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ABSTRACT

EXPLORING THE GREEDY CONSTRUCTIONS OF DE BRUIJN SEQUENCES

Evan Sala Advisor:
University of Guelph, 2018 Dr. Joseph Sawada

A k-ary de Bruijn sequence of order n is a cyclic sequence of length kn such that each

k-ary string of length n appears exactly once as a substring. These sequences have applica-

tions in a variety of fields, and can be constructed by a number of means, including graph

based approaches, linear feedback shift registers, and greedy strategies. Some sequences

generated by greedy approaches, such as the Ford sequence, can also be generated by other,

more computationally efficient means. However, others, like the sequences produced by the

prefer same and prefer opposite strategies, have no known efficient construction algorithm.

The goal of this research is to find a more efficient method of generating the binary prefer

same de Bruijn sequence. To this end, a previously unstudied feedback function is ana-

lyzed, and a new successor rule is described that efficiently constructs a binary de Bruijn

sequence. Furthermore, we conjecture that a successor rule for the prefer same strategy can

be constructed by applying the aforementioned feedback function.
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Chapter 1

Introduction

Consider a keypad lock with buttons numbered from 0 to 9. The lock opens only when

the correct four digit code has been entered, but will not reset or lock the user out if they

input an incorrect code. As there are 10,000 unique four digit numbers, it might seem like

someone trying to crack the lock would need to input at most 40,000 digits, with an average

of 20,000 inputs to find the correct code.

Indeed, this would be the case if the keypad’s input was reset after each failed attempt.

However, as mentioned before, the keypad does not reset; effectively, the lock will be

opened if the last four digits of its input match the desired code. This means that the last

three digits of a given input can act as the first three digits of the next attempt. If a sequence

of inputs could be found that contained every possible four digit code exactly once, then

this lock could be opened with at most 10,003 inputs, with an average of 5,003 inputs

needed to find the correct code. A sequence that satisfies these conditions is referred to as

a de Bruijn sequence if its first three inputs are the same as its last three.

This thesis focuses on several special constructions of binary de Bruijn sequences.

1.1 De Bruijn sequences

Let Σ be an alphabet of size k, and let Σn be the set of all strings over Σ of length

n. A k-ary de Bruijn sequence of order n is a cyclic sequence of length kn such that each

1



element of Σn occurs exactly once as a substring. De Bruijn sequences are not unique;

there are
(k!)k

n−1

kn
distinct sequences for a given n and k [1]. Figure 1.1 depicts a ternary

de Bruijn sequence of order 3. Note that each length 3 ternary string appears exactly once

in the sequence.

Figure 1.1: A ternary de Bruijn sequence of order 3.

The earliest known de Bruijn sequence corresponds to the Sanskrit sūtra

yamātārājabhānasalagām, whose pattern of long and short syllables describes a poetic me-

ter [34]. By representing short syllables with 1 and long syllables with 0 we obtain the

sequence 1000101110, a binary de Bruijn sequence of order 3. This sūtra may be over a

thousand years old [8], but this is a subject of debate [34].

Binary de Bruijn sequences would be rediscovered by Flye Sainte-Marie in 1894 [43].

Decades later, Martin proved that de Bruijn sequences exist for alphabets of any size [37].

In 1946, de Bruijn showed that there were
(k!)k

n−1

kn
de Bruijn sequences of order n when
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k = 2, a fact that was first proven by Flye Sainte-Marie [6, 13, 14]. This formula was later

shown to work for all k in 1951 by van Aardenne-Ehrenfest and de Bruijn [1].

De Bruijn sequences have applications in a wide range of fields, including computer

security [30], bioinformatics[5], chipset architecture [10], music, and poetry [34]. Of

course, in order to apply a de Bruijn sequence to a problem, one must be able to con-

struct one first. There are a number of ways to construct a de Bruijn sequence, including

de Bruijn graphs, greedy strategies, successor rules, and concatenation schemes. While

all of these techniques will be explored in Chapter 2, this thesis will focus on the greedy

strategies.

Greedy strategies construct a de Bruijn sequence symbol by symbol, like hitting a

key in the aforementioned keypad problem. When appending a symbol to the sequence,

we must ensure that the n symbol string that appears at the end of the sequence is not a

duplicate of an earlier string in the sequence. Each greedy strategy has a preference function

that orders the possible symbols from most to least preferable. For example, in the keypad

function, we may decide to prefer smaller numbers over larger ones. In this case, we would

first check to see if we could append a zero to the sequence, then a one, and so on, until we

found a symbol that would result in a new length n string. If none of the symbols in the

alphabet result in a new string, then the strategy halts.

This strategy of preferring smaller symbols over larger ones is known, unsurpris-

ingly, as the prefer-smallest strategy [25]. This strategy works with the alphabet Σ =

{0, 1, · · · k−1}, and begins with the seed sequence (k−1)n−1. Then, the strategy will iter-

atively construct the sequence, appending the smallest symbol in Σ such that that no length

n substring in the sequence is repeated. Finally, the seed is discarded after the construction

loop halts. Example 1 depicts a de Bruijn sequence generated using this method. Note that

the last n−1 characters of the resultant sequence are the same as the seed sequence. In this
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case, the seed is used to account for the cyclic property of de Bruijn sequences.

Example 1 The binary prefer-smallest sequence of order 4

Begin with the seed 111

Iteratively construct the sequence 1110000100110101111

Remove the seed 0000100110101111

This strategy has two major disadvantages. The first is that the entire sequence needs

to be kept in memory, as we need to check to determine whether a given length n string has

already appeared in the sequence. The second disadvantage is that there is only one seed

known to work for all n. Example 2 shows how seeds can fail to construct a sequence.

Example 2 Generating the binary prefer-smallest sequence with the seed 001

Begin with the seed 001

Start constructing the sequence 001000011001

Both 0010 and 0011 are already present in the sequence, so no new symbols can be

added, and the construction terminates early.

Other strategies exist that can construct the same sequence as the prefer-smallest

method. These strategies include a successor rule [24] and a concatenation scheme [27],

both of which are capable of constructing a de Bruijn sequence that is identical to the one

produced by the prefer-smallest strategy. These strategies have linear memory require-

ments, and do not rely on the use of a specific seed like the prefer-smallest strategy does.

These strategies will be explored in Chapter 2.
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Another greedy strategy, known as the binary prefer-same strategy, was first described

by Eldert in 1958 [17], and later simplified by Alhakim [4]. As the name implies, the

prefer-same method prefers to append symbols that are the same as the last symbol in the

sequence so far. For example, if the last n bits of the sequence are 0011, the prefer-same

strategy would first check to see if the string 0111 appears earlier in the sequence. If the

string 0111 is not in the sequence, a 1 would be append to the sequence; otherwise, a

0 would be appended if possible. The construction loop halts if neither a 1 or 0 can be

appended to the sequence without creating a duplicate substring. The sequence begins with

a seed consisting of n − 1 alternating ones and zeroes. After the construction loop halts,

this seed is removed from the sequence. Example 3 shows this process when n = 4.

Example 3 The binary prefer-same sequence of order 4

Begin with the seed 101

Iteratively construct the sequence 1011110000110100101

Remove the seed 1110000110100101

The prefer-same method can be generalized to k-ary alphabets by specifying some

ordering of the non-same symbols [2], but this research is primarily focused on the binary

algorithm.

As with the prefer-smallest strategy, the prefer-same strategy has exponential mem-

ory requirements, and requires a specific seed. Unlike the prefer-smallest strategy, there

are no known efficient method of generating the sequence constructed by the prefer-same

strategy. This is significant because different sequences have different properties, such as

discrepancy [12] and autocorrelation [30]. If the prefer-same sequence is well suited for
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some application, there is no efficient way to construct it.

1.2 Thesis Statement

The motivation of this research was to find an efficient successor rule for constructing

the binary prefer-same sequence. To this end, the following steps were taken:

• the prefer-same and prefer-opposite algorithms were implemented,

• patterns within the sequences described by these algorithms were studied,

• Fredricksen’s lexicographic composition algorithm was implemented and investi-

gated [26], and

• a previously unstudied feedback function related to the pure cycling register and

complemented cycling register was analyzed.

From this research, the following results were obtained:

1. A new successor rule for generating binary de Bruijn sequences based on the afore-

mentioned feedback function.

2. Spanning trees were discovered for the binary prefer-same and prefer-opposite se-

quences when 2 ≤ n ≤ 19, based on the aforementioned feedback function. We

believe these spanning trees will form the basis for finding efficient successors for

the prefer-same and prefer-opposite sequences.

1.3 Overview of Thesis

Chapter 2 contains a review of literature related to the construction of de Bruijn se-

quences. Chapter 3 briefly describes some early attempts at finding a prefer-same succes-
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sor, as well as a modified version of Fredricksen’s lexicographic composition method [26].

