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The dynamics of ecosystems include a bewildering number of weak to strong biotic interactions. 

Global human development has begun to erode this natural complexity making it important that 

we rapidly assess the structural aspects of food webs that are critical to the stable function of our 

life-support systems. Here, for the first time, employing simple and general arguments I outline a 

whole food web theory that yields an interaction strength result that is compatible in every way 

to theory that spans the entire ecological hierarchy (i.e., from populations to whole ecosystems). 

This general whole ecosystem result suggests that strong interactions in food webs are not 

“stabilizing” as has been suggested recently, but rather potent destabilizers of diversity. I then 

show how it is possible to characterize the models that generate the recent examples of 

stabilization through strong interactions and determine that this effect arises from three 

implausible assumptions on the structure of natural food webs. I end by determining how the 

general stability pattern found across food webs of all complexity can be understood from a 

stochastic perspective that unites different interpretations of ecological stability into a duality of 

dynamic responses to increasing interactions strength. This theory, therefore, suggests that 

nature’s weak interactions are the glue that binds ecosystems together and maintains 

biodiversity. 
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Prologue 

Ever since Robert May “kicked down the barn door” on the intuitive notion of the stability of 

diverse food webs, ecologists have searched for the properties of natural systems that confer 

stability in whole food webs (Cohen, Briand, and Newman 1990; McCann 2000).  Despite 

theoretical and empirical progress, this major research axis unfortunately remains conceptually 

fragmented.  The purpose of this thesis is to begin the task of bridging a multitude of approaches 

to facilitate the development of a consistent, comprehensive, theory scaling from single 

populations to whole food webs. 

Historically, ecologists have attacked the baroque complexity of whole food webs with 

three distinct approaches.  The first school, the statistical approach, thought that dynamics were 

too ambitious and instead argued for a purely empirical methodology (Cohen et al. 1990). This 

approach explored existing, and emerging, food web data in hopes of discovering universal 

patterns in food web topological structure (e.g. constant connectance, predator-to-prey ratios, 

etc.). This research axis has ultimately generated the common topological models (cascade, 

niche, nested hierarchy etc.) used to study food web link structure both empirically and 

theoretically. 

The second school, the modular approach (Holt 1997), posited instead that the 

complexity of the link topology was the key feature, and argued that the path forward was a 

detailed understanding of the stability and dynamics of small sub webs (i.e., modules). This 

research approach has generated theories on the stabilizing role of weak interactions, 

generalist/adaptive predators, asynchrony, and other similar dynamically motivated structures 

that impart stability to small subsystems. 
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The third school, the community matrix approach, tried a mix of the two previous 

techniques using the mathematical framework employed in Robert May’s original study, the 

community matrix, allowing for the pairing of linear dynamics and statistical topological link 

models. This hybrid school allows for thinking about stability and other module like predictions 

while still being able to describe large food webs (Pimm 2002; Yodzis 1981; Emmerson & 

Yearsley 2004). Though, as is often the case, this mixed approach is a master of none. The 

dynamics are strictly equilibrium and the relationship between topology and dynamics is largely 

ad hoc. 

All three approaches have been extremely productive, leading to a series of results that 

have deepened our understanding of the architecture and dynamics of ecosystems. However, the 

two dynamical schools, modular and matrix, remain conceptually isolated and problems for our 

understanding have been created where they give contradictory answers (Allesina & Pascual 

2007; Allesina & Tang 2012). 

This thesis contributes theory that helps unite these theoretical approaches for studying 

food webs. Removing the disconnect from simple modules and whole food webs by developing a 

conceptual framework that uses community matrix techniques, which scale naturally to large 

systems, yet constructed in such a way that allows for immediate comparison to the predictions 

that have been made by the dynamically rich modular theory, i.e. the role of weak interactions, 

coupling of compartments and bifurcation theories. The key theme will be looking at the ways 

that theory can scale up the ideas of the modular approach to whole food webs, thereby 

combining the well-established structural patterns of the statistical approach with rich dynamic 

insight into the stability of natural systems. This helps to test theoretically the potential 

applicability of general food web theories. 
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Ecological Stability 

The abstract concept of Ecological Stability has been a major driving force behind both 

theoretical and empirical food web ecology since the inception of the field (Goodman 1975; 

Pimm 1984; McCann 2000). Beginning from the poetic notion from Greek times of the “Balance 

of Nature” (Cuddington 2001), the idea of ecological stability has been associated with the 

intuitive concept of energy balance (McCann 2000; McCann 2011), the mathematical meaning 

of equilibrium (May 2001) and, once nonlinear ideas where more formally understood, the 

notion of minimizing variability (Tilman 1996b). At each of these conceptual steps, ecologists 

have been refining the meaning behind the notion of the stability or instability of a system being 

a fundamental property of the structure of biological interactions, flows, space etc. In many ways 

there is an analogous history of the use of stability concepts in ecology as being ways in which 

specific structural mechanisms where investigated.  

At first, ideas of the topological structure of food webs related to architectural ideas of 

diversity (number of species) and complexity (interaction link density). This conceptual 

framework looked at whole webs, abstracting away the details of specific interactions to see if 

the large scale structure of food webs had some fundamental effect on the functioning/stability of 

natural systems (McCann 2000). Ultimately this idea was tested in the extreme in Robert May’s 

“vacuum” experiment that related diversity, complexity and mean interaction strength into the 

now classic formula for the instability of large random communities (May 1972). A related result 

was also shown by May (that is less widely known) that random predator prey systems without 

omnivory (or more generally feeding “loops”) are always stable no matter the size or strength of 

the interactions; this idea was called Sign-Stability (May 1973a). 
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At the same time population ecologists considered similar stability issues, but from a 

perspective that focused on the complexity of changing patterns of interaction strengths and 

internal dynamics instead of just differences in the number of species/links. This quickly showed 

the importance of nonlinear effects on stability, such as the asynchronous response of resource 

populations to disturbance, leading to an associated idea of “community stability” suggested by 

Tilman and coworkers (Tilman 1996a; Tilman 1996b; Lehman & Tilman 2000). Similarly, 

nonlinear dynamics also suggested complex ways that species might coexist at non-equilibrium 

attractors. The culmination of this approach leads to predictions about the stabilizing influence of 

“weak” interactions  on the stabilization of nonlinear attractors and equilibrium systems 

(McCann et al. 1998; de Ruiter et al. 1995; Emmerson & Yearsley 2004). 

The litany of stability results and subtle differences in definition has led to many 

researchers asking for greater rigor in the language used to describe stability for specific 

ecological questions (Ives & Carpenter 2007; Grimm & Wissel 1997) as well as the mechanisms 

that are believed to underlie stability, such as complexity, diversity, and interaction strength 

(Berlow et al. 2004). Furthermore, it has been suggested that stability results will be scale 

dependent, that the mechanisms that stabilize low species systems (modules) will be of a 

different kind, and potentially direction from high species (whole webs). 

Thesis Outline 

I have attempted to seek synthesis between many of these conflicting viewpoints on ecological 

stability. In what follows, I first show how thinking carefully about low diversity systems 

(modular) stability, leads to a fundamental stability trade off of initial stabilization followed by 

destabilization as interaction strength (or interpreted energetically, the per unit flux rate from one 

interacting agent to another) is increased (Chapter 1) that is repeated in many common stability 
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measures, as well as when a stochastic approach is used (Chapter 3). Having shown the wide 

applicability of this universal stability tradeoff, I also focus on giving an extensive categorization 

of the only known exception of this pattern in whole webs (Chapter 2) 

Chapter 1: Unifying Ecological Stability 

A fundamental issue in the theory of the stability of food webs is trying to translate results from 

low species “modules” to whole webs of hundreds of species and more. One of the few classical 

results on whole webs was Robert May’s finding that large random networks of interacting 

species are fundamentally unstable. Attempting to understand the ecological mechanisms behind 

this result has led to a rich research program of uncovering dynamic, low species (modules), 

structures that mediate interactions strength is stabilizing or destabilizing manners. More recently 

researchers have instead asked if the instability of large networks is purely a result of network 

structure and not the rich patterns of interaction strengths that modular theory has suggested 

underlies ecological stability (Allesina & Pascual 2007). Using analogous methods to May, it has 

been found that food webs composed entirely of Consumer-Resource interactions are almost 

always stable and, furthermore, that these types of large networks are stabilized by increasing 

interaction strength (Allesina & Pascual 2007; Allesina & Tang 2012), contrary to all theory of 

low diversity (modular) food webs.  

In this Chapter, I show how this contradiction between large and small food webs 

depends fundamentally on how the structure of Consumer-Resource interactions is modelled in 

larger systems. Specifically, if the mean symmetry between the effects of the Consumer on the 

Resource is exactly the same then the recent, contradictory, finding of large networks being 

purely stabilizing is found. If instead the equality of the impact of the Consumer on the Resource 

is broken, as will be the case for all known natural systems, the stability pattern found in low 
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species systems is recovered. This result shows that the stability of food webs does not depend 

purely on network structure, and that the role of interaction strength on stability is consistent 

across food web scale. 

Chapter 2: Uncovering Strong Assumptions in Whole Food Web Theory 

Having shown that the general stability checkmark pattern scales from small to large systems  an 

interesting category of theoretical food webs remains, so called “Sign-Stable” food webs (May 

1973a; Jeffries 1974). A Sign Stable food web is a system that remains stable regardless of the 

strength of the interactions between any of the component species. Though the specific structural 

requirements for such a configuration can be quite limiting it remains and interesting subset of 

food webs as it motivates modern theory that attempts to discover how large systems might be 

everywhere stable (Allesina & Pascual 2007; Allesina & Tang 2012).  

In this Chapter, I show how we can reconcile the theory of Sign-Stable food webs with 

dynamic theory, and random models with more general food web structures by modernizing the 

interpretation of stability that is used in evaluating these systems. First, I show how there is a 

historical divide between classical stability analysis that attempted to look at “Absolute Stability” 

quantifying the percentage of stable vs unstable configurations, versus the more dynamic 

interpretation of stability as changes in “Relative Stability” as biological parameters are changed. 

When Sign-Stable systems are evaluated from a relative perspective we find that the strict 

network requirements of Sign-Stable systems leads to stability patterns that deviate from the 

general theory found in Chapter 1, and generates, instead, a relative stability pattern of pure 

stabilization as mean interaction strength is increased, no matter the structure of the Consumer-

Resource interactions. Looking at dynamic models, I find that this is a result of the relationship 

between the intraspecific interactions (encoded in the diagonal entries) and the interspecific 
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interactions (encoded in the off diagonal entries). If Sign Stable systems are simulated in a 

manner analogous to dynamical models, then this apparent contradiction is removed and I find 

once again that the general pattern of a stability checkmark is recovered. 

Chapter 3: The Duality of Ecological Stability 

Having found the universality of a stability tradeoff between interaction strength and food web 

stability (Chapter 1), I attempt to uncover the biological meaning of this general pattern in 

ecological systems. Here I show how ecological stability is fundamentally a tradeoff between 

mechanisms that increase “mean stability”, that stability gained by increasing a population away 

from zero, and “variability stability” the instability caused by increasing interaction strength 

leading to larger population fluctuations. These two stability mechanisms are inherently at odds 

with each other and lead to the general stability checkmark found in many ecological systems. 

Once this basic relationship between ecological stability is understood it can help to bridge 

different stability metrics such as eigenvalues and the coefficient of variation. Furthermore, this 

pattern is more generally embedded in a stochastic framework, allowing for the relationship 

between internal, population generated, variability and outside environmental variability to be 

understood in an analogous manner. Using this intuition, I show how stochastic variability and 

deterministic variability can interact to generate complex population cycles in a manner identical 

to the purely deterministic interaction of cycles. 
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Chapter 1: Unifying Ecological Stability 

The growing realization of a looming biodiversity crisis has recently inspired considerable 

progress in the quest to link biodiversity, structure and ecosystem function (Cardinale et al. 

2012). Importantly, simple low-species food web theory often stands in contrast to complex 

high-species food web theory on the role that diversity and structure play in mediating the 

stability of nature’s complex networks. Of particular interest is the recent discovery that species-

rich predator-prey networks seem to be purely stabilized by increasing interaction strength 

(Allesina & Pascual 2007; Allesina & Tang 2012); a result that overturns 40 years of ecological 

research (May 1972; Pimm & Lawton 1978; McCann et al. 1998; Emmerson & Yearsley 2004; 

Neutel et al. 2007; Gellner & McCann 2012). The reasons for this disconnect remain elusive. 

Here, we construct a method that bridges low and high species approaches to food web theory by 

elucidating the connection between the stability of the basic building blocks of food webs and 

the mean stability properties of large random food web networks. We show that a simple 

biological constraint removes the recently found contradictory pure stabilization pattern of 

complex webs. Applying this theoretical framework to common food web models reveals two 

key findings. First, that in almost all cases, large species-rich, random food web models yield a 

stability relationship between weak and strong interactions that are compatible in every way to 

simpler low diversity models. And second, the models that generate the more recent, 

contradictory, phenomena of pure stabilization correspond to the biologically implausible 

assumption of perfect interaction strength symmetry. 

There exists a long and storied history of research on the relationship between diversity, 

complexity and stability of whole food webs (McCann 2000). Despite this, there has been little 

attempt to bridge the understanding of stability theory in population ecology to whole food webs. 
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This is surprising given that the underlying sub-systems of whole webs are in fact both 

populations and low-species interactions, and so a search for internal consistency seems logical 

(Fig 1.1A-D). As with any science, attempts at linking separate research areas strengthens theory 

by showing consistency (unification) or by identifying the logical scientific basis for sudden, and 

unexpected, changes to theory.  Here, we first identify a very general argument for the role of 

biomass growth and biological lags on the stability of single populations. We then show that this 

simple rule translates to low species modular interactions, or network motifs (Holt 1997; Milo et 

al. 2002), where consumer species growth rates and inherent consumer-resource lags dictate an 

identical stability response. Finally, we consider whole food web theory where current and 

historical research finds a mixture of answers that seem either partially, or wholly, incongruent 

with this simple general rule (Allesina & Pascual 2007; Allesina & Tang 2012). We then revisit 

these results using the elegant mathematical result of Sommers et al. (1988) to show that both 

historical and recent result are singular endpoints that hide a general result that is equivalent to 

the population and modular results. Indeed, low and high species food webs generally yield 

qualitatively similar stability results. 

