than an exact solution using a simplified model. Also, particle filter
is more tractable for large and high-dimensional problems [69,70].

2.2 Motion Planning and Collision Avoidance

Motion planning and collision avoidance are two fundamental issues for DMR systems
notably when searching along narrow and tortuous paths in a dynamic and cluttered envi-
ronment. Several methods of motion planning and obstacle avoidance have been developed
for DMR in the literature [71–73]. These approaches control the motion of the leader of
DMR to avoid obstacles; however, the body of DMR, i.e., followers, does not always pass
through the path followed by the leader, and thus followers might collide with the envi-
ronment obstacles [74]. Moreover, a collision-free trajectory that is tracked by the leader
of DMR does not necessarily guarantee the collision avoidance of its followers especially in
dynamic and cluttered environments. Therefore, a motion planning and collision avoidance
methodology must be developed for the followers of DMR to navigate them such that they
follow a predefined path and avoid obstacles. Providing that the motion planning for the
leader of DMR is separate from that of the followers [75], the motion planning for followers
can be divided into three subproblems: 1) trajectory planning to determine the followers’
motion, 2) motion control to navigate the followers through the planned trajectory, and
3) collision avoidance to provide a collision-free transit in dynamic environments. Accord-
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ing to whether the docked-robots are actuated from robot wheels or from docking joints,
DMR can be categorized into three groups: active-wheel passive-joint DMR [76], passive-
wheel active-joint DMR [77], or DMR with a combination of active and passive wheels and
joints [78].

Motion planning of a nonholonomic system, even in the absence of obstacles, is
not an easy task. Exact motion planning solutions have been proposed only for some
classes of nonholonomic systems, e.g., differential drive mobile robots, however, a lot of
systems, e.g., DMR, have remained without exact solution [79]. The essential challenge in
motion planning of DMR arises from its nonholonomic and strongly coupled property caus-
ing the movements of each robot to be restricted and affected by others. For DMR, several
methods have been developed in obstacle-free/static environments to tackle the problem of
goal-seeking [80, 81], trajectory tracking [35, 40], parking and docking maneuvers [82, 83],
and follow-the-leader [84–86]. The “follow-the-leader” trajectory planning, which is char-
acterized by the follower robots to follow the path tracked by the leader or to maintain
a certain distance and orientation with respect to the leader, is particularly desirable for
applications requiring a transition in narrow or tortuous paths, and for allowing the follow-
ers to use the leader’s planned path in accomplishing a task. One of the main challenges
in the follow-the-leader problem is the lateral deviation of DMR from the reference path,
which becomes more crucial with increasing the number of followers. Several methods have
been developed for addressing the problem of follow-the-leader trajectory planning [18,75–
77, 84–87]. For example, in [77], a method is developed for a snake robot to control the
shape of the system while avoiding joint limits and self-collision. In [18], a trajectory gen-
eration and backstepping tracking control approach is proposed for a truck-trailer robotic
system to track certain paths. In [84] the path following problem of DMR is tackled with
the purpose of reducing the trailers’ off-tracking when following constant-curvature paths.
In [87], a minimal time-optimal control problem is defined to solve the trajectory planning
problem of tractor-trailer vehicles. However, most of these approaches are only applicable
to simple reference paths (e.g. straight lines, circles, and sinusoids) [18, 76], are computa-
tionally expensive to be used in real-time applications [77,86], can only be used for strictly
limited number of followers [85, 87, 88], or neglect the robot’s dynamics [75, 84, 89]. When
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developing a motion planning method for DMR, incorporating the robots’ dynamics is cru-
cial to improve the robustness, especially when the system’s dimension is large, the weight
of robots are different form each other, or when they carry or drop off heavy loads. Thus,
a more time-efficient trajectory planning method needs to be developed that incorporates
the system dynamics, and is applicable to large number of followers and complex paths.

Collision avoidance, especially in dynamic and cluttered environments, is essential
for safe motion of mobile robots. In context of robots collision avoidance, numerous active
and passive sensors have been employed to provide a safe motion for robots [90]. Inspired by
the two well-known robots’ communication schemes, i.e., decentralized and centralized, as
well as the robots’ available information from the environment, e.g, obstacles location, two
approaches for the dynamic collision avoidance of robots can be considered: the reactive
and the cooperative approach. The reactive collision avoidance approach is a decentralized
method that is based on navigating each independent robot safely by local reaction to
the approaching obstacles, and has been shown to perform well in unknown, dynamic and
unpredictable environments [91–97]. On the other hand, the cooperative collision avoidance
approach is a centralized method that exploits consensus algorithms to obtain the necessary
information from the robots, i.e., position and dimension of obstacles as well as the reference
trajectory, to determine the optimal collision-free trajectory [75, 98–105]. Despite of the
extensive research on dynamic collision avoidance for single robots [92, 98, 106–111], these
approaches cannot be directly applied to DMR due to the constraints introduced by the
docking that do not allow the followers to move in every direction and lead the motion
of each follower to affect the whole DMR’s motion, and due to the rotation constraints
of joints that limit the accomplishment of collision avoidance. There have been several
attempts to tackle the problem of DMR collision avoidance [2, 75, 80, 81, 91, 112, 113]; yet,
only a few of them are applicable to dynamic environments [2, 91, 113]. In [2], a method
is developed for heavy vehicles that brakes to avoid obstacle collisions. But, this is an
ad-hoc approach that does not include motion-liveness and vehicle’s dynamics, and its
scalability is questionable. In [91], a method is proposed for a snake robot to follow
the leader and avoid obstacles. However, its computational time is high and the robot’s
dynamics is not incorporated in the proposed method. In [113], a method is proposed
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for planning and control of multiple unmanned ground vehicles with trailers using the A*
search algorithm. However, as also reported in [113], by increasing the number of robots and
trailers, the algorithm will be less efficient in terms of computation time and trajectory
error. Moreover, the vehicle dynamic is also not included in the proposed algorithm.
In summary, the collision avoidance approaches proposed for DMR are computationally
expensive for real-time applications [78,91,112], are developed for strictly limited number
of robots [2,81], are based on changing the path of the leader robot or breaking maneuver
when an obstacle is approaching [2,81], or more importantly, are not applicable to dynamic
environments [74,75,80,81,112]. Thus, in the context of DMR motion planning, very little
attention has been paid to addressing the collision avoidance problem of DMR in dynamic
and cluttered environments. Moreover, all the existing approaches in the literature use
only kinematics of DMR in their design. Therefore, a dynamic collision avoidance method
needs to be developed for DMR with large number of robots that takes into account the
robots’ dynamics, especially for DMR that its mobility and maneuverability is critically
impacted by interactions among docked-robots and the physical constraints.

2.3 Formation Control

Formation control, which is one of the most active subjects within the realm of multi-robotic
systems, generally aims at controlling robots to maintain certain relative positions as they
move through the environment. Formation control of MMR has been extensively studied
via several approaches such as leader-follower [29, 99, 114, 115], behavior-based [116–118],
and virtual structure [119–122], to name a few. The leader-follower approach, that is char-
acterized by a leader moving through the environment and multiple followers maintaining
a relative position with respect to the leader, has received considerable attention due to its
design and implementation simplicity, reliability, and not requiring global knowledge and
computation. The behavior-based approach governs the desired behaviors of each individ-
ual robot, e.g., formation maintenance, collision avoidance, and trajectory tracking, and
determines the control action of each robot by finding a weighted average of the control for
each behavior. However, the problem with this approach is that it cannot clearly define
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and analyze the behaviors quantitatively nor guarantee the stability. The virtual structure
approach, which provides rigid geometric relationships among robots based on virtual lead-
ers/points to specify the desired states, also cannot be used in many applications because
it restricts the formation to moving like a rigid virtual structure. This approach needs
centralized data collection and processing, and thus it is effective only for small number of
robots. Consequently, this literature review mainly focuses on the leader-follower control
method of MMR.

A variety of control approaches have been utilized for addressing the formation
control problem of MMR which can be classified into feedback linearization, backstepping,
model predictive, and intelligent control methods. The feedback linearization approach
is the most widely used control technique in leader-follower formation control of multi-
ple robots [22, 22, 99, 123–128]. This approach transforms the nonlinear dynamics into an
equivalent linear one, and thus allows the use of any synthesis tools known from the linear
control theory [129], However, this approach cannot properly handle constraints, noises,
disturbances and uncertainties due to the cancellation of some nonlinearities in the sys-
tem. The two cases of feedback linearization are input-state linearization and input-output
linearization. Input-state linearization cannot be applied to nonholonomic mobile robots
by means of smooth state feedback. Therefore, if at least one of the system’s constraints
is nonholonomic, the system is not input-state linearizable [23, 124]. On the other hand,
input-output linearization approach can be an alternative in the case of controlling non-
holonomic systems; however, the problem of not properly eliminating disturbances and
uncertainties still exists. Backstepping is another method that has been widely used for
formation control of MMR [130–134]; however, it suffers from initial large control input as
well as impractical control input jumps in sudden change of errors. In comparison to feed-
back linearization approach, backstepping approach does not require the system model to
be linearized. However, the major problem with this approach is its sensitivity to param-
eters’ variation which requires some tedious analysis to determine design matrices [135].
Model predictive control (MPC) approach has also been the target of studies in addressing
the leader-follower formation control problem of MMR [136–139]. This control method
handles the nonlinear models by optimizing a predicted model response to determine the
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input changes for a given state [140]. Despite the ability of MPC approach in handling
constraints, non-minimum phase processes, and variations in system parameters, this ap-
proach may suffer from high computational costs. Intelligent control, including neural
networks (NN) and Fuzzy logic systems, is another approach that has been used in the
context of MMR formation. NN approach has been proven a powerful tool to address the
formation control problem of MMR by approximating system dynamics [141–145], estimat-
ing states [141], and generating control input required for each individual robot [146–148].
Fuzzy Logic systems are able to deal with the imprecision of the input and output variables,
and thus they have been widely used in resolving formation control problem especially in
existence of uncertainty in the system [63, 132, 149, 150]. Although NN and fuzzy Logic
systems are well suited to the case where there is no complete knowledge of MMR available,
it is generally more difficult to guarantee the robustness of the designed controller unless
they are integrated with another control method [51,63–65,151,152].

In practical situations, it is often needed to use a heterogeneous team of mobile
robots which might have significantly different dynamics, on-board sensing, or computa-
tional unit. For heterogeneous MMR specially with different masses and inertias, it is
crucial to incorporate robots’ dynamics in the formation control design process in order
to effectively navigate them. Several formation control approaches have been developed
for heterogeneous robots in the literature; however, the majority of these approaches lack
incorporating robots dynamics in their control design and consider the robots as point
masses [153–157]. A few approaches exist in the literature that include robots dynamic in
designing formation controllers [49, 158–162]; however, the majority of them are based on
the assumption that all the dynamical quantities of the robot is precisely known and they
neglect the robustness [159–162]. Therefore, by including the robots dynamics, a robust
formation control methodology needs to be developed for heterogeneous MMR. From a
different perspective, most of the previously developed controllers were designed for fixed
formations (the formation shape does not change) [25, 49, 163, 164]. Maintaining a fixed
formation limits the robots’ mobility and adversely affects their performance [165]. On
the other hand, a formation that is flexible—this thesis refers to a flexible formation in
which the robots can change their shape—enables the robots to reconfigure themselves to
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fulfill a task, to avoid imminent collisions, and to leave/join the formation during a mis-
sion. Some approaches have been developed that allow MMR to switch between different
formations [100, 166–168]; however, it is unknown whether these methods are applicable
to heterogeneous MMR. Therefore, by incorporating the dynamics of each robot, a ro-
bust control methodology needs to be developed for a heterogeneous team of MMR that
effectively navigates the robots to maintain a variety of formations.

In the design of formation controllers for MMR, some practical considerations
have been taken into account such as limited sensing and communications [99], veloci-
ty/acceleration constraints [169], collisions [100], presence of skidding and slipping [170],
structural uncertainties [157], and environmental disturbances [171]. However, there are
still some considerations and constraints that have not been addressed in the literature and
they need to be included to further expand the utility and functionality of MMR formation.
For instance, in the entire mission, robots have to be supplied with sufficient power, should
have maneuverability to cross uneven surfaces, and have enough capacity for the payload.
All of these justify the need for docking the robots, since DMR systems have been proved
to have more mobility in rough terrains, robustness to battery failure, reduced energy
consumption, and increased transportation capacity [1–4]. As mentioned previously, since
DMR systems are nonlinear, underactuated, and strongly-coupled systems, control design
for them becomes very challenging and thus it is required to incorporate robots’ physical
constraints (e.g., nonholonomic and docking constraints) into account. Most of the forma-
tion control approaches in the literature are developed for differential-drive, unicycle type
or car-like mobile robots, while there have been only a few attempts to tackle the forma-
tion control problem of multiple DMR systems in the literature, i.e., [158,172]. In [158], a
neural network based controller was designed for a team of tractor-trailer robots; however,
the proposed method is developed only for homogeneous robots and it is not meant to
perform autonomous docking. In addition, the proposed method in [158] is developed only
for fixed formations which makes it vulnerable to imminent collisions and hence limits the
performance of system in accomplishing critical tasks. In [172], the coordination control
of four physically connected holonomic mobile robots, i.e., DMR, is tackled using neu-
ral controller to perform coordinate movement, obstacle avoidance, and pushing/pulling
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behavior of objects; but, the stability of the proposed approach is questionable, and it
does not allow the robots to dock/undock themselves in the system. In order to overcome
the robots limitations by interchangeably docking them to each other or undocking, and
to pursue various goals in formation, it is crucial to develop an stable control methodol-
ogy that is applicable to the heterogeneous MMR with and without docking connections,
and is capable of maintaining a flexible formation. The main challenge in developing a
formation methodology for heterogeneous team of docked and non-docked MMR is that
dynamic models and physical constraints of mobile robots are different from one another,
which leads to the complexity of conceiving a single control law that can incorporate the
dynamics of each individual robot and effectively navigates the robots to their goals. Fur-
thermore, in order to enable autonomous docking, the formation control methodology has
to be capable of independently navigating certain robots toward their docking spots (lo-
cated on the robots that supply power), while controlling the remaining robots to maintain
the formation without losing the system stability.
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Chapter 3

Tracking Controller with Velocity Estimator for Docked
Mobile Robots

In this chapter, a new robust tracking controller along with a velocity estimator is developed
for the leader of a DMR system. The DMR system considered in this chapter consists of
two-docked nonholonomic mobile robots where the leader robot (i.e., the front robot) is
considered to be active, and the follower robot (i.e., the rear robot) is assumed to be passive
due to the nonholonomic and docking constraints. Later, in Chapter 4, the proposed
tracking controller will be extended for a chain of N + 1-docked robots. The proposed
controller, composed of sliding mode and robust saturation controllers, is developed to be
robust to external disturbances, unmodeled dynamics and parameter uncertainties. To
provide the required states for the controller, a model-aided particle filter estimator is
developed to estimate the translational and rotational velocities. The rest of this chapter
is organized as follows: Section 3.1 presents dynamic model for a two-docked mobile robot
system, Section 3.2 presents the control design, Section 3.3 provides the development of the
estimator, Section 3.4 presents the experimental results, and Section 3.5 draws conclusion.
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Figure 3.1: Two-docked mobile robots with off-axle hitching.

3.1 Governing Dynamics of Two-docked Mobile Robots

The DMR considered in this study is a two-docked mobile robotic system shown in Fig-
ure 3.1. This system includes a mobile robot, defined as a leader (robot 1), docked to
a follower robot (robot 2) via rigid links and a flexible joint. The links and joint allow
the connected robots to have a relative rotational motion with respect to each other. The
nature of hitching in the docking mechanism is considered to be off-axle. The two mobile
robots are nonholonomic differential drive identical to each other but with different masses.
The parameters of the DMR are shown in Figure 3.1. The DMR configuration is given by
q = [x2, y2, θ2, θ1]

T , where (x2, y2) is the coordinate of the follower’s center of mass, and θ1

and θ2 are the orientations of the leader and follower robots, respectively. The reason that
the entire DMR system can be presented with only four generalized coordinates is because
the leader position can be found using

x1 = x2 + h2 cos θ2 + h1 cos θ1 (3.1)

y1 = y2 + h2 sin θ2 + h1 sin θ1. (3.2)
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Two types of kinematic constraints exist in the system: (i) docking constraints,
and (ii) nonholonomic constraints. The docking constraints indicate the relation between
the velocity of leader and follower, which can be expressed as

ω2 =
1

2ι2 + h2
[v1 sin(θ1 − θ2) − ω1(h1 + ι1) cos(θ1 − θ2)]

v2 = v1 cos(θ1 − θ2) + ω1(h1 + ι1) sin(θ1 − θ2). (3.3)

The nonholonomic constraints are due to no-slip conditions that do not allow robots to
slide sideways and are given by

sin θ1 Ûx2 − cos θ1 Ûy2 − h2 cos(θ1 − θ2) Ûθ2 + (ι1 − h1) Ûθ1 = 0

sin θ2 Ûx2 − cos θ2 Ûy2 + ι2 Ûθ2 = 0. (3.4)

Therefore, the dynamics of DMR can be described by

M (q) Üq + V (q, Ûq) Ûq = B(q)τ −AT(q)λ (3.5)

in which M (q) ∈ <4×4 is the positive definite inertia matrix, V (q, Ûq) ∈ <4×4 represents
centrifugal and Coriolis terms, B(q) ∈ <4×2 is a transformation matrix, A(q) ∈ <2×4 is
related to nonholonomic constraints, λ ∈ <2×1 is the constraint force vector, q is the gen-
eralized coordinates introduced previously, and τ ∈ <2×1 is the input vector indicating the
applied torque required to drive the DMR. In this thesis, because of kinematic constraints,
it is assumed that the follower robot is passive and cannot be actuated; thus, the input
vector is τ = [τR1, τL1]

T, where τR1 and τL1 are the applied torques of the right and left
wheels of the leader robot, respectively.

Assuming the offset between the geometric center and the center of mass of each
robot, i.e., ι1 and ι2, are negligible, the matrices M (q), V (q, Ûq), B(q) and A(q) are found
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as

M (q) =



a11 0 a13 a14

0 a11 a23 a24

a13 a23 a33 a34

a14 a24 a34 a44


, V (q, Ûq) =



0 0 −h2m1c2 Ûθ2 −h1m1c1 Ûθ1

0 0 −h2m1s2 Ûθ2 −h1m1s1 Ûθ1

0 0 0 −h1h2m1s12 Ûθ1

0 0 h1h2m1s12 Ûθ2 0



B(q) =
1

Rw



c1 c1

s1 s1

b1 −b1

h2s12 h2s12


, A(q) =


s1 −c1 −h2c12 −h1

s2 −c2 0 0


where

a11 = m1 + m2, a13 = −h2m1s2, c1 = cos θ1, c2 = cos θ2,

a14 = −h1m1s1, a23 = h2m1c2, s1 = sin θ1, s2 = sin θ2,

a24 = h1m1c1, a33 = I2 + h2
2m1, c12 = cos(θ1 − θ2),

a44 = I1 + h1h2m1, a34 = h1h2m1c12, s12 = sin(θ1 − θ2).

To include the nonholonomic constraints, the following is introduced:

Ûq = J (q)z (3.6)

where z is given by [19]

z =


v1 cos(θ1 − θ2)

ω1

 . (3.7)

From (3.3) and ι1, ι2 = 0, it yields that

Ûθ2 =
1

2ι2 + h2
[v1 sin(θ1 − θ2) − ω1h1 cos(θ1 − θ2)]

Ûx2 = v1 cos θ2 cos(θ1 − θ2) + ω1h1 cos θ2 sin(θ1 − θ2)

Ûy2 = v1 sin θ2 cos(θ1 − θ2) + ω1h1 sin θ2 sin(θ1 − θ2). (3.8)
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Subsequently, J (q) can be proposed to be as follows



Ûx2

Ûy2

Ûθ2

Ûθ1


=

J (q)︷                                                 ︸︸                                                 ︷

cos θ2 h1 cos θ2 sin(θ1 − θ2)

sin θ2 h1 sin θ2 sin(θ1 − θ2)
1
h2

tan(θ1 − θ2) −
h1
h2

cos(θ1 − θ2)

0 1



v1 cos(θ1 − θ2)

ω1

 (3.9)

such that JT(q)AT(q) = 0. Therefore, by substituting (3.6) into (3.5), the system dynamics
takes the following form:

Ûz = M
−1
(q)[−V (q, Ûq)z + B(q)τ ] (3.10)

where

M(q) = JT(q)M (q)J (q),

B(q) = JT(q)B(q),

V (q, Ûq) = JT(q)M (q) ÛJ (q, Ûq) + JT(q)V (q, Ûq)J (q). (3.11)

Note that when the passive follower robot in the DMR system skids during sharp
turning, backward motion and fast paces [21], the leader and follower robots get perpendic-
ular with respect to each other (jack-knife phenomenon) and consequently (3.10) reaches
singularity. At this point, the determinant of M(q) is zero and thus M−1

(q) does not exist.
The following assumption is thus made and will be used in the design of the controller:

Assumption 3.1. The DMR trajectories do not contain sharp turnings, the robots pace is
not fast, and no backward movement is allowed. Thus, the inertia matrix M(q) is invertible
throughout the entire motion and the system is stabilizable.

In the following sections, the system dynamics, (3.10), is used to design a robust
controller and a velocity estimator.
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3.2 Control Design

Assume the DMR system described by (3.10) has some external disturbances and uncer-
tainties in the parameters and the dynamic model. Therefore, M(q) and V (q, Ûq) are as
follows (note that B(q) does not contain uncertain parameters):

M(q) = M0(q) + ∆M(q) (3.12)

V (q, Ûq) = V 0(q, Ûq) + ∆V (q, Ûq) (3.13)

where M0(q) and V 0(q, Ûq) are nominal matrices, ∆M(q) and ∆V (q, Ûq) represent system
uncertainty. A bounded input disturbance τd is also considered for the DMR. Therefore,
by including uncertainties and disturbances, (3.10) can be expressed as follows:

Ûz = M
−1
0 (q)

[
−V0(q, Ûq)z + B(q)τ + h(t)

]
(3.14)

where
h(t) = −∆M(q) Ûz − ∆V (q, Ûq)z − τd . (3.15)

The robust control law is proposed to be as follows:

τ = τSMC + ∆τ (3.16)

where τSMC is a sliding mode controller that controls DMR to track desired trajectories,
yet, it does not guarantee the robustness to model uncertainties [24]. The term ∆τ is a
robust saturation controller that handles model uncertainties, i.e., unmodeled dynamics
and parameter uncertainties, when it is combined with the sliding mode controller. Later,
in Section 3.4, the effectiveness and robustness of the proposed approach is demonstrated
experimentally.

