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Growth functions see widespread application in animal production industries. These 

growth functions allow the prediction of body weight, or size, as a function of time. The 

Gompertz, logistic and von Bertalanffy see widespread application in the agricultural industry 

given their ability to describe the growth of terrestrial animals. Aquatic organisms, in contrast to 

terrestrial, display the ability to display indeterminate growth wherein growth continues past 

sexual maturation, in addition to growth being highly influenced by water temperature. 

Therefore, traditional growth equations are of limited use when applied to aquatic organisms.  

The purpose of this thesis was to advance the quantitative description of patterns of 

growth exhibited by aquatic organisms with reference to aquaculture and nutrition. This thesis 

proposes seven growth functions that were fitted to growth profiles of aquatic organisms 

exhibiting wide ranges of growth patterns using both empirical and mechanistically-inspired 

approaches.  Growth trajectories of Pacific Whiteleg shrimp (Litopenaeus vannamei) were 

analyzed using two empirical models, specific growth rate (SGR) and Thermal-Unit Growth 

Coefficient (TGC). The indeterminate nature of growth exhibited by aquatic organisms was 

successfully described using equations akin to Michaelis-Menten and Mitscherlich. These 

equations are characterized by a lack of a point of inflexion and continuous growth, reflecting the 



 

 

true biological nature of indeterminate growth. The effect of water temperature on growth was 

described through modifying two elementary functions, representing exponential and asymptotic 

growth, using a sinusoidal function to account for the effect of fluctuating water temperature on 

growth rate. Finally, growth profiles of a bacterium were described through attenuating potential 

growth, represented by a logistic equation, using a dampening function. Dampening effects were 

represented by either a rectangular hyperbola, or a simple exponential, and represent the effect of 

a changes in environment on growth rate of the bacterium.  

  In addition to providing researchers with models that have the ability to describe various 

patterns of growth exhibited by aquatic organisms, this thesis also provides insight into the 

modelling process. The importance of understanding model assumptions, data structure, 

strengths and weaknesses of empirical and mechanistic approaches, and the advantages of simple 

algebraic solutions are stressed.   
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CHAPTER 1 – GENERAL INTRODUCTION 

 

 Over the past 50 years, the human population has grown on average 1.6% annually 

(FAO, 2018). With this ever-increasing population the demand for animal protein is inevitably 

increasing. This demand is outpacing population growth with combined terrestrial animal and 

fish consumption increasing on average annually by 2.8% and 3.2%, respectively, over the past 

50 years (FAO, 2018). This global demand for fish is met through a combination of wild-caught 

fisheries and aquaculture.  Combined these industries provide 17% of global animal protein and 

is of particular importance in developing countries where fish can account for up to 50% of 

animal protein intake (FAO, 2016; FAO, 2018). Global fish production in 2016 was an estimated 

171 million tonnes, with aquaculture representing 47% of it, an increase of 21% from 2000 

(FAO, 2018).  Although aquaculture is not experiencing the annual double-digit growth that was 

seen in the 1990s, it is still the fastest growing food producing animal sector (FAO, 2016).   

 The growth of the aquaculture industry has been in part aided through the development of 

mathematical models allowing for quantitative prediction of growth, feed requirements, 

composition of growth and waste outputs (Dumas, 2008). A mathematical model is an equation, 

or a set of equations, which represents or simulates the processes of a system. These models are 

approximations of reality with observations being described using algebraic expressions 

(Dijkstra and France, 1995). Models may predict the change of some quantity, i.e. weight, with 

time, while others do not contain time as a variable and do not make time-dependent predictions; 

these models being referred to as dynamic and static models, respectively. Models may also be 

categorized as empirical vs. mechanistic.  An empirical model primarily describes the response 
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of a system by describing the relationship between two or more variables. Empirical models 

often make use of mathematical or statistical equations with little to no underlying biological 

meaning with models often selected based upon their ability to fit observed data.  In contrast, 

mechanistic models describe some underlying biological mechanism, providing insight into the 

system being modeled. Empirical models operate on one level of description, e.g. the whole 

animal level, while mechanistic models operate on two or more levels. For example, the growth 

of an animal can be modelled mechanistically through describing the differences between 

anabolism and catabolism occurring at the organ and cellular levels.    

 Growth functions are used extensively in animal production industries and represent 

changes in body size with time.  Growth functions are integral production management tools 

enabling estimates of nutrient and feed requirements, waste output forecasts, along with 

anticipated size at harvest (Cho, 1992; Cho and Bureau, 1998; Dumas et al., 2008; Strathe et al., 

2010). Parameter estimates of a growth function can also be compared against one another given 

different experimental or field conditions enabling researchers to explore the effect of various 

factors, e.g. nutrition, location, genetics, etc. on an animal’s performance (Hernandez-Llamas et 

al., 1993; 1995; Hernandez-Llamas and Ratkowsky 2004).   Growth functions are models that 

relate body size, W, to time, t, taking the general form W = f(t) with f representing some 

functional relationship. The use of growth functions is largely empirical with the function, f, 

commonly being chosen solely based on its ability to fit the observed data rather than having any 

distinct biological merit. However, it is preferential if this function characterizes some 

underlying physiological or biochemical mechanism giving some biological meaning to the 

model. For example, in biochemistry an autocatalysis reaction could be characterized by an 
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exponential function, while the presence of limited substrate or nutrient is characterized by a 

function with an asymptote (Thornley and France, 2007).   

A growth function is typically initially expressed as a differential equation whereby rate 

of growth is related to body size, i.e. d𝑊 d𝑡⁄ = 𝑓(𝑊) , with W representing body size and f is a 

function relating growth rate to W.  Expressing a growth function as a differential equation in 

rate:state form often allows for easier biological interpretation and associated relative ease in 

prescribing biological meaning to a models parameters (Thornley and France, 2007).  Certain 

differential equation can be solved analytically, through various methods of integration, with the 

solution being able to be fitted to growth data using nonlinear regression analysis (Thornley and 

France, 2007). Growth functions are commonly derived using a two-compartment model. These 

two compartments represent substrate, S, and organism size/weight, W, with growth occurring as 

material is transferred from the substrate to size/weight compartment without loss. Varying 

assumptions regarding the effects of S and W on rate of growth enable different growth equations 

to be derived (Thornley and France, 2007).  

 An organism’s rate of growth is not constant over its lifetime. In both mammals and 

birds, growth is characterized initially by a continuously increasing rate of growth followed by a 

decelerating phase whereby rate of growth is continuously decreasing. These phases are referred 

to as the self-accelerating and self-inhibiting phases, respectively. The self-inhibiting phase of 

growth is associated with an organism reaching adulthood and undergoing sexual maturation. 

Combining the self-accelerating and self-inhibiting phases of growth result in a sigmoidal curve 

characterized by a point of inflexion and an eventual plateau of live body weight (Brody, 1927; 
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Charnov et al., 2001; Lester et al., 2004). This sigmoidal growth curve has been described 

successfully using a wide variety of classical growth equations including the logistic, Gompertz, 

and von Bertalanffy (Gompertz, 1825; Verhulst, 1838; von Bertalanffy, 1957). 

 A subset of organisms, including fish, crustaceans and certain species of amphibians, 

exhibit indeterminate growth. Indeterminate growth is characterized initially by a self-

accelerating phase followed by a much less evident self-inhibiting phase, as growth of these 

organisms continues after sexual maturation is reached (Sebens, 1987).  Given the less prevalent, 

or even absent, self-inhibiting phase of growth exhibited by indeterminate growers, standard 

sigmoidal growth functions are unable to accurately describe the phenomenon.   

Growth of an organism is influenced by a multitude of exogenous and endogenous 

factors including life stage, genetics, nutrition and environment.  In ectotherms, the environment, 

specifically temperature, has a greater effect on the size of an organism compared to genetics 

(Sebens, 1987; Weatherley and Gill, 1987).  Furthermore, fluctuating water temperatures have 

been found to have a greater impact on growth, in fish, compared to life stage or the metabolic 

cost of reproduction (Dumas and France, 2008).  Given the importance of temperature on 

ectothermic growth it is reasonable to try and include the effect of temperature on growth in a 

model. However, when a growth function is initially expressed as a differential equation by 

including two independent variables, viz. time and temperature, integration of the differential 

equation becomes much more complicated often resulting in non-analytical solutions. As an 

analytical solution for a growth function is desired, water temperature is commonly implicitly 

represented through linking a growth parameter of the model to temperature.  
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The purpose of this thesis was to model the growth trajectories of various aquatic 

organisms using both empirical and mechanistic approaches. Chapter 2 of this thesis describes 

the growth of Pacific whiteleg shrimp, Litopenaeus vannamei, using more empirical methods. 

Two common empirical models, the specific growth rate (SGR) and the thermal-unit growth 

coefficient (TGC) model, are evaluated and compared in their ability to describe the growth of 

Pacific whiteleg shrimp. As growth rate is not constant across life stages, the predictive ability of 

the TGC is further improved through the identification of growth stanzas and subsequent 

optimization of the body weight exponent in the identified stanzas.  

Chapters 3, 4 and 5 of this thesis describe the growth of various aquatic organisms using 

a more mechanistic approach whereby initial assumptions of the model are expressed, formalized 

as a differential equation, and subsequently solved through integration.  The resulting growth 

functions are fitted to growth data of various aquatic organisms and evaluated based upon 

measures of goodness-of-fit, fitting behaviour, and analysis of residuals. In Chapter 3 two 

models were derived to better describe indeterminate growth of ectotherms. These models are 

based on three assumptions namely; quantity of growth machinery works at a rate dependent on 

feed intake; the relationship between growth rate and intake level follows the law of diminishing 

returns; and growth is irreversible. These models are characterized by their non-sigmoidal shape. 

Models were evaluated based on their ability to describe the growth of rainbow trout 

(Oncorhynchus mykiss) and Nile tilapia (Oreochromis niloticus). While Chapter 3 describes 

growth without directly accounting for the effect of water temperature on growth, Chapter 4 

explores the ability of two elementary growth functions modified to incorporate the seasonal 

effects of water temperature on growth. Assumptions of Model 1 include: quantity of growth 
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machinery is proportional to live body weight and substrate is non-limiting over the period of 

growth. When these assumptions are formalized, the resulting function represents exponential 

growth. Model 2 assumes quantity of growth machinery is proportional to available substrate, 

representing asymptotic growth. Both models share the assumptions that growth machinery 

works at a rate which varies with water temperature and that growth is irreversible. Models were 

fitted and evaluated on their ability to describe growth of three fish species, viz. European 

bullhead (Cottus gobio), brown trout (Salmo trutta) and rainbow trout (Oncorhynchus mykiss), in 

bodies of water which underwent seasonal changes in water temperature. Chapter 5 continues the 

theme of Chapter 4 by modeling a system whereby an organism is responding to a change in its 

environment.  The potential growth of Flavobacterium psychrophilum, a bacterium and the 

causative agent of cold water disease, is represented by a standard logistic function. The logistic 

function represents the potential growth that F. psychrophilum can achieve in a constant 

environment. A dampening effect, representing, for example, the effect of a build-up of an 

inhibitor on growth rate, is incorporated into the logistic function and solved analytically 

resulting in a growth function representing the actual growth achieved by F. psychrophilum. The 

dampening effect is represented by two elementary functions, viz. a rectangular hyperbola and a 

simple exponential.  

This thesis concludes with a general discussion and concluding remarks in Chapter 6. 

This chapter focuses not only on the proposed models of this thesis but also aims at providing 

insight into the modelling process as a whole.  
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CHAPTER 2 – GROWTH TRAJECTORY ANALYSIS OF 
PACIFIC WHITELEG SHRIMP (LITOPENAEUS VANNAMEI) 

USING EMPIRICAL METHODS: COMPARISON OF THE 
SPECIFIC GROWTH RATE (SGR) TO THE THERMAL-UNIT 
GROWTH COEFFICIENT (TGC) AND ITS ADAPTATIONS 

 

Abstract 

 Various empirical growth models see widespread application in the fields of aquaculture 

and aquaculture nutrition. These models allow for estimates of anticipated harvest size and waste 

output in addition to nutrient and feed requirements. The specific growth rate (SGR) model is 

commonly used in shrimp culture despite its shortcomings which have been identified when 

applied to various fish species. In an effort to increase the ability to accurately predict shrimp 

growth, the SGR and thermal-unit growth coefficient (TGC) models were fitted to 15 datasets 

encompassing growth of Litopenaeus vannamei with body weights ranging from 0.01g to 34g 

reared under commercial conditions in Southeast Asia. Using piecewise linear regression, growth 

rates were regressed against body weights in an effort to identify changes in growth pattern 

across life stages. Analysis identified two growth stanzas, with stanza one occurring between 

0.01g and 7.5g and stanza two between 7.5g and 34g. Using ordinary and weighed least squares 

methods, the body weight exponent of the TGC model was optimized in each identified growth 

stanza to improve the goodness of fit of the TGC model. From these 15 datasets the average 

body weight exponent in the first and second growth stanzas were 0.416 and 0.952, respectively, 

when using ordinary least squares. When solving with weighted least squares average body 

weight exponents in the first and second growth stanza were determined to be 0.418 and 0.947, 

respectively. Body weight exponents were significantly different from the traditional body 
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weight exponent of the TGC, (1 − b) = 1/3. On the basis of statistical measures of goodness-of-

fit, the optimized TGC model resulted in the best fit, followed by the traditional TGC, with the 

SGR performing the poorest.  To the authors’ knowledge, this is the first study that directly 

compares the predictive ability of the SGR to the TGC in shrimp.  

2.1 Introduction 

 Growth functions have seen widespread applications in the aquaculture industry and can 

be applied to describe changes in body size of an organism using time course data. Growth 

functions can be used as production management tools allowing for estimates of anticipated 

harvest size, waste outputs, as well as nutrient and feed requirements (Cho, 1992; Cho and 

Bureau, 1998; Dumas et al., 2008; Strathe et al., 2010).  Unlike mammals, fish and crustaceans 

exhibit indeterminate growth wherein growth continues after sexual maturity is reached (Sebens, 

1987). In contrast to the sigmoidal growth curve displayed by mammals, growth curves of 

species that exhibit indeterminate growth are characterized by their hyperbolic nature with no 

point of inflexion (Jolicoeur, 1985). Given the hyperbolic nature of growth exhibited by fish and 

crustaceans, exponential type growth functions are commonly applied with the specific growth 

rate (SGR) model seeing wide spread applications in both fish and shrimp culture. In addition to 

allowing for the prediction of body weight as a function of time, growth coefficients of these 

functions can be calculated, compared, and used as performance indicators.   

The specific growth rate (SGR) model is based on the work of the mathematician Thomas 

Malthus (Malthus, 1798) whereby SGR takes the form of 𝑆𝐺𝑅𝑛 =
ln𝑊𝑛−ln𝑊0

𝑛
× 100, with n 

representing time, W0 body weight at time zero and Wn body weight at time n. Rearranging this 
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SGR equation allows body weight at time n to be solved for:   𝑊𝑛 = Exp(ln𝑊0 +

𝑆𝐺𝑅𝑛 × 𝑛 100⁄ ). The SGR growth model has a tendency to underestimate body weights between 

W0 and Wn while overestimating body weights when extrapolating past Wn (Cho, 1992).  

Furthermore, due to their ectothermic nature, growth of fish and crustaceans is highly influenced 

by water temperature (Sebens, 1987). As temperature is not represented in the SGR model valid 

comparisons of calculated SGRs can only be made between animals reared in similar water 

temperatures.   Despite its limitations SGR still sees extensive application in the aquaculture 

field with this model widely accepted by editors (Dumas et al., 2010). 

In contrast to the SGR which makes use of the natural logarithm of body weight, the 

thermal-unit growth coefficient (TGC) model raises body weights to a body weight exponent, 

with this exponent traditionally being set to 1/3 (Iwama and Tautz, 1981; Cho, 1992). 

Additionally, the TGC model takes into account the effect of water temperature on growth 

through the concept of degree days. These additions allow for more meaningful comparisons of 

growth performance, through comparison of calculated TGC values, even between different size 

animals and those reared at different water temperatures (Cho, 1992; Dumas et al., 2010). 

Besides its use as a measure of growth performance, the TGC model, like the SGR, can be used 

as a tool to predict the growth trajectory of an animal. In fish, the TGC model has been shown to 

predict growth more accurately in comparison to the SGR (Cho, 1992; Cho and Bureau, 1998; 

Chowdhury et al., 2013).  Traditionally users of the TGC have assumed a body weight 

coefficient of 1/3 throughout the life cycle of the animal despite evidence that growth rates are 

affected by life stages (Charnov et al., 2001; Shuter et al., 2005; Dumas at al., 2007). This 

assumption can lead to erroneous body weight predictions, particularly in small and large fish 
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(Dumas et al., 2007). In an effort to increase the predictive ability of the TGC model, Dumas et 

al. (2007) proposed a generalized TGC model. In this generalized model, body weight exponents 

were iteratively solved by means of minimizing the residual sum of squares between observed 

and predicted body weights in three identified growth stanzas of rainbow trout.  Following these 

methods, Chowdhury et al. (2013) solved for body weight exponents in three production stages 

of tilapia, i.e. nursery, pre-growout and growout. In both cases the optimized TGC model, which 

solved for body weight exponents in so called ‘growth stanzas’, out-performed the traditional 

TGC model with a fixed body weight exponent of 1/3 in terms of its ability to predict growth.   

Given the advantages of the TGC over the SGR, the TGC model has seen widespread 

application in fish culture and nutrition (Einen et al., 1995; Cho and Bureau, 1998; Kaushik, 

1998; Dumas et al., 2007; Chowdhury et al., 2013). In contrast, in shrimp culture, the SGR 

model is still the most common choice (Tacon et al., 2002; Zhu et al., 2004; Suárez, 2009; Ju et 

al., 2012; Zokaeifar et al., 2012; Xie et al., 2016) with limited adoption of the TGC (Palma et al., 

2007). Therefore, the objectives of this paper were to: (1) assess the ability of the traditional 

TGC model to describe the growth of shrimp, viz Litopenaeus vannamei, (2) identify growth 

stanzas of Litopenaeus vannamei; and (3) further improve the predictive ability of the TGC by 

adaptation of the body weight exponent to identified growth stanzas.    

2.2 Materials and methods 

2.2.1 Mathematical models 

The TGC is based upon a model originally proposed by Parker and Larkin (1959) 

whereby growth rate is described allometrically as: 
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d𝑊

d𝑡
= 𝑘𝑊𝑏 (1) 

where W is weight (g), t is time (d), k is a rate constant (g1−𝑏 ×  d−1) and b a dimensionless 

allometric exponent.   Integrating Eq. 1  

 ∫ 𝑊−𝑏 d𝑊 = 𝑘 ∫ d𝑡
𝑡

0

𝑊𝑡

𝑊0
 

Resulting in: 

𝑊𝑡
1−𝑏 =  𝑊0

1−𝑏 + 𝑘(1 − 𝑏)𝑡 (2)  

Iwama and Tautz (1981) introduced a general form of this equation:  

𝑊𝑡
𝑏 = 𝑊0

𝑏 +  𝐺𝑠𝑡 (3) 

Iwama and Tautz proposed that Gs , the growth slope, is a linear function of temperature (T) over 

a specified range of temperatures. Through regression analysis, various values of b and Gs were 

proposed for several salmonid species with b = 1/3 and Gs = T/1000 resulting in the best fit.  The 

resulting equation: 

𝑊𝑡
1/3

= 𝑊0
1/3

+  
𝑇

1000
𝑡 (4) 

is the basis of the Thermal-Unit Growth Coefficient (TGC) model. The concept of degree-days 

was introduced into Eq. 4 by Cho (1992) resulting in: 

𝑊𝑛 = (𝑊0
1/3

+  
𝑐𝑛

1000
∑ 𝑇𝑖)

1
1 3⁄

𝑛

𝑖=1

 (5) 
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whereby n is the number of days since W0, Ti is mean daily water temperature, and cn [g
1/3 (⁰C × 

d)−1] which is commonly referred to as ‘TGC’. Based upon the species being modelled, several 

values of cn were proposed by Cho (1992) with cn calculated as: 

𝑐𝑛 =  
𝑊𝑛

1/3
− 𝑊0

1/3

∑ 𝑇𝑖
𝑛
𝑖=1

 ×  1000 (6) 

Dumas et al. (2007) generalized Eq. 5 & 6 to:  

𝑐𝑛 =
𝑊𝑛

1−𝑏 − 𝑊0
1−𝑏

∑ 𝑇𝑖
𝑛
𝑖=1

× 100 (7) 

𝑊𝑛
1−𝑏 = 𝑊0

1−𝑏 +  
𝑐𝑛

100
 ∑ 𝑇𝑖 (8)

𝑛

𝑖=1

 

𝑊𝑛 = (𝑊0
1−𝑏 +  

𝑐𝑛

100
 ∑ 𝑇𝑖)

1
1−𝑏 (9)

𝑛

𝑖=1

 

with the Eq. 7 - 9 being re-scaled from a multiplier of 1000 to 100. 

Specific growth rate (SGR) was calculated herein as: 

𝑆𝐺𝑅𝑛 =
ln𝑊𝑛 − ln𝑊0

𝑛
×  100 (10) 

𝑊𝑛 = Exp(ln𝑊0 + 𝑆𝐺𝑅𝑛 × 𝑛 100⁄ ) (11) 



 

 

13 

 

2.2.2 Data Sources 

 In an effort to assess the ability of the TGC model to describe the growth of Pacific 

whiteleg shrimp (Litopenaeus vannamei), a database was created by obtaining production 

records from ten shrimp pond culture operations in Southeast Asia. From these ten operations, 

growth data on 66 production lots were obtained with the data ranging from December 2014 – 

June 2015. Live body weight samples were taken on average every 14 d, with shrimp weights 

ranging from an estimated initial 0.01 g to harvest weights of up to 34 g. Average water 

temperature was 29.5⁰C with an average 100-d production cycle.   From these 66 production lots, 

8 were removed due to poor performance (feed conversation ratio > 2) or due to an indication of 

disease in the production records. In total, growth data on 58 production lots were used to 

calculate 329 TGC values.  

2.2.3 Statistical procedures  

To explore the effect of current body weight on growth rate, TGC (cn) was calculated 

according to Eq. 7 and plotted against corresponding body weights. Using piecewise regression 

analysis, a ‘two-straight line with one-breakpoint’ model was fitted to the TGC vs. body weight 

data following the methods proposed by Toms and Lesperance (2003).  The body weight at the 

break-point between the two linear sections of the model was identified as the transition between 

growth stanzas whereby a significant change in growth pattern occurred. Fitting of the broken-

line model, in addition to testing for significant differences between slopes of the two linear 

sections of the model, was conducted using the statistical software package SAS (SAS, 2012, 

Version 9.4).  
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The body weight exponent (1 – b) of Eq. 9 was initially set as 1/3, with initial and final 

body weights being fixed.  Using the NLIN produce of SAS, final body weight exponent values 

were determined through ordinary least squares (OLS) using the Levenberg-Marquardt algorithm 

through iteratively solving for the value of the body weight exponent that minimized the sum of 

squared differences between observed and predicted body weight values in each identified 

growth stanza (Marquardt, 1963). When working with time course data, a certain degree of 

autocorrelation between body weights is expected (López et al., 2004). An underling assumption 

of nonlinear regression using OLS is constant variance of errors, or homoscedasticity. As 

autocorrelation is common in time course data, errors are commonly heteroscedastic, resulting in 

violations of the underlying assumption of OLS resulting in inefficient parameter estimates 

(SAS, 2012; Lin and Chou., 2018).  When the error variance structure is unknown, weighted 

least squares (WLS) is a common method to control for heteroscedasticity with an unknown 

form (SAS, 2012). Therefore, in addition to OLS, WLS was used to solve for body weight 

exponents (1 – b) of Eq. 9 in the identified growth stanzas.  

The ability of each model to describe the growth of shrimp was statistically evaluated 

using measures of goodness-of-fit. Models were evaluated based upon Akaike information 

criterion (AIC), concordance correlation coefficient (CCC) and mean square prediction error 

(MSPE). AIC allows for the comparison of model fits while penalizing for over fitting a model. 

AIC accounts for both goodness-of-fit and the number of parameters in a model. AIC was 

calculated according to Akaike (1974), with models with the lowest AIC values being preferred. 

Following the methods of Lin (1989), CCC was calculated as a measure of agreement between 

predicted and observed values. A CCC value of 0 represents no agreement between predicted 
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and observed values, with a value of +1 representing perfect agreement and −1 perfect 

disagreement. MSPE was calculated according to Bibby and Toutenburg (1977) as the sum of 

squared differences between predicted and observed values divided by the number of 

observations. When comparing model fits to a common dataset, the model with the lowest MSPE 

in theory has a superior fit.   

2.3 Results 

The results of the piecewise regression analysis of TGC (cn) vs. body weight are 

illustrated in Figure 2.1. From this analysis a break point was determined to occur at 7.5 g with 

slopes of the linear segments, representing growth rate as a function of body weight, being 

significantly different from one another above and below this point (P = 0.003).   The 

approximate 95% confidence limits of the break point of 7.5 g range from 4.7 to 10.3 g with a 

standard error of 1.4 g. Therefore, the first growth stanza was determined to occur between 0.01 

and 7.5 g and the second growth stanza between 7.5 and 34 g.  

Of the 58 production lots, 15 were chosen as the basis for model comparison. These 15 

datasets were selected as they contained at least three data points above and below the break-

point determined by the piecewise regression analysis.  The body weight exponent (1 – b) of the 

traditional TGC model was iteratively solved for in each of the growth stanzas using OLS and 

WLS methods. Resulting body weight exponents in the first growth stanza are displayed in Table 

2.1. Using OLS the body weight exponent in the first growth stanza ranged from 0.280 to 0.552 

with an average value of 0.416. Body weight exponents ranged from 0.292 to 0.556 with an 

average value of 0.418 when using WLS. Table 2.2. displays the body weight exponents solved 

for in the second growth stanza.  Body weight exponents ranged from 0.634 to 0.999 with an 
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average value of 0.952 using OLS and ranged from 0.564 to 0.999 with an average of 0.947 

using WLS. Using a student’s T test, significant differences were observed when comparing the 

traditional body weight exponent of 1/3 to the body weight exponents solved for in the first (P = 

0.0017) and second growth stanzas (P < 0.0001).  