Growth, Energy and Lags: A General Stability Result 

The continuous logistic model can be solved to see that increased population stability scales 

directly with increased population growth rates such that increased growth rates yield increased 

stability (i.e., =-r). This well-known result shows that high growth, without a lag, simply 

stabilizes the population – a small perturbation of a high growth rate population returns rapidly 

back to the equilibrium. While a simple and intuitive result, population ecologists and 

mathematicians have long understood that lags tend to induce instability. Ecological systems 

abound with lags, and so while the continuous logistic is a good example of population growth, it 
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is a poor model for understanding stability since it ignores the fact that populations are replete 

with lags.  

To rectify this, we next consider a broad set of population growth models that incorporate 

biological lags (e.g., the lagged logistic model) and find that now increasing the intrinsic growth 

rate leads to a dual response: (i) a stabilizing phase where increases in growth rates increase 

equilibrium stability (low r phase in Fig. 1B); and (ii) a destabilizing phase where increases in 

growth rates destabilize the equilibrium (high r phase in Fig. 1B).  This dual stability response, 

or “checkmark” stability pattern, is universal to a broad set of population models (See 

Supplement 1.1.1).  

Mathematically, it can be shown that the switch from stabilization to destabilization in 

Fig. 1B occurs for the lagged logistic at exactly the point the eigenvalue, , becomes complex 

(See Supplement 1.1.1). From a biological standpoint this mathematical results implies that the 

destabilizing phase always occurs at precisely the point where the population starts to show 

overshoot dynamics (i.e., population dynamics begin to vary around carrying capacity, K, on 

their approach to the equilibrium).  In a simplified sense, this overshoot can be envisioned as the 

expression of the population lag such that further increases in growth (r) operate to only increase 

overshoot dynamics and further destabilize the dynamics. In many population models this 

destabilizing influence of increasing growth rates coupled to lags eventually lead to wild 

oscillations and even chaos (May 1973b; May 1972).  

To summarize, when a population has lags we find a general checkmark stability pattern 

whereby increasing growth rate (or net per capita flux into the population) first stabilizes a 

population but then ultimately destabilizes the population by driving overshoot dynamics that are 
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further excited by increasing per capita flux into the population. We now extend this result to 

consumer-resource models and low species modules.  

Consumer-Resource Theory: Growth, Energy and Lags Again  

As with the population model, the consumer-resource interaction is an inherent and ubiquitous 

sub-system in any food web (Fig. 1.1C). Following our single population analysis, we start by 

considering what governs the growth of the consumer in the consumer-resource (C-R) 

interaction. In classical Lotka-Volterra models, it is assumed that the biomass growth process is a 

result of the conversion of resource consumption (e.g., eaRC for Type I, where e is conversion 

and a is attack rate). Thus, the C-R analog of the intrinsic growth rate of a single population is 

related to interaction strength or, more accurately, the strength of the parameters governing the 

interaction (i.e., ea is to the eaRC as r is to rR). Note also that in a C-R interaction, a biological 

lag occurs implicitly due to the time needed to convert resource biomass into consumer biomass, 

and therefore, no explicit lag is required.  

Fig. 1.1C shows the generic response of increasing ea of a Type I C-R model with the 

standard logistic resource growth. Not surprisingly, the result exactly mirrors the population 

growth result with a checkmark stability pattern. Here, as before, the destabilizing phase of 

increasing consumer interaction potential occurs at precisely the point where the population 

dynamics start to overshoot (see Supplement 1.1.2 for examples showing identical response 

across a broad set of C-R models).  Finally, this result readily extends to simple low species food 

web modules where we increase the interaction potential (e.g., ea) of all interactions 

simultaneously (Fig 1D; see Supplement 1.1.2). In summary, both population and consumer-

resource based modular theory generically show a checkmark stability response to increases in 
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growth (similarly, interaction strength within the C-R framework).  It remains to consider whole 

webs.  

Scaling Up to Whole Food Webs 

Forty years ago, Robert May, using community matrices, showed mathematically and 

numerically that randomly constructed whole webs had local stability properties well 

approximated for large numbers of species (S) by the following relationship for the maximum 

eigenvalue ( max ): 

maxRe( ) A SC d   ;      (1) 

where C is connectance, and A  is the standard deviation of the whole matrix distribution (A) 

(i.e., union of the non-zero paired off-diagonals ( , )ij jiA A . Thus, increasing variance of the whole 

distribution effectively increases the means of the half-distributions ( [ ]ijE A  and [ ]jiE A , where 

( , )ij jia a  are the off diagonal pairs of the community matrix); increasing A  can be seen as a 

surrogate for increasing mean interaction strength. Finally, d is the size of the diagonal or the per 

capita effects that a species has on themselves ( iia ; -1 for May’s special case). As May pointed 

out, for the case of diagonals set at -1 then the system is stable whenever the positive term, 

1A SC  . This simple, but elegant, formulation suggests that strengthening interactions 

(increasing A ) is purely destabilizing. From this result, we shall hereafter refer to the term, 

A SC  in Eq. 1, as “May’s destabilization factor”. 

While an interesting approach, this specific relationship holds for matrices of random 

interactions alone (random mixtures of consumer-resource, competition, and mutualism 

(Allesina & Tang 2012)). It also implicitly assumes that the off-diagonals, on average, have 
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equal means. There are several reasons why this equation may not be appropriate for food webs 

constructed purely from consumer-resource interactions. In consumptive webs like these, the off-

diagonal elements, aij, (representing per capita impacts of species j on species i) will be non-

negative for the consumer and negative for the resource.  Additionally, Lotka-Volterra models 

find that the positive interaction strength of the resource on the consumer (
jia ) should scale with 

the negative interaction strength of the consumer on the resource (
ija ) as /ij jif a a . For a Type 

I functional response, * */f eC R  implies that f should generally be much less than 1 (note, it 

would take C* to be considerably greater in biomass than R* for f  to scale greater than or equal 

to 1 and this is empirically known to be rare (Trebilco et al. 2013)). 

Here, to embody this biology, we choose community matrices with a scaling parameter,  

f. Specifically, we will construct consumer-resource interactions with the negative effect of the 

consumer on the resource drawn from a distribution 
ijA  with mean [ ]ijE A , and the effect of the 

resource on the consumer drawn from a distribution, 
iji jA fA , with mean [ ]ijfE A . Notice that 

we are enforcing the mean scaling ( f ) between the off diagonal pairs by drawing the resource’s 

per capita effect on its consumer (
jiA ) from a scaled distribution, not scaling the pairs directly.  

Amazingly, there is an analytic estimate for the dominant eigenvalue for matrices with 

similar symmetric structure derived by Sommers et al. (1988) for the bivariate normal 

distribution, and conjectured to hold for more general distributions (unpublished proofs of the 

general case have recently been proposed (Naumov 2012; Nguyen & Rourke 2000)) . Building 

on Sommers et al’s. estimate, Allesina & Tang (2012) added the connectance structure of food 

web models, in an analogous fashion to May, yielding the general stability estimate for 

consumer-resource networks: 
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maxRe( ) (1 )A SC d          (2) 

where, again, A  is the standard deviation of the whole distribution  and   is related to the 

correlation between the off-diagonals (see Supplement 1.1.2 for technical details). This estimate 

for the stability of consumer-resource matrices is May’s destabilizing factor, A SC , modified 

by (1 ) . Note, since  ranges from -1 to 0 in predator-prey interaction matrices (See 

Supplement 1.2), the (1 ) term ranges between 0 and 1. Thus (1 ) is a measure of the 

damping in Eq. (2) caused by the structure of the interaction strength distribution (hereafter, we 

refer to (1 )  as the damping factor). If the damping factor is 0, then the system will be 

maximally stable, as the influence of May’s destabilization factor is removed. On the other hand, 

if the damping factor is 1, then we have maximum destabilization and a return to Eq.1. For 

intermediate values of the damping factor, we scale the strength at which May’s destabilization 

factor operates. 

It is important to recognize that the exact value of  for any community matrix depends 

on the magnitude of mean interaction strengths (which depends on the variation of the half 

distribution, 
ijA ) as well as the interaction strength scaling parameter,  f. The precise 

relationship between  , A  and the scaling parameter,  f, dictate the stability outcome (Eqn. 2, 

above). Due to the asymmetry in our whole web experiments (i.e., 1f  ), we cannot directly 

employ Sommers et al.’s formula for  , so instead we numerically derive . Note, Eq. (2) still 

often remains an excellent estimate for the 1f   case (See Supplement 1.1.2).   In what follows, 

we use our numerical matrix results and Eq. (2) as a heuristic guide to explore the stability 

implications of several common interaction strength experiments.  
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Interaction Strength and Stability 

The first numerical experiment conducted was to increase the mean of the half distributions (

[ ]ijE A ) of the consumer-resource matrix pairs while keeping the variance of the half distribution 

(
ijA ) equal (Fig. 1.2A). This necessarily increases A  and May’s destabilizing factor, however, 

the stability response (Eq. 2) requires us to understand how the damping term is influenced by 

increases in A . It turns out that the qualitative behavior of the damping response depends 

entirely on whether 1f   or 1f  .  

Conducting this experiment with a symmetrical interaction scaling parameter (i.e., 1f  ), 

we find that as we increase the average interaction strength (i.e., increasing A ), we initially 

decrease the damping term,1  , until the damping term becomes exactly 0. Note that the 1f   

symmetry assumption drives the damping to attain 0, and not the particulars of the distribution 

used. This monotonic approach of 1  to 0 means that the destabilizing potential of May’s 

factor ( SC ) is increasingly muted until we reach maximal stability (determined by the 

diagonal’s d ). This relationship between 1  and mean interaction strength drives a pure 

stabilization result (Fig. 1.2B; grey curve). Thus, for perfectly symmetrical consumer-resource 

interaction strengths, our first whole web result is that increasing mean interaction strength is 

purely stabilizing – an answer inconsistent with population ecology and modular food web 

theory.  

Importantly, changing f  from anything but 1 decreases maximum achievable damping 

and we find that it necessarily approaches a value greater than 0 as mean interaction strength 

increases. If we now conduct the same experiment with any f-value other than 1, then we see 

from Eqn. (2) that we get a different stability answer. Increasing mean interaction strength again 



16 

 

drives1  towards some minimal value (but this value is now greater than 0). During this phase, 

the result operates identically to the f=1 case in that increasing interaction strength stabilizes the 

system by muting May’s destabilization term. However, once the 1  term saturates with 

increasing interaction strength (i.e., increasing A ), May’s growing destabilizing factor ( SC

) overwhelms Eq. 2, driving a destabilization phase (Fig. 1.2B; black curve). The result is the 

now familiar checkmark stability pattern (Fig. 1.2B; black curve). In summary, we have shown 

that extremely complex webs have a stability result identical with population and low species 

theory for all but one degenerate configuration (i.e., perfect interaction strength mean symmetry; 

f=1). 

Researchers have also been interested in how the skew of interaction strength 

distributions influence stability, and modular theory makes the prediction that skews towards 

strong interactions ought to be destabilizing (Emmerson & Yearsley 2004; McCann et al. 1998).  

In order to test, we carried out numerical experiments that changed the shape of the half-

distribution from one having a bias towards weak interactions into a distribution with a bias 

towards strong interactions (Fig. 1.2C). We then tracked the stability results for both symmetrical 

(f=1) (Fig. 1.2D; grey curve) and non-symmetrical ( 1f  ) (Fig. 1.2D; black curve) many 

species matrices. The non-symmetric case again yields the checkmark stability pattern (Fig. 

1.2D; black curve). This occurs because the standard deviation of the whole distribution, A , 

necessarily increases in this experiment, and so May’s destabilization factor eventually 

overwhelms the damping as we change the skew towards strong interaction strengths.  

The Role of Realistic Network Structure 
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To this point, we have used random network structures. This is arguably an extreme assumption 

as we have good models for the topology of food webs in nature (Dunne et al. 2002). To get at 

this, we redo our above analysis but employ the generalized cascade model (Stouffer et al. 2005), 

which allows us to unfold a suite of topological models.  First, for all models but the Niche 

model, we find we get the identical result as the random model – the checkmark pattern is not 

just qualitatively similar but, rather remarkably, they lie on top of the random model results (see 

Supplement 1.1.4 for numerical results). In a simplified sense, this suggests that large webs 

almost act like they are well-mixed (i.e., the topological structure is unimportant). 

An interesting difference occurs if we use the Niche model (Williams & Martinez 2000). 

Here, we still get the same checkmark stability pattern, but the results no longer overlap with the 

random and generalized cascade models (Supplement 1.1.4). We conjecture that the difference in 

results stems from the degree of compartmentation found in Niche like models compared to the 

Cascade and Random models (Guimerà et al. 2010). Compartmentation ought to prevent the 

topology from acting well-mixed. This difference suggests avenues for trying to understand the 

role that realistic network structure has on stability. Understanding the effect that the across 

compartment connections have on the mixing of the stability of the sub compartments could be a 

possible way to begin to understand deviations from our general result that could explain the 

difference in stability found in the Niche versus Random/Cascade models. Nonetheless, realistic 

topology qualitatively still yields the checkmark stability pattern – we have uncovered a 

universal result from populations to realistically-structured whole ecosystems.  

Discussion 

Our analysis shows that growth, interaction strength and lags interact in a general way to produce 

a consistent stability result across the ecological hierarchy. Increasing growth, flux or interaction 
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strength through a population or interacting assemblage first drives a stabilizing phase before 

entering a destabilizing phase. In dynamic models, we can show that the destabilizing phase 

corresponds to increased population dynamic overshoot (and eventually cycles or chaos in many 

models). In a sense, high energy or growth drives the dynamics to express the inherent biological 

lags (population lags or consumer-resource lags) and, once expressed, further increases excite 

these lags to greater instability. 

