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We consider a class of mathematical models that describe biofilm formation.
These models are quasilinear degenerate diffusion-reactions equations which exhibit three nonlinear diffusion effects: (i) a power law degeneracy as dependent variable biomass density vanishes, (ii) a super-diffusion singularity as it
approaches unity and (iii) cross-diffusion. Discretizing the PDE model in space
by a standard Finite Volume scheme results in a singular system of ordinary differential equations. We first consider the single species biofilm model with (i) and
(ii) but not (iii) and show by regularisation that the solution of the corresponding
singular ODE system does not attain the singularity. The resulting regularity allows the application of error-controlled adaptive time integration methods. This
will overcome the difficulty of small time-step that methods with fixed timestep experience. Then we use the proposed method to solve multi-component
biofilm models to answer questions arising in microbiology and bioengineering
more specifically in the context of quorum sensing (QS) and Membrane Biofilm
Reactors (MBfR). We introduce a model with several biomass fractions that describes the biofilm behavior in the exposure to antibiotic in a system in which

quorum sensing can trigger increased resistance to antibiotics. The resulting
system has nonlinear diffusion effects (i) and (ii) and is solved by the introduced
time-adaptive method. The results suggest that an adaptive, quorum sensing controlled, mechanism to switch between modes of fast growth with little protection
and protective modes of slow growth may confer benefits to biofilm populations.
Whereas quorum sensing inhibitors can delay the onset of increased resistance,
their advantage is lost after induction occurs. This emphasizes the importance
of timing for treatment of biofilms with antibiotics. In the context of bioengineering, we consider a model for multi-component biofilm with cross-diffusion
effect (iii), to simulate the MBfR performance. The main objective in this study
is to investigate the effect of initial inoculation and ammonium concentration
on the compositions and mass transfer behavior of biofilms. We show that the
initial coverage of the membrane affects the MBfR performance and in some scenarios results in biofilms with a heterogeneous layered structure. This highlights
the importance and advantage of higher dimensional modelling over 1D models,
which are not capable of describing the heterogeneous structure of biofilms.
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Chapter 1
Introduction
1.1

Background

Biofilms are densly packed communities of bacterial cells that grow on immersed
surfaces called substratum. Although the term biofilm suggests a homogeneous
film-like layer, biofilms on the meso-scale (10µm ∼ 1mm, the actual biofilm scale)
in reality are spatially heterogeneous assemblages of colonies which may merge
as they grow and expand [45]. The architecture of a biofilm depends on some
biological factors such as maximum cell density, specific growth rate, and local nutrient availability. In environments with unlimited amount of substrate,
biofilms tend to grow quickly and form homogeneous, compact, thick layers.
On the other hand, biofilms in nutrient limited regimes tend to form in patchy
heterogeneous structures [21].
Biofilms are prevalent in natural, industrial and hospital settings and studied
in several disciplines. The most studied example of beneficial biofilms is their ap-
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plication in wastewater treatment, groundwater protection, soil remediation and
elimination of petroleum oil from contaminated oceans or marine systems [84].
On the other hand, biofilms can cause corrosion problems in fresh water pipes
and oil pipelines [73]; the foremost reasons of failure of medical implants are
bacterial infections caused by biofilm formation [1]; biofilms cause crop disease
in plants [19]; dental plaque is an oral biofilm on teeth that causes dental disease
[2]. These positive and negative aspects of biofilm make it important to understand the biofilm development process. As some particular properties of bacterial
cells involved in the biofilm formation may be affected by environmental conditions, biofilms are experimentally difficult to be studied and mathematical models
might be useful tools.
Several mathematical models have been proposed to describe the growth of
spatially heterogeneous biofilms, ranging from stochastic individual based models to cellular automata models to deterministic continuum models, cf. [43, 45,
83, 84] and the references that they cite. The underlying mathematical principles
of these models are quite different and, therefore, the mathematical and computational challenges vary from model to model. Nevertheless, they all show the
same qualitative behavior in predicting the development of biofilm morphologies
in response to substrate limitation [84].
An early prototype biofilm growth model was introduced in [21]. This model
has been derived both from the viewpoint of biofilms as spatially structured populations [42] and as a fluid [27, 56], thus reflecting the ecological-mechanical duality of biofilms. An extension of the prototype biofilm model was introduced
2

later to take into account further biofilm aspects and processes, such as quorum
sensing (QS), response to antibiotics, internally triggered dispersal, EPS production, and multispecies systems, e.g. in [23, 24, 26, 28, 41, 46, 62]. The prototype
biofilm model consists of a density-dependent diffusion-reaction equation for
biomass that is coupled with a semi-linear diffusion-reaction equation for growth
limiting nutrients. The biomass equation shows two interacting non-linear diffusion effects: (i) porous medium degeneracy as the diffusion coefficient vanishes
where the biomass vanishes, and (ii) a super-diffusion singularity as the dependent variable in the diffusion coefficient approaches the known maximum density. The interplay of both non-linear diffusion effects assures that the solution of
the biomass equation is bounded by the maximum cell density [25], that spatial
expansion of the biofilm only takes place if locally no space is available to accomodate new biomass (i.e. a volume filling effect), and that initial data with compact support have solutions with compact support [21]. Since biofilm colonies
grow, their interfaces with the aqueous phase are not stationary but change over
time. Eventually neighbouring colonies can merge into a bigger colony, in which
case their interfaces merge and become dissolved.
In the multi-species biofilm system, the spatial interaction among species
leads to another non-linear diffusion effect called (iii) cross-diffusion which describes the resistance to spatial spreading of one species due to the presence of
other components, and subsequent mixing of species. A mesoscopic, non-linear
cross-diffusion model for biofilms was proposed in [62]. This model is an extension of the biofilm models with non-linear diffusion effects (i) and (ii) that also
3

includes cross-diffusion (iii).
Interface problems of this type pose difficulties for numerical and analytical methods. The steep biomass gradients at the interface can lead to interface
smearing or spurious oscillations in numerical solutions. The singularity in the
density-dependent diffusion coefficient leads to a blow up of model coefficients
and can force the numerical method to work with very small time-steps. Finally,
maximum principles are not satisfied by cross-diffusion equations. The straightforward discretisation of cross-diffusion terms can result in schemes that are not
positivity preserving. Thus positivity of solutions must be established by different means. Several methods have been suggested in the literature to deal with
these three non-linear diffusion effects and give the solutions that satisfy the
expected physical properties of the underlying problem.
For the single-species biofilm model and its extensions with non-linear diffusion effects (i) and (ii), the proposed methods were: a hybrid time-integration
strategy [21]; a fully implicit fixed time-step method to solve the equation which
is obtained by transforming the spatial operator into the Laplacian operator [20];
a fully adaptive in space and time method for the 1D case, based on a weak moving frame formulation [39]; a semi-implicit method that is based on a non-local
(in time) representation of the non-linear density dependent biomass flux [22, 68]
and a fully-implicit fixed time-step first order time integration method for a cellulosic biofilm system in which nutrients are stationary and do not diffuse [36]. In
addition, in [5] the implicit trapezoidal rule was used for time integration of the
one-dimensional case and explicit variants were proposed in [51, 76], however,
4

without demonstrated gain.
For cross-diffusion problems, several approaches have been suggested. But
these cannot be readily adapted to the cross-diffusion model in biofilms without
further analysis. Many of these methods have been developed for problems of
Shigesada-Kawasaki-Teramoto type, e.g [3, 4, 30]. In that equation the fluxes are
given by lower order polynomials which do not have the key properties (i) and
(ii) of the biofilm model. The only numerical scheme which has been applied
to solve the cross-diffusion biofilm model is the semi-implicit numerical method
with fixed time-step introduced in [61, 62].
The methods that have been applied for solving non-linear biofilm models use
fixed time-step and because of the low regularity of the solution they do not possess error control properties for time integration. Choosing the time-step such
that an acceptable trade-off between accuracy and compute time is achieved, and
that a breakdown of the method near the super-diffusion singularity is avoided,
requires some user experience. The considered class of biofilm models has two
sources of stiffness. One stems from the disparity of characteristic time scales of
substrate diffusion and uptake on one hand, and biomass growth on the other
hand [21]. The other one comes into play when the biomass density approaches
the super-diffusion singularity. For stiff ordinary differential equations with sufficiently smooth solutions, a host of time adaptive methods exists. Due to the
singularity in the biomass diffusion coefficient and the resulting missing regularity of solutions, it is not a priori clear whether these can be applied for the time
integration of the degenerate biofilm equations. Furthermore, it will be impor5

tant that the resulting numerical scheme is able to deal with sharp biomass gradients at the biofilm/water interface without introducing spurious oscillation or
extensive interface smearing and preserve the positivity of solutions. We aim to
propose a time-adaptive method with error control ability to solve the non-linear
degenerate biofilm models. This will overcome the difficulty of small time-step
that the methods with fixed time-step experience.
In order to show the utility of the time-integration method we use it to study
questions about the role of quorum sensing (QS) in biofilm resistance against
antibiotics and about fouling of Membrane Biofilm Reactors (MBfR).
Quorum sensing is a diffusion based cell-cell communication mechanism that
is used by a variety of bacterial cells to coordinate their gene expression and behavior in groups. At the begining, low amounts of signalling molecules (e.g.,
acyl-homoserine lactones (AHL) in Gram-negative bacteria) are released. Once
a critical signal concentration is reached, changes in gene expressions are induced [28, 34]. Since the producer cells respond to their own signal, these are
sometimes referred to as autoinducers. In most bacterial autoinducer systems,
the autoinducer synthase gene is upregulated, i.e a positive feedback stimulus is
induced, leading to production of AHL molecules at an increased rate [28].
A feature that makes biofilms distinct from planktonic cells is the increased
resistance of biofilms against antibiotics which poses a challenge for removing
unwanted biofilms [35, 44, 73, 87]. There are some reasons for biofilm resistance
such as physical protection, heterogeneous structure, stress response and persister cells [1, 6, 9, 52, 71, 73, 74, 75]. In addition, QS can affect the behavior of
6

bacteria against antibiotics in several ways. For example, the Extracellular Polymeric Substances (EPS)-production which helps physically to protect the bacteria
against antibiotics may be QS-regulated [28]. Another connection between QS
and antibiotic resistance concerns swarm-cell differentiation via the pvdQ gene
which may increase resistance [82]. Vice versa, antibiotics are a stressor for the
bacteria, and QS has been characterized as a method of stress-response, forcing
the bacteria e.g. to more cooperation or other switches of behavior.
The mathematical models that have been proposed to describe the mechanism
of resistance of biofilms to antibiotics mainly focus on the physical protection,
persisters, the heterogeneity caused by nutrient shortage, changing mass transfer
due to biofilm deformation by fluid shear stress and fluid flow velocity [9, 13, 14,
15, 16, 24, 60, 70, 72, 77]. In the context of QS, most studies investigate the effect
of environmental conditions on the onset of QS induction [11, 12, 27, 37, 80, 86]
and a few studies look at the effect of QS induction on the biofilms’ behavior
[26, 28, 88].
Whereas mathematical models for QS processes and biofilm response to antibiotics have been introduced as two separate facets of biofilms, to the best of
our knowledge there is no appropriate model that accounts for the effect of QS
induction on the resistance of biofilm against antimicrobial agents. We aim to
close this gap in the literature and apply the introduced numerical method to
solve the resulting non-linear system.
In the context of engineering we will study the biofilm development and
its effect on the MBfR operation. Besides the inert surfaces on which biofilms
7

grow and receive the nutrient supply and other substrates from the bulk liquid, there are reactive surfaces that provide the nutrient for biofilm growth. The
biofilms that develop on these surfaces are called counter-diffusional biofilms
[55]. An important counter-diffusional biofilm process is the membrane-biofilm
reactor (MBfR), a wastewater treatment technology that is based on delivering
the gaseous substrate to the biofilm through gas permeable membranes.
To better understand the biofilm microenvironment and the performance of
an MBfR at the macroscale, mathematical models have been proposed ranging
from pseudo-analytical models to 1D particle based models to multi-dimensional
individual based models to 2D hybrid approach to cellular automata models [8,
17, 18, 38, 48, 50, 67]. Moreover, an extension of the particle based model for
multi-species biofilm is introduced in [49]. The sensitivity of MBfRs to the biofilm
morphology makes it important to model the biofilm development appropriately such that more realistic biofilm structures are created. We will introduce a
model to describe the MBfR performance in the frame work of the cross-diffusion
biofilm model. For this purpose, we use an extension of multi-species biofilm
model with cross-diffusion proposed in [30] to formulate a model of simultaneous utilisation of acetate and ammonium in a biofilm composed of heterotrophic
and autotrophic bacteria on an aerated membrane. The process kinetics that we
use for this are adapted from [38]. Our main objective in this study is investigating the effect of initial inoculation and the ammonium concentration on the
compositions and mass transfer behavior of biofilms at an aerated membrane
surface. We also show that for some inoculation a biofilm with heterogeneous
8

layered structure is formed which is not describable by 1D models. This reveals
the importance of higher dimensional modelling for MBfR.

1.2
1.2.1

Research Objectives
Introducing an error-controlled fully adaptive method
for time integration of the biofilm model

To overcome the limitation of time-step size that methods with fixed time-step
experience in solving the non-linear degenerate diffusion-reaction biofilm models is the primary objective. For this purpose we explore an error-controlled
time-adaptive numerical method for solving these interface moving problems.

1.2.2

Applying the introduced method on the models arising in microbiology and wastewater engineering

The utility of the proposed method in answering the questions arising in the
context of QS and MBfR is considered as the second objective. We formulate a
mathematical model and explore quorum sensing triggered resistance of biofilm
to antimicrobials. We also study a non-linear multi-species model with crossdiffusion effect that describes the biofilm development in MBfR. In that study
we investigate the influence of initial inoculation of substratum and ammonium
concentration on the membrane performance and the importance of higher di9

mensional modelling in MBfR research.

1.3

Outline of the thesis

The main contribution of this thesis is introducing an error-controlled timeadaptive numerical method to solve the non-linear degenerate biofilm models
with applicability in microbiology and wastewater engineering. The thesis is
structured as follows:
Chapter 2 introduces an error-controlled fully adaptive time integration method
to solve a degenerate singular ODE system. This system is obtained by spatial
discretization of the single-species biofilm model with non-linear diffusion effects (i) and (ii) by a standard Finite Volume scheme. To introduce the numerical
method, mathematical analysis of the semi-discrete system is provided; in particular it is shown via regularisation that the solution of the degenerate problem is
bounded by unity i.e it does not attain the singularity. This allows the application
of standard error-controlled time-adaptive methods such as Rosenbrock-Wanner
methods. Furthermore, we give a grid refinement study and explore quantitatively the dependence of the numerical method on the regularization parameter
that is introduced for analytical treatment. A small application of this method is
provided to show the utility of this method in other disciplines. We investigate
the effect of pocket size on the time of quorum sensing induction if biofilm grows
in an isolated niche/pocket. This study was published as [31]:
• Ghasemi, M. and Eberl, H. J., (2017). Time adaptive numerical solution of
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a highly degenerate diffusion-reaction biofilm model based on regularisation., J. Sci. Comp. DOI.10.1007/s10915-017-0483-y.
Chapter 3 presents an extension of the regularization based numerical method to
a system of PDEs that describes the development of biofilm with several biomass
fractions. The example for which we develop the method is a quorum sensing
biofilm which consists of down- and up-regulated biomass fractions. In this study
we aim to validate the proposed method of chapter 2 for a multi-component
biofilm model without cross-diffusion. We also carry out computational studies
to assess the effect of the regularization parameter, a grid refinement study and
report briefly on parallel performance of our code under OpenMP on desktop
workstations. This study was published as [32]:
• Ghasemi, M. and Eberl, H. J. (2017). Extension of a Regularization Based
Time-adaptive Numerical Method for a Degenerate Diffusion-Reaction Biofilm Growth Model to Systems Involving Quorum Sensing, Proc. Comp. Sci.
108, 1893-1902
Chapter 4 is dedicated to propose a model that studies the biofilm resistance
to antimicrobial agents in a system in which quorum sensing can trigger increased resistance to antibiotics. For this purpose, we introduce a mathematical
model in which the biofilm consists of three biomass volume fractions: active
down-regulated, active up-regulated and inert (inactive) biomass and dissolved
substances are nutrient, antibiotics and AHL concentration. This model is studied in computer simulations to identify key parameters that influence the rela11

tionship between QS and biofilm resistance to antimicrobial agents. To this end,
we use the numerical method that was introduced in chapter 2 and developed
further in chapter 3. This chapter is submitted to the Bulletin of Mathematical
Biology as:
• Ghasemi, M., Eberl, H.J., Kuttler, C., Hense, B.A. Simulation based exploration of quorum sensing controlled resistance of biofilms to antimicrobials.
In Chapter 5 we extend the introduced adaptive time integration method in chapters 2 and 3 to a non-linear cross-diffusion biofilm model and evaluate its numerical performance. The mathematical model describes the competition of two
biomass species in a biofilm for a shared growth limiting substrate [62]. In this
study we introduce a new form of self- and cross-diffusion coefficients and compare our scheme with the one that was used previously [61] to investigate the
potential advantage of our proposed scheme. This study was submitted to the
European Journal of Applied Mathematics as:
• Ghasemi, M., Sonner, S., Eberl, H.J. Time adaptive numerical solution of a
highly nonlinear degenerate cross-diffusion system arising in multi-species
biofilm modelling.
In Chapter 6 we develop a model to describe the biofilm development in a
membrane biofilm reactor and solve it by the method developed in chapter 5.
The model is a development of the cross-diffusion biofilm model introduced in
[62] that describes the simultaneous utilisation of acetate and ammonium in a
12

biofilm composed of heterotrophic and autotrophic bacteria on an aerated membrane. The process kinetics that we use for this are adapted from [38]. The main
objective in this study is investigating the effect of initial coverage of the membrane by biofilm and ammonium concentration on the reactor performance. We
will also show that higher dimensional modelling is required in a simulation
based study of MBfR to describe the layering and heterogeneity of biofilm structure which are resulted due to the cross-diffusion and counter-diffusion substrate
delivery. This chapter is currently being prepared for submission to a journal.
Chapter 7 summarizes the findings of this dissertation and gives suggestions
of how this research can be further extended.
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Chapter 2
Time adaptive numerical solution
of a highly degenerate
diffusion-reaction biofilm model
based on regularisation
Journal of Scientific Computing. DOI.10.1007/s10915-017-0483-y
Abstract
We consider a quasilinear degenerate diffusion-reaction system that describes
biofilm formation. The model exhibits two non-linear effects: a power law degeneracy as one of the dependent variables vanishes and a super diffusion singularity as it approaches unity. Biologically relevant solutions are characterized
by a moving interface and gradient blow-up there.
Discretisation of the PDE in space by a standard Finite Volume scheme leads
to a singular system of ordinary differential equations. We show that regularisation of this system allows the application of error controlled adaptive integration
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techniques to solve the underlying PDE. This overcomes the major limitation of
existing methods for this type of problem which work with fixed time-steps.
We apply the resulting numerical method to study the effect of signal diffusion in the aqueous phase on quorum sensing induction in a biofilm colony.
Keywords: Biofilm, Degenerate diffusion-reaction equation, Quorum sensing, Regularization, Semi-discretization, Time adaptivity
MSC: primary: 35K65, 65M08; secondary: 68U20,92D25

2.1

Introduction

Bacterial biofilms are microbial communities on immersed surfaces, embedded in
layers of self-produced extracellular polymeric substances (EPS), which protect
the sessile cells against mechanical or chemical washout [6, 18, 20, 27, 30, 53].
Biofilms are prevalent in natural, industrial and hospital settings. Depending on
the context, they can be harmful or beneficial. For example biofilms can lead to
corrosion problems in fresh water pipes, and oil pipelines [44]; foremost cause of
failure of medical implants are bacterial infections caused by biofilm formation
[2, 42]; biofilms can lead to crop disease in plants [7]; dental plaque is an oral
biofilm on teeth that causes dental disease [1]. On the other hand, the adsorption
and absorption properties and enhanced mechanical stability of biofilms make
them advantageous to environmental engineering technologies, e.g. for waste
water treatment, remediation of contaminated soil, and elimination of petroleum
oil from contaminated oceans or marine systems [51].
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Although the term biofilm suggests a homogeneous film-like layer, biofilms
on the meso-scale (10µm ∼ 1mm, the actual biofilm scale) in reality are spatially
heterogeneous assemblages of colonies which may merge as they grow and expand [28]. The architecture of a biofilm depends on some biological factors such
as maximum cell density, specific growth rate, and local nutrient availability. In
environments with unlimited amount of substrate, biofilms tend to grow quickly
and form homogeneous, compact, thick layer. On the other hand, biofilms in
nutrient limited regimes tend to form in patchy heterogeneous structures [9].
Several mathematical models have been proposed in the literature to describe
the growth of spatially heterogeneous biofilms, ranging from stochastic individual based models to cellular automata models to deterministic continuum models,
cf [26, 28, 50, 51] and the references that they cite. The underlying mathematical
principles of these models are quite different and, therefore, the mathematical
and computational challenges vary from model to model. Nevertheless, they
all show the same qualitative behavior in predicting the development of biofilm
morphologies in response to substrate limitation [51].
An early prototype biofilm growth model has been introduced in [9], and was
extended later to account for further biofilm aspects and processes, such as quorum sensing, response to antibiotics, internally triggered dispersal, EPS production, and multispecies systems, e.g. in [11, 12, 14, 15, 16, 24, 29, 38]. The model has
been derived both from the view point of biofilms as spatially structured populations [25] and as a fluid [15, 34], thus reflecting the ecological-mechanical duality
of biofilms. In its basic form as a biofilm growth model, it consists of a density28

dependent diffusion-reaction equation for biomass that is coupled with a semilinear diffusion-reaction equation for growth limiting nutrients. The biomass
equation shows two interacting non-linear diffusion effects: (i) the diffusion coefficient vanishes where the biomass vanishes as in the porous medium equation,
and (ii) a super-diffusion singularity as the dependent variable in the diffusion coefficient approaches the known maximum density. The interplay of both effects
assures that the solution of the biomass equation is bounded by the maximum
cell density [13], that spatial expansion of the biofilm only takes place if locally
no space is available to produce new biomass (i.e. a volume filling effect), and that
initial data with compact support have solutions with compact support [9]. The
latter property is a characteristic property of the porous medium equation and
related problems. In our application this expresses itself as a sharp biofilm/water
interface, at which the biomass gradient blows up. Since biofilm colonies grow,
their interfaces with the aqueous phase are not stationary but change over time.
Eventually neighbouring colonies can merge into a bigger colony, in which case
their interfaces merge and dissolve.
Interface problems of this type pose difficulties for numerical and analytical methods. The steep biomass gradients at the interface can lead to interface
smearing or spurious oscillations in numerical solutions. The singularity in the
density-dependent diffusion coefficient leads to a blow up of model coefficients
and forces the numerical method to work with very small time-steps. Several
methods have been proposed in the literature for the numerical treatment of this
highly non-linear degenerate model.
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In [9] a hybrid time-integration strategy was applied. The slower biomass
processes were solved explicitly with a Runge-Kutta-Fehlberg method, whereas
the faster nutrient processes were solved implicitly. This required inefficiently
small time-steps for the biomass equation when the biomass density approaches
maximum density somewhere. A different idea was explored in [8] in which the
degenerate equation is transformed into new dependent variables such that the
spatial operator converted into the Laplacian operator and all non-linear effects
appeared in the time-derivative. A fully implicit, fixed time-step method for the
new equation could handle the diffusion singularity effect very well, but emphasized interface oscillations. In [22] a fully adaptive in space and time method
was proposed in the 1D case, based on a weak moving frame formulation. This
method explicitly tracked the biofilm/water interface and was able to deal well
with the porous medium degeneracy but had problems with the super-diffusion
singularity. In [23] the transformation idea of [8] was combined with the moving
frame approach of [22]. This method worked very well in 1D but in the 2D case
becomes cumbersome; moreover, it was not obvious how it could be adapted for
multi-species biofilm systems.
A semi-implicit method that is based on a non-local (in time) representation
of the non-linear density dependent biomass flux is described in [10, 43]. This
method can be efficiently parallelised for shared memory architectures [33] and
has been used for several extensions and applications of the underlying biofilm
model [11, 12, 14, 15, 16, 24, 37]. This low order method has shown to be robust and to handle the steep biomass gradients at the biofilm/water interface
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reasonably well. This method has also been studied and used for a variant of
the biofilm model with a slightly different biomass diffusion coefficient in [34].
Minor adaptations and extensions of this approach were suggested in [29, 32],
however without major documented improvement. A related fully-implicit first
order time integration method was proposed in [21] for a cellulosic biofilm system in which nutrients are stationary and do not diffuse. It uses a fixed-point
iteration at each time-step to solve the resulting non-linear system. This method
reduces to the semi-implicit approach of [10] as a special case if only one iteration step is carried out. In [3] the implicit trapezoidal rule was used for time
integration in the spatially one-dimensional case and explicit variants were proposed in [31, 45], however, without demonstrated gain. All these methods use
fixed time-steps and because of the low regularity of the solution they do not possess error control properties for time integration. Choosing the time-step such
that an acceptable trade-off between accuracy and compute time is achieved, and
that a breakdown of the method near the super-diffusion singularity is avoided,
requires some user experience.
In this paper we want to overcome the constraints around time integration.
Our problem at hand has two sources of stiffness. One stems from the disparity
of characteristic time scales of substrate diffusion and uptake on one hand, and
biomass growth on the other hand [9]. The other one comes into play when the
biomass density approaches the super-diffusion singularity. For stiff ordinary
differential equations with sufficiently smooth solutions, a host of such methods exists. Due to the singularity in the biomass diffusion coefficient and the
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resulting missing regularity of solutions, it is not a priori clear whether these
can be applied for the time integration of the biofilm equation. Furthermore, it
will be important that the resulting numerical scheme is able to deal with sharp
biomass gradients at the biofilm/water interface without introducing spurious
oscillation or extensive interface smearing. To address these questions, and to
propose a fully adaptive method for time integration of the biofilm model is our
main objective.
We will demonstrate the utility of this method by studying a question that
arises in the context of quorum sensing in biofilms. Bacterial cells produce and
secrete chemical signals to communicate with each other, and measure the concentration of the signal molecules in their environment. This mechanism is
known as quorum sensing. Once a critical signal concentration is reached, changes
in gene expressions are induced and bacteria collectively synchronize their behavior [16, 19]. Since the producer cells respond to their own signal these are
sometimes referred to as autoinducers (e.g., acyl-homoserine lactones (AHL) in
Gram-negative bacteria). In most bacterial autoinducer systems, the autoinducer
synthase gene is upregulated, i.e a positive feedback stimulus is induced, leading
to production of AHL molecules at an increased rate [16].
The name quorum sensing stems from an interpretation of autoinduction as
a mechanism to estimate cell density. However, in environments that are not
completely mixed, such as spatially structured biofilm systems, the autoinducer
concentration is affected by transport of chemical signals in the aqueous environment. In fact they might use the autoinducer concentration as an estimate of any
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of the factors that can affect the concentration of this molecule, such as diffusion
limitation [19]. This has lead to the interpretation of quorum sensing as diffusion
sensing and a mechanism to survey the environment [40]. An important question to ask is then how the environment affects the time to autoinduction in a
biofilm colony, and the size of the colony that is required for autoinduction, i.e.
for the signal concentration to exceed induction threshold.
In a recent study [46] it was investigated experimentally using a synthetic
biofilm matrix and mathematically using a simple diffusion model, how much
autoinducer needs to be added instantaneously in a colony center to achieve concentrations in the biofilm above induction threshold for different colony sizes.
Our goal is to build on this using a model that accounts also for biofilm growth
and dynamic autoinducer production, and that also considers diffusion of signal
molecules into the environment. Related, older studies are [4, 5], where the relationship between biofilm size and induction was studied in a one-dimensional
setting, using a Wanner-Gujer type biofilm growth model. The 1D setting in that
study, however, is limiting in that it does not allow to investigate effects of signal diffusion parallel to the substratum, and thus effects of neighboring colonies
or confined domains. How convective transport of signal molecules due to bulk
flow hydrodynamics affects washout of autoinducers and the onset of induction
in narrow flow channels, on the other hand, was simulated in [15, 48]; the presence of background flow added another complexity that does not allow to hone
in on aspects of diffusion sensing.
Our paper is organized as follows: In Section 2.2 we introduce the prototype
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biofilm model and obtain its semi-discrete version by applying a Finite Volume
Method to discretize the partial differential equations in space. In Section 2.3 we
analyze the semi-discrete model; in particular we show, using regularization and
the method of super and sub solutions, that the solution of the resulting ODE
never attains the singularity and is thus sufficiently smooth to apply standard
numerical methods for time integration, such as embedded Rosenbrock-Wanner
methods, which we will use. In order to demonstrate that the resulting numerical method is able to handle gradient blow-up at the biofilm/water interface, we
apply in Section 2.4 the numerical scheme to a simpler problem (without superdiffusion singularity), for which an exact solution is known, namely the porous
medium equation with linear growth. In Section 2.5 we investigate the behavior
of our numerical method for the full prototype biofilm growth model. In particular we give a grid refinement study and explore quantitatively the dependence
of the numerical method on the regularization parameter that was introduced
for analytical treatment. In Section 2.6, finally we present an illustrative application of the method in the context of quorum sensing. Concluding remarks are
provided in Section 2.7.
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2.2
2.2.1

Mathematical Model
Governing equations

The mathematical model studied in this paper was originally introduced in [9].
It is formulated as a density-dependent degenerate diffusion-reaction equation
over domain Ω ⊂ R2 . The dependent variables are the volume fraction occupied by biomass, u, and the concentration of a growth limiting nutrient, c. Domain Ω is divided into region Ω1 (t) = {(x, y) ∈ Ω ⊂ R2 : u(t, x, y) = 0} that
describes the aquatic phase (bulk liquid, channels and pores of a biofilm) without biomass, and region Ω2 (t) = {(x, y) ∈ Ω ⊂ R2 : u(t, x, y) > 0}, which is the
actual biofilm with positive density, cf. Figure 2.1.

Figure 2.1: The domain Ω
⊂
R2 with liquid region Ω1 (t)
{(x, y) ∈ Ω ⊂ R2 : u(t, x, y) = 0} and biofilm region Ω2 (t)
{(x, y) ∈ Ω ⊂ R2 : u(t, x, y) > 0}

=
=

The independent variables t ≥ 0 and (x, y) ∈ Ω denote here time and spatial
location, respectively. Both regions are separated by the biofilm/water interface
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Γ(t) = ∂Ω1 ∩ ∂Ω2 which changes as the biofilm grows, i.e. as u changes.
As is usual in mathematical models of biofilms, the EPS that is produced by
the bacteria is subsumed in the biofilm volume fraction in this prototype biofilm
model. An extension of this model that accounts for EPS explicitly has been
proposed, for example, in [16].
The model in non-dimensionalised form reads [9]:


 ∂u = ∇(D(u)∇u) + c u − ku,
∂t




∂c
∂t

KU +c

= dc ∆c −

νU c
u,
KU +c

(2.1)

D(u) is a density-dependent diffusion coefficient defined as:
D(u) = δ

uα
, α, β ≥ 1, dc  δ > 0.
(1 − u)β

(2.2)

The diffusion coefficient D(u) shows two non-linear effects: (i) a power law degeneracy as in the porous medium equation, i.e. D(u) vanishes as u vanishes and
(ii) a super diffusion singularity as u approaches to unity. The porous medium degeneracy, uα , guarantees that the biofilm does not spread notably if the biomass
density is small, u  1, and it is also responsible for the formation of a sharp
interface between biofilm and surrounding liquid, i.e. initial data with compact
support leads to solutions with compact support. The second effect (ii) enforces
the solution to be bounded by unity [10, 51]. This is counteracted by the degeneracy as u = 0 at the interface. Consequently, u squeezes in the biofilm region and
approaches its maximum value 1. Hence, the interaction of both non-linear diffusion effects with the growth term is needed to describe spatial biomass spreading
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[10]. Diffusion of the dissolved nutrient is assumed to be Fickian, i.e. dc is a constant. Biomass spreading is much slower than diffusion of dissolved substrate,
thus the biomass motility coefficient, δ, is several orders of magnitude smaller
than the substrate diffusion coefficient.
In (2.1), parameter k is the cell lysis rate, KU the Monod half saturation concentration, and νU the maximum substrate uptake rate.
To study the mathematical model (2.1) we restrict ourselves to the rectangular
domain Ω = [0, L]×[0, H]. The substratum, on which biofilm colonies form is the
bottom boundary, y = 0. We assume the substratum is impermeable to biomass
and dissolved substrate. At the lateral boundaries, x = 0 and x = L, we assume a
symmetry boundary condition for both dependent variables, which allows us to
view the domain as a part of a continuously repeating larger domain. At the top
boundary, y = H, we pose a homogeneous Dirichlet condition for the biomass
and a Robin condition for the nutrient which reflects that the substrate is added
to the system through this segment of the domain boundary. Thus the imposed
boundary conditions on domain Ω = [0, L] × [0, H] are defined as:




∂n u = ∂n c = 0 at x = 0, x = L and y = 0,




u = 0,

c + λ∂n c = 1 at y = H,

(2.3)

Here λ can be understood as the external concentration boundary layer thickness, and ∂n denotes the outward normal derivative. The concentration boundary
layer is introduced to mimic the convective contribution of external bulk flow to
substrate supply, i.e. it is related to the bulk flow velocity, in the sense that a
37

small bulk flow velocity implies a thick concentration boundary layer, while a
thin concentration boundary layer represents fast bulk flow [11].
For the reader’s convenience we recall the main result of [13] that studies the
longtime behavior of the PDE model (2.1), without proof:
Theorem 2.1 (Existence). Let the initial data (u0 , c0 ) satisfy the conditions

∞
1

 1. c0 ∈ L (Ω) ∩ H (Ω), 0 ≤ c0 ≤ 1, c0 |∂Ω = 1,
2. u0 ∈ L∞ (Ω), F (u0 ) ∈ H01 (Ω),


3. u0 ≥ 0, ku0 kL∞ < 1,
where

Z
F (u) = F∞ (u) :=
0

u

vα
dv, 0 ≤ u < 1.
(1 − v)β

(2.4)

(2.5)

Then, there exists a solution (u(t), c(t)) of degenerate problem (2.1) (in the sense of
distributions) belonging to the following class:

∞
2

 1. u, c ∈ L (R+ × Ω) ∩ C([0, ∞), L (Ω)),
2. c, F (u) ∈ L∞ (R+ , H 1 (Ω)) ∩ C([0, ∞), L2 (Ω)),


3. 0 ≤ u(t, x, y), c(t, x, y) ≤ 1, kukL∞ (R+ ×Ω) < 1.