Then in Chapter 4 a previously unstudied feedback function is analyzed, and a successor

rule that constructs a de Bruijn sequence is presented. Finally, Chapter 5 summarizes the

results of this thesis, and provides a path for future work.
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Chapter 2

Literature Review

In this chapter, we describe the various methods of generating de Bruijn sequences,

with an emphasis on the generation of binary de Bruijn sequences, where Σ = {0, 1} and

k = 2. The following techniques are examined herein:

• Euler cycles in de Bruijn graphs,

• greedy algorithms,

• feedback shift registers,

• successor rules, and

• concatenation schemes.

2.1 De Bruijn Graphs

A directed graph consists of a nonempty set of vertices V and a set of directed edges

E, where each edge is an ordered pair of vertices (u, v). A path on a directed graph is a

sequence of edges of the form (v0, v1), (v1, v2), . . . , (vt−1, vt). A path is a cycle if v0 = vt.

An Euler cycle is a cycle where each edge in the graph appears exactly once. A graph that

contains an Euler cycle is said to be Eulerian.

A de Bruijn graph Gk(n) is a directed graph with kn−1 vertices where each vertex

represents a unique length k-ary string of length n [13]. There is an edge labeled vn−1 from
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Figure 2.1: The de Bruijn graph G2(4).

vertex u = (u1u2 · · ·un−1) to vertex v = (v1v2 · · · vn−1) if u2u3 · · ·un−1 = v1v2 · · · vn−2.

From this, it can be observed that each vertex in Gk(n) must have both an in-degree and an

out-degree of k. Figure 2.1 depicts the de Bruijn graph when n = 4, k = 2.

There is a one-to-one correspondence between the Euler cycles in Gk(n) and the k-ary

de Bruijn sequences of order n. An Euler cycle’s corresponding de Bruijn sequence can

be found by concatenating the labels of the cycle’s edges [13]. In general, an Euler cycle

can be found in O(E) time. However, it takes O(kn) time to construct a de Bruijn graph,

and storing a de Bruijn graph requires an exponential amount of memory. This inefficiency

was the motivation behind the search for more efficient methods of generating de Bruijn

sequences.

2.1.1 De Bruijn Graphs in Bioinformatics

While finding an Euler cycle in a de Bruijn graph is an inefficient way of generating a

de Bruijn sequence, the fact that each graph contains every possible de Bruijn sequence for

a given n and k is used in the field of molecular biology to help sequence DNA. It can be

difficult or impossible to accurately read an entire chromosome, so many DNA sequencing

techniques break these chromosomes down into a number of shorter strings, and read them
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in. To assemble these reads back into the original chromosome, researchers create a graph,

drawing edges between strings that have some overlap. Early approaches relied on finding

a Hamilton cycle (a cycle that visits each vertex exactly once), but finding the existence of

a Hamilton cycle is NP-complete. So, researchers have switched to using a subgraph of the

de Bruijn graph on the alphabet {A,C,G, T}. An edge exists between two vertices u and

v if u2u3 · · ·un−1 = v1v2 · · · vn−2 and u1u2 · · ·un−1vn−1 is a substring of at least one of the

reads. Once this graph has been assembled, the set of possible Euler paths (paths that visit

each edge exactly once) is the set of potential values for the chromosome [11]. While this

method is still slow, it is faster and more accurate than other graph based approaches, and

much work has been done to optimize the process [9, 11, 40, 41, 47].

2.2 Greedy Algorithms

An algorithm is said to be greedy if, when presented with a list of options, it always

chooses the most immediately favourable result, as determined by its preference function

[16]. The preference function of a greedy algorithm is a heuristic that ranks the available

options from most to least desirable [2]. Once a greedy algorithm has made a decision, it

will never reverse that decision.

Exhaustively finding the optimal solution to a knapsack problem like in Example 4

is NP-complete, while an approach using a greedy preference function can be done in

polynomial time. While this greedy strategy did not find the optimal solution in Example 4,

it can be used to find an approximation of the optimal solution. In other problems, such as

the minimum spanning tree problem, greedy strategies can always find an optimal solution.

Both Kruskal’s algorithm and Prim’s algorithm will always find the optimal solution to a

minimum spanning tree problem in polynomial time.
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Example 4 The knapsack problem

Item Weight Value Value Per kg
A 30kg $30 1
B 20kg $25 1.25
C 10kg $20 2
D 1kg $5 5

Consider a thief with a knapsack that can carry 30 kilograms of loot, and the list of
items presented in the table above. If the thief always chooses the most valuable item
at each opportunity, they will take item A, and be unable to carry anything else. If the
thief prefers items with the highest value per kilogram, they will take item D first, then
item C. At this point, they will be carrying 11kg, and be unable to take anything else.
In the first case, the thief stole an item worth $30, and in the second case the thief stole
items with a combined value of $25. In this case, the thief could have stolen up to $45
worth of items, by taking both B and C, so both greedy approaches failed to find the
optimal solution to the problem.

Greedily Generating de Bruijn Sequences

The prefer-largest method of generating de Bruijn sequences attempts to construct a

de Bruijn sequence one symbol at a time making a greedy choice at each step [24, 37]

The algorithm begins with a seed sequence, in this case 0n−1. Then, the algorithm will

repeatedly append the largest symbol in Σ such that no length n substring in the sequence

is repeated. The algorithm halts if it cannot append any new symbols without creating

a duplicate substring. Amazingly, when seeded with 0n−1, the algorithm halts after kn

symbols have been appended, and each string in Σn will occur exactly once as a substring

of the sequence. Note that while the seed is used to construct the sequence, it is not part of

the sequence itself, and is removed.

The algorithm used to generate the binary prefer-largest sequence, or prefer-one se-

quence, was first proposed by Martin [37], and was later expanded to k-ary alphabets by

Welch [25]. The sequence produced by the prefer-largest algorithm is the lexicographically
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largest de Bruijn sequence [23]. Example 5 shows how the prefer-largest algorithm gen-

erates a binary de Bruijn sequence of order 4. The sequences produced by this algorithm

are also known as Ford sequences, although Ford [22] was not the first to discover them

[25, 22, 37, 45, 46].

Example 5 The binary prefer-largest sequence of order 4

Begin with the seed 000

Iteratively construct the sequence 0001111011001010000

Remove the seed 1111011001010000

By using different starting seeds and preference functions, different de Bruijn se-

quences can be generated. By starting with a seed of (k − 1)n and preferring smaller

symbols one will create the prefer-smallest sequence [25], previously mentioned in Chap-

ter 1, which is the lexicographically smallest possible sequence [23]. It should also be

noted that in the binary case, the prefer-smallest strategy will generate a sequence that is

the complement of the one generated by the prefer-largest approach.

The binary prefer-opposite strategy, first proposed by Alhakim [3], is similar to the

prefer-same strategy that was explored in Chapter 1, but, as the name implies, prefers

symbols that do not match the last symbol of the sequence. The algorithm that generates

this sequence begins with the seed 0n. Then the sequence is constructed, preferring symbols

that do not match the last symbol of the sequence over ones that do. The selection loop halts

once the string 1n−1 has been added to the sequence. After the selection loop halts, a final

1 is appended to the sequence and, unlike other greedy strategies, the seed is retained. An

example of this construction method can be seen in Example 6.
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Example 6 The binary prefer-opposite sequence of order 4

Begin with the seed 0000

Begin Construction 000010100110111

After seeing 1n−1, append an additional 1 0000101001101111

Retain the seed 0000101001101111

Both the prefer-same strategy, previously defined in Chapter 1, and prefer-opposite

strategy can be generalized to k-ary alphabets by imposing some preference ordering on

the symbols that do not match the last symbol of the sequence [2]. Implementations of the

prefer-same and prefer-opposite strategy can be found in Appendices A and B respectively.

Each symbol in the aforementioned greedy constructions can be generated in O(n)

time. However, the entire sequence needs to be kept in memory in order to find the next

symbol, giving these strategies a space complexity of at least O(kn) which makes generat-

ing large sequences using these strategies unfeasible.

2.3 Cycle Joins and Shift Registers

A feedback function g(a1a2 · · · an) is a function that maps the set of binary strings

of length n to the set of binary symbols {0, 1}. An n-bit binary feedback shift register

(FSR) is a function f(a1a2 · · · an) that maps the set of length n binary strings to itself using

a feedback function, and takes the form f(a1a2 · · · an) = a2a3 · · · ang(a1a2 · · · an) where

each ai ∈ {0, 1}. The input a1a2 · · · an to the FSR f is said to be the state of the register,

and the output f(a1a2 · · · an) is said to be the successor of a1a2 · · · an.

A feedback shift register is a linear feedback shift register (LFSR) if and only if
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g(a1a2 · · · an) is a linear function [30]. Golomb describes two simple linear feedback func-

tions that are of interest to this research [30]. The first of these functions, the pure cycling

register, or PCR, is defined as

PCR(a1a2 · · · an) = a1.