In this section, first a sliding mode controller is designed for the DMR system
with no uncertainty and disturbance (it is called nominal system) to obtain τSMC . Next,
a robust saturation controller, ∆τ , is developed to achieve a robust tracking for the entire
DMR system in the presence of model uncertainties and disturbances.
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3.2.1 Sliding Mode Controller Design

Under the condition of no uncertainties and disturbances in the DMR, the following nominal
system is obtained by letting h(t) to be zero in (3.14) and substituting τSMC into τ :

Ûz = M
−1
0 (q)

[
−V 0(q, Ûq)z +B(q)τSMC

]
. (3.17)

The controller is designed in polar coordinates because it makes it easier to define
the sliding surfaces and later prove the stability. Thus, it is assumed that the desired
trajectory of the DMR in Cartesian coordinates is given by

qd = [xd, yd, θd1, θd2]
T (3.18)

where (xd, yd)T is the Cartesian coordinates of the desired trajectory, and θd1 and θd2 denote
desired orientations of the leader and follower robots, respectively. One can transform qd

in (3.18) to the polar coordinates as [ρd, φd, θd1, θd2]
T , where ρd and φd represent the radial

and angular coordinates of the desired trajectory. Similarly, the given general coordinates
of the system, q, can be obtained in polar coordinates as qp = [ρ1, φ1, θ1, θ2]

T , by using
the expressions given in (3.1) and (3.2), and then a transformation from Cartesian to
polar coordinates. It is worth noting that q describes the posture of DMR using follower’s
position; however, since the control objective is to navigate the leader robot through desired
trajectories, the position of the leader is used in qp for the control design. Also, the
derivative of qp is obtained as follows:

Ûqp =



Ûρ1

Ûφ1

Ûθ1

Ûθ2


=



v1 cos(φ1 − θ1)

−
v1
ρ1

sin(φ1 − θ1)

ω1

ω2


. (3.19)

Before proceeding to the design of sliding mode control, the following assumptions
are given:

Assumption 3.2. The difference between the leader robot orientation (θ1) and its angular
position (φ1) should not be π

2 which implies that leader’s orientation is not tangential to
any circle drawn around polar coordinates origin.
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Assumption 3.3. The range of the robots’ angular variables are between −π and π, i.e.,
−π ≤ φ1, θ1, θ2, φd, θd1, θd2 ≤ π

The tracking errors in polar coordinates are defined as eρ = ρ1 − ρd, eφ = φ1 − φd,
eθ1 = θ1 − θd1 , and eθ2 = θ2 − θd2 . The sliding surface vector is defined as

S =


s1

s2

 =


Ûeρ + λ1eρ + λ2
∫

eρ

Ûeθ1 + λ3eθ1 + λ4
∫

eθ1 + γsgn(eθ1)|eφ |

 (3.20)

where λ1, ..., λ4 and γ are positive constants, and sgn(.) represents sign function. The
control law should be chosen such that states reach the sliding surfaces. To do so, the
controller is designed with the reaching condition of ÛS = 0, where ÛS is

ÛS =


Ûs1

Ûs2

 =


Üeρ + λ1 Ûeρ + λ2eρ

Üeθ1 + λ3 Ûeθ1 + λ4eθ1 + γsgn(eθ1)sgn(eφ) Ûeφ

 . (3.21)

The control torque input is then expressed as

τSMC = B
−1
(q)

[
V 0(q, Ûq)z +M0(q)( Ûzd + u)

]
(3.22)

where u is an auxiliary control variable, u ≡ [u1, u2]
T, and zd = [zd1, zd2]

T is the desired
value of z in (3.7), that is

zd =


vd1cos(θd1 − θd2)

ωd1

 (3.23)

where vd1 and ωd1 are desired magnitudes of translational and rotational velocities of the
leader robot, respectively. The components of the auxiliary control variable u, i.e., u1 and
u2, are given according to the following theorem:

Theorem 3.1. The following control law

u1 = −
cos(θ1 − θ2)

cos(φ1 − θ1)

[
κ1s1 + ζ1sgn(s1) − Üρd1 + λ1 Ûeρ + λ2eρ +

v2
1
ρ1

sin2(φ1 − θ1)

+v1ω1 sin(φ1 − θ1)
]
− v1(ω1 − ω2) sin(θ1 − θ2) − Ûzd1 (3.24)

u2 = −κ2s2 − ζ2sgn(s2) − λ3 Ûeθ1 − λ4eθ1 − γsgn(eθ1)sgn(eφ) Ûeφ . (3.25)

stabilizes the sliding surface vector (3.20).
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Proof. Consider the following Lyapunov function:

V1 =
1
2S

TS. (3.26)

The sufficient condition for the asymptotic stability of the closed-loop system is

ÛV1 = S
T ÛS = s1 Ûs1 + s2 Ûs2 < 0. (3.27)

Before proving the stability, (3.22) is substituted into (3.17) to get
u1

u2

 =

Ûz1

Ûz2

 −

Ûzd1

Ûzd2

 . (3.28)

The equation (3.28) is used in the rest of the proof.
To obtain Ûs1, first Üeρ = Üρ1− Üρd1 is found by getting derivative of Ûρ1 given in (3.19)

that yields

Üeρ = Ûv1 cos(φ1 − θ1) +
v2

1
ρ1

sin2(φ1 − θ1) + v1ω1 sin(φ1 − θ1) − Üρd1 . (3.29)

Also, getting derivative of the first component of z expressed in (3.7), z1, follows that

Ûz1 = Ûv1 cos(θ1 − θ2) − v1(ω1 − ω2) sin(θ1 − θ2). (3.30)

Substituting (3.29) and (3.30) into u1 given in (3.24) follows that

u1 = −
cos(θ1 − θ2)

cos(φ1 − θ1)

[
κ1s1 + ζ1sgn(s1) + Üeρ + λ1 Ûeρ + λ2eρ

]
+ ( Ûz1 − Ûzd1). (3.31)

Alternatively, from (3.28) it yields that u1 = Ûz1 − Ûzd1 . Thus, (3.31) is further express as
Üeρ = −κ1s1−ζ1sgn(s1)−λ1 Ûeρ−λ2eρ. Consequently, by substituting Üeρ into Ûs1 given by (3.21),
the final expression for Ûs1 is obtained as follows:

Ûs1 = −κ1s1 − ζ1sgn(s1). (3.32)

Similarly, for obtaining Ûs2, one can use u2 = Ûz2 − Ûzd2 given in (3.28) which can be
further written as u2 = Üeθ1 and then substitute it into (3.25) to find Üeθ1 . Consequently,
using Ûs2 in (3.21) and Üeθ1 , Ûs2 can be alternatively expressed as

Ûs2 = −κ2s2 − ζ2sgn(s2). (3.33)
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Finally, (3.32) and (3.33) are substituted into (3.27) that yields

ÛV1 = −κ1s2
1 − ζ1 |s1 | − κ2s2

2 − ζ2 |s2 |. (3.34)

Therefore, for ÛV1 to be negative definite, it is sufficient to have κ1, κ2, ζ1, and ζ2 to be
positive. �

If the sliding surfaces expressed in (3.20) are asymptotically stable around the
origin, the tracking errors eρ, eφ and eθ1 asymptotically converge to zero. The reason is
from s1 = 0, it yields that eρ trivially converges to zero. Furthermore, from s2 = 0, one
can conclude Ûeθ1 = −λ3eθ1 − λ4

∫
eθ1 − γsgn(eθ1)|eφ | in steady state. Since |eφ | is always

bounded (see Assumption 3.3), the following relationship holds: if Ûeθ1 > 0, two cases are
possible: (i) eθ1,

∫
eθ1 > 0 which yields eθ1 → 0, and (ii) eθ1 > 0,

∫
eθ1 < 0, where in the

next time step yields Ûeθ1(t+1) < 0 to hold the equation presented for Ûeθ1 , and consequently
results in the convergence of eθ1 to zero. In addition, if Ûeθ1 < 0, two cases are possible:
(i) eθ1,

∫
eθ1 < 0 which yields eθ1 → 0, and (ii) eθ1 < 0,

∫
eθ1 > 0, where in the next

time step yields Ûeθ1(t + 1) > 0 to hold the equation presented for Ûeθ1 , and consequently
results in the convergence of eθ1 to zero. Therefore, eθ1 is asymptotically stable around
the origin. Finally, it can be known from s2 = 0 that convergence of eθ1 , Ûeθ1 and

∫
eθ1

leads to the convergence of |eφ |. Therefore, the sliding mode controller designed in this
section guarantees the trajectory tracking of the DMR under no system uncertainty and
disturbance.

3.2.2 Robust Saturation Controller Design

Now the robust saturation controller is designed to handle external disturbances and model
uncertainties. Before designing the controller, the following assumptions are made for
proving uniformly ultimately boundedness of the system [173–176]:

Assumption 3.4. The norm of J (q) matrix is upper bounded such that ‖J (q)‖ ≤ Jα,
where ‖.‖ denotes L2 norm for vector and induced norm for matrix.

Assumption 3.5. The inertia matrix M0(q) is upper bounded, i.e., ‖M0(q)‖ ≤ Mα.
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Assumption 3.6. The upper bound of the norm of control inputs for most robotic systems
that do not have acceleration term can be described by ‖τ ‖ ≤ α0 + α1‖q‖ + α2‖ Ûq‖

2, where
positive α0, α1, α2 are only used in the proof of Lemma 3.1. It is shown later that the
proposed controller does not depend on them [176].

Lemma 3.1. The norm of the system uncertainty h(t) in (3.15) is upper bounded by a
positive function described by ‖h(t)‖ ≤ β0 + β1‖q‖ + β2‖z‖‖ ÛJ ‖ + β3‖z‖

2, where positive
β0, β1, β2, β3 are upper bound parameters of h(t) and will be estimated later using adaptive
laws.

Proof. The proof of Lemma 3.1 is given in the Appendix A. �

To design the robust saturation controller, define ε ≡ z − zd considering system
uncertainties. To find the DMR error dynamics, first τ is found by substituting (3.22) into
(3.16), and then, the obtained τ is used in (3.14) to get Ûz = Ûzd + u + M

−1
0 (q)B(q)∆τ +

M
−1
0 (q)h(t). Thus, the DMR error dynamics can be obtained as follows:

Ûε = u + M
−1
0 (q)B(q)∆τ + M

−1
0 (q)h(t). (3.35)

To design ∆τ , the Lyapunov function is chosen as

V2 =
1
2ε

TLε (3.36)

where L is a 2 × 2 diagonal matrix with the main diagonals of l1 and l2. Therefore, ∆τ is
designed such that the tracking error, ε, converges to zero under large system uncertainties:

∆τ =


(∇VT

2 LM
−1
0 (q)B(q))

T

‖∇VT
2 LM

−1
0 (q)B(q))‖

2
ν ‖∇V2‖ , 0

0 ‖∇V2‖ = 0

(3.37)

where ν = −∇VT
2 Lu − ‖∇V2‖‖LM

−1
0 (q)‖(β0 + β1‖q‖ + β2‖z‖‖ ÛJ ‖ + β3‖z‖

2).
The robust saturation control law designed in (3.37) requires a prior knowledge of

the upper bounds of the system uncertainty (β0, β1, β2, β3), which is difficult to access due
to nonlinear nature of the DMR system. An adaptive estimation technique is thus used
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to find these parameters. Assuming β̂0, β̂1, β̂2, β̂3 are the estimates and using the following
rules:

Û̂β0 = k0‖∇V2‖‖LM
−1
0 (q)‖ (3.38)

Û̂β1 = k1‖∇V2‖‖LM
−1
0 (q)‖‖q‖ (3.39)

Û̂β2 = k2‖∇V2‖‖LM
−1
0 (q)‖‖z‖‖ ÛJ ‖ (3.40)

Û̂β3 = k3‖∇V2‖‖LM
−1
0 (q)‖‖z‖

2 (3.41)

the upper bound parameters of ‖h(t)‖ can be estimated. In expressions (3.38)-(3.41), the
positive constants k0, k1, k2, k3 and initial values of β̂0, β̂1, β̂2, β̂3 can be selected arbitrarily.

Theorem 3.2. Using the control law given by sliding mode controller in (3.22) and robust
saturation controller in (3.37), the system (3.14) is uniformly ultimately bounded.

Proof. Consider the following function which is a part of the Lyapunov candidate as

V3 =
1
2

3∑
j=0

k−1
j

(
βj − β̂j

)2
. (3.42)

Using (3.26), (3.36), and (3.42), the complete Lyapunov function is

V = V1 + V2 + V3 =
1
2S

TS +
1
2ε

TLε +
1
2

3∑
j=0

k−1
j

(
βj − β̂j

)2
.

Observe that V > 0, it is enough to show ÛV < 0. In the proof of Theorem 3.1, it was shown
that ÛV1 < 0 along the system trajectories. Thus, it is sufficient to prove that ÛV2 + ÛV3 < 0.
Consider the following two cases:

1) If ‖∇V2‖ , 0, one has

ÛV2 = ∇VT
2 L Ûε

= ∇VT
2 Lu + ν + ∇VT

2 LM
−1
0 (q)h(t)

= ∇VT
2 Lu −

[
∇VT

2 Lu + ‖∇V2‖‖LM
−1
0 (q)‖ ×

(
β̂0 + β̂1‖q‖ + β̂2‖z‖‖ ÛJ ‖ + β̂3‖z‖

2
) ]

+∇VT
2 LM

−1
0 (q)h(t)

= ∇VT
2 LM

−1
0 (q)h(t) − ‖∇V2‖‖LM

−1
0 (q)‖ ×

(
β̂0 + β̂1‖q‖ + β̂2‖z‖‖ ÛJ ‖ + β̂3‖z‖

2
)
(3.43)
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where × denotes multiplication. Also, ÛV3 is obtained as

ÛV3 = −

3∑
j=0

k−1
j
Û̂βj

(
βj − β̂j

)
= −‖∇V2‖‖LM

−1
0 (q)‖ ×

[
(β0 − β̂0) + (β1 − β̂1)‖q‖ + (β2 − β̂2)‖z‖‖ ÛJ ‖ + (β3 − β̂3)‖z‖

2
]

(3.44)

Subsequently, using (3.43) and (3.44), ÛV2 + ÛV3 is expressed as

ÛV2 + ÛV3 = ∇VT
2 LM

−1
0 (q)h(t) − ‖∇V2‖‖LM

−1
0 (q)‖ ×

(
β0 + β1‖q‖ + β2‖z‖‖ ÛJ ‖ + β3‖z‖

2
)
< 0.

2) If ‖∇V2‖ = 0, it is straightforward to show ÛV2 + ÛV3 ≤ 0. Therefore, for both
cases, ÛV < 0. �

Note that the auxiliary control variable u given in (3.24) and (3.25) are a function
of the leader’s translational and rotational velocities (v1 and ω1). However, in practice,
measuring absolute velocity of the robots is not possible due to the limited sensing capa-
bility of available sensors. In the following section, an estimator is developed to estimate
these velocities.

3.3 Estimator Design

In this section, an estimator is proposed that fuses sensory data and DMR dynamics to
estimate the required velocities. Considering the nonlinearities in the dynamics of DMR,
a nonlinear estimator such as extended Kalman filter, unscented Kalman filter, or particle
filter, has to be developed. The particle filter is chosen because of its capability in dealing
with non-Gaussian and nonlinear systems [69,70].

To develop the particle filter, the system is discretized with constant velocity as-
sumption and designate the discrete current state vector as xk = [x1, y1, θ1, θ2, Ûx1, Ûy1, Ûθ1, Ûθ2]

T,
that is obtained at each time step using the state information from the dynamic model
(3.10), the transformation (3.6), and expressions (3.1) and (3.2). To predict the velocities
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Figure 3.2: Schematic diagram of the proposed methodology.

at each time step, the following measurement model is defined:

yk =


√
Ûx2
1 + Ûy

2
1

Ûθ1

 . (3.45)

Moreover, DMR translational and rotational velocities are measured by differentiating the
DMR position and orientation feedback from a centralized vision system, i.e., vm and ωm,
that might be noisy or subjected to error. To model the velocity measurements realistically,
it is assumed that these measurements are also corrupted by an additive noise. Hence, the
measured velocity vector is ϑk = [vm, ωm]

T + δk , where δk can be a zero mean white
Gaussian or non-Gaussian noise.

The particle filter algorithm is developed to generate a particle set which can be
the best representation of the true velocities. Each particle set is composed of current state
sample and its weight. As shown in Figure 3.2, the particle filter takes the current torque
and prior particle sets as its input to estimate the true belief of velocities, vest and ωest ,
using dynamic model (3.10) and measurement model (3.45). The dynamic model (3.10)
is used to propagate samples forward in each time step based on the previous particles
and the current inputs. The measurement model (3.45) is used to predict the velocities
using samples of current state vector. To assign a weight to each state sample, the nor-
mal probability density function of measured velocity vector ϑk is found using a normal
distribution centered at each sample of predicted velocity vector. Afterwards, resampling
is done with the purpose of transforming the predicted belief particle set to belief using
importance sampling. If the current input is considered as τk and prior state as xk−1, then
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one can define the measurement model in (3.45) as p(yk |xk) which is the probability of
measurement y occurring at time k given the state x, and similarly, one can define the
motion model given in (3.10) as p(xk |xk−1,τk). Now, the details of the developed particle
filter velocity estimator is presented in Algorithm 1.

In summary, Algorithm 1 inputs the prior particle sets, current torque and velocity
measurements, and consequently it outputs the true belief of leader’s velocity profile. To
verify the developed controller and estimator algorithms, experiments were carried out and
are presented in the next section.

3.4 Experimental Studies

The entire closed-loop system composed of a trajectory planner, particle filter estimator,
and robust controller is shown in Figure 3.2. The trajectory planner generates desired
trajectories required for the controller to provide the input torque of the leader’s wheels, i.e.,
τ . The proposed controller also inputs the position, and velocity of the DMR. The position
of the DMR, q, can be measured accurately using Vicon system. By getting the derivatives
of these terms, one can find the velocity. However, to model the velocity realistically that
can behave like real sensory data, these signals are corrupted by white Gaussian noise and
then an estimator is deployed to obtain the velocity profile more accurately. The particle
filter estimator fuses the measured velocity ϑk obtained by Vicon, and current state xk

which is calculated using the DMR dynamic model. Afterwards, the estimated velocity
(vest and ωest), measured states (q), and desired states (qd, zd and Ûzd) are used by the
controller to generate the input torque required for control.

3.4.1 Experimental Setup

Two Arduino mobile robots docked via two rigid links connected through an off-axle hitch
were used in experiments (Figure 3.3). The robots were equipped with wireless Xbee
modules for communication with computer with the sampling frequency of 10 Hz. The
DMR velocity was found using the Vicon position and orientation measurements as well
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Algorithm 1 Particle Filter for Velocity Estimation

Inputs: Prior particle sets Sk−1 = {s
[1]
k−1, ..., s

[I]
k−1}, current input τk , and measured veloc-

ity ϑk

Outputs: True belief of velocities vest and ωest

for each particle in Sk−1 do
Sampling: propagate sample forward using motion model (3.10): x̄[i]

k
∼ p(xk |x

[i]
k−1, τk)

Prediction: predicting measurements using sample x̄[i]
k

and measurement model
(3.45): ȳ[i]

k
∼ p(yk |x̄

[i]
k
)

Weighting: define weights from measured velocities ϑk , with normal distribution
centered at predictions ȳ[i]

k
: w[i]

k

Store in interim particle set: S̄k = S̄k + {s̄
[i]
k
}, where s̄[i]

k
= {x̄[i]

k
,w[i]

k
}.

end for
Normalize weights
for each particle in S̄k do

Resampling: draw particle x̄[i]
k

with probability w[i]
k
: s[i]

k
= {x[i]

k
,w[i]

k
}

Add to final particle set: Sk = Sk + {s
[i]
k
}

Calculate true velocities through measurement model (3.45):
y[i]
k
= [v[i]

k
,ω[i]

k
]T = p(yk |x

[i]
k
)

end for
Find vest and ωest by calculating mean of v[i]

k
and of ω[i]

k
over i.

where Np is the total number of particles, x̄[i]
k
, ȳ[i]

k
, x[i]

k
, y[i]

k
are respectively the ith

predicted belief of states, predicted belief of measurements, current belief of states and
current belief of measurements, and particle set s[i]

k
={x[i]

k
,w[i]

k
} is the combination of sample

and weight of ith particle, all at time k for i = 1, ..., Np.
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Figure 3.3: Experimental DMR.

Table 3.1: System and control design parameters.

Parameter Value Parameter Value

b 0.0850 m λ1, λ2, λ3, λ4 400
h1, h2 0.05 m κ1, κ2 25, 15

m1 0.65 Kg ζ1, ζ2 25, 15
m2 0.55 Kg γ 400
Rw 0.0270 m l1, l2 10, 5

I1, I2 0.0026 Kg.m2 k0, k1, k2, k3 12

as the known sampling rate of 0.1 sec. The control input of the leader robot is voltage
in the range of [−5V, 5V]. The details of the experimental setup can be found in [177].
The parameters of the DMR system and the controller used for experiments are given
in Table 3.1. To determine the control design parameters prior to experiments, Genetic
Algorithm was used to minimize the tracking error cost function defined as

∫ Tf

0 e(t)T.e(t)dt,
subject to all the control parameters being positive, where Tf denotes the run time and
e(t) = [eρ, eφ, eθ1, eθ2]

T is the simulation tracking error vector. For the sake of accuracy and
calculation time, the number of particles was set to be 200 that enables the estimator to
perform online estimation. It was assumed a zero mean white Gaussian noise δk is added
to the obtained velocity profile, where standard deviations are 0.1 m/sec and 0.3 rad/sec
for v1 and ω1, respectively. It is worth noting that due to the adopting Particle Filter
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estimator, non-Gaussian noises also can be handled using the proposed methodology.

3.4.2 Experimental Results

In what follows, the performances of the methodology are demonstrated in five parts. In
parts 1 to 3, the results are presented under three case studies: (1) measurement noise,
(2) unmodeled dynamics, and (3) parametric uncertainty. In part 4, the performance of
the proposed control strategy is compared with the case that only sliding mode is deployed.
In part 5, the obtained results are compared with conventional controllers.

1) Robustness to measurement noise:

To investigate the robustness of the developed approach to measurement noise, a white
Gaussian noise was added with the standard deviation of 0.4 m for both x1 and y1, and
0.05 rad for θ1. Figure 3.4 presents the experimental results. The DMR trajectories are
shown in Figure 3.4a, where the black square denotes the starting point of the desired trajec-
tory. To show how the developed particle filter estimates the velocities, Figures 3.4c, 3.4d,
and 3.4e are provided. In Figures 3.4c and 3.4d convergence of the estimated velocities
to the true values obtained by Vicon and the estimation errors to zero are illustrated, re-
spectively. The convergence and boundedness of the estimation errors covariance are also
shown in Figure 3.4e. From these graphs, it is evident that the estimator is capable of esti-
mating the required states with good accuracy. The tracking performance of the integrated
estimator and controller system is shown to be good in Figure 3.4b. As can be seen, the
tracking error of the controller is small. The peak observed in tracking error is because of
the orientation mismatch between the leader and follower robots arising from turning on
the trajectory, thus making the robots to have some errors in following their paths. After
passing the turning point, the tracking error gets smaller as it is demonstrated. The root
mean square of errors (erms) are 6 cm, 6.8 cm, 0.07 rad for x, y, θ, respectively.
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Figure 3.4: Experimental results for the first trajectory under measurement noise: (a)
leader-follower trajectories; (b) tracking error; (c) estimated (green), measured (blue), and
true (red) velocities; (d) estimation error; (e) velocity error covariance.
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2) Robustness to unmodeled dynamics:

To implement unmodeled dynamics, h1 was set to zero (on-axle hitched DMR) in the
dynamics (3.10) that is used in estimation and control while in the experiments h1 ,

0 (off-axle hitched DMR shown in Figure 3.3). Figure 3.5 displays the estimation and
control results under unmodeled dynamics effects. The estimation results provided in
Figures 3.5c, 3.5d, and 3.5e show that the outputs have converged to true velocities. It
is shown in Figures 3.5a and 3.5b that DMR successfully tracks the trajectory with small
errors, where erms is 19.7 cm, 6.8 cm, 0.09 rad for x, y, θ, respectively.