A recent synthetic data result that compares aquatic ecosystem dynamics to terrestrial 

ecosystem dynamics allows a preliminary examination of this theory. Specifically, aquatic 

ecosystems, which have smaller body-size and more palatable resources than terrestrial 

ecosystems, tend to have larger interaction strengths than terrestrial ecosystems (Strong 1992; 

Shurin et al. 2002; Shurin et al. 2006). Consistent with this theory, strongly interacting aquatic 

ecosystems also appear to empirically have more top heavy webs than terrestrial ecosystems (i.e., 

aquatic webs have more biomass in the higher trophic levels (Rip & McCann 2011)). This higher 

trophic level accumulation of biomass is symptomatic of high energy flow or growth throughout 

the aquatic food web. Finally, aquatic ecosystems show significantly more population dynamic 

variance than terrestrial ecosystems (Rip & McCann 2011), suggesting that the strong 

interactions in aquatic ecosystems, in fact, decrease stability. Thus, we argue that both theoretical 

and empirical evidence suggest strong interactions are indeed destabilizing. The corollary is that 

weak interactions are, indeed, fundamental to the maintenance of diversity. 
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Figures 

 

Figure 1.1: Modular theory attempts to decompose complex food webs like in panel (A) by looking at the 

stability patterns of the simpler, sub web, building blocks. A general finding from modular theory is a 

stability tradeoff for increasing the flux/growth/interaction strength, where we expect an initial stabilization 

phase as increased energy leads to increased resilience/stability as populations can respond to perturbations 

more rapidly. Ultimately this same increased energy begins to lead to overshoot, as the populations respond 

so rapidly, coupled with a lag, that the return to equilibrium is missed. This behavior occurs for lagged 

population models (B) consumer-resource interactions (C) as well as higher order modules such as same 

chain omnivory (D). 
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Figure 1.2: Outcome of two stability experiments for random community matrices with species richness, 

S=250, and connectance, C=0.25. The first experiment looks at increasing the mean interaction strength of the 

consumer-resource food webs with entries drawn independently from a distribution Uniform(r, r+1). One 

experiment looks at the symmetric case of f=1, finding as we expect that the stability saturates for increasing 

mean interaction strength. We also show the case where the f symmetry is broken generating the general 

stability checkmark found across all food web scales. Panels (C) and (D) show an analogous experiment 

where we instead look at how changing higher moments while increasing mean interaction strength might 

affect the stability. We draw the nonzero matrix elements from the distribution ( ,0.2 / )r r . For the 

uniform distribution we change r from 0 to 10 in increments of 0.1. The gamma distribution let r range from 

1 to 30 in increments of 1.0.In both models for each value of r we created 100 random community matrices 

and took the mean dominant eigenvalue as a measure of the stability



 

21 

 

Supplementary Information 

1.1.1 – Population Models 

In what follows we shall be more explicit about the relationship between growth, lag and 

stability in single population models. First we will review the results for the continuous logistic 

model, then show the explicit stability results for the lagged logistic, and finally show that we 

have analogous results using discrete time instead of a lagged continuous model using the Ricker 

equation. 

For the logistic equation / (1 / )dR dt rR R K   we have the characteristic equation 

2 0r r r     therefore the eigenvalue of the system are, as mentioned main in the text, exactly 

equal to the negative of the growth rate r . From this the result of pure stabilization is trivial, as 

increasing r  will make r  increasing negative, therefore the system returns to its equilibrium 

faster and faster, implying a more stable system. 

If on the other hand we begin with the lagged logistic model / (1 ( ) / )dR dt rR R K   

then we have the characteristic equation re   . This equation cannot be solved for lambda in 

closed form, but if we numerical integrate this equation we have the familiar checkmark stability 

pattern shown in Fig S1.1.  

Similarly if we look instead at discrete time with the common Ricker logistic model 

(1 / )

1
tr R K

t tR R e


   we again find the identical checkmark pattern, though due to the interpretation 

of eigenvalues in discrete time yielding stability when inside the unit circle the diagram is 

slightly different to visualize. When the eigenvalues are positive and less than one the system is 

stable and has no potential for overshoot, shown in Fig S1.2. As r  is increased the eigenvalues 

cross zero and the system begins to have transient overshoot as it returns to equilibrium, shown 
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in Fig S1.2. Finally if r  is increased even further the eigenvalues leave the unit circle and the 

system becomes unstable with persistent oscillations. This relationship is made more explicit 

when we interpret the dominant eigenvalue in terms of population resilience which has the 

formula for the Ricker of 1/ 1ln r  , for a derivation of this see (Stone et al. 1996). Viewed in 

these terms we recover the checkmark stability relationship seen repeatedly in continuous 

models. 

1.1.2 – Consumer-Resource Models 

To further suggest the invariance of the checkmark stability pattern in consumer-resource system 

we show how common deviations from the C-R model used in the main text give analogous 

results. 

In general we can think of the general C-R model to be structured as 

/ ( ) ( , )dR dt g R f R C   for the growth of the resource, where ( )g R  is the growth function, 

which is almost always set to be logistic, and ( , )f R C is the mortality, caused by the consumer. 

Similarly for the consumer growth rate we have / ( , ) ( )dC dt ef R C m C   where e  measures the 

efficiency in which the consumer can convert resource biomass into growth, and ( )m C  is the 

natural mortality of the consumer. 

First we can look at the common changes to the mortality caused by the consumer which 

are often modeled as either type I, or non-saturating, or type II or saturating. In Figs S1.3-S1.4 

we can see how stability changes as interaction strength (here measured by the attack rate of the 

consumer on the resource) for these two types of models. Notice the qualitative pattern is 

identical. Using the type I yields the slight difference that the dominant eigenvalue for such a 

model will never cross zero, and therefore a Hopf bifurcation is impossible, but the system will 

become more and more oscillatory in the transients return to equilibrium, hence the checkmark 
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pattern. 

If we now look at how changes to the consumer mortality effect the stability response, we 

can contrast the common assumption of density independent mortality ( ( )m C mC ) with 

density dependent mortality ( 2( )m C mC ). In Fig S1.5 we see that again the checkmark stability 

pattern is preserved qualitatively for this change. 

Finally if we break the assumption of a purely prey dependent functional response 

( , )f R C  we can include the effect of ratio dependence on the stability pattern. Using the 

Beverton-Deangelis form we show in Fig S1.6 that again the checkmark stability pattern is 

preserved.  

1.1.2 – Understanding the derivation and meaning of tau 

Originally Sommers, Crisanti, & Sompolinsky (1988) have shown that an ( S S ) random matrix 

with entries drawn from a bivariate normal distribution with mean 0, variance 1, and correlation 

  the distribution of eigenvalues is contained in the ellipses 2 2( / ) ( / ) 1x a y b  , where 

1a    and 1b   . For stability the interesting aspect is the 1  , as this shows the width of 

the ellipses on the real line. Allesina & Tang (2012) combined this formulation with (May 1972) 

formulation of the role of species and connectance ( SC ) to get the stability rule for 

consumer-resource models of (1 )SC  . It is implicit that this formulation will work for 

distributions other than the bivariate normal. Allesina & Tang (2012) go further, arguing that an 

analytic formula for  for the consumer-resource community matrix can be given as 

2[ ] /ij jiE A A   where 
ijA  is the distribution of negative effects of the consumer on the 

resource, and 
jiA  is the distribution of the positive effects of the resource to the consumer. In 

their paper they assume that the distributions are identical differing only by sign. Also notice that 
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the variance used in   is for the full mirrored distribution, not being composed of the half 

distributions like the numerator. 

We can go further if we assume that the distribution of interaction strengths (
ijA ) is taken 

from the Uniform distribution with min equal to a  and max equal to b  then 

2 2 2[ ] / ( [ )
iij ij A jE A E A    . We now have a formulation that is entirely composed of properties of 

the half distribution. From this we can see that   is only equal to -1 if the variance of the half 

distribution is 0. From this we can predict that even in the 1f   case that we expect a checkmark 

in stability for increasing the mean IS using a uniform distribution. In Fig S1.7 we carry out this 

experiment numerically, keeping track of the actual real part of the dominant eigenvalue, the 

stability metric using Allesina and Tang’s estimate, and the actual correlation of the distribution 

of pairs. We find a decent relationship between all of the different metrics. The   based metrics 

have a tendency to overestimate the stability of the matrix, but this might be due to the finite size 

of the matrix, regardless of whether or not the qualitative shape is correct. To investigate whether 

we get a checkmark in this case, we further increase the mean IS. This experiment is shown in 

Fig S1.8. Notice that the Allesina and Tang (2012) estimate begins to increase near the end, 

suggesting the beginnings of a checkmark. As we expect, if we increase the IS further we see the 

checkmark occurring with a strong deviation from the correlation estimate as pictured in Fig 

S1.9. Clearly this shows that the proof found in Allesina and Tang is incorrect. Their formula 

neither estimates the correlation nor the stability for this configuration. 

Intriguingly, when we look at the 1f   case their estimate outperforms the correlation. 

We show this in Fig S1.10, where we create and asymmetry of 0.8f   and suddenly the 

correlation metric continues to predict, incorrectly in this case, stability saturation, whereas the 

Allesina and Tang estimate correctly characterizes the qualitative stability pattern. Clearly this 
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suggests that the true  -like measure in these consumer-resource networks is more complex than 

just the correlation, and has something to do with the relationship between the mean and variance 

of the half distributions. From this we can conclude that Allesina and Tang’s   estimate gives 

good intuition for the 1f   cases (we have verified this for a large number of different 

distributions and parameter values), but gives the wrong intuition for the degenerate 1f   case 

of pure stability. Due to the strength of these relationships it would be interesting to try and find 

a more mathematically derived estimate of the true   for these types of models. 

1.3.1 – Changing the variance and the mean of the half distributions 

Though we have focused on the role of increasing the mean interaction strength, as we feel this is 

the most direct analog of changing interaction strength in classical models, as the values are 

drawn from a random distribution we could just as easily change the variance of the interaction 

strength while keeping the mean equal. This experiment will always destabilize the system as the 

  will always decrease under this change for common distributions. We show this experiment 

for the uniform and normal distributions in Fig S1.11-S1.13. 

With this in mind we can then intuit what happens when we allow both the variance and 

the mean of the interaction strength distribution to change. Depending on the direction we can 

either just make the destabilization phase occur more quickly (if the mean and the variance 

increase), or we can increase the stabilization phase (if the mean increases and the variance 

decreases). Now if the variance and the mean change at different rates we can get “wiggles” in 

the stability checkmark. This occurs for example when we slide the mean of a Normal 

distribution that is forced to be positive (i.e. we take the absolute value of the samples from a 

regular distribution). In this case, when the mean increases near zero the variance is increasing 

faster than the mean can stabilize the system (Fig S1.13), and we get an initial phase of 
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destabilization. As the normal gets further from zero, it behaves more regularly where the 

variance stops changing significantly, and we get a regular checkmark stability pattern (Fig 

S1.13). 

Clearly more complex experimental setups can be devised; a task beyond the scope of 

this paper, but the intuition will be the same. Increases in variance will be destabilizing and 

increases in mean will be initially stabilizing followed by destabilizing. More complex changes 

to the distribution will likely be some complex combination of these effects as the forced 

positive normal case suggests. 

1.3.2 – Attempting to elucidate the effect of distribution shape 

Allesina & Tang (2012) attempted to quantify the role of changing distribution shape by 

introducing the 2( , 1/ ( ))r r r   and arguing that r  was a surrogate for increasing skew 

towards strong interactions. An interesting approach, but as has been pointed out in the main 

text, this has the undesirable side effect of decreasing the variance of the half distribution while 

r  is increased, thereby changing the sampling range of possible community matrices to the 

extreme endpoint of sampling a single, identical matrix, when r  approaches infinity. This 

behavior is clearly not representative of a skew towards strong interactions. To rectify this we 

introduce a new parameterization ( , / )r r  which instead holds the variance of the half 

distribution equal (at 
2 ) while keeping the higher, shape, parameters equal to the original 

formulation. The following table shows the relevant formula for the first 4 moments of each 

distribution for easy comparison. 
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 2( , 1/ ( )r r r   ( , / )r r  

Mean 

1

r

r



 

r  

Variance 2

1 r




 

2  

Skew 2

r
 

2

r
 

Kurtosis 6
3

r
  

6
3

r
  

 

Table S1.1: First four movements of two parameterizations of the Gamma distribution. Higher moments of 

the skew and kurtosis can vary in the same manner while the mean and variance can have very different 

properties. 

 

1.4 – The role of Network Structure 

We have largely focused on the relationship between the distribution of interaction strengths and 

stability, while keeping the topology of interactions random for comparison with earlier work. 

Over the years a range of models have been suggested to describe the ever-changing consensus 

on what natural food webs are like. The first such model was Cohen and Briande’s Cascade 

model. Latter Williams and Martinez proposed a similar model that corrected problems with 

fitting more modern data that had more omnivory and cannibalism. In a superlative paper, 

Stouffer et al. (2005) describe the general feature that any topological model requires to fit the 

current consensus on realistic food web data, and use these ideas to update the Cascade model to 

give equal fits to the Niche model. 

As the Generalized Cascade model is a simple departure from random models -- 

correcting for the link density and trophic structure -- through a feeding cascade, it is a natural 
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first step to see how realistic food web topology affects our general stability results. Notice in 

Fig S14 that when models have identical interaction strength distributions there is absolutely no 

difference between Random topology and Cascade! After adding the Niche model, we find our 

first different result from network topology (Fig. S1.15). We see that although the general 

checkmark stability pattern is still present, it is no longer identical to the Random and 

Generalized Cascade. At first it might seem as though this is just a result of the unrealistic nature 

of the Generalized Cascade, but this model fits all common metrics of food webs equally well as 

the Niche model (Stouffer et al. 2005). 

To begin to understand the possible ways in which the network structure might be leading 

to this “rotation” of the stability checkmark we turn to another excellent paper on the underlying 

structure of topological food web models (Guimerà et al. 2010). Here, they describe a 

generalized Niche model that includes a parameter that measures the “diet continuity” of the 

food web, where 0 continuity reduces to the Generalized Cascade Model, and total continuity of 

1 reduces to the Niche model. The authors show how this parameter changes the 

compartmentation of the food webs. Using the generalized Niche Model we can see that the diet 

continuity, and therefore the compartmentation of the network structure leads to the “rotation” of 

the stability checkmark, pictured for a small selection of slices in Fig S1.15. In many ways this 

result is intuitively satisfying as we can think of the compartmentation of the food web skewing 

the averaging process of the random sampling of interaction strengths. As compartmentation is 

increased, we are effectively making well mixed sub webs with lower S  and higher C  values. 

Further research will need to uncover the exact ways in which across compartment connections 

will accentuate this answer. 
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Figure S1.1: The stability response to increasing r for the lagged logistic model with parameters K=1.0, 

tau=1. Stability is measured by the real part of the dominant eigenvalue. 
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Figure S1.2: The stability of the Ricker logistic equation with parameters k=1.0. In panel (a) we show stability 

as measured by the real part of the dominant eigenvalue. As the model is discrete the interpretation of 

stability is slightly different than for continuous models. Specifically stability occurs when the real part of the 

dominant eigenvalue is between -1 and 1, this region is labeled by the monotonic and complex region. The 

region labeled cycles begins once the real part of the dominant eigenvalue is less than -1. To make the stability 

relationship between the discrete and continuous case more explicit we also show the resilience of this model 

for changes in r in panel (b). This represents the identical information for stability but the y-axis now has an 

analogous scale as for the continuous case where decreasing along the y-axis represents increasing stability. 