A cycle of period e with respect to the feedback function g is a cyclic, ordered set of

distinct states α1, α2, . . . , αe such that αt+1 is the successor to αt, 1 ≤ t < e and α1 is

the successor to αe. Cycles formed by a feedback function are a kind of equivalence class;

given any state in a cycle, one can obtain the whole cycle by repeatedly feeding the output

of the feedback shift register into itself.

The PCR partitions the binary strings of length n into
1

n

∑
d|n φ(d)2n/d disjoint cycles,

where φ is Euler’s totient function [30]. An example of the cycles created by the pure

cycling register can be seen in Example 7. The lexicographically smallest element of each

of these cycles is called a necklace. Given a string a1a2 · · · an, the periodic reduction

of a1a2 · · · an is a1a2 · · · ap, where p is the smallest integer such that (a1a2 · · · ap)m =

a1a2 · · · an, for some m ≥ 1. The representative of each of the cycles formed by the PCR

can be obtained by taking the periodic reduction of that cycle’s necklace.

Example 7 The cycles partitioned by the PCR when n = 4

Cycle 1 Cycle 2 Cycle 3 Cycle 4 Cycle 5 Cycle 6

0000 0001 0011 0101 0111 1111
0010 0110 1010 1110
0100 1100 1101
1000 1001 1011

The pure cycling register partitions the length 4 binary strings into 6 disjoint cycles.
Note that the lengths of the cycles are factors of 4. The cycle representatives are
highlighted in blue.
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The second notable function, the complemented cycling register, or CCR, is defined

as

CCR(a1a2 · · · an) = a1 ⊕ 1

and is known to partition the binary strings of length n into exactly
1

2n

∑
oddd|n φ(d)2n/d

disjoint cycles [35]. An example of the cycles created by the complemented cycling reg-

ister is shown in Example 8. The lexicographically smallest state of each of these cycles

is called a co-necklace. The representative of a cycle formed by the CCR can be found by

reading the first symbol of each state in the sequence, starting with the co-necklace.For any

length n co-necklace α = a1a2 · · · an, αα will be a necklace of length 2n. Therefore, if α

is a co-necklace then a1 = an = 0; otherwise, αα will not be a necklace.

Example 8 The cycles partitioned by the CCR when n = 4

Cycle 1 Cycle 2

0000 0010
0001 0101
0011 1011
0111 0110
1111 1101
1110 1010
1100 0100
1000 1001

The complemented cycling register partitions the length 4 binary strings into 2 disjoint
cycles. The cycle representatives have been highlighted in blue. The cycle representa-
tive of Cycle 1 is 00001111, and the cycle representative of Cycle 2 is 00101101

Cycles formed by the PCR or CCR can be joined together to form larger cycles, and de

Bruijn sequences can be constructed by joining all cycles created by one of these feedback

functions [19, 20].
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Let f be a feedback shift register, and let g be the feedback function of f . The follow-

ing statements are equivalent:

(i) There exists a function h such that g(a1a2 · · · an) = a1 ⊕ h(a2a3 · · · an), where

a1a2 · · · an ∈ {0, 1}.

(ii) g partitions the binary strings of length n into disjoint cycles.

(iii) f is a bijective function.

If any of the above statements are true, then they all are, and f is non-singular [30].

An n-bit LFSR sequence with the maximal cycle length is referred to as an m-sequence[30].

m-sequences have a length of 2n − 1, and contain all states except for the all zero state.

Effectively, m-sequences partition the set of states into two disjoint cycles, one that con-

tains only the all zero state, and one that contains every other state. A LFSR sequence is

an m-sequence if and only if its feedback function corresponds to a primitive polynomial

[30]. Note that this means that all m-sequences are non-singular by definition. There are
φ(2n − 1)

n
primitive polynomials over addition modulo 2, where φ is Euler’s totient func-

tion [30]. It has been observed that as n increases, the chance of a randomly generated

characteristic polynomial being primitive approaches
1

n
[38, 39].

2.4 Successor Rules

A feedback function g is a successor rule for a de Bruijn sequence B = b0b1 · · · bkn−1

if g(bibi+1 · · · bi+n−1) = bi+n for all 0 ≤ i ≤ kn − 1. Recall that addition on the indices of

a de Bruijn sequence is addition mod kn, such that bkn = b0.

Unlike greedy construction methods, a successor rule does not need to keep the whole

sequence in memory, nor does it need to start with a specific seed. Given any k-ary se-
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quence of length n, a successor rule will output the next symbol of the de Bruijn sequence

it generates. Generally, a successor rule has a space complexity of O(n) compared to the

O(kn) that greedy techniques require.

The following successor is one such rule [33, 44]. It is defined by the following

function, where b is the complement of b:

f(bibi+1 · · · bi+n−1) =


bi, if bi+1bi+2 · · · bi+n−11 is a necklace;

bi otherwise.

Example 9 shows a sequence constructed by this successor. Note that this successor

rule will work with any starting string, not just 0000.

Example 9 The sequence constructed by the successor rule f when n = 4

Begin with any length 4 binary string 0000

Construct the Sequence 0000111101100101

This algorithm finds the next symbol in the sequence in O(n) time. However, an

optimized version of the this successor exists that can construct the entire sequence inO(1)

amortized time per bit [44]. It can be observed that if bibi+1 · · · bi+n−1 is not a necklace,

then the next bit of the successor will be the same as the output of the pure cycling register.

In fact, this successor is based on the joining of the cycles created by the PCR. An example

of how this successor joins two cycles can be seen in Example 10.

There are other successor rules that join the cycles created by the PCR[24, 36, 31, 15],

and CCR [32]. Etzion created a number of successor rules that join the cycles created by the
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Example 10

Figure 2.2: This figure shows how the successor joins cycles 1 and 2 of the PCR when
n = 4. Blue and gray arrows represent the normal rotation of the cycles in the PCR.
The Wong successor removes the gray arrows and replaces them with the red ones,
indicating where bi is flipped instead of rotated. In a complete example, the blue arrow
marked with a star would be gray, and replaced with an arrow to cycle 3.

pure summing register and complemented summing register [20, 21], as well as k-ary PCR

based successors [19, 18]. Jansen et al. created a successor that works with any feedback

function that partitions the binary strings into disjoint cycles [33].

2.5 Block Concatenation

Unlike previously discussed methods, the block concatenation method of constructing

de Bruijn sequences does not do so one symbol at a time. Instead, entire strings of symbols

are concatenated together, meaning that if these strings can be found in linear time each

symbol will take constant amortized time to generate.

The sequence generated by the greedy prefer-smallest method can be constructed us-

ing the necklaces (see Example 7). First, the necklaces are sorted into lexicographic order,

and then their periodic reductions are concatenated in that order [27]. Example 11 shows
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this process, where A_B represents the concatenation of the two strings A and B.

Example 11 The binary necklace concatenation construction of order 4

Sort the necklaces into lexicographic order 0000, 0001, 0011, 0101, 0111, 1111

Find the periodic reduction of each necklace 0, 0001, 0011, 01, 0111, 1

Concatenate the periodic reductions 0_0001_0011_01_0111_1

The resulting de Bruijn sequence 0000100110101111

By complementing each bit of each necklace and sorting them into descending order,

one can construct the prefer-largest sequence. Other concatenation schemes exist, using

different representatives and ways of ordering them [15, 28, 42]. A concatenation scheme

that is of special interest to this research was created by Fredricksen, and will be explored

in Chapter 3.2 [26].
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Chapter 3

Exploration of Greedy Algorithms

In this chapter we describe the strategies we used to investigate the greedy methods of

generating de Bruijn sequences, with a focus on the prefer-same method. In particular, we

provide:

• an overview of the strategy used to analyze the prefer-same sequence,

• a conjecture regarding the nature of the prefer-same sequence, and

• a review of Fredricksen’s lexicographic composition concatenation strategy [26].

3.1 Pattern Analysis

We began this research by implementing the prefer-same and prefer-opposite strate-

gies, and analyzing the sequences produced by each strategy at various n. This was done

by comparing each symbol in a sequence to the n elements that preceded it; effectively

analyzing the input and output of a hypothetical successor rule.

Lemma 3.1.1. Let g be a binary successor rule. Then there exists some function h such

that g(a1a2 · · · an) = a1 ⊕ h(a2a3 · · · an), a1a2 · · · an ∈ {0, 1}.

Proof. Let g be a binary successor rule. Then g partitions the binary strings of length n

into a single cycle of length 2n. Therefore, by the definition of non-singular functions, there
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must exist some function h such that g(a1a2 · · · an) = a1 ⊕ h(a2a3 · · · an), a1a2 · · · an ∈

{0, 1}.

Example 12 shows how the prefer-same sequence was analyzed, as well as how Lemma

3.1.1 affected the analysis.