Using the general TGC model, viz. Eq. 9, shrimp weights were predicted using the body 

weight exponents solved for in both of the growth stanzas for the 15 datasets. The resulting 

goodness-of-fit criteria from these ‘optimized’ models are presented in Table 2.3. Additionally, 

goodness-of-fit criteria resulting from the SGR (Eq. 11), the traditional TGC model (Eq. 5) with 

body weight exponent fixed at 1/3, and the traditional TGC (Eq. 5) with included growth stanzas, 

are presented in Table 2.4. The resulting body weight exponents in each growth stanza identified 

in Table 2.1 and 2.2 were averaged and using these averaged body weight exponents growth was 

predicted for each of 15 datasets with resulting CCC, AIC and MSPE presented in Table 2.3 and 

2.4.  An example of the observed and predicted shrimp weights resulting from these models is 

displayed in Figure 2.2. 

Using a Student’s t-test, the fits of these models, i.e. the ‘traditional’ TGC + stanza, the 

‘optimized’ TGC + stanza, the ‘averaged’ TGC + stanza and the ‘averaged’ WLS TGC + stanza 

were compared against each other. The traditional TGC model outperformed the SGR in each 

measure of goodness-of-fit with significantly higher CCC values (P < 0.001) and significantly 

lower AIC (P < 0.001) and MSPE (P < 0.001).  Comparing the traditional TGC to the traditional 

TGC + stanza, by including two growth stanzas and thus two cn values, the traditional TGC + 

stanza model resulted in significantly higher CCC (P < 0.001) and significantly lower AIC (P < 

0.001) and MSPE (P < 0.001) values. When comparing the traditional TGC + stanza to the 
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optimized TGC + stanza model, whereby the body weight exponent was solved for and allowed 

to deviate from 1/3, the optimized TGC + stanza model resulted in significantly higher CCC (P = 

0.0385) and significantly lower AIC (P < 0.001) and MSPE (P < 0.003) values.  The ability of 

the ‘traditional’ TGC + stanza to describe shrimp growth was compared to the ‘AVG optimized’ 

TGC model, whereby an averaged body weight exponent of 0.416 was used in the first growth 

stanza while an averaged value of 0.952 was used in the second growth stanza.  By using these 

averaged body weight exponents values determined from the 15 datasets the ‘AVG optimized 

TGC + stanza’ model had a tendency to result in greater CCC (P = 0.0888) while displaying 

significantly lower AIC (P = 0.0012) and MSPE (P = 0.0136) values in comparison to using a 

fixed body weight exponent value of 1/3.  Although numerically different no statistical 

differences were observed when comparing CCC (P > 0.05), AIC (P > 0.05) and MSPE (P > 

0.05) between the ‘AVG optimized’ TGC model when solving using OLS vs WLS.  

2.4 Discussion 

 Growth functions receive widespread application in the aquaculture sector. Of these 

growth functions, the SGR and TGC see frequent application in the field of aquaculture nutrition. 

These models are used extensively to compare performance of animals based upon dietary 

treatments, environmental factors, strain, etc. (Cho, 1992; Tacon et al., 2002; Zhu et al., 2004; 

Palma et al., 2007; Suárez, 2009; Ju et al., 2012; Zokaeifar et al., 2012; Xie et al., 2016).  Body 

weight predictions from these growth functions are also integral in production management 

allowing for feed and nutrient requirements estimates in addition to waste output forecasts 

(Einen et al., 1995; Cho and Bureau, 1998; Kaushik, 1998; Chowdhury et al., 2013). The SGR 

has been criticized due to its tendency to underestimate body weight when interpolating while 
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overestimating when extrapolating. (Cho, 1992; Dumas et al., 2010). Additionally, the SGR does 

not take into account the effect of water temperature on growth, which is of particular 

importance given the ectothermic nature of aquatic organisms (Sebens, 1987). In contrast to the 

SGR, the TGC allows for comparison of animal performance reared at different water 

temperatures while more precisely predicting fish growth (Dumas et al., 2010). However, the 

traditional TGC model assumes a constant body weight exponent of 1/3 regardless of life stage, 

leading to erroneous estimates of body weight in early and late life stages (Dumas et al., 2007). 

To increase the predictive ability of the TGC model, Dumas et al. (2007) introduced a 

generalized version whereby the body weight exponent was iteratively solved for, and allowed to 

deviate from 1/3, in identified growth stanzas of rainbow trout. Despite the limitations of the 

SGR it is still widely applied in the aquaculture industry, particularly with reference to shrimp 

culture (Dumas et al., 2010).  Therefore, the objectives of this paper were: (1) assess the ability 

of the traditional TGC growth model to describe the growth of shrimp, viz. Litopenaeus 

vannamei, (2) identify potential growth stanzas of Litopenaeus vannamei, and (3) further 

improve the predictive ability of the TGC by adaptation of the body weight exponent in 

identified growth stanzas.    

 The SGR and standard TGC growth models were applied to 15 production lots of 

Litopenaeus vannamei grown under commercial conditions from initial body weights of ~0.01 g 

to adults with a maximal harvest weight of 34 g.  On the basis of statistical measures of goodness 

of fit, viz. AIC, CCC and MSPE, the TGC outperformed the SGR in its ability to predict shrimp 

growth in all 15 production lots examined in this study. These results were not surprising as the 

TGC has been shown to be superior to the SGR in fish (Cho, 1992; Cho and Bureau, 1998; 
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Chowdhury et al., 2013; Liu et al., 2018). However, to our knowledge, this is the first study to 

directly compare the predictive ability of these models in shrimp. Like in fish, the use of the 

natural logarithm of body weight in the SGR growth model results in severe underestimation of 

predicted body weight while interpolating between initial and final body weight in shrimp. Given 

that growth models are used as tools to predict feeding requirements, significant underestimation 

of predicted weights could result in underfeeding and subsequently inability for the growth 

potential of the shrimp to be reached.  In contrast, extrapolating past the final body weight used 

to calculate SGR results in greatly overestimated predicted body weights resulting in feed 

wastage, with feeding costs representing 50-60% of total production costs in intensive shrimp 

culture (Tan and Dominy, 1997).  

 From the results of this study it is apparent that the TGC is superior to the SGR in its 

ability to predict body weight of shrimp. However, the traditional TGC assumes a constant body 

weight exponent of 1/3 and does not take into account the effect of life stage on growth.  The 

existence of growth stanzas in various fish species has been demonstrated with the need to adapt 

parameters of growth models in these identified growth stanzas in order to improve the 

predictive ability of empirical growth functions (Day and Taylor, 1997; Charanov et al., 2001; 

Lester et al., 2004; Shuter et al., 2005; Dumas et al., 2007; Chowdhury et al., 2013). Applying 

piecewise linear regression to growth rate, expressed as TGC values, as a function of body 

weight identified a break point of 7.5 g resulting in two growth stanzas above and below this 

point. The slopes of TGC vs. body weight above and below this breakpoint were statistically 

different from one another with the less steep slope occurring after the breakpoint. This decrease 

in growth rate at larger body weights may be attributed to a decrease in both feed efficiency and 
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protein conversion efficiency when comparing sub-adult (8.3 g) to juvenile (1.3 g) shrimp 

(Kureshy and Davis, 2002).  Through iteratively solving for the body weight exponent that 

minimized the residual sum of squares between observed and predicted body weights of the 15 

production lots resulted in an average body exponent of 0.416 and 0.952 for the first and second 

identified growth stanzas, respectively, using OLS, and 0.418 and 0.947, respectively, using 

WLS.  The tendency for body weight exponents to increase in magnitude and approach a value 

of 1 at harvest weights when optimizing the TGC has also been observed in rainbow trout, tilapia 

and carp (Dumas et al., 2007; Chowdhury et al., 2013; Liu et al., 2018). In agreement with these 

studies, the optimization of the body weight exponent of the TGC model for identified growth 

stanzas resulted in better fits in comparison to the traditional TGC model. In contrast to the 

studies of Dumas et al. (2007), Chowdhury et al. (2013) and Liu et al. (2018) whereby models 

were primarily compared on the basis of residual sum of squares, the present study included 

more in-depth statistical measures of goodness-of-fit. Through the inclusion of two growth 

stanzas, the number of parameters in the model is essentially doubled, an initial and final body 

weight in the first growth stanza and a second initial and final body weight in the second growth 

stanza. AIC is a criterion that allows for the comparison of model fits while penalizing over-

fitting through the inclusion of too many parameters. When accounting for the additional 

parameters the optimized TGC model still outperforms the standard TGC and SGR on the basis 

of AIC in addition to MSPE and CCC.  

  The predictive advantage of the TGC, and its adaptations, are apparent when examining 

predicted body weight values from these models over time. Referring to Figure 2.2, shrimp with 

an initial body weight of 0.01 g were grown for 43 d at an average water temperature of 29.5⁰C 
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resulting in an observed body weight of 5.9 g. With a final observed body weight of 24.9 g in 

this particular dataset, the SGR growth model would predict a body weight of 3.5 g after 43 d of 

growth. Given the same dataset the traditional TGC predicts a body weight of 5.3 g at day 43. 

Through the inclusion of the first growth stanza, between 0.01 g and 7.5 g, the traditional TGC 

predicts a shrimp weight of 5.5 g. Finally, using the AVG optimized TGC model with a body 

weight exponent of 0.416 in the first growth stanza results in a prediction of 5.7 g at day 43. 

Following the growth trajectory into the second growth stanza, observed weight at 84 d was 19.4 

g. The SGR, traditional TGC and traditional TGC + stanza predict body weights of 11.4 g, 14.8 g 

and 15.7 g, respectively. The AVG optimized TGC using a body weight exponent associated 

with the second growth stanza, 0.952, predicted a body weight of 16.8 g at day 84.  Due to the 

geographic location of the shrimp culture operations used in this studies dataset variations in 

daily water temperatures over the entire culture period were very small (±1⁰C). However, shrimp 

are grown over a wide range of geographic locations whereby larger fluctuations in water 

temperatures can occur. Given that TGC integrates the effect of water temperature on growth, 

and the SGR does not, greater differentiation in the respective model’s ability to predict growth 

is expected in locations whereby fluctuating water temperatures occur. 

 It is apparent from the above numerical example and through examination of the 

statistical analysis, that the TGC growth model is superior to the SGR in its ability to predict 

growth in shrimp. Furthermore, following the methods originally proposed by Dumas et al. 

(2007) the predictive ability of the TGC model can be improved further through the inclusion of 

growth stanzas and adaptation of the body weight exponent in these growth stanzas. However, 

caution needs to be used when applying the identified growth stanzas and associated optimized 
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body weight exponents of this study to other shrimp growth data as growth is dependent upon 

genetics, nutrition, production environment and husbandry (Liu et al., 2018).     

The reliability of a models’ predictions is in part dependent on the dataset to which it was 

developed upon. This study assumes that the sampled body weights of the dataset are reliable 

representations of the average shrimp body weights in a given production lot/pond.  During the 

production cycle sample sizes are very small with anecdotal evidence from our lab suggesting a 

bias exists to sample for larger shrimp. Sampling practices in aquaculture commonly include 

feed enticement, in the trout industry this practise has been shown to attract the more aggressive 

and larger fish resulting in a sampling bias for larger fish (Skipper-Horton, 2013).  Since models 

are an approximation of reality, it is apparent that further improvements in growth estimates not 

only rely upon the continued development of growth models, but are also dependent upon 

improving the sampling practices on which these models are based upon. More thorough 

sampling practices will not only allow for better estimates of the true “average” body weight in a 

production lot, they will also allow researchers to explore the way in which these body weights 

are distributed and possibly integrate this distribution into further growth models.   

2.5 Conclusion 

 In an effort to increase the ability to accurately predict shrimp body weights, Litopenaeus 

vannamei, the popular SGR and TGC models were fitted to 15 production lots. In agreement 

with findings for rainbow trout, tilapia and gibel carp, the TGC model was superior to the SGR 

in shrimp. The predictive ability of the TGC model was further improved through inclusion of 

growth stanzas and optimization of the body weight exponent in the identified growth stanzas. 

Various endogenous and exogenous factors such as plane of nutrition, genetic potential, water 
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temperature, photoperiod, in addition to production and husbandry conditions, influence growth 

rate. Therefore, the body weight exponents of the TGC model solved for in this study will not 

likely predict growth accurately in cases where these factors are significantly different from 

those found in this study. In these cases, new growth stanzas would need to be identified and 

body weight exponents determined following the methods proposed in this study to ensure the 

best fit.   
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Table 2.1. Resulting body weight exponent (1 − b) and TGC solved for in the first growth stanza 

resulting in the best-fit between observed and predicted values in 15 production lots using 

ordinary least squares (OLS) and weighted least squares (WLS). 

 Ordinary least squares Weighted least squares 

Dataset Body weight 

exponent (1 − b) 
TGC 

Body weight 

exponent (1 − b) 
TGC 

1 0.476 0.178 0.476 0.178 

2 0.467 0.175 0.473 0.178 

3 0.508 0.183 0.504 0.182 

4 0.321 0.115 0.333 0.119 

5 0.552 0.194 0.556 0.196 

6 0.280 0.100 0.292 0.100 

7 0.307 0.104 0.329 0.111 

8 0.435 0.151 0.459 0.160 

9 0.322 0.116 0.325 0.117 

10 0.424 0.151 0.380 0.135 

11 0.382 0.138 0.364 0.132 

12 0.359 0.130 0.368 0.134 

13 0.448 0.178 0.455 0.181 

14 0.460 0.160 0.449 0.157 

15 0.505 0.197 0.501 0.195 

AVG ± SE 0.416 ± 0.021 0.151 ± 0.008 0.418 ± 0.021 0.152 ± 0.008 
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Table 2.2. Resulting body weight exponent (1 − b) and TGC solved for in the second growth 

stanza resulting in the best-fit between observed and predicted values in 15 production lots using 

ordinary least squares (OLS) and weighted least squares (WLS). 

 Ordinary least squares Weighted least squares 

Dataset 

Body weight 

exponent (1 − b) 
TGC 

Body weight 

exponent (1 − b) 
TGC 

1 0.999 0.784 0.999 0.784 

2 0.999 0.736 0.999 0.736 

3 0.999 0.793 0.999 0.793 

4 0.999 0.685 0.999 0.685 

5 0.999 0.861 0.999 0.861 

6 0.999 1.100 0.998 1.094 

7 0.634 0.240 0.705 0.324 

8 0.999 0.959 0.999 0.923 

9 0.999 0.959 0.999 0.959 

10 0.999 0.957 0.999 0.984 

11 0.999 0.939 0.999 0.939 

12 0.999 0.946 0.999 0.946 

13 0.738 0.420 0.564 0.209 

14 0.999 0.944 0.999 0.944 

15 0.922 0.785 0.945 0.853 

AVG ± SE 0.952 ± 0.029 0.807 ± 0.058 0.947 ± 0.034 0.802 ± 0.063 
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Table 2.3. Comparison of goodness-of-fit between three TGC models while including growth 

stanzas. Body weights were predicted using the optimized TGC, whereby body weight exponents 

were solved for individual datasets, the average optimized TGC values and average optimized 

TGC values using WLS of the15 datasets.  

 Optimized 

TGC + stanza 

AVG Optimized 

TGC + stanza 

AVG WLS Optimized 

TGC + stanza 

Dataset CCC AIC MSPE CCC AIC MSPE CCC AIC MSPE 

1 0.999 −18.5 0.01 0.999 −13.0 0.03 0.999 -13.0 0.03 

2 0.986 5.1 0.42 0.971 11.3 0.92 0.971 11.4 0.93 

3 0.994 −0.4 0.13 0.993 0.9 0.15 0.993 0.9 0.16 

4 0.998 −4.0 0.07 0.995 0.9 0.16 0.995 1.2 0.17 

5 0.997 −0.9 0.20 0.995 4.3 0.33 0.995 4.2 0.33 

6 0.998 1.5 0.35 0.997 5.9 0.51 0.997 6.2 0.53 

7 0.998 −1.8 0.25 0.997 5.4 0.48 0.997 5.3 0.47 

8 0.999 −12.3 0.56 0.994 10.8 0.91 0.993 11.2 0.94 

9 0.998 −6.6 0.24 0.995 5.5 0.58 0.995 5.9 0.6 

10 0.995 2.5 0.39 0.992 6.5 0.54 0.992 6.5 0.54 

11 0.994 9.5 0.83 0.985 19.4 1.92 0.985 19.7 1.90 

12 0.994 4.7 0.57 0.997 7.3 0.70 0.995 7.8 0.72 

13 0.999 −15.1 0.01 0.999 −7.2 0.04 0.999 -7.6 0.04 

14 0.999 −20.3 0.01 0.998 −8.0 0.06 0.998 -8.5 0.05 

15 0.999 −14.7 0.02 0.999 −7.5 0.06 0.999 -8.1 0.06 

AVG 0.996 3.7 0.27 0.993 7.1 0.49 0.994 2.9 0.49 
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Table 2.4. Compression of the goodness-of-fit between the SGR, the traditional TGC and the 

traditional TGC including two growth stanzas fitted to 15 datasets encompassing growth of 

Litopenaeus vannamei.   

 
SGR Traditional TGC 

Traditional 

TGC + stanza 

Dataset CCC AIC MSPE CCC AIC MSPE CCC AIC MSPE 

1 0.470 32.5 44.3 0.787 22.2 10.1 0.992 −0.4 0.23 

2 0.419 38.1 55.2 0.725 27.8 15.2 0.970 11.7 0.97 

3 0.443 27.2 34.2 0.792 17.5 6.8 0.891 4.7 0.42 

4 0.635 26.3 29.4 0.845 18.8 8.4 0.997 −3.3 0.11 

5 0.612 32.5 43.9 0.900 23.9 9.4 0.991 7.0 0.68 

6 0.557 49.3 123.4 0.906 36.8 21.7 0.987 20.1 2.75 

7 0.650 45.0 75.8 0.935 30.8 11.9 0.996 5.8 0.66 

8 0.505 67.2 111.2 0.856 51.7 26.2 0.988 18.8 1.88 

9 0.585 59.0 83.1 0.892 43.5 4.8 0.989 16.4 1.64 

10 0.600 46.4 46.4 0.899 28.6 9.6 0.983 13.6 1.43 

11 0.543 60.5 94.0 0.860 47.1 23.6 0.978 25.2 3.21 

12 0.494 69.1 128.3 0.826 51.9 34.2 0.974 28.1 4.01 

13 0.639 26.2 29.2 0.926 14.7 4.2 0.997 −1.1 0.16 

14 0.653 26.8 19.5 0.932 12.9 2.7 0.996 −4.2 0.13 

15 0.557 32.7 45.6 0.867 21.5 9.2 0.996 −1.8 0.19 

AVG 0.557 42.6 64.2 0.863 29.9 13.2 0.982 15.1 1.23 
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Figure 2.1. Regressed TGC values and shrimp body weights obtained from 10 commercial pond 

culture operations in Southeast Asia. Using a piecewise linear regression model, a breakpoint 

between linear segments was determined to occur at 7.5 g.  
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Figure 2.2. Comparison of the observed and predicted body weight of the traditional TGC, SGR, 

traditional TGC + stanza, optimized TGC + stanza, AVG optimized TGC + stanza and AVG 

WLS optimized TGC + stanza.  
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CHAPTER 3 – MATHEMATICAL DESCRIPTIONS OF 
INDETERMINATE GROWTH 

Published in: Journal of Theoretical Biology, 2017 425:88-96 

Abstract  

Two models were derived in an effort to better describe the indeterminate nature of growth 

exhibited by ectotherms. The models are characterized by their non-sigmoidal shape and are 

based on three assumptions: quantity of growth machinery works at a rate dependent on feed 

intake; the relationship between growth rate and intake level follows the law of diminishing 

returns; and growth is irreversible. The Michaelis-Menten and Mitscherlich equations are used in 

their formulation. To investigate their potential, the models were fitted to six datasets, 

representing repeated measures of live body weights of two species: rainbow trout 

(Oncorhynchus mykiss) and Nile tilapia (Oreochromis niloticus). The models were evaluated on 

the basis of fitting behaviour, examination of residuals, along with measures of goodness-of-fit. 

Agreement between predicted and observed body weights, and flexibility to mimic growth 

patterns given varying species and culture conditions, affirm the ability of both models to 

describe indeterminate growth in fish.  

3.1 Introduction 

 Growth functions are used extensively in animal industries to represent changes in body 

size with time. Predicted weight values from these growth functions are integral in production 

management allowing for estimates of feed and nutritional requirements, expected body size at 

harvest, and waste output forecasts (Cho, 1992; Cho and Bureau, 1998; Dumas et al., 2008; Strathe 

et al., 2010). Rate of growth over an organism’s lifetime is not constant; typical growth phases 
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exhibited by mammals and birds include both a self-accelerating and self-inhibiting phase. The 

initial self-accelerating phase is characterized by increasing rates of growth.  The self-inhibiting 

phase occurs as an organism approaches adulthood and undergoes sexual maturation. This phase 

is characterized by continually decreasing rates of growth, resulting in an eventual plateau of live 

body weight (Brody, 1927; Charnov et al., 2001; Lester et al., 2004). A subset of organisms, 

including certain species of amphibians, crustaceans, and fish, exhibit indeterminate growth, 

wherein growth continues after sexual maturity is reached and the self-inhibiting phase is much 

less evident (Sebens, 1987). 

 The growth of aquatic ectotherms is controlled by a multitude of factors, including life 

stage, temperature, and genetics. Generally, the aquatic environment has a greater influence than 

genetics on the size of an organism, and fish size, especially, is heavily influenced by habitat 

(Sebens, 1987; Weatherley, 1972). A model of indeterminate growth in ectotherms has been 

developed that takes into consideration temperature fluctuations in the environment (Dumas and 

France, 2008). This model indicated that temperature fluctuations had a greater impact on growth, 

compared to sexual maturity and reproduction. In an attempt to approximate fish growth without 

explicitly representing temperature, standard growth functions have frequently been applied 

(Thornley and France, 2007). The von Bertalanffy equation and its modified form have been the 

most popular choices in fish growth studies though alternative functions have been suggested 

(Cho, 1992; Katsanevakis, 2006). In a review, Dumas et al. (2012) investigated the 

monomolecular, Schumacher, Gompertz, logistic, von Bertalanffy and Richards equations in four 

fish species to assess length-at-age. Whereby length-at-age is the measurement of fish size (length) 
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at various ages (time). The review concluded that the monomolecular, Schumacher and Richards 

equations are valid alternatives to the von Bertalanffy equation. 

Standard growth functions, however, generally describe a sigmoidal trajectory and are 

therefore unable to accommodate indeterminate growth accurately. Other equations that are 

empirical in nature have also been applied to model growth, with an equation being chosen on the 

basis of its ability to fit the data rather than on any biological merit. When expressed in rate:state 

form, i.e. d𝑤 d𝑡⁄ = 𝑓(𝑤) where w is live body weight, biological meaning can be more easily 

ascribed to a growth function’s parameters. By describing growth in rate:state form, the differential 

equation can often be solved analytically and its solution fitted to growth data using nonlinear 

regression analysis (Thornley and France, 2007). In an attempt to overcome the limitations 

associated with modelling growth of ectotherms exhibiting indeterminate growth, we propose the 

following simple models. 

3.2 Material and Methods 

3.2.1 Model 1 

Model 1 is based on the following assumptions: 1) the quantity of growth machinery works 

at a rate dependent on the level of feed intake; 2) the relationship between growth rate and intake 

level follows the law of diminishing returns; and 3) growth is irreversible. Formalizing the above: 

 
d𝑤

d𝑡
=

𝑉max𝐼

𝑎+𝐼
  (1) 
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where w is live weight of the organism (g) with initial value w0, I is feed intake (g/d), Vmax is 

maximum growth rate (g/d), and a is the value of I at which growth rate is half maximal (g feed/d). 

Equation (1) can be simplified by assuming that level of feed intake is directly proportional to live 

weight of the organism, i.e. I = bw where b is the constant of proportionality. Equation (1) now 

becomes: 

  
d𝑤

d𝑡
=

𝑉max𝑤

𝐾+𝑤
  (2) 

where K (g) is the live weight of the organism at which growth rate is half maximal (K = a/b). 