(2.6)

Theorem 2.2 (Uniqueness). Let (u1 (t), c1 (t)) and (u2 (t), c2 (t)) be two solutions
of (2.1) belonging to the class (2.6). Then, the following estimate is valid:
kc1 (t) − c2 (t)kL1 (Ω) + ku1 (t) − u2 (t)kL1 (Ω)

≤ eKt kc1 (0) − c2 (0)kL1 (Ω) + ku1 (0) − u2 (0)kL1 (Ω) ,

(2.7)

for some positive constant K that depends on reaction parameters. In particular,
the solution of (2.1) is unique in the class (2.6).
An extension of these results to more general boundary conditions is described in [13].
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2.2.2

Spatial discretization

We introduce a uniform grid of size N × M for the rectangular domain [0, L] ×
[0, H]. Integrating the first equations of (2.1) over each grid cell and using the
Divergence Theorem yields
d
dt

Z

Z

Z

R(c)u dx dy,

Jn ds +

u dx dy =
vi,j

∂vi,j

i = 1, ..., N, j = 1, ..., M

vi,j

(2.8)
where vi,j denotes the domain of the cell with grid index (i, j), Jn = D(u)∂n u
denotes the outward normal flux across the grid cell boundary, and R(c) =
c/(KU + c) − k stands for the reaction terms.
To evaluate the area integrals in (2.8), we evaluate the dependent variables at
the center of the grid cells,
 




1
1
Ui,j (t) := u(t, xi , yj ) ≈ u t, i −
∆x, j −
∆x
2
2

(2.9)

and similarly for the nutrient concentration




 
1
1
Ci,j (t) := c(t, xi , yj ) ≈ c (t, i −
∆x, j −
∆x .
2
2

(2.10)

for i = 1, ..., N and j = 1, ..., M with ∆x = L/N = H/M , and we approximate
the integrals by the midpoint rule. Similarly, the line integral in (2.8) is evaluated
by considering every edge of the grid cell separately, using the midpoint rule. To
this end, the diffusion coefficient D(u) in the midpoint of the cell edge is approxi39

mated by arithmetic averaging from the neighbouring grid cell center points, and
the derivative of u across the cell edge by a central finite difference. We get then
for the biomass density in the grid cell center the ordinary differential equation

1 
d
Ui,j =
Ji+ 1 ,j + Ji− 1 ,j + Ji,j+ 1 + Ji,j− 1 + Ri,j Ui,j ,
2
2
2
2
dt
∆x

(2.11)

where Rij = Ci,j /(KU + Ci,j ) − k and for the fluxes we have, accounting for the
boundary conditions,

Ji,j+ 1 =
2

Ji,j− 1

2





1
2∆x

2

2

(2.12)



 0
=

 1


D(Ui,j−1 ) + D(Ui,j ) (Ui,j−1 − Ui,j ), for j > 1.



 0
=

 1

for i = N,

D(Ui+1,j ) + D(Ui,j ) (Ui+1,j − Ui,j ) for i < N,

(2.14)



 0
=

 1

for i = 1,

D(Ui,j ) + D(Ui−1,j ) (Ui−1,j − Ui,j ) for i > 1,

(2.15)

2∆x

Ji− 1 ,j

for j = M,


 − 2 D(0)Ui,M
∆x

2∆x

Ji+ 1 ,j


D(Ui,j+1 ) + D(Ui,j ) (Ui,j+1 − Ui,j ) for j < M,

2∆x

for j = 1,

(2.13)

The spatial discretization of the equation for the nutrient follows the same
principle, with the major difference being that at the top of the domain we have
a Robin boundary condition instead of homogeneous Dirichlet condition. That
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dc is constant simplifies the flux expressions. We have then

1 ˆ
d
ˆ
ˆ
ˆ
1
1
1
1
Ci,j =
+ Ji− ,j + Ji,j+ + Ji,j− − R̂i,j Ui,j
J
2
2
2
dt
∆x i+ 2 ,j

(2.16)

with
R̂i,j =

νU Ci,j
KU + Ci,j

(2.17)

and
Jˆi,j+ 1 =





dc
(Ci,j+1
∆x




dc
∆x

2

Jˆi,j− 1
2

2∆x
2λ+∆x

− Ci,j 1 +



 0
=

 dc (C
∆x

Jˆi+ 1 ,j =




2

i,j−1



for j = M,

− Ci,j ), for j > 1.
for i = N,

dc
(Ci+1,j
∆x



 0
=

 dc (C
∆x

4x−2λ
∆x+2λ

for j = 1,



 0

2

Jˆi− 1 ,j

for j < M,

− Ci,j )

− Ci,j ) for i < N,
for i = 1,

i−1,j

− Ci,j ) for i > 1,

(2.18)

(2.19)

(2.20)

(2.21)

By introducing the lexicographical grid ordering
π : {1, ..., N } × {1, ..., M } → {1, ..., N M } , (i, j) 7→ p = (j − 1)N + i (2.22)
and the vector notation U = (U1 , ..., UN M ), C = (C1 , ..., CN M ) with Up :=
Uπ(i,j) = Ui,j , Cp := Cπ(i,j) = Ci,j for i = 1, ..., N , j = 1, ..., M , we arrive at the

41

coupled system of 2 · N · M ordinary differential equations




dU
dt

= D(U)U + RU (C)U




dC
dt

= LC − RC (C)U + b.

(2.23)

Remark 2.1. By construction the N M × N M matrices D(U ), L are symmetric, and weakly diagonally dominant with non-positive main diagonals and nonnegative off-diagonals. They contain the spatial derivative terms. They can efficiently be stored in sparse diagonal format with 4 off-diagonals, with offsets ±1, ±N .
The matrices RU (C), RC (C) are diagonal matrices which contain the reaction terms;
in particular the pth entry in RC (C) vanishes if Cp = 0. The vector b contains contributions from the Robin boundary conditions in (2.18); its entries are zero for all
dc
2
grid cells (i, j) with j < M , and bπ(i,j) = ∆x
> 0 for grid points with
2λ+∆x
j = M.
Remark 2.2. The discretization can easily be extended to more general boundary
conditions, such as Robin conditions everywhere, in analogy to (2.18).

2.3

The regularized semi-discrete system

Due to the singularity in the biomass diffusion coefficient (2.2) standard arguments from the theory for ordinary differential equations, such as the PicardLindelöf theorem and the tangent condition cannot be readily applied to study
the well-posedness of the ODE system (2.23) and to prove that the biomass volume fraction U is indeed bounded by unity, as is required for physical reasons
and for agreement with the underlying PDE (2.1), as per Theorem 2.1. To overcome this limitation we regularize the semi-discretised system. Following [13],
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we introduce the regularised density-dependent biomass diffusion coefficient



δα
u<0



(u+)α
D (u) =
0≤u≤1− ,
δ (1−u)
β




 δ−β
u ≥ 1 − .

(2.24)

where the continuous extension of D for negative u is for technical reasons. We
show later on, that indeed u ≥ 0 for the solutions of our model. We define the
following regularized version of the ODE system (2.23),




dU
dt

= D (U )U + RU (C )U




dC
dt

= LC − RC (C )U + b,

(2.25)

where matrix D (·) is defined like D(·), only with D(u) in the flux terms (2.12)(2.15) replaced by D (u) as defined in (2.24).
Remark 2.3. The regularised semi-discretised system (2.25) is a standard, 2nd order (in space) convergent, finite difference approximation of the regularised partial
differential equation system
(

∂u
∂t
∂c
∂t


= ∇(D (u )∇u ) + KUc+c
u − ku ,

ν U c
= dc ∆c − KU +c u ,

(2.26)

the solutions of which are smooth. It was shown in [13] that the solutions of the
initial value problem of (2.26) converge to the solution of the corresponding initial
value problem of (2.1) as  → 0, and that u ≤ 1−ξ for some ξ > 0 and sufficiently
small .
Going forward, we define vector inequalities component wise, i.e for two
vectors U = (U1 , ..., Un )T and V = (V1 , ..., Vn )T the inequality U ≤ V means
Up ≤ Vp for all p = 1, ..., n, and accordingly for strict inequalities. Furthermore,
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by 1 ∈ Rn we denote the unity vector (1, ..., 1)T , and by 0 ∈ Rn we denote the
vector (0, ..., 0)T .
We show that the initial value problem of (2.25) with initial data for U and
C such that 0 ≤ U (0) < 1 and 0 ≤ C (0) ≤ 1 possesses a unique solution that
is non-negative and bounded.
Proposition 2.1. Let 0 <   1. Suppose the initial values U (0) and C (0) of
the regularized ODE system (2.25) are non-negative and satisfy U (0) ≤ (1 − ρ)1
with ρ ∈ (0, 1) and C (0) ≤ 1. Then there exists a unique solution (U , C ) of the
regularized problem (2.25), which is non-negative and bounded by a constant for
sufficiently small values of . Also, an upper bound on the solution exists that does
not depend on the regularization parameter .
Proof. The semi-discrete system (2.25) satisfies the Lipschitz condition in the
non-negative cone. Therefore, the initial value problem has a unique solution.
Non-negativity of this solution follows with standard arguments, such as the
tangent condition (cf [49]), from the properties of matrices RC , RU , L, D as per
Remark 2.1. That C ≤ 1 follows with the non-negativity of U from the definitions of RC , L, b again from the tangent condition.
To show the boundedness of U we introduce the barrier function Uθ = 1 +
~ where the vector θ~ is the solution of the linear system Aθ~ = 1 with A =
θ,
− δ1α D (0). Note that this matrix A does not depend on , whence also θ~ is
independent of .
By construction, A is invertible and weakly diagonally dominant with positive main diagonal entries and negative off-diagonal entries. Therefore, it is an
M-matrix [17]. Hence its inverse exists and is non-negative, which implies the
~ Thus,
non-negativity of θ.
1 ≤ Uθ ≤ 1 + q
(2.27)
for some positive vector q. Since θ~ does not depend on , neither does q. The
initial data obviously satisfy
U (0) ≤ Uθ ,
(2.28)
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and for sufficiently small values of  we have
dUθ
− D (Uθ )Uθ − RU (C )Uθ
dt


−β
~
= δ
A(1 + θ) − RU (C )Uθ
= δ−β (A1 + 1) − RU (C )Uθ
≥ 0
dU
=
− D (U )U − RU (C )U .
dT

(2.29)

Note that A is a weakly diagonally dominant matrix such that A1 ≥ 0. Consequently, Uθ is an upper solution of (2.25) for sufficiently small , wherefore then
Uθ ≥ U , by the comparison theorem for quasimonotonic systems [49]. Thus, inequality (2.29) implies that there exists ˆ such that the solutions U are uniformly
bounded for all 0 <  ≤ ˆ.
We will use this result to improve the upper bound on U . In particular we
will show that U < 1 for small enough .
According to Proposition 2.1, there is a constant Q independent of , such
that Q ≥ kRU (C )U k∞ . As before, we assume that there is a 0 < ρ < 1 such
that U (0) ≤ ρ1. Let us denote by V the solution of
dV
= D (V )V + Q + b,
dt

V (0) = ρ1

(2.30)

where vector Q = Q1 and vector b is a boundary correction that one obtains
if imposing the inhomogeneous Dirichlet boundary condition u = ρ at y = H
instead of the homogeneous one, defined in analogy with equation (2.23) and
Remark 2.1. This ensures that at the boundary the V bounds U from above.
We have the following relationship between U and V :
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Lemma 2.1. Let V be the solution of (2.30) and U be the solution of (2.25) with
initial data U (0) ≤ ρ1. Then V (t) > U (t) ≥ 0 for all t > 0.
Proof. This follows with standard comparison theorems for essentially positive
ordinary differential equation systems, cf [49], applied to the first equation in
(2.25). By introducing the defect P := dtd − D (.) − RU (·), we have PV (t) >
PU (t) ≡ 0 = P0, which gives V (t) > U (t) ≥ 0.
For each vector index p ∈ {1, ..., N M } we denote by (ip , jp ) the corresponding location on the N × M grid, i.e.
(ip , jp ) = π −1 (p),

p ∈ {1, ..., N M },

(2.31)

where π −1 is the inverse of the grid ordering map (2.22).
The following observation allows us to reduce the analysis of the 2D system
of N M ordinary differential equations to a 1D problem consisting of M ordinary
differential equations, which will simplify notation.
Lemma 2.2. The coefficients V,p of the solution V of (2.30) satisfy V,p (t) =
V,jp (t) for t > 0 and p = 1, ..., N M .
Proof. This follows from the symmetry of boundary conditions of (2.30), the spatially homogeneous initial data and that the source term is a constant in (2.30),
and from the uniqueness of solutions of (2.30).
With this observation and the definition of π in (2.22), we have V,π(i,j) =
V,π(î,j) = V,j for all î = 1, ..., i − 1, i + 1, ..., N . Thus the ordinary differential
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equations determining the functions V,j (t) reduce to
































dV,1
dt

=

1
2∆x2

(D (V,2 ) + D (V,1 ))(V,2 − V,1 ) + Q,

dV,j
dt

=

1
2∆x2

[(D (V,j+1 ) + D (V,j ))(V,j+1 − V,j )
−(D (V,j−1 ) + D (V,j ))(V,j − V,j−1 )] + Q,

(2.32)

j = 2, ..., M − 1
dV,M
dt

=

1
2∆x2

[4D (ρ)(ρ − V,M )
−(D (V,M −1 ) + D (V,M ))(V,M − V,M −1 )] + Q

For given , 0 <  < 1, we furthermore define Z := (Z,1 , ..., Z,M )T ∈ RM
as the solution of the system of linear algebraic equations



0 =



0 =




 0 =

δ−β
∆x2

(Z,2 − Z,1 ) + Q,

δ−β
∆x2

[Z,j+1 − 2Z,j + Z,j−1 ] + Q,

δ−β
∆x2

[2(1 − ) − 3Z,M + Z,M −1 ] + Q,

j = 2, ..., M − 1

(2.33)

Lemma 2.3. Let V (t) be the solution of (2.30) and Z be the solution of the linear
system (2.33). If ρ ≤ 1 − , then V (t) ≤ Z for all t > 0.
Proof. We use the usual invariance theorem, cf. [49], to show that the set Z =
M
Q
[ρ, Z,i ] is positively invariant under the differential equation (2.32): In the
i=1

equation for V,j substitute V,j = ρ and assume ρ ≤ V,j±1 ≤ Z,j±1 . Then
dV,j
≥ 0, wherefore V,j (t) ≥ ρ. Similarly, in the equation for V,j substitute
dt
V,j = Z,j and assume ρ ≤ V,j±1 ≤ Z,j±1 . Using D (V,j±1 ) ≤ δ−β and
dV
the definition of Z,j in (2.33) gives dt,j ≤ 0, wherefore V,j (t) ≤ Z,j . Thus,
the solution of the initial value problem (2.32) remains in Z which proves the
assertion.
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Lemma 2.4. Let Z be the solution of the linear system (2.33). For small enough 
and ∆x, the inequality Z < 1 holds.
Proof. By straightforward calculation we have
∆x2 b
Q
δ
∆x2 b
∆x2 b
Q = Z,1 − 3
Q
:= 2Z,2 − Z,1 −
δ
δ
..
.

Z,2 := Z,1 −
Z,3

Z,j+1 := 2Z,j − Z,j−1 −

∆x2 b
∆x2 b
Q = Z,1 − kj+1
Q
δ
δ

for j = 1, ..., M − 1, where k1 = 0 and kj+1 := kj + j. Therefore, Z,1 > ... >
Z,M . Finally we have from the last equation of (2.33)
Z,1 = (1 − ) + (3kM − kM −1 + 1)

∆x2 b
Q.
2δ

For small enough  and ∆x, the second term on the right hand side is dominated
by the first term, i.e. 1 > Z,1 > ... > Z,M .
Theorem 2.3. Let U (t) be a solution of (2.25) with U (0) < ρ1 for some ρ with
0 < ρ < 1. Then for sufficiently small  and ∆x it holds U (t) < 1.
Proof. Proposition 2.1 and Lemmas 2.1-2.4 imply directly that for small enough
 and ∆x the following inequalities hold
0 ≤ U (t) < V (t) < Ẑ < 1,
where Ẑ = (Ẑ,1 , ..., Ẑ,N M )T with Ẑ,π(i,j) := Z,j for 1 ≤ i ≤ N , 1 ≤ j ≤
M.
Theorem 2.4. Let U(0) ≤ ρ1 for some 0 < ρ < 1, and let T > 0. For  > 0, let
(U (t), C (t)) be the solution of (2.25) with U (0) = U(0), C (0) = C(0). Then
48

(U (t), C (t)), 0 ≤ t ≤ T converges to the solution of (2.23) as  → 0.
Proof. We have shown that U (t) and C (t) are bounded for small values of 
and ∆x. Boundedness of U (t) and C (t) implies that there is a sequence n that
goes to zero when n → ∞ such that Un (t) and Cn (t) converge to some U(t)
and C(t) component wise. We can now pass to the limit  → 0 in the regular
semi-discrete system (2.25) and claim that (U, C) are the desired solutions of the
degenerate semi-discrete problem (2.23). In order to prove this hypothesis for U
it is sufficient to verify that D (U )U → D(U)U if  → 0. We have
k D (U )U − D(U)U k∞ ≤k D (U )(U − U) k∞ + k (D (U) − D(U))U k∞
(2.34)

Boundedness of U (t) and continuity of D (u) imply that each term in the right
hand side of inequality (2.34) tends to zero if  → 0. This proves that U(t) is
indeed the solution of the biomass equation of the degenerate semi-discrete system (2.23). In the same manner we can also show that C(t) is the solution of the
substrate equation of (2.23).

2.4
2.4.1

Numerical method
Time integration

In order to obtain a numerical approximation of (2.1) we will solve the regularized
semi-discrete problem, (2.25) to approximate (2.26), and pass  to 0. The regularized system (2.25) satisfies a Lipschitz condition and has bounded solutions. This
suggests the application of standard ODE solvers.
In typical biofilm applications, different time scales for the substrate equation
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and the biomass equation induce stiffness, which can be exacerbated by nonlinear diffusion effects if the biomass approaches unity somewhere. We use a
time adaptive, error controlled, embedded Rosenbrock-Wanner method (ROW),
more specifically ROS3PRL, a third order method with 4 stages [39]. RosenbrockWanner methods require the solutions of linear systems. In our case the coefficient matrix of these systems are sparse and non-symmetric. We use the stabilised bi-conjugate gradient method [47] to solve them. More specifically we
use a routine from the SPARSKIT library [41], that was prepared for parallel execution using OpenMP in [33].

2.4.2

Spatial discretisation and gradient blow-up at the interface

The ordinary differential equation (2.23) was derived by applying a space discretisation to the underlying partial differential equation (2.1). Since at the biofilm/water
interface the solutions of (2.1) are known to have blow-up of the gradient, the
question arises to which extent our spatial discretisation introduces smearing
around the interface. We investigate this, applying our method to a related test
problem with known exact solution, that has the same phenomenon. Our test
problem is the Porous Medium Equation with linear source term [36],
∂u
= ∇(um ∇u) + ku,
∂t
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,m > 1

(2.35)

which admits the self-similar Barenblatt solution [36]
kt −(m+1)−1

u(t, x, y) = e τ
with τ =

1 kmt
e
km



m
4(m + 1)


 1
(x2 + y 2 ) m
2
k0 − 1/(m+1)
,
τ
+

(2.36)

−1

1 kmt0 −(m+1)
and k02 = r02 ( km
e
)
, where r0 is the radius of the

initial spherical colony and t0 is the initial time. Notation u+ is defined as u+ :=
max(u, 0). This solution is induced by a Dirac delta function as initial data. For
our numerical test we chose as initial data function (2.36) evaluated at time t0 =
0.1 and r0 = 0.1. The values of m and k used in our simulations are chosen as
m = 4, k = 3.
For our test simulations, we pose the homogeneous Neumann boundary condition on the boundaries and initially one semi-spherical colony is placed in the
center of the domain. Note that (2.36) and the solution of the biofilm model satisfy this boundary condition as well as the homogeneous Dirichlet condition up
until the moving interface reaches the boundary somewhere. We terminated the
simulations before this occurs.
After regularisation, (2.35) becomes

∂u
= ∇ (u + )m ∇u + ku
∂t

(2.37)

in analogy to the regularization in (2.24).
We solve (2.37) on a uniform grid of size 256 × 256 for several choices of
 and compare the results against the exact solution (2.36) and the numerical
solution obtained with the choice  = 0, i.e. the solution of (2.35) in Table 2.1.
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Table 2.1: Least square error between U and the the non-regularised numerical
1
k U − U0 k2 , and the error between regsolution with  = 0, E0 := 256×256
1
ularised and Barenblatt solutions, E  := 256×256
k U − U k2 , at t = 1. The
cell resolution is N = M = 256 and the tolerance of the ROW method is set at
T OL = 1e − 7.
E

E0
10−3
10−4
10−5
10−6
10−7

0.5456777671 × 10−5
0.5458369969 × 10−6
0.5483556720 × 10−7
0.5489546560 × 10−8
0.5511348599 × 10−9

0.2670409320 × 10−4
0.2332513375 × 10−4
0.2302420952 × 10−4
0.2299452153 × 10−4
0.2299155176 × 10−4

Table 2.2: Error between the Barenblatt solution (2.36) and the numerical solution
with  = 0 of PME (2.37), E0N = N12 k U − U0 k2 , for different number of grid
cells at t = 1.
N =M
E0N
1.0314434 × 10−3
1.9763426 × 10−4
8.7552260 × 10−5
2.2991221 × 10−5
6.8993723 × 10−6
2.1955107 × 10−6

32
64
128
256
512
1024

Reported are the 2-norm differences between the regularised numerical solutions
and the Barenblatt solution, E  :=
U0 = U |=0 , i.e E0 :=

1
256×256

1
256×256

k U − U k2 , and between U and

k U −U0 k2 . We observe that with decreasing 

the error E0 decreases to zero, i.e. convergence of the regularisation is confirmed.
The error E  converges as well, but to a positive value. This suggests that error
due to spatial discretisation is larger than the regularisation error.
Results of a computational convergence test that computes the least square
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Figure 2.2: Snapshots of numerical solution of PME (2.35) at t = 0.25, 0.5, 0.75, 1
from top left to the bottom right. The cell resolution is N = M = 256 and the
tolerance of the ROW method is T OL = 1e−7 and the regularization parameter
is  = 0.
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Figure 2.3: Graphical result of difference between the numerical and the exact
solutions of PME (2.35) for different numbers of grid cells.
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Figure 2.4: Time-step size vs t for PME (2.35).
error between the numerical and exact solutions of equation (2.35), E0N =

1
N2

k

U − U0 k2 , for different numbers of grid cells are given in Table 2.2. The error is
steadily decreasing as the grid is refined, suggesting convergence of the method.
To illustrate spatio-temporal behavior, the results of the numerical simulations with  = 0 at different times are shown in Figure 2.2. The support of the
solution expands radially, in agreement with the property of the porous medium
equation, that initial data with compact support lead to solution with compact
support (finite speed of interface propagation). The solution attains its maximum in the center of the domain and decreases toward the interface, where it
indicates blow-up of the gradient, as expected from (2.35) for m > 1. Interface
smearing effects that are introduced by the spatial discretisation are rather mild,
and the numerical solution is free of spurious oscillations. The numerical errors
occur primarily at the interface, whereas agreement between the exact and the
numerical solution is very good in the interior of the region where U > 0 and
the solutions are smooth, cf. Figure 2.3. But also here we see that the errors at
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the interface decrease as the grid resolution is increased.
Figure 2.4 shows the time-step chosen by the ROW method. Initially it remains constant at 0.003, at approximately t = 0.56, it drops to 0.0015 where it
remains for the remainder of the simulation, up to t = 1.
These tests show that the spatial discretisation employed here produces results of acceptable accuracy for highly degenerate diffusion reaction equations.

2.5

Numerical examples and validation

In Section 2.5.1 we show an illustrative simulation of biofilm model (2.1) with
boundary conditions (2.3) in growth limited and transport limited regimes with
the numerical method discussed in Section 2.4. Subsequently, in Section 2.5.2 we
investigate the behavior of the numerical solution with respect to grid step size
∆x, regularization parameter  and the tolerance required of the RosenbrockWanner method. The model parameters that we use in these simulations are
given in Table 2.3.
Table 2.3: Dimensionless model parameters of system (2.1), taken from [37].
Parameter
Symbol Value
Decay rate
k
0.67
Monod half saturation
KU
0.13
substrate uptake rate
νU
530
Nutrient diffusion coefficient
dc
33
biomass motility coefficient
δ
10−8
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Figure 2.5: First two rows: Snapshot of biofilm formation and nutrient distribution at t = 0, 3, 6, 9 on a square domain with N = M = 256 and T OL = 1e − 7.
Third row: The value of time-step size for degenerate problem (2.23) with
N = M = 256 and T OL = 1e − 7

2.5.1

Illustrative Simulation

In a first illustration of the method we consider a case where initially the substratum is inoculated by six semi spherical colonies, which are symmetrically
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arranged around the center of the substratum on the bottom boundary. The spacing between the three colonies to the left and to the right is equidistant, but the
spacing between the two inner most colonies is slightly larger. Substrate is added
from the top. The domain [0, 1] × [0, 1] is square, uniformly discretised by a mesh
with N × M = 256 × 256 grid cells. The simulations shown here are carried out
with  = 0, i.e, the non-regularised, degenerate problem is solved. For the time
integration of the spatially discretised system (2.23), we set the tolerance of the
ROW method at T OL = 1e − 7.
Snapshots of the simulation are shown in Figure 2.5. Biofilm colonies are
color-coded by biomass density, the grey-scale isolines are drawn to depict the
substrate concentration C.
As the graphical results show, the numerical solution is positive and bounded
by a value less than one as we have shown mathematically in Section 2.3. Furthermore, the numerical simulation preserves the symmetry of the solution that
was imposed by symmetric initial conditions.
Initially the individual colonies grow and expand but are still separated. At
t = 3 the colonies have merged into one larger colony left of center, and one right
of center, but with a gap still in the center where the colonies initially were spaced
further apart. The colonies continue to grow and stratify. At t = 6 the gap is
closed and the biofilm stratifies. At t = 9 finally, one almost homogeneous layer
of biofilm is formed. Throughout the simulation, the substrate concentration
appears stratified, parallel to the substratum. While the substrate concentration
decreases toward the substratum due to consumption in the biofilm, it does not
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become severely limiting.
In Figure 2.5 we also show how the time-step h(t) changes over the progress
of the simulation. Initially it increases, indicating that the initial guess for the
time-step could have been chosen larger. After a short plateau phase it decreases
in an oscillatory fashion and attains a plateau phase at time t = 3 which is
occasionally disrupted by intermittent drops in time-step from which the method
recovers quickly. This shows not only the adaptability of the numerical method
but also indicates that the adaptivity of the method allows a simulation with
time-steps that usually are much larger than the smallest occurring time-step.
It was shown in [35] that the biofilm structure depends on the ratio of biomass
growth and nutrient supply. For low nutrient supply, biofilms form patchy structures while for high nutrient availability more compact structures are obtained.
We have shown in Figure 2.5 that for the values of parameters which we used for
numerical simulations, biofilm colonies expand and form a homogeneous thick
layer. Nutrient supply can be controlled by the bulk concentration and by the
diffusion parameters, namely the diffusion coefficient dc and the diffusion length
H. In our non-dimensional formulation, decreasing the bulk concentration is
equivalent to increasing the half saturation concentration KU . In order to test
our method for biofilms under nutrient limitations, we change KU from 0.13 to
0.65 and decrease dc from 33 to 3.3.
Snapshots of the simulation are shown in Figure 2.6. Biofilm colonies are
color-coded by biomass density. It is observed in Figure 2.6 that for lower nutrient availability, the biofilm has rough structure and bacterial colonies do not
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merge together even at t = 350. They grow upwards, where nutrients are coming from, rather than spreading horizontally. The simulation in Figure 2.6 also
shows the hollow inside the biofilm which emerges at t = 150 as consequence
of nutrient limitation.

Figure 2.6: Snapshot of biofilm formation at t = 50, 150, 250, 350 with higher
nutrient availability on a square domain with N = M = 256 and T OL = 1e − 7.
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2.5.2

Validation of the Numerical Method

Convergence of the regularization
We have seen in Section 2.4 for the porous medium equation that solving the
regularised problem and passing  to 0 gives a solution of the degenerate problem.
We investigate this here for the full prototype biofilm growth model (2.1) by
solving (2.25), on a uniform grid of size 256 × 256. In order to determine the rate
of convergence approximately we consider degenerate and regular semi-discrete
problems (2.23) and (2.25) with a similar initial setting as in Section 2.5.1.
We define the error between solutions of degenerate and regular semi-discrete
problems (2.23) and (2.25) as EU =

1
256×256

k U0 − U k2 and EC =

1
256×256

k

C0 − C k2 and compute them at t = 6. This is the time at which colonies are
merged into a larger colony and there is not any gap between them.
The values of EU and EC are shown in Figure 2.7 for different values of .
The logarithmic scale is chosen for both axes to show the results more clearly.
As the graphical results in Figure 2.7 show the error between solutions of
regular and degenerate semi-discrete problems is decreasing by decreasing the
value of . For U the error is initially decreasing, at approximately  = 10−5
it becomes constant and does not show any considerable variation for  < 10−5
indicating the convergence of U to U0 . For C the error is initially decreasing, at
approximately  = 10−7 it reaches a plateau and remains constant for  < 10−7
confirming the convergence of C to C0 . From the results shown in Figure 2.7
we conclude that U converges faster than C .
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Figure 2.7: Least square errors EU = 256×256
C0 − C k2 at t = 6 between the solutions of problems (2.23) and (2.25) with
T OL = 1e − 7.

Grid refinement
For a grid refinement study of the full degenerate biofilm model, we consider the
degenerate semi-discrete problem (2.23) with the same initial setting as Section
2.5.1 to account for spatial accuracy explicitly. We refine the grids with 2κ , where
κ is an integer and compute the least square norm of the difference between two
subsequent solutions. The least square errors are defined as EUκ =
and ECκ =

kUκ −Uκ−1 k2
22(κ−1)

kCκ −Cκ−1 k2
.
22(κ−1)

We compute the errors at two different times t = 2 and t = 6. At t = 2
individual colonies have not merged into one larger colony yet and at t = 6 the
gap between colonies is closed and the biofilm stratifies. We also compute the
Elapsed CPU Time (ECPUT) for each cell resolution.
Tables 2.4-2.5 show the least square error between two subsequent solutions
at times t = 2 and t = 6 and also the elapsed CPU time. We observe a steady
decrease in errors EUκ and ECκ at both times as the grid is refined, indicating the
convergence of the method and its reliability to give tolerable smearing around
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Table 2.4: The error between two consecutive solutions for grids with 2κ × 2κ
and 2κ−1 × 2κ−1 cell resolution at t = 2 (before merging) and Elapsed CPU Time
(ECPUT).
κ EUκ |t=2
ECκ |t=2
ECP U T |t=2
−2
−2
5 0.2818501 × 10
0.1102250 × 10
0.2403 × 102
−3
−3
6 0.5379241 × 10
0.1528744 × 10
0.1524 × 103
7 0.1908778 × 10−3 0.1745382 × 10−4 0.2111 × 104
8 0.1352093 × 10−3 0.1209376 × 10−4 0.3424 × 105
Table 2.5: The error between two consecutive solutions for grids with 2κ × 2κ
and 2κ−1 × 2κ−1 cell resolution at t = 6 (after merging) and Elapsed CPU Time
(ECPUT).
κ EUκ |t=6
ECκ |t=6
ECP U T |t=6
−2
−3
5 0.2238254 × 10
0.2687217 × 10
0.5431 × 102
−3
−4
6 0.5709526 × 10
0.2166271 × 10
0.4148 × 104
7 0.1972021 × 10−3 0.2606688 × 10−5 0.6121 × 104
8 0.1095095 × 10−3 0.1136270 × 10−5 0.1161 × 106
the interface.
Since we have the density value at the center grids, to compute these data
interpolation must be used which is a source of error so these data cannot be
used to determine the convergence rate accurately.
Influence of grid refinement on interface location
In order to study in more detail the movement of the interface and its location for
different choices of ∆x we change the initial setting. One colony is placed at the
middle of the substratum. The domain [0, 1] × [0, 1] is square and the tolerance
of the ROW method is set at T OL = 1e − 7.
To show the location of biofilm/liquid interface we pick the interface point
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located on the symmetry line of the initial colony, i.e. the line parallel to the yaxis with x = 0.5. The location of the interface between biofilm and liquid in the
x-t plane is plotted in Figure 2.8 for various ∆x. Its movement is described by
a piecewise constant increasing function, which represents the discrete nature
of the grid and that the interface location can be determined at most with a ∆x
accuracy. As the grid is refined, the discrete jumps diminish and convergence of
the interface location is observed as ∆x → 0.
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Figure 2.8: Location of the top interface between biofilm and liquid phase for
different choices of ∆x.

Effect of method parameters on the time-step
We have shown in Sections 2.5.2 that the accuracy of spatial discretisation increases if grids are refined. We have also shown in Section 2.5.2 how fast the
solution of the regularised semi-discrete problem is convergent to the solution
of the degenerate semi-discrete problem. A third parameter, besides ∆x and ,
that determines the accuracy of ROW method and controls the time-step size
64

0.06

N=32
N=64
N=128
N=256

A
0.05

h(t)

0.04

0.03

0.02

0.01

0
0

1

2

3

4

5

6

t
0.06

B

ε=0.0
ε=0.01
ε=0.0001
ε=0.000001

0.05

h(t)

0.04

0.03

0.02

0.01

0
0

1

2

3

4

5

6

t
0.06

C

TOL=1e-6
TOL=1e-7
TOL=1e-8

0.05

h(t)

0.04

0.03

0.02

0.01

0
0

1

2

3

4

5

6

t

Figure 2.9: A. The effect of cell resolution on the value of time-step size h(t)
for degenerate problem (2.23) with T OL = 1e − 7, B. The effect of  on the
value of time-step size for regular and degenerate problem (2.25), (2.23) with
N = M = 256 and T OL = 1e − 7, C. The effect of tolerance on time-step size
for degenerate problem (2.23) with N = M = 256.
65

h(t) is the tolerance of the ROW method. Here we study the effect of these three
parameters on the time-step size. We consider the same initial setting as in Section 2.5.2.
The effect of cell resolution on the value of time-step h(t) for the degenerate semi-discrete problem (2.23) is shown in Figure 2.9.A. For each cell resolution,
initially the time-step size increases, indicating that initial guess could have been
chosen larger. After a short plateau phase, h(t) decreases in an oscillatory fashion. The time-step oscillates during the simulation for all spatial-step size except
for ∆x =

1
256

in which the oscillation stops at approximately t = 2.96 and h(t)

remains constant for the remainder of the simulation up to t = 6. Figure 2.9.A
also shows that finer grids require finer time-steps.
The size of the time-step for the regular semi-discrete problem (2.25) with
different values of  including  = 0 is plotted in Figure 2.9.B, for M × N =
256 × 256 and T OL = 1e − 7. The time-step h(t) is not strongly sensitive with
respect to the value of .
The time-step size h(t) for the degenerate problem (2.23) for different values
of tolerance of the ROW method is shown in figure 2.9.C. The time-step is sensitive with respect to this parameter, and decreasing the tolerance, i.e. increasing
the desired accuracy, in the ROW method decreases the value of time-step size.
For all three values of tolerance, initially h(t) increases but the deviation from the
initial guess is considerable for T OL = 1e−6. After the first short plateau phase,
h(t) decreases in oscillatory fashion for all case studies. For T OL = 1e − 6 this
oscillation can be seen during the simulation up to t = 6. For T OL = 1e−7 oscil66

latory behavior stops at approximately t = 2.96 while this time for T OL = 1e−8
is approximately t = 1.96. We conclude that for smaller values of tolerance, h(t)
shows less oscillation and becomes stable faster.

2.5.3

Discussion of the Numerical Method vis-a-vis the SemiImplicit Method with Fixed Time- Steps

The spatial discretisation described in Section 2.2.2 is the same that underlies
the semi-implict method of [10, 43] and related schemes, which have been predominantly used in applications. The resulting semi-discrete equation is a large,
highly nonlinear and singular ordinary differential equation system. The difference between the methods lies in the approach to solving this initial value
problem. We showed in Section 2.3, via a regularisation analysis, that the solutions of this system indeed possess sufficient smoothness to employ higher order
methods, such as embedded Rosenbrock-Wanner methods (which we used; other
choices would have been possible), despite the low regularity of the biologically
relevant solutions of the underlying partial differential equation, which display
gradient blow-up along an interface moving with finite speed. Compared to the
semi-implicit method, which requires in each time-step the solution of 2 sparse
linear systems of size (N M )2 , the method that we used here is more expensive per time-step, as it requires the solution of 4 sparse linear systems of size
4(N M )2 , and the evaluation of the Jacobian. On the other hand, it has better
convergence properties, allowing larger time-steps to achieve the same accu67

racy. In applications, the semi-implicit method and its relatives that use fixed
time-steps require sometimes extensive a priori explorations by the user to find
for a particular simulation experiment a suitable time-step that gives an acceptable effort/accuracy trade-off. In the method presented here, on the other hand,
accuracy is guaranteed by an automatic, adaptive time-step choice.