3) Robustness to parametric uncertainty:

The performance of the proposed approach was assessed in the presence of parametric
uncertainty, which is important in loading and unloading applications. To do so, 15% mass
uncertainty was added to the leader robot using the uncertain mass box shown in Figure 3.3.
The results are shown in Figure 3.6. From Figures 3.6c, 3.6d and 3.6e it is evident that the
designed particle filter estimator converges to true DMR velocities. Tracking results are
demonstrated in Figures 3.6a and 3.6b which confirms the robust tracking performance of
the proposed approach. The erms was found to be 17.2 cm, 9.5 cm, and 0.15 rad for x, y,
and θ, respectively.

4) Comparison with sliding mode controller:

In this part, the performance of the proposed controller in (3.16) was compared with the
case when only sliding mode is deployed. Both controllers were integrated with the devel-
oped estimator and tested for five different trajectories (five runs) under various conditions,
i.e., measurement noise, unmodeled dynamics and parametric uncertainties, as shown in
Table 3.2. In this table, the tracking performance of controllers are compared in terms
of erms and the percentage of maximum steady state errors ess. This table shows that
the proposed robust controller outputs lower tracking error and improves robustness under
measurement noise and model uncertainties in comparison to the case when only sliding
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Figure 3.5: Experimental results for the second trajectory under unmodeled dynamics (a)
leader-follower trajectories; (b) tracking error; (c) estimated (green), measured (blue), and
true (red) velocities; (d) estimation error; (e) velocity error covariance.
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Figure 3.6: Experimental results for the third trajectory under parametric uncertainty: (a)
leader-follower trajectories; (b) tracking error; (c) estimated (green), measured (blue), and
true (red) velocities; (d) estimation error; (e) velocity error covariance.
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Table 3.2: Tracking performance of sliding mode controller (τSMC) and robust controller
(τSMC + ∆τ ) for five runs.

Run

HHH
HHH

HH
Error∗

Case Measurement noise Unmodeled dynamics Parametric uncertainties
τSMC τSMC + ∆τ τSMC τSMC + ∆τ τSMC τSMC + ∆τ

1
erms (6.2, 5.5, 10.1, 0.15, 0.21) (5.9, 6, 6.8, 0.07, 0.09) (1.5, 14.3, 27.9, 0.1, 0.1) (0.8, 2.3, 7.5, 0.2, 0.02) (2.8, 9.2, 10, 0.1, 0.08) (1, 2.9, 9.8, 0.2, 0.03)
ess% (10, 0.05, 27.7, 12.1, 8.3) (4.2, 4.7, 12, 9.4, 6) (3.4, 5.6, 16, 9.7, 29.5) (0.3, 0.7, 12.5, 8.9, 10.7) (0.7, 1.1, 46.7, 16.6, 45.5) (0.4, 0.8, 21, 18.3, 13.1)

2
erms (10, 18.6, 14.1, 0.19, 0.2) (10, 15.1, 10.5, 0.17, 0.07) (17.2, 24.1, 17, 0.16, 0.3) (6.2, 19.7, 6.8, 0.09, 0.25) (17.9, 22, 14.9, 0.2, 0.18) (6, 15.2, 7.1, 0.1, 0.1)
ess% (4.3, 5.3, 6.9, 31.2, 16.3) (2.8, 0.08, 2.9, 14.2, 12.7) (4.2, 10.3, 11.3, 31.2, 23.5) (3.5, 4.4, 4.9, 24.1, 12.2) (9.2, 18.8, 9.9, 45.7, 28.2) (0.6, 4.7, 6.4, 14.2, 6.2)

3
erms (15.6, 16, 20.6, 0.17, 0.3) (14.2, 9.6, 8.6, 0.13, 0.07) (26.9, 14.4, 19.3, 0.2, 0.3) (13.1, 12, 8.5, 0.1, 0.09) (15.1, 21, 15.9, 0.1, 0.1) (10.4, 17.2, 9.5, 0.15, 0.03)
ess% (6.5, 6.4, 6, > 100, 12) (6.3, 5, 9.8, 8.4, 5.9) (10.4, 10.3, 13.7, >100, 6.9) (5.1, 3.6, 6.6, 27.7, 3.6) (3.5, 3.9, 2.1, >100, 11.1) (0.8, 3.7, 5.0, 17.8, 7.9)

4
erms (6.3, 6, 8.2, 0.08, 0.44) (2.5, 5.1, 6, 0.06, 0.3) (24.6, 35, 27, 0.3, 0.53) (3.3, 6, 6.4, 0.06, 0.4) (33.1, 21.5, 34.8, 0.4, 0.2) (1.3, 8, 4.1, 0.07, 0.04)
ess% (6.7, 5.4, 6.3, 57.7, 7.2) (0.02, 0.02, 5.5, 18.5, 9) (8.6, 8.4, 17.1, 75.2, 11.9) (0.7, 1.3, 7.9, 18.9, 7.7) (3.6, 3.2, 11.4, 23, 15.2) (0.6, 1.2, 3.7, 28.4, 8.4)

5
erms (22, 19.7, 19.5, 0.2, 0.1) (16.8, 17.3, 11.7, 0.2, 0.04) (26.8, 17.5, 35.4, 0.4, 0.2) (20.3, 16.3, 14.7, 0.2, 0.08) (19.1, 21, 17.3, 0.3, 0.4) (18.5, 12.8, 13.2, 0.2, 0.1)
ess% (6.1, 6.6, 7.8, 29.2, 10) (3.4, 5.1, 2.5, 20.5, 5.9) (5.4, 8.8, 7.5, >100, 9.9) (1.6, 1.08, 3.5, 18.4, 8.8) ( 1.7, 5.3, 11, >100, >100) (0.6, 1.1, 2.2, 15.4, 12.9)

∗where erms : (eρrms cm, exrms cm, eyrms cm, eθrms rad, eφrms rad) is root mean square and
ess% : (eρss , exss , eyss , eθss , eφss ) is steady state error.

mode controller is used. In average, the improvement for root mean squared error, i.e.,
(e2

x + e2
y)

1/2, under measurement noise, unmodeled dynamics, and parametric uncertainties
are respectively 5.1%, 8.3% and 11% during the steady state over five runs. As also stated
previously, the pure sliding mode controller is capable of handling some disturbances and
noises, yet it does not guarantee robustness under model uncertainties. Thus, it is rea-
sonable that the tracking performance improvement of the developed controller over the
sliding mode under model uncertainties is more distinctive compared to the measurement
noise. Moreover, from Table 3.2, it is noticed that the horizontal or vertical tracking error
of the pure sliding mode controller in some cases seems smaller than of the developed con-
troller. The reason is that the objective of the both sliding mode and robust controllers is
to stabilize the sliding surface vector given in (3.20) which are written in polar coordinates.
Thus, by comparing the values of radial and angular errors (eρ and eφ) in Table 3.2, it is
concluded that the robust controller still outperforms the sliding mode controller.

5) Comparison with other controllers:

The performance of the developed controller was also compared with previously developed
controllers in the literature. The experiments were conducted with five various trajectories
under measurement noise (Run 1), parametric uncertainties (Runs 2 and 3), and unmodeled
dynamics (Runs 4 and 5) for different controllers, i.e., Lyapunov-based [178], PD, and PID
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Table 3.3: Tracking performance of different controllers under measurement noise (Run 1),
parametric uncertainties (Runs 2 and 3) and unmodeled dynamics (Runs 4 and 5).
Run Performance∗ The proposed method Lyapunov-based [178] PD PID

1
erms (3.2, 3.6, 3.6, 0.09, 0.7) (8.7, 7.3, 11.9, 0.24, 0.98) (3.3, 7.1, 15.2, 0.14, 0.97) (3.4, 4.8, 6.2, 0.1, 0.85)
ess% (3.9, 3, 5.1, 4.2, 9.7) (8.1, 6.9, 21.4, 18.4, 16.8) (5.4, 4.5, 11.3, 10.4, 11.3) (4.7, 4.3, 10, 32.2, 9.9)
(σr, σl) (2.9, 3) (2.6, 2.5) (0.8, 1.1) (1.5, 1.6)

2
erms (5.5, 17.2, 9.5, 0.15, 0.21) (5.6, 16.2, 28.3, 0.24, 0.37) (53.1, 46.4, 28.8 , 0.3, 0.33) (14.3, 9.5, 12.7, 0.16, 0.59)
ess% (2.7, 3.7, 5.0, 17.8, 8.4) (3.6, 4.0, 12.7, 100, 18.2) (6.4, 12.3, 24.7, > 100, 31.4) (5.9, 4.0, 1.0, > 100, 28.3)
(σr, σl) (2.9, 2.5) (2.2, 1.7) (0.8, 0.9) (1.7, 1.9)

3
erms (6, 15.2, 7.1, 0.1, 0.09) (8.1, 30.2, 12.6, 0.1, 0.1) (6.9, 15.7, 10.4, 0.1, 0.1) (6.6, 18, 12.8, 0.1, 0.09)
ess% (0.65, 4.7, 6.4, 14.2, 6.2) (1.2, 4.1, 7.97, 47, 6.2) (1.5, 6.3, 12, 45.5, 10.5) (0.9, 6.1, 10.7, 41.1, 8.9)
(σr, σl) (3.5, 2.7) (3.1, 2.4) (1.9, 1.4) (2.6, 2)

4
erms (3.3, 5.6, 4.8, 0.08, 0.4) (10.8, 12.6, 13.2, 0.09, 0.09) (26.3, 37.5, 29.2, 0.34, 0.19) (9, 14.4, 10.6, 0.12, 0.08)
ess% (0.7, 0.1, 7.6, 18.9, 11.7) (4.43, 5.8, 16.8, 80.6, 29.9) (4.5, 5.2, 17.7, 87.5, 39.2) (4.2, 4.6, 16.5, 80.9, 36.1)
(σr, σl) (3.2, 3.4) (2.9, 2.8) (2.5, 1.7) (2.1, 2.0)

5
erms (10.3, 6.3, 14.7, 0.24, 0.08) (23.3, 22.9, 23.1, 0.36, 0.09) (23.1, 17.1, 16.8, 0.26, 0.09) (25.5, 29.1, 20.8, 0.37, 0.08)
ess% (5.6, 1.08, 3.5, 18.4, 8.8) (7.5, 11.5, 7.9, > 100, 12.5) (11.2, 16.9, 8.7, > 100, 16.3) (10.1, 13.4, 4.7, > 100, 15.5)
(σr, σl) (3.5, 3.2) (2.4, 1.9) (2.6, 2.4) (2.5, 1.9)

∗ where erms : (eρrms cm, exrms cm, eyrms cm, eθrms rad, eφrms rad) is root mean square error and
ess% : (eρss , exss , eyss , eθss , eφss ) is steady state tracking error, and (σr V, σl V) is standard deviation
of control input voltage respectively for right and left wheels.

controllers. The gains of the PD and PID controllers were chosen as follows: kp = 250,
kd = 20 and kI = 20. Results are summarized in Table 3.3 based on the tracking error and
control effort. The results verify that the developed controller outperforms other controllers
in terms of tracking and robustness, although it requires a bit more control effort. Table 3.3
indicates that using the developed approach, the average root mean squared of steady state
tracking error (over five runs) improves up to 9%, 11.8%, and 5.5% comparing to Lyapunov,
PD, and PID controllers, respectively. Moreover, in tuning all of these controllers, it was
noticed that the proposed controller is less sensitive to the design parameters while others
require careful tuning and are significantly sensitive to the parameters change.

3.5 Summary

In this chapter, a new integrated system was developed composed of a robust tracking con-
troller and an estimator for a nonholonomic docked mobile robotic system without having
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access to translational and rotational velocities directly. Through extensive experiments it
was shown that the proposed approach can be efficiently used for tracking various feasible
trajectories when the system is subjected to measurement noises, missing velocity infor-
mation, unmodeled dynamics, and parameter uncertainties. It was concluded that if only
the sliding mode control method (integrated with the estimation) is implemented on the
robots, tracking performance is deteriorated in the presence of uncertainties. Thus, it was
shown that the robust saturation control has to be combined with the sliding mode control
to achieve robust tracking, especially with parametric uncertainties and unmodeled dynam-
ics that can decrease the steady state tracking error by up to 11% and 8.3%, respectively.
Experimental results were also compared to previously developed control methods in the
literature and it was demonstrated that the performance of the proposed methodology is
superior to other developed controllers in the literature in terms of tracking accuracy and
robustness to model uncertainties. Moreover, the developed controller requires less tuning
effort compared to other methods due to being less sensitive to parameter changes. Hence,
the proposed integrated (controller-estimator) method can be used in uncertain systems
with good tracking performance where accessing velocity directly is not possible.
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Chapter 4

Motion Planning and Collision Avoidance of Docked
Mobile Robots in Dynamic Environments

In this chapter, motion planning and control methodologies are proposed for an extended
system of DMR to minimize robots’ off-tracking and to provide a safe and live motion for
the system in dynamic and cluttered environments. The DMR system considered in this
chapter consists of a nonholonomic leader and N holonomic passive-wheels active-joints
followers.

To this end, initially, the tracking controller proposed in Chapter 3 is adopted tp
be used for the case of (N + 1)-docked mobile robots, where N ≥ 2. Furthermore, a novel
motion planning methodology is proposed through developing: (i) a trajectory planner to
determine the motion of docked followers for tracking a desired path, (ii) a robust motion
controller to navigate DMR through the planned trajectory, and (iii) a collision avoidance
strategy to provide a collision-free transit for followers in dynamic environments. Two novel
approaches are proposed for followers’ collision avoidance: a reactive and a cooperative.
In the reactive approach, the collision avoidance strategy is comprised of two control laws,
one for obstacle avoidance and the other for satisfying joint constraints. In the coopera-
tive approach, the collision avoidance strategy replans a collision-free trajectory for docked
followers, and then deploys the developed trajectory planner and motion controller to nav-
igate the DMR through the trajectory. The rest of this chapter is organized as follows:
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Section 4.1 presents the dynamic model of DMR, Section 4.2 presents the trajectory plan-
ning for followers, Section 4.3 provides the motion control design, Section 4.4 presents the
reactive and cooperative collision avoidance methods, Section 4.5 discusses the results ob-
tained from MATLAB simulations and V-REP implementation, and Section 4.6 concludes
the chapter.

4.1 Governing Dynamics of DMR

The DMR considered in this study is an (N + 1)-docked mobile robotic system, as shown
in Figure 4.1, that includes a nonholonomic mobile robot, defined as a leader (robot 0),
physically connected to N holonomic follower robots via rigid links and revolute joints.
The DMR parameters are shown in Figure 4.1 where r0 = (x0, y0)

T and ri = (xi, yi)T are
the coordinates of the leader’s and ith follower’s center of mass, and θ0 and θi are the
orientations of the leader and ith follower, respectively. The distance between each robot’s
center of mass and its joint is denoted by h0 for the leader, and hi for ith follower. Moreover,
bi and Rw are the radii of ith follower robot and its driving wheels, respectively. Before
deriving the equations of motion, it is important to note that the translation and rotational
velocities of the docked robots are dependent on each other because of the following docking
constraints:

ωi =
1
h i
[vi−1 sin(θi−1 − θi) − ωi−1hi−1 cos(θi−1 − θi)]

vi = vi−1 cos(θi−1 − θi) + ωi−1hi−1 sin(θi−1 − θi) (4.1)

for i = 1, . . . , N, where vi−1 and vi are the translational velocities of two consecutive robots,
and ωi−1 and ωi are their rotational velocities. Since the translational and rotational veloc-
ities of docked robots are correlated as expressed in (4.1), it is not possible to individually
actuate the wheels of docked followers. The reason is actuating the wheels of each fol-
lower independently, violates the docking constraints expressed by (4.1). The solution to
control the docked followers is either actuating the direction of followers’ wheels through
steering the wheels (similar to [18,179]), or actuating the followers’ docking joints through
steering the joints (similar to [77]). In this chapter, the steering joint on the hitching
point, oi−1i, is actuated to provide the steering input of the ith follower, i.e., τθi , and all



48

the followers’ wheels are passive. The input torques of the DMR system are also shown
in Figure 4.1 with blue, where τR0 and τL0 are the applied torques to the leader’s right
and left wheels, respectively, and τθi is the applied torque to ith follower’s front joint for
i = 1, ..., N. Since the coordinates of each follower, ri, can be found using the coordinates of
the leader, r0, and the orientation of the previous robots, the system state can be expressed
as q = [x0, y0, θ0, θ1, . . . , θN ]

T .
In this section, the dynamic model proposed for two-docked robots in section 3.1

is extended to the case of (N+1)-docked mobile robots. The dynamic model of the extended
DMR is similar to (3.5), that is

M (q) Üq + V (q, Ûq) Ûq = B(q)τ −AT(q)λ (4.2)

where for a system composed of N + 1 docked robots, the positive definite inertia matrix
is M (q) ∈ <(N+3)×(N+3), the transformation matrix is B(q) ∈ <(N+3)×(N+2) , the centrifugal
and Coriolis terms are represented by V (q, Ûq) ∈ <(N+3)×(N+3), the nonholonomic constraints
are denoted by A(q) ∈ <1×(N+3), the constraint force vector is λ ∈ < that is associated
with the nonholonomic constraints of the leader robot), and the input vector indicating
the applied torque required to drive the DMR is τ ∈ <(N+2)×1. Since the followers have
passive wheels and active joints, the input vector yields τ = [τR0, τL0, τθ1, . . . , τθN ]

T. The
matrices M (q), V (q, Ûq), B(q) and A(q) for an (N + 1)-docked mobile robotic system are
found and given in the Appendix B.

Similar to the previous chapter, to include the nonholonomic constraints, one can
introduce Ûq = J (q)z, with z defined as

z = [v0, ω0, ω1, . . . , ωN ]
T (4.3)

where v0 and ω0 are the magnitudes of leader’s translational and rotational velocities, re-
spectively. Also, ωi is the rotational velocity of ith follower. The matrix J (q) ∈ <(N+3)×(N+2)

is defined such that JT(q)AT(q) = 0, as shown in the Appendix B. By substituting Ûq into
(4.2), a system dynamics similar to the one proposed in the previous chapter, (3.10), can
be achieved, that is

Ûz = M
−1
(q)[−V (q, Ûq)z + B(q)τ ] (4.4)
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Figure 4.1: Docked multiple mobile robots (DMR) system.

where

M(q) = JT(q)M (q)J (q)

B(q) = JT(q)B(q)

V (q, Ûq) = JT(q)M (q) ÛJ (q, Ûq) + JT(q)V (q, Ûq)J (q). (4.5)

For practical applications, the physical constraints of the DMR has to be consid-
ered in developing motion planning algorithm. Thus, it is assumed that the rotation of the
joint between each two consecutive docked-robots is constrained by |θi − θi−1 | ≤ θc, where
θc is a positive angle.

Providing that the motion planning for the leader of DMR is separate from that
of the followers [75], and that the leader’s desired trajectory can be planned using single
robot’s path planning methods in the literature [180, 181], the overall procedure for fol-
lowers’ motion planning is proposed as illustrated in Figure 4.2, with the inputs being the
leader’s desired trajectory and the obstacles information. As shown in this figure, the three
main components of the proposed methodology are trajectory planning, motion control,
and collision avoidance. The trajectory planning and motion control strategies are devel-
oped to find the motion of followers and then navigate them to track a planned trajectory.
When no obstacle is detected, the planned trajectory to be tracked by the followers is the
leader’s desired trajectory. When there is an imminent collision, the reactive approach (as
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Figure 4.2: Flowchart of proposed motion planning methodology for DMR using two ap-
proaches: reactive and cooperative.

shown with blue in Figure 4.2) invokes a collision avoidance control law and integrates
it with the motion controller such that each follower reacts to avoid the obstacle; on the
other hand, the cooperative approach (as shown with red in Figure 4.2) replans a new
collision-free trajectory and deploys the trajectory planner and motion control to navigate
the followers through it. The details of the proposed trajectory planning, motion control,
and collision avoidance approaches are presented in the following sections.

4.2 Trajectory Planning for Followers

This section proposes a new trajectory planning strategy that determines the followers’
angular motion (θd1, . . . , θdN ) such that they track a given desired trajectory. When no
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obstacle is approaching or when reactive collision avoidance approach is being used, it
is assumed that the trajectory to be tracked by the followers is the leader’s desired tra-
jectory. When obstacles are approaching, for cooperative collision avoidance approach
in Section 4.4.2, a new desired trajectory will be planned for the followers to avoid the
obstacles. The proposed trajectory planning strategy consists of two steps: first, the de-
sired location of each follower on the desired trajectory is found−they are called “desired
points”, and second, feasible desired orientation of followers are determined based on the
joint constraints.

For following the leader’s desired trajectory, the followers’ motion is dictated by
the following strategy given that the current position of each follower is ri = [xi, yi]T , and
the leader’s desired trajectory is rd0(t) = [xd0, yd0]

T and θd0:

Step 1) Finding the desired points for followers

To find the desired point of ith follower on the desired trajectory, first the location of joint
between robots i and i − 1 is calculated, i.e., o(i−1)i(x0, y0, θ0, ..., θi−1) = (ox (i−1)i, oy (i−1)i)

T , as
follows:

o(i−1)i =


x0 − h0 cos θ0 − 2

∑i−1
k=1 hk cos θk

y0 − h0 sin θ0 − 2
∑i−1

k=1 hk sin θk

 . (4.6)

The desired point of ith follower, rdi , belongs to a circle with the center of o(i−1)i and
radius of hi, i.e., ci = {θi | (x − ox (i−1)i)

2 + (y − oy (i−1)i)
2 = h2

i }, where ci intersects the de-
sired trajectory rd0(t). Doing this, two (or more) different points are found for follower
i on the desired trajectory. Considering the joint constraints, only one feasible point is
chosen: rdi = [xdi, ydi ]T . In Figure 4.3, the red dashed circles (ci) are the circles used to
find the desired points, and the red crosses (rdi ) are the followers’ desired points.

Remark. For trajectory planning, each follower has to move on the desired trajectory
unless its joint constraint is violated. When the joint constraint prevents the follower from
reaching its desired point, the closest point to the desired trajectory is selected where
the overall distance between DMR and desired trajectory is minimized. For example, in
Figure 4.3, the 4th follower’s joint constraint prevents locating the robot at the assigned
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Figure 4.3: Planning the desired points of followers (rdi ) on the predefined desired trajec-
tory of leader (rd0(t)).

desired point, rd4 . Using the optimization approach proposed in the next step, the obtained
desired points are converted to feasible orientations of followers.