Equation (2) is akin to the Michaelis-Menten equation (Menten, 1913) and has a semi-analytical 

solution: 

𝑤(𝑡) = 𝐾𝑊(𝑥); 𝑥 =
𝑤0

𝐾
exp (

𝑤0+𝑉max𝑡

𝐾
 )     (3) 

where W(x) is the Lambert W function (Roy and Olver, 2010) defined by: 𝑊(𝑥) + ln[𝑊(𝑥)] =

ln(𝑥). W(x) is a transcendental function and therefore cannot be expressed in terms of elementary 

functions, but can readily be solved numerically using general mathematical software such as 

MapleTM, MATLABTM and RTM (Maple, 2016; MATLAB, 2016; R Core Team, 2015). The 

Lambert W function comprises two branches: the primary principle branch defined when x ≥ ‒1 

and the alternative branch whereby x < ‒1 (Dence, 2013). Some values pertinent to this application 

are tabulated in the Appendix of this thesis (Table A3.1). Solutions for a wider range of values, 

including solutions to both the principle and alternative branches, can be found in Appendix 2 of 

Disney and Warburton (2012). 
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3.2.2 Model 2 

The underlying basic assumptions to Model 1 are also satisfied by the following expression 

for live weight gain: 

  
d𝑤

d𝑡
= 𝑉max(1 − e−𝑐𝐼)    (4) 

where c (d/g) is a positive shape parameter. Substituting I = bw in Equation (4): 

  
d𝑤

d𝑡
= 𝑉max(1 − e−𝑘𝑤)   (5) 

where k (/g) = cb. This modified shape parameter k (> 0) should not be confused with the half-

maximal constant K in Equation (2). Equation (5) is akin to the Mitscherlich equation 

(Mitscherlich, 1909) and has an analytical solution: 

𝑤(𝑡) =
1

𝑘
ln[1 + (e𝑘𝑤0 − 1)e𝑘𝑉max𝑡]   (6) 

3.2.3 Data sources 

Six datasets encompassing two species of fish, viz. rainbow trout (Oncorhynchus mykiss) 

and Nile tilapia (Oreochromis niloticus), were used to assess the ability of these models to describe 

indeterminate growth. Each dataset described average sampled live body weights from either a 

commercial or research scale lot. Body weight samples were taken either monthly or twice-

monthly dependent upon the dataset. Datasets 1 and 2 represent rainbow trout growth data recorded 

at the Alma Aquaculture Research Station (Elmira, Ontario, Canada). Domesticated fall-spawning 

rainbow trout fed a commercial diet to near satiety were reared in temperature controlled 

conditions (8.6˚C) with tanks being sampled on a monthly basis with live body weights being 
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recorded. Datasets 3 and 4 represent Nile tilapia from two production lots on a single commercial 

aquaculture operation in Southeast Asia. Datasets 5 and 6 also describe tilapia from two production 

lots in Southeast Asia but from a separate commercial operation to Datasets 3 and 4. Average daily 

water temperatures ranged between 28‒30˚C at the time of sampling, with tilapia being fed a 

commercial diet to apparent satiety.  Details concerning initial and final body weights, days of 

growth and number of sampling events in the individual datasets are given in Table 3.1. 

3.2.4 Model fitting 

 Datasets 1 through 6, which contain repeated measures of body weight versus time, were 

arranged prior to parameter estimation to relate body weight gain to current body weight. Body 

weight gains (g/d) were calculated using the approximation 
d𝑤

d𝑡
 ≈  

𝑤𝑡−𝑤𝑡−𝛿𝑡

𝛿𝑡
 where 𝑤𝑡 represents 

body weight (g) at time t (d), and 𝑤𝑡−𝛿𝑡 ,body weight at the previous time point, 𝑡 − 𝛿𝑡. These 

datasets relating body weight gain to body weight at time t were used to provide initial parameter 

estimates for both of the proposed models. 

3.2.4.1 Initial parameter estimates, linear regression 

 In fitting Equations (2) and (5), initial parameter estimates for nonlinear regression analysis 

were obtained as follows. Equation (2) can be linearized in several ways (Robinson and Characklis, 

1984). For example, inverting gives: 

[1
d𝑤

d𝑡
] =⁄

𝐾

𝑉max

1

𝑤
+

1

𝑉max
         (7) 

Therefore, the reciprocal plot of dw/dt against w is a straight line. This reciprocal plot is akin to 

the Lineweaver-Burk plot in enzyme kinetics, with a slope of 𝐾 𝑉max⁄  and intercept of 1 𝑉max⁄  
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(Lineweaver and Burk, 1934). Multiplying both sides of Equation (7) by w gives an alternative 

linear form: 

 [𝑤
d𝑤

d𝑡
] =⁄

1

𝑉max
𝑤 +

𝐾

𝑉max
      (8) 

This line has a slope of 1 𝑉max⁄  and an intercept of 𝐾 𝑉max⁄ , allowing estimates of parameters K 

and Vmax to be determined using linear regression. It is akin to the Hanes-Woolf plot used in 

biochemistry when studying enzyme kinetics (Haldane, 1957). 

A working linear approximation to Equation (5) [Model 2 (q.v.)] can be obtained by first 

using a truncated MacLaurin series expansion for ex (McGregor et al., 2010), i.e. 

  e𝑥 =  ∑
𝑥𝑛

𝑛!
∞
𝑛=0 ≈ 1 + 𝑥 +

𝑥2

2!
  (9) 

Using Equation (9) in (5) yields: 

d𝑤

d𝑡
= 𝑉max(𝑘𝑤 −

𝑘2𝑤2

2!
) (10) 

Dividing Equation (10) throughout by w gives the linear form: 

1

𝑤

d𝑤

d𝑡
= 𝑘𝑉max −

𝑘2𝑉max

2
𝑤 (11) 

with slope −𝑘2𝑉𝑚𝑎𝑥 2⁄   and intercept 𝑘𝑉max allowing estimates of parameters k and Vmax to be 

determined through linear regression. 

The estimates of K and Vmax generated from Equations (7) and (8) along with those of k 

and Vmax generated from Equation (11) were used, respectively, as starting points for determining 
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the parameter values of Equations (2) and (5), using nonlinear regression as described in the 

following section. The %NLINMIX MACRO was used in the statistical software SASTM to 

generate initial estimates (SAS 9.4, 2012). 

3.2.4.2 Final parameter estimates, nonlinear regression 

Final estimates of the Michalis-Menten and Mitscherlich parameters, K and Vmax, and k and 

Vmax, respectively, were determined using the %NLINMIX MACRO in SASTM, with initial values 

provided for each dataset following the procedures outlined above. The %NLINMIX MACRO fits 

nonlinear mixed models using proc NLIN and proc MIXED, allowing for repeated measurements 

to be included in addition to the option to include variance weighting (Littell et al., 2006). 

Weighted diagonal variance matrices were introduced as a measure to control heterogeneous 

variability in the residual errors. These errors commonly occur when measuring body weight over 

time as variation tends to increase with increasing body weight (Motulsky and Ransnas, 1987). 

Goodness of fit was determined by examination of specific statistics, viz. –2 residual log 

likelihood and Akaike information criterion (AIC). Fit statistics were minimized for each dataset 

through manipulation of the variance weighing matrix coefficient. Initially this coefficient was set 

to 2, representing a constant coefficient-of-variation model. After each successful convergence of 

a particular equation (Equations 2 and 5) for a given dataset, the model was fitted with a power 

differing from 2. The model was re-run iteratively, with power values above and below 2 being 

used, and the resulting AIC values compared. Estimated parameter values were considered final 

when the coefficient of variation used resulted in the lowest AIC value. 
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3.2.5 Growth prediction 

3.2.5.1 Model 1  

For each dataset, final parameter estimates generated by the %NLINMIX MACRO were 

used to determine Equation (3), the solution to the Michaelis-Menten equation. As Equation (2) 

can only be solved semi-analytically, prior to determining weight as a function of time, x must be 

calculated followed by W(x) using the Lambert function. The Lambert function was computed 

using the LambertW procedure (Georg, 2011; 2015) in the statistical package R (R Core Team 

version 3.2.0, 2015). 

3.2.5.2 Model 2 

Equation (5) can be solved analytically (Equation 6) and therefore weight (w) as a function 

of time (t) can be determined for each dataset simply through the use of the final parameter 

estimates generated by the %NLINMIX MACRO. 

3.2.6 Statistical analysis 

Several fit statistics were used to compare the goodness-of-fit of each model solution 

(Equations 3 and 6) to a given dataset. Mean square prediction error (MSPE) was calculated 

according to Bibby and Toutenburg (1977), whereby MSPE equals the sum of the squared 

differences between predicted and actual divided by the number of observations. Through 

comparison of MSPE, the fits of each model solution (Equations 3 and 6) were contrasted against 

one another given the same dataset, with the fitted equation resulting in the lower MSPE in theory 

being superior. In addition, MSPE can be decomposed following Theil (1966) whereby MSPE is 

broken down into three components, viz. errors in central tendency, errors due to regression, and 

errors due to disturbances. Error due to regression is a measure of the deviation of the least squares 
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regression coefficient, the slope coefficient, from one, with a value of zero representing zero 

deviation and thus predictions that are completely accurate. Error due to disturbances is the 

variation in the observed data not accounted for by a least squares regression coefficient, the slope, 

of observed values on predicted values. More commonly known as the ‘unexplained variance’, 

error due to disturbances cannot be eliminated through linear correction of the predicted values. 

 Akaike information criterion (AIC) was used as a test for model selection, accounting for 

the goodness of fit of a model whilst penalizing over-fitting, with the selected model minimizing 

AIC for a given dataset (Akaike, 1974). The concordance correlation coefficient (CCC) was used 

to evaluate the agreement between model predicted and actual body weights by comparing their 

variances, co-variances and means (Lin, 1989). The value of CCC falls between ‒1 to +1 with a 

value of ‒1 representing perfect disagreement between observed and predicted values, 0 no 

agreement, and +1 perfect agreement. 

The presence of autocorrelation was assessed using the Durbin-Watson test. This test 

examines the sequence of residuals, which are estimates of error, looking for dependencies in the 

error terms by testing for correlations of a residual with the residuals immediately before and after 

that residual in the sequence. Values of the Durbin-Watson statistic (d), in addition to the critical 

values for determining autocorrelation, were calculated according to Draper and Smith (1998). 

Significant positive autocorrelation of the residuals occurs when d is less than the lower critical 

value dl, while significant negative autocorrelation occurs when d is greater than the upper critical 

value du. The test is inconclusive when the Durbin-Watson statistic falls between the lower and 

upper critical values. Positive serial autocorrelation between successive residuals can suggest the 
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tendency of a model to systematically over- or under-estimate projected values at certain parts of 

the curve (Draper and Smith, 1998). 

3.3 Results 

3.3.1 Initial and final parameter estimates for Model 1 

The differential form of the Michaelis-Menten (Equation 2) was linearized using two 

methods (Equations 7 and 8) and fitted to the growth data from six datasets (Table 3.1) in order to 

provide initial parameter estimates of Vmax and K. An example of these linearized plots, and 

associated Vmax and K estimates, are shown in Figure 3.1. 

Parameter estimates generated through linearizing the Michaelis-Menten equation were 

adopted as initial values for determining final values of Vmax and K from Equation (2) using a 

nonlinear mixed macro in the statistical software package SAS. Regardless of the method of 

linearization, and their associated Vmax and K values, the nonlinear macro converged to the same 

final values of Vmax and K with respect to individual datasets as shown in Table 3.2. Given a dataset, 

the method of linearization (Equation 7 versus 8) impacted Vmax and K, with Equation (8) resulting 

in parameter estimates closer to those determined through nonlinear least squares. Additionally, 

final estimates of Vmax were influenced by dataset, with Vmax for Datasets 1 and 2 ranging from 

4.37‒4.88 g/d while for Datasets 3‒6 the range was 7.82‒10.85 g/d. 

3.3.2 Initial and final parameter estimates for Model 2 

Following linearization of Equation (5), initial parameter estimates for k and Vmax were 

determined from Equation (11) using linear regression and are displayed in Table 3.3. Final values 

of parameters Vmax and k for the six datasets are also displayed in Table 3.3. Vmax, representing 
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maximal growth on a g/d basis, were influenced by dataset and in agreement with the results from 

fitting the Michaelis-Menten whereby tilapia exhibited a higher maximal growth rate compared to 

rainbow trout. 

3.3.3 Body weight prediction 

Using initial body weight values at t = 0, and the final parameter estimates from Tables 3.2 

and 3.3, the semi-analytical and analytical solutions to the differential forms of the Michaelis-

Menten and the Mitscherlich models (Equations 3 and 6 respectively) were applied to predict body 

weight as a function of time. Observed body weights along with those predicted for the six datasets 

covering rainbow trout and tilapia are presented in Figure 3.2. Predicted growth rate (dw/dt) as a 

function of body weight for the six datasets is shown in Figure 3.3. 

3.3.4 Model evaluation 

The behaviour of the two models presented in this study was evaluated on the basis of 

fitting ability, examination of residuals, and statistical measures of goodness-of-fit. 

Akaike information criterion (AIC) values were significantly lower (P = 0.025) when the 

Mitscherlich (116.5 ± 7.2) was fitted to each of the six datasets compared to values obtained when 

fitting the Michaelis-Menten (126.7 ± 8.2), as shown in Table 3.4. Concordance correlation 

coefficient (CCC) values are also presented in Table 3.4, measuring the agreement between model 

predictions and observed body weights. Regardless of model, all CCC values were 0.98 or higher, 

with values of 1.0 representing a perfect agreement between observed and predicted. Following 

the trends observed when comparing the models on the basis of AIC, CCC values were higher 
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when fitting the Mitscherlich (0.995 ± 0.001) compared to the Michaelis-Menten (0.990 ± 0.003) 

for all six datasets, although these differences were not statistically significant (P = 0.094). 

The mean square prediction error (MSPE) resulting from fitting both models to each dataset 

is shown in Table 3.4. Although not statistically significant (P = 0.082), the Mitscherlich resulted 

in substantially lower MSPE values compared to the Michaelis-Menten for each of the six datasets, 

883 ± 124 versus 1736 ± 463, with lower MSPE values representing a superior fit. MSPE values 

were decomposed into three terms: errors in central tendency (uM), errors due to regression (uR) 

and errors due to disturbances (uD). Resulting MSPE decomposition values of both models for 

each dataset are given in Table 3.5. When fitting the Mitscherlich to the datasets, the majority of 

the error was attributable to errors due to disturbances (four out of six datasets). Distribution of 

the majority of the standardized error into the uD term was less prevalent when fitting the 

Michaelis-Menten, with only two of the six datasets giving the majority of the error in uD. 

The Durbin-Watson statistic (d) was used to test for the presence of autocorrelation in the 

residuals. The d values obtained from fitting the two models along with the upper and lower critical 

values are displayed in Table 3.6. The d values for the Mitscherlich fit to Datasets 3, 5 and 6 and 

the d value for the Michaelis-Menten fit to Dataset 5 all fell within the upper and lower bounds, du 

and dl respectively, signifying the test is inconclusive. The values obtained for the remaining 

datasets were less than the lower bound, suggesting evidence of positive autocorrelation.  

Plots of resulting residuals for the Model 1 (Michaelis-Menten) and Model 2 

(Mitscherlich), are presented in Figure 3.4. Upon visual inspection, no discernable patterns in 

residuals are present in either plot suggesting the models describe the observed data satisfactorily. 
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However, examining the residual plots there is a tendency for a greater proportion of positive 

residuals leading to the conclusions that the models may have a tendency to underestimate the 

observed body weight.  

3.4 Discussion 

Growth in mammals and birds is largely characterized by increasing growth rates during 

the juvenile stages and decreasing growth rates as the animal approaches its adult stage and 

associated sexual maturation. These two phases are generally referred to as the self-accelerating 

and self-inhibiting phases, respectively (Brody, 1927). The resulting growth pattern of the self-

accelerating phase, followed by the self-inhibiting phase, is sigmoidal in nature and has been 

described successfully using a range of continuous functions. Such functions include the logistic 

and Gompertz which display a fixed inflection point, while the Richards and Janoscheck have a 

variable point of inflection. (Davidson, 1928; France et al., 1995; Janoscheck, 1957; López et al., 

2000; Richards, 1959; Robertson, 1923). However, unlike mammals and birds, fish are capable of 

continuous growth well beyond their size at sexual maturation, exhibiting a much less prominent 

self-inhibiting phase. This is often referred to as indeterminate growth (Ware, 1982; Weatherley 

and Gill, 1983). Growth curves of these organisms are more hyperbolic in nature, resulting in a 

curve with no inflection point and the potential for an elongated asymptotic phase whereby growth 

rate is continuously decreasing, but never ceasing, as a function of age, size or time (Jolicoeur, 

1985). 

Two simple growth models are proposed in an effort to better describe the indeterminate 

nature of growth exhibited by ectotherms. These growth functions are characterized by their non-

sigmoidal nature and based on either the Michaelis-Menten or Mitscherlich equation form 
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(Menten, 1913; Mitscherlich, 1909). These equations are initially expressed in rate:state form, 

allowing for ease of parameter interpretation and initial estimation, and subsequently are able to 

be solved analytically or semi-analytically allowing for prediction of body weight as a function of 

time. The ability of these equations to describe indeterminate growth is assessed by fitting them to 

six datasets pertaining to two commercially relevant aquaculture species, viz. rainbow trout 

(Oncorhynchus mykiss) and Nile tilapia (Oreochromis niloticus). 

Initial parameter estimates of Model 1 (Michaelis-Menten) were determined through 

linearization of its differential form. These estimates of Vmax and K were subsequently used as 

starting values for estimation using nonlinear regression. Method of linearization and subsequent 

parameter estimates generated through linear regression resulted in differing estimates of Vmax and 

K for a given dataset. Differences in values between methods of linearization were expected as 

linear transformation of an inherently nonlinear equation distorts the error structure in the 

independent variable, leading to bias in the parameter estimates (Cornish-Bowden, 1995; 

Duggleby and Clarke, 1991; Goudar et al., 1999; Leatherbarrow, 1990; Robinson, 1985). 

However, as nonlinear regression programs generally require initial parameter values, these biased 

estimates provide useful starting points for subsequent nonlinear regression analysis. 

Final parameter values for Model 1 (Michaelis-Menten) were influenced by species with 

values of Vmax, the maximum growth rate achieved, for rainbow trout (Datasets 1 and 2) ranging 

from 4.37 ‒ 4.88 g/d and for Nile tilapia (Datasets 3 to 6) from 7.82 ‒ 10.85 g/d. In agreement, 

Vmax values obtained from fitting Model 2 (Mitscherlich) to the same datasets resulted in higher 

maximum growth for tilapia (5.69 – 7.33 g/d) compared to rainbow trout (3.15 – 3.31 g/d). 

Although comparing maximal growth rate achieved between species was not a goal of this study, 
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these results provide an example of the benefits of using growth functions that contain biologically 

meaningful parameters. 

Both models were able to predict body weight accurately with predictions corresponding 

very well with observed values for all datasets tested. Both models had a tendency to under- or 

over-predict body weight, with the Michaelis-Menten showing evidence of positive 

autocorrelation in five of the six datasets and the Mitscherlich in three of the six. However, a 

certain degree of positive autocorrelation is to be expected when working with repeated measures 

of growth as size at time t ‒ 1 is very likely correlated with size at time t (López et al., 2004). 

Overall fit of the models was satisfactory with the majority of the residual mean square error 

located in the errors due to the disturbances term, which is preferable when fitting a model to 

observational data (Theil, 1966). 

Due to a desire to obtain mathematical solutions as simple analytical expressions, 

temperature was not explicitly represented in either model. Although temperature has been 

identified as a major exogenous factor influencing growth in ectotherms, few equations that 

include temperature as a driving variable have been derived and applied successfully, with these 

equations commonly misrepresenting growth over certain ranges of temperature (Jobling, 2003; 

Krogh, 1914; Ricker, 1979). This is due to simple analytical expressions rarely being possible 

when models are derived from thermodynamics or reaction kinetics, and for which the concept of 

thermal summation applies to a limited range of temperatures (Dumas and France, 2008). In 

addition to temperature, growth is controlled by a multitude of exogenous and endogenous factors 

including (but not limited to) plane of nutrition, strain, photoperiod and season. Instead of 

explicitly representing each of these factors, the two models proposed in this paper encompass 
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their effect on growth implicitly through the parameters Vmax, K and k. The result is two models 

which sacrifice some biological representation for the ability to predict growth as a function of one 

independent variable (t), allowing for an analytical or semi-analytical solution, and the associated 

ease of use of these relatively simple expressions. Most importantly, the ability of these equations 

to predict accurately growth in two species of ectotherms was exhibited. Additionally, both 

proposed models were able to accommodate various water temperatures, species, and culture 

conditions, displaying their versatility. 

Overall both models predicted growth very well, with Model 2 (Mitscherlich) on average 

outperforming Model 1 (Michaelis-Menten) on the basis of fit statistics (AIC, CCC) and residual 

errors (MSPE). In addition, an analytical solution to the differential form of Model 2 is presented, 

while the differential form of Model 1 can only be solved semi-analytically. The semi-analytical 

solution needs the user to solve the Lambert W function, which requires either specialized 

mathematical methods or the use of prepared tables such as that given in the Appendix and 

forfeiting the degree of accuracy obtained. 

 The primary goals of this study were to derive two simple models, test their ability to 

describe indeterminate growth, and predict growth trajectories of species who exhibit such growth. 

In comparison to Model 1, Model 2 displays an apparent plateau, as seen in Figure 3.3, when 

examining growth rates as a function of body weight. It is important to note that this plateau, which 

is apparent in Figure 3.3, is in reference to growth rate and indicates continuous indeterminate 

growth, not a plateau in terms of live body weight gain. Although in the datasets examined, Model 

2 resulted in a better fit than Model 1, the final body weights contained in these datasets correspond 

to harvest weights, which fall short of the known full growth potential of the fish. Therefore, if 
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these models were used to extrapolate growth trajectories, it is possible that the Michaelis-Menten 

might more accurately represent indeterminate growth compared to the Mitscherlich. To confirm 

this hypothesis an effort should be made to fit these models to fish that are harvested or sampled 

at higher final body weights. However, data of this nature are difficult to acquire as most research 

centres and aquaculture producers rarely keep fish larger than the species-specific harvest size. 

The exception is broodstocks, though detailed repeated measures of growth of broodstocks are 

rarely kept and were not available for the present study. 

3.5 Conclusions 

 Two models, derived from rate:state principles and based on Michaelis-Menten and 

Mitscherlich equation forms are proposed to describe the indeterminate nature of growth exhibited 

by ectotherms. Traditional growth models are characterized by a sigmoidal growth pattern 

attributed to a self-accelerating phase followed by a self-inhibiting phase, whereby at a certain 

stage of life, growth reaches a plateau and ceases. In contrast, the proposed models are 

characterized by lack of a self-inhibiting growth phase, and instead exhibit a maximal growth rate, 

Vmax, ensuring growth is continuous which reflects the true biological nature of indeterminate 

growth. Both models displayed flexibility in their ability to describe growth in two distinct species 

of fish, and a variety of water temperatures and culture conditions. In addition to very good 

agreement between observed and predicted body weights, both models contain parameters which 

have clear biological meaning due to their derivation from rate:state principles. Therefore, both 

models appear to yield suitable simple growth functions able to predict growth accurately in 

organisms which exhibit indeterminate growth. 
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Table 3.1. Description of datasets used to test the ability of Models 1 and 2 (Michaelis-Menten 

and Mitscherlich, respectively) to describe indeterminate growth.  

Dataset 

Number of 

sampling 

events (N) 

Initial body 

weight 

(g/fish) 

Final body 

weight 

(g/fish) 

Days of 

growth 

Average daily water 

temperature (ºC) 
Species 

1 21 0.3 844.5 540 8.6 Rainbow trout 

2 19 0.6 880.7 570 8.6 Rainbow trout 

3 16 20.0 1014.1 244 28.0 – 30.0 Nile tilapia 

4 18 13.0 1068.3 267 28.0 – 30.0 Nile tilapia 

5 14 24.0 959.0 229 28.0 – 30.0 Nile tilapia 

6 13 22.0 899.0 200 28.0 – 30.0 Nile tilapia 

 

Table 3.2. Initial and final parameter estimates for the Michaelis-Menten (Model 1) using linear 

and nonlinear regression analysis, respectively. 

Dataset Parameter 

Initial parameter estimates 

Equation (7)           Equation (8) 

Final parameter estimates 

Equation (2) 

1 
K 115.57 298.13 355.52 

Vmax 2.04 4.25 4.88 

2 
K 320.75 281.76 258.70 

Vmax 5.32 4.49 4.37 

3 
K 227.73 398.62 245.01 

Vmax 7.30 9.36 7.96 

4 
K 124.07 832.22 445.34 

Vmax 4.49 14.56 10.85 

5 
K 261.53 261.83 216.14 

Vmax 7.13 8.35 7.82 

6 
K 119.69 270.41 302.859 

Vmax 5.57 7.41 9.57 
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Table 3.3. Initial and final parameter estimates for the Mitscherlich (Model 2) using linear and 

nonlinear regression analysis, respectively. 

  Initial parameter estimates 

Equation (11) 

Final parameter estimates 

Equation (5) Dataset Parameter 

1 
k 0.0017 0.0041 

Vmax 7.50 3.31 

2 
K 0.0021 0.0052 

Vmax 7.17 3.15 

3 
k 0.0032 0.0055 

Vmax 7.84 5.69 

4 
k 0.0025 0.0033 

Vmax 8.56 7.33 

5 
k 0.0035 0.0053 

Vmax 7.64 6.03 

6 
k 0.0034 0.0049 

Vmax 7.72 6.58 

 

Table 3.4. Statistics obtained when fitting Model 1 (Michaelis-Menten) and Model 2 

(Mitscherlich) to growth data from rainbow trout and Nile tilapia and associated P values using a 

Student’s t test to compare the two models across six datasets. 

 MSPE AIC CCC 

Dataset Model 1 Model 2 Model 1 Model 2 Model 1 Model 2 

1 1108.6 375.8 151.2 128.5 0.992 0.997 

2 1926.2 1147.3 147.7 137.8 0.987 0.993 

3 1447.2 876.4 120.4 112.4 0.993 0.996 

4 1021.1 956.9 128.7 127.6 0.995 0.995 

5 975.6 734.8 100.4 96.4 0.995 0.996 

6 3938.1 1210.0 111.6 96.2 0.975 0.993 

Average ± SE 1736±463 883±124 126.7±8.2 116.5±7.2 0.990±0.003 0.995±0.001 

Significance P = 0.082 P = 0.025 P = 0.094 



 

 

50 

 

Table 3.5. Comparison of the mean square prediction error and its associated decomposition, 

obtained when fitting Model 1 (Michaelis-Menten) and Model 2 (Mitscherlich) to rainbow trout 

and Nile tilapia growth data and associated P values using a Student’s t test to compare the two 

models across six datasets. 