On this scale we can clearly see the checkmark stability pattern  
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Figure S1.3: The stability response to increasing consumer attack rate a, a measure of the interaction 

strength of the consumer-resource interaction. Here we show a Lotka-Voltera (type I) functional response 

with parameters r=2.0, K=1.0, e=1.0, m=0.3. Stability is measured as the real part of the dominant eigenvalue. 

Clearly we see the checkmark stability tradeoff as interaction strength (a) is increased. Notice that the model 

is never fully destabilized with sustained oscillations. This is expected from the type I response. 
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Figure S1.4: The stability response to increasing consumer attack rate a, a measure of the interaction 

strength of the consumer-resource interaction. Here we show a Rosenzweig-MacArthur (type II) functional 

response with parameters r=2.0, K=1.0, e=1.0, m=0.3, h=0.8. Stability is measured as the real part of the 

dominant eigenvalue. Clearly we see the checkmark stability tradeoff as interaction strength (a) is increased. 

In contrast to the type I response the type II can lose its stable equilibrium and exhibit sustained oscillations 

shown here when the dominant eigenvalue becomes positive a little past a=2.0. 
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Figure S1.5: The stability response to increasing consumer attack rate a, a measure of the interaction 

strength of the consumer-resource interaction. Here we show a type II model with quadratic density 

dependent consumer mortality with parameters r=2.0, K=1.0, e=1.0, m=0.3, h=0.8. Stability is measured as 

the real part of the dominant eigenvalue. 
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Figure S1.6: The stability response to increasing consumer attack rate a, a measure of the interaction 

strength of the consumer-resource interaction. Here we show a type II model with quadratic density 

dependent consumer mortality with parameters r=2.0, K=1.0, e=1.0, m=0.3, h=0.8, gamma=1.0. Stability is 

measured as the real part of the dominant eigenvalue. 

 



 

35 

 

 

Figure S1.7: Test of the different forms for the damping term (x) in the stability metric 

( ) (1 )x SC x   . We try the Allesina and Tang estimate   as well as the true correlation  , and 

compare these to the true stability max( )Re  . Over this range of mean interaction strength we see a close 

qualitative match between all three metrics. With the derived estimates having a bias to greater stability. 

Model parameters are S=250, C=0.25, f=1, with the distribution of IS being drawn from a Uniform(r, r+1), 

with mean IS equal to (2r + 1)/2 and constant variance 1/12. 
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Figure S1.8: Test of the different forms for the damping term (x) in the stability metric 

( ) (1 )x SC x   . We try the Allesina and Tang estimate   as well as the true correlation  , and 

compare these to the true stability ( )mRe ax . Over a larger range of mean IS we begin to see the Allesina 

and Tang   beginning to show decreasing stability, no longer being close to the actual model correlation. 

Model parameters are S=250, C=0.25, f=1, with the distribution of IS being drawn from a Uniform(r, r+1), 

with mean IS equal to (2r + 1)/2 and constant variance 1/12. 
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Figure S1.9: Test of the different forms for the damping term (x) in the stability metric 

( ) (1 )x SC x   . We try the Allesina and Tang estimate   as well as the true correlation  , and 

compare these to the true stability ( )mRe ax . At extreme levels of mean IS the Allesina and Tang estimate 

  deviates strongly from the model correlation, suggesting a stability checkmark when in fact there is none. 

Model parameters are S=250, C=0.25, f=1, with the distribution of IS being drawn from a Uniform(r, r+1), 

with mean IS equal to (2r + 1)/2 and constant variance 1/12. 
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Figure S1.10: Test of the different forms for the damping term (x) in the stability metric 

( ) (1 )x SC x   . We try the Allesina and Tang estimate   as well as the true correlation  , and 

compare these to the true stability ( )mRe ax . Interestingly when 1f   the model correlation no longer 

gives a good description of the stability, whereas Allesina and Tangs   gives a close approximation. Model 

parameters are S=250, C=0.25, with the distribution of IS being drawn from a Uniform(r, r+1), with mean IS 

equal to (2r + 1)/2 and constant variance 1/12. 
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Figure S1.11: The relationship between stability and increasing half distribution variance increasing while 

half distribution mean is kept equal. The random community matrix with parameters S=250, C=0.25, f=0.8, 

and the interactions strength distribution is Uniform(a-r, b+r) with a=5, b=6 and r ranging from 0 to 5. Panel 

(a) shows that our modeling setup is correct with the mean of the half distribution not being changed. Panel 

(b) shows that we get an increase in the standard deviation of the half distribution. Panel (c) shows that when 

this pure variance increase occurs that we get pure destabilization. 
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Figure S1.12: The relationship between stability and increasing half distribution variance increasing while 

half distribution mean is kept equal. The random community matrix with parameters S=250, C=0.25, f=1.0, 

and the interactions strength distribution is Abs(Normal(r, 0.5)) with r ranging from 0 to 10 in increments of 

0.1. Panel (a) shows that the mean increases almost linearly. Panel (b) shows that we get an initially sharp 

increase in the standard deviation of the half distribution, caused by the distortion caused by taking the 

absolute value of the normal. Once the mean of the underlying Normal distribution (r) gets large enough this 

distortion is minimized and the standard deviation stabilizes. Panel (c) shows the stability response for this 

mixed effect of mean and variance changes. At first the dramatic change in the standard deviation outweighs 

the stabilizing effect of the weak mean effect causing an initial destabilization for weak mean interaction 

strength. Once the variance stops changing we see the symmetric pure stabilizing response shown in the main 

text. 
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Figure S1.13: The relationship between stability and increasing half distribution variance increasing while 

half distribution mean is kept equal. The random community matrix with parameters S=250, C=0.25, f=1.0, 

and the interactions strength distribution is Abs(Normal(r, 0.5)) with r ranging from 0 to 10 in increments of 

0.1. Panel (a) shows that the mean increases almost linearly. Panel (b) shows that we get an initially sharp 

increase in the standard deviation of the half distribution, caused by the distortion caused by taking the 

absolute value of the normal. Once the mean of the underlying Normal distribution (r) gets large enough this 

distortion is minimized and the standard deviation stabilizes. Panel (c) shows the stability response for this 

mixed effect of mean and variance changes. At first the dramatic change in the standard deviation out 

outweighs the stabilizing effect of the weak mean effect causing an initial destabilization for weak mean 

interaction strength. Once the variance stops changing we see the expected effect of a checkmark stability 

pattern for the non-symmetric case. 
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Figure S1.14: The effect of increasing the realism of the topology of consumer-resource interactions. Each 

model has 250 species, with a connectance of 0.25, a C-R symmetry of f=0.8 and the interaction strength 

distribution was the Uniform(r, r+1) where r ranged from 0 to 15 in increments of 0.1. To help minimize the 

variation between simulations for each value of mean interaction strength (r) we took 100 samples and 

reported the mean real part of the dominant eigenvalue as the stability for that configuration. The results 

show that increasing the realism of the network topology has no effect on the stability of the consumer-

resource food web.  
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Figure S1.15: The effect of increasing the realism of the topology of consumer-resource interactions. Each 

model has 250 species, with a connectance of 0.25, a consumer resource symmetry of f=0.8, and the 

interaction strength distribution was the Uniform(r, r+1) where r ranged from 0 to 15 in increments of 0.1. 

For the generalized niche model we used the diet contiguity d=0.5 to show intermediate levels of food web 

compartmentation. To help minimize the variation between simulations for each value of mean interaction 

strength (r) we took 100 samples and reported the mean real part of the dominant eigenvalue as the stability 

for that configuration. We see that when the food web topology is changed to include niche structure the 

random stability response is changed, becoming, in this case, less stable at low average interaction strength, 

and more stable than random/cascade at high average interaction strength. Using the generalized niche 

model to show intermediate effects of niche continuity we find intermediate stability results.   
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Chapter 2: Uncovering Strong Assumptions in Whole Food Web 

Theory 

Introduction 

Due to the daunting complexity of natural food webs, general theories of the structure and 

function of whole webs are scarce. Notable exceptions include Robert May’s theory of Random 

Matrix food webs (May 1972), recent extensions (Allesina and Tang 2012, Chapter 1), and the 

lesser known theory of Sign-Stable Food webs (May 1973a; Jeffries 1974; Allesina & Pascual 

2007). The generality of the Random Matrix approach results from mathematically harnessing 

the statistical regularity of random models. These “null” whole food web models have yielded 

interesting implications on the role of interaction strength and food web stability, with May 

positing that strong interactions tend to destabilize complex webs (May 1973a). 

Recent research on the role of interaction strength and stability have extended the results 

of May (1973a), and found that random consumer-resource food webs appear to exhibit two 

classes of interaction strength response. First, there is a vanishingly small set of pure stabilization 

responses to increasing interaction strength (Allesina and Tang, 2012), whereby increasing 

interaction strength only further stabilizes a complex network. This response was found to occur 

for symmetric off-diagonal interaction strengths (i.e., the mean of the positive and negative terms 

in the matrix are identical). Second, recent results have found that a more general dual 

“checkmark” stability response to increasing interaction strength occurs under the more 

biologically plausible assumption of asymmetric off-diagonals (Chapter 1). This more general 

checkmark stability response finds that: (i) strengthening a weak interaction tends to stabilize the 
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network (i.e., dominant real eigenvalue becomes more negative), and; (ii) increasing strong 

interaction tends to destabilize the network (Chapter 1).  

In contrast to theory generated around how changes in interaction strength influence the 

strength of stability (hereafter, relative stability), the theory of Sign-Stable (hereafter SS) food 

webs argues that the topology of a food web can determine the stability of a system 

independently of changes in interaction strength. This topological approach finds that if a given 

food web is composed: (i)  of purely consumer-resource (C-R) interactions; (ii) of purely non-

positive diagonal (self-regulation) terms, and; (iii) with no predation loops (omnivory, coupled 

generalists, etc.); then the food web will always be stable, independent of interaction strength. In 

fact, in what follows we show that SS topological configurations -- like the pure off-diagonal 

symmetry result -- generate an even stronger prediction of pure stabilization as interaction 

strength is increased, leading to a SS stability signature that departs from the general checkmark 

pattern found to occur for random food web networks (Chapter 1).  Nonetheless, the conditions 

for SS are very restrictive, and likely not realistic for most ecological networks.  

More recently it has been suggested that these relatively stringent topological conditions 

for SS can be relaxed, while maintaining the key dynamical properties of SS (i.e., retain 

independence from interaction strength). Such an extension, if it exists, is important as it might 

suggest that SS systems occur for realistic biological topologies.  This extension has been called 

Quasi-Sign-Stability (hereafter, QSS; (Allesina & Pascual 2007). While this is an intriguing 

suggestion and there is evidence that QSS exists (e.g., Allesina & Pascual 2007), the conditions 

for QSS have not been well developed. Further, due to the fact that SS and QSS-driven theory 

appear to differ from the interaction strength predictions of classical modular food web theory 
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(Chapter 1) and recent random whole food web matrix theory (i.e., the checkmark stability 

response; Chapter 1), reconciliation between these general theories is required. 

In what follows, to combine modern and classical theories on the role of interaction 

strength, we first define a relative measure of stability (as opposed to absolute stability used in 

most classical whole food web matrix theory). With this definition, we show that SS food webs 

generally show a pure stabilization response to increases in interaction strength. Then, using this 

pure stabilization response as an indicator of QSS topologies, we show that a model can be made 

QSS if one of the following conditions are true: (i) the mean symmetry of the interaction strength 

of the consumer on the resource is exactly 1 (Symmetric QSS); (ii) the food web topology 

includes only predation loops without omnivory (Network QSS), and; (iii) the diagonal elements 

become increasingly negative (damped) as mean interaction strength is increased (Damping 

QSS). Finally, having defined QSS food web structures, we examine the biological realism of 

these QSS networks and end by arguing that, although QSS is an intriguing null model that helps 

in understanding the use of random community matrix models, each of these conditions is 

extremely unlikely to occur in natural food webs. As such, we infer that, consistent with all other 

theory (e.g., population and food web modules), strong interactions must be destabilizing. 

Absolute vs Relative Stability 

The notion of ecological stability is often argued to be highly dependent on specific definitions 

(Ives & Carpenter 2007; Grimm & Wissel 1997). An aspect of this debate that has been largely 

ignored is the subtle change in how stability results have been interpreted by ecologists, both 

theoretically and empirically. Classical whole food web approaches have measured the frequency 

of stable vs unstable states (probability of stability measures (May 2001; Pimm & Lawton 
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1978)), while the more modern view follows relative changes in stability (e.g., CV)  as a 

biological or environmental parameter is changed (Tilman 1996b).  

The conceptual move to relative stability is independent of the specific 

measure/definition that is used, and is instead a change from a discrete view on the interpretation 

of stability (stable/unstable) to a continuous view of stability (stabilizing/destabilizing). This 

change in perspective is essential for the types of questions that ecologists often wish to answer. 

For example, if a system is cycling, but changes in diversity have a tendency to decrease the 

variability of the cycle, then we can say that the system has been stabilized, even though in the 

absolute sense the system started unstable (non-equilibrium, positive eigenvalue) and remains 

unstable. Similarly, from an absolute stability perspective, if a system begins in a stable 

equilibrium and changes in interaction strength leave it in a stable equilibrium we can say 

nothing about the change in absolute stability. If instead we look at how the dominant eigenvalue 

changes (the return time or resilience) or the minimum density/biomass (persistence) as 

interaction strength is changed, we can then say that the system has become more or less stable. 

Therefore absolute interpretations of stability are necessarily subsets of relative stability. 

When attempting to compare dynamic methods and community matrix approaches, this 

difference in perspective can make synthesis difficult as only the coarsest changes in stability are 

found using the absolute approach (moving from stable to unstable point attractors). In the 

process of reconciling theory on the stability of omnivory, we found that in fact the system could 

be seen as having a large probability of being unstable, and yet still have a high probability of 

being stabilized in a relative sense (Gellner & McCann 2012). One of the difficulties of the 

relative approach is that, instead of having a single binary value of either stable or unstable, we 

need to think of stability from a geometric viewpoint with “signatures” of stability that encode a 
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range of stability responses to a changing biological parameter. Further, and importantly, the 

relative view can be envisioned as the stability response to an experimentally controlled variable. 

As such, relative stability makes predictions that are aligned with experimentation. With this 

view of relative stability signatures, we can then ask how the classical theory of Sign-Stability is 

related to modern theory on the structure of ecological stability.   