Step 2) Determining feasible orientation of followers

To assign a feasible orientation to each follower such that the whole DMR tracks the
desired points, rdi , while satisfying the joint constraints, the following objective function
is proposed:

f (θ1, θ2, . . . , θN ) = α1

N∑
i=1
‖ri − rdi ‖ +

α2∏N
i=1 σi

(4.7)

where (4.7) decreases with: 1) reducing the distance between DMR and desired trajectory,
and 2) keeping the joint constraints within its limit. Also, α1 and α2 are positive gains,
and σi is given by

σi =
(1
2 (sgn(θc − %i)) + 1

)
+

(1
2δ(θc − %i)sgn(−∇%i

Ûq)
)

(4.8)
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where sgn(.) and δ(.) represent sign and impulse functions, respectively. Also, %i and ∇%i
are the joint constraint function of ith follower and its gradient, respectively, defined as

%i = |θi − θi−1 | (4.9)

∇%i =

[
∂%i
∂x0

,
∂ %i
∂y0

,
∂ %i
∂θ0

,
∂ %i
∂θ1

, . . . ,
∂ %i
∂θi

, . . . ,
∂ %i
∂θN

]
. (4.10)

Based on the Nagumo’s theorem [182], one can claim that (4.9) always lies in
its predefined limit, θc, if and only if d%i

dt
= ∇%i Ûq < 0, ∀{q ∈ <(N+3)×(N+3) | %i(q) = θc}. This

implies that on the boundary of the constraint (%i = θc), the value of %i has to decrease
(∇%i Ûq < 0) to remain within the constraint %i ≤ θc. Thus, σi in (4.8) is defined such that

σi =


1 if

(
%i < θc

)
or

(
%i = θc and ∇%i Ûq < 0

)
0 if

(
%i > θc

)
or

(
%i = θc and ∇%i Ûq > 0

)
which tends to increase the value of the objective function in (4.7) when a joint constraint
is violated (σi = 0).

To determine the follower’s feasible orientation, the following finite-time optimiza-
tion problem is defined at time tk :

θd1, . . . , θdN = argmin
θ1,...,θN

∫ tk+1

tk

f (θ1, θ2, . . . , θN ) dt. (4.11)

Consequently, by utilizing the desired points (rdi ) obtained in step 1, and solving the opti-
mization problem (4.11) using a nonlinear programming approach such as Trust-region [183],
the desired orientation of followers (θd1, . . . , θdN ) can be found.

Algorithm 2 presents the developed trajectory planning strategy for followers
which it inputs the desired trajectory (rd0) and outputs the followers’ desired orienta-
tion (θd1, . . . , θdN ) by using the cost function (4.7) to solve the optimization problem (4.11).

Once the followers’ desired orientation are found using the proposed trajectory
planning method, the DMR desired state yields

qd =
[
xd0, yd0, θd0, θd1, . . . , θdN

]T
. (4.12)
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Algorithm 2 Trajectory Planning for Followers.

Inputs: Leader’s desired trajectory (rd0), distance between robot’s center of mass and
joint (h0, h1, . . . , hN ).

Outputs: Desired orientation of followers (θd1, . . . , θdN ).
for each follower i (i = 1, . . . , N) do

Find the location of joints using (4.6), i.e., o(i−1)i.
Define circle ci with center of o(i−1)i and radius of hi.
Determine desired point, rdi , by finding intersection between ci and rd0 .

end for
Calculate the objective function given by (4.7).
Find θd1, . . . , θdN such that (4.11) is minimized.

where xd0, yd0, θd0 are given by the leader’s desired trajectory. In the following section, a
motion controller is designed to navigate the DMR to track the obtained qd.

4.3 Motion Control

A robust motion controller is proposed that navigates the leader to track the given desired
trajectory (xd0, yd0, θd0), and the followers to track the desired orientations (θd1, . . . , θdN )
obtained in Section 4.2. The leader’s desired trajectory in polar coordinates can be cal-
culated as [ρd0, φd0, θd0]

T , where ρd0 and φd0 represent the desired radial and angular
coordinates of the leader, respectively. Thus, by obtaining the state of DMR in polar
coordinates, i.e., qp = [ρ0, φ0, θ0, θ1, . . . , θN ]

T where ρ0 is the radial and φ0 is the angu-
lar coordinate, the error vector can be defined as e = [eρ0, eφ0, eθ0, eθ1, . . . , eθN ]

T , where
eρ0 = ρ0 − ρd0 , eφ0 = φ0 − φd0 , eθ0 = θ0 − θd0 and eθi = θi − θdi .

The tracking controller for the leader in a DMR system (composed of two docked
nonholonomic mobile robots) was designed in Chapter 3. Now the controller proposed in
Chapter 3 is extended to control the followers to achieve the desired state (4.12) of an
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extended DMR. The sliding surface vector is given by

S =



s01

s02

s1

:

sN


=



Ûeρ0 + λ01 eρ0

Ûeθ0 + λ02 eθ0 + λ03sgn(eθ0)|eφ0 |

Ûeθ1 + λ1eθ1

:

ÛeθN + λN eθN


(4.13)

where λ01, λ02, λ03 and λi for i = 1, . . . , N, are positive constants. From the system dynam-
ics (4.4), the DMR control torque input yields

τ = B
−1
(q)

[
V 0(q, Ûq)z +M0(q)( Ûzd + utot)

]
(4.14)

where zd = [vd0, ωd0, ωd1, . . . , ωdN ]
T is the desired value of z in (4.3) with vd0 and ωd0

being the desired magnitudes of leader’s translational and rotational velocities, and ωdi

the desired rotational velocity of ith follower. Also, utot ∈ <
(N+2)×1 is a control variable

defined as
utot = ucont + uaux (4.15)

where ucont is the control variable for tracking the desired state qd, yet, it does not guar-
antee the collision-free navigation and joint limits satisfaction. Thus, uaux is combined
with ucont to provide a safe motion. While uaux will be proposed later in the next section,
ucont ≡ [u01, u02, ucont1, . . . , ucontN ]

T is given according to the following theorem:

Theorem 4.1. The following control laws for the leader (u01, u02) and for ith follower
(uconti ) stabilize the DMR dynamics (4.14) to achieve the desired trajectory, provided
that uaux = 0:

u01 = −Ûv0 −
1

cos(φ0 − θ0)

[
κ01 s01 + ζ01sgn(s01) − Üρd0

+λ01 Ûeρ0 +
v2

0
ρ0

sin2(φ0 − θ0) + v0ω0 sin(φ0 − θ0)
]

u02 = −κ02 s02 − ζ02sgn(s02) − λ02 Ûeθ0 − λ03sgn(eθ0 eφ0) Ûeφ0

uconti = −κisi − ζisgn(si) − λi Ûeθi, (4.16)

where i = 1, . . . , N.
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Proof. Consider the following Lyapunov function:

Vcont =
1
2S

TS. (4.17)

The derivative of Vcont yields

ÛVcont = s01 Ûs01 + s02 Ûs02 + s1 Ûs1 + . . . + sN ÛsN . (4.18)

Under the assumption that uaux = 0, substituting (4.14) into (4.4) yields ucont = Ûz − Ûzd.
Thus, Ûs01 and Ûs02 can be found as follows (for more details please see Chapter 3):

Ûs0l
= −κ0l

s0l
− ζ0l

sgn(s0l
), for l = 1, 2. (4.19)

Similarly, Ûsi can be obtained by substituting uconti = Üeθi into (4.16) for i = 1, . . . , N that
yields Ûsi = −κisi − ζisgn(si). Therefore, by substituting the obtained ÛS into (4.18), ÛVcont

can be obtained as follows:

ÛVcont = −
2∑
i=1
(κ0i s

2
0i
+ ζ0i |s0i |) −

N∑
i=1
(κis2

i + ζi |si |) (4.20)

Thus, for ÛVcont to be negative semi-definite, it is sufficient to have κ01 , κ02 , κi, ζ01 , ζ02 and
ζi positive for i = 1, . . . , N. �

Consequently, by using utot = ucont in (4.14), the DMR converges to the de-
sired state qd which enables the followers to follow their planned trajectory as the leader
tracks the given desired trajectory. In the following section, two dynamic collision avoid-
ance strategies are developed to provide a safe motion for followers among static/dynamic
obstacles.

4.4 Collision Avoidance

Considering that a collision-free trajectory can be planned for the leader using the devel-
oped motion planning methods for single robots in the literature, e.g., model predictive and
receding horizon [92, 98, 106], this thesis is only focused on developing collision avoidance
strategies for the followers in dynamic environments that also satisfy the joint constraints
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and are scalable. These strategies are proposed in two approaches: (i) reactive and (ii) co-
operative. The reactive method is a decentralized approach that incorporates the collision
avoidance into the motion control using robots’ on-board measurement sensors. On the
other hand, the cooperative method is a centralized approach that replans the followers’
desired trajectory to prevent collisions using environment information (e.g., obstacles lo-
cation, velocity and shape). Thus, depending on available information of environment,
whether its centralized or decentralized, the proper collision avoidance approach has to be
selected. Later, in Section 4.5, the performance of the two proposed collision avoidance
approaches are discussed and compared in terms of effectiveness and energy efficiency.

As shown in Figure 4.4, each follower is represented by a circular disc of radius
Ravdi that indicates the region that needs to be kept safe from obstacles. The detection
region, obtained from the effective operational range of the robot’s sensors, around each
follower is Rdeti for i = 1, . . . , N. Moreover, it is assumed that each obstacle can be approx-
imated by a circumscribed circle with radius Robst j for j = 1, . . . , Nobst, where Nobst is the
total number of obstacles in the environment.

Remark. For those shapes of obstacles that are too conservative to be approximated by
a circumscribed circle, one can consider the obstacle as several small circles with known
radii and centers, and then utilize the information of these circles to provide a collision-free
motion for the DMR.

4.4.1 Reactive Collision Avoidance

In the reactive approach, each follower which detects at least one obstacles in its detection
region, has to increase its distance to the approaching obstacles such that the joint con-
straints are also satisfied. To this end, the collision avoidance as well as the joint constraints
are incorporated into the DMR motion by proposing a control law for uaux in (4.15).

In developing the reactive collision avoidance approach, the following assumption
is made for localizing the obstacles:

Assumption 4.1. In the reactive collision avoidance strategy, the bearing angle, θi j ∈ [−π, π],



58

Ravdi

follower i

obstacle j

robstjdij

Robstj

ri

θij

Rdeti

Figure 4.4: Reactive collision avoidance parameters.

as well as the distance, di j > 0, of ith follower to jth obstacle are measured using a set of
on-board proximity sensors implemented on the robot.

Consider the auxiliary control variable, uaux in (4.15), as

uaux = uobst + ujoint (4.21)

where uobst and ujoint∈ <(N+2)×1 are control variables associated with obstacle avoidance
and joint constraints, respectively. The uobst is responsible for deviating the followers
from the obstacles, and ujoint ensures that the joint constraints are not violated while the
robot is attempting to avoid the obstacles. The joint constraint is also crucial for avoiding
inter-robots collisions. First, uobst = [0, 0, uobst1, . . . , uobstN ]

T is proposed as

uobsti = ηiλobsti sgn(
π

2 − |θi |)
Nobst∑
j=1

βi j sgn(θi j) (4.22)

where

βi j =
1
2

(
sgn(R2

deti − d2
i j) + 1

) (
1 − α3

d2
i j

d2
i j + α4

)
(4.23)

ηi = α5 atan
(
α6(Rdeti −

Nobst
min
j=1
{di j})

)
+ α7. (4.24)

Note that λobsti , α3, . . . , α7 are positive design parameters. The λobsti adjusts the
repellence of follower i from obstacles (a larger λobsti leads to a larger repellence). The
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α3, . . . , α7 are designed such that the penalty functions βi j and ηi in (4.23) and (4.24) form
continuously differentiable functions in the range of [0, 1] as demonstrated in Figures 4.5a
and 4.5b. The minNobst

j=1 {di j} in (4.24) is the distance of follower i to the closest obstacle.
In (4.22), the components sgn(θi j) and sgn( π2 − |θi |) direct the follower to avoid obstacles,
where sgn(θi j) determines the location (top or bottom) of the obstacle j with respect to
the follower i, and sgn( π2 − |θi |) indicates the direction in which the follower is being pulled
(right or left).

Second, providing that the rotation constraint of the joint amongst any two con-
secutive robots is |θi − θi−1 | < θc, ujoint = [0, 0, ujoint1, . . . , ujointN ]

T is proposed as

ujointi = γi Ûγiλjointi

��%i − θc ��
|si + sgn(si)

∑Nobst
j=1 βi j∫
ηi

|

(4.25)

where λjointi is a design parameter that adjusts the repellece of the follower i from the joint
limit (a larger λjointi leads to a larger repellence). The %i, si, βi j and ηi are previously
defined in (4.9), (4.13), (4.23) and (4.24), respectively. The γi = α8atan

(
α9(θc − %i)

)
+ α10,

with α8, . . . , α10 being constants, is designed such that γi forms a positive continuously
differentiable function in the range of [0, 1] as shown in Figure 4.5c. In (4.25), the com-
ponent γi indicates whether the joint constraint violation between follower i and i − 1
happens (γi = 1) or not (γi = 0), Ûγi determines the direction that the ith joint has to
rotate to avoid joint limit violation,

��%i − θc �� is a penalty function that quantifies the joint

constraint control law, and |si + sgn(si)
∑Nobst

j=1 βi j∫
ηi
|incorporates the tracking as well as the

collision avoidance condition into joint constraints.

Theorem 4.2. By substituting (4.16) and (4.21) into (4.15) and then (4.14), the fol-
lowers are guaranteed to avoid collision with moving obstacles while satisfying the joint
constraints.

Proof. Consider Vsys = Vcont + Vobst + Vjoint as the Lyapunov candidate where Vcont is given
in (4.17). Also, Vobst and Vjoint correspond to the obstacle avoidance and joint constraint
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Figure 4.5: Reactive collision avoidance and joint constraint functions for the ith follower
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Lyapunov functions, respectively, and are given as follows:

Vobst =
N∑
i=1

(
|si | +

∑Nobst
j=1 βi j

) ∑Nobst
j=1 βi j∫

ηi
(4.26)

Vjoint =
N∑
i=1

γ
−(π−θc )λjointi sgn(θi−θi−1)

i . (4.27)

Observe that: (i) Vsys(S, βi j, γi) = 0 if and only if (S, βi j, γi) = 0, (ii) Vsys > 0, ∀(S, βi j, γi) , 0
which follows from βi j, γi,

∫
ηi being non-negative (as shown in Figure 4.5) yielding all the

components of Vsys to be positive (Vcont,Vobst,Vjoint > 0), and (iii) Vsys is a continuously
differentiable function on the neighborhood of (S, βi j, γi); because when the control law for
obstacle avoidance and/or joint constraint is under action (uobsti, ujointi , 0), the deviation
of the followers is such that si and θi − θi−1 cannot be zero.

Getting the derivatives of ÛVobst and ÛVjoint yields

ÛVobst =
N∑
i=1

Ûβi(|si | + 2βi) + Ûsi sgn(si)βi∫
ηi

−
ηiβi(|si | + βi)

(
∫
ηi)2

(4.28)

ÛVjoint = −(π − θc)

N∑
i=1

λjointi | Ûγi |γ
−1−θcλjointi sgn(θi−θi−1)

i (4.29)

where βi and Ûβi are short for
∑Nobst

j=1 βi j and
∑Nobst

j=1
Ûβi j , respectively. Also, | Ûγi | = sgn(θi − θi−1) Ûγi,

as can be derived from Figure 4.5c. Substituting (4.14) into the system dynamics (4.4), it
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Figure 4.6: Block diagram for motion planning using the reactive collision avoidance ap-
proach.

yields utot = Ûz − Ûzd. Thus, from (4.15) and (4.21), Ûsi is obtained as

Ûsi = −κisi − ζisgn(si) + uobsti + ujointi . (4.30)

Now, (4.30) is substituted into (4.18) to obtain ÛVsys as follows:

ÛVsys = s01 Ûs01 + s02 Ûs02 +
ÛVobst + ÛVjoint

+

N∑
i=1

si
(
−κisi − ζisgn(si) + uobsti + ujointi

)
. (4.31)

Then (4.30) is substituted into (4.28), and subsequently, substitute the obtained ÛVobst,
(4.29) and (4.19) into (4.31) that yields

ÛVsys = −κ01 s2
01
− κ02 s2

02
− ζ01 |s01 | − ζ02 |s02 | −

N∑
i=1
(κis2

i + ζi |si |)

+

N∑
i=1

Ûβi(|si | + 2βi) + βi(−κi |si | − ζisgn2(si))∫
ηi

+

N∑
i=1

uobsti (si +
βi∫
ηi
sgn(si)) −

ηiβi(|si | + βi)

(
∫
ηi)2

+

N∑
i=1

ujointi (si +
βi∫
ηi
sgn(si)) − (π − θc)λjointi | Ûγi |γ

χi
i (4.32)

where χi = −1 − (π − θc)λjointi sgn(θi − θi−1). From Figure 4.5a, one can see that for all
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i = 1, . . . , N, βi ≥ 0 and Ûβi ≤ 0. Similarly, from Figure 4.5b, it is easy to see (
∫
ηi)
−1 > 1.

Thus, the first six terms of (4.32) are always non-positive. Consequently, to show that
ÛVsys < 0, it is only needed to proof that the last two terms of (4.32) are negative.

The fourth term of (4.32) can be rewritten as follows:

N∑
i=1

βi∫
ηi
(uobsti sgn(si) −

ηiβi∫
ηi
) + (uobsti si −

ηiβi |si |

(
∫
ηi)2
). (4.33)

From (4.22), it is observed that −ηiλobsti βi ≤ uobsti ≤ ηiλobsti βi. Therefore, both terms in
(4.33) are negative if and only if the obstacle avoidance design parameter λobsti are chosen
such that 1 ≤ λobsti < (

∫
ηi)
−1, for all i = 1, . . . , N.

The last term of (4.32), after substituting (4.25) into it, yields

N∑
i=1

(
λjointiγi Ûγi

��%i − θc �� sgn(
si + sgn(si)

βi∫
ηi

) )
−

(
(π − θc)λjointi | Ûγi |γ

χi
i

)
. (4.34)

Observing that the first term of (4.34) is less than (π − θc)λjointiγi Ûγisgn(si + sgn(si)
βi∫
ηi
),

and that γi ∈ [0, 1], one can claim that (4.34) is negative if 0 < λjointi ≤
2

π−θc
.

Consequently, it is proved that Vsys(S, βi j, γi) ≥ 0 and ÛVsys(S, βi j, γi) < 0 which
imply (S, βi j, γi) → 0 as t → ∞. From

∑Nobst
j=1 βi j → 0, one can conclude that the obstacle

avoidance is achieved for all followers. Similarly, γi → 0 yields that the joint constraints
are satisfied between all followers along with tracking the desired trajectory. �

Figure 4.6 demonstrates the details of motion planning with reactive collision
avoidance method which is composed of: a trajectory planner that calculates the desired
state that locates the DMR on the leader’s desired trajectory, a motion controller that
navigates the followers to achieve the desired state, and an obstacle avoidance and joint
constraint control law that is developed for each follower to locally react to the approaching
obstacle while maintaining the joint limit.

4.4.2 Cooperative Collision Avoidance

In this section, a cooperative collision avoidance strategy is proposed that is based on
replanning the desired points assigned to the followers so that they do not collide with the
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obstacles; recall that the motion of the leader robot is assumed to be collision-free. The
following assumption is made for the localization process of obstacles in the cooperative
strategy.

Assumption 4.2. In cooperative approach, the DMR moves in an environment with
known obstacles. Each obstacle has a circular shape of center robst j = [xobst j , yobst j ]

T and
radius Robst j moving with a constant velocity of vobst j for j = 1, . . . , Nobst.

In the cooperative approach, as shown in Figure 4.7, two radii are added to each
obstacle j: 1) the maximum radius of followers’ avoidance region, i.e., Rmax ≡ max(Ravdi )

for i = 1, ..., N, that provides a safe motion for every single follower regardless of its size,
and 2) the prediction radius that estimates the possible locations of the obstacle in the next
instant of time, providing that the obstacle moves with constant velocity vobst j , is defined
as Rpred j

≡ |vobst jTs | where Ts is the difference between two consecutive time instants (Time
step). Considering the current position, robst j , and the new radius defined for each obstacle,
R̃obst j ≡ Robst j + Rmax + Rpred j

, the detection region of obstacle j yields:

(x − xobstj )
2 + (y − yobstj )

2 = R̃2
obst j . (4.35)

The cooperative strategy is proposed in the following:

Step 1) Finding active obstacles

given the detection region of each obstacle in (4.35) as well as the desired point of each
follower, rdi , calculated in Section 4.2, one can determine whether collision between the
obstacle and the follower’s trajectory is imminent. This obstacles is denoted as “active
obstacle”. In other words, the obstacle j is active if the desired point of at least one follower
robot, rdi , is within the detection region of the obstacle, that is ‖rdi − robst j ‖

2 ≤ R̃2
obst j .

Step 2) Replanning the desired trajectory

Trajectory replanning for the followers is performed with the purpose of finding a collision-
free trajectory that is closest to the leader’s desired trajectory. To do so, the “critical
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Figure 4.7: Two obstacles and their associated parameters in cooperative collision avoid-
ance.

points” of the active obstacle j is defined as the intersections between the leader’s desired
trajectory, rd0(t), and the detection region of the obstacle (4.35). The critical points,
ςj = [ς1 j , ς2 j ]

T , are denoted by red circles in Figure 4.7. To calculate the critical points,
one has to solve ‖rd0(t) − robst j ‖

2 = R̃2
obst j for t, and subsequently, the calculated values

for t is substituted into the leader’s desired trajectory rd0(t) to obtain the coordinates of
ς1 j and ς2 j . Second, a new desired collision-free trajectory, r̃d0(t), is determined for all
ς1 j ≤ rd0(t) ≤ ς2 j by replacing the equation of the jth obstacle’s detection region (4.35) for
rd0(t). Figure 4.7 shows the original desired trajectory rd0(t) in dotted gray line, and the
new collision-free desired trajectory r̃d0(t) in navy dashed line. Consequently, given the
r̃d0(t) and the previously developed trajectory planning strategy in Section 4.2, the desired
points of followers, rdi can be found for i = 1, . . . , N, and thus the desired state for DMR,
qd, to track the new collision-free trajectory will be found. Figure 4.7 also illustrates the
initial desired points of followers in red crosses, and the collision-free desired points in red
squares. Note that trajectory planning for the new collision-free desired trajectory can be
done simply by replacing the leader’s desired trajectory, rd0(t), with r̃d0(t) in Algorithm 2.
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If there is no active obstacle at the current time, the leader’s desired trajectory will be used
by the followers to track, i.e., r̃d0(t) = rd0(t). Note that the joint constraints are already
satisfied when assigned the desired state to the DMR.