 Errors in central tendency 

(uM) 

Errors due to regression 

(uR) 

Errors due to disturbances 

(uD) 

Dataset Model 1 Model 2 Model 1 Model 2 Model 1 Model 2 

1 0.138 0.019 0.521 0.156 0.341 0.825 

2 0.470 0.498 0.497 0.417 0.032 0.085 

3 0.404 0.100 0.254 0.250 0.341 0.650 

4 0.317 0.048 0.017 0.044 0.665 0.908 

5 0.045 0.103 0.156 0.105 0.796 0.792 

6 0.615 0.446 0.173 0.115 0.211 0.439 

Average±SE 0.332±0.087 0.203±0.087 0.270±0.082 0.181±0.055 0.398±0.116 0.617±0.126 

Significance P = 0.088 P = 0.185 P = 0.027 

 

Table 3.6. Durbin-Watson values (d) obtained when fitting Model 1 (Michaelis-Menten) and 

Model 2 (Mitscherlich) to rainbow trout and Nile tilapia growth data. 

 Dataset 

Value 1  2  3  4  5  6   

dl* 0.970 0.930 0.840 0.900 0.776 0.738 

d - Model 1 0.286 0.061 0.603 0.578 0.940 0.284 

d - Model 2  0.760 0.105 0.933 0.700 1.049 0.860 

du* 1.160 1.130 1.090 1.120 1.054 1.038 

*dl and du represent lower and upper critical values at the 1% significance value. 
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Figure 3.1. Initial estimates of parameters Vmax and K generated for Model 1 (the Michaelis-

Menten) following two methods of linearizing the same dataset, akin to the Lineweaver-Burk 

plot (left) and Hanes-Woolf plot (right). 
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Figure 3.2. Observed (⚫) and predicted growth curves of rainbow trout (a-b) and tilapia (c-f) 

using Models 1 and 2, the Michaelis-Menten (−) and Mitscherlich (---), respectively.  
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Figure 3.3. Predicted rate of growth as a function of live body weight of rainbow trout (a-b) and 

tilapia (c-f) obtained using Models 1 and 2, the Michaelis-Menten () and Mitscherlich (▼), 

respectively.  
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Figure 3.4. Plotted residual body weights of Model 1 (Michaelis-Menten) and Model 2 

(Mitscherlich) against time, on the left and right, respectively. 
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CHAPTER 4 – ELEMENTARY FUNCTIONS MODIFIED FOR 
SEASONAL EFFECTS TO DESCRIBE GROWTH IN 

FRESHWATER FISH 

 Published in: Journal of Theoretical Biology, 2019 461:133-144 

 

Abstract  

Two models were derived to describe fish growth while accounting for the effects of 

fluctuating water temperatures. The models were initially expressed in a rate:state form and 

subsequently integrated resulting in two analytical solutions, representing two distinct types of 

growth: exponential (Model 1) and asymptotic (Model 2). Both models share the assumptions 

that growth machinery works at a rate which varies with water temperature and that growth is 

irreversible. In addition, in Model 1 it is assumed that quantity of growth machinery is 

proportional to live body weight and substrate is non-limiting over the period of growth; whereas 

Model 2 is based on the assumption that quantity of growth machinery is proportional to 

available substrate. Effects of seasonal variations in water temperature on fish growth are 

represented in both models by a sinusoidal function. The potential of these models was 

investigated through their ability to describe growth in eight datasets encompassing three 

species: European bullhead (Cottus gobio), brown trout (Salmo trutta) and rainbow trout 

(Oncorhynchus mykiss).  Models were evaluated using statistical measures of goodness-of-fit and 

through the analysis of residuals. Of the eight datasets, six displayed asymptotic growth while 

the other two exhibited exponential growth. Both models yield suitable simple growth functions 

with acceptable goodness-of-fit to fish growth curves under fluctuating water temperatures. 

However, Model 1, representing exponential growth, showed limited ability to predict fish size 
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(length) when growth curves follow a clear asymptotic trend. This study enforces the idea that a 

given model is not always superior to another and that data structure and underlying model 

assumptions must be considered in model selection. 

4.1 Introduction 

 Growth functions, representing changes in body size with time, have widespread 

application in the animal sciences in addition to their fisheries and ecological applications. These 

growth functions are typically expressed as a differential equation in which rate of growth is 

related to body size i.e. d𝑊 d𝑡⁄ = 𝑓(𝑊) , with W representing body size and f is a function 

relating growth rate to W. Differential equations expressed in this manner are referred to as 

rate:state form which allows biological meaning to be more easily ascribed to model parameters 

(Thornley and France, 2007). Following integration of these differential equations the resulting 

analytical solutions can be fitted to growth data using nonlinear regression, allowing the 

prediction of body size as a function of time. In the aquaculture industry body weight 

predictions, using various growth functions, allow for superior production management resulting 

from the ability to estimate anticipated harvest weights, time until harvest, nutrient and feed 

requirements, in addition to waste output forecasts (Cho and Bureau 1998; Dumas et al., 2008; 

Strathe et al., 2010). Growth functions also enable researchers to explore the effect of various 

factors, e.g. nutrition, location, genetics, etc., on growth which can be determined through 

comparison of model parameters under different experimental or field conditions (Hernandez-

Llamas et al., 1993; 1995; Hernandez-Llamas and Ratkowsky 2004). 
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 Growth of fish has been described using a variety of functions, including the classical 

Gompertz and logistic equations, with the von Bertalanffy and its extensive adaptations being the 

most widely applied (Katsanevakis 2006; Dumas et al., 2012). However, these growth functions 

are sigmoidal in nature and therefore unable to describe the indeterminate nature of growth often 

associated with fish. In an effort to describe growth of this type, Powell et al. (2017) derived two 

models from rate:state principles with the resulting growth functions characterized by their non-

sigmoidal shape. Both models were successful in their ability to describe indeterminate growth 

of two fish species, viz. rainbow trout and Nile tilapia. However, the proposed models of Powell 

et al. (2017) did not explicitly include the effect of water temperature on growth and the fitted 

datasets encompassed fish growth in locations with minor water temperature fluctuations. Fish 

growth is influenced by a wide range of exogenous and endogenous factors such as life stage, 

genetics, plane of nutrition and habitat. Due to the ectothermic nature of fish, the environment 

has a greater effect on fish size than genetics, with habitat heavily influencing fish size (Sebens, 

1987; Weatherley and Gill, 1987). Additionally, water temperature fluctuations have been found 

to have a greater effect on growth in comparison to life stage or the metabolic cost of 

reproduction (Dumas and France, 2008). 

Given the importance of water temperature, researchers have extensively modified the 

von Bertalanffy equation to incorporate its effect on growth (Pitcher and Macdonald, 1973; 

Cloern and Nichols, 1978; Cho, 1992; Fontoura and Agostinho, 1996; Dumas and France, 2008). 

The von Bertalanffy is based on the assumptions: substrate is non-limiting; growth is the result 

of the difference between anabolism and catabolism; anabolism is allometrically related to 

organisms size; catabolism is linearly related to size of the organism (Thornley and France, 
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2007). The models proposed by Pitcher and Macdonald (1973), Cloern and Nichols (1978) and 

Fonterra and Agostinho (1996) make use of the originally proposed von Bertalanffy 

characterized by an asymptote and a final body size as 𝑡 →  ∞, while models proposed by Cho 

(1992) and Dumas and France (2008) relax certain assumptions of the von Bertalanffy resulting 

in a growth function without an asymptote. A fundamental criticism of the original derivation of 

the von Bertalanffy is the choice of exponent relating the allometric relationship between 

anabolism and size of the organism, assumed to be 2/3. A range of evidence suggests this 

assumption is inaccurate when studying a variety of fish species (Dumas et al., 2007; Chowdhury 

et al., 2013). The model proposed by Dumas and France (2008) and later renditions of the 

thermal unit growth coefficient (TGC) model originally proposed by Cho (1992) allow this 

allometric exponent to be estimated as a parameter of the model. 

Given the shortcomings of the von Bertalanffy equation, i.e. the requirement for certain 

underlying assumptions to be modified to accommodate fish growth, there is still a need for 

models that can account directly for temperature effects on fish growth. Therefore, the objective 

of this paper is to assess the ability of two elementary growth functions, modified to incorporate 

the seasonal effects of water temperature, to describe growth of fish under seasonal fluctuations 

in water temperature. The two growth functions considered are the exponential, representing 

indeterminate growth, and the monomolecular, representing asymptotic growth (Thornley and 

France, 2007). 
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4.2 Materials and methods 

4.2.1 Mathematical considerations 

4.2.1.1 Model 1: the exponential (exp × sine) 

The assumptions are: (i) the quantity of growth machinery is proportional to live body size, W; 

(ii) the growth machinery works at a rate which varies with water temperature; (iii) growth is 

irreversible; and (iv) substrate is non-limiting over the period of growth. Formalising these four 

assumptions: 

d𝑊

d𝑡
= 𝑘𝑊     (1) 

𝑘 = 𝑘0 + 𝑎 sin [
𝜋

2
(

4(𝑡 + 𝐷)

365
− 1)] , 0 < 𝑎 < 𝑘0     (2) 

The variable t (d) denotes time since the first observation was made, the coefficient k (/d) 

represents the specific growth rate, the parameter k0 (/d) is a fractional rate constant, a (/d) is the 

amplitude of the sine wave, and D (d) is the number of days since the coldest day (i.e. the day 

water temperature is lowest) to the first observation being recorded. The sine wave, illustrated in 

Figure 4.1, mimics the seasonal pattern of water temperature in the northern hemisphere, 

assuming temperature being lowest around January 1st and highest around July 1st (Cluis 1972; 

Hari et al., 2006). Substituting Eq. (2) in (1), rearranging, and integrating analytically gives 

ln𝑊 = ln𝑊0 + 𝑘0𝑡 +
365𝑎

2𝜋
{cos [

𝜋

2
(

4𝐷

365
− 1)] − cos [

𝜋

2
(

4(𝐷 + 𝑡)

365
− 1)]}      (3) 

𝑊 = 𝑊0 exp [𝑘0𝑡 +
365𝑎

2𝜋
{cos [

𝜋

2
(

4𝐷

365
− 1)] − cos [

𝜋

2
(

4(𝐷 + 𝑡)

365
− 1)]}]      (4) 

where W0 is initial body size (i.e. body size at t = 0). 
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4.2.1.2 Model 2: the monomolecular (mono × sine) 

The assumptions are: (i) the quantity of growth machinery is proportional to available substrate, 

S; (ii) the growth machinery works at a rate which varies with water temperature; and (iii) 

growth is irreversible. Formalising these assumptions and writing S as Wf – W, where Wf is 

asymptotic size: 

d𝑊

d𝑡
= 𝑘𝑆 = 𝑘(𝑊𝑓 − 𝑊)     (5) 

𝑘 = 𝑘0 + 𝑎 sin [
𝜋

2
(

4(𝑡 + 𝐷)

365
− 1)] , 0 < 𝑎 < 𝑘0     (6) 

Substituting Eq. (6) in (5), rearranging, and integrating analytically gives 

ln (
𝑊𝑓 − 𝑊0

𝑊𝑓 − 𝑊
) = 𝑘0𝑡 +

365𝑎

2𝜋
{cos [

𝜋

2
(

4𝐷

365
− 1)] − cos [

𝜋

2
(

4(𝐷 + 𝑡)

365
− 1)]}      (7) 

𝑊 = 𝑊𝑓 − (𝑊𝑓 − 𝑊0) exp [− (𝑘0𝑡 +
365𝑎

2𝜋
{cos [

𝜋

2
(

4𝐷

365
− 1)] − cos [

𝜋

2
(

4(𝐷 + 𝑡)

365
− 1)]})]    (8) 

4.2.1.3 An indeterminate growth model 

In addition to these two previously derived models, a model with the ability to describe 

indeterminate growth of ectotherms but does not explicitly account for the effect of water 

temperature on growth, was fitted for comparison. The assumptions of this model are: (i) the 

quantity of growth machinery works at a rate dependent on the level of feed intake; (ii) the 

relationship between growth rate and intake level follows the law of diminishing returns; and (iii) 

growth is irreversible. Formalising these assumptions and solving analytically gives 

𝑊 =
1

𝑘
ln[1 + (e𝑘𝑊0 − 1)e𝑘𝑉max𝑡]     (9) 
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where k is a shape parameter, W0 is the initial value of W, and Vmax is maximum growth rate. Refer 

to Powell et al. (2017) for further mathematical considerations of this model. 

4.2.2 Data sources 

Eight datasets encompassing three freshwater fish species were used for model 

evaluation. Of these datasets, four encompass growth of the European bullhead (Cottus gobio), 

three for brown trout (Salmo trutta), and one for rainbow trout (Oncorhynchus mykiss). European 

bullhead and brown trout were caught using an electro-fisher, anaesthetized with MS 222. Fork 

length was measured for brown trout, while total length was measured for the European bullhead 

as this species lacks a forked tail. Sampling frequency of bullhead and brown trout occurred 

monthly to twice-monthly, with samples being taken from four bodies of water in England 

namely; Bere Stream, River Tarrant, Devil’s Brook and Doken Water. Depending on location, 

sampling periods ranged from 13 to 35 months. Monthly mean water temperatures were 

monitored in three of the four locations. Rainbow trout data were taken from the Alma 

Aquaculture Research Station (Elmira, Ontario, Canada). Fish were grown in 200-L tanks, with 

live body weight and water temperature being sampled monthly over a 13-month period. Details 

concerning these datasets are given in Table 4.1. Datasets 1-7 are taken from Mann (1971) while 

Dataset 8 is from Cho and Bureau (1998). 

4.2.3 Model fitting 

 All three models were fitted by non-linear regression using the MODEL procedure in the 

statistical software SASTM with the generalized method of moments (GMM) for parameter 

estimation (SAS 9.4, 2012). A certain degree of autocorrelation is expected when working with 

time-course growth data given size at time t − 1 is likely to be autocorrelated with size at time t 
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(López et al., 2004). One of the assumptions of nonlinear regression using ordinary least squares 

(OLS) is that of constant variance of errors, or homoscedasticity. If the assumption of 

homoscedasticity is violated, viz. errors are heteroscedastic, resulting parameter estimates 

generated from OLS are inefficient with incorrect standard errors (SAS Institute Inc., 2009; Lin 

and Chou, 2018).  Given that the error variance structure is unknown in this study, GMM was 

used as a method to control for heteroscedasticity with an unknown form (SAS Institute Inc., 

2009). Through visual inspection of the growth data, initial estimates of starting parameter 

values were obtained. Initial starting values of parameters which were not easily estimated 

through visual inspection (viz. k0 and a) were determined using a range of starting values 

assuming k0 > a. Using these ranges of parameter starting values, and those estimated through 

visual inspection, the MODEL procedure of SASTM forms a grid and evaluates the model at each 

point on the grid. The resulting values that yield the smallest objective function were used as 

initial parameter values for the first iteration of the fitting process (SAS Institute Inc., 2009). 

GMM is a two-step process, in the first step, under the false assumption of homoscedasticity, 

initial parameter estimates are used as starting points, resulting in parameter estimates 

determined using the Levenberg-Marquardt algorithm through iteratively solving for the 

combination of parameter values that minimize the sum of squares between predicted and 

observed values (Marquardt, 1963; Lin and Chou., 2018). In the second step, GMM estimates the 

resulting error structure using the parameter estimates of the first-step, and creates a weighted 

matrix to account for any heteroscedasticity (SAS Institute Inc., 2009; Lin and Chou, 2018). 

Using this information GMM re-iteratively solves for the final parameter estimates. Final model 
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parameter estimates were used in the respective analytical solutions (viz. Eq. 4, 8, 9) to predict 

growth as a function of time. 

4.2.4 Statistical analysis 

 The ability of Model 1 (exp × sine) and Model 2 (mono × sine) to mimic fish growth was 

statistically evaluated using measures of goodness-of-fit and through analysis of residuals. 

Measures of goodness-of-fit included the Akaike information criterion (AIC), concordance 

correlation coefficient (CCC), and mean square prediction error (MSPE). Residuals were 

analyzed using the Durbin-Watson (DW) test, runs of residual test, and through visual inspection 

of residual plots. 

 MSPE was calculated as the sum of the squared differences between predicted and 

observed values divided by the number of observations, therefore when comparing the fit of two 

or more models to the same dataset, the model with the lowest MSPE is in theory superior 

(Bibby and Toutenburg, 1977). To gain more information MSPE was decomposed into three 

terms, viz. errors in central tendency (uM), errors due to regression (uR), and errors due to 

disturbance (uD) (Theil, 1966). Agreement between predicted and observed values was assessed 

using CCC following the method of Lin (1989). CCC values fall between −1, perfect 

disagreement, and +1, perfect agreement, with a value of 0 representing no agreement between 

model predictions and observations. Goodness-of-fit of the models were compared to one 

another, for a given dataset, using AIC. AIC is an information criterion for model selection 

whereby both goodness-of-fit and the number of parameters in a model are accounted for. When 

choosing a model, models with the lowest AIC values are to be preferred. AIC was calculated 

according to Akaike (1974). 
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 In addition to visual inspection of plotted residuals, the distribution of residuals was 

examined using the runs test; a run being a sequence of residuals with the same sign, either 

negative or positive. Too few runs indicate clustering of like signed residuals leading to 

systematic bias and the possibility of positive serial correlation in the residuals, while too many 

runs indicate negative serial correlation. The run test was conducted according to Draper and 

Smith (1998) whereby groupings of liked signed residuals are tested against the null hypothesis 

that the arrangement of signed residuals is random. As the runs test only provides information on 

the arrangement of residuals, and does not account for their size, residuals were examined in 

greater detail using the DW test. The DW test looks for correlation between residuals that appear 

immediately before and after a given residual in the sequence, to determine if dependencies in 

the residuals exist. The DW statistic (d), as well as upper (du) and lower (dl) critical values used 

to determine correlation, were calculated according to Draper and Smith (1998). If the value of 

the DW statistic d falls below the lower critical value (dl), evidence of positive serial correlation 

occurs, while evidence of negative serial correlation occurs when d is greater than the upper 

critical value (du). A strong serial correlation suggests a tendency of the model to systematically 

under- or over-estimate predicted values (Draper and Smith, 1998). The test is inconclusive 

when the value of d falls between dl and du. 

4.3 Results 

4.3.1 Parameter estimates 

 Resulting parameter estimates, along with their associated standard errors (±SE), for both 

Model 1 (exp × sine) and Model 2 (mono × sine) are presented in Table 4.2. No issues were 

encountered when fitting Model 1 to any of the eight datasets examined in this paper. In contrast 
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Model 2, representing asymptotic growth, failed to fit successfully for two of the eight datasets. 

Examining estimates of W0, Model 1 tended to overestimate this parameter compared to Model 

2, whose W0 estimates were very close to observed initial values of body size. 

 Eq. (9), representing indeterminate growth without accounting for the effects of 

temperature, was unsuccessful in describing the full range of growth with any of the eight 

datasets examined in this study due to the inability for the model parameter estimates to 

converge during the fitting process. 

4.3.2 Growth prediction 

 Using parameter estimates from Table 4.2, growth of various fish species was predicted 

as a function of time using the analytical solutions for Model 1 and Model 2, viz. Eq. (4) and (8) 

respectively. Observed body lengths of European bullhead along with predicted values, as a 

function of time, obtained using Models 1 and 2 are presented in Figure 4.2, with observed and 

predicted growth of brown and rainbow trout shown in Figure 4.3. Observed vs. predicted 

growth of the eight datasets are presented in Figure 4.4. Through plotting the coefficient k 

(specific growth rate, Eqs. (2) and (6)) as a function of time, the ability of both models to mimic 

the effect of fluctuating temperatures on growth is displayed in Figure 4.5. 

Figures 4.2 and 4.3 show large biases between fitted and observed (actual) values in the 

early stages with Model 1, in particular for Datasets 1-6, giving rise to overestimation of initial 

fish size. This inaccurate fit with Model 1 is confirmed in Figure 4.4 by the deviation of 

predicted values from the line of equality at smaller fish sizes.  
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4.3.3 Model evaluation 

 Models were evaluated on the basis of statistical measures of goodness-of-fit and 

examination of the residuals. The values obtained for AIC, CCC and MSPE from fitting Model 1 

and Model 2 to the eight datasets describing various fish species are presented in Table 4.3. 

Comparing model fits using a Wilcoxon signed-rank test, Model 2 resulted in significantly (P < 

0.05) smaller AIC values compared to Model 1. Regardless of model, CCC values were 0.91 or 

higher, with a value of +1 representing a perfect agreement between predicted and observed 

values. Similar to AIC, Model 2 resulted in significantly greater (P < 0.05) CCC values, though 

the CCC values for both models indicate very good agreement between observation and 

prediction. MSPE values were significantly (P < 0.05) smaller for Model 2 compared to Model 1 

indicating a superior fit. 

MSPE was decomposed into the three error terms uM, uR and uD. Resulting values from 

the decomposition for both models are presented in Table 4.4. Regardless of dataset, a small 

percentage of the standardized error of either model was attributed to uM and uR, with the vast 

majority of the standardized error occurring in uD (> 92% for Model 2 and > 75% for Model 1). 

 The runs test was used to determine if there were unusual groupings of liked signs 

residuals, which can be an indicator of serial correlation between residuals. The number of runs, 

the number of positive and negative residuals, and the outcome of the runs test are presented in 

Table 4.5. When fitting Model 1 to the datasets, in six of the eight datasets the null hypothesis 

that sequence of residuals is randomly distributed was rejected at the P = 0.05 level, indicating 

that “too few” runs occurred suggesting the possibility of serial correlation between the residuals. 

Fitting Model 1 to Datasets 7 and 8, there was insufficient evidence to reject the null hypothesis 
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that sequences of residuals are randomly distributed, and therefore no evidence of correlation in 

the sequences of residuals occurred. Of the six datasets that Model 2 fitted successfully, the runs 

test indicated “too few” runs in two datasets, with the runs test indicating that the sequences of 

residuals were random in the remaining four datasets. 

 Values of the DW statistic d obtained from fitting either model is presented in Table 4.6 

along with the upper and lower critical values used to test for serial correlation in the residuals. 

Examining the DW static resulting from fitting Model 1 to the eight datasets, in the first six 

datasets d fell below the lower critical value, an indication of serial positive correlation in the 

residuals. The resulting d value from fitting Model 1 to Datasets 7 and 8 fell within the bounds of 

the upper and lower critical values indicating an inconclusive test result. The findings of the DW 

test were in agreement with those of the runs test for these datasets. When fitting Model 2, 

resulting d values fell above the upper critical value in the majority of the datasets, an indication 

of negative serial correlation in the residuals. In one of the datasets, Dataset 5, d fell below the 

lower critical values. 

 Plots of residuals for Model 1 and Model 2 are presented in Figure 4.6 and Figure 4.7 

When inspecting a residual plot, it is preferable if no discernable pattern is present. Examining 

Figure 4.6 and Figure 4.7, residuals do not increase as time or predicted values increase, and 

there appears to be a cyclical pattern in the residuals, with this pattern being much less prevalent 

for Model 2 compared with Model 1. Both plots of residuals show that Model 1 overestimated 

initial body size, with large residuals at early times or smaller sizes of fish, in particular for 

Datasets 1-6 in which fish size was measured as length.  
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4.4 Discussion 

 Due to their ectothermic nature, the growth of fish is significantly influenced by water 

temperature (Sebens, 1987; Weatherley and Gill, 1987). The effect of this major exogenous 

factor on fish growth has been explicitly represented as a driving variable in a limited number of 

growth functions, and those functions that do, tend to misrepresent growth over certain ranges of 

temperatures (Ricker, 1979; Jobling, 2003). When deriving a growth function it is meaningful to 

initially express the underlying assumptions of the model as a differential equation, i.e. use the 

rate:state form d𝑊/d𝑡 = 𝑓(𝑊). When expressed in such a manner, the differential equation can 

often be integrated analytically resulting in an equation allowing the prediction of the state 

variable as a function of the independent variable, W and t, respectively. When including two 

independent variables, for example both time and temperature, integration becomes much more 

complex often resulting in the need for numerical integration and subsequently non-analytical 

solutions. For example, in the model proposed by Iwama and Tautz (1981), the basis of the TGC 

model, temperature is included in the model but no formal mathematical derivation for its 

inclusion is proposed. Therefore, it is common for temperature to be implicitly represented in a 

model through linking one of its growth parameters to temperature. Water temperature has been 

successfully linked to growth parameters of the von Bertalanffy using a sine function to describe 

the effect of fluctuating water temperatures on rate of growth (Pitcher and Macdonald, 1973; 

Cloern and Nichols, 1978; Pauly and David, 1981; Akamine, 1986; Dumas and France, 2008). 

However, these models relate water temperature to the growth parameters post integration or 

following extensive model re-parameterization leading to violations in the underlying 

assumptions of the model, hard to interpret parameters, and lengthy or non-analytical solutions. 
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 In an effort to describe the growth of fish undergoing seasonal fluctuating water 

temperatures, two models are proposed herein using elementary functions modified to 

incorporate the effect of water temperature on growth. Formalising the assumptions of each 

model result in Eq. (1) and (5) representing exponential and asymptotic growth, respectively, in 

their differential forms. The assumption that growth is irreversible is upheld when measuring 

body size as length, however this assumption might be violated when working with body 

weights. Both models assume that the growth machinery works at a rate which varies with water 

temperature which is represented by Eq. (2). Substituting Eq. (2) into Eq. (1) and (5) and solving 

through integration results in their analytical solutions, viz Eq. (4) and (8). The ability of both of 

these equations to describe fish growth undergoing seasonal fluctuations in water temperature 

was assessed through their fitting to eight datasets pertaining to three species of fish grown in a 

variety of environments. 