2.6
2.6.1

Quorum sensing induction in isolated colonies
Mathematical model

The mathematical model that we propose to study quorum sensing induction in
the growing biofilm is an extension of (2.1), that accounts for the autoinducer, or
signal molecule concentration s. Following [14] for autoinducer production, the
modified model reads












∂u
∂t

= ∇(D(u)∇u) +

∂c
∂t

= dc ∆c −

∂s
∂t

s
= ds ∆s + (α + β 1+s
m )u − ψs,

c
u
KU +c

− ku
(2.38)

νU c
u
KU +c
m

where D(u) is defined in (2.2) and dc and ds are the constant diffusion coefficients
for nutrient and signal molecules respectively. In equation (2.38) autoinducers
are produced at a base rate α if the local autoinducer concentrations is small
relative to induction threshold, which is scaled here to be 1. If the autoinducer
concentration exceeds the induction threshold, the production rate will increase
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to α+β. The transition is described by a Hill function with exponent m. Quorum
sensing parameters α, β, ψ and m are chosen in the range of data in [16].
For our simulations we consider a rectangular computational domain [0, L]×
[0, H]. The boundary condition for biomass u is the homogeneous Neumann condition everywhere. Note that, as long as the biofilm interface does not reach the
domain boundary, the biomass density satisfies both the homogeneous Dirichlet
and Neumann conditions. For the concentrations c and s we pose the homogeneous Neumann condition at the lateral sides of the domain and at the substratum, and Robin condition at the top, where nutrients are added and autoinducer
signals diffuse out of the domain.
Thus, the specific boundary condition for problem (2.38) is defined as:



∂n u = 0





 ∂n c = ∂n s = 0


c + λ∂n c = 1





 s + λ∂ s = 0
n

for x ∈ ∂Ω
for x1 = 0, x1 = L, x2 = 0
for x2 = H.

(2.39)

for x2 = H.

where λ is the concentration boundary layer thickness.
Initially the system is inoculated by one semi-spherical colony placed at the
center of the substratum on the bottom boundary and s = 0. The simulation
is terminated when the signal concentration everywhere in the domain exceed
switching threshold, i.e. the first time at which s(t, x, y) ≥ 1 for all (x, y) ∈ Ω.
We investigate how the domain size affects the time to induction. We keep
the height of the domain constant at H = 1 and change the length of the compu69

Table 2.6: Dimensionless model parameters of system (2.38).
Parameter
Symbol Value Source
Biomass decay rate
k
0.67
RE
Monod half saturation
KU
0.13
RE
substrate uptake rate
νU
530
RE
Nutrient diffusion coefficient
dc
33
RE
biomass motility coefficient
δ
10−8
RE
AHL diffusion coefficient
ds
16.5
−
dimerization exponent
m
2.5
−
AHL production rate
α
4500
−
AHL production rate
β
45000
−
AHL decay rate
ψ
0.02
−
Reference: RE=[37]

tational domain in the range 1 ≤ L ≤ 2.5. For each L we measure the following
lumped output parameters:
• T1 : The first time at which s(t, x, y) ≥ 1 for some x ∈ Ω
• T2 : The first time at which the average signal concentration in the colony
R
R
exceeds switching threshold, i.e. when Ω2 s(t, x, y)dxdy ≥ Ω2 dxdy
• T3 : The first time at which s(t, x, y) ≥ 1 for some (x, y) ∈ Ω2 (t)
• T4 : The first time at which s(t, x, y) ≥ 1 for all (x, y) ∈ Ω
We also compute the total biomass in the system and its value at each time
Ti , i = 1, ..., 4 to describe the relation between biofilm density and quorum
sensing induction. The value of total biomass and its value at each time Ti , i =
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1, ..., 4 are defined as
Z
u(t, x, y)dxdy

M (t) =
Ω

Mtotal,i = M (Ti ),

i = 1, ..., 4,

(2.40)

The parameter values used in the simulations and their definition are shown
in Table 2.6. The internal tolerance is set in all simulations to T OL = 1e − 7,
spatial discretization is such that ∆x = 1/256.

2.6.2

Results

Figure 2.10 shows the autoinducer concentration s and the interface between
biofilm and surrounding liquid at T1 for four different system sizes with L =
1, 1.5, 2, 2.5. In all cases the biofilm colony remains approximately semi-spherical,
but we observe that the larger L, the larger is the biofilm colony at the time
that the signal concentration reaches 1 first (see also Figure 2.11.C). This is a
consequence of increased substrate supply as the domain length is increased,
and hence the length of the boundary through which nutrient is added. The
maximum signal concentration is attained in the center of the colony; it decreases from there toward the lateral boundaries of the domain and toward the
top boundary. The concentration at the top boundary is lower, as this is where
autoinducers are removed by diffusion due to the boundary conditions (2.39).
The larger the system length L, the steeper are the autoinducer gradients and
the lower is the autoinducer concentration at the boundaries. This is a conse71

Figure 2.10: AHL distribution in the system for different system sizes with various length at t = T1 . The biofilm interface is indicated in black.
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Table 2.7: The values of the coefficients of fitted quadratic function for Ti and
Mtotal,i , α1,2 , β1,2 , γ1,2 , and the error between the exact and approximated data.
Ti (L)
α1
β1
γ1
RM SErrorT
T1 (L)
T2 (L)
T3 (L)
T4 (L)

−0.331332
−0.343759
−0.339661
−0.253235

Mtotal,i (L)

α2

Mtotal,1 (L)
Mtotal,2 (L)
Mtotal,3 (L)
Mtotal,4 (L)

−0.0234576
−0.0237583
−0.0235238
−0.0191422

2.04645
2.10267
2.09279
1.86745

7.98685
7.95014
7.98219
8.26481

β2
0.251837
0.253714
0.253647
0.24508

0.014949
0.011887
0.0138615
0.0175622

γ2
−0.0308511
−0.0323236
−0.0319177
−0.0246319

RM SErrorM
0.000486687
0.000612262
0.000541766
0.000274989

quence of signals only being produced in the colony. For the smallest system
length L = 1 the autoinducer concentration appears stratified across the domain, whereas in the the highest systems length L = 2.5 it appears to be much
larger in the colony than in the aqueous phase.
The value of parameters Ti , i = 1, ..., 4 and also the value Mtotal,i of total
biomass at each Ti for computational domains with length L = 1, 1.25, 1.5, 1.75, 2
, 2.5 are shown in Figure 2.11. We observe in Figure 2.11.A that increasing the
length of the computational domain increases the value of Ti ’s at which QS
induction occurs. In fact, by increasing L more autoinducers transport away
from the producer. Hence, more biomass is needed to have induction, therefore
the time at which QS induction occurs increases. We also observe that times
Ti , i = 1, 2, 3 are very similar but there is a considerable difference between
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Figure 2.11: A. The value of computed lumped parameters Ti , i = 1, ..., 4, vs
lengths. B. The value of total biomass vs lengths at each defined time Ti , i =
1, ..., 4. C. Time course of total biomass for various lengths. Computational do1
main is discretised uniformly with 4x = 256
and tolerance of ROW method is
set at T OL = 1e − 7
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them and T4 especially in the larger domains.
The values of total biomass at each time Ti , i = 1, ..., 4 are shown in Figure 2.11.B. For each time Ti , i = 1, ..., 4, increasing the length of the domain
increases the total amount of biomass. Increasing the domain length increases
mass transfer thus more biomass is needed for differentiation. Mirroring the differences between T1,2,3 and T4 , Figure 2.11.B shows considerable difference between total biomass at Ti , i = 1, 2, 3 and its value at T4 . The time course of total
biomass M (t) for L = 1, 1.5, 2, 2.5 is plotted in Figure 2.11.C to show the effect
of the length of the domain on the required biomass for QS induction vs time. We
observe that initially the values of total biomass in all four systems are the same
and deviation emerges at T ' 2.2. We also observe that M (t) in the system with
L = 2.5 has the maximum value indicating the maximum mass transfer occurs
in the system with largest domain. Furthermore, it can be seen that the value of
T4 which is in fact the time at which simulation stops is increasing by increasing
the length of computational domain as we have shown in Figure 2.11.A.
The simulation results in Figure 2.11.A,B, suggest that Ti ’s and Mtotal,i change
with respect to the system length quadratically. This is confirmed by fitting a
quadratic function to our data points, Ti (L) = α1 L2 +β1 L+γ1 and Mtotal,i (L) =
α2 L2 + β2 L + γ2 , which are also included in the plots. The coefficients α1 , β1 , γ1
and α2 , β2 , γ2 are given in Table 2.7. Also given is the root mean squared
q Pn
2
i=1 (T̂i −Ti )
for Ti and RM SErrorM =
error defined as RM SErrorT =
n
q Pn
2
i=1 (M̂i −Mi )
for Mtotal,i in which n is the number of collected data and T̂i and
n
M̂i are the predicted values of Ti and Mtotal,i . We observe that RM SErrorM <
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RM SErrorT indicating the error between the predicted value of Mtotal,i and
obtained data is less than the error between the predicted and real values of Ti .

2.6.3

Discussion of the results of QS induction in isolated
colonies

In agreement with earlier studies [4, 16, 48, 52] our results show that upregulation is rapid. In our simulations, the time between the signal concentration first
reaching the switching threshold somewhere in the colony and until the switching threshold is exceeded in the colony everywhere is very short, about 1% of
the induction time.
Our simulations suggest that the environment and the physical conditions
there affect the time to induction for a single isolated colony. This is to a large
extent determined by mass transfer of signals from the colony into the surrounding aqueous phase, and transport of signal molecules there. In our simulations
we have neglected abiotic decay of signal molecules in the aqueous phase, but it
is to conjecture that including such an effect would exacerbate this phenomenon.
This suggests that upregulation of an individual colony is not a mere function of
colony size, in accordance with [19]. A related, but not directly comparable study
in this regard is [4], where a one-dimensional model was used to determine the
minimum thickness required for a homogeneous biofilm layer to induce. In that
study the aqueous phase was not explicitly considered, but the diffusive flux of
signal molecules from the colony in direction of the bulk phase is specified as a
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boundary condition. This, in our setting would correspond to changing the depth
of the cavity, which we kept constant. In contrast to this, we varied the lateral
extension of the domain, showing that also horizontal mass transfer, orthogonal
to the main diffusion direction matters. The quadratic dependence of induction
time and biomass on the system size also suggests that diffusion is a dominant
factor in the process.
On the other hand, if we understand the lateral homogeneous Neumann conditions as symmetry conditions instead of as no-flux conditions, then we can
interpret our system also as an infinite array of equidistantly spaced identical
colonies. Our system then models a biofilm community consisting of many individual colonies. System length L is then the distance between the centers of 2
consecutive colonies, i.e. the smaller L, the more biomass in the biofilm. From
the viewpoint of the entire biofilm community our results confirm the traditional
interpretation of quorum sensing, i.e. induction takes place when the population
reaches a certain size. We can reconcile this with the findings discussed above
by the observation that the horizontal signal fluxes between two neighbouring
colonies cancel each other, i.e. the net flux between neighbouring colonies is
zero. Again this confirms the important role of signal diffusion.
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2.7

Conclusion

Our primary objective was to study a time-adaptive, error-controlled numerical solution strategy for a non-linear degenerate diffusion system that arises in
biofilm modelling. This system has two non-linear effects (i) porous medium degeneracy for u = 0 and (ii) super-diffusion singularity for u = 1, which make
this problem difficult to treat numerically and analytically.
Biologically relevant solutions of this system are characterized by an interface that propagates with finite speed, along which the biomass gradient blows
up. Due to the low regularity of these solutions, low order time integration methods have been used previously for the time integration of the semi-discrete system that is obtained after spatial discretisation. These methods mostly have been
explicit or semi-implicit, with small enough fixed time-step to avoid numerical
difficulties (e.g. overshooting of the singularity), and without error control capabilities. The important question that we answered is whether we can also use a
higher order time integration method to solve the semi-discrete approximation
of this highly non-linear PDE. By regularisation we showed that the spatially discretised problem indeed satisfies a Lipschitz condition, i.e. has classical smooth
solutions, which never reach the singular point. This allows the application of
time-adaptive, error controlled time integration techniques, such as embedded
Rosenbrock-Wanner methods, to simulate these highly nonlinear problems with
singular and degenerate diffusion.
To demonstrate the utility of the numerical method we carried out a simula78

tion experiment of quorum sensing induction of a biofilm colony in a protected
niche. We found that induction time does not depend only on colony size, but also
on the properties of the environment that affect transport of signal molecules,
e.g niche size in our case.
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Chapter 3
Extension of a Regularization
Based Time-adaptive Numerical
Method for a Degenerate
Diffusion-reaction Biofilm
Growth Model to Systems
Involving Quorum Sensing
Procedia Comp. Sci., 108:1893-1902, 2017
Abstract
We extend a regularization based numerical method for a highly non-linear
degenerate partial differential equation that describes biofilm growth to systems
of PDEs describing biofilms with several particulate substances. The example
for which we develop the method is a quorum sensing biofilm which consists of
88

down- and up-regulated biomass fractions. We carry out computational studies
to assess the effect of the regularization parameter, a grid refinement study and
report briefly on parallel performance of our code under OpenMP on desktop
workstations.
keywords: Biofilm, Degenerate diffusion-reaction equation, Quorum sensing, Regularization, Time adaptivity

3.1

Introduction

Bacterial biofilms are microbial communities on immersed surfaces, embedded
in layers of self-produced extracellular polymeric substances (EPS), which protect the sessile cells against mechanical or chemical washout [18]. Biofilms are
ubiquitous. They can lead to bacterial infections in a medical context [27]. On
the other hand, the adsorption and absorption properties and enhanced mechanical stability of biofilms make them advantageous to environmental engineering
technologies, e.g. for waste water treatment [23].
One of the several mathematical models of biofilm growth in the literature
is a density-dependent diffusion-reaction equation for biomass that is coupled
with a semi-linear diffusion-reaction equation for growth limiting nutrients [4].
The biomass equation has two strongly interacting non-linear diffusion effects:
(i) the diffusion coefficient vanishes where the biomass vanishes as in the porous
medium equation, and (ii) a super-diffusion singularity as the dependent variable
in the diffusion coefficient approaches the known maximum density. The inter89

play of both effects assures that the solution of the biomass equation is bounded
by the maximum cell density [7], that spatial expansion of the biofilm only takes
place if locally no space is available for biomass to be accumulated and that initial data with compact support have solutions with compact support [4]. This
expresses itself as a sharp biofilm/water interface, where the biomass gradient
blows up. Since biofilm colonies grow, their interfaces with the aqueous phase
are not stationary but change over time, driven by reaction terms. Eventually
neighbouring colonies can merge into a bigger colony, in which case their interfaces merge and dissolve.
The solutions of the underlying PDE are continuous, but due to gradient
blow-up at the interface they lose regularity there. Interface problems with these
properties pose difficulties for computer simulations. This includes potential interface smearing or spurious oscillations because of the steep biomass gradients
at the interface. Furthermore, the singularity in the density-dependent diffusion
coefficient leads to blow up of model coefficients, which poses both arithmetical
difficulties, and forces numerical methods to work with small time-steps in order
to not over-shoot the singularity.
The usual space discretization schemes applied to the degenerate PDE lead
to ODEs that do not satisfy a Lipschitz condition. Therefore, a priori it is not
clear whether standard time-integration methods can be used. Even the question whether the semi-discrete problem is well-posed is not clear. In [11] this was
studied, and remedied using a regularization approach. This allowed the application of traditional time-adaptive, error controlled time integration techniques
90

and overcomes the limitations of previously applied explicit, semi-implicit, and
fully-implicit methods for the biofilm model that require fixed, a priori determined time-steps.
The work in [11] has been restricted to biofilm systems with one biomass
fraction only. Biofilms, however, often are composed of several types of biomass,
such as multi-species biofilms that play an important role, in particular in environmental engineering applications [31].
We present here an extension of the numerical approach in [11] to such systems.
The specific system that we study is a quorum sensing (QS) active biofilm
[9, 25]: bacterial cells produce and secret chemical signals (a.k.a autoinducers),
and measure the concentration of the signal molecule in their environment [13].
When the signal concentration locally exceeds a threshold, changes in gene expressions are induced and bacteria synchronize their behavior (upregulation).
This cell-to-cell communication mechanism has been associated with a variety
of microbial processes such as production of EPS, expression of virulence factors, and biofilm dispersal [8, 10]. In QS models, the population is divided between down- and up-regulated cells. The specific form of the reaction terms in
QS models simplify the analysis, wherefore this is a suitable test problem for the
development and valuation of numerical methods. We emphasize, however, that
these properties are not explicitly used in the numerical method, which is more
generally applicable.
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3.2

Mathematical Model

3.2.1

Governing Equations

The mathematical model studied in this paper is based on [8, 9, 25]. It is formulated in terms of the dependent variables down- and up-regulated biomass
fractions A and B, concentration of a growth limiting nutrient N , and concentration of the quorum sensing molecules S.
We have



















n

n

n

n

∂A
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S A
= ∇(D(M )∇A) + µ KNN+N
+ ψ τ nτ +S
n − ω τ n +S n − KA
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= ∇(DS (M )∇S) + αM∞ (A + B) +

βM∞ S n
B
τ n +S n

(3.1)

− γS

where M := A + B and M∞ are the total biomass and maximum cell density
respectively. The model parameters are defined in Table 3.1.
Following [4], the biomass diffusion coefficient D(M ) is

D(M ) = δM a (1 − M )−b ,

a > 1,

b > 1.

(3.2)

D(M ) introduces two non-linear diffusion effects: (i) a power law degeneracy as in the porous medium equation, i.e. D(0) = 0 and (ii) a super diffusion singularity as M approaches to unity. The porous medium degeneracy, M a ,
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guarantees that the biofilm does not spread notably if the total biomass density
is small, M  1. It is responsible for the formation of a sharp interface between
biofilm and surrounding aqueous phase, i.e. initial data with compact support
leads to solutions with compact support. For M = 1 the diffusion coefficient
attains a singularity and blows up. This effect guarantees that the solution is
bounded by unity [7]. This is counteracted by the degeneracy as M = 0 at the
interface. Consequently, M squeezes in the biofilm region and approaches but
never exceeds its maximum value 1. At the interface the solution is continuous
but the biomass gradient blows up.
The diffusion coefficients for N and S depend on M in a non-critical way,

0
DN,S (M ) = DN,S
(1 + M (ρN,S − 1))
0
> 0 and 0 < ρN,S ≤ 1 are the diffusion coefficients in water,
where DN,S

and the ratio of diffusivity between biofilm and water respectively.
In (3.1), the growth of biomass and uptake of substrates is described by Monod
kinetics. The conversion of down-regulated and up-regulated biomass into each
other described by a Hill-type switch function with exponent n in which τ is the
threshold autoinducer concentration required for QS induction to occur.
In the equation for S, we assume that autoinducer is produced at a base rate
α by both biomass fractions, and at an increased rate by up-regulated cells. To
study (3.1) we restrict ourselves to the rectangular domain Ω = [0, L] × [0, H].
The boundary conditions are
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 ∂n A = ∂n B = ∂n N = ∂n S = 0 at x = 0, x = L and y = 0

 A = B = 0, N + λ ∂N = 1, S + λ ∂S = 0 at y = H,
∂n
∂n

(3.3)

Here λ is the concentration boundary layer thickness, and ∂n denotes the
outward normal derivative. The concentration boundary layer is introduced to
mimic the convective contribution of external bulk flow to nutrient supply and
signal removal, in the sense that a small bulk flow velocity implies a thick concentration boundary layer, while a thin concentration boundary layer represents
fast bulk flow [6].
Remark 3.1. Well-posedness of (3.1)– (3.3) can be established with the arguments
of [25].

3.2.2

Numerical Method

Following [11], in order to obtain a numerical approximation of (3.1) and (3.3),
we regularize the model by replacing the biomass diffusion coefficient (3.2) by



δa
M < 0,



(M +)a
D (M ) =
0 ≤ M ≤ 1 − ,
δ (1−M
)b




 δ−b
M ≥ 1 − .

(3.4)

The regularized PDE system is then spatially discretized by a cell-centered
finite difference based finite volume scheme, using a uniform grid of size N × M .
Integrating the first equation of (3.1) over each grid cell and using the Divergence
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Theorem yields

d
dt

Z

Z
A dx dy =

vi,j

Z
Jn ds+

∂vi,j

RA dx dy,

i = 1, ..., N, j = 1, ..., M (3.5)

vi,j

where vij denotes the domain of the cell with grid index (i, j), Jn := D (M )
∂n A denotes the outward normal flux across the grid cell boundary, and RA
stands for the reaction terms.
To evaluate the area integrals in (3.5), we evaluate the dependent variables at
the grid cell center,




 
1
1
∆x, j −
∆x
Ai,j (t) := A(t, xi , yj ) ≈ A t, i −
2
2

(3.6)

for i = 1, ..., N and j = 1, ..., M with ∆x = L/N = H/M and approximate
the integral by the midpoint rule.
The line integral in (3.5) is evaluated by considering every edge of the grid cell
separately using the midpoint rule. To this end, the diffusion coefficient D(M )
in the midpoint of the cell edge is approximated by arithmetic averaging from
the neighbouring grid cell center points, and the derivative of A across the cell
edge by a central finite difference.
We get then for the biomass density in the grid cell center the ordinary differential equation

1 
d
Ai,j =
J 1 + Ji− 1 ,j + Ji,j+ 1 + Ji,j− 1 + Ri,j .
2
2
2
dt
∆x i+ 2 ,j
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(3.7)

For the fluxes we have

Ji,j+ 1 =
2

Ji,j− 1
2





1
2∆x

2∆x

for j = 1,

D (Mi,j−1 ) + D (Mi,j ) (Ai,j−1 − Ai,j ), for j > 1.



 0

2




Ji− 1 ,j =

for j = M,


 − 2 D (0)Ai,M
∆x



 0
=

 1

Ji+ 1 ,j =


D (Mi,j+1 ) + D (Mi,j ) (Ai,j+1 − Ai,j ) for j < M,

1
2∆x



 0

2




1
2∆x

for i = N,

D (Mi+1,j ) + D (Mi,j ) (Ai+1,j − Ai,j ) for i < N,

for i = 1,

D (Mi−1,j ) + D (Mi,j ) (Ai−1,j − Ai,j ) for i > 1,

(3.8)

(3.9)

(3.10)

(3.11)

The spatial discretization of the equation for B, S, N follows the same principle, replacing the Dirichlet conditions at the top of the domain by Robin boundary conditions for S, N .
We obtain the coupled system of 4 · N · M ordinary differential equations
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dA
dt

= D (M)A + R1A (N,S)A + R2A (S)B + bA

dB
dt

= D (M)B + R1B (N,S)B + R2B (S)A + bB

dN
dt

= DN (M)N − R1N (N)A − R2N (N)B + bN

dS
dt

= DS (M)S + αM∞ IN M A + RS (S)B − γIN M S + bS

(3.12)

where vectors A,B,M,S,N contain the grid approximations of the dependent
variables and IN M is the identity matrix in RN M ×N M .
By construction the N M × N M matrices D and DN,S are symmetric, and
weakly diagonally dominant with non-positive main diagonals and non-negative
off-diagonals. They contain the spatial derivative terms. The matrices RiA,B,N , i =
1, 2 and RS are diagonal matrices which contain the reaction terms; vectors
bA,B,N,S contain contributions from boundary conditions.
For  > 0, the semi-discrete system (3.12) satisfies a Lipschitz condition and is
solvable by a standard stiff ODE solver. We will show numerically that solutions
of this regularized ODE are convergent to the solution of the degenerate problem
(3.12) with  = 0, and that a standard stiff ODE solver can be applied to solve the
degenerate ODE.
Remark 3.2. That (3.12) preserves non-negativity follows with standard ODE arguments, such as the tangent criterion. Adding the equations for A and B, by virtue
of the specific form of the reaction terms, gives an ODE for M, which together with
the corresponding equation for N forms the semi-discretized biofilm growth model
that was studied in [11]. Therefore, with the results of [11], it follows that M < 1 for
sufficiently small  and ∆x, and that the solution of (3.12) converges to the solution
of the non-regularised semi-discrete system as  → 0.
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3.2.3

Implementation

We solve the ODE system (3.12) using the time adaptive, error controlled, embedded Rosenbrock-Wanner method ROS3PRL, a third order method with 4 stages
[24]. This requires the repeated solution of linear systems of size 4N M × 4N M .
The coefficient matrices of these systems are sparse and non-symmetric. We use
the stabilized bi-conjugate gradient method BiCGSTAB [30]. More specifically
we use a routine from the SPARSKIT library [26], that was prepared for parallel
execution using OpenMP in [21]. Our code is implemented in Fortran and has
been tested using gfortran and the Intel Fortran Compiler on Linux workstations with Intel Xeon processors, and on an SGI Altix UV system.

3.3

Results and Discussion

To interpret the results of computer simulations of our model, we will provide
two dimensional visualizations of the simulations and quantify the effect of QS
on the switch between the two types of biomass fraction by defining the lumped
parameters Atotal (t), Btotal (t), Stotal (t) as:

Z
Atotal (t) =

Z
A(x, y, t)dxdy, Btotal (t) =

ZΩ
Stotal (t) =

B(x, y, t)dxdy,
Ω

S(x, y, t)/τ dxdy
Ω
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(3.13)

which give the total amount of each biomass fraction and autoinducer in the
domain.
We carry out a grid refinement study and a computational test to show the
convergence of the solutions of the regularized semi-discrete system to the solutions of degenerate semi-discrete system for sufficiently small value of regularization parameter .

3.3.1

Illustrative Simulation

We consider a square domain [0, 1] × [0, 1] discretized by a mesh with N × M =
256 × 256 grid cells. The simulations shown in Figure 3.1 are carried out with
 = 0, i.e. the equation is solved in the degenerate limit.
Two semi-spherical colonies of type A are placed initially on the bottom
boundary. They are symmetrically arranged around the center of the substratum. The nutrient concentration initially is at bulk concentration levels, the autoinducer concentration is initially 0. Snapshots of the simulation are shown in
Figure 3.1.
Initially, the biomass increases in these colonies but no notable spatial expansion takes place. When M = A + B approaches unity they begin to spread. As
the biofilm grows, more autoinducer is produced and accumulates in the system.
At t = 2, both colonies are still separated and essentially down-regulated as the
autoinducer concentration does not exceed the threshold.
The autoinducer concentration increases as the biomass in the system in99

Figure 3.1: Snapshots of biofilm formation and autoinducer distribution at t =
0, 2, 4, 6. Shown in colour is the fraction of down-regulated cell in the biofilm,
A
; gray scale isolines show the autoinducer concentration, S, on a square
D := A+B
domain with N = M = 256.
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Figure 3.2: Left: Total amount of down-regulated, A, and up-regulated, B,
biomass and autoinducer, as a function of time. Centre: Time-step size as a
function of time. Right: Biomass densities A, B along a vertical slice through
the colony in the center of the domain at t = 6.
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creases. It exceeds the threshold first at t ≈ 3, at which substantial upregulation
begins. At t = 4, the colonies have merged into one larger colony. It continues
to grow and stratify, with the level of up-regulation in the colony continuing to
increase as the biofilm colony increases in size.
In Figure 3.2 (left panel) the total amount of biomass and autoinducer in the
system are plotted as a function of t. Atotal increases initially until t ≈ 3, during
which time little signal molecule and up-regulated biomass is in the system. At
t ≈ 3, the AHL concentration exceeds the threshold and QS induction occurs.
For t > 3, the amount of down-regulated biomass decreases, steadily, while the
amount of up-regulated biomass, as well as the total biomass A + B increase
quickly.
Initially, the time-step h(t) of the simulation increases (cf. Figure 3.2 [center
panel]), indicating that the initial guess for the time-step could have been chosen
larger. After a short plateau phase it decreases and remains constant for t < 2.
After that it decreases and attains a plateau phase up to time t = 2.2. It drops
then and steadily recovers and increases.
In order to show that our numerical method does not produce any spurious
oscillations around the interface or introduce strong interface smearing, we plot
in Figure 3.2 (right panel) the biomass densities A(t∗ , x∗ , y) and B(t∗ , x∗ , y) at
t∗ = 6 and x∗ = 0.5. This indicates that the method handles the high degree
of degeneracy at the interface, and the squeezing induced by the super-diffusion
singularity well.
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3.3.2

Convergence of the Regularization

In order to show the convergence of the solutions of the regularized semi-discrete
system to the solutions of the degenerate system, we carry out simulations for
decreasing values of  for a similar initial setting as in Section 3.3.1, using a uniform coarse grid of size 128 × 128. We denote by A , B , N , S the solution
obtained for regularization parameters .
For A we define the error between solutions of degenerate and regular semidiscrete problems as EA =

1
(N M )2

k A0 − A k2 in which A0 is the solution of

the non-regularized system (3.12). We report this value at t = 6. At this time the
colonies are merged into a larger colony and both down- and up-regulated cells

are present. We compute the values of EB and EN
and ES in the same manner.

Furthermore, we record the Elapsed CPU time (ECPU) for each  to see
whether it is sensitive to the value of the regularisation parameter. The results for
different values of  are shown in Table 3.2. The error between solutions of a regularized and degenerate ODE system is decreasing and converges as  decreases.
The elapsed CPU time decreases slightly when the regularization parameter increases, but not considerably.

3.3.3

Grid Refinement

For a grid refinement study, we consider the degenerate semi-discrete problem
(3.12) with the same initial setting as in Section 3.3.1. We consider grids of size
102
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Value
6
0.4
4
95238
104
0.2
0.5
10−12
4

Unit
d−1
d−1
gm−3
d−1
gm−3
−
−
m2 d−1
−

Ref
[31]
[8]
[8]
[8]
[8]
[8]
[8]
[4]
[4]

Parameter
Nutrient diffusion coefficient
Signal diffusion coefficient
Up regulation rate
Down regulation rate
Decay rate of AHL
Threshold of AHL
Basic signal production rate
Induced signal production rate
Degree of polymerization

EA |T =6
0.2077532031 × 10−6
0.2081481654 × 10−7
0.2272750210 × 10−8
0.2164199236 × 10−9
0.2048141026 × 10−9
EB |T =6
0.3965441522 × 10−6
0.3972506235 × 10−7
0.4284081534 × 10−8
0.4136427034 × 10−9
0.4141901514 × 10−9

EN
|T =6
0.2374664376 × 10−7
0.2375919683 × 10−8
0.2327062848 × 10−9
0.5854347562 × 10−10
0.2694917726 × 10−10

Unit
m2 d−1
m2 d−1
d−1
d−1
d−1
nM
nMLg−1 m3 d
nMLg−1 m3 d
−

ECP U T |T =6
2.772417 × 103
2.789404 × 103
2.804439 × 103
2.804871 × 103
2.855302 × 103

Value
10−4
.000078
2
2
0.1
10
0.55
5.5
2.5

ES |T =6
0.1290009521 × 10−6
0.1327568633 × 10−7
0.2842358127 × 10−8
0.6336352554 × 10−9
0.6303002603 × 10−9

0
DN
DS0
ω
ψ
γ
τ
α
β
n

EAκ |T =6
0.8155615069 × 10−3
0.1782677136 × 10−3
0.9424605378 × 10−4
0.4046495087 × 10−4

EBκ |T =6
0.1306370948 × 10−2
0.3643503878 × 10−3
0.1794141572 × 10−3
0.7579140220 × 10−4

κ
EN
|T =6
0.5550848437 × 10−3
0.4691461072 × 10−4
0.1848142711 × 10−4
0.7213943718 × 10−5

ESκ |T =6
0.4713946581 × 10−1
0.9517293423 × 10−2
0.4806110519 × 10−3
0.4637640668 × 10−3

Table 3.3: Error between two consecutive solutions for grids with 2κ × 2κ and 2κ−1 × 2κ−1 cell resolution at t = 6
(after merging).

κ
5
6
7
8

Table 3.2: Difference between the solutions of the regularised and degenerate problems, E  , and elapsed CPU
time (ECPU) at t = 6 (after merging) with N = M = 128.


10−3
10−4
10−5
10−6
10−7

µ
K
KN
ν
M∞
ρN
ρS
δ
a, b

Table 3.1: Model parameters for system (3.1) used in the simulations

Parameter
Maximum growth rate
Lysis rate
Half saturation conc.
Substrate uptake rate
Maximum cell density
nutrient diffusivity ratio
signal diffusivity ratio
Biomass motility coefficient
Biofilm diffusion exponent

Ref.
[31]
[8]
–
–
[10]
[8]
[8]
[8]
[8]

2κ ×2κ where κ is an integer. We compute the least square norm of the difference
between two subsequent solutions. The least square error for A is defined as
κ
EAκ = 2−2(κ−1) k Aκ − Aκ−1 k2 . The values of EBκ and EN
and ESκ are computed

in the same manner. We report the errors at t = 6 at which the gap between
colonies is closed and the biofilm stratifies.
Table 3.3 shows the least square error between two subsequent solutions at
time t = 6. We observe a steady decrease in errors E κ as the grid is refined,
indicating convergence of the method. It can also be seen that the value of ESκ is
slightly larger than the other values of error, although the order of convergence
is almost the same for all species and substrates. Since we have the density value
at the center grids, to compute these data interpolation must be used which is a
source of error so these data cannot be used to determine the convergence rate
accurately.

3.3.4

OpenMP Parallelization

Our code is prepared for parallel execution using OpenMP as in [21] to take
advantage of parallelisation. The code is compiled under Linux for workstations
with Xeon processors, using the Intel Fortran compiler. In order to show parallel
behaviour, we compare simulation times on a short time interval, t ∈ [4, 4.1], for
different numbers of threads and compute the ratio of CPU time for 1 thread to
the corresponding CPU time, Ac :=

CP U time|n=1
,
CP U time|n

in which n is the number of

threads. The simulations were ran three times and compute times were averaged.
104

Number of threads 1
2
3
4
Ac(n) |N =M =256
1 1.47 1.76 2.07
Ac(n) |N =M =512
1 1.45 1.73 1.99

8
2.09
2.0

Table 3.4: Speed-up simulation for different number of threads for N = M = 256
and N = M = 512
Table 3.4 shows the computed Ac for N = M = 256 and N = M = 512.
The data show the decreases in elapsed CPU time as n increases for both cell
resolutions. We also observe that there is not a considerable difference between
Ac for N = M = 256 and N = M = 512 indicating CPU time increases at the
same rate for considered number of grid cells. It can also be seen that the most
considerable difference occurs at switching from n = 1 to n = 2 and there is not
a big jump between using 4 and 8 threads, which was expected given the small
size of our test problem.