Example 12 A breakdown prefer-same sequence when n = 4

Last n bits Next bit Last n bits Next bit Last n bits Next bit
0000 1 1000 0 X000 X ⊕ 1
0001 1 1001 1 X001 X ⊕ 1
0010 1 1010 0 X010 X ⊕ 1
0011 1 1011 0 X011 X ⊕ 1
0100 0 1100 1 X100 X
0101 1 1101 0 X101 X ⊕ 1
0110 1 1110 0 X110 X ⊕ 1
0111 1 1111 0 X111 X ⊕ 1

Early research focused on finding a successor rule directly, by considering the prefer-
same sequence as a set of states. The third column shows how a successor rule can be
thought of as a function that modifies the first bit of its input.

Conjecture 3.1.2. If a1a2 · · · an is a substring of the binary prefer-same sequence of order

n, where a2 = a3, then an+1 = a1 ⊕ 1 if a2 = a3 = a4 = · · · = an, otherwise an+1 =

a1 ⊕ a2 ⊕ an.

We have verified this conjecture for n ≤ 32. Figure 13 depicts each length n substring

in the binary prefer-same sequence of order n. The substrings that can be solved by Con-

jecture 3.1.2. Multiple such rules were tested and refined, in an effort to build a successor

rule by cases. However, as n increased, so too did the number of special cases, as did

the cost of testing those cases. While this method of analysis did yield valuable results,

with Conjecture 3.1.2 directly motivating the main results of this thesis, it is not a feasible

strategy for finding a successor rule.
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Example 13 A breakdown prefer-same sequence when n = 6

Last n bits Next bit Last n bits Next bit
111111 0 000110 0
111110 0 001100 0
111100 0 011000 1
111000 0 110001 0
110000 0 100010 1
100000 0 000101 1
000000 1 001011 0
000001 1 010110 0
000011 1 101100 1
000111 1 011001 0
001111 0 110010 0
011110 1 100100 1
111101 1 001001 1
111011 1 010011 0
110111 0 100110 1
101110 0 001101 1
011100 1 011011 0
111001 1 110110 1
110011 1 101101 0
100111 0 011010 1
001110 1 110101 0
011101 0 101010 0
111010 0 010100 1
110100 0 101001 0
101000 0 010010 1
010000 1 100101 0
100001 0 001010 1
000010 0 010101 1
000100 0 101011 1
001000 1 010111 1
010001 1 101111 1
100011 0 011111 1

This table depicts the sequence constructed by the binary prefer-same method when
n = 6, broken down into a set of states. States whose next bit can be predicted with
Conjecture 3.1.2 are highlighted in blue.
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3.2 Lexicographic Compositions

This research is not the first attempt that was made to find a more efficient method

of constructing the prefer-same sequence. Fredricksen attempted to generate the binary

prefer-same sequence of order n by concatenating representatives of the lexicographic com-

positions of n− 1 [26].

A composition of n is an ordered set of positive integers a1, a2, . . . , am such that∑m
i=1 ai = n. If a1, a2, . . . , am and b1, b2, . . . , bp are compositions of n we say that

a1, a2, . . . , am ≤ b1, b2, . . . , bp if for some j, aj ≤ bj and ai = bi for all i < j. A composi-

tion a1, a2, . . . , am is a lexicographic composition if a1, a2, . . . , am ≤ a1+r, a2+r, . . . , am+r

for all 0 < r < m.

Each composition has two representatives of the form c1c2 · · · cn; a string of a1 ones,

a2 zeroes, a3 ones, etc., denoted (c1c2 · · · cn), and the complement of that string, denoted

[c1c2 · · · cn].

The lexicographic composition method of constructing a binary de Bruijn sequence of

order n begins with the generation of all lexicographic compositions of n − 1 and sorting

them in descending order. The sequence is initialized with n ones, followed by n zeroes,

and the composition {n − 1} is removed from the list of compositions. Then, the repre-

sentatives of the remaining compositions are appended to the sequence in a specific order.

Example 14 depicts this process.

Ultimately, while this approach does construct a de Bruijn sequence, the sequence it

constructs is not the same as the prefer-same sequence when n ≥ 7.
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Example 14 The lexicographic composition construction of order 4

Find the lexicographic compositions of 3 {3}, {2, 1}, {1, 1, 1}

Remove {3} from the list of compositions {2, 1}, {1, 1, 1}

Initialize the sequences 11110000

Append the representatives of the compositions 11110000_110_101_001_010

The resultant sequence 11110000110101001010

The algorithm used to order the lexicographic compositions is not trivial, consisting of

a decision tree three levels deep. However, we present an alternative algorithm in Appendix

D, which we conjecture to produce the same sequence as the lexicographic composition

construction. We have verified this conjecture for n ≤ 20.
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Chapter 4

Results

In this chapter we describe the primary results of this thesis. This includes:

• the analysis of a previously unstudied feedback function,

• a new successor rule based on the aforementioned feedback function, and

• a conjecture regarding the spanning trees of the prefer-same and prefer-opposite se-

quences.

4.1 A New Feedback Function

Recall from Chapter 3 that when given a length n substring a1a2 · · · an of the binary

prefer-same sequence of order n ≤ 32 we can accurately predict the next character of the

sequence an+1 if a2 = a3. This interesting property motivated us to consider the following

feedback function:

g(a1a2 · · · an) = a1 ⊕ a2 ⊕ an.

Example 15 shows the cycles produced by g when n = 5. We can observe that the

representatives of Cycle 2 and Cycle 4 are the same as the representatives of Cycle 1 and

Cycle 2 in Example 8. We can also observe that for each other cycle in Example 15, there

is a cycle in Example 7 with the same representative. From this example, it seems like g
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is related to both the PCR and CCR, and the following section will explore and prove this

relationship.

Example 15 The cycles with respect to g when n = 5.

Cycle 1 Cycle 2 Cycle 3 Cycle 4 Cycle 5 Cycle 6 Cycle 7 Cycle 8

00000 00001 00010 00101 00110 01010 01110 11111
00011 00100 01011 01100 10101 11101
00111 01000 10110 11001 11011
01111 10001 01101 10011 10111
11110 11010
11100 10100
11000 01001
10000 10010

g partitions the length 5 binary strings into 8 disjoint cycles. The cycle representatives
have been highlighted in blue, and can be obtained by reading the first symbol of each
state in a cycle, starting with the lexicographically least.

4.1.1 Properties of the New Feedback Function

Let α = a1a2 · · · an be a state of the shift register and α′ = a2a3 · · · ang(α) be the

state that follows α. By the definition of non-singular functions, g partitions the binary

strings of length n into disjoint cycles, as g(a1a2 · · · an) = a1 ⊕ h(a2a3 · · · an), where

h(a2a3 · · · an) = a2 ⊕ an. Therefore, we know the shift register function f(α) = α′ is a

bijective function between the length n binary strings.

Lemma 4.1.1. Assume α = a1a2 · · · an is a state in a cycle partitioned by g such that

a1 = an. Then for any state β = b1b2 · · · bn, b1 = bn if β is in the same cycle as α.

Proof. If a1 = an, then either a1 = an = 0 or a1 = an = 1. In either case, a1 ⊕ an = 0.

Let α′ be the state that follows α, such that f(α) = α′. As g(α) = a1 ⊕ a2 ⊕ an = a2,
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α′ = a2a3 · · · ana2. Therefore, the first symbol in α′ will be equal to the last symbol in α′,

and by the above this will also hold for the state that follows α′ and so on, so the lemma is

proven.

Corollary 4.1.2. Assume α = a1a2 · · · an is a state in a cycle partitioned by g such that

a1a2 6= an. Then b1 6= bn for any state β = b1b2 · · · bn in the same cycle as α.

Definition 4.1.3. Let A be a cycle of length n states partitioned by g(a1a2 · · · an). If A

includes a state where a1 = an then A is a pure cycle; otherwise it is a complemented cycle.

Lemma 4.1.4. The pure cycles of length n states are equivalent to the cycles of length n−1

states partitioned by the PCR.

Proof. Let α = a1a2 · · · an be a state in a pure cycle. Observe that g(α) = PCR(a2a3 · · · an)

when a1 = an. This means that f(b1b2 · · · bn) = b2b3 · · · bnPCR(b2b3 · · · bn) for any state

in a pure cycle β = b1b2 · · · bn. As the two feedback functions will always make the same

decisions, they are equivalent.

Lemma 4.1.5. The complemented cycles of length n states are equivalent to the cycles of

length n− 1 states partitioned by the CCR.

Proof. Let α = a1a2 · · · an be a state in a complemented cycle. Observe that g(α) =

PCR(a2a3 · · · an) when a1 6= an. This means that f(b1b2 · · · bn) = b2b3 · · · bnCCR(b2b3 · · · bn)

for any state in a complemented cycle β = b1b2 · · · bn. As the two feedback functions will

always make the same decisions, they are equivalent.