Model 1 successfully fitted to all datasets, while Model 2 was able to describe growth in 

six of the eight datasets. Eq. (9), which describes indeterminate growth without taking into 

account the effect of water temperature, was unable to describe the full range of growth in any of 

the eight datasets. This growth equation has been applied successfully to various species of fish 

held at relatively constant water temperatures in a cultured environment, further reinforcing the 

need to include the effect of fluctuating water temperature on fish growth. Examining the 

resulting parameter estimates from these fits, Model 1 had a tendency to overestimate initial 

body size, while initial body size estimates were in agreement with observed values with Model 

2. These inaccurate initial body size estimates resulted in predicted body length values being 

overestimated during the initial phase of growth as exhibited by Model 1. Through visual 
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examination of the resulting growth trajectories predicted by Model 1 and Model 2, and their 

comparison to observed values, it is clear that Model 2 better represents growth in six of the 

datasets in comparison to Model 1. This is supported by statistical measures of goodness-of-fit 

and residual analysis whereby Model 2 outperformed Model 1 on the basis of AIC, CCC, MSPE 

and its associated decomposition. However, the fits of both models were deemed satisfactory as a 

very small portion of the residual MSPE was located in either errors in central tendency or errors 

due to regression, which is desirable when fitting a model to observed data (Theil, 1996). Both 

models exhibited evidence of serial correlation in the residuals resulting in a tendency to over- or 

under-estimate body size. This serial correlation was more prominent in Model 1 compared to 

Model 2, however some serial correlation is expected when working with time course data as 

size at t – 1 is very likely correlated with size at time point t (López et al., 2004). Furthermore, 

both models make use of a trigonometric function, which is cyclical in nature. Through visual 

inspection of the plotted residuals a definitive cyclical pattern is present in both models, however 

this pattern is less obvious in Model 2 as the size of the residuals is much smaller compared to 

Model 1. 

Although Model 2 outperformed Model 1 in the six common datasets examined in this 

study, this does not mean that Model 2 is fundamentally superior to Model 1. Both make use of 

the assumption that growth machinery works at a rate which varies with water temperature, with 

seasonal water temperature fluctuations being represented by a sine wave. However, differences 

in underlying model assumptions concerning the quantity of growth machinery and its relation to 

substrate availability result in two very distinct types of growth being described by the models, 

with Model 1 describing exponential and Model 2 asymptotic growth.  The underlying 
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assumption of Model 1 that quantity of growth machinery is proportional to live body size, and 

substrate is non-limited, results in an exponential curve. In contrast the underlying assumptions 

of Model 2 including that quantity of growth machinery is proportional to available substrate, 

results in an asymptotic curve. Therefore, rather than conclude Model 2 is superior to Model 1, a 

more apt interpretation would be that growth exhibited by fish in the first six datasets is 

asymptotic in nature and therefore better described by Model 2. Furthermore, unlike Model 2, 

Model 1 was able to successfully describe growth in Datasets 7 and 8, leading to the conclusion 

that fish in these datasets exhibit exponential or indeterminate rather than asymptotic growth. 

Therefore, parameter estimates, particularly initial body weight, and associated residuals are 

poorer when fitting Model 1 to Dataset 1-6 in comparison to Model 2, as a model that 

intrinsically describes exponential growth (Model 1) is fitted to growth profiles that are 

asymptotic in nature. Interestingly, Datasets 1-6 coincide with wild populations of fish while 

Dataset 8 represents growth of fish under a cultured environment. In a wild fish population, it is 

reasonable to assume that feed intake is not maximal, thus supporting the assumption of Model 2 

that quantity of growth machinery is proportional to available substrate and thus exhibit an 

asymptotic growth trajectory. In contrast, it is common practice in both aquaculture and 

scientific growth trials to provide feed to near satiety, and thus in agreement with the assumption 

of Model 1, substrate is non-limiting and therefore the resulting growth trajectory would be 

exponential in nature. However, this premise does not explain why Model 2, representing 

asymptotic growth, was unable to describe the growth of Dataset 7, a wild population of trout. A 

possible explanation is that data structure affects the fitting ability of time course models. It is 

possible not enough time has elapsed in Dataset 7 and 8 for an asymptote to be approached, or 
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that the growth data ended during a time of the year whereby water temperature and growth rate 

are high resulting in an exponential rather than asymptotic end point. 

4.5 Conclusion 

The primary goal of this study was to derive two simple growth functions with the ability 

to describe fish growth while accounting for the effect of water temperature. Models were 

originally proposed in a rate:state form with temperature being represented through the use of a 

sine wave allowing for simple analytical solutions to the proposed differential equations. The 

resulting analytical equations represent two distinct types of growth exhibited by fish, 

exponential (indeterminate) and asymptotic. These growth functions were fitted to eight datasets 

representing three species of fish grown in different environments undergoing seasonal 

fluctuations in water temperature. Model predictions coincided closely with observed values, 

with six datasets exhibiting asymptotic and two exhibiting exponential growth. Therefore, both 

models appear to yield suitable simple growth functions with the ability to reasonably fit fish 

growth curves under fluctuating water temperatures. The model representing exponential growth 

shows limited ability to describe fish size data at early ages when growth curves follow a clear 

asymptotic trend. In contrast, the model representing asymptotic growth has limitations when 

fitting growth profiles where asymptotic fish size has not been approached. This study enforces 

the idea that a given model is not always superior to another, and in addition to statistical 

measures of fit, data structure and underlying model assumptions must be considered, and 

compared to the system being modelled when determining model selection. 
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Table 4.1. Description of the eight datasets used to assess the ability of the derived models to 

describe growth of fish during seasonal fluctuations in water temperatures.  

Dataset Species Location 
Number of 

observations 

Initial - final 

sampling month 

(total months) 

Initial - final 

length (cm) 

Water temperature 

range (⁰C) 

1 Bullhead 
Bere 

Stream 
24 

July – May 

(22) 
2.1 – 7.6 8.4 – 15.7 

2 Bullhead 
Bere 

Stream 
15 

July – May 

 (22) 
2.1 – 6.8 8.4 – 15.7 

3 Bullhead 
River 

Tarrant 
17 

June – March 

(21) 
1.5 – 6.5 7.6 – 13.4 

4 Bullhead 
Devil’s 

Brook 
23 

June – April 

(22) 
1.5 – 6.8 n/a 

5 
Brown 

trout 

Bere 

Stream 
36 

April – March 

(35) 
2.6 – 24.9 8.4 – 15.7 

6 
Brown 

trout 

Doken 

Water 
34 

May – March 

(34) 
3.0 – 20.8 3.5 – 16.6 

7 
Brown 

trout 

River 

Tarrant 
15 

May – August 

(15) 
2.1– 22.1 7.6 – 13.4 

8 
Rainbow 

trout 

Alma 

Station 
15 

May – June 

(13) 
10 – 783* 0.5 – 21 

* Body weight measured in grams 
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Table 4.2. Resulting parameter estimates (±SE) from fitting Model 1 (exp × sine) and Model 2 

(mono × sine) to growth data of three fish species grown in bodies of water undergoing seasonal 

fluctuations in water temperature.  

 Model 1  Model 2  

Dataset D W0 k0 a D W0 k0 A Wf 
1 180 

(11) 

3.5 

(0.1) 

0.00133 

(0.00005) 

0.000125 

(0.000015) 

168 

(4) 

2.3 

(0.1) 

0.00099 

(0.00026) 

0.000104 

(0.000030) 

13.6 

(2.1) 

2 184 

(10) 

3.4 

(0.2) 

0.00121 

(0.00012) 

0.000121 

(0.000032) 

159 

(5) 

2.0 

(0.1) 

0.00189 

(0.00016) 

0.000184 

(0.000030) 

8.8 

(0.3) 

3 155 

(27) 

2.9 

(0.2) 

0.00139 

(0.00013) 

0.000087 

(0.000027) 

149 

(7) 

1.6 

(0.1) 

0.00182 

(0.00027) 

0.000166 

(0.000025) 

8.7 

(0.6) 

4 188 

(21) 

3.4 

(0.2) 

0.00116 

(0.00011) 

0.000085 

(0.000028) 

161 

(4) 

1.5 

(0.1) 

0.00295 

(0.00013) 

0.000210 

(0.000022) 

7.6 

(0.1) 

5 162 

(15) 

8.6 

(0.5) 

0.00110 

(0.00008) 

0.000121 

(0.000037) 

124 

(6) 

2.1 

(0.4) 

0.00078 

(0.00011) 

0.000084 

(0.000014) 

43.1 

(3.6) 

6 216 

(16) 

6.9 

(0.4) 

0.00125 

(0.00009) 

0.000135 

(0.000034) 

186 

(5) 

2.7 

(0.2) 

0.00066 

(0.00008) 

0.0000055 

(0.000008) 

41.4 

(3.3) 

7 72 

(5) 

4.9 

(0.3) 

0.00255 

(0.00016) 

0.000297 

(0.000033) 

n/a n/a n/a n/a n/a 

8 90 

(3) 

47.8 

(7.6) 

0.00646 

(0.00039) 

0.000865 

(0.000088) 

n/a n/a n/a n/a n/a 

 

Table 4.3. Statistics obtained from fitting Model 1(exp × sine) and Model 2 (mono × sine) to 

growth data of various fish species. 

Dataset AIC CCC MSPE 

 Model 1 Model 2 Model 1 Model 2 Model 1 Model 2 

1 −40.3  −93.4  0.972  0.992  0.122  0.013  
2 −15.1  −51.7  0.943  0.996  0.188  0.016  
3 −18.0  −72.6  0.934  0.998  0.192  0.008  
4 −18.0  −118.0  0.914  0.991  0.296  0.004  
5 60.4  −44.1  0.947  0.997  4.054  0.222  
6 35.4  −85.4  0.962  0.999  2.112  0.060  
7 10.5  n/a 0.982  n/a 1.032  n/a 

8 107.6  n/a 0.993  n/a 670  n/a 
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Table 4.4. Decomposition of mean square prediction error obtained from fitting Model 1 (exp × 

sine) and Model 2 (mono × sine) to growth data of various fish species expressed as a 

percentage. 

Dataset Errors in central tendency 

(uM) 

Errors due to regression 

(uR) 

Errors due to disturbances 

(uD) 

 Model 1 Model 2 Model 1 Model 2 Model 1 Model 2 

1 6.6  0.1  15.1  0.1  78.3  99.9  
2 7.2  4.2  15.4  3.0  77.3  92.8  
3 7.2  0.0  14.4  0.0  78.4  100.0  
4 6.3  5.5  14.0  0.0  79.8  94.5  
5 6.1  1.8  13.2  0.1  80.1  98.0  
6 3.9  0.0  9.4  0.0  86.7  100.0 

7 11.6  n/a 0.2  n/a 88.3  n/a 

8 7.4  n/a 17.3  n/a 75.3  n/a 
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Table 4.5. Number of runs, number of positive and negative residuals and the outcome of the 

runs test resulting from fitting Model 1 (exp × sine) and Model 2 (mono × sine) to fish growth 

data of various fish species.  

Dataset 

 “Too few runs”1 

No evidence of 

correlation 

between 

residuals 

Runs 
Positive 

residuals 

Negative 

residuals 

1 
Model 1 X  7 12 12 

Model 2 X  6 16 8 

2 
Model 1 X  3 8 7 

Model 2  X 9 8 7 

3 
Model 1 X  5 10 7 

Model 2  X 8 10 7 

4 
Model 1 X  3 13 10 

Model 2  X 12 12 11 

5 
Model 1 X  5 12 24 

Model 2 X  10 19 17 

6 
Model 1 X  5 16 18 

Model 2  X 14 17 17 

7 
Model 1  X 9 6 9 

Model 2 n/a n/a n/a n/a n/a 

8 
Model 1  X 6 7 8 

Model 2 n/a n/a n/a n/a n/a 

1testing the null hypothesis that the sequences of residuals are randomly distributed, which when 

rejected indicates “too few runs”, i.e. evidence of positive serial correlation in residuals 

 

Table 4.6. Durbin-Watson values (d) resulting from fitting Model 1 (exp × sine) and Model 2 

(mono × sine) to growth data of various fish species. 

Dataset 

 1 2 3 4 5 6 7 8 

du
* 1.199 1.070 1.102 1.186 1.315 1.298 1.070 1.070 

d- Model 1 0.313  0.350  0.296  0.160  0.108  0.124  1.041  0.836  

d- Model 2 1.156  2.599  1.688  1.351  0.947  1.544  n/a  n/a  

dl
* 1.037 0.811 0.873 1.017 1.205 1.184 0.811 0.811 

*du and dl represent upper and lower critical values at the 1% significance level 
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Figure 4.1. Example of a sine wave used to mimic seasonal lake water temperatures over a year, 

water temperature is maximum at the peak, and lowest in the trough, coinciding with July and 

January, respectively. 
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Figure 4.2. Observed and predicted growth curves of bullhead in four locations: (1) Bere 

Stream, Site 1; (2) Bere Stream, Site 2; (3) River Tarrant; (4) Devil’s Brook, using Model 1 (exp 

× sine) and Model 2 (mono × sine). 
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Figure 4.3. Observed and predicted growth curves of trout at four locations: (5) Bere Stream; (6) 

Doken Water; (7) River Tarrant; (8) Alma research station, using Model 1 (exp × sine) and 

Model 2 (mono × sine). Model 2 was unable to converge with Datasets 7 and 8. 
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Figure 4.4. Plotted predicted and observed values resulting from fitting Model 1 (exp × sine) and 

Model 2 (mono × sine) to the eight datasets representing growth of various fish species. 
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Figure 4.5. Visualization of the coefficient k (/d), specific growth rate, of Model 1 (exp × sine) 

and Model 2 (mono × sine) in comparison to observed water temperature along with observed 

and predicted growth of bullhead from Dataset 1. 
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Figure 4.6. Plotted residuals, residual vs. time, resulting from fitting Model 1 (exp × sine) and 

Model 2 (mono × sine) to eight datasets representing growth of various fish species. 
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Figure 4.7. Plotted residuals, residual vs. predicted values, resulting from fitting Model 1 (exp × 

sine) and Model 2 (mono × sine) to eight datasets representing growth of various fish species. 
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CHAPTER 5 - AN APPRAISAL OF THE BARANYI EQUATION 
WITH REFERENCE TO GROWTH IN FLAVOBACTERIUM 

PSYCHROPHILUM 

 

Abstract 

 Two alternative derivations of the Baranyi equation are derived and resulting growth 

functions evaluated based upon their ability to mimic bacterial growth, viz. Flavobacterium 

psychrophilum. These growth functions make use of a dampening function to attenuate potential 

growth, represented by a logistic function, and are derived from a differential equation. 

Dampening effects are represented by either a rectangular hyperbola or a simple exponential, 

incorporated into a logistic differential equation and solved analytically resulting in two new 

growth equations, viz. logistic  hyperbola (log  hyp) and logistic  exponential (log  exp). 

These characteristics result in flexible and robust growth functions that can be expressed as 

analytical equations with biologically meaningful parameters. The newly derived growth 

functions, in addition to the Baranyi (BAR), and modified forms of the logistic (MLOG), 

Gompertz (MGMP) and Richards (MRCH), were evaluated based upon fitting behaviour, 

examination of residuals and measures of goodness-of-fit. The log  hyp and log  exp 

performed equally well to BAR and superior to MLOG, MGMP and MRCH. Good agreement 

was found between estimates of lag time (T), maximum growth rate (s) and maximal relative 

growth rate (µmax) of the log  exp, log  hyp and BAR.  
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5.1 Introduction 

 With a move towards more exact methods in microbiology, the demand for less empirical 

models increases (Whiting, 1992). Although many equations are able to describe bacterial 

growth, to be considered a mathematical model and not just a convenient relationship for 

empirically fitting to data, an equation should have a sound physiological basis underlying the 

relationship (Whiting, 1992; Baranyi and Roberts, 1994; López et al., 2004). The use of growth 

functions in the field of microbiology is widespread. In predictive food microbiology, growth 

functions yield useful parameter estimates, such as relative growth rate and lag time, that are 

used for further model development. These estimates of growth function parameters enable 

models to predict the time required for foodborne pathogens to reach a critical limit, resulting in 

food spoilage (Dalgaard and Koutsoumanis, 2001). Growth functions also find applications in 

animal health. With respect to the field of aquaculture, growth of the pathogenic bacteria 

Aeromonas hydrophila and Vibrio alginolyticus has been described using modified versions of 

the logistic and Gompertz growth functions (Vine at al., 2004). 

 Traditionally, microbial growth measurements have been made using the viable counts 

method. However, estimating microbial growth parameters from fitting growth functions to 

absorbance measurements is becoming a more common practice, with the advantages of being 

rapid, non-destructive and inexpensive compared to the viable counts method (Dalgaard and 

Koutsoumanis, 2001). Microbial growth is characterized by three distinct phases, viz. the lag, 

‘exponential’ and stationary phases. The growth rate of the microbial population increases 

rapidly until a maximum is reached. The intercept between initial microbial concentration and 

the tangent to the growth curve at the time where growth rate reaches a maximum is generally 
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referred to as the lag phase. Following the so-called exponential phase, the growth rate returns 

towards zero and the stationary phase is reached, resulting overall in a sigmoidal shape 

(Zwietering et al., 1990). Microbial growth is commonly described using a number of sigmoidal 

functions, e.g. the logistic, Gompertz and the more recently derived Baranyi equations 

(Buchanan and Phillips, 1990; Garthright, 1991; Baranyi and Roberts, 1994; Baranyi et al., 1995; 

Peleg, 1996; Fujikawa et al., 2003). These classical growth functions, viz. the logistic and the 

Gompertz, were initially derived to describe population growth and human mortality, 

respectively (Gompertz, 1825; Verhulst, 1838).  In an effort to more meaningfully describe 

microbial growth, Zwietering et al. (1990) modified these functions to ascribe increased 

biological meaning to some of the parameters. However, due to these modifications these growth 

functions are not simple transformations of the original mechanistically-derived Gompertz and 

logistic equations and are perhaps better referred to as modified Gompertz and logistic equations 

(McMeekin et al., 1993). As a result, mechanistic interpretation is no longer straightforward, and 

these modified models tend to give empirical descriptions of the sigmoidal pattern of microbial 

growth. In contrast to the modified Gompertz and logistic, the Baranyi was derived specifically 

to describe bacterial growth. Using a more detailed mechanistic approach, Baranyi and Roberts 

developed a six-parameter model (Baranyi et al., 1993). However, fitting this particular model 

can be challenging when using standard nonlinear regression programs (Buchanan et al., 1997; 

Baranyi, 1997). Following re-parameterization and incorporation of a number of additional 

assumptions, a simplified four-parameter model was proposed with this four-parameter model 

being the most widely applied of the Baranyi equations (Baranyi and Roberts, 1994; Baranyi et 

al., 1995; Baranyi, 1997; Perni et al., 2005). 
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 Flavobacterium psychrophilum is a gram-negative yellow-pigmented bacterium and the 

etiological agent of both cold water disease (CWD) and rainbow trout fry syndrome (RTFS) 

(Lorenzen et al., 1997; LaFrentz et al., 2003). F. psychrophilum can be found across a wide 

geographic range covering North and South America, Europe and parts of Asia (Starliper, 2011). 

Although found primarily in salmonid species, F. psychrophilum has been isolated in non-

salmonids that inhabit water temperatures below 16°C and affects both free-ranging and 

aquacultured fish (Holt, 1988). Both CWD and RTFS significantly contribute to economic loss, 

with mortalities of fish affected by RTFS reaching up to 50% while CWD, a more chronic 

disease, results in 2-30% mortality in larger fish (Starliper, 2011; Wiens et al., 2013). F. 

psychrophilum not only has ramifications in the aquaculture industry but also affects hatcheries 

used for stocking and rehabilitation purposes. To the authors’ knowledge, standard growth 

functions have yet to be applied to F. psychrophilum. The applications of these growth functions 

can provide insight to the extent to which F. psychrophilum reacts to changes to its in-vitro 

environment, including the effects of various antibiotics, through examination of the growth 

parameters in a given environment. This is especially relevant as antibiotic challenge tests are 

common practice in aquaculture, which is particularly important given the increasing resistance 

of F. psychrophilum to approved antibiotic drugs (Bruun et al., 2000). Furthermore, differences 

in growth kinetic parameters haven been used to distinguish between serotypes of Salmonella 

(Díez-García et al., 2012). This has potential ramifications in the use of growth functions to 

differentiate between strains of F. psychrophilum allowing for viral phage therapy, which is 

strain specific, as a means of controlling the growth of F. psychrophilum in aquaculture 

(Stenholm et al., 2008). Given the limitations of standard functions modified to describe 
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microbial growth and the challenges associated with the Baranyi family of models, two 

alternative derivations of the Baranyi equation are presented and the resulting mathematical 

forms applied to data on F. psychrophilum. 

5.2 Materials and methods 

5.2.1 Mathematical considerations 

5.2.1.1 Potential growth 

Following Baranyi et al. (1993), we assume the potential rate of bacterial growth follows a logistic 

pattern (Thornley and France, 2007).  We formalize our assumption thus: 

d𝑥

d𝑡
= 𝜇′𝑥,   0 ≤ 𝑡 < ∞   (1a) 

𝜇′ = 𝜇 (1 −
𝑥

𝑥𝑚
) ,   0 < 𝑥 ≤ 𝑥𝑚,   𝑥(0) = 𝑥0,   𝜇 > 0   (1b) 

where x denotes microbial concentration, 𝑥0 is microbial concentration at time zero, 𝑥𝑚 is maximal 

microbial concentration as 𝑡 → ∞ , 𝜇 is a constant representing relative growth rate and 𝜇′ relates 

rate of growth (d𝑥 d𝑡⁄ ) to a specific microbial concentration (𝑥). Substituting for μ' in Equation 

(1a) using (1b) and integrating analytically by the method of partial fractions gives f(t), the 

potential growth function: 

𝑥 =
𝑥0𝑥𝑚

𝑥0 + (𝑥𝑚 − 𝑥0)e−𝜇𝑡
= 𝑓(𝑡)  (2) 

Substituting for μ' in Equation (1a) and differentiating yields 
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1

𝜇

d2𝑥

d𝑡2
= (1 −

2𝑥

𝑥𝑚
)

d𝑥

d𝑡
  (3) 

Equating Equation (3) to zero gives the point of inflexion (t*, x*) for f(t) at 

𝑥 = 𝑥∗ =
𝑥𝑚

2
  (4) 

This occurs when 

𝑡 = 𝑡∗ =
1

𝜇
ln (

𝑥𝑚 − 𝑥0

𝑥0
)   (5) 

5.2.1.2 Actual growth 

We determine the actual rate of bacterial growth by dampening the potential rate, i.e. 

d𝑥

d𝑡
= 𝛼𝜇′𝑥,  0 ≤ 𝑡 < ∞  (6a) 

𝜇′ = 𝜇 (1 −
𝑥

𝑥𝑚
) ,  0 < 𝑥 ≤ 𝑥𝑚,  𝑥(0) = 𝑥0,  𝜇 > 0  (6b) 

𝛼 ≡ 𝛼(𝑡),  0 < 𝛼 ≤ 1,  α(0)=1,  𝛼(∞) → 0  (6c) 

The dampening factor α proposed in this paper is a monotonically decreasing function of time 

that mimics, for example, the effect of a build-up of an inhibitor on growth rate. 

The lag phase may be identified as follows. The slope, s, of the actual growth curve g(t) at its 

point of inflexion (t*, x*) is obtained from Equations (6) as the product: 

𝑠 = 𝛼(𝑡∗) ×  𝜇′(𝑥∗) × 𝑥∗  (7) 



 

 

89 

 

Note that this product represents maximum growth rate. The equation of the tangent line, y(t), 

touching the steepest part of the curve (i.e. at the point of inflexion) is therefore 

𝑦 − 𝑥∗ = 𝑠(𝑡 − 𝑡∗)  (8) 

The length of the lag phase, T, is determined by the point of intersection between this tangent 

line and the abscissa x = x0, with Equation (8) yielding: 

𝑇 = 𝑡∗ −
(𝑥∗ − 𝑥0)

𝑠
  (9) 

5.2.1.2.1 Rectangular hyperbola 

The dampening effect α can be represented by a rectangular hyperbola: 

𝛼 =
𝜆

𝜆 + 𝑡
   ,  𝜆 > 0  (10)  

where λ is the point whereby the dampening effect is half maximal. The actual growth function 

g(t) is obtained by substituting for μ' and α in Equation (6a) using (6b) and (10), then integrating 

analytically using partial fractions to give 

𝑥 =
𝑥0𝑥𝑚

𝑥0 + (𝑥𝑚 − 𝑥0) (
𝜆

𝜆 + 𝑡
)

𝜆𝜇
≡ 𝑔(𝑡)  (11) 

Differentiating Equation (6a) having substituted for μ´ and α yields 

d2𝑥

d𝑡2
= 𝜇 (

𝜆

𝜆 + 𝑡
) (1 −

1

𝜆𝜇
−

2𝑥

𝑥𝑚
)

d𝑥

d𝑡
  (12) 
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Therefore, a point of inflexion would exist at 

𝑥 = 𝑥∗ = (1 −
1

𝜆𝜇
)

𝑥𝑚

2
  (13) 

This would occur when 

𝑡 = 𝑡∗ = 𝜆 {[
(𝜆𝜇 − 1)(𝑥𝑚 − 𝑥0)

(𝜆𝜇 + 1)𝑥0
]

1 (𝜆𝜇)⁄

− 1}   (14) 

5.2.1.2.2 Simple exponential 

The dampening effect can also be represented by a simple exponential function: 

𝛼 = 1 − 𝛽(1 − e−𝜌𝑡),  0 < β< 1,  𝜌 > 0  (15) 

where 𝛽 and 𝜌 are scale and rate parameters respectively. Substituting for μ' and α in Equation 

(6a) using (6b) and (15), then integrating analytically using partial fractions gives g(t): 

𝑥 =
𝑥0𝑥𝑚

𝑥0 + (𝑥𝑚 − 𝑥0)exp {−𝜇 [(1 − 𝛽)𝑡 +
𝛽
𝜌 (1 − e−𝜌𝑡)]}

≡ g(𝑡)  (16) 

Differentiating Equation (6a) having substituted for μ´ yields 

d2𝑥

d𝑡2
= 𝛼 (𝜇 −

2𝜇𝑥

𝑥𝑚
+

1

𝛼2

d𝛼

d𝑡
)

d𝑥

d𝑡
  (17) 

Differentiating Equation (15): 

d𝛼

d𝑡
= 𝜌(1 − 𝛽 − 𝛼)  (18) 
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Using Equation (18) in (17) gives: 

d2𝑥

d𝑡2
= 𝛼 (𝜇 −

2𝜇𝑥

𝑥𝑚
+

𝜌(1 − 𝛽 − 𝛼)

𝛼2
)

d𝑥

d𝑡
  (19) 

Therefore, the point of inflexion (t*, x*) satisfies the expression 

𝑥∗ = [1 +
𝜌(1 − 𝛽 − 𝛼∗)

𝜇𝛼∗2 ]
𝑥𝑚

2
,  𝛼∗ = 𝛼(𝑡∗)  (20) 

where time to inflexion, t*, has to be determined using numerical methods (Miller. 2014). 