3.4

Conclusion

We extended a regularization based numerical approach for a highly degenerate
density-dependent reaction-diffusion equation that models biofilm growth to a
system of equations that models a biofilm with more than one biomass fraction.
Using regularization, we could show that standard stiff ODE time-integration
schemes can be applied. Our computational results suggest that this method
converges. In fact, in numerical tests, we could show that the regularisation
parameters can be set to 0, although the underlying differential equation then
does not satisfy a Lipschitz condition and is not necessarily well-posed. The time105

adaptive numerical solver still keeps the numerical solution separated from the
singularity, as required per properties of the underlying continuous problem.
Our numerical method is time-adaptive and therefore overcomes a shortcoming of previous methods for these types of partial differential equations, which
all worked with fixed-time-steps and without error control. For the particular example of a quorum sensing active biofilm that we studied here, the boundedness
of the numerical solutions, etc, can be shown with the same ideas that were used
in [11] for the single species growth model, using arguments similar to those
that were used in the analysis of the underlying PDE model in [25]. While the
computational approach can be applied to more general systems, an extension
of the theoretical framework will be required for the analysis.
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Chapter 4
Simulation based exploration of
quorum sensing triggered
resistance of biofilms to
antibiotics
Submitted to Bulletin of Mathematical Biology
Abstract
We present a mathematical model of biofilm response to antibiotics, controlled by
a quorum sensing system that confers increased resistance. The model is a highly
nonlinear system of partial differential equations that we investigate in computer
simulations. Our results suggest that an adaptive, quorum sensing controlled,
mechanism to switch between modes of fast growth with little protection and
protective modes of slow growth may confer benefits to biofilm populations. It
enhances the formation of micro-niches in the inner regions of the biofilm in
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which bacteria are not easily reached by antibiotics. Whereas quorum sensing
inhibitors can delay the onset of increased resistance, their advantage is lost after
induction occurs. This emphasizes the importance of timing for treatment of
biofilms with antibiotics.
keywords: antibiotics, biofilm, mathematical model, nonlinear diffusion, quorum sensing, simulation
MSC2010: 92D25, 35K65, 65N08, 34C60

4.1

Introduction

Our goal is to formulate a mathematical model of a quorum sensing system as a
stress response mechanism that confers increased resistance against antibiotics
to biofilms. We use this model to identify in computer simulations key parameters that influence this process.
Bacterial biofilms are microbial communities that adhere to an immersed surface, called substratum in the biofilm literature. Bacteria in a biofilm are embedded in a self-produced gel like layer of extracellular polymeric substances (EPS),
which prevents cells from moving freely. This layer also protects biofilms against
chemical and mechanical washout [16, 30, 34, 40, 45, 74]. Biofilms are ubiquitous
and develop in natural, industrial, medical, and hospital settings. Depending
on the situation, they can be harmful or beneficial. Biofilms cause corrosion
and clogging of drinking water pipelines [64], dental plaque which causes tooth
decay and gum disease, crop disease in plants, and failure of medical implants
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[1, 44, 58]. Biofilm formation on food processing equipment might lead to spreading of microbial pathogens across products and to associated public health risks
[52]. In most occurrences of detrimental biofilms their control and eradication
is of major importance, be it in medical treatment, or industrial cleaning protocols. On the other hand, the adsorption and absorption properties and enhanced
mechanical stability of biofilms make them advantageous to environmental engineering technologies, e.g. for waste water treatment and remediation of contaminated soil [72].
Although the term biofilm suggests homogeneous film-like layers, biofilms
on the meso-scale (10µm ∼ 1mm, the actual biofilm scale) can be heterogeneous and formed by many patchy colonies which may merge to form larger
colonies as they grow and expand [42]. Biological and physical factors such as
nutrient availability, maximum cell density and specific growth rate determine
the biofilms architecture [17, 42].
Biofilms have been reported to be significantly more resistant against antimicrobials than planktonic bacteria, which poses a challenge for biofilm control and
removal [64]. Several reasons for biofilm resistance to antibiotics have been suggested including physical protection, heterogeneous structure, stress response
and persister cells [1, 7, 44, 65]. The physical protection is due to the EPS that
encloses the biofilm cells and increases diffusive resistance, thus preventing the
full penetration of antibiotics to the inner layers of biofilm [62, 65, 66]. Biofilms
have heterogeneous morphology, i.e. they allow for microenvironments in which
cells might experience different growth conditions. The heterogeneity within a
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biofilm occurs for different reasons such as nutrient gradients and cell-cell communication mechanisms, which enable biofilms to react to changing situations
as a group instead of individually. Persisters are bacterial subpopulations which
are very resistant to antibiotics. Their emergence is induced by nutrient limitation, high cell density, certain types of stress or a combination of these factors
[44, 64]. Nutrient limitation slows the biofilm growth. This phenomenon is usually observed in mature biofilms which are more resistant to antibiotics. Therefore, it has been suggested that transition from the normal growth to slow or no
growth results in more resistance to antimicrobial agents [5].
A cell-cell communication mechanism is quorum sensing (QS), discovered in
the early 1970s [26, 49]. The bacteria produce and sense a signalling substance. As
there is often a positive feedback loop in the underlying gene regulatory system,
this signalling substance is also called ”autoinducer”, to indicate that it induces its
own production. We will focus in our study on Gram-negative bacteria, which
use mainly Acyl Homoserine Lactones (AHL) as signalling substances. Originally, it was assumed that QS is used by the bacteria to assess their number or
local density (”quorum”), in order to allow for an adaptation of behavior to the
size of the community, e.g. to emit light in case of the marine luminescent bacterial species Vibrio fischeri, which was the species for which QS was detected
first [49]. Using QS to coordinate group behavior allows bacteria to avoid engaging in costly action of which they only benefit if the number of cells which
is partaking is sufficiently large [26]. Apart from V. fischeri also many other bacteria have such QS systems, including many traditional biofilm formers, such as
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pseudomonads, e.g. to regulate biofilm production or pathogeneity [76].
Subsequently an alternative interpretation of the purpose of the QS system
was suggested, namely that the bacterial cells measure the size of the surrounding space and its diffusibility rather than the bacterial density [55]. The term
”Diffusion sensing” (DS) was coined to describe this. However, both interpretations, QS and DS can be understood as extreme cases of the more general concept
of ”Efficiency sensing” (ES). Bacteria only measure the local autoinducer concentration, but do not assess the reason for its accumulation, whether this is a consequence of many producers, or of limited surrounding space that does not allow
signals to diffuse away. In ES the autoinducer is understood as a test substance
to assess whether production of more costly substances like exoenzymes may be
efficient [31]. The combination of these aspects plays a big role especially in the
case of bacteria in a biofilm, where limited space, diffusibility and the number of
bacteria are relevant.
There are several ways by which QS systems can influence the resistance of
bacteria against antibiotics, directly or indirectly. For example, as mentioned
above, the secretion of EPS helps physically to protect the bacteria against antibiotics and against other diffusible substances; the EPS-production process may
be QS-regulated [25]. On the other hand, QS also regulates the expression of
virulence factors as shown e.g. in [41]. Another connection between QS and antibiotic resistance concerns swarm-cell differentiation via the pvdQ gene which
may increase resistance [71]. Vice versa, antibiotics are a stressor for the bacteria, and QS has been characterized as a method of stress-response, forcing the
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bacteria for example to more cooperation or other changes in behavior. Indeed,
some experimental findings showed that low concentrations of antibiotics may
upregulate the QS activity, [6, 59]. This suggests a further level and direction of
interaction between QS and antibiotics. A rough sketch of the most relevant interactions between bacteria (in biofilms), antibiotics, and QS is shown in Figure
4.1. The biofilm itself, produced by the bacteria, influences the diffusibility in the
surrounding space of the bacteria. This concerns the diffusion of the chemical
substances like antibiotics, AHL molecules and nutrients, but also the motility of
the bacterial cells themselves.

Figure 4.1: The sketch of the interactions between bacteria (in biofilms), antibiotics and QS; solid lines denote a positive influence, dashed lines a negative influence
Several mathematical models of bacterial biofilms have been proposed in the
literature, at different levels of complexity and utilizing different mathematical
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concepts. Among those we choose as the basis for our model formulation a model
that was originally introduced in [17] as a prototype biofilm growth model, and
which has been extended later on to study both, QS systems [22, 24, 25] and
biofilm response to antibiotics [15, 19]. The underlying biofilm model has been
derived both from the viewpoint of biofilms as spatially structured populations
[37] and as a fluid [24, 50], thus reflecting the ecological-mechanical duality of
biofilms. In its basic form as a biofilm growth model it is a system of a densitydependent diffusion-reaction equation for biomass, coupled with a semi-linear
diffusion-reaction equation for growth limiting nutrients. The biomass equation
shows two interacting non-linear diffusion effects: (i) porous medium degeneracy as dependent variable vanishes, and (ii) super-diffusion singularity as the
dependent variable in the diffusion coefficient approaches the known maximum
density. The interplay of these two nonlinear effects assures that the solution
of the biomass equation is bounded by the maximum cell density regardless of
growth activity [21], that spatial expansion of the biofilm does not take place if
there is enough space for new biomass to be accumulated, and that a distinct
interface between the biofilm colonies and the surrounding aqueous phase is established. Since biofilm colonies grow, these interfaces are not stationary but
change over time. Eventually neighbouring colonies can merge into a bigger
colony, in which case their interfaces may merge and dissolve.
To understand the mechanism of resistance of biofilms to antibiotics, several
mathematical models have been proposed so far [7, 10, 12, 13, 53, 61, 63, 67].
These models mainly focus on the role of decreased diffusivity of antibiotics in
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the biofilm matrix, i.e. physical protection, persisters, the heterogeneity resulting from nutrient gradients and nutrient limitation. Besides these, the effect of
changing mass transfer due to biofilm deformation by fluid shear stress and fluid
flow velocity on the success or failure of antibiotics to eradicate bacterial cells
are studied in [11, 19].
Some studies propose mathematical models to describe QS in biofilms [8, 9,
24, 28, 35, 69, 73, 79]. In these papers the effect of biofilm depth, pH value of the
surrounding fluid, bulk flow hydrodynamics and niche size on the onset of QS is
investigated. On the other hand, there are fewer studies that look at the effect of
QS induction on biofilm behavior. Papers [22, 25] study the influence of QS on
the EPS production and biofilm detachment via mathematical models. Moreover,
a 3D hydrodynamic model for a multi-component biofilm system is introduced in
[79] that describes the interaction among biofilm, EPS and QS. The main result
in [79] is that QS contributes to the formation of biofilm with heterogeneous
structure, which is also a finding of [43], using a discrete lattice based model.
Whereas mathematical models for QS processes and biofilm response to antibiotics have been introduced as two separate facets of biofilms, there has been
so far, to the best of our knowledge, no attempt made to account for the upregulation of resistance to antibiotics as a stress response mechanism in a mathematical model as per [6, 59]. To close this gap in the literature is our main objective. For this purpose, building on existing models of the individual building
blocks for biofilm growth, response to antibiotics, and quorum sensing, we will
introduce a mathematical model in which the biofilm consists of three biomass
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volume fractions: down-regulated active, up-regulated active and inert (inactive)
biomass, and dissolved substances nutrients, antibiotics and AHL concentration.
The resulting model will be too involved to permit an insightful rigorous mathematical analysis of qualitative model behavior. Therefore, it will be studied in
computer simulations to identify key parameters that influence the relationship
between QS and biofilm resistance to antibiotics. A better understanding of these
factors and their interplay might be able to aid in the development of improved
strategies for biofilm control that combine both antibiotics and QS based approaches.

4.2
4.2.1

Mathematical Model
Assumptions and aspects to be included in the model

We develop a mathematical model that describes QS activated biofilm behavior
in response to antibiotics based on the following assumptions:
1. The actual biofilm is defined as a region with positive density of biomass;
it is surrounded by the aqueous phase in which the biomass density is zero
[17, 18]. The biofilm consumes the available nutrients and expands. We
assume that the nutrient is dissolved and transported in the liquid phase
by Fickian diffusion. In the biofilm itself it diffuses, although at reduced
rate due to the increased diffusive resistance of EPS [65]. Bacterial cells
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consume nutrient supply to grow. Therefore, its value is degraded in the
biofilm. We also assume that the biofilm decays naturally.
2. Bacterial cells can secret and sense AHL to communicate with each other
(QS) [22, 25]. We define two distinct active types of biomass: down-regulated biomass and up-regulated biomass. The biofilm is initially down-regulated. Down-regulated cells produce AHL at lower rates than upregulated
cells (by about one order of magnitude). When the local AHL concentration passes a critical threshold value, changes in gene expressions occur
and down-regulated cells convert into up-regulated cells [25, 22]. Back
transformation from the up- to the down-regulated state occurs if the AHL
concentration locally drops below the critical threshold. Up-regulated cells
are more resistant to antibiotics than down-regulated cells. In the presence
of antibiotics, AHL signalling activity increases, as a stress response mechanism. AHL is dissolved and transported by diffusion in the surrounding
aqueous phase and in the biofilm, there however at a reduced rate. Upregulated bacterial cells are assumed to have a slightly slower growth rate
than down-regulated ones, due to the cost involved in faster signal production and to maintain increased resistance against antibiotics. We assume
abiotic decay of signal molecules.
3. Antibiotics are dissolved substrates and transported by diffusion in the surrounding liquid and in the biofilm, also at a reduced rate. They eradicate
up- and down-regulated biomass at different rates. Up-regulated biomass
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is inactivated slower, i.e it is more-resistant. Active cells that are killed
when exposed to antibiotics become inactive or inert, which we include
in the model as third particulate, i.e. volume occupying, biomass fraction.
We assume that antibiotics are consumed in the action against bacteria
degrade, and also include natural abiotic decay [15, 19].
We formulate the model in the framework of the basic biofilm growth model
[17], which is a highly degenerate diffusion-reaction system. QS was included
in this model in [24, 25] and antibiotics were taken into account in [15, 19]. In
the current study we combine QS and antibiotics and investigate the effect of QS
regulated resistance of the biofilm against antibiotics.

4.2.2

Governing equation

Based on the above assumptions, the mathematical model for biofilm growth,
quorum sensing and eradicating the bacterial cells by antibiotics is formulated
as a differential mass balance for the bacterial biomass fractions, growth-limiting
nutrient substrate, AHL and antibiotics concentrations over domain Ω ⊂ R2 .
As is common in many mathematical models of biofilms, the EPS that is produced by the bacteria is subsumed in the biomass volume fraction. The dependent variables are the volume fractions locally occupied by inert biomass fraction I, non-resistant down-regulated biomass fraction A and the up-regulated
biomass fraction B with increased resistance. The biomass densities are then
I × Mmax , A × Mmax , B × Mmax where Mmax [gm−3 ] is the maximum biomass
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density, in terms of mass COD (Chemical Oxygen Demand) per unit volume.
The dissolved growth controlling nutrient substrate, AHL and antibiotics are described in terms of their concentrations N [gm−3 ], S[nM ] and C[gm−3 ] respectively. The model reads
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n

1A
C 1B
−δA K nC1 +C
n1 − δB K n1 +C n1 − θC,
C
C
i
h
+(A + B) σ0 + µS Ḱ C+C
C

n
+νS τ n2S+S2 n2 B

− γS.

Here we use M := I + A + B for the total volume fraction occupied by biomass.
The two dimensional computational domain Ω consists of region Ω1 (t) = {(x, y)
∈ Ω ⊂ R2 : M (x, y, t) = 0} that describes the aqueous phase (bulk liquid, channels and pores of a biofilm) without biomass, and region Ω2 (t) = {(x, y) ∈ Ω ⊂
R2 : M (x, y, t) > 0}, which is the actual biofilm with positive biomass density.
Both regions are separated by the biofilm/water interface Γ(t) = ∂Ω1 (t)∩∂ Ω̄2 (t).
Regions Ω1 and Ω2 are not necessarily connected. In fact, Ω2 usually will consist
of several disjoint sub-regions, each of which describes a colony, which might
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merge as they expand. The time dependence of these regions stems from the
changing biofilm structure due to growth. The sets Ω1 (t), Ω2 (t) and Γ(t) are
implicitly defined via the model solution.
Following [15, 17, 19, 24] etc., the diffusion coefficient for all biomass fractions
α

M
is defined as D(M ) = d (1−M
[m2 d−1 ] in which the biomass motility coefficient
)β

d[m2 d−1 ] is positive but much smaller than the diffusion coefficients of dissolved
substrates in liquid. The diffusion coefficient D(M ) shows two non-linear effects:
(i) a power law degeneracy as in the porous medium equation, i.e. D(M ) vanishes as M ≈ 0 and (ii) a super diffusion singularity as M approaches to unity.
The porous medium degeneracy, M α , guarantees that the biofilm does not spread
notably if the biomass density is small, 0 < M  1, and it is also responsible for
the formation of a sharp interface between biofilm and surrounding liquid, i.e.
initial data with compact support lead to solutions with compact support. The
second effect (ii) at 0  M < 1 enforces the solution to be bounded by unity
[72, 18]. This is counteracted by the degeneracy as M = 0 at the interface. Consequently, M squeezes in the biofilm region and approaches its maximum value
1. Hence, the interaction of both non-linear diffusion effects with the growth
term is needed to describe spatial biomass spreading [18].
The diffusion coefficients for substrates are also density dependent albeit in
0
a non-critical way. They are defined as DN,C,S (M ) = DN,C,S
(1 + M (ρN,C,S −
0
1))[m2 d−1 ] where DN,C,S
> 0 and 0 < ρN,C,S ≤ 1 are the diffusion coefficient in

water and the biofilm/water ratio of diffusivity respectively. Hence, these diffusivities are bounded from below and above by finite values within one order of
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magnitude.
The reactions included in our model are:
• growth of active biomass fractions A and B, controlled by availability
of nutrient N . The dependency on the nutrient is described by standard
Monod kinetics where KN [gm−3 ] is the half saturation concentration. The
maximum growth rates are defined as µA [d−1 ] and µB [d−1 ] for biomass
fractions A and B respectively.
• natural decay of biomass fractions A and B at rates kA,B [d−1 ]. For simplicity we assume for both types of biomass the same lysis rate.
• switching between down-regulated (non-resistant) and up-regulated (with
increased resistance) cells as a consequence of AHL concentration. The
transition switch is described by a Hill function with exponent n2 . The
threshold AHL concentration required locally for QS induction to occur
is τ [nM ]. For the values of AHL concentration greater than τ , downregulated biomass A becomes up-regulated at rate ω[d−1 ] and for the values
of AHL concentration less than τ back-conversion occurs at rate ψ[d−1 ].
• eradication of active biomass A and B due to the exposure to antibiotics.
Inactivated cells are converted into inert biomass fraction I. The dependency of biomass inactivation on antibiotics is described by a Hill function
with exponent n1 , maximum decay rates βA,B [d−1 ] and half saturation concentration KC [gm−3 ]. This assumes that the antibiotic dependent removal
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rate of biomass has a threshold-like behavior i.e, below the threshold concentration, the antibiotics have only little effect, but after having passed
the threshold, they can heavily affect the bacterial cells.
• nutrient consumption by bacterial cells described by standard Monod kinetics, at a rate proportional to the growth rate. The maximum nutrient
uptake rates νA,B [gm−3 d−1 ] depend on the biomass growth rate, maximum
cell density Mmax [gm−3 ] and yield coefficient YA,B [−] and are defined as
νA,B =

µA,B
Mmax .
YA,B

• AHL production by both biomass fractions A and B at rates σ0 [nM d−1 ] if
the local concentration of AHL is smaller than τ and νS [nM d−1 ] by only B
if it exceeds τ . The transition is shown by a Hill function with exponent n2 .
The presence of antibiotic increases the production of AHL by both A and
B. Dependency of AHL production on antibiotic is described by a standard
Monod kinetics function with maximum production rate µS [nM d−1 ] and
half saturation concentration KC0 [gm−3 ].
• abiotic degradation of AHL at constant rate γ[d−1 ].
• antibiotic consumption by killing biomass fractions A and B, at a rate
proportional to the eradication rate with maximum consumption ratesδA,B [gm−3 d−1 ].
• abiotic degradation of antibiotic at constant rate θ[d−1 ].
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The parameters and their values used in computer simulation are summarized
in Table 4.1
To study the mathematical model (4.1) we restrict ourselves to the rectangular
domain Ω = [0, L] × [0, H]. The substratum, on which biofilm colonies form
is the bottom boundary, y = 0. We assume the substratum is impermeable to
biomass and dissolved substrates. At the lateral boundaries, x = 0 and x = L,
we assume a symmetry boundary condition, i.e. the homogeneous Neumann
condition, for dependent variables. This allows us to view the domain as a part
of a continuously repeating larger domain. At the top boundary, y = H, we
pose a homogeneous Neumann condition for the biomass fraction and a Robin
condition for dissolved substrates. The latter reflects that nutrient and antibiotics
are added to the system through this segment of the domain boundary, and AHL
are removed. Thus the imposed boundary conditions on domain Ω = [0, L] ×
[0, H] are defined as:




∂n I = ∂n A = ∂n B = ∂n N = ∂n C = ∂n S = 0, at x = 0, L and y = 0



∂n I = ∂n A = ∂n B = 0, at y = H




 N + λ∂n N = N∞ , C + λ∂n C = C∞ , S + λ∂n S = 0 at y = H,
(4.2)
where C∞ and N∞ are the antibiotic and nutrient bulk concentration; we assumed that the bulk concentration for AHL is 0. Parameter λ[m] can be interpreted as the concentration boundary layer thickness and ∂n denotes the outward normal derivative. The concentration boundary layer is introduced to show
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Table 4.1: Model parameters for system (4.1) used for computer simulation
Parameter
Symbol
Value
Dimension
Growth rate of A
µA
6
d−1
Growth rate of B
µB
4
d−1
Nutrient monod half saturation
KN
4
gm−3
Antibiotics monod half saturation
KC
0.034
gm−3
Antibiotics monod half saturation for AHL
ḰC
0.034
gm−3
Up regulation rate
ω
2.5
d−1
Down regulation rate
ψ
2.5
d−1
Decay rate of A by antibiotics
βA
30
d−1
Decay rate of B by antibiotics
βB
3
d−1
Substrate uptake rate for A and B
νA,B
104
gm−3 d−1
Decay rate of AHL
γ
0.12
d−1
Threshold of AHL
τ
10, 40
nM
Maximum growth rate of AHL
µS
55000
nM d−1
Basic production rate of AHL
σ0
5500
nM d−1
Production rate of AHL after QS induction
νS
55000
nM d−1
3
Antibiotic degradation rate (A)
δA
4 × 10
gm−3 d−1
Antibiotic degradation rate (B)
δB
4 × 103
gm−3 d−1
−12
Biomass motility coefficient
d
10
m2 d−1
Exponent of Hill function for removal by antibiotic
n1
2.5
−
Degree of polymerisation
n2
2.5
−
Biofilm/water diffusivity ratio of each substrate
ρN,C,S
0.1
−
0
Nutrient and antibiotic diffusion coefficient in water
DN,C
10−4
m2 d−1
Signal molecule diffusion coefficient in water
DS0
0.00007758
m2 d−1
Lysis rate
kA,B
0.1
d−1
Concentration boundary layer thickness
λ
0.0005
m
Source
[22]
Assumed
[22]
Assumed
Assumed
Assumed
Assumed
Assumed
Assumed
Assumed
[23]
[22]
[22]
[22]
Assumed
Assumed
Assumed
[18]
Assumed
[25]
Assumed
[22]
[22]
Assumed
Assumed

the contribution of the convective contribution of external bulk flow to substrate supply. Small bulk flow velocity implies a thick concentration boundary
layer, while a thin concentration boundary layer represents fast bulk flow [20];
1/λ[m−1 ] is the mass transfer coefficient from the external bulk phase into the
domain.
Since the relation between antibiotics dosing and bacterial killing has not
been understood yet, currently the effective antibiotics concentration is described
in terms of Minimum Inhibitory Concentration (MIC) [75]. MIC is the lowest
concentration of antibiotics for which the local net growth, the difference between biomass production and decay, is non-positive. In practice it is multiplied
by a safety factor [51, 75] to give the effective concentration of antibiotics. Usually, to compute the half saturation concentrations in the antibiotic dependent
decay term, KC and ḰC in our problem, the MIC concept and 1/200 as the safety
factor are used [51].

4.2.3

Solution theory

For the biological and physical interpretation of the model it is important that
biomass densities and substrate concentrations remain non-negative throughout,
and that the volume fraction of particulate biomass is bounded from above by
unity. That the solutions of (4.1) have these properties, in particular the latter is
not obvious. To elucidate this, solutions of (4.1) are understood as weak solutions
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in the sense of distributions. Existence of solutions for boundary data



∂n I = ∂n A = ∂n B = ∂n N = ∂n C = ∂n S = 0, at x = 0, L and y = 0



I = A = B = 0, at y = H




 N + λ∂n N = N∞ , C + λ∂n C = C∞ , S + λ∂n S = 0 at y = H
(4.3)
and initial data



A(0, ·) = A0 , B(0, ·) = B0 , I(0, ·) = I0 ,






N (0, ·) = N0 , C(0, ·) = C0 , S(0, ·) = S0



A0 , B0 , I0 , C0 , S0 , N0 ∈ L∞ (Ω)





kA0 + B0 + I0 kL∞ (Ω) = 1 − δ0 < 1





 0≤C≤C , 0≤N ≤N , 0≤S
∞
0
∞
0

(4.4)

where 0 < δ0 < 1, can be proven using the same arguments as in [15] for
a simpler model with antibiotics without QS up-regulation of resistance, and
in [38, 46] for two multi-species biofilm models. Existence and uniqueness of
solutions has been proven for a model of quorum sensing induction in biofilms
in [60]. The existence part in [60] follows the same line of argumentation as
[15, 38, 46], but the uniqueness result relies on special properties of the reaction
terms of the QS model in [60]. While the QS sub-model of system (4.1), i.e. the
model without antibiotic exposure, has the same properties, the reaction terms
of the antibiotic sub-model prevent the application of these ideas. We point out,
however, that there is no proof of non-uniqueness either. We have
Theorem 4.1. The system (4.1) with boundary conditions (4.3) and initial conditions (4.4) possesses a solution in the sense of distributions in L∞ (R+ × Ω) ×
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L∞ (R+ × Ω) × L∞ (R+ × Ω) × L∞ (R+ × Ω) × L∞ (R+ × Ω) × L∞ (R+ × Ω). This
solution satisfies almost everywhere A ≥ 0, B ≥ 0, I ≥ 0 and A + B + I < 1, as
well as 0 ≤ C ≤ C∞ , 0 ≤ N ≤ N∞ , 0 ≤ S.
We refer for the technical details of the procedure to [15, 38, 46, 60]. The
key arguments in the formal proof are a regularization of the biomass diffusion
coefficient, i.e. D(M ) in (4.1) is first replaced by



da
if M < 0,



a
(M +)
D (M ) :=
if 0 ≤ M ≤ 1 − ,
d (1−M
)b




 d−b
if M > 1 − ,
for some  > 0. The resulting regularized system is a non-degenerate quasilinear parabolic system, the existence of solutions of which follows with standard
arguments, e.g. those in [39]. It can then be shown that the solutions converge
as  → 0 and that this limit is indeed a weak solution in the distributional sense
of (4.1). Boundedness of biomass, M = A + B + I < 1, is hereby obtained by
constructing an upper bound that is a solution to the underlying single-species
growth model, for which boundedness by unity has been shown in [21]. Positivity of A, B, I is shown with standard comparison theorems. Hence each individual biomass component is bounded by unity as well. The upper and lower
bounds on the dissolved substrates follow from standard comparison theorems.
The boundary conditions (4.3) differ from (4.2) for the components A, B, I at
the top boundary y = H. Note, however, that where the biofilm/water interface
does not reach the boundary, solutions that satisfy the homogeneous Neumann
condition also satisfy the homogeneous Dirichlet condition, i.e. the solution of
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(4.1) with (4.2) and the solutions of (4.1) with (4.3) are identical until the biofilm
reaches the top boundary, where nutrients and antibiotics are added and autoinducers removed. The biofilm reaching the top boundary corresponds to the scenario where the domain is completely clogged up with biomass, at which point
additional physical processes come into play that are not accounted for in the
model, i.e the model breaks down. Indeed, for the underlying biofilm growth
model, it was shown in [21] that under homogeneous Neumann conditions on
the biomass everywhere, as in (4.2), solutions might only exist for 0 < t < Tend
for some finite Tend , after the interface has reached the boundary everywhere,
and M (Tend , ·) = 1 almost everywhere. On the other hand, if somewhere along
the boundary Dirichlet or Robin conditions are posed that keep the biomass density there below unity, then the solutions exist for all t > 0. Further to this, the
simulation results will be overshadowed by non-physical boundary condition
effects before this happens, as discussed in [20]. Therefore, our numerical solutions, will always stop long before this occurs, i.e. the existence proof for (4.1)
with (4.3) covers our simulation periods, as our solutions satisfy both (4.3) and
(4.2) simultaneously.

4.2.4

Numerical treatment

The two non-linear diffusion effects (i) and (ii) described in Section 4.2.2 lead to
two challenges for the numerical simulation: The biomass gradient blow-up at
the biofilm-water interface Γ(t) is prone to introduce interface smearing effects
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or spurious oscillations, whereas the super-diffusion singularity of the biomass
diffusion coefficient forces time-steps to be small in order to not overshoot the
singularity, even for implicit methods. The method that we apply in our simulations is an extension to the model at hand of the method presented in [28] for a
similar model of quorum sensing in a biofilm, but without antibiotics, which in
turn is an extension of a numerical method for the underlying prototype biofilm
growth model that was introduced and analyzed in [27]. Spatial discretization is
performed by a Finite Volume method on a uniform grid, whereas an error controlled, time adaptive Rosenbrock-Wanner method is used for time integration.
It has been shown in [27, 28] that this method is able to address the numerical challenges stemming from (i) and (ii) described above, and that it overcomes
the shortcomings of fixed-timestep methods that have been used previously for
similar models, e.g. in [38, 46].
For the numerical treatment we non-dimensionalize the model (4.1) with
choices x̃ = x/L, T = tµA for the independent variables, here L is a characteristic length scale of the computational domain. Under our boundary conditions,
the height of the domain is a measure for diffusion length.

1
µA

is the characteris-

tic time scale for growth of biomass species A. The concentration variables N, C
and S are non-dimensionalized as Ñ =

N
,
N∞

the bulk substrate concentration and C0 =

C̃ =

δA
.
µA

C
C0

and S̃ =

S
τ

where N∞ is

Note that the volume fractions

I, A and B are already defined as dimensionless variables. With these choices
the new model parameters are defined as:
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β˜A = µβAA , β˜B = µβBA , ω̃ = µωA , ψ̃ = µψA , k̃A = µkAA , k̃B = µkBA




ν
˜

KN

, K̃C = KCC0 , ḰC = ḰCC0 , ν̃A,B = µAA,B
µ̃B = µµBA , K̃N = N

N∞

∞

δ˜A = µAδAC0 , δ˜B = µAδBC0 , θ̃ = µθA , σ˜0 = µσA0τ , µ˜S = µµASτ




)
DN (M )

ν˜S = µνASτ , γ̃ = µγA , D̃(M ) = D(M

2 µ , D̃N (M ) = L2 µ

L
A
A



 D̃ (M ) = DC (M ) , D̃ (M ) = DS (M )
C

L2 µA

S

(4.5)

L2 µA

The non-dimensionalized equations read:
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∂ S̃
∂T
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(4.6)

N

n
n
−δ˜A K̃ nC̃1 +1C̃An1 − δ˜B K̃ nC̃1 +1C̃Bn1 − θ̃C
C
C
h
i
+(A + B) σ̃0 + µ̃S ˜ C̃

ḰC +C̃

n
+ν̃S 1+S̃S̃2n2 B

− γ̃S,

Although we use the non-dimensional formulation for the numerical treatment, we will make our choices of parameters based on the dimensional values,
and describe our subsequent simulation experiments in terms of those, for easier
biological and physical interpretation. Going forward we will drop the tilda from
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our notation in (4.6).
For spatial discretisation, we introduce a uniform grid of size N × M for the
rectangular domain [0, 1] × [0, H/L] and integrate each equation of system (4.6)
over each grid cell. For instance, integrating the equation for A over grid cell
with index (i, j) and using the Divergence Theorem gives
d
dt

Z

Z
A dx dy =
vi,j

Z
R1A (N, C, S)A dx dy +

Jn ds +
∂vi,j

Z

vi,j

R2A (S)B dx dy,

vi,j

(4.7)

for i = 1, ..., N and j = 1, ..., M , where vi,j denotes the domain of the grid
cell, Jn = D(M )∂n A represents the outward normal flux across the grid cell
boundary, and R1A (N, C, S) =

n1
N
−βA K nC1 +C
n1
KN +N
C

n

S 2
−ω 1+S
n2 −kA and R2A (S) =

ψ 1+S1 n2 stand for the reaction terms.
To evaluate the area integrals in (4.7), we evaluate the dependent variables at
the center of the grid cells,




 
1
1
∆x, j −
∆x
Ai,j (t) := A(t, xi , yj ) ≈ A t, i −
2
2

(4.8)

for i = 1, ..., N and j = 1, ..., M with ∆x = 1/N = H/LM ; the value of
all other dependent variables at the center of the grid cells can be evaluated in
a similar way. We approximate the integrals in (4.7) by the midpoint rule and
similarly the line integral is evaluated by considering every edge of the grid cell
separately. To this end, the diffusion coefficient D(M ) in the midpoint of the
cell edge is approximated by arithmetic averaging from the neighbouring grid
cell center points, and the derivative of A across the cell edge by a central finite
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difference. We get then for the biomass fraction A in cell (i, j) the ordinary
differential equation

1 
d
Ai,j =
Ji+ 1 ,j + Ji− 1 ,j + Ji,j+ 1 + Ji,j− 1 +R1Ai,j Ai,j +R2Ai,j Bi,j , (4.9)
2
2
2
2
dt
∆x
where R1Ai,j =

Ni,j
KN +Ni,j

C

n1

S

n2

i,j
i,j
− βA K n1 +C
= ψ 1+S1 n2 and
n1 − ω
n − kA and R2A
1+S 2
i,j
C

i,j

i,j

i,j

for the fluxes we have, accounting for the boundary conditions,

Ji,j+ 1 =
2

Ji,j− 1 =







 0



2

1
2∆x

2

for j = M,

for j = 1,

D(Mi,j−1 ) + D(Mi,j ) (Ai,j−1 − Ai,j ), for j > 1.