The Stability Signature of (Quasi) Sign-Stable Food Webs 

Community Matrix Approach 

Ideas of Sign-Stability and QSS are conditions on the “community matrix”; a mathematical 

abstraction that encodes the instantaneous per capita pairwise interactions between each species 

in a food web. Originally used to study competition communities (Levins 1968), the community 

matrix is most often used to study the role of the topology of food webs (from modules, to whole 

webs) on stability. Classical results after May (1973a) concerned the destabilizing role of 

omnivory (Pimm & Lawton 1978),  the stabilizing nature of natural vs random food web 

topologies (Yodzis 1981), the role of weak interactions (Emmerson & Yearsley 2004; Neutel et 

al. 2002), and compartmentation (Yodzis 1982; Pimm & Lawton 1980; Moore & Hunt 1988). 

The power of this method is the natural way in which structure and biology can be combined to 

test theoretical predictions about given mechanisms of stabilization in more complex food webs. 

The community matrix approach is a relatively standardized methodology that proceeds 

as follows: 

1. Generate the network structure (i.e. Random, Cascade, Niche, Some low species Module 

etc.) 

2. Set the diagonal elements to some fixed value (usually -1 or 0) 
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3. Sample the off diagonal pairs from a random distribution that attempts to encode 

biological information on the interactions between consumers and resources (uniform, 

exponential, normal, etc.) 

4. Calculate the real part of the dominant eigenvalue of this randomized matrix to assess the 

stability of the food web. 

Surprisingly, given its historical influence on ecology, the random community matrix approach 

has been slow to detail how underlying assumptions (constraints) in each of these steps influence 

matrix results. The early criticisms have focused largely on step (1), arguing that real food webs 

have nonrandom network structure (Hastings 1984; Schreiber & Hastings 1995; Yodzis 1981). 

Similarly, some general theory has shown that assuming the diagonals to be identically 

distributed, step (2), (to -1 or any other value) is not as general as originally believed (Haydon 

1994; Haydon 2000). Step (3) is both the most flexible and yet the least understood. Some work 

has looked at how changing the sampled distributions can affect the answers (Emmerson & 

Yearsley 2004; de Ruiter et al. 1995; Neutel et al. 2002), though conflicting answers have been 

reported (Allesina & Pascual 2007; Allesina & Tang 2012). 

 In what follows, we first look at the stability signature that arises from classical SS 

community matrices and then use the resulting stability signature of pure stabilization to 

characterize Quasi-Sign-Stability. Our results suggest that we can weaken all three of the Sign 

Stable conditions and still retain the dynamical properties of SS systems. 

Stability Signature of Sign-Stable Community Matrices 

The conditions for a community matrix to be SS are: (i) the off diagonal entries are composed 

entirely of ( , )   or ( , )   consumer-resource pairs, (ii) the location of zeroes generate 

associated networks that contain no predation-loops (the food web is a directed tree), and finally 
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(iii) the diagonal entries must be non-positive (where the possible zero entries must pass the 

technical “color test” (Jeffries 1974), which is trivially achieved if all entries are negative). If 

these three conditions are met, then the system will always have a negative real part for the 

dominant eigenvalue. That is, SS guarantees absolute stability; beyond this, the literature on SS 

gives no indication of how relative stability might change as the matrix elements are changed 

(changing interaction strength). Here, we show for the first time that SS food webs have an even 

stronger property than just never being unstable – SS webs generate a distinctive stability 

signature of pure stabilization as mean interaction strength is increased.  

To begin the search for the signature of the stability signature of SS matrices we first look 

at one of the most fundamental food web module/motif (Holt et al. 1994; Milo et al. 2002) that 

meets the conditions of SS: a 3-species food chain with non-positive diagonal elements. To 

model increasing mean interaction strength (IS) we parameterize the off diagonal, non-zero, 

elements as random draws from a uniform random distribution ( , 1)U r r   where increasing r has 

the effect of increasing mean interaction strength (Chapter 1). We scale the mean scaling ( f ) 

between consumer-resource pairs equal to 0.5f   (i.e.,   ( , 1)ija U r r   whereas 

  ( , 1)jia fU r r  ). In Fig. 2.1A, the resulting stability signature is shown displaying a non-

checkmark pattern of pure stabilization. Varying the C-R interaction strength distributions will 

yield qualitatively similar signatures. Changes in the assumptions on the diagonals are similarly 

robust, with the caveat that some variation is required otherwise the signature will be flat; neither 

being stabilized nor destabilized (See Supplement 2.1 for the details). This latter result can be 

thought of as a type of degenerate SS signature. Nonetheless,  SS is never destabilized with 

increasing interaction strength, counter to May’s original matrix result (May 2001; Chapter 1).  
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Continuing with the description of the stability signature of SS matrices, we next step up 

the complexity and examine a pair of coupled 3-species food chains. In doing so, we will also 

clarify a common misconception about the conditions of SS requiring “no omnivory” (Neutel et 

al. 2002; Allesina & Pascual 2007; Gellner & McCann 2012). We shall see that this point turns 

out to be close to the truth, but is not entirely accurate. Though common modules that include 

omnivory form predation loops (Gellner & McCann 2012), an omnivorous interaction does not 

necessitate that a predation loop exists.  For example, if we create a food web of two 3-species 

food chains, where the top predator of one chain feeds on the resource of the other chain then 

this system does not have a predation loop and so will be SS – across chain omnivory remains 

SS.  Modelling this system in an analogous manner to the 3-species food chain (Fig 2.1B), we 

find another stability signature of pure stabilization. Finally, if we look at the SS network 

structure in full generality (a random directed tree), we find an analogous stability signature (Fig 

2.1C), suggesting that the signature of any SS community matrix is one of pure stabilization.  

Our first major result is that SS food webs generate a consistent stability signature of pure 

stabilization as interaction strength is increased. This is an interesting departure from the general 

theory found in Chapter 1. Additionally, this pure stabilization response appears to be 

qualitatively similar to the case found in more general food web models when the interaction 

strength scaling parameter is symmetric ( 1f  ; Fig. 2.1D). The potential for a food web to 

behave similarly to a SS model, without meeting all of the stringent mathematical requirements, 

has recently been called Quasi-Sign-Stability (Allesina & Pascual 2007).  We now revisit the 

conditions necessary for a QSS, where QSS is defined as systems that retain the same dynamical 

properties as SS (i.e., always stable and displays pure stabilization response). 
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Conditions of Quasi-Sign-Stable Food Webs 

Thus far, the literature has argued that a QSS food web simply needs to be composed of 

predator-prey/consumer-resource interactions and negative diagonals (Allesina and Pascual 

2007).  If these conditions for QSS are correct, then the addition of predation loops ought to have 

no effect on the pure stabilization property of SS. This characterization seems incomplete as 

Chapter 1 has shown that for general predator-prey/consumer-resource models, which obey the 

conditions of Allesina and Pascual (2007), interaction strength almost never follows the pure 

stabilization response. Additional conditions (or constraints) on QSS are, therefore, necessary. 

To derive condition for QSS, we first define QSS as any matrix that has the dynamical 

properties of SS (always stable and has the pure stabilization signature of an SS food web). Since 

pure stabilization means always stable, than the definition of QSS is any system that exhibits a 

stability signature of pure stabilization as mean interaction strength is increased. From this 

definition, we can immediately say that any community matrix of consumer-resource interactions 

with a symmetric interaction scaling parameter (i.e., 1f  ) is therefore QSS (Fig. 2.1D, Chapter 

1). We will call this form of QSS, Symmetry QSS. Heretofore, this has been the only documented 

form of QSS, and notably it lacks a pure network basis (i.e., any predator prey network with 

mean symmetric interaction strength distributions will have this property, independently of the 

network particulars). We now consider a form a network QSS that arises from the lack of 

interaction of omnivory and predation loops.  

To show this, we extend the model of coupled food chains that which we used previous 

to show that across chain omnivory in a food web can still be SS (Fig. 2.1B).  We now couple 

the two food chains with two feeding links. This double coupling breaks the conditions of SS as 

every permutation of these two coupling links will necessarily generate a predation loop (See 
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Supplement 2.2 for examples of all configurations). If all such possible double coupling 

configurations are tested, then only two stability signatures are generated, that of pure 

stabilization (SS-like, and therefore QSS) or the general checkmark stability pattern found in 

Chapter 1 (non QSS).  

In Fig. 2.2A, a configuration is shown that forms the well-known 3-species omnivory 

sub-module and, just as modular theory would predict, this generates a checkmark stability 

signature. Similarly, in Fig. 2.2B a predation loop is created that results from a generalist 

consumer and an omnivorous top predator, and even though both links occur “across” the food 

chains -- and therefore on their own would be SS configurations -- the inclusion of omnivory 

within the predation loop now breaks the QSS condition leading to the checkmark stability 

signature.  

These first two examples suggest that if mean interaction strength symmetry is not 

enforced ( 1f  ) then breaking the SS condition of “no-predation loops” removes the QSS 

property. While this seems plausible in light of the SS literature, this is not the case. In Fig. 2.2C, 

the two coupling links result in the common diamond sub-module, which is a predation loop of 

length four. Under this network configuration, the system again has a SS-like stability signature 

of pure stabilization, and is therefore QSS. Similarly in Fig. 2.2D a predation loop is added by 

having both consumers act as generalists, and yet the system still behaves in a QSS manner. In 

Supplement 2.2 all configurations of coupling two 3-species food chains are described. In all 

cases, if the predation loop includes an omnivorous link then the system will not behave in a 

QSS manner. From this, we conjecture that network configurations are QSS if, and only if, all 

predation loops do not include any omnivorous links (hereafter network QSS). In supplement 2.3 

we show examples of a QSS model that includes across chain, non-looped omnivory and looped, 



 

57 

 

non-omnivorous, subsystems that behave in a QSS manner. Thus, as suggested, the mere 

existence of omnivory is not sufficient to break QSS, but rather the omnivory must be included 

in the loop formation. 

Lastly, a food web can be made into a QSS system if the diagonals are no longer fixed 

but become increasingly more negative as the off diagonal elements are increased. This effect 

follows from the work of Daniel Haydon who used Gershgorin’s theorem, to show that making 

the diagonal of a community matrix more negative while holding off diagonal elements equal 

made the system increasingly more stable, on average (Haydon 1994; Haydon 2000). 

Interpreting this result from a QSS perspective, we can say that a system is QSS (i.e., generates a 

signature of pure stabilization) if the diagonals are made more negative at a rate that damps out 

the rate of destabilization caused by increasing the off-diagonals (hereafter Diagonal QSS). In 

Fig. 2.3E we show of this form of QSS leading to pure stabilization of the otherwise non-QSS 

random model shown in Fig. 2.3F. Allesina & Pascual (2007) original QSS example actually 

contains both Symmetry QSS (f=1) and Diagonal QSS -- in effect conflating two independent 

mechanisms that generate QSS signatures.  

To summarize, we found that each condition of SS can be modified to remove the 

dependence on the remaining conditions while still retaining the stability signature of pure 

stabilization. By reducing the total number of conditions required for SS-like behavior the range 

of ecological models that this theory applies to is extended. Specifically we find that a model 

will be QSS if: (i) the mean C-R interaction strength is symmetric ( 1f  ) (Fig. 2.3A-B); (ii) the 

network structure is generated in such a manner that omnivory is not included in predation loops 

(Fig. 2.3C), and; (iii) the damping of negative diagonals increases at a rate that cancels out any 
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off diagonal destabilization (Fig. 2.3E). These findings are shown in Table 2.1, along with the 

associated SS conditions. 

How Much Omnivory Destabilizes a QSS Food Web? 

Though the addition of even a small percentage of omnivory to a QSS model with many 

predation loops rapidly removes the QSS signature of pure stabilization (Fig 2.3D), the length of 

the resulting predation loops is likely to affect the magnitude of the response (Levins 1974; 

Dambacher et al. 2002; Neutel et al. 2002). To tease apart the role that loop length has on 

network QSS, we devise two simple experiments to illustrate the potential outcomes.  In the first, 

the addition of omnivory to a system composed of QSS predation loops results in a shortening of 

the dominant loop, resulting in an extreme checkmark response; whereas, in the second, the 

addition of omnivory changes a system with no predation loops (SS model) into a configuration 

with a single, extremely long predation loop driving a more muted response (i.e., a weak or 

delayed checkmark). These two examples give two extreme ways in which the length of the 

omnivory predation loop can break network QSS. 

For the first experiment, we began with a model that is composed of three connected 

diamond modules generated by four coupled 3-species food chains (pictured in Fig. 2.4A). In 

this case, all coupling links form a series of QSS predation loops resulting, as expected, in a QSS 

stability signature (Fig. 2.4A). Adding a single omnivory link creates a new, shorter predation 

loop breaking QSS and so leading to the expected checkmark stability signature (Fig. 2.4B). If 

we look beyond this general, qualitative change, we see that the preponderance of QSS 

subsystems leads to a very small “flattening” of the checkmark around maximum stability (Fig. 

2.4B). A single omnivory link -- among an otherwise QSS-dominated web -- leads to an 

extremely drastic change in the stability signature. Thus, even though we see an interaction 
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between the two types of predation loops, the destabilization caused by the omnivory feedback 

has a disproportionate effect on the total system stability, especially when the generated 

predation loops are shortened. 

For the second experiment, we began with a SS configuration of lightly connected 

coupled 3-speices food chains (Fig. 2.4C) that yield an SS stability signature. Now, when we 

added omnivory that forms an extremely long loop of length nine, we found that the 

overwhelming preponderance of non-omnivorous links within the predation loop drives an even 

more extreme flattening of the stability checkmark (Fig. 2.4D). This is a contrived example, but 

it suggests that the manner in which QSS and non QSS subsystems are combined lead to 

interesting combinations of stability signatures. Nonetheless, ultimately checkmark signatures 

occur even with just one omnivorous link.  

Discussion 

Sign-Stability reveals conditions on food webs that constrain their dynamics properties in very 

specific ways. Here, we used the previously unknown property of SS webs of generating “pure 

stabilization” (i.e., increased interaction strength increases stability) to extend the conditions of 

SS webs to their related counterpart, Quasi-Sign-Stable (QSS) webs. Doing so allowed us to ask 

if QSS constraints are likely to operate in real food webs.  