 The proposed functions, herein referred to as logistic  hyperbola (log  hyp) and logistic 

 exponential (log  exp), were investigated along with a number of popular growth functions 

(Table 5.1). The logistic, Gompertz and Richards were modified according to Zwietering et al. 

(1990), where the parameter v is a shape parameter, xm and T are as described above, and µ is a 

relative rate. In the Baranyi model, parameter µmax is defined to be the theoretical maximal relative 

rate. 

5.2.2 Data sources 

Four datasets pertaining to Flavobacterium psychrophilum grown on four different liquid 

media were used for model evaluation. Strain SH3-81 of F. psychrophilum was isolated from the 

kidney of juvenile coho salmon exhibiting classical bacterial cold water disease (Sandy 

Hatchery, Oregon, USA). F. psychrophilum was plated on (i) TYES, (ii) Shieh, (iii) modified 

Cytophaga and (iv) Cy7 broths (Wakabayashi and Egusa, 1974; Shieh, 1980; Reichenbach and 

Dworkin, 1981; Holt, 1988). The bacterium was inoculated in each of the four broth media and 

incubated for 24 h at 17°C on a shaker prior to the start of the growth study. In duplicates 1 ml of 
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each broth culture was added to 50 ml of the corresponding broth medium using Nephelo culture 

flasks (Belco Glass, Inc., Vineland, NJ). Using a gyratory shaker (624 Environmental incubator 

shaker, New Brunswick Scientific Co., Inc., Edison, NJ), flasks were incubated at 17°C and 

1.136 g. Optical density was measured using 0.1 absorbance (525 nm) and was recorded every 3-

4 h for 72 h with datasets comprising 16 to 20 data points. See Holt (1988) for further details 

concerning bacterial growth conditions. 

5.2.3 Model fitting 

Prior to fitting, microbial growth data (OD) underwent a logarithmic transformation 

(ln(OD/OD0)). This general procedure was performed due to the heteroscedasticity inherent in 

microbial growth data whereby a logarithmic transformation helps ensure the regression analysis 

is not flawed (Schaffner, 1998). All models were fitted by means of nonlinear regression using the 

Marquardt algorithm in the NLIN procedure of SAS (Marquardt, 1963; SAS Institute Inc., 2009). 

A range of starting values for each parameter was determined through visual inspection of the 

growth curve. Using the range of starting values, PROC NLIN forms a grid and evaluates the 

model at each point on the grid. The values on the grid that yield the smallest objective function 

are used as initial parameter estimates for the first iteration of the fitting processes (SAS Institute 

Inc., 2009). The range of starting values was equal between models that contained common 

parameters. 

5.2.4 Statistical analysis 

 Models were evaluated for goodness-of-fit along with analysis of their residuals using a 

range of statistical tests. MSPE is a measure of the expected mean squared difference between 

predicted and observed values. MSPE was calculated as the sum of the squared difference 
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between predicted and observed values divided by the number of observations (Bibby and 

Toutenburg, 1977). The AF index averages the minimum ‘distance’ between each predicted data 

point and the line of equivalence. Thus, the accuracy factor is a measure of the average deviation 

of a model’s predictions and is used as a simple measure of the level of confidence in these 

predictions38. AF was calculated according to Baranyi et al. (1999), viz. AF =

exp [√∑(ln𝑃 − ln𝑂)2/𝑛] where O denotes an observation, P its predicted value, and n the 

number of observations. Calculated AF will always be greater than or equal to one, with larger 

values resulting from less accurate average estimates.  Agreement between model predictions 

and observed values was additionally evaluated using CCC, a single statistic which contains both 

accuracy and precision indicators (Lin and Torbeck, 1988). CCC values were calculated 

according to Lin (1989) with values of 1 representing perfect agreement, –1 perfect 

disagreement, and 0 no agreement between predicted and observed values (Lin, 1989). Models’ 

goodness-of-fit for individual datasets were compared to one another using the AIC. AIC is a test 

for model selection which accounts for goodness-of-fit while penalizing for over-fitting (Akaike, 

1974). AIC was calculated for each model for a given dataset according to Akaike (1974) with 

the model resulting in the smallest AIC being the most correct. 

 The ability of each model to predict growth without systematically over- or under-

estimating microbial size was determined using the runs and Durbin-Watson tests. The runs test 

examines a sequence of residuals for unusual groupings of positive or negative residuals and 

tests against the null hypothesis that arrangement of signs is random. A run is a sequence of 

residuals with the same sign, positive or negative. Using the runs test, the probability of too few 

runs (indicating clustering of residuals with the same sign leading to systematic bias) or too 
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many runs (indicating negative serial correlation) was determined (Draper and Smith, 1998). 

Unlike the runs test, which ignores the actual size of the residual, the Durbin-Watson test 

examines the dependencies in the error terms by testing for correlations between a residual and 

the residuals immediately before and after it in the sequence. The Durbin-Watson statistic (d), 

and upper (du) and lower (dl) critical values were calculated according to Draper and Smith 

(1998). When d is less than the lower critical value dl, evidence of positive autocorrelation 

occurs, when the d value is greater than the upper critical value du, evidence of negative 

autocorrelation occurs. The test is inconclusive when d falls between the upper and lower critical 

values. Positive serial autocorrelation in the residuals suggests the model has the tendency to 

systemically over- or under-estimate projected values (Draper and Smith, 1998). The quantitative 

‘bias factor’ test was calculated according to Ross (1996): BF = exp [∑ ln (
𝑃

𝑂
/𝑛)] . Perfect 

agreement between predictions and observations will result in a bias factor of one. BF values 

greater than one occur when a models’ predictions are on average greater than observed values, 

while a value of less than occurs when a models’ predictions are on average less than observed 

values.  

5.3 Results 

 The suitability of two alternative derivations of the Baranyi growth model (viz. the log  

hyp and log  exp) was assessed through their ability to mimic the growth of Flavobacterium 

psychrophilum cultivated on four liquid media. In addition, modified forms of three standard 

growth functions plus the four-parameter Baranyi model were also fitted to these datasets as a 

means of comparison. All six models presented in this study were evaluated based upon fitting 

behaviour, examination of residuals and measures of goodness-of-fit. 
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5.3.1 Parameter estimates 

 In general, all six growth functions fitted these optical density data without major problems. 

The original four-parameter Baranyi had a tendency to converge to very small negative values of 

x0, the initial microbial concentration. This was remedied using a bound statement in SAS that 

restricts the parameter estimate to a non-negative value. Through visual inspection of all datasets, 

a range of initial parameter values was obtained for use with the grid search technique in SAS. The 

resulting final values of the relative growth rate parameter (µ), lag time (T) and maximum growth 

rate (s) for the two alternative derivations (along with µmax and T for the standard four-parameter 

Baranyi) are presented in Table 5.2. Unlike the modified forms of the logistic, Gompertz, and 

Richards and the four-parameter Baranyi, lag times for log  hyp and log  exp are not explicitly 

represented as a parameter in the equation and must be calculated using Equation (9). Likewise, 

maximum growth rate for log  hyp and log  exp is not explicitly represented as an equation 

parameter and therefore was calculated using Equation (7). Estimates of µ, s and T were influenced 

by dataset. Given a particular dataset, estimates of T were in close agreement, with the BAR, log 

 hyp and log  exp determining the longest lag time to occur in Dataset (4) Cy7 and shortest 

lag time in Dataset (1) TYES. Given that µmax of the Baranyi represents a maximal relative rate 

(units of per unit time) and s of the log  hyp and log  exp is a maximum rate (units of microbial 

concentration, or its surrogate, per unit time) they best not be compared directly. Instead µmax and 

s were used to rank F. psychrophilum maximal growth rate based upon liquid medium. The BAR, 

log  hyp and log  exp were in agreement with ranking: Dataset (2) Shieh, (1) TYES, (3) 

modified Cytophaga and (4) Cy7 based on highest to lowest µmax, and s, respectively. Refer to 
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Table A5.2 and Table A5.3 in the Appendix for the entirety of parameter estimates generated from 

the log  hyp and log  exp when fitted to the four liquid media datasets.  

5.3.2 Growth prediction  

 Following parameter estimation, growth of F. psychrophilum was predicted as a function 

of time using the six growth equations, viz. Equations (11), (16) and those given in Table 5.1. An 

example of observed and predicted absorbance values given by each growth function is presented 

in Figure 5.1. The dampening effect for the log  hyp and log  exp functions, along with 

predicted growth, is shown in Figure 5.2 Refer to Figures A5.4 – A5.6 and Figures A5.7 – A5.9 in 

the Appendix for figures encompassing the remaining three liquid media associated with Figure 

5.1 and Figure 5.2, respectively. Growth rates for log  hyp and for log  exp were determined 

using Equation (6a) and are presented in Figure 5.3. 

5.3.3 Model evaluation 

 Four criteria; Akaike information criterion (AIC), mean square prediction error (MSPE), 

accuracy factor (AF) and concordance correlation coefficient (CCC) were used to evaluate 

goodness-of-fit. The goodness-of-fit values for the six models were averaged over the four datasets 

along with the minimum and maximum fit values obtained for each model. Additionally, models 

were ranked based upon each goodness-of-fit criterion along with the number of times a specific 

model resulted in the highest and lowest value of each index of fit. 

 The AIC and MSPE values along with the ranking of each model based upon these criteria 

are given in Table 5.3. The average AIC value was smallest in magnitude for the four-parameter 

Baranyi (BAR, –67.53 ± 5.54) followed by the log  exp (–64.34 ± 3.33), modified Richards 
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(MRCH, –61.57 ± 2.16), log  hyp (–60.47 ± 1.92), modified Gompertz (MGMP, –59.74 ± 2.73), 

and largest for the modified logistic (MLOG, –58.78 ± 3.05). Examining the range of AIC values, 

log  hyp had the narrowest range followed closely by MRCH, with BAR exhibiting the broadest 

range. Based upon MSPE, log  exp (0.0122 ± 0.0019) performed best followed by BAR (0.0136 

± 0.0047), MRCH (0.0161 ± 0.0025), log  hyp (0.0169 ± 0.0024), MGMP (0.0203 ± 0.0032) 

and MLOG (0.0214 ± 0.0029). The range of MSPE values was narrowest for log  exp, followed 

by log  hyp with BAR exhibiting the largest difference between minimum and maximum MSPE 

values. 

 Model comparison based upon AF and CCC is shown in Table 5.4 MLOG resulted in the 

lowest average AF of 1.065 ± 0.013. As AF is a quantitative measure, a value of 1.065 means that 

predictions of the MLOG on average were 6.5% higher than observations. BAR (1.071 ± 0.017), 

log  hyp (1.072 ± 0.027), log  exp (1.077 ± 0.029) followed closely behind MLOG, with 

MGMP (1.142 ± 0.027) having the highest average value of AF. Despite MLOG having the lowest 

average AF, log  hyp ranked highest of the six models as it resulted in lowest AF in two out of 

the four datasets. In terms of mean rank, MLOG ranked second to log  hyp followed by log  

exp, BAR, MRCH and MGMP. The CCC value was on average highest when fitting log  exp 

(0.9984 ± 0.0002) and BAR (0.9984 ± 0.0005) to the datasets. Following log  exp and BAR 

were log  hyp (0.9981 ± 0.0004) and MRCH (0.9981 ± 0.0004), with MGMP (0.9976 ± 0.0005) 

and MLOG (0.9974 ± 0.0004) resulting in the lowest CCC values. BAR resulted in the highest 

CCC for three of the four datasets with log  hyp resulting in the highest CCC for the remaining 

dataset. 
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 Residuals were examined by systematic analysis of bias between prediction and 

observation, clustering of same signed residuals and through examination for serial correlation. 

Systematic bias between prediction and observation was analyzed using the bias factor (BF) test 

with results given in Table 5.5. On the basis of average BF, MLOG was the only model with a bias 

factor above 1 (systematic over-estimation), with the remaining models showing systematic under-

estimation. MLOG gave the smallest absolute deviation from 1 (0.0007), followed by BAR 

(0.0020), log  exp (0.0086), log  hyp (0.0106), MRCH (0.0125), and MGMP (0.0251). 

Distribution of runs of signs was examined according to Draper and Smith (1981). None of the six 

models showed a significant number of too few or too many runs of signs (data not shown). Serial 

correlation was investigated using the Durbin-Watson statistic and the number of times a specific 

model exhibited negative, positive or no serial correlation when fitted to a given dataset is shown 

in Table 5.5. MLOG and BAR displayed no serial correlation when fitted. The remaining four 

models displayed no serial correlation for three of the four datasets, with these models exhibiting 

negative serial correlation for one of the datasets. 

5.4 Discussion 

 Simple mechanistic growth models are derived from rate:state principles represented as a 

differential equation relating growth rate to organism or population size. Equations expressed in 

this form allow straightforward biological interpretation of the parameters and, in many cases, can 

be solved analytically. Following this methodology, classical growth equations have been derived 

including the logistic, Gompertz, and Richards (Gompertz, 1825; Verhulst, 1838; Richards, 1980). 

In an effort to apply them to bacterial growth curves, Zwietering et al. (1990) modified these 
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functions in such a way as to ascribe increased biological meaning to some of the parameters, 

resulting in the modified logistic, Gompertz and Richards. 

 Very few growth functions have been derived mechanistically to describe bacterial growth; 

this limited number includes the Baranyi family of equations (Baranyi et al., 1993; Baranyi and 

Roberts, 1994; Baranyi et al., 1995). The Baranyi models are based upon the concept of potential 

and actual growth, with actual growth being less than potential as a bacterium adapts from one 

environment to another. Potential growth is represented by the first-order differential equation 

d𝑥 d𝑡⁄ = 𝜇(𝑥)𝑥 whereby x denotes cell concentration and µ(x) denotes relative growth rate 

(Baranyi et al., 1993). The differential equation adopted in the Baranyi models is akin to the 

logistic. As actual growth is less than potential, an adjustment function is incorporated into the 

differential equation representing growth potential. The resulting differential equation representing 

actual growth therefore takes the form d𝑥 d𝑡⁄ = 𝜇max𝛼(𝑡)𝑢(𝑥)𝑥 with 𝛼(𝑡) representing the 

adjustment function and 𝑢(𝑥) the inhibition function. The authors direct the readers to Baranyi et 

al. (1993) and Baranyi and Roberts (1994) for derivation of this function and all other mathematical 

considerations. The differential equation representing actual growth can be solved analytically 

resulting in a six-parameter equation (Baranyi and Roberts, 1994). However, due to fitting 

difficulties associated with the large number of parameters, and sensitivity to number of data 

points, certain assumptions were implemented to reduce the original Baranyi to a four-parameter 

equation (Baranyi and Roberts, 1994; Buchanan et al., 1997; Baranyi, 1997). The resulting four-

parameter model is the most widely applied of the Baranyi family of models and the model 

investigated in this paper (Perni et al., 2005). 
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 Two alternative and novel derivations of the Baranyi model aimed at describing bacterial 

growth are presented in this paper. These growth functions, based upon the concepts of potential 

and actual growth, make use of an empirical function to dampen potential logistic growth. 

Dampening effects are represented by either a rectangular hyperbola or a simple exponential. 

These dampening functions are incorporated into the basic differential equation, which is then 

solved analytically resulting in two growth equations, viz. log  hyp and log  exp. The use of 

these empirical dampening functions result in growth equations which can be expressed as 

relatively simple analytical expressions. The Baranyi makes use of an adjustment function to take 

into the effect pre- and post-inoculation environments have on current growth. Like the log  hyp 

and log  exp models, potential growth in the Baranyi is represented by a first-order differential 

equation. Actual growth is given by an adjustment function being incorporated into this first-order 

differential equation. The adjustment function of Baranyi and Roberts (1994) is based upon the 

principle that growth during the lag phase is inhibited by a “bottle-neck” intracellular substance 

following Michaelis-Menten kinetics. The adjustment function takes the form 𝛼(𝑡) =
𝑞0

𝑞0+e−𝑣𝑡, a 

two-parameter function with v a rate parameter and 𝑞0 representing the physiological state of the 

inoculum at time zero. In contrast to the two novel models proposed in this paper viz. log  hyp 

and log  exp, the adjustment function and ordinary differential equation of the Baranyi are 

integrated separately resulting in A(t), the explicit solution to the adjustment function, and y(t) the 

explicit solution to the ordinary differential equation. For explicit solutions to the four-parameter 

model, see Table 5.1. Taken together these two equations result in the six-parameter model of 

Baranyi and Roberts (1994). Although more biologically thorough, the six-parameter Baranyi 

model is generally difficult to fit, leading to the previously mentioned re-parameterization and 
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subsequent fixing of two shape parameters, resulting in the more widely used and robust four-

parameter Baranyi model. Regardless, the solution to the four-parameter Baranyi is still quite 

convoluted in comparison to the explicit solutions to the log  hyp and log  exp, complicating 

the mathematics involved when manipulating this equation. 

 The estimates of lag time (T) were in very good agreement between the log  hyp, log  

exp and BAR. In contrast to BAR and the modified classical growth functions, T is not explicitly 

represented in the log  hyp and log  exp models. Instead it has to be calculated as the intercept 

between the tangent to the steepest part of the growth function and initial microbial concentration. 

Based upon estimates of s and µmax both the log  hyp and log  exp were in agreement with 

BAR in that Flavobacterium psychrophilum displayed the highest maximum growth rate and 

theoretical maximal relative growth rate when grown on the Shieh liquid medium and slowest on 

the Cy7 medium. Similarly, both the log  hyp and log  exp were in agreement with the BAR 

in determining that F. psychrophilum exhibited the longest lag time when grown on Cy7 and 

shortest on Tyes. Very little information exists concerning parameters estimates resulting from 

models being fitted to bacterial growth data relating to the aquaculture field, with even less being 

available concerning F. psychrophilum. Stenholm et al. (2008) reported maximum growth rates 

between 0.062 and 0.098 per h for 26 strains of F. psychrophilum. It is unclear however if these 

values were generated using a model, with the authors describing growth rates as being determined 

from the exponential increase in optical density at 525 nm. Growth rates of two pathogenetic 

bacteria Aeromonas hydrophila and Vibrio alginolyticus, obtained by fitting modified forms of the 

logistic and Gompertz, have been published (Vine et al., 2004). However, the authors omitted the 

units when describing parameter estimates. Clearly, many factors must be standardized before 
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meaningful comparisons of model-derived growth parameter estimates can be made. These factors 

include but are not limited to: method by which bacterial growth is measured, transformation 

applied to the dependent variable, and actual definition of growth rate (Perni et al., 2005). 

 On the basis of goodness-of-fit, all models fitted the data well. In general, log  hyp, log 

 exp and BAR outperformed MLOG, MGMP and MRCH. MRCH outperformed both MLOG 

and MGMP, and like log  hyp, log  exp and BAR, it is characterized by a flexible point of 

inflexion. In contrast, the logistic and Gompertz have fixed points of inflexion. These fixed points 

of inflexion result in a symmetric MLOG and an asymmetric MGMP. The major drawback of a 

fixed point of inflexion is that growth parameters are estimated at this maximum rate which always 

occurs at an arbitrary point of inflexion (Garthright, 1991). The remaining equations display 

flexible points of inflexion that result in a more robust and flexible growth curve. The point of 

inflexion of these growth functions can all be calculated by equating the second derivative of the 

function to zero and solving for x* (microbial concentration that occurs at the point of inflexion). 

However, log  hyp is the only equation out of the log  hyp, log  exp and BAR whereby t* 

(time at which the point of inflexion occurs) and x* can be solved for analytically, with log  exp 

requiring numerical methods to solve for t* and the second derivative of the BAR unable to be 

solved in such a way that it is explicit in t, the independent varaiable (Perni et al., 2005). Therefore, 

without the ability to solve for t* for the Baranyi, it is not possible to calculate maximum rate of 

actual growth using d𝑥 d𝑡⁄ = 𝜇max𝛼(𝑡∗)𝑢(𝑥∗)𝑥∗. The ability of a growth function to be easily 

manipulated mathematically has important ramifications for their application and is an example of 

the advantage of log  hyp over other functions examined in this paper.  
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 All the models fitted the data well, with the statistical tests ranking log  hyp, log  exp 

and BAR among the leading models followed by MRCH, MGMP and MLOG. The lack of a greater 

differentiation between log  hyp, log  exp and BAR and the modified classical growth 

functions may be attributed to the short lag phases exhibited by F. psychrophilum in the datasets 

used in this study. The dampening function of log  hyp and log  exp and the adjustment 

function of BAR both delay and suppress the exponential phase of growth. This can be seen 

through visualization of Figure 5.2 and Figure 5.3. In Figure 5.2, potential growth, represented by 

a logistic, is suppressed by a dampening function resulting in actual growth represented by log  

hyp and log  exp. In Figure 5.3, the resulting actual growth rate of the log  hyp and log  exp 

is presented following suppression of the potential growth rate of the logistic.  The dampening 

function of the log  hyp and log  exp, and adjustment function of the Baranyi model both 

suppress potential logistic growth but do so in different ways. The adjustment function of the 

Baranyi monotonically increases from a positive fraction to one and represents the ratio of μ from 

the potential and actual growth functions as the bacterium adjusts from the pre to post-inoculation 

environment. In contrast the dampening functions of the log  hyp and log  exp monotonically 

decrease from one to zero and represent the effect of environment on growth rate. While the 

dampening functions of the log  hyp and log  exp, viz a rectangular hyperbola and a simple 

exponential, are empirical in nature some mechanistic meaning can be prescribed to them. For 

example, they may represent the effect of the buildup of an inhibitor on growth rate, or the effect 

of changes in environment, viz. acidity, temperature, water activity, or oxygen levels, have on 

growth rate over time.  The ability to describe these effects on bacterial growth rate add a level of 
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novelty to this family of models. Without the adjustment function in BAR, and the dampening 

function of the log  models, these equations revert to a logistic form.   

5.5 Conclusion 

 The objective of this paper was to assess the ability of two alternative derivations of the 

Baranyi function to describe bacterial growth, viz. F. psychrophilum. Overall log  hyp, log  

exp and BAR outperformed the three modified classical functions, with little differentiation 

between log  hyp, log  exp and BAR. To evaluate the new models derived in this paper (viz. 

log  hyp and log  exp) more fully, future efforts should be made to apply these models to 

bacterial growth undergoing environmental change. The two alternative derivations of the Baranyi 

model presented in this paper have successfully described bacterial growth under a constant 

environment. The two elementary dampening functions represented in these equations, a 

rectangular hyperbola and a single exponential function, result in simple analytical equations in 

comparison with the existing Baranyi family of models. Additionally, the log  hyp is superior 

compared to the log  exp and the BAR in its ability to be mathematically manipulated, with 

simple algebraic expressions existing for both inflexion point and maximum growth rate.  
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Table 5.1. Evaluated growth functions. 

 Functional form 

Modified logistic 

𝑥𝑚

{1 + exp [
4𝜇
𝑥𝑚

(𝑇 − 𝑡) + 2]}
 

Modified Gompertz 𝑥𝑚exp {−exp [
𝜇e

𝑥𝑚

(𝑇 − 𝑡) + 1]} 

Modified Richards 𝑥𝑚 {1 + 𝑣 exp(1 + 𝑣)exp [
𝜇

𝑥𝑚

(1 + 𝑣) (1 +
1

𝑣
) (𝑇 − 𝑡)] }

(−1 𝑣⁄ )

 

Baranyi - four parameter 

𝑥𝑜 + 𝜇max𝐴(𝑡) − ln (1 +
e𝜇max𝐴(𝑡) − 1

e(𝑥𝑚−𝑥0)
) 

𝐴(𝑡) = 𝑡 +  
1

𝜇max
ln(e−𝜇max𝑡 + e−ℎ0 − e−𝜇max𝑡−ℎ0) 

where ℎ0 = µmaxT = ln (1+
1

𝑞0
) 

log  hyp 

𝑥0𝑥𝑚

𝑥0 + (𝑥𝑚 − 𝑥0) (
𝜆

𝜆 + 𝑡
)

𝜆𝜇
 

log  exp 

𝑥0𝑥𝑚

𝑥0 + (𝑥𝑚 − 𝑥𝑜)exp {−𝜇 [(1 − 𝛽)𝑡 +
𝛽
𝜌 (1 − e−𝜌𝑡)]}
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Table 5.2. Comparison of relative growth rate (µ, h–1), maximum growth rate (s, units of 

microbial mass per h) and lag time (T, h) generated from the various Baranyi models. 

Dataset Logistic  hyperbola Logistic  exponential 
Baranyi 

(4 parameter) 

 µ S T µ s T µmax T 

1 0.339 0.318 4.85 0.930 0.294 3.64 0.292 3.67 

2   0.613 0.376 5.66 0.616 0.373 5.79 0.348 5.25 

3 0.215 0.302 6.24 3.184 0.291 4.87 0.291 5.12 

4  0.178 0.219 8.49 7.965 0.206 6.54 0.221 7.73 
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Table 5.3. Goodness of fit: Akaike information criterion (AIC) and mean square prediction error 

(MSPE) values obtained when fitting models to microbial growth data, mean rank of criterion 

(smallest AIC/MSPE = rank 1, etc.) and number of curves (n=4) for which each model showed 

the largest or smallest criterion value. 