Given a pure cycle A we can obtain its corresponding PCR cycle by removing the first

symbol of each state inA, by Lemma 4.1.4. Similarly, by removing the first symbol of each

state in a complemented cycle we obtain it’s corresponding CCR cycle, by Lemma 4.1.5.

The following theorem follows from Lemmas 4.1.4 and 4.1.5.
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Theorem 4.1.6. Each cycle partitioned by g(a1a2 · · · an) can be mapped to a cycle of

length n− 1 states partitioned by either the CCR or PCR.

4.2 Proving the Correctness of Successor Rules

The following framework can be used to prove that a successor rule generates a de

Bruijn sequence [29]. For each of the following definitions, assume that S is a non-empty

cyclic ordered subset of B(n), where B(n) is the set of binary strings of length n.

Definition 4.2.1. Let f and g be functions where g : B(n) −→ {0, 1} and f : a1a2 · · · an −→

a2a3 · · · ang(a1a2 · · · an), where ai ∈ {0, 1}, 1 ≤ i ≤ n. g is a successor of the ordered set

of states S = α1, α2, . . . , αk if f(αi) = αi+1 for all 1 ≤ i ≤ k.

Definition 4.2.2. A partition of S into cycles S1,S2, . . . ,Sm is called a cycle partition with

respect to g if g is a successor for each Si, where 1 ≤ i ≤ m.

Definition 4.2.3. Let S1,S2, . . . ,Sm be an ordered partition of S. A sequence β2, β3, . . . , βm

of unique strings in B(n − 1) is a spanning sequence of the partition if for each i ∈

2, 3, . . . ,m there is an x ∈ 0, 1 such that xβi ∈ Si and xβj ∈ Sj for some j < i.

Theorem 4.2.4. [29] If S1,S2, . . . ,Sm is an ordered cycle partition of S with respect to

g and β2, β3, . . . , βm is a spanning sequence of the partition, then the following function

g′ : B(n) −→ {0, 1} is a successor for S:

g′(α) =


g(α) if α ∈ {0β2, 1β2, 0β3, . . . , 0βm, 1βm};

g(α) otherwise.
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4.3 A New Successor Rule

In this section, the feedback function outlined in Chapter 4.1, g(a1a2 · · · an) = a1 ⊕

a2 ⊕ an, is used to create a new successor rule for generating binary de Bruijn sequences.

This successor rule will be referred to as newDB(a1a2 · · · an), where

newDB(a1a2 · · · an) =


g(a1a2 · · · an)⊕ 1, if a2a3 · · · an is a necklace or co-necklace;

g(a1a2 · · · an) otherwise.

Theorem 4.3.1. The function newDB is a successor rule to construct a binary de Bruijn

sequence of order n.

Proof. Let S = {S1,S2, . . . ,Sm} be the set of cycles partitioned by g(a1a2 · · · an). We

define the representative of a cycle Si, αi, to be the lexicographically least state in Si. Order

the cycles {S1,S2, . . . ,Sm} in lexicographic order based on their representatives, such that

for any 1 ≤ i ≤ m, αi < αj for all i < j ≤ m.

The following cases show that for any cycle Si, where 2 ≤ i ≤ m, there must exist

some cycle Sj , 1 ≤ j < i, and some length n− 1 string βi such that xβi ∈ Si and xβi ∈ Sj .

Note that α1 = 0n, as 0n is the lexicographically smallest cycle representative for any n.

Case 1: αi = 1n. If αi = 1n, then i = m. As f(1n) = 1n, Sm is a cycle with a single

state. Therefore, 01n−1 6∈ Sm. Let βm = 1n−1. As all length n binary strings will be

contained in exactly one cycle, there must exist some cycle Sj such that 0βm ∈ Sj ,

1 ≤ j < m.

Case 2: Si is a pure cycle, 1 < i < m. Each state in Si must include at least one 0

and at least one 1 as S1 6= Si 6= Sm. Let αi = a1a2 · · · an. If an = 1, then a1 = 1, by

the definition of a pure cycle. This would mean that αi would be lexicographically
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greater than any state that ends in a 0. As αi contains at least one zero, there exists at

least one state in Si that ends in a zero. Therefore, a1 = an = 0.

By Lemma 4.1.4 and the definition of the necklaces, there will be exactly one

state in Si of this form xβi such that βi is a necklace. Let βi = b1b2 · · · bn−1. βi must

contain at least one 0 and at least one 1, as xβi ∈ Si and bn−1 = x. b1 = 0, bn−1 = 1,

as βi is the lexicographically least rotation of the string b1b2 · · · bn−1.

For any state γ = c1c2 · · · cn in Si, βi ≤ c2c3 · · · cn, as c2c3 · · · cn is a rotation of

βI by Lemma 4.1.4 and each rotation of βi is lexicographically greater than or equal

to βi by the definition of the necklaces.

Observe that as Si is a pure cycle, the state that precedes αi in Si must be of

the form an−1a1a2 · · · an−1, as the first and last bits of any state in a pure cycle must

be the same. This means that a1a2 · · · an−1 must be a rotation of βi, and therefore

βi ≤ a1a2 · · · an−1. Hence, 0βi < αi. As 0β is less than α, there must be some cycle

Sj , j < i, such that 0β ∈ Sj .

Case 3: Si is a complemented cycle. Let αi = a1a2 · · · an. If a1 = 1, then an = 0

by the definition of complemented cycles. However, the first symbol in fn−1(αi) is

an. This would mean that fn−1(αi) < αi. As αi is the lexicographically least state of

Si, this is a contradiction, and therefore a1 = 0, an = 1.

By Lemma 4.1.4 and the definition of the necklaces, there will be exactly one

state in Si of this form xβi such that βi is a co-necklace. Let βi = b1b2 · · · bn−1. As

βi is a co-necklace, b1 = bn−1 = 0 by definition. Therefore, x = 1 by the definition

of the complemented cycles.

For any state γ = c1c2 · · · cn in Si, βi ≤ c2c3 · · · cn by the definition of the

co-necklaces.

Observe that as Si is a complemented cycle, the state that precedes αi must be of
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the form an−1a1a2 · · · an−1. This means that a1a2 · · · an is a rotation of βi by Lemma

4.1.5, and therefore βi ≤ a1a2 · · · an−1. Hence, 0βi < αi. As 0β is less than α, there

must be some cycle Sj , j < i, such that 0β ∈ Sj .

S1,S2, . . . ,Sm is an ordered cycle partition of B(n) with respect to g and β2, β3, . . . , βm

is a spanning sequence of the partition by the above cases. Note that the set {β2, β3, . . . , βm}

corresponds to the union of the sets of necklaces and co-necklaces of length n−1. By The-

orem 4.2.4 the following function is a successor rule for B(n):

g′(α) =


g(α), if a2a3 · · · an is a necklace or co-necklace;

g(α) otherwise.

As this function is equivalent to newDB(α), newDB(α) must generate a de Bruijn

sequence.

4.3.1 Efficiency of newDB

Recall that the various greedy strategies outlined in Chapter 2.2 construct a k-ary de

Bruijn sequence of order n in O(n) time per bit using O(kn) space. The following theorem

shows that the successor rule newDB constructs a de Bruijn sequence using O(n) space,

while still constructing the sequence in O(n) time per bit.

Theorem 4.3.2. The successor rule newDB generates a binary de Bruijn sequence of

order n in O(n) time per bit using O(n) space.

Proof. Recall that each bit in a sequence constructed by a successor rule is the output of

one application of the successor rule. There exist membership testers for the necklaces that

can be implemented in O(n) time using O(n) space [7]. Recall that if the string a1a2 · · · an
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is a co-necklace, then a1a2 · · · anā1ā2 · · · ān is a necklace. Therefore, each application of

newDB takesO(n) time andO(n) space. Thus, the de Bruijn sequence can be constructed

in O(n) time per bit, with O(n) space.

An implementation of newDB can be found in Appendix C. Example 16 depicts the

de Bruijn sequences constructed by newDB when 2 ≤ n ≤ 8.

Example 16 The sequences generated by newDB when 2 ≤ n ≤ 8

n Sequence

2 0011

3 00010111

4 0000101001101111

5 00000101011010010001100111011111

6 0000001010100101101011101000100110110010000110001110011110111111

7 0000000101010110101001010001011001011101011110100001001001110110
0010000011010011011011100100011001100001110001111001111101111111

8 0000000010101010010101101010111010100010100110101100101000010110
0010111001011110101111101000001001011011010010010001001100100111
1011000010001110100111011100010000001101000110110011011101101111
0010000110011100110001100000111000011110001111100111111011111111

Each of the sequences in this table was seeded with the string 0n, but any length n

binary string can be used as a seed.