 0
=

 1


D(Mi+1,j ) + D(Mi,j ) (Ai+1,j − Ai,j ) for i < N,



 0
=

 1

for i = 1,

D(Mi−1,j ) + D(Mi,j ) (Ai−1,j − Ai,j ) for i > 1,

2∆x

Ji− 1 ,j


D(Mi,j+1 ) + D(Mi,j ) (Ai,j+1 − Ai,j ) for j < M,


 − 2 D(0)Ai,M
∆x

2

Ji+ 1 ,j

1
2∆x

2∆x

for i = N,

(4.10)

(4.11)

(4.12)

(4.13)

The spatial discretization of the equations for the other dependent variables
B, I, N, C, S follows the same principle. The major difference is for the substrates for which we have a Robin boundary condition at the top of the domain
instead of homogeneous Neumann condition. We refer the reader to [27] for a
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detailed description of the changes to the discretisation that this introduces.
Introducing the lexicographical grid ordering
π : {1, ..., N } × {1, ..., M } → {1, ..., N M } , (i, j) 7→ p = (j − 1)N + i (4.14)
and the vector notation I = (I1 , ..., IN M ), A = (A1 , ..., AN M ), B = (B1 , ..., BN M ),
N = (N1 , ..., NN M ), C = (C1 , ..., CN M ) and S = (S1 , ..., SN M ) with (I, A, B, N, C
, S)p := (I, A, B, N, C, S)π(i,j) = (I, A, B, N, C, S)i,j for i = 1, ..., N , j =
1, ..., M , yield the coupled system of 6 · N · M ordinary differential equations
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(4.15)

Remark 4.1. In ODE system (4.15), the matrices DI,A,B,N,C,S are block matrices of
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size N M × N M that depend on the dependent variables I,A,B. They are symmetric, and weakly diagonally dominant with non-positive main diagonals and nonnegative off-diagonals and contain the spatial derivative terms of each equation.
They can efficiently be stored in sparse diagonal format with 4 off-diagonals, with
offsets ±1, ±N . The matrices R1,2(I,A,B,N,C,S) are diagonal matrices of size N M ×
N M which contain the reaction terms of each equation. The vectors bI,A,B,N,C,S are
of size N M and contain contributions from the imposed boundary conditions for
each biomass species and dissolved substrates. By the posed boundary conditions
for biomass species the entries of bI,A,B are zero [note that this would be different
if Robin conditions were posed instead, as in (4.3)]. For substrates due to the Robin
boundary conditions at the top, the entries bN,C,S are zero for all grid cells (i, j)
with j < M , and for j = M are obtained from the boundary conditions. With
these properties, it is easy to show with standard comparison theorems that the solutions of (4.15) are non-negative if the initial data are, cf [27, 28]. Boundedness of
the biomass densities, M = A + B + I < 1, can be shown for sufficiently small
spatial step-sizes by constructing an upper bound using a discrized version of the
underlying growth model, cf. [28].
For the time integration of the semi-discrete system (4.15) we use the time
adaptive, error-controlled embedded Rosenbrock-Wanner method ROS3PRL [54].
It has been shown in [28] that this method, together with the above Finite Volume discretization is able to proceed with efficient time-steps for models of this
type. While intermittently very small time-steps might be required to meet accuracy requirements of the method, previous experience has shown that it will
recover quickly, to values much larger than would be required by fixed-time-step
methods. It also has been demonstrated in [28] that the spatial resolution that is
required for a sufficiently accurate resolution of the interface, without numerical
smearing, is acceptable. The spatial resolution chosen in our simulations below
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is based on a grid refinement study (data not shown), and has been determined
as an acceptable trade-off between accuracy and computational cost.
The embedded Rosenbrock-Wanner method requires in each time-step the
solution of several sparse, large, nonsymmetirc linear systems, for which we use
the stabilized bi-conjugate gradient method [57, 70]. The numerical method has
been implemented in Fortran 95. OpenMP was used for the parallelization of
selected computationally expensive tasks, such as the linear solver and the formation of the Jacobian matrix within the Rosenbrock-Wanner method, and for
the evaluation of nonlinear reaction terms. All simulations reported here have
been carried out on custom built multi-core and multi-processor Linux desktop
workstations.

4.2.5

Simulation setup

Initially, the substratum is inoculated by three semi spherical colonies of type
A or B, or both, which are symmetrically arranged around the center of the
substratum on the bottom boundary. Biofilm colonies are placed equidistantly.
The initial value of nutrient N is 1; the initial values for C, S, I are set at zero.
The simulations stop when a specified simulation time is reached.
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4.2.6

Postprocessing and quantities of interest

For better interpretation of the results of computer simulations, we will provide two-dimensional visualizations of the simulations and quantify the effect of
changing some parameters on biofilm growth and disinfection by defining the
following lumped output variables as quantities of interest:

Itotal (T )

R

=

Btotal (T ) =
Ntotal (T ) =

Z

Ω

I(x, y, T )dxdy,

Ω

B(x, y, T )dxdy,

Ω

N (x, y, T )dxdy.

R
R

Atotal (T ) =

A(x, y, T )dxdy,
ZΩ

Stotal (T ) =

S(x, y, T )dxdy,
Ω

These output parameters give the total amount of each type of biomass fraction and dissolved substrate in the considered computational domain. Further
quantities of interest will be calculated from those.

4.3
4.3.1

Results
An illustrative simulation

To illustrate the interplay of growth, QS and disinfection, we discuss in detail an
exemplary simulation, visualised in Figure 4.2. The threshold for QS activation
is set to τ = 40[nM ]. Antibiotic is added at T = 40, chosen large enough that a
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(a)

(b)
Figure 4.2: Section 4.3.1. Snapshot of biofilm formation at T = 8, 20, 35, 45, 50.
Row (a): The color coding refers to the relative fraction of down-regulated
A
biomass, Z := A+B
(before adding antibiotic); row (b): relative fraction of acA+B
tive biomass, R := I+A+B
. The grey-scale isolines are drawn to depict the
AHL concentration S. Antibiotic is added at T = 40 with bulk concentration
C∞ = 2 gm−3
considerable biofilm could form and that QS induction can take place before the
biofilm is exposed to antimicrobials. Initially, the individual colonies grow and
produce AHL at low rate. At T = 8 they merge into a single colony, which is
down-regulated as the AHL concentration has not exceeded the threshold yet at
that time. The two outer colonies have grown initially more than the inner one,
due to higher access to nutrients.
At some time between 8 and 20, QS induction occurs. It initiates from the
inner layers of the colony, near the substratum. This is where the AHL concentration S is highest, due to diffusion toward the aqueous phase and removal
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Figure 4.3: Section 4.3.1.
(a): Total amount of biomass fractions,
Itotal (T ), Atotal (T ), Btotal (T ), and AHL concentration Stotal (T ), (b): Total
amount of nutrients Ntotal (T ), (c): Biofilm Growth without considering the decay due to adding antibiotic (BG(t)) in the computational domain. Antibiotic is
added at T = 40, the value of the threshold of QS activation is τ = 40[nM ]. The
bulk concentration of antibiotics is C∞ = 2[gm−3 ]
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at the top. As it has been shown in detail previously in [28], upregulation is
rapid. After QS induction, the AHL concentration increases fast due to increased
production by upregulated cells. Consequently the relative fraction of downregulated biomass, defined as Z :=

A
,
A+B

quickly becomes small at T = 20 and

later on. At T = 35 the biofilm colony is practically all up-regulated, i.e. of type
B.
Before antibiotic is added and inert biomass I occurs, the relative fraction
of active biomass, defined as R :=

A+B
,
I+A+B

is 1 at T = 35. Upon adding an-

tibiotic, inert biomass is produced mostly at the outer layers of biofilm, where
the antibiotic concentration is largest. The antibiotic concentration in the inner
layers is initially low, due to diffusive resistance and due to decay of antibiotic
during inactivation in the outer layers. Furthermore, the AHL concentration is
highest in the inner layers, near the substratum. Therefore the inner layers of the
biofilm contain more resistant biomass that is eradicated slowly. This leads to a
heterogeneous, spatially structured distribution of active and inactive biomass
in the colony. After the outer layer is killed, the antibiotics can penetrate deeper
into the colony and the share of active biomass, R, becomes clearly smaller than
unity everywhere. Inactivating the cells that produce the QS signal leads to lower
AHL concentrations such that its value drops below the threshold at T = 50, as
a consequence back transformation of up-regulated to down-regulated type may
occur, leading to further eradication of active biomass, see row (b) of Figure 4.2.
We report lumped output parameters in Figure 4.3. Since the substratum
was initially inoculated by down-regulated biomass of type A only, Atotal (T )
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increases initially up to the time of QS induction, at T ≈ 25 in our simulation.
Up to T = 9 virtually no up-regulated biomass is in the system, but then Btotal (T )
slowly increases. Before this time, Atotal (T ) + Btotal (T ) is very close to Atotal (T )
as few up-regulated cells are produced. At about T = 25, Atotal (T ) decreases,
while Btotal (T ) increases as up-regulation takes place. At about T = 28 the total
active biomass Atotal (T )+Btotal (T ) starts to slowly decrease, indicating nutrient
limitation in some regions of the biofilm where the net growth becomes negative
and simultaneous switching from the faster growing down-regulated state to the
slower growing up-regulated state in the regions where cells still have access to
nutrients. After QS induction, Stotal (T ) increases rapidly but plateaus at T ≈ 32
due to the nutrient shortage, which is also evidenced by a near zero net growth.
After adding antibiotic at T = 40, all bacterial cells are eradicated and subsequently no AHL is produced, wherefore Atotal (T ), Btotal (T ) and Stotal (T ) become zero by the end of simulation. As all active biomass is removed, no cells
consume nutrients so it accumulates in the system and Ntotal (T ) increases. Inactivated cells convert to inert biomass. At the end of the simulation there is more
inactive biomass in the system than there was active biomass when antibiotics
were first added to the system. The reason is that the biofilm keeps growing even
under antibiotic stress if nutrient substrate is available somewhere at sufficient
concentration levels, as along as active biomass is in the system. To demonstrate
this we compute the time dependent variable Biofilm Growth BG(T ) as
Z 
BG(T ) :=
µA
Ω


NB
NA
+ µB
− kA A − kB B dxdy
KN + N
KN + N
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which gives the net growth of non-inert biomass in the system. The value of
BG(T ) is shown in panel (c). BG(T ) is initially positive indicating the growth of
biofilm by consuming the nutrient supply. This increases the density of biomass
which consequently decreases BG(T ) up to very small positive value at T ≈
30. After that it becomes negative due to the severe nutrient shortage which
makes the decay term dominant. After adding antibiotic at T = 40, BG(T )
becomes positive again because of biomass removal that results in less nutrient
consumption and consequently the production term becomes dominant again.
The value of BG(T ) decreases after T = 50 due to the eradication of bacterial
cells.

4.3.2

QS as a stress response mechanism

In the previous illustrative simulation, the biofilm was exposed to antibiotics
long after most cells up-regulated. Although an instantaneous spike in the signal concentration was observed in Figure 4.3.a, in response to the stress experienced, this had little effect on up-regulation. To investigate this stress response mechanism in more detail, we show in Figure 4.4 the results of two simulations where a lower dosage of antibiotics, 10 times the half saturation concentration at C∞ = 0.34[gm−3 ], is added to the system before biofilm buildup takes places. In one of these two simulations, the stress response mechanism is turned off, µS = 0, in the other one it is kept at the default value
µS = 55000[nM d−1 ]. The switching threshold in these simulations is set to
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Figure 4.4: Section 4.3.2. Biomass fractions Atotal (T ) and Btotal (T ) and AHL
Stotal (T ) in the system for µS = 0[nM d−1 ] and µS = 55000[nM d−1 ]. Antibiotic
is added at T = 6. The antibiotics bulk concentration is C∞ = 0.34[gm−3 ].
τ = 20[nM ], the initial data are the same as previously, and antibiotics exposure starts at T = 6. At that time most of the biomass is down-regulated. For
µS = 0[nM d−1 ] bacterial cells are swiftly and completely eradicated by the antibacterial agent. With declining biomass also the amount of AHL in the system
reduces. For µS = 55000[nM d−1 ] upon exposure to antibiotics, AHL production
increases and the concentration surpasses threshold value almost everywhere,
leading to upregulation and a more protected biofilm. While the down-regulated
146

biomass decreases quickly, the more resistant up-regulated cells are able to withstand the assault better, and indeed keep growing during the assault. The total
amount of biomass drops initially after antibiotics are added but then increases,
see Figure 4.4.

4.3.3

Validation of qualitative model behavior with respect
to key parameters that control quorum sensing activity

The basic assumption underlying our work here is that QS-upregulation provides
enhanced protection against antimicrobials. To validate that our model indeed
behaves qualitatively in a manner that reflects this assumption, we investigate
the sensitivity of the model with respect to varying one-by-one three key parameters that influence quorum sensing activity in our model:
• Timing of exposure to antibiotics. The later the biofilm is exposed to antibiotics, the larger it has become, and therefore the more up-regulated,
less-susceptible biomass is in the system. Contrary, if the biofilm is exposed early, before up-regulation takes place we expect it to be eradicated
quickly.
• AHL production rates. Higher AHL production rates lead to earlier induction and accelerated up-regulation. Hence, we expect that biofilms with
low AHL production rates are more susceptible to eradication.
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• AHL decay rates. A faster decay of autoinducers delays the onset of upregulation, i.e. makes biofilms more vulnerable.
In experiments, the first factor, onset of exposure to antibiotics, is an operational parameter and thus can directly be controlled externally. The maximum
AHL production rates and the abiotic AHL degradation rates are intrinsic to the
species and to the growth environment. The latter can to some extent, and with
limits, be changed. For example, the nonenzymatic reaction with the surrounding liquid phase which occurs in an alkaline environment with high pH values
can result in AHL hydrolysis [33, 77]. Of course, drastically changing pH in the
environment is not always a viable approach, as it also affects growth characteristics of bacteria and in a medical setting has effects on the host. However, several studies have shown that the presence of specific enzymes, known as quorum
sensing inhibitors (QSIs) [3, 4, 36], can alter the AHL concentration and prevent
or delay QS induction. QSIs can either disturb the production of AHL, increase
the switching threshold, or increase its degradation. This offers a possibility to
externally interfere with the QS-system and to decrease resistance against antimicrobials that is conferred by up-regulation. Due to non-dimensionalisation
of our model, it suffices to only consider the effect of either the signal controlled
AHL production rate or of the switching threshold, and of the abiotic AHL decay
rate.
In the following three simulation experiments we demonstrate that the model
that we formulated behaves indeed as expected per the model assumptions made
with respect to these three key factors. Afterwards, in the subsequent Sections
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4.3.4 and 4.3.5, we will apply the model to answer specific questions that are not
as easily predictable.
We assume again that substratum is initially inoculated by three semi-spherical
colonies of type A and compute the total amount of biomass fractions and AHL
for different values of τ [nM ] and γ[d−1 ].
Timing of exposure to antibiotics
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Figure 4.5: Section 4.3.3. Biomass fractions Atotal (T ) and Btotal (T ) and AHL
Stotal (T ) in the system. Antibiotic is added when biofilm size reaches 5%, 10% and
15% of the computational domain. The antibiotics bulk concentration is C∞ =
2 [gm−3 ].
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In the previous simulation in Section 4.3.1, we started exposure to antibiotics
after upregulation and nutrient limitations have set in. In Section 4.3.2 we have
seen that early exposure can trigger – via the stress response mechanism – increased resistance. We now investigate the response of the biofilm to antibiotics
for several starting times of treatment. To separate the effects of timing and stress
response we do this for a scenario where the latter is not substantially at play. To
this end, we assume that antibiotic is added when biofilm occupies 5%, 10% and
15% of the computational domain. We set the value of τ [nM ] to τ = 10[nM ] to
decrease the time of QS induction. For proper comparison we assume that the
length of exposure time to antibiotic is the same for all three occupancies. Antibiotic is inserted at a biofilm size dependent time T0 and the simulation terminates
at T0 + 10. The objective is to quantify the effect that biofilm size at the start
of the treatment has on treatment efficiency. Based on the diffusive and reactive
protection mechanisms alone, it is straightforward to conjecture that initially
large colonies will survive an assault in stronger numbers. We focus here on the
added effect of quorum sensing.
The results are plotted in Figure 4.5. In the case of a small biofilm at the
time of treatment, AHL concentration could not yet build up, due to the smaller
number of signal producing cells. Accordingly, the biofilm is almost entirely
down-regulated and can be eradicated quickly. For the other two biofilm sizes at
exposure, enough AHL has been produced to induce up-regulation, i.e. higher resistant biomass of type B is present. To eradicate the colony completely a longer
exposure period or more antibiotics would be needed. Therefore, active bacterial
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cells remain in the system at the end of simulation for initial volume=10%, 15%
c.f Figure 4.5a-d. After adding antibiotic, the signal Stotal (T ) increases instantly
because of the strong effect of antibiotic on its production. Due to the removal
of signal producing active bacterial cells by antibiotic it reduces subsequently,
but in both cases remains above the switching threshold, i.e. the biofilm remains
up-regulated and resistant.
Thus, depending on the size the biofilm colony has reached when antibiotics
are applied, the AHL concentration can exceed the threshold of QS induction,
which enhances the protection bacteria have by up-regulation to the protected
state.
Biofilm resistance to antibiotics vs AHL production rates or switching
thresholds
We change the value of τ [nM ] and increase it by factor 2 as τ = 10, 20, 40[nM ].
The higher the value of τ [nM ] is, the less the AHL production and the later we
expect induction. Antibiotic is administered at T = 10. Figure 4.6 shows the time
course of total values of biomass volume fractions A, B and dissolved substrate
S for each τ [nM ]. For τ = 10[nM ], QS induction occurs at T ≈ 5 which is earlier
than that for the other two cases. Accordingly, antibiotic which is added once
after QS induction can not eradicate the biofilm completely. For τ = 20[nM ],
QS induction occurs at T ≈ 10. Therefore, only a few up-regulated cells are
produced at the time of applying the antibiotic, which do not make the biofilm
too resistant to the antibiotic. For τ = 40[nM ], QS induction occurs late enough
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Figure 4.6: Section 4.3.3. Total values of biomass fractions Atotal (T ) and
Btotal (T ), and AHL Stotal (T ) in the computational domain for different thresholds of QS activation, τ [nM ]. Antibiotic is added at T = 10 and its bulk concentration is C∞ = 2 [gm−3 ]
thus all bacterial cells are removed since the antibacterial agent is administered
to down-regulated biomass.
Biofilm growth/disinfection vs abiotic decay of AHL
We vary the abiotic AHL decay rate γ[d−1 ] form 0.12 to 40. The threshold value
for QS induction is chosen as τ = 10[nM ]. As the substratum is initially inoculated by biomass of type A which produces AHL at low rate, increasing the
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Figure 4.7: Section 4.3.3. Total amount of biomass fractions Atotal (T ) and
Btotal (T ) and AHL Stotal (T ) for different values of AHL decay γ[d−1 ]. Antibiotic is added at T = 10 and its bulk concentration is C∞ = 2 [gm−3 ]
decay rate of AHL initially has not much effect. After some time, when the
biofilm has grown bigger and more AHL is produced, increasing the value of
γ[d−1 ] leads to smaller AHL concentrations and a later onset of up-regulation.
However, when the antibiotic exposure starts, the biofilm is in all cases almost
entirely up-regulated, wherefore the signal decay rate has only little effect on the
overall outcome, see Figure 4.7. This suggests that taking measures to decrease
the AHL concentration alone might not be sufficient to remove the bacterial cells
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immediately after applying the antibiotic. To remove the produced up-regulated
biomass, we need to increase either the exposure time or antibiotic bulk concentration.

4.3.4

QS controlled adaptive upregulation vis-a-vis consistently up- or down-regulated systems

We have verified in the previous section that the model simulations indeed correctly reflect the underlying assumption that QS-regulation confers protection
against antibiotics. We ask now whether a complicated adaptive QS-controlled
mechanism of up-regulation has an advantage over a simpler system in which
resistance due to up-regulation is permanent. We consider and compare three
different scenarios:
1. A biofilm that is always down-regulated and does not engage in quorum
sensing
2. A biofilm in which QS adaptively switches between down- and up-regulated
states
3. A biofilm that is always up-regulated and does not engage in quorum sensing
In the simulations of case 1, all biomass is initially of type A, and the quorum
sensing parameters ψ and ω are set to zero. For case 2, all biomass is initially of
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(a)

(b)

(c)
Figure 4.8: Section 4.3.4. Snapshot of biofilm formation at T = 3, 8, 15 for
row (a): system continuously down-regulated, case 1; row (b): adaptive upregulation by QS, case 2; row (c): system continuously up-regulated, case 3. In
cases 1, 3 the biomass fractions A and B are plotted, respectively; in case 2 the
A
. In all three cases the
fraction of down-regulated active biomass Z := A+B
A+B
last column shows the fraction of active biomass R := A+B+I
. The grey-scale
isolines depict the AHL concentration S. Antibiotic is added at T = 10 and its
bulk concentration is C∞ = 2[gm−3 ]
type A and the full model is simulated, the quorum sensing parameters ψ and ω
are as in Table 4.1, for the switching threshold we use τ = 10[nM ]. For case 3,
all biomass is initially of type B, and the quorum sensing parameters ψ and ω
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Figure 4.9: Section 4.3.4.Total amount of each biomass fractions Atotal (T ) and
Btotal (T ) and AHL Stotal (T ). Initial substratum inoculation in case 1 is of type A
and switch between A and B is off. In case 2 the bottom surface is inoculated by
biomass of type A and switch between A and B is on. In case 3 initial inoculation
is of type B and switch between A and B is off. Antibiotic is added at T = 10
and its bulk concentration is C∞ = 2 [gm−3 ].
are set to zero.
Antibiotic is added in the simulations at T = 10. Visualisations of the spatial
structure of the biofilm are given in Figure 4.8, lumped output parameters are
plotted in Figure 4.9. In case 1 the biofilm grows initially fastest, and it is biggest
when antibiotics hit. However, the active biomass is rapidly killed off. In case
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3 the biofilm grows initially slowest, but by the end of the antibiotic exposure
period a considerable amount of active biomass remains in the system. In the
adaptively regulated case 2, the biofilm size remains initially below the size of
the continuously down-regulated biofilm of case 1 after QS sets in, but after the
period of exposure to antibiotics the biomass is about the same as in case 3. Noteworthy here, is that after approximately time T = 8 there is more up-regulated,
i.e. higher resistant biomass of type B in the system than in case 3 that started
out with only up-regulated biomass. This is a consequence of down-regulated
cells growing faster than up-regulated ones and rapid up-regulation. That is, in
case 2 the biofilm has initially a growth advantage compared to case 3. Consequently, the biofilm colony grows largest in case 2. Whereas in case 1 the entire
biofilm is inactivated and in case 3 a homogeneous biomass distribution with approximately 20% of active biomass is obtained at T = 15, we find in case 2 in the
center of the biofilm an increased pocket of active biomass, up to 53%.
In summary, adaptive up-regulation controlled by a QS mechanism allows the
biofilm the same growth advantage in the initial stages that a continuously downregulated biofilm has, but it conveys the same protection against antibiotics that a
continuously up-regulated biofilm has after the biofilm reaches the size at which
QS induction sets in.
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Figure 4.10: Section 4.3.5. The effect of limitation of antibiotic bulk concentration, made by changing C∞ [gm−3 ], on the values of Atotal (T ), Btotal (T ) and
Stotal (T ). Antibiotic is added at T = 10.

4.3.5

The effect of environmental conditions

Limitation of antibiotic bulk concentration
In our model, antibiotics play two distinct roles: they kill bacterial cells and operate as stressor which stimulates AHL production. The latter role makes the
biomass more resistant as we have shown in the previous simulations. Therefore,
predicting the effect of varying antibiotic bulk concentration on the growth/di158
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sinfection of biofilms is not straightforward. To investigate the trade-off between
both effects is our objective in this section. We change the antibiotic bulk concentration C∞ [gm−3 ] and study its effect on the total values of biomass volume
fractions and AHL. We choose τ = 10[nM ] and antibiotic is added at T = 10.
We choose six values of C∞ [gm−3 ] in the range 0.0068 ∼ 6.8, and plot
lumped output parameters in Figure 4.10. For the two smallest values of 0.0068
and 0.17 the biofilm keeps growing also during the period of exposure. The
smaller of these two bulk concentration values is below the half saturation concentration KC = 0.034, i.e. antibiotics are limited. Noteworthy is, however, that
second bulk concentration value is five times the half saturation concentration,
i.e. much larger than concentrations that are commonly associated with reaction
limitations. While growth slows down, the up-regulated biomass continues to
grow at slightly smaller rate. Also the effect on down-regulated biomass is minimal. Increasing the bulk concentration value to 1.02 and 1.7 leads to a near linear
biomass decay in the fixed time interval of exposure, whereas for the largest two
values of 3.4 and 6.8, we observe exponential decay. The difference in biomass
obtained with these two bulk concentration values is small, suggesting the onset
of a saturation effect and that even higher concentration might not contribute to
accelerated eradication.
Our results suggest that in order for an assault with antibiotics to be successful the bulk concentration must be in an intermediate regime of efficient bulk
concentration values. For values higher than that no further benefit is obtained
due to saturation effects. For values below this, the biofilm will continue grow159

ing or only be eradicated slowly. Noteworthy is that this intermediate regime
of bulk concentration lies well above the Monod half saturation concentration,
which in models of suspended populations marks the transition from 1st order
(concentration limited) to 0th order (unlimited) kinetics.
External mass transfer
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Figure 4.11: Section 4.3.5. The effect of concentration boundary layer thickness,
λ[m], on the values of Atotal (T ), Btotal (T ) and Stotal (T ). Antibiotic is added at
T = 4 and its bulk concentration is C∞ = 2 [gm−3 ]
The concentration boundary layer thickness λ[m] in the Robin boundary con160
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dition for dissolved substrates mimics the effect of the fluid flow velocity on the
supply of nutrients and antibiotics and the removal of autoinducers. Low values
of λ[m] correspond to fast bulk flows, large values to slow flows. In fact, λ[m] is
indirectly proportional to the external mass transfer coefficient. Thus, decreasing λ[m] increases nutrient supply for the biofilm which increases its growth. On
the other hand, the smaller λ also deliver more antibiotic into the system across
the boundary, which removes more bacterial cells. In addition, the AHL concentration decreases if λ decreases as more AHL is washed out. As three nonlinear
effects interact here, it is not easy to predict whether there is a simple monotonic
relationship between biofilm eradication and this parameter. To study this question, we varied the value of λ from 0 to 0.002[m] and compute the total amount
of biomass volume fractions and AHL, Atotal (T ), Btotal (T ) and Stotal (T ). The
initial condition is the same as in the previous sections. Antibiotic is added at
T = 4. The results of these simulations are plotted in Figures 4.11 and 4.12.
For thick concentration boundary layers, which provide less nutrients and
antibiotics, small biofilm colonies are produced. Since λ[m] affects biofilm size,
it also naturally affects the time at which up-regulation occurs. Whereas based
on this we could expect that smaller λ[m] leads to faster up-regulation, we observe indeed the opposite, cf Figure 4.11. The reason for this is that larger λ[m],
i.e. smaller external mass transfer coefficients, also cause less AHL to be washed
out. The net effect is that the AHL accumulates and its concentration increases
so that induction occurs sooner. At the time of induction the biofilm is larger for
small λ and smaller for large λ. After the biofilm is upregulated and before an161

tibiotics are added, parameter λ only affects bacterial growth via nutrient supply.
As a consequence eventually the biofilm obtained for small λ will be bigger than
the ones obtained with larger λ. Once antibiotics are added increased nutrient
supply and increased antibiotics supply compete, as λ is reduced. Since antibiotics act as stressor for λ = 0, 0.0005[m] and accelerate QS induction, the biofilm
that was largest at the onset of treatment (λ = 0) becomes smallest throughout,
the one that was smallest becomes largest. While biofilm decay is swift at the
concentration levels tested here, the amount of biomass present at the end of the
simulation is larger by a factor of approximately 2 in all cases of λ > 0 than in the
case of λ = 0. This suggests that supplying more antibiotics by increasing mass
transfer does not necessarily lead to increased eradication if simultaneously also
more nutrients are supplied and AHL signals are washed out faster.
The spatial structure of the biofilm for different values of λ[m] is depicted in
Figure 4.12 for T = 4.5, i.e. after the onset of antibiotic treatment. Biofilm size
decreases as the λ increases due to a limitation in nutrient supply. Increasing
λ[m] provides less antibiotic and for each λ[m] antibiotic can penetrate only into
the outer layers of biofilm at the considered time. For λ = 0.002[m] we observe
a distinct zone in the core of the colony, in which little inactivation took place,
whereas the outer layer is occupied by a mix of inactive and active biomass. For
λ = 0.001[m] the distribution of active and inactive cells in the biofilm is relatively homogeneous and equal. For λ = 0.0005[m] most of the cells are inactive,
but we note gradients of active biomass from the center region to the outer regions. For λ = 0[m] the gradients are smaller and so is the fraction of active
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λ = 0[m]

λ = 0.0005[m]

λ = 0.001[m]

λ = 0.002[m]

Figure 4.12: Section 4.3.5. Snapshot of biofilm formation at T = 4.5 for various
values of λ[m]. The color coding refers to the relative fraction of active biomass,
A+B
R := I+A+B
, and the grey-scale isolines are drawn to depict the AHL concentration S. Antibiotic is added at T = 4 at bulk concentration C∞ = 2 [gm−3 ]
biomass overall. The spatial gradients, in particular in the case of λ = 0.002[m]
where AHL removal is smallest, demonstrates the effect of QS on creating niches
in the inner core of the biofilm where bacteria are protected.
Instead of starting exposure of antibiotics at a fixed time after induction oc-

163

(a)

(b)

0.06

0.05

λ=0
λ=0.0005
λ=0.001
λ=0.002

0.05

0.045
0.04

λ=0
λ=0.0005
λ=0.001
λ=0.002

0.035
0.03

A(T)

A(T)+B(T)

0.04

0.03

0.025
0.02

0.02
0.015
0.01
0.01
0.005
0

0
0

5

10

15

20

25

30

35

0

5

10

15

20

T

(c)

30

35

(d)

0.05

16

0.045

λ=0
λ=0.0005
λ=0.001
λ=0.002

14

0.04

λ=0
λ=0.0005
λ=0.001
λ=0.002

0.035

12

10

S(T)

0.03

B(T)

25

T

0.025
0.02

8

6

0.015
4
0.01
2

0.005
0

0
0

5

10

15

20

25

30

35

T

5

10

15

20

25

30

T

Figure 4.13: Section 4.3.5. The effect of concentration boundary layer thickness, λ[m], on the values of Atotal (T ) and Btotal (T ) and Stotal (T ). Antibiotic
is added when biofilm occupies %5 of the whole system at bulk concentration
C∞ = 2 [gm−3 ]
curred, we repeat the simulations but add antibiotics at the time T0 when the
biofilm size reaches 5% of the domain; cf Figure 4.13 for the results. In all cases
the exposure period is chosen to go from T0 to T0 + 10. Under this setup, eradication starts the sooner the smaller λ, i.e. the higher the nutrient supply. The
time of antibiotics application varies here between T0 ≈ 3 and T0 ≈ 24. For
the largest values of λ substantial up-regulation has taken place prior to that,
whereas for the smallest value of λ the entire biofilm is down-regulated when
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exposed to antibiotics. Accordingly at the end of the exposure period, despite
starting out with the same biofilm size, a larger fraction of cells survives when
treatment started later (higher λ).
The important finding of this simulation experiment is that increasing the
mass transfer coefficient for antibiotic, nutrient and signal molecules simultaneously improves the eradication of bacterial cells as it provides more nutrient
supply and antibiotic and increases the AHL washout. Removing AHL delays
the QS induction at early stages. However, once up-regulation is achieved this
advantage is lost. Therefore, external mass transfer limitations alone are not suitable as a basis of an increased eradication strategy.
Related studies in this field that investigate the influence of fluid flow on the
QS, without exposing the biofilm to antibiotic, and the contribution of convective
flux to growth and disinfection of biofilm, without taking into account the QS,
are [69] and [19] respectively. It is shown in [69] that the time of QS induction
increases by increasing the fluid velocity. For higher fluid velocity, more bacterial
cells are washed out, thus it takes more to exceed the threshold for QS induction.
In [19] it is shown that for the specific amount of antibiotic bulk concentration,
without considering the effect of QS, increasing the fluid velocity, i.e. the value
of Reynolds number, increases the total amount of inert biomass in the system.
Our problem at hand is the extension of both models which studies the biofilm
structure in the exposure of antibiotic with QS activation. Although our model
does not consider the convective flux explicitly we could investigate the impact
of external mass transfer on the growth and disinfection of biofilm by changing
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the concentration boundary layer thickness. Our results are qualitatively in good
agreement with the results in [69, 19].

4.4

Discussion

In accordance with the concept of quorum sensing, or - more precisely - efficiency sensing, bacteria might use a gene regulatory mechanism to test if it pays
off to send at least a part of their population into a more protected, slower growing but less susceptible to antibiotic state. Larger populations may better afford
subpopulations which divide slower due to the energy effort which is needed to
maintain resistance. Therefore, an adaptive mechanism that is coupled to population size seems effective.
Biofilms are a natural growth environment of bacteria. The spatial structure
of biofilms and the increased diffusive resistance in a colony influence to which
extent AHL signal molecules may accumulate, and which levels can be reached
locally. This may differ drastically from homogeneously distributed situations
[29, 25]. Another facet of biofilms is that they – more accurately their selfproduced EPS – act as a physical barrier for antibiotics, preventing or at least
reducing antibiotics reaching the bacterial cells in the biofilm. More recently,
the idea of quorum sensing being a stress response mechanism, dependent on
the cellular density was proposed. Here stress may be lack of nutrients, but also
being attacked by antibiotics, phages, etc [44, 64, 68].
To the best of our knowledge, our modelling study presents the first combina166

tion of all these aspects in spatially structured biofilm populations. Even though
not too many details are known about the interactions, it provides some insight
into possible effects of the nonlinear interactions. We have restricted ourselves
to incorporate the essential interactions under reasonable assumptions to show
the qualitative behavior of such a basic system. Of course, there may be many
variations possible and necessary to adapt to concrete biological systems. This
concerns e.g. the question whether antibiotics are used up when being in contact and killing bacterial cells or not. There are examples for both. Therefore,
our prototype model has potentially to be modified, adapted and refined to the
specifics of a particular system for real quantitative predictions. Nevertheless,
even in the current most basic prototype model version, interesting behavior
can be observed due to the various nonlinear interactions involved.
The present model allows for a better and more realistic estimation of the
consequences and side effects of treatment. Without taking into account the interaction of antibiotics and quorum sensing directly, one easily misses the fact
that adding a small amount of antibiotics may lead to a higher resistance level
of the bacteria [78, 41], and thus may even act inversely to the desired effect of
killing bacteria by antibiotics. Bacteria in a biofilm are protected by a physical
barrier against antibiotics. Therefore, it is important to take into account the spatial structure. To account for this and to combine it with the temporal dynamics
leads in the mathematical abstraction to a system of partial differential equations, adding another level of complexity compared to often used simpler ODE
models that describe spatially homogeneous systems. Dealing with a PDE model
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also allows to consider different spatial arrangements. It is not a priori clear how
the layer thickness may influence the dynamical behavior of the system. Thinner layers allow for a better reachability of the bacterial cells by antibiotics, but
also a better nutrient supply, which means a combination of further decrease
and further increase (due to better growth) of the active biomass. Additionally,
more AHL can accumulate in bigger colonies, as shown in Figures 4.11 and 4.13.
Due to the combination of such positive and negative effects and the involved
nonlinearities, the net effect is unclear and is dependent on the concrete situation and parameter values, requiring complex models that can account for all
possible scenarios.
In realistic scenarios, treatment is often carried out periodically. In such a
situation, one finds stepwise decrease (and interim increases) of the bacteria. A
model like the one presented here may be used to improve and optimise treatment schedules, i.e., how to choose interval lengths between treatments to reduce
bacteria in the best-possible way.
It is quite clear and generally accepted that early onset treatments may be
more successful than treatment at later stages of biofilm growth, because the
biofilm colonies are smaller and therefore the active biomass is better accessible
for the antibiotics. A QS controlled mechanism to confer antimicrobial resistance
emphasises this: After QS induction has occurred, many cells have switched into
the more-resistant state. The difference of adding antibiotics before or after QS
induction is huge, see Figure 4.5. Whereas for early onset treatment a moderate
dosage of antibiotics applied over a relatively short time interval may eradicate
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the population, the same dosage applied after QS induction has occurred may
allow the biofilm to quickly recover after the assault. This underlines and tightens
the well-known fact that earlier treatments may be much more efficient. The
model may also help to understand why subsequent antibiotic treatments, too
soon after the first one, may not help or even make the situation worse, as the
treatment may lead to more resistance via QS and thus inhibit its own effect.
From a more microbiological point of view, bacteria can use their QS system
to adapt to changing environments and different environmental situations. In
the context of discussions about evolutionary stability of QS [14, 32, 48, 56], one
may assume resistance against antibiotics as a private good, i.e. something is
useful only for the cell which also took the effort to invest resources. Vice versa,
public goods are contributed by the individual bacteria, but the entire communities benefits from them. Typical examples for public goods in the context of
quorum sensing are exoenzymes for the degradation of nutrients or certain virulence factors. However, in evolutionary time scales bacteria can also alter their
behavior, e.g. the strength of their QS system. We haven’t focused on this evolutionary aspect and concentrated on the time scale of biofilm growth here, but
we have investigated for example the dependence of the dynamical behavior on
the threshold value of QS activation (see Figure 4.6). Obviously, an earlier induction due to lower threshold value of QS activation τ helps the bacteria to protect
themselves better against antibiotics. Letting at least a part of the bacterial population switch to a more resistant state (with growth disadvantage), but with
the possibility to rebound again, such persister cells correspond to a bet-hedging
169

strategy [2]. This means that bacterial strains could adapt their QS system to
protect themselves better against antibiotic attacks by lowering the threshold
value τ . Thus a larger fraction of their population switches earlier into a more
resistant state. Such a strain may gain some advantage compared to others [47].
Our modelling approach allows to check for such potential long-time effects also
going forward.
In summary, this prototype model combining aspects of biofilm growth, antibiotics, and QS-controlled resistance against antibiotics gives a first insight how
the dynamics may change and may be utilized to achieve better treatment success. Since it is based on a spatial biofilm model, it is not only focused on the
bio-molecular mechanisms and interactions, but also takes into account influences of the heterogeneity in bacterial cells, diffusibility and spatial expansion
of the colony, which is relevant in most natural situations. Although quantitative experimentation in biofilms remains difficult, e.g. to determine missing
crucial model parameters, the model that we presented, together with efficient
algorithms for its numerical simulation, may lay the foundation for more quantitative predictive studies.