 
MLOG MGMP MRCH BAR 

log  

hyp 

log  

exp 

AIC       

Average –58.78 –59.74 –61.57 –67.53 –60.47 –64.34 

(±SE) 3.05 2.72 2.16 5.54 1.92 3.33 

Min –68.03 –64.91 –66.80 –77.23 –66.19 –73.79 

Max –50.94 –51.45 –56.93 –48.87 –56.97 –55.37 

No. curves with smallest AIC 0 1 0 3 0 0 

No. curves with largest AIC 1 2 0 1 0 0 

Mean rank of AIC 4.3 4.0 3.8 2.3 4.3 2.5 

MSPE       

Average 0.0214 0.0203 0.0161 0.0136 0.0169 0.0122 

(±SE) 0.0029 0.0032 0.0025 0.0047 0.0024 0.0019 

Min 0.0133 0.0119 0.0106 0.0042 0.0132 0.0082 

Max 0.0285 0.0297 0.0238 0.0286 0.0245 0.0152 

No. curves with smallest MSPE 0 0 0 3 0 1 

No. curves with largest MSPE 1 2 0 1 0 0 

Mean rank of MSPE 5.3 4.5 3.3 2.3 4.0 1.8 
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Table 5.4. Goodness of fit: Accuracy factor (AF) and concordance correlation coefficient (CCC) 

values obtained when fitting models to microbial growth data, mean rank of criterion (smallest 

AF/highest CCC = rank 1, etc.) and number of curves (n=4) for which each model showed the 

largest or smallest criterion value. 

 
MLOG MGMP MRCH BAR 

log  

hyp 

log  

exp 

Accuracy factor 

Average 1.065 1.142 1.081 1.071 1.072 1.077 

(±SE) 0.013 0.027 0.027 0.017 0.027 0.028 

Min 1.029 1.076 1.031 1.040 1.023 1.025 

Max 1.098 1.228 1.167 1.124 1.158 1.173 

No. curves with smallest AF 1 0 0 0 2 1 

No. curves with largest AF 0 4 0 0 0 0 

Mean rank of AF 2.8 6.0 3.3 3.3 2.3 3.0 

CCC 

Average 0.9974 0.9976 0.9981 0.9984 0.9981 0.9984 

(±SE) 0.0004 0.0005 0.0004 0.0005 0.0004 0.0002 

Min 0.9966 0.9960 0.9968 0.9968 0.9967 0.9980 

Max 0.9985 0.9987 0.9988 0.9995 0.9990 0.9991 

No. curves with smallest CCC 2 2 0 0 0 0 

No. curves with largest CCC 0 0 0 3 1 0 

Mean rank of CCC 5.0 5.0 2.5 2.0 2.8 2.5 
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Table 5.5. Bias factor and evidence of serial correlation determined by the Durbin-Watson 

statistic obtained when fitting models to growth data. 

Model Bias Factor 
No. curves exhibiting serial correlation 

determined by DW statistic (α=0.01) 

 Average Min Max No serial 

correlation 

Negative 

correlation 

Positive 

Correlation 

MLOG 1.0007 

(+0.0007) 

0.9836 1.0129 4 - - 

MGMP 0.9749 

(–0.0251) 

0.9677 0.9856 3 1 - 

MRCH 0.9875 

(–0.0125) 

0.9817 0.9937 3 1 - 

BAR 0.9980 

(–0.0020) 

0.9883 1.0060 4 - - 

log  

hyp 

0.9894 

(–0.0106) 

0.9827 0.9966 3 1 - 

log  

exp 

0.9914 

(–0.0086) 

0.9788 0.9996 3 1 - 
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Figure 5.1. Optical density growth data and model predictions for Flavobacterium 

psychrophilum. (a) Growth predictions using MLOG, MGMP, MRCH and (b) BAR, log  hyp, 

log  exp grown on a Shieh liquid medium.  
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Figure 5.2. The dampening effects and resulting actual growth of Flavobacterium 

psychrophilum. Dampening effect represented by a rectangular hyperbola (a), a simple 

exponential (b) and resulting predicted growth by log  hyp and log  exp, respectively, grown 

on a Shieh liquid medium. 
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Figure 5.3. Predicted growth of Flavobacterium psychrophilum grown on a Shieh liquid medium 

and associated actual growth rates (AGR).  (a) log  hyp (b) log  exp. 

 

 

 



 

 

113 

 

CHAPTER 6 – GENERAL DISCUSSION AND CONCLUDING 
REMARKS 

 

 The purpose of this thesis was to advance the quantitative description of patterns of 

growth exhibited by aquatic organisms with reference to aquaculture and nutrition. In contrast to 

terrestrial animals, aquatic organisms have the ability to exhibit indeterminate growth whereby 

growth continues after sexual maturation is reached (Sebens, 1987). Additionally, growth of 

aquatic organisms is highly influenced by habitat, in particular, water temperature (Sebens, 1987; 

Weatherley and Gill, 1987; Dumas and France, 2008).  As a result, the traditional growth 

equations used to describe growth of terrestrial animals, e.g. Gompertz, logistic, von Bertalanffy, 

are of limited use when applied to aquatic organisms. Using both empirical (Chapter 2) and more 

mechanistic (Chapters 3 - 5) modelling approaches, new growth functions were derived and their 

ability to mimic growth examined by fitting the functions to growth profiles of various aquatic 

organisms. 

 In aquaculture, and fish/crustacean nutrition, the use of empirical models to describe 

growth is widespread.  Two empirical functions, specific growth rate (SGR) and Thermal-Unit 

Growth Coefficient (TGC), see frequent application in these sectors. These growth functions 

enable predictions of body weights allowing for estimates of feed and nutrient requirements, in 

addition to waste output forecasts (Einen et al., 1995; Cho and Bureau, 1998; Kaushik, 1998; 

Chowdhury et al., 2013). Due to limitations of the SGR, including its inability to account for the 

effect of water temperature on performance and its tendency to underestimate predicted body 

weights, alternative models have been explored. In finfish, the TGC model has been shown to be 
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superior to the SGR in its ability to predict growth, while accounting for the effect of water 

temperature, and has seen widespread application in fish culture and nutrition (Cho, 1992; Einen 

et al., 1995; Cho and Bureau, 1998; Kaushik, 1998; Dumas et al., 2007; Chowdhury et al., 2013).  

However, in shrimp culture, accounting for ~6.5% of worldwide aquaculture production on a 

weight basis, the SGR is still the most commonly applied growth model (Tacon et al., 2002; Zhu 

et al., 2004; Suárez, 2009; Ju et al., 2012; Zokaeifar et al., 2012; FAO, 2016; Xie et al., 2016).  

Given this, Chapter 2 of the thesis explores the TGC as an alternative to the SGR in shrimp and 

to the authors knowledge it is the first study to directly compare the predictive ability of the SGR 

and TGC in a species of shrimp, viz. Litopenaeus vannamei.  

In agreement with the findings for fish, the use of the natural logarithm of body weight in 

the SGR growth model results in major underestimation of shrimp body weights when 

interpolating between initial and final body weight values. The TGC growth model, which 

includes the concept of degree-days as a means of accounting for the effect of water temperature 

on growth, while using a body weight exponent of 1/3, resulted in superior goodness-of-fit when 

applied to the shrimp growth profiles compared to the SGR. Differences in rates of growth have 

been linked to different stages of life (Charnov et al., 2001; Shuter et al., 2005; Dumas at al., 

2007).  Given the traditional TGC assumes a constant body weight exponent of 1/3, regardless of 

life stage, this assumption has been shown to result in inaccurate body weight predictions in 

small and large fish (Dumas et al., 2007). In an attempt to increase the predictive ability of the 

TGC, Dumas et al. (2007) proposed a generalized TGC whereby the body weight exponent was 

allowed to deviate from 1/3. Following the methodology proposed by Dumas et al. (2007), two 

growth stanzas were identified in shrimp using a piecewise regression model, with body weight 
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exponents being solved for iteratively in each identified stanza. Following the identification of a 

break point, a decrease in growth rates at higher body weights was observed. This was attributed 

to decrease in both feed efficiency and protein conversion efficiency as a shrimp progresses 

through its life stages (Kureshy and Davis, 2002). Results indicate that through the inclusion of 

growth stanzas and adaptation of the body weight exponent in these growth stanzas, the 

predictive ability of the TGC model is increased.   However, endogenous and exogenous factors 

including diet, genetics, culture type (i.e. intensive vs. semi-intensive), all have the potential to 

influence growth rate. Therefore, the growth stanzas and associated body weight exponents 

determined in Chapter 2 can lead to inaccurate predictions of growth when applied to cases 

where these factors are significantly different from those applicable under model construction. 

This highlights the limitations of empirical modelling methods whereby these models are 

generally best applied to datasets similar to those used in model development, leading to 

concerns regarding their extrapolation, robustness and flexibility. Despite these limitations, 

empirical growth functions have the ability to describe growth accurately, and compared to 

detailed mechanistic models, the TGC and its adaptations can be easily applied without formal 

training or the need for specialized software.   

 In contrast to empirical modelling, in which the primary goal is to describe the response 

of a system by modelling the relationship between two or more variables, mechanistic modelling 

aims at providing insight into the system being modelled by accounting for some of the 

underlying biological mechanisms. Typical patterns of growth exhibited by mammals and birds 

include a continuously increasing rate of growth during the juvenile stages of life followed by a 

continuously decreasing rate of growth as sexual maturation is approached. These two phases of 
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growth are commonly referred to as the self-accelerating and self-inhibiting phases (Brody, 

1927). Various growth functions, including the logistic and Gompertz, have been mechanistically 

derived to describe the sigmoidal growth pattern resulting from these self-accelerating and self-

inhibiting growth phases. However, certain species, including fish, crustaceans and amphibians, 

exhibit the ability to continue growth after sexual maturation is reached, with this type of growth 

often referred to as indeterminate growth (Sebens, 1987; Ware 1982; Weatherley and Gill, 1983).   

The ability of these organisms to continue growth after sexual maturation results in a less 

prominent self-inhibiting phase of growth and an associated growth curve that lacks a point of 

inflexion. Therefore, mechanistically derived classical growth functions that are typically 

sigmoidal in shape are unable to accommodate the nature of growth exhibited by indeterminate 

growers.  

In an effort to describe the nature of growth exhibited by indeterminate growers, Chapter 

3 proposes two simple models.  These models are initially expressed in a rate:state form, 

allowing biological meaning to be more easily ascribed to parameters, and are akin to the 

Michaelis-Menten and Mitscherlich equations. The models are based upon three assumptions: 

quantity of growth machinery works at a rate dependent on feed intake; the relationship between 

growth rate and intake level follows the law of diminishing returns; and growth is irreversible. 

The potential of these models to describe indeterminate growth was tested through fitting the 

resulting growth functions to various datasets encompassing growth profiles of two fish species, 

viz. rainbow trout (Oncorhynchus mykiss) and Nile tilapia (Oreochromis niloticus). Based upon 

measurements of goodness-of-fit, examination of residuals and fitting behaviour, both proposed 

models appear to successfully describe the type of growth exhibited by indeterminate growers.  
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Chapter 3 highlights the ability to “borrow” growth functions from other fields of science 

and subsequently ascribe biological meaning to their parameters in such a way to reflect the 

current system being modelled. Although the Michaelis-Menten equation was developed in the 

field of biochemistry to describe enzyme kinetics, and the Mitscherlich was derived to describe 

crop yield response, parallels in underling model assumptions and subsequent characteristics of 

these growth functions, e.g. the lack of a point of inflexion, allow for their application to 

describing the type of growth exhibited by indeterminate growers. Additionally, Chapter 3 

introduced the concept of analytical and semi-analytical solutions to differential equations. 

Following model assumptions and their associated formulation as a differential equation, 

equations are integrated with respect to the dependent variable, body size generally in this thesis, 

resulting in an equation which predicts the dependent variable as a function of the independent 

variable.  The resulting solutions to these differential equations can be analytical, whereby the 

dependent variable can be solved for solely based upon the parameters and variables of the 

model, or non-analytical or semi-analytical where there is no exact algebraic solution and some 

form of numerical integration is required. Examining the models of Chapter 3, the Mitscherlich 

can be solved analytically while the Michaelis-Menten only has a semi-analytical solution. The 

importance of analytical solutions, and their ability to be mathematically manipulated, in 

comparison to semi-analytical or numerical solutions is explored in greater detail in Chapter 4 

and 5 of this thesis.     

Due to its ectothermic nature, fish growth is highly influenced by water temperatures 

(Sebens, 1987; Weatherley and Gill, 1987). Although providing a solid basis for mechanistically 

derived growth functions able to accommodate indeterminate growers, the models in Chapter 3 
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do not take into explicit account the effect of water temperature on fish growth. Instead, the 

effect of temperature, and other exogenous and endogenous factors, are implicitly represented 

within the parameters of the model. If two independent variables, such as time and temperature, 

are explicitly represented in a model, integration of the associated differential equation becomes 

much more complex resulting in the need for numerical integration methods and associated non-

analytical solutions. Therefore, instead of explicitly representing the effect of water temperature, 

through its inclusion as an independent variable in a model, the effect of water temperature on 

growth can be implicitly represented by linking its effect to a growth parameter of the model.      

Chapter 4 of this thesis proposes two novel models based upon elementary functions that 

have been modified to incorporate the effect of fluctuating water temperature on fish growth. 

Both models share the assumptions that growth machinery works at a rate which varies with 

water temperature and that growth is irreversible. The effects of seasonal variations of water 

temperature on growth is represented by a sinusoidal function in both models.  Differences in 

model assumptions, namely quantity of growth machinery is proportional to live body weight 

and substrate is non-limiting over the period of growth (Model 1), and quantity of growth 

machinery is proportional to available substrate (Model 2), result in these models representing 

two distinct types of growth: exponential (Model 1) and asymptotic (Model 2). These models 

were fitted to eight datasets encompassing growth profiles of three fish species: European 

bullhead (Cottus gobio), brown trout (Salmo trutta) and rainbow trout (Oncorhynchus mykiss). 

Based upon measures of goodness-of-fit, examination of residuals and fitting behaviour, six of 

the eight datasets displayed asymptotic growth while two displayed exponential growth, leading 



 

 

119 

 

to the conclusion that both models yield suitable functions that are able to describe fish growth 

curves under fluctuating water temperatures.  

The advantages of using a more mechanistic modelling approach in relation to growth 

functions is reinforced in Chapter 4. In order for a model to be considered mechanistic, the 

model must provide some sort of insight into the underlying mechanisms driving the response 

that is being modelled. Regarding Chapter 4, an underlying assumption of both models is that 

growth machinery works at a rate which varies with water temperature with this effect being 

represented by a sinusoidal function.  This sinusoidal function drives specific growth rate and 

relates growth rate (dW/dt) to current body size (W).  Through calculating specific growth rate as 

a function of time, the effect of time of year, and its associated water temperature, on growth can 

be more clearly explained in comparison to an empirical model.  

Chapter 4 also introduces the concept of data structure and the importance of 

understanding the underlying assumptions of a model. As mentioned previously, of the eight 

datasets examined in Chapter 4, Model 2 outperformed Model 1 in six of the eight datasets, on 

the basis of goodness-of-fit criteria, with Model 1 outperforming Model 2 in the remaining 

datasets. Therefore, instead of concluding that Model 2 is superior to Model 1 in its ability to 

describe fish growth undergoing fluctuating water temperatures, it is more apt to conclude that 

the growth exhibited by fish in these six datasets is more asymptotic in nature and therefore 

better described by Model 2. In comparison the growth recorded in the two datasets whereby 

Model 1 outperformed Model 2 is more exponential in nature, and therefore better described by 

Model 1.  
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When modelling a system, the underlying mathematical assumptions of the model should 

correspond to the underlying biological characteristics of the system being modelled. For 

example, the six datasets that display asymptotic growth (Model 2) are wild populations of fish. 

In a wild population, it is reasonable to assume that feed intake is not maximal or available at 

non-equidistant time intervals, which is in agreement with the assumption of Model 2 that 

quantity of growth machinery is proportional to available substrate, and therefore the fish exhibit 

an asymptotic growth curve. In contrast to wild populations of fish, those raised in a cultured 

environment are commonly fed to near satiety, and therefore in agreement with the assumption 

of Model 1 that substrate is non-limiting and therefore the growth trajectory will be exponential 

in nature. However, this premise only partially explains why the remaining two datasets result in 

exponential growth as one of the datasets coincides with fish grown in a cultured environment, 

while the remaining dataset is taken from a wild population of fish. Given the above premise, it 

would be reasonable to assume that this wild population of fish would be best described using an 

asymptotic curve (Model 2) yet it was better described using an exponential (Model 1).  A 

possible explanation is the effect that data structure has on model fitting. For example, it is 

possible that not enough time has elapsed for an asymptote to be approached in this wild 

population of fish. Alternatively, growth data in this particular dataset ends during a time of year 

whereby water temperature, and therefore growth rate, are elevated resulting in a non-asymptotic 

end point. Chapter 4 enforces the idea that a given model is not always superior to another, and 

underlying model assumptions along with data structure must be considered and related to the 

system being modeled.  
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The final modelling chapter of this thesis, Chapter 5, moves from modelling the growth 

of traditional aquacultured species, viz. fish and shrimp, to modelling the growth of a bacterium, 

Flavobacterium psychrophilum.  F. psychrophilum has important ramifications in the 

aquaculture industry as it is the etiological agent of rainbow trout fry syndrome (RTFS) and cold 

water disease (Lorenzen et al., 1997; LaFrentz et al., 2003).  Typical growth curves exhibited by 

bacteria are characterized by three distinct phases, the lag, ‘exponential’ and stationary phases. 

Taken together these three phases of growth result in a sigmoidal growth curve (Zwietering et 

al., 1990).  Bacterial growth curves have been mathematically described using a range of 

empirical functions with Baranyi family of models representing the primary mechanistically 

derived models. The Baranyi models are based on the concepts of potential and actual growth, 

with actual growth achieved by a bacterium being less than potential growth as the bacterium 

adapts from one environment to another. Potential growth is represented by a standard logistic in 

its differential form with an adjustment function incorporated into this differential equation. The 

resulting differential equation can be solved analytically resulting in a six-parameter equation. 

However, due to fitting difficulties, certain assumptions were implemented to reduce it to a four-

parameter model (Baranyi and Roberts, 1994; Baranyi, 1997; Buchanan et al., 1997). Even so, 

the analytical solution to the Baranyi is still quite convoluted and inelegant, complicating the 

mathematics involved when manipulating the equation. 

Chapter 5 of this thesis proposes two alternative and novel derivations of the Baranyi 

model aimed as describing bacterial growth while having simple analytical solutions. Like the 

Baranyi, these models are derived from a rate:state form using a standard logistic to represent 

potential bacterial growth. The proposed models attenuate the potential growth of the logistic 
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through the use of dampening effects, represented by either a rectangular hyperbola or a simple 

exponential form, resulting in actual growth. Although the elementary functions representing the 

dampening functions are semi-empirical in nature, biological meaning can be ascribed to them. 

For example, they can represent the effect of a build-up of an inhibitor on growth rate, or the 

effect of various changes in exogenous factors, e.g. temperature, acidity, etc. on growth rates 

over time.  These dampening effects are incorporated into the basic logistic differential equation 

and solved for analytically resulting in two novel growth equations, viz.  logistic  hyperbola 

(log  hyp) and logistic  exponential (log  exp).  The ability of these growth functions to 

describe bacterial growth was tested by fitting them to growth profiles of F. psychrophilum 

cultured on four different liquid media. The models were compared to the four-parameter 

Baranayi in addition to three modified forms of classical growth functions commonly used in the 

microbiology field.  Based upon measures of goodness-of-fit, examination of residuals and 

fitting behaviour, the log  hyp and log  exp performed equally well as the Baranyi and 

superior to the modified classic growth functions. Additionally, good agreement between 

estimates of lag time (T) was found between the log  exp, log  hyp and Baranyi along with 

estimates of maximum growth rate (s) from the log  exp and log  hyp and the maximal 

relative growth rate (µmax) of the Baranyi.  

Although the two novel models derived in Chapter 5 performed as equally well as the 

Baranyi in their ability to describe microbial growth, the nature in which they are derived result 

in simple analytical solutions compared to the Baranyi family of models.  One of the advantages 

of simple analytical solutions is their ability to be mathematically manipulated in ways which 

provide greater insight into the system being modelled. For example, all three models are 
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characterized by their flexible points of inflexion. If one was interested in determining the 

maximal actual growth rate achieved by a microbe, it could be determined by calculating the 

slope of the actual growth curve at the point of inflexion. The point of inflexion can be solved for 

by taking the second derivative of the growth function, setting it to zero and solving for x* and t* 

(microbial concentration and time that occur at point of inflexion). Of the three models, only the 

log  hyp allows for x* and t* to be solved for analytically, with an analytical solution for x* for 

the log  exp and numerical integration required to solve for t*. In comparison, a second 

derivative of the growth function that is explicit to t* does not exist for the Baranyi and therefore 

maximal actual growth cannot be readily calculated. 

In conclusion, Chapter 5 proposes two alternative derivations of the Baranyi aimed at 

describing the nature of growth exhibited by microbial organisms.   Like the Baranyi, these novel 

models were able to describe microbrial growth, viz. F. psychrophilum. These newly proposed 

models provide parameters with greater biological validity than the Baranyi, e.g. presentation of 

actual growth rates rather than relative or specific ones. In addition, these models use dampening 

functions that have the ability to account for the effect of various exogenous factors on microbial 

growth rate, adding to the novelty of these growth functions.  Finally, the importance of a 

mathematical model to be easily manipulated is exemplified through simple algebraic solutions 

to both inflexion point and maximum growth rate being available for the log  hyp compared to 

the numerical solutions of the log  exp and the inability of Baranyi to be readily manipulated in 

such a way to allow solving for t*.  

 The objective of this thesis was to advance the quantitative description of growth 

trajectories of aquatic organisms using both empirical and mechanistic modelling approaches. 
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This thesis promulgates seven growth functions that were fitted to growth profiles of aquatic 

organisms exhibiting a wide range of growth patterns. The ability of these functions to 

successfully describe growth trajectories was confirmed through goodness-of-fit criteria, analysis 

of their residuals and their fitting behaviour. Not only does this thesis provide academic and 

industry researchers an extensive suite of models capable of describing various growth patterns 

exhibited by aquatic organisms, it provides insight into the modelling approaches as a whole. 

The thesis reinforces the importance of understanding the underlying assumptions of a model 

and how this represents the system being modelled, the effect of data structure on the ability to 

fit a model, the advantages of both mechanistic and empirical modelling approaches, and finally 

the advantages of simple analytical solutions in describing dynamic systems.  

 



 

 

125 

 

REFERENCES 

Akaike, H., 1974. A new look at the statistical model identification. IEEE Trans. Autom. Contr. 

19:716-723. 

Akamine, T., 1986. Expansion of growth curves using a periodic function and BASIC programs 

by Marquardt’s method. Bull. Jap. Sea Reg. Fish. Res. Lab. 36:77-107. 

Baranyi, J. 1997. Simple is good as long as it is enough. Food Microbiol. 14:189-192. 

Baranyi, J., and Roberts, T.A. 1994. A dynamic approach to predicating bacterial growth in food. 

Int. J. Food Microbiol. 23: 277-294. 

Baranyi, J., Pin, C., and Ross, T. 1999. Validating and comparing predicative models. Int. J. Food 

Microbiol. 48: 159-166.   

Baranyi, J., Roberts, T.A., and McClure, P. 1993. A non-autonomous differential equation to 

model bacterial growth. Food Microbiol. 10:43‒59. 

Baranyi, J., Robinson, T.P., Kaloti, A., and Mackey, B.M. 1995. Predicting growth of 

Brochothrix thermosphacta at changing temperature. Int. J. Food Micriobiol. 27:61-75.  

Bibby, J., and Toutenburg, H. 1977. Prediction and improved estimation in linear models. John 

Wiley and Sons, London, UK. 

Brody, S. 1927. Growth and development with special reference to domestic animals III. Growth 

rates, their evaluation and their significance. Mo. Agr. Expt. Sta. Bul. 97. 

Bruun, M.S., Schmidt, A.S., Madsen, L., and Dalsgaard, I. 2000. Antimicrobial resistance patterns 

in Danish isolates of Flavobacterium psychrophilum. Aquaculture 187:201-212.  

Buchanan, R.L., and Phillips, J.G. 1990. Response surface model for predicating the effects of 

temperature, Ph, sodium chloride content, sodium nitrate concentration and atmosphere 

on the growth of Liseria monocytogenes. J. Food Prot. 53:370-376.  

Buchanan, R.L., Whiting, R.C., and Damert, W.C. 1997. When is simple good enough: a 

comparison of the Gompertz, Baranyi, and three-phase linear models for fitting bacterial 

growth curves. Food Microbiol. 14:313-326.  

Charnov, E.L, Turner, T.L., and Winemiller, K.O. 2001. Reproductive constraints and the 

evolution of life histories with indeterminate growth. Proc. Natl. Acad. Sci. 98:9460–9464. 

Cho, C.Y. 1992. Feeding systems for rainbow trout and other salmonids with reference to current 

estimates of energy and protein requirements. Aquaculture 100:107-123. 



 

 

126 

 

Cho, C.Y. and Bureau, D.P. 1998. Development of bioenergetic models and the Fish-PrFEQ 

software to estimate production, feeding ration and waste output in aquaculture. Aquat. 

Living Resour. 11:199-210. 