4.4 Spanning Trees

Recall from Definition 9 that the sequence β2, β3, . . . , βm is a spanning sequence with

respect to some ordered partition S1,S2, . . . ,Sm if for each i ∈ 2, 3, . . . ,m there is an
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x ∈ 0, 1 such that xβi ∈ Si and xβj ∈ Sj for some j < i. Spanning sequences can be

represented graphically as a spanning tree. A spanning tree is a graph where each vertex

corresponds to an element of the ordered partition, and each edge corresponds to an element

of the spanning sequence. Figure 4.1 depicts the spanning tree for the sequence constructed

by newDB when n = 7. Recall that the cycles partitioned by g correspond to the set of

necklaces and co-necklaces of length n− 1 by Theorem 4.1.6.

Figure 4.1: The spanning tree for newDB when n = 7. Purple vertices represent pure
cycles, while yellow vertices represent complemented cycles.
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Ultimately, our research was unable to find a successor rule that generates the prefer-

same or prefer-opposite sequence for any n. However, we have found successor rules that

construct the sequence for specific n. Recall that the feedback function g(a1a2 · · · an) =

a1 ⊕ a2 ⊕ an partitions the binary strings of length n into a set disjoint cycles S =

{S1,S2, . . . ,Sm}, where a1a2 · · · an is a binary string.

Using the program described in Appendix E, we have been able to create successor

rules that construct the same sequence as the prefer-same strategy for n in the range 3 ≤

n ≤ 19. Each of these 17 successor rules was created by imposing an ordering on the

cycles in S and finding a spanning sequence β2, β3, . . . , βm between those cycles such that

the function

g′(a1a2 · · · an) =


g(a1a2 · · · an) if a2a3 · · · an ∈ {β2, β3, . . . , βm};

g(a1a2 · · · an) otherwise

is a successor rule for the binary prefer-same sequence for some specific n, where βi is a

length n− 1 binary string for all 2 ≤ i ≤ m.

Note that if β2, β3, . . . , βm is a spanning sequence with respect to the cycles partitioned

by g, then m =
1

2n

∑
oddd|n φ(d)2n/d +

1

n

∑
d|n φ(d)2n/d, by Theorem 4.1.6.

Conjecture 4.4.1. For any n ≥ 2, there exists a spanning sequence B with respect to the

cycles partitioned by g(a1a2 · · · an) = a1 ⊕ a2 ⊕ an such that B yields a successor rule for

the prefer-same sequence of order n.

As mentioned above, this conjecture has been verified for 2 ≤ n ≤ 19. By analyzing

the spanning sequences of these successor rules, we can attempt to construct a single suc-

cessor rule that generates the prefer-same sequence for any n ≥ 2.
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Figure 4.2 depicts a spanning tree of the prefer-same sequence when n = 7. The

purple vertices represent pure cycles, while the orange vertices represent complemented

cycles. By looking at the spanning sequence β2, β3 . . . β20 we can try to get an idea of what

a universal successor rule for the binary prefer-same sequence would look like.

Figure 4.2: The spanning tree for the prefer-same sequence on the cycles partitioned by
the new feedback function when n = 7. Each cycle is represented by it’s corresponding
necklace or co-necklace. Yellow vertices are complemented cycles, while purple vertices
are pure cycles.
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Successor rules have also been found for both the binary prefer-opposite strategy and

lexicographic composition strategy when 2 ≤ n ≤ 19. As with the prefer-same successor

rules, these successor rules were created by finding a spanning sequence β2, β3, . . . , βm

with respect to the cycles partitioned by g, where m =
1

2n

∑
oddd|n φ(d)2n/d +

1

n

∑
d|n φ(d)2n/d. The existence of these successor rules leads us to make the following

two conjectures.

Conjecture 4.4.2. For any n ≥ 2, there exists a spanning sequence B with respect to the

cycles partitioned by g(a1a2 · · · an) = a1 ⊕ a2 ⊕ an such that B yields a successor rule for

the prefer-opposite sequence of order n.

Conjecture 4.4.3. For any n ≥ 2, there exists a spanning sequence B with respect to the

cycles partitioned by g(a1a2 · · · an) = a1 ⊕ a2 ⊕ an such that B yields a successor rule for

the lexicographic composition sequence of order n.

As with Conjecture 4.4.1, Conjecture 4.4.3 and Conjecture 4.4.2 have both been veri-

fied for 2 ≤ n ≤ 19.

The algorithm described in Appendix E was used to test the aforementioned conjec-

tures, and can be modified to find spanning sequences with respect to any non-singular

binary feedback function by replacing the feedback function g with the desired feedback

function. However, not all cycle partitions have spanning sequences that can be used to cre-

ate a successor rule for a given de Bruijn sequence. For example, neither the PCR nor CCR

can be used to describe a successor rule that constructs the binary prefer-same sequence of

order 5.
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Figure 4.3 depicts a spanning tree of the prefer-opposite sequence when n = 7, rooted

at 000000. This tree very closely resembles the one in Figure 4.1. However, β14 and β18

are the lexicographically greatest states in their cycles’s associated PCR cycle, rather than

the lexicographically least.

Figure 4.3: The spanning tree for the prefer-opposite sequence on the cycles partitioned by
the new feedback function when n = 7. Each cycle is represented by it’s corresponding
necklace or co-necklace. Yellow vertices are complemented cycles, while purple vertices
are pure cycles.
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Figure 4.4 depicts a spanning tree of the lexicographic composition sequence when

n = 7. This tree is nearly identical to the one in Figure 4.2, except that β17 is 101001 in

Figure 4.4 and 011010 in Figure 4.2.

Figure 4.4: The spanning tree for Fredricksen’s lexicographic composition sequence on the
cycles partitioned by the new feedback function when n = 7. Each cycle is represented
by it’s corresponding necklace or co-necklace. Yellow vertices are complemented cycles,
while purple vertices are pure cycles. Observe that the spanning sequence in this figure is
very similar to the one in Figure 4.2, with β17 being the only difference.
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Chapter 5

Summary and Future Work

In this thesis, we have described a new successor rule for generating binary de Bruijn

sequences based on the feedback function g(a1a2 · · · an) = a1 ⊕ a2 ⊕ an. This successor

rule generates a de Bruijn sequence in O(n) time per bit with O(n) space, and has been

shown to generate a de Bruijn sequence for all n > 2. This successor rule relies on a

previously unstudied feedback function that we believe can be used to create efficient suc-

cessor rules that generate the sequences constructed by the binary prefer-same and binary

prefer-opposite greedy strategies.

This feedback function partitions the length n binary strings into cycles analogous to

the cycles of length n − 1 states partitioned by both the pure cycling register and com-

plemented cycling register. It was shown experimentally that the cycles partitioned by this

feedback function can be arranged into spanning trees that describe the sequences produced

by the binary prefer-same and binary prefer-opposite strategies for n ≤ 19. We conjecture

that this will hold for an arbitrarily large n.

Of course, the veracity of this conjecture could be tested on larger and larger n, but the

cost of these tests increase exponentially as n increases. On the other hand, by attempting

to apply the framework outlined in Chapter 4.2, one could attempt to find a successor rule

that produces a sequence identical to the one produced by either the prefer-same or prefer-

opposite method. Of course, proving that the two sequences are identical for all n would

be a challenge in and of itself. If an efficient successor rule is to be constructed, one would
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also need to find an efficient membership function that determines whether or not a string

is in the spanning sequence.

There exist concatenation schemes that concatenate the necklaces [27] and schemes

that concatenate the co-necklaces [28], so there may exist some cycle concatenation scheme

that constructs a de Bruijn sequence from the cycles partitioned by the newly described

feedback function.