In this study, we showed that food webs exhibit QSS under three classes of food web 

constraints: (i) Symmetry QSS (when the mean of the positive and negative C-R interaction 

terms are equal or symmetric); (ii) Network QSS (when all predation loops in a food web omit 

any omnivorous links), and; (iii) Diagonal QSS (when the damping of negative diagonals 

increases at a rate that cancels out any off diagonal destabilization). If these QSS constraints are 

truly part of nature’s real food web structure, then this generates strong predictions about how 
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nature responds to increases in interaction strength. However, if nature does not have these QSS 

constraints, then we must be careful to not employ random community matrix techniques that 

unintentionally introduce these stabilizing mechanisms. It remains to consider the biological 

plausibility of QSS structures, and whether we expect these structures, and therefore pure 

stabilization, to exist in real systems. 

One way to attack this problem is to ask if more mechanistic dynamic models naturally 

produce QSS constraints. Pawar (2009) has tested this theoretically by looking at the likelihood 

of QSS in complex Lotka-Volterra (hereafter L-V) assembly models. In contrast to Allesina and 

Pascual (2007), Pawar (2009) found that for dynamic L-V models, QSS configurations where 

exceedingly rare. We can use the QSS conditions outlined in this paper to interpret the different 

findings of Pawar (2009) and Allesina and Pascual (2007). The reason for this disconnect is 

likely a result of the fact that Allesina and Pascual’s (2007) random matrix models unwittingly 

included both Symmetric QSS and Diagonal QSS. The L-V model’s response to changing 

interaction strength do not reproduce these underlying QSS constraints on the matrix, as 

symmetric C-R mean interaction symmetry is mathematically and biologically unlikely to arise 

in explicit models (Chapter 1), and the diagonal terms will not become increasingly negative as 

interaction strength is increased in Lotka-Volterra models. In fact, if anything, the exact opposite 

is more likely (Supplement 2.1). 

We can also use our increased understanding of QSS constraints, to interpret the recent 

empirically-motivated Loop Weight stability results of shown in a range of systems (de Ruiter et 

al. 1995; Neutel et al. 2002; Neutel et al. 2007). The concept of Loop Weight is an indirect 

measure of the stability of a community matrix food web that gives an estimate of the strength of 

the largest positive, destabilizing, feedback loop within a food web. Using empirically 
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parameterized food webs, the author’s find strong corroborative evidence that realistic webs tend 

to be structured by weak positive feedback loops. Our results suggest that any community matrix 

that is QSS will not have this relationship between maximum loop weight and stability. The 

stability signature of pure stabilization implies that the inverse relationship between loop weight 

and stability ought to exist (strong positive loops will in fact stabilize the webs). Therefore, the 

empirical relationship between loop weight and stability found using this method suggests 

natural systems are not constrained to be QSS. 

 Another suggestive outcome of a more thorough understanding of the conditions of 

(Q)SS is the role of the relationship between the diagonal and off diagonal elements in 

community matrix models in generating common stability patterns.  For example we showed that 

any food chain model with a fixed, non-positive diagonal (Fig 2.1A) will be stabilized by ever 

increasing average interactions strength (as they are SS). This clearly makes no sense from a 

dynamic perspective, as such models have been extensively studied and always find 

destabilization as interaction strength is increased, ultimately resulting in loss of equilibrium, the 

generating of cycles and even chaos (Murdoch et al. 2003; Hastings et al. 1993). The key to this 

disconnect is a result of the diagonal elements having a tendency to become more positive as off 

diagonal interaction strength is increased (Supplement 2.1). Further development of how 

dynamic models and QSS-like community matrix models differ in these ways will help to further 

unite our understanding of the mechanisms that underlie stability across all scales of complexity. 

Similarly interesting outcomes of the conditions of QSS, namely that Network QSS 

seems nearly impossible to find in topological models with non-vanishingly small connectance 

(see Chapter 1 for examples of Random, Cascade, Niche, Generalized Cascade which all fail to 

show any evidence for QSS) suggests that omnivory is readily included in predation loops in 
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realistic food web topology. Exploring the exact reason for this topological property of natural 

food webs would help further our understanding on the relationship between the structure and 

function of food web networks. 

Finally, though QSS implies a food web is insensitive to extremely strong mean 

interaction strength, it does not imply that any system that is QSS will always be more stable 

than a system that is not QSS, as often systems that include omnivory will reach greater 

maximum stability than the associated QSS systems (Gellner and McCann 2012, Figure 2.2 

panel A vs C). Exploring the role this capacity for specific food web structures to allow for either 

greater maximum stability (inclusion of omnivory in this case), versus insensitivity against 

extremely high average interaction strength (QSS) could lead to interesting insights about the 

local adaptations of system to varying environmental conditions.  

In summary, while QSS is a fascinating null model for large, whole community, food 

webs the evidence both biologically and mathematically suggest that the modeled properties are 

extremely unlikely to be the underlying mechanisms that structure natural systems. In many 

ways, this result is similar to how the original concept of Sign-Stability had little impact on 

furthering the understanding of the stability of natural food webs due to the unrealistic 

requirement of no predation loops, which excludes all common modules/motifs beyond food 

chains, excluding the ubiquitous modules of both same chain omnivory and the diamond 

modules (Milo et al. 2002; Bascompte & Melián 2005). Though we find that diamond modules 

are not essential to the generalized concept of QSS food webs, the exclusion of any omnivory 

included in predation loops leaves little comfort for QSS becoming a widely used model of food 

web stability. 
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Tables 

Matrix Property SS Conditions QSS Condition 

Off Diagonal entries  

(
ija ) 

(+, -) and (-, +) pairs, 

i.e. only consumer-

resource interactions 

Symmetric mean off diagonal entries  

( [ / ] 1ij jiE a a  ) 

Network Structure No Predation loops Predations loops do not include omnivory 

Diagonals ( iia ) Non-positive, color test Diagonal elements increase at a rate that 

outstrips the off diagonal elements 

 

Table 2.1: Relationships between the Sign-Stable (SS) and Quasi-Sign-Stable (QSS) matrix conditions. For 

the SS conditions all three conditions must be met, but for the QSS system only a single condition must be 

met.
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Figure 2.1: Stability signatures for a range of Sign-Stable and Quasi-Sign-Stable models.  Though for Sign-

Stable configurations (panels A, B, C) guarantee that no matter the magnitude of the off diagonal interactions 

strengths (Mean IS) the stability will never be above zero (shown as a gray line) we find the stronger result 

that SS models have a stability signature that is purely stabilizing. Furthermore even when we break the 

conditions of SS by allowing for predation-loops (panel D) but restrict the off diagonal entries to have a mean 

interaction strength symmetry (f=1.0) we find an analogous stability signature which characterizes the 

property of Quasi-Sign-Stability. For all simulations we draw the off diagonal elements from a uniform 

distribution U(r, r+1) where the parameter r ranges from 0, 10 in increments of 0.1. Diagonal elements where 

set to -1 for all species except for top predators which have diagonal elements of 0. The symmetry between off 

diagonal elements (f) panels A, B, C was set to 0.5, whereas panel D f=1.0. Panel C a random directed tree 

(network of no loops) was created with 20 species. Panel D was generated using a random network with 20 

species and connectance of 0.25. Each stability point is the mean of 10 random replicates of the simulation. 
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Figure 2.2: One of the simplest models that break the network conditions for SS is two coupled food chains of 

3 species. Once 2 coupling links are included a predation loop is necessarily created, breaking strict SS. Panel 

A the double coupling terms creates a 3-species same chain omnivory sub module which generates a 

checkmark sign stable configuration and therefore is not QSS. Panel B is created by the combination of 

across chain omnivory and a consumer generalist. This predation loop also generates a checkmark stability 

pattern and therefore is not QSS. Panel C the coupling links create the 4-species diamond sub module which 

though a predation loop exhibits pure stabilization and is therefore QSS. Similarly in panel D we have double 

consumer generalists which again generate a 4-species predation loop but is also QSS. In general all couplings 

of two 3-species food chains that create a predation loop that includes omnivory will not be QSS, whereas all 

other predation loops will be. In all cases off diagonal elements drawn from a uniform distribution U(r,r+1), 

where r increases from 0.01 to 10 in steps of 0.1, with diagonal elements set to -1 for all non-top predators, 

and top predators diagonals where set to 0. Each stability point is the mean of 10 random replicates of the 

simulation. 
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Figure 2.3: The three configurations that generate QSS in general food web models. Panel A displays a 75 

species random network food web with C-R interaction mean scaling symmetry f=1 yielding the QSS stability 

signature of pure stabilization. In Panel B the identical 75 species food web network from Panel A, but with 

the mean C-R interaction mean scaling f=0.8 is shown, breaking the QSS stability signature and showing the 

general checkmark pattern. One general model for network QSS models random tritrophic food web which 

has exactly 3 trophic levels where feeding interactions only occur at adjacent trophic levels. Panel C shows a 

random tritrophic model with 5 basal species, 50 intermediate species and 10 top predators and a 

connectance of 0.25, though this model includes many feeding loops the absence of any omnivory ensures that 

QSS stability signature is generated, whereas if we add 5 random omnivory links in Panel D QSS is lost and 

the generic checkmark pattern as again found. Finally a trivial way to ensure a stability signature of pure 

stabilization (QSS) is to increase the negativity of the diagonals at a rate that outpaces the destabilization 

caused by increasing the off diagonals. In panel E we have a random network 75 species, with f=0.8 with the 

diagonal elements drawn from the same distribution as the off diagonal elements (scaled by 0.1 to slow the 

stabilization for visualization, less damping will accelerate the stabilization). If the diagonals are fixed for the 

identical food web QSS is removed and the generic stability pattern is found (Panel F). Each stability point is 

the mean of 10 random replicates of the simulation. 
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Figure 2.4: The addition of omnivory to predation loops will always break network QSS, though if the 

predation loop is long the checkmark pattern can become extremely elongated leading to a stability signature 

that is a combination of QSS until ultimately the non-QSS loop leads to destabilization. In Panel A 4 coupled 

3-species food chains composed of diamond (QSS) sub modules exhibits the expected pure stabilization 

signature. When a single omnivory link is added in Panel B, forming a 3-species same chain omnivory loop 

the stability checkmark is generated. On the other hand if a SS coupling configuration (Panel C) adds 

omnivory to a predation loop (Panel D) that forms a long loop the stability signature, though ultimately a 

checkmark, is extremely flat in the middle, leading to a combination signature between QSS and non QSS 

stability properties. In all cases off diagonal elements drawn from a uniform distribution U(r,r+1), where r 

increases from 0.01 to 10 in steps of 0.1, with diagonal elements set to -1 for all non-top predators, and top 

predators diagonals where set to 0. All models include 12 species. Each stability point is the mean of 10 

random replicates of the simulation. 
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Supplementary Information 

2.1 -- Role of Diagonal Structure 

One of the interesting properties of SS food web is that it requires specific network structure, but, 

importantly also makes requirements of the diagonal elements. Specifically the so called "color 

test" of Jeffries (1974) requires that each "predation community" subsystem has a negative 

diagonal. The most common way that this can be achieved is to ensure that all diagonals are 

negative, though when making comparisons with dynamic models this can sometimes be 

problematic as explicit models makes specific requirements on the diagonals that will often 

deviate from this all negative assumption. Furthermore when looking beyond absolute measures 

of stability this will be enough, but when looking at stability signatures the diagonals become 

extremely important as they can affect the shape/geometry of the signature. The reason for this 

was first hinted at in the excellent papers of Daniel Haydon (Haydon 1994; Haydon 2000) where 

he shows the complex manner in which diagonal and off diagonal entries interact in community 

matrix models. Though from Haydon's paper we have a very general idea that the diagonals and 

off diagonals interact, he was again thinking in terms of absolute stability, so to make some of 

his suggestions concrete we will look at how the structure of the diagonals will change relative 

stability in community matrix models it is instructive to look analytically at the simplest 

interactive community matrix, namely the Consumer-Resource module. The most general C-R 

matrix model has the form: 

11 12

21 22

a a
A

a a

 
  
 

, 

where 0ija   for all entries. The dominant eigenvalue will be of the form: 

2

11 22 11 22 12 211/ 2( ( ) 4max a a a a a a       . 
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Now if we set 11 22a a  then this reduces to 
12 214 / 2iia a a   with real part equal to iia  

which is constant for changing the off diagonals. If the diagonals are not exactly equal then we 

have a region of stabilization possible when 2

11 22 12 12( ) 4 0a a a a   . From this we see that the 

region of stabilization that is possible by changing the off diagonal interactions ( 12 21,a a ) is 

related to the differences between the diagonal entries: the larger the difference the greater the 

region of potential stabilization. Clearly in this fundamental module the shape of the stability 

signature is determined by the assumptions on the diagonal entries. If they are fixed and equal 

we have the stability signature being independent of off diagonal strengths. If instead the 

diagonals are constant, but unequal then we have a region where increasing off diagonal 

interaction strength stabilizes the module, until the eigenvalues become complex and the stability 

ceases changing. Thereby generating the pure stabilization signature, consistent with the more 

complex Sign-Stable configurations shown in Fig. S1. 

Though this reasoning is satisfying, in that it makes the fact that diagonal and off 

diagonal interactions determines the geometry of the stability signature, when considering the 

stability signature of dynamic C-R models changing interaction strength will often change both 

the off diagonal and diagonal entries. For example the type I C-R model with logistic resource 

growth: 

/ (1 / )dR dt rR R K aRC    

/dC dt eaRC mC   

Has community matrix diagonal elements of / ( )mr aek  and 0. Therefore if we increase the 

attack rate of the consumer on the resource a  we will be decreasing the diagonal element 

towards zero. If we move to type II functional responses the diagonal element can even become 

positive as the attack rate of the consumer is increased leading the loss of the equilibrium. 
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Clearly when trying to compare simple, low species, dynamic modules and random community 

matrices the interplay between the diagonal and off diagonal elements is therefore essential, 

though is still largely ignored in community matrix approaches. 

Another important caveat occurs if the diagonal elements are all set to -1, in our case 

changing the top predator’s diagonal from 0 to -1, the initial stabilization phase is removed and 

the system will be maximally stable without varying. This effect of the diagonals is a general 

pattern found in SS community matrices as stabilization requires variation in the diagonal (in a 

sense, this creates the “potential” for stabilization. 
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Figure S2.1: Stability signature for a random tree model food web (Sign-Stable) with S=40, and the off 

diagonal elements drawn from a uniform distribution U(r,r+1), where r increases from 0.01 to 10 in steps of 

0.1, and the mean symmetry of the C-R interactions f=0.1. The black signature shows the pure stabilization 

signature that occurs when the standard approach of keeping the community matrix diagonal fixed (equal to 

-1 for all non-top predators and 0 for top predators). In gray the stability signature is shown if the diagonal 

elements depend on the mean interaction strength in a manner analogous to dynamic models, in this case 

scaling by 1/r. As would be expected this gives the general stability “checkmark” as increasing interactions 

strength begins to destabilize by decreasing the stabilizing effect of large, negative, diagonal. Stability is 

calculated as the real part of the dominant eigenvalue and is averaged from 10 runs of each parameter value 

r. 
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2.2 -- All Unique 2-coupled 3-species Food chain Models 
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Figure S2.2:.In general all couplings of two 3-species food chains that create a predation loop that includes 

omnivory will not be QSS, whereas all other predation loops will be. In all cases off diagonal elements drawn 

from a uniform distribution U(r,r+1), where r increases from 0.01 to 10 in steps of 0.1, with diagonal elements 

set to -1 for all non-top predators, and top predators diagonals where set to 0. Each stability point is the mean 

of 10 random replicates of the simulation. 