4.5

Conclusion

Our primary objective was to introduce a mathematical model that simulates the
effect of a QS controlled antimicrobial resistance mechanism on biofilm response
to antibiotics. To validate the model we studied its sensitivity with respect to
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parameters that delay the onset of quorum sensing inductions. We also investigated the effect of environmental conditions such as the bulk concentration
of antibiotics and the external mass transfer coefficients for antibiotics, nutrient
and signal molecules simultaneously. The main findings are:
• A quorum sensing controlled adaptive mechanism to switch between a
down-regulated state of faster growth and less protection, and an up-regulated state of slower growth and increased resistance offers the advantage
of both modes of growth. Initially, and before the biofilm is exposed to antibiotics, the biofilm population is able to allocate its resources to growth.
Only after the colony has grown strong enough and reached a certain size
resources are re-allocated to protection. When the biofilm experiences antibiotics, autoinducers are produced at a higher rate, enforcing protection.
In contrast, a colony that were to focus on protection ab initio will grow
slower and therefore, as a smaller colony, may be more vulnerable to antibiotics than a larger colony once exposure begins.
• It has been demonstrated by several models previously, that diffusive and
reactive resistance of biofilms alone can lead to a layering phenomenon
such that outer layers of a colony are inactivated and cells in the inner
layer can withstand the assault for longer time. Our results suggest that
this phenomenon is enhanced by a quorum sensing mechanism that confers increased resistance to antimicrobials. The reason is that the highest
autoinducer concentrations are found in the inner layers, where thus up171

regulation and higher resistance occur first.
• Interfering with the protective quorum sensing mechanism, e.g using quorum sensing inhibitors, may delay the onset of up-regulation and may
leave the biofilm in an unprotected mode of growth for a prolonged period. Eventually, however, when the colony is up-regulated the associated
advantages might be lost. It appears important, therefore, to develop in
addition to such strategies mechanisms that ensure an early onset of exposure to antibiotics.
• External mass transfer, e.g. due to bulk flow hydrodynamics, has a simultaneously detrimental and protective effects on the biofilm and it is not
easy to a priori predict the net effect. Also here, however, initial beneficial effects due to quick removal of autoinducers by fast flow fields may be
lost, once the system up-regulates. Also here timing of exposure becomes
crucial.
• In order to be efficient against a biofilm system such as the one investigated here, antibiotics must be administered at concentration well above
half saturation concentration levels. However, for very high bulk concentrations the effect will level off, suggesting an intermediate regime of effective bulk concentrations. For intermediate concentrations and early onset
of treatment increased AHL production as a stress response mechanism
may convey additional protection to the biofilm.
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[76] Williams, P., Winzer, K., Chan, W. and Cámara, M. (2007). Look who’s talking: communication and quorum sensing in the bacterial world. Phil. Trans.
R. Soc. B, 362.
[77] Yates, E.A., et al. (2002). N-acylhomoserine lactones undergo lactonolysis
in a pH-, temperature-, and acyl chain length-dependent manner during
growth of Yersinia pseudotuberculosis and Pseudomonas aeruginosa. Infect.
Immun. 70, 5635-5646.
[78] Yurtsev, E.A., Chao, H.X., Datta, M.S., Artemova, T., Gore, J. (2013). Bacterial cheating drives the population dynamics of cooperative antibiotic resistance plasmids. Mol. Sys. Biol. 9, 683.
184

[79] Zhao, J., Wang, Q. (2017). Three-Dimensional Numerical Simulations of
Biofilm Dynamics with Quorum Sensing in a Flow Cell. Bulletin of Mathematical Biology. 79 (4), 884-919.

185

Chapter 5
Time adaptive numerical solution
of a highly nonlinear degenerate
cross-diffusion system arising in
multi-species biofilm modeling
Submitted to European Journal of Applied Mathematics
Abstract
We propose a numerical method for time integration of a singular ODE system which is obtained by spatial discretisation of a non-linear degenerate crossdiffusion biofilm model by a standard Finite Volume Scheme. The underlying
PDE model exhibits three non-linear diffusion effects: (i) a power law degeneracy, (ii) a super diffusion singularity and (iii) non-linear cross-diffusion. We show
that the biologically relevant solution of the underlying cross-diffusion system
does not attain the super diffusion singularity. This allows the application of
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error controlled adaptive integration techniques, more specifically RosenbrockWanner methods which overcome the major limitation of existing methods for
this type of problem which work with fixed time-steps.
MSC (2010): 35K65, 65L05, 68U20, 92D25
keywords: biofilm, cross-diffusion, time-adaptivity

5.1

Introduction

Bacterial biofilms are microbial communities attached to an immersed surface.
Depending on the context, they can be formed by one or multiple species. A
characteristic of biofilms is that they produce gel like Extracellular Polymeric
Substances (EPS) in which they are embedded and which offer them protection against chemical and mechanical washout and against antimicrobial agents
[13, 16, 34]. Biofilms are prevalent in natural, industrial and hospital settings. Depending on the situation, they can be harmful or beneficial. Biofilms can cause
corrosion and clogging in drinking water pipelines [30]. Dental plaque, which
provokes tooth decay and gum disease, is a consequence of biofilm formation
on teeth. Biofilm formation in the body can lead to failure of medical implants
and to difficult to eradicate bacterial infections [2, 5, 27]. On the other hand,
the adsorption and absorption properties and enhanced mechanical stability of
biofilms are beneficially applied in wastewater engineering to remove harmful
components from contaminated water [25].
Although the term biofilm suggests homogeneous film-like layers, biofilms
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on the meso-scale (10µm ∼ 1mm, the actual biofilm scale) can be rather heterogeneous structures formed by colonies which may merge as they grow and
expand [17]. Biological factors such as nutrient availability, maximum cell density and specific growth rate determine the architecture of biofilms [6, 17].
In addition to the architectural heterogeneity, many biofilms, in particular
multi-species systems, are also heterogeneous with respect to internal biomass
distribution, for example anaerobic pockets within otherwise aerobic biofilms
can be found, etc. Such properties have been used for example in wastewater
engineering to design biofilm reactors in which processes can happen concurrently which in batch reactors would need to be performed subsequently and
often in different vessels; an example for this are simultaneous nitrification and
denitrification in biofilm reactors, e.g. [35].
A mesoscopic, multi-dimensional mathematical model for multi-species biofilms has been proposed in [21]. It has been derived both from the view point
of a biofilm as a spatially structured population, and as a mechanical object. The
model is a highly nonlinear diffusion-reaction system with three non-linear diffusion effects: (i) a power law degeneracy as in the porous medium equation
when the biomass vanishes, (ii) a super-diffusion singularity where the biomass
attains the maximum cell density, and (iii) cross-diffusion. The interplay of effects (i) and (ii) is responsible for the formation of a sharp biofilm/water interface that moves with finite speed and to ensure that the maximum cell density
is not exceeded. They have already been included in the single species model in
[6], which this model generalizes. Cross-diffusion effects (iii) come into play in
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multi-species systems and describe the resistance to spatial spreading of one due
to the presence of other components, and subsequent mixing of species.
Each of the three non-linear diffusion effects (i), (ii), (iii) presents challenges
for the numerical simulation. Due to (i), at the biofilm/water interface, biomass
gradients blow up, an effect that is prone to introduce interface smearing or
mathematically and physically unrealistic oscillations in numerical schemes. Since
this effect leads to solutions with only very little regularity, it is not clear that
methods that have been originally designed and proved to be suitable for problems with sufficiently high regularity can be reliably applied. The super-diffusion
singularity (ii) leads to blow-up of the diffusion coefficients and the associated
numerical problems. Even if it can be proved that solutions never attain this singularity, numerical approximations are prone to overshoot the singularity in its
vicinity, in particular if the time-steps are chosen too large. Finally, (iii), crossdiffusion equations do not normally have maximum principles, and positivity of
solutions must be established by different means. In the straightforward numerical discretisation of this type of problems this can result in schemes that are
non-positivity preserving, e.g. because system matrices might be obtained that
do not have M-matrix properties.
In [9], based on a regularisation approach, it was shown that a semi-discrete
approximation of the single-species biofilm model of [6] with properties (i) and
(ii) [but not (iii)] has sufficient regularity to allow the application of higher order,
error controlled time adpative schemes, such as embedded Rosenbrock-Wanner
methods. In [10] this was generalized to a multi-species biofilm model without
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cross-diffusion. Our objective is now to investigate whether the approach can be
extended to the cross-diffusion biofilm models that also include effect (iii). This
would overcome the restriction of the semi-implicit numerical method that was
used in [20, 21] which requires small enough fixed time-steps.
Although there have been several numerical methods for cross-diffusion problems proposed in the literature, these cannot be readily adapted to the problem
at hand without further analysis. Many of these methods have been developed
for problems of Shigesada-Kawasaki-Teramoto type, e.g [1, 3, 4, 11, 12]. In that
equation the fluxes are given by lower order polynomials that do not have the
key properties (i), (ii) of our biofilm model.
The outline of the paper is as follows: In Section 5.2 we formulate the model
problem. Subsequently, we propose in Section 5.3 a semi-discrete approximation
that is obtained by spatial discretisation with a Finite Volume method. In Section
5.4 we apply time-adaptive embedded Rosenbrock-Wanner methods to solve the
semi-discrete problem; this includes a convergence study by grid refinement and
as a special test a comparison against a special solution that is obtained from the
single-species model. The density dependent cross- and self-diffusion coefficients
that we use here differ from those that were introduced in [20, 21]. We conduct
a comparative simulation of both approaches with a view on computational efficiency. As there are several suitable Rosenbrock-Wanner methods, we compare
several of them with the goal to give a recommendation based on computation
time performance. Rosenbrock-Wanner methods require repeated evaluation of
Jacobians of the underlying system. To provide these can be a cumbersome task.
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Therefore, we include a comparison of the performance of the method with a
numerical approximation of the Jacobian against the method with an analytical
expression. The focus of our work is on practical computational aspects of the
numerical method, rather than on a thorough and rigorous theoretical analysis
of the algorithm and the underlying model.

5.2

Mathematical Model

The mathematical model for the competition of two biomass species in a biofilm
for a shared growth limiting substrate was introduced in [21]. It is an extension of the single-speices biofilm model in [6], in which competition for space
between both species leads to cross-diffusion terms that describe the resistance
to the movement of one species due to the presence of the other species. The
model is a density-dependent degenerate diffusion-reaction equation over domain Ω ⊂ R2 . The dependent variables are the volume fractions occupied by
biomass species of types, a and b, and the concentration of nutrient, c. The total
volume fraction occupied by the biofilm is denoted by m, where m := a + b. Domain Ω is divided into region Ω1 (t) = {(x, y) ∈ Ω ⊂ R2 : m(t, x, y) = 0} that
describes the aqueous phase (bulk liquid, channels and pores of a biofilm) without biomass, and region Ω2 (t) = {(x, y) ∈ Ω ⊂ R2 : m(t, x, y) > 0}, which is
the actual biofilm with positive density. The independent variables t ≥ 0 and
(x, y) ∈ Ω denote here time and spatial location, respectively. Both regions are
separated by the biofilm/water interface Γ(t) = ∂Ω1 (t) ∩ ∂ Ω̄2 (t) which changes
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as the biofilm grows. Note that neither Ω1 (t) nor Ω2 (t) need to be connected, and
Γ(t) can consist of several disjoint segments. As is usual in mathematical models
of biofilms, the EPS that is produced by the bacteria is subsumed in the biofilm
volume fraction in this biofilm model. The governing equations read [21]:
ca
∂a
= ∇(D11 (a, b)∇a + D12 (a, b)∇b) + µa
− Ka a
∂t
κa + c
∂b
cb
= ∇(D21 (a, b)∇a + D22 (a, b)∇b) + µb
− Kb b
∂t
κb + c
∂c
µa a∞ ca
µb b∞ cb
= ∇(Dc (a + b)∇c) −
−
∂t
γa κa + c
γb κb + c

(5.1)
(5.2)
(5.3)

where a∞ [gm−3 ] and b∞ [gm−3 ] are the maximum cell densities, usually measured in equivalents of chemical oxygen demand per volume. In (5.1) and (5.2)
µa,b [d−1 ] are the maximum growth rates of species a and b, the corresponding
decay rates are Ka,b [d−1 ]. Growth of both components is described by standard
Monod kinetics, where κa,b [gm−3 ] are the half saturation concentrations and the
yield coefficients for nutrient uptake rates are given by γa,b [−]. The self- and
cross-diffusion coefficients Dij , i, j ∈ {1, 2} in (5.1), (5.2) are defined as [20]:



D11 (a, b) = p(m)q(m) + a(p(m)q 0 (m) − q(m)p0 (m))





 D12 (a, b) = a(p(m)q 0 (m) − q(m)p0 (m))


D21 (a, b) = b(p(m)q 0 (m) − q(m)p0 (m))





 D (a, b) = p(m)q(m) + b(p(m)q 0 (m) − q(m)p0 (m)),
22

(5.4)

where p(m) and q(m) are transfer functions describing the local movement of
the species a and b from one site to a neighbouring site. To determine the trans-
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fer functions p and q in the dual species biofilm models with cross-diffusion effect it suffices to find the corresponding functions for the single species growth
model. Indeed, adding the equations (5.1) and (5.2), under the assumption of
having identical reaction kinetics for two species, we recover the single species
model introduced in [6] with diffusion coefficient
D(m) = δ

m4
= p(m)q(m) + m(p(m)q 0 (m) − q(m)p0 (m))
(1 − m)4

(5.5)

The transfer function p describes the attractivity of the current site to incoming individuals and q is a measure of the incentive for individuals to leave their
current position. Therefore, they typically have the following properties:
p0 ≤ 0,

p(1) = 0

q 0 ≥ 0,

q(0) = 0

To determine p and q we make the ansatz
p(m) = c1 (1 − m)γ ,

q(m) = c2

mα
(1 − m)β

where c1 , c2 , γ, α and β are positive constants. These choices of p and q lead to
p0 = −c1 γ(1 − m)γ−1
mα−1
(α + m(β − α))
(1 − m)β+1
mα
D(m) = c1 c2
(1 + α + m(β + γ − 1 − α))
(1 − m)β−γ+1
q 0 = c2
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(5.6)

Choosing α, β and γ such that β + γ = 1 + α results in
mβ+γ−1
D(m) = c1 c2 (β + γ)
(1 − m)β−γ+1
4

m
Comparing with D(m) = δ (1−m)
4 we obtain

c1 c2 (β + γ) = δ,

β + γ − 1 = 4,

β − γ + 1 = 4,

and we could get
α = 4,

β = 4,

γ = 1,

δ
c1 = ,
5

c2 = 1.

Hence, the transfer functions are
δ
p(m) = (1 − m),
5

q(m) =

m4
(1 − m)4

which give


 4
m3 (4+m)

δ m3 (4+m)
m
δ

D
(a,
b)
=
+
a
,
D
(a,
b)
=
a (1−m)4 ,

12
11
3
4
5
(1−m)
(1−m)
5



(5.7)



 4



m3 (4+m)
δ
m
 D21 (a, b) = δ b m3 (4+m)
,
D
(a,
b)
=
+
b
.
22
5 (1−m)4
5 (1−m)3
(1−m)4
The self- and cross-diffusion coefficients derived here differ from the ones
used in [20, 21] which, were defined based on the representation of the primitive
of D(m) in terms of Hypergeometric Functions. We will compare the solutions
obtained by both approaches below in Section 5.4.4 in a simulation experiment.
The diffusion of substrate in a biofilm is slower than that in the surrounding
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aqueous phase [31]. To account for this we use linear interpolation between the
values of the diffusion coefficient of the dissolved substrate in the fully developed
biofilm, Dc (1), and in the liquid region, Dc (0), which results in:
Dc (m) = Dc (0) + m(Dc (1) − Dc (0)) = Dc (0)(1 + m(ρ − 1)),
in which ρ :=

Dc (1)
Dc (0)

(5.8)

is the ratio of diffusivity of nutrient in biofilm and liquid.

Although the nutrient diffusion coefficient depends on m, its boundedness from
above and below by constants, 0 < Dc (1) ≤ Dc (m) ≤ Dc (0) < ∞ [21], indicates that it behaves essentially Fickian.
To study the mathematical model (5.1)-(5.3) we consider a rectangular domain
Ω = [0, L]×[0, H]. The substratum, on which biofilm colonies form is the bottom
boundary, y = 0. We assume that the substratum is impermeable to biomass and
dissolved substrate. A symmetry boundary condition at the lateral boundaries,
x = 0 and x = L, is imposed for all dependent variables. This allows us to
view the domain as a part of a continuously repeating, symmetrically mirrored
larger domain, or alternatively as a small pocket in which a biofilm forms. At
the top boundary, y = H, a homogeneous Dirichlet condition for both biomass
species and a Robin condition for the shared nutrient supply is considered which
reflects that the substrate is added through the top boundary. Thus, the imposed
boundary conditions on domain Ω = [0, L] × [0, H] are defined as:






∂n a = ∂n b = ∂n c = 0 at x = 0, x = L and y = 0,
a = b = 0,

c + λ∂n c = c
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∞

at y = H,

(5.9)

where c∞ is the bulk substrate concentration and ∂n denotes the outward normal derivative. Moreover in (5.9), λ is the concentration boundary layer thickness (i.e. the reciprocal of the external mass transfer coefficient) which is related
to the bulk flow velocity. A small bulk flow velocity which brings less nutrient supply via convective transportation implies a thick concentration boundary
layer, while a thin concentration boundary layer which provides more substrate
represents fast bulk flow [7]. Default values of the model parameters and their
description are shown in Table 5.1.
The PDE model in (5.1)-(5.2) shows three non-linear diffusion effects: (i) degeneracy as in the porous medium equation, i.e. Dij , i, j ∈ {1, 2} vanishes as
the dependent variables a, b vanish, (ii) a super diffusion singularity as a + b
approaches to unity, and (iii) cross-diffusion.
The effects (i) and (ii) have already been present in the underlying singlespecies prototype biofilm growth model of [6], and in earlier multi-species models without cross-diffusion effects [14, 19]. The porous medium degeneracy (i)
guarantees that the biofilm does not spread notably if there is locally space available to accumulate new biomass, and it is also responsible for the formation of a
sharp interface Γ(t) between biofilm and surrounding liquid, i.e. initial data with
compact support lead to solutions with compact support. The super-diffusion
singularity (ii) enforces the total biomass fraction solution to be bounded by a
constant strictly less than 1. To see that this behavior carries over to the dualspecies model with cross-diffusion (5.1)-(5.2) assume that a, b, c is a non-negative
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solution. Then, due to the comparison principle, 0 ≤ c ≤ c∞ . We have
ca
∂(a + b)
= ∇(D11 (a, b)∇a + D12 (a, b)∇b) + µa
− Ka a
∂t
κa + c
cb
+ ∇(D21 (a, b)∇a + D22 (a, b)∇b) + µb
− Kb b
κb + c
≤ ∇([D11 (a, b) + D21 (a, b)]∇a + [D12 (a, b) + D21 (a, b)]∇b) +
+ µ

c(a + b)
− K(a + b)
κ+c

where µ := max{µa , µb }, κ := min{κa , κb }, K := min{Ka , Kb }. Defining now
m := a + b and considering the definitions (5.4) and (5.5), this inequality can be
rewritten as
cm
∂m
≤ ∇(D(m)∇m) + µ
− Km.
∂t
κ+c

(5.10)

Thus the solution of the single-species biofilm model
∂ m̃
c∞ m̃
= ∇(D(m̃)∇m̃) + µ
− K m̃.
∂t
κ + c∞

(5.11)

is an upper solution for total biomass fraction m := a + b. The results of [8] on
the single-species model imply that m̃ and therefore m remains separated from
the super diffusion singularity, i.e. a + b ≤ 1 − ξ for some constant 0 < ξ 
1. Moreover, initial data with compact support lead to solutions with compact
support, i.e. to a finite speed of interface propagation.
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Table 5.1: Model parameters in the simulation of model (5.1-5.3).
Parameter
Symbol
Value
unit
Maximum specific growth rate of species a
µa
6
d−1
Maximum specific growth rate of species b
µb
9
d−1
Half saturation concentration for species a
κa
0.4
gm−3
Half saturation concentration for species b
κb
0.8
gm−3
Lysis rate
Ka , Kb
0.4
d−1
∞ ∞
4
Maximum biomass density
a ,b
10
gm−3
Yield coefficient
γa , γb
0.63
−
∞
Bulk substrate concentration
c
40
gm−3
−4
Substrate diffusion coefficient in water
Dc (0)
10
m2 d−1
Substrate diffusion coefficient in biofilm
Dc (1) 0.8 × 10−4 m2 d−1
Biomass motility coefficient
δ
10−12
m2 d−1

Source.
[21]
[21]
[21]
[21]
[21]
[21]
[21]
[21]
[21]
[21]
[6]

5.3
5.3.1

Numerical Methods
Preliminaries

Each of the nonlinear diffusion effects (i)-(iii) brings its own numerical challenge. Due to the power law degeneracy (i), biomass gradients blow up at the
biofilm/water interface Γ(t). This effect is prone to introduce interface smearing
or mathematically and physically unrealistic oscillations in numerical discretisation schemes. Since this effect leads to solutions with only very little regularity,
it is not clear that methods that have been originally designed and proven to
be useful for problems with sufficiently high regularity can be reliably applied.
The super-diffusion singularity (ii) leads to blow-up of the diffusion coefficients
if a + b = 1 and the associated numerical problems if the biomass comes close
to this singularity, a + b ≈ 1. Although it can be proved that solutions never
attain this singularity, numerical approximations might overshoot the singularity in its vicinity, in particular if the time-steps are chosen too large, leading to a
breakdown of the method. This is in particular a problem for methods with fixed
time-steps, and also for explicit time-adaptive methods because of the stiffness
induced by the singularity, cf. [9] and the discussion therein.
In [9], using regularisation techniques, a semi-discrete approximation of the
underlying single-species biofilm model was analysed, which is obtained by spatial discretisation with a Finite Volume method. It was shown that adaptive, error
controlled implicit solvers for the resulting initial value problem reliably keep
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the numerical solution separated from the singularity, i.e prevent its overshooting. Furthermore, it was shown that the interface smearing effects introduced
are negligibly small, i.e. the method was found suitable for problems with properties (i) and (ii). In [10] this was extended to the multi-species model without
cross-diffusion. Per (5.10) the single-species model provides an upper bound on
the solution of the cross-diffusion model, which suggests the application of the
same time-integration approach to the problem at hand.
For cross-diffusion problems, i.e. problems with effect (iii), maximum principles do not exist. This is reflected in the numerical treatment by instabilities that
arise if the cross diffusion terms are discretised by the same second order approximations that are routinely applied for the self-diffusion terms. One approach
to overcome this difficulty, which was employed in [20] for the cross-diffusion
biofilm model at hand together with a semi-implicit, time-integration scheme
with fixed time-steps, is to formally treat the cross-diffusion terms as convection
terms and apply upwinding techniques. It was shown that this spatial treatment
avoids spurious oscillations, keeps interface smearing effects low and describes
the biomass gradient blow-up effect with acceptable accuracy.
In order to obtain an improved numerical method for the cross-diffusion
biofilm model (5.1)-(5.3), we propose to combine the spatial discretisation strategy of [20] with the time-integration method of [9]. To this end we rewrite the
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model as
ca
∂a
= ∇(D11 (a, b)∇a − ωa a) + µa
− Ka a
∂t
κa + c
∂b
cb
= ∇(D22 (a, b)∇b − ωb b) + µb
− Kb b
∂t
κb + c
∂c
µa a∞ ca
µb b∞ cb
= ∇(Dc (a, b)∇c) −
−
∂t
γa κb + c
γb κb + c

(5.12)
(5.13)
(5.14)

where ωa,b are the cross-diffusion velocities, defined as
ωa = −ψ(m)∇b,

ωb = −ψ(m)∇a

with function ψ(m) defined via (5.5) as
ψ(m) := p(m)q 0 (m) − q(m)p0 (m).
For the numerical treatment we first derive a dimensionless version of the
model using the scalings
x̃ =

x
,
L

t̃ = tµa ,

c̃ =

c
c∞

where L is the length of the computational domain and

1
µa

is the characteristic

time scale of biomass growth of type a. Note that the biomass fractions a and b
are originally defined as non-dimensional variables. By these choices the non-
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dimensionalized model reads
∂a
˜ D̃11 (a, b)∇a
˜ − ω̃a a) + c̃a − K̃a a
= ∇(
κ̃a + c̃
∂ t̃
∂b
˜ D̃22 (a, b)∇b
˜ − ω̃b b) + µ̃b c̃b − K̃b b
= ∇(
κ̃b + c̃
∂ t̃
∂c̃
˜ D̃c (m)∇c̃)
˜ − νa c̃a − νb c̃b
= ∇(
κ̃a + c̃
κ̃b + c̃
∂ t̃

(5.15)

with
κb
κa
,
κ̃b = ∞ ,
∞
c
c
µb
a∞
,
νa =
µ̃b =
µa
γa c∞
Dii
D̃ii =
, i ∈ {1, 2}
µa L 2
κ̃a =

Ka
Kb
K̃b =
µa
µa
∞
µb b
νb =
µa γb c∞
ωa,b
Dc
ω̃a,b =
D̃c =
µa L
µa L 2
K̃a =

For the numerical study and computer simulation we will consider the nondimensionalized model and drop the (˜) sign for simplicity.

5.3.2

Spatial discretization

In order to discretize the PDE model (5.15), we define a uniform grid of size N ×M
for the rectangular domain [0, 1] × [0, H/L]. Integrating the first equation of
(5.15) over each grid cell and using the Divergence Theorem gives
d
dt

Z

Z
a dx dy =

vi,j

Z
Jn ds +

∂vi,j

Z
Fn ds +

∂vi,j

R(c)a dx dy,
vi,j

(5.16)

i = 1, ..., N, j = 1, ..., M
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where vi,j denotes the domain of the cell with grid index (i, j), Jn = D11 (a, b)∂n a
and Fn = D12 (a, b)∂n b = −ωa a denote the outward normal of self- and crossdiffusive flux across the grid cell boundary, and R(c) = c/(κa +c)−Ka represents
the reaction term. To find the area integral in (5.16), the dependent variables are
evaluated at the center of the grid cells,
1
Ai,j := a(t, xi , yj ) ≈ a(t, (i − )4x, (j −
2
1
Bi,j := b(t, xi , yj ) ≈ b(t, (i − )4x, (j −
2

1
)4x)
2
1
)4x)
2

and similarly for the shared nutrient concentration
1
1
Ci,j := c(t, xi , yj ) ≈ c(t, (i − )4x, (j − )4x).
2
2
for i = 1, ..., N and j = 1, ..., M with 4x = 1/N = H/LM . Integrals in
(5.16) are approximated by the midpoint rule, including the line integral which
is obtained by considering every edge of the grid cell separately. To compute the
self-diffusive flux between cells (i, j) and (i + 1, j), the self diffusion coefficient
D11 (a, b) needs to be evaluated in the midpoint of the cell edge, for which we
used the arithmetic averaging from the neighbouring grid cell center points. The
derivative of a and b across the cell edge are approximated by a central finite
difference. Consequently, the self-diffusive flux across the edges of cell (i, j) for
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biomass fraction a, accounting for the boundary conditions is obtained as

J

=

i,j+ 21





1
(D11 (Ai,j+1 , Bi,j+1 )
24x

+ D11 (Ai,j , Bi,j ))(Ai,j+1 − Ai,j )


 − 2 D11 (0)Ai,M
4x


 0
=

 1 (D11 (Ai,j , Bi,j ) + D11 (Ai,j−1 , Bi,j−1 ))(Ai,j−1 − Ai,j )
24x

Ji,j− 1
2

Ji+ 1 ,j =
2





1
(D11 (Ai+1,j , Bi+1,j )
24x

+ D11 (Ai,j , Bi,j ))(Ai+1,j − Ai,j )


 0


 0
=

 1 (D11 (Ai−1,j , Bi−1,j ) + D11 (Ai,j , Bi,j ))(Ai−1,j − Ai,j ),
24x

Ji− 1 ,j
2

j < M,
j = M,
(5.17)
j = 1,
j > 1,
(5.18)
i < N,
i = N,
(5.19)
i = 1,
i > 1.
(5.20)

Similarly, we can obtain the expressions for the self-diffusive flux for species
b.
For the cross-diffusion terms, which we represented in (5.15) as a convection
term, the velocity component u in x-direction of velocity vector ωa at the edge
between cells (i, j) and (i + 1, j) is computed using the arithmetic averaging
from the neighbouring grid cell center points as

ui+ 1 ,j =
2





1
24x

(ψ(Mi+1,j ) + ψ(Mi,j )) (Bi+1,j − Bi,j ) for i < N,
for i = N.


 0

(5.21)

The velocity component of ωa in x-direction at the edge between cells (i − 1, j)
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and (i, j) can be obtained as

ui− 1 ,j =



 0

2




for i = 1,

1
24x

(ψ(Mi,j ) + ψ(Mi−1,j )) (Bi−1,j − Bi,j ) for i > 1,

(5.22)

The velocity components of ωa in y-direction, v, at the edges between cells
(i, j + 1) and (i, j) and (i, j − 1) and (i, j) are calculated in the same manner as

vi,j+ 1 =
2

vi,j− 1

2





1
24x

(ψ(Mi,j+1 ) + ψ(Mi,j )) (Bi,j+1 − Bi,j ) for j < M,
for j = M,


 − 2 ψ(0)Bi,M
4x



 0
for j = 1,
=

 1 (ψ(Mi,j−1 ) + ψ(Mi,j )) (Bi,j−1 − Bi,j ), for j > 1.
24x

(5.23)

(5.24)

Similarly we compute the velocity components of ωb in x- and y-directions.
Applying the first order upwind scheme to discretize the cross-diffusion flux
results



 u 1 Ai,j
i+ ,j

if

ui+ 1 ,j ≥ 0


 ui+ 1 ,j Ai+1,j
if
2


 u 1 Ai−1,j if
i− 2 ,j
Fi− 1 ,j =
2

 ui− 1 ,j Ai,j
if
2


 v 1 Ai,j
if
i,j+ 2
1
Fi,j+ =
2

 vi,j+ 1 Ai,j+1 if

ui+ 1 ,j < 0

Fi+ 1 ,j =

2

2

2
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2

(5.25)

2

ui− 1 ,j ≥ 0
2

(5.26)

ui− 1 ,j < 0
2

vi,j+ 1 ,j ≥ 0
2

vi,j+ 1 < 0
2

(5.27)

Fi,j− 1

2



 v 1 Ai,j−1
i,j− 2
=

 v 1A
i,j− 2

i,j

if

vi,j− 1 ,j ≥ 0

if

vi,j− 1 < 0

(5.28)

2

2

The cross-diffusion flux for b is approximated in the same way.
Putting the above together, we get the following ordinary differential equation for the biomass species a in the grid cell center

1 
d
Ai,j =
Ji+ 1 ,j + Ji− 1 ,j + Ji,j+ 1 + Ji,j− 1
2
2
2
2
dt
4x


1
−
Fi+ 1 ,j + Fi− 1 ,j + Fi,j+ 1 + Fi,j− 1 + Ri,j Ai,j , (5.29)
2
2
2
2
4x
in which Rij =

Ci,j
κa +Ci,j

− Ka stands for the reaction term in the equation for a.

The equation for the nutrient concentration can be discretized in space following the same principle. The major difference in spatial discretization of nutrient is that we have a Robin boundary condition at the top boundary instead
of homogeneous Dirichlet condition. We have then

1 ˆ
d
Ci,j =
Ji+ 1 ,j + Jˆi− 1 ,j + Jˆi,j+ 1 + Jˆi,j− 1 − R1i,j Ai,j − R2i,j Bi,j (5.30)
2
2
2
2
dt
4x
with
R1i,j = νa

Ci,j
,
κa + Ci,j

R2i,j = νb

Ci,j
κb + Ci,j

(5.31)

and
Jˆi,j+ 1 =





2




1
(Dc (Mi,j+1 )
24x
Dc (0)
4x



24x
2λ+4x

+ Dc (Mi,j ))(Ci,j+1 − Ci,j )


4x−2λ
− Ci,j 1 + 4x+2λ
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j < M,
j = M,

(5.32)

Jˆi,j− 1
2

Jˆi+ 1 ,j
2

Jˆi− 1 ,j
2



 0
=

 1 (Dc (Mi,j−1 ) + Dc (Mi,j ))(Ci,j−1 − Ci,j )
24x


 1 (Dc (Mi+1,j ) + Dc (Mi,j ))(Ci+1,j − Ci,j )
24x
=

 0


 0
=

 1 (Dc (Mi−1,j ) + Dc (Mi,j ))(Ci−1,j − Ci,j ),
24x

j = 1,

(5.33)

j > 1,
i < N,

(5.34)

i = N,
i = 1,

(5.35)

i > 1.

Introducing the lexicographical grid ordering
π : {1, ..., N } × {1, ..., M } → {1, ..., N M } , (i, j) 7→ p = (j − 1)N + i (5.36)
and the vector notation A = (A1 , ..., AN M ), B = (B1 , ..., BN M ) and C = (C1 , ...,
CN M ) with Ap := Aπ(i,j) = Ai,j , Bp := Bπ(i,j) = Bi,j and Cp := Cπ(i,j) = Ci,j
for i = 1, ..., N , j = 1, ..., M we obtain the coupled system of 3 · N · M ordinary
differential equations












dA
dt

= DA A + FA A + RA (C)A + bA

dB
dt

= DB B + FB B + RB (C)B + bB

dC
dt

= DC C − R1C (C)A − R2C (C)B + bC .

(5.37)

Remark 5.1. Matrices DA and DB are symmetric, and weakly diagonally dominant with non-positive main diagonals and non-negative off-diagonals which contain the contributions of the self-diffusion terms. Matrices FA and FB are weakly
diagonally dominant matrices with non-positive main diagonals and non-negative
off-diagonals that carry the cross-diffusion contribution. The matrices RA (C), RB (C),
R1C (C) and R2C (C) are diagonal matrices which contain the contribution of the re207

action terms. Vectors bA , bB and bC are obtained from the boundary conditions.
For bC , its entries are zero for all grid cells (i, j) with j < M , and bπ(i,j) =
Dc (0)
2
> 0 for grid points with j = M . Entries of bA and bB are zero for
4x 2λ+4x
all grid cells (i, j) with j < M and for grid points with j = M can be obtained by
(5.17), (5.21) and (5.25).