Ultimately, the problem of finding a more efficient method for generating the prefer-

same and prefer-opposite sequences remains open. However, the materials presented in

this thesis should provide the framework for finding such a method.
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Appendix A

Python Code of the Binary Prefer Same Strategy

1 #--------------------------------------------------#
2 # Implementation for Python Version 3.6 #
3 # #
4 # This takes some integer n as input and outputs #
5 # the binary prefer same sequence of order n #
6 #--------------------------------------------------#
7
8 #--------------------------------------------------
9 # If alpha = a_1 a_2 ... a_n has previously occurred

10 # in the sequence, return 0. Otherwise, return 1 and
11 # record that alpha has been visited.
12 #--------------------------------------------------
13 def visit(visited, alpha):
14 data = "".join(str(a) for a in alpha)
15 if(visited[int(data,2)]==1):
16 return(0)
17 visited[int(data,2)]=1
18 return(1)
19
20 #--------------------------------------------------
21 # This takes some integer n as input and outputs
22 # a binary de Bruijn sequence of order n
23 #--------------------------------------------------
24 def build(n):
25 visited = [0]*(2**n)
26 seq = [0]*(2**n+n-1)
27
28 # Setting the seed
29 seq[n] = 0;
30 for i in reversed(range(0,n)): seq[i] = (seq[i+1]+1)%2
31 pos = n
32 visit(visited, seq[0:n])
33
34 # Construction Loop
35 while(True):
36 if(visit(visited,seq[(pos-n+1):pos]+[seq[pos-1]])):
37 seq[pos] = seq[pos-1]
38 elif(visit(visited,seq[(pos-n+1):pos]+[(seq[pos-1]+1)%2])):
39 seq[pos] = (seq[pos-1]+1)%2
40 else:
41 # This occurs if the algorithm fails to generate a sequence
42 if(pos < len(seq)): print("Error Generating Sequence")
43 # Removing the Seed
44 return(seq[n-1:])
45 pos = pos+1
46
47 #--------------------------------------------------
48 # Main Interface that executes if run directly
49 #--------------------------------------------------
50 def main():
51 print("This program constructs the binary prefer same sequence of order n")
52 n = int(input(’Enter n: ’))
53 print("Sequence: "+’’.join(map(str,build(n))))
54
55 if __name__== "__main__":
56 main()
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Appendix B

Python Code of the Binary Prefer Opposite Strategy

1 #--------------------------------------------------#
2 # Implementation for Python Version 3.6 #
3 # #
4 # This takes some integer n as input and outputs #
5 # the binary prefer opposite sequence of order n #
6 #--------------------------------------------------#
7
8 #--------------------------------------------------
9 # If alpha = a_1 a_2 ... a_n has previously occurred

10 # in the sequence, return 0. Otherwise, return 1 and
11 # record that alpha has been visited.
12 #--------------------------------------------------
13 def visit(visited, alpha):
14 data = "".join(str(a) for a in alpha)
15 if(visited[int(data,2)]==1): return(0)
16 visited[int(data,2)]=1
17 return(1)
18
19 #--------------------------------------------------
20 # If alpha = a_2, a_3 ... a_n = 1ˆn, return 1.
21 # Otherwise return 0.
22 #--------------------------------------------------
23 def end(alpha):
24 for a in alpha:
25 if(a == 0): return(0)
26 return(1)
27
28 #--------------------------------------------------
29 # This takes some integer n as input and outputs
30 # a binary de Bruijn sequence of order n
31 #--------------------------------------------------
32 def build(n):
33 visited = [0]*(2**n)
34 seq = [0]*(2**n)
35
36 #Setting the Seed
37 visit(visited, seq[0:n])
38 pos = n
39
40 #Construction Loop
41 while(True):
42 if(visit(visited,seq[(pos-n+1):pos]+[(seq[pos-1]+1)%2])):
43 seq[pos] = (seq[pos-1]+1)%2
44 elif(visit(visited,seq[(pos-n+1):pos]+[seq[pos-1]])):
45 seq[pos] = seq[pos-1]
46 else:
47 # This occurs if the algorithm fails to generate a sequence
48 if(pos < len(seq)):
49 print("Error Generating Sequence")
50 return(seq)
51 #Check ending condition
52 if(end(seq[pos-n+2:pos+1])):
53 seq[pos+1] = 1
54 return(seq)
55 pos = pos+1
56
57 #--------------------------------------------------
58 # Main Interface that executes if run directly
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59 #--------------------------------------------------
60 def main():
61 print("This program constructs the binary prefer opposite sequence of order n")
62 n = int(input(’Enter n: ’))
63 print("Sequence: "+’’.join(map(str,build(n))))
64
65 if __name__== "__main__":
66 main()
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Appendix C

Python Code of the New Successor Rule

1 #--------------------------------------------------#
2 # Implementation for Python Version 3.6 #
3 # #
4 # This takes some integer n as input and outputs #
5 # the de Bruijn sequence newDB of order n #
6 #--------------------------------------------------#
7 complement = str.maketrans(’01’, ’10’)
8
9 #--------------------------------------------------

10 # Determines if a string is a necklace
11 #--------------------------------------------------
12 def necklace(alpha):
13 p = 1
14 n = len(alpha)
15
16 for i in range(2,n+1):
17 if(int(alpha[i-p-1]) > int(alpha[i-1])): return 0
18 if(int(alpha[i-p-1]) < int(alpha[i-1])): p = i
19 if(n%p != 0):
20 return(0)
21 return(p)
22
23 #--------------------------------------------------
24 # Determines if a string is a co-necklace
25 #--------------------------------------------------
26 def conecklace(alpha):
27 return( necklace( alpha+alpha.translate(complement) ) )
28
29 #--------------------------------------------------
30 # The feedback function g(alpha) = (a_1 + a_2 +a_n)%2
31 #--------------------------------------------------
32 def g(alpha):
33 return(str((int(alpha[0],2)+int(alpha[1],2)+int(alpha[-1],2))%2))
34
35 #--------------------------------------------------
36 # Determines if the next bit should be g or g complement
37 #--------------------------------------------------
38 def decision(alpha):
39 if necklace(alpha[1:]) > 0: return(g(alpha).translate(complement))
40 elif conecklace(alpha[1:]) > 0: return(g(alpha).translate(complement))
41 else: return(g(alpha))
42
43 #--------------------------------------------------
44 # Main construction loop
45 #--------------------------------------------------
46 def newDB(seed):
47 alpha = seed
48 seq = ""
49 for i in range(0,2**(len(seed))):
50 dec = decision(alpha)
51 alpha = alpha[1:]+str(dec)
52 seq = seq+str(dec)
53 return(seq)
54
55 #--------------------------------------------------
56 # Returns the sequence constructed by newDB
57 # seeded with 0ˆn
58 #--------------------------------------------------
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59 def build(n):
60 string = ""
61 for i in range(0,n):
62 string = string+"1"
63 return(list(newDB(string)))
64
65 #--------------------------------------------------
66 # Main Interface that executes if run directly
67 #--------------------------------------------------
68
69 def main():
70 print("This program constructs a de Bruijn sequence of order n")
71 n = int(input(’Enter n: ’))
72 print("Sequence: "+’’.join(map(str,build(n))))
73
74 if __name__== "__main__":
75 main()
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Appendix D

Python Code of the Revised Lexicographic Composition

Strategy

1 #--------------------------------------------------#
2 # Implementation for Python Version 3.6 #
3 # #
4 # This takes some integer n as input and outputs #
5 # the lexicographic composition de Bruijn sequence #
6 # of order n #
7 #--------------------------------------------------#
8 import sys
9 import math

10 complement = str.maketrans(’01’, ’10’)
11
12 #--------------------------------------------------
13 # These functions are used to determine the
14 # properties of a string
15 #--------------------------------------------------
16 def periodic(sample):
17 maximum = -1
18 seq = sample
19 for i in range(2, len(seq)+1):
20
21 if( len(seq)%i==0 ):
22 test = []
23 for j in range(0,math.floor(len(seq)/i)):
24 test.append(seq[j])
25 ok = True
26 pos = 0
27 for j in range(0, i):
28 for k in range(0, math.floor(len(seq)/i)):
29 if( seq[pos] != test[k] ):
30 ok = False
31 pos = pos+1
32 if(ok == True):
33 maximum = math.floor(len(seq)/i)
34 if(maximum > -1):
35 return(maximum )
36 return(0)
37
38 def even(seq):
39 data = periodic(seq)
40 if(data%2 != 0): return(0)
41 if(len(seq)%2 ==0): return(1)
42 return(0)
43
44 def arraypoint(seq):
45 data = len(seq)
46 return((math.floor((data - data%2)/2 -1)))
47
48 #--------------------------------------------------
49 # Creates a binary de Bruijn sequence of order m
50 # using a modified version of Fredricksen’s
51 # lexicographic composition method
52 #--------------------------------------------------
53
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54 def build(m):
55
56 # Obtaining the lexicographic compositions
57 m = [m-1]
58 valid = True
59 lexcomps = []
60 lexcomps.append(m)
61 n = int(m[0])
62
63 while(valid):
64 i = 0
65 choice = -1
66 j = len(lexcomps)
67 for a in m:
68 if( int(a) > 1 ):
69 choice = i
70 i = i+1
71 if(choice == -1):
72 valid = False
73 else:
74 sub = []
75 pos = 0;
76 temp = 0;
77 for a in m:
78 if( pos < choice):
79 sub.append(a)
80 temp = temp + int(a)
81 elif(pos == choice):
82 tempa = str(int(a)-1)
83 sub.append(tempa)
84 temp = temp + int(a)-1
85 pos = pos+1
86 limit = temp
87 block = sub[:]
88 while(limit < n):
89 if(limit + temp <= n):
90 for subblock in block:
91 sub.append(subblock)
92
93 limit = limit+temp
94 else:
95 k = n-limit
96 sub.append(str(int(k)))
97 limit = limit+k
98 #Verification
99 m=sub