 

  



 

78 

 

2.3 – SS-omnivory + QSS-Predation loops = QSS food web  

Coupling QSS loops to across chain omnivory is not the same as having the omnivory 

link being included in the predation loop. Therefore the mere existence of omnivory and 

predation loops is not sufficient to break QSS, rather they must occur within the same loop. 

 

Figure S2.3: In all cases off diagonal elements drawn from a uniform distribution U(r,r+1), where r increases 

from 0.01 to 10 in steps of 0.1, with diagonal elements set to -1 for all non-top predators, and top predators 

diagonals where set to 0. Each stability point is the mean of 10 random replicates of the simulation. 
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Chapter 3: The Duality of Stability: Towards a Stochastic Theory of 

Food Webs 

Introduction 

Ecologists have long sought to understand what biological attributes impart stability to an 

ecosystem (Goodman 1975). A key finding has been the role of interaction strength in mediating 

food web stability (McCann et al. 1998; Neutel et al. 2002; Emmerson & Yearsley 2004). More 

recently, an emerging general stability response to increasing interactions strength of initial 

stabilization followed by destabilization (hereafter, the checkmark stability response) has been 

shown to occur from single species models to food webs of hundreds of species (Chapter 1). A 

shortcoming of this finding is that it has largely focused on the stability of equilibria in a purely 

deterministic setting, while ecological systems are replete with stochastic variation.  

Although at first the notion of stability appears straightforward, researchers have 

developed a bewildering number of measures of ecological stability (e.g. (Pimm 1984; McCann 

2000; Ives & Carpenter 2007; Grimm & Wissel 1997)).  Ives and Carpenter (2007) have pointed 

out that this preponderance of stability metrics frequently caused confusion, and so called for a 

synthesis that generates a coherent stability theory, and elucidates mechanisms associated with 

the different aspects of ecological stability. Intriguingly, we find that the underlying mechanisms 

behind the checkmark stability pattern in a consumer-resource interaction (hereafter C-R) allow 

us to both interpret stochastic C-R interactions, and simultaneously resolve apparent conflicting 

results regarding the effect of interaction strength on ecological stability.  Harnessing the 

mechanistic understanding behind this universal checkmark response allows us to show that 

common stability metrics such as the dominant eigenvalue and the coefficient of variation can be 
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shown to give qualitatively similar answers on the role of interaction strength and that the results 

are qualitatively consistent in both a deterministic and stochastic setting. 

Much of deterministic food web stability theory has unfolded from a clear and 

mechanistic understanding of the fundamental base interaction – the C-R interaction (Murdoch et 

al. 2003). As an example, an important aspect of the weak interaction effect is that a potential C-

R oscillator in a food web can be muted (i.e., made less variable) by re-routing energy away from 

this excitable interaction into a weaker interaction with an alternate resource (sensu McCann 

(2011); discussed in detail to follow). As such, it behooves us to develop a similar coherent 

theory for stochastic C-R interactions, setting the stage for interpreting the fate of potential 

stochastic “oscillators” in more complex stochastic food webs.   

In what follows, we start by first defining stability in terms of stochastic persistence, 

delineating two qualitatively different classes of instability (-instability or mean-driven species 

collapses; and -instability or variance-driven species collapses). We then show that the 

checkmark stability response has non-excitable and excitable phases that clearly map to the two 

different classes of stability (i.e.,  and -instability), while simultaneously enabling us to 

predict the stochastic C-R bifurcation structure of a general set of C-R models. We end by using 

this result as a simple framework for a stochastic food web theory. 

The Anatomy of Ecological Stability 

A food web model can be categorized as being either deterministic or stochastic depending on 

the nature of the mathematical formulation. That said, the distinction between deterministic and 

stochastic dynamics are often implicitly blurred as ecological theory commonly describes 

populations that attain extremely low densities as being at risk of extinction from random 

perturbations. In this greatly simplified sense, even deterministic models often frame stability 
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within a stochastic context, although not rigorously. This intuitive notion of “stochastic 

persistence” is a key to understanding the relationship between deterministic equilibrium 

stability concepts, like resilience, as well as deterministic non-equilibrium stability measures, 

like the coefficient of variation.  

At the most general level, there exists two ways in which a species can be driven to local 

extinction (i.e., experience a complete loss in stability). First, a population can be eliminated due 

its mean population attaining dangerously low densities -- a scenario where even modest 

stochasticity leads to local extinction (hereafter called –instability; Fig. 3.1A). Mathematically, 

this occurs deterministically when an equilibrium density is no longer feasible and passes 

through the origin (generally, in ecology, this is a transcritical bifurcation).  Second, a population 

can be eliminated due to large swings in density from an otherwise well-bounded mean (i.e., the 

mean density >> 0). During one of these population swings, the population again experiences 

stochastic variation that pushes it to elimination. In this case, it is the variance around the mean 

that drives extinction and so we refer to this as -instability (Fig. 3.1B). This distinction into 

domains is more appropriately thought of as a continuum such that, at one end, wild swings 

govern extinction (-instability) and at the other end a low mean density drives extinction (-

instability).   We will see below that ecological theory suggests that while instability is indeed a 

continuum, ecological processes make populations (or whole communities) move rather 

discretely from the danger of –instability to the danger of -instability. This discrete transition 

results from a rapid transition between non-excitable interactions and excitable interactions. 

Excitable and Non-excitable Interactions 

Rip and McCann (2011) showed that increasing the strength of the numerical response of the 

consumer (e.g., increasing attack rate, a) relative to consumer mortality, m, leads to a consistent 
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change in the stability properties of most C-R interactions. Specifically, the stability of the 

system (measured by the maximum real part of the eigenvalue; RE(Dom)) goes through the 

familiar checkmark response (Fig. 3.2A). As a specific example of the stability response, if we 

increase the attack rates, a, from very low values in the Rosenzweig-MacArthur C-R interaction 

then the consumer soon can invade the system (at the transcritical bifurcation, TC; Fig. 3.2A), 

beyond which the dominant eigenvalue, RE(Dom), becomes increasingly more negative and 

therefore more stable. Note, that the mean population is dangerously close to zero when it is 

anywhere near the TC bifurcation point in Fig. 3.2A (i.e., -instability).  

During the increasing stability stage in Fig. 3.2A, the dominant eigenvalue is real, which 

means that any perturbation off the equilibrium returns back to the equilibrium monotonically 

(i.e., it does not overshoot the equilibrium; see Fig. 3.2B for a time series example of monotonic 

dynamics). An increase in interaction strength (here via increased a), in this case, simply allows 

the consumer population return to the equilibrium more rapidly at no cost (compare Fig. 3.2B to 

Fig. 3.2C, which returns more rapidly and has a higher interaction strength). We will refer to 

monotonic dynamics as non-excitable dynamics as increases in interaction strength only make 

them return to equilibrium faster after a perturbation (Fig. 3.2A).  

This increasing stability with increased interaction strength occurs until the eigenvalues 

becomes complex (R/C depicts the real-complex divide in Fig. 3.2A), at which point further 

increases in attack rate make the dominant eigenvalue increasing less negative, and less stable 

(Fig. 3.2A).   We can understand the biological reason for the reduced stability after the real-

complex divide by understanding what the imaginary part of the eigenvalue means to the 

population dynamics. Fig. 3.2D and Fig.3.2E show two cases of a stable equilibrium (i.e., 

negative real part) with an imaginary eigenvalue. The consumer population now returns to the 
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equilibrium but overshoots the equilibrium several times before attaining equilibrium. This 

overshooting drives the instability phase of Fig. 3.2A because now increases in interaction 

strength make a perturbation move rapidly back toward the equilibrium, but so violently that the 

population overshoots the equilibrium (so delaying its return time). Further increases in 

interaction strength (here via attack rate, a) only excite the overshoot dynamics more and make 

them even less stable (compare Fig. 3.2D to Fig.3.2E). For this reason, we will refer to the 

complex region of Fig. 3.2A as the excitable dynamics region. 

Consistent with this excitable definition, still further increases in attack rate, a, push the 

system through the Hopf bifurcation (H in Fig. 3.2A), at which point the C-R interaction cycles 

deterministically. Continued increases beyond the Hopf also continue to excite the C-R system, 

leading to increasingly larger amplitude cycles that attain increasingly lower minimum densities. 

Thus, increasing the interaction strength to high enough values in a deterministic system 

eventually drives wild oscillations and  -instability. From a deterministic perspective, then, -

instability occurs near the transcritical (TC; Fig. 3.2A) and -instability occurs somewhere after 

the Hopf (to the right of the H; Fig. 3.2A).  

Dynamically, we now see how eigenvalues predict a checkmark over equilibrium 

solutions, but the question of how this relates to stochastic persistence remains. The non-

excitable and excitable domains, though, allow us some intuition into the fate of stochastic C-R 

interactions. Specifically, we expect that the non-excitable region ought to mute perturbations 

and so maintain its equilibrium-like properties, although potentially at very low mean densities 

(-instability). On the other hand, the C-R system ought to be excited by perturbations almost 

immediately on entering the excitable dynamics domain. Here, we expect that the entire complex 

eigenvalue region (Fig. 3.2A,D,E) should tend to be excited by multiple perturbations (i.e., 
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stochasticity) into continuous overshoot dynamics. This intuition speaks to the literature on 

stochastic Hopf bifurcations, which we turn to now to explore this prediction.  

Stochastic Bifurcations in C-R Interactions 

To test this intuition we used a Rosenzweig-MacArthur C-R model where the consumer density 

was perturbed by a Normal(0, 0.01) error with a frequency of once every 10 time steps. Stability 

was then calculated using the coefficient of variation (CV).  It is of interest to point out that CV  

( /  ) is a measure of both  -instability and  -instability in a single indicator. To decompose 

the different aspects of the stochastic forcing of the system, we plot the changes in the mean 

density of the consumer (Fig.3.3A), the standard deviation of the consumer (Fig. 3.3B), and 

finally the combined measure of CV (Fig.3.3C). The system was numerically integrated for 

10000 time steps, using the last 1000 time steps to calculate each measure in order to remove the 

effect of transients. Fig. 3.3 also keeps track of the important deterministic changes in the C-R 

system, such as the transcritical bifurcation (TC), the Hopf bifurcation (H), and the location of 

the switch from a real to a complex dominant eigenvalue (shown as R/C). This latter demarcation 

also simultaneously separates the dynamics into the non-excitable and excitable dynamic 

domains, respectively.  

Our findings for changes in the mean with increasing interaction strength (via a) are 

shown in Fig. 3.3A. As expected, during the non-excitable phase the increase in the mean is 

rapid; whereas the mean changes very little during the initial excitable phase before declining 

modestly with the onset of deterministic cycles (i.e., past the Hopf, H, Fig. 3.3A). The mean 

properties of the system are largely uninfluenced by increases in perturbation frequency as the 

mean generally reflects underlying deterministic equilibrium. This result (Fig.3.3A) suggests that 
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critically low densities occur precipitously in the -instability zone as we move towards the 

transcritical (TC).  

The response of the standard deviation (Fig. 3.3B) also displays consistent responses to 

our predictions during both the non-excitable and excitable phase. In the non-excitable phase 

variance changes but rather modestly compared to when the variance hits the excitable domain, 

where it starts to blow up (Fig. 3.3B high frequency gray line). During the non-excitable phase 

the standard deviation is decreased as the system moves away from the transcritical bifurcation. 

This response echoes the “critical slowing down” found in the early warning signals literature 

(Carpenter 2006; Chisholm & Filotas 2009; Boettiger et al. 2013), where movements towards 

generic bifurcation points are associated with increased variability (Hastings & Wysham 2010). 

Once the system enters the initial excitable phase (between R/C and H) the standard deviation 

begins to rise signaling the beginning of  -instability, where minimum densities are 

increasingly determined by the variability around the systems mean consumer densities. 

Unlike the mean, the standard deviation is strongly affected by the frequency of the 

perturbation. When the perturbations are infrequent, the excitable/non-excitable nature of the 

dynamics are expressed mildly (dark curve; Fig. 3B), showing just the faintest decrease in 

variability during the non-excitable phase (TC-R/C), and a very little increase during the onset of 

the excitable phase (R/C-H). More frequent perturbations (light gray curve; fig.3.3B) show the 

signature of the internal dynamics of the system far more readily, exhibiting a dramatic decrease 

and then increase in the standard deviation, with the switch between these phases closer to the 

real/complex (R/C) divide. This latter result fits our expectations and we conjecture that as the 

frequency increases the transition into increased variation should approach the R/C divide. 
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These mean and variance results drive the response of the common empirical estimator of 

stability, the coefficient of variation (CV). In Fig. 3.3C we see that the C-R model under 

stochastic perturbations generates the familiar stability checkmark, with the destabilizing portion 

of the CV occurring interior to the deterministic Hopf bifurcation (labeled H) for high frequency 

perturbations (grey curve; Fig.3.3C). This result suggests an intriguing synthesis between 

theoretical measures of stability that measure the speed of return to equilibrium (eigenvalues), as 

well as more phenomenological measures of stability such like CV. Specifically, once the 

implicit stochastic nature of ecological stability is accepted, diverse stability measures display a 

common trade-off between periods dominated by  -instability or  -instability, implying this is 

a fundamental duality of any ecological response to increasing interactions strength. 

Along these lines, there is a relatively untapped mathematical theory for stochastic 

bifurcations (Arnold 2001) that attempts to bridge deterministic systems to their stochastic 

counterpart. This existing theory points out that deterministic bifurcations are often altered in an 

understandable way when placed within a stochastic setting (Arnold 1998; Arnold 2001). As an 

example, if we vary a parameter that increases interaction strength in a C-R interaction, 

stochastic theory predicts that a stochastic Hopf bifurcation (i.e., the onset of cycles) will shift 

from its deterministic counterpart. When we tested this idea numerically, we found that the 

movement of the Hopf bifurcation occurs consistently before the deterministic Hopf. Interpreted 

in this context, C-R dynamics are therefore consistently excited relative to deterministic 

interactions under simple uniform stochastic perturbations. 