Step 3) Controlling DMR to track the collision-free trajectory

Now, the motion controller developed in Section 4.3 is deployed to navigate the robots to
track the desired state qd obtained in the previous step, and thus avoid collisions with the
obstacles. Note that in the cooperative approach, since a desired trajectory is replanned
for followers that is collision-free, one has to use the controller (4.15) with uaux = 0.

The details of the proposed motion planning with cooperative collision avoidance
approach are presented in Algorithm 3. This algorithm inputs the desired trajectory of the
leader, desired points of the followers (obtained in Section 4.2) and obstacles’ information
(coordinates, radius and velocity), and it outputs the new collision-free desired state for
DMR.

The entire closed-loop system for motion planning with cooperative approach is
shown in Figure 4.8 which is composed of a trajectory planner, a cooperative collision avoid-
ance strategy, and a motion controller. The trajectory planner uses the given trajectory
information to find the DMR desired state. Initially, the leader’s desired trajectory infor-
mation is given to the trajectory planner, rd0(t). Then, the cooperative collision avoidance
strategy uses the information given by the environment and trajectory planner to calculate
the closest collision-free trajectory (steps 1 and 2), r̃d0(t). Subsequently, this collision-free
trajectory is given to the trajectory planner to calculate the collision-free state of DMR,
qd. Then, the motion controller is utilized to control DMR to achieve qd (step 3).

4.5 Results and Discussion

In this section, efficiency of the proposed motion planning method is evaluated through
MATLAB simulations as well as V-REP implementation for various cases. In each case,
a desired trajectory is given to the leader robot to follow. The task for each follower is
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Algorithm 3 Motion Planning with Cooperative Approach.

Inputs: Leader’s desired trajectory (rd0(t)), followers’ desired points (rdi ), obstacles’ in-
formation (robst j , vobst j , Robst j ).

Outputs: Collision-free state for DMR (qd).
for each obstacle j do

Calculate the prediction radius: Rpred j
= |vobst jTs |.

Define a new radius: R̃obst j = Robst j + Rmax + Rpred j
.

Check if the obstacle is active:
for each follower i do

if ‖rdi − robst j ‖
2 ≤ R̃2

obst j then
obstacle j is active

end if
end for

end for
for each active obstacle j do

Find the critical points ςj = [ς1 j , ς2 j ]
T by calculating the intersection between (4.35)

and rd0(t).
Define a new collision-free trajectory r̃d0(t):
for ς1j ≤ t ≤ ς2j do

Replace rd0(t) with (4.35).
end for

end for
Plan the DMR desired state on r̃d0(t) using the motion planner proposed in Section 4.2:
qd.
Control the DMR to track qd using the motion controller developed in Section 4.3 with
uaux = 0.

where j = 1, . . . Nobst and i = 1, . . . N.
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Figure 4.8: Block diagram for motion planning using the cooperative collision avoidance
approach.

to track the leader’s desired trajectory while avoiding obstacles and satisfying the joint
constraints. It was assumed that all the docked followers are initiated such that the joint
constraints are satisfied.

For MATLAB simulations, two different cases were considered: the first case is
demonstrated in Figure 4.9a involving 10 robots (1 leader and 9 followers), 3 dynamic
obstacles (shown with gray circles) and 1 static obstacle (shown with gray square); and
the second case is depicted in Figure 4.9b involving 7 robots and 4 dynamic obstacles. In
each case, Figures 4.9a and 4.9b, the leader’s desired trajectory is shown with blue line
where its start and end points are denoted with black circle and black square, respectively.
The rotation of the followers’ docking joints are assumed to be constrained by θc =

π
2

for MATLAB simulations. The DMR parameters in MATLAB were selected as Rw =

2.7 cm, m0 = 0.55 kg, hi = 12 cm and bi = 8.5 cm for i = 0, ..., N. Furthermore, to show
the superiority of the proposed method over kinematic-based approaches existing in the
literature, the mass for each follower, mi, was randomly selected in the range of 0.35 to
0.75 kg (up to 35% mass difference between the followers).

For V-REP implementation, a simulated model of a real platform consisting of
one leader and 4 followers was developed in V-REP, Virtual Robot Experimentation Plat-
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(a)

(b)

Figure 4.9: MATLAB simulations. (a) Case I. (b) Case II.
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Figure 4.10: Schematic of the DMR system simulated in V-REP.

form [184], to verify the applicability of the proposed methodology in practice. As shown
in Figure 4.10, to reproduce the real world robot and its conditions, the “pioneer pd3x”
robot model is used where robots are docked to each other through links and revolute
joints, and followers are equipped with holonomic wheels, i.e., Swedish wheels, to be able
to perform lateral motions. Two cases were considered in V-REP: the first case is illus-
trated in Figure 4.11a that contains two dynamic obstacles (shown with red hemispheres);
and the second case is demonstrated in Figure 4.11b involving three dynamic obstacle
(that are shown with different shapes and sizes) and two dynamic obstacles (shown with
black cylinders). In each case, the leader’s desired trajectory is depicted with green line
as shown in Figures 4.11a and Figure 4.11b. The rotation of the followers’ docking joints
are assumed to be constrained by θc =

π
3 for V-REP simulation. The DMR parameters

in V-REP were selected as Rw = 10 cm, m0 = 16 kg, m1 = 5 kg, m2 = 3 kg, m3 = 4 kg,
m4 = 3.5 kg, hi = 30 cm and bi = 35 cm for i = 0, ..., 4.

In the following sections, the performance of the proposed trajectory planning
and motion control algorithms integrated with first, reactive (Section 4.5.1), and second,
cooperative (Section 4.5.2) collision avoidance approach are assessed in both MATLAB and
V-REP simulation environments. Finally, in Section 4.5.3, the performance of the proposed
methodology is discussed and compared with the existing methods in the literature.
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Figure 4.11: V-REP implementations. (a) Case III. (b) Case IV.
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4.5.1 Motion Planning with Reactive Approach

The reactive approach was implemented over two cases in MATLAB, shown in Figures 4.9a
and 4.9b, and the respective results are demonstrated in Figures 4.12 and 4.14a verifying
that the proposed trajectory planning and motion control algorithms effectively navigate
the followers to track the leader’s desired trajectory. Moreover, it is evident that when
an obstacle reaches the followers’ detection region, the robots are navigated to increase
their distance to the obstacle (e.g., Figures 4.12b, 4.12c, 4.12e, 4.12f and 4.12g). Once the
obstacle leaves the followers’ detection region, e.g., Figures 4.12d and 4.12h, the followers
smoothly converge to the desired trajectory. The effective performance of the reactive
approach under the second case is also shown in Figure 4.14a. Therefore, the results
obtained from the presented cases, Figures 4.12 and 4.14a, confirm the effectiveness of the
proposed reactive motion planning method when tracking a complex path in a cluttered
environment.

The reactive approach was also implemented in V-REP for the two cases intro-
duced in Figures 4.11a and 4.11b, and the obtained results are illustrated in Figures 4.15
and 4.15, respectively, via different snapshots. The reactive motion planning methodology
in V-REP was done through utilizing followers’ on-board sensors (see Assumption 4.1),
i.e., ultrasonic sensors with 0.35 m detection range; thus, when an obstacle is detected by
ith follower’s on-board sensors, the control variables uobsi and ujointi will be activated to
provide DMR’s safe motion. It can be concluded from the obtained results, Figures 4.15
and 4.16, that the proposed reactive motion planning methodology successfully navigates
the DMR to follow the leader’s desired trajectory while also avoiding dynamic obstacles
and joint violation.

4.5.2 Motion Planning with Cooperative Approach

Regarding MATLAB simulations, Figure 4.13 demonstrates the performance of the coop-
erative approach under the first case (introduced in Figure 4.9a) with the followers’ desired
points being denoted by red squares. Figure 4.13 illustrates that the trajectory planning
and control strategies perform well such that (when there is no approaching obstacle) the
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whole DMR accurately tracks the leader’s desired trajectory (Figures 4.13a, 4.13d, and
4.13h). As can be seen in Figures 4.13b, 4.13c, 4.13e, 4.13f and 4.13g, by the time an
obstacle lies on the way of the desired trajectory, the followers replan their desired points
to avoid the imminent obstacle collision and satisfy the joint constraints. The effective per-
formance of the cooperative approach under the second case is also shown in Figure 4.14b.
Therefore, the results obtained from the presented cases, Figures 4.13 and 4.14b, verify the
effective performance of the proposed cooperative collision avoidance methodology when
integrated with the proposed trajectory planning and motion control algorithm in tracking
complex trajectory and cluttered environments.

The performance of the cooperative collision avoidance methodology was also
tested through V-REP implementation, as demonstrated in Figure 4.17 and 4.18 respec-
tively for the first and the second case introduced previously in Figures 4.11a and 4.11b.
In implementing cooperative approach in V-REP, it was assumed that the obstacles are
detected by a centralized camera. It is evident from the obtained results (Figures 4.17
and 4.18) that followers cooperatively work toward avoiding imminent collisions by using
the algorithm proposed in Algorithm 3. Moreover, when the proposed cooperative ap-
proach is integrated with the motion planning and control algorithm, the DMR can follow
its leader’s desired trajectory safely in cluttered environments.

4.5.3 Discussion

To compare the performance of the reactive and the cooperative collision avoidance ap-
proaches, Figures 4.19 and 4.20 are provided which show the robots’ trajectories and their
deviation from the desired trajectory for each approach under the cases III and IV, i.e.
corresponding to the results demonstrated in Figures 4.15-4.18. In addition, the perfor-
mance of the developed collision avoidance approaches, i.e., reactive and cooperative, for
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Figure 4.12: Motion planning using reactive approach for a DMR with 1 leader and 9
followers in dynamic environment (case I). (a) t = 2.1 s. (b) t = 3.3 s. (c) t = 3.9 s. (d)
t = 4.8 s. (e) t = 6.3 s. (f) t = 6.9 s. (g) t = 7.8 s. (h) t = 8.7 s.
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Figure 4.13: Motion planning using cooperative approach for a DMR with 1 leader and
9 followers in dynamic environment (case I). (a) t = 1.1 s. (b) t = 3.3 s. (c) t = 3.9 s. (d)
t = 4.8 s. (e) t = 6.3 s. (f) t = 6.9 s. (g) t = 7.8 s. (h) t = 8.7 s.
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Figure 4.14: Motion planning for DMR with 7 robots in a dynamic environment (case II).
(a) Reactive approach. (b) Cooperative approach.
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Figure 4.15: V-REP snapshots using the reactive approach for a DMR with 1 leader and
4 followers in a dynamic environment (case III). (a) t = 0 s. (b) t = 60 s. (c) t = 90 s. (d)
t = 120 s. (e) t = 150 s. (f) t = 180 s.



77

Obstacles enter the environment.

(a) (b)

(c) (d)

(e) (f)

(g)

Obstacles exit the environment.

(h)

Figure 4.16: V-REP snapshots using the reactive approach for a DMR with 1 leader and
4 followers in a dynamic environment (case IV). (a) t = 0 s. (b) t = 20 s. (c) t = 50 s. (d)
t = 70 s. (e) t = 80 s. (f) t = 90 s. (g) t = 100 s. (h) t = 120 s.
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Figure 4.17: V-REP snapshots using the cooperative approach for a DMR with 1 leader
and 4 followers in a dynamic environment (case III). (a) t = 0 s. (b) t = 60 s. (c) t = 90 s.
(d) t = 120 s. (e) t = 150 s. (f) t = 180 s.
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Figure 4.18: V-REP snapshots using the cooperative approach for a DMR with 1 leader
and 4 followers in a dynamic environment (case IV). (a) t = 0 s. (b) t = 20 s. (c) t = 50 s.
(d) t = 70 s. (e) t = 80 s. (f) t = 90 s. (g) t = 100 s. (h) t = 120 s.
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all the four cases were compared in terms of average computation time for each time step,
mean lateral deviation of followers from the desired trajectory, and energy consumption
(standard deviation of followers’ joint control effort in average) as summarized in Table 4.1.
It can be concluded from the results provided in Figures 4.19 and 4.20 as well as Table 4.1
that the reactive approach is more efficient in terms of energy and computation time but
it requires larger space to accomplish collision avoidance. This is because the cooperative
approach replans the closest collision-free trajectory and cooperatively navigates all the
followers to track it, while in the reactive approach only the followers that are subjected
to collision individually react to the obstacles that results in deviating the other followers
from the reference trajectory. Thus, the cooperative approach is beneficial in applications
where collision-free transit in narrow paths is required, and the reactive approach is useful
in applications concerning fast dynamic obstacles and/or saving energy. On the other hand,
the reactive approach relies on the follower’s local information, i.e., distance and bearing
angle to the obstacles, while the cooperative approach requires environment information
such as the coordination, velocity and radius of the obstacles.

The effectiveness of the proposed method was also compared with other existing
methods in the literature, quantitatively and qualitatively (see Table 4.2). As mentioned
in the Introduction and Literature Review, only a few papers have addressed the problem
of DMR’s collision avoidance in the literature while all have some limitations. First, all the
previous approaches use solely the kinematics of DMR in their design. Second, most of the
approaches have been developed exclusively for static environments (e.g. [75, 80, 81, 112]).
Third, scalability is another important issue that needs to be addressed in motion planning.
While the proposed method in this thesis has shown to be scalable for at least 10 robots;
more robots is also possible with a little more effort on parameter’s tuning, the previous
methods either are scalable with only a few number of robots [75,80,91] or have neglected
the scalability [2,81,112]. Last but not least, the calculation time of the existing methods
seems to be high [2,91,112]. The proposed method is more computationally efficient since it
is concerning with a larger number of robots, and it possesses motion liveness unlike other
methods such as [2] that stop the robots to avoid collisions thus requires less computation.

Remark. Since the proposed motion planning and collision avoidance approach is solved
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iteratively for each docked-robot in the system, the computational efficiency of the proposed
method becomes crucial especially with increasing the number of followers in DMR. To
guarantee the computation efficiency, Big-O method can be used which finds the growth
of run-time with increasing the number of followers in the system [185]. To do so, first, the
total computation time is found by adding the times for all components of the proposed
method, i.e., trajectory planning, motion control, and collision avoidance, as follows:

total time = time(trajectory planning) + time(motion control) + time(collision avoidance).

For motion planning with reactive collision avoidance approach, the total computation time
(TR) yields

TR = Nc1 + c2 + N ′c2 (4.36)

where c1 and c2 are the computation cost of trajectory planning (Section 4.2) and motion
control (Section 4.3), respectively. Also, N is the total number of followers in DMR and
N ′ is the number of followers that detect at least one obstacle in their detection region
(i.e., N ′ ≤ N). Subsequently, using the Big-O method, the computation time of motion
planning with reactive collision avoidance algorithm presented in (4.36) is proportional to
O(N). Furthermore, for motion planning with cooperative collision avoidance approach,
the total computation time (TC) yields

TC = Nc1 + c2 + NN ′obstc3 (4.37)

where c3 is the computation cost of cooperative collision avoidance (Section 4.4.2), and
N ′obst is the number of active obstacles in the environment (see step 1 in Section 4.4.2).
Consequently, using the Big-O method, the computation time of motion planning with
cooperative collision avoidance algorithm expressed in (4.37) is proportional to O(NN ′obst).
By comparing the computation cost obtained for the reactive approach, i.e., O(N), and for
the cooperative one, i.e., O(NN ′obst), one can conclude that the reactive approach is more
time-efficient for large scale DMR in cluttered environments.
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(a)

(b)

Figure 4.19: Trajectories of robots obtained from V-REP for case III. (a) Reactive ap-
proach. (b) Cooperative approach.
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(a)

(b)

Figure 4.20: Trajectories of robots obtained from V-REP for case IV. (a) Reactive ap-
proach. (b) Cooperative approach.
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Table 4.1: Comparison of the proposed collision avoidance approaches: reactive and coop-
erative.

PPPPPPPPPPPP
Performance

Case Reactive approach Cooperative approach
I II III IV I II III IV

Computational time [s] 12.6 11.5 8 8.2 18.8 15.1 12.5 12.6
Mean lateral deviation [cm] 14.5 53.6 13.4 22.1 12.9 50.8 10.3 15.7
Energy consumption [N.m] 0.59 3.8 0.3 0.72 2.37 5.78 1.1 1.9

4.6 Summary

In this chapter, a novel motion planning methodology was developed for DMR in dy-
namic environments that is comprised of trajectory planning, motion control, and collision
avoidance. For collision avoidance, two new approaches were proposed: reactive and coop-
erative. The stability of the closed-form system was proved mathematically, and the results
obtained from MATLAB and V-REP demonstrated that the DMR effectively tracks a de-
sired trajectory in dynamic environments with no collision. Furthermore, the proposed
motion planning methodology was shown to be scalable and capable of handling robots’
mass difference. By comparing the two proposed collision avoidance approaches, reactive
and cooperative, it was concluded that the reactive approach requires less computation
time and energy consumption, while the cooperative one requires less space for crossing
the obstacles. When compared to other state-of-the-art methods, the developed method
proved to be scalable, applicable to complex paths in dynamic environments, robust to
the different masses of robots, able to provide motion-liveness, and more computationally
efficient.
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Table 4.2: Evaluation of DMR motion planning approaches reported in the literature.
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[91] ∼ 30 5 – X 5 X

[2] 0.75a 1 – X – X

[80] 20b 2 – – 2 X

[81] N/A 1 – – – X

[112] ∼ 20 1 – – – X

[75] N/A 3 – – 3 X

The proposed reactive approach 12.6 9 X X 10 X

The proposed cooperative approach 18.8 9 X X 10 X

a This method stops the vehicle every time an obstacle is detected.
b This method uses offline computation for planning a 20 m path.



86

Chapter 5

Formation Control of Docked and Non-docked Mo-
bile Robots

This chapter proposes a novel robust control methodology for a team of nonholonomic
mobile robots with docking capability. In addition to docking, the robots can maintain
a formation that can also be switched automatically to other configurations when neces-
sary, and avoid collisions with other robots and dynamic obstacles. To this end, a novel
formation model is developed for docked and non-docked mobile robots following by a sub-
sumption control architecture that takes into account each follower’s desired goal as well
as its docking condition (docked or non-docked) to synthesize a control law as a velocity
control signal which is then used to determine the robust input torque for each follower
using the robots’ dynamics. Moreover, strategies for efficient motion planning of the
followers to achieve various goals, e.g., formation-keeping, docking, switching formation,
and collision avoidance, are developed. Therefore, the developed methodologies in this
chapter potentially be adopted in real applications that require robots to be supplied with
sufficient battery, or having a large payload capacity, e.g., agricultural robotics. The rest
of this chapter is organized as follows: Section 5.1 states the problem being considered
in this chapter. Section 5.2 presents the motion model as well as the formation model of
both docked and non-docked mobile robots. Section 5.3 provides the controller design, Sec-
tion 5.4 plans the desired separation of followers (with respect to the leader) to achieve an
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assigned goal, Section 5.5 presents the results obtained from simulations as well as V-REP
implementation, and Section 5.6 concludes the chapter.

5.1 Problem Statement

This chapter considers a formation of multiple mobile robots (MMR) that is composed
of N + 1 nonholonomic robots (one leader and N followers) capable of docking themselves
to each other in addition to switching the formation and avoiding collisions among robots
(called inter-robots collisions), and avoiding collisions with the environment obstacles. In
this chapter, the desired position of each follower robot in the formation is indicated through
a parameter that is called as desired separation which is the desired position of the follower
with respect to the leader. The desired separation of each follower is determined according
to its assigned goal/task. Figure 5.1 shows an MMR system consisting of one leader and 5
followers in a leader-follower formation where l and fi are used to indicate the leader and
ith follower, respectively, and di shows the desired separation of follower i with respect to
the leader. It is assumed the leader’s position and orientation are known to the followers.
Followers often for various reasons are necessary to dock to each other, for example when
they carry heavy objects or moving in rough terrains, or sometimes due to battery shortage.
These urge the followers to dock to the leader (follower-to-leader docking as shown in
Figure 5.1b) or other followers (follower-to-follower docking as shown in Figure 5.1c) in the
formation when needed. Moreover, to develop a methodology that is versatile in a sense
that robots can dock, move into, or leave the formation, the followers should be able to
automatically switch to other formations with different shapes such as polygon (depicted
in Figure 5.1d). For safe navigation of the followers, inter-robots collisions as well as
environment obstacles should also be always avoided when switching the formation or
docking. Last but not least, to ensure a robust formation in presence of unknown dynamic
uncertainties and measurement noises, the proposed formation control methodology needs
to be robust. Consequently, the formation control problem being addressed in this chapter
is summarized as: (i) determining the desired separation of each follower with respect to
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Figure 5.1: Schematic representation of the heterogeneous MMR (docked and non-docked
wheel driven mobile robots) capable of performing several configurations and goals such as
(a) maintaining a formation; (b) follower-to-leader docking; (c) follower-to-follower docking;
(d) switching a formation.
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the leader, di, to achieve formation maintenance, to fulfill the goals, to dock, to avoid
collisions, and to rebuild a formation (Section 5.4), and (ii) proposing a robust controller
that guarantees the convergence of each follower, docked or non-docked robot, to its desired
separation in the presence of uncertainties (Section 5.3). To do so, the formation error
between the desired and the actual separation of each follower with respect to the leader
is defined as follows:

ei = qi − di − q0 (5.1)

where q0 and qi are the coordinates of the leader and of the ith follower, respectively. and
di is the desired separation of follower i with respect to the leader which is determined (in
Section 5.4) such that each robot accomplishes its desired goal, e.g., docking, formation
rebuilding, or collision avoidance. It is worth noting that if the follower is a non-docked
robot, ei, q0, qi,di ∈ <3×1, and if it is a docked robot, ei, q0, qi,di ∈ <4×1. In addition, the
formation control methodology that is propose in this Chapter is based on leader-follower
approach; thus, communication among followers is not required, and it is assumed that the
leader’s position, q0, is available to all the follower robots in the formation.

In this chapter, when a follower is docked to another robot, it is referred to it as
a docked follower, and when a follower is not docked to any robot, it is called a non-docked
follower. Also, the control command of the docked system (i.e., a system including two
robots docked to each other) is applied to the wheels of the front docked robot, and the
rear docked robot is always assumed to have passive wheels (further discussions are given
in Section 5.3.2).

5.2 Mathematical Modeling of the System

In this section, the motion model as well as the formation model of both docked and
non-docked mobile robots are presented. The formation model describes the follower’s
formation error, (5.1), as a function of its previous formation error, control inputs of the
leader as well as the follower, and follower’s desired separation with respect to the leader.
The formation model will be used in Section 5.3.1 to develop formation controllers, and
the motion model will be used in 5.2.1 to conceive a robust controller.
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5.2.1 Robots Motion Model

The dynamics of each robot, e.g., non-docked and docked mobile robots, can be described
using Lagrangian approach as follows:

Mi Üqi + Vi Ûqi = Biτi −A
T
i λi for i = 0, . . . , N (5.2)

where qi indicates the coordinates of the robot, i.e., i = 0 denotes the leader, i = 1 . . . N

denote the followers. Note that the dimension of qi depends on the robot’s docking con-
dition, i.e., qi ∈ <3×1 for non-docked and qi ∈ <4×1 for docked followers. Also, Mi is the
positive definite inertia matrix, Vi represents the centrifugal and Coriolis terms, Bi is a
transformation matrix, Ai is related to robot nonholonomic constraints, and λi is the con-
straint force vector. Depending on the follower being non-docked or docked, the matrices
qi,Mi, Vi, Bi and Ai are given in subsections 5.2.1 and 5.2.1. Also, τi ∈ <2×1 is the input
vector indicating the applied torque required to drive the robots.