5.3.3

Time integration: Embedded Rosenbrock-Wanner methods

We have shown in Section 5.2 that the solution of the PDE system (5.1) -(5.3) is
separated from unity i.e. the singularity in the diffusion coefficients is not attained. This, together with the simulation experiments in [9, 10], suggests that
using error controlled adaptive time-stepping methods for (5.37) should prevent
the numerical solution from reaching or overshooting the singularity, which is
a breakdown scenario for fixed time-step methods, such as the semi-implicit
method [20]. Among the error-controled time adaptive initial value problem
solvers, we use embedded Rosenbrock-Wanner methods (ROW). More specifically we use for the bulk of our work ROS3PRL, a third order method with 4
stages [23], which we will compare against other variants below in Section 5.4.5.
In each time-step of a ROW method several linear systems need to be solved,
the matrix of which requires the Jacobian of the right hand side of the ODE
system (5.37), see also Appendix A. For our problem these matrices are sparse and
non-symmetric. To solve this linear system we use the stabilised bi-conjugate
gradient method [32]. More specifically, we use a routine from the SPARSKIT
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library [26], that is prepared for parallel execution using OpenMP as in [18].
A major task in the application of ROW is the construction of the Jacobian
of the underlying ODE. In Section 5.4.6 we will compare the performance of the
method in the cases where an analytical expression, obtained with computer
algebra software, with the case where it has been approximated numerically by
finite differencing.

5.4
5.4.1

Results
Illustrative simulation

For a first illustrative numerical simulation we assume that the substratum is
initially inoculated by two semi-spherical colonies, one of species a, the other
one of species b, both with an initial density of 0.9. The colonies are arranged
symmetrically around the center of the substratum. The parameter values used
are listed in Table 5.1. We assume that species b has higher maximum growth
rate and half saturation concentration which gives it a growth advantage over
species a. Nutrients are supplied from the top boundary.
The computational domain is square of size [0, 1] × [0, 1], uniformly discretised by a mesh with N × M = 256 × 256 grid cells. The simulation was terminated when the final time t = 3.5 is reached.
Snapshots of biofilm structure at different times are shown in Figure 5.1. Initially, the individual colonies grow and expand, which leads to the distance be209

Figure 5.1: Biofilm formation and interaction between two different species of
bacteria with cross-diffusion at different times. The color coding refers to the
A
, and the grey-scale isolines
relative fraction of the biomass of type a, R = A+B
are drawn to depict the substrate concentration C.
tween them decreasing. At t = 0.5 the colonies start merging and mixing of
the species begins, leading to a region in the center of the biofilm where both
species are present. Species b, due to its growth advantage occupies more space
than its competitor, cf. the biofilm structure at t = 1. The layer in which both
species overlap increases, i.e. the biomass gradients in the inner regions of the
colony become less steep, as the biofilm grows with time. Since both species
have different growth parameters symmetry is broken, both in the biofilm structure and in the substrate concentration field. In this simulation substrate does
not become severely limiting, i.e. the colony that forms after merging remains
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Figure 5.2: Biofilm formation and interaction between two different species including cross-diffusion effect at different times. Plotted are the biomass densities
A, B and substrate concentration C along the line y = 0.03.
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Figure 5.3: Time course of the value of time-step size.
rather compact.
Whereas Figure 5.1 shows the structure of the biofilm colony that forms after merging and the relative distribution of biomass in the colony, we include
Figure 5.2 to illustrate the mixing of both species in the colony, and to provide
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information about the biomass density levels. To this end we plot for the same
time instances as in Figure 5.1 the biomass volume fractions as well as the substrate concentration in the grid cells along the substratum. In the first two time
instances after merging, at t = 1, t = 1.5 we observe that the outer layers of the
colony are still occupied by the original inhabitant only. At t = 2.5 species b with
growth advantage has completely penetrated the colony, at t = 3.5 also species
a. Due to its growth advantage species b begins to build up faster in the overlapping domain. Although the substrate concentration in the inner core of the
colony becomes very small, hollowing effects due to starvation are not observed,
and the biomass density remains close to the maximum density throughout the
simulation.
In Figure 5.3 we show how the time-step h(t) changes over time. The timestep size initially increases, indicating that the initial guess for the time-step
could have been chosen larger. After a short plateau phase it decreases and
around the time that both colonies merge the time-step oscillates. Afterwards,
starting from time t ≈ 0.6 the curve shows a steady increase although it is occasionally disrupted by sudden drops from which the method recovers quickly. This
demonstrates not only the adaptability of the numerical method, but also suggests that the time-adaptive method allows simulations with significantly larger
time-steps than the one required by a fixed-time-step method to achieve the same
accuracy.
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Table 5.2: Results for grid refinement: Least square norms of the difference between solutions for grids with 2κ × 2κ and 2κ−1 × 2κ−1 cell resolution, E κ , at
t = 2.
κ
EAκ
EBκ
ECκ
0.13554882 × 10−2
0.12369284 × 10−2
0.12924492 × 10−3
0.91885915 × 10−4
0.33678108 × 10−4

5
6
7
8
9

5.4.2

0.13554882 × 10−2
0.12369284 × 10−2
0.12924492 × 10−3
0.91885915 × 10−4
0.33678108 × 10−4

0.79305360 × 10−3
0.57804700 × 10−3
0.27762389 × 10−4
0.21128131 × 10−4
0.38231383 × 10−5

Grid refinement

Figure 5.4: Profiles of biomass volume fractions A, B and substrate concentration
C at t = 2 for different grid resolutions. Plotted are the biomass densities A, B
and substrate concentration C along the line y = 0.03.
We perform a grid refinement study to show the convergence of the numerical method. For this purpose, we consider a special case of the model in
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which both biomass types have the same reaction kinetics, namely µa = µb =:
µm = 6[d−1 ], κa = κb =: κm = 0.4[gm−3 ], Ka = Kn =: Km = 0.4[d−1 ],
γa = γb =: γm = 0.63[−], a∞ = b∞ =: m∞ . The initial condition and tolerance
of the ROW method are the same as those in Section 5.4.1. We use grids of size
N × M with N = M = 2κ , κ is an integer. We compute the least square norm
of the difference between two subsequent solutions. The least square errors are
defined as EAκ =

kAκ −Aκ−1 k2
,
22(κ−1)

EBκ =

kBκ −Bκ−1 k2
22(κ−1)

and ECκ =

kCκ −Cκ−1 k2
,
22(κ−1)

where

subscript κ indicates the grid size. These errors which are reported in Table 5.2
are computed at t = 2. This is the time at which the gap between colonies is
closed, the two biomass species penetrate into each other and the overlapped
region is formed. The computed data shows a steady decrease in errors EAκ , EBκ
and ECκ as the grid is refined.
A key question for degenerate problems like the one at hand is how the
method performs at the interface Γ(t), where biomass gradients blow-up. To
illustrate this we show for the grid resolutions with N = M = 2κ , κ = 4, ..., 9
the profile of the biomass fractions in the grid layer y = 0.03 adjacent to the substratum at time t = 2 in Figure 5.4, which corresponds to the reported results in
Table 5.2. As expected, the simulations show symmetry since the same reaction
kinetics are assumed for both species. For coarse resolutions, N = 16, 32 substantial interface smearing occurs, which however vanishes for finer grids with
N ≥ 128. This suggests that the method is able to describe gradient blow-up effects. The location of the interface, and thus the size of colony, converges quickly
as the grid is refined, suggesting that a grid resolution of N = 256 suffices for
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Table 5.3: Least square norms of difference between the solution of the crossdiffusion problem, a + b, and the solution of the single species problem m, E n ,
at t = 2 for different number of grid cells.
n
En
16
32
64
128
256
512

0.25638711 × 10−3
0.49430582 × 10−4
0.18812184 × 10−4
0.86763930 × 10−5
0.27333315 × 10−5
0.63403576 × 10−6

the simulation of this problem to achieve a good trade-off between accuracy and
computational time.

5.4.3

Comparison against the solution of a single species
model

If identical reaction parameters are specified for both species, as in Section 5.4.2,
the total biomass m := a + b is a solution of the corresponding single species
biofilm model
∂m
cm
= ∇(D(m)∇m) + µm
− Km m
∂t
κm + c
∂c
µm m ∞ c
= ∇(Dc (m)∇c) −
∂t
γm κm + c

(5.38)

with D(m) = δmα (1 − m)−β , cf. the derivation of (5.10). In the absence of
a non-trivial analytical solution to the cross-diffusion model, against which we
could compare our numerical solution we use the single-species model as a test
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case. We compare the numerical solution of the cross-diffusion equations A,B,C
against the numerical solution M of the single-species model obtained by the
adaptive method in [9] which our method generalizes. We compute the least
square errors between A + B and M for different number of grid cells n as
En =

k(A+B)−Mk2
.
n2

The initial condition and tolerance of ROW method are as

the same as those in Section 5.4.1 and again the error is reported for t = 2. The
value of E n for coarse grids is relatively small and decreases steadily further by
refining the number of grid cells, see Table 5.3. This shows that the solution of
the method which uses first order upwinding for cross-diffusion terms converges
to the correct solution as the grid is refined, i.e. that the discretisation errors introduced by treatment of cross-diffusion terms become negligible for sufficiently
fine grids.

5.4.4

Comparison of the newly obtained diffusion coefficients against those based on Hypergeometric Functions

The self- and cross-diffusion coefficients that we derived in Section 5.2 are different from those previously used in [20, 21]. We compare here the solutions
obtained by both approaches. In [20, 21] the coefficients were defined as




D11 (a, b) = φ(m) + aψ(m), D12 (a, b) = aψ(m)




D21 (a, b) = bψ(m), D22 (a, b) = φ(m) + bψ(m),
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(5.39)

where φ(m), ψ(m) are defined via the density dependent diffusion coefficient of
the underlying single-species model, D(m), as
D(m) = δmα (1 − m)−β = φ(m) + mψ(m)
 Rm

Z m
D(s)ds
D(s)ds 0
.
φ(m) = 1 −
m
0

(5.40)

For general exponents α and β, the integral is expressed as
Z

m

D(s)ds =
0

where

2 F1

mα+1
2 F1 (α + 1, β; α + 2, s),
α+1

(5.41)

is a Hypergeometric Function. For specific values of α and β, in

particular integers, these integrals can be expressed in terms of the elementary
functions [29]. For comparison we assume that the initial condition is the same as
in Section 5.4.1. The least square difference between solutions obtained by these
two methods are defined as: EA =

kAH −Ak2
,
N2

EB =

kBH −Bk2
N2

and EC =

kCH −Ck2
N2

where index H stands for using the Hypergeometric Function as in (5.40). The
differences between the solution and the required CPU time for each method to
find the solution at t = 2 are shown in Tables 5.4 and 5.5 for different number of
grid cells. The differences between the solutions are small and decrease slowly
as the grid is refined. This indicates that both schemes give the same solution.
The simulations with the newly derived self- and cross-diffusion coefficients of
Section 5.2 appear faster than the previous coefficients, by approximately 20%
for all grid sizes.
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Table 5.4: Least square norms of the difference between solutions obtained by
using Hypergeometric Function and the proposed scheme in Section 5.2 for grids
with 2κ × 2κ cell resolution, E, at t = 2. The tolerance of each ROW method is
T OL = 1e − 7
κ
EA
EB
EC
5
6
7
8

0.649999 × 10−4
0.326207 × 10−4
0.251905 × 10−4
0.183171 × 10−4

0.649998 × 10−4
0.326206 × 10−4
0.251905 × 10−4
0.183171 × 10−4

0.178283 × 10−3
0.864977 × 10−4
0.425207 × 10−4
0.211366 × 10−4

Table 5.5: Elapsed CPU time of two methods to derive the self- and crossdiffusion coefficients: Hypergeometric Function and the proposed method in
Section 5.2 at t = 2 for different cell resolutions. The tolerance of the ROW
method is T OL = 1e − 7.
κ
Hyper. F unction
Section 5.2
5
6
7
8

0.3073450 × 102
0.1824201 × 103
0.1773182 × 104
0.2979245 × 105
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0.2693100 × 102
0.1579413 × 103
0.1469268 × 104
0.2312708 × 105

5.4.5

Comparison of different ROW embeddings

For the simulations so far, we used specifically ROS3PRL to integrate the semidiscrete ODE system in time. This method modifies ROS3PL which suffers from
order reduction [15]. ROS3PRL is an A-stable stiffly accurate method. It was
shown in [15] that compared to other ROW methods, it has a higher accuracy
for solving nonlinear problems such as Navier-Stokes equations. Moreover, its
ability in solving irregular degenerate problems appropriately has been shown
via numerical simulations in the current paper and also in [9].
In this section we compare the numerical solution obtained by ROS3PRL with
the solutions obtained by two other embedded Rosenbrock-Wanner Methods,
namely ROS34PW2 and ROS34PRW. ROS34PW2 is a strongly A-stable method
which is obtained by assuming that the ROW method satisfies the stiffly accurate
condition [22]. ROS34PRW is based on a new order condition for the small local
error in solving the Prothero-Robinson equation [24]. We refer to Appendix A
for a brief description of the ROW method and the Butcher tableau of these three
methods.
For our comparisons, we assume that the initial condition is the same as in
Section 5.4.1 and the computational domain is uniformly discretised by a mesh
with N × M = 256 × 256 grid cells. For proper comparison, we set the tolerance
of all methods to the same value, namely T OL = 1e − 7. Assuming, therefore,
that all methods achieve similar accuracy, the comparison criterion is the compute time required. The value of time-step size and Elapsed CPU Time (ECPUT)
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Figure 5.5: The value of the time-step size, h(t), for three different types of ROW
method: ROS34PW2, ROS34PRW and ROS3PRL.
of these three types of ROW methods for solving ODE system (5.37) are shown
in Figure 5.5 and Table 5.6. The time-step initially increases for all three methods
indicating that the initial value of h(t) could have been chosen larger. After a
plateau phase which is longest for ROS3PRL, at about the time that merging of
colonies takes place, time-step oscillation occurs in all three methods, but the
oscillation phase in ROS34PW2 and ROS34PRW last longer than for ROS3PRL.
Afterwards, the time-step reaches a plateau phase at a higher level and remains
there until the end of the simulation, whereas for ROS34PW2 and ROS34PRW
time-step fluctuations are observed. While the Elapsed CPU Time (ECPUT) for
the three methods are of the same order of magnitude, ROS3PRL is about 10%
faster than ROS34PW2, which in turn is about 10% faster than ROS34PRW.
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Table 5.6: Elapsed CPU time for three different types of ROW method:
ROS34PW2, ROS34PRW and ROS3PRL for solving ODE system (5.37) at t = 2.
The cell resolution is N = M = 256 and the tolerance of each ROW method is
T OL = 1e − 7.
ROS34P W 2
ROS34P RW
ROS3P RL
ECP U T

5.4.6

0.2709424 × 105

0.3155182 × 105

0.2440776 × 105

Comparison of the analytical Jacobians vs Finite Difference approximation

Rosenbrock-Wanner methods need in every time-step the evaluation of the Jacobian matrix of the right hand side of the underlying ODE system. For highly
nonlinear systems like ours this can be cumbersome, even if computer algebra
systems are used. An alternative is to approximate the Jacobian numerically, e.g.
by finite differencing. The latter approach is easy to implement but can become
computationally expensive.
To compare both approaches, we compute the least square norm of the difference between solutions obtained by analytical and finite difference approximations of the Jacobian matrix for various number of grid cells, and various finite
difference step sizes. The initial condition in these tests is the same as in Section
5.4.1 and the tolerance of ROW method is set at T OL = 1e − 7 and results are
computed at t = 2.
The difference between solutions obtained by analytical and numerical schemes
to compute the Jacobian matrix is computed as EAAN =
kBAN A −BN U M k2
N2

and ECAN =

kCAN A −CN U M k2
N2
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kAAN A −AN U M k2
,
N2

EBAN =

where indices AN A and N U M

stand for analytical and numerical scheme respectively. We use for the numerical approximation of the Jacobian a step size that is chosen relative to the value
of the dependent variable. Where the dependent variable vanishes, we use a
small absolute step size, i.e we have for derivatives with respect to a the step size
max{∆ · a, 10−10 } and similar for b and c. We first choose the value of ∆ to be
10−4 . Later on we will vary ∆.
For all cell resolutions the differences between analytical and numerical Jacobian are small. The quality of the approximation appears independent of the grid
resolution in the sense that finer grids do not necessarily lead to better agreement, cf. Table 5.7. Using the numerical approximation is computationally more
expensive than using the analytical expression of the Jacobian, cf Table 5.8. The
difference in compute time increases faster than the spatial step-size. For the
smallest grid with N = 32 the simulation with numerical approximation of the
Jacobian requires twice as long as the simulation with the analytical expression.
For the finer grid the difference between both approaches is approximately factor
10.
The finite difference approximation of the Jacobian introduces an additional
degree of freedom in the numerical method, namely the step-size ∆ used for
the approximation. To study how this parameter affects accuracy, we compute
the least square norm of differences between the solutions obtained by finite
differencing for various values of ∆ and the one resulted by using the analytical
expression. It is defined as EA∆ =
kCAN A −C∆ k2
.
N2

kAAN A −A∆ k2
,
N2

EB∆ =

kBAN A −B∆ k2
N2

and EC∆ =

The error decreases steadily by decreasing ∆ up to ∆ = 10−5 , but
222

Table 5.7: Least square error between solutions obtained with an analytical expression of the Jacobian (obtained using Maple) and a finite difference approxAN
imation, EA,B,C
, for different number of grid cells at t = 2. For the numerical
approximation a step size is chosen relative to the value of the dependent variable i.e for derivatives with respect to a the step size is max{∆ · a, 10−10 } and
similar for b and c.
n
EAAN
EBAN
ECAN
32
0.57219704 × 10−8 0.57513159 × 10−8 0.35210175 × 10−8
64
0.93127701 × 10−8 0.93106705 × 10−8 0.51523097 × 10−8
128 0.79606632 × 10−8 0.79604554 × 10−8 0.24516744 × 10−8
256 0.10302779 × 10−7 0.11174099 × 10−7 0.10777266 × 10−8

Table 5.8: Elapsed CPU Time (ECPUT) to obtain the solution of ODE system
(5.37) with an analytical expression of the Jacobian (obtained using Maple) and
a finite difference approximation for different number of grid cells at t = 2.
n
CP U timeA
CP U timeN
2
32
0.1499510 × 10
0.2875970 × 102
64
0.3065590 × 102 0.1451107 × 103
128 0.1318988 × 103 0.1420607 × 104
256 0.2651055 × 104 0.2317144 × 105

further decreases in ∆ increase the error, cf Table 5.9. This suggests that too
small step sizes for the finite difference approximation can introduce numerical
artefacts, e.g. via cancellation.
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Table 5.9: Least square error between solutions obtained by finite difference approximation of the Jacobian with different values of step-size ∆, and the ones
∆
obtained by analytical method, EA,B,C
, for N × M = 256 × 256 as the cell
resolution at t = 2.
∆
EA∆
EB∆
EC∆
10−2 0.33782351 × 10−6 0.33782618 × 10−6 0.96109200 × 10−8
10−3 0.56486691 × 10−7 0.56482495 × 10−7 0.25513969 × 10−8
10−4 0.10302779 × 10−7 0.10301568 × 10−7 0.10878556 × 10−8
10−5 0.22194184 × 10−8 0.22270281 × 10−8 0.10424320 × 10−8
10−6 0.29534966 × 10−8 0.29590839 × 10−8 0.99652974 × 10−9

5.5

Conclusion

The main objective of our study was to investigate the applicability of a timeadaptive, error-controlled method to solve a highly nonlinear partial differential equation system that arises in biofilm modeling. This PDE system has three
non-linear diffusion effects, all of which bring their own numerical challenges:
(i) porous medium degeneracy as m vanishes, (ii) super-diffusion singularity
as m approaches to unity and (iii) non-linear cross-diffusion which may prevent the solution positivity. A semi-discrete ODE approximation is obtained by
spatial discretisation using a standard Finite Volume Method. Since the solutions to the PDE have low regularity, previously only low order time integration schemes have been used, typically with fixed time-steps. The method for
the cross-diffusion biofilm model generalizes an earlier method for the single
species biofilm model and inherits many of its properties with respect to (i) and
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(ii) above. Specifically, the method is able to describe biomass gradient blow-up
at the biofilm/water interface well. We showed that the solutions of the approximating semi-discrete ODE system exist globally and have enough regularity to
warrant the use of higher order time-integration schemes. In particular error
controlled adaptive methods that can prevent the numerical solution from overshooting the singularities of the equation.
We proposed a new scheme to find the self- and cross-diffusion coefficients,
which leads to approximately 20% faster numerical simulations than the one previously used.
We have restricted ourselves to embedded Rosenbrock-Wanner methods for
this task. The three methods that we compared performed equally well, but one
of them ROS3RPL, required less compute time and is therefore recommended
from a view point of computational efficiency.
An important aspect of Rosenbrock-Wanner methods is that they require repeated evaluations of the Jacobian of the right hand side of the semi-discrete ODE
system. Obtaining those analytically, even with the help of computer algebra
systems, can be cumbersome. The alternative is to approximate the Jacobian numerically, which is straightforward but can be computationally expensive. While
the differences in results are small, by comparing the compute time we found that
using the numerical approximation is warranted if only few simulations of the
model are required and for rapid proto-typing, but the effort of obtaining analytical expressions is warranted if extensive simulation experiments are run.
The numerical treatment of the biofilm cross-diffusion model is rather gen225

erally applicable and it should be straightforward to extend it to more involved
multi-species systems.
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Chapter 6
Modelling and Simulation of the
effect of initial inoculation and
N H4+ concentration on the
compositions and mass transfer
behaviors of biofilms at an aerated
membrane surface
In preparation
Abstract
The main objective is to study the formation and transport mechanisms of biofilms
in Membrane Biofilm Reactors (MBfRs). A mathematical model is used to simulate the effect of the initial inoculation and ammonium concentrations on biofilm
growth, layer structure, compositions of heterotrophic and autotrophic organ232

isms, and substrate transport flux. The model is a highly nonlinear diffusionreaction system with cross-diffusion which we solve by an error-controlled timeadaptive method. The simulation results illustrate the development of biofilm
layers under the effect of counter-diffusion and highlight the importance of multidimensional modelling to capture the heterogeneity in biofilm structure. The
simulations indicate that the biofilm microbial composition and layer structure
can be significantly affected by the substratum inoculation conditions and ammonium concentration, which accordingly changes the substrate transport fluxes
and nitrification capacity of biofilm.
keywords: Biofilm, Cross-diffusion, Membrane Biofilm Reactor, Nonlinear
diffusion-reaction model, Simulation

6.1

Introduction

The membrane biofilm reactor (MBfR) is an emerging wastewater treatment technology. Different from the conventional attached biofilm wastewater reactors
that often use plastic and rock media for biofilm attachment, the MBfRs use hydrophobic porous membranes for biofilm support and oxygen delivery [25]. For
example, in typical hollow fiber MBfRs, biofilms form at the outer surface of the
hollow fibers and oxygen diffuses into the biofilm through the porous membrane
via the lumen of the hollow fiber. In an oxygen-based MBfR, carbon and nitrogen
substrates are transported into the biofilm through the bulk liquid/biofilm interface, while oxygen is transported into the biofilm through the biofilm/membrane
233

interface. Compared to the co-diffusion transport mechanisms in the conventional wastewater biofilm reactors where substrate and oxygen are both transported from the bulk liquid into the biofilm, the counter-diffusion MBfRs can
improve substrate and oxygen transfer rates, enhance organic removal and nitrification, and reduce energy consumption [20].
The substrate and oxygen transport mechanism and distributions within the
biofilm can have significant impact on the biofilm structure and performance of
an MBfR. Heterotrophic bacteria which use carbon compounds as energy sources
are dominant in biological wastewater treatment and responsible for the removal
of Biological Oxygen Demand (BOD) constitutes of wastewater by using oxygen
as an electron acceptor. Some heterotrophic bacterium species can use N O3 − N
or N O2 − N as an electron acceptor and perform denitrification in wastewater treatment by reducing N O3 − N or N O2 − N to N2 under anoxic conditions. Nitrification involves the biological oxidation of ammonium to nitrite
by ammonia-oxidizing bacteria (AOB) and the oxidation of nitrite to nitrate by
nitrite-oxidizing bacteria (NOB). AOB and NOB are autotrophic bacteria which
use inorganic nitrogen as an electron donor, oxygen as an electron acceptor, and
CO2 as a carbon source. Since autotrophic nitrification bacteria have a lower
specific growth rate than heterotrophic BOD removal bacteria, optimization of
the process design and conditions of MBfRs can be important to enhance its nitrification capacity.
The counter-diffusion of substrate and oxygen in an oxygen-based MBfR causes a higher oxygen concentration near the membrane surface and a lower oxy234

gen concentration close to the bulk liquid, which can promote the growth of
autotrophic nitrifiers at the inner portion of biofilm and heterotrophic carbon
removal and dentrifiers bacteria in the outer portion of the biofilm [21, 25, 33].
This can result in the development of a biofilm that can achieve simultaneous
carbon removal, nitrification and denitrification. The compositions and distributions of autotrophic and heterotrophic bacteria within the biofilm can have critical impact on the organic and nitrogen removal behavior of MBfRs. Modeling,
confocal laser scanning microscopy (CLSM) [39], fluorescent in-situ hybridization (FISH) [14], and recently, Next Generation Sequencing (NGS) [27] have been
used to investigate the architecture and microorganism population structure of
biofilms. Compared to other methods, mathematical modeling and simulation
can establish a direct relationship between the biofilm structure and heterogeneity, membrane and process conditions, and mass transfer behavior of the biofilm.
However, the challenge for biofilm modeling is the development of appropriate
models which are computationally tractable and to find mathematically robust
solution methods to realistically predict the growth and structure of biofilms.
Mathematical models, including a pseudo-analytical model, 1D particle based
models, multi-dimensional individual based models, 2D hybrid approaches, and
cellular automata models have been proposed to model and simulate biofilm
growth and structure and to link the macroscale performance of MBfRs to the
biofilm microenvironment [3, 5, 6, 18, 21, 23, 34]. Additionally, Martin et al. [22]
developed a particle based model for multi-species biofilms to assess microbial
competition in a hydrogen-based MBfR.
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Eberl et al. [7] derived a prototype biofilm model that can be obtained from
the viewpoint of biofilms as spatially structured populations [13] and as a fluid
[10, 26], thus reflecting the ecological-mechanical duality of biofilms. The prototype biofilm model has been used as a framework in many biofilm related studies
[8, 9, 10, 11]. It has been also extended to describe the development of multispecies biofilms with cross-diffusion in [29, 30]. Here we use the multi-species
extension in [30] to formulate a model of simultaneous utilisation of acetate and
ammonium in a biofilm composed of heterotrophic and autotrophic bacteria in
an aerated membrane. The process kinetics that we use for this are adapted from
[38].
We illustrate the application of the MBfR model in prediction of the growth
rate and the compositions of heterotrophic and autotrophic bacteria, and the
substrate transport mechanisms of an MBfR biofilm in the high and low ranges
of ammonium concentration in the bulk liquid for different initial inoculations.
The simulation results demonstrate that the biofilm structure, the composition
and distributions of autotrophic bacteria, and nitrogen transport fluxes of MBfR
biofilms can be significantly affected by membrane properties and the ammonium concentration in the bulk liquid. Our results show that the multi-species
counter-diffusional biofilm model can play an important role in studying the effect of the membrane properties and reactor start-up conditions on the biofilm
structure, the process performance and the design of MBfRs.
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6.2

Mathematical Model

To formulate a model that describes the performance of aerated MBfRs and biofilm
growth on their surface, we use the nonlinear cross-diffusion biofilm model introduced in [30] and assume that the multi-component biofilm which is composed of
heterotrophic and autotrophic biomass utilizes acetate and ammonium simultaneously. It is also assumed that oxygen is delivered through the biofilm/membrane
interface, while ammonium and acetate are transported into the biofilm through
the bulk liquid/biofilm interface [38]. The model is a system of degenerate diffusion-reaction equations over the domain Ω ⊂ R2 . The dependent variables are
the volume fractions occupied by autotrophic, A, and heterotrophic, H, biomass
and the concentrations of dissolved substrates as ammonium, CN , oxygen, CO ,
and organic substrate acetate, CAC . The total volume fraction occupied by the
biofilm is denoted by M , where M := A + H. Domain Ω is divided into region Ω1 (t) = {(x, y) ∈ Ω ⊂ R2 : M (t, x, y) = 0} that describes the liquid region (bulk liquid, channels and pores of a biofilm) without biomass, and region
Ω2 (t) = {(x, y) ∈ Ω ⊂ R2 : M (x, y, t) > 0}, which is the actual biofilm with
positive density, cf. Figure 6.1.
The independent variables are time and spatial location which are denoted by
t ≥ 0 and (x, y) ∈ Ω respectively. Both regions Ω1 (t) and Ω2 (t) are separated by
the biofilm/water interface Γ(t) = ∂Ω1 (t) ∩ ∂ Ω̄2 (t) which changes as the biofilm
grows. Note that neither Ω1 nor Ω2 need to be connected, and Γ can consist of
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several disjoint segments. Using these notations the model reads:
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(6.1)

Heterotrophic bacteria utilize the organic substrate acetate by the yield coefficient YH , while the autotrophic bacteria consume ammonium by the yield
coefficient YN . Growth of autotrophs and heterotrophs is controlled not only by
availability of ammonium and acetate but also by oxygen. This suggests the description of the nutrient consumption and biofilm growth process by dual Monod
kinetics with maximum specific growth rates µA,H and half saturation concentrations κN and κH for ammonium and acetate consumption and κAO and κHO
for oxygen utilization. It is also assumed that both biomass volume fractions
undergo decay due to oxidation by endogenous respiration which is described
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Figure 6.1: The domain Ω
⊂
R2 with liquid region Ω1 (t)
=
2
{(x, y) ∈ Ω ⊂ R : M (t, x, y) = 0} and biofilm region Ω2 (t)
=
{(x, y) ∈ Ω ⊂ R2 : M (t, x, y) > 0}. The arrows show the direction of substrate fluxes through the membrane and liquid.
by standard Monod kinetics with endogenous rate bA,H . The stoichiometric relationships among the substrates and biomass species as well as the used rate
expressions are shown as a Pedersen matrix in Table 6.1.
The self- and cross-diffusion coefficients Dij , i, j ∈ {1, 2} in (6.1) are nonlinear density dependent which are defined as [17]:
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The PDE model in (6.1) shows three nonlinear diffusion effects: (i) a power
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Table 6.1: Matrix of stoichiometry and rate expressions used for model (6.1).
Process
Biomass type
Substrate
Kinetics Expression
Name
A
H
CN
CO
CAC
Autotroph
CN
N)
∞
O
1
−M
−M∞ (4.57−Y
µA κA C+C
A
YN
YN
O κN +CN
metabolism
O
Autotroph
O
-1
−M∞
bA κA C+C
A
O
respiration
O
Heterotroph
CAC
H)
∞
O
1
− (1−Y
M∞ − M
µH κH C+C
H
Y
YH
H
O κH +CAC
metabolism
O
Heterotroph
O
-1
−M∞
bH κH C+C
H
O
respiration
O

law degeneracy as in the porous medium equation, i.e. Dij , i, j ∈ {1, 2} vanishes as the dependent variables A, H vanish, (ii) a super-diffusion singularity as
A+H approaches to unity, and (iii) cross-diffusion. The porous medium degeneracy (i) guarantees that the biofilm does not spread notably if there is locally space
available for new biomass to be accumulated, and it is also responsible for the
formation of a sharp interface Γ(t) between biofilm and surrounding liquid. This
indicates that initial data with compact support leads to solutions with compact
support. The super-diffusion singularity (ii) enforces the total biomass fraction
to be separated from 1, and cross-diffusion (iii) describes the resistance to spacial spreading of one due to the presence of other components, and subsequent
mixing of species.
The diffusion coefficients for substrates also depend on the total biomass frac0
(1+
tion albeit in a non-critical way. They are defined as DN,O,AC (M ) = DN,O,AC
0
and 0 < ρN,O,AC ≤ 1 are the diffusion coeffiM (ρN,O,AC − 1)) where DN,O,AC

cient in water and the biofilm/water ratio of diffusivity respectively. This reflects
that substrate diffusion is slower in the biofilm than in the aqueous phase [36].
To study the mathematical model (6.1) we consider a rectangular domain Ω =
[0, L] × [0, W ]. The substratum, i.e. the membrane exterior on which biofilm
colonies form, is the bottom boundary, y = 0. We assume that the substratum
is impermeable to biomass and dissolved substrates CN and CAC . At the lateral
boundaries, x = 0 and x = L, we assume a symmetry boundary condition
for all dependent variables, which allows us to view the domain as a part of a
continuously repeating larger domain. The condition posed at these boundaries
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is a homogeneous Neumann condition. To mimic the counter-diffusion substrate
delivery, we pose a homogeneous Neumann condition for CN and CAC at the
bottom and a Robin condition at the top boundary. While for CO , the boundary
conditions at the top and bottom are reversed. For biomass volume fractions, we
assume a homogeneous Neumann condition at the top and bottom boundaries.
Thus the boundary conditions on domain Ω = [0, L] × [0, W ] are defined as:
























∂n A = ∂n H = 0 at x = 0, x = L and y = 0, y = W
∂n CO = ∂n CN = ∂n CAC = 0 at x = 0, x = L,
O
= (CO )∞ at y = 0, and ∂n CO = 0 at y = W
CO − λCO ∂C
∂n
N
CN + λCN ∂C
= (CN )∞ at y = W, and ∂n CN = 0 at y = 0
∂n

CAC + λCAC ∂C∂nAC = (CAC )∞ at y = W, and ∂n CAC = 0 at y = 0
(6.3)

Here λC{·} is the concentration boundary layer thickness and ∂n denotes the
outward normal derivative.
Parameter values for numerical simulation and their description are summarized in Table 6.2. To emphasize the growth of autotrophic biomass in the
computer simulation, we consider a larger ammonium bulk concentration than
in [38].
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Table 6.2: Model parameters in the simulation of model (6.1).
Parameter
Symbol
Value
Maximum specific growth rate for species A
µA
0.1386
Maximum specific growth rate for species H
µH
6
Oxygen saturation constant for A
κAO
0.5
Oxygen saturation constant for H
κHO
0.2
Ammonium saturation constant
κN
1.5
Acetate saturation constant
κH
4
Endogenous rate for A
bA
0.12
Endogenous rate for H
bH
0.4
Yield of biomass produced from Acetate
YH
0.63
Yield of biomass produced from Ammonium
YN
0.063
Maximum cell density
M∞
104
0
Diffusion coefficient for CO in water
DO
2 × 10−4
0
Diffusion coefficient for CN in water
DN
1.7 × 10−4
Biomass motility coefficient
δ
10−12
0
Diffusion coefficient for CAC in water
DAC
10−4
Biofilm/water diffusivity ratio of CO
ρO
1
Biofilm/water diffusivity ratio of CN
ρN
1
Biofilm/water diffusivity ratio of CAC
ρAC
0.25
Concentration boundary layer for oxygen
λCO
0.4 × 10−3
Concentration boundary layer for ammonium and acetate λCN ,CAC 0.5 × 10−3
Oxygen bulk concentration
(CO )∞
10
Ammonium bulk concentration
(CN )∞
12
Acetate bulk concentration
(CAC )∞
6
Unit
d−1
d−1
gm−3
gm−3
gm−3
gm−3
d−1
d−1
−
−
gm−3
m2 d−1
m2 d−1
m2 d−1
m2 d−1
−
−
−
m
m
gm−3
gm−3
gm−3

Source
[38]
[38]
[38]
[38]
[38]
[38]
[38]
[38]
[38]
[38]
[38]
[38]
[38]
[38]
[38]
[38]
[38]
[38]
[12]
Assumed
[38]
Assumed
[38]

6.3
6.3.1

Model solution
Numerical Method

Each of the three nonlinear diffusion effects (i), (ii), (iii) presents their own challenges for the numerical simulation, see [15, 17] for more details. It was shown in
[15, 16, 17] that error-controlled adaptive time integration methods can overcome
the difficulties that methods with fixed time-step experience in solving singular
ODE systems obtained by spatial discretization of this class of nonlinear biofilm
models by standard Finite Volume methods. Here we also use a finite volume
scheme to discretize the PDE problem at hand and apply the same time integration method as in [15, 16, 17], a third order embedded Rosenbrock-Wanner
method with 4 stages (ROS3PRL) [31], to solve the semi-discrete problem. For a
more detailed description of the numerical method we refer to [15].
For the numerical treatment we non-dimensionalize the model (6.1) with
choices x̃ = x/W and t̃ = tµA for the independent variables, here W is height
of the computational domain.