100 ver = True
101 test = sub[:]
102 value = 0
103 valstr = ""
104 for i in sub:
105 test.append(i)
106 if(int(i) < 10):
107 valstr = valstr + "0"
108 valstr = valstr + i
109 value = int(valstr)
110 scan = len(sub)
111 for i in range(1, scan):
112 tempval = 0
113 temp = ""
114 char = "1"
115 for j in range(0, scan):
116 if(int(test[i+j]) < 10):
117 temp = temp + "0"
118 temp = temp + test[i+j]
119 tempval = int(temp)
120 if(tempval > value):
121 ver = False
122
123 #Appending verified composition
124 #to the list of compositions
125 if(ver):
126 text = ""
127 val = "0"
128 lexcomps.append(sub)
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129 for i in sub:
130 for j in range(0,int(i)):
131 text = text + val
132 if(val == "1"):
133 val = "0"
134 else:
135 val = "1"
136
137 #Constructing the sequence
138 blength = math.floor((n - n%2)/2)
139 buckets = [[] for i in range(0,blength)]
140 ordered = []
141 ordered.append(["0",[str(n+1)]])
142 ordered.append(["1",[str(n+1)]])
143
144 #Ordering the compositions
145 for i in lexcomps[1:]:
146 if( even(i) == 0):
147 ordered.append(["0",i])
148 for j in buckets[arraypoint(i)]:
149 ordered.append(["1",j])
150 buckets[arraypoint(i)] = []
151 ordered.append(["1",i])
152 else:
153 ordered.append(["0",i])
154 (buckets[arraypoint(i)]).append(i)
155
156 #Appending the compositions
157 seq = ""
158 for i in ordered:
159 processed = []
160 lim = periodic(i[1])
161 pos = 0
162 for j in i[1]:
163 if(lim == 0 or pos < lim):
164 processed.append(int(str(j)))
165 pos = pos+1
166 else:
167 break
168 toggle = i[0]
169 toggle = toggle.translate(complement)
170 output = ""
171 for j in processed:
172 output = output + toggle*int(j)
173 toggle = toggle.translate(complement)
174 seq = seq + output
175 return(list(seq))
176
177
178 #--------------------------------------------------
179 # Main Interface that executes if run directly
180 #--------------------------------------------------
181 def main():
182 print("This program constructs the lexicographic composition sequence of order n")
183 n = int(input(’Enter n: ’))
184 print("Sequence: "+’’.join(map(str,build(n))))
185
186 if __name__== "__main__":
187 main()

52



Appendix E

Python Code of the Spanning Tree Generator

1 #--------------------------------------------------#
2 # Implementation for Python Version 3.6 #
3 # #
4 # This program tries to create a spanning tree for #
5 # a given de Bruijn sequence, using the feedback #
6 # function g(alpha) = (a_1 + a_2 +a_n)%2 #
7 #--------------------------------------------------#
8
9 import importlib

10 from collections import Counter
11 complement = str.maketrans(’01’, ’10’)
12
13 #--------------------------------------------------
14 # The feedback function g(alpha) = (a_1 + a_2 +a_n)%2
15 #--------------------------------------------------
16 def g(alpha):
17 return(str((int(alpha[0],2)+int(alpha[1],2)+int(alpha[-1],2))%2))
18
19 def f(alpha):
20 return( alpha[1:]+g(alpha))
21 #--------------------------------------------------
22 # Determines if a string is a necklace
23 #--------------------------------------------------
24 def necklace(alpha):
25 p = 1
26 n = len(alpha)
27
28 for i in range(2,n+1):
29 if(int(alpha[i-p-1]) > int(alpha[i-1])): return 0
30 if(int(alpha[i-p-1]) < int(alpha[i-1])): p = i
31 if(n%p != 0):
32 return(0)
33 return(p)
34
35 #--------------------------------------------------
36 # Determines if a string is a co-necklace
37 #--------------------------------------------------
38 def conecklace(alpha):
39 return( necklace( alpha+alpha.translate(complement) ) )
40
41 #--------------------------------------------------
42 # Returns 1 if the feedback function partitions the
43 # sequence into a spanning tree, 0 otherwise.
44 # Prints information regarding the cycles, including
45 # the spanning sequence and an ordering
46 #--------------------------------------------------
47 def treeCheck(seq, n):
48 #Constructing the cycles
49 form = "{0:0"+str(n)+"b}"
50 cycles = []
51
52 for i in range(0,2**n):
53 ok = 1
54 for cycle in cycles:
55 if(i in cycle):
56 ok = 0
57 break
58 if(ok == 1):
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59 newcycle = []
60 newcycle.append(i)
61 nextstate = f(str(form.format(i)))
62 while int(nextstate,2) != i:
63 newcycle.append(int(nextstate,2))
64 nextstate = f(nextstate)
65 cycles.append(newcycle)
66 reps = []
67 for cycle in cycles:
68 temp =""
69 for i in cycle:
70 temp = temp+form.format(i)[0]
71 reps.append(temp)
72
73 #Readying the sequence
74 pos = [0]*2**n
75 cycleno = 1
76 cycleorder = [0]*len(cycles)
77 sequence = ’’.join(map(str,seq))
78 sequence = sequence+sequence[:n]
79
80
81 # Mapping the sequence to the cycles
82 for cycle in cycles:
83 cpos = 0
84 least = 0
85 leastpos = sequence.find(str(form.format(cycle[0])))
86 for i in cycle:
87 pos[sequence.find(str(form.format(i)))] = [str(form.format(i)), i,cycleno]
88 if(sequence.find(str(form.format(i))) < leastpos):
89 least = cpos
90 leastpos = sequence.find(str(form.format(i)))
91
92 cpos = cpos+1
93
94 cycles[cycleno-1] = cycle[least:] + cycle[:least]
95 cycleorder[cycleno-1] = leastpos
96 cycleno = cycleno +1
97
98 # Reordering the cycles and their elements based on their appearance in the sequence
99 revised = sorted(cycleorder)

100 finalcycles = []
101 finalreps = []
102 for i in revised:
103 finalcycles.append(cycles[cycleorder.index(i)])
104 finalreps.append(reps[cycleorder.index(i)])
105 reps = finalreps
106 cycles = finalcycles
107
108 numberedcycles = []
109 for cycle in cycles:
110 newcycle = []
111 for i in cycle:
112 newcycle.append(sequence.find(str(form.format(i))))
113 numberedcycles.append(newcycle)
114
115 #Forming the edges
116 number = 1
117 edges = []
118 for cycle in numberedcycles:
119 for i in cycle:
120 if i+1 not in cycle:
121 pos = 1
122 for second in numberedcycles:
123 if i+1 in second:
124 if(pos > number):
125 print("Cycle "+str(number)+" connects to Cycle "+str(pos))
126 edges.append([number,pos])
127 break
128 pos = pos+1
129 number = number+1
130
131 #Description of cycles
132 print("\nNecklaces")
133 for i in range(0, len(cycles)):
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134 if(reps[i][0] == reps[i][(n-1)%len(reps[i])]):
135 cycle = cycles[i]
136 print("Cycle "+str(i+1)+" "+reps[i])
137 print( " Beta "+str(i+1)+"="+form.format(cycle[-1]) )
138
139 print("\nConecklaces")
140 for i in range(0, len(cycles)):
141 if(reps[i][0] != reps[i][(n-1)%len(reps[i])]):
142 cycle = cycles[i]
143 print("Cycle "+str(i+1)+" "+reps[i])
144 print( " Beta "+str(i+1)+"="+form.format(cycle[-1]) )
145
146 #Determine if cycles are connected into a tree
147 nodes = set([edges[0][0]])
148 transClosure = Counter()
149 for edge in edges:
150 edge = set(edge)
151 # If the nodes connected by the edge are already connected then a cycle exists
152 if nodes.intersection(edge) == edge: return 0
153 if len(nodes.intersection(edge))>0: nodes.update(edge)
154 else:
155 edge = tuple(edge)
156 transClosure[edge] = transClosure[edge]+1
157 if transClosure[edge] < len(cycles):
158 edges.append(edge)
159 # Graph is not connected by the properties of transitive closure
160 else:
161 return 0
162 if(len(cycles)==len(nodes)):
163 return 1
164 return 0
165
166 #--------------------------------------------------
167 # Main Interface that executes if run directly
168 #--------------------------------------------------
169 def main():
170 print("This program attempts to construct a spanning tree for a de Bruijn sequence")
171
172 # The given file should have a function called "build" that takes
173 # n as an input and returns a binary dB sequence in list form
174 module = input(’Enter the name of the sequence file: ’)
175 sequence = importlib.import_module(module, package=None)
176 n = int(input(’Enter n: ’))
177 seq = sequence.build(n)
178 print("Sequence: "+’’.join(map(str,seq)))
179 if(treeCheck(seq, n)):
180 print("\nThis is a Tree")
181 else:
182 print("\nThis is not a Tree")
183 if __name__== "__main__":
184 main()
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