To solve the nonholonomic constraints of (docked and non-docked) robots, the
Jacobian matrix Ji is proposed in subsections 5.2.1 and 5.2.1 such that Ûqi = Jizi where
zi = [vi, ωi]

T is the velocity vector of the ith robot consisting of its translational, vi, and
rotational, ωi, velocities. Thus, the system dynamics (5.2) takes the form of

M i Ûzi + V izi = Biτi (5.3)

where M i = J
T
i MiJi, V i = J

T
i Mi

ÛJi + J
T
i ViJi, and Bi = J

T
i Bi.

Furthermore, to simplify designing controllers that are applicable to both docked
and non-docked robots, a transformation is proposed that transforms the robots’ coordi-
nates, qi, into a new system—called “transformed-system”—which has a linear structure,
pi ∈ <4×1, as follows:

pi = Ti(θi)qi (5.4)

where Ti(θi) is the transformation matrix and will be introduced in the following subsec-
tions:
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Non-docked robots

the coordinates of a non-docked robot are represented as qi = [xi, yi, θi]T , where (xi, yi) is the
position of the robot’s center of mass, and θi is its orientation. Also, a non-docked follower’s
desired separation (with respect to the leader) is represented as di = [dxi, dyi, dθi ]

T , where
(dxi, dyi ) denotes the position and dθi denotes the orientation of follower i with respect to
the leader. Moreover, since the orientation of each follower is required to be maintained
the same as the orientation of the leader, it yields dθi = 0 for i = 1, . . . , N. The matrices
Mi ∈ <3×3, Vi ∈ <3×3, Bi ∈ <3×2, Ai ∈ <1×3 and λi ∈ < can be found in [24] for non-
docked mobile robots. Also, the Jacobian matrix Ji ∈ <3×2 for non-docked robots is given
by [186]

Ji =


cos θi 0
sin θi 0

0 1


. (5.5)

The transformed-system introduced in (5.4) for non-docked robots is given as follows:



p1i

p2i

p3i

p4i


=

Ti(θi)︷                      ︸︸                      ︷

0 0 1
sin θi − cos θi 0
cos θi sin θi 0

0 0 1




xi

yi

θi


(5.6)

where Ti(θi) is shown in (5.6). The control input of the transformed-system is

ui =


u1i

u2i

 =


ωi

vi − ωi p2i

 (5.7)
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for i = 0 . . . , N. Furthermore, the time derivative of (5.6) which later is used for control
design is

Ûpi =



Ûp1i

Ûp2i

Ûp3i

Ûp4i


=



u1i

u1i p3i

u2i

0


. (5.8)

Docked robots

when the ith follower robot tows follower j, the coordinates of the docked system is
qi = [xi, yi, θi, θ j]T where (xi, yi) is the position of the front docked robot, and θi and θ j

correspond to the orientation of the front and rear docked robots, respectively. The de-
sired separation of a docked system is denoted as di = [dxi, dyi, dθi, dθ j ]

T , where (dxi, dyi )

are the position deviation of the front docked robot (follower i) from the leader. Also, dθi
and dθ j are the desired orientation deviation of the front and the rear docked robots from
the leader, respectively, which are set to zero, i.e., dθi, dθ j = 0 for i, j = 1, . . . , N.

As also mentioned in Section 5.1, it is assumed the rear follower in the docked
system has passive wheels and thus the navigation of this system is done through controlling
the wheels of the front docked robot. The reason is that the translation and rotational
velocities of the rear docked robot (vi−1 and ωi−1) are dependent on the front docked robot
(vi and ωi) as previously stated in (4.1). Thus, as can be seen in (4.1), it is not possible to
control the wheels of both the front and rear docked followers simultaneously. In addition,
it is assumed that when a robot docks itself to another robot (e.g., due to battery shortage),
its wheels are not required to be activated anymore and control of the robot is done only
through its front docked robot.

The matrices in (5.2), i.e., Mi ∈ <4×4, Vi ∈ <4×4, Bi ∈ <4×2, Ai ∈ <2×4 and
λi ∈ <2×1, where derived in Chapter 3 for two-docked mobile robots. Moreover, providing
that robots i and j are docked through on-axle hitching, i.e., hi = 0, the docked-robots
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Jacobian matrix, Ji ∈ <4×2, is given by

Ji =



cos θi 0
sin θi 0

0 1
1
hj

sin(θi − θ j) 0


. (5.9)

For docked followers, the transformation (5.4) can be calculated as follows:



p1i

p2i

p3i

p4i


=

Ti(θi)︷                          ︸︸                          ︷

0 0 1 0
sin θi − cos θi 0 0
cos θi sin θi 0 0

0 0 0 1





xi

yi

θi

θ j


(5.10)

where the control input, ui = [u1i, u2i]
T , is the same as defined in (5.7). The time derivative

of (5.10) is

Ûpi =



Ûp1i

Ûp2i

Ûp3i

Ûp4i


=



u1i

u1i p3i

u2i

ωj


(5.11)

where ωj is the rotational velocity of the rear follower in the docked system, i.e., follower
j. The ωj can be further obtained using the docking constraints indicating the relation
between velocities of the front and rear followers in the docked system as follows:

ωj = viηi j (5.12)

where ηi j =
sin(θi−θ j )

h j
. Using (5.7) and (5.12), one can rewrite ωj as follows:

ωj = ηi j(u2i + u1ip2i). (5.13)
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5.2.2 Formation Model

In this section, formation models for docked and non-docked followers are used to design
formation controllers. The formation model describes the follower’s formation error as a
function of its previous formation error, control inputs of the leader as well as the follower,
and follower’s desired separation with respect to the leader. The formation error vector
introduced in (5.1) for non-docked followers can be expressed as

ei =


e1i

e2i

e3i


=


xi − dxi − x0

yi − dyi − y0

θi − θ0


(5.14)

and for the docked followers as

ei =



e1i

e2i

e3i

e4i


=



xi − dxi − x0

yi − dyi − y0

θi − θ0

θ j − θ0


. (5.15)

Subsequently, using the transformation in (5.4), one can transform the formation error
vector ei in (5.1) into

pei = pi − pdi − p0

= Ti(θi)(qi − di) − T0(θ0)q0
(5.16)

for i = 1 . . . N, where pei is the formation error of the follower i in the transformed-system,
and p0 and pi are the coordinates of the leader and the follower in the transformed-
system, respectively, as discussed in Section 5.2.1. Also, pdi denotes the desired separation
of follower i in the transformed-system that can be obtained by pdi = Ti(θi)di. It is worth
noting that Ti(θi) in (5.16) is selected according to the docking condition of the follower,
i.e., (5.6) if non-docked and (5.10) if docked. Additionally, the transformation matrix for
the leader, T0(θ0), is discussed in the following remark:

Remark. In some situations (e.g., to increase the transportation capacity of the leader
or enhancing its maneuverability in rough terrains), a follower robot is required to dock
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itself to the leader. For developing the formation model in these situations, the leader can
be treated as a non-docked robot (instead of a docked robot) since its dynamics does not
affect the motion of the followers, and controlling the motion of leader is not the focus of
this chapter as there exist several approaches for the tracking control of non-docked mobile
robots in the literature such as [25], and a tracking controller for docked mobile robots was
developed in Chapter 3. Thus, in this chapter, to obtain the transformation matrix for the
leader, T0(θ0), (5.6) is used.

In the following, the formation model of each follower is presented based on its
docking condition:

Non-docked followers

when the ith follower is not docked to any robot, by substituting (5.6) into (5.16), it follows
that

pei =


0 0 1
sθi −cθi 0
cθi sθi 0
0 0 1



xi − dxi

yi − dyi
θi

 −


0 0 1
sθ0 −cθ0 0
cθ0 sθ0 0
0 0 1



x0

y0

θ0

 (5.17)

where cθi = cos θi and sθi = sin θi for i = 0, . . . , N. The time derivative of (5.17) is

Ûpei =


0 0 1
sθi −cθi 0
cθi sθi 0
0 0 1



Ûxi − Ûdxi
Ûyi − Ûdyi
Ûθi

+ωi


0 0 0
cθi sθi 0
−sθi cθi 0

0 0 0



xi − dxi
yi − dyi
θi

−


0 0 1
sθ0 −cθ0 0
cθ0 sθ0 0
0 0 1



Ûx0

Ûy0
Ûθ0

−ω0


0 0 0
cθ0 sθ0 0
−sθ0 cθ0 0

0 0 0



x0

y0

θ0

 .
(5.18)

Using (5.6)-(5.8) and (5.18), Ûpei for non-docked followers is calculated as

Ûpei =


Γi

u1i − u10

 − Ûpdi (5.19)

where

Γi =


u1i − u10

u1ipe3i
+ (u1i − u10)p30

u2i − u20 + u1ipd2i

 (5.20)
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Ûpdi =


Ûpd1i

Ûpd2i

Ûpd3i

Ûpd4i


=


0

sθi Ûdxi − cθi Ûdyi
cθi Ûdxi + sθi Ûdyi

0


. (5.21)

Note that u0 = [u10, u20]
T is the leader’s input in the transformed-system which can be

obtained from (5.7) by letting i = 0.

Docked followers

for the case where follower i tows follower j, the formation error vector in the transformed-
system, (5.16), yields

pei =


0 0 1 0
sθi −cθi 0 0
cθi sθi 0 0
0 0 0 1



xi − dxi
yi − dyi
θi

θ j


−


0 0 1
sθ0 −cθ0 0
cθ0 sθ0 0
0 0 1



x0

y0

θ0

 . (5.22)

Similarly, Ûpei is calculated as

Ûpei =


Γi

ωj − u10

 − Ûpdi (5.23)

where Γi and Ûpdi are given by (5.20) and (5.21). Also, as mentioned earlier, ωj is the
rotational velocity of the rear docked robot and u10 is the leader’s control input given
by (5.7).

Lemma 5.1. When pei → 0, the follower i will maintain the desired separation from the
leader, i.e., ei → 0.

Proof. From pei → 0 (for both non-docked (5.17) and docked (5.22) followers), it follows
that 

θi − θ0

sθi (xi − dxi ) − cθi (yi − dyi ) − sθ0 x0 + cθ0 y0

cθi (xi − dxi ) + sθi (yi − dyi ) − cθ0 x0 − sθ0 y0

 →

0
0
0


(5.24)
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Figure 5.2: The proposed control structure.

which yields θi − θ0 → 0; thus, e3i in both (5.14) and (5.15) converges to zero, i.e., e3i → 0,
and one can further write (5.24) as


θi − θ0

sθi (xi − dxi − x0) − cθi (yi − dyi − y0)

cθi (xi − dxi − x0) + sθi (yi − dyi − y0)

 →

0
0
0


. (5.25)

From (5.25), it follows that [
sθi −cθi
cθi sθi

] 
e1i

e2i

 →

0
0

 (5.26)

which results in e1i → 0 and e2i → 0.
For the case of docked followers, from (5.22), one can easily conclude that if

pe4 = θ j − θ0 → 0 then e4i = θ j − θ0 in (5.15) converges to zero. Therefore, it is proved that
by designing a controller that stabilizes pei around the origin, the followers are capable of
maintaining their desired separation di with respect to the leader, i.e., ei → 0. �

5.3 Control Design

In this chapter, it is assumed that a tracking controller for the leader can be easily adopted
using the well-developed methods in the literature for non-docked mobile robots [24] and
docked mobile robots developed in Chapter 3. Therefore, the focus of this chapter is to de-
velop a systematic control methodology by incorporating the robot’s dynamics to navigate
a heterogeneous team of docked and non-docked followers to either maintain a formation
or switch to another task/goal while it handles uncertainties. To do so, a control method-
ology is proposed that is composed of a kinematic controller and a dynamic controller,
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as shown in Figure 5.2. First, a kinematic controller is designed that only considers the
follower’s objective (maintaining a formation or switching to another task/goal) and its
docking condition (being docked or not). Then, the kinematic controller is integrated with
a robust dynamic controller that incorporates the robot dynamics and uncertainties. As
shown in Figure 5.2, the kinematic controller determines the control input of each follower,
ui in (5.7), such that the formation error, pei in (5.16), is stabilized around the origin and
thus (from Lemma 5.1) the follower maintains its desired separation from the leader. Then,
using the relation between robot’s velocity vector and ui in (5.7), the velocity control vector
of the follower is calculated, i.e., zci = [vci, ωci ]

T . Afterwards, a robust dynamic controller
is designed that determines the required wheel torque, τi, to navigate the follower robot so
that the robot’s velocity vector (zi = [vi, ωi]

T ) tracks zci in the presence of uncertainties,
and consequently, the robot follows its desired separation from the leader.

5.3.1 Kinematic Control Design

For the kinematic controller, a number of controllers are designed using Lyapunov direct
method and structure them using a subsumption architecture to effectively navigate each
docked/non-docked follower to achieve their desired objective (e.g., maintaining/switching
a formation, docking, and collision avoidance) in the formation. A subsumption architec-
ture is a layered control structure where a number of controllers are executed in parallel and
higher level controllers subsume the lower level ones [187]. Each layer and its corresponding
controller are defined based on the goal assigned to the follower. This thesis classifies the
followers’ goals into two categories: 1) goals that require follower i to maintain a desired
separation that is constant, i.e., Ûdi = 0, for example formation-keeping, and 2) goals that
necessitate the follower to switch its desired separation to a new value, i.e., Ûdi , 0, such as
docking, formation switching, and collision avoidance. Based on these goals, the subsump-
tion architecture is structured into two layers. Layer 1 corresponds to the first category
where robots maintain a constant desired separation (it is called “formation-keeping” layer),
and layer 2 is attributed to the second category where robots have to follow a variable de-
sired separation (called “switching for goal” layer). The layers of the proposed subsumption
architecture are illustrated in Figure 5.3. As can be seen in this figure, layer 1 is composed
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Figure 5.3: Kinematic control structure: layers of the proposed subsumption architecture
and their corresponding controllers.

of two sublayers: the leader-follower control and the docked-follower control. The leader-
follower control sublayer is responsible for navigating each follower to track its di. This
sublayer is the base of the subsumption architecture and it continues to run regardless of
the status of the layer or sublayers above it. The docked-follower control sublayer, i.e.,
the second sublayer of layer 1, incorporates the robots’ docking condition (being docked
or not) into the leader-follower control. As such, if a follower is docked, the control signal
generated by the sublayer 2 will be added to the sublayer 1 of this layer, and if the follower
is non-docked, no control signal is sent out by the sublayer 2. Layer 2 is also composed of
two sublayers: the switching control and the docked-follower control. The switching control
sublayer is responsible for the change in the desired separation, meaning that if the desired
separation of the follower is variable (i.e., Ûdi , 0), the control signal(s) generated by this
sublayer is added to the control signal(s) of layer 1. The docked-follower control sublayer,
similar to the second sublayer of layer 1, incorporates the follower’s docking condition into
the control law; thus, if a docked follower has to follow a variable desired separation, this
sublayer is executed and added to its underneath sublayer(s).

The input of the subsumption architecture is the follower’s desired separation from
the leader, formation error, docking condition, and desired goal. Based on the explanation
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provided above, the final control signal can be obtained for each case as follows:

1. for navigating a non-docked follower to maintain the formation, the very first sublayer
is executed, i.e., ui = ufi ,

2. for navigating a docked follower to keep the formation, the first two sublayers are
deployed, i.e., ui = ufi + udfi ,

3. for navigating a non-docked follower to switch to a new goal/task, the first sublayers
of layer one and two are executed, i.e., ui = ufi + usi ,

4. for navigating a docked follower to switch to a new goal/task, all the four sublayers
are used, i.e., ui = ufi + udfi + usi + udsi .

In the following, the controllers corresponding to each sublayer of the subsumption archi-
tecture are developed. Also, it is proved later through Lyapunov theorem that the final
control law obtained by the subsumption architecture under each of the aforementioned
cases can globally asymptotically stabilize the follower’s formation error, and thus the
navigation of the follower to its goals can be achieved.

Before designing the controller, the following assumptions are given:

Assumption 5.1. The trajectory of the leader robot is defined so that p30 = x0 cos θ0 +

y0 sin θ0 , 0.

Assumption 5.2. The intervals between consecutive switching times are large enough so
that the robots have enough time to complete the assigned task before moving to the next
task.

Assumption 5.3. The motion of robots (especially the docked followers) in time of switch-
ing the control modes are smooth enough so that the orientation of the rear and the front
docked-robots are approximately the same (i.e., θi = θ j),
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Formation-keeping control for non-docked followers

for navigating a non-docked follower to keep a certain formation, the output of the sub-
sumption architecture (shown in Fig. 5.3) is

ui = ufi (5.27)

where ufi = [uf1i , uf2i ]
T is the non-docked robot’s formation-keeping control signal and its

components are proposed as follows:

uf1i = u10 − k1i (2pe1i
+ p30pe2i

)

uf2i = u20 − k2i pe3i
− u1i(p2i − p20) (5.28)

in which k1i and k2i are positive design parameters. It is proved later (in Theorem 5.1)
that the control law obtained by substituting (5.28) into (5.27) navigates the non-docked
follower i to successfully maintain a fixed desired separation di with respect to the leader,
i.e., the formation error vector pei is globally asymptotically stable.

Formation-keeping control for docked followers

for navigating a system of docked robots, i.e., follower i towing follower j, to its constant
desired separation, di where Ûdxi,

Ûdyi = 0, the following control input is obtained from Fig-
ure 5.3:

ui = ufi + udfi (5.29)

where udfi is the control signal for formation-keeping of the docked followers. The compo-
nents of udfi = [udf1i , udf2i ]

T are as follows:

udf1i = −k1i pe4i
p20ηi j

udf2i = k2i pe3i
+

u10 − v0ηi j

pe3i
+ pe4i

ηi j
pe4i

. (5.30)

Note that ufi and k1i, k2i > 0 are previously introduced in (5.28). Also, ηi j was introduced
in (5.12). It is proved later (in Theorem 5.1) that the control law proposed in (5.29)
navigates the system of docked followers to maintain a constant desired separation with
respect to the leader, i.e., the formation error vector pei is globally asymptotically stable.
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Switching control for non-docked followers

for possibility of letting the followers switch between a collection of possible formations,
dock themselves to other robots in the system, or avoid obstacles and inter-robots collisions,
the desired separation di is required to be variable, i.e., Ûdxi or Ûdyi,, 0. To this end, the
following control signal is proposed that navigates a non-docked follower, robot i, to switch
to a new goal/task:

ui = ufi + usi . (5.31)

where usi is the switching control signal for non-docked followers. The components of
usi = [us1i

, us2i
]T are

us1i
=
Ûpd2i

p30

us2i
= Ûpd3i

− 2
pe1i
Ûpd2i

pe3i
p30

(5.32)

where Ûpdi and ufi are given by (5.21) and (5.28), respectively. It is proved later (in
Theorem 5.1) that the control signal obtained from substituting (5.28) and (5.32) into
(5.31) navigates a non-docked follower to switch to a new goal/task, where Ûdxi or Ûdyi , 0,
i.e., the formation error vector pei is globally asymptotically stable.

Switching control for docked followers

In some cases, docked followers need to switch to a new goal/task by changing their de-
sired separation, i.e., Ûdxi or Ûdyi , 0. For this situations, the following control input,
ui = [u1i, u2i ]

T , has to be utilized:

ui = ufi + udfi + usi + udsi (5.33)

where ufi , udfi , and usi were previously proposed in (5.28), (5.30), and (5.32), respec-
tively. Also, udsi is the switching control law for the docked system. The components of
udsi = [uds1i

, uds2i
]T are

uds1i
= k1i pe4i

+
pe2i
Ûpd2i
− pe4i

Ûpd3i
ηi j

pe1i
+ pe2i

p30 + pe4i
p20ηi j − pe4i

−
Ûpd2i

p30
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uds2i
= 2

pe1i
Ûpd2i

pe3i
p30
−

u1i pe4i

pe3i
+ ηi jpe4i

(5.34)

where Ûpdi = [ Ûpd1i
, Ûpd2i

, Ûpd3i
, Ûpd4i

]T is given by (5.21). It is proved later (in Theorem 5.1)
that the control signal obtained by substituting (5.28), (5.30), (5.32), and (5.34) into
(5.33) navigates a system of docked followers to switch to a new goal/task providing that
Ûdxi or Ûdyi , 0, i.e., the formation error vector pei is globally uniformly asymptotically
stable.

Remark. The switching control law usi and udsi are executed only when the desired
separation of the follower i switches to a new value. Thus, at the time of switching, the
formation error, pei , increases that yields pei , 0. Furthermore, it was previously men-
tioned in Assumption 5.1 that p30 , 0. Consequently, the control laws proposed in (5.32)
and (5.34) do not encounter discontinuity or divergence arising from their denominator
being equal to zero.

Theorem 5.1. The proposed control signal ui makes the origin of the follower’s formation
error, i.e., pei = 0, globally uniformly asymptotically stable.

Proof. The control signal switches according to the follower’s docking condition and its
desired goal. It is well-known that if all the submodels of a switched system share a
common positive-definite radially unbounded Lyapunov function, the system is globally
uniformly asymptotically stable [188]. Thus, under the Assumption 5.3, the following
common Lyapunov candidate function is proposed for all the control modes:

Vi(pei ) =
1
2peip

T
ei

(5.35)

where Vi(0) = 0 and Vi(pei ) > 0, ∀pei , 0, and Vi(pei ) → ∞ as ‖pei ‖ → ∞. Now it will be
shown that each submodel is asymptotically stable under its control mode:

1) Formation-keeping control for non-docked followers: considering the
Lyapunov candidate function (5.35) where pei was introduced in (5.17) for a non-docked
follower, now (5.17) and (5.19) are substituted into ÛVi(pei ) to get

ÛVi(pei ) = pe1i
(u1i − u10) + pe2i

(
u1ipe3i

+ p30(u1i − u10)
)

+ pe3i
(u2i − u20 + u1ipd2i

) + pe4i
(u1i − u10).

(5.36)
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It is worth noting that di is fixed in this case; hence, Ûdxi,
Ûdyi = 0. From (5.17) it follows

that pe1i
= pe4i

. Moreover, substituting (5.28) into (5.27) and then into (5.36) yields

ÛVi(pei ) = −2k1i pe1i

(
2pe1i

+ p30pe2i

)
+ pe2i

pe3i
u1i − k1i pe2i

p30
(
2pe1i

+ p30pe2i

)
+ pe3i

(
−k2i pe3i

− u1i(p2i − p20 − pd2i
)

)
= −k1i

(
2pe1i

+ p30pe2i

)2
− k2i p

2
e3i
≤ 0.