1
µA

is the characteristic time scale for growth

of biomass species A. Substrate concentration variables CN , CO and CAC are
non-dimensionalized with respect to their bulk concentrations as C̃N =
C̃O =

CO
(CO )∞

and C̃AC =

CAC
.
(CAC )∞

CN
,
(CN )∞

Note that the volume fractions A and H are al-

ready defined as dimensionless variables. Although we use the non-dimensional
formulation for the numerical treatment, we will make our choices of parameters based on the dimensional values, and describe our subsequent simulation
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experiments in terms of those, for easier physical interpretation.

6.3.2

Postprocessing and quantities of interest

The performance of an MBfR depends on the biofilm thickness and its morphology which are affected by the initial inoculation. Therefore, to study this dependency, we consider six different initial inoculations and simulate the spatial
structure of the biofilm at different times for each case. In addition, for better
interpretation of the computer simulations, we define the following output parameters which give the total mass of heterotrophic and autotrophic bacteria in
the biofilm:

Z
Atotal (t) =

Z
A(x, y, t)dxdy, Htotal (t) =

Ω

H(x, y, t)dxdy
Ω

(6.4)
The other quantities of interest are biological activities, ACT1 (x, y, t) and
ACT2 (x, y, t), which are defined by the dual Monod term. They indicate the
degree of substrate utilization, i.e. ACT1,2 = 0 corresponds to no growth while
ACT1,2 = 1 implies growth at the maximum rate. These parameters are defined
as:




ACT1 (x, y, t) =

CN (x,y,t)
CO (x,y,t)
κAO +CO (x,y,t) κN +CN (x,y,t)




ACT2 (x, y, t) =

CO (x,y,t)
CAC (x,y,t)
κHO +CO (x,y,t) κH +CAC (x,y,t)
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(6.5)

Moreover, to show the efficiency of the MBfR to remove the contaminants, we
compute the transport or removal fluxes of substrates per unit area of membrane
as:







RL
∂C
f luxC(N,AC) (t) = L1 0 D(N,AC) (x, W, t) (N,AC)
dx,
∂y
R
L
O
dx
f luxC(O) (t) = L1 0 D(O) (x, 0, t) ∂C
∂y

(6.6)

in which f luxC(N,O,AC) (t)[gm−2 d−1 ] are the membrane area-based substrate
loading rates and important MBfR design parameters.
In addition, to assess the heterogeneity of biomass volume fractions and dissolved substrates, we compute the average of each dependent variable and biological activity and their standard deviation at the specific time t∗ . These parameters for A are obtained as:



AveA (y) :=



SDA (y) :=

1
L

RL
0

A(x, y, t∗ )dx

q R
1 L
L

0

(A(x, y, t∗ )

2

(6.7)

− AveA (y)) dx

and for other variables they are computed in a similar way as in (6.7).

6.4
6.4.1

Results and discussion
Biofilm formation for different initial inoculations of
the substratum

Biofilm development is a cycle. It initiates by attaching freely moving planktonic
cells on the substratum and continues by forming micro-colonies. After that

246

247

case 5

case 4

case6

case3

Figure 6.2: Initial inoculation of substratum by sparse (case 1, 3 and 4), dense (case 2) and homogeneous layer
(case 5 and 6) biofilm. The initial amount of biomass is the same in all cases. The color coding refers to the relative
A
fraction of the biomass of type A, RA := A+H
.

case 2

case 1

the Extracellular Polymeric Substance (EPS) layer is formed which encloses the
bacteria and offers them mechanical stability. Biofilms grow to maturity and
the growth cycle terminates by dispersion or detachment of cells from mature
biofilm to planktonic phase and reattaching the dispersed cells. In the current
study we consider only the formation of micro-colonies and maturation steps.
To investigate the effect of initial inoculation on the biofilm and the performance
of an MBfR, we consider 6 different cases as shown in Figure 6.2. In cases 1 and
2 individual colonies are only of type A or H. In case 1, four colonies cover the
membrane surface with slightly larger space between them, while in case 2 more
colonies that are arranged close to each other inoculate the substratum. In cases
3 and 4 each individual colony is composed of both biomass species A and H. In
case 3 each colony is occupied by both A and H symmetrically, while in case 4
autotrophic and heterotrophic bacteria are completely mixed in each colony. In
case 5, the substratum is inoculated by homogeneous thin layers of autotrophic
and heterotrophic biomass and case 6 represents the substratum coverage by a
completely mixed biofilm layer. Among these cases, only the last two ones could
be described by one-dimensional models. The substrate concentrations are set to
the values shown in Table 6.2 in all cases.
See Figures 6.3-6.8 for the spatial structure of the biofilm in each case, as well
as the oxygen concentration at times t = 1, 2, 3. Inoculating the substratum
by a thin layer of biofilm or a group of individual colonies that are placed close
to each other, results in a thick layer of biofilm that covers the major parts of
the substratum and clogs the way for oxygen to freely diffuse into the liquid, c.f
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cases 2, 5 and 6. Although oxygen can not diffuse freely in these three cases,
this does not indicate the development of biofilms with the same heterogeneity.
In case 2 a heterogeneous biofilm is produced which is mostly composed of autotrophic biomass in the region close to the substratum, while in cases 5 and 6 a
homogeneous thick layer of heterotrophic biomass is formed due to the homogeneous initial inoculation. For cases 1, 3 and 4 the individual colonies are not
close enough to be merged. This allows more oxygen to diffuse into the biofilm
and into the liquid phase, which leads to a higher concentration in the computational domain than in the other cases. Although the biofilm morphology is
different in the six cases, we observe in all simulations that the biomass volume
fraction of type H occupies more space of the domain due to its growth advantage. Noteworthy is here the development of biofilm layers in all cases except
cases 5 and 6. Layers in the biofilm colonies could be either the result of the deficiency of one substrate and the excess of the other one inside the biofilm colony,
or of the cross-diffusion which delays the mixing, or of both. Describing the development of biofilm layers is the capability of higher dimensional models. This
implies the importance and advantage of multi-dimensional models over onedimensional models in studying the MBfR performance despite their expensive
computational work.
The averages of dependent variables and biological activities, Ave{·} , along
with the standard deviation at t∗ = 2 are depicted in Figures 6.9-6.10 for cases
1-5. The biofilm component is mostly composed of heterotrophic bacteria in all
cases due to its growth advantage as we have also shown previously in the 2D
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t=1

t=2

t=3
Figure 6.3: Case 1. Biofilm structure at t = 1, 2, 3. The color coding refers to the
A
relative fraction of the biomass of type A, RA := A+H
and the Oxygen in the
domain. The ammonium concentration is (CN )∞ = 12[gm−3 ]
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t=1

t=2

t=3
Figure 6.4: Case 2. Biofilm structure at t = 1, 2, 3. The color coding refers to the
A
relative fraction of the biomass of type A, RA := A+H
and the Oxygen density
in the domain. The ammonium concentration is (CN )∞ = 12[gm−3 ]
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t=1

t=2

t=3
Figure 6.5: Case 3. Biofilm structure at t = 1, 2, 3. The color coding refers to the
A
relative fraction of the biomass of type A, RA := A+H
and the Oxygen density
in the domain. The ammonium concentration is (CN )∞ = 12[gm−3 ]

252

t=1

t=2

t=3
Figure 6.6: Case 4. Biofilm structure at t = 1, 2, 3. The color coding refers to the
A
relative fraction of the biomass of type A, RA := A+H
and the Oxygen density
in the domain. The ammonium concentration is (CN )∞ = 12[gm−3 ]
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t=1

t=2

t=3
Figure 6.7: Case 5. Biofilm structure at t = 1, 2, 3 . The color coding refers to the
A
relative fraction of the biomass of type A, RA := A+H
and the Oxygen density
in the domain. The ammonium concentration is (CN )∞ = 12[gm−3 ]
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t=1

t=2

t=3
Figure 6.8: Case 6. Biofilm structure at t = 1, 2, 3. The color coding refers to the
A
relative fraction of the biomass of type A, RA := A+H
and the Oxygen density
in the domain. The ammonium concentration is (CN )∞ = 12[gm−3 ]
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visualisations. The minimum variation of A and H in x direction occurs in case
5 indicating homogeneous initial data lead to completely stratified biofilm. In
case 5 the substratum is completely covered by biofilm, thus there is no space
for oxygen to diffuse into the liquid region and it is consumed by bacterial cells.
This results in very small values of AveACT1 (y) and AveACT2 (y) regardless of
the available amount of ammonium and acetate. For the other cases, oxygen can
diffuse into the liquid from the uncovered parts of the surface and distribute in
the whole domain which consequently results in larger values of AveACT1 (y) and
AveACT2 (y). The values of AveCN (y) in cases 1-4 are approximately the same
and smaller than that in case 5. The reason is that in case 5, biofilm consists
of only the heterotrophic bacteria which do not consume ammonium hence it
accumulates in the system and reaches the higher value. The average of CAC
also increases in all cases even in case 5 in which we expect to have less CAC due
to consumption by heterotrophic biomass. By increasing y i.e. moving towards
the source of ammonium and acetate, deviation of CN , CAC and accordingly
ACT1,2 around the average decreases indicating the stratification of dissolved
substrate and biological activities. The same result is also observed for CO . Since
the results of cases 5 and 6 are the same, only the data of case 5 are depicted in
Figures 6.9-6.10.
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Figure 6.9: The average of biomass volume fractions, AveA,H (y), and dissolved
substrates, AveCN (y), AveCO (y), AveCAC (y), at t = 2 for cases 1-5. The ammonium concentration is (CN )∞ = 12[gm−3 ].
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6.4.2

Effect of Ammonium concentration on biofilm formation

Since the autotrophic bacteria use CN as the electron donor and CO as the electron acceptor, the CN concentration in the bulk solution, (CN )∞ [gm−3 ], can have
significant impact on the growth rate of autotrophic bacteria. For the start-up
of an MBfR, an amended wastewater with relatively high N H4+ can be used
to stimulate the growth of autotrophic nitrifiers. To determine how the N H4+
concentration will affect the biofilm formation, A and H composition and mass
transfer behavior of the biofilm, we choose the ammonium concentrations of
(CN )∞ = 6, 12, 18, 30[gm−3 ] as the reactor start-up conditions. We compute
Atotal (t), Htotal (t) and substrate fluxes at these N H4+ concentrations for cases
1-3 and 5. The simulation results are shown in Figures 6.11-6.14.
We observe that Atotal (t) decreases for (CN )∞ = 6[gm−3 ], while it increases
for (CN )∞ = 18, 30[gm−3 ]. This implies that for (CN )∞ = 6[gm−3 ], the growth
rate is lower than the decay rate. Therefore, a certain level of N H4+ bulk concentration is required to maintain the autotrophic bacteria population in the biofilm.
For our problem and the considered parameter values, the critical N H4+ concentration is 12[gm−3 ] at which the balanced growth and decay rate are achieved
and the autotrophic mass in the biofilm Atotal (t) remains constant, see the top
left panels of Figures 6.11-6.14. The profiles of Atotal (t) are similar for cases 1-3
but very different from that in case 5 due to the lower amounts of autotrophs
and more oxygen consumption by heterotrophs in case 5. Although the effect
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of CN on Htotal (t) is significant in case 2 during the time period of 0.5 to 2.5,
its impact on Htotal (t) is not generally significant i.e. Htotal (t) and consequently
f luxCAC [gm−2 d−1 ] are not sensitive to N H4+ concentration. The N H4+ flux at
(CN )∞ = 12, 18, 30[gm−3 ] slightly increases with time and reaches 0.24, 0.22,
and 0.20 [gm−2 d−1 ] at t = 3 in case 1, cf. Figure 6.11. The increased N H4+ removal rates at these concentrations can be attributed to the increase in the A
population within the biofilm. For (CN )∞ = 6[gm−3 ], the f luxCN [gm−2 d−1 ]
decreases from 0.18 to 0.14 from t = 0 to 3 due to a gradual decrease in A population within the biofilm. The values of f luxCN [gm−2 d−1 ] at t = 3 in other cases
are approximately in the same range as in case 1, see Figures 6.12-6.14, although
they do not follow the same trend. The f luxCO [gm−2 d−1 ] is the oxygen supply
required for BOD removal and nitrification. Although the acetate flux, which
is equivalent to BOD removal, is independent of the N H4+ concentrations, the
values of f luxCO [gm−2 d−1 ] at (CN )∞ = 12, 18, 30[gm−3 ] increase with time
and reach 1.15, 1.34, and 1.41 [gm−2 d−1 ], respectively, at t = 3 in case 1. The
f luxCO [gm−2 d−1 ] at (CN )∞ = 6[gm−3 ], remains around 0.96 [gm−2 d−1 ] from
t = 0.5 to 3 after an initial increase, see Figures 6.11. The results for the other
cases are almost the same as in Figure 6.11, cf. Figures 6.12-6.14. The effect of
CN on the oxygen supply indicates that the oxygen delivery could play a critical role in the start-up of MBfR with amended ammonium concentration. The
ratio of f luxCO [gm−2 d−1 ] to f luxCN [gm−2 d−1 ] represents the oxygen transfer
rates required for the nitrification of one gram of N H4+ . The simulation showed
that the ratios of f luxCO [gm−2 d−1 ] to f luxCN [gm−2 d−1 ] increase with time
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and are sensitive to CN between (CN )∞ = 6[gm−3 ] to 12[gm−3 ]. The ratios of
f luxCO [gm−2 d−1 ] to f luxCN [gm−2 d−1 ] at CN between (CN )∞ = 12[gm−3 ] to
30[gm−3 ] are around 5.9 ∼ 6.3 at t = 3, while around 7.7 is determined at t = 3
for (CN )∞ = 6[gm−3 ], see Figure 6.11 for case 1 and Figures 6.12-6.14 for other
cases which result in approximately the same values. For the conventional attached biofilm processes, the nitrification could be limited by oxygen transfer
when the ratio of f luxCO [gm−2 d−1 ] to f luxCN [gm−2 d−1 ] reaches a value between 3.4 to 3.9 [24]. For MBfR, oxygen diffusion is no longer a limiting factor
and as demonstrated in his study, the counter-diffusion biofilm model can be
used to estimate the optimal N H4+ concentration and oxygen supply conditions
for the reactor start-up.
To show the composition of the biofilm and its growth for different values
of (CN )∞ [gm−3 ] at specific times and to determine the CN concentration which
gives the maximum autotrophic species, we computed the value of A, H and the
relative fraction of the biomass of type A, RA :=

A
A+H

at t = 1, 2, 3 for dif-

ferent (CN )∞ [gm−3 ], see Figure 6.15. Increasing the ammonium concentration
increases the growth rate of autotrophic bacteria and consequently RA with the
highest sensitivity to the CN between 0 to 12.5[gm−3 ]. Despite the overall increase in RA , case 5 has the lowest RA compared to other cases. Overall, the simulation results indicate that discrete attachment promotes the autotrophic bacteria in the biofilm. The change of substrate transport fluxes with CN at the high
CN concentration is shown in Figure 6.16. Increasing CN results in an increase in
the substrate fluxes with the smallest sensitivity in f luxCAC [gm−2 d−1 ]. A rapid
260

change in f luxCN [gm−2 d−1 ] and f luxCO [gm−2 d−1 ] occurs from (CN )∞ = 6
[gm−3 ] to (CN )∞ = 12[gm−3 ] and after that the trend of change is smooth. The
highest value of substrate fluxes is obtained in cases 2 and 3 and the lowest value
is obtained in case 5 due to the formation of heterotrophic bacteria.
The spatial structure of the biofilm and the distribution of CN within the
biofilm at t = 3 and for (CN )∞ = 30[gm−3 ] are depicted in Figures 6.17-6.18
for cases 1-3 and 5. In case 1 only small fractions of A and H grow into a mixed
biofilm structure and the CN concentration in the A dominated biofilm is around
0.9, while it is around 0.93 to 0.96 within the H dominated biofilm. In cases 2
and 3, autotrophic biomass is formed within the biofilm with the layer adjacent
to the membrane surface. The dominance of autotrophic bacteria in the region
close to the membrane can be attributed to the discrete initial colonies and the
high concentration of oxygen at the membrane surface. The CN concentration
within the biofilm decreases with the increase in the A fraction. The presence
of the highest A fraction at the membrane surface results in a CN concentration
gradient that cause N H4+ diffusing across the whole thickness of the biofilm.
In case 5, an insignificant A population presents within the biofilm and the CN
concentration in the biofilm is almost the same as that in the bulk.
Comparing the results in Figures 6.17-6.18 with the results in Figures 6.3-6.8
that were for (CN )∞ = 12[gm−3 ] at the same time, reveals that increasing the
ammonium concentration does not change the biofilm structure locally. For both
ammonium bulk concentrations biofilm layers are developed in cases 1-3 while
a homogeneous thick biofilm of type H is produced in case 5.
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As the results of cases 4 and 6 are the same as those of cases 3 and 5 respectively, the data for these cases are not shown.

6.4.3

Biofilm mass transfer simulation at low N H4+ concentrations

In this study, it was assumed that the MBfR would start with CN amended wastewater to stimulate the growth of autotrophic bacteria and, then, after the formation of biofilm the reactor would switch to a normal operation condition.
For a completely mixed reactor, the N H4+ concentration in the reactor will be
the same as that in the discharged effluent. Environment and Climate Change
Canada recommends a target monthly average effluent concentration of less than
5[gm−3 ] of total N H3 − N (6[gm−3 ] of N H4+ ) as a criterion for the selection of
ammonia treatment processes for municipal wastewater treatment [4]. Thus, the
ammonium concentrations of 0.5, 2 and 6[gm−3 ] were selected for the low ammonium concentration simulations. Figures 6.19-6.20 show the concentrations
of A and H and the substrate transport fluxes under high and low N H4+ concentration conditions. The first stage from t = 0 to t = 3 simulates the biofilm
formation at (CN )∞ = 30[gm−3 ], while the second stage from t = 3 to t = 6
shows the values of A and H at (CN )∞ = 30[gm−3 ] to (CN )∞ = 0.5, 2, 6[gm−3 ],
respectively.
The simulation in Figures 6.19-6.20 shows that the A population in the biofilm
starts to decrease after the N H4+ concentration switches to the lower values.
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The lower the N H4+ concentrations, the more the A growth rates decrease. It is
also observed in Figures 6.19-6.20 that the bulk N H4+ concentrations have little
impact on the Htotal (t) profiles at the low values of CN . The trends of f luxCN
changes are similar in cases 2 and 3. They decrease from around 0.27[gm−2 d−1 ]
at t = 3 to 0.16, 0.05, and 0.0064 [gm−2 d−1 ] at t = 6 at (CN )∞ = 6, 2, 0.5[gm−3 ],
respectively.
The changes for f luxCO [gm−2 d−1 ] are slightly different for case 2 and case 3.
The f luxCO [gm−2 d−1 ] in case 3 is rather higher than that in case 2. Considering
both cases have a similar CN transport flux, the higher CO [gm−2 d−1 ] fluxes in
case 3 may be due to production of more heterotrophic biomass than that in case
2, cf. Figures 6.19-6.20.
Figure 6.21 shows the changes of substrate transport fluxes with CN at the
low ranges of ammonium bulk concentration. The N H4+ concentration shows a
strong influence on the CO flux and a moderate impact on the f luxCN [gm−2 d−1 ].
The f luxCAC [gm−2 d−1 ] is insensitive to CN in the concentration range of (CN )∞
= 0.5[gm−3 ] to (CN )∞ = 6[gm−3 ], which are the same as the results observed
under the high concentration range of (CN )∞ = 6[gm−3 ] to (CN )∞ = 30[gm−3 ].
The ratio of f luxCO [gm−2 d−1 ] to f luxCN [gm−2 d−1 ] is also depicted in Figure
6.21. Increasing the CN concentration from CN = 0.5[gm−3 ] to CN = 6[gm−3 ]
decreases the ratio of f luxCO [gm−2 d−1 ] to f luxCN [gm−2 d−1 ] from 65 to 8. This
indicates that oxygen diffusion is not a limiting factor at the low ranges of ammonium concentration.
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6.5

Conclusion

Our primary objective was to study the effect of initial inoculation on the biofilm
development, its composition and substrate transport flux in an aerated membrane. To simulate the biofilm growth at low and high N H4+ concentrations for
each type of initial coverage considered, a nonlinear density dependent diffusionreaction model was introduced which we solved by an error-controlled timeadaptive numerical method. Six different initial coverages were considered from
sparse to dense to homogeneous layer inoculation. The simulation results showed
that initial coverage affects the biofilm composition and nutrient fluxes despite
the same initial amount of biomass in all cases. Visualisation of results also highlighted the importance of multi-dimensional models and their advantage over
one-dimensional models to describe the heterogeneous structure of biofilm although expensive computational work is required in higher dimensional modeling. We also computed the total amount of autotrophic and heterotrophic species
as well as nutrient substrate fluxes at high and low N H4+ concentrations i.e. at
start-up and operation stages of the MBfR. Our results showed that increasing
the ammonium concentration results in more autotrophic bacteria which consequently enhances nitrification in the MBfR. We also found out that for small
amount of N H4+ , the autotrophic decay overcomes its growth and the value
of autotrophic bacteria decreases in the system as time progresses. This indicates that to increase autotrophic bacteria and accordingly nitrification, a specific amount of N H4+ should be provided in the membrane. At the second stage
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of membrane performance, i.e at low N H4+ concentration, the amount of autotrophic bacteria decreases. The more the N H4+ concentration decreases the
more the autotrophic growth and ammonium transport flux decrease. The simulation results for the considered initial inoculation determined that N H4+ loading rates were in the range of 0.16 to 0.01 N H4+ /m2 /d for the effluent concentrations of 6 to 0.5 [gm−3 ]. These simulations determined nitrogen loading rates
are close to those used in the design of packed attached biofilm reactors.
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Figure 6.10: The average of biological activities AveACT1 (y) and AveACT2 (y) at
t = 2 for cases 1-5. The ammonium concentration is (CN )∞ = 12[gm−3 ].
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Figure 6.11: Case 1. Total value of each biomass fraction and the flux of dissolved
substrates [gm−2 d−1 ] for case 1 and for (CN )∞ = 6, 12, 18, 30[gm−3 ].
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Figure 6.12: Case 2. Total value of each biomass fraction and the flux of dissolved
substrates [gm−2 d−1 ] for case 2 and for (CN )∞ = 6, 12, 18, 30[gm−3 ].
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Figure 6.13: Case 3. Total value of each biomass fraction and the flux of dissolved
substrates [gm−2 d−1 ] for case 3 and for (CN )∞ = 6, 12, 18, 30[gm−3 ].
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Figure 6.14: Case 5. Total value of each biomass fraction and the flux of dissolved
substrates [gm−2 d−1 ] for case 5 and for (CN )∞ = 6, 12, 18, 30[gm−3 ].
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Figure 6.17: Spatial structure of the biofilm and the distribution of CN (N H4 ) at
t = 3 for cases 1 and 2. The results are for (CN )∞ = 30[gm−3 ].
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Figure 6.18: Spatial structure of the biofilm and the distribution of CN (N H4 ) at
t = 3 for cases 3 and 5. The results are for (CN )∞ = 30[gm−3 ].
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Figure 6.19: Case 2. Total value of each biomass fraction and fluxes of dissolved
substrates [gm−2 d−1 ]. The value of ammonium concentration decreases from
(CN )∞ = 30[gm−3 ] at t = 3 to (CN )∞ = 0.5, 2, 6[gm−3 ].
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Figure 6.20: Case 3. Total value of each biomass fraction and fluxes of dissolved
substrates. The value of ammonium concentration decreases from (CN )∞ =
30[gm−3 ] at t = 3 to (CN )∞ = 0.5, 2, 6[gm−3 ].
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Chapter 7
Conclusion and Future Work
7.1

Conclusion

The main objective of this dissertation is centred around introducing an errorcontrolled adaptive method in time to solve non-linear degenerate diffusion reaction equations arising in biofilm modeling. The outcomes are as follows:
• Mathematical analysis of the problem arising in biofilm modeling with degenerate diffusion equations has been presented. These classes of problems have two non-linear diffusion effects (i) power law degeneracy and
(ii) super-diffusion singularity. It has been shown by regularisation that
the solution of the singular ODE system that is obtained by spatial discretisation of the single-species biofilm model by a standard Finite Volume
method does not attain the maximum cell density i.e. the singularity is not
attained by the solution of the degenerate problem. The boundedness of the
solution of the non-regularised semi-discrete system by a value less than
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one and the resulting regularity allow the application of error-controlled
time adaptive methods such as Rosenbrock-Wanner methods. This overcomes the constraint around the time-step size that numerical methods
with fixed time-step encounter in solving this class of non-linear problems.
• We have extended the method to multi-species biofilm models with nonlinear cross-diffusion effects. We showed that the biologically relevant positive solutions are bounded by solutions of a related single-species model.
This suggests the application of the error-controlled time-adaptive method
which overcomes the difficulty of small time-step sizes that previous methods have.
• We have introduced a non-linear diffusion-reaction PDE model that describes the biofilm behavior in the exposure to antibiotics in a system in
which quorum sensing can trigger increased resistance to antibiotics. The
model is solved by the introduced time-adaptive method. We have shown
that timing of exposure is crucial in controlling biofilms by antibiotics. If
the antimicrobial agents are administered early i.e., before QS induction,
the biofilm can be removed easily. Otherwise, if the biofilm is in the protective mode of growth its removal may not be possible in the considered
time interval.
• We have studied the performance of a Membrane Biofilm Reactor (MBfR)
via a 2D non-linear cross-diffusion biofilm model. We used the introduced
method to solve the problem at hand and have shown that the opera285

tion of the aerated membrane reactor depends on the initial inoculation,
with the major difference between sparse and homogeneous layer coverage. Although multi-dimensional problems are more complex and require
expensive computational work compared to 1D models, the development
of biofilm layers which is observed in some scenarios is describable only
by higher dimensional models. This highlights the importance of higher
dimensional modelling in MBfR.
• We prepared our code for parallel execution using OpenMP. Parallelisation allows the code to be run easily on modern mutli-core/multi-processor
desktop workstations, which results in speed-up.
• Two approaches have been suggested to compute the Jacobian matrix that
is required in ROW methods: analytical and numerical techniques. Approximating the Jacobian numerically is straightforward but can be computationally expensive. Using an analytical expression of the Jacobian in
the simulations is computationally faster, but to obtain the Jacobian even
with computer algebra systems can be cumbersome. We have shown that
the way of finding the Jacobian matrix affects the computational time. By
comparing the elapsed CPU time, we found out that using the numerical
approximation is warranted if only few simulations of the model are required and for rapid proto-typing, but the effort of obtaining analytical
expressions is warranted if extensive simulation experiments are run.
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7.2

Future Work

Following are some open questions that should be investigated in the future:
• In the mathematical analysis of the non-linear cross-diffusion problem, we
assumed that it has a positive unique solution. This assumption needs
to be relaxed and positivity and well-posedness of the PDE model should
be shown in the future. Regularisations that we attempted were not successful. This indicates that mathematical analysis of the non-linear crossdiffusion biofilm model needs to be investigated in another way.
• The given cross-diffusion coefficients in chapter 5 are for dual-species biofilms in which biomass species have the same behavior. As there is no
formula yet for cross-diffusion coefficients for biofilms with more than
two components, we did not consider spatial interaction among biomass
species in chapter 4 and also did not account for inert biomass in the membrane biofilm reactor model in chapter 6. Finding the cross-diffusion coefficient that describes the interaction among more than two biomass species
with different behavior is an open research topic.
• To decrease the computational work, we assumed that substrates are transported only by diffusion and did not consider the convective flux. As taking into account the fluid dynamics is required in many biofilm modeling
applications, it should be considered in the future despite the complexity that it may cause. Depending on the context and flow regime there
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are several ways to compute the velocity such as using Navier-Stokes and
Stokes solvers for high laminar and creeping flow regimes, simplifying the
Navier-Stokes equation as steady-state for transitional or creeping flow
to obtain lubrication flow and using high order perturbation methods in
narrow channels. The challenges of considering the fluid flow that should
be handled are that it makes the computational work more expensive and
probably changes the time-step behavior.
• We have shown that the way of computing the Jacobian matrix affects
the amount of computational work and elapsed CPU time. Computing the
Jacobian more efficiently for example by using Automatic Differentiation
or optimizing the use of a computer algebra package is a task that needs
to be more studied.
• In our model we left it open by which mechanism QS triggers increased
antimicrobial resistance. Studying the mechanism of changing biofilm behavior in the exposure to antibiotic due to the QS induction is an open
question in biology and consequently in mathematical modeling that requires further investigation.
• Preparing the simulation code for release into the public domain via a software repository is a task that could be considered in the future.
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Appendix A
The Rosenbrock-Wanner method
Consider the initial value problem
u’(t) = f(u(t)) u(t0 ) = u0 .

(A.1)

A s-stage ROW method to solve (A.1) is defined as [3]:
ki = f(tm + αi t, um + τ

i−1
X

αij kj ) + τ fu

j=1

m+1

u

i
X

γij kj + τ γi ft i = 1, ..., s (A.2)

j=1

m

=u +τ

s
X

bi ki ,

(A.3)

i=1

where αij , γij and bi are the parameters of the method, fu = fu (tm , u0 ) is the
Pi−1
Jacobian matrix, ft = f’(tm , u0 ) and αi =
j=1 αij [3]. In order to find the
coefficients ki , i = 1, ..., s, a linear system needs to be solved in each time-step
which is sparse and non-symmetric for our problem. To solve this linear system
we use the stabilised biconjugate gradient method [5]. More specifically, we use
a routine from the SPARSKIT library [6], that is prepared for parallel execution
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using OpenMP as in [1].
The embedded method which is used to control the error has order p − 1 and
gives the embedded solution as:
ûm+1 = um + τ

s
X

b̂i ki ,

(A.4)

i=1

The advantages of the embedded ROW method is that it controls the time-step
size to prevent unnecessary computational effort for small time-steps and less
accurate results when the time-step is large. Furthermore, solving non-linear
systems which occurs in other types of Runge-Kutta method can be omitted. In
order to control the time-step size the numerical error is defined as:
r=

1
kû − uk2 ,
N

(A.5)

where N is the number of grid cells. The standard controller coefficient is computed as:
rt = ρ(

T OL p1
) .
r

(A.6)

where ρ ∈ (0, 1] is a safety factor, T OL > 0 is a given tolerance which determines the accuracy of the method and p is the order of the method. We compute
the new time-step as:


 r ≤ T OL → hnew = min(rt , 4) × hold ,
10

 r ≥ T OL → hnew = max(rt , 0.3) × hold .
For

T OL
10

(A.7)

< r < T OL the time-step is accepted and the ROW method continues
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Table A.1: Set of coefficients for ROS3PRL [3].
γ = 0.43586652150845900
α21 = 0.50000000000000000
γ21 = −0.50000000000000000
α31 = 0.50000000000000000
γ31 = −0.79156480420464204
α32 = 0.50000000000000000
γ32 = +0.35244216792751432
α41 = 0.50000000000000000
γ41 = −0.49788969914518677
α42 = 0.50000000000000000
γ42 = +0.38607515441580453
α43 = 0.00000000000000000
γ43 = −0.32405197677907682
b1 = +0.0021103008548132443 bˆ1 = +0.50000000000000000
b2 = +0.88607515441580453
bˆ2 = +0.38752422953298199
b3 = −0.32405197677907682
bˆ3 = −0.20949226315045236
b4 = +0.43586652150845900
bˆ4 = +0.32196803361747034

with the previous time-step. The Butcher tableau of the three types of ROW
methods are shown in Tables A.1, A.2 and A.3.
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Table A.2: Set of coefficients for ROS34PW2 [2].
γ = 0.43586652150845900
α21 = 0.87173304301691801
γ21 = 0.87173304301691801
α31 = 0.84457060015369423
γ31 = 0.90338057013044082
α32 = −0.11299064236484185 γ32 = 0.054180672388095326
α41 = 0.00000000000000000
γ41 = 0.24212380706095346
α42 = 0.00000000000000000
γ42 = 1.2232505839045147
α43 = 1.00000000000000000
γ43 = 0.54526025533510214
b1 = 0.24212380706095346
bˆ1 = 0.37810903145819369
b2 = 1.2232505839045147
bˆ2 = 0.096042292212423178
b3 = 1.5452602553351020
bˆ3 = 0.50000000000000000
b4 = 0.43586652150845900
bˆ4 = 0.21793326075422950

Table A.3: Set of coefficients for ROS34PRW [4].
γ = 0.43586652150845900
α21 = 0.87173304301691801
γ21 = 0.87173304301691801
α31 = 0.14722022879435914
γ31 = −0.12855347382089872
α32 = −0.31840250568090289
γ32 = 0.50507005541550687
α41 = 0.81505192016694938
γ41 = 0.48201449182864348
α42 = 0.50000000000000000
γ42 = 0.21793326075422950
α43 = 0.31505192016694938
γ43 = 0.17178529043404503
b1 = 0.33303742833830591
bˆ1 = 0.25000000000000000
b2 = 0.71793326075422947
bˆ2 = 0.74276119608319180
b3 = 0.48683721060099439
bˆ3 = 0.31472922970066219
b4 = 0.43586652150845900
bˆ4 = 0.32196803361747034
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Appendix B
The Biconjugate Gradient
stabilized method
The Biconjugate Gradient Stabilized (BCGSTAB) method is an iterative method
which is developed to solve non-symmetric linear systems Ax = b [1]. It is a
variant of the Biconjugate Gradient (BiCG) method and has faster and smoother
convergence than the original BiCG as well as other variants such as the Conjugate Gradient Squared (CGS) method. BCGSTAB is the product of BCG and repeated application of the generalized minimal residual method and what makes
the convergence of BCGSTAB smoother is a local minimization of residual vector. BCGSTAB requires two matrix-vector products and four inner products, i.e.,
two inner products more than the BiCG method or the CGS method [2]. The
Pseudocode of unpreconditioned BCGSTAB method is represented in Algorithm
1.
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Algorithm 1 The Unpreconditioned BCGSTAB method [1]
Compute r0 = b − Ax0 for some initial guess x0
Choose r̂ such that (r̂, r) 6= 0 for example r̂0 = r0
ρ0 = α = ω0 = 1
v 0 = p0 = 0
for i=1,2,… do
ρi = (r̂0 , ri−1 )
β = (ρi /ρi−1 )(α/ωi−1 )
pi = ri−1 + β(pi−1 − ωi−1 vi−1 )
vi = Api
α = ρi /(r̂0 , vi )
h = xi−1 + αpi
If h is accurate enough, then set xi = h and quit
s = ri−1 − αvi
t = As
ωi = (t, s)/(t, t)
xi = h + ωi s
Check convergence; continue if necessary
ri = s − ωi t
end for
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