Chowdhury, M.A.K., Siddiqui, S., Hua, K., and Bureau, D.P. 2013. Bioenergetics-based factorial 

model to determine feed requirements and waste outputs of tilapia produced under 

commercial conditions. Aquaculture 410-411:138-147. 

Cloern, J.E., and Nichols, F.H. 1978. A von Bertalanffy growth model with a seasonally varying 

coefficient. J. Fish. Res. Board Can. 35:1479-1482. 

Cluis, D.A. 1972. Relationship between stream water temperature and ambient air temperature – 

A simple autoregressive model for mean daily water temperature fluctuations. Nord. 

Hyrdol. 3: 65-71. 

Cornish-Bowden, A. 1995. Fundamentals of enzyme kinetics, rev. ed., Portland Press, London. 

Dalgaard, P., and Koutsoumanis, K. 2001. Comparison of maximum specific growth rates and 

lag times estimated from absorbance and viable count data by different mathematic 

models. J. Microbiol. Methods 43:183-196. 

Davidson, F. A. 1928. Growth and senescence in pure-bred Jersey cows. Ill. Agr. Expt. Sta. Bul. 

32:192−199. 

Day, T., and Taylor, P.D. 1997. Von Bertalanffy's growth equation should not be used to model 

age and size at maturity. Am. Nat. 149:381–393. 

Dence, T.P. 2013. A brief look into the Lambert W Function. Appl. Math.4:887-892. 

Díez-García, M., Capita, R., and Alonso-Calleja, C. 2012. Influence of serotype on the growth 

kinetics and the ability to form biofilms of Salmonella isolates from poultry. Food 

Microbiol. 31:173-180. 

Dijkstra J., and France J. 1995. Modelling and mythology in animal science. In: A. Dangaer and 

P. Lescoat (Eds.) Proceedings of the IVth International Workshop on Modelling Nutrient 

Utilization in Farm Animals, UK.  

Disney, S.M. and Warburton, R.D. 2012. On the Lambert W function: economic order quantity 

applications and pedagogical considerations. Int. J. Prod. Econ. 140:756-764. 

Draper, N.R. and Smith, H. 1998. Fitting a straight line by least squares, in Applied Regression 

Analysis, Third Edition. John Wiley & Sons, Inc., Hoboken, NJ, USA.  

Duggleby, R.G. and Clarke, R.B. 1991. Experimental designs for estimating the parameters of the 

Michaelis-Menten equation from progress curves of enzyme-catalyzed reactions. BBA-

Protein. Struct. M. 1080:231-236. 



 

 

127 

 

Dumas, A. 2008. Modelling the trajectory and composition of growth in fish with reference to 

rainbow trout (Oncorhynchus mykiss), PhD Dissertation, University of Guelph, Guelph, 

Canada.  

Dumas, A., Dijkstra, J. and France, J. 2008. Mathematical modelling in animal nutrition: a 

centenary review. J. Agr. Sci. 146:123-142. 

Dumas, A., France, J. 2008. Modelling the ontogeny of ectotherms exhibiting indeterminate 

growth. J. Theor. Biol. 254:76-81. 

Dumas, A., France, J., and Bureau, D.P. 2007. Evidence of three growth stanzas in rainbow trout 

(Oncorhynchus mykiss) across life stages and adaptation of the thermal-unit growth 

coefficient. Aquaculture 267:139-146. 

Dumas, A., France, J., and Bureau, D.P. 2010. Modelling growth and body composition in fish 

nutrition: where have we been and where are we going?. Aquac. Res. 41:161-181. 

Dumas, A., López, S., Kebreab, E., Gendron, M., Thornley, J.M.H., and France, J. 2012. 

Selection of growth functions for describing length-at-age relationships in fish species 

displaying different life history traits: unexpected alternatives to the von Bertalanffy 

equation and advantages of a pluralistic statistical approach. CAB Int. 7:1-13. 

Einen, O., Holmefjord, I., Åsgård, T., and Talbot, C. 1995. Auditing nutrient discharges from 

fish farms: theoretical and practical considerations. Aquac. Res. 26:701–713. 

Fontoura, N.F., and Agostinho, A.A. 1996. Growth with seasonally varying temperatures: an 

expansion of the von Bertalanffy growth model. J. Fish Biol. 48:569-584. 

Food and Agriculture Organization of the United Nations (FAO). 2018. The State of the world 

fisheries and aquaculture: meeting the sustainable development goal. FAO, Rome, Italy. 

Food and Agriculture Organization of the United Nations (FAO). 2016. FAO Yearbook: Fishery 

and Aquaculture Statistics. FAO, Rome, Italy.  

France, J., Dijkstra, J., Thornley, J.H. and Dhanoa, M.S. 1995. A simple but flexible growth 

function. Growth. Dev. Aging. 60:71-83. 

Fujikawa, H., Kai, A., and Morozumi, S. 2003. A new logistic model for bacterial growth. J. 

Food Hyg. Soc. Jpn. 44:155-160. 

Garthright, W.E. 1991. Refinements in the perdition of microbial growth curves. Food 

Microbiol. 8:239-248. 

Georg, G. M., 2015. LambertW: An R package for Lambert W x F Random Variables. R package 

version 0.5.1. 



 

 

128 

 

Georg, G.M. 2011. Lambert W random variables—A new family of generalized skewed 

distributions with applications to risk estimation. Ann. Appl. Stat. 5:2197-2230. 

Gompertz, B. 1825. On the nature of the function expressive of the law of human mortality, and 

on a new method of determining the value of life contingencies. Philos. Trans. R. Soc. 

Lond. 36:513-585. 

Goudar, C.T., Sonnad, J.R., and Duggleby, R.G. 1999. Parameter estimation using a direct solution 

of the integrated Michaelis-Menten equation. BBA-Protein. Struct. M. 1429:377-383. 

Haldane, J.B.S. 1957. Graphical methods in enzyme chemistry. Nature 179:832. 

Hari, R.E., Livingstone, D.M., Siber, R., Burkhardt-Holm, P., and Guttinger, H. 2006. 

Consequences of climatic change for water temperature and brown trout populations in 

Alpine rives. Global Change Biol. 12:10-26. 

Hernandez-Llamas, A., and Ratkowsky, D. 2004. Growth of fishes, crustaceans and mollusks: 

estimation of the von Bertalanffy, logistic, Gompertz and Richards curves and a new 

growth model. Mar. Ecol. Prog. Ser. 282:237-244. 

Hernandez-Llamas, A., Hernandez-Lizardi, J.L., Gonzalez-Garaibay, M., and Magallon-Barajas, 

F.J. 1993. Growth and survival response of Penaeus stylirostris (Stimpson) to fertilization, 

pelleted feed and stocking density in earthen ponds. Aquacult. Res. 24:57-69. 

Hernandez-Llamas, A., Magallon-Barajas, F.J., Lechuga-Deveze, C.H., Bustillos-Guzman, J.J., 

and Lopez-Cortes, D. 1995. Growth potential of wild juvenile Penaeus stylirostris in 

earthen ponds receiving chemical and organic fertilizers, and pelleted feed. Aquac. Eng. 

14:317-330. 

Holt, R.A. 1988. Cytophaga psychrophila, the Causative Agent of Bacterial Cold-water Disease 

in Salmonid Fish. PhD Dissertation, Oregon State University, Corvallis, USA.   

Iwama, G.K., and Tautz, A.F. 1981. A simple growth model for salmonids in hatcheries. Can. J. 

Fish. Aquat. Sci. 38:649-656. 

Janoscheck, R. 1957. Das Grazer Becken.In: Erdöl in Österreich. Wien Natur und Technik, 86-92. 

Jobling, M. 2003. The thermal growth coefficient (TGC) model of fish growth: a cautionary note. 

Aquacult. Res. 34:581-584. 

Jolicoeur, P. 1985. A flexible 3-paramater curve for limited or unlimited somatic growth. Growth 

49:271-281. 

Ju, A.Y., Deng, D., and Dominy, W. 2012. A defatted microalgae (Haematococcus pluvialis) 

meal as a protein ingredient to replace fishmeal in diets of Pacific white shrimp 

(Litopenaeus vannamei, Boone, 1931). Aquaculture 354-355:50-55. 



 

 

129 

 

Katsanevakis, S. 2006. Modelling fish growth: model selection, multi-model inference and model 

selection uncertainty. Fish.  Res. 81:229-235. 

Kaushik, S.J., 1998. Nutritional bioenergetics and estimation of waste production in non-

salmonids. Aquat. Living Resour. 11:211-217. 

Krogh, A. 1914. The quantitative relation between temperature and standard metabolism in 

animals. Internationale Zeitschrift für Physikalisch-Chemische Biologie 1:491-508. 

Kureshy, N., and Davis, D.A. 2002. Protein requirements for maintenance and maximum weight 

gain for the Pacific white shrimp, Litopenaeus vannamei. Aquaculture 204:125-143. 

LaFrentz, B.R., LaPatra, S.E., Jones, G.R., and Cain, K.D. 2003. Passive immunization of 

rainbow trout, Oncorhynchus mykiss (Walbaum), against Flavobacterium psychrophilum, 

the causative agent of bacterial Coldwater disease and rainbow trout fry syndrome. J. 

Fish. Dis. 26:377-384. 

Leatherbarrow, R.J. 1990. Using linear and non-linear regression to fit biochemical data. Trends. 

Biochem. Sci. 15:455-458. 

Lester, N.P., Shuter, B.J., and Abrams, P.A. 2004. Interpreting the von Bertalanffy model of 

somatic growth in fishes: the cost of reproduction. Proc. R. Soc. Lond., B 271:1625–

1631.  

Lin, E.S., and Chou, T. 2018. Finite-sample refinement of GMM approach to nonlinear models 

under heteroskedasticity of unknown form. Econom. Rev. 37:1-28.  

Lin, L. I. K. 1989. A concordance correlation coefficient to evaluate reproducibility. Biometrics 

45:255-268. 

Lin, L., and Torbeck, L.D. 1988. Coefficient of accuracy and concordance correlation coefficient: 

new statics for methods comparison. PDA J. Pharm. Sci. Technol. 52:55-59.  

Lin, L.I. 1989. A concordance correlation coefficient to evaluate reproducibility. Biometrics 45: 

255-268. 

Lineweaver, H. and Burk, D. 1934. The determination of enzyme dissociation constants. J.  Am. 

Chem. Soc. 56:658-666. 

Littell, R.C., Stroup, W.W., Milliken, G.A., Wolfinger, R.D., and Schabenberger, O. 2006. SAS 

for mixed models 2nd edition, SAS Publishing, Cary, North Carolina USA. 

Liu, X., Sha, Z., Wang, C., Li, D., and Bureau, D.P. 2018. A web-based combined nutritional 

model to precisely predict growth, feed requirement and waste output of gibel carp 

(Carassius auratus gibelio) in aquaculture operations. Aquaculture 492:335-348.  



 

 

130 

 

López, S., France, J., Gerrits, W.J.J., Dhanoa, M.S., Humphries, D.J., and Dijkstra, J. 2000. A 

generalized Michaelis-Menten equation for the analysis of growth. J. Anim. Sci. 78:1816-

1828. 

López, S., Prieto, M., Dijkstra, J., Dhanoa, M.S., France, J., 2004. Statistical evaluation of 

mathematical models for microbial growth. Int. J. Food Microbiol. 96:289-300. 

Lorenzen, E., Dalsgaard, I., and Bernardet, J.F. 1997. Characterization of isolates of 

Flaviobacterium psychrophilum associated with Coldwater disease or rainbow trout fry 

syndrome 1: phenotypic and genomic studies. Dis. Aquat. Organ. 31:197-208. 

Malthus, T.R. 1798. An Essay on the Principle of Population. Reprinted in 2008 by Oxford’s 

World Classics. Oxford University Press, Oxford, 172 pp. 

Mann, R.H.K. 1971. The populations, growth and production of fish in four small streams in 

southern England. J. Anim. Ecol. 40:155-109. 

Maple 2016. Maplesoft, a division of Waterloo Maple Inc., Waterloo, Ontario, Canada. 

Marquardt, D.W. 1963. An algorithm for least-squares estimation of nonlinear parameters. J. Soc. 

Ind. Appl. Math. 11:431-441. 

MATLAB 2016. The MathWorks, Inc., Natick, Massachusetts, United States. 

McGregor, C., Nimmo, J. and Stothers, W. 2010. Fundamentals of university mathematics 3rd 

edition. Woodhead Publishing, Cambridge, UK. 

McMeekin, T.A., Olley, J., Ross, T., and Ratkowsky, D. A. 1993.  Predictive microbiology: 

Theory and Application, John Wiley & Sons, Taunton, UK.  

Menten, M.L. 1913. Die kinetik der invertinwirkung. Biochemische Zeitschrift 49:333-369. 

Miller, G. 2014. Numerical Analysis for Engineers and Scientists. Cambridge University Press, 

Cambridge, UK. 

Mitscherlich, E.A. 1909. Das gesetz des minimums und das gesetz des abnehmenden 

bodenertrages. Landwirtschaftliche Jahrbücher 38:537-552. 

Motulsky, H.J. and Ransnas, L.A. 1987. Fitting curves to data using nonlinear regression: a 

practical and nonmathematical review. FASEB. J. 1:365-374. 

Palma, J., Bureau, D.P., Andrade, J.P. 2008. Effects of binder type and binder addition on the 

growth of juvenile Palaemonetes varians and Palaemon elegans (Crustacea: 

Palaemonidae). Aquacult. Int. 16:427-436. 



 

 

131 

 

Parker, R.R., and Larkin, P.A. 1959. A concept of growth in fishes. J. Fish. Res. BD. 16:721-

745. 

Pauly, D., and David, M. 1981. ELEFAN I, a BASIC program for the objective extraction of 

growth parameters from length-frequency data. Rep. Mar. Res. 28:205-211. 

Peleg, M. 1996. A model of microbial growth and decay in a closed habitat based on combined 

Fermi’s and the logistic equations. J. Sci. Food Agric. 71:225-230. 

Perni, S., Andrew, P.W., and Shama, G. 2005. Estimating the maximum growth rate from 

microbial growth curves: definition is everything. Food Microbiol. 22:491-495. 

Pitcher, T.J., and Macdonald, P.D.M. 1973. Two models for seasonal growth in fishes. J. Appl. 

Ecol. 10:599-606 

Powell, C.D., López, S., Dumas, A., Bureau, D.P., Hook, S.E. and France, J. 2017. Mathematical 

descriptions of indeterminate growth. J. Theor. Biol. 425:88-96. 

Reichenbach, H., and Dworkin, M. 1981. Introduction to the gliding bacteria. In M.P. Starr, H. 

Stopl, H.G. Triiper, A. Balows, and H.G. Schelgel (ed.). The prokaryotes. Springer-Verlag, 

New York, USA.  

Richards, F.J. 1959. A flexible growth function for empirical use. J. Exp. Bot. 10:290-301. 

Ricker, W.E. 1979.  Growth rates and models.  Fish. Physiol. 8:677-743  

Robertson, T.B. 1923. The chemical basis of growth and senescence. Monographs on 

Experimental Biology, J.B. Lippincott Co., Philadelphia, PA. 

Robinson, J.A. 1985. Determining microbial kinetic parameters using nonlinear regression 

analysis. Adv. Microb. Ecol. 8:61-114. 

Robinson, J.A. and Characklis, W.G. 1984. Simultaneous estimation of Vmax, Km, and the rate 

of endogenous substrate production (R) from substrate depletion data. Microb. Ecol. 

10:165-178. 

Ross, T. 1996. Indices for performance for predictive models in food microbiology. J. Appl. 

Bacteriol. 81:501-508. 

Roy, R. and Olver, D.W.J. 2010. Lambert W function. NIST Handbook of Mathematical 

Functions, Cambridge University Press, Cambridge. 

SAS 2012. SAS/STAT User’s Guide. Version 9.4. SAS Institute Inc., Cary, North Carolina, USA. 

SAS Institute Inc., 2009. SAS/STAT® 9.2 User’s Guide, SAS Institute Inc., Cary, North Carolina, 

USA.  



 

 

132 

 

Schaffner, D.W. 1998. Predictive food microbiology Gedanken experiment: why do microbial 

growth data require a transformation? Food Micriobiol. 15:185-189.   

Sebens, K. P. 1987. The ecology of indeterminate growth in animals. Annu. Rev. Ecol., Evol. Syst. 

18:371-407. 

Shieh, H.S. 1980. Studies on the nutrition of a fish pathogen, Flexibacter columnaris. Microbiol. 

Lett. 13:129-133.  

Shuter, B.J., Lester, N.P., LaRose, J., Purchase, C.F., Vascotto, K., Morgan, G., Collins, N.C., 

and Abrams, P.A. 2005. Optimal life histories and food web position: linkages among 

somatic growth, reproductive investment, and mortality. Can. J. Fish. Aquat. Sci. 62:738–

746. 

Skipper-Horton, J.O. 2013. Benchmarking growth performance and feed efficiency of 

commercial rainbow trout farms in Ontario, Canada. Masters Thesis, University of 

Guelph, Guelph, Canada. 

Starliper, C.E. 2011. Bacterial coldwater disease of fishes caused by Flavobacterium 

psychrophilum. J. Adv. Res. 2:97-108. 

Stenholm, A.R., Dalsgaard, I., and Middleboe, M. 2008. Isolation and characterization of 

bacteriophages infecting the fish pathogen Flavobacterium psychrophilum. Appl. Environ. 

Microbiol. 74:4070-4078. 

Strathe, A.B., Danfær, A., Sørensen, H. and Kebreab, E. 2010. A multilevel nonlinear mixed-

effects approach to model growth in pigs. J. Anim. Sci. 88:638-649. 

Suárez, J.A., Gaxiola, G., Mendoza, R., Cadavid, S., Garcia, G., Alanis, G., Suárez, A., Faillace, 

J., and Cuzon, G. 2009. Substitution of fish meal with plant protein sources and energy 

budget for white shrimp Litopenaeus vannamei (Bonne, 1931). Aquaculture 289:118-123. 

Tacon, A.G.J., Cody, J.J., Conquest, L.D., Divakaran, S., Forster, I.P., and Decamp, O.E. 2002. 

Effect of culture system on the nutrition and growth performance of Pacific white shrimp 

Liopenaeus vannamei (Boone) fed different diets. Aquac. Nutr. 8:121-137.  

Tan, R.K.H., Dominy, W.G. 1997. Commercial pelleting of crustacean feeds In: D’Abramo, 

L.R., Conklin, D.E., Akiayama, D.M. (Eds.), Crustacean Nutrition. The World 

Aquaculture Society, Baton Rouge, L.A., USA. 

The R Core Team 2015. R: A language and environment for statistical computing. R Foundation 

for Statistical Computing, Vienna, Austria. 

Theil, H. 1966. Applied Economic Forecasting. North-Holland Publishing Company, Amsterdam 



 

 

133 

 

Thornley, J., and France, J. 2007. Mathematical Models in Agriculture: Quantitative Methods for 

the Plant, Animal and Ecological Sciences, revised 2nd Edition, CAB International, 

Wallingford. UK. 

Toms, J.D., and Lesperance, M. 2003. Piecewise regression: a tool for identifying ecological 

thresholds. Ecology 84:2034-2041.  

Verhulst, P.F. 1838. Notice sur la loi la population suit dans son accroisment. Correspondences 

Mathématiques et Physiques 10:113-121. 

Vine, N.G., Leukes, W.D., and Kaiser, H. 2004. In vitro growth characteristics of five candidate 

aquaculture probiotics and two fish pathogens grown in fish intestinal mucus. FEMS 

Microbiol. Lett. 231:145-152. 

von Bertalanffy, L. 1957. Quantitive laws in metabolism and growth. Q. Rev. Biol. 32:217-231. 

 Wakabayashi, H., and Egusa, S. 1974. Characteristics of myxobacteria associated with some 

freshwater fish diseases in Japan. Ball. Jap. Soc. Fisheries. 40:751-757. 

Ware, D.M. 1982. Power and evolutionary fitness of teleosts. Can. J.  Fish.  Aquat. Sci. 39:3-13. 

Weatherley, A. H. 1972. Growth and Ecology of Fish Populations. Academic Press, London, UK. 

Weatherley, A.H. and Gill, H.S. 1983. Protein, lipid, water and caloric contents of immature 

rainbow trout, Salmo gairdneri Richardson, growing at different rates. J. Fish. Biol. 

23:653-673. 

Weatherley, A.H., and Gill, H.S. 1983. Protein, lipid, water and caorid contents of immature 

rainbow trout, Salmo gairdneri Richardson, growing at different rates. J. Fish Biol. 

23:653-673. 

Weatherley, A.H., and Gill, H.S. 1987. The Biology of Fish Growth. Academic Press, 

Washington, USA.  

Whiting, R.C. 1992. Letter to the editor: notes on reparameterization of bacterial growth curves. 

Food Microbiol. 9:173–174. 

Wiens, G.D., LaPatra, S.E., Welch, T.J., Evenhuis, J.P., Rexroad III, C.E., and Leeds, T.D. 2013. 

On-farm performance of rainbow trout (Oncorhynchus mykiss) selectively bred for 

resistance to cold water disease: Effects of rearing environment on survival phenotype. 

Aquaculture 388:128-136. 

Xie, S., Liu, Y., Zeng, S., Niu, J., and Tian L. 2016. Partial replacement of fish-meal by soy 

protein concentrate and soybean meal based protein blend for juvenile Pacific white 

shrimp, Litopenaeus vannamei. Aquaculture 464:296-302.  



 

 

134 

 

Zhu, C., Dong, S., Wang, F., and Huang, G. 2004. Effects of Na/K ration in seawater on growth 

and energy budget of juvenile Litopenaeus vannamei. Aquaculture 234:485-496. 

Zokaeifar, H., Balcázar, J. L., Saad, C. R., Kamarudin, M. S., Sijam, K., Arshad, A., Nejat, N. 

2012. Effects of Bacillus subtilis on the growth performance, digestive enzymes, immune 

gene expression and disease resistance of white shrimp, Litopenaeus vannamei. Fish 

Shellfish Immunol. 33:683-689. 

Zwietering, M.H., Jongenburger, I., Rombouts, F.M., and Van’T Riet, K. 1990. Modeling the 

bacterial growth curve. Appl. Environ. Microbiol. 56:1875-1881. 

  



 

 

135 

 

APPENDICES 

 

Table A3.1. Numerical solutions to the principle branch, W(x), of the Lambert W function.  

X W(x) X W(x) 

0.001 0.000999 7.0 1.524345 

0.0025 0.002494 7.5 1.566231 

0.005 0.004975 8.0 1.605812 

0.0075 0.007444 8.5 1.643337 

0.01 0.009901 9.0 1.679016 

0.025 0.024397 9.5 1.713029 

0.05 0.047672 10 1.745528 

0.075 0.069934 15 2.009944 

0.10 0.091277 20 2.205003 

0.25 0.203888 25 2.360150 

0.50 0.351734 30 2.489226 

0.75 0.469150 35 2.599882 

1.0 0.567143 40 2.696810 

1.5 0.725861 45 2.783098 

2.0 0.852606 50 2.860890 

2.5 0.958586 60 2.996800 

3.0 1.049909 70 3.112931 

3.5 1.130289 80 3.214389 

4.0 1.202168 90 3.304519 

4.5 1.267238 100 3.385630 

5.0 1.326725 150 3.701813 

5.5 1.381545 200 3.929743 

6.0 1.432405 250 4.108422 

6.5 1.479857 500 4.672841 
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Table A5.2. Resulting parameter estimates of Log × hyp fit to Flavobacterium psychrophilum 

grown on four liquid mediums: (1) TYES, (2) Shieh, (3) modified Cytophaga and (4) Cy7. 

 Parameter 

Dataset x0 xm μ λ 

1 0.16 6.26 0.339 20.23 

2 0.04 6.18 0.613 8.56 

3 0.24 6.09 0.215 179.10 

4 0.17 5.43 0.178 196.90 

 

Table A5.3. Resulting parameter estimates of Log × exp fit to Flavobacterium psychrophilum 

grown on four liquid mediums: (1) TYES, (2) Shieh, (3) modified Cytophaga and (4) Cy7. 

 Parameter 

Dataset x0 xm μ β ρ 

1 0.05 6.20 0.930 0.809 0.309 

2 0.03 6.15 0.616 0.781 0.114 

3 0.01 6.09 3.184 0.940 0.758 

4 2.30E-7 5.43 7.965 0.981 0.560 
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Figure A5.4. Optical density growth data and model predictions for Flavobacterium 

psychrophilum grown on TYES medium. (a) Growth predictions using MLOG, MGMP, MRCH 

and (b) BAR, log  hyp, log  exp.  
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Figure A5.5. Optical density growth data and model predictions for Flavobacterium 

psychrophilum grown on modified Cytophaga medium. (a) Growth predictions using MLOG, 

MGMP, MRCH and (b) BAR, log  hyp, log. 
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Figure A5.6. Optical density growth data and model predictions for Flavobacterium 

psychrophilum grown on Cy7 medium. (a) Growth predictions using MLOG, MGMP, MRCH 

and (b) BAR, log  hyp, log  exp.  
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Figure A5.7. The dampening effects and resulting actual growth of Flavobacterium 

psychrophilum grown on TYES medium. Dampening effect represented by a rectangular 

hyperbola (a), a simple exponential (b) and resulting predicted growth by log  hyp and log  

exp, respectively. 
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Figure A5.8. The dampening effects and resulting actual growth of Flavobacterium 

psychrophilum grown on modified Cytophaga medium. Dampening effect represented by a 

rectangular hyperbola (a), a simple exponential (b) and resulting predicted growth by log  hyp 

and log  exp, respectively. 
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Figure A5.9. The dampening effects and resulting actual growth of Flavobacterium 

psychrophilum grown on Cy7 medium. Dampening effect represented by a rectangular hyperbola 

(a), a simple exponential (b) and resulting predicted growth by log  hyp and log  exp, 

respectively. 

 