(5.37)

To prove the asymptotic stability of the origin, Lasalle’s principal is applied by finding the
set Ei : {pei | ÛVi(pei ) = 0} = {pei |pe1i

+ p30pe2i
= 0, pe3i

= 0}. Subsequently, the largest
invariant set in Ei can be found as Πi : {pei = 0}; thus, by Lasalle’s principal, the origin,
i.e., pei = 0, is asymptotically stable.

2) Formation-keeping control for docked followers: considering the Lya-
punov candidate function (5.35) as well as the formation error vector of the transformed-
system and its derivative given by (5.22) and (5.23), ÛVi(pei ) can be written as follows:

ÛVi(pei ) = pe1i
(u1i − u10) + pe2i

(
u1ipe3i

+ p30(u1i − u10)
)

+ pe3i
(u2i − u20 + u1ipd2i

) + pe4i
(ωj − u10).

(5.38)

Substituting (5.12) into (5.38) yields

ÛVi(pei ) = (u1i − u10)(pe1i
+ pe2i

p30) + pe4i
ηi jvi

+ pe3i

(
u2i − u20 + u1i(p2i − p20)

)
− pe4i

u10.
(5.39)

From (5.7), it follows that vi = u2i +u1i p2i . Thus, substituting vi into (5.39) yields

ÛVi(pei ) = (u1i − u10)(pe1i
+ pe2i

p30) + pe4i
ηi j(u2i + u1i p2i )

+ pe3i

(
u2i − u20 + u1i (p2i − p20)

)
− pe4i

u10

(5.40)

Afterward, by substituting u2i (from (5.29)) into (5.40), it follows that:

ÛVi(pei ) = (u1i − u10)(pe1i
+ pe2i

p30) + pe4i
ηi j

(
u20 + u1i p20

)
+ (pe3i

+ pe4i
ηi j)pe4i

u10 − v0ηi j

pe3i
+ pe4i

ηi j
− pe4i

u10 .
(5.41)
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Now, we substitute u20 = v0 − u10 p20 (obtained from (5.7)) into (5.41) to get

ÛVi(pei ) = (u1i − u10)

(
pe1i
+ pe2i

p30 + pe4i
p20ηi j

)
+ (pe3i

+ pe4i
ηi j)pe4i

u10 − v0ηi j

pe3i
+ pe4i

ηi j

− pe4i
(u10 − ηi jv0)

= (u1i − u10)

(
pe1i
+ pe2i

p30 + pe4i
p20ηi j

)
.

(5.42)

Subsequently, substituting u1i from (5.29) into (5.42) gives

ÛVi(pei ) =
(
u10 − k1i (pe1i

+ p30pe2i
+ pe4i

p20ηi j) − u10

)
×

(
pe1i
+ pe2i

p30 + pe4i
p20ηi j

)
= −k1i

(
pe1i
+ pe2i

p30 + pe4i
p20ηi j

)2
≤ 0.

(5.43)

Similar to (5.37), Lasalle’s principal is used to prove the asymptotic stability of the
origin. First, the set Ei is found as Ei : {pei | ÛVi(pei ) = 0} = {pei |pe1i

+ pe2i
p30+ pe4i

p20ηi j =

0}, and afterward, the largest invariant set in Ei is found as Πi : {pei = 0}, which yields
the asymptotically stablity of pei = 0.

3) Switching control for non-docked followers: consider the Lyapunov can-
didate function (5.35). From (5.17)-(5.21), ÛVi(pei ) yields

ÛVi(pei ) = pe1i
(u1i − u10) + pe4i

(u1i − u10)pe2i

(
u1ipe3i

+ p30(u1i − u10) − Ûpd2i

)
+ pe3i

(u2i − u20 + u1ipd2i
− Ûpd3i

)

= (u1i − u10)(pe1i
+ pe4i

+ pe2i
p30) + pe3i

(u2i − u20 − Ûpd3i
)

− pe2i
Ûpd2i
+ u1ipe3i

(p2i − p20).

(5.44)

Also, from (5.17), it follows that pe1i
= pe4i

. Further by substituting (5.28) and (5.32) into
(5.31), and then into (5.44) one can get

ÛVi(pei ) = −k1i (2pe1i
+ pe2i

p30)
2 +
Ûpd2i

p30
(2pe1i

+ pe2i
p30)

+ pe3i

(
− k2i pe3i

− 2
pe1i
Ûpd2i

pe3i
p30

)
− pe2i

Ûpd2i

= −k1i

(
2pe1i

+ pe2i
pe3i

)2
− k2i p

2
e3i
≤ 0.

(5.45)
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Similar to (5.37), Lasalle’s principal is used to prove the asymptotic stability of the origin
where the set Ei is found as Ei : {pei | ÛVi(pei ) = 0} = {pei |pe3i

= 0, 2pe1i
+ pe2i

pe3i
= 0},

and the largest invariant set in Ei is found as Πi : {pei = 0}, which yields the asymptotic
stablity of pei = 0.

4) Switching control for docked followers: considering the Lyapunov func-
tion (5.35), one can calculate ÛVi(pei ), using (5.20)-(5.23), as follows:

ÛVi(pei ) = pe1i
(u1i − u10) + pe2i

(
u1ipe3i

+ p30(u1i − u10) − Ûpd2i

)
+ pe3i

(u2i − u20 + u1ipd2i
− Ûpd3i

) + pe4i
(u2i + u1ip2i)ηi j .

(5.46)

Subsequently, by substituting u2i given by (5.33) into (5.46), one gets

ÛVi(pei ) = pe1i
(u1i − u10) + pe2i

(
u1ipe3i

+ p30(u1i − u10) − Ûpd2i

)
+pe3i

(
− u1ipe2i

−
pe4i

pe3i
+ ηi jpe4i

(u1i − u10 + v0ηi j)

)
+ pe4i

ηi j

(
u20 + Ûpd3i

+ u1ip20 −
pe4i

pe3i
+ ηi jpe4i

(u1i − u10 + v0ηi j)

)
.

(5.47)

From (5.7), it follows that u20 = v0 − u10 p20. Thus, after substituting u20 into (5.47) and
simplifying

ÛVi(pei ) = (u1i − u10)(pe1i
+ pe2i

p30 − pe4i
(1 − p20ηi j)) − pe2i

Ûpd2i
− pe4i

Ûpd3i
ηi j . (5.48)

Now, substituting u1i into (5.48) yields

ÛVi(pei ) = −pe4i
Ûpd3i

ηi j +pe2i
Ûpd2i
−pe2i

Ûpd2i
+pe4i

Ûpd3i
ηi j − k1i (pe1i

+pe2i
p30−pe4i

(1−p20ηi j))
2.

(5.49)
Subsequently, simplifying (5.49) yields

ÛVi(pei ) = −k1i

(
pe1i
+ pe2i

p30 − pe4i
(1 − p20ηi j)

)2
≤ 0. (5.50)

Similar to (5.37), Lasalle’s principal is used to prove the asymptotic stability of the origin
where the set Ei is found as Ei : {pei | ÛVi(pei ) = 0} = {pei |pe1i

+pe2i
p30−pe4i

(1−p20ηi j) = 0},
and the largest invariant set in Ei is found as Πi : {pei = 0}, which yields the asymptotic
stablity of pei = 0.
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Therefore, it was shown for all the four control modes that the Lyapunov candidate
function Vi(pei ) proposed in (5.35) holds the stability conditions globally (i.e., Vi(0) = 0,
Vi(pei ) > 0 and ÛVi(pei ) < 0 for ∀pei , 0, and Vi(pei ) → ∞ as ‖pei ‖ → ∞); consequently,
one can conclude (from Babashin-Krasovskii theorem) that the convergence of pei to the
origin is guaranteed under each case, and that the switched system is globally uniformly
asymptotically stable. �

In this section, the control input, ui = [u1i, u2i]
T , is developed for each follower

such that the robot maintains a formation or switches to a new goal/task. Using the
relationship between the robot’s velocity and the transformed-system control input ui given
by (5.7), one can calculate the velocity control vector of the robot, i.e., zci = [vci, ωci]

T , as
follows: 

vci = u2i + u1ip2i

ωci = u1i .
(5.51)

This velocity control vector, zci, will be used in the next section to design the input torque
of each follower, τi, by including the robot dynamics.

5.3.2 Robust Dynamic Control Design

Incorporating the dynamics of the robots in the control design is crucial to improve the
robustness especially when the weight of robots is considerable or when they carry or
drop off heavy loads. To include the robots dynamics in the control design, the following
dynamic control law is proposed to determine the actuator torque τi of each follower in
(5.3) such that zci − zi is stabilized around the origin, where zi is robot’s velocity vector
previously introduced in (5.3), and zci is robot’s velocity control input designed in (5.51).
Therefore, the follower tracks its designed velocity control input (zci) and thus converges
to its desired separation (di). Toward this end, uzi is substituted into Ûzi in (5.3) to get τi
as follows:

τi = B
−1
i

(
M iuzi + V izi

)
(5.52)

where
uzi = Ûzci + k3i (zci − zi). (5.53)
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Note that k3i is a 2-by-2 positive definite matrix.

Theorem 5.2. The control law proposed in (5.52) makes the origin of the error zci − zi

globally asymptotically stable.

Proof. Define ezi ≡ zci − zi. Consider the following Lyapunov candidate function:

V ′i (ezi ) =
1
2 e

T
zi
ezi (5.54)

that yields V ′i (0) = 0 and V ′i (ezi ) > 0, ∀ezi , 0. Now, it will be shown ÛV ′i (ezi ) < 0 by using
(5.3), (5.52) and (5.53):

ÛV ′i (ezi ) = eTzi ( Ûzci − Ûzi)

= eTzi
(
Ûzci −M

−1
i Biτi +M

−1
i V izi

)
= eTzi

(
Ûzci −M

−1
i (M iuzi + V izi) +M

−1
i V izi

)
= eTzi ( Ûzci − uzi ) = eTzi

(
− k3i (zci − zi)

)
= −k3i e

T
zi
ezi .

(5.55)

Consequently, it is proved that ÛV ′i (ezi ) < 0, ∀ezi , 0. Additionally, from Babashin-
Krasovskii theorem (i.e., V ′i (0) = 0, V ′i (ezi ) > 0 and ÛV ′i (ezi ) < 0, ∀ezi , 0, and V ′i (ezi ) is a
radially unbounded function), the globally asymptotically stability of the ezi = zci −zi = 0
is guaranteed. Therefore, the control torque obtained by substituting zci from (5.51) into
(5.53), and then into (5.52), drives each follower robot to successfully track it’s velocity
control vector, zci, and thus converge to its desired separation di. �

In designing the torque input τi in (5.52), it is assumed that all the system
parameters (e.g., M i, V i) are known, and no measurement noise or external disturbance
exists; however, this is a conservative assumption. Uncertainties and/or measurement
noises of the system dynamics need to be considered in the control design. To do so, it is
assumed the system dynamics (5.3) has some uncertainties as follows:

(M i + ∆Mi) Ûzi + (V i + ∆Vi)zi + ∆τi = Biτi (5.56)

where ∆Mi and ∆Vi are unknown dynamics of the system (e.g., uncertainties, unmodeled
dynamics and measurement noises). Moreover, ∆τi is the unknown disturbance. To make
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the dynamic controller proposed in (5.52) robust to uncertainties, an auxiliary torque
controller, τdi , is developed and incorporated in the dynamic controller, (5.52), as follows:

τi = B
−1
i

(
M iuzi + V izi

)
+ τdi . (5.57)

To determine the auxiliary torque controller, τdi , first, (5.56) is substituted into (5.57) to
get

B
−1
i

(
(M i + ∆Mi) Ûzi + (V i + ∆Vi)zi + ∆τi

)
= B

−1
i

(
M iuzi + V izi

)
+ τdi . (5.58)

The velocity error, ε zi , and the system uncertainty, ∆εi, are defined as follows:

ε zi ≡ zi −

∫
uz i (5.59)

∆εi ≡ −(∆Mi Ûzi + ∆Vizi + ∆τi). (5.60)

Thus, (5.58) is written as
Ûεzi = M

−1
i (Biτdi + ∆εi). (5.61)

Assumption 5.4. The norm of following matrices: M i, ∆Mi, V i, ∆Vi, τi and ∆τi are
upper bounded, i.e., ‖M i ‖ ≤ Mαi, ‖V i ‖ ≤ Vαi, ‖∆Vi ‖ ≤ ∆Vαi, ‖τi ‖ ≤ ταi and ‖∆τi ‖ ≤ ∆ταi.
Consequently, the upper boundedness of the norm of system uncertainty ∆εi in (5.60) can
be concluded, that is ‖∆εi ‖ ≤ ∆εαi.

Now, the following boundary layer controller is proposed for τdi as follows:

τdi =



−B
−1
i M i

`iεzi
‖`iεzi ‖

‖M
−1
i ‖∆εαi ‖`iεzi ‖ > εi

−B
−1
i M i

`iεzi
εi
‖M
−1
i ‖∆εαi 0 < ‖`iεzi ‖ ≤ εi, and ‖ezi ‖ > γi

0 ‖`iεzi ‖ = 0, or ‖ezi ‖ ≤ γi

(5.62)

where `i is a 2 × 2 diagonal matrix, εi is a very small positive number, ∆εαi is the upper
bound of system uncertainty introduced in Assumption 5.4 that can be easily estimated
using the approach developed in Chapter 3, and γi ≡

1
2

√
εik
−1
3i
‖M
−1
i ‖∆εαi where k3i was

previously introduced in (5.53).
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Theorem 5.3. The control law obtained by substituting (5.62) into (5.57) makes the
system dynamics given by (5.56) uniformly ultimately bounded.

Proof. Consider the following Lyapunov candidate function:

Vsysi = Vi(pei ) + V ′i (ezi ) + V ′′i (εzi ) (5.63)

where Vi(pei ) and V ′i (ezi ) were introduced in (5.35) and (5.54), respectively, and V ′′i (εzi ) is
as follows:

V ′′i (εzi ) =
1
2ε

T
zi
`iεzi . (5.64)

It was shown in Theorem 5.1 that the common Lyapunov candidate function Vi(pei ) cor-
responding to the proposed kinematic controllers holds the global asymptotic stability
condition (i.e., Vi(0) = 0, Vi(pei ) > 0 and ÛVi(pei ) < 0 for ∀pei , 0, and Vi(pei ) → ∞ as
‖pei ‖ → ∞). Thus, for proving the stability of the integrated kinematic-dynamic con-
troller using (5.63), it is sufficient to show: V ′i (0)+V ′′i (0) = 0, and V ′i (ezi )+V ′′i (εzi ) > 0 and
ÛV ′i (ezi ) + ÛV

′′
i (εzi ) < 0, ∀ezi, εzi , 0. It follows from (5.64) that V ′′i (0) = 0 and V ′′i (εzi ) > 0,

∀εzi , 0. Differentiating (5.64) yields

ÛV ′′i (εzi ) = ε
T
zi
`i Ûεzi . (5.65)

Now, (5.61) is substituted into (5.65) to get

ÛV ′′i (εzi ) = ε
T
zi
`iM

−1
i (Biτdi + ∆εi). (5.66)

Now, consider the following three cases:
1) If ‖`iεzi ‖ > εi, by substituting the control law proposed for this case in (5.62)

into (5.66), ÛV ′′i (εzi ) can be further expressed as:

ÛV ′′i (εzi ) = −‖`iεzi ‖‖M
−1
i ‖∆εαi + (ε

T
zi
`i)M

−1
i ∆εi . (5.67)

Consequently, from Assumption 5.4, one concludes ÛV ′′i (εzi ) ≤ 0. Thus, using Theorem 5.2,
it follows that ÛV ′i (ezi ) + ÛV

′′
i (εzi ) < 0.



111

Figure 5.4: Block diagram of the proposed subsumption formation control methodology.

2) If 0 < ‖`iεzi ‖ ≤ εi and ‖ezi ‖ > γi , from substituting the control law proposed
for this case in (5.62) into (5.66), ÛV ′′i (εzi ) is

ÛV ′′i (εzi ) = −(ε
T
zi
`i)
`iεzi
εi
‖M
−1
i ‖∆εαi + (ε

T
zi
`i)M

−1
i ∆εi

= (εTzi`i)
(
−
`iεzi
εi
‖M
−1
i ‖∆εαi + M

−1
i ∆εi

)
≤ ‖`iεzi ‖

(
−
‖`iεzi ‖

εi
‖M
−1
i ‖∆εαi + ‖M

−1
i ‖∆εαi

)
≤
εi
4 ‖M

−1
i ‖∆εαi .

(5.68)

Thus, from (5.68) and Theorem 5.2, it follows that

ÛV ′i (ezi ) + ÛV
′′
i (εzi ) ≤ −k3i e

T
zi
ezi +

εi
4 ‖M

−1
i ‖∆εαi ≤ −k3i ‖ezi ‖

2 + k3iγ
2
i . (5.69)

Since ‖ezi ‖ > γi, one thus concludes from (5.69) that ÛV ′i (ezi ) + ÛV
′′
i (εzi ) < 0.

3) If ‖`iεzi ‖ = 0 or ‖ezi ‖ ≤ γi, it is straightforward to show ÛV ′i (ezi ) + ÛV
′′
i (εzi ) < 0.

Therefore, for all the cases, the uniformly ultimately boundedness of the system
is guaranteed. �

The details of the proposed control methodology is illustrated in Figure 5.4 which
is composed of a transformation block, a kinematic controller, and a dynamic controller.
First, the transformation block transforms the coordinates of leader, followers, and desired
into the transformed-system using (5.6) for non-docked and (5.10) for docked robots. Af-
terward, the transformed-system control input of each follower, ui, is determined such that
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pei converges to zero. This is done with the aid of a subsumption architecture that takes
into account both the docking condition (non-docked or docked) and the desired goal of
the follower to synthesize ui. Once ui is determined, the velocity control vector zci is
calculated using the relationship between ui and zci as given by (5.51). Consequently, the
required torque of the follower, τi, is determined using (5.57) and applied to the follower’s
wheels.

5.4 Followers’ Desired Separation

The followers’ desired separation, di, in the dynamic model proposed in Section 5.2, can
either be determined by a planning approach, or it can be defined as a function of time
that varies according to the robots goal in the formation. In this section, the desired
separation of each follower with respect to the leader (i.e., di = [dxi, dyi, 0]T for a non-
docked follower and di = [dxi, dyi, 0, 0]T for a docked follower) is determined by planning so
the robot achieves a desired goal, e.g., docking, rebuilding a new regular polygon formation,
or collision avoidance. By properly planning the desired separation, the followers are able
to achieve any assigned goal in formation.

5.4.1 Docking

For docking follower i to robot k, where i , k, i = 1, . . . , N and k = 0, . . . , N, a new desired
separation has to be assigned to follower i, di = [dxi, dyi, dθi ]

T , that poses the follower i in
the docking spot of robot k. Given that the current position of the leader and the robot
k, i.e., q0 and qk , are available, this new desired separation is designed as follows:

di = qk − q0 −


(bk + bi + hi) cos θk
(bk + bi + hi) sin θk

0


. (5.70)

where bi and bk are the radius of robots i and k, and hi is the length of the docking
link connected to the front of follower i. Therefore, by changing the desired separation of
follower i to di in (5.70), and using the control law in (5.29), follower i will converge to the
docking spot, and is able to dock itself to its front robot, robot k.
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Note that in the case of follower-to-leader docking meaning that robot k is the
leader (i.e., k = 0), (5.70) yields di = −[(b0 + bi + hi) cos θ0, (b0 + bi + hi) sin θ0, 0]T .

5.4.2 Formation Rebuilding

For rebuilding the MMR formation, e.g., in the case of changing the number of robots in
the system, the desired separation of followers are planned such that a regular polygon
formation is realized, e.g., triangle, square, pentagons, etc., by considering the current
number of available followers in the system. Assume the number of followers in the system
is N. The desired separation of each follower in the formation with a polygon with N
vertices can be obtained as follows:

di = rp


cos(2π(i−1)

N )

sin(2π(i−1)
N )

0


(5.71)

where rp is the radius of the polygon. This rebuilding technique makes the methodology
scalable in a sense that robots can dock, move into, or leave the formation.

5.4.3 Collision Avoidance

To ensure that followers do not collide with each other or with the environment obstacles,
a collision avoidance technique is presented in this section that plans followers’ way points
so that imminent collisions are avoided. Assume follower i has an imminent collision with
follower j on the way to reach its desired position (i.e., follower i is in the safety region of
follower j, Ravd j ), as shown in Figure 5.5, where r ′

di
and βdi are the distance and bearing

angle between current position of follower i and its desired position, respectively. The
desired collision-free way point for follower i is determined by calculating a new bearing
angle for the follower that considers the bearing of the desired position from the robot’s
current position and from the obstacle (follower j), that is given by

βwi = βdi − arcsin(
Ravd j

r ′
di

)sgn(β′i j − βdi ). (5.72)
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Figure 5.5: Follower i avoids collision with follower j.

Subsequently, the way point of the follower i is given by

dwi = r ′di


cos βwi

sin βwi

0


+ di (5.73)

where β′i j is the bearing angle between follower j and the desired position of follower i, as
shown in Figure 5.5. Therefore, whenever an imminent collision is detected, a robot avoids
it by changing its desired separation to the one in (5.73). Note that once follower i left
the detection region of follower j, it seeks its original desired separation that was initially
assigned to it, di. The same technique can be used for avoiding environment obstacles by
treating follower j (see Figure 5.5) as a dynamic obstacle.

Remark. The subsumption architecture demonstrated in Fig. 5.3 is proposed so that
whenever a new task is assigned to a follower robot, the robot leaves the formation and
moves toward its new desired separation (using the control laws executed in Layer 2) to
accomplish the new assigned goal. Furthermore, to navigate the robots safely to avoid
collisions with each other and with the environment obstacles, the collision avoidance task
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is considered to be the rst priority for the robot. For example, if follower i is simultaneously
required to maintain a formation, to dock to another robot and to avoid collision with the
approaching obstacle, the robot will be navigated (using the proposed control and planning
approach) to rst avoid the obstacle, then dock itself to another robot and nally maintain
the formation.

5.5 Results and Discussion

The performance and efficiency of the proposed formation control method are evaluated
through simulations in two different environments: MATLAB and V-REP. To do so, a
desired trajectory was considered for the leader to track, and a desired goal such as forma-
tion keeping, docking, rebuilding formation, or collision avoidance, was assigned to each
follower to determine the robot’s desired separation with respect to the leader, di. Thus,
having the current desired separation, the control input signal ui is generated such that
the desired goal is achieved for each docked and non-docked followers. Subsequently, us-
ing the robust control signal proposed in (5.57), the required torques are computed and
sent to the robots’ wheels. To evaluate the robustness of the proposed controller under
uncertainties and measurement noises: 1) a noise is added to the measured position of
each follower, i.e., white Gaussian noise with the standard deviation of 0.2 m for both xi

and yi and 0.05 rad for θi, and 2) a constant perturbation is added to parameters of each
follower: mass, mi, moment of inertia, Ii, and the length of the docking link, hi, where the
percentage value of parameters’ uncertainty will be mentioned later for each case study.
In the following, the results obtained from simulations and V-REP implementations are
provided and discussed. Afterward, the performance of the proposed kinematic-dynamic
controller is compared with the case that only the kinematic controller is deployed.