Establishing the exact location of the stochastic Hopf is difficult numerically as it 

requires locating the transition from a unimodal solution distribution to a “crater” solution 

distribution, which is extremely sensitive to the method of averaging used (Olarrea & de la Rubia 
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1996). A more qualitative method to estimate the approximate location of the stochastic Hopf is 

to follow the strength of the cyclic signature in the dynamics of a stochastic process.  We can do 

this by examining the power spectrum of the simulated time series (Cohen 1995; Olarrea & de la 

Rubia 1996). The cyclic components of the time series reveal themselves in the power spectrum 

as peaks in power at given frequencies (i.e., 1/period of the cycle). For example, if the power 

spectrum of a deterministic C-R model was examined as the consumer’s attack rate was 

increased during the equilibrium phase (from the transcritical to the Hopf) the power spectrum 

would show no peaks, as no cyclic components are present. Once the Hopf is reached, a sharp 

peak at the frequency of the predator prey cycle arises, and further increases would have the peak 

moving to lower frequencies as the predator prey cycles become longer (less frequent). 

In Fig. 3.4, we show the locus of dominant frequencies from the power spectrum of the 

stochastic Rosenzweig-MacArthur model as the consumer attack rate is increased. We find that 

during the non-excitable phase (left of the R/C divide) no cyclic components are detected -- 

suggesting the presence of a noisy equilibrium. However, shortly after the switch to excitable 

dynamics (R/C; Fig. 3.4) the dominant cycle components begin to emerge, rapidly increasing as 

the attack rate is increased, reaching a cycle frequency that is extremely close to the deterministic 

Hopf (dominant frequency ~ 0.055; dashed line Fig. 3.4), suggesting that the stochastic Hopf in a 

R-M model always occurs to the left of the deterministic Hopf. 

The recognition that C-R dynamics exhibit predator-prey like cycles when experiencing 

stochastic forcing has long been recognized by population ecologists (for a good review see 

Pineda-Krch et al. (2007)), where this phenomena is called “quasi-cycles”. In light of the 

stochastic bifurcation theory, it is worth noting that the stochastic Hopf is not qualitatively 

different than the deterministic Hopf, rather stochasticity really just shifts the Hopf bifurcation’s 
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location (Arnold 1998). Thus, while quasi-cycles can be defined as all stochastic cyclic 

phenomena that occurs before the deterministic Hopf in Fig. 3.4 (Pineda-Krch et al. 2007), these 

“quasi-cycles” remain structurally similar to deterministic cycles. This result further reinforces 

the idea that if a C-R model is in the excitable phase, the stochastic C-R will behave in a manner 

that is analogous to a non-equilibrium model, and so blurring the lines between linear (e.g., 

Lotka-volterra) and non-linear models (Rosenzweig-MacArthur model). This aspect of the 

stochastic Lotka-Volterra model has been discussed by King & Schaffer (1999), who have 

cogently argued that the rich set of dynamics from the stochastic Lotka-volterra models ought to 

often qualitatively match more complex, more non-linear models. 

Discussion  

Definitions of stability have grown, and there exists a surprising lack of understanding how 

different measures of stability interact and relate to each other (Ives & Carpenter 2007). Here, we 

have shown that for a deterministic and stochastic C-R framework the commonly employed 

stability metrics (CV, Dominant Eigenvalue) consistently generate the recently discovered 

generic “checkmark” stability response to increasing interaction strength (Chapter 1). 

Importantly, this checkmark response has associated with it a suite of key mathematical and 

biological properties that organize the influence of interaction strength on C-R interactions and 

whole webs (Table 3.1).  

Further, using a stochastic C-R framework we introduced the simple idea that the 

empirically-motivated stability metric, CV, has embedded within it two types of destabilization (

 -instability and  -instability), and that these two zones of instability can be delineated 

mathematically according to whether the equilibrium stability is governed by a dominant 

eigenvalue that is real/non-excitable (i.e., monotonic dynamics near equilibrium;  -instability) 
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or complex/excitable (stable or unstable equilibrium;  -instability).  Although we have used a 

simple C-R framework to highlight this inter-relationship between the instability zones, recent 

results suggest that this “checkmark” stability response to interaction strength, rather amazingly, 

appears to hold for enormously complex webs as well (Chapter 1). Surprisingly, this dual aspect 

of stability has not been explicitly discussed before in the literature. 

The first instability zone,  -instability, occurs when consumer density is low, dynamics 

are monotonic and non- excitable (i.e., show no signs of stochastic perturbation induced quasi-

cycles). This instability zone gives way to collapse due to the extremely low densities and has 

little to do with population variability. In mathematical terms, this instability and the 

accompanying type of dynamics (monotonic or noisy equilibrium dynamics) are indication of a 

looming transcritical bifurcation – the addition of stochastic variation technically driving it 

earlier than its deterministic prediction (Chisholm & Filotas 2009; Boettiger et al. 2013). Within 

a food web context, this result suggests a simple modification to weak interaction theory. Any 

weak interaction that further mutes the flux of energy to this already weak interaction only 

destabilizes it (Table 3.1). Thus, in the -stability, where mean densities are dangerously low, 

the weak interaction effect is deleterious to stability. The corollary to this result is that an 

interaction in this zone actually requires mechanisms that increase energy flux/interaction 

strength in order to promote stability (the strong interaction effect). In a sense, the increased 

growth rates enable the consumer population to grow more rapidly back to the equilibrium 

following a perturbation. Interestingly, much of the evolutionary and ecological extinction 

literature has implicitly focused on the –instability zone, driving a massive literature that 

includes deleterious mutations (e.g., Lande, 1994), minimum viable population size (Nunney et 
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al. 1993), and the more recent emphasis on experimentally testing for early warning signals in 

microcosms (Drake and Griffen 2010, Veraart et al. 2012).   

The second zone,  -instability, occurs when consumer densities get higher but the 

dynamics become excitable (i.e., show overshoot dynamics or oscillations). This instability zone 

gives way to collapse due to the extremely high variance in densities (increasing the probability 

of extremely low minimum densities where they can collapse), and has little to do with the 

population mean itself. In mathematical terms, this instability and the accompanying type of 

dynamics (cyclic or noisy cyclic dynamics) are generated from a stochastic Hopf bifurcation. For 

the simple C-R models employed here, we show that indeed, the stochastic Hopf bifurcation 

tends to start to occur where the dominant eigenvalue becomes complex (i.e., the region which 

separates   from  -instability).  Importantly, this is true whether the model is a Rosenzweig-

MacArthur or any other C-R interaction that would have an excitable and non-excitable domain 

such as the simple Lotka-Volterra formulation (Chapter 1). Within a food web context, this zone 

is consistent with weak interaction theory (Table 3.1) as any weak interaction that further mutes 

the flux of energy to this already oscillating interaction tends to stabilize (i.e., make the dynamics 

less variable). Interestingly, much of the food web stability literature has implicitly focused on 

the –instability zone (e.g., McCann et al. 1998).   

Here, we have explored the implications of the general finding that single population 

models to whole ecosystems models tend to readily generate a “checkmark” stability response to 

increasing growth or interaction strength. We have shown that this largely deterministic theory 

occurs naturally within a stochastic setting, and these results are consistent with an existing and 

underutilized stochastic bifurcation theory (Arnold 1998; Arnold 2001). Further, we have found 

that the stochastic theory of a C-R model suggests that interactions can be separated into two 
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relatively discrete types of instability (-instability and -instability) and these zones allow us to 

begin to interpret a stochastic food web theory (see Table 3.1; Biological Attributes).  

Intriguingly, this work also suggests the potential for the development of a stochastic 

modular food web theory using the theory of stochastic bifurcations. Since the stochastic Hopf 

occurs near the R/C divide then this theory suggests that even the simple Lotka-Volterra model is 

qualitatively analogous to the nonlinear food web models (e.g., Rosenzweig-MacArthur, food-

chain). Thus, a modular stochastic theory ought to find a parallel bifurcation structure to the 

more nonlinear modular theory.  As an example, the simple stochastic Lotka-Volterra food chain 

should be capable of acting like coupled “oscillators” and so produce stochastic chaos (King & 

Schaffer 1999).  
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Tables 

Factor  -instability zone  -instability zone 

Mathematical Attributes 

Eigenvalue Real Complex 

Dynamics after 

small perturbation or 

transients 

Monotonic 

Non-excitable 

Overshoot 

Excitable 

 Bifurcation causing 

Instability 

Transcritical Hopf 

Biological Attributes 

Increasing flux/IS to 

Consumer 

Increasing stability 

(strong interaction effect) 

Decreasing stability 

Decreasing flux/IS 

to Consumer  

Decreasing stability Increasing stability 

(weak interaction effect) 

Stochastic Dynamics Noisy Equilibrium Noisy Cycles 

 
Table 3.1: Mathematical and biological relationships between the different aspects of food web models within the 

two stochastic instability zones.  
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Figures 

 

Figure 3.1: The two fundamental forms of stochastic persistence issues: (1)  -instability shown in Panel A 

results in low minimum population levels due to an intrinsically low mean (  ) density of the underlying 

system, (2)  -instability, shown in Panel B, which results in low minimum population, despite a large mean 

density (  ) do to large variation around the mean which leads to periods of extremely low minimum 

densities. For this example a Rosenzweig-MacArthur C-R model was used with parameters r=1.0, k=1.7, 

h=0.6, e=0.5, m=0.5, with the attack rate in Panel A set to a=1.7, and in Panel B a=4.58. Stochasticity was 

introduced by randomly perturbing the consumer’s biomass once every time step drawn from a Normal 

distribution with mean 0 and standard deviation 0.01. 
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Figure 3.2: Excitable and Non-Excitable dynamics of the consumer in a Rosenzweig-MacArthur model 

showing that increased flux to the consumer stabilizes, or speeds up return times in non-excitable cases but 

destabilizes, or impedes return times, in excitable cases. Panel B shows a configuration where the system is 

governed by monotonic/real dominant eigenvalues corresponding to low interaction strength/flux (a=1.9), 

perturbing the consumer’s biomass the return to equilibrium is slow. As interaction strength/flux is increased 

(a=2.1) but still remaining in the non-excitable/monotonic region the perturbation is recovered from much 

faster. Continuing to increase interaction strength/flux (a=3.0) the system is pushed into the 

excitable/complex domain where the return to equilibrium from perturbations results in overshoot. Further 

increases in interaction strength/flux (Panel E, a=3.5) in the complex/excitable region leads to more frequent 

overshoots and increased return time. The two key bifurcation points are shown: the transcritical (TC) and 

the Hopf (H). Between these points the change from real to complex eigenvalues is shown as R/C. Base model 

parameters are r=1.0, k=1.7, h=0.6, e=0.5, m=0.5, perturbation size=0.25. 
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Figure 3.3: CV of the Stochastic Perturbed Rosenzweig-MacArthur C-R model. The location of the 

deterministic transcritical (TC), real/complex dominant eigenvalue divide (R/C) and deterministic Hopf (H) is 

shown with dashed lines. For comparison the CV of the associated deterministic model would be 0 ( 0  ) 

for the equilibrium solutions between the dashed TC and H region, and only rise after the Hopf. If we add 

weak perturbations to the consumer biomass (Normal(0,0.01)) with a frequency of a perturbation every 10 

time steps the CV becomes more U-shaped (black line). Increasing the frequency of the perturbations to every 

0.1 time steps the CV stability curve becomes more sharply curved moving the maximum stability, lowest CV, 

closer to the R/C divide (grey line). The two key bifurcation points are shown: the transcritical (TC) and the 

Hopf (H). Between these points the change from real to complex eigenvalues is shown as R/C. Model 

parameters used are r=1.0, k=1.7, h=0.6, e=0.5, m=0.5, a ranges from 1.23 to 5 in increments of 0.1. Time 

series for each value of a is generated for 10000 time steps, the last 100 time steps are used to calculate CV, 

which is averaged over 50 replicate simulations. 
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Figure 3.4: The onset of cycles in the stochastically perturbed Rosenzweig-MacArthur C-R model. 

Stochasticity allows for the underlying oscillations of the deterministic model to be expressed once the 

perturbations begin to excite the damped oscillations of the underlying deterministic system (to the  right of 

the real/complex divide (R/C)).  For each value of a  the model was integrated for 10000 time steps and the 

last 1000 time units where used to calculate the power spectrum, which we use to determine the dominant 

frequency of the time series which occurs at the peaks of the spectrum. For attack rates that correspond to 

values in the associated determinist non-excitable/monotonic region (to the left of the dashed line R/C) no 

significant oscillations are found. For values of a  between R/C and the deterministic Hopf (H) we see 

increasing evidence for increased oscillations rapidly leading to dominant frequencies that are extremely close 

to the underlying frequency of the oscillation of the deterministic Hopf (vertical dashed line). Model 

parameters used are r=1.0, k=1.7, h=0.6, e=0.5, m=0.5, a ranges from 1.23 to 5 in increments of 0.1. The 

system is randomly perturbs the consumer density by a Normal(0,0.01) variate after every time step. The 

power spectrum was averaged over 30 replicate time series for each value of a. 
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Epilogue 

The most astonishing result of this thesis is that despite the complexity that might be added to 

ecological models, such as the number of species, changing functional response, network 

structure (Chapter 1), stochastic vs deterministic (Chapter 3), we find a surprising consistency in 

the response of food webs to changes in interaction strength. This universal stability 

“checkmark” encodes what I believe to be a fundamental relationship in Ecology between the 

tradeoff between being good at avoiding mean extinction vs being good at avoiding 

overcompensation/variability stability (Chapter 3). I suggest this type of pattern extends to large 

systems and, as theory begins to find more and more mechanistic/model ways to conduct 

community matrix experiments like we have done in Chapter 2, this idea will be directly testable. 

Then, we can start to attribute biological meaning to the checkmarks found in networks of 

hundreds of interacting species like we can in the simpler modular theory (McCann 2011). This 

unification of large and small theory is extremely exciting and will be one way to achieve 

progress in our ability to make strong predictions on how both human and environmental impacts 

on food webs will change the attributes in which we are interested. Beyond the theoretical 

unification this theory suggests, another interesting aspect of the work found in this thesis is 

showing how the shift from a purely theoretical/mathematical view of stability (absolute 

stability) to a more dynamic/empirical view of stability (relative stability) results in a more 

understandable theory of food web stability. 
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