5.5.1 MATLAB Simulations

Two case studies are implemented in MATLAB, as shown in Figures 5.6 and 5.7. Each
case study is performed using a system of MMR that is composed of one leader (indicated
with light blue) and a number of followers (indicated with white), and several moving
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obstacles that are shown with grey circles. In both case studies, the parameters of each
mobile robot were chosen as bi = 8.5 cm and Rw = 2.7 cm for the radius of robot and of
wheels, respectively. Also, the mass of leader was chosen m0 = 0.55 kg, and the mass of
each follower was selected randomly in the range of 0.35 to 0.75 kg. Given the leader’s
desired trajectory, denoted by black dashed line, and the follower’s desired separation (di
denote by red cross in Figures 5.6 and 5.7), the proper control input of each non-docked
or docked follower is found and used to navigate the robot in formation.

In the first case study, as shown in Figure 5.6, a system including one leader and
12 followers is considered under measurement noise and 10% parameters uncertainty. This
case study achieves the following goals: initially, for t = 0 to 5 s, the desired goal of all
the followers is to maintain the circle formation as shown in Figures 5.6a-5.6b. At t = 5 s,
four of the followers (marked in yellow, purple, green and dark blue in Figures 5.6b-5.6d)
are required to dock themselves to other four followers that are distinguished by a smaller
circle; the color of each smaller circle is the same as the follower that is being docked to it,
as shown in Figure 5.6b. Using the proposed controller, the selected followers are directed
to their docking spot and complete the docking task, as can be seen in Figures 5.6c-5.6d.
For those eight followers that are not assigned to meet a desired goal, i.e., non-colored
followers in Figure 5.6b, they have to continue maintaining the previous formation. Once
all the four robots are docked successfully, the number of followers in the system decreases
to eight. This requires the system to switch into a new formation, i.e., octagon, which is
demonstrated in Figures 5.6d and 5.6e. Furthermore, Figures 5.6d-5.6f show the followers’
obstacle avoidance. Finally, one of the followers, marked in red, is required to dock itself
to the leader as shown in Figures 5.6f-5.6h.

In the second case study, Figure 5.7, an MMR system including one leader and 6
followers is considered under measurement noise and 15% parameters’ uncertainty. In this
case study, while the leader tracks a desired trajectory, the followers have to maintain a
triangle formation (Figures 5.7a and 5.7b), switch to a pentagon formation (Figure 5.7c),
perform follower-to-follower docking (Figures 5.7d and 5.7e), avoid obstacles (Figures 5.7e-
5.7g), switch to a square shape and then maintain the formation (Figures 5.7f-5.7h), re-
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Figure 5.6: Snapshots of case study I implemented in MATLAB with 12 followers under
measurement noise and 10% parameters’ uncertainty. (a) t = 0 s. (b) t = 5 s. (c) t = 5.7 s.
(d) t = 7 s. (e) t = 7.8 s. (f) t = 8.5 s. (g) t = 11.2 s. (h) t = 12.8 s.



118

x (m)
0 1 2 3 4 5

y 
(m

)
0

1

2

3

4

desired
trajectory
of leader

desired position
of the follower

docked-leader

Triangle formation

(a)
x (m)

0 1 2 3 4 5

y 
(m

)

0

1

2

3

4

Formation keeping

(b)

x (m)
0 1 2 3 4 5

y 
(m

)

0

1

2

3

4

Switching to pentagon formation

(c)
x (m)

0 1 2 3 4 5

y 
(m

)
0

1

2

3

4

Follower-to-follower docking

(d)

x (m)
0 1 2 3 4 5

y 
(m

)

0

1

2

3

4

Follower-to-follower docking

(e)
x (m)

0 1 2 3 4 5

y 
(m

)

0

1

2

3

4

Switching to square formation

(f)

x (m)
0 1 2 3 4 5

y 
(m

)

0

1

2

3

4

Formation keeping

(g)
x (m)

0 1 2 3 4 5

y 
(m

)

0

1

2

3

4

Formation keeping

(h)

Figure 5.7: Snapshots of case study II implemented in MATLAB with 6 followers under
measurement noise and 15% parameters’ uncertainty. (a) t = 0 s. (b) t = 3 s. (c) t = 5 s.
(d) t = 7 s. (e) t = 7.5 s. (f) t = 9.5 s. (g) t = 11 s. (h) t = 15 s.
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spectively.

5.5.2 V-REP Implementations

The proposed control methodology was also implemented in V-REP (i.e., Virtual Robot
Experimentation Platform [184]) using the “pioneer pd3x” robot model from the V-REP
library. For docking two robots to each other, a revolute joint is mounted on the back of
each robot, and a gripper as well as a docking link is mounted on its front. By doing this,
the rear follower can use its gripper to grasp the revolute joint existing on the back of its
front follower for docking.

The results obtained from the third case study which is implemented in V-REP
with one leader and 8 followers are presented in Fig. 5.8 for 15% parameters’ uncertainty
and measurement noise. As can be seen in Figures 5.8a and 5.8b, the square formation
is maintained by having each non-docked follower robot tracking its desired separation
with the control law proposed in (5.27). The follower-to-leader docking is depicted in Fig-
ures 5.8c and 5.8d in which a follower converges to its docking spot located at the back
of leader with the control input proposed in (5.31), while other followers maintain the
formation using (5.27). Moreover, the follower-to-follower docking is illustrated in Fig-
ures 5.8e-5.8g where two followers are directed to the docking spot of their front followers
safely, and at the same time the docked leader tracks the desired trajectory and the rest of
the followers maintain their desired separation. Once the docking is completed, the number
of followers is decreased to five (three non-docked and two docked followers) and thus it
is required to rebuild the formation to a new shape, i.e., triangle. Figure 5.8h illustrates
the rebuilding formation of non-docked and docked followers with the control inputs (5.31)
and (5.33), respectively. After switching the formation, the followers maintain a triangle
formation as shown in Figures 5.8i and 5.8j, using (5.27) for non-docked and (5.29) for
docked followers. Therefore, in the presented case studies, the controllers’ effective perfor-
mance in rebuilding and maintaining formations, docking, and collision avoidance under
uncertainties and measurement noises were shown.

The fourth case study, which is implemented in V-REP, using one leader and
5 followers is also demonstrated in Fig. 5.9 for 13% parameters’ uncertainty and mea-
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Table 5.1: Comparing tracking performance of kinematic controller and kinematic-dynamic
controller
PPPPPPPPPPPP
case

error∗
kinematic control kinematic-dynamic control

I (18.6, 14.2, 0.11, 1.1) (15.7, 12.3, 0.09, 0.6)

II (25.5, 17.2, .05, 0.65) (24.6, 16.2, 0.03, 0.24)

III (16, 15.2, 0.07, 0.5) (15.1, 12.7, .02, 0.1)

IV (13.3, 15.6, .08, 0.38) (11.8, 13.9, .04, 0.17)
∗the average of followers’ root mean square error ei = (xi cm, yi cm, θi rad, θ j rad)
for i = 1, ..., N.

surement noise. This case study involves a dynamic and a static obstacle shown with a
blue hemisphere and a navy cylinder, respectively. In this case study, while the leader
tracks a desired trajectory, the followers have to maintain a pentagon formation (Figs 5.9a
and 5.9b), perform follower-to-follower and follower-to-leader docking (Figs 5.9c and 5.9d),
switch to a triangle formation (Fig. 5.9e), and avoid obstacles (Figs 5.9f-5.9j).

5.5.3 Comparison with only kinematic-controller

The performance of the proposed integrated kinematic-dynamic controller was compared
with the case that only the kinematic controller is utilized to navigate the robots in for-
mation over the previous case studies I to IV. In each case study, the root mean square
of formation error (ei defined in (5.14) for non-docked and in (5.15) for docked robots)
was calculated for each follower, and then their average (for i = 1, ..., N) is reported in
Table 5.1. It can be concluded from Table 5.1 that using only the kinematic controller, the
control performance is deteriorated by up to 12%, under measurement noise and parameter
uncertainties, in comparison to the case where kinematic-dynamic controller is deployed.
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Figure 5.8: Snapshots of case study III implemented in V-REP with 8 followers under
measurement noise and 15% parameters’ uncertainty. (a) t = 0 s. (b) t = 16 s. (c) t = 23 s.
(d) t = 38 s. (e) t = 40 s. (f) t = 43 s. (g) t = 46 s. (h) t = 81 s. (i) t = 105 s. (j) t = 150 s.
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Figure 5.9: Snapshots of case study IV implemented in V-REP with 5 followers under
measurement noise and 13% parameters’ uncertainty. (a) t = 0 s. (b) t = 15 s. (c) t = 30 s.
(d) t = 40 s. (e) t = 55 s. (f) t = 60 s. (g) t = 70 s. (h) t = 80 s. (i) t = 90 s. (j) t = 100 s.
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5.6 Summary

In this chapter, a novel methodology was developed for a team of non-holonomic mo-
bile robots that navigates them to dock to each other, maintain various formations, and
avoid collisions while it is also robust to uncertainties and measurement noises. The pro-
posed methodology incorporates both kinematics and dynamics of each of the docked and
non-docked robots into the control design process, and its performance was confirmed in
simulations and V-REP implementation through various case studies. The obtained results
demonstrated that the nonidentical mobile robots, in terms of different docking capabili-
ties (non-docked or docked) and different masses, can effectively maintain a time-varying
formation and accomplish their desired goal safely in presence of unknown dynamic uncer-
tainties and measurement noises. It was shown that the followers can dock themselves to
other followers in the system and then maintain the formation as a DMR system, the for-
mation can be switched automatically to regular polygon formations in the case of change
in the number of followers, the followers successfully avoid collisions with each other and
with the obstacles, and the formation is robust against system uncertainties.
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Chapter 6

Conclusions and Future Work

This chapter presents conclusions and a future work discussion. The organization of this
chapter is as follows. Section 6.1 presents the conclusions on the three motion planning
and control problems tackled in this thesis: the developed tracking control methodology
of Chapter 3 is concluded in Section 6.1.1, the motion planning and collision avoidance
developments of Chapter 4 are concluded in Section 6.1.2, and the formation controller
developed in Chapter 5 is concluded in Section 6.1.3. The future work is presented in
Section 6.2.

6.1 Conclusions

6.1.1 Tracking Controller with Velocity Estimator for Docked Mobile
Robots

In Chapter 3, a new integrated system composed of a robust tracking controller and an esti-
mator was proposed for a nonholonomic DMR system (i.e., two-docked mobile robots) un-
der imprecise velocity measurements and model uncertainties. The extensive experimental
studies showed that, first, the developed estimator is able to estimate the translational and
rotational velocities (that are required for control) with good accuracy, and second, the in-
tegrated estimator and controller have very good tracking performance under measurement
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noise, unmodeled dynamics, and parameter uncertainties. It was further concluded that
if only the sliding mode control method (integrated with the estimation) is implemented
on the robots, tracking performance is deteriorated in the presence of model uncertainties.
Thus, it was shown that the robust saturation control has to be combined with the sliding
mode control to achieve robust tracking. The obtained experimental results clearly indi-
cated that the proposed approach to trajectory tracking control and estimation is of vital
importance for improving accuracy and robustness of DMR under noise, uncertainties, and
absence of velocity measurements. Comparison results against widely used conventional
controllers, i.e., sliding-mode, Lyapunov-based, PD and PID controllers, demonstrated that
the performance of the proposed methodology is superior to other developed controllers in
the literature in terms of tracking accuracy and robustness to model uncertainties. More-
over, the developed controller requires less tuning effort compared to other methods due
to being less sensitive to parameter changes. Therefore, the proposed methodology can be
used for tracking applications without relying on velocity measurements and hence making
it a viable approach for effective navigation of DMR systems.

6.1.2 Motion Planning and Collision Avoidance for Docked Mobile Robots

Chapter 4 presented the design and implementation of a novel motion planning and collision
avoidance methodology for an extended system of DMR (i.e., a leader docked to N follower
robots) in dynamic environments. For collision avoidance, two novel approaches were
proposed, a reactive and a cooperative, which were integrated with a motion planner.
It was concluded through extensive simulations performed in MATLAB as well as V-
REP that using the proposed motion planning methodology, the followers in DMR system
can precisely follow the trajectory tracked by the leader, and thus, the whole DMR can
maintain the desired trajectory with minimum lateral deviation (from the trajectory);
this is particularly desirable for applications requiring a transition in narrow or tortuous
paths, and for allowing the followers to use the leader’s planned path in accomplishing
a task. In addition, it was shown that the proposed collision avoidance methodologies
(both reactive and cooperative) are capable of providing a collision-free transit for DMR
system in dynamic environments while also satisfying the robots’ docking joint constraints.
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The performance of the reactive and the cooperative collision avoidance methodologies
were compared and it was shown that the reactive approach is more computationally and
energy efficient which makes it beneficial in applications concerning fast dynamic obstacles
and/or saving energy, while the cooperative approach is superior in terms of requiring
less space to avoid the obstacles which makes it practical when operating in confined
spaces and narrower paths. On the other hand, the cooperative approach can be used only
when environment information (e.g., obstacles’ location, velocity and shape) is available;
however, the reactive approach is capable of performing collision avoidance by using robots’
information (e.g., robots’ on-board measurements). The proposed methodology was also
compared to other state-of-the-art methods, and was proved as being scalable, applicable
to complex paths in dynamic environments, robust to different masses of docked robots,
and more computationally efficient. Therefore, the proposed motion planning and collision
avoidance methodologies can be effectively used for safe navigation of large-scale DMR
systems when tracking tortuous paths in cluttered environments.

6.1.3 Formation Controller for Docked and Non-docked Mobile Robots

In Chapter 5, a novel robust formation control methodology was developed for a team of
nonholonomic mobile robots that are able to dock to each other or undock when needed.
The proposed control methodology was designed to navigate the heterogeneous (docked
and non-docked) robots to maintain a formation or to pursue a desired goal (such as dock-
ing, switching formation and avoiding collisions) in the presence of uncertainties. The
proposed methodology incorporates both kinematics and dynamics of each of the docked
and non-docked robots into the control design process, and its performance was assessed
in MATLAB simulations as well as V-REP implementation through various case stud-
ies. It was concluded that the heterogeneous mobile robots, in terms of different docking
conditions (non-docked or docked) and different masses, can adequately maintain a forma-
tion, dock themselves to other followers in the team and then maintain the formation as
a DMR system, switch to regular polygon formations in the case of change in the num-
ber of followers in the team, and avoid collisions with other robots and with the dynamic
obstacles. Moreover, it was shown that the proposed methodology is scalable and it is
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robust to model uncertainties and measurement noises. In addition, it was concluded that
the proposed methodology is not only limited to maintaining/rebuilding formation, dock-
ing and avoiding collisions but also can be effectively used for accomplishing any assigned
task to the robots by properly planning the followers desired separation with respect to
the leader. Therefore, the proposed control methodology is very beneficial to be used in
fulfilling critical missions that require a large number of robots to accomplish various goals
cooperatively while being robust against uncertainties and battery failure. The developed
formation control methodology in this work can be adopted to be used in real applications
as well, e.g., agricultural robotics.

6.2 Future Work

In future, the proposed motion planning and collision avoidance methodology can be ex-
tended to the case of underactuated robots where one (or more) docking joint(s) is passive.
This extension can be beneficial in providing a safe motion for DMR even when the robots
fail to actuate their docking joints. Additionally, further investigations can be done to
adopt the docked follower robots as substitution to perform leader’s task, i.e., trajectory
tracking and formation control, in time of leader robot failure. Moreover, motion planning
and control of docked mobile robots with more degrees of freedom, e.g., roll and pitch mo-
tions, is an interesting topic to further broaden the operational range of DMR, especially
when passing through complex or ill-conditioned environments. For formation control, it
would be interesting to investigate the effect of skidding and slipping on the performance
of robots in maintaining formations and accomplishing tasks (e.g., docking and collision
avoidance).
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Appendix A

Boundedness of h(t)

For proof of Lemma 3.1, first h(t) is found by substituting (3.14) into (3.15):

h(t) =
(
I + ∆M(q)M

−1
0 (q)

)−1
×

[
∆M(q)M

−1
0 (q)

(
V 0(q, Ûq)z −B(q)τ

)
−∆V (q, q)z − τd

]
(A.1)

Subsequently, it yields that

‖h(t)‖ ≤ ‖

(
I + ∆M (q)M

−1
0 (q)

)−1
‖ ×

[
‖∆M (q)M

−1
0 (q)‖

×

(
‖V 0(q, Ûq)z‖ +‖B(q)‖‖τ ‖

)
+ ‖∆V (q, q)z‖ + ‖τd ‖

]
. (A.2)

From Assumptions 3.1 to 3.5, each term of ‖h(t)‖ is bounded as follows:

‖(I + ∆M (q)M
−1
0 (q))

−1‖ < a1 (A.3)

‖∆M (q)M
−1
0 (q)‖ < a2 (A.4)

‖V 0(q, q)z‖ < a3 + a4‖q‖ + a5‖ Ûq‖
2 + a6‖z‖‖J ‖ (A.5)

‖∆V (q, q)z‖ < a7 + a8‖q‖ + a9‖ Ûq‖
2 + a10‖z‖‖J ‖ (A.6)

‖B(q)‖ < a11 (A.7)

‖τd ‖ < d1 (A.8)
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where a1, ..., a11 are positive numbers. Thus, by using Assumption 3.6, upper bound of
‖h(t)‖ can be obtained as follows:

‖h(t)‖ ≤
[ (

a2(a3 + a11α0) + a7 + d1
)
+

(
a2(a4 + a11α1) + a8

)
‖q‖

+(a2a6 + a10)‖z‖‖J ‖ + (a2a5 + a2a3a11α2 + a9)‖q‖
2
]
a1.

(A.10)

Using (3.6) and Assumption 3.4, it yields that

‖q‖ ≤ Jα‖z‖. (A.11)

Thus, upper bound of ‖h(t)‖ can be alternatively expressed as

‖h(t)‖ ≤ β0 + β1‖q‖ + β2‖z‖‖J ‖ + β3‖z‖
2 (A.12)

where

β0 = a1(a2a3 + a7 + a2a11α0 + d1) (A.13)

β1 = a1(a2a4 + a8 + a2a11α1) (A.14)

β2 = a1(a2a6 + a10) (A.15)

β3 = a1Jα(a2a3a11α2 + a9 + a2a5). (A.16)

Consequently, from (A.12), it can be concluded that h(t) is upper bounded.
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Appendix B

Dynamic Model of Docked Mobile Robots

The matrices M (q), V (q, Ûq), B(q), J (q) and A in (4.2) are found under the assumption
that the offset between the geometric center and the center of mass of each robot, i.e., ιi
for i = 0, . . . , N, are negligible. These matrices are given by (B.1)-(B.5):

M =



a11 0 a13 . . . a1(k+3) . . . a1(N+3)

0 a22 a23 . . . a2(k+3) . . . a2(N+3)

a31 a32 a33 . . . 0 . . . 0

: : : . . . : : :

a(l+3)1 a(l+3)2 a(l+3)3 . . . a(l+3)(k+3) . . . 0

: : : . . . : : :

a(N+3)1 a(N+3)2 a(N+3)3 . . . a(N+3)(k+3) . . . a(N+3)(N+3)



(B.1)

B =
1

Rw



c0 c0

03×Ns0 s0

b0 −b0

0N×2 RwIN×N


(B.2)

J =


c0

02×(N+1)
s0

0(N+1)×1 I(N+1)×(N+1)


(B.3)

A =
[
s0 −c0 0 . . . 0

]
(B.4)
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V =



0 0 h0c0 Ûθ0MN
1 h1c1 Ûθ1

(
m1 + 2MN

2 ) . . .

0 0 h0s0 Ûθ0MN
1 h1s1 Ûθ1

(
m1 + 2MN

2 ) . . .

0 0 0 0 . . .

: : : :
. . .

0 0 h0hls0l Ûθ0(ml + 2Ml−1
1 ) h1hls1l Ûθ1(ml + m1 + 2Ml−1

2 ) . . .

: : : :
. . .

0 0 h0hN−1s0(N−1) Ûθ0
(
mN−1 + 2MN−2

1

)
h1hN−1s1(N−1) Ûθ1

(
m1 + mN−1 + 2MN−2

2

)
. . .

0 0 h0hN s0N Ûθ0MN−1
1 h1hN s1N Ûθ1

(
m1 + 2MN

2 ) . . .

. . . hkck Ûθk
(
mk + 2MN

k+1

)
. . . hN−1cN−1 ÛθN−1(mN−1 + 2mN ) hN cN ÛθNmN

. . . hksk Ûθk
(
mk + 2MN

k+1

)
. . . hN−1sN−1 ÛθN−1(mN−1 + 2mN ) hN sN ÛθNmN

. . . 0 . . . 0 0

. . . : : : :

. . . hkhlskl Ûθk
(
ml + mk + 2Ml−1

k+1

)
. . . 0 0

. . . :
. . . : :

. . . hkhN−1sk(N−1) Ûθk
(
mk + mN−1 + 2MN−2

k+1

)
. . . 0 0

. . . hkhN skN Ûθk
(
mk + 2MN

k+1

)
. . . hN−1hN s(N−1)N ÛθN−1(mN−1 + 2mN ) 0


(B.5)

in which

a11 =
∑N

i=0 mi, a13 = h0s0MN
1 , a(N+3)1 = −hN sN MN−1

0 ,

a22 =
∑N

i=0 mi, a23 = −h0c0MN
1 , a(N+3)2 = hN cN MN−1

0 ,

a1(k+3) = hk sk
(
mk + 2MN

k+1

)
, a1(N+3) = hN sNmN, a(N+3)3 = −hN h0c0N MN−1

1 ,

a2(k+3) = −hkck
(
mk + 2MN

k+1

)
, a2(N+3) = −hN cNmN, a(N+3)(N+3) = IN,

a(l+3)1 = −hlsl
(
ml + 2M l−1

0

)
, a31 = −h0m0s0, a(l+3)(k+3) = −hlhkckl (ml + mk + 2M l−1

k+1 ),

a(l+3)2 = hlcl
(
ml + 2M l−1

0

)
, a32 = h0m0c0, a(N+3)(k+3) = −hN hkckN (mk + MN

k+1 ),

a(l+3)3 = −hlh0c0l
(
ml + 2M l−1

1

)
, a33 = I0,
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and I is the identity matrix, c0 = cos θ0, s0 = sin θ0, clk = cos(θl −θk), slk = sin(θl −θk), cl = cos θl,

sl = sin θl and Mk
l
=

∑k
i=l mi for l, k = 0, . . . , N. As shown in Fig. 4.1, b0 and Rw are the radius

of leader and of its driving wheels, respectively. Also, mi and Ii are respectively the mass
and inertia of the ith robot and its docking links for i = 0, . . . , N.


